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Abstract

This thesis aims at developing the study of invasion speed determinacy for wave prop-
agation in partial differential equations arising from population biology. Along this
direction, we first investigate a reaction-diffusion-advection equation in a cylindrical
domain with a Fisher-KPP type nonlinearity. Using the upper and/or lower solutions
method, we obtain sufficient conditions under which the linear or nonlinear selection
is realized when the model is prescribed with Neumann boundary conditions and
Dirichlet boundary conditions, respectively. To study the invasion speed determinacy
of a system, we investigate a reaction-diffusion-advection population model arising
in stream ecology. We concentrate on how the spreading speed (the minimal wave
speed) is impacted by the Allee effect in the model. Linear and nonlinear selection
mechanisms for the spreading speed are first defined, and the determinacy is further
established by way of the upper and lower solution method. It is found that the
nonlinear determinacy is realized if there exists a lower solution with a faster decay.

For a multiple species population system having diffusion, individual species possi-
bly invade into the far end with different spreading speeds. Predicting or determining
them (the fast and slow-spreading speeds) becomes challenging. Hence, we first ana-
lyze a cooperative Lotka-Volterra system, which admits a single or multiple spreading
speeds (co-speed or fast-slow speeds). We successfully derive a necessary and suffi-
cient condition for this particular model to determine whether the system has a single
spreading speed or multiple spreading speeds. We define the linear and nonlinear
speed selection mechanism for each case and derive new conditions to classify the
speed selection. After studying the former three particular models arising from popu-
lation biology, we further, in the last part, present the speed selection mechanism for
an abstract time-periodic monotone semiflow. At the end of this thesis, we present

our future work.
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Lay summary

The wave propagation, found in partial differential equation models, has wide ap-
plications in physics, chemistry, and biology. The invasion speed (spreading speed,
mathematically) is an essential characteristic of the waves. This thesis focuses on
studying the invasion speed determinacy for wave propagation by presenting three
typical models from population biology and studying the spreading speeds of time-
periodic semiflows.

We start with a reaction-diffusion-advection equation in an infinite cylindrical
domain with a Fisher-KPP type nonlinearity. We prescribe this model with either
Neumann boundary conditions or Dirichlet boundary conditions to have broader appli-
cations. Using the upper and lower solutions method, we obtain sufficient conditions
under which the spreading speed is linearly or nonlinearly selected. Numerically, we
provide two examples that match our theoretical result. We then proceed to inves-
tigate systems of partial differential equations by a population model from stream
ecology. We concentrate on how the Allee effect impacts the spreading speed. We de-
fine the linear and nonlinear speed selection mechanisms, derive conditions to classify
them and perform several numerical simulations that illustrate our discovery.

When a model consists of multiple species, individual species may invade at differ-
ent speeds. To study such a phenomenon, we consider a cooperative Lotka-Volterra
model. This model admits either a single spreading speed or multiple spreading speeds
based on different parameter sets. We prove a sufficient and necessary condition to
decide which case will happen. Then, we define the speed selection mechanism for
each case and derive conditions to classify the selection mechanisms by the upper
and lower solutions method. For each case, we also perform numerical simulations
to confirm our results. Accumulating all the knowledge learned from the above three
models, we finally present a study of the speed selection mechanism for time-periodic

semiflows.
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Chapter 1

Introduction

The wave propagation, described by partial differential equation models, has always
been a hot topic for applied mathematical research due to its various applications in
practice areas, especially population invasion in biology. The invasion speed for wave
propagation is an essential character to describe the waves. Thus, in this thesis, we
focus on the determinacy of the invasion speed.

In the present introduction, we attempt to give a clear picture of invasion speed
determinacy by presenting a prototype model which admits traveling waves — the

famous Fisher-KPP equation. This model is given as

U = Uy + f(u), TER, t >0,

(1.0.1)
u(0, ) = ug(x).

For the history and development of this model, we refer to [3,4,24,37,/68[82] and
references therein. In the model, the function u(t, z) € [0, 1] represents the population
density of a species at location = and time ¢. The growth function f(u) is assumed to

satisfy
f(0)=f(1)=0, f/(0) >0, f/(1) <0and f(u) > 0 for u € (0,1).

To investigate the wave propagation of such a model, we focus on the traveling wave

solutions. A traveling wave solution is a solution of special type satisfying

u(t,z) =U(2), z =z — ct,



where U(z) is called the wave profile, z is the wave coordinate, and ¢ > 0 is the wave
speed. It is well-known that there exists a critical number ¢* so that the equation
(1.0.1) has traveling wave solutions for all ¢ > ¢*, see, e.g., [3,/4,24,37]. The critical

number ¢* is the spreading speed in the sense that

lim u(t,z) =0, lim u(t,z) =1, (1.0.2)
t—o0, T>(c*+e)t t—o0, z<(c*—e)t
for any £ > 0, when the initial data wug(z) has compact support. The solution with
this kind of initial data will converge to a traveling wave solution with speed ¢*. To
estimate the spreading speed c*, we linearize around 0 to obtain a linear speed
denoted as ¢y = QW. It is known that, see, e.g., [43],

c = .

The determinacy of spreading speed is to find conditions to decide which selection
occurs: a linear selection ¢* = ¢y or a nonlinear selection ¢* > c¢y. It is known that

when f satisfies a subhomogeneous condition (sublinear condition, in some context)

fu) < f1(0)u,

the system has a spreading speed ¢* = ¢y, that is, the linear selection is realized.
This subhomogeneous condition for the growth function has important applications. A
representative example of the growth function is the Logistic growth function given as
f(u) = u(1—wu), which clearly satisfies the subhomogeneous condition; thus, it follows
that ¢* = ¢y = 2. However, when an Allee effect appears, e.g., f(u) = u(1—u)(1+pu),
the inequality f(u) < f'(0)u fails when p > 1 and u € (0, %). Thus, the equality
c* = ¢y may not happen.

We here show a numerical simulation to give a visual idea. Figure [I.1]is drawn
by choosing f(u) = u(l — u). The left panel of Figure is the initial data. As
time increases, we see in the right panel of Figure |1.1} a wave-like function with a
stationary form propagates to the right. To find its corresponding speed, we use
the level set method. After running the simulation a few minutes so that a stable
wave-like solution has appeared, we extract the solutions’ data. Then, we obtain a
number of solutions u(t,z) at different time ¢, shown in Figure [1.2 Thus, we find
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Figure 1.1: Traveling wave solutions of the Fisher-KPP equation with f(u) = u(1—u).
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Figure 1.2: Traveling wave solutions at different time.

the positions of z(t) for u(t,z) = 0.5 in each curve, that is, the intersections of those
colorful curves and the cyan dashed line which denotes v = 0.5 in Figure [1.2] Thus,
we can compute the speed as ¢* = 2.00047, which indicates a linear selection c¢* = cy.
Using the same initial condition and the level set method, we find the speed increases
to ¢ =2.1374 > 2 when f(u) = u(1—w)(1+4u). This indeed implies that a nonlinear
selection is realized.

The investigation of spreading speed ¢* when the subhomogeneous condition does
not hold is a challenging problem. In this thesis, we study the invasion speeds of
three partial differential equation models arising in population biology as well as a

time-periodic abstract semiflow. A summary of our research work is given below.



1
1.1 A Reaction-Diffusion-Advection Equation in a

Cylinder

In the first project, we consider a reaction-diffusion-advection equation in a cylindrical

domain with a Fisher-KPP type nonlinearity. The equation is given as

U = Ugy + Ayu+ a(y)u, + f(u), (z,y) e RxQ, t >0,
Bu=0, (z,y) € R x 09,
u(z,y,0) = uo(z,y), (v,y) € R x Q.

We prescribe the equation with either the Neumann boundary condition (i.e., d,u(z,y,t) =
0) or the Dirichlet boundary condition (i.e., u(x,y,t) = 0). When the initial condi-
tion is chosen as a step function in = and satisfying its own boundary condition in

y, this model has a traveling wave, propagating along z-direction, with the form
u(z,y,t) =U(z — ct, y).

Since it is well-known that there exists a minimal wave speed ¢y, such that a
traveling wave solution exists if and only if ¢ > c¢,;,, we mainly here are concerned with
the linear or nonlinear selection mechanism for the minimal speed. By using the upper
and /or lower solutions method, we establish the speed selection mechanism. To have a
more direct understanding of the speed selection mechanism, we present two examples
in Chapter 2. One application has a cubic reaction term f(u) = u(1 —u)(1+ pu) and
= (—Ly, L,) and the other one is a subcritical quintic Ginzburg-Landau equation,
that is, f(u) = pu+ v* — v’ and Q = (—L,, L,). We obtain sufficient conditions
under which the linear or nonlinear selection is realized for both boundary conditions.

Numerical simulations are carried out and illustrate our theoretical results.

1.2 A Stream-Population Model with Allee Effect

In the second model of this thesis, we consider a reaction-advection-diffusion popula-

tion model from stream ecology. In 2005, Pachepsky, Lutscher, Nisbet, and Lewis [67]



proposed a model as

ou __ _ ., 0u 9%u
S = —ou+ p aam+dazg,
ov

S = +ou— v+ (1 —v)v.

This model describes one species living in stream with a drift flow. By dividing
the total population into two interacting compartments: individuals residing on the
benthos (the bottom of the stream) and individuals drifting in the flow, their model
explains the population persistence very well. However, as the model shown, the only
nonlinear growth function is subhomogeneous due to v(1—v) < v when v € [0, 1]; thus,
the invasion speed of this species has to be its linear speed obtained by linearizing the
model around zero.

In Chapter 3, we extend the above model to the following one with the reaction
term possibly having the Allee effect and the residing individuals having a weak
diffusive behavior:

% :—au—iruv—ag—;‘—ird%,
‘3—;’ = +ou — pv + f(v) —i—E%.

With the appearance of the Allee effect, f(v) may not satisfy the subhomogeneous
condition (f(v) < f'(0)v). A typical example for f(v) is v(1 — v)(1 + pv) where p is
an Allee factor (see [84]).

We first define the linear and nonlinear selection mechanisms for the minimal speed
(or the spreading speed). Then, by way of the upper and lower solutions method, we
establish the determinacy of the speed. It is found that the nonlinear determinacy is
realized if there exists a lower solution with a faster decay. By constructing appropri-
ate trial functions, novel results are obtained. At the end of this chapter, numerical

simulations are carried out to illustrate our discovery.

1.3 A Cooperative Lotka-Volterra System

Cooperation in a population system can result in the existence of a co-existence (win-
win) equilibrium. When diffusion is incorporated, individual species possibly invade
into the far end with different spreading speeds. Predicting or determining them (the

fast and slow spreading speeds) becomes challenging. The third model we choose is a



cooperative Lotka-Volterra system

Uy = dyUgy + ru(l —u 4+ byv),
vy = dovzy + T20(1 — v + bou),

with d;, r;, by > 0 (i = 1,2), biby < 1 and dyr; > dare. Under these parameter
conditions, this model admits single or multiple spreading speeds (co-speed or fast-
slow speed).

In the case of single spreading speed, the two species share a common invasion
speed, and nonnegative traveling wave profiles exist, either connecting the co-existence
state or the extinction equilibrium, if and only if the wave speed is not less than the
common speed. Predicting or determining the invasion speed is more linked to the
linearized system at the extinction state.

The existence of multiple spreading speeds indicates new connections of traveling
wave profiles into some intermediate states. Due to this, the determinacy of each
spreading speed focuses on not only the extinction states but also the corresponding
intermediate states. Based on the constructions of upper-lower solutions, we derive
new results determining the fast-slow invasive speeds.

When a model does admit multiple spreading speeds, the analysis of it is com-
plicated. To have a clear map for the cooperative Lotka-Volterra model, we perform
several numerical simulations that confirm our theoretical predictions. Our numerical

simulations also show the existence of traveling wave with a terrace.

1.4 Speed Determinacy for Abstract Time-Periodic

Monotone Semiflows

The last chapter is devoted to studying the speed selection mechanisms of traveling
waves to an abstract time-periodic monotone semiflow, which is of monostable type
with weak compactness and admits boundary equilibria in the phase space. We study
various cases when a single spreading speed exists or there exist multiple spreading
speeds (fast and slow spreading speeds) and provide a series of conditions to classify
the linear and nonlinear selection. When the single spreading speed coincides with

the so-called minimal wave speed, we can find a necessary and sufficient condition



for the nonlinear selection. Furthermore, by way of comparison principle, we give
a bound estimate for the minimal wave speed when it is nonlinearly selected. We
apply our results to four time-periodic models: a delayed diffusive equation, a stream
population model with the benthic zone, a nonlocal dispersal Lotka-Volterra model,

and a reducible cooperative system.



Chapter 2

Speed Selection for Traveling
Waves of a
Reaction-Diffusion-Advection

Equation in a Cylinder

2.1 Introduction

In this chapter, we investigate the speed selection mechanism for traveling wave solu-
tions to a reaction-diffusion-advection equation in an infinite cylindrical domain. The

equation we consider is in the following form

U = Uge + Ayu+ a(y)u, + f(u), (x,y) e RxQ, t >0,
Bu =0, (z,y) € R x 99, (2.1.1)
w(@,y,0) = uo(z,y), (z,y) €Rx Q.

Here Q@ € R"!(n > 2) is a bounded smooth domain. The boundary condition
“Bu = 07 denotes either the Neumann boundary condition, i.e., d,u(z,y,t) = 0 for
(z,y) € R x 02, which implies there is no flux of u across the wall of the cylinder, or

the Dirichlet boundary condition, i.e., u(x,y,t) = 0 for (z,y) € R x 99, which means



the value of u is fixed at zero on the wall of the cylinder. The third term a(y)u,
on the right hand side is a predetermined transport term, or a driving flow, in the
x-direction, and the function a(y) is always assumed to be bounded. The reaction
term f : R — R is assumed to be a C? function with the properties: f(0) = f(1) =0,
f/(0) and f'(1) with f'(1) <0.
There are three typical types of function f in applications:
(A1) f >0on (0,1);
(A2) for some 6 € (0,1), f =0o0n [0,6] and f >0 on (0, 1);
(A3) for some 6 € (0,1), f <0 on (0,0), f(#) =0, and f >0 on (6,1).
Actually, when (A1) or (A3) occurs, these semilinear parabolic equations have many
applications in biology, such as population dynamics, gene developments and so on.
For more details and descriptions, please see [3,4,7,22,23,/64]. When (A1) or (A2)
occurs, such equations also arise in the study of flame propagation in a tube. For a
detailed derivation and physical discussion, we refer readers to 3,7, 10,{11}39,/56,58,92].
Here, we focus on the so-called traveling wave solutions. The traveling wave solu-

tions are defined as solutions of the form

u(z,y,t) =U(y), { =z —ct. (2.1.2)

Here, U(£,y) is called the wave profile, and ¢ is the wave variable, and ¢ € R is the

speed of the wave, which is to be determined. After substituting the solution form

(2.1.2)) into Equation (2.1.1)), we find the equation for U(&,y) as
Uee + AU + [a(y) + c|Us + f(U) = 0. (2.1.3)
The traveling wave solutions are required to satisfy the limiting conditions

lim U(€,y) =0, lim U(gy) = Bly) #0. (2.1.4)

E—+oo

uniformly for y € 2, where the non-negative limiting state 3(y) is the solution of

AU+ f(U)=0, yeQ,
BU =0, y € 05.

(2.1.5)
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Clearly, if the Neumann boundary condition occurs, it is easy to have f(y) = 1. On
the other hand, in the case of the Dirichlet boundary condition, we can have only one
non-negative solution B(y) with 0 < G(y) < 1 for y €  under some mild condition
(i.e., the zero solution is linearly unstable) and this can be shown later.

Before stating our main results, we review relevant references on the traveling
wave solutions of —. There is a vast list of literature on the theory related
to the existence of the traveling wave solutions in such an equation. For example,
in [20//43,44], the authors studied the theory of asymptotic speeds of spreading in
terms of abstract monotonic systems. In particular, in [7,/10,[25,69,80,81], the authors
considered the existence and uniqueness of the traveling wave solutions in a cylindrical
domain.

The most related works to ours are [10] and [44]. In [10], Berestycki and Nirenberg
considered Equation — prescribed by the Neumann boundary condition.
When f(U) satisfies (A2) or (A3) respectively, the authors proved the existence of a
traveling wave solution (¢, U) and then used the sliding method to further prove the
uniqueness of such a solution. Here, the uniqueness is up to a translation, i.e., if there
exist solutions (¢,U) and (¢/,U’), then ¢ = ¢ and U’(§,y) = U(§ + 7,y) for some real
constant 7. For the case (A1), the authors proved that there exists a critical number
(or the minimum number) ¢* € R such that the solution (¢, U) exists for ¢ being any
value in [¢*, +00) and also showed that, if f(s) < f/(0)s for 0 < s < 1, this critical
number ¢* is explicitly determined by 2, a(y) and the value of f/(0).

In section 6 of [44], Liang and Zhao focused on investigating the theory of spreading
speeds and traveling waves for abstract monostable evolution systems. They proved
that the spreading speed ¢* coincides with the minimal wave speed with a result that
traveling wave solutions, connecting § and 0, exist for all ¢ > ¢*. When f satisfies
the subhomogeneous condition in the sense that f(ps) > of(s) for all o € [0,1] and
0 < s < 1, they obtained a formula for the speed c*.

Based on the results in [10,43,/44], in the case (A1), we know that there always
exists a minimal wave speed cp;, such that has a traveling wave solution if
¢ 2 Cmin and no traveling wave solution exists if ¢ < cpin. To proceed, we only

consider the case (A1) in this chapter and denote the minimal wave speed ¢, as

Cmin := inf{c : the system ([2.1.3)-(2.1.4) has a non-negative solution U(&,y)}.
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With the understanding that the minimal wave speed is always the spreading speed
of biological invasion, it is natural to ask how to determine the speed cp,;,. To estimate
it, first by the standard linearization analysis near the zero solution, we will obtain
a linear system and the linear speed ¢y in the next section, where ¢, = ¢ will be
shown. Furthermore, it was numerically observed that depending on the nonlinearity
f(u), the wave speed cpyy is either equal to or greater than the linear speed ¢q. Thus,
to distinguish the two different cases, we give the following classification of the speed

selection mechanism.

Definition 2.1.1. The speed selection mechanism for (2.1.5)- is called a linear

selection if Cpin = co; otherwise, it is called a nonlinear selection if Cin > Co.

When the space dimension is confined in one dimension, the speed selection can
be found in [18}|63}|70L|75[87,/90] and the references therein. But in higher dimensions
with a non-constant convection term, there are not many references on such a topic.
In this chapter, we shall focus on the speed selection of the monotone traveling wave
solution connecting 3 to 0 under the condition when zero solution is linearly unstable
and [ is linearly stable. To see the linear stability, we linearize near one of
the steady states (using ¥ to denote either 0 or ) and consider the corresponding

eigenvalue problem as

A+ f(0)d = pma(p)d, y € Q,
Bp =0, y € 09,

where p1(1)) is the principal eigenvalue. We say that ¢ is linearly stable if p; (1)) < 0
and linearly unstable if p(¢)) > 0. Thus, to have such a monotone traveling wave

solution, we further require f to satisfy the following conditions:

(A4) If (2.1.3))-(2.1.4) is prescribed by the Neumann boundary condition, then we
require f'(0) > 0 and f'(1) < 0;

(A5) If (2.1.3)-(2.1.4) is prescribed by the Dirichlet boundary condition, then we
require p1(0) > 0, and uq(5) < 0.

Under these conditions, we can confirm that there exists a unique solution 3(y)
to (2.1.5)) satisfying 0 < f(y) < 1.
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With the application of the upper and lower solution method, we are able to
establish the linear and/or nonlinear selection mechanism for our system. The detail
is shown in Sections 3 and 4 which are valid for both Neumann and Dirichlet boundary
conditions. We also find a sufficient condition for the nonlinear selection mechanism
to our model under the Neumann boundary condition. We should emphasize that our
investigations greatly extend the conclusions in [47}70,87].

The rest of this chapter is organized as follows. In Section 3.2, we perform the
local analysis near zero to find the linear speed ¢y. In Section 3.3, we study the speed
selection mechanism and present the main result. Then, we give two applications
in Section 3.4, one with a cubic nonlinearity and the other with a subcritical quintic
Ginzburg-Landau equation in a cylindrical domain. Finally, in Section 3.5 we summa-
rize the obtained results and discuss some open problems. Section 3.6 is an appendix

to illustrate the upper and lower solutions method used in our model.

2.2 Local analysis near zero

Linearizing Equation (2.1.3]) near zero gives

Uge + AU + (a(y) + )Ue + f(0)U = 0,§ € (—00,00), y € Q,
BU =0, y € 09.

(2.2.1)

Then, letting U = p(y)e ¢ for some non-negative function ¢(y) and a real constant

A, we obtain an eigenvalue problem

Ayp + [N = Maly) + o)+ [(0)]e =0, y € Q,

(2.2.2)
Bp =0, y € 09.
To further discuss the above problem, we denote
Ly=A,+ [N = Xa(y) + )+ f'(0)] . (2.2.3)

Then solving the problem ([2.2.2)) can be regarded as seeking the non-negative solu-
tion(s) of Lyp = 0 with the boundary condition By = 0. Let u(A) be the principal
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eigenvalue of the operator L), and we consider the following eigenvalue problem

L,\@b = #(A),@Da B¢|y€59 - 07 (224)

for some non-negative non-zero function ¥ (y), y € Q. It is clear that to find the solu-
tion of (2.2.2)) is equivalent to find (¢, \) such that p(A) = 0, with the corresponding
eigenfunction ¢ (y) as the solution. For the eigenvalue problem ([2.2.4)), we have the

following results.
(1) When A — 0, Lyp — Ayp + f'(0)7p. From (A4) or (A5), we have p(0) > 0.

(2) When A — 400, we have A* — Ma(y) + ¢) + f'(0) > M for any large positive
number M. In this case, by comparison, we have p(+oc) > 0 for both boundary

conditions.

Furthermore, due to the convexity of the function “A* — X(a(y) +¢) + f/(0)” with

respect to A, it is easy to have the following proposition.

Proposition 2.2.1. The principal eigenvalue p(N\) defined in 18 convex with

respect to A > 0.

Proof. Due to the term A2, through a direct computation, it follows that p (%) <

5 ((A1) 4 1(X2)). This proves the result.

From Equation (2.2.4)), it is clear to see that p is decreasing in ¢. Thus, we can
define

co := min{c| ¢ € R such that u(A) = 0 has a solution A € (0,+00)}.

Now, in view of the above proposition, we can arrive at the following theorem.

Theorem 2.2.2. For the eigenvalue problem , there exists a critical number
co € R such that

(1) when ¢ < ¢y, there is no positive A such that p(A) = 0, and has no non-
negative non-zero solution,

(2) when ¢ = ¢y, there is only one positive Ao such that (\) =0, and has one
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solution @y = 10y, where Yy 1s the principal eigenfunction corresponding to X = Xy in
EZD;

(3) when ¢ > ¢y, there exist A\i(c) and Aa(c) with Aa(c) > Ai(c) > 0 such that
p(Ai(e)) = 0,1 =1,2, and has two solutions p; = ; when A = \;(c), where
Y; is the principal eigenfunction corresponding to A = X\;(c) in forj=1,2.

Remark 2.2.3. Near £ = 0o, equation is approrimated by the linear equation

2.2.1)). From the above theorem, we can see that ¢ > cq is a necessary condition for

(2.1.9)- to have a non-negative traveling wave solution. Therefore, ¢y, = co.
Moreover, Aa(c) > Ao(co) > Ai(c) >0 if ¢ > ¢p.

2.3 The speed selection

In this section, we study the speed selection mechanism for ([2.1.3))-(2.1.4) through the
upper and lower solutions method. The key point is to construct a pair of suitable
upper and lower solutions. The definition of an upper (or a lower) solution and the

details of this method are shown in the Appendix section. To begin with, we denote
the left hand side of Equation (2.1.3)) as

L(U) = Uee + AU + (aly) + )Ue + £(U). (2.3.1)

For any ¢ = ¢y + €¢; with ¢ > 0, we have two pairs of solutions (A;(c), 1) and

(Aa(c), ) with Xa(c) > Ai(c) > 0 for (2.2.2) by Theorem 2.2.2] Then we define a
continuous function U(¢,y) as the solution of the following equation

Ue=—-M\(c)U (1 - Z—:) : (2.3.2)

where 7 > 0 is a parameter to be determined. Considering the boundary conditions
as U(&,y) ~ B(y) when € — —oo, and U(&,y) ~ ¢1(y)e (D¢ — 0 when & — +o0,

we will obtain the formula for U as

B

7= .
[Brer (e + pT]n

(2.3.3)
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It is easy to see that 0 < U < 3 for all (£,7) € R x Q and

Uge = A (c)U (1 - Z-j) (1 —(y+ 1)Z—:> : (2.3.4)

By substituting the formulas of U, U, Uge and A,U into (2.3.1)), and after a tedious

computation, we finally obtain

ey -0 (1 W) {~a+mxe-6ng|v (ﬁ)] + Gl

B - E ﬁ ¥1
(2.3.5)
where . /
sy L0 ED O] g
g (1 - va)

It is clear that if ¢, — 0, then ¢ — ¢, A\ (¢) — Ao(cp) and ¢ — ¢o. Thus, for
€1 < 1, in the sense of Definition and Lemma the function U is an upper
solution to (2.3.1)) if

2 B 2
mx G€9) < (14 D) + (- 1) 2D [v (;)] | (23.7)

Consequently, we have the following lemma for an upper solution.

Lemma 2.3.1. Suppose ¢ = cy+ €1 with €1 being a sufficiently small positive number.
If the inequality holds, then the function U, defined in m, 1S an upper

solution to system — with U(—o00,y) = B(y) and U(+o0,y) = 0.

Remark 2.3.2. To have the above lemma hold, we need the boundedness of Gi (at
least being bounded from above). Indeed, G1(&,y) is continuous on (§,y) € R x Q.
Thus it suffices to find él_}cm G1(§,y) and determine whether they are bounded. As
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£ — —o0, i.e.,, U— B, we have

| -5 o) ) a1 ,

(2.3.8)
The last equality is obtained by L’Hospital’s rule. For & — +o00, i.e., U — 0, we have

77 / TT / _f®
lim Gi(6,9) = tm { LD ZSOT JOZ
£—+oo T—0 UB7 < _%) 1_[6]7
= lim f(0) — f’(o)_@(2.3.9)
U0 (7 + D — 292y + 1) T 0

The boundedness of the above term depends on the choice of v and the formula of

f(u). Actually, we give the following results.

(1) If f"(0) exists, then by choosing % < v < 1, we find that Gy is bounded for all

—00 < & < +00.

(2) If U = 0 is a solution for f"(U) = 0 with multiplicity k, k = 1,2,---, then by
choosing v =k + 1, we also find that Gy is bounded for all —oo < & < 400.
According to Theorem [2.6.4] in the Appendix, to obtain the existence of traveling

wave solution U(€,y), we also need to find a lower solution to Equation (2.1.3) when

¢ = ¢o + €. For this purpose, define a continuous function U(§,y) as
U(&,y) = max{0, g1 (y)(1 — Me™*)e (94}, (2.3.10)

Here, (A(c), 1) has the same meaning as in U from Lemma We fix a small
6 > 0 such that \;{ +0 < Ay and the constant M > 0 is to be determined. Let
& = %, it is easy to see that U satisfies the following:

(1) When g < 507 _U = 07

(2) When € > &, U = (1 — Me%)e M8,



17

Sy
Notice that maxecr U(€,y) = %ﬁ‘? [ M(i\ll +5)} " < 1 when M is sufficiently large.

Furthermore, we can obtain the following lemma.

Lemma 2.3.3. When ¢ = ¢y + €1, the function defined in (2.5.10) is a lower solution
to the system (2.1.9)- .

Proof. 1f £ < & (i.e., U = 0), a direct computation gives L(U) = 0. If £ > &, by

substituting the formula of U , we obtain the following:

L) = —e MLy o+ (U) = F0)(1 = Mo )pre ¢

—e M L a1 + f(U) = F(OU

WV

0 (2.3.11)

provided M is sufficiently large. Note that, in the last inequality, we have used the
fact that Ly g1 = 0 and Ly, 4691 < 0 when Ay +0 < Ao, and [f(U) — f'(0)U] ~

O(p2e=?M18) as U is close to 0. By (2.3.11)), Definition and Lemma [2.6.2} it then

follows that there exist positive numbers § and M = M (d) such that U is a lower
solution of (2.1.3))-(2.1.4) when ¢ = ¢y + €;. This completes the proof. O

Now, with the construction of an upper and a lower solution above, it is easy to
find a & so that U(&—¢;) is still an upper solution with 0 < U < U(€—¢&;). Therefore,

we are ready to give our results for the linear speed selection.

Theorem 2.3.4. When 1s satisfied, the minimal wave speed Cpy of the system
(2.1.9)- is linearly selected, i.e., Cmin = Co.

Proof. When ¢ = ¢y 4+ €1, by Lemma [2.3.1] and Lemma [2.3.3, we have a pair of an
upper and a lower solution. Thus, the existence of a monotone traveling wave solution
U of — with the speed ¢ = ¢y + €; follows from Theorem and the
traveling wave solution satisfies U(+4o00,y) = 0 and U(—o0,y) = B(y).

In the case when ¢ = ¢y, a limiting argument can be applied to obtain the existence

of traveling waves.
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To be exact, we choose a sequence {¢, } such that ¢, € (¢, co+1] and nl_l)al_loo Cn = Co-
For instance, we can choose ¢, = ¢y + % which clearly satisfies the requirement.
Corresponding to each ¢,, by the above arguments and Theorem [2.6.4] there exists a
monotone decreasing traveling wave solution U, (&, y) of —. Since U, (& +
€0,9), & € R is also such a solution, by translation we can always assume U, (0, o) =
%B(yo) for a given yq € Q.

Notice that U, (&, y) is uniformly bounded, that is, |U, (&, y)| < B(y) < max 5(y),
V(& y) € Rx Q, n > 1. According to Theorem U, is the fixed point of the
solution map T Qy, that is, T, Q;[U,](z,y) = Un(x,y). Moreover, {T_.,Q;[Uy] }n>1
is precompact. It then follows that there exists a convergent subsequence of U, say
{Upn, }r>1, converging to a function W € Cz as k — +o0o. That is, there exists a
function W satisfying Q:[Wl(x,y) = W(x — cot,y) = W(E,y), or equivalently the

equation

Wee + AW + (aly) + co)We + fF(W) =0, (§,y) € Rx Q.

Clearly, W(¢&,y) is non-increasing in £ € R and W (0, yo) = %B(yo). Moreover, W (&, y)
connects  to 0 with W(—o0,y) = S(y) and W(+oo,y) = 0 for all y € Q. Con-

sequently, when (2.3.7) is satisfied, (2.1.3)-(2.1.4) has a monotone traveling wave

solution connecting B(y) to 0 with ¢ = ¢5. The proof is complete. O

Next, we want to investigate the nonlinear speed selection. To proceed, we first

prove the following lemma.

Lemma 2.3.5. For ¢; > ¢y, suppose that there exists a lower solution U(§,y) to

system (2.1.5)- , which is non-increasing in & and satisfies 0 < U < B(y) and

U~ paly)e 20

as & — +oo, where (Xa(c1), p2) is defined in Theorem [2.2.4 and & = x — cit, i.e.,

U(&,y) has the faster decay rate mear positive infinity. Then there is no traveling

wave solution to system (2.1.5)- connecting B(y) to 0 with speed ¢ € [co, c1).
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Proof. By this assumption, there exists a lower solution U(z — ¢1t,y) with ¢; > ¢ to
U = Uy + Ayu+ a(y)u, + f(u), (2.3.12)

with initial data

u(z,y,0) =Ul(zx,y).

By way of contradiction, we assume that, for some ¢ € [¢g, ¢1), there exists a monotonic

traveling wave solution U(z — ct,y), which connects 3(y) to 0 and has initial data as

u(z,y,0) =Ul(x,y).

We should note that if ¢ = ¢, then we have traveling wave solutions for all ¢ > ¢.
Thus we can always assume that ¢ € (co, ¢1).

Following the calculations from the previous section (see, e.g., from to
(2.2.4))), it is easy to find the asymptotic behavior of U(x — ct,y) with

U, y) ~ C’lsﬁl(y)e_)\l(c)g + 02802(9)@_/\2(0)57 § — o0,

for C; > 0, or C; = 0,0y > 0. A rigorous proof of this can be obtained by the
comparison principle and the linearization of the model. Moreover, we have Ag(cy) >
Aa(c) > Ao(co) > Ai(e) > Ai(c1) when ¢ € [co,c1). Thus, we can always assume
U(x,y) < Ul(x,y) for (z,y) € R x Q (by shifting of U if necessary). Since U(&,y),§ =
x — ct, is assumed to be a lower solution to Equation (2.3.12)) and U(x,y) < U(z,y),

by comparison, we have
Ulx —at,y) < U(x —ctyy), (z,y,t) e Rx QA xR, (2.3.13)

Now, if we fix £ = x — ¢it, then U(&,y) > 0 is fixed. On the other hand, from
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U(z — ct,y), it is clear to see
Ulx —ct,y) =U(& + (e — o)t,y) ~ U(+o0,y) =0, as t — +oo.

