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Abstract 

Wooden utility poles for electric networks are widely used, with approximately two million poles 

in North America. A reliable and cost-effective non-destructive testing (NDT) method is necessary 

for strength evaluation during the life span of the poles. To improve an emerging modal testing-

based NDT method, this thesis develops a novel method to measure natural frequencies and 

damping ratios of poles even though they are connected to conductors. This thesis makes 

contributions to the wood pole NDT state of the art in two major areas – analytical and numerical 

modeling of pole-cable systems, and frequency-domain decoupling methods to identify pole 

properties despite their connection to cables.  

Improved analytical models of the “cable-beam” system were developed in order to understand 

the coupled vibration behavior of the system. Bending stiffness and sag of the cable were 

considered in the modeling and the effects of them on vibration behavior of the system was studied. 

Two-dimensional and three-dimensional dynamic models using bond graph method were 

developed for vibration of stranded cables and vibration of the cable-beam system. The models 

were verified by experiments in free and forced vibration. 

The second contribution area is the development of substructure decoupling-related methods to 

decouple the beam frequency response function (FRF) from the assembled cable-beam system. 

The FRF of the beam was obtained as an independent substructure after decoupling analysis and 

the FRF was compared to the directly measured FRF from modal testing of the beam substructure. 

A good agreement showed that the substructure decoupling method can be used to filter out the 

effects of cables from the assembled system in cabled structures, assuming that all points in the 

system are accessible for measurement. 

An FRF-based finite element model updating was then developed to overcome the practical 

limitation of accessing some measurement points in the field. The FRFs of accessible points were 
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used as a basis for updating the FE model and then the FRFs of inaccessible points were obtained 

from the updated (optimized) FE model.  

A substructural damage detection was also developed for the systems that consist of a few 

substructures but only the main (target) substructure is susceptible to damage.  In the developed 

method, FRF of the main substructure is first obtained using the substructure decoupling method 

and then FRF-based finite element model updating is used for damage detection, localization and 

quantification.  The method was successfully able to identify location and magnitude of damage, 

which was modeled as a localized reduced stiffness due to material degradation or cracking. 

Finally, in support of the larger ongoing NDT research project, full-scale pole modal testing was 

done in the field.  In-ground pole FRF’s with and without cables were generated, for future use in 

model validation.  In-ground poles without cables were subjected to modal testing, and then 

brought to the lab for modal and destructive testing.  The differences in the resulting FRF’s allow 

future simulation-based prediction of the foundation properties, and the destructive tests have 

added to the research group’s database for correlation of modal properties and pole strength.     
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Chapter 1 

1 Introduction 
 

1.1 Background 

Wooden utility poles are widely used by utility companies to support transmission lines. In 

Newfoundland and Labrador alone there are approximately 26000 wooden poles of varying ages 

[1]. Wood has many advantages over steel and concrete.  They are abundant and relatively 

inexpensive, have great ratio of strength to weight, and present excellent dielectric characteristics 

[2]. However, during its life span, wooden poles are subjected to environmental conditions that 

cause degradation of the material. Insect infestation, animal perforations, plant and fungi growth, 

weather variations, etc., all contribute to the deterioration of the wooden pole [3]. With time, these 

factors compromise the network reliability, the safety of the population and the operators of the 

electrical system. Pole strength degradation is a serious issue, causing the industry to invest 

considerable amounts of money in maintenance programs and research. Figure 1.1 shows an 

electricity pole failure and this catastrophic incident happens quite often around the world. 

Therefore, a reliable and cost-effective Non-destructive testing (NDT) method is necessary for 

strength evaluation during the life span of the poles. 
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Figure 1.1: Electricity pole failure [4] 

Various non-destructive test methods have been used for utility poles. Most NDT methods use 

some forms of energy propagation through or around a material to infer some important 

characteristics about the specimen being examined [5]. All these methods are used locally but 

localized damage detection may require a large number of tests and damage closer to the pole tip 

may go undetected. In the field, the tests can only be conducted near the ground line, unless 

personnel are raised with a hoist.  

1.2 Problem Statement 

NL Hydro presents online reports which show that in 2017, investments of 3.8 million Canadian 

dollars will be expended on pole maintenance and upgrades [6].  A Wood Pole Line Management 

Program (WPLM) was initiated by Haldar [1] in Newfoundland and Labrador Hydro (NLH) to 

systematically collect and analyze data, and to perform reliability analysis for wooden utility 

transmission lines. To generate data for the Reliability Centered Maintenance (RCM) program, 

which aims to extend pole life while preventing pole failure; and to verify the effectiveness of non-
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destructive testing (NDE) equipment, full-scale destructive pole tests were carried out in the 

Structures Laboratory at Memorial University in the previous stages of the program [7,8]. The 

ultrasonic “POLETEST” NDT equipment manufactured by a company called Engineering Data 

Management (EDM international) [9] did not show acceptable correlation with full-scale test data 

in predicting strength. NL Hydro has concerns about the efficacy of current NDT methods for 

predicting pole strength; and thus for predicting whether or not to remove poles from service based 

on the prediction intervals reported in the literature and the strength cut-off limit in the POLETEST 

manual. According to NLH, correlation was higher between destructive and NDT values for new 

poles, and unacceptably low for older poles, with old pole strength typically overpredicted. The 

low correlation for older poles was of primary concern given that removing a pole from service 

prematurely creates needless cost to NLH, and failing to remove an unacceptably weak pole from 

service creates a safety hazard for inspectors and possible power outages. It is essential to detect 

“danger poles” early to avoid safety hazards, and to maximize the opportunity to apply corrective 

actions such as preservative treatment or additional support to extend pole life [1].  

This research is a continuation of work initiated by NL Hydro and Memorial University with the 

aim of development of a new NDT method for wooden utility poles using modal tests. In this 

vibration-based NDT method, the overall strength of the pole could be achieved and localized 

damaged detection that is the basis of other NDT methods would not be needed.  

