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Abstract

This thesis proposes the design of a multiple model state estimation and control
scheme for micro aerial vehicles (MAVs) to cope with different flight conditions such
as aggressive flights, hovering flights, and flights under high external disturbances.
The work is divided into two main parts.

The first part of this thesis presents the design of an interacting multiple model
(IMM) filter for visual-inertial navigation (VIN) of MAVs. VIN of MAVs in practice
typically uses a single system model for its state estimator design. However, MAVs
can operate in different scenarios requiring changes to the estimator model. This
thesis proposes the use of a conventional VIN and a drag force VIN in an error-state
IMM filtering framework to address the need for multiple models in the estimator. We
use an epipolar geometry constraint for the design of the measurement model for both
filters to realize computationally efficient state updates. Observability of the proposed
modifications to VIN filters (drag force model, and epipolar measurement model) are
analyzed, and observability-based consistency rules are derived for the two filters of the
IMM. Monte Carlo numerical simulations validate the performance of the observability
constrained IMM, which improved the accuracy and consistency of the VINS for
changing flight conditions and external wind disturbance scenarios. Experimental
validation is performed using the EuRoC dataset to evaluate the performance of the

proposed IMM filter design.

ii



The second part of this thesis presents the design of a multiple model controller for
MAVs operating under different flight conditions. It presents the design of a stability-
guaranteed nonlinear model predictive controller (NMPC) to operate robustly along
fast trajectories. The NMPC considers system models with and without drag forces
for the multiple model bank. The basic controller structure is designed without termi-
nal conditions and therefore it is computationally less demanding and provides larger
stability regions and better closed-loop performance than traditional nonlinear predic-
tive control schemes. We perform a detailed stability analysis without terminal costs
or constraints to prove the asymptotic stability and the necessary conditions for re-
cursive feasibility of the controller. We derive the growth bound sequence that enables
obtaining the shortest possible prediction horizon for stability. The proposed analysis
provides the necessary conditions to implement the controller while using the shortest
stabilizing prediction horizon when compared to the state-of-the-art model predictive
control schemes reported in the literature. This particular feature enables the pro-
posed controller to perform fast optimization and hence the capability to implement
fast trajectories using feedback regularization. Several MATLAB simulations and lab
experiments are conducted to demonstrate the validity of this new proposed control
scheme. Combining these two key developments, the thesis presents the design of a
multiple-NMPC controller, depending on the IMM filter, to detect the flight condi-
tion and then trigger the appropriate controller to improve the tracking performance.
Monte Carlo numerical simulations validate the performance of the multiple-NMPC,
which improved the tracking accuracy of the MAV for external wind disturbance

scenarios.
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Chapter 1

Introduction

In this chapter, the research motivation and addressed challenges are discussed. Af-
terwards, the objectives and contributions of the thesis are formulated. Finally, the

outline of the thesis is presented.

1.1 Research Motivation

Multi-rotor micro aerial vehicles (MAVs) are multi-rotor aircrafts that are designed to
increase maneuverability in constrained environments while carrying small payloads.
They can be used in a wide range of indoor or outdoor applications including, inspec-
tion and surveillance missions [1], package delivery [2], and aerial photography [3].
An MAV can be controlled remotely by a human operator or autonomously by its on-
board controller [4]. Each rotor’s speed can be controlled to generate the desired total
thrust and torque. The use of multi-rotor MAVs, such as quadrotors, enables simple
configurations, agile dynamics, limited maintenance requirements, and low safety con-
cerns compared to fixed-wing aircrafts [5]. On the other hand, the autonomy tasks,
including estimation and control, of quadrotor MAVs are quite challenging because

the system is open-loop unstable, has 3D geometric system nonlinearities invoked by



the rigid body dynamics, and is under-actuated, i.e., it has only four control actions
(inputs) from the four rotors and six degrees of freedom states parameterizing the
quadrotor pose in space. In addition, the payload constraints place considerable re-
strictions on available computational resources and sensing. As a result, quadrotor
MAVs are attracting scholars to develop advanced estimation and control techniques
to enhance the MAV performance and overcome the operational challenges.

One of the main challenges related to control and estimation of the MAVs is
the changing dynamics' of the system under different behavior modes, e.g., external
wind disturbance, ground effect?, proximity to walls or objects in the environment,
taking off, and landing [7]. Therefore, addressing different flight conditions using more
representative system models would improve the estimation and control performance
of MAVs. As a result, the main focus of this thesis is twofold: design (1) a multiple
model state estimator and (2) a multiple model controller for different flight modes
of the MAVs.

The design of a multiple model state estimator includes the design of a compu-
tationally efficient visual-inertial navigation system with improved consistency, and
the design of an interacting multiple model system that is cable of switching among
different filters in its bank to improve the estimation accuracy. Similarly, the design
of a multiple model controller includes the design of a computationally efficient and
highly stable nonlinear model predictive controller, and the design of a multiple model

framework that supports operation under different flight conditions.

!The dynamic system model significantly changes due to external disturbances.
2Ground effect is the increase in the thrust of a rotor operating near surfaces compared to flight
at a large distance from the ground [6].



1.2 Thesis Problem Statement

The problem statements related to the multiple model estimation and multiple model

control problems are separately developed in the following two subsections.

1.2.1 Partl: Multiple Model State Estimation

Over the past few decades, inertial navigation systems (INS) [8] have been widely
used for pose estimation of autonomous mobile vehicles, e.g., MAVs, in particular,
in GPS-denied environments such as urban and indoor areas. Most INS rely on an
inertial measurement unit (IMU) that measures the 3-axis linear acceleration and 3-
axis angular velocity of the platform to which it is rigidly connected. With the recent
advancements in micro-electronics and micro-machining technologies, low-cost light-
weight micro-electro-mechanical (MEMS) IMUs have become compact and affordable
9], which enables high-accuracy localization for mobile vehicles [10]. However, such
MEMS IMUs are subject to different level of systematic and stochastic errors, i.e.,
bias and noise. As a result, simple integration of these high-rate IMU measurements
often leads to unreliable pose estimates for long-term navigation because the errors
accumulate in the integration process and grow without bound in long runs [11].
Intriguingly, small, light-weight, and energy-efficient cameras provide rich information
about the environment and can serve as an aiding source for INS, yielding a navigation
system with drift-free velocity and attitude estimates [11].

Visual-Inertial navigation systems (VINS) are localization modules that can com-
bine visual information from a camera and inertial information from an IMU for
navigation purposes. Reported VINS designs primarily rely on either optimization-
based approaches [12-14] or filtering-based approaches [11,15,16]. Filtering-based

approaches are computationally more efficient than optimization approaches for the



implementation of VINS where a marginal (<1% of traveled distance) decrease in
accuracy is expected as compared in [17]. The number of camera poses stored in
filtering-based VINS dictates the type of measurement model used for filter update.
For two camera poses in the state vector, an epipolar constraint measurement model
is preferred [11], for three poses a trifocal tensor geometry measurement model is
preferred [16], while for any higher number of camera poses the Multi-State Con-
straint Kalman Filter (MSCKF) is utilized [15]. Incorporating more camera poses
improves the estimation accuracy but with an increase in the computational resource
requirement of the filter.

For improved performance of VINS on MAVs, the process model of the filter should
be modified to address the aerodynamic rotor drag forces of the vehicle [18]. Recent
studies showed performance improvement of VINS when the drag force model is used
in the navigation filter [11,19]. Performance improvements as a result of the drag
force model are also reported in feedback controller design for aggressive flight of
MAVs [20,21]. However, under external disturbance and modeling errors such as
wind and ground effects, it is necessary to fall back from the drag force models to the
conventional models (kinematic models without the aerodynamic rotor drag forces)
because the drag force models are invalid under external disturbance. This means that
there should be a multiple model filtering technique in place to address these changing
conditions i.e., transition between a conventional kinematic model VINS and a drag
force model VINS to improve the estimation accuracy. Literature shows successful
applications of such adaptive and hybrid estimation algorithms [22] in other domains,
specifically the application of interacting multiple model (IMM) algorithm [23-27]
that can adapt itself by updating the probability of each model to achieve improved
estimation performance. However, implementing an IMM for VINS is not straight

forward and has several challenges. This research work addresses the following three



challenges related to IMM-VINS design.

First challenge: is related to the non-linearity while implementing the IMM for
VINS. IMMs are generally applied to linear systems or system models with low or-
der non-linearities. For instance, target tracking IMMs [28-30] and image tracking
IMMs [31] deal with linear models in the multi-model filtering bank. Similarly, the
ground vehicle models and steering geometry models used for IMM filters in [23,32,33]
exhibit stable dynamics with non-linearities which are significantly different from spa-
tial geometric and projective non-linearities present in VINS filters [15]. Furthermore,
IMM is generally applied to filters that share similar state vectors and measurement
models, whereas the conventional VINS [4] and drag force VINS [11] filters have a
set of conceptually different state and measurement models. In order to address
these drawbacks, this study performs, to the best of the author’s knowledge, the first
application of IMM for VINS filters on MAVs. This study develops an error-state
implementation of the IMM algorithm incorporating geometrically consistent error
definitions, which allows addressing non-linearities of VINS filters in the IMM al-
gorithm. Moreover, methods available to address dissimilar states and maintaining
consistent model probabilities are adopted in the algorithm to enable IMM on VINS
filters [34, 35].

Second challenge: is addressing computational complexity related to maintain-
ing multiple models. IMM requires multiple filter instances running in parallel, i.e.,
computational complexity is O(n) in the number of filters of the IMM filter bank.
Hence the underlying filters should be computationally less demanding to begin with
to keep the IMM tractable. VINS filters with a large number of past camera poses
have update steps that are computationally quite demanding for embedded proces-
sors [15,36]. Therefore, using traditional optimization-based VINS or generic MSCKF

based filters in the IMM algorithm is deemed inefficient for solving the multi-model



filtering problem related to VINS. In order to maintain a comparable estimation accu-
racy while significantly improving the computational efficiency, this study utilizes an
epipolar constraint measurement model [11,37] in the VINS filters, which significantly
lowers computational demand due to having only two camera poses in the state vec-
tor. Compared to MSCKF which maintains up to 30 camera poses and performs 3D
point reconstruction and null space decorrelation steps, geometric constraint-based
methods such as epipolar measurement models [11,37] are highly efficient. Recent
work [16] has found significant improvement in execution time while having a small
decrease in accuracy when using such geometric constraints for VINS, which makes
it preferable for IMM implementations over generic VINS filters.

Third challenge: is addressing the observability consistency of VINS filters in
the IMM bank. IMM is generally applied to fully observable systems; hence ob-
servability consistency is not an issue. However, VINS models have an unobservable
space spanning four degrees of freedom [38]. As a result, observability consistency
and algorithm stability should be established and verified when using VINS filters in
IMMs. The literature reports limited observability results related to the drag force
VINS models. Furthermore, observability results related to the epipolar measurement
model are non-existent. This study develops on the result of [38] and establishes ob-
servability conditions and consistency rules for both drag force and conventional VINS
that use epipolar measurement models. To the best of the author’s knowledge, IMM
application for VINS on MAVs, and observability analysis of drag force and epipolar

VINS filters are not reported elsewhere in the literature.

1.2.2 Part 2: Multiple Model Control

Many research work has been conducted on the control problem of MAVs to improve

their stabilization and tracking performance, i.e., the stability characteristics of the



vehicle under various operating speeds, tracking error, and computational time [4].
Initial developments in MAV state-space and nonlinear control has resulted in several
advanced quadrotor MAV control algorithms such as, nonlinear PID control [39], high
gain feedback control [40], robust control [41,42], adaptive control [43,44], and feed-
back linearization and backstepping control [45,46]. Despite their promising results
and performance, often these controllers require laborious tuning in order to accom-
plish stable performance, which is quite challenging. Moreover, majority of those
controllers cannot guarantee input or state constraints and demands careful selection
of feasible trajectories for stable maneuvering.

On the other hand, the control problem of the quadrotor MAV could be formu-
lated as an optimization problem with a predefined objective function, where the
minimization of this function over a finite time horizon leads to the optimal input
values. Moreover, inputs and state constraints can be included directly in the opti-
mization problem, which is crucial for real systems with physical constraints. One
such optimization-based control algorithm is called Model Predictive Control (MPC)
or Receding Horizon Control since the prediction horizon keeps shifting over the pro-
cess time [47,48]. Nonlinear Model Predictive Control (NMPC) is an MPC variant
that uses the nonlinear system model in its prediction [49]. NMPC showed promising
stabilization and tracking performance in ground and aerial vehicles in the litera-
ture [50-52] and robust collision and obstacle avoidance performance [53].

The NMPC requires to iteratively solve on-line a non-convex, nonlinear, dynamic
optimal control problem on a finite prediction horizon and only the first element of
the computed control sequence is applied to the system [49]. This process is then
repeated at the subsequent time instant. Hence NMPC demands more computational
time, implementing such a controller in a multiple model controller framework in

real-time needs to address several challenges as explained below.



First challenge: is related to the closed-loop stability of the control system.
Generally, closed-loop stability of receding horizon problems is not ensured except for
special cases under certain conditions. For instance, closed-loop stability of NMPC
scheme with infinite horizon (prediction horizon tends to infinity) can be ensured
under certain controllability assumptions (e.g., there exists a suitable upper bound
on the optimal value function) [54]. However, the infinite horizon control problem
is not usually practical for online implementations mainly due to the computational
complexity which is heavily governed by the length of the prediction horizon and the
number of the manipulated variables. As a result, relevant concern has been given
to the formulation of finite receding horizon problems whose solutions provide sta-
bilizing control. Researchers were able to ensure the closed-loop stability by adding
terminal cost, terminal constraint, terminal set, or a combination of them to the op-
timization problem [55] (for a thorough review see [47]). However, imposing terminal
cost requires the solution of the algebraic Riccati equation to calculate the terminal
weight [56]. Imposing terminal constraints makes the implementation of the control
problem difficult since it is hard to obtain a satisfying solution of nonlinear equality
constraints in a limited computational time frame. Under those conditions, an incom-
plete optimization during the limited sampling time may affect the system stability
due to the errors caused by the force termination of the optimization [57]. On the
other hand, designing the finite receding horizon control problem without stabilizing
terminal costs or constraints [58-60] is computationally less demanding and provides
larger stability regions and better closed-loop performance [49]. In this study, we de-
sign a novel NMPC controller with a tailored running cost to asymptotically stabilize
the quadrotor MAV while adopting the techniques proposed in [58-60] to perform the
stability analysis.

Second challenge: is addressing the computational complexity of the finite re-



ceding horizon problem. The MPC with stabilizing terminal cost can be used in
the control of MAVs since it is easier in the design than a controller with termi-
nal constraints, however, the prediction horizon must be large enough to achieve the
closed-loop stability [52]. It was proven in [61] that extending the prediction horizon
of the finite receding horizon problem leads to a good approximation to the optimal
solution of the infinite receding horizon problem. However, extending the predic-
tion horizon increases the complexity of the optimization problem and demands a
higher computational time to obtain the optimal solution [62]. On the other hand,
most small-sized aerial vehicles carry low-cost computer resources and demand fast
control actions to maintain stable and smooth flights. Intriguingly, MPC without
stabilizing terminal costs or constraints ensures asymptotic stability for much shorter
prediction horizons [60] while yielding an approximately optimal infinite-horizon per-
formance [48]. Therefore, this study derives a growth bound on the proposed NMPC
value function (without terminal costs or constraints) that can be used to determine
the minimal stabilizing prediction horizon for the finite optimization problem of the
MAV that guarantees asymptotic stability.

Third challenge: is related to the recursive feasibility of the solution of the
optimal control problem for any given constraints. The feasibility of the infinite
horizon problem may turn into a critical concern while implementing the receding
horizon schemes because of using a finite horizon. Finite receding horizon may result
in loss of feasibility [63] or lead to an unsolvable infinite horizon optimal control
problem [56]. The recursive feasibility is automatically ensured by imposing terminal
costs or constraints into the optimization problem or by using a long enough prediction
horizon [49,56]. However, using terminal conditions reduces the region of attraction,
i.e., reduces the feasible operating region of the MPC scheme. On the other hand,

MPC schemes without terminal conditions can yield large (even unbounded) feasibility



and stability regions for finite prediction horizon [49]. Grune et al., [49, 64] have
showed that the recursive feasibility of an NMPC scheme without terminal conditions
can be inherited from the closed-loop stability where the finite horizon cost acts as
a Lyapunov function. Therefore, the calculation of the stabilizing prediction horizon
from the derived growth bound can ensure both asymptotic stability and recursive
feasibility.

Fourth challenge: is addressing the changing dynamics of the MAV in different
environments or operating conditions. Incorporating the rotor drag force of the MAV
in the system model aims at improving the controller performance at aggressive and
agile maneuvers with high speeds and accelerations [20]. However, during periods
of environmental changes, e.g., wind disturbance or ground effect, this controller is
prone to failure because it is designed and tuned to work properly with aerodynamic
disturbances and fast speed trajectories while ignoring the other environmental distur-
bances. Additionally, the effect of the wind disturbance may become quite significant
and jeopardize the vehicle when operating in close proximity to obstacles or other
aerial vehicles [65]. Therefore, switching to a conventional controller without drag
force would be more reliable to guarantee a safe flight since the conventional con-
troller is designed and tuned to work in slow flights and environments with expected
disturbances. In order to address this issue, this work develops a multiple nonlinear
model predictive controllers scheme to address the changing dynamics of the MAV
at different flight modes and environments. The multiple model controller will make
use of the interacting multiple model algorithm of the state estimation to help in

detecting the flight mode and then triggering the appropriate controller.
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1.3 Research Objective and Contributions

The main objective of this research is to develop an adaptive autonomous trajectory
control system for an MAV to operate under various and changing operating con-
ditions. This includes the development of an accurate state estimation system and
a robust and fast trajectory control system. Under these conditions, the research
objectives are categorized below with the expected contributions highlighted. The

proposed research here has both theoretical and experimental objectives.

Objective 1: Design of a computationally efficient error-state visual inertial nav-

igation system (VINS) with improved accuracy and consistency for MAVs.

 Designing two error-state VINS filters with epipolar constraints; (1) conventional

VINS and (2) drag force VINS.

o Performing the observability analysis of the drag force VINS filters and the

epipolar constraint measurement models.

» Development of observability-constrained VINS to maintain the consistency of

the filter.

Objective 2: Design of a novel interacting multiple model for VINS (IMM-VINS)
that supports operation during periods with aggressive flights and/or external distur-

bances (e.g., wind).

o Development of the error-state formulation of IMM incorporating geometric er-

ror definitions and optimal quaternion averaging to support VINS applications,

 First application and design of IMM for VINS (IMM-VINS) by using a drag
force VINS and conventional VINS model to support operation during periods

with external disturbances.
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o Numerical and experimental validations of the proposed IMM-VINS using Mat-

lab simulator and the EuRoC dataset.

Objective 3: Design of a novel computationally efficient and highly stable nonlinear
model predictive controller (NMPC) without terminal conditions for the control of

MAVs with/without drag force incorporated in the system model.

« Proposing the design of a novel computationally-efficient NMPC scheme (by
tailoring an objective function) with improved stability characteristics for the
control of quadrotor MAVs without the use of terminal costs or constraints while
ensuring recursive feasibility. The design provides a unique analytical method-
ology that requires minimal tuning parameters compared to other controllers in

the literature.

o Performing the stability analysis required to prove the asymptotic stability of
the proposed controller by deriving a growth bound on the proposed MPC value

function.

o Calculating the minimal stabilizing prediction horizon, which effectively mini-
mizes the computational cost, and providing a formula for the estimation of the

performance of the closed-loop scheme.

» Providing detailed numerical and experimental validations of the proposed con-
troller at different initial conditions, system configurations, and various trajec-
tories; and comparing its robustness against the traditional NMPC schemes in

the literature.

Objective 4: Design of a novel computational-efficient multiple-NMPC scheme that

supports various operation and flight conditions.

12



o Designing a multiple model control scheme, depending on the IMM filter, that
can effectively recognize the flight mode and then trigger the appropriate NMPC
from the controller’s bank that includes a drag-force model based NMPC and
a conventional-model based NMPC to support operation during periods with

aggressive flights and/or external disturbances (e.g., wind).

o Conducting numerical validation of the proposed system.