By ([2.3.13]), we therefore get U(&;,y) < 0. This is a contradiction. Thus, there is no

traveling wave solution when ¢ € [cy, ¢1). This completes the proof. O

Remark 2.3.6. This lemma implies that if there is a lower solution U satisfying
0<U < B(y) and U ~ pa(y)e 28 a5 & — 400, for c1 > ¢y, then the nonlinear

selection s realized.

Now, let ¢; = ¢y + €2 and define a continuous function as follows

B2
[Brera(c)nE 4 gpg]%

U, = (2.3.14)

Similarly to the previous computations, we get

=2 (1- UV){—@H)A%(a)—(vH)ﬁ—%{ (5)] +Gal6) ),

87 B
(2.3.15)
where
ey < U f'<0>UQ;i]l+ (UéL 7) 7(0) = 2] | a1,
G-(1-4)

To obtain a condition for the nonlinear selection, we will take U; as the lower solution
which satisfies Uy ~ y(y)e™2(¢1)¢ as ¢ — +00. Notice that when e, — 0, we have
Ao(c1) = Ao(co) and g — . Thus, if the following condition

2 2
. %o p
min  Go(&,9) > (v + 1D)A2(co) + (v + 1 —[V(—)] 2.3.17
ein Ga(6y) > (v DAsleo) + (v + 1) 52 0 ( )
is true, then the nonlinear selection is realized.

In the case of Neumann boundary conditions, we have (y) = 1, and thus (2.3.14))

can be simplified as

U, = L (2.3.18)
(6/\2(0)76 + Spgﬁ
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We thus have

L) = U A= ID{ - 6+ DO - 6+ D)8 (%)] + e

(2.3.19)
and 1
o /
vy (1-Uy)
Moreover, when €5 — 0, under the condition
1\12
min _Gs(&,y) > (v + DAg(eo) + (v +1) [0V [ — || (2.3.20)
(&y)ERXQ 0o

we are ready to have the nonlinear selection as follows.

Theorem 2.3.7. If the inequality (2.5.20) is satisfied, then the minimal speed of
system (2.1.5)- prescribed by the Neumann boundary condition is nonlinearly

selected.

In the case of Dirichlet boundary condition, through similar analysis to that in
Remark we obtain

. B ) B VP
52@0002(5,3/)* P f(B8) = f(0)
or
B,

Jim Ga(&,y) = — (B) —9(0) +g(B)

where g(u) = f(u)/u. This gives lirgﬂglim G2(&,y) = 0. Thus (2.3.17) cannot be
y— ——00

true, i.e., this choice of the lower solution (i.e., Uy in (2.3.14))) is not valid when

(2.1.3)-(2.1.4) is prescribed by the Dirichlet boundary condition. We suspect that

other challenging types of lower solutions need to be constructed. This will be a

subject of our future study.
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2.4 Applications

In this section, we apply the results of Section 3 to the reaction-diffusion model with a
cubic reaction term and a subcritical quintic Ginzburg-Landau equation respectively.
By applying numerical simulations to each case, we will find the linear wave speed, i.e.,
co defined in Theorem [2.2.2] as well as the numerical minimal wave speed. Comparison

of them is carried out to illustrate our theoretical results.

2.4.1 A cubic reaction term

The first application is a cubic reaction term given as f(u) = u(1 — u)(1 + 2eu) with
e > 0and Q = (—L,, L,), that is, we consider traveling wave solutions of the following
equation

Up = Uy + Uyy + (y)uy + u(l —u)(1 4 2eu), (r,y) € R x (=L, L), t >0. (2.4.1)

The corresponding wave profile (i.e., letting u(t,z,y) = U({,y) and & = x — ct )

becomes
Uee + Uy + (a(y) + ) U + U(1 = U)(1 4+ 2eU) = 0, (2.4.2)
satisfying
lim U(,y) =0, and lim U(&,y) = B(y). (2.4.3)
E—+o0 §——o0

The speed selection of such an equation in one dimensional case was first considered
by Hadeler and Rothe |29] in 1975. They studied the equation

1
Up = Upy + u(l —u)(1 + 2eu), € > ~3 reR, t>0, (2.4.4)

and obtained that the minimal speed of the traveling waves is linearly selected when
€ < 1 and nonlinearly selected when ¢ > 1. For more details of this result, please refer
to [29].

In the sequel, for the model we always assume that € > 0 and also show
that there exists a critical number of € to classify the linear and nonlinear selection

mechanism.
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The reaction term f is smooth on [0, 1] and
f0)=f(1)=0, f(0)=1>0> f'(1) = —1—2¢, and f(u) > 0 for u € (0,1).

Thus f satisfies (A1), (A4) and (A5) for all e. Moreover, there are equilibria 0 and
a nonzero function B(y) with 0 < B(y) < 1 for all y € Q. Since —2 — 8¢ < f"(u) =
4e — 2 — 12eu < 4e — 2, we can choose 7 = 1 in (2.3.5). Then, by substituting the
formula of f into Equation and simplifying it, we obtain

2

L(U) = % (1 - g) {—zAf(c) — 2%—55%)2 + 2652} : (2.4.5)

Here, G1(&,y) = 2¢/3? is clearly monotonic in €. Thus, the condition ([2.3.7) for the

linear selection becomes

(2.4.6)

€ < min
yeN

e, P s
/82 g0364 ’

Similarly, the condition ([2.3.20)) for the nonlinear selection becomes

€ > max
yeN

A%(Co) 4 (B0 — 58010)2} ‘

52 g (2.4.7)

Next, we will show the existence of a threshold value of ¢ so that, when € in-
creases to cross through this critical value, the speed selection changes from linear to

nonlinear. To this end, we want to prove the following lemma first.

Lemma 2.4.1. Let — be prescribed by Neumann boundary conditions (or

Dirichlet boundary conditions). If the wave speed is linearly selected when € = ¢ for

some € > 0, then it is linearly selected for all € < €.

Proof. By this assumption, when € = ¢;, we have U; as a solution, which is decreasing

in £ € R, with ¢ = ¢g + € to (2.4.2) for any small ; > 0. Thus, it satisfies

(Ui)ee + (Ut)yy + ((y) + ) (Up)e + Ui(1 = U)(1 + 260;) = 0. (2.4.8)
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Then, by substituting U;(§,y) into (2.4.2) with € < ¢, we obtain

(Un)ee + (U)yy + ((y) + ) (Up)e + Ui(1 = Uy)(1 + 2€U)

(U)ee + (Uh)yy + (a(y) + c)(U))e + Ui(1 = Up)(1 + 26U, — 2,U,; + 2€U))
- —2U12(1 — Ul)(El — E)

< 0. (2.4.9)

This implies that U; can be viewed as an upper solution to (2.4.2) for ¢ < ¢. Then
taking the lower solution defined in Lemma [2.3.3] we conclude that the wave speed is

linearly selected for € < ¢;,. This completes the proof. n

From the above lemma, we can define the threshold value of ¢ as

€. := sup{e| the linear speed selection of (2.4.2)-(2.4.3)) is realized}. (2.4.10)

Remark 2.4.2. By the above definition, we have 0 < €. < 0o. Furthermore, if €, = 0,
then the interval 0 < € < €. is empty, thus the nonlinear speed selection is realized for

all € > 0; if e, = 00, then the linear speed selection is realized for all € > 0.

Depending on the choice of boundary conditions, the critical value €. may differ.
We start with the case where ([2.4.2))-(2.4.3) is prescribed by Neumann boundary
conditions, i.e., Uy(§, —L,) = U,(§, L,) = 0. In this case, 5(y) = 1 and we have the

following theorem about the value of e..

Theorem 2.4.3. If the system — 15 prescribed by the Neumann boundary

condition, then

N 2
A(co) < e, < A3(cp) + max (ﬁ) )

ye[=L,L] \ ¥o

where \g and ¢y are defined in Theorem[2.2.2

Proof. For the Neumann boundary case, we have § = 1; thus, (2.4.6) reduces to
€ < A*(cp) due to the fact that min(p))? = 0 (at the boundary). It leaves us to prove

the linear selection in the case when € = A3(cp). To this end, we choose a sequence
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€n — Me(co). By Theorem it follows that ([2.4.2)-(12.4.3)) has a monotone traveling

wave solution when ¢ = ¢y for any € = ¢,. Due to the compactness of the solution
map, a limiting argument gives the existence of traveling waves when ¢ = A\2(cy) for
all ¢ > ¢g. In other words, when € = A3(cp), the minimal speed of — is
linearly selected.

To obtain an upper bound of the critical value e., we will concentrate on the
nonlinear selection. From and Theorem [2.3.7] it follows that the nonlinear
selection is realized when € > A2 4+ max,ecq (Z—E)Q. Consequently, combining those

results, this theorem holds. O

Remark 2.4.4. From Theorem for the Nuemann boundary case with a(y) = 0,
we obtain that e, = 1 since o = 1 and \g = 1 under such a condition. This recovers

the result of (29],

For the case where (2.4.2)-(2.4.3)) is prescribed by Dirichlet boundary conditions,
ie.,

U(fa _Ly) = U(fa Ly) = 07

we have 0 < B(y) < 1 for y € [-L,, L,|. From (2.4.6), it immediately follows that

2.4.2)) is linearly selected when € = M\2(cp) < mlgr;% Furthermore, it is easy to see
ye
that miél Agégo) = ni\jx(f;;) Similarly to Theorem [2.4.3, we arrive at the following result
ye yeQ

for the linear selection.

Theorem 2.4.5. Let the system — be prescribed by Dirichlet boundary

2

conditions. Then the linear selection is realized for all ¢ <€, where € = mﬂ%)
yeQ

Let us now perform some numerical simulations on ([2.4.2))-(12.4.3|) using the Matlab
software. To make our numeric method look more convincing, we first compare the
numerical results with the accurate solution obtained in [29]. The authors have found

that the formula of the minimal wave speed is

2, e< 1,
Conin, = e " (2.4.11)
/L ez,
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Figure 2.1: The speed comparison of numerical results and theoretical results. The
figures show the speed for € € [0, 2].

and the traveling wave solution is a so-called Huxley’s solution

1 . 1
'U/(x,t) = m, Wlth C = \/E+ \/g

The comparison results are summarized in Fig. 2.1 The figures show results related
to the minimal wave speed. The left figure tells us that our numerically computed
speeds matches the speeds predicted by the accurate formula ; the right one
shows the absolute difference between them, which are as small as O(107?). Thus, our
numeric methods are reliable and will be explained in details in the following context.

Throughout simulations in the rest of this section, we fix a(y) = sin(y) if not
specified otherwise, and L, = 5. The simulations are also taken into two cases: one
is the Neumann boundary condition case and the other one is the Dirichlet boundary
condition case.

(1) When (2.4.2)-(2.4.3) is prescribed by the Neumann boundary condition, we
do the following numerical computations. Through applying the central difference
method to the eigenvalue problem , we determine that ¢y = 2.58 and Ay = 0.93.
As we can see in Figure 2.2 the large one manifests the relation between u and A,
which verifies the convexity of p(A) with respect to A; the small one is an enlarged
figure when A € [0.6, 1.2], which implies ¢o = 2.58.

Furthermore, to obtain a traveling wave solution, we do numerical simulations on
(2.4.1). By applying the central difference method on space variables, the 4th-order
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Figure 2.2: The relation between the principal eigenvalue p(A) and A. From top to
bottom, ¢ = 2.5, 2.52, 2.54, 2.56, 2.58 and 2.6 respectively.

Runge-Kutta method on the time variable, and choosing an initial condition as

1 —
Uo(l‘,y) = W, (ZL‘,y) € R x Q, Ty = 9007 (2412)

we will obtain a solution that stabilizes to a traveling wave solution. We conjecture
without proof that the wave takes the minimal speed due to the fast decaying initial
function. To have a stable wave profile, we start to store all the data after ¢t =
200. As shown in Figure 2.3 the left panel is a 3-D figure that displays the shape
of the solution; the right panel is obtained through fixing y = 0 and letting ¢ =
210,211, ---,220. Actually, in Figure (b), by letting u(t,x,0) = 0.5, we can find
the level set x(t) for every t through linear interpolation, and use it to compute the
spreading wave speed. Through this method, we calculate the minimal wave speed
¢ whose result is shown in Figure 2.4l As we can see in this figure, the numerically
computed speed cpum =~ ¢o when e < /\% = 0.865. By substituting the value of
co and \g into the eigenvalue problem , we can numerically solve ¢y and by

N
which we find n[aalu:XL] (%) = 0.2205. Therefore, by Theorem [2.4.3| the system is
ye -4

nonlinearly selected if € > 1.091, which has been verified by the figure. Actually, from

the numerical simulation, we find that €. ~ 1.
(2) When ([2.4.2))-(2.4.3)) is prescribed by the Dirichlet boundary condition, we do
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Figure 2.3: Figure (a) depicts the solution of with the Neumann bound-
ary condition when t = 220. Figure (b) depicts the solution when y = 0,
t = 210,211,---,220. The parameter set corresponds to: (z,y) € [—1000,1000] x
[—57, 57| and g = 900.

The minimal speed c vs. ¢
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Figure 2.4: The relation between the asymptotic spreading speed ¢ and €. The blue
line with stars denotes the numerically computed speed obtained by direct simulation,
and the red line is ¢y = 2.58.
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Figure 2.5: The solution of ([2.4.1) with the Dirichlet boundary condition when ¢ =
220.

similar simulations. The same method applied to the eigenvalue problem (2.2.4) with
Dirichlet boundary conditions, we obtain ¢y = 2.36 and Ay = 0.885. Next, to obtain

a traveling wave solution here, we choose the initial data as

cos(my/2Ly)

w0, y) = T itray (@) € Rx Q= 900. (2.4.13)

Due to the zero boundary condition, the shape of a traveling wave solution in this
case looks like an arch, which is quite different from the former one and is shown in
Figure Finally, using the same method as the one used in the previous case, we
calculate the wave speed corresponding to different values of the parameter €. The
results are shown in Figure As shown in the figure, there is a critical number e,
such that the speed is linearly selected when € < €., and nonlinearly selected when
€ > ¢.. Here, by the numerical simulation, we can see ¢, ~ 0.8 > \2 = 0.783.

To complete the numerical simulations for the cubic nonlinearity, we provide some
discussions of the effect of a(y) on the critical number €, when the Neumann bound-
ary condition occurs. When «(y) = a with a being a constant, through a direct

computation, we find that the eigenfunction of (2.2.2) can be always normalized to
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Figure 2.6: The relation between the minimal speed ¢ and e. The blue line with stars
denotes the numerically computed speed obtained by direct numerical simulations
and the red line is ¢ = 2.36.

be “@po = 1”7 and the eigenvalue

)\O:OMLCO

= 1 where ¢y =2 — a.

By Theorem [2.4.3] ¢, = 1 for all & € R. In other words, o only affects the value of
the linear speed cg but it does not affect the critical value e,.

When a(y) is not a constant, with the help of numerical simulations, we also find
that €. always equals to 1. We first give a table to manifest the influence of o on ¢y, Ao,

and the range of €, by Theorem [2.4.3] As Table [2.1| shows, when as(y) < a4 (y) for all

© N2 ;N2
: 0,2 0,1 (s
y € [=L, L], Ao2 = X1 while yer{l_aL%L] (@072> < yer[n_aL%L] (W) , where A\o; (1 = 1,2)

denotes \g corresponding to «;(y) (i = 1,2) and the same notations are used for ¢ ;.
The last column of Table 2.1 shows the range of €.. It is clear that all of them contain
the value 1. Furthermore, we apply the same numerical method used for a(y) = sin(y)
to other two cases: (a) a(y) = 1.5sin(y) and (b) a(y) = 0.5sin(y). The details are
shown in Figure From those figures, we can see that ¢, = 1 for both cases. It can

be interesting to prove this result rigorously.
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a(y) o Ao yer[rizz%L] (i—g)Z the range of €,
15sin(y) | 2.95 | 0.914 |  0.3362 | [0.8354,1.1713]
1.25sin(y) | 2.7 | 0.92 0.2747 | [0.8464,1.1211]

sin(y) | 2.58 | 0.93 0.2105 | [0.8649,1.0844]
0.75sin(y) | 2.4 | 0.938 0.1683 [0.8798,1.0481]
0.5sin(y) | 2.23 | 0.951 | 0.1101 | [0.9044,1.0235]
0.2sin(y) | 2.08 | 0.974 0.0645 [0.9478,1.0132]

0 2 1 0 1

Table 2.1: The influence of a(y) on the range of e..
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Figure 2.7: The numerical speed ¢ corresponding to different e. Figure (a) is depicted
when a(y) = 1.5sin(y) while (b) is depicted when a(y) = 0.5sin(y).
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2.4.2 Swubcritical quintic Ginzburg-Landau Equation

In our second application, we consider a subcritical quintic Ginzburg-Landau equation

in a cylindrical domain. The equation is given by
Up = Ugy + Uyy + a(Y)uy + pu+u® —u°, (z,y) € R xQ, p>0. (2.4.14)

Here f(u) = pu + u® — v’ and Q = (—L,, L,). Thus, for traveling wave solutions, we

mean u(t, z,y) = U(&,y) where £ = x — ct. Then, the equation for the wave profile is

Use + Uyy + (a(y) + ¢) Us + pU + U? — U° = 0, (2.4.15)
satisfying
Jm UG,y) =0, lim U(y)=5y) <p, yel, (2.4.16)
where
Py = # > 1.

It is easy to have

FO0) = fur) =0, f'(0) = > 0> f'(uy) = =203 /1 + 4y

Clearly, f satisfies (A1) and (A4). Notice that f'(0) depends on the parameter .
Thus, we may require some extra conditions on u for f to satisfy (A5) when
is prescribed by the Dirichlet boundary condition.

Since f”(u) = 6u — 20u® and f"”(u) = 6 — 60u?, v = 0 is a solution of f”(u) =0
with multiplicity £ = 1. Following Remark , we will choose v = 2 in . By
substituting the formula of f into Equation and simplifying it, we then obtain

3 2 / _ /\2
L(U,) = % (1 - %) {—3A§(c) - 3%—55%) + 54} : (2.4.17)

and now G; = #*. With the condition 0 < 8(y) < u, for y € 2, we further have

1 1
G <pd == —/1+4p. 2.4.18
e max & y)Spg =5 +ptgyi+idp ( )
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Thus, the condition (2.3.7)) for the linear selection becomes

1 1
§+M+§\/1+4u<3)\3(00). (2.4.19)

We then have the following theorem.

Theorem 2.4.6. When (2.4.15)-(2.4.16|) is prescribed by Neumann (or Dirichlet)

boundary conditions, the minimal wave speed is linearly selected if the inequality
holds.

As for the nonlinear selection, we give a condition for the Neumann boundary
condition case as follows. Substituting the formula of f into (2.3.20)) gives Gy = 3* =
= % + u+ %\/1 + 4. Then, we arrive at the following theorem.

Theorem 2.4.7. When (2.4.15)-(2.4.10) is prescribed by Neumann boundary condi-

tions, the minimal wave speed is nonlinearly selected if

1 1 A
§+u+§\/1+4u>3)\3(00)+3 (ﬂ> : (2.4.20)

%0
where \o(co) and @o(co) are defined in Theorem[2.2.4

Remark 2.4.8. Actually, if the Neumann boundary condition case occurs with a(y) =

0, and (2.4.20) imply that there is a critical value p. = 0.75 such that the
minimal wave speed of is linearly selected if y > p. and nonlinearly selected

if @ < pe. This means, our results include the one in [47]. When a(y) # 0, there is a
gap between conditions and (2.4.20), we conjecture that there exists a critical

number . and its exact value can be found by numerical simulations.

Next, we perform numerical simulations on (2.4.15))-(2.4.16|). Here, we also fix

a(y) = sin(y) and L, = 5. Similarly, we apply the same method as that in the
previous application and carry out simulations in two cases.

(1) We first do simulations for the Neumann boundary condition case. By direct
calculations on ([2.4.19)), we obtain the left panel of Figure . In the figure, we use

the green line to represent the left hand side of (2.4.19), i.e., % + p+ %\/1 + 4, and
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Figure 2.8: The numerical speed ¢ corresponding to pu.

the red line to denote the right hand side, that is, 3A3. Clearly, there is an intersection
fte =~ 1.1 shown in Figure 2.8(b). Following Theorems [2.4.6) and [2.4.7, we expect that
the system is linearly selected when p > p. and nonlinearly selected when
i < pte. In the right panel of Figure 2.8] we illustrate the relation between cuum
and cg. By choosing the same initial condition given in Equation , we obtain

the traveling wave solution for (2.4.14]). The shape of this solution is similar to the

one shown in Figure so we will not repeat showing it here. To obtain a stable
traveling wave solution, we record all the speed data after 200 seconds. On the other
hand, ¢q is from (2.2.4]) and its value differs as p varies. Then, we use the blue line
with stars to denote ¢, and the red line to denote ¢y. As we can see, the system
is nonlinearly selected when p < 1 and linearly selected when g > 1. Thus, with the
help of numerical simulations, we indeed have verified the theoretical results.

(2) In the Dirichlet boundary condition case, we carry out similar procedures. In
the left panel of Figure we find an intersection ug ~ 1.25 from (2.4.19)). Following
Theorem , we expect that the system is nonlinearly selected when p < pi4.
To verify this, we choose the same initial condition defined in to obtain the
traveling wave solution for . Again, we store all the data after 200 seconds
and use the red line to denote ¢y while the blue line with stars to denote cpuy,. As we
can see in the right panel of Figure , in our depicted region u € [0.1,1.5], the blue
line is always above the red one, which means the system is nonlinearly selected for
all i € [0.1,1.5]. Thus, we have verified that the system is indeed nonlinearly selected
when p < pg.
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Figure 2.9: In the left panel, the green line denotes the left hand side of :2.4.19), ie.,
% + p+ %\/1 +4p, and the red line denotes the right hand side, i.e., 3A\3. The right
panel depicts the relation between the parameter p and ¢ (red line) or ¢y, (blue line
with stars).

2.5 Conclusion and discussion

In summary, by the upper and lower solutions method, we have obtained a speed
selection mechanism (including linear and nonlinear) for traveling wave solutions of
a reaction-diffusion-advection equation in a cylindrical domain. Precisely, we found
conditions on the linear selection when the model is prescribed by Neumann (or
Dirichlet) boundary conditions, see the inequality and Theorem . We
also give results on the nonlinear selection when the model is prescribed by Neumann
boundary conditions, see the inequality and Theorem m To see the speed
selection mechanism more specifically, we gave two applications in Section 4. In
each application, we obtained the corresponding simplified conditions for the speed
selection mechanism and then verified them by direct numerical simulations.

We should emphasize that, because of our newly constructed upper and lower
solutions, our results make a significant progress in the study of the speed selection
in higher dimension models such as . These constructed solutions are more
accurate for approaching the true traveling wave solutions. With this method, we
extend the previous results in the Neumann boundary condition case, and even give
a sufficient condition on the linear selection in the Dirichlet boundary condition case,

which was thought to be very difficult to study.
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There are many interesting but open problems related to the topic of speed se-
lections. One open problem arising in this chapter is how to find a suitable lower
solution to analyze the nonlinear selection in the Dirichlet boundary condition case.
Furthermore, concerning the problem of wave speeds, it is interesting and challeng-
ing to find an estimation of ¢y, or even give the exact formula when the nonlinear

selection is realized.

2.6 Appendix

The upper and lower solution method has proved to be a very powerful tool to inves-
tigate the existence of monotone traveling wave solutions (see e.g. [96]). This method
was first introduced by [16] and Weinberger [85], independently, and has been ex-
tended by many academics, such as in [55,96]. The main idea is as follows. By
transforming the wave profile equation or its original partial differential equa-
tion into an integral one, we can define a monotone solution map. Then with
the definition of the solution map, we can construct a pair of upper and lower solu-
tions of to set up an iteration scheme. Through the scheme, we then obtain
the existence of traveling wave solutions of .

To proceed, we present the phase space used in our model. Let C (é) be the
set of all bounded continuous functions from R x Q to R (or C = C(R, X), where
X =0Cy(Q),and Cs :={p €C:0< 0 < B} (Cs:={p €C:0< ¢ <pF}). Here,
C is used for the Neumann boundary condition case, while C is used for the Dirichlet
boundary condition case. Since the process in each case is similar, we then only take
the Neumann boundary condition case to show the scheme.

To obtain a monotone solution map, we let M; be a sufficiently large positive
number such that Fj(u) := f(u) + Mju is monotone in u. Thus, Equation (2.1.1)) is

equivalent to the following one:
U = Ugy + Ayu+ o(y)uy — Miu+ Fy(u). (2.6.1)

Next, we want to transform it into an integral form. To this end, we first investigate

the corresponding homogeneous equation, that is,

Up = Uy + Ayu + a(y)u, — Miu. (2.6.2)



37

Let T'(t,z,y) (or T'(¢,z,y)) be the Green’s function of (2.6.2)) prescribed by the Neu-
mann (or Dirichlet) boundary conditions (see, e.g., [27]). Then the solution of (2.6.2)

with the initial value u(0,-) = ¢(-) can be expressed as

U’(t7 x7y) = F(t,,’]ﬂ' — Z0,Y — y(]) * QO(Z‘O’ Z/O)

By the comparison principle (see, e.g., [49]), the above Green’s function is monotone
in u, that is, I'* u; > ' * ug when u; > uy for (z,y) € R x Q. Now, by variation of
parameters, the equation (2.6.1) can be written in an integral form as

t

u(t,z,y) = F(Ex—xo;y—yo)*80($o7yo)+/ D (t—to, 2 =20, y—yo)* F1(u(to, z0, yo))dto,
0

(2.6.3)

where the initial data ¢ € Cg and * denotes the convolution as

L(t,x — 20,y — yo) * ©(T0,Yo) = / / [(t, 2 — 0,y — Yo) - uo(0, Yo)dyodo.
rJo

We define
Qt[QO] - u(ta " 90)

It then follows that {Q,;}2, is a semiflow on Cgz with Q+(0) = 0 and Q;(8) = 8. Then,
by a traveling wave solution of the map @); for each t > 0, we mean a special solution
U(x,y) satisfying

Qi[U)(z,y) = U(z — ct,y)

for some constant ¢, and U(x, y) connecting 5 to 0if U(—o0,y) = (y) and U(+00,y) =
0. Notice that, in the literature of ¢);, the minimal wave speed defined in the Intro-
duction means that ); has a non-increasing traveling wave connecting g to 0 if and
only if ¢ > cpin. Furthermore, for any ¢t > 0, the solution map @); has the following
properties:

(1) @: is monotone in the sense that Q.[U1] > @Q:[Us] whenever U, > U, for (z,y) €
R x Q:

(2) If U € Cp is decreasing with respect to & € R, so is Q4[U];

(3) Q:[Cg| is precompact in Cs (see, e.g., [43] for the Neumann boundary conditions
and [44] for the Dirichlet boundary conditions).

Then, corresponding to the solution map ), we introduce the definition of an
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upper (or a lower) solution. Given zy € R, we define the translation operator T, by
To Uz, y) = Uz — 0, y).

Definition 2.6.1. For any given ¢, a continuous function u(x,y) is called an upper

solution to the integral equation if

T [Qilul] (,y) < ul(z,y), V(z,y) € R x Q.

A lower solution of is defined by reversing the inequality.

In the following lemma, we give the inequality in Definition [2.6.1] in terms of the
differential equation for the wave profile, since these differential form inequalities are

straightforward in our analysis.

Lemma 2.6.2. A continuous function U(&,y) = T.[U](z,y), where § = x — ct, is

twice continuously differentiable on R x € except finite many points & with

and
Use + AU+ [a(y) +cUs + £(U) <0, V(&,y) € R\{&} xQ, i =1,2,--+ ,m. (2.6.5)

Then, it is an upper solution of . A lower solution is obtained by reversing the

afore-mentioned inequalities.

Proof. Suppose there is a solution U(&,y) satisfies (2.6.5). We denote
U(t, z, y) = U({E —d, y)

Substituting it into (2.6.1) gives u; = —cUs, Uz = Uge and Ayu = A,U. Then,
E53) implies

Up 2 Ugy + Ayu + a(y)ur + f(u)v

u(0,2,y) = U(z,y).

(2.6.6)
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Since Q[U](z,y) is the solution of (2.6.1) with an initial data as U(z,y). By the

comparison principle (see, e.g., [49]), we then obtain u(t,z,y) > Q:[U](z,y) for all
t > 0. That is, U(x — ct,y) = Tu[Ul(z,y) = Q:[U](z,y) for all t > 0. Thus,

U(z,y) = T_]|Q:[U]](x,y), which exactly meets the requirement for an upper solution
in Definition [2.6.1} A similar proof can be applied to the lower solution of (2.6.3)) if

we reverse ([2.6.4]) and (2.6.5). This completes the proof. O

The existence of an upper and a lower solution to the system ([2.6.3]) will give the
existence of an actual traveling wave solution. Indeed, for our problem, we assume

the following hypothesis.

Hypothesis 2.6.3. Forc > ¢y, there exists a monotone non-increasing upper solution
U(x,y) with respect to x and a non-zero lower solution U(x,y) to the system M
with the following properties:

(1) U(z,y) < U(x,y), for all (z,y) € R x Q;

(2) U(=00,y) = B(y), U(+o0,y) =0, for ally € Q;

(8) U(—00,y) = 8*(y), U(+00,y) =0, where 0 < 8* < B for all y € Q.

When the above hypothesis holds true, we can define an iteration scheme as

Uo(l',y) = U(l‘,y), Un+1(x7 y) = T*Ct[Qt[Un]va y)7 n=0,12---. (267)

With the construction of upper and lower solutions and the iteration scheme, we
then arrive at the following existence theorem for a traveling wave solution (see,
e.g., [16,/43,55] for the Neumann boundary condition case, and [44] for the Dirichlet

boundary condition case).

Theorem 2.6.4. If the hypothesis holds true and Q); is defined in , then
the iteration converges to a function U(x,y). This function is a solution to

— with Uz — ct,y) = Qi[U](z,y). Furthermore, U(x — ct,y) = U(,y)
with £ = x — ct is non-increasing in £ € R with U(—o0,y) = B(y) and U(4o00,y) =0
uniformly for y € Q.



Chapter 3

Speed Determinacy of Traveling

Waves to a Stream-Population

Model with Allee Effect

3.1 Introduction

The study of the biological population of species in streams, rivers, and estuaries have
been attracting considerable attention recently (see, e.g., [50,/61,67,(73]). As in these
investigations of stream ecology, the so-called “drift paradox” is an interesting phe-
nomenon, according to which the species at any fixed location will not become extinct,
even though there exists a downstream drift that washes away the species. Perhaps
the first reasonable explanation was the theory of the colonization cycle proposed by
Miiller [61},62]. Afterward, different from Miiller’s idea, Speirs and Gurney [73] fur-
ther formulated a constant-coefficient scalar partial differential equation to describe
the situation. Their model demonstrated a simplified one-dimensional representation
of a species residing in a stream, a river or an estuary subject to advection (stream

drift flow) and diffusion (random movement), with

ou ou 9%u
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Here, u(x,t) is the density of the species, g(u) is the per capita growth rate of the
population, « is the advection speed (i.e., the speed of the flow), and d is the diffusion
coefficient. They concentrated on the role of diffusion, variable river flow direction,
and the swimming of organisms to the persistence of the species.

Later, Pachepsky, Lutscher, Nisbet, and Lewis [67] extended to a coupled
system, investigating the persistence of benthic aquatic organisms. They assumed
the total population to be divided into two interacting compartments: individuals
residing on the benthos (the bottom of the stream) and individuals drifting in the
flow. Their non-dimensional system is given by

ou ou >u

S = —ou+ pv — ags +d5s,
ot M oz Oz2 (312)

® = tou—pv+ (1 -,

where the newly introduced coefficients 1 is the per capita rate at which individuals
in the benthic population enter the drift; ¢ is the per capita rate at which the species
returns to the benthic population from drifting, e.g., the number of the species that
settle down to the benthos to give birth or find food. This separation has significant
implications for the population persistence (for full details, please see [50,67]). Except
for the persistence or the critical domain size, for such a model, academics were also
interested in the propagation speed. Since the system includes advection, it can distin-
guish the propagation speed with two cases: downstream (same direction of advection)
and upstream (opposite direction of advection). Clearly the downstream propagation
speed increases with the advection, whereas the upstream speed decreases. However,
from the mathematical point of view, the analysis for an upstream-facing traveling
wave solution will be similar to that of the downstream’s; thus we will only consider
a downstream-facing traveling wave solution that demonstrates a situation where a
species invades an uninhabited downstream terrain. The main model in this chapter
is extended from (3.1.2)) with the reaction term possibly having the Allee effect and

the residing individuals having a weak diffusive behavior:

9%u
927
x " (3.1.3)
o = Tou— v+ f(v) + €5z,

— ou
5 = —ou+pv—agzt +d

where € is a small nonnegative number due to the fact that the population living in
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the benthos barely move horizontally; the reaction term f(v) is a smooth function
(say, with second-order derivative) satisfying f(0) = f(1) = 0, f(0) > 0 > f'(1)
and f(v) > 0 for v € (0,1); d,0,a, pu are positive constants with similar biological
meanings to those in the model . The spatially homogeneous solutions to
are eg = (0,0) and e; = (£,1). Moreover, one can easily find that e, is unstable and
ey is stable for the corresponding spatially homogeneous system.

