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Abstract

In recent years, energy-minimization finite-element methods have been proposed for
the computational modelling of equilibrium states of several types of liquid crystals
(LCs) [4,34,110]. This thesis is particularly interested in the models of smectic A
liquid crystals, based on the free-energy functionals proposed by Pevnyi, Selinger,
and Sluckin [112], and by Xia et al. [138]. The Euler-Lagrange equations for these
models include fourth-order terms acting on the smectic order parameter (or density
variation of the LC) and second-order terms acting on the Q-tensor or director field.
Thus, we first focus extensively on finite-element methods for fourth-order problems.
These methods include (i) C'-continuous elements with a nonsymmetric Nitsche-type
penalty method to weakly impose the essential boundary conditions, (ii) a nonsym-
metric version of the C? interior penalty method, where the nonsymmetric forms are
used to guarantee optimal convergence rates in terms of h < 1 and ¢ ~ 40, where
h and g are the refinement level and the smectic wavenumber that prescribes a pre-
ferred wavelength for the solution of 27/q respectively, and (iii) mixed finite-element
methods based on introducing the gradient of the solution as an explicit variable and
constraining its value using a Lagrange multiplier, that are symmetric and allow us
to strongly impose the essential boundary conditions. Preliminary experiments show
that the mixed formulations may be advantageous over the other methods, in the sense
that we can construct efficient preconditioners for these discretizations. Therefore, we
consider a four-field formulation for models of smectic A liquid crystals, approxi-
mating the smectic order parameter, its gradient, the Lagrange multiplier, and the
Q-tensor. Then, we focus on the construction of solvers for the nonlinear systems
that result from the discretization of these models. We consider a Newton-Krylov-
Multigrid approach, using Newton’s method to linearize the systems, and developing
monolithic geometric multigrid preconditioners for the resulting saddle-point systems

with vertex-based patch relaxation schemes.
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Lay summary

Many physical systems in the world around us can be presented in terms of differen-
tial equations. Solving these equations can help us understand physical and natural
phenomena, which can save people’s lives, efforts, and money. Such systems include,
but are not limited to, weather forecasting, earthquake prediction, and the behaviour

of liquid crystalline materials.

Because of the special properties of liquid crystalline materials, and their widespread
use in T'Vs, laptop screens, and navigation systems, mathematical modelling of liquid
crystals has been extensively studied in the last few decades. These models primarily
take the form of complicated (nonlinear) energy functions, and analytically finding
their extremizers is expensive and inefficient (and often not feasible), especially when
we need to change the parameters that describe the liquid crystal under consideration.

Thus, numerical simulations are used to study the behavior of these complex systems.

We investigate simulating one of the most recent models that describe smectic-
A liquid crystals, presented by Xia et al. [138], where the optimality conditions for
the energy function lead to a nonlinear coupled “multi-physics” system of partial
differential equations, including a difficult fourth-order term on the density variation
of the smectic crystal. We modify the energy from [138], by introducing additional
variables that result in larger linear systems to be solved in the minimization process,
but these systems are more amenable to efficient, parallel numerical methods. As a
result, we can simulate at much higher resolutions than was possible in [138]. The
main contributions of the thesis are analysis of this transformation in comparison with
classical discretization techniques and the development of efficient numerical methods

for solution of these systems of equations.
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Chapter 1
Introduction

For many reasons, many scientific and engineering questions that are related to our
real life cannot be answered by classical theory or experimentation. For example,
some phenomenon are either very complicated or contain numerous variables that
characterize the system being studied. Other experiments are too expensive to do
in the physical laboratories, including those related to studying liquid crystals. It is
even sometimes infeasible or unethical to do some biological experiments that, for ex-
ample, predict drug side effects. These have led to the development of computational

modelling as a research discipline within Mathematics and Computer Science.

Computational modelling of physical phenomena can be presented in three steps
[111]. The first is to define an idealization of the problem of interest in terms of
the quantities in which we are interested. The second step is to obtain a mathe-
matical model that represents the idealization of the physical phenomena. Equations
representing the model are usually called the governing equations of the problem.
For example, fluid motion can be accurately represented using the Navier-Stokes
equation [2], and the deformation of a solid due to applied external forces can be
represented using the equations of elasticity [56]. It is preferred that the governing
equations be well-posed, which means that the mathematical problem has a unique
solution. However, it is possible to get a problem that has many solutions, which is
usually the case of governing equations obtained from modelling liquid crystals, or
has no solution in complex environments, such as when modeling nuclear reactors

where obtaining measurements is difficult. Some well-posed governing equations are



very complicated to solve either analytically or computationally. Therefore, simpli-
fying assumptions to reduce the complexity of the model are given with the hope of
discovering methods to solve the original model. Boundary or initial conditions are
necessary to be given at this stage. The final step of computational modelling is to
analytically or computationally solve the governing equations. These appear to be
high-order partial differential equations (PDEs) in a wide range of applications in
science, finance, economics, and fluid dynamics [126]. Some of these models, such as
for thin films, beams, and liquid crystalline materials, contain fourth-order PDEs. In
these cases, applying analytical means like Fourier and Laplace transforms or series
solutions becomes inefficient or even impossible. As a result, numerical solutions for
these models are developed. The most common and well-known numerical schemes

are finite-difference methods, finite-volume methods, and finite-element methods.

1.1 Liquid crystals

Liquid crystals were first discovered by the Austrian chemist Reinitzer in 1888 [116].
They are substances with intermediate properties between liquids and solid crystals.
For example, a liquid crystal can flow like liquid while its molecules are oriented
in a crystal-like manner. There are a lot of examples of liquid crystals around us,
such as in soap, detergents, even in the human body, like some proteins and cell
membranes. As temperature and electric fields can affect the orientational order of
liquid crystals, they have been widely used in technological materials, such as electric
display devices. These applications have naturally led to an increased interest in
studying and modelling liquid crystals. For an overview of liquid crystal physics, we
refer to [49, 54, 85].

Liquid crystals are commonly characterized by their phases, classified as nematic,
smectic, and cholesteric liquid crystals [49,125]. Molecules in the nematic phase have
locally similar orientations (that can be described by a bulk parameter, known as the
director field), but generally exhibit no layered behaviour and, therefore, the molecules
can either rotate or slide past one another [133]. Smectic liquid crystal phases, which
usually exist at temperatures lower than those of nematic phases, have well-formed
layers with crystals pointing in the same direction [71]. The type of the smectic liquid

crystal is determined by the molecular arrangement within each layer. While there



are many such types, the most common smectic liquid crystals are smectic-A, where
the molecules are oriented along the normal direction in each layer, and smectic-C for
which the molecules have a tilted angle between the layer normal and the director.
Finally, cholesteric molecules have a helical structure with layers rotated through
different angles. As the temperature of a given material increases, it can exhibit

phase changes from a solid, to cholesteric, smectic, nematic, and liquid phases.

a) b) c) d)

Figure 1.1: Liquid crystal phases: (a) Nematic, (b) Smectic-A, (c¢) Smectic-C, and (d)
Cholesteric phases [139].

1.1.1 Modeling smectic-A liquid crystals
de Gennes model

In this theory, the free energy of smectic A liquid crystals can be modeled as follows
[55]

I, ) = / E\(D) + Ea(7, ),

where Q C R? d € {2, 3} is the domain that the liquid crystals occupy, 1 is a complex-
valued order parameter for which |¢)| describes the magnitude and Vi describes the
phase of the liquid crystals. The real vector field v is known as the director, and
satisfies the pointwise contraint 77 -7 — 1 = 0. The energy E)(¥) is the Frank-Oseen
energy that is usually used to model nematic liquid crystals,

E(Y) = = (Ki\(V-0)?+ Ky (7 V x 0)* + K3 (U x V7))

+

N =N =

(K + Ky) ((tr(VD)?) — (V- 9)?) . (1.1)



Here, the constants {K;}}_, are positive constants called the Frank constants, with
Ky, K5, and K3 identified as the splay, twist, and bend constants, respectively, see
Figure (1.2). In addition, Ey(¥/, 1)) is the smectic energy density, given by

Ba(7,0) = [V — ighf? + vy + 2y

where i is the imaginary unit, ¢ and ¢ are positive constants, while r is a negative

constant.

a) splay b) twist

d) splay deformation of smectic LC

T WALy
I TNy
TR = WAL L7775
LCLLOLTOIRniree -

PEOEEREOERRRTRoneee Ty

Figure 1.2: The effect of splaying, twisting, and bending liquid crystals [89].

1.1.2 The Pevnyi, Selinger and Sluckin model (PSS)

Using a complex order parameter in the de Gennes model has some disadvantages.
First, Im(¢) does not have a physical interpretation. Secondly, this model is formed
on a coarse-grained basis, which means that the model does not represent the local
free energy density on the length scale of the smectic layers themselves. Therefore, it
is suitable for macroscopic calculations, but not for nanoscale calculations of the po-
sitions of defects with respect to smectic layers, or the positions of smectic layers with
respect to boundaries. To overcome these difficulties, Pevnyi, Selinger and Sluckin

presented the following model with director 7 :  — R¢ (still satisfying the constraint



V-7 =1) and the real-valued density variation u : Q — R [112],

J(u, ) = / S+ éu3 +iut+ B (VVu+¢r® ﬁu)2 + E\VJP, (1.2)
Q2 3 4 2
where a, b, ¢, B, ¢, and K are constants determined by the liquid crystal under
consideration. We are mostly interested in ¢ > 0 to keep %uz + %u?’ + ﬁu”‘ bounded
from below. Additionally, we choose a < 0 to avoid the trivial solution for u. While
the PSS model resolves the main issues related to the use of complex order parameters,
it still has some difficulties. Note that the PSS model uses the one-constant (simplest)
approximation of the Frank-Oseen energy % |V|, but it can be generalized to different
Frank constants such as F; (V) defined in Equation (1.1). A key limitation is that it
fails to reproduce so-called “half charge” defects, due to the presence of director
discontinuities in these defects where the director field rotates by 180 degrees (1/2 of
a full rotation) around a point in the domain [112, Figure 1]. To overcome this, Pevnyi
et al. only approximate / through the tensor field N = v ® ¢/, which allows them to
represent half-charge defects. However, numerical difficulties arise when enforcing N

to be of the form ¥ ® ¢ numerically, for some unit vector o/ [33].

1.1.3 The Xia et al. model

Ball and Bedford [22] modified the PSS model, replacing N by Q/s + I;/d. Here, Q
is a tensor-valued order parameter, s is a scalar order parameter, and I, is the identity
matrix. While existence of minimizers is proved theoretically in [22], practical use of
this model leads to numerical difficulties when s is near zero. Xia et al. [138] proposed

the alternative model

2

b I K
E(wQ):/(2§u2+§u3+§1u4+3‘vw+q2 (Q+§>u +5!VQ|2+fn<Q), (1.3)

where f,(Q) = —1tr(Q%) +1 (tr(Q?))* for d = 2 and f£,(Q) = —1tr(Q?) — L tr(Q°) +
é (tr(QQ))2 in three dimensions. Here, the functions f,(Q) are chosen so that the
minimizers of [, f,(Q) are of the form Q = V¥ @ vV — %d (see [101, Proposition 15]),
and are included in the energy to weakly enforce the rank-one condition implied by
Pevnyi et al.’s model, without the potential singularity when including a scalar order

parameter, as in [22]. This model still has some difficulties related to existence of the



Hessian, which requires u € H*(Q). Addressing these difficulties is one of the focuses
of this thesis.

1.2 Discretization Methods

1.2.1 Finite-difference methods [111]

Finite-difference methods (FDMs) are one of the oldest and simplest numerical schemes,
based on applying a local Taylor expansion to approximate the PDE. Continuous
domains are discretized and the PDE is converted into a system of algebraic equa-
tions. FDMs are stable, and generally converge rapidly for 1D problems on simple
domains. However, FDMs start to have difficulties when one is interested in solv-
ing multidimensional PDEs with variable coefficients, and domains with complicated
geometry. These difficulties can be overcome using staggered meshes and meshfree
finite-difference ideas [121], but these introduce their own complications, with many
open research questions for complex systems of equations. A good option to avoid
these complications is the use of integral (variational) forms of the PDEs, which leads

to the development of finite-volume and finite-element methods.

1.2.2 Finite-volume methods [64]

Finite-volume methods (FVMs) overcome some of the difficulties with FDMs, as they
are readily applicable to problems on complex geometries and to PDEs with variable
or discontinuous coerfficients. They are based on writing the differential equation in
conservative form, i.e [, V-F = [ G for some functions F and G, and volume K,
then converting the volume integral of F' into a surface integral using the divergence
theorem. These terms are then approximated using approximate fluxes at each surface
of the finite volume. These methods are conservative as the flux entering a given
volume is constrained to be identical to that leaving the adjacent volume through their
common face. One common use of FVMs is for time-dependent problems, because of
their natural conservative properties. However, finite-element methods can be more
accurate when using high-order basis functions and the solution is smooth enough,

particularly for time-steady problems and coupled systems of PDEs.



1.2.3 Finite-element methods [35]

Finite-element methods (FEMs) are based on a variational form that is derived from
the continuum PDE and used for its discrete approximation (known as conforming
methods). The variational formulation is obtained by multiplying the PDE by a test
function and then integrating by parts, giving what is called the weak form. At
the discrete level, the unknown is approximated using a linear combination of basis
functions. Different types of basis functions can be used, depending on the differential
operator(s) in the equation (gradients, divergences, and curls), and the order of the
PDE. While FEMs overcome some of the given difficulties for FDMs and FVMs, they
still have their own difficulties. Deriving stable discretizations for coupled systems
is challenging, as many natural discretizations lead to ill-posed discrete problems.
Finite-element discretizations are used in this thesis and discussed in more detail in
Section (2.2).

1.3 Preconditioners [29]

Applying any of the numerical schemes in the previous subsection leads to the need
for solving large ill-conditioned linear and/or nonlinear systems of algebraic equa-
tions. Solving the underlying linear systems using direct methods (LU factorization)
typically requires significant computational time and memory. On the other hand,
iterative methods (for example, Krylov subspace methods) can be very slow to con-
verge due to the high condition numbers of these systems (or their linearizations).
Preconditioning means transforming the linear system Au = b into another system
with better properties, i.e. the preconditioned matrix, AP~ or P71 A, has a (signfi-
cantly) smaller condition number, and/or eigenvalues clustered around 1. One might
also be interested in the situation where the minimum polynomial of the precondi-
tioned matrix is of small degree, also leading to a situation where the iteration counts
that are required to converge within a given tolerance are small. Clever choices of the
preconditioner matrix, P, can lead to the development of iterative methods that dra-
matically outperform direct methods, especially for 3D problems. For linear systems
that arise from discretizing complicated PDEs, it is common to use Krylov subspace

methods (see Section 2.3), with multigrid preconditioners (see Section 2.4).



1.4 Literature review

This thesis develops finite-element methods for the model in (1.3), along with some
simplifications. In this section, we give a brief summary of what has been done in the
field of finite-element methods for H? elliptic problems, preconditioners for saddle-
point systems, and finite-element discretizations (and associated linear and nonlinear

solvers) for liquid crystals.

1.4.1 Finite element methods for H? elliptic problems

The Euler-Lagrange equations for (1.3) lead to a coupled system of PDEs, with a
fourth-order operator applied to u, and a second-order operator acting on (). Finite-
element discretizations for fourth-order H?-elliptic problems have been studied widely.
These include conforming methods, such as the use of Argyris elements, nonconform-
ing methods [41,52,131], C interior penalty methods (COIP) [18,40,42,127], and
mixed-finite element methods, including two-field [51,52,102], three-field [24,66], and
four-field discretizations [27, 50, 97], and mixed-nonconforming methods (the HHJ
mixed formulation) [50,82,95,113]. Here, we focus on developing three field finite-
element formulations for H2-elliptic problems. The goal is to avoid the difficulties
encountered when using conforming and COIP methods. At the same time, we try to
avoid using “too many” variables, which makes the arising linear systems very large
and more difficult to solve. A key point here is that, to our knowledge, there are no
existing methods that offer provably good discretization for (1.3) for which we also
have fast solution algorithms. The COIP methods used in [138] restricted the simula-
tions in that paper to unreasonably low resolutions, particularly for 3D systems, due

to the lack of scalable solvers. This motivates the work of this thesis.

1.4.2 Preconditioners for saddle-point systems

Systems arising from the three-field discretizations we develop are of saddle-point type
with condition numbers that usually grow like A7 for p > 0, resulting in increasingly
ill-conditioned systems as the mesh size, h, goes to zero. Therefore, Krylov subspace
methods [76] alone for these systems are not efficient. As a result, we have to apply

preconditioned Krylov subspace methods. Two common families of preconditioners



are block factorization [59,69, 105] and monolithic multigrid preconditioners [4,6,7,
130]. A key part of this work is to propose effective monolithic multigrid solvers for

the arising saddle-point systems [6,7,68].

1.4.3 Modeling liquid crystals

Recent years have seen significant and successful effort in developing numerical models
of various liquid crystalline materials [4, 5,9, 23, 34, 53,100, 110, 112, 114]. In these
models, equilibrium states of liquid crystals usually correspond to minimizers of a
given energy functional, which can be directly discretized using finite-element (or
other) variational techniques. We are interested in smectic-A liquid crystals, which
are characterized by their natural propensity to form layers with periodic variation in
the density of the liquid crystal along lines orthogonal to the orientation of the crystals.
While some models make use of a complex order parameter as a model of the energy
of liquid crystals [55], several recent papers have proposed models based directly
on the (real-valued) density variation [22,112,138]. In this work, we apply mixed
finite-element formulations that we have developed to the fourth-order operators that
appear in such models of smectic-A liquid crystals, and then solve the corresponding
nonlinear systems. For this, we linearize using Newton’s method, and solve the arising

linear systems using preconditioned Krylov suspace methods.

1.5 Thesis overview

A mathematical model for smectic A liquid crystals based on the free-energy was
presented in [138]. Using finite-element methods (or any other discretization method)
for finding extremizers of this model is challenging as the optimality conditions lead
to a nonlinear coupled multiphysics system with fourth-order operator on the smectic
density variable and a second-order operator on the tensor orientation variable. In
this thesis, we propose a mathematical modification to the smectic A model that was
presented in [138] and prove that the extremizers of both models are equivalent. This
modification has been made to allow discretizing the new energy using mixed finite-
element methods that offer some advantages. The main goal of these discretizations

is the ability to develop efficient preconditioners and, thus, solve the arising nonlinear
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systems faster (with cheaper computational cost) than direct methods. This gives us
the ability to perform higher resolution simulations, especially in three dimensions,
where solving the arising nonlinear systems using direct methods becomes very expen-
sive even for low-resolution simulations. We do this in steps; we focus on developing
stable mixed finite-element methods for a range of linear fourth-order problems that
are related to the nonlinear fourth-order equation that is a part of the full smectic A
model, and provide efficient preconditioners for the arising linear systems in Chapters
3 and (4). Then, we employ these techniques for the ultimate smectic A model in
Chapter 5. This thesis is a manuscript-based thesis and contains six chapters organ-

ised as follows.

In Chapter 2, we review the mathematical tools and concepts that will be used in
the following chapters. We first review general results on Sobolev and finite-element
spaces. Then, finite-element methods and the associated well-posedness theory, in-
cluding conforming, nonconforming, interior penalty, and mixed methods are pre-

sented. Finally, we present a brief discussion of iterative solvers.

In Chapter 3, a three-field mixed finite-element method is presented for d-dimensional
H?-elliptic problems with essential boundary enforced weakly using Nitsche-type penalty
methods where required. Efficient monolithic-multigrid preconditioners are developed

for the resulting saddle-point systems.

While a particular family of fourth-order operator (the biharmonic, A? form) is
considered in Chapter 3, the smectic model of interest includes the Hessian-squared
operator, with a wrong-sign shift, making it somehow closer to the Helmholtz op-
erator than the elliptic case. In Chapter 4, we consider the fourth-order PDE in
Equation (4.4), with a focus on developing finite-element methods that generate opti-
mal convergence rates in both ¢ &~ 40 and h < 1. We have developed a nonsymmetric
version of conforming and COIP methods, as well as a mixed finite-element method
similar to the one proposed in Chapter 3 which allows the construction of similar

preconditioners.

In Chapter 5, we discretize the smectic model of interest, using the mixed formula-
tions proposed in Chapter 4. In addition, a Nested Iteration-Newton-Krylov-Multigrid

solver for the arising nonlinear systems is presented.

Finally, in Chapter 6, we present conclusions and some directions for future work.



Chapter 2

Background

2.1 Continuous and discrete function spaces

2.1.1 Sobolev spaces

Let Q C R? d € {2,3} be an open, connected set with Lipschitz boundary, and
' € 99. We use the following standard Sobolev spaces [32,63]. The space of square

[ =1l < oo}
Q

For integer m > 0, the Sobolev space H™(€2) is defined as

integrable functions is denoted

L2(Q) == {u

H™() := {u| D*u € L*(Q),V|]a| < m},

where the weak derivative D®u = v is defined by [,u D% = (=1)l°l [ v¢, for
all test functions ¢ € C*°(Q), with |o| = aq + aa + ... + a4 for the multi-index
a = (a1, ag,..., ag) with non-negative integer entries. In this space, the H*(Q)

seminorm is defined as

ulZg =Y |Dul?q, k=01,..m,
|ae|=k
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and the H™(£2) norm is given by

lullpg =D luliq-

k<m

Since the domain, €2, is generally fixed in what we consider, we typically drop it from
the norm subscript. For m = 1, we introduce the trace operator H'(Q2) — H'/2(02),
which is surjective and the norm of H'/2(9Q) is defined by

U = inf wly.

H H1/2,E)Q weH(Q), w=u on 00 || Hl
For m > 1 and 0 <¢ < m — 1, similar trace operators can be defined, but with com-
patibility conditions if the Lipschitz domain €2 has corners. For better understanding
of the compatibility conditions, see for example [74, Remark 1.1], where the case when

m = 2 is discussed.

The subspace H"(2) is defined as

i

0
we H™(Q) st 22 =0 on F,W:O,l,Z,...,m—l}.

e = o e _

Given that I' = 09, then H}g, () is the closure of C§°(€2) in H™(2), where C§°(2)
denotes the space of infinitely differentiable functions of compact support in €2. In
addition, if o € (0, 1), we define the space H™"7(2) as follows [77]

H™7(Q) = {u € H™(Q)] |ullmioa < 00},

where

2
2 2 (D%u(z) — D*u(y))

u mto — Uu m + // )

[ullZign = lullZg + > A P

|al=m

The vector-valued function space H(div; () is defined as

H(div; Q) = {7 | 7€ [L* (], V-7 € L*(Q)},
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with the norm

191G, = 10150 + 1V - 0ll5 -
The normal component 77 € H~/2(9Q), the dual space of H'/2(9Q2), with the norm

Lo <uv-n >
|07 -1/200 = sup ——.
u£0€ H1/2(09) [wll1/2,60

The subspace H{ (div; ) is given by
HY(div; Q) := {7 | v € H(div;Q), -7 =0 on I'}.
The vector-valued function space H (curl; 2) is defined as

H(curl; Q) := {17

ve LX) Vxie L2(Q)} ,
where in 2D, V X U = vg, — v14, and its norm is given by

10][ewn.a = lI71l50 + IV x 0[5 0-

The tangential component #x7 € [H~/2(9Q))3, for {d = 3}, and one can use the trace
results for H(div;2) to obtain results for H(curl; Q) in the 2D case. The subspace
H{ (curl; Q) has the form

H (curl; Q) := {7 | 7 € H(curl;Q), #x 7@ =0 on T}.

Remark 2.1.1. If ' = 99, it is common to write H[*($2), Hy(div;Q), Ho(curl; Q)
instead of Hp,(Q), HI(div;Q), HI%(curl; Q).
2.1.2 Finite-element spaces

Let Q@ C R? be a bounded, Lipschitz, and connected domain, and let {r,} be a
quasiuniform family of triangular meshes of Q, with 0 < h < 1. For T € 73, Pi(T) is
the space of multivariate polynomials of degree at most £ on 7. Then, the space of
continuous Lagrange elements CG(Q,7,) C H(Q), k > 1 is defined as

CGk(Q,Th) = {u S H1<Q), u|T € Pk(T), VT € Th} .
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Note that functions in this space are continuous across each edge of the triangulation.
The space of discontinuous Lagrange elements DG(Q2,7,) C L?(Q), k > 0 is defined
as

DG(Q,7) = {u € L*(Q), ulr € Pu(T), VT € 7} .

Unlike the continuous Lagrange elements, the degrees of freedom of discontinuous
Lagrange elements are considered to be internal. That is, functions in DG (2, 7,) do
not necessarily possess C° continuity across each edge in 7,. We also consider the

space of Crouzeix-Raviart elements of first order,
CRy = {u € L*(Q),ulr € P1(T), u is continuous at the midpoints of each edge € € €5 } .

Note that CG1(Q,1,) C CR(Q2,7,) C DG1(2,7,). We also consider the Raviart-
Thomas family, RT, (2, 7,) C H(div; ), k > 1, that is defined by

RTk(Q, Th) = {U € I’I(le7 Q), UT € [’Pkfl]d + ’Pk,1<T)f, VT € Th} .

The H (div)-conformity of Raviart-Thomas elements requires that normal components
of functions in RT}(€2, 7,) are continuous across element faces. We point out that,
while the lowest-order Raviart-Thomas element is sometimes denoted RTy (€2, 71,), we
follow the alternate notation (cf. [92]), where the lowest-order element is denoted
RT\(Q, 71,), with the property that RTy (2, 7,) C [DGr(2,7,)]%. Finally, we consider
subspaces that impose Dirichlet boundary conditions on I' C 02,

CGL(Q, 1) = CGL(, ) N HE(Q), RTE = RT(Q,m,) N Hy (div; Q)

and CR{(Q,Th) = {uh S CRl(Q,Th), up, = 0 on F} .

2.2 Variational Formulation of Elliptic Boundary

Value Problems

Definition 2.2.1. [35,41] Let V be a Hilbert space. The bilinear forma : V' xV — R

is said to be continuous if there exists a constant 0 < ¢; < oo such that

la(u, v)] < allullvfollv, Vu,v eV, (2.1)
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and coercive on V if there exists 0 < ¢y < 0o such that
a(u,u) > eol|ull}, Yu € V. (2.2)

Theorem 1. [35, /1] Assume that (H, (-,-)) is a Hilbert space, V is a closed suspace
of H, and a(-,-) is a continuous bilinear form. If a(-,-) is coercive on V, then the

problem
a(u,v) = L(v), Yv €V, (2.3)

has a unique solution for any continuous linear operator, L : V — R.

2.2.1 Conforming finite-elements methods

Definition 2.2.2. [41] Let Vj, C V be a finite-dimensional space. Consider (2.3)
restricted to V}, that is finding u; € V}, such that

a(up,v) = L(v), Yv €V, (2.4)

The solution wuy, is called the Ritz-Galerkin Approximation.

Theorem 2. [}1] Under the same conditions as Theorem 1, Problem (2.4) has a

unique solution.

Remark 2.2.1. [32,41) When a(-,-) is symmetric, the solution wuj, of Problem (2.4)

is a minimizer of the quadratic functional J(v) = $a(v,v) — L(v) over v € Vj,.

Example 1. Given f € L*(2), consider the minimization problem

1
inf — . — . 2.
UE}%(Q) <2/QVU Vv /va> (2.5)

The solution of this minimization problem can be characterized by: u € H(Q2) such
that

/Vu~Vv = / fv, Yve Hy(Q). (2.6)
0 0

u 18 the solution of the Poisson equation, —Au = f, with u = 0 on 0f), in the weak

sense.



16

Example 2. Given f € L*(Q), consider the solution characterized by: u;, € CGZ(Q, 1)
such that

/ Vuy, - Vo, = / fon, Y, € CGZ(Q,m), (2.7)
Q Q

This defines uy, as the Ritz-Galerkin approximation of the solution u in Ezample (1).

Lemma 1 (Céa’s Lemma [41]). Under assumptions of Theorem 1, if u and uy, are

the solutions of (2.3) and (2.4) respectively, then the following estimate holds,

C1 .
_ < = — .
v = unlly < = min flu = vlly, (2.8)

where ¢y is the continuity constant and cy is the coercivity constant of a.

Corollary 1. If u and uy are the solutions of (2.6) and (2.7) respectively, and u €
H*(Q), then, 3¢ > 0 such that

lu = unlly < eh*fulis. (2.9)

The benefit of applying conforming methods is, in general, that convergence is
guaranteed by straight-forward arguments. However, for higher-order PDEs, compli-
cated finite-element spaces are needed to ensure conformity. For example, to solve
fourth-order problems, the finite-element space should be a subspace of the Sobolev
space H?(€). This requires the use of Cl-continuous elements, which can only be
realized on simplices with a high number of degrees of freedom per element, requiring
multivariate polynomials of degree 2¢ + 1 for d-dimensional problems [52,141]. Con-
forming methods become even more complicated for PDEs with orders higher than
four, because of the complexity needed in the resulting finite element-spaces. Further-
more, strongly implementing essential boundary conditions becomes difficult using
such elements and, therefore, weakly imposing boundary conditions using penalty or

Nitsche-type methods becomes necessary.

2.2.2 Nonconforming finite-elements methods [13,123,126]

In nonconforming methods, the finite-dimensional space V}, used to define the Ritz-

Galerkin Approximation in Definition 2.2.2 is not required to be a subspace of V.
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Recall the variational form of the Laplace equation in Example 1, to find u € Hj(Q)
such that

a(u,v) = L(v), Vv € H}(Q),
where a(u,v) = [, Vu- Vo, and L(v) = [, fv. Let Vi, = CRI®(Q,m) € H(Q).
Multiplying the differential equation by a test function, v, € C’R‘?Q, and integrating

by parts over each triangle T gives

fo, = /Vu-Vv — /vVu-ﬁ.
Lron=3 [vevu-3 [ wvei

TeT, TeT,

This gives us the weak form ay(u,vy) = [, fon + En(u,vy), where

ap(u,vp) = Z / Vu-Vuy, Ep(u,v,) = Z/ v, Vu - iy,
T T

Ter, TeTy

where FEj(u,v,) quantifies how the exact solution fails to satisfy the finite-element
equations, defining a kind of consistency error. The nonconforming finite-element
method is to find u;, € C R (Q,7,) such that

ah(uh,vh)Z/QfUm

where the term Ej,(up,vp) is omitted from the weak form because it is O(h) as can
be seen in Inequality (2.10). Define the norm on C'R; (€2, 73)

lunll, = /TVuh - Vup, Yu, € CRy(Q, 7).

Ter,

Note that if |Jus||1,, = 0, then wy, is a piecewise constant. Since it is continuous at the
midpoint of each edge, it is globally constant, and since it vanishes at the midpoint of
each boundary edge, it vanishes altogether, showing that ||u|14 is, indeed, a norm on
CR:1(2,7,). The bilinear form ay(-,-) is continuous and coercive in the ||.||;, norm,
and given u € H?(2) N Hy(Q), Ik > 0 such that the consistency error satisfies

\E(u, )| < khulla|[vallins Yon € CRIASQ, ). (2.10)

Let u € H*(Q2) N Hy(2). For two adjacent elements, T; and T;, with e = T; N T}, we

have Vu-1; = —Vu-1;, where 7; and 7; are the outward normal vectors to 7T;Ne and
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T; Ne. Since a general function v, € CR%(Q,,) is only continuous at the midpoint

of e, E(u,v;) does not vanish. In contrast, if vy, is continuous at e, then

/UhVU'ﬁi—i-/UhVU'ﬁj—O.