In the three previous phases of the project, modal impact and destructive static tests were 

performed on a number of utility poles [10]. From the data collected, a method has been developed 

to predict the ground line stress at which failure will occur for full scale poles. The method predicts 

a correlation between the maximum stress and the measured damping ratios obtained through 

modal impact testing. Predictions made from modal damping ratios are more accurate than 

predictions made with POLETEST ultrasonic NDT equipment currently used in the lab. Recent 
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investigations by the previous researchers in the project have been shown that the modal test 

quality decreases in the field compared to lab, presumably due to foundation damping and 

compliance, cables, or a combination of both effects [7,11,12] since lab modal tests have been 

carried out with the lab-scale clamp fixture and without cables connected to the pole. Figure 1.2 

shows the frequency response functions (FRFs) of two sample utility poles obtained in the field 

modal testing in a transmission line in Goose Bay, Labrador. The modal test was performed on the 

utility pole in both the conditions, the cables connected and disconnected to the pole. As can be 

seen, FRF of the pole with and without connected conductors differ and conductors have 

significant effect on frequency response of the utility pole. Figure 1.3 shows the modal testing of 

the pole using modal hammer and accelerometers. The details of the modal test procedure is 

discussed in Appendix.  

 

Figure 1.2 : FRF of two different utility poles with and without cable –Field Modal test 
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Figure 1.3: Field modal test in Goose bay, Labrador 

Figure 1.4 shows the difference in modal data obtained from lab modal test and field modal test of 

the pole without cables. The poles are the same poles, removed from the field and then tested in 

the lab. As can be observed, modal test quality decrease from lab to the field. The two points circled 

in the right figure were new poles, replaced within the 10 years prior to the testing.  Those two 

poles clearly ended up much closer to the trend line when tested in the lab. 
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Figure 1.4: Damping-strength correlation in the lab and in the field 

1.3 Thesis Statement 

The aim of this PhD thesis is to investigate the effect of conductors on vibration properties of 

utility poles and to filter out the effect of cables/foundation from frequency response of the poles 

obtained in modal testing. In order to achieve these two main goals, analytical and numerical 

modeling, lab-scale and field modal testing were carried out.  

This thesis consists of three main contribution areas: 

a) Analytical and Numerical Simulation 

To help better understand the coupled vibration behavior of cable-beam systems, new analytical 

and numerical models have been developed.  These models can be generalized to cable-beam 

systems beyond the utility poles that are the application of immediate interest. An analytical model 

is developed and experimentally validated for a cable-beam system considering bending stiffness 

and sag of the cable and the natural frequencies, mode shapes and FRF of the system obtained 

from the model is compared to the experimental results. From this study, the following 

contributions were achieved: 
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1. It is concluded that bending stiffness of the cable has significant effect on vibration behavior 

of cable-beam systems, an important parameter that has been neglected in all the available 

published studies.  

2. Experimental cable stiffness parametrization was performed. An apparatus was developed for 

bending stiffness measurement in different tensions and it was concluded that bending 

stiffness of the stranded cables increase with the increase in tension, as expected. Another 

apparatus was developed for axial stiffness and damping measurement of a cable. Axial 

stiffness and damping values were measured and the measured values were used for modeling. 

3. It was concluded that by adding cable to the beam, vibration modes of the system are cable 

dominated modes, beam dominated modes or hybrid (coupled) modes, as expected. 

In another study in this part, three-dimensional bond graph models for a cable and cable-beam 

system are developed and validated in order to investigate the free and forced vibration of the 

system in three dimensions and to simulate the modal testing in in-plane and out-of-plane 

conditions. The following contributions were achieved in this study: 

4. The cable-only model predicts the in-plane and out-of-plane natural frequencies and free and 

forced vibration response. The bond graph model could be easily used to model any cable by 

simply changing the geometrical properties.  

5. The cable-beam model allows prediction of in-plane and out-of-plane natural frequencies and 

free and forced vibration response of the cable-beam system. The model can be used to 

simulate modal testing and free vibration. 

6. The bond graph models could be easily expanded to the real utility pole-cable system model 

by changing the geometrical properties and adding any number of cables. 

b) Substructure decoupling analysis 
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The second part is the investigation of applying substructure decoupling method to the cable-beam 

systems. Substructure decoupling or inverse substructuring method [13,14] is a known method to 

decouple a substructure from the rest of the structure using FRF matrices.  The novelty of this 

thesis is the application and experimental validation of substructuring for utility pole non-

destructiuve testing. Substructure decoupling method is applied here to the cable-beam system in 

the lab and the beam FRFs are obtained completely decoupled from the rest of the structure. The 

following contributions were achieved in this part: 

7. The decoupled beam FRFs were compared to the directly measured FRFs and good accuracy 

was obtained. It is concluded that this method is a reliable and sufficiently accurate method 

for filtering out effects of cable from an assembled cable-beam system.  

8. An FRF-based finite element model updating technique was proposed to overcome the 

practical limitation of accessing some measurement points. The measured FRFs (from 

accessible points) were used as a basis for updating the FE model and FRFs of inaccessible 

points were obtained from the updated FE model. It is concluded that this FRF-based FE 

updating method can be used to obtain the FRFs corresponding to inaccessible points in the 

field. A combination of numerical and experimental FRFs were used to obtain the decoupled 

FRFs.  

9. A substructural damage detection method was developed for detecting damage of structures 

that consist of a few substructures but only one of the substructures (the main or target 

substructure) is susceptible to damage. Using this method, damage detection of the global 

structure would not be needed and only the main substrucuture can be analyzed for damage 

detection. By substructure decoupling, the main substructure FRFs are first obtained and then 

FE updating (using only the main substructure FE model) is used for damage localization and 

quantification in the main substructure. 
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c) Full-scale pole testing 

The third part is field and lab modal testing and destructive testing of the utility poles. The modal 

test is carried out on 30 utility poles in the field in two separate test batches (each batch, 20 poles). 