To investigate the propagation phenomena, we change the model with the wave

moving coordinates so as to introduce the following wave profile
u(w,t) = U(E), v(z,t) = V(©), £ =z — o, (3.1.4)

where ¢ > 0 is the unknown wave speed. Now, for a downstream-facing wave, the

system for the wave profile is

—cU' = —oU+ pV — U + dU”,

(3.1.5)
—cV'=4+0U — puV + f(V) + V7,
subject to
(U, V)(—00) = (g, 1), (U,V)(+00) = (0,0). (3.1.6)

A typical example for f(V)is V(1 —V)(1+4 pV) which has an Allee factor p (see [84]),
compared to the conventional Logistic growth.
By Theorems 4.1 and 4.2 in [43], it is known that there exists a critical number

Cmin defined as

Cmin = Inf{c| ¢ € R such that (3.1.5)-(3.1.6) has a nonnegative solution},

so that the system (3.1.5)-(3.1.6)) has a nonnegative solution if and only if ¢ > cpin-
Biologically and significantly, this speed is also equal to the asymptotic spreading

speed that indicates the velocity of biological invasion. Usually, the exact value of
this speed is difficult to determine, even for the simple Fisher-KPP scalar model with
the Allee effect. What we are able to do is to find the speed for the linearized system
around zero and use it to estimate the spreading speed. For instance, for our model,
by linearizing the system (3.1.5) near zero, we can obtain the linear speed ¢y whose
details will be shown in the next section, and by which, it can be seen that ¢y, = co,

a fact that is believed to be true for all cooperative systems. Whether they are equal
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becomes a challenging problem, and this results in the following definition of linear

or nonlinear determinacy, classifying the speed selection.

Definition 3.1.1. If ¢, = co, we say the minimal speed of the system —

15 linearly selected; otherwise, if cpm > co, we say the minimal speed is nonlinearly

selected.

Currently, there are a few references working on the speed determinacy to scalar
reaction-diffusion equations or the diffusive Lotka-Volterra competition model (see
[1,2,47,87]). As we notice that the variation principle in [47] does not work here, we
will investigate the speed selection of by the upper-lower solution technique to the
wave profile system coupled with the comparison principle to the partial differential
equations . Our construction of the upper or lower solution is different from the
classical upper (or lower) solution of [16] that is an exponential function (a solution
to the linear system) capped by the positive constant solution, and it usually gives
the mechanism of the linear speed determinacy, with a further requirement that the
nonlinear model is bounded by its linearized system. Our new upper solution comes
directly from the solution of a nonlinear system. It can effectively approximate the
real wavefront and thus provides better or superior conditions for the linear speed
selection. Furthermore, by analyzing the nature of the pushed wavefront (wavefront
with cpin > ¢g), we will construct a lower solution with a fast decay rate to establish
the nonlinear selection mechanism. The spreading speed is shown to be an increasing
function of the Allee factor. Numerical simulations are carried out to obtain the linear
speed, and to indicate the linear and nonlinear speed determinacy.

The remaining part of this chapter is organized as follows. In Section 4.2, we will
study the wave profile behavior locally near the equilibrium ey. In Section 4.3, we will
present our main results for the speed selection mechanism. In Section 4.4, we will
apply our results to a cubic reaction term to obtain further results, by choosing subtle
forms of upper and lower solutions. In the last section of this chapter, we append the

idea of the upper and lower solution method.

3.2 Linearization at ey = (0,0)

In this section, we focus on the local analysis near e, i.e., (U, V) = (0,0). To begin

with, we linearize system (3.1.5)) near eq to derive the following system
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—cU' =dU" — U’ — oU + uV,
—cV' ' =€eV"+oU — uV + f'(0)V.

(3.2.1)

This can be regarded as a fourth-order linear differential system with constant coef-
ficients. Let (U, V) = (A;, Az)e ¢ with A > 0 and A;, A, being constants. We then

obtain the following eigenvalue problem:

CAA; = dN?A; + adA; — 0 Ay + pAs,

(3.2.2)
C)\AQ = 6)\2142 + O'Al - /LAQ -+ f/(O>A2
For simplicity of notations, we denote it in a matrix form:
d\? A—
CAA = rar—o H A, (3.2.3)
o eX? — p+ £(0)

where A = (A; Ay)T. To solve the above eigenvalue problem, we first consider the

eigenvalue problem of the right-side operator :
B(MA =E(MNA, (3.2.4)

where k() denotes the principal eigenvalue and

B\ = ( Blaw B:zA) ) , Bi(\) = d\2+a\—a, Ba(N) = eXN2—p+ £/(0). (3.2.5)

Clearly, to obtain a nonzero solution of (3.2.4)), we require
k‘2 — (Bl + BQ)k + B1B2 —ou = 0.

Thus, we obtain

L. — (Bl -+ BQ) + \/(Bl + 32)2 - 4(3182 - O'/L)
4+ — .
2
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Notice that, the determinant A = (By + By)? —4(By By —op) = (By — Ba)*+4op > 0.
This means that k- < k., and they both are real. Substituting B; and Bs into it,

the exact formula of k. is given by

(d+ N +aX—o—p+ f/0)+/[(d+ A2+ aX— o+ u— f/(0)]2 + dou

k+: 2

(3.2.6)
Furthermore, since all the parameters are positive, from the above formula, we have

the following result.

Proposition 3.2.1. k. > 0 for all A € (0, +00).

The principal eigenvalue of the cooperative matrix B(\) is
E(N) = kL (N), (3.2.7)

where k, is defined in . Moreover, due to the term “d\2?”, it follows that k is
convex with respect to A (see, e.g., [13]).

From (3.2.3), we want to find ¢ such that cA = k(X) has a solution A € (0, +00).
It is not hard to find the following property of the function k(\).

Lemma 3.2.2. k()\) defined in 18 a real continuous and convex function with
respect to A € R. If we define
k(A

= inf —= €eR,, 3.2.8
“ Ae(l()r,l-‘,—oo) A + ( )

which is called the linear speed, then the equation cA = k(\) has
(1) no solution if ¢ < cy;
(2) exactly one solution A\o(co) if ¢ = co;
(8) two solutions \i(c) and \y(c) with Ai(c) < Aa(c) if ¢ > co.
Here, we manifest this lemma with a particular example, see Fig. [3.1 Letting
d=3,¢=01,a=1,pu=1, 0 =3, and f'(0) = 1, we obtain that ¢y = 1.99456

and Ao = 0.6906. In the figure, the black curve denotes @ As we can see from the

figure, there is no intersection when ¢ < ¢y (see the yellow line); there is exactly one
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Figure 3.1: The function %A) vs. A. This figure is obtained in the parameter set:

d=3,a=1,u=1 0=3€¢=0.1, and f’(0) = 1. The black curve denotes the
function @, and the blue line is the value of ¢y = 1.99456.

intersection when ¢ = ¢y (see the blue line); there are two intersections when ¢ > ¢
(see the red line).
Moreover, based on the above lemma, we can give the exact exponential behavior

of the waves (U,V)(€) as & — +o0 in the following lemma.

Lemma 3.2.3. Under the definition of ¢y in Lemma(3.2.3, for any ¢ > ¢y, the wave
profile (if it exists) has the following asymptotic behavior

S I T
~ Cl Bi(A1(c))—cAi(c) e—)\l (c)¢ + 02 Bi(A2(c))—chz(c) €—>\2(C)5

1% 1 1
(3.2.9)

with C7 >0, or C; =0, Cy > 0. Here By is defined in .

Proof. For any given ¢ > c¢q, the traveling wave satisfies (U, V) — (0,0) as £ — oc.
Therefore, as £ — oo, by way of asymptotic analysis, the leading term of (U, V') (still
denote as (U, V)) satisfies (3.2.1). Therefore, via the characteristic equation of the
linear system, the decaying solution of can be obtained as in the right side of
. In other words, the positive wave profile satisfies

_h Y
=, Bila)=edi ) =€y Bido)=edz ] o=hof o(e*Alg),

V 1 1
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Figure 3.2: There relation between the linear speed ¢y and d. This figure is obtained
when a =3, u=1,0 =2,¢=0.1, f/(0) = 1 and d varies from 1 to 4. The blue curve
denotes the linear speed corresponding to each d, while the black line is the value of
a.

with C7 > 0, or C7 =0, Cy > 0. This completes the proof. O

Remark 3.2.4. According to Lemmam and the eigenvalue problem , when

c > co, the asymptotic behavior of the wave can also be given by

~ C o e M ()¢ + Y o 67’\2(6)5,
Vv 1 1

which is equivalent to .

Remark 3.2.5. Lemma|5.2.2 implies cpn = co. It is impossible to expect a nonneg-
ative wavefront for & near infinity when ¢ < ¢y since A has a non-trivial imaginary
part, and (0,0) becomes a spiral point. When ¢ > co, A\i(c) is decreasing in ¢ and
Xo(c) is increasing in c.

From the formula of ¢ (see ), it is clear to see that ¢y is increasing in d. By
numerical simulations, we show their relation in Fig. It is interesting to observe
that ¢y may even be less than « (the drift speed of the stream) when d is small enough,

in which the species is fighting with the drift flow to stay via the choice of residing at
the bottom.

Remark 3.2.6. Moreover, if we normalize by setting A5 = 1, then the eigenvalue
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problem can be rewritten as

dN?A; — (c — a)DA; = d A — p,

X2 — e+ f1(0) = —(cA; — p).

When ¢ = ¢y, we have

2
A = 3.2.10
1<CO> Bl()\()) — CO)\07 ( )

where \o is given in Lemma[5.2.9 (2).

3.3 The speed selection mechanism

In this section, we want to study the speed selection mechanism of the system (|3.1.5)).
The method used is the upper and lower solution technique (please see the Appendix
section for details). Noticing that the first equation in (3.1.5) is always a linear

equation in U, thus by the variation of parameters, we can solve U in terms of V' as

U(g):L{/£ eﬁ@—s)\/(s)der/oo eT2<€—S>V(s)ds} =H(V), (3.3.1)

A —711) | /oo ¢

where 71, 75 satisfy
dr* + (c—a)T —o =0,

with

—(c—a) = +/(c—a)? +4od  —(c—a)+ /(c—a)*+40d
2 <O<7'2— 2% .

T =
(3.3.2)
For any ¢ > ¢y, by Lemmas [3.2.2| and |3.2.3], it is easy to verify that

H(e MO8 = Ay(e)e MO and H(1) =2, i=1,2,
g

where
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Clearly, for any given continuous function V' (§) satisfying V(—o0) = 1 and V(+00) =
0, by (3.3.1)), we have the existence of U subject to U(—o0) = £ and U(+oc) = 0.

For simplicity of notations, we denote

LU, V) = dU"+ (c—a)U" —oU + puV,
Ly(U V) = V"' + V' +0U — uV + f(V).

By the U’s formula, (3.1.5)) reduces to a non-local equation

eV"'+ V' +oU — uV + f(V) =0,

(3.3.3)

where U = H(V) is the integral given in (3.3.1)).

From now on, we will focus on constructing a pair of suitable upper and lower
solutions to the above V-equation (see Theorem 6.4).

For any ¢ = ¢y + &1, by Lemma [3.2.2] there exist 0 < A(c) < A2(c). Inspired by
Lemma [3.2.3] we proceed to construct upper or lower solutions with suitable decaying
behaviors. Let _

V() = — i - m>1, k, > 1 (3.3.4)
[1+ (k,eM@&)m]m

It is easy to see that this V function has the asymptotic behaviors: V ~ e ()¢ ag
£ — +ooand V — k, as £ = —oo. Then, through a simple computation, its first and

second derivatives are found as follows:

V==XV (1=T") and V' = M)V (1= 1) (1= (m+ 1)),

where V] = EZ Substituting all the above formulas into the left-hand side of (3.3.3)),

we obtain

o ] . e LA UO AT S I 70 I A
LO.7) = V-V - s De(ep vt 4 T I
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In view of the definition of an upper solution (see Def. and Lemma for

details) and A\; — Ao as € — 0, we can easily derive that the continuous function V'

given by (13.3.4) is an upper solution to (3.3.3) if

I (m, ) < 0, (3.3.5)

with m and k, suitably chosen. Now, we summarize the above discussion into the

following lemma.

Lemma 3.3.1. If the inequality holds, then the continuous function V given

by is an upper solution to (i.e., Ly(U,V) <0).

To apply Theorem 3.6.4]on (3.3.3]), we need to construct a lower solution to (3.1.5)

when ¢ = ¢y + €1. To this end, we define a continuous function V' as

e M1 — Me=22), € > &,
V= ( ) £> 6 (3.3.6)

07 §< §0a

log M

where 0 < €5 < 1, M is a positive number to be determined, and &, = o

Lemma 3.3.2. When ¢ = ¢y + &1, there exists 0 < g9 < 1 and M > 1 such that the
pair of continuous functions (U,V)(z), where V is defined in and U = H(V)
is defined by , is a lower solution to the system (3.1.5)-(3.1.6).

Proof. To prove the chosen function satisfying the definition of a lower solution, we

need to show that for all £ € R,

dU" + (c — a)U' — oU + pV >0,

V' +cV' 40U —pV + f(V) 2 0.

Notice that the first inequality is always true for all £ € R, and the second one holds
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for £ < &. As for £ > &, by direct substitution, we have

V' + V' +oU —pV + f(V)
= e MON(e) — ehi(e) + oAy — p+ f(0)] — MeMOF=E (X (¢) + &)
—c(M(€) + &) = p+ f'(0)] = oM H (e MO8 4 [£(V) — f/(0)V]
> —Me MO (N (¢) + £5)° — e(M(0) + &) + 0 AL — p+ f(0)] + [f(V) = f/(0)V]

The last inequality is guaranteed by H(e~(Mi(@+e2)8) < A e=(Mi(@+e2)¢ which can be
derived by direct computation. For the last line, it is easy to see that the first term is
always positive when &5 is sufficiently small. By choosing M to be sufficiently large,
we can have & > 0 and V < 1 so that [f(V) — f/(0)V] ~ O(e=2*(9)%); thus the first

term dominates the second one. Hence, the proof is complete. O

The condition V'(&;) < V'(&) can be easily verified, and by translation if nec-

essary, we can have U(£) < U(€) and V(€) < V(€) for € € (—o0,+0). Then we
conclude that (U, V)(£) and (U, V)(€) are a pair of upper and lower solutions respec-

tively. By Theorem |3.6.4, we obtain the following linear selection result.

Theorem 3.3.3. (Linear selection) When 15 satisfied, the minimal speed of
the system — is linearly selected (i.e., Cmin = Co).

We then turn to study the nonlinear selection through the upper and lower solu-
tions method. The key observation is that, when a lower solution has an asymptotic
behavior e=2¢ (i.e., the faster decay rate) as & — +oo, the nonlinear selection will be

realized. We give the following theorem as a justification.

Theorem 3.3.4. For a given ¢ > ¢, assume that there exist a pair of nonnega-
tive functions (U,V)(§) with £ = x — c1t, as a pair of lower solutions to the partial
differential system

Uy = dUyy — QU — OU + Jv,

(3.3.7)
UV = €Ugp + ou — pv + f(v).
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We further suppose that V(§) is monotone, and satisfies

limsup V(§) < 1,

E——00

and has the asymptotic behavior Ce ¢ as & — 400, for some positive constant C.

Then there ezists no traveling solution to (3.1.5)-(3.1.6) for ¢ € [co, ¢1).

Proof. We prove here by contradiction. Assume that there exists a monotone traveling

wave solution (U, V')(§), & = x — ct with ¢ € [cy, ¢1), subject to the initial conditions
u(z,0) = U(x) and v(z,0) = V(z).

We should note that if ¢ = ¢y, then we have traveling wave solutions for all ¢ > ¢y by
Theorems 4.1 and 4.2 in [43]. Thus we can always assume that ¢ € (¢, ¢1).
Moreover, (U, V) satisfies (3.1.5]), and their decaying behavior near +oco can be
casily analyzed (see, e.g., Section 2). By the monotonicity of A;(c) and Ay(c) in terms
of ¢, we can always assume (by shifting if necessary) that (U, V)(z) < (U,V)(x), Vx €
R. Since (U,V)(x — ¢1t) is a lower solution to the system (3.3.7]) with the initial data

(U,V)(z), by comparison, we obtain
Ulx —cit) < U(x —ct), and V(z — 1t) < V(x — ct), (3.3.8)

for all (z,t) € R x R;. Now, if we fix £ = 2 — ¢1t, then V(£) > 0 is fixed. On the

other hand, from V(z — ct), it is clear to see
V(z—ct)=V(E+ (c1 —c)t) = V(400) =0, as t — +o0.

By (3.3.8)), we thus get V(§) < 0. This is a contradiction. Therefore, there is no

traveling wave solution for ¢ € [cg, ¢1). This completes the proof. O]

Remark 3.3.5. Due to the above theorem, for the nonlinear selection, we only need
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to find a lower solution that has an asymptotic behavior e *2(9¢ s & — +00 for some

Cc > Cp.
Now, suppose V5 has the following form:

ke

- - om=1,0<k, <L (3.3.9)
[1+ (k)]

‘_/2<5) =

Clearly, this function connects k, to 0 and has the asymptotic behavior e *2¢ as
¢ — +4o00. By substituting the above formula into the left-hand side of (3.3.3]), we

obtain

1
Ly(Us, Vo) = V31— YT){ —(m+ 1)6A§(C)k—L/T_1

/v

o282 — A (1 - V7)) — ui T “W%<mmu—ym}
Vo(1-VT) Vo(l=VT)
= ‘—/3(1 _‘—/71%) ' J)\2(m71€v)a

where V| = %—j For suitably chosen m and k,, it follows that V5 is a lower solution
to 333 (i.e., Lg(QQ,L/Q) 2 O) if

Tn(m, k) > 0. (3.3.10)

Then, by Lemma the following result holds.

Theorem 3.3.6. (Nonlinear selection) If the inequality (3.53.10) holds for some m
and k,, then the minimal speed of traveling waves to the system — IS

nonlinearly selected.

3.4 Applications

In this section, we will apply the linear and nonlinear selection theorems proved in
the previous section to the model with a cubic nonlinear reaction term, i.e., f(v) =
v(1—v)(1+ pv) with p being a nonnegative constant. This cubic reaction term can be

viewed as the classical logistic growth with a weak Allee effect (see [84]) and can be
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applied to model a lot of biological phenomena. We want to investigate how the Allee
effect impacts the spreading speed. In current references such as [20,91], they require
that f(v) is sublinear in the sense that f(v) < f’(0)v, and thus a linear selection result
is obtained. Following this, we immediately obtain that the minimal wave speed is
linearly selected when p < 1. Now, with our methods, conclusions on the speed
selection can be considerably extended. To proceed, we start with the system of the

wave profile

dU" + (¢ — a)U' — oU + pV =0,
V" 4 V' + U — pV + (1= V)(1+ pV)V =0, (3.4.1)
(U, V)(=00) = (4,1), (U, V)(+00) = (0,0).

With the values of d, €, u, o, @ and f’(0) being fixed, we first show the existence
of a threshold p so that, when p increases to cross over this critical value, the speed
selection changes from linear to nonlinear. To see this, we will prove the following

lemma.

Lemma 3.4.1. If the minimal wave speed of 1s linearly selected when p = p;

for some py, then it is linearly selected for all p < py.

Proof. From the assumption that p = p;, we have (U;, V}) as a pair of solutions, which
are decreasing with respect to & € R, with ¢ = ¢y + &1 to (3.4.1)) for any small £; > 0.
Thus, they satisfy

dU/" + (¢ — a)U] — aU; + uV; = 0,

V' + Vi + ol — pVi+ (1 = V) (1 + pVi) Vi = 0.

Then, by substituting (U, V) into (3.4.1)) with p < p;, we see that the first equation

is always zero and the second one becomes

V' + Vi + ol — pVi+ (1 = V) (1 + pV))V;
= (1-V)V(p—p) <0.
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This means that (U, V) is an upper solution to (3.4.1]) for p < p;. Then, by taking
the lower solution defined in Lemma [3.3.2] we conclude that the minimal wave speed

is linearly selected for all p < p;. This completes the proof. m

From the above lemma, we can define the threshold value of p as
7 :=sup{p| the linear speed selection is realized for (3.4.1)}.

Although we obtained the existence of the threshold p, its exact value is hard to
derive. In practice, we want to give an estimate of it. Moreover, the exact formula
of U in terms of V (see (3.3.1)) is too complicated to determine the conditions in
the speed selection, so we will establish some novel upper (lower) solutions to the
U-equation simultaneously, i.e., L;(U,V) < 0 (L1(U,V) > 0), instead of using the
formula H(V).

To carry on, we numerically compute the value of % = @, where V' is defined
in (3.3.4) with m = 2, k, = 1, and ¢ = ¢y. An example is shown in Fig. [3.3, These
figures are depicted when d = 3, ¢ = 0.1, a = 1, p = 1, and ¢ = 3. With the
parameter set, we find that A; = 0.44325, ¢g = 1.9945625, and Ay = 0.6906. The left
panel shows the functions of V and U = H(V). The right panel shows the value of
%. As we can see, % — L as { — +oo, % — Aj as £ — —oo, and the curve looks like
a vertical parabola. When m = 1, similar phenomena can happen. Inspired by this
observation, we will construct innovative approximate formulas of U in terms of V/,
which are much simpler than the abstract one U = H (V). The details are shown as
follows.

Motivated by this observation, we first give results on the speed selection by using
the trial function U = V - (A; + bV +aV?) with b = £ — A; —a and a € Ry to
be determined. We give the following notations to state our theorems more fluently.

Denote
heo (@) = a® {33d° NS + 6473 (co — ) + IN2(co — @) + 48dN20 ) + a{12d2)\§ﬁ
g

—108d2M\AA, (c) — 60dA3 (ﬁ iy - 360204 (2 = Ay(co))(3.4.2
0A1(co) o (5 —Aulc)) (co—a) o + o (5 —Aileo) J3:4.2)
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Figure 3.3: The functions U,V and % These figures are obtained in the parameter
set: d=3,a=1,u=1,0=3,e=0.1, and f'(0) =

and

2d o (£~ A1(co) dXZ (2 —6A1(co) ) —20(co—a) (£ —A1(co)
(13(007 Ao) = W7 a4(007 )\0) = 0( 41d)\§7)2)\0(20*0a)*(£ — )7

Q[d)\% %-&-AU (C()—a) ( 5 —Ax (C()))]
[—dx\%—)xo(co—a)—f—a] ’

as(co, o)
(3.4.3)

Notice that h,(a) is a quadratic polynomial and he,(0) = 36d°A3 (& — Al(CQ))2 > 0;
thus, if h.,(a) = 0 has solutions ai(cg, Ag) and as(co, Ag), then they must satisfy that
0 < ay(co, No) < aa(co, Ao) or ai(co, No) < az(co, Ag) < 0. Due to the requirement

a > 0, we only consider the former case. Furthermore, define the sets

(
or a = as(co, No)},

(co, M)
and S1(co, \o) 1= {a ai(co, Ao) < a < as(co, No)}s
Sa(co, M) :={a:a < az(co, Ao)} and Sh(co, Ao
s
(

) ) :={a:a > as(co, M)}, (3.4.4)
Ss3(co, Ao) == {a:a < as(co, No)} and S5(co, Ao) := {a : a = as(co, o)},
Sa(co, M) == {a:a < as(co, No)} and Sy(co, No) :={a :a = as(co, o)}

\

To proceed, we summarize the above notations into an assumption as follows.

(H1) Let ¢y, Ao, Ai(co), and he,(a) be defined in (3.2.8), Lemma [3.2.2] (3.2.10)),

and (3.4.2)), respectively. Assume that h.(a) = 0 has two nonnegative solutions
0 < ai(co, Ao) < az(co, o) and then define a; (i =1,---,5) and Sj, S5 (j =1,--- ,4)
as shown in (3.4.3) and (3.4.4)), respectively.
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Theorem 3.4.2. Let the assumption (H1) hold. Define
M(Co,)\o) = M1UM2UM3UM4Q{G ra > 0},

where

Ml = (SQ(C(), )\0) N Sg(Co, )\0)) U S{(Co, )\0), Mz = (SQ(Co, )\0) N Sé(CO, )\0)) U Si(Co, )\0),

M3 = (Sé(CQ, /\0) N S3<C(), /\0)) U SQ(CO, )\0), M4 = (Sé(Co, /\0) N Sé(CO, /\0)) U S{(Co, )\0)

Then the linear selection is realized if there exists a positive constant a € M and
p <0G+ 2eA\:, where a = sup M. (3.4.5)

Proof. When ¢ = ¢y + 1, let V be defined in (3.3.4) with m = 1 and k, = 1 (which
implies V; = V). Define

U=V-[Ai(e)+bV +aV?, a>0, (3.4.6)

where b = £ — A;(c) — a and a is to be determined. Here, we emphasize that such a
U function satisfies % — L as { = —oo and g — Ai(c) as & = +oo. In the following
context, we denote A\; = Aj(c) and A; = A;(c) for short unless otherwise specified.
Then, through tedious computations, we obtain the first and second derivative of U

as follows:

U'=-MV(A-V)(A+20V+3aVAU" = ANV (1-V)[A1+(4b—24,)V+(9a—6b)V*—12aV?)

and

0" = N2V (1 = V)[Ay + (4b — 2A41)V + (9a — 6b) V2 — 12aV?).
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By substituting U, U’ and U” into L, we obtain
Li(U, V) =V*1-V)G(V), (3.4.7)
where

Gi(V) = —12d\3aV? +V - [dA\}(9a — 6b) — 3X\1a(c — a)] + dA}(4b — 2A1) — 2X\i(c — a)b+ oa
= —12d)2aV? + 30V [(Sd)\l ~(e—a))a—2d\n (" - Al)]
g

4
+a [~4dX2 + 2)\(c — a) + o] + dX (—“ . 6A1> —2\(c—a) (ﬁ . Al) .
g g

It is clear that G1(V) is a parabolic function, which opens down, in V. Through a

direct computation, its determinant can be found as

A = a® {33d°A] + 6dA](c — @) + 9N (c — @)® + 48dNjo } + a{md%ﬂ
o

B 2v4 4 3 (K o o2ya (B 2
108d2\4 A, 60d>\1<0 A1> (c a)}+36d e (U A1> ,

which is h.(a) by replacing ¢q and A\ with ¢ and A; in h.,(a). When &, is small enough
and by assumption, the equation h.(a) = 0 has two roots 0 < ay(c, A1) < aa(c, Ay).
Then, there are two cases to discuss.

When a1(c, \1) < a < as(c, M) (e, a € Si(c, A1), it follows that h.(a) < 0.

In other words, A < 0, which implies that G;(V) = 0 has no solution. Therefore,
Li(U,V) <0ifaeSi(c,\).
When 0 < a < ai(e,\) or a > as(e, \) (ie., a € Si(c, A1), it immediately

obtains that A > 0. Thus, under this condition, G1(V) = 0 must have solutions.

Furthermore, if the symmetric axis of G1(V') is less than zero and G1(0) < 0, then
Ly(U,V) < 0. The first condition means

(5dM\ — (c — a))a — 2dA1(§ —A) <0,
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The second condition (G1(0) < 0) shows that

4
0 [—4dN2 + 2)\ (¢ — @) + o] + dX2 (;“ - 6A1) — 2\ (c— @) (ﬁ - A1> <0.

g

When 5d\; — (¢ — a) > 0 and 4d)\? — 2)\;(c — a) — ¢ > 0, then
a < az(c, A1) and a > aq(c, Ay). (3.4.8)

Thus, when a € Si(c, A1) N Sa(c, A1) N S4(c, A1), we have L; < 0. Summarizing the

above discuss, we obtain that if

a € (Sl(C, )\1) N SQ(C, )\1) N Sé(c, )\1)) U SQ(C, )\1)
= (Sa(e; M) N Sz(e, M) U Sy (e, M) = Mi(e, M),

then Ly(U,V) < 0. It is clear to see that, depending on the signs of 5d\; — (¢ — «)
and 4d\? — 2\ (c — @) — o, we will obtain sets My(c, A1), Ms(c, A1), and My(c, A;). In
summary, if a € M(c, A1), then L (U, V) < 0.

By inserting U-formula into Ly, we have
Loy(U, V) = V31 - V)(=2e\? — oa + p).

Now, it is clear to see that, if p < oa; + 2e\? with @, = sup M(c, A1), then Ly < 0.
Thus, (U, V) is a pair of upper solutions when a € M(c, \;) and p < a + 2eA? hold.
Combining a pair of lower solutions from Lemma and using Theorem [3.6.4] we
obtain the existence of (U, V)(§) when ¢ = ¢y + €1, which implies the linear selection
of . Then, a limiting argument can show that the linear selection is realized
when a € M(cy, \g) and p < 2e\2 + oa. This completes the proof. O

Remark 3.4.3. If h.,(a) = 0 has no solution when a > 0, then the above theorem

still holds by replacing S| = ¢ where ¢ is the empty set.
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Since the minimal wave speed is always linearly selected when p < 1, it immedi-

ately implies the following corollary.

Corollary 3.4.4. Let (H1) be true. The minimal wave speed is linearly selected if
a € M(co, \o) and
p < max{oa + 2eA;, 1} (3.4.9)

For the nonlinear selection, we first give the following theorem.

Theorem 3.4.5. Let the assumption (H1) hold and

where

M, := Si(co, Xo) N S3(co, Ao) N Sy(co, Ao), My := Si(co, Xo) N Sz(co, Ao) N Sa(co, o),

Mg = Sl(C(), )\0) N 83(607 /\0) N S:;(CO» /\0), M4 = Sl(Co, )\0) M Sé(CO, )\0) N SQ(C(), /\0)

Then the nonlinear selection is realized if there exists a € M and
p > oa+ 2eA\, where a = inf M > 0. (3.4.10)
Proof. When ¢ = ¢y + €9, let V' be defined in (3.3.9) with m =1 and k, = 1, and
U=VI]Ai(c) +bV +aV?, a >0,

with b = £ — A;(c) — a and a is to be determined. For simplicity, we will denote
Ao = Ao(c) and A; = Aj(c) unless otherwise specified. With the help of calculations

done in Theorem [3.4.2] we can relatively easily derive the following formulas for Ly:

Li(U,V) =V*(1 - V)Gy(V), (3.4.11)
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where

Go(V) = —12d)\2aV2 +3\V [(5@2 ~(c—a))a— 2d/\2(§ _ Al)]

+a [—4dX5 + 2Xs(c — a) + o] + dN] (%“ — 6A1> —2X\s(c — a) (H — A1> :

g

Notice that G2(V) is a parabolic function in V. Through a similar analysis on its
determinant done in Theorem [3.4.2] we obtain that G2(V/) = 0 has solutions when
a € Si(c,A2). Under this condition, the inequalities “G3(0) > 07 and “Gs(1) > 0”

assure L, > 0. That means,
4
G2(0) = a [—4d); + 2Xa(c — a) + o] + dN] (?“ — 6A1) —2Xo(c — a) (g — Al) >0
and
iz 1z
Gy(1) = a [—d\2 — My(c—a) + 0] — 2 [d)é; +do(c—a) (; - A1>] > 0.

Depending on the sign of —4d\3 + 2X5(c — @) + 0 and —d\3 — \y(c — @) + o, we have
four cases. Since the analyses on those four cases are similar, we only present the case
when —4dA\2 + 2X\s(c — a) + 0 > 0 and —d)\3 — A\y(c — @) + o > 0 in details. Under
this condition,

d)\g (% — 6A1) - 2)\2(6 - Oé) (M Al) 2 [d)\gg + /\Q(C - Oé) (,u Al)]

z and a > z

4dXN3 —2X\(c —a) — o ’ —d)2 — N(c—a)+o

az

That means, if a € S}(c, A2) NS} (¢, A2) NS1(e, Ag), then Ly (U, V) > 0. In other words,
when a € M;(c, Ay), we have Ly (U, V) > 0.

For V-equation, we obtain
Ly(U, V) = V(1 = V), (V) = V(1 = V)(=2e); — oa + p).

It is easy to see that if the strict inequality (3.4.10) holds, then p > oa + 2e\3 with
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a = inf M, that means, Ly(U,V) > 0. Therefore, we have found a pair of lower
solution with the faster decay rate. If we take k, = 1 — 7 for sufficiently small 7, by
continuity, the above derivation is still true. By Theorem [3.3.4] the nonlinear selection
is realized. O

Since the ratio % has a parabolic behavior as shown in the right panel in Fig. [3.3]

we can give another approach to find conditions for the nonlinear selection.

Theorem 3.4.6. Let k = ﬁﬂf@o)- Suppose that

(

2X0(co — @)A1 (co) + p — 6dN2A1(co) > 0,
O'Al(Co) + 2/,L + 2)\0(00 — Oé)Al (Co) > 0,

—M%ﬁ@@+%ﬂ%ﬂ§+AMMMM%—A&%—@D+0@+AW@V>Q

\—Qd)\g — 2)\0(60 — Oé) +0>0.

(3.4.12)
Then the minimal wave speed of system is nonlinearly selected if
p>2e2+ (3.4.13)

11—k

where Ay (co) and N defined in (3.2.10) and Lemma[3.2.4, respectively.