In particular, E(u,v;) = 0 if v, € H'(2). With the above observations, we can prove

the following result.

Theorem 3. [123] Let u € H?(Q)) solve Poisson’s equation and u, € CRIQ, )
be the nonconforming finite-element approximation. Then, there exists positive con-

stants, ¢1, and cy, such that,

lu = upllin < arhllulle,  [lu—unllo < c2h?||ul]s.

While nonconforming elements often have simpler definitions than conforming
ones, many examples are low-order elements that, therefore, fail to give good ap-
proximations to sufficiently smooth solutions. Despite their simplicity, these elements
can be complex to implement, and their analysis requires analysis of the consistency
error, which sometimes implies suboptimal convergence when the consistency error
is larger than the interpolation error of the element. Well-known non-conforming
finite elements for second and fourth-order PDEs are Crouziex-Raviart and Morley
elements, respectively. We also point out that essential boundary conditions of second-
order problems can be strongly imposed by Crouziex-Raviart elements, but no known
method exists for implementing essential boundary conditions strongly using Morley

elements. Thus, Nitsche-type (or other) penalty methods are required.

2.2.3 Interior penalty methods [117]

Another family of methods that can be classified as nonconforming are the discon-
tinuous Galerkin (interior penalty) methods. Recalling the Laplace equation from
Example 1. At the discrete level, the discontinuous Galkerin weak form is to find
up € DGE(S2, 1,) such that

a,\(uh, Uh) = L(’Uh), Yu, € DGk(Q, Th), (211)
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where
ax(u,v,) = Z/Vuh-Vvh— Z {Vuyp, -} [op] + A Z {Vup, - 7t} [ug)
Ter, VT ceen\aQ € ceen\on €
+ £ Z [wn] [vr] + L
X Lunllon] + 55 | unvn,
e€ep\ON

L(vy) = /vah,

where [ is a positive number that depends on the problem dimension, d, and A €
{—1,0,1}. Note that a, is symmetric for A = —1 and nonsymmetric otherwise.
For two adjacent elements T; and T; with a common side, there are two traces of a
function in DGy (2, 7,) along e = T; N T;. We add/subtract these traces to obtain the

average/jump for a test function vy, defining

{on} = %(Uh\Tf) + %(UHT;% [ve] = (vnlre) — (vnlre)

When evaluating such terms for a normal flux, we assume that the normal vector 7,

is oriented outward from 7; to 7T} for ¢ < j when evaluting Vuy, - i,

Te-

Theorem 4. Let k > 1, u € H*(Q) be the solution of Example (1) and u; €
DG(2,,) be the solution of (2.11) with A = —1. For large enough p and 5(d—1) > 1,

we have the estimate
lu — upl|ip < Ch¥||ul|s,

where

While interior penalty methods are attractive, especially when generalized for high-
order PDEs, the penalty terms worsen the condition number of the linear systems
arising from these discretizations, which makes providing efficient preconditioners for

such systems more challenging.
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2.2.4 Saddle-point problems

Saddle-point problems arise in many areas of computational science and engineering.
Most importantly to us, they naturally arise in the context of mixed finite element
approximations of elliptic PDEs [29]. Let V and @ be Hilbert spaces, and given f € V'
and g € @)', where V' and " are the dual spaces of V' and () respectively, we consider
the saddle-point problem of finding (u,p) € V' x @ such that

a(u,v) + b(v,p) = (f,v)vxy, Yo eV

b(u,q) = (9,2)qxq, Vq € Q. (2.12)

Which also can be written as
Au+BTp=f, inV, (2.13)
Bu=g, in(Q@, (2.14)

where the linear operators A :V — V', AT .V =V B:V - @ and BT : Q — V'
satisfy the following

(AU7U)V’><V = (U, ATU)VXV’ = (I(U, U)a and (BU, q)Q’XQ = (U7 BTQ)VXV’ = b(“) q)

For symmetric bilinear form a, Problem (2.12) finds a minimizer for energy of a
physical system subject to a set of constraints. In this case, the variable p plays the
role of a Lagrange multiplier, and its computation is of interest especially in the mixed
finite-element context. Laplace problem, —Au = f with u = 0 on 9 and f € L?(Q),

can be seen as a system of first-order problems, writing
v—Vu=0, and V-0 =f,

Multiplying be the relevant test functions and integrating by parts, the mixed Poisson
problem finds (u,7) € L*(Q) x H(div; ) such that

/ﬁ-ﬁmv-qﬁ:o, Vi) € H(div; Q) (2.15)
Q

/qbV-ﬁ:/f(b, Vo € L*(9Q), (2.16)
Q Q
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the Lagrange multiplier u is very important, as it is the solution of Poisson’s equation.

More general forms of Saddle-point problems can be found in [29].

Theorem 5. [32] Let bilinear formsa: VxV — R andb: V xQ — R be continuous
forms. Assume also that the range of the operator B associated with b is closed in Q).

If a(-,-) is coercive on Ker(B) and there exists a positive constant ~y such that

b
sup (v,q)
vev |[v]lv

> 9llqlle, Vae@ (2.17)

then the pair (u,p) is a unique solution of Problem (2.12).

For approximation purposes, we choose V,, C V, @, C @ to be finite-dimensional
subspaces of V' and () respectively. Let the bilinear forms a and b be restricted to
Vi, X Vi, and Vj, X @y, then the pair (uy, pp) that solves

a(up,vp) +b(vn,pr) = (fivn), You € Vi, (2.18)
blun,qn) = (9:pn), Van € Q. (2.19)
is an approximation of problem (2.12).

Theorem 6. [/5] Let (u,p) and (upn,pp) be the solutions of (2.12) and (2.19) re-
spectively. If the assumptions of Theorem & are satisfied at the discrete level, then the

following error estimate holds,
u—u <¢ inf ||lu—wv + ¢ inf — , 2.20
| wllv < vaVhH nllv thQth anlle (2.20)

where ¢ < (%ﬁ”)(lﬂ'b”) and ¢ < % In addition,

[lal]

|‘b|| . .
— <14+ —=—] inf — +— inf |lu—v . 2.21
lp = pullq < ( ko qhthHP anllq by Uhe‘,hH nllv (2:21)

A better estimate is satisfied if Ker(By) C Ker(B), with

[lu—uplly < é inf ||u— vpl|v. (2.22)
v EVR

When solving a mixed finite-element approximation of an elliptic PDE, the pos-

itive definite linear systems that arise from conforming and nonconforming methods
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are replaced by saddle-point systems. Developing discrete spaces that inherit the
continuum inf-sup condition for each problem is difficult, and smart choices for the
spaces at the discrete level have to be made. In particular, if V}, is not rich enough,
the inf-sup condition (2.17) at the discrete level might not be satisfied, leading to
an unstable discretization. However, enriching V}, more than we should can lead to
suboptimal convergence rates because of the unbalanced approximation properties be-
tween the discrete spaces V}, and @);. The appropriate choice of such spaces in mixed

finite-element discretizations is a major theme in the remainder of this thesis.

2.3 Krylov subspace methods

This section is based on notes from [3,76,119]. Discretizing linear PDEs leads to
linear systems of the form Ax = b, and requires solutions of these systems to obtain
the finite-element approximation to the solution of the PDE. Gaussian elimination
(a direct method) is readily applicable for small matrices, but it is inefficient for
the huge matrices that arise from many PDE discretizations, because of its expensive
computational cost, O(n?®), where n is the matrix dimension. This cost can be reduced
for symmetric positive-definite or banded matrices, but is still very expensive for the
discretization matrices that arise from d-dimensional PDEs, for d € {2,3}. Therefore,
iterative methods are extensively used to solve linear systems of algebraic equations.
This section focuses on general Krylov subspace methods that will be used in the

following chapters.

Given an initial guess, xg, to © = A~!b, consider the general polynomial method,
defining zy, = x_1 + wr(b — Axy_q), for scalar weights wy. The vector zj, can also be

expressed as
k—1
T = Xg + Z CZAZ(b — A.’L’O),
i=0

where ¢;, i = 0,1, ...,k — 1, are constants determined by {wt}le.

Definition 2.3.1 (Krylov subspace). Given a vector ry and a matrix A, the Krylov

subspace of dimension m is

K (A, 1) = span {ro, Arg, A%rg, ...,Am’lro} )
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Note that x, — xzy € Kip(A,b — Azg). We note that K,,(A,ry) may not be m-
dimensional, for example if ry is an eigenvector of A or a linear combination of a
few eigenvectors. Since we consider the general case where 7y is assumed to be a
linear combination of many more than m < n eigenvectors, we still refer to this as

the Krylov space of dimension m.

There are several Krylov subspace methods that generate different approxima-
tions, xx, and one can choose the appropriate method depending on the properties
of the discretization matrix. For example, the General Minimum Residual (GMRES)
method is appropriate for general singular /nonsingular matrices, while the conjugate
gradient method can be used only for symmetric and positive-definite matrices. In the
next chapters, we will focus on GMRES with variable preconditioning (FGMRES). In

the next subsection, we present GMRES preliminaries.

2.3.1 General minimum residual (GMRES)

Within GMRES, we choose z; to minimize [|[b — Axyllo, over z € zo + Ki(A,ro),
where 79 = b — Azy. Defining the matrix P, = [rg, Arg, A%, ..., A¥"1r], the vector
T can be written as

Ty = o+ Peyr, yir € RY. (2.23)

Then, we can define x;, by solving the least-square problem for y,

min )||b—AackH0 = I%in||r0 — APykllo- (2.24)
k

T —20EKK(A,ro

The solution yy, of Problem (2.24) solves the normal equations
PIAT APy, = PFAr, (2.25)

Computational difficulties arise when solving (2.25) for y, due to ill-conditioning of
P AT AP,. Tnstead, the Arnoldi algorithm is usually used to construct an orthonormal

basis {q1, G2, ,qm} of (A, 1) [119, Algorithm 6.1] and one can prove that

Span{Qla Aq17 AQQl; ) Amilfh} = Span{Ql? 42,43, -, Qm}a (226)
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for any m > 1. Define Q,,, = [q1, g2, ..., ¢m], and the upper Hessenberg matrix H,,,

AQJ 1§]§m71§2§m1n<]7m>7
(), = HAq] L (H) | 1<i<mi=j+1

0 otherwise.

These definitions lead to the relation Ag; = > 7", R hi;jqi, for 1 < j < m, which can be
rewritten as AQ,, = AQOH. Thus, with ¢; = mro, GMRES uses the basis ), for

i instead of Py, i.e. we write x,, = x¢ + QrYyk, and solve the problem
H;in o — AQkyrllo = Hzlliﬂ 170 — Qi1 Hiyrllo = H;in 1Qk 170 — Hryrllo-  (227)
k k k
As the first column of Qr.q is ¢ =

Hm”ro, QF. ro = Beit!, where e} ™! is the first

column of the identity matrix of size £ + 1. Thus

min Hb—Akao = mmHBel€+1 Hiyillo- (2.28)

xk—xoelck (A 7”0
We solve this problem using the QR factorization of Hy, rather than the matrix itself,
writing Hy, = Uy Ry, for (k4 1) x (k+1) orthogonal matrix, Uy, and (k +1) x k upper

triangular matrix, Ry, giving

min Hb — Azgllo = IIllIl 1BUE ™ — Riyello- (2.29)

@k —20EKK(A,r0)
Note that the last component of Ry, must be zero, since Ry is upper triangular.
Thus, we pick yi, so that the first k& components of Ryy; match SUF eM 1 In this case,
miny, ||BUL ™ — Riyrllo = |mkr1], where m;.11 is the last component ofﬁ ULt The
GMRES algorlthm iterates until |71 is small enough to satisfy some given stopping
criteria. To reduce the cost of the QR factorization of Hy, which is O(k?), we take

advantage of the fact that Hj, has a nearly upper-triangular form. For example, the
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matrix H has the following structure

=
I

In order to generate R;, from Hj, we multiply by a sequence of rotations, where

FiFi F oy FYH =R

where [; and Iy are the identity matrices of size i — 1 and k — 1 — (i — 1), s; =
hisri/\)(R5)" + B2y, and ¢; = hi/\/(Re)" + h2.,,. Here, hj; and hiiy,; are the
(4,4)™ and (i + 1,7)*™™ components of FF ,FF, .. FFHy. At the i*h step, h;y; is the
same in Hy, and FF FF,--- FFH, as it is not updated yet. An important observation
to reduce the cost is that Ry, can be generated by augmenting FF¥, i = {1,2,..., k}.
That is, if

EFEF - FF =Ry, (2.30)

then Ff“ can be constructed by augmenting Ff, for j = {1,2,---,k} by the (k+1)™"
row and column of the identity matrix, applying these transformations to the (k+1)%
column of Hy; to generate the first k entries of the (k+ 1) column of Ry, . Finally,

we can compute F'/), giving

EEHEF B = Ry (2.31)

The cost of this is simply O(k+ 1), to apply the k& known rotations to the last column
of Hy,1, plus O(1) to compute and apply F ,frll to a vector. Since we have already

computed
BU; e = BFF, - - - Freft, (2.32)
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we only need to extend this by zero to apply F; ,fjfll at an O(1) cost, giving
BUL i = BEFHEF o Bl et t2. (2.33)

Thus, the total cost of m steps of GMRES is

(Z cink + cok + 03> + cym? 4 csnm,
k=1

Note that the total cost is O(m?n). In the next chapters, we mainly use preconditioned
Krylov subspace methods with multigrid preconditioners to efficiently approximate
the solutions arising from our finite-element discretizations. As we use monolithic-
multigrid preconditioners for the saddle-point systems arising from our discretizations,

we present an introduction to multigrid methods in the following section.

2.4 Multigrid methods

Consider two discretizations of the same problem, on a given “coarse” grid, and a
“fine” grid that is a uniform refinement of the coarse grid. Let h and H be the fine
and coarse grid discretization parameters, respectively, with H = 2h, and let % and
IH be the restriction and prolongation operators, between finite-element spaces on
these grids, respectively. To distinguish between discretizations on these two grids,
rewrite the fine-grid system Az = b as Apx, = by, with corresponding coarse-grid

system Agzy = by. The two-grid correction scheme [29,46] is as follows:

1. Relax v; times on A,z = by, (pre-relaxation),

2. Compute the fine-grid residual r, = b, — Axy,

3. Restrict the fine-grid residual rg = 1 ﬁ,rh,

4. Solve the system Ayey = ry using a direct method.
5. Correct the current approximation x; = xj, + I[fey,

6. Relax vy times on A,x), = by, (post-relaxation).
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Here, the choice of the relaxation scheme is critical to achieving an efficient method,
with simple schemes (such as weighted Jacobi) being sufficient for simple problems,

but more complicated relaxation schemes needed for more difficult problems.

A multigrid V-cycle is obtained by recursively applying the above procedure for
the solution of Agey = ry in Step 4. In the context of finite-element discretiza-
tions, we usually choose the restriction and the prolongation operators to be the the
natural finite-element operators, but other choices are possible. Similarly, there are
two common ways to get the coarse-grid matrix, Ay, either by directly discretiz-
ing on the coarse grid (known as rediscretization or the discretization coarse grid
approximation, DCGA), or the Galerkin coarse grid approximation (GCGA) where
Ag=1 I’;Ahl f . Note that GCGA is sometimes advantageous, as Ay can be computed
without knowledge of the underlying discretization (as is done in algebraic multigrid
(AMG) [46, 119, 129]), but also that both are equivalent in some applications (as
they often will be in this thesis. The choice of pre/post-relaxation algorithms usu-
ally depends on the matrix Ay, (or, equivalently, on the underlying PDE), and should
be chosen carefully as using the wrong relaxation can destroy the efficiency of the
algorithm. We point out that local Fourier analysis (LFA) can help choose proper

components of multigrid methods, and refer to [67,80] for details.

For symmetric and positive-definite matrices, simple relaxation schemes such as
the (weighted) Jacobi, Gauss-Seidel, and Richardson iterations can be used. For
the two-dimensional problem in Example 2, an efficient solution scheme is to use
the preconditioned conjugate gradient method with a multigrid preconditioner and
Jacobi relaxation. Rather than use of Jacobi relaxation, we use two steps of Chebyshev
iterations in the multigrid cycle on each level. Table 2.1 shows the number of iterations
required for convergence, defined as reducing the Fuclidean norm of the residual by a
relative factor of 10™® or until its value is below 10~%. Dirichlet boundary conditions
are enforced and a right-hand side function is chosen so that the exact solution is given
by e, = sin(2mx) cos(3my), enabling us to also check that the final approximation
is suitably accurate. We note that the number iterations to convergence recorded
in Table 2.1 shows no degradation with either decreasing mesh size, h, or increasing

polynomial order, k.

Simple relaxation schemes such as those applied in Table 2.1 do not work for

saddle-point problems, such as those described in Equation (2.18), simply because
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Table 2.1: Number of iterations to converge with preconditioned conjugate gradient and
multigrid preconditioner with Jacobi relaxation scheme for Poisson problem in Example 2
for u € CG(Q, 1)

6 o0r o8 o9
Order 2n 2t 272
k=1 T T 77
k=2 T7T 7T 7
k=3 8 8 8 8

the main diagonal of the discretization matrix has zero entries and, therefore, when
considering matrix splittings of A = D — L — U, where D is a diagonal matrix, L is a
strict lower-triangular matrix, and U is a strict upper-triangular matrix, the matrices
D and D — L are singular. Since this will be the case for many of the linear systems
in the chapters to follow, we now discuss how to choose relaxation for saddle-point

systems.

2.5 Monolithic-multigrid with Vanka relaxation

Block preconditioners have been extensively studied to approximate the solution of
saddle-point problems [29,59]. Here, however, we are interested in monolithic multi-
grid preconditioners; in contrast to block preconditioners, which define solvers for
approximations to the diagonal blocks of a linear system and/or appropriate Schur
complements, monolithic multigrid methods are directly applied to the coupled sys-
tems. As mentioned above, standard point-wise relaxation schemes, such as Jacobi
and Gauss-Seidel cannot be applied to such systems. Thus, several alternative re-
laxation schemes have been developed, including Braess-Sarazin schemes [36], Uzawa
relaxation [99], distributed relaxation methods [37], and Vanka relaxation which will
be of interest here. Vanka relaxation was first proposed by Vanka [130] as a relaxation
scheme for nonlinear multigrid for the marker-and-cell finite-difference discretization
of the Navier Stokes problem. The key to Vanka relaxation is the use of a “patch-
based” relaxation, or overlapping Schwarz iteration, where the problem degrees of
freedom are separated into a set of patches, and relaxation is performed by restricting
the problem residual to each patch, computing a correction over that patch, then

accumulating these corrections globally.
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AN

AN

Figure 2.1: Vanka-exclusive patch for the Taylor-Hood ([CG2]? x CGy) discretization of
the Stokes equations. A green disc represents a velocity vector (2 degrees of freedom), while
the black disc represents a single pressure degree of freedom.

MacLachlan and Oosterlee [98] observed that Vanka relaxation is naturally gen-
eralized to other saddle-point problems, arising from other discretizations and other
PDEs. In that framework, the key observation for saddle-point systems is that each
patch should contain all degrees of freedom in the linear system that are connected
to a single Lagrange multiplier degree of freedom. A standard example of this is for
the Taylor-Hood discretization of the Stokes problem [67,98], where the velocity, @
is discretized using vector C'Gy(€2, 75,) elements and the pressure is discretized using
CG1(92, 73,) elements. In this case, the degrees of freedom for pressure are located at
the vertices of the mesh; Figure 2.1 shows the subdomain construction around vertices

for this discretization.

Table 2.2 shows the efficiency of flexible GMRES with a monolithic-multigrid
preconditioner using Vanka relaxation for the Stokes problem. As choosing relax-
ation parameters is more complicated in the saddle-point setting, we use two GM-
RES iterations preconditioned by the Vanka iteration as the pre- and post-relaxation
scheme on each level. In later chapters, we primarily use the “vertex star” relaxation
scheme [12,68], which is similar to Vanka, but with patches constructed around each
vertex, 7, taking all degrees of freedom at vertex i itself, and on edges, faces, and
elements directly adjacent to vertex i. In the notation of [68], Vanka relaxation is

realized as the (partial) closure of these sets, relative to the grid topology.
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Table 2.2: Number of iterations of FGMRES, preconditioned by monolithic multigrid with
Vanka relaxation, for convergence of the Stokes problem, with (7, pn) € [CG2(2, 7)) x
CGI (Qa Th) :

W 6 07 o8 o9
Order 2 2 2

[CGo* x CGy |12 12 13 13




Chapter 3

Mixed Finite-element methods for

H? elliptic problems

Abstract!

Fourth-order differential equations play an important role in many applications in
science and engineering. In this paper, we present a three-field mixed finite-element
formulation for fourth-order problems, with a focus on the effective treatment of the
different boundary conditions that arise naturally in a variational formulation. Our
formulation is based on introducing the gradient of the solution as an explicit vari-
able, constrained using a Lagrange multiplier. The essential boundary conditions are
enforced weakly, using Nitsche’s method where required. As a result, the problem is
rewritten as a saddle-point system, requiring analysis of the resulting finite-element
discretization and the construction of optimal linear solvers. Here, we discuss the
analysis of the well-posedness and accuracy of the finite-element formulation. More-
over, we develop monolithic multigrid solvers for the resulting linear systems. Two
and three-dimensional numerical results are presented to demonstrate the accuracy of

the discretization and efficiency of the multigrid solvers proposed.

'This work is under revision as “Mixed finite-element methods for H? elliptic problems”, by
Patrick E. Farrell, Abdalaziz Hamdan, and Scott P. MacLachlan, for Computers & Mathematics
with Applications, 2022.
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3.1 Introduction

Fourth-order differential operators often appear in mathematical models of thin films
and plates [62,104, 112], and pose significant challenges in numerical simulation in
comparison to equations governed by more familiar second-order operators. A moti-
vating example arises from modeling equilibrium states of smectic A liquid crystals
(LCs), which correspond to minimizers of a given energy functional. For example, the
Pevnyi, Selinger, and Sluckin energy functional for smectic A liquid crystals is given
by [112]:

b K
E(u, i) = /Q gqf +qu’ + ;iu4 +B[VVu+ @i + IV 3D

where Q C R%, d € {2,3} is a bounded Lipschitz domain, a, b, ¢, B, and K are positive
real-valued constants determined by the experiment and material under consideration,
7 : Q — R?is a unit vector field called the director, and u : Q — R is the smectic
order parameter representing the density variation of the LC. This energy is to be
minimized subject to the constraint that - = 1 pointwise almost everywhere. When
enforcing this constraint with a Lagrange multiplier, the Euler-Lagrange equations
for (3.1) lead to a coupled system of PDEs, with a fourth-order operator applied to

u, a second-order operator acting on 7, and an algebraic constraint.

Motivated by such examples, several families of finite-element methods have been
developed to approximate solutions of PDEs with fourth-order terms. In this work,
we consider the minimization of a simplified form of the energy (3.1) with suitable

boundary conditions, given in variational form as

1
min - Av2+ch-Vv+cv2—/ v, 3.2

vEH?(Q) 2 /Q< ) 0 ! Qf (3:2)
with nonnegative constants ¢y and ¢;. While the variational formulation in (3.1) is
written in terms of the Hessian operator, here we consider the classical fourth-order
biharmonic (Laplacian squared) and will consider the Hessian problem (with appropri-
ate boundary conditions) in the following Chapters. Sufficiently smooth extremizers of

(3.2) must satisfy its Euler-Lagrange equations, which yield a fourth-order problem,

Ay — coAu + cru = f. (3.3)



33

We consider three-field mixed formulations for this fourth-order problem, with a par-
ticular focus on the treatment of the boundary conditions that arise naturally from
the transition from the variational to strong forms. These formulations introduce the
gradient of the solution as an explicit variable constrained using a Lagrange multi-
plier. Our approach is general in the sense that we are able to use elements of order
k, k+1, and k+ 1 for the solution, its gradient, and the Lagrange multiplier respec-
tively, where k£ can be as large as the smoothness of the solution allows. The existence
and uniqueness proofs are not complicated. A drawback here is that our formulation

provides suboptimal convergence for some boundary conditions, as discussed below.

If ¢ = ¢; = 0, then (3.2) represents the classical biharmonic equation. Many
different types of finite-element methods have been considered in this context. Con-
forming methods, in which the finite-dimensional space is a subspace of the Sobolev
space H?(Q), rely on the use of complicated basis functions. These require a high
number of degrees of freedom per element, especially in three dimensions. Moreover,
the elements are typically not affine equivalent; i.e. the basis functions cannot be
mapped to each element using a reference element in the standard way, and more
complicated approaches are needed [52,90,92]. In order to avoid the use of such C!
elements, other types of finite elements can be used, leading to nonconforming meth-
ods in which the finite-element space is not a subspace of H?(f2), such as Morley and
cubic Hermite elements [41,52,131]. These elements are also complex to implement
and require analysis of the consistency error, which sometimes implies suboptimal
convergence when the consistency error is larger than the interpolation error of the
element [132].

CY interior penalty (COIP) methods can also be used for fourth-order problems,
where the continuity of the function derivatives are weakly enforced using stabilization
terms on interior edges [18,40,42]. Brenner, Sung, and Zhang [42] solved the problem
A?u—V - (B(z)Vu) = f, where 3(z) is a nonnegative C'' function. Their approach is
to find u € CGr(Q, 1), k > 2, that satisfies the system

ah(uv ¢) + bh(u7 ¢) + vch(u, ¢) - <f7 ¢>7 VQS € CGk(Qa Th)’ (34)

where v > 0 is a penalty parameter, CGy(€2, 1) is the space of continuous Lagrange
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elements of degree k on a triangulation 75, of the domain €2, and

an(u, ¢) = TZ / (VVu: YV + B(x)Vu - V), (3.5)
o - SIS TR
ateo) = i [[52] [52] 0

where {%} and [ ] denote the standard average and jump on each edge. Here, 7,
is the set of cells in a mesh and ¢, is the set of edges. While COIP methods have
advantages, such as enabling the use of simple Lagrange elements and the ability to
use arbitrarily high-order elements [42], they also have some disadvantages. The weak
forms are more complicated than those used for classical conforming and nonconform-
ing methods. Moreover, the need for the penalty parameter is also a drawback, as it
is sometimes not trivial to decide how large this parameter must be to achieve sta-
bility, especially as parameters in the PDE are varied [108]. Similarly, discontinuous
Galerkin approaches can also be applied to this problem [19], augmenting the forms
in (3.4) to account for basis functions that do not enforce C° continuity across ele-
ments. These share the disadvantages of COIP methods, while requiring more degrees

of freedom than C° approaches.

Another attractive option to avoid using H?-conforming methods is mixed finite-
element methods, in which the gradient or the Laplacian of the solution are approxi-
mated in addition to the solution itself [24,25,27,51,52,97,102]. A natural classification
of such mixed finite-element methods is based on how many functions (fields) are di-
rectly approximated. Given clamped boundary conditions, where both v and Vu are
prescribed on the boundary, two functions are approximated in [51,52,102], both u
and either its gradient or its Laplacian. In [52], the biharmonic problem is rewritten
as a coupled system of Poisson equations, in which the unknown and its Laplacian are
both directly approximated. In [102], the 2D biharmonic problem is approximated by

minimizing
— Lo 1 - 2 2
J(u,9) = 5lIVUllo + 5 -lloo(@ = Vulllo = (fiw),  for 0 <e< el

where py is the orthogonal projection from [L?(£2)]? to the space of piecewise constant
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functions, and the functions u and v are approximated using bilinear elements on a
rectangular mesh. An error analysis of this method requires the solution to be at least
in H*™(Q) [87]. A similar approach solves the d-dimensional biharmonic problem,
replacing the L? projection onto piecewise constant functions with that onto the space

" component is independent of z; [51].

of multilinear vector-valued functions whose 7’
This approach requires less regularity on the solution, u € H*(f2), than was required

in [102]. These approaches only treat clamped boundary conditions.

A second class of mixed finite-element methods is that of four-field formulations,
in which u, Vu, V?u, and V - (V?u) are directly approximated. In [97], a mixed for-
mulation approximating these fields and its stability in Hg () x [H} (Q)]? X Lzym(Q) X
H~(div, Q) is discussed for 2 C R?, where L2, () is the space of 2 X 2 symmetric
tensors with components in L?(2), and H~!(div; ) is the dual space of Hy(rot, ) =
{1 € [L2(Q)]? | rot ¢ € L*(Q), ¥ -T'= 0 on 9}, where  is the unit tangent vector to
0. A similar approach with different function spaces is given in [27]. This approach,
focused on the discrete level, finds (up, Gh, Zn, ) € DGL(Q, 1) X [DG(, 1))* x
RT1(, 1) X RTp1(2,m) C LA(Q) x [L2(Q)]? x H(div,Q) x H(div;), where
Un, Gh, Zn, and &3, are approximations of u, Vu, V?u, and V - (V2u) respectively,
and y € H(div;(2)) means that each row of the tensor y belongs to H(div;€2). Here
DG(2,7,) and RT}y (€2, 7,) denote the discontinuous Lagrange and Raviart-Thomas
approximation spaces of order k on mesh 7, respectively, with RT (2, 7;,) denot-
ing tensor-valued functions with rows in RTy(2,7,). However, these four-field for-
mulations lead to discretizations with large numbers of degrees of freedom, posing

difficulties in the development of efficient linear solvers.

The third class of mixed finite-element methods is that of three-field formula-
tions [24]. The unknowns here are the function, its gradient, and a Lagrange mul-
tiplier. Assuming again homogeneous clamped boundary conditions, these lead to
finding the saddle-point (u, 7, @) € HJ(2) x Hy(div; ) x M of the Lagrangian func-

tional .
£((w9).8) = 519 -7l + [ & (7= V)~ [ fu (3.9
Q Q
where M = {d € Hy(div;Q) | V-a € HYQ)}. Here, Hy(div;Q) := {0 €
H(div; Q) | -7 = 0 on 0Q2}. At the discrete level, the method in [24] finds (up, Uy, dap) €
CG1(Q, ) X RT1(Q, 1) x DGy(2, 791,), where the Lagrange multiplier @y, is con-

structed in 7y, to guarantee well-posedness at the discrete level and to achieve an
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optimal error estimate. Again, this approach only treats clamped boundary condi-
tions, and requires the use of different meshes in the discretization. Moreover, it is
not mentioned if the discretization can be generalized to higher orders. Here, we pro-
pose a similar three-field formulation, but treating the generalized problem in (3.3)
with more general boundary conditions, and using different discretization spaces of
arbitrarily high degree. Unlike conforming methods, our approach works effectively
in both two and three dimensions. Finally, we point out that some methods merge
mixed and nonconforming methods [50, 82,95, 113] using the HHJ elements. These,

however, are restricted to 2D problems.

Strongly imposing essential boundary conditions with some finite-element basis
functions is difficult [90]. In addition, it can, sometimes, negatively affect properties of
the finite-element method, such as its stability and accuracy [86,88]. Weakly imposing
the boundary conditions via a penalty method [16,17] may help. An attractive family
of penalty methods are the Nitsche-type methods [109] for which optimal convergence
can be achieved. Applications of Nitsche’s method to second-order PDEs can be
found in [70, 86, 88]. Moreover, Nitsche-type penalty methods have been used to
impose essential boundary conditions for some discretizations of the biharmonic and
other fourth-order problems [28,60,90]. While we are able to impose a variety of
boundary conditions directly in our variational formulation, we utilize Nitsche-type
penalty methods for a particular case where strong enforcement of the boundary

conditions leads to problems establishing inf-sup stability of the discretization.