The first batch of poles (in Goose bay, Labrador) were modally tested in two different conditions 

of with and without the connected cables and the purpose of this test was to study the effects of 

cables on the FRFs of the pole in the field. The second batch (in Paradise, Newfoundland) was 

tested only without the connected cables. This batch was then transmitted to the lab and was 

modally tested. The purpose of test of the second batch was to compare the FRFs obtained from 

the in-ground poles and in the lab-fixture poles. Destructive testing of the second batch was also 

performed based on ASTMD1036 to increase our database for the correlation between damping 

ratios and strength.  

In section 1.4, the organization of this thesis is presented, and different chapters are briefly 

explained. 

1.4 Thesis Organization 

This thesis is organized as below: 

Chapter 1 (the current chapter) includes the research background and motivation, the statement of 

the problem, thesis statement and the organization of the thesis. 

Chapter 2 focuses on reviewing the literature of the following topics: the other existing NDT 

methods for utility poles, analytical modeling of cable-beam systems and application of dynamic 

substructuring in different engineering applications. 

Chapter 3 is a full manuscript of a journal paper published in Journal of Vibration and Control 

[15]. This chapter presents the analytical modeling of a cable-beam system considering cable 

bending stiffness and sag and the verification of the model by experiments. The partial differential 
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equations of a system consisted of a cantilever beam connected to a stranded cable is derived and 

solved and effects of cable sag and bending stiffness on the natural frequencies is investigated. 

Bending stiffness of the stranded cable in different tensions is measured using the designed 

apparatus and it is concluded that the cable bending stiffness has significant effect on the vibration 

behavior even though this parameter has been neglected in the literature.  It is also concluded that 

mode shapes of the coupled system are cable dominated, beam dominated or hybrid modes.  

Chapter 4 is a manuscript of a conference paper presented in Canadian Society of mechanical 

engineer’s conference, CSME2018 [16]. This chapter presents a 2D bond graph model for a power 

line and the verification of the model by experiments. Free and forced vibration simulation is 

performed using the model and the results are verified in the lab. The cable bond graph model can 

be easily added to a beam bond graph model to model a cable-beam system. It is concluded that 

more studies on damping modeling for the cable is needed. 

Chapter 5 is a full manuscript of a conference paper presented in ASME2019 [17]. This chapter is 

an expansion of Chapter 4 to provide a three-dimensional bond graph model for stranded cable. 

This chapter presents the model that allows prediction of in-plane an out-of-plane natural 

frequencies of the cable and a good understating of out-of-plane vibration is achieved even though 

the out-of-plane vibration is normally neglected in the literature. 

Chapter 6 is a full manuscript of a journal paper published in Mathematical and Computer 

Modeling of Dynamical Systems Journal [18]. This chapter presents the three-dimensional bond 

graph model of a cable-beam system. The natural frequencies of the coupled system are obtained 

in in-plane and out-of-plane directions and are compared to the results obtained from modal test.   

A complete experimental cable parametrization is carried out for axial and bending stiffness of the 

cable. The developed model can be easily expanded to the real utility pole-power line system or 

any other cable structure. 
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Chapter 7 is a full manuscript of a journal paper which is published in Journal of Vibration and 

Control [19]. This chapter studies the application of substructure decoupling method in cable-beam 

systems for the first time in the literature. The frequency response function of a cantilever beam in 

a single-beam-cable system and in a multi-beam-cable system is obtained, completely decoupled 

from the rest of the structure and it is compared to the directly measured beam FRF. It is concluded 

that substructure decoupling method is a reliable and sufficiently accurate method to extract the 

FRF of the beam with the effects of cable, filtered out. An FRF-based finite element model 

updating method is also proposed to overcome the practical limitation of accessing some 

measurement points (in the field). The FRFs of measurable points are used as a basis for updating 

the FE model and FRFs of inaccessible points are obtained from the “updated” model.  

Chapter 8 is a full manuscript of a conference paper presented in EURODYN2020 [20]. This 

chapter presents the results of decoupling analysis for a cable-beam system but using the measured 

FRFs from the assembled system and the numerically obtained FRF (Finite element) from the 

cable subsystem. It is concluded that experimental-numerical decoupling can be used when some 

FRFs should be obtained from numerical models due to difficulty in accessing the measurement 

points. 

Chapter 9 is a full manuscript of a journal paper that is under review in Mechanical and Signal 

Processing Journal. In this chapter, a substructural damage detection method is developed for 

systems consisted of some substructures but only the main or the target substructure is susceptible 

to damage. Unlike other substructural damage detection methods in the literature, dynamics (FRF 

matrix) of the main subsystem is obtained as a “standalone” component without the need of 

interface virtual support or identifying interface forces. The target substructure FRFs are first 

obtained using decoupling method and then the damage in the target substructure is located and 

quantified using FRF-based finite element model updating.  
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Chapter 10 presents the concluding remarks of the thesis and describes the future work.  

Appendix A discusses the destructive tests of the full-scale poles that were performed in this thesis 

and Appendix B discusses the modal tests of the full-scale poles in the lab ad in the field. 
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Chapter 2 

2 Literature Review 
 

2.1 Non-destructive Testing Methods 

Over a few decades, many NDT techniques for assessing in-service utility poles have been studied 

and developed [21]. However, until now most, if not all, of the techniques have not been widely 

accepted for practical use in the industry [5]. Undoubtedly, an effective and reliable NDT 

technique plays a key role in asset management of utility poles. The technique should be capable 

of correctly identifying any pole that is likely to fail due to inadequate strength caused by decay 

or insect attack, so that the pole could be condemned reasonably. However, utility poles are a kind 

of widely distributed structures, and hence very complex indeed. A single pole may be considered 

as a simple structure, but a transmission line usually consists of hundreds of poles, distributed over 

a very long distance, and maybe over different terrains. Therefore, the use of NDE techniques for 

utility poles must be considered in a broad context of asset management [5]. The current NDT 

techniques for utility poles either lack sufficient sensitivity to the pole’s deterioration, or are too 

expensive, or use too large and complex equipment to make in-service inspections practical [5]. 