Proof. When ¢ = ¢y + €3 with €3 > 0 being small, let V' be defined in (3.3.9)) with
m =1 and k, = 1. Define

u=yv. max{Al(C)(l ~V), g‘_/} Ai(c)(1=V)V, € > &,

ek ;k&v‘_/Qa f < 527
where & € R such that V(&) = %. Thus, by substituting them into L; and Lo,
1(¢ ;
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we obtain
.
‘_/2{ — 6d)\%A1‘_f2 + ‘_/ [12d)\§141 — 2/\2(C — Q)Al] + 2)\2(6 — Ol)Al + m— 6d)\§A1},
LU, V) = Velo,V(&),
EV(1 - L/){ — 6dNV? + V [4dA5 — 2)a(c — a)] + 0}, Ve V(&)1
\
and
WG—Y%—%%+T%+%LY€WY@»
L2 (_U7 L/) = N

“y2(1 —1_/){ — 2eA} + <A + p}, Ve V(&) 1]

For L1 part, let Gg(‘_/) = —6d)\§A1‘_/2+‘_/ [12d)\%141 — 2)\2(0 — Oé)Al] +2)\2<C—04)A1 +
p—6dA\3A;, which is a quadratic function in V. The first inequality in (3.4.12)) implies
G3(0) > 0, and

w2 (—6dA3A; + 2Xa(c — a) Ay + p) + po Ay (2X\a(c — @) Ay + 0 Ay + 2p)
(a0 )?

G3(V (&) = >0

provided by the first and second inequalities. Therefore, G3(V) > 0 for V € [0,V (&)].
Then, denote G4(V) := —6d\3V? + V [4dA\3 — 2)X9(c — )] + o, which is convex down
in V. Thus, it suffices to find the values of G4(V(&)) and G4(1). Through a direct
computation and the third and fourth inequalities in (3.4.12]), we obtain that G4(1) =
—2dX\3 — 2\o(c — @)+ 0 > 0 and

Gy(V(&)) = +0>0.
(2 + 4,)° (£ + Ay)

As for Ly part, it is not difficult to verify that Ly(U,V) > 0if p > 2eA5 + — ‘ff@ )
when € > &, and p > 2e)\3 + ”A;) when £ < &. Notice that "(?21) = = ;f) When
g3 is small enough, (3.4.13)) implies that if p > 2e\2 + 1—‘/(%), then Ly(U,V) > 0 for
¢ € R. Thus, the nonlinear selection result follows. O]

Remark 3.4.7. In this application, we only present conditions for the speed selection
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when m = 1. In fact, if m = 2 (the derivation is much more complicated), we can

obtain the following result.

Theorem 3.4.8. Let

2

Fy(a) == a? [469d2X} + 135dM\3(co — a)] —a [128d2)\§§ + 7d2A§A1(c0)} 642N (g - Al(co)>
(3.4.14)

and F. (a) = 0 has two roots 0 < a,,(co) < an(co) with Ay(co) and Ng being defined

m and Lemma respectively. Assume that
4d\y — 2Xo(co — @) — o > 0. (3.4.15)
Then the system is linearly selected if
p<1+0A(co) — p+ oap(co). (3.4.16)

We omit the proof, since it is similar to the previous one. Later, we will demon-
strate a numerical example (the first one) in which the result in the choice of m = 2

may be better than that in the choice of m =1 when 4dA\3 — 2\o(co — a) — o > 0.

To complete this section, we provide two numerical examples to manifest our
theoretical results. In the first example, we choose the parameter set as d = 3,
€e=0.1,u=1,0 =3 and a = 1. In this set, we find that ¢y = 1.9946, \y = 0.6906 and
A; = 0.4433. Then, by a simple computation, we obtain that 4d\3 —2X\g(co—a) — o =
1.3495 > 0, 5d o — (co —a) = 9.36444 > 0, a3 = —0.0486, and a4 = —1.2942. Through
Theorem and its corollary, the linear selection result is only valid if p < 1, but
Theorem can show an improvement. We find that F, (a) = 0 has two solutions
am = 0.0231 and ap; = 0.0626. Thus, by Theorem [3.4.8 the system under this
parameter set is linearly selected when p < 1.5175. To find numerical speeds cyum

corresponding to different values of p, we use the Matlab software to compute the
solution of ([3.1.3]), where the initial conditions are

W
P 1
U(LIZ', O) = 1 —|—0610$ and U(.T, O) = m (3417)
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Figure 3.4: The relation between the spreading speed and p. (a) This figure is depicted
when d =3, e =0.1, 0 =3, p =1 and o« = 1. Here, ¢y = 1.9945625. (b) This figure
is depicted when d =2, e = 0.2, y =3, 0 = 1 and a = 2. Here, ¢y = 2.7458.

such that they are steep enough to be close to the step functions. By [20,91], the
spreading speed of solutions with such initial data will evolve to ¢y, so our nu-
merically computed ¢, obtained from the level set of the solution, would give an
approximation to the minimal wave speed. The values of numerically computed speed
are shown in Fig. [3.4] (a). As we can see, the critical value for p is p ~ 2.2. Further-
more, this result illustrates our theoretical results.

In the second example, we fix d =2, e = 0.2, p =3, 0 =1 and a = 2. Under this
choice of parameters, we can find that ¢y = 2.7458, Ao = 0.3947, and A; = 3.0526.
Through a direct computation, it follows that 4dA\2 — 2\o(co — @) — 0 = —0.3424,
5dNg — (co — ) = 3.2012, —dN2 — No(co — a) + 0 = 0.3941, a3 = —0.0259, ay = 5.6567,
and a; = 4.6653. Moreover, h., = 0 has two solutions a; = 0.0003 and ay = 1.4477.
Thus, is linearly selected if a € [a1, as] and p < gas +2eA3 = 1.51 by Theorem
B.4.2] As for the nonlinear selection, by Theorem we obtain that the nonlinear
selection is realized if a > a4 = 5.6567 and p > 5.7190. Using the same method as
that in the first example, the numerical speeds (spreading speeds) are obtained and
shown in Fig. (b). As we can see in the figure, p ~ 1.6, which confirms our

theoretical result.

Remark 3.4.9. Finally, we would like to emphasize that the model here is completely
different from the diffusive Lotka-Volterra competition system in (1,12, where two

species compete for the same resource. Here, we study a significant model describing
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a species in two different compartments or stages. The Allee effect appears in this
model, while we cannot see this in [1,|2]. We focus here on how the spreading speed is
impacted by the Allee strength. Furthermore, in [1,2], the linearized system at (0,0) is
decoupled so that the linear speed was given by a simple formula cy = 2v/1 — a;. For
the construction of upper or lower solutions to the system, we can take V = kU for
different values of k or can assume that' V' admits different decay behavior than U. For
the stream population model in this chapter, the linear system at (0,0) is irreducible
and the linear speed is determined by an order-4 polynomial. No explicit formula cgy
can be obtained. To determine the spreading speed (the minimal speed), our numerical
simulation indicates that the graph of U/V looks like a vertical parabola. This provides
us insight to construct novel solution pairs with U/V = aV? + bV + c.

3.5 Conclusion

In this chapter, we investigated the speed selection mechanism (linear and nonlinear)
via the upper and lower solution method for traveling waves to a reaction-advection-
diffusion model .

For this stream population model, we focus on how the spreading speed is impacted
by the Allee effect. Here, the so-called asymptotic spreading speed (which represents
a critical value of biological invasion) coincides with the minimal speed ¢y, of the
traveling waves. However, its value is usually difficult to determine. We consider the
case when the system is modeled with a weak Allee effect [84], i.e., with a growth
function as f(v) = v(1 —v)(1 + pv). For such a growth function, when p > 1 (i.e.,
f(v) > f(0)v when v € [0,1]), the per capita growth rate (f(v)/v) of this species
attains its maximum at an intermediate population size. The strength of the Allee
effect increases in the parameter p. When p = 0, it reduces to the classical logistic
growth. We are successful in establishing the relation between the spreading speed
and the Allee effect. We also have proved that there exists a threshold value (a critical
number) p to divide the speed selection. Specifically, our theoretical and numerical
results show that the spreading speed is an increasing function of p. For given values
of u, o, a, €, d (through experiments), we can compute the linear speed ¢q and further

estimate the threshold value p with analytic formulas.
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In the novel construction of upper and lower solutions for the speed selection,

U
%

and totally different from the formula given in [1,2] (where they only assumed a

U _
VT
successfully establish explicit conditions for both the linear and the nonlinear selection:
see Theorems (m =1) and (m = 2) for the linear selection and Theorems
[3.4.513.4.6] for the nonlinear selection.

We should also mention that all the coefficients of our main model are constant,

we should emphasize that the parabolic formula for % in terms of V' is entirely new

linear relation, i.e. k, and this idea doesn’t work here). By this technique, we

but this is not essential in our method and idea. It can be interestingly extended to a
more general case, such as where all the coefficients are time-periodic functions, and
even with periodic habitats. Efforts on these aspects are currently in progress and

will be presented in future publications.

3.6 Appendix

In this appendix, we will show the upper and lower solutions method in detail. This
method is originated in [17,85] and used to prove the existence of monotone traveling
wave solutions to the partial differential equations. In the meantime, we can also
apply it to derive the linear speed selection.

Let M; be a sufficiently large positive number so that
FUV)=0U—-pV+f(V)+ MV
is monotone in V. Then the wave equations in (3.1.5) are equivalent to

dU" + (¢ — a)U" — oU = =V,

(3.6.1)
V"' +cV — MV =—-F(U, V).
For the first equation, we have already solved it by (3.3.1). For the second equation,

when € > 0, the integral form is given by

+o0

V(§) = ;{ / 5 eEI (U (s), V(s))ds + /

6(72 - '71) —o0 £
— TL(U,V), (3.6.2)

2 R(U(s), V(s))ds}
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where
— V2 +4eM Ve + 4eM
'yl:C ¢ A <0<’)/2:C+ C e (363)
2€ 2e
When € =0,
L7 ey
V() = - e STVE(U(s),V(s))ds =: To(U, V). (3.6.4)
3
Thus, the system (3.6.1]) in an integral form reads
U =HV)=T,(UV
(€)= HV) = Ti(U.V) 565

V(&) =T(U.V),

where H (V') is defined by (3.3.1) and T5(U, V) is defined by (3.6.2) when ¢ > 0 or
(3.6.4) when € = 0. Then, with the integral form, we can define an upper (or a lower)

solution.

Definition 3.6.1. A pair of continuous functions (U,V)(&) is an upper (a lower)
solution to the integral system if

U(§) = (S)Ta(U, V)(E),

V(&) = (S)T2(U, V)(E).

Since the above integral forms are not practical in finding upper or lower solutions,
we then give inequalities in terms of differential equations themselves that imply the
Definition in the following lemma.

Lemma 3.6.2. A pair of continuous functions (U, V)(§) which is differentiable on R

except at finite numbers of points &, i =1,--- ,n, and satisfies

dU" + (¢ — a)U’ — oU + pV <0,

V" + V' +oU — puV + f(V)V <0,

for&#£ &, and (U, V(&) = (U, V)& for all &, is an upper solution to the integral
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system, . A lower solution can be defined by reversing all the inequalities.

Proof. We give a proof for the upper solution, while a similar argument can be applied

for the lower solution. From the above inequalities, we have

T (U, V() = m{/§ eT1<5—S>V(s)ds+/;o em@—SW(s)ds} (3.6.6)

—0o0

—0o0

3
K T1(€—5) 1" /
<
S dm—n) { / e (dU" + (¢ —a)U" = aU)(s)ds

+/ e (U + (¢ — a)U’ — aU)(s)ds}.

3

By a similar calculation to that of [ [55], proof of Lemma 2.5, we can show that
Ti(U,V)(E) <U(&).

The same result holds for To(U,V)(&) < V(§). This implies that (U, V)(€) is an
upper solution to the system (3.6.5)). The proof for the lower solution is the same and
omitted. O]

To move on to the upper and lower solutions method, we first assume the following

hypothesis.

Hypothesis 3.6.3. For a given c > cg, assume there exists a monotone non-increasing
upper solution (U, V) (&) and a non-zero lower solution (U, V) (£) to the system (m
with the following properties:

(1) U, V)(€) < (U, V)(€), for all £ € R;

(2) (U,V)(+00) = (0,0) and (U, V)(=00) = (k1, k2);

(3) (U, V)(+00) = (0,0) and (U,V)(=00) = (k1, k2), for (0,0) < (k1,k2) < (5,1)
and (k1,k2) > (£,1) so that no other equilibrium solution to exists in the set
{(TV)1(0,0) < (U V) < (k1 k2)}-

Then, under the conditions of the above hypothesis, we can define an iteration
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scheme as

Uni1=Ti(Un, V0), n=0,1,2,- -, (3.6.7)

At last, by the results in [17,88], we can arrive at the following theorem, which
shows the existence of an upper and a lower solution indicates the existence of the

actual solution.

Theorem 3.6.4. If Hypothesis m 1s true, then the iteration scheme con-
verges to a pair of non-increasing functions (U, V')(§), which is a solution to the system
with (U,V)(4+00) = (0,0) and (U,V)(—o0) = (4£,1). Moreover, (U,V)(§) <
(U, V)(E) < (U, V)(E) for all € €R.



Chapter 4

Spreading Speeds Determinacy for
a Cooperative Lotka-Volterra

System with Stacked Fronts

4.1 Introduction

The Lotka-Volterra cooperative model considered in this chapter is given by

wp = ditgy + riu(l — u + byv), (4.1.1)
Uy = do¥gy + mo0(1 — v + bou), -

where all the parameters (d;, r;, b;) are positive with bjby < 1. In the model, u and
v stand for the population densities of two collaborated species at time ¢t > 0 and
location x € R; d; and dy are diffusion coefficients; r; and 75 are the net birth rates;
by and by represent the cooperation strengths. For applications of this model, see
e.g., [34,88]. It is easy to find four equilibria of as

1+b; 1+4b
1 —biby’ 1 —biby

0=(0,0), a; =(1,0), ap =(0,1), B = ( ) =:(e1,62). (4.1.2)
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Among them, 0 is called the extinction state, «; and s are the intermediate (or
monoculture) states, and [ is the co-existence state. Moreover, from its corresponding
space-homogeneous ordinary differential system, i.e.,

uw = ru(l —u+ bv),

v =ryv(l — v+ bou),

it is easy to see that 0 is unstable while (8 is stable; a; and as are saddles.

Since this chapter focuses on the spreading phenomena of model , we follow
the pioneering work [20,/41] and references therein to define the spreading speed(s)
first. Let C denote the set of all bounded and continuous functions from R to R?, and
[0, V]c . ={w e C: ¢ <w < Y}. For more details including the ordering signs of <
and <, please see the aforementioned references.

Denote wq(z) = (ug, vo)(x), and we know that system generates a monotone
semiflow @ : [0, Blc — [0, B]c defined by

Qi [wol(x) = w(t,x;wo) = (u,v)(t,z), V(t,z) € [0,+00) X R,

where w(t, z; W) is the unique solution of (4.1.1)) satisfying w(0, -; wo) = wo € [0, Blc.
Let @ be a vector with 0 < w < /3 and choose the initial condition wy satisfying: (a).
wo(x) is nonincreasing in x, (b). wo(x) = 0 for all # > 0, and (¢). wo(—o0) = w. For

a given real number ¢, a sequence {a,(c;s)} can be defined by the recursion

ap(c; s) = wo(s), anti1(c; s) = max{wy(s), Q1]an(c;")](s + ¢)}.

It follows from [48] that this sequence converges to a continuous function a(c; s) which
is nonincreasing in both s and ¢ with a(¢; —o00) = 8, and a(c; 00) is an equilibrium of
Q1, i.e., a(c;00) =0, ay, as, or [.

Two critical numbers with biological implications can be defined as follows. The

slowest spreading speed is

¢ =sup{ceR: a(c;00) =P} (4.1.3)
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and it has the property such that for any € > 0,

limsup w < § and lim B —w]=0. (4.1.4)

t—o00, x=(c*+e)t t—o00, z<(c*—e)t

The fastest spreading speed is
cy =sup{c € R: a(c;00) >0} (4.1.5)
and it has the property such that for any € > 0,

lim w=0and liminf w >0, (4.1.6)
t—o00, z2(c}+e)t t—o0, z<(cj—e)t

see e.g., [20,48,88]. It is clear that ¢* < c}. We call that a single spreading speed exists
if ¢* = ¢}, which definitely will happen for a system without other equilibria between 0
and 3, and multiple spreading speeds exist if ¢* < ¢}. Moreover, by [20,48], it follows
that ¢* and ¢} are independent of the choice of the initial function. In population
invasion, the existence of a single spreading speed means that all species invade the
inhabited area at the same speed ¢*, while the existence of multiple spreading speeds
(ie, " < c}) can be interpreted as follows: no species spreads more slowly than c¢*
and at least one spreads at this speed, and no species spreads more quickly than ¢}
and at least one is equal to the speed cj.

The above two speeds are related to an important biological phenomenon: travel-
ing wave fronts. A traveling wave front of is a special pattern-moving solution
with the form

(w,v)(t,z) = (U, V)(2), z =z — ct. (4.1.7)

Here, U, V are moving profile that is nonincreasing in z, and ¢ € R is the wave speed
to be determined. The system for the wave profile (U, V')(z) (2 = x —ct) can be easily
given by

dU"+cU +rU1-U+bV)=0,

V" + V' 41V (1 =V 4+ bU) = 0.

(4.1.8)

In terms of @, the traveling wave W (z) = (U, V')(x) with speed ¢ satisfies

Q[W](x) = W(z —ct) = (U,V)(x —ct), VYxeR, t=0. (4.1.9)
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Moreover, we say that this traveling wave connecting 8 if (U,V)(—o0) = [. Since
there are other equilibria between 0 and f, it is uncertain which equilibrium will be
reached when z — oo. This means that (U,V)(+o0) could be a; or ay or 0 if no
further conditions are restricted.

Following Theorem 4.2 in [20], the existence of traveling wave of can be

obtained as follows.

Theorem 4.1.1 ( Theorem 4.2 [20]). Let ¢* and ¢} be defined as in and
4.1.0), respectively. Then the following statements are true:
(1) For any ¢ > c*, has a traveling wave solution (U, V)(x — ct) connecting 3
to some fixed point By except 3, i.e., 51 is one of 0, aq, and .
(2) For any c > ¢}, either of the following holds:

(1) has a traveling wave solution (U,V)(x — ct) connecting ( to 0;

(i) has a traveling wave solution (Uy, Vi)(z — ct) connecting  to a and a
traveling wave (U, V3)(x — ct) connecting o to 0, where a= «; (i =1 or 2).
(3) For any ¢ < c*, has no traveling wave connecting 3, and for any ¢ < c},

there is no traveling wave connecting B to 0.

We would like to review important past applications on the model . Li,
Weinberger, and Lewis ( [41], Example 4.1) studied the spreading speeds ¢* and c},
and the existence of traveling wave solutions (as a typical example) under a strong
condition where dy7; > daraes so that ¢* < ¢}. Later, Lin, Li, and Ma ( [46], Theorem
5.11) proved the existence of traveling waves connecting 3 to 0 with ¢ > 2/d;r; plus
some further conditions. More recently, Lin ( [45], Theorem 3.1) showed ¢} = 2v/dyry
and ¢* > 24/daro(1 + by) if diry > daraes, and also pointed out that there exist
traveling waves, connecting 3 and 0, for ¢ > 2v/dir, if di > dy with 71 > 79, or if
dy = dy with ro(1 + bg) > 1 > re. For spreading speed determinacy to the Lotka-
Volterra competitive model as well as cooperative systems with stacked fronts, we
refer to [1}2,28,32-34./53||8§].

The purpose of this chapter is to investigate the speed selection mechanism for
(4.1.1]) either with a single spreading speed or with multiple spreading speeds. Through-

out this chapter, we assume that

diry 2 dars, (4.1.10)
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since the dynamics will be similar if the inequality is reversed. By relating the fastest
and slowest spreading speeds to each species’ individual spreading speed, under the
condition (4.1.10]), we find that the invasion speed of v-species is always not faster
than that of u-species. A necessary and sufficient condition is established for the
existence of a single common speed. The results show that the invasion speed of u is
faster than that of v if and only if the spreading speed 7, 5 of the system, confined
to the phase space between «o; and f3, is less than 2v/dir;. We develop the theory
of speed selection separately for each case and our results provide the determinacy
of each spreading speed, no matter whether they are equal or not. The numerical
simulations not only demonstrate our theoretical discovery, but also indicate new and
interesting phenomena that show the existence of terrace-type wave patterns.

Our speed selection mechanism can help us greatly understand the movement
of stacked fronts, an interesting phenomenon originally observed from combustion
theory in [36] and mathematically investigated in [34]. In the case when ¢* (the
spreading speed for the system confined to the phase space [, f¢) is strictly less
than 21/d,r;, stacked fronts (in the first species) consist of two parts that can move
with different speeds so that the upper part is slower than the lower part (see also
the numerical simulation Figure [4.1)). In the case when ¢* = 2/d;ry, it is found a
stacked wavefront with upper and lower parts moving with the same speed that can
be sometimes determined by the linear speed 21/d;7;. This results in the formation of
a wavefront with a terrace, when the initial data are properly assigned, see Figure [4.7
in the simulation. On the other hand, when ¢* > 21/d;71, no existence of terrace can
be found and the whole solution will finally evolve into a traveling wave connecting
and zero, with a common speed that can be linearly determined by 2v/d,r; (see e.g.,
Figure [4.8]).

The rest of this chapter is organized as follows. Section 4.2 is devoted to the study
of the individual spreading speed of each species and some preliminaries related to
our model. Section 4.3 provides a necessary and sufficient condition to decide whether
has a single spreading speed or multiple spreading speeds. The determinacy
of multiple spreading speeds is provided in Section 4.4, while the selection of a single
spreading speed is presented in Section 4.5. Numerical results will be provided in

Section 4.6. The last section contains further discussions.
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4.2 Individual spreading speed

To better understand ¢* and ¢}, we introduce the definition of the spreading speed
of each species. For model (4.1.1)) with initial data satisfying (a), (b), and (c), the

spreading speed ¢, of the species u(t, z) is a constant such that

liminf  w(t,z) > 0, lim u(t,z) =0, Ve>D0, (4.2.1)

t—o0, x<(ck—e)t t—o00, x=(ck+e)t

and similarly, the spreading speed ¢ of v(¢,x) is a constant such that

liminf  v(t,z) > 0, lim v(t,z) =0, Ve>D0, (4.2.2)

t—o00, x<(ck—e)t t—o00, x=(ck+e)t

Remark 4.2.1. In the above definitions, it implies that there exist two small positive

constants 1, 1n, > 0 such that

lim u(t,z) = ny, lim v(t,z) = mn,, Ye>0.

t—o0, z<(ck—e)t t—oo, z<(ck—e)t

According to their definitions, the fastest and slowest spreading speeds of (4.1.1))

can be related to the two individual spreading speeds in the following proposition.

Proposition 4.2.2.
¢y = max{c,, c,}, ¢" =min{c,, c,}. (4.2.3)

If ¢& = ¢, then has a single spreading speed, i.e., ¢* = c}. Otherwise, it has
multiple spreading speeds, i.e., ¢* < c}.

The proof of this proposition is straightforward and we omit it here.
If we forget about the condition (4.1.10)), we have the following lemma.

Lemma 4.2.3. Without the restriction , the following statements hold.

(1) If ¢& > ¢, then for ¢ € [ci, ), has a traveling wave (U,V)(x — ct)
connecting B to a; = (1,0). Furthermore, ¢ = 2v/dr;.

(2) If ¢; > c&, then for ¢ € [ci,ch), has a traveling wave (U,V)(x — ct)
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connecting 3 to as = (0,1). Moreover, ¢, = 2+/dars.
(3) There is an estimate for ¢l and ¢ as: 2v/dirie; = ¢ = 2+/dyry and 2+/daraes >
CT) 2 2\/ d27’2.

Proof. We start with proving (1). Under the condition of (1), by Proposition [4.2.2]
and Theorem we know that for any ¢ € [c},c}), (4.1.1) has a traveling wave

W(z —ct) = (U, V)(z — ct) with W(—o00) = 8 and W(4o00) = f1(< ) (being an
equilibrium). Next, we want to show ) = «;.

Now, choose wq(x) = (ug, vo)(x) with the properties (a), (b), and (c) such that
wo(z) < W(z), z € R
Then, by comparison, we obtain that
(u, 0)(t, 2) = Qulwol(z) < Qu[W](x) = W(z —ct),
Let € = ¢ — c. Thus, for x = (¢ + §5)t = (¢, — 5)t and t — oo, we have

B = W(+00) = lim —  Qiwol(z).

t—+o0, z=(c}—5)t

On the other hand, (4.2.1)) with its remark shows that

liminf  w(t,z) > n, > 0. (4.2.4)

t—o00, z=(c}—5)t

This implies that the u-coordinate of f; is always positive when ¢ € [¢, ¢f). Combin-
ing with 51 < 3, it immediately follows that §; = ay = (1,0). This proves the first
statement of (1).

To prove the second statement of (1), we consider the case where ¢ > ¢, i.e.,

¢ = ¢ + € for some ¢ > 0. Formula (4.2.2)) indicates that lim v(t,xz) = 0.
t—o00, x=(ck+e)t

Thus, with ¢t — oo and z > (¢ + €)t, we have a limiting system associated with
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(4.1.1) (in which v = 0) as follows:
U = Aty + riu(l — u). (4.2.5)

This is the famous Fisher-KPP equation. It is well-known that has a spreading
speed ¢; = 24/d;r; and there exists also traveling wave Uy (z — ct) connecting 1 to 0 if
and only if ¢ > ¢f = 2\/dyry. Therefore, ¢ = ¢; = 21/dyry, which verifies the second
statement.

As to part (2), the proof is similar and omitted.

For part (3), as in the proof of (1), we already know that ¢ > 2v/dir; via
linearization. Since v < e is always true, by the comparison principle, u can-
not spread more quickly than the wave generated by letting v = ey in the first
equation of . The resulting equation is again a Fisher-KPP equation. Thus,
¢t < 24/diri(1+ bies) = 2¢/dyrie;. In summary, the spreading speed of u has the
range 2% < < QM.

Because 0 < u < e, by letting u = 0 (or u = €;1) in the second equation of
and using the comparison principle, we can similarly show that 2v/dyry < ¢ <
2/dyrse,. This completes the proof. O

In this chapter, since the parameter condition (4.1.10]) is assumed to be true, we

can further have the following lemma.

Lemma 4.2.4. When holds (i.e., dyry > dars), it always follows that

c. =c

" » (4.2.6)
Proof. By contradiction, we assume ¢, < ¢. Then in view of Lemma [£.2.3] (2), we
find that ¢ = 24/dsre. This leads to a contradiction since the inequality 2+/dir; <

¢ < cb = 24/dars disagrees with our condition (4.1.10). The proof is complete. m

Remark 4.2.5. From the above lemma, the condition (4.1.10) implies that u-species

spreads more quickly than (at least the same speed as) v-species. Biologically, it means
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that u-species has a stronger intrinsic spreading ability. Similarly, reversing (4.1.10

TeESETVES .

Next, we introduce the definition of speed determinacy (selection). Since
indeed admits either a single spreading speed, or multiple spreading speeds, we will
divide our analysis of them separately.

For the single spreading speed case, i.e., ¢ = ¢}, there always exists a traveling

wave connecting zero.
Through linearizing (4.1.8]) around 0, we obtain a reducible system (whose defini-

tion can be found in [88])

dU" +cU +rU =0,
dgV” + cV’ + TQV = 0.

For the first equation, a direct analysis shows that
Cg =2 d17”1, (427)

where cfj is the minimal speed so that the first equation has nonnegative traveling

wave solutions. By comparison (see |[43]), it always follows that

cn =g (4.2.8)

Similarly, from the second equation, we have that

cy = ¢y = 24/dara, (4.2.9)

where ¢j is the minimal speed so that the second equation has nonnegative traveling
wave solutions.
Now, we are ready to give the definition of speed selection corresponding to the

single spreading speed case, based on the linearized system at zero.

Definition 4.2.6. When has a single spreading speed, we say that c;, is linearly
selected if i = cff, and nonlinearly selected if ¢, > cjj; ci is linearly selected if ¢}, = cf),

and nonlinearly selected if ¢ > cf.
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Remark 4.2.7. Under the condition dyry > dare, we see that cg > cg. Thus, if

* %
Cv_cu7

we can always have that c is nonlinearly selected due to ¢}, = ¢, > c§ > c§.

For the case where ¢ > ¢}, by Lemma we know that when ¢ € [¢}, ¢f), (4.1.1)
has a traveling wave (U, V)(xz — ct) with (U, V)(—o00) =  and (U, V)(400) = ;. To
indicate such a wave, we introduce an auxiliary system by using the change of variables

w =wu — 1 and v = v. Hence the auxiliary system can be obtained as

Wy = diWyy + r1(w + 1) (—w + b1v),
e 1w+ 1)( ) (4.2.10)

Uy = doUgz + 120(1 + by — v + bow).

Clearly, the auxiliary system has only two nonnegative equilibria

~

B =(e; —1,e5) and 0 = (0,0).

Then, following a similar analysis for the original system (4.1.1)), (4.2.10]) generates a
monotone semiflow Q; : o, B]C — [0, [5’]@ defined by

A

Qi[Wo](z) = w(t, z) = (w,v)(t, ),

where wo(z) = w(0,2). By [43] (or [20,41]), it follows that (4.2.10) has a single

spreading speed ¢* (or ¢, ;) defined as
¢ =sup{ceR: a(c;00) > 0}, (4.2.11)

where

ao(c; 8) = Wo(s), Gngpr = max{Wo(s), Q1[an(c; )] (s + )},
a(c;s) = lim an(c;s), and Wo(s) satisfies (a), (b), and (c) with 3 replaced by S.
n—oo
Furthermore, by the proof of Lemma 2.8 of [43], it then follows that ¢* does not
depend on the choice of Wy(s) as long as it satisfies conditions (a), (b), and (c). For

any € > 0, this spreading speed ¢* has properties

lim  Ww(t,z) =0, and lim |3 —w(t,z)] =0. (4.2.12)

t—o00, x=(é*+e€)t t—o00, x<(E*—e)t
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The wave profile corresponding to system (4.2.10)) is
(w,v)(t,z) = (W, V)(2), z =2 —ct,
and the corresponding wave profile system can be obtained as

W'+ W +r (W +1)(-W +b,V) =0,

(4.2.13)
doV" + V' + V(14 by =V + 0, W) =0,

subject to

~

(W, V)(—=o00) =, (W, V)(c0) =0. (4.2.14)
Such a wave solution with speed c satisfies

~

Q:[(W,V)](x) = (W, V)(z — i),

Similar to Example 4.1 in [41], by Proposition and Lemma |4.2.3] we have

the following lemma to manifest the exact relation between ¢* and cj,.

Lemma 4.2.8. Under conditions (4.1.10) and ¢ > ¢}, we have

9]
I
o>

- (4.2.15)

where ¢* is the spreading speed of the auxiliary system (4.2.10).

This lemma implies that we can use the information on ¢* to further study the
speed selection for ¢. A standard linearization analysis of (4.2.13) around O shows
that

c* 2 2\/ dg?"g(l -+ bg) = Cgl, (4216)

where ¢, is the minimal speed such that the corresponding linear system has a non-
negative traveling wave solution.

We continue to find ¢},. Under the condition ¢}, > ¢}, ¢ is determined by the
limiting system

U = AUy + riu(l — u)

which has a linear speed
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ch = ¢ = 2v/dury, (4.2.17)

where ¢} is the spreading speed of the system (4.2.5]).
Now, with the understanding of ¢}, ¢;, and their corresponding linear speeds c{,, and
cy, we can give the definition of speed selection when (4.1.1)) has multiple spreading

speeds.

Definition 4.2.9. If has multiple spreading speeds (i.e., ¢, > c;) and let ¢,
and cf be defined in and , respectively, we say that ¢ is linearly

selected if ¢;, = cg and nonlinearly selected if c;, > cg, ¢, is linearly selected if ¢;, = ¢y,

and nonlinearly selected if ¢, > cg, .

From the proof of Lemma [4.2.3] we have the following lemma to determine .

Lemma 4.2.10. Under conditions (4.1.1(}) and ¢ > ¢}, we have that
o = ¢ = 2V/dury, (4.2.18)

where ¢} s the spreading speed of the limiting system .

Remark 4.2.11. Based on the above definition and lemma, it immediately follows

that, if ¢ > ¢}, then c is always linearly selected, since c;, = 2+/dir = cj,

For the reader’s convenience, we provide the following definition of an upper (or

a lower) solution to (4.1.1)).

Definition 4.2.12. Assume that a pair of continuous functions (U,V)(z), z = v —ct,

1s twice continuously differentiable on R except for finite m points z; with

UCGH<SU (), VIEH <V(z), i=1,2,-- ,m, (4.2.19)

7 (2
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and satisfy

L,UV]:=dU" +cU +nrU(1-U+b0V) <0,
LU V] :=doV" + V' + V(1 =V +bU) <0, Vze R\ {z}, i=1,2,--- ,m.
(4.2.20)
Then, this pair of functions is called an upper solution to . A lower solution is

defined by reversing all the aforementioned inequalities.
Similarly, for the auxiliary system (4.2.10)), an upper (or a lower) solution is ob-
tained by replacing L, [U, V] and L,[U, V] with L, [W, V] and L,[W, V], respectively,

where

L[W, V] = dyW" 4+ W' 4 (W + 1) (=W + b, V),

) (4.2.21)
LU[VV, V] = dQV” + CV’ + TQV(l -+ bg -V + bQW)

4.3 Single or multiple spreading speeds: a neces-

sary and sufficient condition

As our main model (4.1.1) may admit single spreading speed or multiple spreading
speeds, we need to decide when ¢ = ¢ or ¢ > c;. We will make use of the spreading
speed ¢* from the auxiliary system (4.2.10]) to attack the problem.