At the discrete level, the resulting linear system of our three-field formulation is a

)

where U represents discrete degrees of freedom associated with both v and v = Vu,

saddle point system [29], of the form

A BT
B 0

U

«

while « represents discrete degrees of freedom associated with @, leading to matrices
A e R™ B e R™" and the zero matrix 0 € R™*™. In our formulation, A will be
symmetric and positive semi-definite. This kind of problem appears in many areas
of computational science and engineering [29]. For discretized PDEs, the condition
number of such systems usually grows like h~* for & > 0, resulting in increasingly

ill-conditioned systems as the mesh size, h, goes to zero. This growth of the condition
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number leads to slow convergence of unpreconditioned Krylov methods. Therefore,
we employ preconditioning in order to develop a mesh-independent algorithm to solve
these systems. Two common families of preconditioners are block factorization [59,69,
105] and monolithic multigrid preconditioners [4,6,7,130]. In this work, we propose

an effective monolithic multigrid solver for the arising saddle-point systems [6, 7, 68].

This chapter is organized as follows. In Section 3.2, a brief summary is given
of the Sobolev and finite-element spaces employed. The weak forms, uniqueness of
solutions at the continuum and discrete levels, and an error analysis are presented in
Sections 3.3 and 3.4. The monolithic multigrid preconditioner and the details of the
linear solver are presented in Section 3.5. Finally, numerical experiments showing the
accuracy of the finite-element method and the effectiveness of the linear solver are

given in Section 3.6.

3.2 Background

Throughout this paper, we consider Q@ C R? d € {2,3} to be a bounded, Lips-
chitz, and connected domain. On a simplex T € 7,, all degrees of freedom of
the discontinuous Lagrange DG (€2, 75,) element are considered to be internal; i.e.,
no continuity is imposed by these elements [92]. In contrast, the continuous La-
grange CG(2,7,) elements possess full C° continuity across element edges. Here,
we primarily make use of DG(2,7,) approximations of functions in L?*(2). We
also consider the Raviart-Thomas RT} (€2, 7,) element, which is H(div)-conforming,
where the normal component is continuous across element faces, and RT}, ,(Q, 1) =
{V € RT}11(2,m,)|U- 71 =0o0n ' C 002}. A standard approximation result for these

elements is stated next.

Theorem 7. [32, 35, 92] Let I : H*'(Q) — DGL(Q,7), F : [HF(Q)4 —
RTw(Q,73,), and LY« [H*1(Q)]? — [CGR(2,m,)]¢ be the finite-element interpolation
operators. Then there exist constants ¢, ¢, and ¢, such that for any u € H**1(Q) and
7 e [HE(O)],

lu — IFulo < R ulpgr, Yk >0, (3.9)
17— I3 0]lase < ch® (U] + |T]k41) , VK >0, (3.10)
|7 — LEv||y < éh¥|0)kyr, Yk > 0. (3.11)
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An important property of our discretization is that it benefits from the usual
mimetic relationships between RTy.1(€2, 7,) and DGy (2, 7,), summarized in the fol-

lowing results.

Lemma 2. [12,15] Assume Q is simply-connected, and is convex if d = 3. Then the
Helmholtz decomposition of RTy1(S2, 1) is

RTk_H(Q,Th) = (V X Vh> D (gradh DGk(Q,Th)), (312)
where grad,, : DGr(Q, 1,) = RT}41(2,11,) is the discrete gradient operator, defined by

/gradhu'ﬁz—/uv'ﬁ, VU € RTy41(Q2, 7).
Q Q

%)

Ford=2,Vx = [ aay] and Vi, = CG1(Q, 1), while Vi, = N (Q,7,) for d = 3,

EX
where N}, (Q,m,) is the Nédélec element of the first kind of order k + 1.

Remark 3.2.1. The main idea of relating the spaces in Lemma 2 is that the following

sequences are exact in 2D and 3D respectively.
0 = CGhi1 () 5 RTp1 (2, m) > DGR(Q, 1) — 0,
and
0= CGrp () 2 NL (7)) 25 RTpir (2,m) > DGL(2,73) — 0.
Remark 3.2.2. [32,92] V¥ € RT}41(S2,71,), we have V - & € DGE(2, 11,).

While we largely make use of the standard Sobolev norms, we will also use the

“strengthened” norm,
1lG.r = I9llase + PNV - Tllor + 5119 o (3.13)

where I' C 99 (to be specified later), and

|72y = / 5P, (Va2 = / v
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For these norms, the inverse trace inequality below is a useful result.

Theorem 8. [117,134] Let T € 1, be a d-simplex of @ C R?, d € {2,3}. Then, for

all w € DG(T),
2 (k+1)(k+d) Vol((?T)HuH2
0,0T = d VOl(T) 0,7

(3.14)

where ||ul|§ op is defined as ||ull§ 5r = [ u?, and Vol(-) is the Lebesgue measure.

Corollary 2. Consider a triangulation 1, of the domain Q C R?, and let 01, =
{T e | 0T NI # @}. Then,

Vuy, € DGR(Q, 1), lunllh a0 < v1(k, 7) [|unlld
Vuy, € RTk-H(Qa Th)a Hﬁh ’ ﬁ”(z),aﬂ < 71(k + 17771)“17”'37

where (k+ 1)(k +d) Vol(dT)
+ + 0
"k, 7h) = max d Vol(T) '

(3.15)

While the ratio between Vol(9T') and Vol(T') can be arbitrarily large, vi(k, 73)
is readily bounded when we consider quasiuniform families of meshes [41, Definition
4.4.13], where Vol(9T') of each d-simplex T is bounded above by O(h?~1) and Vol(T')
is bounded below by O(h?). This naturally leads to an approximation property for
the trace norm. These results will be useful in the analysis of the Nitsche boundary
integrals. We note that Lemma 4 adds an important restriction, that 2 be polygonal
or polyhedral, in order for the error estimate given there to hold. This is required
only in Theorem 11 below; for the remainder of the analysis in Section 3.4, we only

require that €2 is a bounded, Lipschitz, and connected domain.

Corollary 3. Let {m,}, 0 < h <1 be a family of quasiuniform meshes of the domain
Q CRY, de{2,3}. Then, there exists Cq > 0 such that for any 7, in the family,

k
Vun € DG ), Il an < 2 2
- h

N

Vi, € RT3y (0, 7), 105 - 715 00 pAlr

where

Y1 (k) = Ca(k + 1)(k +d) > h max (k + 1)Elk \%/—Ocli()T;/ol(ﬁT)7

(3.16)
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for all ,. The constant Cgq is determined by the dimension, d, and the quasiuniformity

parameter for the family.

Lemma 3. Let {1,}, 0 < h <1 be a family of quasiuniform meshes of the domain
QCRY de {23}, and 7 € [Hk+2(§2)]d. Then, there exists a constant, my, such that

| (7 — 1 +5) < mahFY2 |0

) Hoaﬂ

where H];”LH 18 the natural Raviart-Thomas interpolation operator.
Proof. Applying the triangle inequality yields
(7= TE19) Tl < 17— E5710) - Tl + 1| (E5715 = TE5919) - o,

where Li*! is the CGy(€2,7;) interpolation operator. Note that the vector-valued
function 7 — L¥™¢ € [H'(Q)]¢, and therefore, we use the trace theorem [77, Theorem
1.5.1.10],

(& = Ly0) - fillosn < K| — Ly ]y,

where K is a positive constant independent of h. Also, L’“Jrl U Hk“v € Ry o(mh, ).
Applying Theorem 7 and Corollary 3,
(7 - 11,)

1i]] o 00 SKNNT — Ly 0ll + [ L30 — T |o,00

k+2
SKéhk+1|mk+2 + %HLIFA_’ Hk+1UH0
R . k—+2 L .
SKchk+1|U|k+2 4 % (HLerl HO + HU . Hk+1 || )
k+2
<K EhF 5 pe + %(c + &)Uy 0

where the constants 71, ¢, and ¢ are defined in Theorem 7 and Corollary 3. The choice
my = Ké+ (c+ ¢)y/7(k + 2) completes the proof. O

Lemma 4. Let Q C R%, d € {2,3} be a bounded polygonal or polyhedral domain with
Lipschitz boundary, {1}, 0 < h < 1 be a family of quasiuniform meshes of 0, and
7€ [H*2(Q))4, with 1 < k < 2% Then, there exists a positive constant, ms, such
that

|V - (v HZHU)”W < moh® U] t2-
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where Hzﬂ s the Raviart-Thomas interpolation operator defined in Theorem 7.

Proof. Define the finite-element spaces [ARGaa 1(2,7,)]7 C [H*(Q)]?, where
ARG5(Q2, 71,) is the well-known Argyris elements for d = 2 [52], and ARGy(£2,73)
is the finite-element space with continuously differentiable functions of three variables

defined in [141]. Standard interpolation results give an operator, 7, : [H*2(Q)]¢ —
[ARG4,1(Q, 73,)]? such that

|17 — 70|y < mgh™ | T]iga, |0 — mhT]l2 < mah®|T]hss. (3.17)
Using the triangle inequality yields
IV - (& = ;71 0) lon < IV - (7 = m0)|lon + ||V - (0 — I;7'0) o
As V- (T — mp0) € HY(2), we apply [77, Theorem 1.5.1.10]. That is,
IV - (& = m0)llon < ms||V - (7= my) |1 < ms |0 — mdll2 < meh®[t]isa.  (3.18)

On the other hand, V-(m,—I}%) € DG54(€, 7,), and we therefore apply Corollary 3
to yield

)

. » 24 . »
19 (= 5 Dl < Y2EN9 - (s - 1150

d
< Y2EL (19 (= o+ - - 1))

mr 71(2d>

Vh

Finally, combining (3.17)—(3.19) leads to the desired estimate. O

< sty (3.19)

Remark 3.2.3. Lemma 4 can be generalized for any £ > 1 by using higher-order
continuously differentiable elements as intermediate elements. We refer to [92, 122]

for higher-order Argyis-like elements in 2D, and [141] for the 3D case.
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3.3 Continuum Analysis

Consider the fourth-order problem (3.3) with suitable boundary conditions (discussed
below),
A%y — c)Au+ciu=f in Q, (3.20)

where Q0 C RY d € {2,3} is a bounded, Lipschitz, and connected domain with
outward pointing normal 77, and ¢y and ¢; are nonnegative constants. Define V' =
{ve H (Q) | Av € L*(2)} with dual space V*, and assume that f € V*. Multiplying
by a test function, v € V, integration by parts yields

/ AulAv+coVu-Vo+ciuv+ /
Q

v(VAu—cyVu)-i— /
o)

AuVU-ﬁ:/fv. (3.21)
Ge) Q

Since (3.20) is a fourth-order problem, we require two boundary conditions on
any segment of 9). Here, we focus on the boundary conditions that arise from the

integration by parts (3.21):

u=0, Au=0, on Iy, (3.22)
ou

u =0, o 0, on Iy, (3.23)

Au —
ANBu—u) _y Ay=0, onl, (3.24)

on

O(Au — cou) ou

mm =0, =0, only, (3.25)

Note that we consider homogeneous boundary conditions here, but the results hold
true for nonhomogeneous boundary conditions if the traces of these quantities are
smooth enough on 0f2, using standard techniques (cf. [74]) to transform the inho-
mogeneous boundary conditions (3.22)-(3.25) into homogeneous ones. We note that
the commonly-considered case of clamped boundary conditions corresponds to I'; in
this classification. In contrast, Iy differs from the classical ”simply supported” plate
boundary conditions, although is equivalent since the tangential derivative of v along
[y is equal to zero [41, Section 5.9]. Furthermore, writing 0Q2 = ® U (U,I';), where
each I'; is open, and ® = U, (I_’i N I_’j), we assume that @ provides a piecewise C1
dissection of 9 [75, Definition 2.2]. Roughly speaking, this requires that ® is the

union of closed curves that are piecewise C'' [81]. Under suitable assumptions on
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co and ¢y, we can prove a variety of results on the well-posedness of the resulting

variational problems in the standard Hilbert space setting.

Lemma 5. Equip V with the inner product
(u,v)y = / uwv 4+ Vu - Vo + AuAv.
Q

The normed space (V,||.||v) is a Hilbert space.

Defining Vo ={v € V [v=00nToUTl; and 2 = 0 on I'y UT'3}, we first consider
the H?2-conforming weak form of (3.20), requiring u € V; such that

a(u,v) = / fv, Yv e, (3.26)
Q
where the bilinear form « is defined as

a(u,v) = / AulAv + ¢oVu - Vo + cruw. (3.27)
Q

Using standard tools, it is straightforward to show that the weak form in (3.26)
is well-posed (i.e., that a(u,v) is coercive and continuous on Vp) when cq,¢; > 0,
for any choice of boundary conditions. This can be extended to cover the case of
co = 0 if I'y = (), using the remaining boundary conditions to show that there is a
constant, C, such that ||Vul[zd < C (|lul]2 + [|Aul|2). If ¢; = 0 for ¢g > 0, then well-
posedness requires that [gUT'; # ), in order to be able to apply the standard Poincaré
inequality. If both ¢y = ¢; = 0, then both To UT; # () and I'y = () are required to

show well-posedness.

Remark 3.3.1. Assume that 'y UT; # () and 'y is empty. While the constants
¢o and ¢; in (3.20) are assumed to be nonnegative throughout this manuscript, we
point out that well-posedness of (3.26) can be proved for negative values of ¢ and ¢y,
with |co| + |c1| sufficiently small and depending on the Poincaré inequality constant

p; where [[uflf < p[|Vul3.

Remark 3.3.2. When 02 = I'y (the analogous case to full Neumann boundary
conditions), if ¢y = 0, then a(u,v) is not coercive on V5 = V. We illustrate this by
considering the harmonic function v = e " cos(ky), for which a(v,v) = ¢|]v|2 =
O(k™2). On the other hand, ||[v|? = O(k™2) + O(1). Thus, as k gets larger, the
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implied bound on the coercivity constant goes to zero. Thus, in what follows, ¢ is
restricted to be positive if I'y C 0S2.

We now turn our attention to the mixed formulation at the continuum level. Let-
ting ¥ = Vu and @ = VV - U — ¢y, (3.20) is equivalent to the following system of
first- and second-order PDEs.

V-a+cau=f, (3.28)
a—VV . U4t =0, (3.29)
7— Vu=0. (3.30)

Considering the relevant spaces and applying the boundary conditions given in (3.22)-
(3.25), the weak form of (3.28)-(3.30) is to find the triple

(u,7,d) € L*(Q) x Hy "3 (div; Q) x Hy2""*(div; Q) such that

/V~&q§+clu¢ = /fq5, (3.31)
Q Q
/&-J—FV-UV-J—FCO/E-QE = 0, (3.32)
Q Q

/QE-QH/QW-E = 0, (3.33)

V(p,, B) € L2(Q) x HL 1Y (div; Q) x HE2UT3(div; ), where, for I C 99,
H; (div; Q) = {v € H(div;Q) | -7 =0onI'}.
We note that this formulation strongly imposes Dirichlet boundary conditions on o

and «, but weakly imposes those on u and Auw.

This weak form is equivalent to the saddle-point problem of finding (u, v, d) €
L2(Q) x Hy " s (div; Q) x Hp2""*(div; Q) such that

a((u,7), (6,9)) +b((¢,4),d) = F(9), (3.34)
b((u, ), 5) = 0, (3.35)

-,

V(p, 9, B) € L2(Q) x HIYTs(div; Q) x HE2U3(div; ), where the linear and bilinear
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forms a, b, and F are given by

a((u,ﬁ),(¢,g[7)) = CO/QU'J+/QV'17V'@Z+01/QU¢, (3.36)
b((u,0),B) = /Qﬂmuv-ﬁ, (3.37)
F(o) = /chb- (3.38)

As noted above, the boundary conditions imposed can have significant effects on the
well-posedness of the problem. In particular, we now show that the mixed-formulation
is well-posed under combinations of assumptions on ¢g, ¢, and the boundary condi-

tions.

Theorem 9. Let 02 =Ty UT's. The saddle-point problem (3.34)-(3.35) has a unique

solution for any co > 0 and ¢y > 0, and for ¢c; > 0 if ['y is nonempty.
Proof. We verify the standard Brezzi conditions for well-posedness [32]. Continuity of
a, b, and F in the product norm on L*(Q) x H(div; Q) x H(div; ) is straightforward.

We next show that the bilinear form a((u, 9), (¢, 1/7)) is coercive on the set
n = {(u,¥) € L*(Q) x Hy*(div; Q) | b((u, ¥),&) =0, Va € Hy*(div;Q)}.

Since the boundary conditions for ¢ and & are identical on I'gUTI'3, the kernel condition
implies that b((u, ), ¥) = 0 for any (u, ¥) in n, which implies that ||7]|3 = — [, uV-7 <
3 ([ullg + IV - 713). Then

S , . 1 . 2 .
a((u, 9), (u, 9)) = collll5 + 3 (IV - 75 + e llulls) + 5 (1V - 5 + eallullc)

2min{l,¢1}, o 2min{l, ¢}
3 171G + 3

(191G + Illl5)

> col|9l5 + (I - 95 + [lullc)

S 2min{l,c;}
- 3
where [|73, = (171§ + IV - 7|5

If Ty is nonempty and ¢; = 0, then for a given (u,?), we choose & = pt' + &,

where p is a positive constant to be specified below, and @&, is the solution of the
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standard mixed Poisson problem,

/5V-o7m = /ua, Vo € L*(Q), (3.39)
Q Q

/&m-5+¢v-ﬁ = 0, V3 e H*Q;div), (3.40)
Q

which is well-posed with ||@,,[|2,, + [|®||2 < Aljul|2, where A is a positive constant that
depends on the coercivity and continuity constants and the inf-sup conditions for the
mixed Poisson problem [32,106]. Moreover, the choice of 6 = u in Equation (3.39)

implies that ||ul|§ = [, uV - &,. Thus, for every (u,v) € n, we have
b(w ), = g+l + [ @54 [ uv 50,
Q Q

Rearranging terms and using the Cauchy-Schwarz and Young’s inequalities, we get

1% 2,u k?l - 1 2 kQA 5 5
& (3l + 5209 - a18) + 5 (bl + S5 0018 ) 2 el +

for arbitrary k; > 0, ky > 0, which can be further rearranged to yield
kl o k’gA o /112 1
vz (w22 ) 1+ (1 - )

Choosing sufficiently large constants k; and g and sufficiently small ko results in the
coercivity condition that a ((u,?), (u,v)) = [|V - 9|2 > K (||v]|3, + ||ul|3), for some

constant K > 0.

Finally, we establish the necessary inf-sup condition, that

b((u. 7). & 1
(1. 9). 9) &, V& € H (div; Q)

sup — > —
(u,7)€L2(Q) x Hy 3 (div;Q) V [ullg + 19113, V2

— —

The choice u = V - a, v = @ completes the proof, noting this is compatible with
00 = Ty U T3, since u € L*(Q), without an essential boundary condition strongly

imposed on it. O]

Corollary 4. Let 0Q =Ty Uy UT's. The saddle-point problem (3.34)-(3.35) has a

unique solution for any co > 0 and ¢, > 0.
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Proof. Under these assumptions, the bilinear form a is coercive for (u, ) € L*(Q) x
Hy*(div; Q) since

a ((u,9), (u, ) = coll#llg + IV - 7llg + 1 ]|ullg = min {1, co, e1} (191G + [|ull5) -

Moreover, the inf-sup condition,

b((u ), )
sup —
(u,7)EL2(Q) x HE3 (div;Q) V Jullg + 10115, — \/_

— —

is readily shown by choosing u = V - @, ¥ = @, noting that this is allowable because
a € Hy? " (div; Q) € Hy*(div;Q), and V - & € L*(Q). O

@ lai, Ya € Hy2 " (div; Q),

Solving (3.34)—(3.35) when essential boundary conditions on ¢ are strongly im-
posed while @ is free on the boundary, i.e. 92 = I'y, leads to difficulties in proving
the inf-sup condition. This difficulty can easily be understood from the proof of the
inf-sup condition in Theorem 9, in which we take v = @ to provide a concrete bound
on the supremum. In this setting, we are able to prove uniqueness of the solution to

the continuum mixed form of the problem under suitable regularity assumptions.

Corollary 5. Let 002 = Ty UT'y UT's and u solve (3.26). The pair (u,v) that solves
the saddle-point problem (3.34)-(3.35) is unique for any ¢y > 0 and ¢; > 0 with
(u,v) = (u, V). Moreover, @ is unique if u € H'(Q), t > 4.

Proof. As in the proof of Theorem 9, the bilinear form a is coercive on the set
n={(u,¥) € L*(Q) x Hy*""*(div; Q) | b((u,v),d) =0, V& € Hy*(div;Q)}.

Therefore, the pair (u, ¥) is uniquely determined [45, Remark 1.1]. As (@, Vu) solves
(3.35) for every 3, uniqueness of (u, #) implies that (u,7) = (@, Va). If, additionally,
u=ue H(Q), t >4, then we choose (¢,1) = (0,Q (& — VAu + ¢oVu)) in (3.34),
for any Q € C'3(Q2) N H(Q) that is positive in 2. Note that V€ Hy 'Y (div; Q)
since u € H'(Q) for t > 4. Integration by parts on (3.34) then yields

/ Q (d — VAu+ cgVu) - (@ — VAu + ¢gVu) = 0.
0

As Q (@ — VAu+ ¢oVu) - (@ — VAu + ¢yVu) is non-negative in €2, this implies that
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a = VAu — cpVu. O

Remark 3.3.3. In the case d = 2, we can write 9 = {Uf\/lllF’} U {Ui]\izlfi}, where

I = (z,a;z +b;) for 20 < z < x}, and T = (c;y + d;, ) for y° < y < y!, with M; and

M, positive integers. The function @ in Corollary (5) can be chosen as
Q= Hﬁﬁ (y — aix — bi)2 Hi]\izl (x —cy — di)2 ’

with Q@ € C'3(Q) N H}(Q) and Q positive in the interior of Q. Similarly, @ can
be constructed when d = 3 by writing the boundary faces of €2 in sets that can be

parametrized as planes in each pair of two Cartesian coordinates.

3.4 Discrete Analysis

For what follows, we consider a conforming discretization of the mixed form, with
(uh, Uh, O_Zh) S DGk(Q, Th) X RTISjl(Qv Th) X RTij&JFS (Q, Th),

for k > 0, where RT,(Q,7,) = {th € RTj41(Q,7) | U -7 = 0 on I'}, noting that
DG, 7)) € L*(Q) and RT,(Q,7,) C Hi(div; Q). We examine the problem of
finding (u, v, d) € DGg(2, ,) X RT,{jl(Q,Th) x RT2Y"3(Q, 73,) such that

a((uha gh)v <¢ha Jh)) + b((¢ha Jh)a O_Zh) = F(¢h), (3.41)
b((un, B, Bn) = 0, (3.42)

‘v’(gbh,z;h,gh) € DGr(Q,m,) X RTEjl(Q,Th) X Rngng’(Q,Th), where a, b and F are
defined in (3.36)-(3.38). Boundary conditions on I'y will be enforced with Nitsche’s

method. As in the continuum case, taking 0€2 = I'gUI's is the easiest case to consider.

Corollary 6. Let 02 =ToUTIs, ¢g > 0,¢1 > 0, and ¢ > 0 if Iy is nonempty. Let
{m}, 0 < h <1 be a quasiuniform family of triangular meshes of Q2. Then problem
(3.41)-(3.42) has a unique solution for any 1, in the family.

Proof. Coercivity of the bilinear form a((u, @), (¢, Jh)) on the set

{(uh,ﬁh) S DGk(Q,Th) X RT,L:H(Q,T}L) | b((uh,ﬁh),o?h) = O, Va e RT]L&:I(Q,T}L)},
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and the inf-sup condition of the form

b((u 717 70_2 1.
((un, ), @) || laiv, Va5 € RTE(Q,7),

sup = >
() \/HuhHg + thHiiv 2

— T
(uh 7Uh)eDGk (QvTh) X RTk;_El

can be proven exactly as in the continuum. Note that this is compatible with the
finite-element spaces. For example, when ¢; > 0, we can choose ), = v, € Rngl(Th)
in the kernel condition within the coercivity proof, and v}, = @, € RT, ,CF 21(mn) and
up, = V - a in the proof of the inf-sup condition. Such a wy is in DG(Q2, 1) by
Remark 3.2.2. O

Corollary 7. Let the assumptions of Corollary 6 hold, and let
(u,0,d) € H*H(Q) x [H*(Q)]" x [H*(Q)]*
be the solution of (3.34)-(3.35). Let
(un, T, @) € DGR(Q,73) x RT3 (2, 73) x RT2(Q,7)

be the solution of (3.41)-(3.42). Then, there exist constants my and my such that

1/2
1, ) = (a0 o < gk (|u|z+1 00 + 10 + G0 + |&|z+2) ,

(3.43)

1/2
1@ — apllaiy < mohFH! (IM%H + IU!iH + |17|i+2 + |07’i+1 + |07|i+2> :

(3.44)

Proof. Because this is a conforming discretization, standard approximation theory for
mixed finite elements (e.g. [32]) yields optimal approximation results in the product

norm, || (un, ) 115 aiv = lunlls + 1h ]G 0

Corollary 8. Problem (3.41)-(3.42), with 0Q = I'c UT'y UT's, has a unique solution
for co,cy > 0. If, further,

(u,7,6) € HH(Q) x [HF2(Q)] x [H2(Q))
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is the solution of (3.34)-(3.35) and
(un, Oy, @) € DGR(Q2,73) x RT3 (Q,7) x RT3 ()

is the solution of (3.41)-(3.42), then the error bounds in (3.43)—(3.44) also hold for

this case.

Proof. The proof follows exactly as those of Corollaries 4 and 7. The bilinear form
a is coercive for every pair (uy, ) € DG(Q,73) x RT},2,(Q,7;). The finite-element
approximation spaces allow the choice u;, = V - @, and v, = a, for the inf-sup
condition. As this is a conforming discretization, standard theory yields optimal

approximation results. O

As in the continuum case, solving (3.41)—(3.42) when essential boundary conditions
on v are strongly imposed while & is free on the boundary leads to difficulties in proving
the inf-sup condition. When 0€) = I'y, we cannot follow the proof technique used in
Theorem 9 and Corollary 4, since ¥ must satisfy the prescribed BC while & is free on
the boundary. In this case, the inf-sup condition has the form of finding ¢ > 0 such
that

I — sup fg&h~ﬁh+f9uv-&h

(uh,ﬁh)eDGk(Q,rh)xRTlfil(Q,Th) \/HuhH% + th||c2iiv

> ¢||@nllaiv, Van € RT41(82, 7).

To understand the challenge, we consider a simply-connected domain €2. Then the

two-dimensional discrete Helmholtz decomposition from Lemma 2,
RTk+1 (Q, Th) = (V X CGkJrl(Q, Th)> ) <gradh DGk(Q, Th)> .

For any dj, = grad,, z where z € DG(S, 73,), then the choice v, = 0 and u, = V-d—=z

satisfies the inf-sup condition, as

I sup fQuhV~62h > ||V~62h|](2)—fgzv- (grad,, z)
un#0eDGr () Nunllo IV - dinllo + |2[lo

I - @R + || grad 23

~ V- aillo + ¢l grad,, z (o

> ¢(IV - @nllo + lldnllo) ,
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where the discrete Poincaré inequality [14], ||z|lo0 < ¢|lgrad,, z||o, is used here. In
contrast, for @, € V x CGg11(2, 7,), we cannot establish a uniform inf-sup condition.
As a simple example, take Q = (0,1)?, with 992 = T';, and consider & = 0, so
ay € RT1(Q,1,). Consider a mesh such that one triangle has vertices (0,0), (h,0),

and (0, h). Take @, to be nonzero only in this triangle, with value

- Tty 1 (-1
=V 1— = —
ap, X ( h ) h [ 1
Clearly, V - @, = 0. Moreover, for any choice of v, € RT(, 7,) with %, - 7 = 0 on
0 and uy, € DGy(R2, 71,), we have fQ ay, - U, + fQ uV - @, = 0, which results in a zero

(3.45)

inf-sup constant. Numerical experiments (not reported here) suggest that restricting
the mesh so that no element has 3 vertices on the boundary yields an O(h) inf-sup

constant.

We next show that weakly implementing the essential boundary condition on o
yields a discretization with O(1) continuity and coercivity constants and O(h) inf-
sup constant, without any mesh restrictions but in a modified norm. This is slightly
disadvantageous, because the error estimate loses some convergence due to both the
sub-optimal inf-sup constant and the error analysis in the modified norm; however,
we view the lack of restrictions on the mesh construction to be preferable to possible
further results in the direction considered above. To weakly impose the boundary
condition, we will make use of a Nitsche-type penalty method. These approaches
are based on adding three terms to the weak form, which are commonly denoted as
the consistency, stability, and symmetry terms [86,109]. Consider the case where
90 =Ty UT; UT3, and modify the bilinear form a((u, v), (¢, J)) from (3.36), to be

a((un, Bn), (60, ¥n))+ b((n, wh>,&h)= F(¢n), (3.46)
((Uh,vh),gh) (3.47)

Y (dn, s Br) € DGR(Q, ) x RTL2 (Q, 1) x RTE (2, 73,), where,

d((uh,ﬁh), (¢ha7/7h)) Za((uh,ﬁh), (¢ha7/7h)) - /r VO -1

- A
—/ V'@bhﬁh'ﬁ—i——/ Uhﬁl/}hﬁ (348)
Fl h l_‘1
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Here, we impose the condition that o}, -7 = 0 on I'; directly by adding % fFl ﬁh~ﬁ1/7h-ﬁ
to a as defined in (3.36) for penalty parameter A > 0. Consistent with the boundary
condition, we add — fFl V- Jh Up, - 1. to the bilinear form. For symmetry, we add the
term — fFl Vv, Jh -7 to the bilinear form. With these Nitsche terms, we now prove
well-posedness of the weak form, but using a modified norm for #,, defined in (3.13),

which we recall here:

— — — 1 — —
190 lldr, = N lla + 21V - allo.r, + 318 - 7llG r,.

Theorem 10. Let Q C R d € {2,3}, with 00 =ToUT U3, Let {m,}, 0 < h <1,
be a quasiuniform family of meshes of ), and let X\ > 0 be given. For sufficiently large
A, the weak form in (3.46)—(3.47) has a unique solution for co > 0, ¢; > 0, and for
c1 =0 1if TgUT'y is nonempty.

Proof. As above, the existence and uniqueness of solutions follows from standard
theory. We first show that the bilinear form a((us, ), (¢n, ﬁh)) is coercive for any

pair (up, U,) € np, where

Nh :{(uh,ﬁh) - DGk(Q,Th) X RTEjl(Q,ThN
b((uh, Uh), &h) =0, V&h c RT,fjl(Q, Th)}.