1.4 Organization of the Thesis

This thesis is organized as follows.

o Chapter 1 - Introduction: Introduces the research topics and thesis mo-
tivation, and states the main problems and challenges that will be addressed
in the thesis. Additionally, it summarizes the thesis objectives and expected

contributions.

o Chapter 2 Literature Review: Reviews and discusses the related studies of

the considered control/estimation problems and their drawbacks.

o Chapter 3 - Visual-inertial Navigation System: This chapter relates to
objective 1 of the thesis. It presents the design of an error-state visual-inertial
navigation system, the nonlinear observability analysis of the VINS filter, and
the formulation of the observability-constrained VINS with and without drag

force.

o Chapter 4 - Multiple Model State Estimation: This chapter relates to
objective 2 of the thesis. It presents the methodology proposed for the design
of the multiple model state estimation. The overall system is validated using

several numerical and experimental studies.
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o Chapter 5 - Nonlinear Model Predictive Control: This chapter relates
to objective 3 of the thesis. It presents the design of a nonlinear model predic-
tive controller without terminal costs or constraints incorporated in the value
function. Also, presents the stability analysis of the proposed controller and
provides multiple numerical studies and lab experiments to validate the control

algorithm.

o Chapter 6 - Multiple Model Control: This chapter relates to objective 4
of the thesis. It presents the design of a multiple model controller, where two
nonlinear model predictive controllers are used in the controller /model bank and
the interacting multiple model proposed in Chapter 4 is used in the switching

module to trigger the appropriate controller at different operating conditions.

o Chapter 7 - Summary and Future Work: This chapter concludes the thesis
and discusses the practicality of the proposed methods. Also, it presents the

resulting publications of this work and the possible future research directions.
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Chapter 2

Literature Review

In this chapter, we briefly discuss the related studies to the estimation and control of
quadrotor MAVs and their drawbacks. Then, in the following chapters, we discuss how

our proposed research can overcome these drawbacks and provide better performance.

2.1 Visual-Inertial Navigation Systems

VINS has been developed as an indoor equivalent for GPS inertial navigation to
estimate the vehicle pose based on the fusion of onboard sensors and visual infor-
mation [15,38]. Optimization-based VINS approaches solve a nonlinear optimization
problem over a set of measurements considering a moving window [66]. Optimization-
based VINS has improved estimation accuracy and solution robustness but demands
considerable computational power [66]. On the other hand, filtering-based VINS
approaches are more computationally efficient because they follow a simplified gain
correction step while marginalizing all past measurements using a handful of states
corresponding to past camera poses of the platform [15]. Recent work in [17] compara-
tively evaluates the performance of popular VINS algorithms with a detailed analysis

of the computational resource requirement of each algorithm. The work identifies
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filtering-based approaches as a good compromise considering computational demand
and accuracy of the algorithm for resource-constrained vehicles like MAVs [17]. Other
work has also been conducted to implement the visual measurement model to incor-
porate geometric constraints without having 3D feature point reconstruction in the
methodology as in [11,16,37].

Many VINS filter formulations [15,16,36] have ignored aerodynamics effects while
modeling VINS for MAVs. This practice is common in MAV controller design as
well because stability at hovering is the main design objective [67]. While the MAV
is in hover, the velocity is too small compared to other dynamics terms that can
be neglected, and these simplistic assumptions may be valid. However, at fast or
aggressive maneuvers, the ignored aerodynamics could significantly affect the MAV
controller performance [18]. Rotor drag is the main aerodynamics effect that highly
influences tracking errors of controllers [20]. Rotor drag forces introduce dynamic
constraints to the estimator models, which can be exploited to improve state estima-
tion capability of the filter [68]. Work in [69] used the rotor drag model of MAVs to
produce accurate velocity estimates from accelerometer measurements, [70] used rotor
drag model for improved UWB localization of MAVs, and [11] extended the method
to VINS. However, the reported dynamic models only provide better estimates under
certain conditions, i.e., under low external disturbance and aggressive flights of MAVs

[11,20]. Therefore, IMM filtering can be proposed as a framework to overcome those

drawbacks by incorporating additional supporting filters in the framework [71,72].

2.2 Interacting Multiple Model

IMM is an efficient estimation technique that has been developed to estimate the

states of dynamic systems with different behavior modes, and it ensures better per-
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formance than individual filters [33,73]. The IMM algorithm can switch from one filter
to another based on a posterior defined Markov transition probability for switching be-
tween models [71,72]. IMM has been used to address the maneuvering target tracking
problem in different applications including ground, marine, and aerial vehicles [23-27],
where IMM estimator had significant improvement in model estimation and tracking
accuracy than stand-alone estimators. IMM was demonstrated to be one of the sim-
plest and cost-effective solutions to handle mode changes in dynamic systems [74].
In [73], a Kalman filter failed to reduce the noises during non-maneuvering intervals
because all the filter parameters were previously tuned for maneuvering intervals;
however, the IMM performance was stable, and the error was almost constant during
both intervals by setting-up two filters with adequate parameters for each interval.
In [75] authors showed that multiple model algorithm ensures satisfactory perfor-
mance than single-modeled filters in tracking applications when the target undergoes
turns or maneuvers. IMM based estimation using nonlinear models was recently em-
ployed in automobile navigation systems, and the results showed superior ability of
IMM to produce consistent location estimates, even under conditions where GPS is
producing spurious measurements. Past work in [33,76] showed applications of IMM
for GPS navigation, and [77] has shown the use of Chi-squared tests to dynamically
select the best sensors for the filter update. Work in [78] reports an application of
the methods to MAVs where individual motor failure is found using a bank of models.
Further improvements to IMM were proposed in [79], where selective re-initialization
and state augmentation strategies were used to minimize the number of models used
in fault detection.

IMM design and implementation for MAV VINS is a challenging open research
field. It involves identification of models having complementary features such as

accuracy, stability, robustness, and self-calibration. Hence the design requires a firm
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knowledge base of the underlying state estimators and strategies for computationally

efficient implementation.

2.3 Observability-Constrained VINS

Nonlinear observability analysis establishes the locally weakly observable subspace of a
nonlinear system model description. Lie derivative based observability rank condition
criteria proposed in [80] is primarily employed for this analysis task. The method has
been used in [81] for the analysis of simultaneous localization and mapping (SLAM),
in [82] it was used for inter-robot localization, and [83] analyses relative localization
with platform velocity constraints. Work in [84] showed that the observability prop-
erties of linearized systems used for the design of error-state filters do not match the
observability of the true nonlinear system. The authors proved that the unobservable
subspace of the linearized system is lower than the actual system, resulting in increased
filter inconsistency due to the reduction of covariance estimates in the unobservable
direction of the true system. The study has resulted in observability-constrained fil-
ter design rules for robotic navigation [81,84]. Hesch et al [38,85] have developed an
observability-constrained estimator for VINS to enforce the unobservable directions
of the system by modifying the system and measurement Jacobians to improve the
system consistency. Results showed that standard VINS pseudo information was in-
serted into the filter through the unobservable directions that violate the observability
properties of the system, while the observability-constrained VINS remains consistent
with better position and orientation accuracy. The observability analysis of [38] used
a basis function based approach over the more popular observability rank condition
analysis [80]. The latter requires an exhaustive analysis of the VINS model. A recent

development in [86] follows an invariant filter design approach to implicitly enforce
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observability consistency rules for VINS. Observability-constrained design is consid-
ered an important characteristic of a filter; however, the literature does not present
consistent filter designs for drag force based VINS nor epipolar measurement models.
Hence an IMM that incorporates rotor drag modeling and epipolar constraints should

first establish the observability consistency rules for the VINS filter design.

2.4 Stability Analysis of Nonlinear Model Predic-
tive Control

Pioneering work reported in [87, 88| introduced a novel method to design a finite
optimal control problem for MPC without using the stabilizing terminal costs or
constraints. This method adopts a Lyapunov function to represent the finite horizon
value function without terminal conditions, which allows the stability to be implied
by the monotonicity of the value function [88]. Grimm et al. [88] showed that the
asymptotic stability of the closed-loop system can be guaranteed for a sufficiently long
prediction horizon. However, this initial study did not provide explicit bounds for the
length of the prediction horizon. A series of recent studies [58-60] has ensured the
closed-loop asymptotic stability relying on the concept of cost controllability, i.e., local
controllability condition (see [89,90] for thorough details). This was achieved through
computing a growth function that bounds the MPC value function. This growth
function can then be used to calculate a performance measure of the finite horizon
scheme, i.e., the proximity to the infinite horizon problem. This in turn provided
a way to estimate a stabilizing prediction horizon that guarantees a monotonically
decreasing value function and closed-loop asymptotic stability. This particular feature
allows the NMPC to be implemented at a faster rate for nonlinear robotic systems

while ensuring closed-loop stability [49, Sec. 7.4].
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Continued with this pioneering work, research work in [50,91] effectively demon-
strated a real-time implementation of this method to stabilize a ground robotic system
to operate fast on a given trajectory. This ground robot uses the holonomic/non-
holonomic kinematic model, which is generally open-loop stable. This ground robotic
application constructed specific open-loop trajectories to derive the growth bounds
on the proposed value function and then to verify the cost controllability condition.
The proposed scheme was implemented successfully on a ground robot for a point
stabilization problem. However, the method was not tested on trajectory tracking
problems.

An early study in [92] has proposed the first application of NMPC for the position
and heading tracking control of an aerial-type vehicle, e.g., rotorcraft-based unmanned
aerial vehicle. This traditional NMPC demonstrated in this work was then adopted
by many researchers and those research were able to demonstrate successful trajectory
control of quadrotor MAV  [52,93,94]. However, this traditional NMPC has incorpo-
rated terminal costs in the MPC objective function which caused those controllers to
adopt a longer prediction horizon to achieve the expected stability of the system. In
absence of a proper stability analysis, these methods require to adopt trial and error
approach in order to obtain a prediction horizon value for satisfactory performance.
This particular drawback generally prohibits the traditional NMPC based MAVs to
operate at a higher frequency owing to its higher computational cost, as we have
demonstrated in our experimental results in this work. A recent work in [95] has pro-
posed a robust NMPC scheme for the visual servoing of quadrotors MAVs subject to
external disturbances. The developed NMPC scheme incorporates terminal costs and
constraints, which reduce the feasibility region of the closed-loop system, as shown
in the recursive feasibility and stability analysis in [95]. The system was proven to

be recursive feasible and stable only under some derived conditions, e.g., the system

20



is locally Lipschitz continuous with a Lipschitz constant bounded by the maximum
eigenvalues of the terminal weight matrix. The proposed controller was numerically
able to stabilize the system within a small region around the desired position. How-
ever, in the experimental validation, it was only able to steer the quadrotor to the
neighborhood of the desired position. This shortcoming might have happened due
to excluding the terminal constraint from the optimization problem in the real-time
implementation of the experiment. Another recent work in [96] explains an NMPC
scheme without terminal constraints. However, the controller contained a feedback
linearized system that requires the vehicle to be at an initial position closer to an equi-
librium point in order for the system to be stable. This will result in a narrow stability
region for the vehicle and make the flying envelope smaller. The control bounds are
chosen based on this linearized model, and as a result, more tuning parameters are
required to be adjusted for better performance. Additionally, the prediction length
is quite high for stability, which makes the implementation of this controller quite

difficult.

2.5 Multiple Model Control

Multiple model predictive control has been primarily proposed in the literature for
process and medical applications with nonlinear systems or systems with changing
dynamics. Some pioneering studies [97,98] used a set of linear model /MPC pairs to
handle all possible operating regions or conditions, where a recursive Bayes theorem
was used to weight the outputs of the controllers in the controller bank based on
their residual and probability of representing the plant at each iteration sample, as
shown in Fig. 2.1. Similarly, the work in [99] proposed a switching function to

switch among the MPCs in the controller bank using the Hotelling’s T2 statistic of
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Fig. 2.1: Schematic of the multiple-MPC strategy with weighting function.

the measured output variables of each local MPC, as shown in Fig. 2.2. The results
of these reported studies showed better performance compared to a single controller.
However, this technique is not efficient for robotics applications because it requires
all the controllers to be active and run simultaneously at the same time, which is
computationally inefficient due to the limited computation resources of mobile robots
and the necessitate of fast actions.

Alternatively, other reported studies [100-102] proposed the use of a single con-
strained linear MPC, for the sake of computational complexity reduction, and a
weighted model bank as a prediction model, as shown in Fig. 2.3. The model bank
includes multiple linearized models at different equilibrium points while the Bayesian
weighting approach has been employed to weight the models’ predictions. The more
models incorporated in the model bank, the more accuracy of nonlinear system ap-
proximation. However, determining the optimal number of models that encompass
the plant behavior is far from trivial. Also, tuning the single-MPC parameters to
perform robustly in the possible range of prediction models stemming from the model

bank is very difficult.
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The work in [103] has proposed a switching multiple linear model predictive at-
titude controller for the control of MAVs, where the switching is carried out using
basic rules according to the current regime of the state vector. The drawbacks of the
previous method still exist, where the selection of the optimal number of models and
appropriate linearization operating points are still challenging.

Therefore, using a computationally efficient NMPC would be more efficient since it
is rich enough to represent the nonlinear behavior of the MAV. Additionally, making
use of the IMM algorithm in the switching function of the multiple model control
algorithm (multiple-NMPC) would be computationally efficient since it requires only

one active controller at a time.
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Chapter 3

Visual-inertial Navigation System

In this chapter, we are designing a visual-inertial navigation system for the MAV. The
design includes two different models, the first model uses the conventional kinematic
model of the platform (INS mechanization equations) as proposed in [15], and the
second model uses dynamic constraints that incorporate the drag force as proposed

in [11]. Finally, we perform the observability analysis for both models and develop

the observability-constrained VINS to maintain the consistency of the filter.

3.1 Design of VINS Filter

3.1.1 System description

The position and orientation of an MAV can be defined relative to the body frame
{B} attached to its center of gravity, and the global inertial frame {G}. The MAV is
equipped with an IMU located at coordinate frame {/} and a forward-facing monoc-
ular camera located at coordinate frame {C'}, as shown in Fig 3.1. For simplicity
of derivation, we assume that the IMU and body frames are aligned, which will be

relaxed later in the next chapter when validating the filter for experimental data (Eu-
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Fig. 3.1: Coordination systems related to VINS on MAV. {G} is the global frame,
{B} is the body frame located at the center of gravity which is the same as the IMU
frame {I}, and {C} is the camera frame.

roC [104]). The intrinsic and extrinsic parameters are assumed to be known following
an IMU-camera calibration procedure [105].

The nonlinear state space model of the system is given as,

x = f(x,u,ny)

(3.1)

y= h<X7 nu)
where x is the system states vector, u is the input vector, n, is the process noise
vector which is assumed zero-mean Gaussian, y is the measurement vector, and n,, is
the measurements noise vector also assumed zero-mean Gaussian. The state vector

of the system has a dimension of 23 and is defined as follows,

T
T T T , T g, T
x=|%p PBqs Bv b, b, “pp F4u
The state vector includes the position of the MAV with respect to the global

frame “pp, unit quaternion Zqq corresponding to the MAV rotation from {G} to

{B}, MAV velocity vector Zv of { B} relative to {G} expressed in { B}, accelerometer
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bias b,, and gyroscope bias b, expressed in {B}. This work uses a keyframe-based
approach to handle visual measurements similar to [11,13]. As a result, the position
and orientation of the MAV corresponding to the previous keyframe are also stored in
the state vector, which are denoted using “pp and 2§, respectively. The error-state
vector corresponds to the geometric difference between the true state vector x and the
estimated state vector X. In this thesis, we are using”and ~ above variables to denote
estimated and error variables, respectively. The error-state is defined as, X = x & x,
where the inverse mapping © is used to capture geometrically consistent error terms
similar to work in [86]. This inverse mapping is the same as standard subtraction
in case of position, velocity, and bias states, but is different for quaternions. The
quaternion error-state is computed as, ¢ = q* q°! LM 0q = (1 559T>T,
where 00 is a small angle approximation of rotation and % denotes the quaternion
multiplication.

First order linearization of the continuous error-state dynamics x results in,

i Linearize s psx 4 Goon, (3.2)

where F and G,, are the process model and noise Jacobians and dn,, is the process
noise vector. Mathematical descriptions corresponding to the two models considered

for the IMM in this study are introduced in the following subsections.

3.1.2 Mathematical model of the conventional VINS

The conventional VINS (C-VINS) process model [15] corresponds to the INS mecha-

nization equations given by,
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2 (3.3)

where the platform angular velocity input Pw and acceleration input Pa are driven

using measurements from an inertial measurement unit given by,

wm = (Pw +b, +ny)
a, = (Pa+b, +n,) (3.4)

ba = g y bg = Iyg.

In (3.3,3.4), R(Pqg) is the rotation matrix from frame {G} to { B}, “g is the grav-
itational acceleration expressed in {G}, the standard basis e3 = [0 0 1]T, w,, is the
gyroscope measurements vector, and a,, is the accelerometer measurements vector.
n,, n,, Ny, N0, are stochastic Gaussian noise variables of the accelerometer mea-
surement, gyroscope measurement, accelerometer bias random walk, and gyroscope
bias random walk, respectively. The process noise vector given in (3.2) is defined

T

as n, = ng naT ng; ng; . The pose stored for the previous keyframe has zero

dynamics since it does not change with time. The F and G,, matrices corresponding

to this model can be found as,

0 —R(@)" [B‘A’} . R@" 0y 03 036
03 03 —I3 0346

03 [R((Al) Ggé3L —[w], -Is —{B‘Af} 0346

X

O12><3 012><3 012><3 O12><3 012><3 012><6
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03 03  O3x6

—1I3 03 Os3x6

G,=]— {B{’} —Ig 0346
X

O6xs  Osxz Is

O6x3  0Osx3 Og

where, [-], is the skew symmetric matrix operator. For the sake of brevity, R(q) is

X
the same as R(qu), I, is an ¢ x ¢ identity matrix, 0; is an ¢ X ¢ zero matrix, 0;; is
an ¢ X j zero matrix, and w = w,,, — Bg.

We consider visual measurements from one forward-facing monocular camera. Cor-
responding features between each pair of consecutive images are extracted using fea-
tures detection and features matching techniques. These matched features are used

to construct the visual measurement residual using the epipolar geometry constraints

as follows,

Yo = h(x,pi, pi) = (pi)) K TEK'p;

(3.5)
E = R(®ap)R("ac) [“po — “pc| R(P4e)" R(Cas)”

where y, is the visual measurement residual for one pair of corresponding features,
p; is the image coordinates corresponding to feature point ¢ of the current image, p;
is the image coordinates corresponding to feature point ¢ of the previous image, E is
the essential matrix, R(“qp) is the rotation matrix from frame {B} to {C}, K is the
camera intrinsic matrix, and “p¢c and “pe are the positions of {C'} with respect to
{G} of the current and previous poses, respectively.

The linearized error-state visual measurement model is formulated as, dy, =
H,ix + G,0n,, where H, and G, are the Jacobian measurement and noise matrices
of the visual measurement model given in (3.5). dn, = (5pi 5pi>T is the camera

measurement noise vector in pixels, where dp; and dp; are the camera noise vectors
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in pixels of feature points in the current and previous keyframes, respectively. The

matrices H, and G, are defined as,

DT AR(a0) R4 B b |
Hv2
H, = 0951 (3.6)
—pTAR(P4c)[R(P4c)™B pil«
H,;
T

pIBTR(4c)[C]L R(P4e)T AT

p; AR("4¢)[C]« R("qe)"B

G, =
where H,,, H,7, A, B, and C are defined as follows.