A necessary and sufficient condition is obtained via the following theorem.

Theorem 4.3.1. System has multiple spreading speeds (i.e., ¢, > ¢t ), if and

only if ¢* < 2+/dyr1, where ¢*, defined in (4.2.11|), is the spreading speed for the system
confined to the phase space [ay, fc.

Proof. 1f ¢}, > ¢, from Lemmas [4.2.3| and 4.2.8, we immediately obtain that

c, = ¢" and ¢, = 2+/dyry. (4.3.1)

The necessity is clear.
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To prove the sufficiency, we use a contradiction argument. Suppose that ¢ = c}.
By -, we have that ¢ = ¢! > 2y/d;r;. By the definition of ¢*, we know
that the auxiliary system has a traveling wave (W (z —¢*t), V(z — ¢*t)). Back
to ({4.1.1), it has a traveling wave (U(z — ¢*t), V(x — é*t)) satisfying V (+o00) = 0. By
comparison, this implies that ¢* > ¢*. This contradicts the condition &* < 2v/d;ry;

the proof is complete. O

Next, we will find some specific sufficient conditions to determine whether a single

or multiple spreading speeds exist. The result is shown in the following theorem.

Theorem 4.3.2. Let ¢, c;, ¢*, and c}, be defined in (4.2.1), (4.2.4), (4.2.11), and

v

, respectively. The following statements for hold.

(1) If dyry > daraeq, then ¢ > .

(II) Suppose daraes > diry > 2dara(1 4 be). It follows that
(i) if ¢ = ¢, then ¢, > c;;
(ii) if ¢ > ¢, but it has an upper bound ¢y satisfying 2/dyry > ¢ > ¢, then
Cy > Cps

(iii) if ¢* > ¢, and it has a lower bound ¢, satisfying ¢, > 2+/dyry, then ¢, = c;,.
(III) If daro(1 4 be) > dyry, then ¢ = c.

Proof. For (I), the result directly follows from Lemmal[4.2.3](3), since from the lemma,
we have that

C:; = 24/ d17“1 > 2 dz?"gez = C;k].

Due to the necessary and sufficient condition found in Theorem the proof
of (IT) is relatively straightforward. For (IT)(i), it means that ¢* = 21/doro(1 + by) <
2v/dyry. Therefore, multiple spreading speeds occur. Similarly, (IT)(ii) and (II)(iii)
can be obtained through Theorem {4.3.1}

The proof to (TII) is also straightforward. Because & > 24/dara(1+by) (ice.,
(4.2.16))), combining the condition of (IIT), we have that ¢* > 2y/dir;. Then, by
Theorem [4.3.1] it is clear that ¢ = ). O
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Remark 4.3.3. In the above lemma, we list (II)(i) separately from (I1I)(ii) since the
equality ¢* = c,, means that ¢* is linearly selected when the auiliary system (4.2.10

18 considered. It is worth to be discussed individually.

Remark 4.3.4. If dir; = dars, a single spreading speed always ezists by (III) of the

above theorem.

4.4 Determinacy of multiple spreading speeds

In this section, we study the determinacy of individual spreading speed when multiple
spreading speeds exist. We will use the upper and lower solutions method to do the
speed selection analysis. Since the construction of an upper or a lower solution is based
on the asymptotic behaviors near the unstable equilibrium, we start with investigating

the corresponding linear system.

Linearizing (4.2.13]) near 0 gives

d1W” + CW/ — 7‘1W + lelv = 0,
AV + V' 4+ r9(1 + b))V = 0.

(4.4.1)

Let (W,V)(z) = (Cy, C,)e #* where C,, C, are nonnegative constants, and i > 0.

Substituting it into the above linear system produces an eigenproblem

/\2 _ A~ _
diji* — cjt — rq r1by Cyu _ 0 (4.42)
0 d2ﬂ2 —Cﬂ+T2(1 —f-bg) Cv 0

Setting the right-bottom diagonal element to be zero, we get

“ Cc — 02 4d27”2 1 + bg) . c+ 02 4d27"2 1 + bg)

jnfe) = =Y o) = Y @4y
2d, 2d,

and we have that C, = C,, - #, where 1 = 1, 2.

Letting the top-left diagonal element equal to zero, we obtain a positive root

) c+vVEFadin
fis(c) = 24, LN (4.4.4)
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To have a positive solution (W, V), we need ¢ > 2+/darsy(1 + by), that is, ¢ > ¢, .
When ¢ > ¢

v, it is easy to see that 0 < fi;(c) < fiz(c) with ji;(c) being decreasing in ¢
while fi5(c) being increasing; fi3(c) > 0 is always increasing in ¢. Then, for simplicity,
we can set C, = 1 or C, = 0, C,, = 1. Thus, for ¢ > ¢, the decaying positive

solution (W, V') has following asymptotic behavior:

W ~ [ k(g N ~ [ ki(f N 1 X
( ) ~ C1 ( 1('“1)) e 1% 4+ Oy ( 1('u2)> e 1% 4+ (s ( ) e M3% as z — +oo, (4.4.5)
Vv 1 1 0

where
r1by

e — - 7
difi; — ¢t — 11

ka(fis) = i=1,2, (4.4.6)
and C’l > 0or C’l =0, C'g, C'g > 0. Here, in , we assume that [iy, fio and jig are
not equal. If two of them are equal, then a similar but modified formula can be derived.
The result follows from the standard phase plane analysis (see, e.g., [28,35,/60]).
Alternatively, the method of successive approximation (see, e.g., [52]) can be used to
prove 7 and we leave it to interested readers.

Next, we will use the well-known upper and lower solutions method to investigate
the classification of the speed selection for the auxiliary system (4.2.10)).

Lemma 4.4.1. For the spreading speed ¢* of system (4.2.10), the following statements

are true.

* U

(1) ¢ is linearly selected (i.e., ¢ o

= ¢y, ), if for ¢ = ¢, there exists a pair of con-

tinuous, positive and nonincreasing functions (W,V)(z) being an upper solution to

(4.2.15)-(4.2.14)) and satisfying

lim (W,V) >3 and lim (W,V) = (0,0). (4.4.7)

Z—r—00 Z—00

(2

(2) ¢ is nonlinearly selected with ¢* > ¢, > ¢}, ,

if for ¢ = ¢q, there exists a pair of
continuous, nonnegative and nonincreasing functions (W, V)(z) being a lower solution
and satisfying

lim (W,V) < B3, andV ~ e 2% as z — oo, (4.4.8)

Z—r—00

where fig = fi2(¢1) 1s defined in .

(3) ¢ has an upper bound by ¢* < &g with ¢ > ¢, , if there exists a pair of continuous
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and positive functions (Wa, Vy)(x — éat) being an upper solution and satisfying

lim (W, Vy) > B and Vo ~ e ™% s 2 — oo,

Z——00

where iy = 15(¢2) is defined by ([4-4-3).

v
aq?

Proof. (1) To prove ¢* = ¢, , we only need to show ¢* < ¢}, due to ¢ > ¢}, (since

(4.2.16) is well-known). Suppose that we have an upper solution (W, V)(x — ¢¥.t)
satisfies 1' Then, recall the process to define ¢ = sup{c: a(c;+o0) = B}, see

(4.2.11)). Let c = c;, , we can define the sequence {a,} and its limit a by

(

A

ao(c; x) = wo(z),

(41 (e, x) = max{ao(c; ), Qilan(c;-)](z + )},

a(c;x) = lim a,(c; x),
\ n—o0

where the initial data Wo(z) satisfies (a), (b), (c) by replacing 8 with 3 and
wo(z) < (W,V)(x), Vo €R.

An induction shows that a,(c;z) < (W, V)(z), n > 1, which implies that a(c;z) <
(W, V)(z), and hence,

a(e;-+00) = lim ale; ) < Jim (17, V)(2) = (0,0)
Since ¢* is independent of the initial data wyg, the definition of ¢*, see , shows
that ¢* < ¢ = ¢,. This completes the proof of (1).

(2) To prove the second statement, we shall use the way of contradiction. Based on
the definition of ¢*, it is well-known that has traveling waves for any ¢ > ¢*.
To the contrary, assume ¢* < ¢;. Then there exists a ¢ € (¢, ¢1), such that

has a monotone traveling wave solution (W, V)(z — ct) connecting § to 0. Clearly,
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as r — —oo, shows that (W,V)(z) < (W,V)(x). Using the monotonicity of
fir and fis, see ([4.4.3), it is always true that V(z) < V(z) as # — co. Thus, we can
always assume that V(z) < V(x) for z € R, by shifting if necessary.

Now, we claim that, for any given non-increasing and continuous function V(z),
where 2 = o — ¢t with ¢ > ¢}, , and V(—00) = a > 0, V(+00) = 0, there exists a

nonincreasing function W(z) satisfying

d1W” + cW’ + 7“1(1 + W)(bﬂf — W) = O,
(4.4.9)

W(—00) = bia, W(+o0) = 0.

To see this, we will apply the upper and lower solutions method. It is easy to see that
W = bya is an upper solution due to L, (W, V] <0, while W = 0 is a lower solution
since Ly (W,V] > 0; thus, the result follows. Moreover, since the reaction term
r1(14+W)(b;V —W) is monotone in V', by comparison, we obtain that W (V;) > W (V3)
if Vi >V, for z € R.

The above claim combing the condition V' < V' implies that

W, V)(z) < (W, V)(z), Yz € R.

Hence, by comparison, we have
W(z — e1t) < QW] < Qu[W] = Wz — ct),

where w(z) = (W, V)(x). Since w(z) = (W,V)(x) # 0 nonincreasing in x, there is
x1 € R such that w(zq) > 0. For x,t satisfying  — ¢t = x; and t — oo, we can
derive w(x1) < 0. This is a contradiction.

(3) When ¢* > ¢}, holds, we proceed to find an upper bound of ¢*. Again, by the
fact that ¢* is independent of the choice of the initial condition w(z) as long as it
satisfies (a), (b), and (c), through replacing ¢, and (W, V) with ¢ and (Ws, V5) in

the proof of (1), we can show that ¢* < é. The proof is completed. ]
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Based on the above lemma, we proceed to find some specific conditions to classify
the speed selection of system (4.2.10])) by picking up some trial functions.
Theorem 4.4.2. If % < 2, then the spreading speed of system (4.2.10) is linearly

r24b2) o

(

selected, i.e., ¢ = cg, .

Proof. For ¢ = ¢}, , we have fi1(c) = fiz(c) = fio = %

0<ky = k(o) = by <b

1 = r1lfo) = T (it (4 S 01

- =22 (% -2
T1 2
1% _

= bV (2). (4.4.10)

provided that g—; < 2. Then, define
€2

= W(z) = (e1 — 1)—

V(z) = —
=) 1 + etz
It is easy to see that V — ey, W — eg —lasz — —oo, and V — 0, W — 0 as

2z — +00. Through a direct computation, we find the first and second derivatives of
(4.4.11)

o<

V as
V= —poV(1=Vy), V' =3V (1 —V)(1 —2V;), where V; =
Substituting them all into Ly, [W, V] and L,[W, V] (see, 4.2.21)) gives

difigh V(1 — Vi) (1 = 2V4) — cfigh V(1 = V1) + 0
b_l}

LoW,V] =
v

—(1-1) {—2d1ﬂ3 + 1

1

€2

dofigV(1 = Vi) (1 = 2Vi) — cigV (1 = Vi) + 72V (1 + by — V + by W)

LW, V] =
V2 . R
= —(1 - W) {-2dziig} .
€2
<0, it is clearly that L,[W, V] < 0 and L,[W, V] < 0. Then, by Lemma

b

o1
1

Since 1 — 3
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¢* = cy,,, which completes the proof.
Let V be defined as (4.4.10) and
- _ er—1, z < 2,
W =min{e; — 1, i1V} = ! B =
klv, z >z,
where z; € R such that V(z;) = 61,;1 %62 < e5. We can have the following result.
Theorem 4.4.3. If
(4
49
d r bok
{max {4 — —hs, et <o, (4.4.12)
_ b1
\ where ky = P

then ¢* is linearly selected, 1.e., ¢* = cg,

Proof. For c = ¢, , we still have fig = \/%jbz) and

b
o (fin) =
1(/1‘[)) 1 _ rz(i—l‘rbz) (% _ 2)

> by

sinceO<g—1—2<
2

iy Let V be defined as (4.4.10

and

_ _ €1 — ]-a zZ < 21,
W =min{e; — 1, i1V} =

ki\V, 2> 2,

where z; € R such that V(z) = @=L = &

= = 62 < e Thus, when z < z;, we have

Lw[W, V] =0 + 0 + T1€1(—€1 + 1 -+ b1‘7) < 7‘161(—61 + 1 —+ b1€2) = 0,

90

4.4.1) (1), we have found an upper solution satisfying (4.4.7) with ¢ = ¢,. Thus,

O
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LW, V] = dopigV(1=V1)(1 = 2V1) — cfiogV (1 = Vi) + oV (1 + by — V + by(eg — 1))

/2 _ b1b
= V_<1_V1){_2d2ﬂ3+7’2 1262}
€9 1
/2 _ b1b - b
< V—(l—Vl) —2d2ﬂ3+r2 i262 since Vi € [, 1] as 2 < 2
€9 k_ll 1{31
V2 _ boky
- - 14b —9 b <o,
1= v {ralt el 2 21} <0

The last inequality holds by the second inequality from (4.4.12). When 2z > 2,

through a direct computation, we obtain that

LW, V] = diji2kiV(1 = V)1 = 2W) — ciighi V(1 = V3) +71(k1V 4+ 1) (=K, V 4+ b, V)

/2 _ b 14 brey — ke
_ kv (1—%){—2d1ﬂ3+r1k1 1 1‘72 1€2
-0

€2

is less than zero since b; < ky. Also,

2 i 1 —eo(1 —
— V_(l—‘/l){—ngﬂg—i—rQ( + by) BQE ]{;152)}

€9 1 — Vi
‘72 3 o ].—bzkl _ b
< —(1=V){ —2dafid + o1+ bg)# since V; € [0, —) as z > 2
€2 1 - ky
V2 _ boky
= —(1-V, 1+0b -2 < 0.
1=V {20 2|}

This means that we have found an upper solution satisfying (4.4.7) with ¢ = ¢,

1)

ey
which implies ¢* = ¢, . ]

With the help of above theorems, we immediately obtain the following speed se-
lection theorem for the original system (4.1.1)).
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Theorem 4.4.4. If diry > dora(1 + by) and one of the following holds:

<2 (4.4.13)
dy
or,
d d r bok
é > 27 max {é - T’2(1<1Fb2)7 1*21)11})2} < 27

(4.4.14)
b1

177'2(14»172) <d7172> bl
r1 da

where k| =

then has multiple spreading speeds and both of them are linearly selected, i.e.,

C*:C’U

* LU
= Cq, and ¢, = cg.

Proof. Since under conditions (4.4.13) or (4.4.14)), by Theorems |4.4.2| and |4.4.3] it
immediately follows that ¢* = 24/dara(1 + by) < 24/dyr;. Through Theorem m,
¢, > c;. Then, by Lemma and Remark [4.2.11] the linear selection result follows.

The proof is completed. n

The conditions in the above theorem imply that fi3(c}, ) > fio(cy, ). From (4.4.5)),
it follows that W and V from the traveling wave (W,V)(z — ¢, t) have the same
exponential decaying rate fio. When fi3(cy,) < fio(cy,), W may have a different
exponential decaying rate from V' as z — oco. We will present an example in Section 6
(see, Example 6.2) to show that, under such a condition, both the linear and nonlinear

selection may happen depending on the parameters.

4.5 Determinacy of the single spreading speed

When é* > 24/d;ry, the system has a single spreading speed ¢ = ¢*. Based on the
linearized system at zero, it is easy to know that ¢ is always nonlinearly selected.
Now we want to determine whether ¢ is linearly or nonlinearly selected. Indeed, let
(U, V)(z) = (Cye #*, Cpe ) with C,, C,, u being positive numbers. By inserting it

into the linear system, we find the eigenproblem as

[dip? — cp+1]Cy, = 0,
[dop® — cp+1ro)C, = 0.
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The first equation with C, > 0 gives

c— e —4dyr ¢+ —4dyr

— = 4.5.1
and the second equation with C, > 0 gives
c— 2 —4dyry c+ e — 4dyrs
ps(c) = 20, , pa(c) = 20, : (4.5.2)

We also want to obtain a positive solution. Thus ¢ > max{2v/dir1, 2v/dara} =
2¢/dyry, that is, ¢ > ¢fj. Clearly, when ¢ > ¢ff, 0 < py(c) < pa(c), 0 < us(c) < pa(c),
and g4 3(c) are decreasing while pg4(c) is increasing with respect to ¢. Hence, for

¢ > ¢y, the decaying positive solution (U, V')(z) behaves like

U Cre—m@z 4 Oye—ra(e):
( )N( 1e e , as z — 00, (4.5.3)

v Cyeh3(9z 4 Cyeral@):

where C; > 0 or C; =0, Cy > 0 while C3 >0 or C3 =0, Cy > 0.

Lemma 4.5.1. Suppose ¢, = c;,. The following statements are true.
(1) ¢t is linearly selected, i.e., ¢ = iy, if for c = cfj, there exists a pair of continuous

and positive functions (U, V) being an upper solution to and satisfying

lim (U,V) >0 and lim U = 0. (4.5.4)

Z——00 Z—00

Furthermore, if zlggo (U,V) = (0,0), then there exists a traveling wave connecting (3
and zero.
(2) ¢t is nonlinearly selected and ¢, > ¢y > cff, if for ¢ = ¢1, there exists a pair of
continuous and non-increasing functions (U, V) being a lower solution to and
satisfying

lim (U,V) < B and (U, V) ~ (e7H2le0)z gmraleDz) g 5 5 o0, (4.5.5)

Z—r—00

where pa(c1), pa(cr) are defined in and (4.5.9), respectively.
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(8) ¢t has an upper bound ci, < co with co > ¢, if there exists a pair of continuous and

positive functions (Us, Vy)(x — cat) being an upper solution to and satisfying

lim (Uy,V3) >0 and Uy ~ e 22 e 2 oo, (4.5.6)

Z——00

where po(ca) is defined in .

Proof. (1) Since (U,V)(—oc) > 0, we can choose the initial data wy(z) satisfying
(a), (b), (c), and

wo(z) < (U,V)(z) for x € R, and wy(—o00) > 0.

Then, because (U,V)(z — cit) is an upper solution to (4.1.1)) with the initial data
(U,V)(x), and by comparison, we obtain that

(u, v)(t, z;wo) < (U, V)(z — cjt) for all (t,x) € R, x R. (4.5.7)

Via the linearization, ¢ > cf is always true, see (4.2.7)-(4.2.8). To the contrary,
suppose that ¢ > cj. Let ¢ = ¢, —cf > 0, then x = (¢ — §)t = (cf + 5)t. From

(4.5.7), we obtain that

; A, Uz - cjt) = 0. 4538
t—00, mlg(lcﬁ—g)tU( 71') = t—00, mlir(lcg+§)t (ZL‘ Co ) ( )

This is a contradiction through the definition of ¢, see (4.2.1)). Thus, we must have
¢t = ¢y if an upper solution satisfies (4.5.4)).

From Proposition [4.2.2] and the assumption ¢, = ¢, it follows that ¢* = ¢} = c}.
By Theorem[4.1.1]and with the condition (U, V)(+00) = (0,0), we immediately
obtain that has a traveling wave connecting 3 to zero when c > ..

(2) We suppose for the sake of contradiction that ¢} < ¢;. Then, under the

condition ¢ = ¢ and Theorem |4.1.1} we can assume that, for ¢ € [}, ¢1), (4.1.1) has

a traveling wave (U, V')(z — ct) connecting f to some equilibrium ; where f; can be
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0, ay or as.
We first start with the case when f; = 0, ie., (U, V) connecting 8 to zero.

Near the equilibrium zero, we have the asymptotic behavior defined in (4.5.3)). Since

pa(c1) > po(c) and pg(cr) > palc) (see, and (4.5.2)), it immediately follows
that (U,V)(z) < (U,V)(z) as © — oco. By a shlftmg if necessary, we get

(U, V)(z) < (U,V)(x), for all x € R.
Since (U,V) is a lower solution to (4.1.1)) and by comparison, we obtain
(U, V)(x —ert) < (U, V)(x — ct) for all (x,t) € R x Ry. (4.5.9)
Fixing z; = x — ¢;t, we have that V(z;) > 0. On the other hand,
V(z—ct)=V(z1+ (c1 —)t) = 0 as t — oc.

It follows that V(21) < 0, which is a contradiction.

In the case when 51 = a3 = (1,0), the assumed traveling wave (U, V) connects
p to aj. Thus, U(x) > 1 > U(x) as  — oo. For the other component V', through
linearizing around oy, we find the asymptotic behavior of V| which is near
zZero, as

V ~ Cle*u?l(c)z + Cze*ugl(c)z’

where C; > 0, or C; =0, C5 > 0, and

a1 - \/02 4d27°2 1 +b2) o c? + \/02 4d27’2 +bg)
ILLI()_ 2d2 7#2() 2d2 )

for ¢ > 24/dara(1 + by). This is the same as the auxiliary system (]4.2.10[), see (]4.4.5[).

Then, it is easy to see that ps(ci) > pa(c) = 2 V;Z;Mm > ust(e) > pit(c). Thus,

when x — 400, it follows that V(x) < V(z). Then, through a shifting, we shall have
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(U,V)(xz) < (U,V)(x), for all x € R. The relation shown in (4.5.9) is still valid, and

a contradiction follows.
Lastly, the proof of the case when ) = as = (0,1) is similar to the above one.

In this case it is clear that V(z) > V() for all z € R. Through a linear analysis of

(4.1.1)) near aq, we can obtain that U(z) < U(z) for all z € R. Thus, still

holds. Then, by applying the arguments below (4.5.9) to U and U, we also obtain a

contradiction. Therefore, ¢} > ¢; when such a lower solution exists at ¢ = ¢;.
(3) By replacing c¥, U and V' with ¢y, Uy and V, respectively in the proof of part
O

(1), we shall find ¢} < ¢o. The proof is complete.
Based on the above lemma, we then proceed to construct some appropriate upper

and lower solutions to find specific conditions to classify the speed selection. For
— Vdirtyvdir —dyry

_ \/le‘l*vlel*dﬂz’ fig = M4(Cg) d2
(4.5.10)

da

simplicity, we denote

po = pu(cy) = /7t Hs = pa(cp)

Theorem 4.5.2. [f dors < dyr; < d27’2(1 + bg) and
™ 1
2 < )
diry \/d17"1 - \/lel — dar

(4.5.11)

1
<
Vdiry +V/diry — darg

then system has a single spreading speed and ¢ = c}.
Proof. By Theorem m (III), we have that ¢ = ¢}; thus, we then focus on finding

suitable upper solutions satisfying Definition [4.2.12
Let ¢ = ¢jj, and pyo, fi3, jt4 be defined in (4.5.10). Then, define
_ €1
U= —— 4.5.12
1 + eroz’ ( )

(4.5.13)

)

S

whose first and second derivatives can be found as

U=—uU(1-0,), U =pU(1 —0U,)(1-20,), where U, =
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and set V = eyl = Z—fU . Substituting all the formulas into L,[U, V] and L,[U, V]

gives

LU[U,V] = dlu(Q)U(l — Ul)(l — 201) — C,uol_](l — Ul> + 7"10(1 — U + blegﬁl)
U? -

€1

LU, V] = dwg?ml—Ul)u—201>—cu0§0<1—Ul)+r2%0<1_6201+b20>
1 1

€1

€y — _ _
= €—2U(1 — Ul) {dgug — Clp + 19 — QdQM(Q)Ul} < 0.
1

Here we have made use of (4.5.11)). Since (4.5.11)) implies i3 < po < 14, the quadratic
function dop2 — cpig + 12 < 0. Then, (U, V)(z — cit) forms a pair of upper solutions

satisfying (£.2.19). By Lemma[4.5.1] (1), the proof is complete. ]

Theorem 4.5.3. [f dore < dir; < d27’2(1 + b2) and

T1

1
Vdiri+vVdiri—dare > dir3?

(4.5. 14)
d2ﬂ§(1+%)

p:Z—i, My =max{p—1, 1}, e3 < roMy 0

then system has a single spreading speed and c, is linearly selected, that is,

*k *

— ¥ — LU
¢ =cp =0, =q.

Proof. Let ¢ = ¢ and U be the same as in Theorem ie, U= —%— and

14-e+0%

U, = g For V-part, we define

V=el?f, p=12 51, (4.5.15)
Ho
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and then the first and the second derivatives of V are

V= —puoV(1 —Uy) = —jasV (1 —Uy),
V(1 =) V(1= (4.5.16)

V"= (ppo)®V (1 = U1)(1 = (1 + )Uh) = i3V (1 = Un)(1 — (1 + ;) Uh).

We point out that such a function has an asymptotic behavior:

V(—00) = ey, V(2) ~ e 7% as z — co.

By inserting all the above formulas into L,[U, V] and L,[U, V] defined in (4.2.20)), we
obtain that

LU[U, V] = dlugU(l — Ul)(l — 201> — C[L()U(l — (71) + 7‘10(1 — U + b1€QU{)>
2 _ urt -1
= 6—1(1—(]1) {-2d1ﬁb3+7’1b162—11_01 },

_ _ _ 1 _ _ _ _ _
LU, V] = dop3V(1—Up)(1— (1 + ];)Ul) —ciisV (1 —Uy) + 1V (1 — eaUP + byU)

OV —00){ —doji2(1 4 1) P Sl -
= — — - € T .
1 1 2M3 D 2€2 10,

In L,[U,V], since p > 1, the fraction UiL_ﬁ:—l is less than zero and we always have

L,[U,V] < 0. To determine the sign of L,[U, V], we consider the monotonicity of the

function h(u) = =% for u € [0,1]. Through a direct analysis (by finding '), we

1—u

find that h is decreasing when 1 < p < 2 while increasing when p > 2. Moreover,
h(0) =1 and h(1) = p — 1. Thus, we have the following two statements:
(i) when 1 < p < 2,

dofi3(1 + 3)

T2

— — _ 1
LU[U, V] < U1V(1 — Ul){ — dg,a%(l + }‘9) +7’2€2} g 0, if €9 g
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(il) when 2 < p,

7TV SR, = 1 dopi2(1 + L
Livvi< vl - U1>{ — dafi§(1+ )+ raea(p - 1>} <0, ife < 2L D),
b r2(p— 1)

The second inequality in (4.5.14)) guarantees (i) and (ii).
As a result, we have found a pair of upper solutions satisfying Lemma [£.5.1] (1);

thus, ¢}, = ¢. The proof is complete. O

4.6 Numerical Simulations

In this section, we shall use the MATLAB software to simulate our model and numer-
ically find the spreading speeds to better understand and demonstrate our obtained
results. For the first three examples, we choose the following step functions as the

initial data:

0.5, x < —-95, 0.5, x < —95,
uo(z) = and vg(x) =
0, z=>-95, 0, z=>-95.

Numerically, the solutions with such initial data evolve into traveling waves profile
with the spreading speed(s). The detailed simulations are shown as follows.

Example 6.1 For the first example, we take
dlzl, d2:1, 7”1:4, 7"2:1, b1:1, 62:05

Under such a choice, it is easy to find that e; = 4, e5 = 3, and dyr; > daraes; thus, this
example belongs to the case (I) in Theorem i.e., the case of multiple spreading

speeds. Furthermore, by a direct computation, we find that

=4, ¢ = 2V1.5 = 2.44948974278. (4.6.1)

Since Z—; — 2 < 0, we expect that ¢ = ¢} and ¢, = c¢§ by Theorem m The

3}

simulation is shown in Figure [4.1] The 3-D movements of u and v are shown in the

left column; the 2-D figures in the right column depict the same movements from the
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top view, which show the dynamics more clear.

To calculate the numerical speeds, we use the level sets shown in Figure [4.2] The
level set chosen to compute ¢} is u = 0.5; see the line in the left figure. Since c
is the spreading speed of the traveling wave connects § = (4,3) to oy = (1,0), the
speeds found by u = 3 in the left figure and v = 1.5 in the right figure are the same.
By finding their z-positions and dividing by the corresponding time unit, we find the
numerically-computed fastest speed ¢ as ¢ = 4.0634 and the numerically-computed
slowest speed ¢ as ¢, = 2.4467. Therefore, this example shows the linear selection of
the spreading speeds in multiple spreading speeds case and agrees to our result.

Example 6.2 This example aims at showing that a nonlinear selection indeed

exists when ¢}, > c. Let
dl :4, d2 :01, 1 :2, 9 = 1, bl = 0.2.

The last parameter by varies from 0.1 to 4.5. It is easy to see that e; and ey are
increasing in by and dyr; > darees for all chosen by; thus, by Theorem (3.2 ¢} >

cy. Through a direct computation, we can verify that jis(cy,,) < flo(c,) in such a

v
parameter set. Here, we present a figure to see it more clear, see the left panel of
Figure As shown in the figure, the red solid line is always above the blue one,
which implies the inequality. Then, using the same initial data and numerical methods
as in the former example, we can find the numerical spreading speeds for different b,.
From Remark ¢t = 24/dyr; is always linearly selected, so we then only focus

on ¢;. The result is shown in the right panel of Figure [£.3] Since the linear speed

v

Co[1

is increasing in by, we depict it in the same figure as well. From the picture, we
observe that the numerical speed is very close to the linear speed when by < 1.5 and
has an obvious increment as by becomes larger than 1.5. Thus, from the numerical
simulation, we can see that ¢ is linearly selected when b, < 1.5 and the nonlinear
selection is indeed realized when by > 1.5.

Example 6.3 In this example, we take
dlz]., d2:1, 7”1:2, 7”2:1, blz]_, b2:0.5,

so that e; = 4, e5 = 3, and doraes > dyry > dory(1 + be). Thus, this example belongs
to case (II) in Theorem |4.3.2| Notice that d/ds =1 < 2, & = ¢, < 2v/dyry; thus, by
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Figure 4.1: (Color online) Simulation of (u,v)(¢,x) when dyr; > darses. Figures in
the left column present the movements of v and v as time increases. Figures in the
right column are the same movements but from the top view.
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species u species v

1+ \W

0o
-100 (0] 100 200
X X

200

Figure 4.2: (Color online) Snapshots of v and v’s movements. The left figure is for u
while the right one is for v.

i v
—— linear speed ¢y,
——numerical speed ¢

Figure 4.3: (Color online) A nonlinear selection example when ¢, > ¢}. The left panel
depicts the relation between iy and i3 as by increases. The right panel draws the
numerical speed c;, and the linear speed cf,, for different b,.

Theorem 4.4.4) we expect that ¢ = ¢, < ¢}, = ¢§. Through a simple computation,
we obtain that
co = 2.8284, ¢, = 2.4495, (4.6.2)

The simulation is shown in Figure [£.4] As we can see in the picture, we do observe
different terraces in u. By the same method used in Example 6.1, we find the numer-
ically computed speeds are ¢; = 2.8310 and ¢ = 2.4392. That means both spreading
speeds are linearly selected.

Example 6.4 We then show an example whose parameters satisfy case (III). Let
d1:1, d2:1, 7’1:1.5, 7’2:1, b1:O.5, 62:1
Then, we have e; = 3, es = 4, and dara(1 + by) > dyr; which clearly indicates case

(IIT). By Theorem {4.3.2} this is the single spreading speed case. Then, we only need

to focus on ¢f and decaying exponential rates near (0,0). By a simple computation,
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species u species v

80
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t a0
20

o
-100 -50 100 150 200 —100 -50 150 200

Figure 4.4: (Color online) Simulation of (u, v)(t, z) when dyraes > dyry > dara(1+bs).
The left figure is for u while the right one is for v.

species u species v

—100 -50 50 100 150 200 —100 -50 50 100 150 200

Figure 4.5: (Color online) Simulation of (u,v)(t,z) when dayra(1 + bg) > dyry > dars.
The left figure is for v while the right one is for v.

we find that
co = 2.4495, po = 1.22475, 15 = 0.5176, g = 1.9318.

Clearly, i3 < po < ji4 which implies ; thus, by Theorem we wish to see
the single spreading speed exists and ¢, = c¢j. The simulation outcome is depicted in
Figure As the picture has shown, there is only one connection from 5 = (3,4) to
0, which implies the single spreading speed case. Numerically, we find the speeds for
both species are ¢, = 2.4487 and ¢, = 2.4430; thus, we have that ¢, = ¢ ~ ¢j. This
example gives a numerical demonstration of our main result.

The remaining two examples are trying to show some interesting phenomena. The
initial data chosen for the former examples decays simultaneously, by which, we mean

that ug(z) and vy(z) reach 0 at the same position, i.e., up(z) = 0 = wvo(z) when
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r > —95. Now, we choose another step function as follows:

1.2, x < —400,
up(r) =91, —400<z <0, anduwg(z)=

0, =0,

0.5, x < —400,
0, x> —400.

The plotting is shown in Figure[4.6] As seen in the picture, ug(z) has a terrace u = 1
when —400 < z < 0 and vy reaches zero first. The two examples below will use these

initial data.

Initial data

1t '_uo(x) i

_vo(x)
0.8
0.6
0.4
0.2
(0]
(0] 1000 2000 3000 4000
X

Figure 4.6: (Color online) The initial data for Examples 6.5 and 6.6.