Since the strongly imposed boundary conditions for ¢ and @ are identical, the kernel
condition implies that b((uh,ﬁh),ﬁh) = 0 for any pair (up,v) € n,. Thus, any pair
(up, U) € np should satisty [|0]13 = — [yunV - 0 < 2 (Junlld + [|8,]|3). Employing
the Cauchy-Schwarz inequality and letting v = ;1 (k) from Corollary 3, we then have

X . . . . T
a((un, Bn), (wn, B)) =collBallg + IV - Ballo + eallunllg =2 | V- - 73 + 210 - 7illgr,

I
2|Vl + erlunl = SEIV - Gl + S AR,
Y
1 . h ., A=3y,.. .
25lIV- g + callunlls + 5|IV < Onllg e, + - 7[5, r,

2min{1/3,¢1}, 2min{1/3, ¢}
> 1915 +

= 3 3
h B A=3vy. .
+ gllv <Ol + =M% - 7[5 r, - (3.49)

IV - @ll§ + lullg)

h
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Clearly, any choice of A > 3+ completes the proof. When I'y U I'; is nonempty and
co = 0, the coercivity proof is similar to the one in Theorem 9.

Continuity of a, b, and F', can be established using Cauchy-Schwarz inequality.

The resulting inequalities are that

a ((Uh,l_fh), <¢h,7;h>> < |’&|‘|‘(uh76h)‘|0,div,F1H(QshaJh)”O,div,Fp
and
b ((un, Uh), dn) < || (un, On) ||o.aiv.ry || Gnll divs

where ||a|| = 3+ co+ 1 + A, and || (up, Th)

continuity constant of the bilinear form a is O(1).

Saivry = lunll§ + 104Gy r,- Thus, the

Finally, we consider the inf-sup condition, that 360 > 0 such that

I — sup fg&h~ﬁh+fguhv~&h

(un, ) EDGE(2,m) X RT, 3, (,71) \/||Uh||(2iiv,F1 + [Junll3

> 0||dp|aiv, VYan € RTL2, (7).

The choice v), = @), and u;, = V - @), and the inverse trace inequality from Corollary 3

implies that

. I
@ BV - Gl + Al + 1 - @l
@l
(1 252 @l + 2 0 19
> e = @l > |
4 D) VR + 7 (k+ 1) L+y(k+1)

]

While the above result establishes the existence and uniqueness of discrete solu-
tions, we note that the inf-sup constant is O(h), owing to the contribution from the

boundary terms in the formulation.

Theorem 11. Assume Q C R?, d € {2,3} is a bounded polygonal or polyhedral
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domain with Lipschitz boundary. Let the assumptions of Theorem 10 be satisfied, and
assume that (u, v, @) € H**3(Q) x [HF4(Q)]4 x [H*2(Q)]4 is the solution of (3.34)-
(3.35). Let (up, Up, ap) be the unique solution of Problem (3.46)-(3.47). Then, there

exists positive constants My and My such that

1/2

1, ) = (a0 oo < Mlhk(\mzﬂ s+ [0+ 1 + raz|z+2) |
1/2
& — anllaiv < MyhF~1 (‘U|z+1 + ‘77|i+1 + !?7|2+2 + ‘&|i+1 + !62|i+2) .

Proof. To prove the error estimates, we proceed in a similar way to [45, Section I1.2.1],
with modifications to account for the use of Nitsche-type penalty methods to weakly

impose the boundary conditions on vj,.

Coercivity of a over ny, where 7, is the set defined in the proof of Theorem 10,
leads to the fact that for all (¢p, 1/7h) € np, we have

Cll (s ) — (uny T I3 e, < @((dn — wn n — Tn), (61 — wns ¥ — T))
a((¢n —u, U — D), (6n — un, Yn — )

a((u— up, @ — T, (61 — un, ¥n — T))-

+

Here, C' is the coercivity constant, which is O(1). Note, first, that d((¢h — u,lﬁh —
V), (on — up, Jh — "Uh)) is continuous in its arguments, with O(1) continuity constant,
so the first term is readily bounded. We next establish that we have enough regularity

on the solution (u, ¥, @) of the continuum problem to show that
a((u— up, @ — Ty), (P — wp, Py — ) = b <(¢h — up, Y — Tn), @ — 55) , (3.50)

where we note that the regularity is required to both integrate by parts and enforce

relationships between the components of the continuum solution below. To establish
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(3.50), note first (from the definition of @) that

— —

a((u, D), (dn — un, ¥ — ) Z/Qv'ﬁv'(¢h—Uh)+CO/Qi7'(¢h_27h>
—u)— | VG, — @) -7
vo [ uton—w)— [ V-5 -5) -7
:_/(VV~17—0017)-(Jh—ﬁh)-i-cl/u(%—uh)
Q Q
:—/o?-(zﬁh—ﬁh)JrCl/U(d)h—Uh),
Q Q

where we invoke Corollary 5 to ensure that v = Vu, @ = VV-U—¢y¥, and the boundary
conditions on I'y and I's ensure the other boundary integrals from integration by parts
vanish. Next, note that (u, 7) satisfies (3.34); taking ¢ = 0 and ¢ = ¢), — up, € L2()
in (3.34) gives

C1/ﬂ“(¢>h — up) +/Q(¢h —up)V - a = F(¢n — un).
Combining these, we have that
a((u, 0), (6 — un, oy — ) = —/ &+ (hn — ) + F (¢ — up) —/(¢h—uh)v’07
Q Q
= F(¢n—un)—b <(¢h — wp, Yy — Uh),@') :

On the other hand, we have, from (3.46), &((uh,ﬁh), (on — up, Uy, — 17h)) = F(¢n —
up) — b <(¢h — Uup, 1/7;1 — Up), c?h>. Taking these together establishes (3.50).

Now, for any /), € RTkFﬁl(Q,Th),
b <(¢h — wp, Py — Ty), @ — 07h> =b <(¢h — wp, Py — Ty), @ — gh>
< (6 = wny B = ) loaivry 1@ = Bl
since (up, — ép, U, — ﬁh) € n, and by the continuity of b. Thus,
Cll(bnsn) = (s B lloaivrs SNallll(@ns n) — (. B)lloaier, + 16 — Ballaie-

We choose (¢, Jh) € n, to be the solution of the mixed Poisson problem posed on
DG(Q, ) x RT3, (2, 73,) with source term —Aw. Stability of this mixed formulation



o6

leads to the estimate

inf [|(u, 9) = (&n, ¥)lloaw < inf (s @) = (s 0n)|

(¢ Pn)ENn (én:9n)EDCL (1) X RT3,

< [I(u, 0) = (Liu, 1T30)lo.aiv

0,div

1
< hPH (|U|i+1 + |77’i+1 + |v|§+2) *

for constant r;. Note, however, that our analysis is posed in the stronger norm,

|(-; )|l0.aiv.r, - To analyse the error in this norm, we have

inf | (u, @) = (¢n, ) lo.aivr, < [[(u, 0) = (Tiw, T50)]|o.aiv
(Pn>Yn)EMn

— — 1 — —
+ V||V - (7 = T150) o, + ﬁllv — o,
1/2
< r (WFTE 4 RETHZ 4 RE) (yu|§+1 + |72 + |17|§+2) , (3.51)

where o is a positive constant independent of A, and the terms above are bounded
using Theorem 7 and Lemmas 3 and 4, resulting in degraded convergence rates. Fi-
nally, using the triangle inequality, (3.51), and Theorem 7 leads to the O(h*) estimate

on (u,?). To find the error estimate for @, we first use the triangle inequality, writing
& = apllaiv < ||a@ = Brllaiv + ||8n — &h|div- (3.52)

Choosing Eh to be the interpolant of @ gives an error bound for the first term that is

O(h**1), as in Theorem 7. We then use the discrete inf-sup condition to bound the
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second term, writing v = \/h? (1 + v (k+ 1)) + n(k + 1),

R ~ b <(¢h> D), Bn — &h>
1Br — anllaw < — sup

(d)hﬂﬂh)eDGk (,7) XRTIEJZ:I (Q,1) || (¢h7 d}h) ||0,diV,F1

b ((Cbh,@;h)a a— CYh) +b <(¢h,?;h)agh - CY)

= % sup =
(60n)EDG(Qma) X RTLS, (2471) | (&n; ¥n)ll0,div,ry
) a (= uny @ = ), (00, ) ) +b ((0n, ), G = i)
= 3 sup =
(6h:n)EDC () X RTLE, (2,71) (D, ¥n) llo.divry
vlla , . Yi~ 7
< 00y ) — ), + L1~ Bl

where we use the continuity of a and b in the final inequality. The error estimate for

(u, ¥) above implies that the convergence rate of @ is O(h*™1). O

3.5 Monolithic multigrid preconditioner

We now consider the development of effective linear solvers for the resulting discretized
systems. We first consider the case where 0€2 = I'g U 'y U I's with constants cg, c; >
0; however, the same arguments allow the case where ¢y = 0 if 'y is empty. The

discretizations above lead to block-structured linear systems that can be written as

All 0 B? u fl
0 A BQT vl = |f2] > (3.53)
Bl BQ 0 a g

T now refers to the vector of coefficients of the finite element basis

where [u, ¥, d]
functions. For the weak form in (3.34)-(3.35), Aj; is a mass matrix representing the
discrete version of the L?(Q) inner product on DG} (€, 7,) weighted by ¢y, Agy is the
discrete version of the H(div;2) inner product on RTy1(€2, 7,) with weight ¢ on the
L*(Q) term, By is the weak gradient operator, and By is the L*(Q) inner product on

RTy 1 (2, 7).

In order to efficiently solve such linear systems, we consider preconditioned Krylov

subspace methods. Two families of preconditioners are popular for such block-structured
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problems. Block factorization methods [59,69] approximate Gaussian elimination ap-

plied to the blocks of the discretization matrix, writing

I A'BT
0 1

A BT
B -C

I 0
BA™l T

A0
0o S

A=

where S = —(C' + BA™'BT) is the Schur complement of A, assuming A is invertible.
Natural block preconditioners are of block diagonal, P, and block triangular, P,

form, given as

A BT

0 =S

A0
0 S

d — ) t — )

where S is some approximation of S. The quality of these preconditioners naturally
depends on the approximation S~ S , and their efficiency depends on the availabil-
ity of effective fast solvers for the linear systems involving A and S. Preliminary
experiments in this direction revealed some difficulties approximating the Schur com-
plement in the presence of the Nitsche terms that would require further investigation.
Therefore, we focus on the development of efficient monolithic multigrid precondition-
ers [7,105] in this setting.

We use standard multigrid V-cycles with a direct solve on the coarsest level (taken
in the examples to be the mesh with A = 1/4 for problems on unit-length domains),
and factor-2 coarsening between all grids. These cycles are employed as precondition-
ers for FGMRES [118]. We use standard interpolation operators, partitioned based

on the discretized fields, of the form

Iy
P = I+

k+1
Hh

where the blocks I¥ and HZ“ are the natural finite-element interpolation operators
for the DGE(Q2, 1,) and RTy41(2, 71,) spaces, respectively. Coarse-grid operators are
formed by rediscretization, which is equivalent to a Galerkin coarse-grid operator for

constant ¢y, c; € R.

The main challenge with monolithic multigrid methods is to develop an effective
relaxation method. In this work, as relaxation we make use of an additive overlap-

ping Schwarz relaxation, which can be considered as a variant of the family of Vanka
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relaxation schemes originally proposed in [130] to solve the saddle-point systems that
arise from the marker-and-cell (MAC) finite-difference discretization of the Navier-
Stokes equations. Vanka relaxation methods encompass a variety of overlapping mul-
tiplicative or additive Schwarz methods applied to saddle-point problems, in which the
subdomains are chosen so that the corresponding subsystems are also saddle-point sys-
tems. Vanka-type relaxation has been used extensively for finite-element discretiza-
tions, such as the discretizations arising from the Stokes equations [98], magnetohy-
drodynamics [6], and liquid crystals [4]. Recently, a general-purpose implementation
of patch-based relaxation schemes, including Vanka relaxation, was provided in [68],

which we employ via the finite-element discretization package Firedrake [93,115].

Like other Schwarz methods, Vanka relaxation can be understood algebraically.
Denoting the set of all degrees of freedom in the problem by @), we partition () into s
overlapping subdomains or patches, ) = U;_;();, and consider the stationary additive

iteration with updates given by
v x+ Y RIAGR(b— Ax),
i=1

where Az = b represents the linear system to be solved, R; is the injection operator
from a global vector, x, to a local vector, z;, on Q; (with R;x = x;), and Ay = Ry ART
is the restriction of the global system A to the degrees of freedom in @);. While inexact
solution of the subdomain problems is relevant when the cardinality of @); is large, we
consider small subdomain sizes, where direct solution remains practical. We construct
the patches, {@;}, topologically, as the so-called star patch around each vertex [68]
in the mesh, taking all degrees of freedom on vertex i, on edges adjacent to vertex
1, and on all cells adjacent to vertex ¢ to form ;. Figure 3.1 shows the subdomain
construction around a typical vertex for the cases of discretization using DG, and
RT) elements (left) and using DG and RT, elements (right), noting that the RT}
degrees of freedom for both ¢ and & are included in the patch (and are collocated on
the mesh).

There is no guarantee that an unweighted stationary relaxation iteration with
the additive Vanka relaxation method would lead to a convergent iteration scheme;
however, determining optimal relaxation parameters is difficult. Thus, rather than
use the stationary iteration given above, we use two steps of GMRES preconditioned

by the Schwarz method as the (pre- and post-) relaxation in the multigrid cycle on
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Figure 3.1: Star patches for DGy — RT) (left) and DG — RT5(right) discretizations. Filled
discs denote DG degrees of freedom, while arrows and filled squares denote edge and interior
RT degrees of freedom, respectively.

each level. As noted in Section 3.6, GMRES performs well in giving the relaxation
property that we need despite of the lack of analysis that confirms it. We point out
that LFA could be used to compute damping parameters to ensure both convergence
of the (damped) stationary iteration and some sort of smoothing property, and it can
outperform GMRES if the parameters are well-chosen. We, however, leave LFA for

future work as it is complicated for this class of problems.

For the case where 0Q2 = I'gUI'; with ¢y = ¢; = 0, a modification of the above solver
framework is needed. Note that, in this case, while the linear system is well-posed by
Theorem 10, the modified weak form in (3.46)-(3.47) has the same structure as (3.53)
except that A;; becomes the zero matrix and Nitsche boundary terms appear in Ags.
The approach above performs poorly in this case, as might be expected, particularly
with the zero block for Ay;. To overcome this, we adopt the idea of preconditioning
the resulting discretization matrix using an auxiliary operator that corresponds to
the discretization of another PDE, related to the inner products in which the PDE is
analyzed [91,103]. Here, since the biharmonic operator is equivalent to the norm in
Lemma 5, we add a scaling factor times the L*(€2) inner product in the (1,1) block of
the auxiliary operator. That is, the PDE that corresponds to the auxiliary operator
is A%u+ yu, where y is a positive constant. Preliminary experiments (reported below
in Table 3.4) indicate that choosing the scaling factor x to be O (h™!) gives better

performance than O(1) values.
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3.6 Numerical experiments

In this section, we present numerical experiments to measure finite-element conver-
gence rates and demonstrate the performance of the proposed monolithic multigrid
method, stopping when either the residual norm or its relative reduction is less than
1078, These numerical results were calculated using the finite-element discretiza-
tion package Firedrake [115], which offers close integration with PETSc for the linear
solvers [20,93]. The relaxation scheme is implemented using the PCPATCH frame-
work [68]. All numerical experiments were run on a workstation with dual 8-core
Intel Xeon 1.7 GHz CPUs and 384 GB of RAM. For reproducibility, the codes used
to generate the numerical results, as well as the major Firedrake components needed,
have been archived on Zenodo [140]. To measure solution quality, we make use of the
method of manufactured solutions, prescribing forcing terms and boundary data to
exactly match those of a known solution, u.,. Taking uniform meshes, as described
below, with representative mesh size h, we define u;, to be the finite-element solution
on the mesh, and define the approximation error e, = u., — up. With this, we can
define the relative error in the L*(2) norm on mesh h as R.(h) = % As needed,
we extend these definitions to other quantities, such as the L*(€Q) error in ¢ and @,
the error in ¢ and @ in the H(div) (semi-)norm, and the error in any boundary terms

included in the norms used above.

3.6.1 2D Experiments

In 2D, we consider experiments on the unit square using uniform “right” triangular

meshes (Figure 3.2, left) and on the L-shaped domain with vertices

0,0), (0,1), (%1) G %) (1%) and (1,0)

using uniform “crossed” triangular meshes (Figure 3.2, right). We consider the smooth
exact solution ., = sin(27rx) cos(3my) and an exact solution that is in H*(£2), but
not HP(2) for any integer p > 4, given by ug., = <sin(27rm) + x%> (cos(?nry) + y%>.

The discretizations proposed here have larger numbers of degrees of freedom and
nonzeros in their matrices than are typically encountered with Lagrange elements for

second-order problems. We therefore record the matrix dimensions, N, and number
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1.0 1.0
081 0.8 ]
0.6 0.6 4
0.4 0.4
0.2 1 02 1
0.0 1 0.0 1
00 02 04 06 08 10 00 02 04 06 08 10

Figure 3.2: Left: unit square domain with uniform right triangular mesh (h = %) Right:
L-shaped domain with uniform crossed triangular mesh (h = %)

Table 3.1: Dimension, N, and the number of nonzeros, nnz, in the system matrix for
u € DGE(Q,13,), U € RTk11(, 1), & € RTk+1(9, 7,) on uniform meshes of the unit square
domain in 2D.

| k=0 k=1 k=2

1/h N nnz N nnz N nnz

20 33,024 352,768 107,008 2,762,752 221,952 10,179,072
97 | 131,584 1410048 | 427,008 11,046.912 | 886272 40,707,072
25 | 525312 5,638,144 | 1,705,984 44,179.456 | 3.542,016 162,809,856
29 12,099,200 22,548,480 | 6,819,840 176,701,440 | 14,161,920 651,202,560

of nonzeros, nnz, in Table 3.1 for the discretizations on the unit square, for several
levels of refinement, h, and orders of the discretization, k. In all figures, we use blue,
red, and green lines to present results for £ = 0, 1,2, respectively, with filled discs
denoting the measured (u,v) error in the L? x H(div) norm, and squares denoting
the error in o measured in the H(div) norm. The values of m approximate slopes of

the lines and, therefore, the convergence rates.

We present two-dimensional numerical experiments in two parts. First, in Sub-
section 3.6.1, we investigate the finite-element convergence and provide a comparison
between direct solvers and the multigrid-preconditioned FGMRES algorithm for H?
elliptic problems with ¢y > 0 and ¢; > 0. Then, in Subsection 3.6.1, we focus on the
classical biharmonic problem, i.e., ¢g = ¢; = 0, where we investigate discretization er-

rors in one case that requires the use of the Nitsche penalty method and a second case
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6 65 7 75 8 85 9 6 65 7 75 8 85 9
10g2(1/h) 10g2(1/h)

Figure 3.3: Relative approximation errors and rate of convergence for the unit square
domain with ¢ =0, ¢; =1, 90 =Ty UTs and (u,v,d) € DGR(Q, 11,) X RT}41(2, 1) X
RTy11(2,71), k = 0,1,2. Blue, red, and green lines present results for k& = 0,1, 2, respec-
tively. Left: smooth solution e, = t1e,. Right: rough solution e, = u2ez-

that does not. Finally, we present multigrid-preconditioned FGMRES iteration counts
for the biharmonic problem with clamped boundary conditions, which is challenging

due to the inclusion of the Nitsche boundary terms.

2D experiments with positive ¢;

We consider the unit square domain and plot log(R.(-, h)) against log,(1/h), so that
the slopes of the lines represent the experimentally measured convergence rates for
(u,V,d) € DGr(Q, 1) X RTj11(Q,71) X RTy11(Q, 1), for k = {0,1,2}. Let 9Q =
'y Ul's UT'g U 'y, meaning the North, South, East, and West faces of the square.
Figure 3.3 presents results for the problem with ¢ = 0 and ¢; = 1 with boundary
00 =TyUTIs, where ' = ' UT'y, and I's = I'y UT's. Figure 3.4 presents results
when ¢g = 2, ¢; = 4, and 0 = I'yUTLUTI's with 'y = ' Uy, I'y = I'g, and
I's = I'y. Since we omit I'; from these examples, there is no need to use the Nitsche
boundary terms considered in that case. We note that we see optimal convergence for
all k& with (u,?) in the L? x H(div) norm and @ in the H(div) norm for the smooth
exact solution, uy.,, on the left of these figures. Considering the H*(Q) solution, usc,,
on the right, we see optimal convergence for small k£, but degraded performance for
k = 2, where the lack of smoothness in « is reflected in the numerical results. These
results are consistent with the analysis in Corollaries 7 and 8, although we note that

the H*(2) case outperforms the expected convergence from the analysis.
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6 65 7 75 8 85 9 6 65 7 75 8 85 9
10g2(1/h) 1032(1/h)

Figure 3.4: Relative approximation errors and rates of convergence for the unit square
domain with ¢g = 2, ¢; =4, 90 =T Ul UT's and (u, ¥, @) € DGk(Q, 11,) X RT)41(Q, 71) X
RTy11(2,71), k = 0,1,2. Blue, red, and green lines present results for &k = 0,1, 2, respec-
tively. Left: smooth solution e, = t1e,. Right: rough solution e, = ugez-

To demonstrate the effectiveness of the monolithic multigrid preconditioner, Ta-
ble 3.2 presents iteration counts and CPU times to solution for both the multigrid-
preconditioned FGMRES iterations and the use of a direct solver (MUMPS [11],
via the PETSc interface) for the unit square domain with (u, v, &) € DG5(2, 15,) X
RT5(Q2, 1) x RT3(Q,1,) and 092 = 'y UT'5. We note that the iteration counts for
monolithic multigrid-preconditioned FGMRES are consistent through all runs and
mesh sizes, and that the scaling of wall-clock time for this approach is O(N) or
better throughout. While the direct solver is slightly faster for small mesh sizes,
we see worse than O(N) scaling for the wall-clock time with MUMPS at larger
mesh sizes, showing the expected behaviour. Moreover, as we vary the number of
processors over which we parallelize the computation, we see that, for sufficiently
large problems, we have good strong parallel scalability with the monolithic multi-
grid solver, although MUMPS is always faster than our multigrid implementation for
this two-dimensional problem. Table 3.3 presents the case of 02 = I'g U Ty U I's,
(u,¥,d@) € DG1(2,7,) X RT5(Q2, 1) x RT»(£2,7,). As we increase number of proces-
sors from 4 to 16, we see better performance with the multigrid solver than the direct
solver. Again, we have good strong parallel scalability with the monolithic multigrid
solver, showing 3.98x speedup for the 1024 mesh, while the direct solver (MUMPS)
shows only 1.54x speedup.
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Table 3.2: Wall-clock time (in seconds) and iterations to convergence with varying numbers
of processors, p, for monolithic multigrid and a direct solver (MUMPS) for the unit square
domain with ¢ = 0, ¢y = 1, 9Q = I'o UT's and (u,¥,d) € DGy(Q2,11,) X RT5(2,73,) X
RT5(82, 73,).

ht| Monolithic | MUMPS
‘ Iterations Time (p=1) Time (p =4) ‘ Time (p=1) Time (p =4)
20 5) 27.99 11.63 5.44 2.82
27 ) 102.18 35.35 21.45 11.40
28 5) 405.00 127.43 93.27 46.84
29 ) 1621.38 569.88 438.91 218.88

Table 3.3: Wall-clock time (in seconds) and iterations to convergence with varying numbers
of processors, p, for monolithic multigrid and a direct solver (MUMPS) for the unit square
domain with ¢ =2, ¢ =4, 002 =Ty Uy U3 and (u,v,a@) € DG1(Q,11,) x RT»(Q,11,) X
RT5(2, 73,).

ht | Monolithic | MUMPS
| Tterations Time (p =4) Time (p =16) | Time (p =4) Time (p = 16)
27 D 13.91 7.15 4.97 3.29
28 d 44.31 16.08 20.72 13.30
29 d 171.90 50.39 93.93 62.33
210 5 843.30 211.65 446.23 289.33
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Figure 3.5: Relative approximation errors and rate of convergence for the biharmonic
problem in the unit square domain and 9Q = I'o UT; UT'3 (left), and the L-shaped domain
with 0 =T’y (right). Blue, red, and green lines present results for £ = 0,1, 2, respectively.

The 2D biharmonic

We next consider the classical biharmonic problem with the exact solution uy,,. Figure
3.5 (left) shows results for the case where 02 = I’ UT'; U Ty, and we take (u, v, d) €
DGy (2, 1) x RT5(2, 11,) x RT5(2, 71,). For this choice (k = 2), Corollary 11 gives an
expected convergence rate of O(h?) for (u,¥) and of O(h) for @. In contrast with that
result, we observe almost O(h*/?) for (u,#) in the modified L? x H(div) norm and
O(h*?) convergence for @. Figure 3.5 (right) considers the L-shaped domain with
00 =T and k = 0,1,2. Here, we observe optimal convergence rates. We note that
this is a test using a manufactured solution and not a generic smooth forcing function,
so the lack of full regularity from the domain is not expected to degrade the expected

convergence rates.

Remark 3.6.1. For the right-triangular meshes given in Figure 3.2 (Left), 71(2) ~ 41
and v, (3) & 62. Therefore, we choose A = 125, and 210 respectively for the numerical
results given in Figure 3.5(Left) and Table 3.4. Note that, for both cases, A > 3,

which is necessary to satisfy the coercivity condition (3.49) for the bilinear form a.

Finally, we consider the classical biharmonic operator with clamped boundary
conditions, i.e., ¢g = ¢; = 0 and 9Q = T'; and (u, 0, @) € DG3(Q, 1) x RTy (2, 71,) X
RT,(Q,7,). Table 3.4 shows the effectiveness of the monolithic multigrid solver with
an O(h~') weight on the auxiliary operator. Dashes in the table mean that more than
100 iterations were required to converge when the residual norm or its relative reduc-
tion is less than 107'*. We note that, due to a technical limitation in PCPATCH
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Table 3.4: Number of iterations to converge with different weights on the auxiliary opera-
tor. Here (u, ¥, @) € DG3(Q2, 1) x RT4(Q2, 1) X RT4(2, 7). A dash means that convergence
was not achieved in 100 iterations.

m 1 10 20 40 80 A

26 25 13 13 12 12 12
27 - 18 14 12 12 12
28 - 43 24 15 13 11
29 - - - - 90 11

(where Nitsche boundary terms cannot be treated), these results use an alternate
implementation of the star relaxation scheme that is less efficient than PCPATCH.
Consequently, we do not report timings for these experiments, as they are not com-

parable to the timings reported elsewhere in this paper.

3.6.2 3D experiments

Here, we consider a test case on the unit cube, with right-hand side and bound-
ary conditions chosen so that the exact solution is u., = sin(27x) cos(37y) sinh(7z).
Finite-element convergence is demonstrated in Figure 3.6 for k € {0, 1,2} with 0Q =
I'yuT'y Uy, with I'y corresponding to z = 0 and z = 1, I'y corresponding to y = 0
and y = 1, and I's corresponding to x = 0 and x = 1, showing convergence consistent
with the analysis of Corollary 8. Table 3.5 details the performance of the mono-
lithic multigrid-preconditioned FGMRES solver for £ = 0, compared with a standard
direct solver (MUMPS). We see excellent performance of the monolithic multigrid
method, with iteration counts that are independent of problem size and CPU time
scaling linearly with problem size, and decreasing with parallelization for sufficiently
large problems. In contrast, we see the expected rapid growth of required CPU times
for MUMPS, and suboptimal parallel scaling, showing the utility and power of the

monolithic multigrid approach.



68

] m=—
1l---m=—
1|==-m=-3

Figure 3.6: Relative approximation errors and rates of convergence for the unit cube
domain 92 =Ty U2 UT's, cg = 4 and ¢; = 2. Blue, red, and green lines present results for
k =0,1, 2, respectively.

Table 3.5: Wall-clock time (in seconds) and iterations to convergence with varying numbers
of processors, p, for monolithic multigrid and a direct solver (MUMPS) for the unit cube
domain with ¢cg =4, ¢ =2, 00 =Ty Uy U3 and (u, v, d&) € DGo(Q2,11,) x RT1(Q,11) X
RT (2, 73,).

ht | Monolithic | MUMPS

| Iterations Time (p =1) Time (p=8) | Time (p =1) Time (p = 8)
23 9 5.55 2.80 1.51 0.69
24 31.10 7.30 11.05 3.75

9
2° 9 229.65 38.31 154.33 44.07
9 1847.65 280.42 5173.58 1167.10
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3.7 Conclusion

We consider the mixed finite-element approximation of solutions to H?-elliptic fourth-
order problems, achieved by the transformation of the fourth-order equation into a
system of PDEs. We find that under natural assumptions on the coefficients of the
problem, three combinations of boundary conditions lead to optimal finite-element
convergence. For the fourth case of boundary conditions (“clamped” boundary con-
ditions, on the solution and its normal derivative), suboptimal rates of convergence
are expected and observed when implemented using Nitsche’s method. While the ap-
proach is applicable in both two and three dimensions, we note that it is particularly
attractive in 3D, where the cost of conforming methods is prohibitive. It remains an
open question whether or not it is possible to employ alternative approaches (such
as adapting the Nitsche boundary conditions, or the use of alternative penalty ap-
proaches) to regain optimal finite-element convergence for the boundary conditions
where suboptimal convergence is proven and observed here. We additionally propose
a monolithic multigrid algorithm with optimal scaling for the resulting discrete lin-
ear systems. For three-dimensional problems, this approach yields a preconditioned

FGMRES iteration that dramatically outperforms state-of-the-art direct solvers.



Chapter 4

Finite-element discretization of the

smectic density equation

Abstract!

The density variation of smectic A liquid crystals is modelled by a fourth-order PDE,
which exhibits two complications over the biharmonic or other typical H2-elliptic
fourth-order problems. First, the equation involves a “Hessian-squared” (div-div-
grad-grad) operator, rather than a biharmonic (div-grad-div-grad) operator. Sec-
ondly, while positive-definite, the equation has a “wrong-sign” shift, making it some-
what more akin to a Helmholtz operator, with lowest-energy modes arising from
certain plane waves, than an elliptic one. In this paper, we analyze and compare
three finite-element formulations for such PDEs, based on H?-conforming elements,
the C? interior penalty method, and a mixed finite-element formulation that explicitly
introduces approximations to the gradient of the solution and a Lagrange multiplier.
The conforming method is simple but is impractical to apply in three dimensions;
the interior-penalty method works well in two and three dimensions but has lower-
order convergence and (in preliminary experiments) seems difficult to precondition;
the mixed method uses more degrees of freedom, but is amenable to monolithic multi-
grid preconditioning. Numerical results verify the finite-element convergence for all

discretizations, and illustrate the trade-offs between the three schemes.

IThis work is to be submitted as “Finite-element discretization of the smectic density equation”
by Patrick E. Farrell, Abdalaziz Hamdan, and Scott P. MacLachlan.
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4.1 Introduction

Recent years have seen significant and successful effort in developing numerical models
of various liquid crystalline materials [4,5,9,23,53,100,112,114]. In these models,
equilibrium states of liquid crystals usually correspond to minimizers of a given energy
functional, which can be directly discretized using finite-element (or other) variational
techniques. Smectic A liquid crystals are characterized by their natural propensity to
form layers with periodic variation in the density of the liquid crystal aligned with
the orientation of the molecules. While some models make use of a complex order
parameter as a model of the energy of liquid crystals [55], several recent papers have
proposed models based on a real-valued density variation [22,112,138]. For example,

Pevnyi et al. [112] propose a model

b
E(u,v) = / Ly B
Q

K
put + g’ + qut + B|VVut 7w ﬁu\2+3|wy2, (4.1)

where Q0 C R?, for d € {2,3}, u : Q — R represents the variation in the density of
the liquid crystal from its average density, 7/ is the unit-length director of the liquid
crystal (the local axis of average molecular alignment), and a,b,¢,q, K, and B are
real-valued constants determined by the liquid crystal under consideration. Of these,
the smectic wavenumber, ¢, is notable because it prescribes a preferred wavelength
for the solution of 27r/q. Here, and in what follows, we use |T'|*> = T : T to denote the
Frobenius norm squared of a tensor T" (of any rank), defined as the sum of squares of

the entries in T at a given point in ).