H,, = —p; AR("4c)[R(%4c)"B B« R(ac)" [°pcl.—

p; B"R(®4e)[CIL R("ac)" (A" pil
H,» = p/ AR(®qc)[R("4e)" B bil«R("ae)" ["pe]«—
p{ AR("4c)[ClR("4c)"[B Bil«
A=K TTR(“qp) , B=R(“qp)'K!
C= “ps— “pp+ (R(BglG)T — R(BQG)T> Ppe.
3.1.3 Mathematical model of the Drag-force VINS

The dynamic model of the Drag-force VINS (DF-VINS) includes the forces applied
on the MAV| including the total thrust, the weight, and the aerodynamic rotor drag

force. The continuous dynamics of DF-VINS process model is given by,
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GpB — R(GqB)T BV

. 1
BqG = -3 (wm - bg + ng) * BqG

2 (3.7)
BV = R(GqB)Ggég — DLBV + fip —+ n,,

3 3 G G -
b, =ny, , by =mny, , "pp =03x1, "4 = 03

where f;;, and D, are defined as follows,

fip = TLég — (wm - bg + l'lg) X BV

Tr, = am, — bz, Dy = diag(ky,, ki, ki)

The random Gaussian noise in the MAV drag force model is denoted by n,,, a,,.
is the accelerometer measurement in z-direction, and b,, is the accelerometer bias in
z-direction. The mass normalized thrust is denoted by 7;,. The mass normalized drag
parameters matrix Dy, is a diagonal matrix with elements &, k1,, k1, and is crucial
for estimation accuracy of the DF-VINS. The drag parameters in x-axis and y-axis can
be estimated following a least squared optimization procedure while it is reasonable
to assume that the drag parameter in z-axis to be zero similar to work in [20]. The

T

system model noise vector given in (3.2) is defined as n,, = ng n? nf ng;

The filtering matrices F and G, corresponding to the DF-VINS are defined as,

0; —R(g)" [B‘A’} y R(q)* 03 03 0346
03 03 —1I3 0346

03 [R(él) Ggé3} o —DL — [w]x —égég — {B\Af] o 03><6

01243 Oi12x3 O12x3 01243 O12x3  O12xe
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03 03 O346

—1I3 03 Os3x6

Gy =|— [B‘A’] I; 0346
X

O6x3  Osxz I

O6x3  Osx3 Og

As demonstrated later in sections 3.2.1.2; the accelerometer bias (b,) of the DF-
VINS state vector will be updated to include a bias term that captures the thrust of
the MAV. This modification simplifies filter design when body frame and the IMU
frame are not aligned, and also simplifies the observability analysis shown in Section
3.2.1.2. As a result of these modifications, the state vectors of C-VINS and DF-VINS
have dissimilar definitions.

Two measurement models are considered for the DF-VINS model; the first one is
the inertial measurement model that contains the accelerometer measurements along

x and y directions.

h, = T(-D; ®v +b, +n,) (3.8)

where T = |eI" ; el'| is a 2 X 3 matrix used to extract the first two rows, and e; =
T T

[1 0 0| andey= {0 1 0| are the first and second standard basis vectors. The

linearized residual measurement model is given by, dy; = H;0x + G;0n;, where H;
and G; are the measurement and noise Jacobian matrices of the inertial measurement
model given in (3.8), and n; is the accelerometer measurement noise vector along
x-axis and y-axis and defined as, n; = (nax nay>T. The filtering matrices H; and

G, are defined as,

A T
01><6 —k:hel €1 01><9

T &7
O1x6 —/ﬁyeg € 0ix9
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The second measurement model for the DFVIS is identical to the visual measurement

model of C-VINS given in (3.5).

3.1.4 Error-state Kalman filtering

The filter propagation and update follow an error-state filtering formulation as pre-
sented in Algorithm 1- The general continuous-discrete EKF' of [86]. The implemen-

tation of the discrete filter prediction and update is introduced here.

3.1.4.1 Filter prediction

For digital implementation, the process model in (3.2) has been discretized after
setting the system and measurement noises to their expected value of zero. After a
new IMU reading is received, the estimated state vector X of both filters is propagated
using a 4" order Runge-Kutta numerical integration of (3.3) and (3.7). The discrete-

time state transition matrix and covariance prediction are implemented as,

(I)k _ e(foAT F(T)dT) ~ eFAT
Prip = ©1Prp @17 + Qi (3.10)

AT
Qi = G1QLGiT. Gy = / FAT-DG, dr
0

where AT is the sampling time, Qy is the discrete-time system noise covariance ma-
trix, Q, = E (nwnT) is the the continuous-time system noise covariance matrix, and

w

k is the time index.

33



3.1.4.2 Filter update mechanism

The DF-VINS filter has two types of measurement updates, (1) inertial measurement
update that happens at IMU measurement rate, e.g., 200 Hz for the EuRoC dataset,
and (2) visual measurement update that triggers at image acquisition rate, e.g., 20 Hz
for the EuRoC dataset. The C-VINS filter only uses the visual measurement update.
The execution diagram of both filters is illustrated in Fig. 3.2. The visual update is
only executed at each new keyframe registered when there is sufficient feature disparity
between two images (assuming static world). The use of keyframes avoids drifting of
the filter when the MAV is stationary because when the camera is stationary the pixel
locations of corresponding points do not carry information to estimate an essential
matrix, i.e., the information related to the camera poses up to scale is not present.
As a result, the epipolar constraints do not contain any useful information about the
estimated state vector x [11]. Therefore, turning the visual update off minimizes the
risk of inconsistent updates leading to divergence. The feature disparity f; between

two corresponding sets of features is calculated as proposed in [11] as follows,
1
fa=—>_lpi — bl (3.11)
nyisy

where ny is the number of matched features between the two images. When fy
exceeds the set threshold, a new keyframe is registered then a Kalman correction step
is performed as, X1 = Xpq1 k. @ Kiy, where X4 is the posterior estimate, Xj 1 is
the prior estimate, K; is the Kalman gain, and y is the measurement residual. The
operation ¢ defines retraction used for geometrically consistent mapping of corrections
Ky to state estimates X as in [86]. The operator @ is the standard vector addition

in case of position, velocity, and bias states but is different for quaternions which is
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Fig. 3.2: Kalman filter architecture for the proposed two filters, DF-VINS in orange
and C-VINS in blue, that will be used in the IMM filtering bank. The block diagram
illustrates the prediction and update steps for each filter.

defined such that,

coslég—g‘
qc = * BqG , 00 = K,y (3.12)
—Sg‘sm—'é;‘

B

where K, is the Kalman gain matrix associated with the orientation state. The

measurement noise covariance matrices of the filter R; and R, are given as,
R, = G.R,G/" . R,, = GR,G, (3.13)

where R; = E (ninf) is the inertial measurement noise covariance matrix and R, =

E (nvan) is the visual measurement noise covariance matrix, both are assumed to be

known from sensor specifications or a calibration procedure.
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3.1.4.3 State and covariance augmentation

After the measurement correction step is implemented, the state vector and covari-
ance matrices are augmented to update the previous pose information. The state
augmentation is simply implemented by storing the current position and orientation
of the MAV in the previous pose, i.e., GE’B = Gf’B and BaG = Bél(;. The covariance

augmentation is implemented as,

T

Pt _ Lisxon p- Lisxon J_ Is 03 03415

J J 03 I3 03415

where P~ and Pt are the covariance matrices before and after the augmentation,

respectively, and Ii5491 is a 15 x 21 identity matrix.

3.2 Design of Observability-constrained VINS

Due to errors in the estimated state of a filter, the evaluated process and measurements
Jacobians during filter operation can cause the filter to update along unobservable
directions [38,84]. As a result, the filter operates in violation of the observability
properties corresponding to the true nonlinear system, consequently, causing incon-
sistent estimates and large estimation errors. To improve the consistency of the filter,
the observability-constrained VINS can be used to preserve the observability proper-
ties of the filter to match with the nullspace of the true nonlinear system.

In this section, we analyze the observability of the C-VINS and DF-VINS models
and deduce the observability based consistency rules for the filters. For this purpose,
we first perform a nonlinear observability analysis for the C-VINS and DF-VINS
system models considering the epipolar constraint measurement model. The analysis

allows identifying the unobservable subspace corresponding to the nonlinear systems,
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which are needed to design observability-constrained consistent filters for VINS.

3.2.1 Nonlinear observability analysis

Nonlinear observability analysis is typically performed by evaluating Lie derivatives for
the system and constructing the observability matrix O. In this work we use the basis
function approach [38] which does not need exhaustive evaluation of Lie derivatives to
establish the observability properties of the system. In the basis function approach,
first a nonlinear equivalent of the observable canonical form is realized for the state-
space system. This is performed by defining a new set of basis 8;(x) which are
functions of state x, following the procedure given in ( Theorem 4.1) of [38]. As proved
in the theorem, if we can show that the resulting dynamical system on 3 is observable
(i.e., its observability matrix = is of full column rank), the observability properties
of the system under study (with observability matrix O) can be conveniently found

using the gradient matrix of the basis set B £ 8@:‘), where O = E- B and B(x) =

[B1(x)T -+ B (x)T]T is the vector of basis set with m basis elements. Therefore, the
unobservable directions of the system can be found using the null space of B, i.e.,
null(O) = null(B).

Observability of VINS is studied in detail in [38] using a VINS system model
which includes a 3D feature point in its state vector, and a measurement model which
includes a 3D feature point visual observation, i.e., a visual SLAM model. In this
work, we will instead consider a VINS which includes a previous camera pose in the
state vector and consider a measurement model that uses the epipolar constraint.
We separately study both conventional and drag force VINS introduced in Sections
3.1.2 and 3.1.3. We will use the basis functions approach introduced in [38] to study
system observability, find the nullspace, and determine the unobservable subspace of

both filters.
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Therefore the following simplifications are performed to find an equivalent visual
measurement model for the epipolar constraints to make the observability analysis
easier. First, we assume that the camera frame and body frame are coincident. Sec-
ond, we assume that we can find the essential matrix E using the measurements. It
is possible to compute the essential matrix given at least 8 point correspondences
between two images [106]. As a result, the essential matrix given in (3.5) can be

simplified as follows,

E = R("ac) [“s — “ps| R("dc)"

= E=[R("ae)(“bs — “pp)] R("ac)R("4e)" = ["pys] R("as)

(3.14)

where Ppy; is the translation between the current and previous body (or camera)
frames expressed in the current body frame and R(Pqp) is the rotation from the
previous frame to the current frame. Using factorization of (3.14) to an orthogonal
and skew-symmetric matrix, the translation p g up to a scale, and the rotation Zqy
can be extracted resulting in four possible solutions [106]. As the third simplifications,
we assume that the ambiguity related to this factorization is resolved by considering
the solution where the reconstructed point is in front of both cameras. Following

these simplifications, an equivalent visual measurement model for (3.5) can be found

as, ) )
I T P/ D=
. Pa/D- /
vl py Y2
hv = = py/pz g (315)
h,s — R(Pq¢)R(%4c)"e,
R(qc)R("dc)"e; o
) " | B(Pac)R(Pdc)Tes |
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where,
Pz
py| = Pss = R(Pac) (“bs — “ps) (3.16)
p-

Vector Pp g is the translation between the current and previous body frames. In
order to capture the orientation information R(®q) between the two poses, equivalent
measurements related to two reference vector observations are used in h,s of (3.15)
where e; is the standard basis vector with i = 1, 2.

We express the MAV orientation using the Cayley-Gibbs-Rodriguez (CGR) pa-
rameterization [107] as suggested in [38] to assist with the observability analysis. The
orientation of {G} with respect to {B} is represented by Psg, where s is the 3 x 1

CGR parameter.

3.2.1.1 C-VINS observability analysis

The C-VINS model in (3.3) is expressed in terms of CGR parameters and input-affine

form as,
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“pp R(®qg)" vp 03 03
Bsa —Db, D 03
By R(Bqg)“ges — b, + by« By [BV]X I;
b, | = 0351 | 03 | Wnt 03] am
bg 03><1 03 03
Gl%)B 03><1 03 03 (317)
BéG 03><1 03 03
fo f1 fo
P/ D=
hvl
h = hU = = py/pz s
hv2
| R(Pac)R("4e)"e; |

where D = 25 = 1 (Ig + [s]x + SST). The basis functions set for the C-VINS model

that satisfies conditions stated in (Theorem 4.1) in [38] is as follows.

B1=hy, = pelp: , B2=1/p.
Py/ D=
Bs = By , PBa= bg
Bs = R("qc)%ges ., Bs=bhs
Br =hyl,_, = R(Pac)R(Pds) e

Bs = hysl._, = R(Pac)R(Pdc) ey
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The resulting realization of the system model expressed using the basis functions is,

4] [B(-[8]. si-ms)| [ BBl | o]
| |l ([B1], 8- ems) | |Basl (81, 01,
Bs ~ [Ba],, Bu+ Bs — Bs B3], I,
1 = Oz + 0 Wi + 0s am
Bs —[Bs],. Bs [Bs]. 0 (3.18)
Bs 0551 03 03
Br — [B7] Bs 8] 0;
ﬁs I —[Bsl, Ba 1 [Bs] | | 03
Pt & T

h:[51 Br Bsr

where B, = {131 1}T, ,[:31 = {IQ _51], and Iy is a 2 x 2 identity matrix. The
measurement model h,s does not introduce any additional observable directions for
the C-VINS filter model, since the spans of the bases 87 and Bg corresponding to h,s
are functions of the remaining basis set (87 ... Bs) and hence do not introduce any
new observable directions to the system.

In order to compute the null space of the system (3.17), we have to construct the
E matrix using a suitable subset of Lie derivatives [38] of the system (3.18) and then

prove that this matrix is of full column rank. Matrix = is selected as follows,

T
3 1 3 3 2 3 3
=/ — | 9£°h Leogizen  Lgh  OLgigiseish OLgigieyt 9Lgoegh OLgpmpeish  9Lapeoeol
B B B ap ap B B op

where g;; is the column j of matrix g; of system (3.17). The matrix & was found

to be of full column rank, therefore, the observability properties of the system were
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found using matrix B that contains the gradients of the basis set. The system has four
unobservable directions as indicated by the columns of the nullspace matrix in (3.19),
where D = %. The first three unobservable directions are exposed by the first block
column of (3.19) that corresponds to the three degrees of freedom global translation of
the current and previous positions pair together, while the fourth condition is exposed
by the second column which indicates that the filter does not gain information for the

global rotation about the gravity axis.

I, — [GPB}X “ge,
0; DR(Pqe) “ges

03 03><1
N=|0; 031 (3.19)
03 03><1

I — [Gf)BL Ggé3
05 R(%4e)D “gas |

3.2.1.2 DF-VINS Observabiliy

For this analysis, the DF-VINS model in (3.7) has been modified by combining the
bias of the accelerometer b, state and the mass normalized thrust Tres. For MAVs in
flight, T,es is much larger than b,.. As a result the z-axis bias state can be redefined
as follows, by, — bas + Tres ~ Tres. This modified state currently includes bqy, byy,
and (time-varying) thrust, which makes the analysis tractable and does not affect the
observability performance of the filter as will be shown in this section. We denote
this modified bias state as b,. As a result, the inertial measurement model h, now

includes all three measurements of the accelerometer. The resulting DF-VINS model

42



expressed in terms of the CGR parameter in the input-affine form is as follows,

“pp R(Pqe)” vi 03
BSG —Dbg D
BV R(BqG>Ggé3 - DLBV + Bazéii + [bg] X BV [BV] X
Ba = 031 T 03 | Wn
bg 03><1 03
Gf)B 03><1 03
2 (3.20)
BSG 0351 03
f() f1
] Pa/ D=
hvl
h, Py/ D=
h ey ey h/UQ ey
h, R(Pac)R(P4c)"e;
h, - -
B ) —DLBV -+ ba

The basis functions set for the DF-VINS model is,

P /D=
/81 = hvl = ) 62 = 1/pz

Py/ D2

65 = R(BqG>Ggé3 ) /86 = Bazé?;
/87 = hv2|i:1 = R(BqG)R(BQG)Tel
Bs = hyol,_y = R(Pac)R(P4c)" e,

/89 = ha - _DLBV + l_)a
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The resulting realization of the system model in terms of the basis functions is,

5] [ B(-Bla-ss) | [as
b peet ([81], 81— B26s) B.87 (1],
Bs — (Ba], Bi + Bs — Bo 4],
Ba 031 03
Bs| = — [Bs] Ba T (Bl | wm
Bs 05,1 05 (3.21)
Br —[B7], Ba [B7]
Bs — [Bs]y Ba [Bs]
Bo| | -Dyr (B, Bs+DuBs+Bs+Bs)| | ~DrlBal,]
e D S

h=[s B 6 8]

In order to prove the observability of the DF-VINS system in (3.20), the observ-

ability matrix E’ is constructed as follows,

T
i 3 1 3 3 2 3 3
=/ — | oL°h OLgg zep OLggh  OLgig i 3h  OLgpgpes OLgiggh OLggpesh OLgpggoh
oB op oB oB oB op oB oB

The matrix Z’ is found to be of full column rank and the DF-VINS system has
the same unobservable directions and nullspace as the C-VINS that is given in (3.19).

The inertial measurement model h, does not introduce any additional observable

directions for the DF-VINS filter model.

3.2.2 Observability-constrained VINS

The observability-constrained VINS can be used to improve the consistency of the fil-

ter by preserving the observability properties of the filter to match with the nullspace
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of the true nonlinear system. This is achieved by satisfying the following two condi-

tions at each time step,

Nii1k = Prg1pNpjp—1 (3.22)

H,N, =0 (3.23)

where @, is the state transition matrix, Hj is the measurement Jacobian ma-
trix, and Ny is the nullspace. Conditions (3.22) and (3.23) can only be fulfilled by
appropriately modifying ®;,, and Hy. The observability-constrained VINS design

proposed in [38] will be followed for the two VINS filters in this work.

3.2.2.1 Modification of the state transition matrix

The constraints are enforced after each new IMU reading during the propagation
step to maintain the unobservable directions by preserving the nullspace of the filters
given in (3.19). The nullspace N must satisfy (3.22) by modifying the state transition

matrix. The state transition matrix ® is constructed as follows,

I &, ATI; &4 P15 03 03
03 P 03 03 Py 03 O
03 @30 I3 @3 P35 03 O3
®=10; 05 03 I; 03 03 03 (3.24)
03 O3 03 0; I3 03 O3

0; 03 0 0; 03 I3 O

03 O 03 0; 03 03 I3

Since the two filters have the same construction of the state transition matrix

® and the nullspace N, both will be having the same constraints for observability

45



consistency. From (3.22) and (3.24), the propagated state transition matrix blocks

D5, Py, and P3, are constrained as follows,

P15 Ry -1(Pae)“ges = [GPBWA]X “ges — [GkaJer]x “ges (3.25)

Dy = R(Bkﬂ‘qukucﬂ )

®3,R(Pqe) “ges = 03,

(3.26)

(3.27)

where (3.25) and (3.27) can be solved by Karush-Kuhn-Tucker conditions ((63) and

(64) in [38]).

3.2.2.2 Modification of the measurement Jacobian

The measurement Jacobian must be modified during each update step to satisfy (3.23).

The inertial measurement Jacobian (H;) given in (3.9) satisfies the condition (3.23),

since H;IN = 0 for all update steps, thus it does not get modified. However, the visual

measurement Jacobian (H,) given in (3.6) does not satisfy the condition, thus some

element of H, will be modified as follows,

Hvl H'U2 01><9 HUG Hv7:|

I, - [GPB}X “ges
05 R(Pqq) “ges
O9x3 091

I; - [GI/)B}X G953

0; R(P4c) “ges

=0 (3.28)

where 0;4; is a ¢ X j zero matrix. The first block column of (3.28) requires that
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H,s = —H,;. The second block is written as,

([®8s], - [ps] ) “oes
Hy Ho Hil|  R(ao) Sges | =0 (3.29)

R(BélG) Ggés

where (3.29) can be solved by Karush-Kuhn-Tucker conditions.

3.3 Summary

This chapter presented the design of two error-state Kalman filters, with /without drag
force incorporated in the system model, for the visual-inertial navigation system of
quadrotor MAVs, where the epipolar geometry constraint has been used as the visual
measurement model. The design included the observability analysis of the proposed
VINS system to determine the null space of the filter that helped in deducing the
observability-based consistency rules to maintain the consistency of the filter during
the prediction and update steps. The two filters will be used in Chapter 4 for the

design of a multiple model state estimation for the MAV.

47



Chapter 4

Multiple Model State Estimation

In this chapter, we design an interacting multiple model VINS (IMM-VINS) estima-
tor, where the two VINS models proposed in Chapter 3 will be incorporated in the
IMM bank to handle different flight conditions. Additionally, several numerical and

experimental studies will be conducted to validate the proposed algorithm.

4.1 Design of Interacting Multiple Model VINS

In this work, an IMM algorithm is used to combine estimated state X! from C-VINS
(filter 1) and state % from DF-VINS (filter 2) to find a combined estimate X corre-
sponding to the two models. The structure of the IMM algorithm is shown in Fig.

Ol and %2 are the mixed states, P°' and P2 are the mixed covariances

4.1, where x
which are calculated following a state interaction step. The mixed estimates X°* and
%2 are used in filtering algorithms C-VINS and DF-VINS, respectively. The state
interaction step makes use of the model probabilities 1 and probability for switch-
ing from one model to another 'V which is calculated using likelihoods of the two

filter models A' and A2 at each iteration. The state estimates of the two filters are

combined (weighted) using the updated model probabilities & to find the combined
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estimated state vector X and covariance P, where S22 [t = 1. If the probability

model of one filter is 1’ = 1, it means the IMM will fully switch to that filter.