Based on their form of energy propagation, all the current and older NDT techniques in general 

can be classified into five types [5]: 

I) Visualizing methods: Such as visual inspection and those utilizing chemical techniques [22] to 

visualize defects or other characteristics on surface of wood. These methods are very subjective 

to technician experience and only give qualitative assessment of the pole but can be combined 

to the other NDT methods to give some results. They’re also limited to the surface damage 

detection of the pole. Recently, drones have also been used for recording video of the poles 

close to power line to be used for visualizing methods [23–25].  
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II) Semi-non-destructive methods: In these methods, some small parts of the structure that have 

negligible effect on the performance of the object are actually damaged [26]. The common 

semi-destructive testing methods for wooden structures are resistance drilling (resistograph) 

[26–29] and core drilling [30]. However, these methods are only useful for very local points 

on the pole and cannot give overall strength prediction of the pole. A good understanding of 

these methods can be found in [31]. The other available method is POLUX [32] that uses the 

energy needed to penetrate on the pole to evaluate the strength. 

III) Electrical Methods: Including electrical resistance measurement [33] to determine moisture 

content or to detect decay in wood.  

IV) Methods using mechanical waves: These methods are very common in NDT of wooden utility 

poles [34] and include stress wave method [35], ultrasonic method [36–38] and acoustic 

emission [39–41]. The most common method of NDT of utility poles currently being used in 

the industry is ultrasonic. Ultrasonic and acoustic emission techniques are also local techniques 

and a damage closer to the pole tip may go undetected because of the limitations in wave 

propagation in the material. 

V) Methods using electromagnetic waves: These methods use electromagnetic waves and include 

X-ray radiography and X-ray computed tomography (CT) [42,43]. Single X-ray information 

can give information about a cross section of the pole (2D image) and by X-ray CT method, 

three dimensional information can be achieved by doing the test in various locations along the 

pole [42]. This method is very expensive and detect localized damages very exactly but needs 

too many tests when overall strength prediction of the whole pole is needed. 

With the existing NDT techniques, the tests can only be conducted near the ground line in the field, 

unless personnel are raised with a hoist. Localized damage detection may require a large number 

of tests, and damage closer to the pole tip may go undetected [44]. A research project started at 
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2008 in NL Hydro with collaboration with Memorial University, with the aim of development of 

a new NDT technique based on modal testing. Modal parameters are influenced not only by global 

changes in wood fiber strength, but also by localized damage such as from rot or woodpeckers. 

Modal parameters are insensitive to the location at which the impact occurs and can be extracted 

with a single hammer hit and accelerometer response signal. 

Basics of all vibration-based NDT’s can be explained as follows. For any structure, it can be taken 

as a dynamic system with stiffness, mass and damping [45]. Once some damages emerge in the 

structure, the structural parameters will change, and the frequency-response function and modal 

parameters of the structural system will also change. Thus, the change of the structural modal 

parameters can be taken as the signal of early damage occurrence in the structural system 

[45,46][47][48]. 

In the previous phases of this project, modal impact test and destructive bending test based on 

ASTM standard [49] were performed on a large number of utility poles in the lab and a correlation 

between modal damping ratios and strength of the pole was found. Strength predictions made from 

modal damping ratios were more accurate than predictions made with ultrasonic NDT equipment 

currently used in line management in NL Hydro. However, modal test quality decreased in the 

field compared to lab, presumably due to foundation effect, conductors, or a combination of both 

effects [11][7]. The purpose of this PhD thesis is to filter out effect of cables and foundation on 

the dynamics of poles in order to make the proposed modal test NDT method practical because the 

cables are connected to the pole and the foundation is different from lab clamp fixture, during the 

real operation of poles.  
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2.2 Cable-Beam System Modeling 

Vibration analysis of conductors used in cable structures have been studied by many researchers 

for different applications and models of cable vary in their treatment of bending stiffness and cable 

sag due to self-weight. Papailiou [50] developed a well-known model for stranded cables, typically 

used in transmission lines, that took into account the interlayer friction and the interlayer slip in 

the conductor. He developed theoretical formula for bending stiffness of the conductors depending 

on the curvature and tension and validated his theory by experiments.  

Ricciardi et. al. [51] and Kang et. al. [52] developed continuous models for vibration analysis of 

cables with sag considering the bending stiffness and observed the significance of sag and bending 

stiffness on linear and nonlinear vibration of cable-only systems. Sousa et. al. [53] analyzed the 

effect of considering bending stiffness, shear stiffness and rotational inertia on the natural 

frequencies of the overhead transmission line conductors.  They found the error from neglecting 

shear and rotational inertia to be very small compared to the error from neglecting the bending and 

geometric stiffness of the cable. Gattulli et. al. [54] studied the linear and nonlinear dynamic 

behavior of cable-stayed beam structures.  Bending stiffness of the cable was ignored in solving 

the equations of in-plane and out-of-plane motion of the coupled system.  Linear analysis revealed 

the existence of global (beam dominated), local (cable dominated) and hybrid modes.  

Lie et. al. [55] presented a simplified 3D computational model of a transmission tower-line system 

due to seismic excitations.  The transmission cables and their supporting towers were modeled as 

a lumped mass system.  Pinto et. al. [56] developed a bond graph model for pole with a cable 

attached to the free end. In their paper, the cable was modeled as a series of point masses connected 

by translational springs and the pole was represented by a modal expansion based on separation of 

variables. They obtained the modal parameters of the cable and pole-cable systems numerically 

and experimentally. From the literature review of cable vibration, it is concluded that bending 
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stiffness and sag of the cable has significant effect on vibration of the cable but is often not 

considered in cable-beam system modeling in the literature. In this thesis, an analytical model for 

a beam with two connected cables considering bending stiffness and sag is presented for 

investigation of the cable-beam dynamics that can be extended to the real electricity pole and can 

be used for understanding the effects of cable on the pole modal properties. The analytical model 

and results are presented in Chapter 3.  