It is well-known that representing the orientation of the liquid crystal with a vector-
valued director cannot represent certain defects of the liquid crystal [21]. In [138], Xia
et al. adapted (4.1) to make use of a tensor-valued order parameter in place of the

director field, proposing

2

FEIVQPH (@), (42)

b 1,
E(u,Q):/gu2+—u3+Eu4+B VVu+@ (Q+-2)u
02 3 4 d

where @ is the tensor-valued order parameter, I; is the d x d identity matrix, and
(@) = —162(Q%) + 1 (12(Q%)” for d = 2 and £,(Q) = ~1tx(Q%) — Lr(Q°) +
% (‘51"(6.22))2 in three dimensions. Here, the penalty parameter, [, and the functions
fn(Q) are chosen so that the minimizer of [, f,(Q) is of the form Q = V@ v — %d, and
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are included in the energy to weakly enforce the rank-one condition implied by (4.1).
A related model was proposed by Ball & Bedford [22]. While there remain many open
questions about the physical values of the constants a, b, ¢, q, K, and B, an important
feature of these models is the energetic competition between the term encouraging
alignment of the orientation and density variation, scaled by B, and the deformation
of the director field, scaled by K. The Euler—Lagrange equations for either of these
functionals naturally lead to a coupled system of PDEs, with a fourth-order operator
acting on u and a second-order operator acting on 77 or Q. While the discretization of
the vector or tensor Laplacian is relatively standard, the fourth-order PDE involving
u, which we refer to as the “smectic density equation,” is of a type not previously

studied in the literature.

Motivated by such examples, we consider minimization of a simplification of Equa-

tion (4.2) with suitable boundary conditions, given in variational form as

. B 2, 12 L T 2
— T — — 4.3
ver}r{lg(lm 5 /Q|VVU+Q v’ + 5 /Qv /va, (4.3)

where, motivated by the above, T is a given bounded d x d tensor, with |T|? =
T:T < p for O(1) constant p, while m and g are O(1) positive constants, and
0 < B <1 Weassume Q C R? d € {2,3}, to be a bounded simply connected
polytopal domain with Lipschitz boundary. Note that if b = ¢ = 0, and Q is fixed
in (4.2), then Energies (4.2) and (4.3) are the same, but the source f is enforced in
(4.3). Sufficiently smooth extremizers of this energy must satisfy its Euler-Lagrange

equations, which yield the fourth-order smectic density equation,

BV -V (VVu+ ¢*Tu) + B¢T : VVu + (B¢'T : T + m)u = f. (4.4)

We consider finite-element formulations for this fourth-order problem, with a par-
ticular focus on the treatment of the boundary conditions that arise naturally from
the transition from the variational to strong forms. Two formulations are based on
discretizing (4.3), using either H?-conforming or C? interior penalty (COIP) methods.
The third formulation is based on mixed finite-element principles, introducing the
gradient of the solution as an explicit variable constrained using a Lagrange multi-
plier, and leverages standard discretizations for the Stokes problem in order to achieve

inf-sup stability. Both the COIP and mixed approaches are quite general, in the sense
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that we achieve high-order convergence when using high-order elements if the solution
is sufficiently smooth. However, these formulations provide slightly suboptimal con-
vergence, as shown later. Complications to achieving optimal convergence come from
the use of Nitsche’s method to weakly enforce essential boundary conditions, weakly
imposing C'* continuity in the COIP approach, and the spaces chosen to achieve inf-sup

stability in the mixed approach.

Finite-element methods for fourth-order HZ2-elliptic problems have been exten-
sively studied. These include conforming methods, such as the use of Argyris elements,
nonconforming methods [41,52,131], C° interior penalty methods (COIP, which are
also nonconforming) [18,40,42,127], and mixed-finite element methods, including two-
field [51,52,102], three-field [24,66], and four-field discretizations [27,50,97]. While
conforming methods are attractive in two dimensions, the natural extension of Ar-
gyris elements to R? requires the use of ninth-order polynomials on each element [141],
which is prohibitively expensive in comparison to low-order methods. While a COIP
method was used in [138] and is analyzed herein, preliminary experiments showed that
it is difficult to develop effective preconditioners for this discretization, motivating the
consideration of alternate approaches. Thus, we also propose a mixed finite-element
discretization of (4.3) that does not require growth in polynomial order in three di-
mensions, and which we expect to be more amenable to the development of effective

preconditioners, similar to those in [66].

An additional challenge in considering the models of smectic LCs in [22,112,138]
is that of proper treatment of the boundary conditions. In particular, these models
typically include only natural BCs on the density variation, u, and do not strongly im-
pose Dirichlet boundary conditions, such as the “clamped” boundary conditions that
are commonly considered for the biharmonic problem. Indeed, the case of clamped
boundary conditions, where the Hessian and Laplacian weak forms of a fourth-order
operator are equivalent, has been extensively studied [27,42,50,51,97,102]. A central
question in this work is how to treat the more general forms of boundary conditions
that arise when moving from the variational form in (4.3) to the strong form in (4.4),
summarized in (4.13)-(4.16) below. To our knowledge, existing results in the literature
treat the cases of clamped boundary conditions, Cahn-Hilliard boundary conditions
(a special case of those in (4.16) when ¢ = 0) [40], and simply supported boundary
conditions (a special case of those in (4.13)) [39], but not the case of full Neumann

boundary conditions. Given the simply supported boundary conditions, existence of
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minimizers of (4.2) when g > 0 as well as error estimates for its discretization us-
ing C° interior penalty methods when ¢ = 0 were obtained in [137]. Here, we prove
well-posedness of (4.3) and provide error estimates for its discretization using Argyris

elements, COIP, and a mixed finite-element method.

This paper is organized as follows. A brief summary of the tools needed for the
finite-element analysis is presented in Section 4.2. The continuum analysis, including
the weak forms and uniqueness theory, is presented in Section 4.3. In Section 4.4, we
present the conforming, COIP, and mixed finite-element methods, and analysis of both
well-posedness and error estimates for these methods. Finally, numerical experiments

to compare the different finite-element methods are presented in Section 4.5.

4.2 Preliminaries

We recall the standard Sobolev spaces

HN(Q) = {ue H'(Q)|u=0onT},
Hr(div;Q) = {ve H(div;Q)| v-7=0o0onT},

where I' C 09 and 7 is the outward unit normal to I'. Let {7} be a quasiuniform
family of triangulations of 2, and let CG (2, 7,), DGr(Q, 1), and RT(2, 75,) be the
standard continuous Lagrange, discontinuous Lagrange, and Raviart-Thomas approx-
imation spaces of degree k, respectively, on mesh 73,. We also define CG}(Q,7,) =
CGr(Q, ) N HLQ) and RT}(Q, 1) = RT(Q, 1) N Hp(div; Q).

Remark 4.2.1. In what follows, we use C' to represent a generic positive constant
that can depend on the domain, shape regularity of the triangulation, 7,, and the
polynomial degree k of the finite-element space, but not on the mesh parameter, h,
nor the smectic wavenumber, ¢, and may be different in different instances. Where

needed, we will use {C,} to denote different arbitrary constants in the same expression.

To prove well-posedness of the original continuum problem, we make use of a

standard estimate of [|ul[§ 5o = [, u’ds.
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Theorem 12. [77, Theorem 1.5.1.10] There exists a constant C' > 0, such that
2 1 g, 1 2
lulloan < €| exlIVullo + —rllullo) (4.5)
for allu € HY(Q) and € € (0,1).

As is typical in the analysis of finite-element methods, our well-posedness results
will rely on a Poincaré inequality. In order to treat a more general set of boundary

conditions, we state a more general form of the standard inequality.

Lemma 6. (Poincaré Inequality [38,44,107,135]) If u € H'(Q), j € {1,2}, then
lulli—y < C (lulj +&*(w)),
where £ is any seminorm on H?(QQ) with the properties that
e There exists a constant C' > 0 such that, for all u € H(Q), we have

§(u) < Clfull;.

e If a is a polynomial of degree less than j (i.e., a constant function if j =1 or
linear function if j =2), £(a) = 0 if and only if a = 0.

In particular, for j = 1 and any functions ¢, and 1y that are square integrable on
Q and 09, respectively, with [, 91 # 0, and [, ¥ # 0, then the Poincaré inequality

above holds for either seminorm &;(u) or & (u) [38], defined as

ool 0|

Note that the choices of ¢; = 1 on €2, and ¥y = 1 on 0f2 lead to the classical Poincaré

inequalities that are most commonly used. For j = 2, we will use £(u) = ||u||o, which

&i(u) = , Golu) =

satisfies the conditions above.

A useful function in our analysis is the solution of —AS = 1 with homogeneous
Dirichlet boundary conditions. We next recall some properties of this function and

its discrete approximation.
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Lemma 7. The weak solution of —AS = 1, with homogeneous Dirichlet boundary
conditions, has positive mean and bounded H' norm. In addition, the discrete solu-
tion, S, € CG¥YQ, 1), of (VSy, Vv) = (1,v) for all v € CG¥*(Q,13,) has the same

properties.

Proof. The solutions, S and Sy, , satisfy [|[VS||§ = [, S and ||[VS,||§ = [, Sh- There-

fore, S and S, have positive means. In addition, the H!'-regularity results that

1S]l1 < C||1|lo = C+/Area(2) and ||Sy||; < C'y/Area(f2) also hold [32]. O

Our well-posedness proofs also rely on the standard Helmholtz decomposition in
2D, which we first state for the continuum case. We use the standard definition of
the curl of a scalar function in 2D, as V x p = [ Py ] .

—Pz
Lemma 8. (2D continuous Helmholtz decomposition [14, 74, 120]) Let 0Q) = T'y U
[y, where T'y and Ty are disjoint. For a € Hry,(div;Q), the following Helmholtz
decomposition holds
a=Ve¢+V xp, (4.6)

where p € Hy, (), and ¢ € HE () is the solution of [,V -Vx = — [, V-dx, Vx €
H}, (Q). Furthermore, p is a zero-mean function if Iy = 0, and ¢ is a zero-mean

function if Ty = 0. This decomposition is orthogonal in the L* and H(div) norms.

Remark 4.2.2. Assuming, in addition to the assumptions of Lemma 8 that a €
[H2(Q)]* N Hy, (div;Q), V-& € HHQ), for t >0, ¢ € Hy, () is the solution of the
mixed boundary value problem of the form [, Vo -Vx = — [,V -adx, Vx € H}, (),
and the partition into I', and I, satisfies the conditions in [77, Theorem 5.1.1.5] for
there to be no admissible "singular solutions” to the variational problem. Then, ¢ €
H'3(Q)NHE, (Q), and pis at least in 0 = {p € H'**(Q)NH}, | V xp e [HT(Q)]°}.

To see that this regularity can be achieved, we next state a regularity result for

solution of the Poisson problem with mixed boundary conditions on the unit square.

Lemma 9. Let u be the solution of

—Au = f, in §Q,

u = 0, on 9,
% = 0, on N,
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where f € H{(Q), t > 0, and Q = (0,1)%, 90 = 'y UTs U T Uy, where
I'y, Is, T'g, and Ty, are the North, South, Fast, and West faces of the square, respec-
tively, and &, N are the faces on which we impose Dirichlet and Neumann boundary

conditions, respectively. Then, if any of the following conditions hold, u € H'**(Q),

e =00 or &/ =00, and t is even,
e 2=IgUl'y and /" =Ty UTg, andt is odd, or

e 2=InyUlg and &/ =T Uy, andt is odd.

Proof. This result is a direct consequence of [77, Theorem 5.1.1.5]. Note that, in the
notation of [77], we have ®; = 0 if edge I'; € A7, and ®; = T if edge ['; € 2. Then, if

;-0 p1+(E+1) 7
™

j and j + 1 denote adjacent edges, we require that 2 is not an integer to

achieve the stated regularity result, which is guaranteed for the cases given above. In

<I>j7<I’j+1+m7r
s

addition, for each pair of adjacent edges, 2 is an integer for any integer m,

which precludes any singular solutions. These conditions are sufficient to guarantee
that u € H™2(Q). O

We also make use of the discrete analogue of Lemma 8, stated next.
Lemma 10. [14, 15] Under the same assumptions as Lemma 8, the Helmholtz de-
composition of RT,{jl(Q, Th) is

RT;1(Q, 1) = (v}jaDGk(Q,Th)) & (v X cal,;il(Q,Th)), (4.7)

where Y, is the discrete gradient operator, V,* : DGy(%, 1) — RT;2,(Q,7), such
that

/vgau.ﬁz —/uV-U, Vi € RT e (7). (4.8)
Q Q

This decomposition is orthogonal in the L? and H(div) norms.

Finally, we note that the Helmholtz decomposition allows us to define an alterna-

tive norm on H(div; <), which will be useful in the later analysis.

Remark 4.2.3. Let @; and dy € H(div;Q)) with @3 = V¢ + V X p; and dy =

Vo + V X po, computed as in Lemma 8. The following defines an inner product on
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H(div; Q):

(A, do)piv = q* (/ p1p2 + / V- Voo + / V.a, V- 072) ; (4.9)
Q Q Q

where ¢ is a positive constant (which will be taken as the ¢ in (4.3)).

4.3 Continuum Analysis

Consider the fourth-order problem,
BV -V - (VVu+ ¢*Tu) + B*VVu: T+ (B¢'T : T + m)u = f, (4.10)

where T' is a d X d tensor with |[T|> = T : T < u; for some constant p; almost
everywhere in Q, m and ¢ are O(1) positive constants, and 0 < B < 1. Let u € H?(Q)
satisfy (4.10); given ¢ € H?(QQ), a test function, integration by parts gives

/f¢:a(u,¢)+B oV - (VVu+¢@Tu)-i—B | Vé-(VVu+¢@Tu)-i (4.11)
Q o0 o0

where the bilinear form, a, is given by

a(u,¢) = B/QVVU:VngﬁLBqQ/QTu:VV(b—i—BqQ/QVVu:Tqb

+ /(Bq4T : T+ m)ug. (4.12)

From (4.11), we identify that two boundary conditions are required on any segment
of 012, and that certain boundary conditions on u arise naturally from the variational
formulation. Consequently, we write 9Q = Iy Uy Uy Uy with I';NT; = 0 for i # j,
and specify

u=0, (VVu+¢@Tu)- 7=

3
|

on Fo,

(4.13)
on I'y, (4.14)
(4.15)
(4.16)

<
S
I

u =0,
(VVu+ ¢@®Tu) -7 =0, (VVu+@Tu)- i =
(VVu+ ¢*Tu) -7t = 0,

on FQ,

Ol O O Oy

V -
V-

<
S
I

on F3.
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As typical, we consider homogeneous boundary conditions here, so that the bound-
ary integrals in (4.11) vanish, but the results hold true for inhomogeneous boundary
conditions if the traces of these quantities are smooth enough on 0€2. Consequently,

we define
V:{uEHZ(Q):u:OonFOUD anquz@onFﬂJF;;}.

Because of the dependence on ¢ in the bilinear form, we analyze the problem in a

g-dependent norm on ¥, given by
lull3.q = ¢ IVVullg + g IVall§ + [lulls. (4.17)
Assumptions. In all results that follow, we assume ¢ > 1 and that there exists an

O(1) constant, s, such that sqg~* < B < 1, as this is the case of interest.

Theorem 13. Given f € L*(Q), the variational problem to find u € ¥ such that

a(u, p) = /Qfgb forall p € V (4.18)

18 well-posed.

Proof. By the Lax—Milgram Theorem, this variational problem has a unique solution
if the bilinear form a is coercive and continuous on ¥ in the || - ||z, norm, and the
associated linear form is continuous. The assumption that f € L?(Q) is sufficient to

guarantee that the linear form is continuous.

To prove continuity of a, we have

a(u,¢) = B/QVVU:VVQS—I—BqQ/QVVu:TqH—BqQ/QVng:Tu

/(Bq4T : T+ m)ug

Q

B||VVullo|[VVlo + Bg* (|IVVullo|Tollo) + Ba® (|VV ol Tullo)
(Bq* 1 +m)|[ullol|]lo

Bq*|[ull2q|¢ll2.q + 2B/ [ull2ql|@ll2.q + (Ba*pa + m)||ullzql| 624,

IN +

where we have used the fact that [|[VVullo < ¢*||ulla, This gives a g-dependent
continuity bound, with a(u, ¢) < CBqg*||ull24]|¢|l2.4, where C' = 1+ 2, /iy + p11 +m/s.
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To prove coercivity, we first observe that, for any 0 < C < 1,

a(u,u) = BHVVUH%+2B(]2/QVVU:Tu—l—/Q(Bq4T T+ m)u?

1
> B(1L-COIVVall+ Ba’ (1 & ) ITull + mlul}

1
> B(1-0C)||[VVul3 + (m+ Bq* i (1 - a)) | u]|3. (4.19)

Note that since 0 < C; < 1, 1 — C% < 0, so we get a lower bound for the expression

on the second line by using the upper bound || Tu||2 < py|ju||2. Let C, = % for
any constant 0 < Cy < m. Then, 1 — C} = %, and 1 — C% = BqC?u , giving
owr) 2 B( GG VUl - Gl (40)
Buig* + Cy

Now, since sg™* < B <1, B <m> = (u qcfr ) is an O(g™*) constant. That
i)

is, there exists a constant C'3 such that
a(u,u) > Cs (¢ VVull§ + [Julg) - (4.21)

We then use Lemma 6, with j = 2, and ®(u) = ||u|lo. That is, there exists a constant
C, such that ||Vul]2 < Cy ([VVul2 + ||ul|?), giving

a(u,u) > Csq~* (IVVull§ + ¢*[lull5)
ng

Cs , _
22 (9 Vul + )

Csy _ Cs , _
(20 IVl + S @ Ivval + 1) )

v

IV Vull§ + llullg) +

As a result, a(u,u) > (m1n{204, 5 ) |ull3,, giving an O(1) coercivity constant.

]

The mixed finite-element formulation presented below relies on a reformulation of
(4.10) to a lower-order system. We introduce © = Vu and @ = BV - (Vv + ¢*Tu).
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Then, Equation (4.10) is equivalent to the system of equations

V-a+B@Ve:TH+ (B¢*T :T+mu = f, (4.22)
& — BAT — B¢*V - (Tu) = 0, (4.23)
(F—Vu) = 0. (4.24)

To convert this system to weak form, we multiply (4.22), (4.23), and (4.24) by the

test functions ¢, 1[7, and E, respectively, and integrate by parts. This yields the weak
form of finding (u, v, @) € L*(Q) X V' x Hr,r,(div; ) such that

/V~&¢+Bq2VU:T¢+(Bq4T:T+m)u¢ = /f¢, Vo € L*(9Q), (4.25)
Q Q
/&-zﬂ (BVT+ B¢*Tu) : Vi = 0, VeV, (4.26)
Q
/ﬁ-m/uv.ﬁ = 0, VB € Hp,ur, (div;Q), (4.27)
Q Q

where V = {7 € [H}, ()], ¥ x 7 =0 on Iy}. Note that since u = 0 on I'y, we are
free to require the boundary condition ¥ x 7 = 0 on I'y, which will be needed below.
Equivalently, the system (4.25)-(4.27) can be written as a saddle-point system, to find

(u,,@) € L*(Q) x V x Hp,ur,(div; Q) such that
A((w,9),(6,0) +b(d,(0.9)) = F(@), Y(6,0) € L@ xV  (4.28)
b(B.(w) = 0, V€ Hryor,(div; ) (4.29)

A((u,ﬁ),(¢,1ﬁ)) = B/QW:VJ+Bq2/QW:T¢+Bq2/QVJ:TU

+ /(Bq4T : T + m)ug, (4.30)

Q
b(ad, (u,v)) = /QO_Z-17+/QuV-&, (4.31)
F(¢) = /Q fo. (4.32)

Here, we see that while « is defined in terms of uw above, it serves as a Lagrange

multiplier in the saddle-point form, weakly enforcing that ¥ = Vu.
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In the next theorem, we prove well-posedness of (4.28)-(4.29) in the two-dimensional

case. Here, we make use of a similarly weighted product norm for (u, ¥), defined as
(s DG g1 = Nlulls + a7 (4.33)

Theorem 14. Assume that OQ # T's. Given f € L*(Q), (4.28)-(4.29) is well-posed
using the product norm defined in (4.33) for (u,v) and the Hpi, norm induced by (4.9)
for the Helmholtz decomposition, @ = V¢ + V X p, given in Lemma 8.

Proof. By Brezzi’s theory, proving well-posedness requires establishing the coercivity
and continuity of A, an inf-sup condition on b, and the continuity of b. As above,

F(¢) is clearly continuous.

We first consider the two continuity bounds. The continuity bound for A gives an
O(Bgq") continuity constant, established similarly to the proof in Theorem 13. The
Helmholtz decomposition in Lemma 8 and integration by parts are needed to show
continuity of b. Let & € Hr,ur, (div; Q), writing @ = V¢+V xp, where ¢ € Hyp, ()
and p € Hf p, (). Then,

b(d, (7)) = /Q@'-U—l—/ﬂuv~07:/9(v¢+v><p)-17+/uv~62

Q
/V¢-17+/pVxU+/uV-&
Q Q Q
< ¢ (¢%IVello) (¢ %170) + ¢* (¢ %lIpllo) (¢ 2V x Tllo)

+ ¢llullo (¢72IV - @llo)
< ¢ (1 +V2+ qu) 1, &) [lo.g.1 || i

AN

where we have used the fact that ||V x o]jo < v/2||V#]|lo. We note that the “extra”
boundary condition imposed on ¢ € V is needed here to ensure the boundary integral

from integration-by-parts is identically zero.

We now show that the bilinear form, A, is coercive on

A= {(u,v) € L*(Q) x Hp,r,(Q) : b(d, (u, 7)) =0, V& € Hryur,(div; )}
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Similarly to the proof of Inequality (4.21), there exists C; > 0 such that
A((u, 9), (u, @) = Cy (VA + [lullg) ¥ (u,7) € A. (4.34)

If (u,@) € A, then b(;, (u, ) = 0 for the particular choices 8; = [S,0]" and 3, =
[0, 5], where S is the function defined in Lemma 7. In other words, Jo BT+ JouV-

-

B; =0 for i = 1,2, which gives

/801:'/53;’&
Q Q
/Sw :‘/Syu
Q Q

As S has a positive mean, we can apply the Poincaré inequality in the form given in
Lemma 6, which leads to the fact

< [[Szloflullo < Callullo, and

< [1Syllof[eello < Calfullo-

19115 < Cs (Ilulls + Vo1[5) - (4.35)
Combining this with Inequality (4.34) then gives
A((u, 0), (u, 7)) = Call(u, 0)lo.q.-

That is, coercivity of A holds with an O(1) constant.

Next, we prove the required inf-sup condition, of the form

a-v+ [,uV.-d . . ‘
I = sup Jo > Jo — > C@®|| @b, Va € Hr,ur,(div; Q).
waerxv /Iull§ +¢~*[17f}

In our mixed formulation, the boundary condition on u is weakly enforced. Therefore,
given & = Vn + V x p, where p € Hpp,(Q) and € Hf p , we may choose
u=C1(V-d—n), for a positive constant, C7, to be specified later. This choice of u
might not be zero on I'y UT';. Note that

[ullo = CLIV-a=nllo < CL (V- @llo + [Inllo) , and /qu-& =C1 (IIV - allg + [IVnl5) -

If I'y is a proper subset of 0€2, then the inf-sup condition of [30, Lemma 2.7] establishes
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that for all p € HE . (Q), there exists ¢ € [HE p (Q)]? such that [, pV - > ||p||?,
and ||¢]|2 < Cy||p]2. Note that

o If 02 = 'y UT, then p is a zero-mean function, and such a 1E exists by the
standard inf-sup condition for the Stokes problem with Dirichlet boundary con-

ditions.

e Otherwise (so long as 02 # I'3), such a J € V exists with @/7 =(0on T U, U,
and ¢ x i = 0 on Iy, following [30, Lemma 2.7].

To establish the inf-sup condition needed here, we then choose ¥ = [t)5, —1/1]7 which,
by construction, belongs to V, giving V- = V x @ and ||¢/||> = ||7]|2. With this,

I> sup Ja VT4 JopV x 0+ [quV - d
T (ua)elxv V2 + 4|73
. Jo V-4 [(pV x T+ [(uV -a

(u)eL?xV Vlullg + 117113

_IIpllg+ Gl - &3 + Cull il = S 193 — 551913
- VGl +2CTIllg +2C70 -l

| (=) Wi+ Gl v - all + (G- §) 1903
VPl +2CTInllE +2C7IV -l

)

where we use the facts that [,pV x @ > |[pll2, [|7]|? < Co|lpl3, and | [, V-] <
S|\vn|2 + 2—é3||17||g Choose C; > £ > 2. Note that [|n]|2 < C4||Vn|[? for some

positive Cy by the Poincaré inequality. Thus,

(1) Il + oIV - ali3 + (¢ = %) 9l
VGl + 2CTCHIVTE + 2CV - a3
> C(Ipllo+IVllo + IV - @lo) > Ca?l|lipi-

As a result, the inf-sup condition holds true and the three-field formulation is well-

posed. O

Remark 4.3.1. The dependence on ¢ of the continuity, coercivity, and inf-sup con-
stants in the proofs above can lead to pessimistic error bounds for the finite-element

methods developed below. While it is tempting to try and prove convergence using
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other weighted H? norms or L? x H' product norms, we are unaware of a simple
weighting of the terms in such a norm that leads to O(1) continuity and coercivity
constants in the weighted norms. We note that a common use case of these results
will be when Bg* is an O(1) constant, in which case it is only the inf-sup constant

and continuity bounds for b that are suboptimal.

Corollary 9. Suppose Q C R? has 0Q) = {Ufilll“i} U {vajlfi}, for T = (z, a;z + b;),
and T = (c;y +d;, y) where Ny and Ny are positive integers. Let u and (i, v, &) be the
solutions of Problems (4.18) and (4.28)-(4.29), respectively. Further, assume u and
u are in H(Q), t > 4, and T € C"*(Q), where C™(R) is the space of 2 x 2 tensors
with each component in C™(Q2). Then u and (u, v, d) are equivalent in the sense that
uw=1u, v=Vu, and @ =V - (VVu + ¢*Tu).

Proof. First, let u € H'(Q), t > 4, be the solution of Problem (4.18). By direct calcu-
lation, (u, ¥, @) is a solution to Problem (4.28)-(4.29), which is unique by Theorem 14.
Note that u € H'(Q) is sufficient to guarantee that 7 € (H'(2))* and & € H(div; Q).

Conversely, let (@, 7, d) be the solution of (4.28)-(4.29) with u € H'(Q). Let D =
M (y — ae — b)° 12, (2 — ciy — di)*; D € C®(Q)NHL(Q) is positive in the interior
of Q. Choosing (¢,v) = (0, DBV - (VVu + ¢*Tu)) and § = D (¢ — Va) in (4.28)-
(4.29) and integrating by parts imply that ¢ = Va and @ = BV - (VVa + ¢*Tu):

/5-(17—%1) :/D(U—Va)-(ﬁ—Va) —0.
Q Q
Note that D is sufficiently smooth so that

3 =D (¢—Va) € Hy(div; Q) C Hp,or,(div; Q).

As D (U — Vu) - (v — Vu) is non-negative over €2, this implies that v = Va. Similarly,
one can prove that the value of @ = V - (VVu + ¢*Tu). As above, the regularity
of @ is necessary to ensure that ¥ and & (as well as ¢ and 3 defined above) have
the regularity to satisfy these equations. With this value for &, taking 1/7 = 0 and
¢ €V C L*(Q) in (4.28) leads to the fact that @ is a solution of Problem (4.18).
Thus, @ = u by the uniqueness of the solution of Problem (4.18). O
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4.4 Discrete Analysis

We now consider three different discretizations of the smectic density equation. First,
in Section 4.4.1, we consider an H?-conforming discretization based on Argyris ele-
ments for Q C R% The method offers optimal convergence bounds, but its analogue
for Q C R? is very difficult to implement. Thus, in Section 4.4.2, we consider a C°-
interior-penalty method, which allows for the use of continuous Lagrange elements
of any order £ > 2, in both two and three dimensions. Finally, in Section 4.4.3, we
develop a mixed finite-element formulation similar to that proposed in [66], that also

offers some advantages, especially in the construction of preconditioners.

4.4.1 Conforming Methods

We first consider the case of Q C R? with full Neumann boundary conditions, where
0} = I's. While several choices of conforming elements are possible, we focus on
Argyris elements, ARG5(€2, 72,), which arise from choosing a basis for the 21 degrees
of freedom for a fifth-order polynomial space, CG5(2, T), on each triangle, T, in such
a way as to ensure that the resulting space is H?-conforming [92]. The weak form is
to find u, € ARG5(2, 7,) such that [52]

a(uh, (bh) = F<¢h), V¢h c ARG5(Q, Th), (436)

where a is defined in (4.12) and F(¢y,) is defined in (4.32).

Corollary 10. Let f € L*(Q), and let {m,} be a family of quasiuniform meshes of €.
Problem (4.36) is well-posed for 9 = T'y. Moreover, if hg < 1 and v € H'(Q) for
3 <t <6 is the solution of Problem (4.12), then

|u — up o < CBG*R ™2 ul,. (4.37)

Proof. For 02 = Ty, the bilinear form a(us, ¢5) is symmetric, continuous and coercive
and the linear form F' is continuous, as shown above. Since uy, ¢, € ARG5(£2,7,) C
H?(Q), this is a conforming discretization and is well-posed following Theorem 13 and

the Lax—Milgram theorem. Finally, Céa’s lemma and standard bounds on the Argyris
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interpolation operator [35] lead to the estimate in (4.37), as

lu = unll2q < CBg* vheAFi{gf(Qﬁh) (@ 2[IVV (w = va)llo + a7V (w = va)llo + llw = vallo)

< OBq* (202 + ¢ A + W) July < CB@h'?|ul,.

[]

Remark 4.4.1. We are naturally interested in how the error estimate above depends
on ¢. From the coercivity and continuity constants of Theorem 13, which scale as
O(1) and O(Bq"), respectively, we see that the quasioptimality constant scales like
O(Bq*). When Bg* = O(1), as can be the case (see, e.g., [112]), this gives an error
bound that ||u — up|l2, < (¢72h'?)|ul;, which is optimal in h. For larger values of
B, we retain optimality in h, but see some degradation in ¢, as might be expected.
Moreover, for the case of expected solutions to (4.1) that behave like €% (showing
similar behaviour to the observed solutions of the generalized models in [112,138]),
we have |ul; ~ O(q"). Considering the case of a strong solution with v € H%(Q),
this gives an error estimate that scales like O(Bg®), but with an L? error estimate
of h*. Again, the value of B strongly influences the impact of this scaling: when
Bg* = O(1), then this necessitates choosing a mesh, 75, such that hq < 1, which
is not an unreasonable requirement when ¢ is, itself, an O(1) constant. If, however,
B = O(1), the requirement on 73, is stricter, needing h*¢® < 1 in order to guarantee
convergence in the large ¢ limit. While we are not interested in prohibitively large
values of ¢ (as in [112,138], we consider ¢ ~ 40), this recalls standard results in the
literature on numerical approximation of solutions to the Helmholtz equation and the

pollution effect that leads to similar restrictions [26,84].