Algorithm 4.1. Error state IMM algorithm

1: Initialize estimated state vector %*, covariance matrix P?, and initial prob-

abilities i for each filter.

2: Compute the mixed estimated states X% and covariance P% as,
. N . .
)A(Oj — Z )A(Z[TLZU
i=1

N
PY% — Zﬂi\j [Pi + ()A(z o &Uj)(fci o )ACOj)T}

i=1

L 1 .. . N

S N o
P i=1

3: Propagate and update estimated states and covariance for each filter model.

4: Compute the likelihood A7 and estimated probability for each filter using

the innovations y’ and the innovations covariance matrix S7,

N L [os)T(s) )
|27 S7|

yV=yoy , S=HPYH) +R

1 N,
ﬂz:EAZd)ZaC:ZAZ?vb
=1

5: Combine both estimated states and covariances based on estimated proba-

bilities, N

The IMM algorithm is summarized in Algorithm 4.1, where N is the number of

filter models, 9" is a normalization vector used to normalize the model probability,

49



- 51 - A
%, P %, P

) )

‘ State Interaction

C-VINS
. AR \ 4
1
' Prediction | ! Prediction
1
! 1
1 01| 01| .
Wy x| P b'e -
v | K
! 1
I | Filter updaq 1 l
! ]
~ R R g
Model
Al probability
A
> update
> State
estimate
»| combination
Next iteration
N T \ AN LA *i--l
%P %P i %,P 1

Fig. 4.1: Structure of interacting multiple model algorithm for the proposed two filters,
Df-VINS and C-VINS.

and p% is the ij element of the Markov transition probability matrix and represents
the switching from model ¢ to model 7. The matrix elements are selected parameters
that administer the probability of switching from one filter in the IMM filtering bank
to another or remaining in the current filter; they are assigned such that Z;V P =1.
The elements of the transition probability matrix and the initial probabilities are
selected based on the knowledge of the filters in the IMM filtering bank and their
relative priorities with some additional tuning to improve the filter performance as
will be demonstrated in section 4.2, i.e., if the two filters in the IMM filtering bank
have similar probabilities of occurrence, we set p'! = p*2 and p'l, p*2 >> p'2, p?', and
start with equal initial probability values, i = 1> = 0.5.

Compared with the generic IMM algorithm [72,74], the one proposed in this work
has several key modifications. Error-state and measurement residual definitions are
used in the state interaction, model probability update, and state combination steps.

This makes the algorithm applicable for the error-state Kalman filter VINS formula-
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tions presented in this work. Furthermore, a generalized state averaging is performed
in the state estimation combination step, where ¢ is the averaging function. ¥ cor-
responds to the usual vector averaging in case of position, velocity, and biases states
(since they are vector spaces, i.e., they € R?), while optimal quaternion averaging
proposed in [108] is used for averaging the quaternion states (since it € group S?), as
given in (4.1). The averaging function effectively minimizes the weighted sum of the

squared lengths of the error quaternions q.

(4.1)

4.2 Results

This section presents the numerical and experimental validations of the proposed
IMM-VINS. The navigation performance of the conventional and drag force VINS
filters are compared along with the performance improvement achieved by imple-
menting an IMM filter using the two filtering models. In the discussion that follows,
C-VINS is the conventional VINS with observability-constraints enforced in the fil-
ter, DF-VINS is the drag force VINS with observability-constraints enforced in the
filter, and IMM is the IMM-VINS filter with observability-constraints enforced in the
VINS filters used in the IMM filtering bank. A filter with asterisk superscript (e.g.,
C-VINS*, DF-VINS*, and IMM*) denotes the filters implemented without the ob-
servability consistent design. Those filters without observability-constraints are used
to demonstrate the effect of not using the observability-constraints derived in section

3.2 to enforce the unobservable subspace. The experimental validation is presented
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using the EuRoC dataset (V1 01 easy and V1 02 medium) [104].

4.2.1 Numerical validation

A MATLAB simulator is implemented in order to evaluate the performance of the
proposed multi-model estimator (IMM-VINS) and compare its performance with the
stand-alone estimators (C-VINS and DF-VINS). The simulated arena includes 495
feature points uniformly distributed on a cylinder with a radius of 6m and a height of
2m, as shown in Fig. 4.2a. The MAV was simulated using the kinematic model given

Ba and the angular speed Bw of the platform selected as

in (3.3) with acceleration
inputs. The inputs were designed such that the MAV follows a circular trajectory of
a radius of 4 meters completing two laps with additional excitation along the z-axis
to result in a wavelike trajectory, as shown in Fig. 4.2a. The input acceleration and
angular speeds adhered to differential flatness constraints related to the drag force
model, which were realized using the procedure given in [20]. This implicitly enforces
the dynamic constraints related to model (3.7) during the simulation as long as there is
no external wind disturbance acting on the system. The averages of the magnitudes
of the linear and angular velocities used for the simulation are 2.12 m/s and 4.01
rad/s, respectively. In order to verify the switching capability of the proposed IMM
estimator in the presence of external disturbance, a 1.76m/s wind has been added in
the second lap for a short time, as shown in Fig. 4.2a. The wind was incorporated
in the MAV model similar to work in [65]. The IMU and camera measurements of
the MAV were simulated at rates of 100 Hz and 10 Hz, respectively. A sample of
the camera view is given in Fig. 4.2b. The noise covariance Q for C-VINS is set as
Diag(1.1e — 3% I3; 1.3¢ — 22 I3; 1.8e — 2% I3; 1.7e — 4% I3) and for DF-VINS is set as
Diag(1.1e — 3? I3; 1.8¢ — 42 I5; 1.8 — 2% I3; 1.7e — 42 I3) (the International System

of Units). The standard deviation of camera measurement is set as 1 pixel.
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Fig. 4.2: (a) 3D view of the simulator arena used for the experiment and the trajectory
followed by the MAV. The simulation arena includes 495 feature points uniformly
distributed on a cylinder with a radius of 6m and a height of 2m. (b) Camera view
at one iteration including the features.

Since the DF-VINS and C-VINS filters in the IMM filtering bank have the same
priorities during the flight, each one is better than the other at certain regions and
under certain condition, the IMM algorithm was implemented with a transition prob-

ability matrix and initial model probability vector selected as follows,

0.96 0.04 N 0.5
p= , = (4.2)

0.04 0.96 0.5
Fig. 4.2a illustrates the actual and IMM-VINS trajectories of the MAV. Fig.
4.3 and Table 4.1 (Trajectory 3) illustrate the position and orientation estimation
accuracy of the stand-alone filters and the IMM-VINS. As seen in Fig. 4.3 and Table
4.1, DF-VINS filter exhibits improved performance than the C-VINS when there is no

external wind disturbance acting on the system; on the other hand, the C-VINS filter

is not significantly affected in the presence of the wind disturbance as it relies on a
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Fig. 4.3: RMSE of the position and orientation of the IMM and the two stand-alone
estimators in the presence of wind. The IMM-VINS filter outperforms the stand-alone
DF-VINS and C-VINS filters by switching between (or combining) the two filters in
its bank.

more robust kinematic system model. The IMM estimator dynamically approximates
the model probability as shown in Fig. 4.4 and generates a combined estimate of the
state which is more accurate than the stand-alone filters. Moreover, it can also handle
the high drift of the DF-VINS during the external disturbance period by switching
to (relying on) the correct model based on model probability calculations. Fig. 4.5
shows that the position and orientation errors of the IMM and C-VINS filters agree
with the 30 bound created from the corresponding diagonal elements of the state
covariance matrix. However, the covariance corresponding to the position of the DF-
VINS exhibits inconsistent estimation in the presence of wind disturbance, i.e., the
actual errors are well beyond the 30 bounds estimated by the filter.

The performance of the C-VINS, DF-VINS, and IMM-VINS filters for three dif-

ferent trajectories are given in Table 4.1. Trajectory 1 does not include any wind dis-
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Fig. 4.4: Model probabilities of the IMM filters. The figure shows how the IMM filter
switched between the two filters in its bank during the simulation. As the probability
of one filter in the IMM bank increases, it implies that the IMM filter relies more on
that filter with high probability than the other.

turbance, denoted by vector V,,, while trajectory 2 and 3 include wind disturbances
T

of Vi, =10.83 —0.83 0 Tm/s and V, = |1.76 —1.76 0| m/s, respectively.

The performance of the three filters without using observability-constrained ver-
sions of the filters is also evaluated and presented in Table 4.2. The observability-
constrained VINS filters have better performance because they enforce the unobserv-
able directions of the system to prevent inconsistent information gain. As shown in
Table 4.3, the IMM filter with observability consistency has more than 30.3% per-
formance improvement over other filters (C-VINS and DF-VINS, and IMM*) for the
given numerical simulations.

The averaged normalized estimation error squared (NEES) of the three filters (DF-
VINS, C-VINS, and IMM) with and without observability-constraints is studied in
Fig. 4.6a and Fig. 4.6b. The averaged NEES (7)) is computed over N,, independent
Monte Carlo runs as follows,

1
— Z x] % xj & (4.3)
Nm i
where X, is the estimation error at time index k of 4% run and ijk is the correspond-

ing covariance matrix [22]. The NEES performance is another measure of estimation
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Fig. 4.5: The 30 bounds (in red color) for the errors for the position and orientation
states of the three filters, where 6,, 8,, and 6, are the angles of the 3D rotation vector
(rotation axis times the angle). The plotted values are 3-times the square roots of the
corresponding diagonal elements of the state covariance matrix of each filter.
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Fig. 4.6: Average NEES result of 50 Monte Carlo simulations of the IMM and stand-
alone filters with and without observability-constraints enforced in the filters. (a) The
three filters exhibit consistent estimation except for the orientation of the Df-VINS
that deteriorates during wind disturbance as expected. (b) The position NEES of the
three filters, without observability constraints enforced, gradually diverges from the
ideal NEES value. The horizontal solid green lines are the two-sided 95% confidence
region for a 3-DOF stochastic process.

consistency of a filter. The ideal NEES value is equal to the dimension of the error
X;r. NEES performance closer to ideal values is a reasonable indication that the pre-
dicted covariance by the estimator is in agreement with the actual state errors of the
filter. Fig. 4.6a illustrates the position and orientation NEES plots where the case
of observability-constraints are enforced in the filters. The NEES values are closer to
the ideal values, as seen in Fig. 3 in [38] and perform better than MSCKF, as seen in
Fig. 2 in [86]. Only the orientation NEES of the DF-VINS exhibits inconsistent esti-
mation during the application of wind then shows recovery after the wind is absent.
Fig. 4.6b illustrates the position and orientation NEES plots for the filters without
observability-constraints enforced. The figure shows that the three positions NEES

are gradually diverging from the ideal value of 3.
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Table 4.1: Estimation accuracy (RMSE) in the simulation results with observability-
constraints enforced in the filters. Pos. is the RMSE in the 3D position vector in
(m) and Orien. is the RMSE in the orientation vector in (deg). Trajectory 1 does
not include any wind disturbance, while trajectory 2 and 3 include wind disturbances
with different wind disturbance intensity.

C-VINS DF-VINS IMM
Pos. | Orien. | Pos. | Orien. | Pos. | Orien.
Trajectory 1 | 0.114 | 0.66 | 0.095 | 0.64 | 0.058 | 0.20
Trajectory 2 | 0.114 | 0.65 | 0.409 | 0.73 | 0.069 | 0.35
Trajectory 3 | 0.112 | 0.62 | 1.215| 1.07 | 0.066 | 0.31

Table 4.2: Estimation accuracy (RMSE) in the simulation results without
observability-constraints enforced in the filters. Pos. is the RMSE in the 3D po-
sition vector in (m) and Orien. is the RMSE in the orientation vector in (deg).
Trajectory 1 does not include any wind disturbance, while trajectory 2 and 3 include
wind disturbances with different wind disturbance intensity.

C-VINS* DF-VINS* IMM*
Pos. | Orien. | Pos. | Orien. | Pos. | Orien.
Trajectory 1 | 0.151 | 1.74 | 0.129 | 1.60 | 0.111 | 1.48
Trajectory 2 | 0.154 | 1.79 | 0.394 | 1.46 | 0.099 | 1.32
Trajectory 3 | 0.157 | 1.84 | 1.262 | 1.26 | 0.105 | 1.42

4.2.2 Experimental validation

Experimental validation of the proposed IMM-VINS is performed using the EuRoC
dataset. In this dataset, a micro hex-rotor helicopter was used to collect naviga-
tion data related to different environments and different speeds. The helicopter was
equipped with a Visual-Inertial sensor unit that includes a MEMS IMU with an up-
date rate of 200 Hz and two monocular cameras with an update rate of 20 Hz. Only
cam0 measurement is used in this work with feature tracker front-end data imported
to MATLAB from the VINS mono ROS package [109]. Two datasets of the Vicon
room (shown in Fig. 4.7) will be used for this initial experimental validation of the

IMM filter. VI 01 easy has a trajectory length of 58.6 m and duration of 144 s.
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Table 4.3: Performance comparison of the improvement in RMSE (%) in the simu-
lation results. The IMM outperforms the two stand-alone filters and the IMM filter
without observability-constraints enforced in its VINS filters. It provides more than
30.3% performance improvement than the other 3 filters.

DF-VINS/C-VINS | IMM/C-VINS | IMM/DF-VINS | IMM /IMM*

Pos. Orien. Pos. | Orien. | Pos. Orien. Pos. | Orien.

Trajectory 1 | 16.7 3.0 49.1 69.7 38.9 68.8 47.8 | 86.5

Trajectory 2 | -258.8 -12.3 39.5 46.2 83.1 02.1 30.3 | 73.5

Trajectory 3 | -984.8 -72.6 41.0 50 94.6 71.0 93.7 | 78.2

Fig. 4.7: Vicon room of the EuRoC dataset, the size of the room is 8m x 8.4m x 4m.

The average linear and angular velocity are 0.41 m/s and 0.28 rad/s, respectively.
V1 02 medium has a trajectory length of 75.9 m and duration of 83.5 s. The average
linear and angular velocity are 0.91 m/s and 0.56 rad/s, respectively. A nonlinear
least-squared optimization was used to estimate the drag parameters D using the
ground truth data and the IMU measurements of the V1_ 02 dataset. The optimal
values were found as, ki, = 0.2, ky,, = 0.2, and k;, = 0.0.

Since the IMU frame {/} of the EuRoC datasets is not coinciding with the center
of gravity (COG) located at the body frame {B} of the MAV, all applied forces
including thrust force and drag force will be transformed to the IMU frame {I} in
order for the drag-force model to work properly. The Vicon frame is almost aligned
with the COG of the helicopter except for the small shift in the z-axis; therefore, the
Vicon frame will be considered as the helicopter body frame {B}. The accelerometer
bias of the DF-VINS will be updated to include the thrust force. The new bias

state will be expressed in {B}; therefore, the velocity state vector and the inertial
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measurement model will be updated as given in Appendix A. The accelerometer bias
of the C-VINS filter will be expressed in {B} as well in order for the IMM to have
the corresponding states between both filters expressed in the same frames. Since the
extrinsic parameters between the IMU frame {I} and Vicon frame are known, the
bias will be simply transformed by the rotation matrix R({qp) that rotates a vector
from {B} to {I}.

As a consequence of these changes, the design of the IMM for the EuRoC dataset
is challenging because the accelerometer biases of the two filters are different; however,
both are expressed in the same frame. The bias state vector of the DF-VINS includes
the thrust force; thus, the covariance elements corresponding to this state will be
different as well, and this is not the case in the C-VINS filter. Therefore, the state
and covariance interaction step in Algorithm 4.1 must be updated to accommodate the
state mismatch, which could be solved by handling both filters as unequal dimension
states-filters. Both filters have the same states of position, orientation, velocity, and
gyroscope bias, but each filter has an extra state, which is the z-axis accelerometer
bias. Several methods have been proposed in [34,110] to address the unequal state
dimension problem in IMM. We tested all approaches proposed in both references and
selected the unbiased approach shown in [110] as it resulted in the best performance.
The unbiased approach has been applied to our IMM estimator with details of the
implementation given in Appendix B.

Another challenge arises in the experimental validation using the EuRoC dataset
because the helicopter was stationary at the beginning of the trajectory. During
stationary conditions, the DF-VINS will diverge, and the state covariance matrix will
increase due to the high uncertainties. While the helicopter is stationary, the visual
update is off until the helicopter starts to move and detects enough disparity for the

visual update as given in (3.11). Therefore, the transition probability matrix and
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the initial model probability vector cannot be selected as given in (4.2) because the
DF-VINS diverges and has poor performance compared to the C-VINS. Therefore,
the initial model probability corresponding to the C-VINS should be very high in
the beginning in order for the IMM estimator to have better performance, after that,
the transition probability matrix and the model probability vector should be updated
in a proper manner once the MAV starts to move so that the IMM switches to the
filter with better performance. In order to achieve that, the transition probability
matrix should be adaptively updated using the posterior probability to improve the
performance of the IMM. The IMM algorithm has been updated as proposed in [35]
to update the transition probability matrix elements at each new visual update, n, as

follows,

i (n) z’j(n —1)
ij _ @ (n-1)F
p(n) = s i (n) i(n—1) (4.4)
7=1 @i (n—1)P

where r is the number of filters used in the IMM. The initial transition probability

matrix and models probabilities for the V1 02 have been selected as follows,

0.9999997 0.0000003 . 0.99999997001
p= . (4.5)

0.0001 0.9999 0.00000002999
The performance of the DF-VINS, C-VINS, and IMM-VINS filters is illustrated in
Fig. 4.8 and Table 4.4. The IMM has improved performance with minimum position
RMSE. Fig. 4.9 illustrates the model probability of both filters and shows how the
IMM switched to C-VINS filter when the helicopter is stationary at the beginning of
both datasets. At slow speeds, the C-VINS model is used by the IMM as seen in the
V1 01 dataset, while it switched to the DF-VINS in most of the trajectory due to
the validity of the drag force model during fast and aggressive maneuvering [20]. The

video of this experiment can be found on https://youtu.be/1lsfU2wrHGVg.
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It should be noted that the EuRoC dataset was used to show the capability of
the IMM algorithm to adaptively switch to the DF-VINS during fast and aggressive
maneuvering. However, in order to further validate the performance of IMM for wind
disturbance scenarios more representative experimental data should be used as the

EuroC dataset has minimal wind disturbance.
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Fig. 4.8: RMSE of the position of the IMM and the two stand-alone estimators for
the experimental validation. (a) is the EuRoC V1_01 easy dataset and (b) is the
EuRoC V1_ 02 medium dataset. The EuRoC V1_ 01 is a slow trajectory with a flight
duration of 144 s and the EuRoC V1 02 is a relatively fast trajectory with a flight
duration of 83.5 s.

From Fig. 4.8 it can be seen that the IMM filter may have a slightly different
performance than the stand-alone filters at some regions due to the state interaction
(mixing) given in Algorithm 6.1, where the two filters in the IMM bank are mixed
prior to the state update at the beginning of each iteration and then are combined
to provide the IMM estimated states after the state update based on the model

probability of each filter. Therefore, the two filters in the IMM bank will be having a
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Table 4.4: Estimation accuracy (RMSE) of the experimental validation. Pos. is the
RMSE in the 3D position vector in (m) and Orien. is the RMSE in the orientation
vector in (deg). The results show that the IMM outperforms the two stand-alone filters
and the IMM filter without observability-constraints enforced in its VINS filters.