Example 6.5 Choose
dlzl, dgz]_, 7”1:2, 7”2:1, 6120.2, b2:1,

then e; = 1.5, e; = 2.5, and ¢ff = 2.8284. It is clear that dyry = dora(1+by) . Applying
Theorems m (TIT) and [4.4.2, we obtain 2+/dara(1 + by) = ¢* = ¢ = 2y/dyr;. The
simulation is plotting in Figure Numerically, we find that ¢ = 2.8299 and
¢, = 2.83; thus, ¢, = ¢, = ¢j. In the picture, we can see that the terrace where u =1
appeared in the initial data exists all the time. This phenomenon is reasonable. Since
above the terrace u = 1, the traveling wave connects 3 to a;. With the chosen initial
condition, this upper wave (connecting /5 and «y) propagates at its own spreading
speed ¢* at the beginning, but ¢* also equals ¢. That means, the upper part cannot
catch up with or pass the one ahead of it. Thus, the terrace keeps happening there.
In fact, for (ug,vg) satisfying (a), (b), (c) (see the Introduction), as long as ug reaches
zero ahead of vy, one can always observe such a phenomenon when ¢* = ¢.

The last example shows that the upper part can indeed catch up with the one

ahead of it, and finally the whole picture merges into a traveling wave with the slower
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species u
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species v
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Figure 4.7: (Color online) Simulation of (u,v)(t,x) for case dora(1 + by) = dyry. The
left figure is for v while the right one is for v.

speed, connecting § to 0 without the appearance of terrace.

Example 6.6 Choose
dlz]., dgz]_, 7”1:2, 7”2:1, 6120.2, b2:4,

then e; = 6, eo = 25, and ¢ = 2.8284. Now, dory(1 + by) > dyry implies ¢* = c; by
Theorem [4.3.2] Through a simple computation, it is easy to find that

ps = 0.4142 < pp = 1.4142 < jiy = 2.4142.

Then by Theorem [4.5.2] ¢ = ¢{j. Based on the chosen initial data, when we consider
the system restricted between oy and f (i.e., the auxiliary system), this traveling
wave must propagate with the speed ¢* > 24/dore(1 + by) = 4.472 > ¢f. It implies
that the upper part moves faster than the lower one and they will merge somewhere.
The simulation is shown in Figure 1.8, As we can see, around t = 225, they combine
together as a traveling wave solution connecting 3 to 0, with the numerical spreading

speed as the linear speed of u, i.e., ¢ = 2.824 ~ ¢j.

4.7 Discussion

Propagation dynamics have extensive applications in practical areas such as popula-
tion invasion in biology and combustion propagation in physics. Among the studies of
the moving patterns, the investigation of the speed selection mechanism is challenging,
especially for the case when multiple spreading speeds exist.

First of all, we would like to point out that our study in this chapter focuses
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Figure 4.8: (Color online) Simulation of (u,v)(t,x). The left figure is for u while the
right one is for v.

on the speed selection mechanism for the individual spreading speed of each species.
It provides a way to understand better the connection patterns of traveling wave
profiles. We should also emphasize that our definition of the selection mechanism has
been significantly developed than those in the classical case, see Definitions and
4.2.9 Moreover, these definitions can be further extended to a system with n-species
interaction, an interesting topic that will be studied in the future.

We also should mention that, for a system with only two equilibria £ and zero (like

the auxiliary wave profile system (4.2.13])-(4.2.14))), there exists a single spreading

speed ¢* and traveling wave profiles connecting [ and zero always exist as long as
¢ > c¢*. However, for our main model , even when there exists a single spreading
speed, the traveling wave may have different connections since the case (2)(ii) in
Theorem is not excluded. Thus, we need to find an upper solution connecting
to zero so as to prove the existence of traveling waves connecting 5 to 0. The details
can be found in Lemma[4.5.1] (1), see the conclusion under (4.5.4). Similar results can
also be seen in ,. However, from our numerical simulation experience, we find
that when ¢ = ¢, with the initial data (satisfying (a) (b) and (c)) being properly
assigned, the solution always stabilizes to a traveling wave connecting 3 to zero with

the spreading speed. Thus, we propose a conjecture:
(H) if ¢f = ¢, then for any ¢ > ¢, (4.1.1)) has a traveling wave connecting 3 to 0.

This is left for interested readers.

Finally, our numerical simulations show the existence of traveling waves with a
terrace. This type of profile looks like a joint (gluing) or connection of two different
traveling waves. For some parameter range, these terrace-like wave profiles initially
appear and finally merge to form a classical traveling wave without any terrace. Our

speed selection mechanism helps us better understand when and how this will happen.



Chapter 5

Determining spreading speeds for
abstract time-periodic monotone

semiflows

5.1 Introduction

Since the pioneering work of Fisher [24], and Kolmogorov, Petrovskii and, Piskunov
(KPP) [37], traveling phenomena have been widely investigated in many practical
fields such as biological invasions, combustion theory, and propagation of chemical
materials modeled by reaction-diffusion equations, nonlocal dispersal systems and
discrete lattice systems for evolution of a single population species in [3}8-10,24,37],
or for interactions of multiple species in [1,[2}4}20,/40,|43} 44} 48,51, 83,88]. In 1982,
by using the language of dynamical system, Weinberger [86] generalized the above
approaches by studying wave propagation for an abstract semiflow @, (or @; with
t = 1) in the so-called monostable case (when the zero equilibrium is unstable and the
positive equilibrium, say f3, is stable in the spatially-homogeneous environment). This
abstract idea was further investigated in [20,/43}44}/48,53,88]. By a traveling wave of

the semiflow, we mean a special solution W, connecting zero and [, and satisfying

Qi[W](z) = W (z —ct) (5.1.1)
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for some wave speed c. In the monostable case where only two equilibria exist, there is
a crucial speed called the spreading speed c¢*, which was firstly proposed by Aronson
and Weinberger [3] in 1975 and was then thoroughly investigated by Lui [48]. This
speed is an essential number for species invasion outwardly when the initial data have
compact support, which can be recurringly defined by Lui’s formula or alternatively
can be understood as the limit of the solution level set over a time unit. In the case
when only two equilibria exist, as seen in the Fisher-KPP model, there exists the
so-called minimal speed ¢y, so that the dynamical equation has a traveling
wave solution, connecting zero and [, if and only if ¢ > ¢,;,. Thanks to the paper
of Liang and Zhao in [43], it was proved that these two speeds are amazingly equal
(i.e., ¢* = cmin), although one may have difficulty in obtaining its explicit formulas.
To estimate the spreading speed which is biologically significant, researchers resort
to study the associated linear semiflow M; obtained from the nonlinear map @); after
linearizing at the equilibrium zero. A linear (spreading) speed ¢y can be readily derived
from the characteristic equation of M; and a comparison argument (see, e.g., [43])
always shows cpin = ¢9. Whether they are equal or not has becomes a challenging
problem. We say that the minimal speed (or the spreading speed) is linearly selected
if cin = ¢, and nonlinearly selected if ¢y, > ¢o. Physically or biologically, the
traveling wave with the single spreading speed (the minimal speed) is called pulled
wave if linear selection is realized, and pushed wave if nonlinear selection is realized.
The dynamics behind a nonlinear selection can be understood in this way: a pushed
wave is determined by its nonlinear “interior part,” that is, it is pushed from behind
by the whole system. Similarly, a pulled wave is determined only by the contribution
of linearization about the unstable state, being pulled along by the dynamical force
of the linear part at the far end.

As can be seen from [19, 20,40, 88|, most models concerning the interaction of
multiple species may possess one or more equilibria between zero and the positive
equilibrium 3, possibly on the boundary of a box bounded by zero and 3 in the phase
space, and this makes the speed selection problem even more challenging. Since the
existence of more equilibria, a complicated model may admit more than one spreading
speed: a slowest spreading speed c* and a fastest one ¢} (see, e.g. [48,88], or
and in Section 2 for details). When they are equal, we say a single spreading
speed exists. As before, if the existence of traveling waves connecting zero and [ is

considered, due to the potential boundary equilibira, we are not sure whether there
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exists a minimal wave speed ¢y, so that a traveling wave solution of exists if
and only if ¢ > cpi,. Furthermore, the linear semiflow M; may be reducible and it
has a fastest linear speed c{; . Depending on the situation whether a single spreading
speed exists or not, we are interested in establishing the speed selection mechanism
of ¢*, and ¢} as well as individual spreading speed of each species.

Contrast to traditional research topics as the existence, uniqueness and stability
of traveling waves, the study of speed selection is challenging (see [18}[29}[29}/72,/74. 75,
7779, 87] and references therein). W. Saarloos 77,78 used the theory of linear and
nonlinear marginal stability to investigate the speed selection, but all his arguments
are formal (not rigorous). Lucia, Muratov, and Novaga [47] applied the variational
principle and successfully established the speed selection mechanisms for a generalized
KPP-Fisher model. However, this method is only valid for a scalar reaction-diffusion
model or a model possessing a variational structure. Weinberger, Lewis, and Li [8§]
considered the recursion w,.; = Q[u,] for a map @ and provided some sufficient
conditions for linear selection under the condition when a single spreading speed ex-
ists. They didn’t study nonlinear selection or linear selection when multiple spreading
speeds appear. For further study on linear selection with a condition that the nonlin-
ear system is bounded by its rival linear one, we refer to [5,6,120442}54},94].

Most recently, Ma and Ou [53] focused on the case when the map @ (or @) is com-
pact and has only two fixed points: zero and S, which implies that a single spreading
speed always exists. They revealed an essential property about the nonlinear selection
that a pushed traveling wave exists if and only if it decays to zero exponentially at
the far end with a fast rate. Such a result is completely new in an abstract case. By
constructing upper or lower solutions with particular decaying rates, they established
a series of new easy-to-apply results on speed selection mechanism and extended their
application to several practical models.

All aforementioned contributions are focused on traveling propagating in a homo-
geneous environment. However, in the natural environment, inhomogeneities are often
present. For example, when formulating a model, seasonality and sunlight strength
both introduce time-periodicity. Related references can be found in [6,21}42,54,91//94]
for time-periodic dynamical models.

In this chapter, we are concerned with the speed selection mechanism for traveling
waves of an abstract time-periodic semiflow {Q; };>0, which is of monostable type with

weak compactness and admits multiple equilibria. The difficulties and challenges in
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the study are mainly from below: (i) A time-periodic model is much more complicated
than the traditional constant-coefficient one; (ii) The existence of extra equilibria
between zero and (3 induces the possible non-uniqueness of the spreading speeds,
and if a model indeed has two spreading speeds, to our knowledge, no references
are focusing on classifying the speed selection currently; (iii) In the case when its
linear system (around zero) is reducible so that the principal eigenvalue of linear map
M; doesn’t possess a strongly positive eigenvector, problems arise in determining the
linear speed, especially in the case where multiple linear spreading speeds exist; (iv)
As to the fast decay of the pushed wave to the nonlinear semiflow ();, we need to
determine whether the whole species components takes the same faster decay rate, or
if not, which species will decay at a fast rate.

The remaining of this chapter aims at overcoming those difficulties and is organized
as follows. We shall give the existence of the spreading speeds as well as traveling
waves (see Lemma in Section 5.2. Section 5.3 considers the linear semiflow
(around zero) and establishes the linear speeds. Section 5.4 contains our main result
on the speed selection, in which, to better solve (ii) and (iii), the study has been
divided into three main cases: from subsections 5.4.1 to 5.4.3. We apply our results
to four typical time-periodic models in Section 5.5: a delayed and diffusive equation,
a stream population model with a benthic zone, a nonlocal dispersal Lotka-Volterra
competitive model, and a reducible cooperative system. The last section presents a

conclusion and some future study directions.

5.2 Spreading speeds and traveling waves of (),

Before investigating the speed selection mechanism for the abstract time-periodic
semiflow (), we need to establish the definition of spreading speeds as well as the ex-
istence of traveling waves. The idea was originated from [3,4,48|] and further extended
in [20,/41][42,38].

Let Q be a compact metric space with metric d, R! be the (-dimensional Euclidean
space, and X = C(Q,R"). We endow X with the maximum norm || - || and define the
positive cone as X, = C(Q,RY). Then (X, X, || -||) is a Banach lattice. We use M
to denote all the nonincreasing and bounded functions from H to X, where H = R or
Z. Any element in X' can be viewed as a “constant” function in M. Then we equip

M with the compact open topology in the sense that u,, — u in M means that the
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sequence of u,(s) converges to u(s) in X uniformly for s in any compact set of H.
For the definitions of orderings >, >,>>, please see [20]. We say S of M is bounded
if {|¢p(x)| : ¢ € S, v € H} is bounded. For any subset A C M and s € H, we define
A(s) :={u(s) : u € A}. Moreover, we use the Kuratowski measure of noncompactness
in X (see, e.g., [15]), that is,

a(B) :=inf{r : B has a finite cover of diameter < r},

for any bounded set B C X. It is easy to derive that «(B) = 0 if and only if B is
precompact.

Since this chapter mainly concerns about the abstract time-periodic semiflow, we
first introduce its definition. Let w € 7T be the time period, where 7 = R, or Z,.
Assume 3 : T — Int(X,) is continuous and w-periodic in t € T, i.e., B(t) = B(t + w).
Then for any ¢t € T, define

Mppy ={ue M:0<u(t) <B(t)}, forteT,

and assume that the map Q; : Mpg) — Mg satisfies Q[0] = 0 and Q;[5(0)] = B(t).

Definition 5.2.1. A family of mappings {Q}ieT is said to be an w-periodic monotone
semiflow from Mgy — Mg if the following properties hold:

(1) Qolu] = u, Yu € Mgy,

(11) Qurwlu] = Q[Qulul], YVt € T and u € Mg;

(tii) Qilu] is jointly continuous in (t,u) on T X Mpg);

(iv) Q¢lu] = Qq[v] for allt € T whenever u = v in Mpg).

The map
P = Qw

is called the Poincaré map associated with this periodic semiflow. Clearly, P[0] = 0
and P[5(0)] = B(w) = B(0), that means, 0 and 5(0) are two fixed points of P. Thus
P maps Mg into itself, where we denote g = (0) for short.

Definition 5.2.2. We say that W (t,z—ct) is a periodic traveling wave solution of the

w-periodic semiflow {Qy }+=0 with speed ¢ if W (t, z) is w-periodic in t and nonincreasing
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m z € R, and there exists a countable subset ¥ C R such that
QW (0,)](z) = W(t,x —ct), Vt >0, z € R/%, (5.2.1)

and

W (t, £o0) exist such that QW (0, £o0)] = W (t, £o0). (5.2.2)

To proceed, we define a translation operator T, on My as: for any y € R,
Tylul(z) = w(x —y), Vo € H. By [20,42], we further assume that the w-periodic

semiflow @), satisfies the following assumptions:
(A1) (Translation invariance) T, 0 Q; = Q¢ o T}, for each t € 7 and any y € R.

(A2) (Point-a-contraction) There exists a real number k& € [0,1) such that for any
U C Mg, a(PU](0)) < ka(U(0)).

(A3) (Monostability) P : X} — X, satisfies P[0] = 0 and P[] =  with lim P"[w] =
n—oo

B for any w € X, with 0 < w < . The map P may also admit other boundary

fixed points lying between § and 0. Biologically, it means that at least one of

the species is extinct.

In view of (A1), it follows that (A2) is equivalent to 3k € [0, 1) such that a(P[U](x)) <
ka(U(x)) for any U C My and © € H. Note that the assumption (A2) is much
weaker than the classical compact assumption; that means, if P[Mg] is precompact
in Mg, then it satisfies (A2) by choosing k = 0. For more interpretations of this
assumption, please refer to [20]. The assumption (A3) implies that (§ is the minimal
strictly positive equilibrium of P; biologically, there is no other all-species coexistence
equilibrium below £.

To define the spreading speed of Q;, we employ the idea in [42]. We first define
the spreading speed of P = @),,. Let @w € &3 with 0 < w < 3, and choose ¢ to be a
continuous function from R to X with following properties:

(B1) ¢ is a nonincreasing function;
(B2) ¢(x) =0 for x > 0;
(B3) 9(—00) = .

Let ¢ be a given real number, we define an operator R, by

Ru[a](s) := max{a(s), T_.[Pla]](s)}, (5.2.3)
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and a sequence of functions {a,(¢; s)}n=0 by

aop(c; s) = @(s), ant1(c;s) = Relan(c;-)](s). (5.2.4)

Then, following the idea of [20] which originates from Lui [48], the sequence has the

following properties:
(a) ap < ant1 < B;
(b) an(c; s) is nondecreasing in n and nonincreasing in both s and ¢, and continuous
in (¢, s);
(c) For each n, a,(c; —00) > P"[w] and a,(c; +00) = 0;
(d) lim a,(c;s) = a(c; s) pointwise and a(c; s) is nonincreasing in s and c¢;
(e) g(_g;xj—oo) = [ and a(c; +00) exists in X3 and is a fixed point of P.
Define
" = sup{c: a(c;+00) = = p(0)}, (5.2.5)

and
¢y = sup{c: a(c; +o0) > 0}. (5.2.6)

Clearly, ¢* < ¢}. We call ¢* as the slowest spreading speed and ¢} the fastest spreading
speed. If ¢* = ¢}, then we say that this system has a single spreading speed.

Remark 5.2.3. The above definition implies that the slowest spreading speed is a

number ¢* so that

lim P"(¢) =p, limsup P"(¢) <, asn — oo (5.2.7)

z<(c*—¢e)n x>(c*+e)n

Jor any small positive e, and the fastest speed is a number ¢} so that

liminf P"(¢) >0, lim P"(¢)=0, asn— o (5.2.8)

z<(ct—e)n z>(cj+e)n
for any small positive €. When H = 7Z, we prefer to define the two speeds in this

manner.

oy s . . c} *
Back to @, it is easy to see that there exist two spreading speeds - and <.

Now, applying Theorem 3.8 in [20] and Theorems 2.1, 2.2 in [42], the existence of an
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w-periodic traveling waves can be summarized into the following lemma.

Lemma 5.2.4. (see, [20,|42]) Let Q; be an w-periodic semiflow satisfy (A1)-(A3), in
which P = Qu, and c*, ¢ be defined in and respectively. Then the

following statements are valid:

(1) For any c > c¢*/w , Q¢ has a left-continuous traveling wave W (t, x — ct) connect-
ing B(t) to an w-periodic function a(t) < p(t), where a(t) satisfies Q[ (0)] =

a(t).

(2) 1f, in addition, 0 is isolated from the other equilibrium, then for any ¢ > c}/w,
either of the following holds true.
(2.1) There exists a traveling wave W (t,x — ct) connecting 5(t) to 0,
(2.2) P has two ordered fized points a1(0) and as(0) in X3/{0, 8} such that Q;
has a left-continuous w-periodic traveling wave Wi (t, x — ct) connecting oy (t) to

0 and a left-continuous traveling wave Wa(t, x — ct) connecting B(t) to as(t).

(3) For any ¢ < ¢*/w, Q¢ has no traveling wave connecting B(t), and for any ¢ <
ct/w, Qi has no w-periodic traveling wave connecting B(t) to 0.

Based on the above lemma and following Theorem 3.1 from [41], we can further

have the following lemma, which gives sufficient conditions for ¢* = cj.

Lemma 5.2.5. Under the conditions of Lemma if (2.2) in Lemma can
be excluded, then QQ; has a single spreading speed. Moreover, if P = Q),, has only two
fized points 0 and B in Xjg, then ¢* = c}.

Remark 5.2.6. Besides the sufficient condition for a single spreading speed mentioned
in the above lemma, if P satisfies the conditions of Theorem 3.1 or 3.2 in [88], then

_ *
Cc —Cf.

5.3 Linear speed(s) near the extinction state

In this section, we introduce the definition of linear speed(s) near the extinction state

0 for the abstract semiflow ();, which gives an estimate of the spreading speeds.
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Assume that for any ¢t > 0,

(A4) @, is Fréchet-differentiable around any ¢(t) € [0, 5(t)].

Now, let M; be the linearization operator of (); around 0 in the following sense:

M[i] = lim QtLW]. (5.3.1)

Assume that M; is a map from M to M, and satisfies the properties of translation

invariance, jointly continuous and point-a-contraction, i.e., (Al) and (A2) hold by

replacing @; by M; and P = @), by M, respectively. Next, we introduce further

hypotheses for M;:

(C1) M, is a positive operator, that is, M;[v] > 0 whenever v > 0.

(C2) Define a linear map B}, : X — X as

(C3)

B/ [v] = My[e™ " v](z = 0),

where 4 is a positive real number and v is a real vector. Let B} be the Poincaré
map associated with BZ' We shall assume that B is a [ x [ matrix and is in
Frobenius form, whose definition can be found in [88]. Without loss of generality,
we further assume that it has Ny elements of diagonal blocks. Let \;(u) (i =
1,---, Np) be the principal eigenvalue of the i-th diagonal block of B}Y. Among
all the principal eigenvalues, we always assume that A\;(0) > 1, A\;(0) # 1 for all

1. Then, for the whole system, we denote
Iy = {Z|)\z(0) > 1, for 1 é@éNg},

and Il = {1, tee ,No}\[(].

Let M, be the linearization of @; around ¢(t), where 0 < ¢(t) < f(t). In
particular, define a linear map Bf% ) X — X by

B! 5ld) = My gle®o)(x = 0).

Then BY ; is the Poincaré map associated with Bi B(t)" We also assume that B 5

is in Frobenius form and has Ng diagonal blocks. Then, for each j-th block,
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there exists a simple principal eigenvalue denoted as \;(vy) (j = 1,---, Np).
Furthermore, since /3 is a stable fixed point for P|x, (see (A3)), A;(0) is further

assumed to be less than 1 for all j.

By a similar argument to the spreading speed analyzed previously, when some
boundary equilibria occur, the matrix By may be reducible and the definition of
single linear speed ¢y in [53] needs to be developed. Thus, we introduce the idea
from [88] to handle this difficulty. Notice that, by (C2), for the uppermost (first)
block, we assume that there always exists
ct

w

In A In A, (2"
g0 = pp MW I ()
n>0 g it

1 _
, and ¢y =

for a finite number fi'. Moreover, if Ny > 1 in (C2), we can also define

¢ = inf In Ai(p) = m)\f(u), 1 € Iy,

n>0 [t

where fi* is assumed to be finite. Among all of them, there must exist the maximum

number of the above speed, denoted as

w o, w
o= rzréa}g({cz }, for some o € I.

Thus, Q; has a faster linear spreading speed, defined as

oW
|
€ %

(5.3.2)

Now, we turn to find properties of \;. In (C2), for each i, \;(u) is log convex with

respect to p (see, [48]); thus, it is easy to arrive at the following lemma.

Lemma 5.3.1. (1) For each i € Iy, the following two statements are true.

(a) For anyc > ¢ Jw, there exist two positive numbers pi(c) < ' < pb(c) such

that
1 In X\ (pd 1 In N (pd
o= 1 mAlw) 1 InAilsp) (5.3.3)
w Ha w 2
and L - w < c for any p € (put, pus). Moreover, pi(c) is a decreasing
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function while pi(c) is an increasing function in c.
(b) forc=cf/w, pi(c) = py(c) = i'.

(2) For eachi € I and any ¢ > ¢}, similarly there exists an unique solution ' = p
such that
— pilew + In A (p') = 0. (5.3.4)

Moreover, p4(c) is increasing in c.

Remark 5.3.2. It is clear that if ¢ > ¢, (1)(a) and (b) in the above lemma are also

true due to the definition of cg.

5.4 Speed selection mechanism

We have defined four essential numbers: ¢*, ¢}, s, and cg . However, their explicit
formulas are usually unknown. Therefore, we proceed to study the determinacy of
the spreading speeds by the two linear speeds ¢} and cg that are derived by the
characteristic equations of the linear semiflow M,.

Define a projection operator P; as P;[w], which takes the same coordinate value
as w in the directions corresponding to the i-th diagonal block of Bf, and zero values
in the other direction components. Since Q,[P,[w]] < Q;[w] for t € T, following the

idea from [88], it is easy to see that
f *
cy < Cp/w.

From the classical scaler Fisher-KPP model with f(¢,u) = f(u), say in [26,47,/53],
we know that pushed and pulled traveling waves possess different exponential decaying
behaviors around the unstable zero equilibrium. In [53], under time-homogeneous
coefficient environment with only two fixed points, if the linear map M, is irreducible
or the principal eigenvalue possess a strongly positive eigenvector in the whole space,
the authors rigorously proved that nonlinear selection is realized if and only if the
pushed wave decays to zero at the far end in a faster rate. For a time-periodic
semiflow with more fixed points such that a single spreading speed may not exist, or a

case that the principal eigenvalue of linear map M; doesn’t possess a strongly positive
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eigenvector (e.g., in the reducible case), the study of speed determinacy becomes
complex and challenging. Due to this, we want to divide our study into the following

three cases.
(I). The linear system around zero is irreducible, that is, the matrix By is irreducible.

(IT). The linear system around zero is reducible, with ;(0) < 1 for all ¢ > 1, that is,
Ny =1in (C2) or I, = {1}.

Biologically, this means that in the absence of other species, the first species is

unstable near zero and it becomes the source of the invasion.

(III). The linear system around zero is reducible, and A;(0) > 1 for some i > 1, that
is, No > 1 in (C2) or [p\{1} # 0.

Biologically, this means that, in the absence of other species, there exists at least
one other species (except the first one) that is unstable near zero. This results in
the existence of non-unique spreading speeds and a competition between them

may happen.

5.4.1 Case (I): an irreducible linear system

We begin with investigating the case when the linear system M, is irreducible. In this
case, we will have a single spreading speed.

Let {Q¢}er be an w-periodic semiflow satisfying (A1)-(A4). When By is irre-
ducible, we find that, by comparison principle, P cannot have a fixed point « (with
the first component to be zero) between zero and (. Indeed, to the contrary, if there
is such «, then the first component of By (c«), for any small e, must be positive due to
fact that By is positive and irreducible (in fact, the monotone operator By is strongly
positive). Since By is a linearization of P, we can derive that the first component
P(ea) must be positive for a sufficiently small ¢, so is the first component of P(«)
by comparison principle. This is a contradiction. As such, there exist only two fixed
points zero and 3 for P and a single spreading speed exists.

With the understanding that (2.2) in Lemma is excluded, we have the fol-

lowing result.
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Lemma 5.4.1. If By is wrreducible, then we have

*
‘< ck =: Co
w 0

Thus, the speed determinacy definition of this spreading speed is given as follows.

Definition 5.4.2. When By s irreducible, we say the single spreading speed of Q) s

linearly selected if c’}/w = ¢o and nonlinearly selected if c’}/w > .

Assume that a traveling wave W, exists for ¢ > ¢y, connecting § and zero. Since
W.(t,z) — 0 uniformly for ¢ € R, as * — o0, the asymptotic behaviors of the
wave satisfying can be obtained by the linearized system at zero as well as its
corresponding characteristic equation. Since the structure of the nonlinear map near
r = o0 is geometrically hyperbolic in the sense that no real part of the eigenvalue
(decay rate) is zero, the behavior of the wavefront can be readily derived by the linear
wave-profile equation via the theory of asymptotic analysis. From the linear semiflow,
we can derive that, for any ¢ > ¢j, the asymptotic behavior of a positive traveling

wave solution W, (if it exists) is given by
W,(t,2) = Cre "O7C, (o (t) + Cae™#27¢,, (1) as © — oo, (5.4.1)

where C; > 0 or C; =0, Cy > 0. Here, y; = p} (1 = 1,2) is defined in Lemma m,
Cu; 1s the strongly positive eigenfunction corresponding to p;. For a rigorous proof of
such a behavior, please refer to [12430}/65,66].

Now, we first give a necessary and sufficient condition for the nonlinear selection.

Theorem 5.4.3. Let {Q:}ie7 satisfy (A1)-(A4) and B is irreducible. The following
results hold true:

(i). There ezists a critical number

Cmin

such that Qy has an w-periodic wave solution W(t, x), connecting zero and 3, if and

only if for ¢ > cpin.
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(i1). Assume that the wave W, has a continuous derivative W'(t, ), and the prime
denotes the derivative with respect to the second variable. Moreover, we further assume
that My,w,_ has a simple principal eigenvalue with a strongly positive eigenfunction.
Then, the following two statements are equivalent:

(F1) cpin > co, that means, the nonlinear selection is realized;

(F2) there exists a speed ¢ > ¢y such that Q; has an w-periodic traveling wave Wx(t, x)
(see, Definition , having the following property:

Wa(t,x) = C’e’“Q(E)me(E)(t), as r — 400,

for some positive constant C' and p2(¢) = us(¢) is defined in and () (t) is

the corresponding eigenfunction.

Proof. (i). The proof of this part follows from Lemmas [5.2.5| and [5.4.1}

(ii). The proof is similar to that in [53] except that we need keep in mind that the
semiflow @); is now time-periodic. To make the chapter self-contained, we state it in
two steps: one for the sufficiency and the other one for the necessity.

Step 1 (the sufficiency, from (F2) to (F1)): We shall show that @; has no traveling
waves for any ¢ in [cg, ¢) by way of contradiction.

For ¢ € (cy,¢) (maybe close to ¢), to the contrary, we suppose that @ has an w-
periodic traveling wave W (¢, z). By (5.4.1)), we know that, when ¢ > ¢o, W,(0, ) has

the following behavior:
W.(0,2) ~ Wy ~ Cre #7¢, 5 (0) + Coe™297¢, 1 (0), as © — oo,

with C; > 0 or C; = 0, Cy > 0. As discussed in Lemma pi(c) and po(c) are
continuous and monotone in ¢, i.e., u1(¢) < pi(c) < po < p2(c) < pe(¢). This leads
to a conclusion W,(0,z) > W(0, ) when z is near the positive infinity.

Near the negative infinity, i.e., ¥ — —o0, we also have a claim that W;(0,2) <

W.(t,x) as © = —o0, if ¢ < ¢. To see this, we want to use the wave profile equation
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as well as its linearization at (¢). As such, asymptotically, we let the asymptotic

behavior of W, (¢, x) near negative infinity to be
We(t,x) ~ B(t) — "¢, (1)

for some positive number v and w-periodic function ¢,(¢). This v is dependent on ¢
and we want to derive the relationship. By (C3), B 5 has Nj diagonal blocks, and
there exists a principal eigenvalue A;(y) (j = 1,---, Ng) for each block. From the
linearization of the equation Q:[W,(t,)](x) = W.(t,z —ct) at 5(t), we can derive that
yew +InX;(y) =0, 5 =1,--+, Ng. Since \;(0) < 1 and In )\;(7y) is convex regarding
to v, one can find that, for each j = 1,---, N, there exists a unique v; solving this
equation, and each ~; = 7;(c) is decreasing in ¢ for ¢ > ¢o.

If all the components of W, decay at a same exponential rate, i.e., if BY; has a

strongly positive principal eigenvector (5(0) with ¥ = ) <mir]1V {v;}, then
ISV
W.(0,z) ~ B(0) — e7¢5(0), as z — —o0.

Moreover, 7(¢) < ¥(c) since ¢ < ¢é. Thus, W.(0,z) > W;(0,z) as x — —oc.

If BY 5 does not have a strongly positive eigenvector for the whole system, then
for each j-th block, the decay rate v; = ~;(c) is decreasing in ¢. We still can conclude
that W.(0,z) > Wz(0,x) as x — —o0.

Therefore, by a shift of distance &y for z, we can make W, (0, x + &) satisfy

We(0,2) = W.(0, 2 + &) > W:(0, z).
Then, by the monotonicity of P, it follows that
W.(0, 2 — cnw) = P"[W,(0,)](x) > P"[Wg(0,)](x) = W0,z — énw) (5.4.2)

for x € H. Fixing some zy = x — ¢nw, then W;(0,z — énw) = Wz(0, z5) > 0. On the
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other hand, we will have

W.(0, 2 — enw) = W,(0, 20 + (¢ — ¢)nw) — 0, as n — oo,

which contradicts to the inequality (5.4.2). Therefore, Q); has no traveling waves when
¢ € (co, C).

Finally, if for ¢ = ¢p, @; has traveling waves, then @); has traveling waves for all

¢ > ¢ by Lemmas [5.2.4] and [5.2.5 choosing a ¢ € (¢, ¢), we can repeat the above

process to get a contradiction. The proof of this part is complete.
Step 2: (the necessity, from (F1) to (F2)). By assumption, we need to prove
of ); has the

min

that, if ¢ = c}i/w > ¢y, then the w-periodic traveling wave W,
following property:

W,

Cmin

(t, 1}) ~ 026_#2(61'““)1(“2(6111111)(t) as r — 09,

for some constant C'; > 0. Here again, we prove it by way of contradiction. Thus, to
the contrary, at t = 0 we assume that

|44

Cmin

(0,2) ~ Cgerrlemm)ze o (0) as z — oo, (5.4.3)

for some positive constant Cs3 and eigenvector (,,(c,..)(0). Then we want to prove

that, under this assumption, P does have a traveling wave W.(0, x) satisfying
PW.(0,)](z) = W.(0,2 — cw), or T_., P[W.(0,-)](z) = W.(0, z) (5.4.4)

for some speed ¢ = ¢ — 0 with 0 > 0 being sufficiently small. Such a result implies
that ¢} is not the minimal speed of P, which induces a contradiction to the definition

of ¢pin. Under the assumption ((5.4.3)), we introduce a weighted function by

- 1
Wi(x) =W, (0,z)o(z), where o(x) =
@) 0, z)elz) ) 1+ Selt @ = (emim)e . SO

<M1<Cnﬁn>(0)
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The division and multiplication in the above formula are componentwise, so W (z)
is well-defined componentwisely. We shall emphasize that the modified function W
is close to W, . when 0 is sufficiently small, but it has different decaying rates near
positive infinity (indeed, W (z) has the same decay rate as W.(0, z) if it exists). Now,
we want to apply a perturbation argument under the assumption to prove the
existence of W, to for sufficiently small §. To proceed, we set

W, =W(x) + W, (5.4.5)
and then back-substitute it into (5.4.4]) to have
T o PW(z) + W] = W(x) + W,

where W; = W;(0, ) is a function to be determined. Through a direct computation

and simplification, the equation of W is obtained as

Wi =T wMow., . [Wi] + Fo + MO[W1] + Fy,[Wi], (5.4.6)
where
Fy=T_o,P[W(z)] — W(z),
MS[Wy] = (Tco My () — T Meswe, ) W],
and

FuWh] = Ty PIW (&) + Wi] = T o P[W (2)] = T s My 3y [W1].