Remark 4.4.2. The above result naturally extends to domains 0 C R? with three-

dimensional H?(f2) conforming elements [141].

Strongly enforcing essential boundary conditions using Argyris elements is well-
known to be difficult [90], although extensions of Corollary 10 would hold if we could
do so. Instead, if TyUT'{UT'3 # (), we enforce the essential boundary conditions weakly
using Nitsche-type penalty methods. Then, the weak form is to find u;, € ARG5(£2, 73,)
such that

Ah(uh, gbh) = F((]ﬁh), Vqﬁh € ARG5(Q, Th), (438)



38

where

An(un, ¢n) =a(un, ¢n) + B/ oV - (VVuy, + ¢*Tuy,) - 7t

Toul’y
1
—B/ uhV : (Vngh + C]2T¢h) -1+ —3 uhqﬁh
Toul’y qh Toul'y
1
+T Vuy - Vo — B/ Vo - (VVuh + q2Tuh) -7
q h Tul's Tul's

+B / Vuy - (VVo, + Ty - it
I ul's

We prove coercivity and continuity of the bilinear form, A, in the strengthened
H2(Q2) norm, ||| [[l2, defined as

1 h? .
lualllzgn = llunllz, + %Huhug,rourl 7V (VVun + ¢*Tun) -5 roor,
1 h -
+q3_h||vuh||(2),F1UF3 + ?” (VVuh + q2Tuh) . 7”L||37F1Ur3. (439)
As shown below, the weights in the norm ||| - |||2,4,» allow us to prove optimal-in-q

error estimates for solutions in the space H' (), ¢t > 4. Note that the choice of the
Nitsche formulation in (4.38) results in non-symmetric linear systems to be solved;
while we do not focus on effective linear solvers here, this nonsymmetry may be seen
as a downside of this approach. However, we note that using a symmetric Nitsche
formulation led to suboptimal error bounds in the analogous results to those that

follow.

Theorem 15. Let f € L*(2), and let {1,} be a family of quasiuniform meshes of €.
Let T be given s.t. |T>=T:T <y and [VT|* = (VT) : (VT) < py pointwise on
Q. Then, there exist constants Cy and Cy such that for any uy,, ¢, € ARG5(Q, 1),

| A (un, ¢n)| < CLBg*||unl||2,q.00l 108 |]2.0.0-
Ap(un, up) = Colllup|]3 4.n-

Moreover, Problem (4.38) is well-posed over ARG5(€),13,).

Proof. The continuity of Ay (up,¢n) and F(¢y) for uy, ¢n € ARG5(Q2, 1,) follow di-
rectly from the Cauchy-Schwarz inequality applied termwise, making use of the lee-

way offered by the suboptimal continuity of a(u, ¢) with respect to the || - ||2,, norm.
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For example, we use the bound

B / WY - (VVup + ¢*Tuy) - 7
Toul’y

q3 1/2 B3 1/2
=B (ﬁ> l|#nllo0,rour, <¥) IV - (VVun + ¢*Tuy) - il orour,
1\ /2 B3\ /2
= Bq' (%) l|#nllo0,rour, (?) IV - (VVup + ¢*Tuy) - il oroor,

< Bq*|||onll|2.qn 1 [unll|2.q-

with similar bounds for the other terms in Ap(up, ¢p) (recalling that 1 < %Bq4 for

O(1) constant, s). Therefore, we focus on the proof of coercivity.

Trace theorems [117, Section 2.1.3], standard inverse estimates [41, Theorem 4.5.11],
and Theorem 12 can be used to prove the following inequalities that are needed to
show coercivity of A,. For ¢, € ARG5(£2,7,,), we have

. C
IV 9V6 - il pyr, < IV - VIR, (4.40)
C
IV VY6l < CIVVVaE < 5

a 1 0 p
19 (V90n + ¢ Ton) - loncr, < € (I Vonl +a* (52100l + 519 anl)

IVVénlls, (4.41)

1 2 4 (2 2, M 2
<0 (GEIVVanlR +* (521003 + R 1onl)

03(14

< 73

lnl3, (4.42)

In addition,

04(]4
h

l6nll3q: (4.43)

. 1 ¢
I(79n+¢Ton) o, < € (31900l + L2 fonl3) <

where the constants, C5 and Cjy, will be used below. From Theorem 13, we have that
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a(un, up) > Csllup|)3,, for Cs > 0. Using this, we have

1
2 2 2
Ap(un, up) > Csllunllz,, + %HuhHo,Fourl + q;‘;—hHWihHrlur3

C’5 2 h3 2 =112
> Y <||Uh||2,q + @HV (VVuy 4 ¢"Tup) - 7|5 rour,

Cs ( h . 1
+ ( Cogt (Vi + ¢*Tup) - n||gmp3) + %Huhng’rm

1 2
+ qg_thuh“FlUFg

Cs, 1 . Csh? , I
> ?Huh”lq + WHV (VVuy + ¢"Tup) - 7|5 rour,
Csh . 1
+ 304(15 ||(VVUh + qQTU’h) . an,F1UF3 + qh3 ||uh||(2),F0UF1

1 2
+ q;;_thuhHI‘lul“g'

That is, there exists a constant Cy = min{%, 3%3, 30754, 1} such that Ap(up,up) >

Colllunl|13 g 5- O

Remark 4.4.3 (Galerkin orthogonality). Let v € H*(f2), s > 4 be the solution
of (4.10). If up, € ARG5(2,7,) is the solution of (4.38), then Ap(u — up, ¢p) = 0,
ngh € ARG5(Q,Th).

We carry out standard error analysis using the Galerkin orthogonality property,

following the same approach as used for Poisson’s equation in [128].

Lemma 11. Let the assumptions of Theorems 12 and 15 hold. Given functions v €
HY (), t >4 and v, € ARG5(Q,7,), there exists a positive constant, C, such that

C h h? h3
llo = walllaqn < ﬁ(uv—vhuwEuv—vh||1+?\|v—vh\|z+52Hv—vhHs,T>

TETH

C (h
+ = (q—4 > - vh||4,7) : (4.44)

TETH

Proof. Define r = v — vy, and note that r € H*(7),V7 € 7,. Apply Theorem 12 to
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the boundary integrals in (4.39), with 2 = % € (0,1), yields

hS . hd
?HV ) (VVT + qQTT) : n“g,afm(rourl) < C?”VVVT”?J,BTQ(FOUH)
3 ) 3 )
+ MlEHVTHo,am(rourl) + qu—3||7’||o,am(r0ur1)

h® (h 2 q 2
<% (SIVVVrR, + HI9Vr,

W (h q q
+ 05 (B199rIR, + 219ri3, + LI, )
B , B ,
< (LIvVVilE, + SIvTveR, )
ht h? h?
w0 (SIvwri, + Z1veiR, + Sivig. )
(4.45)

h . h h
EH(VV?" +¢°Tr) - ”||(2),am(r1ur3) < O?HVVTH(Q),am(rlum) + CﬂlgHTHg,aTn(rlurS)

h? 1
<c (guvkusﬁ ; q—4ukuaf)

h?
e (?kuéﬁ ; Hruﬁﬁ) , (4.46)
1 2 1 2 1 2
qg—hHV?”Ho,am(rlurs) <C ?HVVTHO,T + WHVTHO,T ; (4.47)
(4.48)
and
1 2 1 2 1 2
A Ry < € (1971 + 1R, ) (4.49)

Summing inequalities (4.45)-(4.49) over 7 € 7, and then combining these with the
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fact that » € H?(Q) leads to

C h? h!
o = onlli3gn < 75 (uv = onlli+ llo = vl + llo vl + Y HvHsT>

TETH

(hs S o - vhHM) (450

TETH

Taking the square root of both sides and using the fact that
24 2 < Zz 1 %, Ya; > 0 completes the proof. ]

zlz

Theorem 16. Let the assumptions of Lemma 11 hold, let u, € ARG5(Q2, 1) be the
solution of (4.38), and let w € H'(Q), 4 <t <6 be the solution of (4.10). Then,

|w — upl||2,gn < C’Bq4ht_2|u|t. (4.51)
Proof. For any v, € ARG5(€2, 7,), we have by the triangle inequality
e = unlll2.gn < [llw = valll2gn + ll[un = valll2.qn, (4.52)
By the coercivity and continuity of A, and Remark 4.4.3,

]Huh - Uh|||§,q,h S C’Ah(uh — Up, Up — Uh) = CA(U — VUp, Up — Uh) (453)
CBq'[[lu = vnlll2.qnlllun — valll2gn (4.54)

IN

Therefore, [[[u, — vlllagn < CBa*lllu — valll24s and

— < CBq* inf - : 4.55
M= wnllagn < C80° (| _int 1l = wnlla (4.55)

Applying Lemma 11 and existing bounds on the Argyris interpolation operator [35]
leads to the bound

I llogn <CBL g = wnllo + e — oy + 2| |
u—u _— 1mn u —v u—"v u —v
rll12,¢,h = B2 opcARGs (@) hllo p hi1 e hl2
h3 ht
+—3 \u—vh|377+—4§ ]u—vh\4,7>
q TETH q TETH

<CBq¢*h'?|ul,, for 4 <t <6.
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]

Remark 4.4.4. Comparing this with the bound in Corollary 10, we see a slight
degradation in the power of ¢, but no degradation in h. Thus, if v € H5(Q) and
behaves like €% we now seek a mesh with h*¢® < 1 when Bg¢* = O(1), which
is still reasonable when we expect ¢ ~ 40 at its largest. Numerical results show,
however, that even this estimate is pessimistic, and that a reasonable error tolerance

can generally be achieved when h = O(1), i.e., independent of q.

Remark 4.4.5. The discrete solution, wuy, may fail to exactly satisfy the essential
boundary conditions, with u, # 0 on ['(UI'; and/or Vuy, # 0 on 'y UT's. Nevertheless,
the error in these terms on the boundary also converges to zero, since we have the

bounds

unllo,rours = 1w — unllorours < (gh*)?||u = upll|2,gn < CBg®*h' =2 ul{4.56)
IVunllor,ors = IV (w = up)llorours < (@h)72|[Ju — unl||2.qn < CBg" 2R =32 uld.57)

Remark 4.4.6. Preliminary results, not reported here, showed that the symmetric
version of Nitsche’s method resulted in the same dependence on h as above, but with
worse dependence on ¢. In particular, we can also recover optimal-in-h convergence
for the error in w measured in the L?-norm in that setting, but with a dramatic
increase in the power of ¢ in the approximation results. Here, we can prove a slight
improvement in the L2-error estimate for v using arguments similar to [48, Proposition
5.3], but such estimates have little value, since they again trade worse dependence on
q for better dependence on h. Whether such results can be improved (e.g., using a
nonsymmetric penalty-free version of Nitsche’s method, as in [48]) is left for future

work.

4.4.2 COIP methods

We next apply a COIP method for the primal formulation (4.10), aiming to approx-
imate the solution with a H'(Q)-conforming function and to weakly enforce H?(()-
conformity. Such an interior penalty method for the biharmonic operator, with either
homogeneous clamped boundary conditions or Cahn—Hilliard type boundary condi-

tions with a vanishing corner DoF (to guarantee uniqueness of the solution), was
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presented in [39]. As in that approach, we use Nitsche-type penalty methods to im-
plement essential boundary conditions on the gradient, but strongly impose essential
boundary conditions on the solution. The Nitsche term is, consequently, added to
I'y UT's. In this case, the weak form is to find uy, € CGgOUFl(Q, ), k > 2, such that

Gn(un, n) = / Fon, Vo € CGII(Q, ), (4.58)
0

where

o) =atuan) -5 S [ (V9w ) a5

eEeh\Fo Ul

S / {{ (vv¢h+q2T¢h)-ﬁ}} H%ﬂ

eeﬁh\FOUFQ

e r [EE]

ecep\I'oUT'2

and

a(un, ) =By ( / VVuy : Vo, + Bg? / VVu, : Ty, + Be® / VVé ; Tuh)

TETH T T

+ / Bg"(T : T + m)uép.
Q
Here, [-], {-} denote the standard jump and average functions defined in [18,39,42,43],

and 7, and €, are the sets of cells and edges (including the boundary) in the mesh,

respectively. We define the following norm on CG};OUFI (Q, 1),

unll} = ¢~ (Z [unls , + ||Vuh|13> + unlf?

TEThH
h 2
T > / {{ (vwh + q2Tuh) ﬁ}}
EEEh\FOUFQ
1 8uh
+ Th Z / |:{ :|:| (4.59)
eEEh\FoUFQ

The following inequalities are useful in proving the well-posedness of (4.58).

Lemma 12. Let {7} be a family of quasiuniform meshes of Q@ and T : T < 1y
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pointwise on §2.

e The H?-discrete Poincaré inequality is that there exists C, > 0 such that

1 ounT”
Vuld < ca(lulp+ Xt + 5 5 [|52] ). von e cauam
TET, c€en\oQ
(4.60)

o There exists Cy > 0 such that

Z/{{ﬁ (vwh +q2T¢>h) -ﬁ}}2 < % (( > |¢h|§,T> +q4ll¢hllé> (4.61)

ecen TETH

Proof. From [44, Example 5.4], we have

< Smborg X [|5e] rewe). o

TET, e€en\0Q

where @ is a seminorm that satisfies Equations (1.2), (1.3), (2.15), and (3.3) in [44]. As
O (u) = |Jul|p satisfies these properties, Inequality (4.60) holds. While (1.2) and (1.3)
can be trivially proved, (2.15) is shown in [44, Corollary 2.2], and (3.3) follows directly
from [44, Inequality 3.2]. To prove Inequality (4.61), we first use [39, Inequality 3.20)]
to bound the term containing 77 - (VV¢y,) - 7i. To bound the remaining term, we apply

standard inverse trace inequalities to get
2
. . Cq*
> {{” (q2T¢h) ”}} < ——lenlls. (4.63)
e€ep v €

Adding this to the right-hand side of [39, Inequality 3.20] completes the proof. ]

These inequalities are enough to establish coercivity (and, thus, well-posedness)
of the discrete problem in (4.58).

Theorem 17. Let {7} be a family of quasiuniform meshes of Q, f € L*(Q), and
T : T < py pointwise on 2. Then, Problem (4.58) is well-posed.

Proof. The bilinear form a defined in (4.58) is continuous and coercive in the norm

defined in (4.59). Proving continuity is straightforward using the Cauchy—Schwarz
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inequality, yielding a continuity constant that is O(Bg*), as in the conforming case.
Coercivity of a can be proven by combining the inequalities of Lemma 12 and Cauchy—

Schwarz inequality. By direct substitution, we have

a(up,up) = BZ (/|uh|2T—|—2q /VVuh Tuh> /(Bq4T:T—|—m)u,2L

TETH

cw 2 I

€€€h\F0 ul's

Similar to the proof of Theorem 13, we can show that there exists C'5 > 0 such that

B> (/|uh|27+2q /VVuh Tuh> /(Bq4T T + m)u
TETH
Cs <q4 > lunls, + Huh|!§> :

TETH

With this, we have

a(un, un) = Cs ( N Junl3, + ||Uh||0) 3Lh > / Hauhﬂ

TET) ecep\'oUT'o
> 3 (q Z |unlz- + luallg | + 3¢h Z /
TETH e€ep\['oUT'2
e = [{ (vvavera) o)
4+ 2 Z VVo,+q¢To, ) -1
3Caq! e€en\ToUT's
mm{C AP [ 1 Ouy,
P S T e S A - |
TEThH eEEh\FOUFQ
min{Cjs, 1 _
2M< Sl |Vuh||0+nuhuo>
TETH
i > [ ( |
> VVén + q2T¢h) : n}}
SCQQ e€ep\[oUT2
2 8uh
o 2 5]
3
3¢°h e€ep\I'oUI'2

where C and Cy are defined in Lemma 12. Thus, the coercivity constant is O(1). O
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Remark 4.4.7. Note that the bilinear form a is also continuous with respect to the
mesh-dependent norm for functions in H*(Q) N Hf, (), t > 4, where the jump
terms vanish over interior edges. That is, there exists a positive constant, C', such
that

a(u, ¢) < CBq'|||ulllall|6]]ln, Yu,¢ € H'(Q) N Hyor, (). (4.64)

Lemma 13. Let {7,} be a family of quasiuniform meshes of Q, v € H'(Q)NHE r, (Q),
s>4, T :T < puy pointwise on Q, and v, € CGgOUFl(Q,Th). Then,

2 C , B , M h® 2
Il =wnlllh < 73 IIU—vhHoJr?Iv—vhlﬁgZ\v—vh\zﬂrﬁzIv—vhlg,T

TETH TETH

C [ hd
+t1 (@ > - Uh|z21,1-> (4.65)

TETH

Proof. First note that [2“] = 0 on the interior edges of 7,. For v € H'() N

H{ or, (Q), t > 4, we have that r = v — v, € HY(7), V7 € 7. We apply Theo-
rem 12 to the boundary integrals in (4.59) with ez = % € (0,1), yielding

1 87” 2 1 ) ] 2
*h Z /e[{%ﬂ SOZ(qthHVTHO,TJFE\TE,T) (4.66)

EGG;L\F()UFQ TETh

and

h . Rk 1 h2
E Z /{{n (er+q2Tr) n}} < CZ (E|r|§,7+¥yr|w>

e€ep\I'oUI'2 € TEThH

h2
+ C (HrH% + ?\VM%) . (4.67)

As a result, Inequality (4.65) holds. O

Remark 4.4.8 (Galerkin orthogonality). Let uw € H'(Q), t > 4 be the solution of
(4.10). If u, € CGL°Y"(Q,73) is the solution of (4.38), then Ap(u — up,ds) = 0,
Yoy, € CGLOPH(Q,m,).

Theorem 18. Assume that the solution of (4.10) satisfies uw € H'(Q), for t > 4. If
u, € CGLO9"(Q,7,) is the solution of (4.58), then

llu = unllln < CBg'R™MEED "2y,
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Proof. We use the orthogonality property to prove the error estimates as in Theorem

16. Given u € H'(), t > 4, then we have the standard quasi-optimality result,

||w— || < CBg* inf [l — vp|||n- (4.68)
h

Now, we use Lemma 13 and the standard Lagrange interpolation error estimates
[41,52] to yield

CBgt
e — unllln < —ok <||u—vhr|o+—||v<u—vh>||o+q—Zlu—vhlw)

h2
TEThH
CB h?
(5 o e
TETH TETh
< CB(] hmin{t’k—l—l}w‘t _ CBq4hmin{t’k+1}_2|U’t-

h2

4.4.3 Mixed finite elements

We now consider a mixed finite-element discretization of the systems reformula-
tion given in (4.28)-(4.29). We consider a conforming discretization, with u, €
DGy(Q, ) C L*(Q) and d), € RT2{"(Q,7) C Hr,ur,(div; Q). In order to prove
the required inf-sup condition on b(dp, (up, ¥)), the choice of space for 4, is based on

generalized Taylor—-Hood elements, writing v}, € V},, where
Vi = {Jh ‘ Un € [CGria(Q, )2 N V} ;

with (as before) V = {7 € [H{ r,(Q)]?| ¥ x 7@ =0 on Iy}

Theorem 19. Let the assumptions of Theorem 14 be satisfied, and let 1, be a quasi-
uniform family of triangular meshes of Q). Let the bilinear forms A and b and linear
form F be defined as in (4.30)-(4.32). For sufficiently small h, the discrete saddle-
point problem of finding (un, Uy, @y) € DGr(Q, 1) X Vj, X RT,{jf“(Q, ) such that

A((un, B), (s Un)) + (A, (Bny0n)) = Flon), Y(dn,¥n) € DG(Q,7) X Vi
(B, (un, %)) = 0, VG € RTL™(Q,m) (4.69)
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15 well-posed for k > 1.

Proof. We follow the standard theory (see, e.g., [32]), requiring continuity of A and
b, coercivity of A, and an inf-sup condition on b. Because we consider a conforming
discretization, continuity of both A and b follow directly as in Theorem 14, with
the same constants in the norms used there, where we use the discrete Helmholtz
decomposition of a, = V x p, + V£2UF3 ¢p, defined in Lemma 10 to prove continuity of
b. Similarly, we consider coercivity of the bilinear form A ((uh, Un), (dn, Jh)> on the

set

Ap = {(un, ) € DG(,73) X Vi, | b(@n, (un, %)) = 0, Vay, € RT3 (Q,7) }

0
] , with
h
Sy € CG¥(Q,7,) as defined in Lemma 7 in place of the continuum analogues in

Theorem 14.

— S —
This follows again as in the continuum case, using ; = loh] and By =

Finally, we establish the discrete inf-sup condition, that

7 — sup fﬂoﬁl-ﬁthfﬂuhV-@’h

- > C¢’||@n | piv, (4.70)
(uh,ﬁh)EDGk(Q,Th)XVh H(uh? /Uh)”oqul

for some constant, C. By Lemma 10, for any &) € RT{j?F?’(Q,Th), there exists
pn € CG 2173 (Q,73) and 1y, € DG(Q, 7,) such that

&h =V X Pn + ngurg’nh. (471)

This gives the equivalent form to (4.70) of

I = sup Ja (VfFLQUFBnh +V x ph) O+ JounV - G

> CQQHO_thD‘
(uns)E DG x Vi Va2 + ¢ 452

Vay, € RT,2{"*(S2,7,). We show this by choosing u, = Cy (V- &, — ). Let h be
sufficiently small so that the inf-sup condition of [30, Lemma 3.5] holds. Then, for
all p, € CG21"3(92, 73,), there exists a vector U € Vi, such that INAR Oy > |lonll2,
and [|in]|2 < Cy|lpnll2. To establish the inf-sup condition needed here, we choose
T = [an, —tb1.5)T which also belongs to Vi, giving V-1b, = V x @, and || ||2 = [|5, 2.

The remainder of the proof follows identically as in the continuum case. m
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To measure the error estimates that arise from our three-field mixed formulation,

we define the approximation errors,

Buw = inf 1, @) = (s ¥n)ll0.g.1, (4.72)
(6n,¥n)EDGR(Q,7h) XV
E&' = inf “&_ﬁhl‘Div' (473)

BrERTy11(Q7h)

Corollary 11. Let the assumptions of Theorem 19 be satisfied. Assume thatu € H*+
and T € C*™2(Q), for k > 1, (u, ¥, d) is the unique solution of Problem (4.28)-(4.29),
and (up, U, ) is the solution of Problem (4.69). Then,

1(w, @) = (un, 0)[logr < Ci ((Bg* + BY*¢*) By + ¢*Ex) (4.74)
1@ — dnllow < Co ((B¥*¢* + Bq*) B + BY?¢*Es) ., (4.75)

where C1, Cy are positive constants independent of h, B and q.

Proof. The standard error estimate, for example in [32, Theorem 5.2.2], leads to (4.74)
and (4.75). Note that A and b in (4.28)-(4.29) are continuous with O(Bg*) and O(g*)
continuity constants, respectively, the coercivity constant is O(1), and the inf-sup
constant is O(q?). O

In the next corollary, we bound the approximation errors FE(,y and L5y when
u € H*5(Q) and T € C**(Q). Note that, in this case, 7 = Vu € [H’“H(Q)}z and
d=V-(VVu+ ¢*Tu) € [H**(Q)]* by Corollary 9.

Corollary 12. Let the assumptions of Corollary 11 be satisfied and write & = V¢ +
V x p. If, furthermore, ¢ € H*3(Q) and p € ® (as defined in Remark 4.2.2), then

1 1/2
By < CHH (|u|i+1 = |) , (4.76)

C 1/2
Eg < q—Qh’““ IVl + 1201+ [plis)

(4.77)
Proof. Inequality (4.76) holds using the classical continuous/discontinuous Lagrange
interpolants [32]. To prove Inequality (4.77), we use the fact that @ € [H*"2(Q)]> N
Hr,ur, (div; Q) and, therefore, the functions p and ¢ are in H*2(Q) N HE r, (Q) and
HM3(Q) N HE, o, (Q) respectively if the conditions of Remark 4.2.2 are satisfied. We
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bound ||&@ — EhHDiv by writing Eh = VZQUF?’% + V X py and noting that
16 = Bulle = a* (lp = palls + 1IVO — V32" 03, -

We choose <gz5h, @) € DG(2,73,) % RT,{jTFS (Q, 7,) to be the solution of the mixed

Poisson problem,

/%V'fh:/ﬁé%, YV € DGR(2, 1),
0 0

/Qgh T4+ onV Ty =0, VT; € RTL(Q, 7).
The standard error estimate for th is that
16 = Véllase < CH (1Vlkir + | A0]i11)
however, 5;1 = V?Um’th, giving

IVe = V3,7 dnllae < CHM 1 (IV s + [Adksa) - (4.78)

Choosing p;, to be the interpolant of p in CG};SFUIH(Q, Th) gives

Ip — pallo < CR**2|plips. (4.79)
Adding Inequalities (4.78) and (4.79) leads to (4.77). O

While we can always compute the discrete Helmholtz decomposition of a, it is not
always possible to compute the corresponding continuum Helmholtz decomposition
of @, which would be needed to verify the above results by computing ||@ — d4||piy-
Therefore, we use the H(div) norm in practice. We next show that the approximation

error of @ in the H(div) norm can be bounded by that in the strengthened norm.

Corollary 13. Let the assumptions of Corollary 12 be satisfied. Then,
2~ = k+1 Lo .
¢ lla@—anllo < C{ P plesz + 7 [1& — nlloi |, (4.80)

where C' s a positive constant independent of h.
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Proof. Write aj, = vi%h + V X pp. Then we have

|6 —anllo < C(IVO—Vitdullo+ |V x p—V x pallo)
S C(Hd’—o‘ZhHDianHVxp—prhHo). (4.81)

Thus, we only need to bound ||V x p — V X pp|lo- To do this, we note that
IV xp =V xpullo < [Vxp=Vxzlo+[IV X2 =V xp,

where z, is the interpolant of p in CGyi1(2,7,), for which ||V x p — V x zp|o

IA A

Ch¥1|p|rro. Also, using standard arguments, we have that |V X 2, — V X pullo

C 2 — pnllo. Thus,

IV xp—V xpalo < M“mmrww%—mm)

°(
o
(
°(

R m%)
< (Wl + 3 lp - phno)
W pliys + —Ha - ah”Dw) . (4.82)

Combining Inequalities (4.81) and (4.82) leads to (4.80). O

Remark 4.4.9. Let the assumptions of Corollary 12 be satisfied, and let W =

1/2
(Bg* + B*¢*), Z1 = (IU|i+1+qi4|?7|i+3> cand Zy = (IVo[i + |AGlR + Ipliis)
Then,

1/2

H( ) (uh7 7711)”0,(1,1 Scquthrl (WZl -+ Zg) ,

1 C
?H & — apllo < —Es <C, BY2@*hF (W Zy + Z,),

1
?Hv A=V - ayllo < Ex <CsBY2@hHY (W Z, + 7).
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4.5 Numerical experiments

To verify the analyses of the three finite-element discretizations, we next present nu-
merical experiments to measure convergence rates. The experiments were done using
the finite-element package Firedrake [115], which offers close integration with PETSc
for the linear solvers [20,93]. All numerical experiments were run on a workstation
with dual 8-core Intel Xeon 1.7 GHz CPUs and 384 GB of RAM. While development
of efficient linear solvers for these discretizations is an important task, we consider

only solution using the sparse direct solver, PaStiX [83], in all cases.

We use the method of manufactured solutions to estimate convergence rates, where
we fix forcing terms and boundary data for the PDE to exactly match those for a
known solution, u. In all experiments, we consider uniform triangular meshes of the
unit square in two dimensions, generated by uniformly meshing the unit square into
square elements with edge length h = 1/N, and then cutting each square into two
triangles, from bottom left to top right. For the tests below, we write the boundary of
the unit square as 02 = I'yUl'sUT'gUT'y, denoting the North, South, East, and West
edges of the square, and fix 'y =1'g,I'y =I'y,I's =T'g, and I's = I'yy. For mesh size
h, we define u;, to be the finite-element solution on the mesh and the approximation
error to be F, = u — u,. We can measure Fj, in several ways, such as the absolute
Lo(2)-error, which we denote by Abs.(up, h) = ||Ep|lo. Similar definitions are used,
as needed, for other quantities, such as the weighted H?(2)-error in wuy as given in
Section 4.4.1, the weighted L?(Q) x H'(2)-error in (uy, U) as given in Equation (4.33),

and the weighted L?*(2)-error and H(div)-seminorm errors in .

We first consider an exact solution given by u = sin (¢ - [z,y]), with ¢ = 40,
T=0VQU, U= [g,%], m = 10, and either B = 1 or ¢~*. We plot log(Abs.(-))
against log,(1/h), so that slopes of the data plotted correspond to the experimental
convergence rates. We approximate the slope, S, of each line using the last two points.
In Figure 4.1, we show results for both the conforming method, with u;, € ARG5(£2, 7,)
(in green), and the COIP method with u;, € CG(Q, 1), k = 2,3,4, (in blue, red, and
orange, respectively). Triangles denote the absolute error in the L?norm and filled
discs denote the weighted H2-norm defined in (4.39) for Argyris elements and the
norm defined in (4.59) for the COIP method. We see that these results agree with the
theoretical analysis in Sections 4.4.1 and 4.4.2. For B = 1 (shown at left), we note

that the absolute errors in both the L?>-norm and the weighted H2-norm are slightly
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Figure 4.1: Absolute approximation errors and rate of convergence with u € ARG5(£2, 7,)
(Green), and u € CGg(Q, 1), k = 2,3,4 with the COIP formulation, where blue, red, and
orange lines present results for k = 2,3, 4, respectively. Triangles denote errors in the L?
norm, while filled discs denote errors in the appropriately weighted H? norm. Left: B = 1.
Right: B = ¢*.

~* (shown at right), which is expected as the error

larger than for the case B = ¢
estimates depend on Bg*. Moreover, for the COIP method with u € CGo(Q, 73,), we
see poor convergence that agrees with the fact that Bg*h is quite large for values of
q and h considered here. Finally, we see that, with Argyris elements, the convergence
rate in the L%norm tends to be optimal for B = ¢~*, but suboptimal when B =
1. The degraded convergence rates in the L?-norm for both conforming and COIP
methods result from the use of nonsymmetric versions of Nitsche’s method and COIP,

as expected.

Figure 4.2 presents results for the 3-field mixed finite-element discretization with
(up, Up, @) € DGR(, 1) X Viso X RTp1(92,7,). Here, blue, red, and green lines
present results for £ = 1,2,3, while filled discs and squares denote the L?(Q) and
weighted H'(Q) errors for u;, and oj,, respectively, while triangles and diamonds de-
note the weighted L*(Q) and H(div;2)-seminorm errors for a,. We see optimal
convergence rates for u, degraded H' convergence for @, which is expected because of
the mismatch between the orders of DGy; and V9, and optimal convergence rates
for a. These results are consistent with Corollary 13. While the analysis of our mixed
formulations in Remark 4.4.9 show that the convergence rates depend on B, we see
that the error estimates for both B = 1 and B = ¢~* are almost the same for u and
7. The absolute errors in @ with B = ¢~* are equal to those with B = 1 multiplied
by ¢~*. The fact that the experimental error estimates of the mixed formulation are

independent of B is a substantial advantage over the conforming and COIP methods.
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Figure 4.2: Absolute approximation errors and rates of convergence for the mixed formu-
lation analyzed in Section 4.4.3, with (u, v, @) € DGR(Q, 1) X Viga(2, ) X RTj41(82, 71),
with blue, red, and green lines presenting results for k = 1,2, 3, respectively. Filled discs
and squares denote the L?() and weighted H'(Q) errors for uj, and ¥, respectively, while
triangles and diamonds denote the weighted L?(€2) and H(div;)-seminorm errors for &j.
Left: B =1. Right: B = ¢~*.