C-VINS DF-VINS IMM* IMM
Pos. | Orien. | Pos. | Orien. | Pos. | Orien. | Pos. | Orien.
V1-01 | 044 | 235 | 059 | 273 [0.62| 242 | 0.40| 2.36
V1-02 | 0.27 | 035 | 026 | 0.35 | 0.25| 0.35 |0.24| 0.35
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Fig. 4.9: Model probabilities of the IMM for the experimental validation. (a) is the
EuRoC V1_01 easy dataset and (b) is the EuRoC V1_02 medium dataset. The
figure shows how the IMM filter relied more on the DF-VINS in V1 02 that includes
a faster trajectory and higher maneuver index except for the stationary region at the
beginning of the trajectory.

o
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Fig. 4.10: Experimental validation of EuRoC V1_ 02 while starting the experiment
after the stationary region of the trajectory. (a) is the RMSE of the position, the
RMSE of the DF-VINS is 25 m, C-VINS is 26 m and IMM is 23 m. (b) is the model
probabilities of the IMM and it shows mixing between the two filters more comparable
to the simulation than the bang-bang behavior of the adaptive IMM.

slightly different performance, but with similar behavior, than the stand-alone filters,
DF-VINS and C-VINS, which consequently changes the performance of the IMM.
The IMM algorithm can be used without the adaptation update if the experiment
is started after the stationary region of the trajectory. In this case, the transition
probability matrix and the initial model probability vector can be selected as given
in (4.2). The performance of the three filters starting after the stationary part of this
case is given in Fig. 4.10. It is clearly shown that the IMM switched to (relied more

on) the filter with lower RMSE to maintain high performance.
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4.3 Summary

This chapter presented the design and validation of an IMM estimator for visual-
inertial navigation of MAVs. The design strategically selects a conventional VINS
model based on a kinematic model, and a drag force VINS model based on rotor
drag dynamic constraints for the models of the IMM. An epipolar constraint-based
visual measurement model, proposed in Chapter 3, is used for both filters, which
addresses the computational complexity concerns of the parallel filters running on
IMM. Numerical and experimental results validate the improved performance of the
IMM-VINS over the stand-alone versions and highlight the ability of the filter to
adaptively transit between the different models to achieve improved performance and

navigation consistency.
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Chapter 5

Nonlinear Model Predictive

Control

In this chapter, we present the dynamic model of the quadrotor MAV (with/without
drag force incorporated in the MAV model) and its corresponding discrete-time model
which is required for the design of the MPC. Then, an NMPC scheme without stabi-

lizing costs or constraints is presented in order to asymptotically stabilize the system.

5.1 Essential Notation

Throughout the chapter, @, R, and N denote the sets of rational, real, and natural
numbers, respectively, and Qxg, Rx¢, and Ny :== NU {0} are the sets of non-negative
rational, real, and integer numbers, respectively. A function ¢ : R>y — R belongs to
class K if it is continuous and strictly increasing with £(0) = 0. In addition, if £ € K
is unbounded it is of class Ko. A function ¢ : R5¢ X R>g — R belongs to class
KL if it is continuous and ((-, k) € Ko Vk € R>p and ((h, -) is strictly monotonically

decaying to zero for each h > 0. The classes K, and KL will be used during the
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chapter for the stability analysis. The class L-function is illustrated in Fig. 5.1

C(ak)A , : A

Fig. 5.1: An illustration of the class KL-function ({(h, k)).

5.2 System Description

5.2.1 System coordinates

The location of the MAV can be defined by its position and orientation, as shown in
Fig. 5.2, where the position can be defined relative to the body frame {B} attached
to its center of gravity, and the global inertial frame {G}. The orientation of the MAV
is defined by the three Euler angles, namely, roll, pitch, and yaw angles, symbolized

as ¢, 6, and 1, respectively.

5.2.2 Control problem definition

Consider the following discrete-time nonlinear system,

xt = fs(x,u), (5.1)

where fs : R™ x R™ — R” is a discrete-time analytic mapping, ¢ is the sampling
time, x € X C R™ is the state vector, x* is the next evolution of x, u € U C R™ is

the control input vector, n is the number of states, and m is the number of control
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Zp
Yp

Fig. 5.2: Coordinate frames of the quadrotor MAV system. {G} is the global frame
and {B} is the body frame located at the center of gravity of the MAV.

inputs. The objective is to drive the system from an initial state xq to a reference
state x, using the least amount of control effort and minimum tracking error. For
this purpose, the NMPC scheme will be used to stabilize the MAV with the following
proposed running cost ¢(x,u) : R x R™ — R that uses the nonlinear model (5.1)

to compute a feedback control input.

(x, ) =[x = x[lg + lu— g, (5-2)

The first term penalizes the tracking error while the second term is the penalty
imposed on the control inputs. Where, Q and R, are the weight matrices of the
tracking error and control actions, respectively, and u is the desired input value and
will be defined later in the coming sections. The admissibility of an input function is

defined as follows.

Definition 5.1. For a given feasible set of states X and an admissible set of control
values U, and for initial states xo € X and N € N, a sequence of control values

u = (u(0),u(l), -, u(N — 1)) € UN is said to be admissible if the state trajectory
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Zu(3%0) = (2u(0;%0), Tu(15X0), - -, Tu(N; X0)),

which is iteratively generated by the system model and proceeded from x,(0;x0) = Xo,
satisfies x,(k;x0) € X Vk € {0,1,---, N}. We denote this admissible control sequence

for xo up to time N by u € UN (xo).

In this work, we adopt the inner-outer loop control structure [111], shown in Fig.
5.3, where the inner-loop controller (low-level attitude controller) is approximated by a
first-order system, as proposed in [52]. The attitude controller tracks the commanded
roll and pitch angles; ¢.nq and 0.,,4, and the reference yaw angle v,., and generates the
desired torques accordingly. The proposed first-order model sufficiently represents the
behavior of the inner-loop controller, which is necessary for the design of the outer-
loop controller (NMPC). The parameters of the proposed model can be identified

through classic system identification techniques [52].

- {Outer-loop |- === ===========-~=~@@cc@c@comao- ,

! Inner-loop !

| Gw 1

! 1

I 1

| ]

. ! |

L ! M, %

]

Reference |Pr, v, | Ooma Attitude M, .

Ty YUr

Trajectory 7| Trajectory Tracking | $emd Controller = My, :
1 | Controller (NMPC) T i L

I 1

| ]

: P,’U,C :

Fig. 5.3: Inner-outer loop control scheme for quadrotor MAV system. ¢ is the Euler
angles vector, w is the angular velocity vector, v is the MAV velocity vector, My, My,
and My, are the applied torques for the three Euler angles, and the subscript r denotes
the reference value.
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5.3 Quadrotor M AV Dynamics

5.3.1 Conventional model without drag force

The nonlinear model of the quadrotor is defined as follows:

p(t) = v(?)
v(t) = ResT — ges
53
3) = 2 pmalt) - Tt o
T¢ ]
0(t) = feecmd@) _ Tle(t)

where, p is the position of the MAV {B} relative to {G} expressed in {G}; R =
R.(¢) - Ry(0) - Ry(¢) is the rotation matrix from frame {B} to {G}; v is the MAV
velocity vector of {B} relative to {G}; g is the gravitational acceleration; 7" is the
mass normalized thrust; 7, and 7y are the time constants of the inner-loop linear
first-order model for the roll and pitch angles, respectively; Ky and Ky are the gains
of the same model; and e3 is the standard basis vector ez = [0 0 1]T.

For simplicity, let l_(¢ = %, Ty = L Ky = f—:, and 7y = % Therefore, system

To

(5.3) can be written in state-space representation, x(t) = f(x(¢),u(t)), as;

T3 L46 0351
L46 —ge;3 Resu;
x(t) = = + 1 (5.4)
it’7 —7_'¢£L‘7 K¢u2
Tg —ToTs Kous

where f : R™ x R™ — R"” is the continuous-time analytic mapping, &3 = p, T4 =
v, r7 = ¢, vg = 0, uy = T, Uy ‘= Qema, and us = 0.,q. Assuming piecewise
constant control inputs on each sampling interval, model (5.4) can be discretized by

the sampling time 0 (in seconds) using forward Euler method as follows;
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T3 T 46 03x1
46 —ges Resu;
xt = fs(x,u) = +4- +0-| (5.5)
Ty —7t¢$7 K¢u2
xg —TpTs Kous

Finally, the discrete-time system model (5.5) will be used in the prediction mech-

anism of the NMPC.

5.3.2 Dynamic model with drag force

The nonlinear model of the quadrotor MAV is defined as follows;

5.6

Ot) = 2 oma(t) — —o(1) i
T¢ ¢
Ty To

where Pv is the MAV velocity vector of {B} relative to {G} expressed in {B}.
D = diag(d,,d,,d,) is the drag coeflicient matrix with normalized drag coefficients,
dy,dy,and d,, in the three axes. The aerodynamic rotor drag force (DPwv) [20] of
the MAV is one of the main aerodynamics effects that highly influences the tracking
errors of the feedback controllers. As a result, incorporating this force in the system
model improves the controller performance at aggressive and agile maneuvers with
high speeds and accelerations [20].

Similarly, system (5.6) can be written in state-space representation as;
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T3 Rz 031
Ty —R”e3g8 — Dayg ui€es
x(t) = = +| (5.7)
i?7 —7:¢$7 K¢u2
Ty —Tps Kous

consequently, can be dicretized by the sampling time ¢ as follows;

Rz 0351
—R%ge; — Dx uLe
xt = fi(x,u) =x+0- 8o i 713 (5.8)
—7_'(;51’7 K¢u2
—TyTsg Kous

Similarly, the discrete-time system model (5.8) will be used as well in the prediction
mechanism of the NMPC in case of designing the NMPC while incorporating the drag
force in the MAV model.

5.3.2.1 States and inputs constraints

For both models, the state vector could be constrained to the working arena as X :=
{x €R" | Zipin < Ti(k) < Tipast forall i = 1,--- 8 and k € Ny. The control input

constraints are defined as

Ul min U max
U={ueR™ | — U2 max < U(l{?) < U max (59)
—U3max U3 max

Vk € Ny, where 0 < 1) in < Uimasz, and U = [ug, ug, uz)?’.

72



5.4 Nonlinear Model Predictive Control

The NMPC algorithm solves iteratively an optimal control problem (OCP) at each
time instant with sampling time § > 0 and prediction horizon N € Ns,. The solution
of the OCP includes the minimization of a cost function Jy : X x UY — Ry that
sums up the running costs ¢(x, u) along the predicted trajectories. The cost function

is defined as

k+N—-1

In(Xp, u) = 2 Uy (r,x1),u(r)) (5.10)

with an optimal value function Viy : X — R defined as

Vi (xg) = UELi{r]%EXk) IN (X, w) (5.11)
for N € NU {oo}. Solving the OCP while attaining the infimum induces an optimal
control function u* = u*(-,x;) with Vi (xx) = Jy(xg, u*). Algorithm 5.1 summarizes
the proposed NMPC scheme without stabilizing costs or constraints. The NMPC
algorithm aims at computing a feedback law py : X — U (defined as uy(k,x) =
u*(0,x;)) such that for each x; € X, the resulting closed-loop trajectory x,(.;xx)
generated by (5.1), where z,(0;x9) = X, satisfies the constraints z,(k;x) € X
and py(z,(k;x9)) € U for all k& € Ny and is asymptotically stable. Neither the
asymptotic stability of system (5.1) nor the recursive feasibility can be guaranteed
under the proposed NMPC algorithm since no stabilizing costs or constraints are

incorporated in the proposed OCP and u = Ogm ¢ UN(xy), ie., uy,, > 0 as in

(5.9), therefore, UN (x;) # 0 is not guaranteed. In the following section, we will show
that the asymptotic stability and recursive stability can be ensured by computing a

stabilizing prediction horizon N through deriving a growth sequence that satisfies the

cost controllability condition [89]. A closed-loop system is asymptotic stable (e.g.,
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at the origin) if there exists a function § € KL such that the closed-loop trajectory

x,y (k,%0) has the following condition, i.e.,

[y (ks %0)[| < B(lIxoll, k) Yk € No (5.12)

for all xq € X.

Algorithm 5.1: NMPC Scheme
Input: Prediction horizon N, sampling time

Output: NMPC feedback law py

Initialization: Set the time index £ = 0 and x;, = X
1 Loop
2 Compute a minimizing control sequence
u* = (u*(0),u*(1), -, u*(N — 1)) € UN(x},) by
solving the OCP that satisfies Jy(xx, u*) = Vi (xg).
3 Implement the control input
u(k) = pn(k,x) = u*(0,x;) at the MAV plant.

4 Measure the current state x,, (k;Xo) = @~ (k;Xy)

and set x, =z, (k;xo) and k =k + 1.

5.4.1 Stability and recursive feasibility of MPC without sta-

bilizing costs or constraints

This section summarizes the findings from [49, 60, 64], then theses findings will be
utilized in section 5.5 to prove the asymptotic stability and recursive feasibility of the
discrete-time model of the quadrotor MAV defined in (5.1). We first formulate the
following assumptions, which are crucial for proving the asymptotic stability of the

proposed NMPC algorithm without stabilizing terminal costs or constraints.
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Assumption 5.1. Assume that there exist

A5.1.1. A monotonically increasing and bounded sequence (7;)ien such that

Vi(xo) < %illxo — x|l VieN (5.13)

holds for each xq € X, where ||X||g represents the quadratic form xT Qx and Q € R™"

is a diagonal matriz composed of the penalty parameters of the state error such that
Q> 0.

Ab5.1.2. Two functions o, a € Ky satisfying

a(llx —x,||) <(x) <a([|x—x%x.]]) ¥xeX (5.14)

where €*(x) = inf,cn x) (X, u).

5.4.1.1 Stability

The performance bound of NMPC closed-loop can be defined as follows.

Definition 5.2. Let the closed-loop control sequence puy(k,x) be admissible and given,
and JE(x, un) = 3520 Uy (K, %), un(k,x)) be the closed-loop costs on the infinite
horizon. Then, the performance bound of the proposed NMPC scheme can be defined

as follows

Toe(x, i) < ay' Ve (%) (5.15)
where ay is the performance index, i.e., degree of suboptimality.

The asymptotic stability can be ensured using Assumption 5.1 as shown in the

following theorem.
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Theorem 5.1. Consider an NMPC problem satisfying Assumption 5.1 and let the

performance index apn be governed by

(v = D Iy (o — 1)

ay :=1-— . (5.16)
H]kV:Z Ve — Hl]c\;z(’Yk —1)
Then, if an > 0, the relazed Lyapunov inequality
Vi (fs(x, un(2))) < Viv(x) — ant(x, py(2)) (5.17)

holds for all x € X and the NMPC' closed loop with prediction horizon N is asymp-

totically stable. Additionally, Inequality (5.15) holds.

For the proof of Theorem 5.1, see [58] and [49, Chapter 6]. The upper and lower
bounds in A5.1.2 can be simply guaranteed as given in [49], however, ensuring A5.1.1
is not straightforward since the derivation of the growth bound ~;,7 € N is generally

sophisticated as shown in 5.5.

5.4.1.2 Recursive Feasibility

In order to guarantee that the proposed NMPC scheme is well defined, it is crucial
that at each time step k there exists an admissible control sequence for the closed-loop
state xi == x,,, (k,%o) for all k € N, i.e., UV (x;) # 0. However, it is difficult to ensure
that when there are no terminal constraints or costs. Therefore, we first show the
necessary conditions for recursive feasibility in the following definition then show how

to ensure it in the following theorem.

Definition 5.3. Consider an NMPC' scheme with optimization horizon N and the
feasible set Xy defined as

Xy = {x € X | UN(xz) # 0} (5.18)
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and a set B C Xy. The scheme is called recursively feasible on B, if for each x;, € B
and each optimal control sequence u* € U™ (xy) of (5.11) the condition x,-(1,x;) € B

holds.

The concept of recursive feasibility requires that for each optimal admissible tra-
jectory starting in B remains in B for at least one step. The recursive feasibility can

be ensured by means of stability as shown in the following theorem.

Theorem 5.2. Let there be an NMPC' scheme with a state constraint set X and let
Assumption 5.1 hold on Xy as given by (5.18). Then for each ¢ > 0 there exists N, > 0

such that the NMPC' algorithm is recursively feasible on the set {x; € Xy | Vy, < c}.

For the proof of the theorem, we refer to [64, section 5.2]. Therefore, if we can
derive a bounding sequence ; that ensures A5.1.1 and find the stabilizing prediction
horizon N from (5.16) that satisfies ay € (0,1], we can guarantee the asymptotic
stability and recursive feasibility of Algorithm 5.1 on the set {x; € Xy | Vv, < ¢}, as

will be shown in the following section.

5.5 Stability Analysis of the Quadrotor M AV and

the Growth Function

In this section, we will derive the growth bound ~; in Assumption 5.1 for the MAV dy-
namic model with drag force (the derivation of the growth bound for the conventional
model is similarly given in Appendix C) and find the shortest possible (minimal)

prediction horizon N that stabilizes the NMPC scheme proposed in Algorithm 5.1.
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5.5.1 Derivation of the growth bound

Without loss of generality, the desired state is chosen as the hovering point x, =
T

Tp1 Tro Trs Opxs| » Where O1y5 is a 1 X 5 zero matrix. For this purpose, the

running cost (5.2) is tailored as follows,

8
E(X7 11) = Z q; (l’z - ZETJ‘)z + Tl(ul — ’111)2 + TQ(UQ — ﬂ2>2 + 7”3<U3 — ng)Q. (519)
i=1

which is the key contribution in this chapter to derive the growth bound in (5.13) and

satisfy the asymptotic stability conditions presented in Theorem 5.1 in 5.4.1, where

= gcos(zy) cos(zs) + d.xg, Uy = K—m, U3 = — 3.

Using (5.6) and (5.19), it can be shown that (u; — @;) penalizes the acceleration
along Zg, (us — Us) penalizes the roll rate, (u3 —@3) penalizes the pitch rate, ¢; € Rx,
i=1,2,---,8 are the i diagonal elements of the matrix Q, 71, 2, and 3 € R>q are
the i*" diagonal elements of the matrix R,.

The derivation of the growth bound ~; given in Assumption 5.1 is, in general
difficult, and one of the ways to obtain it is by constructing a summable sequence
c; € Ry, j € No, where 3222 ¢; < 00, such that v; = 3;%) ¢j, 1 € N>o. Additionally,
for an admissible control actions uy, = ux,(j), j € No, the sequence ¢; satisfies the

following inequality
U@, (73 %0) 1x, (1)) < 5 [1%0 = %, (5.20)

for all j € Ny and x( € X, see [50, section 3] for more details. The computation of the

sequence ¢; and thus the growth bound +; is governed by the following proposition.

Proposition 5.1. Suppose that the penalty parameters of the control inputs in (5.19)
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are satisfying
r < ogs, 1o < UK;q7, r3 < oK}qs (5.21)

with weighting ratio o € N. Therefore, condition (5.13) holds with ~; = ;;% cj, 1€

N>, where the sequence c; is governed by

2
»—i\? o [
;= ( " ) + 5 (ZPCZ- (5.22)

=0

for 5 € {0,1,--- X\ — 1}, where A € N>y is the number of steps required to perform

any given maneuver, the exponent p € Q> is adjusted for different trajectory shapes,.

Proof. The quadrotor MAV may move in straight lines, curves, or lattice shape [112]
based on the initial and final states, prediction horizon, and sampling time. Therefore,
the trajectory for each initial state xo € X to the reference state x, is defined as

follows;

(5.23)

where A € N>, is the number of steps required to perform the maneuver and is chosen
large enough such that the constraints (5.9) are satisfied for all xo € X, and the
exponent p € Qo depends on the shape of the trajectory. Substitute (5.8) into (5.23)
to find the open-loop control inputs (uy,) required to perform the maneuver. The

first control input u; was given in (5.8) as
276[] + 1] = 276[]] — 5R33 g+ 5U1[]] - 5dzl’6[j]

where R33 = cos(z7) cos(zg) is the element in the third row and third column in the

rotation matrix R. Thus, control input u;, for all xo € X (or u; for the sake of
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simplicity) can be calculated as follows:

()\P —U+ 1)P> zoe — (1 —4dd,) (Ap —jP> 20,6

A7 A (5.24)
= —6R33g + 5%1.
Replacing (j + 1)? with the binomial expansion, (5.24) reduces to
— 00 PG §* 4 0 (N — j°
0 ](5)\1’ ( / )350,6 = u; — Ra3g
where PC; = i!(p"iii)!, that yields,
_yrl PC, i+ d (N — 5P
Uy = a0 "4 ] W= )Io,ﬁ + R3sg (5.25)
ONP
for all j € {0,---, A — 1}. The second control input u; was given in (5.8) as
wolj + 1] = (1 = 67y)w7[j] + 0K sualj].
Thus, us is calculated as follows:
N — (5 4+1)° (N =P _
(g\jp)> 1‘077 — (1 — 57—¢) < )\pj ) x077 = 6K¢U/2
reduces to
Pl G 57 (NP — P _
Zz:O Oz J + T¢( J )1'07 — 5K¢U2
AP ’
Above simplifies as,
— ey G4 5T (N — P
Uy = Zz:O iJ * 7—¢( J )ZL'OJ (526)

SKg\P

for all j € {0,---, A — 1}. The calculation of the third input ug is similar to uy and
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given by

- pC’] + 0Tp( NP — jP)
5.27
s = (SKQ)\’D To8 ( )

forall j € {0,---,A—1}. Applying (5.23), (5.25), (5.26), and (5.27) into (5.19) yields

the running costs (5.28) along the resulting open-loop trajectories.