2.3 Dynamic Substructuring Methods 

Dynamic substructuring (DS) techniques have been well established over the past decades. These 

techniques consist of constructing the structural dynamic model of a large and complex system by 

assembling the dynamic models of its simpler components (also called subsystems or 

substructures) [13]. However, sometimes one has to consider the reverse problem, namely how a 

substructure model can be found from the assembled system. This problem arises when 

substructures cannot be measured separately but only when coupled to neighboring substructures, 

a situation regularly encountered in practice [57]. The substructure decoupling method, reverse of 

dynamic substructuring (coupling) method can be used when dynamics of a substructure of the 

global system should be obtained from dynamic analysis of the coupled system and another 

substructure has known dynamics. Practical applications of substructure decoupling can be 

imagined in structural monitoring and vibration control techniques, where monitoring and 

controlling of individual (critical) components in an assembly can be very valuable [13]. In a 

general framework, dynamic substructuring is analyzed in three distinct domains: the physical 

domain, modal and frequency domains [14] as can be seen in Figure 2.1. In the physical domain, 

the structure is characterized by its mass, stiffness, and damping distributions, which are given by 

the corresponding stiffness, mass, and damping matrices for a discretized linearized model. A 

structure in the frequency domain is seen through its frequency response functions. In the modal 
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domain, the dynamic behavior of a structure is interpreted as a combination of modal responses 

[14]. From a theoretical perspective, the same information is contained in all different 

representations.  

 

Figure 2.1: Representation of system dynamics in three domains [14] 

To illustrate the problem at hand, consider the subsystems A and B shown in Figure 2.2 when 

assembled they form system AB. In this case, it is assumed that the dynamic models of the 

assembled system AB and the substructure A are known (e.g. from measurements or numerical 

analyses). Based on this information, the aim is to find the dynamics of subsystem B as a 

“standalone” component that is completely decoupled from subsystem A. 
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Figure 2.2: Substructure coupling (dynamic substructuring) and substructure decoupling schematic [13] 

Researches on dynamic substructuring (decoupling) contains many published papers but here I 

review the literature briefly. The first steps toward frequency based (de)coupling and using 

frequency response function (FRF) in coupling and decoupling problems was taken by Crowley 

et. al [58] and Jetmundsen et. al. [59] with introducing the dual from of substructuring. In 2006, 

Klerk. et. al. [60] presented a dual domain decomposition method called Lagrange multiplier 

frequency based susbstructuring (LM FBS) method.  The advantage of LM FBS method is the that 

the formulation is simpler than the FBS method from Jetmundsen et. al. [59]. There are many 

papers published in the literature to modify substructuring methods and reduce the effect of 

measurement errors on substructuring results as one of the problems in this method is the 

sensitivity of the final results to small errors [61]. I do not focus on literature review of these works 

here but some of the papers published in this area are [62–64].  

Generally, substructure decoupling can be used as Experimental substructure decoupling or 

Experimental-Numerical substructure decoupling. Experimental decoupling can be used when 

measurements can be performed on both the coupled system and the substructure(s) that should be 

decoupled (residual substructure) and Experimental-Numerical decoupling can be used when 
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either dynamics of the coupled system or the residual substructure cannot be measured and 

numerical (mostly Finite element) modeling is needed to have dynamics of one of them.  

Various researches have been done in experimental decoupling in practical applications. For 

example, Law et. al. [65] applied the substructuring method for obtaining the dynamics of a mobile 

machine tool prior to moving the machine to new part/location. They used FRF based decoupling 

first to obtain the dynamics of a machine base by decoupling from the coupled base-part system 

and then used FRF based coupling to obtain dynamics of another part-base system with the same 

base dynamics that they obtained. Tol et. al. [66] proposed an experimental identification method 

based on FRF decoupling and optimization algorithm for modeling structural joints. They obtained 

bolted joint dynamic properties by measurement of FRFs of the two substructures joined together 

and FRF decoupling method. Seijs [67] in his PhD thesis, comprehensively studied experimental 

dynamic substructuring and transfer path analysis (TPA) to analyze the vibrations of the electric 

power-assisted steering (EPS) system in a vehicle. Mehrpouya et. al. [68] investigated dynamics 

of joint in a machine tool using FRF based decoupling using experimental and finite element 

investigations. D’Ambrogio et. al. [69] in another application, applied the experimental dynamic 

decoupling method to obtain the dynamics of free-free solar panel by measuring the FRF’s of solar 

panel with support structure and decoupling the support structure from the coupled (panel with 

support) system. As can be seen in this literature review of experimental substructure decoupling, 

many complicated structures were solved using substructure decoupling method.  

In the case of Experimental-Numerical decoupling, a substructure can be modelled numerically, 

and dynamics of other substructure(s) can be obtained experimentally, and decoupling can be 

performed using both the numerical and experimental models. Eliasdottir et. al. [70] developed the 

dual form of experimental-numerical substructuring and applied the method to the three-bladed-

hub assembly of a wind turbine test bed. Giagopulos et. al. [71] applied hybrid (Experimental-



 21 

Numerical) method in the frequency and time domains and obtained and validated their study with 

some practical case studies. The concept of transmission simulator (TM) has been studied by 

various researchers for connecting the experimental and numerical models [72–74].  

In this thesis, substructure decoupling method is used to decouple the cable dynamics from the 

assembled cable-beam system. The discussion of theory of substructure decoupling and the results 

obtained in this thesis are presented in Chapters 7-9.  
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Abstract 

Interactions between cables and structures affect the design and non-destructive testing of 

electricity transmission lines, guyed towers, and bridges.  An analytical model for an electricity 

pole beam-cable system is presented, which can be extended to other applications.  A cantilever 

beam is connected to two stranded cables.  The cables are modeled as tensioned Euler-Bernoulli 

beams, considering the sag due to self-weight.  The pole is also modeled as a cantilever Euler-

Bernoulli beam and the equations of motion are derived using Hamilton’s Principle.  The model 
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was validated with a reduced-scale system in the laboratory and a set-up was designed to measure 

the bending stiffness of the stranded cable under tension.  It is concluded that the bending stiffness 

and sag of the cable have a significant effect on the dynamics of beam-cable structures. By adding 

the cable to the pole structure, some hybrid modes emerge in the eigenvalue solution of the system. 