Note that for £ = 3 and h = 1/512, we have so many DoF's that the direct solver fails,

motivating future work on deriving efficient iterative solution algorithms.

An important question is whether the dependence on ¢ in the theoretical results
above is due to inefficient proof techniques, or is an actual dependence that is seen in
the finite-element results. Figure 4.3 presents results for the same boundary conditions
as above, considering two test solutions, u = sin(¢(% + %)) from above (left) and
w, = 100sin(27rz + 37y) (zy(1 — 2)(1 — y))*(right), with A = 277, When B = 1
(solid lines), we see that the errors grow more slowly with ¢ than predicted by the
theoretical results. We note that these results are consistent with O(1) coercivity and
continuity constants, scaling instead like the relevant semi-norms of u in the error
bounds. To validate this hypothesis, we consider the case where « is independent of
q, with u = 100sin(2rz + 37y) (zy(1 — z)(1 — y))” (dashed lines). Here, we see no
dependence on ¢ in the error bounds for the Argyris or COIP discretizations, and a
moderate dependence on ¢ in the H? norm error for the mixed method. This suggests

that a finer analysis may improve the dependence of the error bounds on q.

4.6 Conclusions

We consider different finite-element techniques to discretize a fourth-order PDE de-

scribing the density variation of a smectic A liquid crystal. These models have two
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Figure 4.3: The L? (filled discs) and weighted H? (squares) absolute approximation errors
at 1/h = 27 and different values of ¢, for the conforming method, with u € ARG5(Q, 13,)
(blue), the COIP method with u € CG3(€2, 7,) (green), and the mixed method with (u,¥) €
DGo(Q,11) x Vi(Q,73,) (red) for B = 1(solid lines) and B = ¢ *(dashed lines). Left:

u = sin(q (%x + %y)) Right: u = 100sin (27 + 37y) (zy(1 — z)(1 — y))*.

complications in comparison to classical biharmonic operators, as they are more akin
to Helmholtz operators than elliptic ones, and involve Hessian-squared (div-div-grad-
grad) operators rather than the classical biharmonic operator (div-grad-div-grad),
with boundary conditions that preclude this potential simplification. We analyzed

H?-conforming, COIP, and mixed finite-element methods.

In the H?-conforming case, we use C' Argyris/Zhang elements. In practice, these
elements can be expensive to work with, due to their high order (fifth-order piecewise
polynomials in 2D and ninth-order in 3D), but they offer high-order approximation
of smooth solutions as well. In this case, we implement essential boundary condi-
tions using non-symmetric Nitsche-type penalty methods, which somewhat degrades
the error estimates from the case where essential BCs are imposed strongly. COIP
methods have the advantage over H?-conforming elements that there is greater flex-
ibility in choosing the order of approximation, at the cost of more complicated weak
forms, where C'-conformity is weakly enforced by penalizing inter-element jumps in
the first derivative. Our error estimates in this case match the dependence on ¢ from
the conforming case, but with an h-dependence in line with the lower polynomial or-
der. Finally, we consider a three-field mixed finite-element formulation that explicitly
introduces the gradient as an independent variable constrained using a Lagrange mul-
tiplier. The mixed formulation offers better robustness in B than the other schemes.

Numerical results confirm the theoretical expectations.
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The mixed formulation proposed here was motivated by the observation that de-
sign of optimal linear solvers for the COIP formulation is not straightforward (with
direct solvers used in [138]), coupled with the observed success of monolithic multi-
grid methods for a similar mixed discretization for the H?-elliptic case of fourth-order
operators in [66]. A natural step for future work is in extending these linear solvers
to the mixed formulation proposed herein, in parallel to investigating effective linear
solver strategies for the other discretizations. As this work is motivated by consider-
ing the more complex models in [138], coupling the smectic density to a director field
or tensor-valued order parameter, the other natural direction for future research is to
extend the analysis proposed herein to mixed formulations of the energy minimization

problem associated with Equation (4.2).



Chapter 5

Efficient numerical simulation of

smectic liquid crystals

Abstract!

Liquid crystalline materials are abundant in both the natural world (e.g., cholesterol
and other molecules) and science and engineering practice (e.g., in liquid crystal dis-
plays). Because they possess properties that are intermediate between those of liquids
and solid crystals, as well being electromagnetically active, there are a wide range of
potential scientific and industrial uses for liquid crystals. However, their use in many
contexts is held back by poor theoretical understanding of their mechanical proper-
ties. Ome approach to gaining such understanding is through the use of computer
simulation and, in recent years, several families of finite-element methods have been
proposed and developed to model various equilibrium states of different types of lig-
uid crystals. Among common liquid crystal phases, smectic phases are distinguished
by their “soap-like” properties, forming distinct layers at equilibrium. Until recently,
there had been little success in developing finite-element simulation tools for smectic
liquid crystals, primarily due to the complex nature of their governing free-energy
functionals. In this paper, we discuss the challenges in developing such models, and
build on recent work by Pevnyi, Selinger, and Sluckin [112] and by Xia et al. [138]

to propose a new mixed finite-element formulation for one model of smectic A liquid

'This work to be submitted as “Efficient numerical simulation of smectic liquid crystals”, by
Patrick E. Farrell, Abdalaziz Hamdan, and Scott P. MacLachlan.
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crystals. In particular, we demonstrate effective nonlinear and linear solvers for this
formulation, combining nested iteration (grid continuation) and monolithic multigrid

principles.

5.1 Introduction

The unusual properties of liquid crystals were first observed by the Austrian chemist
Reinitzer in 1888 [116]. These substances display physical properties that are some-
how “between” those expected of liquids and those seen in solid crystals, including
the ability to maintain crystal-like molecular orientation while flowing like a liquid.
Many of the interesting properties of liquid crystals can be tied to the development
of symmetry-breaking structures and/or defects in the crystal structure [94], where
non-smooth configurations are energetically preferable, particularly when constrained
by a “mismatch” between the geometry of the domain and the inherent properties of
the crystal under consideration (known as geometric frustration). Different materials
achieve these properties in different ways, with some liquid crystals changing their
behaviour with temperature (thermotropic liquid crystals) and some with chemical
concentration (lyotropic liquid crystals). Among these types, there are further phases
of the liquid crystals; in particular, thermotropic liquid crystals at high temperature
behave as an isotropic liquid, then display a nematic phase as the temperature drops,
then a smectic phase at lower temperatures, before acting as a convential crystal at

sufficiently low temperatures.

The governing free-energy model for nematic liquid crystals behaves as a nonlinear
and anisotropic second-order div-curl system, making it amenable to finite-element
simulation with standard H' conforming spaces on convex domains [4,5,9,23,100,114].
Smectic liquid crystals, in contrast, exhibit much more complicated behaviour, includ-
ing coupling between the liquid-crystal director field and a scalar order parameter
related to the density variation of the liquid crystal, leading to free-energy functionals
involving higher-order derivatives of the order parameter [1,78,112,138]. The main
focus of this paper is on the numerical modeling of equilibrium states of Smectic-A
liquid crystals, which are characterized by their natural propensity to form layers

with periodic variation in the density of the liquid crystal along lines orthogonal to
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the orientation of the crystals. While some models make use of a complex order pa-
rameter as a model of the energy of liquid crystals [1,55], several recent papers have
proposed models based directly on the (real-valued) density variation [22,112,138].

For example, Pevnyi et al. [112] propose the energy functional

& (u, V) = / M2y 2 By p |VVu+ ¢* 7 @ ﬁuf + £|V17|2, (5.1)
q 2 3 4 2
where QO C R% d € {2,3}, u : Q — R represents the variation in the density of
the liquid crystal from its average density, ©/ is the unit-length director of the liquid
crystal (the local axis of average molecular alignment), and a, as, as, q, K, and B are
real valued constants determined by the liquid crystal under consideration. Of these,
the smectic wavenumber, ¢, is notable because it prescribes a preferred wavelength for
the solution of 27 /q. Here, and in what follows, we use |Q|> = Q : Q to denote the
Frobenius norm squared of tensor @ (of any rank), defined as the sum of squares of the
entries in @ at a given point in 2. While numerical experiments in [112] demonstrate
that this model is capable of reproducing both the expected behaviour of Smectic-A
liquid crystals and simulated results with complex-valued order parameters, the use
of a vector-valued director degree of freedom limits the range of defects that can be
represented, since 7 should be directionless (with no distinction between +# in the
pointwise energy functional), but some natural structures cannot be represented with

a continuous vector field, 7.

To overcome this limitation, Ball and Bedford [22] propose replacing the vector
degrees of freedom for ¥ with a tensor related to 7 ® /. In [138], Xia et al. adapted

the Ball-and-Bedford model to achieve a more robust simulation framework, writing

2
a2

H1(u, Q) = / e T ‘vwmq? (Q+ %) u

K
S +SIVQP+£(Q),

(5.2)
where @ is a traceless tensor-valued order parameter, I; is the identity matrix, and

f(Q) = —1tx(Q%) + 1(tx(Q)” for d = 2 and £,(Q) = —£(Q°) — +tx(Q%) +
é (tr(Q2))2 in three dimensions. Here, the functions f,(Q) and the penalty param-

eter, [, are chosen so that the minimizer of fQ fn(Q) is of the foorm Q =V @ UV — %‘1,

and are included in the energy to weakly enforce the rank-one condition implied by
Pevnyi et al.’s model, without the potential singularity when including a scalar order

parameter, as in [22] or the difficulty in representing certain expected defect structures
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when directly discretizing (5.1). While there remain many open questions about the
physical values of the constants aq,as,as,q, K, and B, an important feature of the
model is the energetic competition between the Hessian term, scaled by B, and the
deformation of the director field, represented by either v or Q. Compared to what
has been done in Chapter 4, both u and the tensor ) are variables and, therefore,
the Euler-Lagrange equations for either of these functionals naturally lead to a cou-
pled system of PDEs, with a fourth-order operator acting on u and a second-order
operator acting on © or Q. We point out that the case of natural boundary condi-
tions on the fourth-order operator and essential (Dirichlet) boundary condition on the
second-order operator is the one of interest, precluding the possibility of making use
of some discretization techniques for fourth-order problems that rely on clamped or
simply supported boundary conditions. Several mixed finite-element techniques can
be used to discretize (5.2), including conforming methods that require the use of H?-
conforming elements for u, and H'-conforming elements for . While this is possible
using, for example, fifth-order Argyris elements on triangles in 2D, it is problem-
atic in 3D, where the lowest-order conforming space on triangles is ninth-order [141].
This motivated the use of a C” interior-penalty (COIP) approach in [138], where C'-
continuity is weakly enforced by penalizing inter-element jumps in the gradient of w,

modifying the energy model (5.2) into

S(1,Q) = #i(u,Q) + % Z/ [{%H2, (5.3)

€ eceyp,

where [-] denotes the standard jump on each edge, and ¢, is the set of (interior) edges
in the mesh. This technique enables the use of simple continuous (H'-conforming)
Lagrange elements, with only simple modification to the weak form required [42].
However, it is sometimes difficult to decide how large the penalty parameter on this
term must be to achieve stability without harming convergence. Furthermore, de-
veloping fast solvers for the resulting systems is often difficult, and numerical ex-
periments in [138] were limited to relatively coarse meshes, due to their reliance on
direct solvers. Analysis of COIP and conforming methods for (5.2) have been studied
in [79,137] with some simplifications. For the case of a fixed tensor, @), and with
as; = ag = 0, Argyris elements with a nonsymmetric version of Nitsche’s method to
impose Dirichlet BCs on u, as well as a nonsymmetric version of COIP methods were

discussed in [79]. The main motivation for using the nonsymmetric forms of these
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discretizations is to get optimal-in-¢ convergence estimates, that yield optimal-in-h
convergence rates in a weighted H?(Q) norm, but degraded h-convergence rates in
the L?(Q2) norm. A different simplification of (5.2) was considered in [137], assuming
that ¢ = 0 and only implementing the simply supported boundary conditions on wu.
A standard COIP method was analysed with O(1/h3) weights on the inter-element
jumps in the first derivative of u. In addition, the weakly-over penalised symmetric
interior penalty (WOPSIP) method, where the facet integrals arising from integra-
tion by parts are not included in the discrete forms, but higher weights appear on
the inter-element jump of the first derivative, is shown numerically to be efficient.

Numerical experments are also given in [137] for the coupled case(q # 0).

An alternative approach to either conforming or COIP discretizations for u is to
introduce additional variables and use a mixed finite-element formulation for an aug-
mented system [24,25,27,51,66,79,96,97,104]. In this paper, we adapt the mixed
formulation from [79], which considered the minimization of _#;(u, Q") for fixed Q~,
by introducing an additional variable, ¥, to represent Vu, along with a Lagrange
multiplier, @, to weakly enforce v = Vu. The resulting modified smectic A energy

functional is

2

I
S, 7,8,Q) = | L2+ 2+ Bt BIVi+ ¢ (Q+ 2 )u
o 2 3 4 d

+§|VQ|2+fn(Q)+/d’-U+uV-62. (5.4)
Q

In what follows, we show the expected relationship between minimizers of _#;(u, Q)
and saddle points of _#5(u, v, @, Q), as well as establishing that, under suitable “small
data” assumptions, the Newton linearizations of _#(u, v, @, Q) are well-posed both
in the continuum and when discretized appropriately. We also demonstrate that the
resulting nonlinear systems are amenable to efficient solution using a Nested Itera-
tion (NI) solver [10,124] with Newton’s method used to linearize on each grid, and

monolithic multigrid used to solve the resulting linearizations.

The remainder of this paper is organized as follows. Section 5.2 presents back-
ground results on finite-element approximation needed for the later sections, as well
as a review of existing theory for the smectic energy functional from [138]. The exis-

tence of minimizers of #; and their equivalence to saddle points of _#, is presented
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in Section 5.3. The linearization of _#, is considered in Section 5.4, establishing well-
posedness (under typical assumptions) for both the continuum Hessian system and
a particular mixed finite-element discretization. The details of the Nested Iteration-
Newton-Krylov-Multigrid solver are presented in Section 5.5, followed by numerical
results in Section 5.6. Concluding remarks and directions for future work are discussed

in Section 5.7.

5.2 Background

5.2.1 Finite-element preliminaries

Throughtout this paper, we consider Q C R%, d = {2,3} to be an open, bounded and
convex domain. For d = 3, we make the stricter assumption that 2 is a polyhedron.
We take {7,}, 0 < h < 1, to be a quasiuniform family of triangulations of 2. On a
simplex, T' € 73,, we take Py (T') to be the space of multivariate polynomials of degree at
most k. With this, the space of discontinuous Lagrange elements DG (2, 71,) C L*(9),
k > 0 is defined as DG(Q, 1) = {un € L*(Q), uy € Pp(T) VT € 7,} . All degrees of
freedom in this space are internal; i.e. functions belong to this space are piecewise
continuous. In contrast, the continuous Lagrange elements, CGy(Q,7,) C H'(Q),
k > 1, possess C° continuity across each element edges. The H(div)-conforming
elements, RTy(2,7,), k > 1, where the normal components are continuous across
element faces. In particular, for any @), € RTx(Q,71), Unlp € [Peo1(T)]4 4+ Pr1(T)Z,
VT € 7,. We also consider Nédélec elements of the first kind, N (€2, 7,), £ > 1 which
are H (curl)-conforming elements, where the tangential component is continuous across
element faces, and for any o, € Ni.(Q,7,),0|r € [Pe1(T)]? + Si(T), where S(T) =
{5 [P(T)), 5(Z) - =0, VZ € T}. Finally, we define the spaces CG(Q,7;,) and
RTE(Q2, 1) to be subspaces of CGL (2, 7,) and RT} (2, 7,), respectively, where

OG};(Q,T}I) = {’LLh GCG}C(Q,T}Z)‘ uh:OonFcaQ},
RTIS(Q,Th) = {ﬁhERTk(Q,Th)‘ Uh-ﬁ:OonFcaﬂ},
N};(Q,Th) = {UhENk(Q,Th)|ﬁhXﬁZOOI’lrcaQ},

where 7 is the outward unit normal to I'. We recall standard approximation results

for these spaces.
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Theorem 20. /32, 35, 92] Let If, : H*"'(Q) — DG(Q, ), I5, : H*(Q) —
CGL(Qm), It - [HH Q) = RTL(Q7), and 1§, : [H Q)] = Np(,7) be the

finite-element interpolation operators. Then there exist a constant C', such that for
d

any u € H*(Q) and 7 € [H*(Q)]",
Hu - If,huHO < Chk+1’u|k+17 Vk > 07
lu = I3pully < CR*[E]ksr, VE >0,
17— I35, 0llaiw < CR* (J0]i + [Tlisn) , k>0,
17 = I 0lleun < CR* (|8 + [Tlisa) , VE >0,

Remark 5.2.1. In what follows, we use C' to represent a generic positive constant
that can depend on the domain, shape regularity of the triangulation, 75, and the
polynomial degree of the finite-element space, but not on the mesh parameter, h, nor
the smectic wavenumber, ¢, and may be different in different instances. Where needed,

we will use {C’,} to denote different arbitrary constants in the same expression.

Following [79], we make use of a stronger norm on Hy(div,€2) induced by the

Helmholtz decomposition. We shall use the spaces

Hy(Q) = {ue H'(Q), u=0ond0},
Hy(div;2) = {v € H(div;), ¥-7 =0, on 0},
H(div’; Q) = {7 H(div;Q), V-7=0},

Ho(cwr; Q) = {7 € H(cwlQ), 7xi= 0, on 0Q},

where 0 = 0 in 2d and 0 is the zero vector in 3d.

Lemma 14. (The Helmholtz decomposition [32,74]) For & € Hy(div;2), the following

Helmholtz decomposition holds
¥=V¢+V xp, (5.5)

where ¢ € H'Y(Q,R) is a zero-mean function, and p = p € H}(Q,R) for d = 2, and
p=p € Hy(curl, Q)NH (din’; Q) ford = 3. Furthermore, given &, and dy in H(div; Q)
with @ = V¢ + V X p1, and @y = Voo +V X pa. The following defines an inner
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product on H(div; ).

(@1, @) piw=q " (/ p1p2 + / Vor - Voo + / V-a,V- 072) ; (5.6)
0 0 Q
where q is a O(1) positive constant.

We will also make use of this decomposition and norm for functions in RT?? (€2, 7).

Lemma 15. [14, 15] The Helmholtz decomposition of RTP% (2, 7,) is
RT;41(Q, 1) = (vﬁQDGk(Q,Th)) ® (v X Vh), (5.7)

where Y, is the discrete gradient operator, V,* : DGy(2,m,) — RT}¢,(Q,7), such
that

/vgau.ﬁ_ —/uv-ﬁ, Vo € RT. 2 (2, 71). (5.8)
Q Q

In two dimensions, we take Vi, = CG¥ (Q,7,), while Vi, = N (1) in three

dimensions. This decomposition is orthogonal in the L* and H(div) norms.

5.2.2 Existing results

As proving well-posedness of the nonlinear systems arising from discretizing Prob-
lem (5.2) is either very complicated or requires strict restrictions on the constants
ai, as, as, ¢, [, and B, different types of simplifications have been considered in the
literature. In this section, we summarize existing results from [79,137]. In [137], Xia
and Farrell simplified (5.2) by assuming that ¢ = as = 0 and applying the simply-
supported boundary conditions on u. In this case, minimizers of (5.2) should solve

the two independent problems, with u determined by
2B / VVu: VYV + agud + agu®s = 0, ¥é € HA(Q) N HA(Q).  (5.9)
Q

A COIP discretization on quadrilateral meshes in R? and hexahedral meshes in R? was
proposed, with weak form to find u € CG¢*(Q, 7;,) such that

Ap(un, on) + a1/

wnn + az / Bn =0, Yo € CGIQ,7), (5.10)
9] Q
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where

An(un, &) =2BS VVu, : YV, —2B Y / {{ (th) }H[@ihﬂ

TETH e€ep\ON

0 3 (o) 5]
zBﬁ 5 /e[[aUh]] HMH’

ecep \ON
where k is a penalty parameter.

Theorem 21. Let u be a regular isolated solution of Problem (5.9), meaning there

exists an r > 0 such that there is only one solution within
{ve H*(Q)NHy(Q), |u—v|s <1},

then for sufficiently large k, a1, and as, there exists a unique solution uy, € CGY(Q, 7)
of the discrete problem (5.10) within the ball

{vn € CGL(Q, 1), 11350 — vall|n < R(R)} -
Moreover, if u € HP(S2), p > 4 then 3C' > 0 such that
| — up||p < CH™E=LP=2) (5.11)

where ]Qh is the continuous Lagrange interpolation operator defined in Theorem (20),

lonlln = S Ionlz, + = 3 / Ha¢h]]. (5.12)

TET, eee; \oQ

and

Remark 5.2.2. Xia et al. in [137] experimentally validated a second discretization
for (5.9) where

Ah(uh,¢h = QBZVVuh VV(bh ZBH Z /|:|:auh:|:| |:|:a¢h:|:| .

TET e€ep\oN

In this case, Aj is missing the interior facet integrals arising from the integration by

parts and its symmetrization. This discretization is inconsistent, as the solution w
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of (5.9) fails to satisfy the discrete form. Numerical experiments in [137] show that
optimal convergence rates can, nonetheless, be achieved if the derivative-jump term is
suitable over-penalized. This is similar to the inconsistent discretization in (5.3) used
to discretize (5.2) in [138].

When ¢ = 0, the tensor-valued order parameter, Q, is determined by
K/VQ VT +20(21QF-1)Q:T = 0, VT € H'(Q), for d =2,
Q

K/SZVQ:VT+Z(—Q—|Q|2+!Q|2Q) T = 0, VT € HY(Q), for d = 3.

[137, Theorem 3.24] proves well-posedness and convergence results for the discretiza-

tion of this problem using H'(Q)-conforming continuous Lagrange elements.

In [79], a different type of simplification of (5.2) is applied. Here, @ is taken to
be a given bounded tensor, a; = ag = 0, a forcing term f, and a mix of the boundary
conditions (5.14)-(5.17) are applied. In this setting, it was shown that the minimizer

is unique and should solve the problem

Q) = , 5.13
au,0) = [ fo (5.13)
for all ¢ € HZ(Q) = {u € H*(Q), u=00nTyUT; and Vu =0 on Ty UT3}, and
_ . 2 . 2 ,
a(u,p) = B/QVVU.VV¢+BQ /QVVu.ng—i-Bq /QVV¢.Qu
+ /(Bq4Q:Q—|—a1)ugb.
Q

In this setting, 99 is decomposed as 92 = [y UT  UT'y UTs with I'; NT; = () for ¢ # 7,

and the problem is posed with boundary conditions

u=0, (VVu+¢Qu) -7=0, onTy, (5.14)
u =0, Vu =0, onT}, (5.15)
V- (VVu+¢@Qu)-i=0, (VVu+¢Qu)-7=0, only, (5.16)
V- (VVu+¢Qu) -7l = 0, Vu=0, onTs. (5.17)
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A conforming finite-element discretization of (5.13) was shown to off optimal con-
vergence; however, conforming discretizations of H?(§2) problems in three dimensions
are prohibitively expensive, requiring ninth-order polynomials on tetrahedra. Two
alternative formulations were provided in [79], a mixed formulation similar to that
discussed below and a nonsymmetric COIP method. The weak form in that case is to
find uy € C’G};OUFI(Q,T;Z), k > 2, such that

an(un, on) Z/ﬂfqﬁh, Yoy, € CGLOY (1), (5.18)

where
R (TSR |
e€ep\I'oUl'2
+BEGE\ZFUF / {{ (vv¢h+q2Q¢h> ﬁ}} H%ﬂ
+ 3h J
3h 666h§uf‘ /
and

a(up, ¢n) =B Z (/ VVuy : VV¢, + BQQ/VVuh tQon + BqQ/VVqﬁh : Quh)

TETH

+ [ Bi@: Q+ avuo.
Q
This problem is well-posed, and offers an optimal approximation in a similar weighted

norm to that in (5.12).

Theorem 22. Let f € L*(Q) and Q : Q be bounded pointwise on Q. Then, Prob-

lem (5.18) is well-posed in the norm

_ 1 E)uh
llunlly = q4<Z\uh\§,T+|rVuhH3>+Huh||3 D DR | < ﬂ

TET, e€ep\[oUT'y

S /{{ (vuh+unh).~}}2.

SEEh\FO ul'sy
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Moreover, if w € HP(Q), p > 4, is the unique solution of (5.13), then

llw = unl[ln < CBg* ™™ PH 12y,

5.3 Equilibria of Energy Functionals

While the introduction of auxiliary variables to _#1(u, Q) in (5.2) to get _#>(u, v, d, Q)
in (5.4) is straightforward, it is natural to question what relation exists between min-
imizers of _#; and saddle points of #,. We consider this question in this section, but

first state a slight generalization of [137, Theorem 2.1] where existence of a minimizer
for _#; was proved over the space {(u, Q) € (H*(Q,R) N HJ (L, R)) x Hy(Q,5)}.

Corollary 14. Given that the parameters az, B, K,l, and q are positive. The energy

functional #1 has a minimizer over the admissible space
oy = {(u,Q) € H*(Q,R) x H)(2,9)}, (5.19)

where H}(Q,S) is the space of d x d symmetric and traceless matrices with each

(d+1)

component in H}(Q,R), giving d 5— — 1 degrees of freedom that can be represented

as

q1 g3 qa
Q- [ql qz], in 2d, and Q = |qs g 05 . in 3d.
2 —q1
@ ¢ —(¢+q2)

Proof. The proof is identical to [137, Theorem 2.1]. _#; is bounded from below as a;
and [. f,(Q) is coercive in H'(Q,S) [137]. In addition, making use of the standard
Poincaré inequality on HZ(Q) [44], we have ||Vul2 < C(||lul2 + |[VVu|3), Vu €

H2(9). O

Remark 5.3.1. The Euler-Lagrange equations for minimizers of _#; over the space



120

o, are
0 = a1u+a2u2+a3u3+ggv.V-[Vvu_FqQ(Q—i—%)u}
2 Iq 2 Iy
+ 2B |VVu+q Q‘FE u| :|q Q+E 7
I
0 = 2B [VVu—l—q? (Q—i-?d)u} () 4 KAQ + 7,
where

7 —21Q +41|1QI’Q for d = 2,
T -1 -1 +201QPQ ford=3,

and 0 € H}(£,S) is the d-dimensional zero tensor. In addition to the Dirichlet BCs

on the tensor @, we consider the following natural BCs on w,
9 1, L ) 1, L =
V- |VVu+gq Q+E u|-n=0, and |VVu+gq Q+E u| -m=0.
Now, we turn our attention to saddle points of _#, over the space
oty ={(u,7,Q,d) € L*(Q,R) x H'(Q,R?) x Hy(2, S) x Ho(div; )}

The quadruple (u, v, Q, @) is a saddle point of ¢, if it satisfies the first-order opti-

mality conditions

Sl = o AWTEQW =0 YEOR), (20
Sald] = S AWTEQW =0, WeH@OQR),  (521)
JaolT) = % Fo(u,5,d,Q)[T) =0, VT € Hy(%,5). (5.22)
FoalB = % Io(u,7,d, Q)] =0, VB e Hy(div; Q), (5.23)
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The following variational system arises from these derivatives,

o((0.7,Q);(w,5.Q), (¢.4.T)) +b(a (6.0.7)) = 0.¥(6,5,T) eV
(5.24)
b(B.(w5,Q) = 0, Ve Hyldiv;)
, (5.25)

where V = L*(Q,R) x HY(,R?) x H}(Q, S),

a <(Ua U,Q); (u,7,Q), <¢7 v, T)) = /Q¢ (aru + agu® + agu®)

e [oree(a2) ] [(o+4)
+28/Q{V6+q2 <Q+%>u] L Vi
+2q2B/Q (V17+q2 (Q+%) u> :Tu
+K/QVQ:VT+/Q%:T,
b((u,a,Q),E)_/Qﬁ.muvﬂ.

In the next theorems, we show that minimizers of _#; and saddle points of ¢, are

equivalent.

Theorem 23. Let (u,v,Q,d) € o be a saddle point of 5. Then, the pair (u, Q)

is also in 2 and is a minimizer of #.

Proof. Let (u,v,Q,d) € % be a saddle point of _#5, so that
/B- T+uV-F=0, VGe Hy(div;Q).
Q

Let g € C°(Q) be an arbitrary function and define é¥ to be the d-dimensional
canonical unit vector whose i*" entry is 1. Choosing 5 = ¢é implies that ¥ = Vu by
the definition of the weak derivative [63]. Then, since u € L*(Q2) and Vu € H*(Q,R?),

it must be the case that u € H?(2). Moreover, since weak derivatives are unique, it
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must be the case that

Ker(b) = {<¢ 7. T> e v( b (E, (¢, 7. T)) —0,vF € H(div; Q)}
={(¢, V¢, T) € H*(Q,R) x H'(Q,R?) x Hj(Q,9)},

where V = L*(Q,R) x H'(Q,R?) x H}(Q,S). Equation (5.24) implies that

a((u, Vu,Q); (u,Vu,Q), (¢,V9,0)) =
a ((U; Vu, Q) ) (U’7 Vu, Q) ) (07 0, T))

. Vo H*(Q,R) (5.26)

0
0, VT € H(Q,S), (5.27)

which are the first-order optimality conditions of _¢; over 2/ .Therefore, the pair
(u, Q) is a minimizer of _#;. O

Theorem 24. Let (u,Q) € H*(Q,R) x Hj(Q,S) be a minimizer of #. Then,
(u, Vu,Q, d) is a saddle point of #5 for some d € Hy(div; (2).

Proof. Let (u,Q) € H*(Q,R) x H} (€2, S) be a minimizer of _#;. Then, the first-order
optimality conditions for ¢; imply that

a((u, Vu,Q); (u,Vu,Q), (¢, Ve, T)) =0, (o, Ve, T) € Ker(b)

Defining || (u, 7) |5, = llull§ +¢ *[|17]13, by [74, Theorem 1.4}, if the inf-sup condition

I= sup > C@|| @b, (5.28)
(wrQer2@r) i (k) xH (@8 V| (1, D) loga + QI
is satisfied, then for every (u, Vu, Q) that is a solution of (5.24) over Ker(b) there
exists a unique @ such that (u, Vu, @, d) is a solution of (5.24)-(5.25). The choice
Q = 0 implies that the proof of the inf-sup condition for d = 2 is identical to the
proof of the three-field formulation in [79].