£ — oc,
é(x“XU <~j;X0)7uX0(j>> - ( ] ) (Z q; ZL’Oz .Tm > + 7 (Zé)\p]> ZE(2)76

.\ 2
>0 ”C i "Ci gt 020 PC;

(5.28)
To this end, the bounding sequence ¢; can be found by bounding the running
costs (5.28) such that condition (5.20) is satisfied. The second term in (5.28) can be

bounded using condition (5.21) and by recalling that 7 < A, as follows:

2
e APy 2 S0P
. (ZMJ) oz (MUEEOY pi ZC) L (5.09)

Moreover, the third term in (5.28) can be bounded in the same manner as follows:

2 2
p~Lpcr i 2 1 (X050°C >0 °C
T9 23120771‘7 x(2)7 S To—— (0)[[(2)7 S O'q'y(())l'g 7 (530)
SK g\ ’ K2 62N , 02\’ ,

Similarly, the fourth term in (5.28) is bounded as follows:

p=1pr ) P—1pcr)?
o= T *Ci g I2 rglwxz < aqgwxa (5.31)
mw 08 = UKz g2N2 08— 52Nz 08

As a result, the running costs (5.28) can be estimated by
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. . Ap - jp 2 2 g p1 ? 8
Uy (J5%0), Ux (7)) < Ix0 = %¢ll5 + 55 | 22 °Ci | D @it
AP 02N\ = i=6
N AR (5.32)
—J a 2

for all 7 € {0,---,A — 1}. Therefore, the bounding sequence ¢; in (5.20) can be
attained as in (5.22). O

Finally, the growth bound i, k € Ny can be obtained as given in Proposition 5.1
by

k—1 k—1 )\p _jp 2 o p—1 2
Tk :ECJ:Z ( W ) +52)\2 >_"Ci

§=0 i=0

which can be written as

1= 2, 9 y2p-2 = :
M= 13 2% (W =57 + 52 ZopCi : (5.33)
j= i=

It can be noticed from (5.33) that the growth bound -, depends only on the
sampling time 0, the exponent value p, the number of steps A, and the weight ratio

0.

5.5.2 Calculation of the minimal stabilizing horizon

In this section, we will calculate the shortest stabilizing prediction horizon using the

growth bound 7 such that ay € (0, 1] holds. We first expand (5.33) as follows:

1= 2 2 0 \2p2 = :
’yk:ﬁz )\9_2/\Pjp_|_jp_’_ﬁ/\/)— Zpoi
j=0 =0
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and for the sake of simplicity and for tractable analysis, without loss of generality,

assume p = 1, that yields

HM\

1 k—1
{)\ —2X\j + 52 +52} =z [Z 2A2Zg+ (A% + 52)k . (5.34)

1k
Ve =
A =0 =0

Using the sum formulas

zﬂiﬁ h(k - 1)6(2k: - ’lej _ ""“2—1) (5.35)

v, can be formulated as

kS k2 k
< [FN = (B =W)X+ (5 — = +5 T k) (5.36)

Mo = 3 79 t 5

)\

Thus, the following theorem defines the shortest prediction horizon required to

stabilize the proposed NMPC scheme.

Theorem 5.3. Let the prediction horizon N = 4, the sampling time 6 > 0, and the
weight ratio o > 0 be given. If there exist maneuver steps of length \* such that for
all X > \* the performance index an governed by (5.16) satisfies ay > 0, thus, the
closed-loop asymptotic stability of the quadrotor MAV under NMPC' scheme without
terminal costs or constraints is ensured for the shortest possible prediction horizon.

Additionally, the inequality

VEs < o W (x) (5.37)
holds.

Proof. The motion primitives of the quadrotor MAV can be generated in the quadro-

tor’s jerk [113]. Thus, in order to recover the thrust and attitude rates inputs from
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such a thrice differentiable trajectory, a prediction horizon of 4 is required, i.e., N > 4.

Therefore, the performance estimate ay given in (5.16) for N = 4 is formulated as

(72— 1D)(ys = 1)(ya — 1)
Yoyzya — (2 — D)(y3 = 1) (e — 1)

ap=1- (5.38)

Thus, the conditions for asymptotic stability to be ensured can be determined as

(vo — 1) (3 — 1) (74 — 1)?
Y2y3va — (V2 = (3 — 1)(7a — 1)

0< <1 (5.39)

The left inequality in (5.39) can be ensured with ~;, > 1. Thus, selecting A as

(5 =5 +E+5k)
k% —k

A> N = >0  Vk>2 (5.40)

yields vk > k > 1, that ensures the left inequality of (5.39). In addition, substituting
the value of A\ defined in (5.40) into (5.39) ensures the right inequality. Therefore,
N > 4 ensures the asymptotic stability of the system. If A is selected as A = 2\*, the

performance index becomes

360(%)? + 766(%)? +451(&%) + 70
72(%)* + 444(%)% 4+ T96(% )% + 454(%) + 70

Ay =

(5.41)

Equation (5.41) shows that the performance index depends only on the weight
parameter o and sampling time §. The index a4 is always positive and converges to

1 as /62 is chosen small, as shown in Fig. 5.4. ]

Theorem 5.3 shows that the performance of NMPC with infinite prediction horizon
can be approached by reducing o/ regardless of the shortest prediction horizon, i.e.,

N =4, used in the NMPC scheme proposed in Algorithm 5.1.
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Fig. 5.4: Plot of ay vs. ¢/6?. The performance index ay, at N = 4, converges to 1
at small values of the ratio /6>

5.6 Results

This section presents several numerical simulations and real-time lab experiments to
validate the proposed NMPC scheme for the MAV dynamic model with drag force.
In the numerical simulations, the dynamic model (5.6) is used as the system of the
quadrotor MAV, while the AscTec Hummingbird Quadrotor [114] is used for all lab-
oratory experiments. In order to obtain the solution of the OCP for both numer-
ical and lab experiments, the dynamic model in (5.8) is implemented for the state
prediction process and the running cost in (5.19) is used to construct the objective
function (5.10), as shown in Fig. 5.5. Only parameters that need tuning are the g;
(1 =1,2,---,8) of the Q weighting matrix given that r; (i = 1,2,3) parameters are
constrained by (5.21), and ¢ /6% is selected very small for higher performance index, as
observed by Fig. 5.4. For all test validations, the parameters in system (5.6) are given
in Table 5.1, in which the time constant and gain of the roll and pitch angles were
extracted using the open-source code of the system identification of the attitude dy-

namics of the Hummingbird helicopter, provided by [52]!. The drag coefficient matrix

lavailable at https://github.com/ethz-asl/mav_system_identification, and last accessed
on December 2020.
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Table 5.1: Quadrotor MAV parameters

Parameter | mass (kg) | 7, (s) K, 79 (8) Ky
Value 0.645 0.0914 | 0.7551 | 0.0984 | 0.7226

is given as D = diag(0.01,0.01,0). The control inputs given in (5.9) are constrained

as

NMPC
Reference "‘ Future Optimization Problem Control
Trajectory . Errors (Algorithm 5.1) Inputs

- Cost Function Future
Constraints | |5 10) with Runnin
R i Output
\ 4 \ 4
Predicted States MAV Model | Estimated .
(5.8) States Estimator

Fig. 5.5: Block diagram of the proposed NMPC and the closed-loop system.

5m/s? u (k) 15m/s?
—10° | < |u(k)| < | 100 |- (5.42)
—10° us (k) 10°

The symbolic toolbox CasADi [115] is used to set up the optimal control problem
(OCP) proposed in Algorithm 5.1. CasADi was selected due to its high efficiency in
implementing nonlinear optimizations and flexibility to be used from C++4-, Python
or MATLAB/Octave. The direct multiple-shooting discretization method [116] is
employed to turn the OCP into a nonlinear programming problem (NLP), see [115,
section 5.4] for more details. Then, the Interior Point OPTimizer (IPOPT), which is
already interfaced with CasADi, is used to solve this NLP. Two main control problems
are evaluated, (a) point stabilization (hovering) and (b) trajectory tracking problems.

In the point stabilization problem, the algorithm terminates when the following stop-
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ping criterion is met

Ix(k) —x,.|| <€ VkeN (5.43)

where € > 0 is the error value, otherwise, the process will terminate after reaching the

maximum time ¢,,4.-

5.6.1 Numerical validation
5.6.1.1 Proposed NMPC scheme

The following simulations were conducted on MATLAB. The simulation was run

for twelve various initial positions while stabilizing the MAV to the reference point
T
. The prediction horizon was set to N = 4 by means of Theorem

Xy = [O 0 1 Oixs
5.3 and the sampling time to § = 0.1 s. Additionally, the weight ratio ¢ was selected
such that o/ = 0.1, thus the corresponding performance index is ay = 0.994. The
parameters of the weighting matrix Q are selected similar to [52] with some fine tuning
as Q = diag(100, 100, 120, 80, 80, 100, 10, 10). The stopping error value in (5.43) was
selected as € = 1 mm and the maximum time ¢,,,, = 120 s. The trajectories of the
twelve runs are shown in Fig. 5.6a. The results show that the MAV may go from
the initial position to the final position in straight lines, curves, or lattice shape as
proposed in the proof of Proposition 5.1. Moreover, the proposed NMPC algorithm
with N = 4 is able to stabilize the MAV from any random initial state while satisfying
the OCP’s input constraints, given in (5.42), for all time steps, as shown in Fig. 5.6b,

that verifies the fulfillment of the conditions of Theorem 5.2.
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Fig. 5.6: (a) 3D trajectories of twelve simulation runs starting from various initial
positions (Si) for i=1,2,..,12 and stabilizing at the final position (E). (b) Feedback
control inputs and the input limits given in (5.42) for one simulation run at initial
states xo = (1,1,0.07,01x6)”. (c) Evolution of the value function V, for the twelve
various initial positions.

The asymptotic stability of the system can be verified by studying the evolution of
the value function V; at N = 4. Fig. 5.6c shows that V} is monotonically decreasing
with time for all initial positions, which is leading to the conclusion that the condi-
tions of Theorem 5.1 are successfully met and the system is asymptotically stable for

any given initial position. The convergence rate of the MAV to the reference point
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depends on the prediction horizon N. Increasing the prediction horizon tends to a
faster convergence rate and less convergence time, as shown in Fig. 5.7a, i.e., the
convergence time is reduced by more than 50% when N increases from N = 4 to
N = 5. Additionally, Fig. 5.7b shows the effect of changing the sampling time ¢
on the evolution of V; and the convergence rate. It is clearly seen that increasing ¢

decreases the convergence time.

— 3§ =0.05s

zzzzzzZz2Zz

= © O NO OB

0 10 20 30 .
Time (s)

(a) (b)

Fig. 5.7: (a) Evolution of the value function for various prediction horizon lengths N
for one simulation run at initial states xo = (1,1,0.07,0;x6)". (b) Evolution of the
value function V} for various sampling times at the same initial states.

The performance of the proposed controller is also tested for trajectory tracking
problems and the results show outstanding tracking performance with the shortest
prediction horizon N = 4. Fig. 5.8 and Fig. 5.9 show the tracking results of circular
and 8-shape trajectories, respectively. The root mean square error is less than 0.017

m for both trajectories.
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Fig. 5.8: Simulation performance of the circular trajectory tracking of the proposed
NMPC scheme at N = 4 and § = 0.1 s. Left: 3D trajectories of the reference and
actual trajectories. Right: the reference and actual position in z, y, and z axes.

5.6.1.2 Comparison with traditional NMPC

In this section, the performance of the proposed NMPC scheme without stabilizing
costs or constraints is compared against the traditional NMPC scheme which requires
addition of the terminal costs in its cost function (see [52]? for more details). The

cost function of the traditional NMPC is given by

N
Iy ) =3 (Ix =% llg + la =g, ) + Iy — %G, (5.44)
k=1
in which Qy € R™ " is the terminal weight matrix that needs to be computed by
solving the following Algebraic Riccati Equation
QvA + A"Qn — QNBR,'B'Qy +Q =0 (5.45)

where A and B are the state and input matrices of the linearized system.
For the point stabilization problem, the weighting matrices Q and R of the tra-

ditional NMPC are selected as in [52] while the Q matrix of the proposed NMPC is

2The work in [52] was considered in our comparative study because it uses an NMPC with
terminal costs for the control of the full dynamics of the quadrotor, same as our dynamic model.
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Fig. 5.9: Simulation performance of the 8-shape trajectory tracking of the proposed
NMPC scheme at N = 4 and § = 0.1 s. Left: 3D trajectories of the reference and
actual trajectories. Right: the reference and actual position in z, y, and z axes.

selected similar to [52] as given in Section 5.6.1. The comparison results are given in
Table 5.2. The table shows that the proposed NMPC has asymptotically stabilized
the MAV at the reference point while achieving condition (5.43) in finite number of
time steps at various prediction horizon N and sampling time § except for N = 4
and 6 = 0.01, where the simulation terminated at ¢,,,, while the MAV was very close
to the reference point. However, the traditional NMPC required higher number of
iterations to stabilize the MAV (more than the double of the number of iteration
at some cases). In addition, at low sampling time, the traditional NMPC could not
achieve the stopping criteria in three cases, as shown in Table 5.2, and failed to sta-
bilize the MAV at § = 0.01 s and N = 4. Two samples of the comparison results
have been illustrated in Fig. 5.10a and 5.10b. The figures show that the proposed
NMPC has faster convergence rate, and smoother and shorter trajectory than the
traditional scheme. Moreover, the traditional NMPC controller was tested with the
same weighting parameters of the proposed NMPC to accelerate the convergence rate,
but the traditional NMPC has failed to asymptotically stabilize the system as well,

as shown in Fig. 5.10c, where Vj is no longer monotonically decreasing.
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Fig. 5.10: Simulation point stabilization comparison of the proposed and traditional
NMPC schemes at (a) N =4 and § = 0.0l s. (b) N =4 and 6 = 0.05s. (c¢) The
same as (a) but after tuning the weighting parameters of the traditional NMPC to be

similar to the proposed NMPC to accelerate the convergence rate. The left column is
the 3D view and the right column is the value function.

Additionally, in order to evaluate the superiority of the proposed NMPC without



terminal costs or constraints, the traditional NMPC was tested after disabling the
terminal costs in (5.44), i.e., Qy = 0. The traditional NMPC without terminal costs
is tested twice, one with the same weighting parameters as the proposed NMPC and
the other as the traditional NMPC with terminal costs. The results are given in Fig.
5.11. In both cases, the systems failed to ensure the asymptotic stability since the
decreasing rate of V; in Fig. 5.11a is very small and failed to stabilize the system, and

the V in Fig. 5.11b is not monotonically decreasing, however, the MAV is converging

to the reference point.
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Fig. 5.11: Point stabilization performance of the proposed NMPC and traditional
NMPC without terminal costs (terminal costs are disabled) at N =4 and § = 0.01 s

with weighting parameters as (a) the traditional NMPC with terminal costs. (b) the
proposed NMPC.
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Both controllers were evaluated for the trajectory tracking problems, where the
weighting parameters are selected similar to [52]. Table 5.3 and Fig. 5.12 show the
trajectory tracking performance of the circular and 8-shape trajectories. It can be
observed that the proposed NMPC scheme is robust against changing the controller
parameters (/N and §) and outperforms the traditional scheme in terms of the tracking
accuracy and computation time of the MPC problem. Furthermore, at sampling times
0 = 0.1 sand 6 = 0.05 s, the proposed NMPC can achieve outstanding tracking
performance with only N = 4 similar to the traditional NMPC with N = 10 or
N = 20 while saving more than 40% of the computation time that saves more time
and power for the MAV’s CPU to accomplish other autonomy tasks. Similarly, at low
sampling time, the proposed NMPC provides better tracking performance than the
traditional NMPC without the need of tuning the controller parameters, however, the

traditional NMPC (with N = 4) failed to stabilize the MAV with very high tracking

CITors.
- — —Reference Trajectory
- — — Reference Trajectory Proposed NMPC
Proposed NMPC Traditional NMPC
Actual
«— End
3 End — 3
E2 €2
@2
51 4 % / 2 2
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0 & 0 o
0 2 P 0 S
- @ !
5 0 ; 4 5 0 2 A
x-axis (m) x-axis (m) 5
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Fig. 5.12: Simulation trajectory tracking comparison of the proposed and traditional
NMPC schemes at N = 4 and § = 0.01 s for (a) circular trajectory (b) 8-shape
trajectory. The proposed NMPC has superior tracking performance even at small
prediction horizons and sampling times, however, he traditional NMPC has failed to
track the reference trajectory.
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Table 5.2: Simulation comparison results of the proposed NMPC and traditional
NMPC for point stabilization problem. RMSE is the root mean square error in meters.
# iter. is the number of iterations (time steps) required to stabilize the MAV at the
reference point.

Point Stabilization

N | 6§ (s) Proposed Traditional
RMSE # iter. RMSE # iter.
4 | 0.1 |0.0008 <o 97 0.0009 <o | 281
10| 0.1 |0.0002 <o 31 0.0007 < o 96
20| 0.1 |0.0003 <o 29 0.0007 < o 75

4 1005 ]0.0009 <o | 424 0.004 1199
20 | 0.05 | 0.0003 < o 99 0.0007 < o 192
4 | 0.01 0.023 2999 0.137 m (Failed)
10 | 0.01 | 0.0009 <o | 1568 0.033 5999
20 | 0.01 | 0.0006 <o | 670 0.001 5999

Table 5.3: Simulation comparison results of the proposed NMPC and traditional
NMPC for two trajectory tracking problems, 1- circular trajectory, and 2- 8-shape
trajectory. RMSE is the root mean square error in meters. Typc is the average
computation time of the optimization process at each iteration in ms.

Circular Trajectory 8-shape Trajectory

N |6 (s) Proposed Traditional Proposed Traditional
RMSE | Tyspe | RMSE | Type | RMSE | Type | RMSE | Type
4 1 0.1 | 0.005 8.3 0.042 8.7 0.017 8.0 0.057 8.9
10| 0.1 | 0.008 9.9 0.008 10.6 0.013 9.8 0.015 10.9
20| 0.1 0.012 12.4 0.013 13.9 0.019 12.3 0.02 13.6
4 1 0.05 | 0.008 8.0 0.185 9.2 0.015 7.9 0.197 8.5
20 | 0.05 | 0.007 12.0 0.008 13.2 0.011 12.3 0.013 12.8
4 [00L] 009 | 90 |3.045m (Failed) | 0.084 | 9.3 | 2.411 m (Failed)
10 | 0.01 | 0.009 12.8 0.428 11.5 0.013 12.3 0.435 13.3
20 | 0.01 | 0.001 14.0 | 0.099 14.5 0.007 13.5 | 0.108 13.9
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5.6.2 Experimental validation

The proposed NMPC scheme has been experimentally evaluated in the lab using
the AscTec Hummingbird Quadrotor Helicopter [114], shown in Fig. 5.13a. The
experimental platform including the proposed NMPC algorithm has been conducted
on the Robot Operating System (ROS). The NMPC node was written in Python since
it is compatible with CasADi toolbox. The feedback control actions are sent to the
quadrotor via XBee Bluetooth communication as shown in Fig. 5.14. The OptiTrack
motion capture system (with six cameras) has been used to provide the quadrotor
pose as a feedback to the control system to guarantee accurate measurements since
the OptiTrack system can accurately estimate the 6 DOF pose of the quadrotor at
high rate up to 120 Hz. For this purpose, five markers have been mounted on the
quadrotor to be detected by the OptiTrack system as shown in Fig. 5.13b. A Kalman
filter has been used to estimate the velocity of the quadrotor from the measured

position since the OptiTrack system does not provide tracked object velocity.

Fig. 5.13: (a) Instance of the Asctec Hummingbird quadrotor at hovering position
with the proposed NMPC in the lab. Five markers are attached to the quadrotor for
visual localization purpose. (b) A screenshot of the OptiTrack Motive with the six
cameras around the arena and the quadrotor.