Modes with anti-symmetric cable motion are sag-independent and the modes with symmetric cable 

motion are dependent on the cable sag.  The effect of sag on the natural frequencies is more 

significant when the bending stiffness of the cables is higher. 

Keywords: Beam-Cable System Dynamics, Stranded Cable, Bending Stiffness, Modal Testing, 

Structural Dynamics 

3.1 Introduction and Literature Review 

There exist many application areas for which product design, analysis or inspection are enhanced 

by vibration modeling of cables and cable-beam structures.  Predicting power line “galloping”, 

developing vibration-based non-destructive evaluation methods for poles and predicting bridge 

response to vehicle loading would all be facilitated by dynamic models and computer simulations 

of coupled cable-beam response.  Models of cables in the literature are reviewed, followed by 

models of cable-beam systems. 

Models of cables typically treat the cable as a string or a beam or as a series of beam-like segments.  

Models vary in their treatment of bending stiffness and cable sag due to self-weight.   Barry et. al. 

[75] presented an analytical model for vibrations of a single transmission line conductor with an 

attached Stockbridge damper and investigated the effect of damper parameters on the vibration of 

conductor.  Ricciardi and Saitta [51] and Kang t. al. [52] developed continuous models for 

vibration analysis of cables with sag considering the bending stiffness and observed the 

significance of sag and bending stiffness on linear and nonlinear vibration of cable-only system.   

Sousa et. al. [53] analyzed the effect of considering bending stiffness, shear stiffness and rotational 
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inertia on the natural frequencies of the overhead transmission line conductors.  They found the 

error from neglecting shear and rotational inertia to be very small compared to the error from 

neglecting the bending and geometric stiffness of the cable.   Ni et. al. [76] formulated a three-

node finite element for dynamic analysis of large diameter sagged cables,  concluding that ignoring 

bending stiffness gives rise to unacceptable errors in predicting higher order natural frequencies. 

The literature review of vibration analysis of cables-only shows that considering the bending 

stiffness and sag of the cable has significant and non-negligible effect on vibration response and 

should be considered in modeling and simulation. 

Gattulli et. al. [54] studied the linear and nonlinear dynamic behavior of cable-stayed beam 

structures.  Bending stiffness of the cable was ignored in solving the equations of in-plane and out-

of-plane motion of the coupled system.  Linear analysis revealed the existence of global (beam 

dominated), local (cable dominated) and hybrid modes. Gattulli et. al. [77] presented an analytical 

model for dynamic investigation of a beam-cable-beam coupled system as a model for masonry 

walls connected with a stranded cable. 

Parl et. al. [78] presented a Rayleigh-Ritz analytical model for obtaining the principal natural 

frequency of a wind turbine tower-cable coupled system composed of a turbine tower and four guy 

cables, modeling the cables as rods, without sag..  Nonlinear internal modal interactions of the 

local and global modes in the cable-beam structures were studied in [79–81]. The models 

developed in this paper are motivated by ongoing development of a non-destructive evaluation 

(NDE) method for utility poles.  Extensive work has been done during the past few decades 

regarding the use of non-destructive testing (NDT) methods for utility poles such as ultrasound, x-

ray, electrical conductivity and resistograph [5]. The authors are developing an NDT method based 

on vibration response and modal testing  [7,8] that requires extraction of modal properties.  Since 

conductors are attached to the poles, vibrations of the conductors affect the modal properties of 
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the system.  Removing the effect of the conductors to reveal pole properties requires a system 

model that captures the complex interactions between the cables and the pole.   

Lie et. al. [55] presented a simplified 3D computational model of a transmission tower-line system 

due to seismic excitations.  The transmission cables and their supporting towers were modeled as 

a lumped mass system.   Pinto and Rideout [56] developed and validated a bond graph model for 

pole with a point mass lumped-segment cable attached to the free end.   Jalali and Rideout [16] 

developed and validated a bond graph model for vibration analysis of conductors based on rigid 

body lumped segments.  They obtained the bending stiffness of cables without tension, 

experimentally.  

 In this paper, a new parametric analytical model for a cable-beam system, representing a portion 

of an electricity transmission line, is presented.  The cables are modeled as Euler-Bernoulli beams 

with bending stiffness, under tension and self-weight.  The beam is also a cantilevered Euler-

Bernoulli beam.  The linearized equations of motion of in-plane transverse vibration of the coupled 

system were obtained and the Eigen problem was analytically solved.  A wide parametric analysis 

has been carried out to investigate the effect of cable bending stiffness and sag on the modal 

properties of the system.  Experimental bending tests were performed to accurately measure the 

bending stiffness of the conductor with different tensions, and experimental modal impact testing 

was carried out to validate the analytical model.  The results of this paper show that the bending 

stiffness and sag of the cables has significant effect on the natural frequencies of the beam and 

should be considered in the dynamic analysis of cable-beam structures.  Also, by mode shape 

analysis, the existence of coupled and global (beam dominated) modes is revealed. 
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3.2 Analytical Model 

The model is composed of two horizontal suspended cables attached to the tip of a cantilever beam.  

The cables have a small sag 𝑑 to length 𝑙𝑐 ratio ( namely 𝑑 𝑙𝑐
⁄ <

1

8
) based on Irvine’s model [82] 

and the cable static configuration under self-weight can be described by the function: 

𝑦(𝑥𝑐) = 4𝑑 (
𝑥𝑐

𝑙𝑐
− (

𝑥𝑐

𝑙𝑐
)
2
)  (3.1) 

Figure 3.1 shows the system model in the deformed static (self-weight) (𝐶𝐼) and dynamic (𝐶𝑉) 

configurations, following the notation in [51]. 

 

Figure 3.1: Analytical model of the structural cable-beam system a) static configuration b) dynamic deformed 

configuration 

If 𝑢𝑐𝑖 (𝑢𝑐1 = 𝑢𝑐 , 𝑢𝑐2 = 𝑣𝑐  , 𝑢𝑐3 = 𝑤𝑐) are the dynamic cable displacements with respect to the 

static deformed shape 𝐶𝐼 and a Cartesian system 𝑜𝑥𝑖 (𝑖 = 1,2,3) is used to describe the positions 

for the static shape 𝑥𝑖
𝐼 and the dynamic shape 𝑥𝑖

𝑉  of the suspended cables, the dynamic component 

of an arbitrary point on the cables can be expressed [51].   