Here M, w,  and M, yy(, denote the Fréchet derivative of P around W, and W (z)

respectively, i.e., M w, is defined by

PW., - P, .
Mw W, [(p] — llm [W min + 77%0] [W mln] .
*" Cmin n—0 77

Now, the existence of solution Wi to (5.4.6)) implies the existence of W, to (5.4.4));
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thus, we then focus on investigating solutions to (5.4.6). Through a simple estimate,
we observe that M2[Wy] = O(8)W,, Fy = O(8) with Fy = o(e #1{emin)?) a5 2 — oo,
F, = O(W}) which is a higher order term.

To further study the existence of solutions to ([5.4.6)), we notice that W is in the
space My, where

Mo = {u(0,-) € M :u(0,£o00) = 0}.

By assumption (ii) and a direct computation, we find that the operator T_,_. .M, w.

has a simple principal eigenvalue A = 1 and its corresponding eigenvector is 4 =

!/

Cmin

is easy to find that W/ —and W,

Cmin

€ My, which represents the first derivative of W, _. (0, x) with respect to z. It
have a common asymptotic behavior as x — o0,
that is,

~ Cyetlemn) g gy

Cmin

for some vector C}.
To find a solution of (5.4.6), we need to omit this eigenvector u, so we define a
weighted space W by

W = {u € Mg : ue"in)® = (1) as z — oo}.

It is clear that the space WV has excluded the eigenvector u = W, and T . . M, w,
has no eigenvalue A = 1 in this space. By assumption, the operator T_., . oMo w,
has A = 1 as its simple principal eigenvalue with a strongly positive eigenfunction in
W, we know that [ —T_. , oM,w,. has a bounded inverse in W, where [ is the
identity operator. Applying the well-known inverse function theorem in the abstract
space W, we obtain a conclusion: there exists a small number d, > 0 such that for
any ¢ € [0,dg), the equation has a solution W; in W. Moreover, for sufficiently

small 0, the positivity of the solution W, is guaranteed. Thus, we have proved the

existence of W, to (5.4.4) when ¢ = ¢y, — 6. This completes the proof. O]

Remark 5.4.4. Theorem[5.].3 reveals an essential property of the nonlinear selection,
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i.e., the pushed wave Wy has the fast decaying rate. The condition in case (I) can

be satisfied by many biological and physical models, such as the stream population

model(see, [91]).

In practice, it is not easy to verify Theorem [5.4.3] since we are not easy to find an
exact traveling wave with a particular decay rate, so we shall provide the following

easy-to-apply condition for the nonlinear selection.

Theorem 5.4.5. Assume that {Q;}ier satisfy (A1)-(A4), M, satisfies (C1)-(C3), and
By s irreducible. If for ¢y > ¢y, suppose that there exists a continuous w-time-periodic

function W (t,x) satisfying

0 < W(t,z) < B(t), limsup W (t,x) < B(t), W(t,z) =e "¢, \(t) as z — o0,

T—r—00

and

Qu[W(0, ))(z) = W, — ert),

where ps(c1) = pi(cy) is defined in (m Then cmin = ¢1 and no traveling waves

ezist for ¢ € [co,c1). In other words, the nonlinear selection is realized.

Proof. We prove this theorem by way of contradiction, which is similar to Step 1 of

Theorem [5.4.3} thus, it is omitted. O

Corollary 5.4.6. Under the assumptions that {Qy hie7 satisfy (A1)-(A4), M, satisfies

C1)-(C3), and Bg 1is irreducible, if there exists an w-periodic function W (t,x) =
0

B(t) .:< Bl . BL(t)
Tere [Ca() " \T+ere/Cu() " 14er= /(L

strongly-strict lower solution in the sense that

(t)>, where ji = it defined in Lemmal5.3.1], is a

Q:[W(0,)](z) > W(t, x = cot),

then the nonlinear selection is realized, i.e., Cpin > Co.

Proof. By the continuity, there is a constant number ¢; which is slightly larger but

sufficiently close to ¢g, and an w-time-periodic function f(t), which is approaching
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B(t) from below, such that W, (t,z) = 1+eu2<616>i(/t<) 0 is a lower solution in the sense
r2(cy
that Q:[W1(0,-)](x) = Wi(t,x — c1t). Then, the result can be directly deduced by

Theorem [5.4.5. Thus, the proof is complete. m

When an w-periodic semiflow is known to be nonlinearly selected, i.e., cpin =
c; Jw > cg, it is usually hard to obtain the exact formula for ¢,;,. Even for constant-
coefficient cases, there are only limited results, e.g., [29,47]. We want to give an
estimate of c,;, when the nonlinear selection is realized. It is easy to see that Theorem

has already given a lower bound for cpin, i.e., Cmin = ¢1. Now, we will give the

following theorem for an upper bound of c;,.

Theorem 5.4.7. (upper bound for the minimal speed) When {Q:}ier satisfy (Al)-
(A4), M, satisfies (C1)-(C83), and By is irreducible, for co > co, if there exists a

continuous positive w-time-periodic function W(t, x) € Mgy, satisfying

liminf W (t,z) > 0, W(t,z) = e "7, (1) as v — oo, (5.4.7)

T—r—00

and

QW (0, )](x) < W(t,z — cat), (5.4.8)

where pi5(ca) = pd(cy) is defined in (m, then cpin = c}/w < .

Proof. Recall that ¢} := sup{c : a(c; +00) > 0}, i.e., (5.2.6), where a(c; s) = lim a,(c; s)

n—oo

with

ag(c, s) = ¢, any1(c,s) = Refa,], and R.[a](s) = max{d(s), T_.[Plal](s)}.

By [20], ¢} is independent of choice of ag(c; —o0) = @w € X as long as 0 < w < f3.
Thus, we can let w be small enough to have W, or a shift of W, to be an upper

solution of P satisfying

ap(caw; s) = ¢(s) < W(0, s).
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Following (5.2.3)), (5.2.4)), (5.4.7)), and (5.4.8)), and then by induction, we obtain that

i1 (cow; s) < W(0,s), for all n > 0.

Moreover, a(cow; +00) = 0. By 1’ we have ¢} < cow; thus, cpin < c2. O

With the nonlinear selections constructed in above theorems, we now study the

linear selection.

Theorem 5.4.8 (Linear Selection). Suppose that {Q:}ier satisfy (A1)-(A4), My sat-
isfies (C1)-(C3), and By is irreducible. Further assume that there ezists an w-periodic,
continuous, and positive function W (t, ) satisfying

liminf W(t,z) >0, lim W(t,z) =0, and Q:[W(0,-)](z) < W(t,z — cot).

Tr—r—00 Tr—r0o0
Then the linear selection is realized.

Proof. The main part of the proof is similar to that of Theorem By choosing
an initial data ¢(z) < W(0,z) for all # € R, then cj/w < ¢ directly follows from
the comparison principle. The proof of ¢}/w > ¢y is rather trivial by [42] or [88].
Therefore, we have c}/w = co. O

We then present two corollaries to give an idea for choosing some suitable upper

solutions to achieve a linear selection result.

Corollary 5.4.9. Suppose that {Q,}ier satisfy (A1)-(A4), M, satisfies (C1)-(C3),
and By s irreducible. If W = e #(,(t) is an upper solution of the wave profile
equation, that 1is,

Qule " Ga(0)] < e Py (1)
where ji = it is defined in Lemma then the linear selection is realized.

Corollary 5.4.10. Let {Q;}er satisfy (A1)-(A4), M, satisfies (C1)-(C3), and BY be

. . = 1 l
irreducible. Suppose that W (t,x) = H%;)Cg(t) = (Heﬁw—(/tc)g(t)’ e ’Hegr—(/tzf;(t)>’ where
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i = pit is defined in Lemma 15 an upper solution of the wave profile equation,
i.e., QiW(0,)](x) <K W(t,x — cot). Then the linear selection is realized.

5.4.2 Case (II): By is not irreducible and [, = {1}

The case when B is not irreducible may admit boundary fixed points of P = @), in
M. To deal with it, we begin with a simpler one (II), i.e., A\;(0) < 1 for all ¢ # 1.
Then, we need the following assumption on B so that the extinction state zero can

be invaded.

(C4) By has at each diagonal block at least one nonzero entry underneath the first
diagonal block. This means when the populations are very small, an increase in
population of any species in the first block increases the populations of all the

other species in a finite number of time steps.
Correspondingly, we have the following assumption to ().
(A5) For every fixed point a(t) of @, in Mgy other than S3(t), Pia(t)] = 0.

Notice that assumption (A5) is consistent to (C4): to have a semi-trivial equilibrium
a that is not strongly positive, we have to require all the components in the first block
to be zero. Otherwise all the population of other blocks will follow the growth of the
first block to stabilize into the unique positive equilibrium /.

The condition of (II) immediately shows that

Then, due to the importance of the uppermost block, we give the following notation.

Denote the components corresponding to the uppermost block of By as U-system.
That means, if W (¢, z) is a traveling wave solution of @, satisfying Definition [5.2.2]
then it can be expressed as W (t,z) = (U,V)(t,z), and V collects the rest components
except U. Correspondingly, B(t) = (Bu, By)(t) satisfies W (t, —oc0) = (U, V)(t, —o0) =
(Bus Bu)(t)-

Next, we provide a condition so that a single spreading exists.

Lemma 5.4.11. Assume that {Q; }e7 satisfy (A1)-(A5), My satisfies (C1)-(C4), and
Case (1I) hold. Suppose that ¢, is the minimal speed so that the semiflow @y has

min
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no traveling waves conecting 5(t) to a(t) if ¢ < ¢%;,, where a(0) is any fized point of
P = @Q, other than zero and . Suppose that for any fized point a1(0) = (0,&(0))
of P, the reductive system of ), restricted on Miga, 0] — Mo,a 1) has no traveling
wave, connecting (0,&(t)) and (0,0), for ¢ > ;.. Then Q; has a single spreading

min *

speed.

Proof. The proof is trivial, since item (2.2) in Lemma can be excluded. O

With the above lemma, we therefore have the following qualities for this case:
co = ¢f/w, and ¢*/w = ¢} /w.

And the definition of the speed selection for this case is given as follows.

Definition 5.4.12. When Case (II) and Lemma |5.4.11 hold, the single spreading
speed of Qy is said to be linearly selected if c}/w = co and nonlinearly selected if

chlw > co.

Then, we specify the asymptotic behaviors of traveling wave U near positive infin-
ity. For ¢ > co, if W, = (U,, V) is a traveling wave solution, then U, has the following

behavior:
Ud(t, ) = Cre "¢, (1) + Coe™27¢, (1) as 2 — o0, (5.4.9)

where C; > 0 or C; =0, Cy > 0. Here, y; = p (i = 1,2) is defined in Lemma [5.3.1],
Cu; are the strongly positive eigenfunction corresponding to p;.

Then, we give a necessary and sufficient condition for the nonlinear selection.

Theorem 5.4.13. Suppose that the conditions in Lemma hold.
(i). It follows that

co = ¢ /w, and c*Jw = ¢} /w =1 Comin,

where cpin 18 the critical number so that QQ; has w-periodic traveling wave solutions

W.(t,x), connecting f and 0, if and only if ¢ = Cpin.
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(i1). Assume that the traveling wave W,(t,x) has a continuous derivative W/ (t,x)
where ! denotes the derivative with respect to x. Moreover, the map Myw, . has a
simple principal eigenvalue with a strognly positive eigenfunction. Then, the following
two statements are equivalent:

(F1') cpin > co, that means, the nonlinear selection is realized;

(F2') There exists a speed ¢ > cqg such that Q; has an w-periodic traveling wave

Wa(t,x) = (U, Vz)(t, z) connecting zero and B, with the following property
Ust,x) = Ce’“Q(E)zCL‘Q(E)(t), as x — +00,

for some positive constant C'.

Proof. (i). The proof of this part follows from Lemma [5.4.11]

(ii). We start with the sufficiency. That means, if (F2') holds for some ¢ > c¢g, then
there is no traveling wave for ¢ € [cg, ¢) and ¢y, = ¢. As before, we only need to prove
that under (F2'), there is no traveling wave solution for ¢ € (cg, ¢). For this purpose,
to the contrary, we suppose that a positive W, exists for some ¢ € (¢, ¢) (maybe
close to ¢). If there is only one stable block in By, i.e., I; = 2, by the characteristic
equation of the linear system M;, similar to we know the asymptotic behavior
of W, near = oo is

wo= (V) ~ o (0] cmony g, (G0 ) om0 et

Ve G0 () Ca(o) (1) (o) (t)

if 3 is not equal to py or s, where C; > 0,C3 > 0, or C; = 0,C5 > 0,C3 > 0, and
Wz is
Wz = Ue ~ CY a0 ®) e 2@ 4 0 e M@z,
Ve (@) (2) G (2)
By the continuity and monotonicity of p;(c),i = 1,2, 3, for « near positive infinity, we

always have W, > W; due to p(c) < pa(c) < pa(¢) and us(c) < ps(é) from Lemma
b.3.1} By the same arguments as that in Theorem [5.4.3] we also obtain W, > W;
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near r = —oo. Moreover, this result can follow from the same arguments, even in the
case that pg is equal to py or s, or I; contains more elements. Thus, by a translation

&, we have

We(t,x) =We(t,x + &) > Wa(t,z), forall z € R, t € R,.

Fixing some 2y = x — énw, we know that Wz(0,x — énw) = Wz(0,29) > 0. On the

other hand, we will have
W.(0, cnw) = W,(0, 20 + (¢ — ¢)nw) — 0, as n — oo.

This is a contradiction. Therefore, (); has no traveling waves when ¢ € (cp,¢). The
proof of this part is complete.
Step 2: If cpin > cp, we need to prove the wave U, . in the w-periodic traveling

wave W, . = (U, .V,

Cmin

) of @, has the following property

U

Cmin

(t,2) ~ Coe #2mn)C (1) as @ — oo,
Assume to the contrary, if we have

U

Cmin

(t,2) ~ CreT T, (1) as @ — 0o,

for some positive constant C;. Then, we want to prove that P does have a traveling

wave W,(0, z) satisfying
T .,P 0,)] (z) = (0, z). (5.4.10)
for some speed ¢ = cpin — 0, where 6 > 0 is sufficiently small. This results in a

contradiction.

Similar to Step 2 in Theorem [5.4.3 we then use a perturbation argument to prove
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the existence of W, to (5.4.10)), where ¢ = ¢y, — 0 for sufficiently small §. We define

_ _ 1

U(x) =U.,, (0,x)o(z), V(z) =V, (0,z), where p(z) =

@@

1 + delm(©)=p(emin)lz o)

Cmin)

Wc = W(IE) + W1

Substituting it into (5.4.4]), we have
T,CWP[W(.T) + Wl] = V_V(I') + Wl,

where Wy = W;(0,z) is a function to be determined. The rest of proof is similar to

that in Step 2 of Theorem by defining a weighted space by

W = {v e Mg:v=(v,v)T where v; has the same dimension as U-system, and

vy - e (emin)® = o(1) as x — oo}.

Therefore, we obtain that, there exists a small number d, > 0 such that for any
d € 10,00), (5.4.10) has a solution W, with ¢ = ¢y, — 9, which is a contradiction to
the definition of ¢*. The proof is complete. O

We then give sufficient conditions for linear or nonlinear selections.
For the whole system W = (U, V), U is an invader and drives W to invade onto the
zero solution. This inspires us to make the following reasonable assumption, which

indicates the existence of V' in terms of U.

(A6) We consider the equation Q;[W(0,-)](z) = W(t,x — ct), and W = (U,V). For
¢ > ¢} and any given continuous function U = U(t, 2) (z = x — ct), which is w-
periodic in ¢ and nonincreasing in z, satisfies U(t, —00) = a(t) < [,(t) for some
w-periodic function 0 < a(t), U(t,+00) = 0. We assume that the V-system
always has a solution V(t, z) satisfying V (¢, —o0) < B,(t) and V (¢, +o0) = 0,
which is also w-periodic in ¢ and nonincreasing in z. Denote the solution as
V = V(U). Moreover, it is monotone in U; in other words, V(U;) = V(Us) if
Uy =2 U, for (t,z) € T x R.



133

Remark 5.4.14. Assumption (AG) is raised for a technique reason, and it can be

proved by many biological models, e.g., a famous Lotka-Volterra model, see [51,/83)].

Theorem 5.4.15. Assume that the conditions in Lemma hold and Q; further
satisfies (A6). If for c; > cy, suppose that there exists a continuous w-time-periodic
function W (t,x) = (U, V)(t,x) satisfying

0 < U(t,z) < Bu(t), limsupU(t,z) < Bu(t), Ult,x) = e H2ler)zcy

p2(c1)
r——00

(t) as x — oo,

and

Qt[w(()? )](ZL’) > w(tv Tr— Clt)7

where ps(c1) = pi(cy) is defined in . Then cmin = ¢1 and no traveling waves

ezist for ¢ € [co,c1). In other words, the nonlinear selection is realized.

Proof. Due to the fact that V. < V(U), the proof is similar to Step 1 of Theorem
[5.4.3} thus, it is omitted. O

Theorem 5.4.16. (upper bound for the minimal speed) Suppose that the conditions
in Lemmal5.4.11 hold and Q¢ further satisfies (A6). For cy > ¢y, if there exists a con-
tinuous positive w-time-periodic function W (t,z) = (U,V)(t,x)) € Mg, satisfying

lirilj&fﬁ(t, z) >0, Ut,z) = e H2le)e jia(co) (1) as T — 00, (5.4.11)
and
QW (0,)](z) K W(t,z — cot), (5.4.12)

where pi5(ca) = pd(cy) is defined in m, then cpin = c}/w < .

Proof. Due to the fact that V' > V(U), the proof here is similar to that of Theorem
5.4.7] O

In this case, we can also give conditions for linear selection.
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Theorem 5.4.17 (Linear Selection). Let the conditions in Lemma|5.4.11| be true and
the assumption (A6) holds. Further assume that there exists an w-periodic, continu-
ous, and positive function W (t, ) satisfying

liminf W(t,2) > 0, lim W(t,z) =0, and Q,[W(0,)](z) < W(t,z — cot).

T—r—00 T—>00
Then the linear selection is realized.
Proof. The proof is similar to that in the proof of Theorem [5.4.8 ]

Corollary 5.4.18. Assume that {Q:}ier satisfy (A1)-(A6), M, satisfies (C1)-(C5),
and Case (II) holds. If an w-time-periodic function W = (U, V)T (where the dimen-

sion of U equals to that of U-system) has the formula

Ult,z) = %, V =V(U), and satisfies Q,[W(0,")](x) < W(t,x — cgt),

Ca(®)

then the linear selection is realized.

5.4.3 Case (III): BY is not irreducible and I \ {1} # ()

The previous two cases indicate that (), has a single spreading speed. When By is
not irreducible with Ip\ {1} # 0, we shall see in this section that (); may have a single
spreading speed or multiple spreading speeds.

To better understand ¢* and ¢}, we introduce the individual spreading speed of
each species. Let @ satisfy (A1l)—(A4) and initial data ¢ satisfy (B1)—(B3), the
individual spreading speed ¢} (1 < j <) of the j-th species is a constant such that

lim [P @) =0,  lm_ [P@)) 2 >0,  (54.13)

n—00,x2(cj+e)n n—00,x<(cj —€)n

where P = (), n; > 0 is a constant and € > 0 is small.
According to their definitions, the slowest and fastest spreading speeds can be

related to each individual spreading speed in the following proposition.
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Proposition 5.4.19.
" = min{c;}, ¢} = max{c;}. (5.4.14)

1<5<! 1<

For a specific model, both cases ¢* < ¢} and ¢* = ¢} can happen. We will establish
speed determinacy separately.

When @); has a single spreading speed with ¢* = ¢}, we want to indicate how they
are determined by the speeds of the linearized system at zero. Assume ¢} > ¢ for
any i € I. We can see that ¢*/w > ¢ for any i € I5. From Section 3, we have the
definition ¢} and crlw > ¢l . We want to see whether ¢* = ¢} can be determined by the
linear speed cg . Therefore, the definition of speed selection for the fastest spreading

speed is given as follows.

Definition 5.4.20. Suppose that Q); has a single spreading speed with ¢* = c}. We

say ¢y 1s linearly selected if c’}/w = cg and nonlinearly selected if c}/w > cg.

Let ]0 = {]_,2.17"' ,Z'N} for 1 < il,ig,"' ,iN < N(), U = (Ul,Uz‘l,"' ,U

i) and
N
W = (U,V). We assume that (A6) is true. We have the following theorem.

Theorem 5.4.21. Assume that Q; satisfies (A1)-(A4) and (A6), and the linear map
M; satisfies (C1)-(C3). Then c*, c3, ¢l are defined. When BY is not irreducible with
Io\{1} # 0 and c* = ¢}, the following statements are valid.

(1) If for ¢ = cg, there exists a continuous and positive functions W satisfying

lim W(t,z) =0, and Q;[W(0,)](z) < W(t,z — ct). (5.4.15)

T—00

Then Q¢ has a traveling wave connecting 5 to zero and ¢} is linearly selected,

i.e., Cjfw = .

(2) If forc = c¢; > cg, there exists a pair of continuous and non-increasing functions

(U,V) being a lower solution to Q; and satisfying

lim (U,V) < B and U; ~ e (% g5 2 — 00, (5.4.16)

Z—r—00

i € Iy, where ph(c1) are defined. Then ¢} is nonlinearly selected with ¢ /w > e
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Next, we proceed to study the case when (); has multiple spreading speeds, i.e.,
¢ < cj. We need to consider the linearization of the semiflow around each «a(t). We

give the following assumption.

(C5) Let M, 4@ be the linearization of @ around «(t), where «(t) satisfies Q;[a(0)] =
a(t). Define a linear map B,tw(t) : X = X by

Bz,a(t) [f] = Mt,a(t) [e*,uxf] (.CIZ' = 0)7

where > 0 is a constant, and £ is a real vector. Assume that B,Uj,a(o) is
in Frobenius form and has N§' elements of diagonal blocks. Let A¢(u) (i =
L,--- ,N§') be the principal eigenvalue of the i-th diagonal block of B;),a(())'
Among all the principal eigenvalues, we always assume that AY(0) > 1, A&(0) # 1

for all <. Then, for the whole system, we denote
I§ = {i| \(0) > 1, for 1 <i < Not,

and I{ = {1,--- , N§}\I§.
Then for each «(t), there exists a corresponding fast linear speed ¢/ = mz}x{cfl},
el

where ¢/ = L inf 220
“Wou>0 M

Remark 5.4.22. Lemma is still true by replacing c{; with ¢!, around each «.

Denote

Then, ¢ = ¢* + € < ¢} for sufficiently small € > 0, we assume that ); has a traveling
wave connecting () to ay(t) with speed c. Define

afB) .
Q" = Qi+ Mion©.50) = Mo 0).50)

Then Q\**” satisfies (A1)-(A3) and has a single spreading speed ¢, = c¢*, since there
exists no fixed point between § and ;.
Now, from (C5), corresponding to ¢*, we have ¢*/w > ¢/, . Then the speed selection

for the spreading speeds is defined as follows.
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Definition 5.4.23. Assume that the semiflow admits multiple spreading speeds. The
slowest speed c* is linearly selected if ¢*/w = cgl and nonlinearly selected if c*Jw >

cél. The fastest speed c} is linearly selected if ¢} Jw = c{; and nonlinearly selected if
chlw > .

To determine ¢*, we can study the semiflow @); in the phase space (a1, ) as in
Case (I) and (II). Similar results can hold.

To determine the fastest speed, we can study a reduced system. Indeed, let ¢} =
max {{c*}\{c;}} Assume that there exists s so that lim |P™(¢)(z)—

1<l ! n—>oo,(cj§—e)n>x>(c§+e)n
a3(0)| = 0 for sufficiently small ¢ > 0. Then by restricting @); in the phase space
[0, ax(0)], that is,

0,
Q" = Qil Mgy * Mpaso) = Mpas)

we can study the fastest speed selection as in cases (I) and (IT). The detail is omitted.

(1,8
t

According to the properties of ) ) and ng’az), we can further give a necessary and

sufficient condition to decide whether ); has a single spreading speed or not.

Theorem 5.4.24. Assume that anl’ﬁ) (Qﬁo’az)) has a single spreading speed c;, [w
(c;,/w) so that anl’ﬁ) (Q,EO’“Z)) has a traveling wave connecting  and oy (g and
0) if and only if ¢ > ¢}, Jw (c = ¢, /w). Then Q¢ has a single spreading speed, i.e.,

¢t = ¢}, if and only if ¢, > c

Sk
(e

5.5 Applications

In this section, we will apply our results to four examples with time-periodic coef-
ficients, and they are listed as follows: (1) a single delayed and diffusive equation
corresponding to case (I); (2) a stream population model with the benthic zone cor-
responding to case (I), and it is a system with its linear system around zero being
irreducible; (3) a non-local dispersal Lotka-Volterra model corresponding to case (II);

(4) a reducible cooperative system corresponding to case (III).
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5.5.1 A time-periodic diffusive equation with discrete delay

We begin with a periodic diffusive equation with a discrete delay. Let w > 0, 7 > 0
be two constants. The model is given as
% _ a2l 4 ttu), >0, 2R (5.5.1)
— = — U, Uy ), , T , 5.
ot Ox? T
where d(t) > n for some constant n > 0 and it is a bounded w-periodic function;
f € CY(R},R) is also w-periodic in t; and u, = u(t — 7, ). To investigate monostable

periodic traveling wave solutions, we further require f to satisfy

(D1) f(t,0,0) = 0, af%’:’”) > 0, Y(t,u,v) € R3, and there is a real number H > 0

such that f(t, H,H) < 0.

Let X = C([—7,0],R) and M be defined in Section 2 with H = R and [ = 1, that

is, M is the space of all bounded and nonincreasing functions from R to X. Using

the periodic semiflow generated by the periodic heat equation % = d(t)g% (see, e.g.,

Section 2 of [14]) and Theorem 2.2 of |71], it can be shown that (5.5.1)) generates a
monotone periodic semiflow Q); : My — My defined by

Qi) (x)(0) = u(t + 6, x;9), 6 € [-7,0], (t,x) € Ry xR,

where u:(0, x5 ¢) = u(t+0, x; ¢) is the unique solution of ([5.5.1)) for any given ¢ € M.
It is easy to see that @ satisfies (Al). Let Qt be the restriction of Q); to Xy. We can
see that Q; : Xy — Xy is the periodic semiflow generated by

du
= = Jtut),ult =), £ =0, (5.5.2)

with the initial dada up = ¢ € Xy. To have a positive w-periodic solution of (5.5.2)),

we need the following assumption:

(D2) 19 > 1, where rq is the spectral radius of the Poincaré map P associated with

d
= F1(6,0,0)u(t) + f1(£,0,0)u(t = 7). >0,
where f! (f!) denotes the partial derivative with repsect to the second (third)

variable u (v) in f(t,u,v).
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By []95], Theorem 2.1.2], ((5.5.2)) has a positive w-periodic solution (t), which satisfies
lim P"[u] = (0) when u € X5\{0}. Thus, assumption (A3) holds for P = Q,, since
n—oo
P = Ply,.

Following Section 4 in [42], we obtain that ); satisfies (A2). Thus, @, satisfies
all the assumptions (A1)-(A3) and the existence of traveling waves can be obtained

directly.

Lemma 5.5.1. Assume (D1) and (D2) hold. has a single spreading speed

c* defined in (i.e., ¢* = c}) so that has a periodic traveling wave

U(t,x — ct), connecting B and 0, if and only if ¢ > ¢ /w.

Now we focuse on the speed selection through applying our theorems in Section
3. To proceed, let’s work out the linear speed.
Let A(u) be the spectral radius of the Poincaré map associated with the following

linear equation

U = At ult) + F1(1,0,1ult) + F1(1,0,0)ut 7). > 0.

(D2) implies that A(0) > 1. Therefore, it is not hard to see that (C1)-(C3) hold. This

is a scalar equation, and thus it belongs to case (I): the linear system is irreducible.

Furthermore, following Theorem [5.4.3| (i), there exists a critical number ¢y, = ¢*/w =

ch/w.
To investigate this traveling wave, we let u(t,z) = U(t,§) (§ = x — ct). Then, the

equation for this traveling wave profile is found as

d(t)Ugg + CUg + f(t, U, U(t,f + CT)) — Ut = O,
U(t, —o0) = 5(t), U(t,4+00) = 0.

(5.5.3)

Now we want to obtain the characteristic equation of the linearized system. Lin-

earizing (5.5.3)) around zero gives
d(t)Uge + cUe + f,,(t,0,0)U + f,(¢,0,0)U(t, & + cr) — Uy = 0.

Through letting U = ((t)e ¢ with ((t) being w-periodic and integrating over a



140

period, we obtain
h(p) = dp® = cu+ fi + fre ™7 =0,

where d = [7d(t)dt/w, fi = [ fu(t,0,0)dt/w, and fi = [ f1(£,0,0)dt/w.
Define
= inf {¢ € R| h(p) = 0 has a positive real solution} .

Theorem 5.5.2. Let

U(t,§) =

If

—20%d(t
Ard(t) + max

{ £(0.0,V) = 10,5, 5t = 7))03 - F<tvf>} <0, (554)
S -0 |

where F(t,&) = U(1—U)-[f'(t,0,0) + f(t,0,0)e T, U, = U/B, V(t,€) = U(t, £+
coT), it = p(co), then cmim = ¢o.

Proof. When ¢ = ¢y, we find formulas of U, Uge, and Uy, and substitute them all into
the left-hand side of (5.5.3)) to obtain

d(t) 5§+C 5+f(t,U,V)—Ut
_ 2 T 52 f(t )—f(tBB(t UL (4,0,0)4 £4(£,0,0)e"Fc0T
- B (1 B){ 2d(t) + 2 (1-0h) Uy
L Y F(£0.V) = (8.8(—7)0h —F(t.8)
- (1 B){ 22d(t) + ey }
< 0,

provided that holds. This means, U is an upper solution of . Then, by
choosing ¢ = U(0, x — cp#) and using the comparison principle, it immediately follows
that Q,[U(0, - — cof)](z) < U(t,x — co(t+0)). Therefore, by Theorem [5.4.8] the linear
selection is realized. O

As for the nonlinear selection, we apply Corollary and obtain the following

result.
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Theorem 5.5.3. If ¢; > ¢y, let U be defined as

kB(1
_U(t7§> = %7
1+ 2@

where 0 < k < 1. If

— 9242 i
pad(t) + Tin

{f(t, U, V) — f(t, 8, B(t — 7)) Uy — Ey(t,€) } 0
Z(1-tn) ’

where po = pa(cr), Fa(t,z) = U (1= Uy) [fL(£,0,0) + f1(t,0,0)e- 2o U, = U/,
V(t, &) = U(t,&+ c17), then the nonlinear selection is realized, i.e., ¢y = ¢1 > Cq.

The above theorem not only gives a condition such that the nonlinear selection is
realized but also provides a lower bound of ¢;,. Next, by applying Theorem [5.4.5]

we are able to give an upper bound for ¢;, when ¢y, = ¢.

Theorem 5.5.4. For any co > cg, let U be defined as

B(t)
Ut €) = ——— .
1+ &%
if
F&U V) = fi(t,0,00U (1 = Uy) — fl(£,0,0)e #2270 (1 — Uy)
_2u§d(t)+r?€e}gx{ %2 a0 } <0,

where M2 = ,UQ(CZ)y Ul = U/ﬁ; V(tag) = U(tag + 627_); then Cmin < C2.

5.5.2 A stream population system with a benthic zone

In this subsection, we study a periodic stream population model with the benthic
zone, which can be used to handle the persistence of benthic aquatic organisms. The

system is a monotonic coupled system given by

ur = —a(t)u + b(t)v — o(t)u, + d(t)ug,, (5.55)
v =a(t)u —b(t)v +v(l —v)(1 4 pv) + &(t)vey.
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Here, all the coefficients (a(t), b(t), o(t), (t), and d(t)) are positive continuous w-
time-periodic functions with w > 0. In the model, u(t) denotes the population density
in the drift while v(¢) denotes the one resided on the benthic zone (benthos). The
periodic coefficient a(t) denotes the per capita rate at which individuals on the benthic
zone entering the drift while b(¢) is the one describing the reverse direction; o(t) is
the advection speed due to the drifting itself; and d(¢) is the diffusion coefficient from
the drifting while £(¢) is small (even can be zero) and represents the diffusion from
the benthic zone. This model originates with constant coefficients from [67] and was
extended by [50], in which, the authors considered temporal variability but with a
linear birth function. Later, Yu and Zhao in [91] considered a nonlinear case, but
with a subhomogeneous condition, i.e., replacing v(1 — v)(1 4+ pv) by f(¢,v)v with
f(t,v) < f(t,0). However, the nonlinear function considered in has a wider
application in the study of Allee efect. Such a birth function can be seen in [29], and
it corresponds to a so-called weak Allee effect [264|76].