We next prove the inf-sup condition (5.28) for d = 3. Given @ € Hy(div; (),
write @ = V X p+ V¢, where ¢ € H'(Q,R) is a zero-mean function, and j €
Hy(curl; Q) N H(div’; Q). Choose @ = 0, and u = ¢, (V-a — ¢), for a positive

constant, ¢y, to be chosen later. Note that

[ullo = el V-a=dllo < c1 ([[V - dllo + ll¢lo) , and /qu-@ = (IV-alis +IVels) .
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with ||¢|2 < ¢2||Ve||2 by the Poincaré inequality. By [73, Theorem 2.1], there exists
¢ € H'(Q,R3) such that 7=V x4, V-9 =0, and ¢ - @ = 0 on d9. Furthermore,
the following inequality holds [73, Theorem 2.3]

[l < eIV x @5 < eslplf5-
Taking v = @Z, we have

Jo (V% V x4+ V6) - 6 + et Vo] + aallV - 6l
) Vesq TG + IV - &l + Geal Vol

Ipll3 + Jo Vo - &+ cill Vol + V- a3
~ Ve M+ GV - GlE + Gl Vol

where we use [32, Theorem 2.1.1] to establish
[ 95 Ox G G= 9l [ x (§x) - (Vx8) xit= |V x 3l = 717,
Q 20
as <V xJ) X 7 =px 7 =0. We next bound fQqu-J,
- ey o L L5 c4 2, @3 2
< g < 3 p)2.
| V65 < FIV6lE + 5191 < SNV + 52 ol
Thus,

(1= ) Ibl3 + (e = 9) V6l + IV - 6112
Vesa 813 + &IV -6l + el Vol

If we choose ¢4 > S and ¢ > 9. Then, there exits a constant ¢ such that [ >

cq?||@||piv, where the H(Div) norm of @ is defined in (5.6). O

Corollary 15. If, in addition to the assumptions of Theorem 24, (u, Q) € H* (2, R) x
(H*(Q,5)N Hy(22,5)) is a minimizer of 71 with u@ € H*(Q,S). Then, (u,,Q,d)
is a saddle point of Zo for
v = Vau, (5.29)
I
2BV - <vvu + <Q + Ed) u) . (5.30)

QL
I
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Proof. Multiplying Equations (5.29) and (5.30) by ¢ € H*(Q,R%) and 5 € Hy(div; Q)
respectively and integrating by parts leads to the fact that Equations (5.21) and (5.23)
are satisfied. In addition, integrating Equations (5.26) and (5.27) by parts implies that

1 1
ayu + agu® + aszu® + 2¢°B (VU+ ¢ (Q + Ed> u) : (Q + Ed) +V-a=0 (531)
1,
2¢*> Bu <V27+ ¢ (Q + Ed) u) — KAQ + #, =0. (5.32)

Finally, multiplying Equations (5.31) and (5.32) by ¢ € L*(Q,R) and T € H}(Q, S)
respectively, and integrating by parts implies that Equations (5.20) and (5.22) hold.
[

5.4 Linearization

As the Euler-Lagrange equations for ¢ are nonlinear, we use Newton’s method to
construct a sequence of approximations to equilibria points, where V _¢, = 0. Let
U = (u,7,Q,d) be such an equilibrium point, and let Uy = (ug, Uk, Q, @k) be an
approximation to U that is, in some sense, close to U. Then, the first order Taylor
expansion of V_¢,(U) is

V 75(U) =V _#3(Ux) + H (Z2(Ux)) (U = U),

where H(_#) is the Hessian of #,. Rewriting this, we have

H (72(Uy)) (U = Uy) = =V _#2(Uy), (5.33)

Now, define du = up41 — ug, 0V = U1 — Uk, 0Q = Qpyq — Qp, 00 = Qjq1 — Qi
and 0U = Uy — Uy = (0u, 69, 6d, Q). Then, Newton’s method finds a sequence of

approximations to U by starting from some initial guess Uy and successively solving

/Q,UU /2,11,17 /2,uQ jZ,ud’ ou
u o 7 va | | 00
S Frew Srse o = -V 72 (Us) . (5.34)
Hrqu Srqr Sreq frqa| |0Q
Hoai oas  HFraq HFraal| | 0d
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At each step, the Hessian is computed at Uy = (ug, Uk, Qp, k). Here, the right-
hand side is understood to be the variational terms given in (5.20) through (5.23),
for every ¢, J, T, 5 , also evaluated at Uy, while the matrix-vector multiplication on

the left denotes the directions in which the derivatives in the Hessian are taken [4].

For instance, % ,5(¢] - 00 = & (_Zou(up, Ur, Qi, @k)[¢]) [00]. Using this formula,
Components of the Hessian are given by

2

)

Fualdl 0@ = 25 [ (Va2 (Qur ) ) o
Q
Fousld] - 0@ = / ¢ -Va,
Q
sl - 60 = 2B / V6T : VY,  fasold] 6Q = 2¢*B / u6Q : Vi,
Q Q

14

Fouul@] - 0u = / <a1 + 2aquy, + 3a3uz +2¢'B ’Qk + ¥
Q

Houil@) - 0V = QqQB/QV(W: (Qk + %) b,

H2.0elT] - 0Q = 2q2B/q2u25Q:T+KV5Q:VT+/%:T,
f Q
Sogalt] 06 = /5@-%5,
Q
with _#5 05 = 0 and _# 54 = 0. Here, we have

g _ ) —200Q +81(Q, :0Q) Q. +41Q,°0Q for d = 2,
2T —16Q - 21Q,6Q + 41 (Q,, : 6Q) Q. +211Q,)>6Q for d = 3.

As #5 sz = 0 and the Hessian matrix is symmetric, the system (5.34) can be
rewritten in saddle-point form [29] to find (du,d7,6Q, d@) € L*(2,R) x HY(Q,R?) x
H(2,S) x Hy(div; Q) such that,

A((60,65,6Q) . (6, 0.) ) + (5, (6, 4.7)) =F ((6.6,T)) ¥(6, 6, T) €V,
(5.35)
b (5, (6u, 67, 5Q)) —G (ﬁ) VB € Ho(div;Q),  (5.36)
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2
) oou

where V = L(Q,R) x H'(Q,R%) x HY(Q, S),

fa

A((6u.67.0Q) (0.0.1) = | i

Q
I
+2qQB/QV517:(Qk+Ed)¢
+2q23/ Vi, +2¢* | Q +2 ur | 90Q
0 k q k d k

. I .
+2q23/w: (Qﬁgd) 5u+2B/V(517:V¢
Q Q

<a1 + 2asuy, + 3asu; + 2¢*B ‘Qk +

+2¢°B / ,6Q : Vb
Q

I
Q

+ 2(]23/ upT : Vou
Q

+ZBq4/ui5Q:T+K/V5Q:VT
Q

Q
+/g22T,
Q

b (5, (6u, 67, 5Q)> _ / 365+ 6uv - 3,
Q
F((6.0,T)) = = a (e 51, Q) s (i 5, Q1) (097 )

(o (5.5,

-

G(B) =—b <ﬁ, (Wﬁk;Qk)) :

Once the components (du, 07, 6Q, d&) are computed from solving (5.35)-(5.36), the
current approximations (uy, Uy, Qy., k) are updated, possibly with a step-length lim-

ited by a line-search or trust-region methodology.

Well-posedness of (5.35)-(5.36) can be proven following similar arguments to those
used for just the density terms in [79], under assumptions on the problem parameters
and that we linearize suitably close to a solution. We note, however, that the most
natural assumption on problem parameters is to assume that pointwise values of
a1 + 2asuy + 3azui are suitably large and positive throughout the domain, and that

this may not hold for “physical” values of the parameters a;, as, as. Whether or not
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the Newton linearizations are well-posed in a neighbourhood of a solution under more
reasonable assumptions is a difficult question to answer, as the bilinear form A is
expected to only be semi-definite, and not coercive; we leave investigation of this

question for future work.

In the continuum, the necessary inf-sup condition was proven in [79] in two di-
mensions, while the proof in three-dimensions is given as the main part of the argu-
ment in the proof of Theorem 24. In two spatial dimensions, [79] also establishes a
discrete inf-sup condition when taking u, € DGg(2, 1), U) € (CGk+2(Q,Th>)2 and
ap € RT, ,?fl(Q, 7). In three spatial dimensions, this space for 4, does not appear to
be rich enough to establish the inf-sup condition. Thus, we instead consider taking
up € DGR(Q,7), Tn € (CGrya(Q71) + Brya(, 7)) and ay, € RT?(Q,7,), where
By+4(Q, 1) is the standard “bubble” space of degree k + 4 (including functions in
Py 4(T) on each triangle T € 73, but having zero trace on d7'). While we do not
prove here that the inf-sup condition holds over this space, numerical results indicate

no issues with stability. For notational simplicity, we write

(CGk+2(Q,Th))2 d: 2

Ye(Q, 1) = . :
(CGk+2(Q,Th) + Bk+4<Q, Th>) d=3

5.5 Nonlinear and linear solvers

At the core of our solver methodology is the use of Newton-Krylov-Multigrid meth-
ods. We use a standard Newton’s method to solve our nonlinear systems, augmented
with a secant line search using the ¢>-norm of the discretized nonlinear functional,
V _75; see [47], for example. In some instances, we damp the iteration by enforcing a
maximum stepsize constraint that is less than 1, or using an initial step of less than 1
to compute the secant step. We typically use a stopping criterian also based on the £2
norm of the discretized nonlinear functional, requiring that either its absolute value
be reduced below 10~® or that it be reduced by the same factor times the initial value

of nonlinear functional in the current nonlinear solver.

Even when using direct solvers, we find that many iterations of Newton’s method
can be needed for convergence, particularly when solving from poor initial guesses on

fine computational grids. For this reason, we augment the Newton-Krylov-Multigrid
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solution methodology with Nested Iteration (NI) [10,124] (also known as grid con-
tinuation), where we first solve the nonlinear system to convergence on a coarse grid
with a fixed initial guess, then interpolate this solution to use as the initial guess on a
uniformly refined mesh, and repeat the procedure until we reach the desired finest-grid
mesh for the simulation. While we could make use of variable solver tolerances on
coarsest grids in our simulations, we find that the dominant time in our simulations
is always the finest-grid solves (even when the coarsest-grid solves are notably inef-
ficient), so do not pursue this here. In the numerical experiments in Section 5.6, we
demonstrate that this NI-Newton-Krylov-Multigrid methodology vastly outperforms

its finest-grid counterpart when not using the Nested Iteration methodology.

On the coarsest grids of our hierarchy, we use the sparse direct solver, MUMPS [11],
as a direct solver for the Hessian system in (5.34) for each linearization. On finer-grids,
however, we use preconditioned FGMRES [118,119], with the ¢? norm of the residual
is below 1078 in Tables 5.1 and 5.2 and the Eisenstat-Walker criteria in all other tables
for determining linear solver stopping criteria [57] as a function of the convergence
criteria and performance of the outer Newton iteration. We note that we use flexible
GMRES for two reasons. First of all, as described below, we find we achieve the
most robust performance when we use non-stationary relaxation schemes within our
multigrid preconditioner. Secondly, even when using a stationary preconditioner, we
find that the memory cost of extra vector storage needed for FGMRES is preferable
to the computational cost of an extra application of the preconditioner needed for

classical right-preconditioned GMRES for our problem.

The numerical results below are implemented using Firedrake [115] for the finite-
element discretization and PETSc [20] for the nonlinear and linear solvers. This
pairing is chosen because of the close integration between solvers and discretization
in the two packages [93], particularly for the relaxation scheme used in the monolithic

multigrid preconditioner described below, which is implemented using PCPatch [68].

5.5.1 Monolithic multigrid preconditioner

We now consider the development of effective linear solvers for the resulting discretized
systems at each Newton step, for the Hessian system given in (5.34). Preliminary
numerical results showed that directly applying a monolithic multigrid methodology

to the linearizations given in (5.34) was somewhat unreliable, and that building a
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preconditioner based on adding a multiple of the mass matrix for u, M,,, to the (1,1)
block of the system is much more effective. We adopt this approach here, adding
100M,,, to the (1,1) block and constructing a preconditioner based on this perturbed

Hessian system.

We build the monolithic multigrid preconditioner using the same mesh hierarchy
that we adopt for the nested iteration solver. That is, we have a fixed coarsest grid
(on which we use MUMPS [11] as a direct solver), and each grid in the hiearchy is a
uniform factor-two refinement of the next coarser grid. We use standard multigrid V-
and W-cycles that, for nonlinear solves on any mesh in the nested iteration hierarchy
iterate from that grid to the coarsest grid and back. We use standard finite-element
interpolation operators on this hierarchy, partitioned based on the discretized fields,
with matrix form
Iy

Iy}
I
I3
where the blocks If,, I}, I§,, and I}, are the natural finite-element interpolation
operators for the DGr(Q,11,), %(Q, 1), CGri1(, 1), and RTy1(€2, 11,) spaces, re-

spectively. Coarse-grid operators are formed by rediscretization.

As relaxation scheme, we make use of an additive overlapping Schwarz relax-
ation, which can be considered as a variant of the family of Vanka relaxation schemes
originally proposed in [130] to solve the saddle-point systems that arise from the
marker-and-cell (MAC) finite-difference discretization of the Navier-Stokes equations.
Vanka relaxation methods encompass a variety of overlapping multiplicative or addi-
tive Schwarz methods applied to saddle-point problems, in which the subdomains are
chosen so that the corresponding subsystems are also saddle-point systems. Vanka-
type relaxation has been used extensively for finite-element discretizations [4,6,98].
Recently, a general-purpose implementation of patch-based relaxation schemes, in-

cluding Vanka relaxation, was provided in [68], which we employ here.

Like other Schwarz methods, the relaxation used here can be understood alge-
braically. Denoting the set of all degrees of freedom in the problem by .2, we par-

tition .Z into s overlapping subdomains or patches, & = U;_,.%;, and consider the
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ool oble
2

Figure 5.1: Star patches for DG — [CG3]? — CG2 — RT, discretizations. Red, green,
black, and blue degrees of freedom denote DG1, [CG3]?, CG2 and RT5 degrees of freedom
respectively.

stationary additive iteration with updates given by

v x+ Y RIAGR(b— Ax),
i=1
where Ax = b represents the Hessian linear system to be solved, R; is the injection
operator from a global vector, z, to a local vector, x;, on .%; (with R;x = z;), and
A = RiAR;fF is the restriction of the global system A to the degrees of freedom in .Z;.
While inexact solution of the subdomain problems is relevant when the cardinality of
%, is large, we consider small subdomain sizes, where direct solution remains practical.
We construct the patches, {-%;}, topologically, as the so-called star patch around each
vertex in the mesh (see [68]), taking all degrees of freedom at vertex i, on edges and
faces adjacent to vertex i, and on all cells adjacent to vertex i to form .%,. Figure
5.1 shows the subdomain construction around a typical vertex for d = 2 for the
cases of discretization using DG, x [CG3]* x CGy x RT; elements, where the red,
green, black, and blue degrees of freedom denote DGy, C'G3, CGy and RT5 degrees
of freedom respectively, and each green/black circle represents 2 degrees of freedom
(a vector). Rather than use the stationary iteration given above, we use three steps
of GMRES preconditioned by the Schwarz method as the (pre- and post-) relaxation

in the multigrid cycle on each level.
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5.6 Numerical Results

In this section, we present numerical experiments to validate the mixed finite-element
discretization that is used to discretize the energy in (5.4), and numerically demon-
strate the efficiency of the NI solver with Newton’s method to linearize on each grid,

and monolithic multigrid to solve the resulting linearizations.

As a first example, we apply the NI-Newton-Krylov-multigrid scheme on the do-

main = [0,1]*> with parameters a; = =5, a; = 0, a3 = 5, B = 107°, K =
0.3, ¢ = 40, and [ = 30. Dirichlet boundary conditions are imposed to match
x? 1
i — = 0
Q = |=tvite 2 2 . |» where € is a very small positive real number to
0 T T3

avoid the singularity at (0,0). We take the coarsest grid in the mesh hierarchy to
be with h = 1/32, forming a uniform square mesh of size 32 x 32, then subdividing
each square into two triangles by cutting from the top-left corner to the bottom-

right corner. The initial guesses on the coarsest grid (h = 1/32) are taken to be
1

u=1 7=0,a=0and Q = [1 8 . For this experiment, we do not augment

2
the linearizations by adding 1000, to the (1,1) block, showing that the solver can
be effective without this augmentation (although we note that later results in this

section are heavily dependent on this augmentation).

Table 5.1 presents Newton iteration counts, monolithic multigrid iteration counts
(averaged over Newton iterations) using W(3,3) cycles, and wall-clock time to solution
on each mesh (in minutes) for both the Newton-MG and Newton-LU solvers with
varying numbers of processors, p, for a discretization with (du, ¥, 0d,0Q) € DGy x
[CG4]? x RT3 x CG35. In these results, we see that the Newton-Krylov-MG solvers
outperform Newton-LU when the mesh is fine enough for p = 16. In particular,
when going from 4 to 16 processors, the parallel speedup for the Newton-Krylov-
multigrid solver is 3.70x for the 5122 mesh, while the speedup for Newton-LU is
only 2.34x. Table 5.2 presents a comparison between Newton’s method with nested
iteration (using either MG or LU as the linear solver) and straight Newton-LU solvers

on each mesh.

Preliminary results showed that the solver tested above was not efficient when

changing the problem parameters and domain; therefore, for the remainder of this
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Table 5.1: Newton iteration counts, averaged monolithic multigrid iteration counts us-
ing W(3,3) cycles, and wall-clock time on each mesh (in minutes) to convergence for NI-
Newton-Krylov-MG and NI-Newton-LU solvers with varying numbers of processors, p, for
(8u, 87,6, 0Q) € DGo x [CG4)? x RT3 x CGs.

h1 ‘ NI-Newton-Krylov-MG NI-Newton-LU
‘ Newton iter MG iter Time (p =4, 16) ‘ Newton iter Time (p =4, 16)
25 57 - 0.40, 0.28, 57 0.40, 0.28
20 2 8 0.52, 0.20 2 0.33, 0.13
27 2 5.5 2.01,0.66 2 1.62, 0.59
28 2 5 10.80, 2.79 2 8.55, 3.27
29 2 5 59.44, 16.06 2 49.12, 20.94

Table 5.2: Newton iteration counts, and total wall-clock time (in minutes) to convergence
for Newton-LU solvers on each grid (with no nested iteration) using 16 processors, compared
with the accumulated times for NI-Newton-LU and NI-Newton-Krylov-MG solvers, with
(8u, 67,6Q, 6d) € DGo x [CG4)? x CG3 x RT3.

h! ‘ Standard Newton-LU ‘ NI-Newton-LU  NI-Newton-Krylov-MG[W (3,3)]

‘ Newton iter  Time ‘ Time Time
2° 57 0.28 0.28 0.28
26 71 2.64 0.53 0.60
27 70 12.99 1.12 1.26
28 36 43.35 4.39 4.05
29 38 369.03 25.33 20.11
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Table 5.3: Newton iteration counts, averaged monolithic multigrid V(3,3) iteration counts,
and wall-clock time to convergence on each mesh (in minutes) for the NI-Newton-Krylov-MG
and NI-Newton-LU solvers with varying numbers of processors, p, with the approximations
(0u, 07,0Q, 0d) € DGy x [CG3] x CGy x RT,. Results marked with a dash indicate where

the solver was unsuccessful, due to memory requirements.

ht | NI-Newton-Krylov-MG | NI-Newton-LU
| Newton iter MG iter Time (p =4, 16) | Newton iter Time (p =4, 16)
95 50 ] 1.81, 0.71 50 1.81, .71
20 4 3.00 1.11, 0.38 8 1.37, 0.54
27 4 3.50 4.79, 1.38 2 2.15, 0.94
28 4 2.75 18.47, 4.84 2 13.48, 5.19
29 4 3.5 98.67, 23.75 - -

section, we use the solver described in Section 5.5, including the mass matrix augmen-

tation to the (1,1) block. In the next example, we consider the so-called “oily streaks”

scenario from [138], posed on the square domain, Q@ = [—1, 1] x [0, 2]. Following [138],
we use parameters a; = —10, a; = 0, a3 = 10, B =107°, K = 0.3, ¢ = 30,1 = 1,
1
= 0
with Dirichlet boundary conditions implemented on Q such that Q = |2 .| on
T2

_1
y=0,and Q = | 2

1

2
h = 1/32, using a uniform 64 x 64 mesh, again with each square element cut into two

0
] ony =2, x=—1,and x = 1. The coarsest grid here is with

triangles. As an initial guess on the coarsest grid, we take u = sin(1y), v = Vu, @ = 0,

1
2

and Q = . |- Table 5.3 shows Newton iteration counts, averaged monolithic

2
multigrid iteration counts using V(3,3) cycles, and wall-clock time on each mesh (in

minutes) to convergence for the NI-Newton-MG and NI-Newton-LU solvers with vary-
ing numbers of processors, p. Here, the updates (u, v, Q, d) are approximated using
DG, x [CG3]? x CGy x RTy. We note that here, and in later cases, the NI-Newton-LU
algorithm fails on the finest grid, as the LU factorization requires more memory than

is available on the workstation used in these tests.

For comparison, Table 5.4 shows the performance of the Newton-Krylov-multigrid
method if the coarsest level is taken to be h = 1/16, with a 32 x 32 mesh, again using
p = 16 processors. While it is common practice for elliptic problems to take a very

coarse mesh, we see here that the indefinite shifts in (5.4) have an effect similar to



134

Table 5.4: Newton iteration counts, averaged V(3,3) monolithic multigrid iteration counts,
and wall-clock time to convergence on each mesh (in minutes) for NI-Newton-MG solvers
with p = 16 and coarsest level with h = 1/16, taking (du,dv,0Q,0d) € DGy x [CG3] x
CGQ X RTQ.

Newton iter MG iter Time(p=16)

h—l

2! | 37 - 0.17
25 | 86 7.05 2.77
26 | 4 5.30 0.50
2 | 4 8.50 2.57
28 | 1 5.75 7.63
2° | 1 7.75 43.20

that observed for the Helmholtz equation [58], where taking a coarsest grid that fails
to minimally resolve the natural wave behaviour in the system is counterproductive.
In particular, what we notice in Table 5.4 is that we require many more Newton
iterations to solve the problem with A = 1/32 when using the two-grid preconditioner
than we did with the direct solver in Table 5.3, and that while the number of Newton
steps is stable for finer grids, we require more multigrid iterations per Newton solve
on the finer grids, leading to a substantially higher total time to solution. Thus,
we emphasize that the grid resolution on the coarsest level of the hierarchy must be
carefully chosen to optimize overall performance of the solvers. We note that, in these
examples, we have used an approximation with u € DGy, in contrast to the use of
u € DGy in the first example (and in the example that follows) and, correspondingly,
find that we can effectively use a coarser grid when we use a higher-order finite-element

space for our solution.

In the third example, we again consider Q = [—1,1] x [0,2], now with a; =
-5, ay = 0,a3 = 5, B =105 k = 0.3, ¢ = 40, and [ = 30. Dirichlet boundary
2 1 my
on @ are imposed so that Q = Pyte 2 \/fnyZ “1 on all four edges of the
zry Y
x2+y2+e 224+y%+e 2

square. For this example, we return to approximating the solution in DG x [CG4)? X
CG3 x RT3, allowing a coarsest grid with h = 1/16 to be effectively used. As an

initial guess on the coarsest grid, we take u = sin(by), v = Vu, & = 0, and Q =
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Table 5.5: Newton iteration counts, averaged V(3,3) monolithic multigrid counts, and
wall-clock time to convergence on each mesh (in minutes) for NI-Newton-Krylov-MG and
NI-Newton-LU solvers with varying numbers of processors, p, taking (du,d0v,dQ,dd) €
DG3 x [OG4)? x CG3 x RT3. Results marked with a dash indicate where the solver was
unsuccessful, due to memory requirements.

ht | NI-Newton-Krylov-MG | NI-Newton-LU
| Newton iter MG iter Time (p =4, 16) | Newton iter Time (p =4, 16)
24 52 - 1.13, 0.50 52 1.13, 0.50
25 5 4.40 0.93, 0.32 22 1.98, 0.73
26 4 4.25 3.70, 1.17 3 1.67, 0.60
27 4 3.50 15.83, 4.42 2 5.96, 2.13
28 4 3.00 80.43, 23.01 - -
2 1 Ty
12”2;; 2 ’;22”2*6 . |- Table 5.5 compares the NI-Newton-LU and NI-Newton-
r2+y2+e z224y2+e 2

Krylov-multigrid elapsed times and numbers of iterations to convergence using higher-

order elements in comparison to Tables 5.3 and 5.4.

In the last example, we consider a three-dimensional problem on a unit cube
domain, = [0,1]3, with parameters a; = —10, ay = 0, a3 = 10, B =10"3, K =
0.03, ¢ = 30, and | = 1. Dirichlet boundary conditions on @ are imposed, requiring

2

caw T 0 -1 0 0

r*+y“te x +y2 +e 3

Q= xzf;/QJre x2fy2+6 0 | on the face z=0,and @ = | 0 —% 0| on the face
0 0 —3 0o o0 2

z = 1 with homogeneous Neumann boundary conditions on the other faces of the
cube. We discretize the updates using the lowest-order elements suggested in Section
5.4, with (du, 60,0Q,5d) € DGy x [CG3 + Bs]® x CGy x RT}, and take the coarsest
level in the hierarchy to be at h = 1/8 (generated by taking a uniform 8 x 8 x 8

hexahedral mesh of the unit cube, then cutting each hexahedron into 6 tetrahedra).
2

T Ty 0
z24y?+e  z2tyite
e e . . 2
The initial guess is taken to be u = sin(5z), and Q = x2f52+6 $2fy2+5 0. A
0 0 -3

comparison between NI-Newton-Krylov-multigrid performance (using both V- and
W-cycles) and NI-Newton-LU using p = 16 processors is presented in Table 5.6. We
note that there is no difference between V- and W-cycles for a two-grid method, so
only report differences in iterations and timings for the finest grid of this three-grid

hierarchy.
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Table 5.6: Newton iteration counts, averaged V(3,3) and W(3,3) monolithic multigrid
counts, and wall-clock time to solution on each mesh (in minutes) for NI-Newton-Krylov-
MG and NI-Newton-LU solvers with p = 16 processors. Here, the domain is Q = [0, 1]3,
and we take (du,dv,6Q,6d) € DGy x [CG3 + Bs]? x CGo x RT;. Results marked with a
dash indicate where the solver was unsuccessful, due to memory requirements.

ht | NI-Newton-Krylov-MG[V,W(3,3)] | NI-Newton-LU
‘ Newton iter MG iter(V, W) Time (V, W) ‘ Newton iter Time (p = 16)
23 60 - 9.47 60 9.47
24 7 4.86 28.51 5 26.30
25 4 4.75, 3.50 133.76, 118.11 - -

To give an indication of the solutions found, Figure 5.2 shows solutions for the
three two-dimensional examples, visualizing only u. As expected, we see oscillatory
solutions, whose structure is strongly determined by the behaviour of Q, reflected

particularly in the imposed boundary conditions.

5.7 Conclusions

Numerical simulation of liquid crystalline materials has been a focus of significant re-
search in recent years, including recent advances in the simulation of smectic-A liquid
crystals [22,112,138]. In this work, we build on the mathematical model introduced
in [138], by introducing a mixed formulation using the gradient of the smectic order
parameter explicitly and constraining its value using a Lagrange multiplier. We prove
that, under some restrictions, equilibria of the two energies are equivalent, and we
develop mixed finite-element methods to discretize our new formulation. Finally, we
provide efficient nonlinear and linear solvers for the resulting nonlinear systems, using
nested iteration to improve the efficiency of the nonlinear solution process, along with
a Newton-Krylov-Multigrid solution strategy for each nonlinear problem. Numerical

results demonstrate the efficiency of this approach.

In important step in future work is to combine the discretization and solver pro-
posed here with deflation techniques [8,61,65], both for computing multiple solutions
for fixed choices of the liquid crystal problem parameters and for computing bifurca-
tion diagrams as the problem parameters and domain are varied, as was done in [138].

We also believe that the discretization and solver proposed herein could be extended
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Figure 5.2: The variation in the density, u of the smectic A liquid crystals for the three
two-dimensional examples (in order from top left) at h = 1/128.
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for similar models of smectic-C liquid crystals, where only a single nonlinear term
needs to be added to the energy in (5.2), as discussed in [136].



Chapter 6
Conclusions and future work

In this thesis, we develop, analyse, and apply finite-element methods for fourth-order
PDEs similar to those that appear in the energy models of smectic-A liquid crys-
tals. These include conforming methods, using Argyris elements with Nitsche-type
penalty methods for essential boundary conditions, which are very expensive for three-
dimensional problems because of the need to use very high-order elements. There-
fore, we considered a nonsymmetric version of the COIP method, to get an optimal
convergence rate in terms of the physical problem parameter, ¢, and the mesh param-
eter, h. Preliminary computations showed that developing efficient preconditioners
for the resulting systems is difficult. We address this by developing two new mixed
finite-element formulations, based on introducing the gradient as an explicit variable
constrained using a Lagrange multiplier. We prove error bounds for these methods
and verify the analysis experimentally. Despite the fact that mixed finite-element
formulations are sometimes not preferred because of the harder analysis of the result-
ing saddle-point problems compared to the conforming and COIP methods and their
high number of degrees of freedom, we find that they provide very nice properties,
including the ability to easily implement all boundary conditions strongly, avoiding
penalty terms that can worsen the condition numbers of the resulting systems. In ad-
dition, our mixed formulations offer the advantage of being able to construct efficient
monolithic-multigrid preconditioners such as the ones given in Chapters 3 and 5. As
shown in Chapter 5, we successfully use the mixed finite-element discretization and

monolithic-multigrid preconditioner in an effective and efficient simulation tool for
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smectic-A liquid crystals, building a nested iteration-Newton-Krylov-multigrid frame-

work to efficiently solve the arising nonlinear systems.

There are several important directions for potential future research:

1. Testing the mixed finite-element formulations for less regular problems. Cur-
rently, we assume that the exact solution u € H**(Q), where k > 0. However,
there are cases where the solution to the biharmonic (and related equations) is
only guaranteed to be in H*™7(Q2) for 0 < v < 1/3 (for L-shaped domains) [40].
Note that, for such a solution, we cannot interpret the Lagrange multiplier, &,
as an approximation of the third derivative of u. It is not clear from the analysis
in Chapter 3 whether the proposed method yields useful approximations with

such minimal regularity of the solution to the continuum problem.

2. Generalizing the mixed finite-element formulations for general polyharmonic
problems [72, Section 3.2]. Preliminary computational work showed that it is
possible to generalize our mixed formulations to the sixth-order PDEs presented
in [31], when the solution is sufficiently smooth. It is not clear how to extend

them for less regular solutions.

3. Developing and analyzing alternative mixed finite-element discretizations for the
full smectic-A model, including adapting our current Newton-Krylov-MG solvers
for these discretizations. Omne such approach is to approximate the gradient,
v = Vu, using Raviart-Thomas or Brezzi-Douglas-Marini elements that are
conforming for H(div) but not H'. As the full Hessian, V& = VVu appears in
the smectic-A model, we then must use element-wise gradients of ¢ in our weak
form and penalize inter-element jumps in the tangential derivatives (noting that
the normal derivatives of any H (div) function must be continuous, and that the
RT and BDM elements are H(div)-conforming).

4. The methods proposed here should be able to be adapted to simulate the
smectic-C models, where the continuum energy is similar to the one given in

(1.3). Ome can distinguish the smectic-A and smectic-C phases by adding the

€ N
§/QIQU X Ulza

where ¢ = Vu and e is a constant, to the smectic-A energy model [136]. In a

term



141

similar direction, it would be interesting to investigate adapting these models to

consider phase change, such as the transition from smectic to nematic phases.
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