𝑥𝑖
𝑉(𝑠𝐼 , 𝑡) = 𝑢𝑖(𝑠

𝐼 , 𝑡) + 𝑥𝑖
𝐼
(𝑠𝐼)       𝑖 = 1,2,3   (3.2) 

From Eq. (3.2), the expressions of Lagrangian strain in the configurations of 𝐶𝐼 and 𝐶𝑉 can be 

expressed as: 

휀𝑉 =
1

2
(
𝜕𝑥𝑖

𝑉

𝜕𝑠0
𝜕𝑥𝑖

𝑉

𝜕𝑠0
− 1)  (3.3) 
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휀𝐼 =
1

2
(
𝜕𝑥𝑖

𝐼

𝜕𝑠0
𝜕𝑥𝑖

𝐼

𝜕𝑠0
− 1)  (3.4) 

where 𝑠0 is the curvilinear abscissa in the natural configuration of the cables. By substituting Eq. 

(3.2) into Eq. (3.3) and considering Eq. (3.4) and after some manipulations, the following equation 

can be obtained [51]: 

휀𝑉 = 휀𝐼 + 휀 (𝑑𝑠
𝐼

𝑑𝑠0
⁄ ) 2     (3.5) 

where 

휀 =
𝜕𝑢𝑖

𝜕𝑠𝐼
 
𝜕𝑥𝑖

𝜕𝑠𝐼
+

1

2

𝜕𝑢𝑖

𝜕𝑠𝐼
𝜕𝑢𝑖

𝜕𝑠𝐼
   (3.6) 

According to previous studies [51,52,83] , we assume 𝑑𝑠𝑉 ≈ 𝑑𝑠𝐼 ≈ 𝑑𝑠0 ≈ 𝑑𝑥𝑐 and thus, Eq. (3.6), 

the nonlinear strain contribution can be expressed in planar motion without index notation as: 

휀 =
𝜕𝑢𝑐

𝜕𝑥𝑐
+

𝜕𝑣𝑐

𝜕𝑥𝑐

𝜕𝑦𝑐

𝜕𝑥𝑐
+

1

2
[(

𝜕𝑢𝑐

𝜕𝑥𝑐
)
2

+ (
𝜕𝑣𝑐

𝜕𝑥𝑐
)
2

]   (3.7) 

By considering the above equation and neglecting V and I superscripts for brevity and considering 

every motion with respect to the static configuration, the potential energy of the two cables 𝑈𝑐 and 

the beam 𝑈𝑏 can be expressed as: 

(3.8) 

𝑈𝑐 = ∫ [𝐻휀1 +
1

2
𝐸𝑐1𝐴𝑐1휀1

2]
𝑙𝑐1

0
𝑑𝑥𝑐1 + ∫ [𝐻휀2 +

1

2
𝐸𝑐2𝐴𝑐2휀2

2]
𝑙𝑐2

0
𝑑𝑥𝑐2 +

1

2
∫ 𝐸𝑐1
𝑙𝑐1

0
𝐼𝑐1 (

𝜕2𝑣𝑐1

𝜕𝑥2𝑐1
)
2

𝑑𝑥𝑐1 +
1

2
∫ 𝐸𝑐2
𝑙𝑐2

0
𝐼𝑐2 (

𝜕2𝑣𝑐2

𝜕𝑥2𝑐2
)
2

𝑑𝑥𝑐2  

𝑈𝑏 =
1

2
∫ 𝐸𝑏
𝑙𝑏
0

𝐼𝑏 (
𝜕2𝑣𝑏

𝜕𝑥2𝑏
)
2

𝑑𝑥𝑏  

where H is the horizontal component of cable tension, and 𝐸𝑐1𝐴𝑐1 and 𝐸𝑐2𝐴𝑐2 are the axial 

stiffnesses of the cables 1 and 2, respectively. 𝐸𝑐1𝐼𝑐1, 𝐸𝑐2𝐼𝑐2 and 𝐸𝑏𝐼𝑏 are bending stiffnesses of 

cables 1 and 2 and the beam, respectively.  Span lengths of the cables are 𝑙𝑐1 and 𝑙𝑐2, while 𝑣𝑐1, 

𝑣𝑐2 and 𝑣𝑏 are the bending displacements of the cables 1 and 2 and the beam, respectively.  The 
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potential energy of the cable consists of three terms: the work done by initial tension force (H), the 

work done by dynamic axial forces and the work done by bending moments .  The nonlinear strain 

contribution expressions of the cables 1 and 2 are: 

휀1 =
𝜕𝑢𝑐1

𝜕𝑥𝑐1
+

𝜕𝑣𝑐1

𝜕𝑥𝑐1

𝜕𝑦𝑐

𝜕𝑥𝑐1
+

1

2
[(

𝜕𝑢𝑐1

𝜕𝑥𝑐1
)
2

+ (
𝜕𝑣𝑐1

𝜕𝑥𝑐1
)
2

]  (3.9) 

휀2 =
𝜕𝑢𝑐2

𝜕𝑥𝑐2
+

𝜕𝑣𝑐2

𝜕𝑥𝑐2

𝜕𝑦𝑐

𝜕𝑥𝑐2
+

1

2
[(

𝜕𝑢𝑐2

𝜕𝑥𝑐2
)
2

+ (
𝜕𝑣𝑐2

𝜕𝑥𝑐2
)
2

]  (3.10) 

The kinetic energy of the cables 𝑇𝑐 and beam 𝑇𝑏 and the work done by the dead loads 𝑊𝑐 are: 

𝑇𝑐 =
1

2
∫ 𝑚𝑐 (

𝜕𝑣𝑐1

𝜕𝑡
)
2𝑙𝑐1

0
𝑑𝑥𝑐1 +

1

2
∫ 𝑚𝑐 (

𝜕𝑣𝑐2

𝜕𝑡
)
2𝑙𝑐2

0
𝑑𝑥𝑐2  (3.11) 