According to the phase settings in Section 2, we assume that X = R? and M
be the space of all bounded and nonincreasing functions from R to X'. Using [91],
it follows that generates an w-periodic monotone semiflow @y : M, — M,
defined by

Q:[(d1, P2)](z) = (u(t, x5 01), v(t, 25 82)), V(p1,d2) € My, (t,z) € Ry xR, (5.5.6)

and P = @, is the corresponding Poincaré map. It is easy to see that (A1) (translation
invariance) holds for @y, t > 0.
To see the existence of a traveling wave solution to (5.5.5)), we first consider the

spatially homogeneous system

ur = —a(t)u + b(t)v,

(5.5.7)
vy = a(t)u — b(t)v + v(l —v)(1 + pv).
Linearizing it around (0,0) gives
uy = —a(t)u + b(t)v,
' (t)u+b(t) (5.58)

vy = a(t)u — b(t)v +v.
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To have a positive periodic solution, we need the following assumption.
(D3) Let r; be the principal Floquet multiplier of (5.5.8) and r; > 1.

By Theorem 2.1.2 in [95], has two w-periodic solution: (0,0) and (u*(¢),v*(t)) >
(0,0). Moreover, 0 = (0,0) is unstable while we assume that 5(t) = (u*(¢),v*(t)) is
stable in the sense that nh_)nolo Prw] = B(0) when 0 < w < B(0) = (u*(0),v*(0)),
where P is the Poincaré map associated with . Thus, (A3) holds for P since

P = P when the phase space is restricted on X, .

By Lemma 2.2 in [91], it follows that @), satisfies (A2) (point-a-contraction). Fur-
thermore, Q; : Mgy — Mp() has only two spacially homogeneous periodic solutions;
therefore, (2.2) in Lemma is ruled out immediately. The existence of traveling

waves is summarized into the following lemma.

Lemma 5.5.5. Assume that (D8) holds. Then P has a single spreading speed c* = o
and the minimal wave speed satisfies cpim = ¢*/w such that has a traveling

wave, connecting B and zero, if and only if ¢ > cyin.

To apply our theory on the speed selection mechanism, we first need to figure out
the linear speed of system ([5.5.5)). Linearizing (5.5.5)) around 0 gives

Uy = —a(t)u + b(t)v — a(t)ux + d(t)uzma

(5.5.9)
v = a(t)u — b(t)v + v + () Vs
Let (u,v)(t,z) = (wy, ws)(t)e " with u € Ry, then we have
wh = d(t)p*w; + o(t) pw, — a(t)w, + b(t)w,,
= (0 + o0 — alt)wn + b0 5510

wh = e(t)p*wy + a(t)w; — b(t)ws + wy.

Let M; be the solution map associated with (5.5.9), and B}, be defined by M; as in
Section 2. It is clear to see that Bft is the solution map of (5.5.10)). Let A(u) be the
principal Floquet multiplier of the linear map M,,. Then it follows that A(u) is the

principal eigenvalue of Bj;. Thus, the linear speed of system ({5.5.5) is

(5.5.11)
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Moreover, by the Floquet theory, there exists a positive w-periodic functions (¢, (2)()
such that (5.5.10) has a solution (wy,ws)(t) = (1, &) (1)e™ AWt Next, we consider
the wave profile system, that is, let (u,v)(t,x) = (U,V)(t, z) with z = x — ct; thus,
the system for the wave profile (U, V) is given by

d()U.. + (c — o(t))U. — a(t)U + b(t)V — U, = 0,
e(t)WVee + Ve +a()U —=b)V + V(1 = V)1 +pV) = V; = 0, (5.5.12)
(U, V)(t,—o0) = B(t), (U, V)(t,4o0) = (0,0).

Alternatively, we can find the linear speed from the wave profile equations. By way

of asymptotic analysis, we can assume (U, V') ~ ({1, () (t)e "* as z — oo. This gives

d(t)p*¢ — p(e — o) — a(t)G +b(t) ¢ — ¢ =0,

(5.5.13)
e(t)?Go — cplo +a(t)G — b(t) G+ G — ¢ =0,

It is easy to know that there exists a minimal linear speed ¢y so that the above
equations have a strongly positive solution ({1, (3)(t) if and only if ¢ > ¢q. For ¢ > ¢y,

the asymptotic behavior of (U, V) as z — oo is given by

U<t7 Z) ~ Cl Cl,,ul (t) e—pl(c)z + 02 Cl,,uz (t) 67;,1,2(0)27
V(tv Z) CQ,M (t) C27/t2 (t)
with C; > 0, or C; = 0, Cy > 0. Here, (j,, (4,7 = 1,2) is the positive w-periodic

functions satisfying

d(t)p*¢ — ple—o(t)G — a(t)G + b(t)& — ¢ =0,
e(t)u?Co — eplo + a(t)Cr — b(t) G+ & — ¢ =0,

with g = u;(c), respectively. Clearly, this model belongs to the case (I): an irreducible
linear system.
For this particular case, we can prove that there exists a critical value of p for

speed selection.

Lemma 5.5.6. For given a(t), b(t), o(t), u(t) and d(t), has a critical p such
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that the minimal wave speed s linearly selected if p < p, and nonlinearly selected if
p > p.

Proof. To prove the existence of p, it suffices to prove the following claim.

Claim. If ((5.5.5) is linearly selected for some p = p;, then the linear selection is
realized for all p < p;.

By assumption, ((5.5.5) has a traveling wave solution (Uj, V;) with speed ¢ = ¢y when
p = p;. Thus,

d(t)U .. + (co — o)) U, — a(t)U; + b(t)V; = 0,

et)Win + Vi, +at)U, —b)Vi+ (1 = V)(1+ pV)V, = 0.

Then, we substitute (U;, V}) into (5.5.5) when p < p;. It is easy to see that the first

equation is always zero; the second one becomes

= (1=-W)Vi(p—p) <0,

This means that (U;, V;) is an upper solution to (5.5.5) for p < p;. By Theorem [5.4.8]
we conclude that the minimal wave speed is linearly selected for all p < p;. The proof

is complete. O

Therefore, we can define

p:=sup{p € R|(5.5.5) is linearly selected}.

By the theory of [42] (see also in [91]), it is known that if p < 1, the system is
linearly selected. The reason is that the Poincaré map is subhomogeneous under such
a condition, i.e., v(1 —v)(1+ pv) < v. Although the existence of p has been proved in
the above lemma, its explicit formula is unknown. Next, we will give an estimate of p
for the speed selection by the theorems in our chapter. This also provide an estimate

of the critical value.
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Now, we choose a testing function as

AU
1+ 0]
and let
U= %V +ma(t)VZ 4+ my(H)V?,
where ) ) 1
ma(t) = L}*(t) — @(t)] o0 my(t)v*(t).

Here, i = fi(co) and ; = (; 5 (j = 1,2). Substituting them into the wave profile
system (|5.5.12]), the first equation becomes

LU, V) = UY(; (1 - Ul(t)) G (V) (5.5.14)
where
Galt.2) = —12a()mn (OV? + V[0 (00" (0) ~ ua(t) ~ 3a(co — o (0)ma (001
3 (02| + AR (a0} (1) - 22) = 2an - (O ma(010° ()
Falt)ymy (v (1) + Uff:;) (2 + 3m1(t)v*2> + ol (o™ — 2%m2(t)v*(t).

For the second equation, we have

V2 ’

Ly (U, V) = 0 (1 - v*Yt)) [—26(t>ﬂ2 —a(t)ymyv*(t) — U*V(t) + pu*2(t) (5.5.15)

With the above computations and by Theorems [5.4.8] [5.4.5] and [5.4.7], we then have the

following result for the speed selection.

Theorem 5.5.7. Let L1 (U, V') and Lo(U, V') be defined in (5.5.14}) and respectively.
System has a following speed selection mechanism.



147

(1) It is linearly selected, i.e., ¢ = co where cq is defined in (5.5.11), if

max G1(V) <0 and p < max
(t,2)€[0,w] xR (t,z)€l0,w

5 e(t) | al®)ma(t) v (t)
xR {2“ 20 T T ROV ) } '
5

(2) It is nonlinearly selected, i.e., ¢ > cq, if

t
in G d i o2 5L
(o) 0] xR 1(V) >0 and p ><t,z>§53}xk{ e

Remark 5.5.8. The idea dealing with this example can be easily extended by replacing
v(1—v)(14pv) by a general function f(t,v) with one positive zero (e.g., f(t,0) = f(t,1) =0).

It is left to interested readers.

5.5.3 A nonlocal dispersal Lotka-Volterra model

In this subsection, we investigate a nonlocal dispersal Lotka-Volterra model, which can

reflect case (II). The model is given by

Qu — ] xu—u ,x) + u(r —ay(t)u — v),
5 = [J 1(t,2) +u(ri(t) — ar(t)u = bi(t)v) (5.5.18)

% = [Jg * U — v] (t,z) + v(ra(t) — az(t)u — ba(t)v).

Here, all the coefficients r;(t), a;(t), b;j(t) are nonnegative continuous w-periodic functions
with w > 0 being a constant; J; * w = fj;o Ji(x —y) - w(t,y)dy, i = 1,2. Here, we require

the kernel J; satisfying
(D4) Fori=1,2, [ Ji(y)dy =1, Ji(y) = Ji(—y), and [ Ji(y)e"¥dy < oo for every p > 0.
When we consider the space-homogeneous system, that is,

UC% =u(ri(t) — a1(t)u — bi(t)v),

4o — p(ra(t) — az(t)u — ba(t)v),
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it is readily seen that it has three nonnegative w-periodic solutions: eg = (0,0) (locally un-

stable), e; = (p(t),0) (locally stable), and e2 = (0, ¢(t)) (locally unstable) under conditions:

/Ow r1(t)dt > /Ow bi(t)q(t)dt, /Ow ro(t)dt < /Ow as(t)p(t)dt, (5.5.19)

where
poefo r1(s)ds €f0 ri(s)ds _ 1
) po == M
B! +po f elo (Mg (s)ds Iy elo (Mg, (s)ds
qoefo’r s)ds efo ra(s ds_l
q(t) = ;o=

1+ qo fif elo 2(0dmhy(5)ds & edo 2Ty (5)ds”
We further assume that there exists no other positive w-periodic solutions. We are interested
in the existence of monotone traveling waves connecting e; to eo. To simplify (5.5.18)) and

obtain a cooperative system (under which, our results in Section 3 can be applied directly),

we let u(t, z) = u&g), o(t,z)=1-— % and drop the tilde to obtain

up = [Jyxw—u] +ufar ()p(t) (1 — ) — bi(t)g(t)(1 - v)],

ve = [Jaxv—v] + (1 = v)[az(t)p(t)u — ba(t)g(t)v].

(5.5.20)

Corresponding to the settings in Section 2, we have periodic solutions g = (1,1), a = (0, 1),
and 0 = (0,0), originating from (p(t),0), (0,0), and (0, ¢(t)), respectively.

Now, let X = R? and X3, M and Mg be defined as in Section 2. Denote w = (u,v),
and F(t,w) denotes the right-hand side vector field of without the nonlocal dispersal
term. Then, denote Q; as the solution semigroup of the linear nonlocal dispersal equation
ug = J *u —u. By [20,89],

~ m

Qd)(x) = €152 _g (@) (),

where ag(¢) = ¢ and a;n (@) = J * apm—1(¢) ¥Ym > 1. Hence, (5.5.20)) can be written into an

integral form:

wit,z) = Gyluw / Gu[Fls. wis, )] (z)ds.

By [20], it follows that V¢ € Mg, (5.5.20) has a unique mild w-periodic solution u(t, z; ¢)
with (0, z; ¢) = ¢.
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Let @ be the solution map of (5.5.20)), i.e., Q¢[¢] = u(t, -; @), satisfying Definition
and P = @Q,, be the associated Poincaré map. It is easy to see that (A1) and (A3) hold for

Q. Following the arguments in the proof of Theorem 5.1 in [20], it follows that (A2) holds.
Applying [Theorem 5.3, [20]] to P, (2.2) in Lemma is excluded. Therefore, we obtain

that cpin = ¢*/w = c} Jw, and the existence of traveling waves is given below.

Lemma 5.5.9. Assume and (D4) hold. Let cyin = ¢}/w be defined in as-
sociated with Q. Then has an w-periodic traveling wave (U, V') (t,z —ct) connecting

B to 0 if and only if ¢ > cmin.

Next, we go further for its speed selection mechanism. First, we can find the system for

the wave profile (by setting u(t,x) = U(t,€) and v(t,x) = V(¢,§) (§ = x — ct)) as

[J1#U = U] + cUg + Ular (t)p(t)(1 = U) — b1 (H)q(t)(1 = V)] = U = 0,
[Jo %V = V] 4 Ve + (1 = V)[az(t)p(t)U — ba(t)q(t)V] — V; = 0, (5.5.21)

(U, V)(t,—o0) = (1,1), (U, V)(t,+o0) = (0,0).

Linearizing near zero, and letting (U, V) = (¢%(t), ¢¥(t))e™ with g > 0 and (%, ¢V
being w-periodic give
Ju(t) —cp 0 ¢*
az()p(t)  gu(t) —epu) \¢*

=0, (5.5.22)

where

Fu(t) = [[2 Ti(y)ervdy — 1] + [ar(Dp(t) — bi(B)a(t)] — S

gu(t) = [, Tay)emdy — 1] — ba(t)q(t) — S

Integrating the diagonal elements in ([5.5.22)) from 0 to w gives two characteristic equations

fi = / Ji(y)e'dy — 1+ arp — big = cp,

—0o0

and

9y = / Ja(y)edy — 1 — bag = cp,

Jo u(t)dt

where @ is defined as u = for any w-periodic functionu. Clearly, f§ = aip —big >0
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by (5.5.19) and g5 = —byq < 0, it immediately follows that

o A(y)etdy — 1+ arp — big
co = inf .
u>0 1%

(5.5.23)

The right-hand side attains its infinitum at some finite value . Moreover, it is clear to
see that for ¢ > cp, there exists u1(c) and pz(c) such that ¢ = f7 /u1 = f}7, /p2, and py is

decreasing while ps is increasing in ¢. The asymptotic behavior of (U, V) is

o (GO e, (G0
v G ®) i) ()

when p3 is not equal to p1 and ug, where 3 is the unique solution of g;; = cu for any given
¢ 2 ¢ and increasing in c.
In summary, this model can be classified into case (II). To apply our theorems under

this case, we want to prove (A6), the following lemma provides a justification.

Lemma 5.5.10. Let (D4) and hold. For ¢ > ¢y (see, ), and a given
continuous w-periodic function U(t,£) (£ = x — ct) satisfying U(t,00) = 0, U(t,—00) >

Zzg?)?)%?), w-periodic in t, and nonincreasing in &, there exists an w-periodic function V (t,§),

which is also nonincreasing in z, solving

Vi=[laxV =V]+cVe+ (1=V)(a2()pt)U(t,&) — ba(t)g(t)V),
V(t,—o0) =1, V(t,00) =0,
V(t, &) =V(t+wf).

Moreover, V' is monotone in U.

Proof. By letting W(t,z) =1 -V (t,£), 2z = —¢&, we obtain that

Wiy =[Jax W — W] —cW, + ba(t)q(t) W[R(t, z) — W],
W(t,—o0) =1, W(t,400) =0, (5.5.24)

Wit z) =W(t+w,z).
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Here, R(t,z) =1 — ng))gg))(](t7€)' Thus, R(t,—00) =1 > 0> R(t,+00) > —o0o. Following

[Theorem 1.1, [93]], we immediately get the existence of W to (5.5.24)); therefore, the exis-

tence of V is obtained. Moreover, the monotonicity of V in U is guaranteed by the positivity

of (1 —V) and ax(t)p(t). The proof is complete. O

Remark 5.5.11. In [95], the authors proved such an existence result through the upper and
lower solutions method. They constructed a trivial upper solution W = 1 and a nontrivial
lower solution from a lower system with a combustion-type nonlinearity. We should mention
that a lower solution can also be proved by following the ideas in (51, 85/, in which, a lower

nontrivial solution is constructed from a lower system with a bistable nonliearity.

Next, we will provide some specific conditions on the speed selection and give an estimate
on ¢pin when it is nonlinearly selected. Since the formula V' = V(U) is too complicated
(cannot be found explicitly), we will give testing functions of U and V simultaneously. The

results are presented as follows.

Theorem 5.5.12. Let

_ 1 _ _
U(t,§) = T V = min{1,kU}, with k > 1,
10

where fi = u(co) and &1(t) be an w-periodic function satisfying kU (t,&1) = 1. If

_ = U(t,y) —e™U(1 - U) 1
Fl,ﬁ = max{|:/_oo<]1(§_y) 02(1_0) dy — 1—U:| +G1(t7z)} g(;)af) 25)

_ Ul(t,y) . )
Ty ;= max {/R [Jg(g I ga g W | dy— g + Gt z)} <0, (5.5.26)

,U) )
by

_kO)(220r®)
Gt 2) = —a1 ()p(t) + by (t)q(t) + LD Ba)

1-U ’

then the linear selection s realized.
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Proof. Substituting formulas of U and V into the left-hand side of (5.5.18)), and through a

tedious computation, we have

[/oo JL1()U(t, € —y)dy — U} + coUe + U [a1(t)p(t)(1 — U) — bi(t)q(t)(1 = V)| = U,
— |/ a0 - et - 0)

+T [y (Op(t) (1 — 0) = bi(D)g(t)(1 - V)] - 2T(1 - )

= U*(1-0) { U_Z J1(§—y) U(t’y)U;(iuiUU()l ~U) dy— U] + b1(t)fJ(t)—‘(/1_ Uﬁ) } :

and

[J2# V = V] 4 Ve + (1= V)(ax(t)p(t)U — ba(t)g()V) = Vi

V)
= k:U(lU){/R |:J2(€ Y) ((](t,y[)]) —Jily )e‘_‘y] dylijUnLGz(t,z)}

Here, U = U(t,£). Notice that, for t € [0, w],

v-U |5 s<am,
/1-0) L&)

Thus, it is less than % for & € R. Then, by q5.5.25|) and q5.5.26D, the above two equations

are less than 0. This implies that such a choice of U and V forms upper solutions to ((5.5.21]).
Therefore, the linear selection result directly follows from Theorem [5.4.8, This completes

proof. O

Theorem 5.5.13. For some ¢; > co, let po = pa(c1), and

k
Ut,l) = ——5=, V==, with0<k <1.

I+ o m

=i

The nonlinear selection is realized if

min [/w ne—yY —me/f;(ylv_(lv—) V) L ] apm -k o



153

and

min {/R [Jz(é‘ y)U(lU_V) — Ji(y)eY| dy — 1YV + Gis(t, Z)} >0,

where

Gs(t, z) = —a1(t)p(t) + b1(t)q(t) + kaa(t)p(t) — b2(t)q(t).
Furthermore, for some ca > ¢1 > cg, let a pair of w-time-periodic functions be defined as

1
Ut,z) = ——m=> V =min{l, kaU}, with k2 > 1

1+ ®

where piy = pz(c2), and there exist &o(t) such that koU (t, &) = 1. Replace fi, U, V with s,
U,V inTy,, and 'y, (whose definitions are seen in (5.5.25) and (5.5.20)), respectively.

If the inequalities I't ;,, <0 and I'y ,, < 0 hold, then ¢1 < cmin < C2.

Remark 5.5.14. Here, we only choose V.= kU to show how to apply our theorems in
Section 3. To gain some sharper conditions, we can use the idea in the stream population

example and choose

V = AU + BU? + CU?
with suitably chosen parameters: A, B, and C. For U, we can use

1

).

We leave this for interesting readers.

5.5.4 A reducible cooperative system

Finally we will work on a reducible periodic cooperative system, which may admit multiple

spreading speeds so that it provides an example for Case (III). The system is given by

% = dilt )%-Ff( ) (5.5.27)
% = ()24 + glt,0) + k(t)u.
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Here, dy(t), da(t), k(t), f(t,u), and g(t,v) are all w-periodic Hélder-continuous functions, and
f(t,u) and g(¢t,v) are Lipschitz continuous in the second variable. Moreover, d;(t) > n > 0

(1=1,2), and k(t) > 0, f and g are assumed to satisfy

(D5) f(t,0) = g(t,0) = f(t,1) = g(t,1) = 0, f(t,u) > 0, g(t,v) > 0 for all 0 < u,v < 1,
and f](t,0) > 0, ¢/ (t,0) > 0 where f/, g, denote the derivative with respect to the

second variable.

Following (5.4.13)) in Case (III), we can define the individual spreading speeds for species

u (c) and v (c}}) as

lim u(t,z) =0, lim u(t,x) =mny >0,

t—o0, x=(c}, /wte)t t—o00, x<(cl /w—e)t (5 5 28)
I tw) =0, I ta) = n >0,

t—o0, z;r(rcl;/ere)tv( l.) t—o0, xir(rcl;‘,/wfe)tv( CU) T

for any small € > 0 and 7, 1, being positive constants.

When f(t,u) = u(l —u?), g(t,v) = v(1 —v?), di(t) = 1, dao(t) = d, and k(t) = K,
this model was studied in [74]. Notice that, under these conditions, the nonlinearities are
subhomogeneous (i.e., f(u) < f/(0)u and g(v) < ¢’(0)v); thus, ¢} is always linearly selected
by [42]. Moreover, in |74], the authors claimed that (i) if d < 1, then species v and v share
a common spreading speed spread ¢, = ¢, = 2; (ii) if d > 1, then species u and v have
different spreading speeds: ¢}, =2 and ¢}, = 2V/d.

Next, we will remove the subhomogeneous condition and study a time-periodic system.

To apply our theorems, we need to identify 3(¢) and «(t) (if any); thus, let

dv

o= g(t,v) + k(t)

have a unique positive w-periodic solution v*(t) > 1 for ¢t € [0,w]. Define 5(t) = (1,v*(t)).
Then, between () and 0, (5.5.27)) has three spacial homogeneous but w-periodic solutions:

B(t) = (1,v*(t)), a(t) = (0,1), 0= (0,0), (5.5.29)

with (t) being stable and 0 being unstable.

Following [ [31], Chapter II], the w-periodic heat equation %—‘; = D(t)Au generates an
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w-periodic semiflow denoted as Q(t,s) (0 < s < t < T) such that the solution of (5.5.27)

can be represented in an integral form as

u(t, - ¢) = Q(t.0)6 + /0 Q(t, 5)f(s, u(s, s 0))ds, (5.5.30)

where u = (u,v)?, D(t) = diag(dy(t),ds(t)), and f = (f,g)?. Define Q;[¢] := u(t,-;¢) and
it satisfies Definition Moreover, notice that is a cooperative system and f is
Lipschitz continuous in v € C; and Hoélder continuous in ¢ € Ry. It is easy to verify (Al),
(A3) and (A4) for @; and P = Q,,. Moreover, P is a compact map, thus (A2) is satisfied
automatically. Therefore, by Lemma , we have the existences of ¢*, c’}, and traveling
waves for );. It has been shown that, in the constant case, the inequality ¢* < cj} can be
true under some further requirements (e.g., d > 1). Following the procedure in Case (III),
we then relate the slowest and fastest spreading speeds to the individual spreading speeds
and investigate the determinacy of them.

A traveling wave solution takes the form u(t,z) = U(t,§), v(t,z) =V (t,€), £ =x — ct.
Thus, by substituting the wave profiles into , we obtain

di(t)Use + cUg + f(t,U) — Uy = 0,
s (5.5.31)

da(t)Vee + Ve + g(t, V) + k(U — Vi = 0.

Linearizing (5.5.31)) around 0 and then substituting (U, V)T = (%, (V)e™# into it, we obtain

an eigen problem

F)—en 0 e\ _ (o). -~

k@) gu(t) —cp) \¢" 0

where f,(t) = di(t)u? + f,(t,0) — S and g,(t) = da(t)u? + g, (t,0) — . Here, from the
linear system ([5.5.32)), it is clear to see that (5.5.27)) belongs to Case (III): Bf is reducible
with Ip \ {1} # 0. Integrating the diagonal elements of (5.5.32)) leads to

f:f = Mz/o di(t)dt —i—/o 11(t,0)dt = cuw
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gy = uz/ da(t)dt +/ g, (t,0)dt = cuw.
0 0

Due to (D5), fé" > 0 and g§ > 0; therefore, we have

I R e 1 e
¢y = ;}};%7“ =24/dif!(t,0), and ¢ := ;;I;f(’);“ = 24/d2g!,(t,0).

For ¢ > max{cj, cfj}, the asymptotic behaviors near 0 can be found as

~ Cy i () e M8 4 Cy Gia ) e 128 4 Cy ! e 13 4 Cy 0 e~Hat,
4 i (1) 1o (1) s (1) 1 (1)
if i = pi(e), i =1,2,3,4 are not equal.
Similarly, through linearizing near o = (0, 1), there exists a single linear speed
satisfying
¢l =ci. (5.5.33)

In this special case, we notice that the U-equation has been decoupled from the system
and has only two equilibrium. Thus, by applying Lemma we obtain the following

lemma.
Lemma 5.5.15. Let (D5) be true. Then the following two statements hold.

(1) Let ¢, be the spreading speed u-species, then it is the critical number in the sense
that the U -equation in has a traveling wave U (t,§) satisfying U(t, —o0) =1,

U(t,+o0) =0, and nonincreasing in & if and only if ¢ > ¢, /w > cf.

(2) There exists a critical number é, such that

do(t)Vee + Ve + g(t, V) =V, =0,
R (5.5.34)

V(t,—o0) =1, V(t,+0o0) =0,

has solutions if and only if ¢ > é,/w > cf).

Then, according to the definitions of ¢, ¢ and ¢,, we have the following lemma to

determine their relation.
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Lemma 5.5.16. Let (D5) hold and ¢}, ¢} are the spreading speeds of u and v species. Then
the following results are true.

(i). ci > ¢y .

(ii). ¢ > c.

(iii). c; = c if and only if ¢, > ¢,.

Proof. (i). Since the term k(t)u is always nonnegative, by comparison, the result follows.

* >k
c, e,

(ii). Assume to the contrary that cj < c;. Let x = (®5*)t and t — oo. From the

second equation of the system, we obtain a contradiction 0 = k(¢t)u(t,z) > 0. Thus, it is

*
w*

always that ¢}, > ¢
(iii). If ¢ > ¢,, we will derive ¢ = ¢}. Otherwise, we will get ¢} < ¢} by (ii). As such,
from the limiting equation of the second equation, we get c; = ¢,. This is a contradiction.

The remainder part can be similarly proved. O

Following Definitions |5.4.20| (single) and [5.4.23] (multiple) in Case (III), and Lemma

5.5.16] we proceed to give a speed selection theorem, which shows sufficient conditions to
decide the speed selection mechanism for ([5.5.27)) with either a single spreading speed or

multiple spreading speeds.
Theorem 5.5.17. Let (D5) hold. The following statements are true.

(1) cyfw=cg, if

max {—le(t)ﬁz + UG U)ﬁ;(]%(_u[—?;[] - U} <0, (5.5.35)
where iy = 1§(c§) and U(t,) = 1/[1 + expli} /G2, (0)]
(2) éo/w = cj if _ . _
max {—2d2(t)ﬂ,2] + 9(t, V)‘—/_Q(iv(_t’g))v - V} <0, (5.5.36)

where fi, = pd(cy) and V(t,z) = 1/[1 + exp{iwz}/Ch, ()]

(3) Let (5.5.35) and (5.5.36]) hold. If, in addition,
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then has multiple spreading speeds and both of them are linearly selected, that

is, ¢ Jw=cf < ¢ =c/w.

(4) When and hold, and besides,

then has a spreading speed with ¢, being linearly selected while ¢, being non-

linearly selected in the sense that ¢ /w = ¢ Jw = cff > .

(5) cifw> e if

. —2 f<t7U1> _f1/1<t70>
min {—2d1(t),uu + 02 (1= Uy) } > 0, (5.5.39)

where Uy = 1/[1 + exp{jiuz}/C;, (t)] and iy, = fiy(cf).

(6) ¢y/w > cf if

min {—2d2(t)ﬂ3, + 7 (t;f?() 1__9%/%’ 0)} > 0, (5.5.40)

where Vi = 1/[1 + exp{fivz}/C, ()] and iy, = fiy(cp)-

(7) Let (5.5.39) and (5.5.40) be true. If has a single spreading speed, then ¢, = ¢,

and they are both nonlinearly selected in the sense that c¢,/w > cff and c/w > cf.

Otherwise, has multiple spreading speeds, then ¢}, < ¢} and both of them are

nonlinearly selected in the sense that c},/w > cf and c,/w > max{c§, c{}.

Proof. (1) Since the condition (5.5.35) implies that U(t,z — cgt) is an upper solution to
U-equation. By Theorem the result follows.

(2) Similar to (1), when the limiting system (5.5.34)) is considered, the condition (/5.5.36)

indicates the desired result.

(3) Under conditions (5.5.35)), (5.5.36) and (5.5.37), we have that ¢} /w = c¢f < ¢ff =
¢y /w. Thus, following Lemma (iii), we immediately obtain that has multiple
spreading speeds, i.e., ¢, < c¢i. Moreover, we have that ¢} /w = ¢é,/w = ¢f.

(4) The inequalities ((5.5.35)), (5.5.36) and implies that ¢ /w = cf > ¢ = &, /w.
Thus, we get that ¢, = ¢} by Lemma (iii). Moreover, it follows that ¢}/w = ¢ /w =

U U
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(5) From Corollary it immediately follows that c};/w > ¢f when ([5.5.39) holds.
(6) Similar to (5), when the limiting system (5.5.34)) is considered, (5.5.40|) implies the
desired result.

(7) Combining Lemma [5.5.16| (i) and (ii), it is always that

¢, = max{c,, ¢}

When conditions (5.5.39)) and ((5.5.40]) hold, the rest of this proof is straightforward. If the re-
ducible system (5.5.27)) has a single spreading speed, then c; /w > cf and ¢} /w > ¢é,/w > c.
If (5.5.27)) has multiple spreading speeds, then ¢ /w > ¢ff and ¢};/w > max{c} /w, & /w} >

max{cy, cj}. O

To finish this example, we give a small discussion here. Since this is an example to
present the usage of our theory, we only give a quite general discussion here. More specific

discussions of such a typical model to learn the speed selection are left for interesting readers.

5.6 Conclusion

In this chapter, we have investigated the speed selection mechanism for traveling waves to
monotone periodic semiflows in the monostable case and successfully improved the current
results on the linear selection and made a breakthrough on the nonlinear selection. The
improvements of this chapter mainly focus in three aspects: the results are applicable to
time-periodic reaction-diffusion models even having boundary equilibria; the conditions for
the linear selection have been improved from the classical one, which requires the monotone
semiflow can be governed by its corresponding linear map; the results for the nonlinear
selection are novel.

In Section 5.2, we introduced some preliminaries to establish the existence of traveling
waves. Then, we examined the linear speed in Section 5.3. Our main theoretical result was
presented in Section 5.4. We gave our definition of the speed selection, and considered three
cases to investigate the mechanism further (see, subsections 5.4.1-5.4.3). Here is a brief
review of new results in this chapter: we found a sufficient and necessary condition of the

nonlinear selection and provided an estimate of the speed when the nonlinear selection occurs
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for Case (I) and (II); a fairly detailed investigation (containing both linear and nonlinear
selection) has been provided for Case (III). Four applications are carried out in Section 5.5,

and they covered all the cases discussed in Section 5.4.



Chapter 6

Future Work

Research of the invasion speed determinacy for wave propagation as well as traveling waves is
explosively expanding. The models considered in this thesis have either constant coefficients
or time-periodic coefficients. Thus, a direct extension is to investigate the speed selection
of time-space periodic monotone models. The existence of a traveling wave of time-space
periodic monotone semiflows can be found in [19]. It is worthy of extending our speed
determinacy discussion in Chapter 5 to the time-space periodic case since the time-space
periodic environment is typical in biology.

In Chapters 4 and 5, we discussed the case where a model admits multiple spreading
speeds. However, we only considered the speed determinacy for the slowest and fastest
spreading speeds. A possible extension would be to investigate the speed determinacy for
all spreading speeds when a model has more than two speeds, which is indeed observed in
combustion phenomena, see, e.g., [34./57].

In this thesis, we always assume that f’(0) > 0 so that ¢y > 0, while it is possible
to have f’(0) = 0. A typical example is a degenerate Fisher equation, i.e., with
f(u) = v™(1 —w), m > 1. From [38|, it has a critical number ¢*(m) > 0 so that the
degenerate Fisher equation has a traveling wave connecting 1 to 0 if and only if ¢ > ¢*(m).
Moreover, it is easy to see that this equation has a linear speed cy = 0. Thus, the invasion
speed of this equation is always nonlinearly selected. It would be challenging to determine

the spreading speed of a degenerate system.
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