The lab experiments of the point stabilization problem were conducted at sampling
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Fig. 5.14: The configuration of the OptiTrack motion capture system and the exper-
imental setup.

time 0 = 0.1 s and various prediction horizons. The weight ratio ¢ was selected
as given in the numerical simulation 5.6.1. The stopping error value in (5.43) was
selected as ¢ = 50 mm and the maximum time t,,,, = 60 s. The results of four
point stabilization experiments of the proposed and traditional schemes are given
in Fig. 5.15 and Table 5.4. Both controllers reached the maximum time before
achieving the stopping criteria at NV = 4, as can be seen in Fig. 5.15a, however, the
traditional controller provided large RMSE error than the proposed controller and
failed to stabilize the MAV close to the reference point. The corresponding value
function Vj of both controllers is monotonically decreasing until some point then
keeps almost constant that reflects the reason of the errors. Starting from N = 5, the
proposed controller was able to stabilize the MAV and achieve the stopping criteria at
faster convergence rate than the traditional controller, as shown in Fig. 5.15b, 5.15¢,
and 5.15d. An instance of the quadrotor under the proposed controller at hovering is

shown in Fig. 5.13a.
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Fig. 5.15: Experimental point stabilization performance of the proposed and tradi-
tional NMPC schemes at § = 0.1 sand (a) N =4. (b) N =5. (¢) N =7. (a)

N = 20.
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Table 5.4: Experimental comparison results of the point stabilization. RMSE is the
root mean square error in meters. # iter. is the number of iterations (time steps)
required to stabilize the MAV at the reference point. The sampling time 6 = 0.1 s.

N Proposed Traditional
RMSE #iter. RMSE \ #iter.

4 0.1 3492 0.317 (Failed)

5 10.0498 < €| 2057 0.155 3485

7 10.0499 <e| 236 |0.0499 <€ | 1998

20 | 0.0498 < € 67 0.0497 <€ | 802

In order to evaluate the controllers performance for trajectory tracking problem,
another ROS node has been created to generate the reference trajectory as shown
in Fig. 5.14. The ROS node generates a circular trajectory of radius of 1 m and
elevation of 1.5 m. Both controller were tested at two different controller parameters
at angular speed of 0.7 rad/s, as shown in Fig. 5.16. The figure shows that the
proposed NMPC provides better tracking performance than the traditional controller
in both cases. Both controllers are also tested at higher angular velocity of 1.0 rad/s
and lower sampling time (we could not go below 6 = 0.03 s due to the limitations of
the used PC), as shown in Fig. 5.17. The figure shows that the traditional controller
failed to track the reference trajectory and the MAV diverged out of the arena, as
shown in Fig. 5.17a. The RMSE of the four cases is given in Fig. 5.18, where the
outliers come from the fact that the start point of the MAV is the origin, however,
the reference trajectory starts from a different point, as seen in Fig. 5.16 and 5.17,
therefore, all the experiments have the same maximum outlier. From Fig. 5.16, 5.17
and 5.18, it can be observed that the proposed NMPC outperforms the traditional

NMPC regardless of the prediction horizon and sampling time.
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Fig. 5.16: Experimental trajectory tracking performance at angular velocity 0.7 rad/s
of the proposed and traditional NMPC schemes at (a) N = 4 and 6 = 0.1 s. (b)
N =20 and 6 = 0.1 s.

5.7 Summary

This work has successfully developed and demonstrated a computationally efficient
NMPC scheme for quadrotor MAVs to navigate on fast trajectories. In order to achieve
fast trajectories, the NMPC scheme was designed with minimum computational cost
with a shortest possible prediction horizon. In all experiments, this controller has
shown robust performance against the traditional NMPC controller since the proposed
controller can stabilize the system under numerous initial conditions with varied sys-
tem configurations. The stability for this controller was performed without having

to follow any constraint or conditions and as a result, the controller has a larger re-
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Fig. 5.17: Experimental trajectory tracking performance at angular velocity 1.0 rad/s
of the proposed and traditional NMPC schemes at (a) N = 4 and § = 0.05 s. (b)
N =4 and § = 0.03 s.

gion of attraction as opposed to many other stability-based controllers reported in
the literature. Due to this reason the controller was able to perform well even under
small sampling time intervals. The results showed that the proposed NMPC scheme
outperforms the traditional schemes that incorporate terminal conditions in its cost
function in terms of tracking accuracy and convergence rate. The proposed scheme
(with prediction horizon, N = 4 or N = 5) can achieve the same task done by the
traditional scheme (with N = 10 or N = 20) while attaining better tracking and sta-
bilization accuracy, and saving more than 40% of the computation time. In addition,

it still can provide high tracking performance at low sampling time without the need
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Fig. 5.18: RMSE of the lab experiments at various controller configurations.

of tuning the controller parameters.
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Chapter 6

Multiple Model Control

In this chapter, we design a Multiple Nonlinear Model Predictive Controller (Multiple-
NMPC), where the two NMPC controllers proposed in Chapter 5 will be incorporated
in the NMPC bank to handle different flight conditions. Additionally, numerical case
studies will be conducted to validate the proposed algorithm. The Multiple-NMPC

validation will be limited to numerical simulations in this thesis.

6.1 Design of Multiple-NMPC

In this work, the Multiple-NMPC algorithm is used to switch between the two NMPC
designed in 5.4. The first controller (DF-NMPC) contains the rotor drag force in its
model given in (5.6), while the second controller (C-NMPC) uses the conventional
model given in (5.3). The DF-NMPC is expected to perform better during fast and
aggressive trajectories, while the C-NMPC is expected to be sturdy during external
wind disturbances. Therefore, the C-NMPC will be included in the NMPC bank to
overcome the deficiency of the DF-NMPC and improve the overall performance of
the system. In order for the multiple-NMPC to be computationally efficient while

using optimization-based control, one controller should be active at a time. For this

103



Multiple-NMPC

Optimizer

’

1

! Bank Output
Trajectory I »
Generator 1

"1 Model

! Bank

\

- e e = = -
z IMU and Camera measurements
IMM <

Fig. 6.1: Multiple-NMPC control scheme for quadrotor system.

purpose, the IMM estimator proposed in Algorithm 4.1, Section 4.1, will be used
to switch between the controllers/models in the NMPC bank, as shown in Fig. 6.1.
The advantage of this scheme, in addition to its lower computationally cost, is that
each controller can have an independent model and its controller parameters, such as
prediction horizon or weighting parameters.

The IMM algorithm iteratively updates the estimated weighting probability of
each filter based on its residual and likelihood; therefore, the IMM can recognize the
flight periods with external wind disturbances or aggressive flights. As a result, the
estimated weighting probabilities are used to switch between the two controllers, as
shown in Algorithm 6.1. The IMM algorithm runs at a higher rate, 100 Hz, while the
controller runs at 50 Hz to guarantee the availability of the feedback ahead of each
optimization cycle. Since the multiple-NMPC is a switching-based algorithm, the
smooth transition is a critical consideration. As a result, Algorithm 6.1 employs the
same sampling time for both controllers and uses the state of the previous controller
as the initial state of the next controller to avoid discontinuities in the computed
control input, as demonstrated in [99].

Algorithm 6.1 requires low number of tuning parameters, i.e., the elements of

error weighting matrix Q in the running cost (5.2). The elements of inputs weighting
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matrix R, in (5.2) are constrained by Proposition 5.1 and the prediction horizon
could be selected as N > 4, as given by Theorem 5.3 and demonstrated in Section
5.6. Additionally, the elements of the Markov transition probability matrix p and
values of initial probabilities i’ used in the IMM algorithm are selected based on the
probabilities of occurrence of each filter in the IMM bank, as explained in Section 4.1.
In our given problem, both filters have similar probabilities of occurrence, therefore,
equal initial probabilities are selected.

Algorithm 6.1, at each iteration, computes the estimated state vector X; from
the proposed DF-VINS and C-VINS filters using the estimated model probabilities
fit. Afterwards, the algorithm uses the estimated model probability of each filter to
detect the flight condition then trigger the appropriate controller, as given in step 9
in Algorithm 6.1. The NMPC solvers, which include the system model and optimizer,
are created ahead of the loop during the initialization of the algorithm. Then the
solver is used to solve the OCP and compute the minimizing control sequence u* that
will be implemented at the MAV plant. The performance of the controller is evaluated
by computing the tracking error of the actual trajectory x; after applying the optimal

control input.
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Algorithm 6.1: Multiple-NMPC Scheme

Input: Prediction horizon N, control-loop rate f. = 50 Hz, and
estimation-loop rate f, = 100 Hz
Output: MAV closed-loop pose and velocity.
Initialization: Set k = 0, actual state x; = xg, estimated state X; = xg,
initial estimated probabilities i’ = 0.5 for ¢ = 1,2, and the

NMPC optimizer solver® for i = 1,2 corresponding to each

=

10

11

12

13

14

15

16

model (as demonstrated in Section 5.4).

Loop at f. rate

Compute the mixed estimated state vectors (Algorithm 4.1, step 2).

Collect the IMU measurements at a rate of 100 Hz and Camera
measurements at a rate of 20 Hz.

Propagate and update the estimated state of each filter (Section 3.1.4).

Compute the estimated probabilities @' (Algorithm 4.1, step 4).

Combine both states to compute X using ' (Algorithm 4.1, step 5).

Loop at f. rate

Generate X,.¢(k : k+ N) and set xo = X}, and up = u*.

if 4' > % then

NMPC' solver= solver?

else

NMPC' solver= solver?

Compute a minimizing control sequence u* using NMPC'_solver.

Implement the control input u(k) := u*(0,x;) at the MAV plant.

Measure the current close-loop state xj, := .y« (k; x;) and compute the
tracking error ||X,ep(k) — X ||,

Set k =k + 1.
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6.2 Comparison with the State-of-the-art

As has been previously reported in the literature, several methods are proposed to
address the multiple model predictive control problem. However, the existing methods
suffer from certain drawbacks that have been resolved in our proposed work. In this
section, we will present the key elements of improvement in our proposed Multiple-
NMPC algorithm and compare it with the state-of-the-art multiple model predictive
controller, found in the literature, in terms of robustness, computational efficiency,

and applicability.

1. Robustness: The work in [97-99, 103] proposed the use of a set of linear
model/MPC pairs at different operating points. Similarly, the work in [100-102]
proposed the use of a single linear MPC and a set of linearized models. The accu-
racy and robustness of these reported methods depend on the number of models
incorporated in the model back, and determining the optimal number of models
is considerably difficult. Therefore, for a system with changing dynamics, e.g.,
MAVs!, a large number of models are required to yield acceptable control system
performance, and a lower number of models may cause system failure or unpre-
dictable behavior [99,101]. Additionally, it would be difficult to effectively tune
the weights and parameters of the single MPC proposed in [100-102] to perform
robustly in the possible range of prediction models in the model bank. The mis-
tuning consequently affects the robustness of the proposed method along with
the used linearized models and different fight conditions. On the other hand, our
proposed method includes a set of nonlinear models/controllers pairs that take
advantage of the given nonlinear system dynamics to provide high-performance

designs. As shown in Algorithm 6.1, several NMPC solvers can be designed

!The dynamic system model significantly changes due to external disturbances.
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for the MAV control problem that covers all operating points of the nonlinear

system and addresses additional flight conditions.

. Computational efficiency:

The weighting and switching functions proposed in [97-99] rely on the resid-
ual or probability distribution of the outputs of the controllers to decide on
the appropriate model/MPC pairs. This method requires all the controllers to
be active at each iteration, which is computationally expensive especially when
optimization is used for each controller. On the other hand, our proposed algo-
rithm triggers only one controller at a time by means of an order of a magnitude
faster filtering-based IMM algorithm, as shown in Algorithm 6.1 (step 9). The
Multiple-NMPC makes the decision based on the estimated model probabil-
ity computed by the IMM algorithm at each iteration that depends mainly on
the individual VINS filters in the IMM filtering bank, not the NMPCs in the

controller bank.

. Applicability: Most of the reported methods in the literature [97-102] are
proposed for process and medical applications. Although they showed improved
performance than individual controllers, they cannot be applied to MAVs since
the MAV system requires fast control actions. As a result, only computationally
efficient algorithms could be implemented onboard due to the limited compu-
tation resources and power. Our proposed algorithm includes computationally
efficient VINS filters in the IMM filtering bank that are designed using error-
state filtering formulation, and use the epipolar constraint as a measurement
model. Additionally, our algorithm includes computationally efficient NMPCs
that are designed without terminal costs or constraints in the cost function.

Also, the performed stability analysis showed that the NMPC is asymptotically
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stable with a relatively small prediction horizon, which consequently reduces
the computational cost of the optimization problem. Therefore, the proposed
Multiple-NMPC algorithm can be applied to MAVs to operate robustly under
various and changing operating conditions with improved trajectory tracking

performance, as will be demonstrated in the next section.

6.3 Results

This section presents the numerical validations of the overall system, including the
multiple-NMPC and IMM algorithms. The performance of the stand-alone DF-NMPC
is compared along with the performance improvement achieved by implementing a
multiple-NMPC scheme using the two controllers (DF-NMPC and C-NMPC) in its
bank.

A MATLAB simulator is implemented in order to evaluate the performance of
the proposed system. The same simulated arena proposed in Section 4.2.1, given
in Fig. 4.2a, was used. The reference trajectory was generated using the kinematic
model given in (3.3), where the acceleration and the angular speed of the platform
were designed such that the MAV follows a circular trajectory of a radius of 4 meters
completing two laps with additional excitation along the z-axis to result in a wavelike
trajectory, as shown in Fig. 6.2. The input acceleration and angular speeds adhered
to differential flatness constraints related to the drag force model, which were realized
using the procedure given in [20]. This implicitly enforces the dynamic constraints
related to model (3.7) during the simulation as long as there is no external wind
disturbance acting on the system. In order to verify the superiority of the multiple-
NMPC over the stand-alone DF-NMPC in the presence of external disturbance, a

normally distributed random wind, with a maximum wind velocity ||V,,|| = 6.8m/s,
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has been added in both laps for a short time.

Since the DF-VINS and C-VINS filters in the IMM filtering bank have the same
priorities during the flight, each one is better than the other at certain regions and
under certain conditions, the IMM algorithm was implemented with equal initial
model probabilities. For a fair comparison, both controllers, multiple-NMPC and
DF-NMPC, have the IMM as feedback. The system has been simulated with the
same parameters given in Section 4.2.1 and Section 5.6.1. The prediction horizon is

selected as N = 6 for both controllers.

6.3.1 Numerical validation Without disturbance

The performance of both controllers, multiple-NMPC and DF-NMPC, has been tested
first in an aggressive flight without wind disturbance. The trajectory tracking perfor-
mance for both controllers is given in Fig. 6.2. The figure shows the 3D trajectory
tracking of the DF-NMPC (Fig. 6.2a) and Multiple-NMPC (Fig. 6.2b). Both con-
trollers were successfully able to track the reference trajectory and showed comparable
performance (Fig. 6.3).

The root mean square error (RMSE) of the position tracking has been computed
for each controller and given in Table 6.1. The Multiple-NMPC has only about 3.6%
performance improvement over the DF-NMPC since the Multiple-NMPC sticks to
the DF-NMPC most of the flight, as given by the values of the model probabilities
shown in Fig. 6.4. The DF-Model has a higher estimated model probability during
most of the flight. Therefore, based on the switching condition in Algorithm 6.1,
the Multiple-NMPC will select the first solver associated to the DF-NMPC, which is

supposed to provide better performance than the solver associated to the C-NMPC.
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Table 6.1: Tracking accuracy (RMSE) in the simulation results with/without wind
disturbance and the corresponding performance improvement.

RMSE (m) Percent of improvement
DF-NMPC | Multiple-NMPC | Multiple-NMPC/DF-NMPC
No wind trajectory 0.140 0.135 3.6 %
Wind trajectory 0.284 0.125 56 %
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Fig. 6.2: Simulation performance of (a) DF-NMPC and (b) Multiple-NMPC. Left: 3D
trajectories of the reference and actual trajectories. Right: the reference and actual
position in x, y, and z axes.
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Fig. 6.4: Model probabilities of the IMM filters.

6.3.2 Numerical validation with wind disturbance

On the other hand, the superiority of the proposed Multiple-NMPC can be demon-
strated in the presence of wind disturbance, where the DF-NMPC is expected to
get affected by the external force exerted by the wind, as shown in Fig. 6.5. The
Multiple-NMPC outperforms the DF-NMPC and provides more than 50% perfor-
mance improvement, as shown in Fig. 6.6 and Table 6.1. This improvement has been
achieved due to the ability of the Multiple-NMPC to switch between the two NMPCs
in the controller bank based on their probability to represent the actual flight mode,

as shown in Fig. 6.7.
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Monte Carlo numerical simulation of 20 runs is conducted to validate the perfor-
mance of the proposed controller at different sensor random noises and random wind
disturbances. The results in Fig. 6.8 show that the Multiple-NMPC still outperforms
the DE-NMPC in the existence of wind disturbances, where the overall RMSE of the

DF-NMPC is 0.30 m while the RMSE of the Multiple-NMPC is 0.22 m.
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Fig. 6.5: Simulation performance during the presence of wind disturbance of (a) DF-
NMPC and (b) Multiple-NMPC. Left: 3D trajectories of the reference and actual
trajectories. Right: the reference and actual position in z, y, and 2z axes.
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Fig. 6.8: Tracking accuracy (RMSE) in the simulation results for 20 Monte Carlo runs
in the existence of wind disturbance.
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6.4 Summary

This work has numerically validated the design of a multiple-NMPC scheme where
two controllers are included in the controller bank to handle different flight trajectories
or conditions. The proposed scheme showed superior performance compared to the
stand-alone NMPC that incorporates the rotor drag force in its model. The simulation
studies showed tracking performance improvement by more than 50% during external
wind disturbances. For future work, the proposed algorithm will be experimentally
validated, as part of an industrial project in Winter 2022, with additional NMPCs

incorporated in the controller bank to address more flight conditions and modes.
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Chapter 7

Summary and Outlook

In this chapter, we summarize the accomplished work towards the research objectives
presented in 1.3 and the contributions of the thesis, while a list of scientific articles
and future research directions are presented.

The primary focus of this research study was to adopt the multiple model approach
for the state estimation and control of quadrotor MAVs. The work included the design
of computation-efficient state estimators and feedback controllers to be suitable for

the multiple model framework. The conducted research formed four main objectives:

1. Design of a computational-efficient error-state visual inertial navigation system

(VINS) with improved accuracy and consistency for MAVs.

2. Design of a novel interacting multiple model for VINS (IMM-VINS) that sup-
ports operation during periods with aggressive flights and/or external distur-

bances (e.g., wind).

3. Design of a novel computationally efficient and stable nonlinear model predic-
tive controller (NMPC) without terminal conditions for the control of MAVs

with/without drag force incorporated in the system model.
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4. Design of a novel computational-efficient multiple-NMPC scheme that supports

various operation and flight conditions.

The research summary related to each objective is presented in the following sec-

tions.

7.1 Research Summary Based on Objective I

For the first objective, two error-state visual-inertial navigation systems, with/without
drag force, have been designed for the state estimation for MAVs. After an extensive
literature review, it was concluded that the computational complexity and perfor-
mance of VINS filters are affected by the number of poses in the measurement model
and the consistency of the filter. Therefore, in this study, we designed the VINS
filter using the epipolar constraint as the measurement model since it is computa-
tionally efficient. Additionally, nonlinear observability analysis has been conducted
to study the observability properties of the designed filter to identify the unobserv-
able subspace corresponding to the nonlinear systems, which are needed to design
observability-constrained consistent filters for VINS. The observability analysis has
shown that the system has four unobservable directions, as indicated by the derived
nullspace matrix. Those unobservable directions correspond to the three degrees of
freedom global translation of the current and previous positions pair together, and the
global rotation about the gravity axis. Therefore, the observability-based consistency
rules for the filters are deduced to preserve the observability properties of the filter
to match with the nullspace of the true nonlinear system to prevent the filter from
updating along any unobservable direction. The designed filters will be then used for
the fulfillment of Objective II.

The proposed VINS filters share several assumptions as the state-of-the-art work,
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e.g., Gaussian white noise and proper initialization. To address these limitations,
strategies such as Gaussian mixture noises [117], robust initialization [118] and failure
recovery modules [119] should be implemented. Additionally, the proposed filters
assume the availability of sufficient feature points to ensure the existence of matched
features. For flights with high altitudes, spare sensors, e.g., multiple cameras or
LiDAR, could be added to the filter to resolve the limitation of lack of matched

features.

7.2 Research Summary Based on Objective II

Secondly, we considered the design of an interacting multiple model for VINS (IMM-
VINS) where two VINS filters, conventional VINS and drag force VINS, are incor-
porated in the IMM filter bank to support operation during periods with aggressive
flights and/or external disturbances (e.g., wind). The numerical and experimental
studies validated the capability of the IMM to produce improved VINS performance
over stand-alone versions of filters in its bank. IMM achieves this because the stand-
alone filters are meant to serve different navigation capabilities (accuracy, stability, ro-
bustness, self-calibration) and different flight conditions (aggressive, hover, nominal),
while IMM allows a synergistic combination of the capabilities of the filters during
the flight to generate improved performance over the stand-alone versions as shown
in this work. However, the IMM implementation of this work does not have improved
pose estimation accuracy over the generic MSCKF [15] or MSCKF-MONO [120] of
the EuRoC datasets in our experiments [121]. This is due to the use of the epipolar
measurement model in the design to reduce the computational complexity. A recent
study [121] identifies that the filter execution time is more than 90% faster as a result

of the epipolar measurement model when compared with MSCKF filters. This means
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that the IMM design has significant headroom for improvement. While this addi-
tional computational headroom can be used for accuracy improvement, what is more
interesting in this strategy is the ability to instill backup filters for fault tolerance and
opportunistic self-calibration of the VINS.

Parameter selection of the IMM algorithm needs to be carefully considered as some
of the individual filters in the filtering bank can perform sub-optimally at initialization.
For example, the stationary part at the beginning of the EuRoC dataset flight, where
the drag force filter is expected to diverge and the state covariance matrix is expected
to increase due to the high uncertainties. In order to resolve this issue, an adaptive
IMM algorithm [35] should be in use to update the elements of the transition prob-
ability matrix over time to optimize the performance of the IMM, as demonstrated
in Section 4.2.2. Additionally, incorporation of robust initialization schemes available

for VINS can ensure proper initialization and failure recovery [118,119,122,123].

7.3 Research Summary Based on Objective III

Thirdly, we consider the design of a novel NMPC algorithm for the control and sta-
bilization of a quadrotor MAV. A tailored cost function has been proposed without
incorporating terminal costs or constraints that facilitates the stability analysis of
the quadrotor and the derivation of a growth bound on the proposed value func-
tion to achieve the controllability conditions. This growth bound has been used to
calculate the minimal stabilizing prediction horizon of the proposed scheme, which
was proved to be four. The design provides a unique analytical methodology that
requires minimal tuning parameters compared to other controllers in the literature.
The numerical and experimental studies showed that the proposed NMPC scheme

outperforms the traditional schemes that incorporate terminal conditions in its cost
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function in terms of tracking accuracy and convergence rate. The proposed scheme
with a small prediction horizon, e.g., N =4 or N = 5 can achieve the same task done
by the traditional scheme with relatively high prediction horizon, e.g., N = 10 or
N = 20 while attaining better tracking and stabilization accuracy, and saving more
than 40% of the computation time. In addition, it still can provide high tracking
performance at low sampling time without the need of tuning the controller parame-
ters. This superior performance makes the proposed NMPC adequate for the multiple

model control scheme as presented in Objective IV.

7.4 Research Summary Based on Objective IV

Finally, we considered the multiple model control, where a Multiple Nonlinear Model
Predictive Controller has been designed for the control of quadrotor Micro Aerial Ve-
hicles (MAVs). In this respect, two NMPC controllers, with/without drag force in
the system model, were incorporated in the NMPC bank to handle different flight
conditions. One of the main objectives of this work is the design of a computationally
efficient algorithm to effectively switch between the controllers. Therefore, the IMM
estimator, designed in Objective I, was used to recognize the flight mode/condition
then trigger the appropriate controller. The conducted numerical simulations have
validated the proposed algorithm and showed more than 50% performance improve-
ment of the Multiple-NMPC over the stand-alone drag force NMPC.

The NMPCs in the controller bank are ensured to be asymptotically stable and
the multiple-NMPC algorithm uses the state of the previous controller as the initial
state of the next controller to avoid discontinuities in the computed control input. As
future research directions, the stability analysis of the switching control system needs

to be performed to ensure the overall asymptotic stability of the switching system.
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7.5 Discussion

The proposed multiple-NMPC algorithm showed improved performance compared
to the stand-alone DF-NMPC. The simulation results have numerically validated the
proposed algorithm and manifested its superiority and capability of switching between
the NMPCs in the controller bank to handle different flight conditions. Although only
two models are used in this study, the same framework can be used to incorporate
more models, such as taking off and landing models. The following steps can be

followed to add more models to the multiple model scheme.

1. Select an additional MAV dynamic model that addresses a different flight mode

or conditions.

2. Design an error-state filter for this model and compute its process and measure-
ment filtering Jacobian matrices (as demonstrated in Section 3.1). (Note: The
filter could be designed as a VINS or any other type of filter, based on the type

of sensors used in the filter and the kind of measurement model.)

3. Perform the observability analysis of this additional model and find the null

space (as demonstrated in Section 3.2.1).

4. Design an observability-constrained VINS using the identified unobservable sub-

space to improve the consistency of the filter (as demonstrated in Section 3.2.2).

5. Incorporate the designed observability-constrained VINS filter in the IMM filter-
ing bank by selecting a suitable initial probability and suitable matrix elements

for the transition probability matrix (as demonstrated in Section 4.1).

6. Design an NMPC for the additional model by selecting a suitable objective

function without terminal costs or constraints (as demonstrated in Section 5.4).
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7. Perform the stability analysis for the designed NMPC by deriving the growth
bound that ensues the asymptotic stability of the closed-loop system and cal-
culate the minimal stabilizing prediction horizon (as demonstrated in Section

5.5).

8. Incorporate the designed NMPC in the multiple-NMPC controller bank by at-
taching it to its corresponding filter to be triggered when the associated model
probability is higher than other models’ probabilities (as demonstrated in Sec-

tion 6.1).

7.6 Summary of Contributions

In summary, following are the key contributions of the thesis objectives in using

multiple model approach for state estimation and control for quadrotor MAVs.
1. Contributions related to Objective I:

o A novel design of two error-state VINS filters with epipolar constraints as

the measurement model. (Section 3.1)

o Observability analysis of the drag force VINS filter and the epipolar con-

straint measurement models. (Section 3.2.1)

o Development of observability-constrained VINS to maintain the consis-

tency of the filter. (Section 3.2.2)
2. Contributions related to Objective II:

o A novel design of an error-state IMM estimator for VINS applications.

(Section 4.1)
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o Numerical and experimental validations of the proposed IMM-VINS using

Matlab simulator and the EuRoC dataset. (Section 4.2)

3. Contributions related to Objective III:

e A design of a computationally-efficient NMPC scheme with improved sta-
bility characteristics for the control of quadrotor MAVs without the use of

terminal costs or constraints. (Section 5.4)

 Stability analysis of the proposed controller to prove its asymptotic stability
by deriving a growth bound on the proposed MPC value function. (Section
5.5)

o Calculation of a minimal stabilizing prediction horizon, which effectively

minimizes the computational cost. (Section 5.5.2)

o Numerical and experimental validations of the proposed controller at vari-
ous initial conditions, system configurations, and various trajectories, and
demonstrating its robustness against the traditional NMPC schemes in the

literature. (Section 5.6)

4. Contributions related to Objective IV:

e A novel design of a multiple model control scheme, depending on the IMM
filter, that can effectively recognize the flight mode and then trigger the

appropriate NMPC from the controller’s bank. (Section 6.1)

o Numerical validation of the proposed Multiple-NMPC system for quadrotor
MAVs. (Section 6.3)
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7.6.1 List of Publications

This research led to the following scientific articles and publications:

Journal Articles:

« M.AK. Gomaa, O. De Silva, G.K.I. Mann, R. Gosine “Computationally Effi-
cient Stability-based Nonlinear Model Predictive Control Design for Quadrotor
MAVs”, IEEE Transactions on Control Systems Technology, 2021 (Submitted

and Preparing 1st revised version).

o« M.A.K. Gomaa, O. De Silva, G.K.I. Mann, R. Gosine, "Nonlinear MPC Without
Terminal Costs or Constraints for Multi-Rotor Aerial Vehicles," in IEEE Control
Systems Letters, vol. 6, pp. 440-445, 2022. (Presented at the 60th IEEE

conference on Decision and Control "CDC 2021", Texas, USA)

o M.A.K. Gomaa, O. De Silva, G.K.I. Mann, R. Gosine, "Observability-Constrained
VINS for MAVs Using Interacting Multiple Model Algorithm," in IEEE Trans-
actions on Aerospace and Electronic Systems, vol. 57, no. 3, pp. 1423-1442,

June 2021
Conference Publications:

o« M.A.K. Gomaa, O. De Silva, G.K.I. Mann, R. Gosine, R. Hengeveld “Compu-
tationally Efficient Multiple-NMPC for Quadrotor Micro Aerial Vehicles”, The

30th Annual Newfoundland Electrical and Computer Engineering Conference

(NECEC), Nov. 2021, NL, Canada.

o M.A K. Gomaa, O. De Silva, G.K.I. Mann, R. Gosine “Interacting Multiple
Model Navigation System for Quadrotor Micro Aerial Vehicles Subject to Ro-
tor Drag”, 2020 IEEE/RSJ International Conference on Intelligent Robots and
Systems (IROS), October 2020, Las Vegas, USA.
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o« M.A.K. Gomaa, O. De Silva, G.K.I. Mann, R. Gosine, R. Hengeveld “ROS Based
Real-Time Motion Control for Robotic Visual Arts Exhibit Using Decawave
Local Positioning System”, 2020 American Control Conference (ACC), July
2020, Colorado, USA.

7.7 Future Research Directions

The research work presented in this thesis has a number of possible potential exten-
sions. These future developments aim at improving the performance of the overall
multiple model state estimation and control system in terms of the computational
efficiency and accuracy.

Onboard implementation of the proposed scheme: Implement the proposed
multiple model state estimation and control system onboard and test it on outdoor
aggressive trajectories. A new experimental setup, using VOXL m500 drone!, is being
prepared to conduct the lab experiments of the multiple-NMPC. The VOXL mb500
drone is equipped with high-resolution sensors and an autonomy computer and flight
controller (VOXL Flight Deck), which makes it suitable for fast onboard computations
and advanced autonomy development. The overall multiple model scheme will be
implemented on ROS while using CasADi toolbox [115] as the NMPC optimization
solver, as demonstrated in Chapter 5.

Incorporation of additional filters and model/NMPC pairs in the mul-
tiple model bank: In light of the computational efficiency of the proposed multiple
model scheme, incorporating additional filters and model /NMPC pairs in the multiple
model bank would improve the tracking performance of the MAV and increase its ro-

bustness in most indoor and outdoor applications. Multiple model methods for VINS

! Available on https://www.modalai.com/products/vox1-m500
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can be further investigated by including additional filters that consider different noise
conditions and filters that can guarantee robustness such as sliding mode methods
in the filtering bank. Additionally, filters with models of learned dynamics can be
incorporated to handle the unknown dynamics of the MAV. Similarly, the multiple
model control can be further investigated by including additional NMPCs that ad-
dress other flight conditions, such as, ground effect, proximity to walls or objects in
the environment, taking off, and landing.

Development of optimization-based VINS: Optimization-based VINS has
improved estimation accuracy and solution robustness but demands considerable com-
putational power, where a fixed history of vehicle states and environment features
are optimized using nonlinear optimization [66]. A recent study in [17] showed that
optimization-based VINS is consistently accurate and robust across the different hard-
ware platforms used in the study. However, this superior performance came at the
cost of a high level of resource usage. Therefore, optimization-based techniques can
be further investigated to improve its computational efficiency and make it adequate
for the implementation in the multiple model schemes. Epipolar measurement mod-
els in the optimization framework and novel cost functions to improve optimization
performance/consistency can be considered.

Using machine learning techniques as a weighting/switching module:
Recently, machine learning techniques have shown promising results in robotics ap-
plications such as terrain classification [124] and image classification for path-following
[125] using sensors data, e.g., images or acceleration from an IMU. As a result, they
were used in MAV applications to recognize some flight conditions such as ground
effect [126] or proximity to wall [7]. Therefore, machine learning techniques, such as
Neural Network [127], can be used in the multiple model estimation/control algorithm

to recognize the flight modes or conditions and then trigger the appropriate filter and
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model/NMPC pair to improve the overall performance of the MAV. The MAV sen-
sors, including the camera and IMU, and possibly additional sensors, can be utilized

for the feature selection of each flight mode.
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Appendix A

Transformation to the Body Frame

at the C.G. of the Helicopter

All the forces including thrust force, drag force, and gravitational acceleration force
and the accelerometer measurements given in Fig. A.1 will be resolved at {G} to
compute the velocity of {I} w.r.t {G} expressed in {G}, “vg;, then transform it back
to {I} to get 'vgr or Iv for simplicity. The drag force at {B} is PD;Pvgp, where
BDy is the drag parameters matrix expressed in {B} and Pvgp is the velocity of {B}
w.r.t {G} expressed in {B}. Due to this coordinate transformation there will be an

extra term in the velocity state dynamics as follows,

]\Rf = R(IQG)Ggég + R(IqB)BBaég — (wm — Bg) X ]\Af — If)LI\A/ — If)L(wm — Bg) X Ip[B
where 'prp and R(’qp) are the translation and orientation from {B} to {I} that
are given in the dataset, /Dy is the drag parameters matrix expressed in {I} and
is calculated as ‘D, = R('qp)’D.R('qp)”, and Pb, is the new accelerometer bias

state that includes the thrust force and expressed in {B}. The inertial measurement
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Fig. A.1: Applied forces at the body frame at the C.G. of the helicopter.

model will be updated as well as follows,
h, = —"D;'v+ R(IQB)BBCL — IDL(wm —by) x 'pre +n,

For the C-VINS filter, the only change happens in the velocity state equation due

to the transformation of the accelerometer bias from {/} to {B}, as follows,
v = R('46)°g8s + (am — R("ap)Pb,) — (wam — by) x '¥

The process noise covariance matrix corresponding to the accelerometer bias in

both filters has to be transformed to { B} as well, as follows,

BQw = R(IqB)TQwR(IqB)
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Appendix B

Unbiased Approach for Unequal

Dimension States IMM

The DF-VINS process model and state covariance matrix can be rewritten as,

2(1) (zz,1) (igavl)
L | X p(1) _ P P
K|k BE) ) klk (baz,1) (baba,1)
be ki Pk P

where Bb, is the accelerometer bias including the thrust force expressed in {B} and
x is state vector that includes the other states proposed in (3.7). The same for the

C-VINS filter, the process model and state covariance matrix can be rewritten as,

~(2) (32)  p(@be2)
<@ _ k| p® Pk Pk
Kk = | . v Tkl = N
Bb® P pinte?)

where Pb, is the accelerometer bias expressed in {B} and X is state vector that

includes the other states proposed in (3.3). Using the unbiased approach for unequal
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dimension states, the state interaction can be implemented as follow,

N 11a(1) |, ~214(201
(01 _ M1|1XI(W)€ +/L2‘1X,(€|,L)
N “1124(1]2) | ~2024(2
£(02) _ Iu1|2xl(€“|€) + 'u2|2xli“)€
where
2(2) 2(1)
L21) | Xwlk L(12) | Xk
B P L LR P
be ki by ik

While the covariance interaction is implemented as follow,

poy — it [Pu) + (&M = 2) (2 - gm)ﬂ

it [POID - (£C10 0D (G ﬁwnﬂ

pO2) _ 12 [puz) T (%01 — 50 (012 _ §(<02>)T

2 {P@) (% = 20) (@ - i(m)ﬂ

where
P(:Ei’,l) 0

PR — 7
0 P(l_)al_)a,l)
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Appendix C

Stability Analysis for Conventional
NMPC

The running cost in (5.2) is tailored as follows,

8
E(X, u) = Z q; (%Z — .’L’ni)Q -+ rl(ul — 17,1)2 -+ TQ(UQ — ﬂz)Q + 7“3(’&3 — l~L3>2, (Cl)
=1

which is designed to satisfy the asymptotic stability conditions presented in Theorem

5.1 in Section 5.4.1, where

=2 Gy= Pyl = g
1= 2 = =Ty, U3 = =Tg
crrcry’ K, ’ Ky ’

cry = cos(x7), and cxg == cos(zs).

The growth bound ~; given in Assumption 5.1 can be obtained by constructing
a summable sequence ¢; C Rxg, j € Ny that satisfies Inequality (5.20), such that
v = ;;B ¢j, © € N>y, The computation of the sequence ¢; and thus the growth

bound ~; is governed by the following proposition.

Proposition C.1. Consider the system model (5.5) and running costs (C.1). Let the
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penalty parameters in (C.1) are given as

O_ —_ —
r < 16l T2 < oKjqr, r3<oKjgs (C.2)

with weighting ratio o € Q, and let § and ¢ € [—60°,60°]. Then, condition (5.13)
holds with ~; = 3;% ¢j, © € Nxo, where sequence c; is governed by (5.22). Also, there
exists a prediction horizon N € N such that condition (5.16) holds and the NMPC

closed-loop with N is asymptotically stable.

Proof. The quadrotor trajectories can be chosen as straight lines, curves, or lattice
shapes, as given by function (5.23). Substitute (5.5) into (5.23) in order to find the
required open-loop control inputs (uy,) for the maneuver. The first control input u,

was given in (5.5) as
w6lj + 1] = we[j] — 08 + 0 Rssua [J]

where, R33 = crrcxg is the element in the third row and third column in the rotation
matrix R. Thus, the control input u,, for all xg € X (or u; for the sake of simplicity)

can be calculated as follows:

N — (j+ 1) N — je
<()\jp)> Zo,6 — < )\pj > Toe = —5g + 5R33U1. (03)

Using the binomial expansion, (C.3) reduces to

(— S PCy g

S\ )xo,ﬁ‘f‘g:Rg?,ul-

Let C, = 3207, #C; j* that yields,

c
_ 87 mnTos (C.4)
CX7CI8
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The calculations of the second and third control inputs are similar to (5.26) and (5.27),

respectively, as follows

Gy T4 (N — )
B SK s\

Zo,7- (05)

—C, + 6Tg( N — j°
Uz = L 6[;&%’ J )-TO,S- (06)
0

Applying (5.23), (C.4), (C.5), and (C.6) into (C.1) yields the running costs (C.7)

along the resulting open-loop trajectories.

| (=S 2 GE)?
g(xeO (j7 XO)’ Ux, (j)) = ( AP ) Z 4q; (iU(),i - xTvi) + 7’171'076
1=1

c2rrclag
_Cp ’ 2 _Cp ’ 2
) <6I€¢)\P> To7+ T3 TN, x4 8

To this end, the bounding sequence ¢; can be found by bounding the running costs

(C.7)

(C.7) such that condition (5.20) is satisfied. We use the limit on the attitude angles
as # and ¢ € [—60°,60°] as this bound captures the nominal non-aggressive flight
trajectories of the quadrotors. As a result, the second term in (C.7) can be bounded

as

cos?(x7) cos?(xg)

(5%)° Y Ci gt
- ) w2 < 7’1 62 )\p :ca6
where, 1/cos?(x7)cos?(zg) has an upper bound of 16. Using condition (C.2) and

recalling that 7 < A yield

(&) 16 (M Y ecp\? (2 ec)’
r Sy e STy | TS | T < 00— 55 T
cos?(z7) cos?(zg) 92 AP ’ 92\2 ’

Moreover, the third and fourth terms in (C.7) can be bounded in the same manner
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as follows:

— 2 _ 2
—C C 1 (Zf:ol pCi) 2 (Zf:ol pC") 2

T2 = To7 S T2 To7 < 0qr Lo,7

OK 4\ ’ 02K A2 ’ 92\2 ’

2 p—1 . 2
r _,Cp 2, < og —(Zi:O pC',,) a2
T\oKpw) 08T g s

As a result, the running costs (C.7) can be estimated by

N — P

2 p—1 2 8
. . o
(530, w000 < (X2 ) 0= 301 + 555 (zc) > g

2
£ — P 2 o [rL
< {( v ) +62)\2 (;PC%

Therefore, the bounding sequence ¢; in (5.20) can be attained as in (5.22). Finally,

(C.8)

2
%0 = %l

the growth bound v := Z?;é ¢;, k € Ny can be obtained as given in Theorem C.1 by

k-1 0\ 2 -1 2
AP — P o [
Ye= ( ) + Secq) |, (C.9)
=0 { AP 022 (iO
which is the same bounding sequence as in (5.33).
[
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