𝑇𝑏 =
1

2
∫ 𝑚𝑏 (

𝜕𝑣𝑏

𝜕𝑡
)
2𝑙𝑏

0
𝑑𝑥𝑏  (3.12) 

𝑊𝑐 = ∫ 𝑚𝑐𝑔
𝑙𝑐1

0
𝑣𝑐1𝑑𝑥𝑐1 + ∫ 𝑚𝑐𝑔

𝑙𝑐2

0
𝑣𝑐2𝑑𝑥𝑐2  (3.13) 

where 𝑚𝑐 and 𝑚𝑏 are the mass per unit length of the cable and beam, respectively.  By considering 

the same material properties and span length for the two cables and deriving the energies for the 

whole coupled system, (𝑈 = 𝑈𝑐 + 𝑈𝑏 , 𝑇 = 𝑇𝑐 + 𝑇𝑏 ,𝑊 = 𝑊𝑐) and using Hamilton’s Principle, the 

in-plane linear equations of motion of the coupled system can be obtained, after linearization.  The 

longitudinal inertial forces are normally neglected [83] and the dynamic elongation of the cables 

can be obtained independent of spatial coordinates:  

�̃�1 =
𝑢𝑐1(𝑙𝑐,𝑡)−𝑢𝑐1(0,𝑡)

𝑙𝑐
+

1

𝑙𝑐
∫ 𝑦′

𝑐
𝑣′𝑐1𝑑𝑥𝑐1

𝑙𝑐

0
  (3.14) 

�̃�2 =
𝑢𝑐2(𝑙𝑐,𝑡)−𝑢𝑐2(0,𝑡)

𝑙𝑐
+

1

𝑙𝑐
∫ 𝑦′

𝑐
𝑣′𝑐2𝑑𝑥𝑐2

𝑙𝑐

0
  (3.15) 

Therefore, the in-plane transverse equations of motion of the coupled cable-beam system can be 

written as: 
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 𝑚𝑐�̈�𝑐1 −𝐻𝑣′′𝑐1 − 𝐸𝑐𝐴𝑐𝑦
′′
𝑐
�̃�1 + 𝐸𝑐𝐼𝑐𝑣

′′′′
𝑐1 = 0 (3.16) 

𝑚𝑐�̈�𝑐2 −𝐻𝑣′′𝑐2 − 𝐸𝑐𝐴𝑐𝑦
′′
𝑐
�̃�2 + 𝐸𝑐𝐼𝑐𝑣

′′′′
𝑐2 = 0  (3.17) 

𝑚𝑏�̈�𝑏 + 𝐸𝐼𝑏𝑣
′′′′

𝑏 = 0  (3.18) 

where �̃�1 and �̃�2 are presented in Eq. (3.14)-(3.15). The PDE Eq’ns. (3.16)-(3.18) are completed 

by the boundary conditions.  The cable is considered as pinned-pinned and the beam is considered 

as clamped in one end and free in the other end but affected by the axial force caused by the cable 

ends in the shear direction of the beam.  The connection point of the cables and beam is also 

considered as a pin support, thus there is no moment transfer from the cables to the beam in the 

beam tip end.  The deflection angle and curvature of the two cables are equal to each other in the 

connection point because only one continuous cable is actually used.  

The following equations present the boundary conditions of the coupled system. 

𝑣𝑐1(0, 𝑡) = 0, 𝑣𝑐2(0, 𝑡) = 0,    𝑣′′𝑐1(0, 𝑡) = 0,   𝑣′′𝑐2(0, 𝑡) = 0,   𝑣𝑐1(𝑙𝑐, 𝑡) =

0,   𝑣𝑐2(𝑙𝑐, 𝑡) = 0  

𝑣′𝑐1(𝑙𝑐, 𝑡) = 𝑣′𝑐2(𝑙𝑐, 𝑡), 𝑣
′′
𝑐1(𝑙𝑐, 𝑡) = 𝑣′′𝑐2(𝑙𝑐, 𝑡)  

(3.19) 

𝑣𝑏(0, 𝑡) = 0, 𝑣′𝑏(0, 𝑡) = 0, 𝐸𝐼𝑏𝑣
′′
𝑏(𝑙𝑏, 𝑡) = 0, 𝐸𝑏𝐼𝑏𝑣

′′′
𝑏(𝑙𝑏, 𝑡) = 𝐸𝑐𝐴𝑐(�̃�1 − �̃�2)  (3.20) 

A non-dimensional form of the problem can be obtained by introducing the following parameters.  

𝜂 = Ω1𝑡   , �̅�𝑐1 =
𝑥𝑐1

𝑙𝑐
, �̅�𝑐2 =

𝑥𝑐2

𝑙𝑐
, �̅�𝑏 =

𝑥𝑏

𝑙𝑏
, �̅�𝑏 =

𝑣𝑏

𝑙𝑐
, �̅�𝑐1 =

𝑣𝑐1

𝑙𝑐
, �̅�𝑐2 =

𝑣𝑐2

𝑙𝑐
, 𝜔 =

Ω

Ω1
  (3.21) 

𝛼 =
𝑙𝑏

𝑙𝑐
, 𝜌 =

𝑚𝑐

𝑚𝑏
, 𝜒 =

𝐸𝑏𝐼𝑏

𝑙𝑏
2𝐸𝑐𝐴𝑐

, 𝜈 =
𝑑

𝑙𝑐
, 𝜇 =

𝐸𝑐𝐴𝑐

𝐻
, 𝜆2 = 64𝜇𝜈2, �̅�𝑐 =

𝑦𝑐

𝑑
, 𝜏 =

𝐸𝑐𝐼𝑐

𝑙𝑐
2𝐻

  (3.22) 

where Ω1 is the first dimensional natural frequency of the system, 𝜔 is the dimensionless natural 

frequency of the system, 𝛼 describes the system aspect ratio, 𝜌 stands for the beam-to-cable mass 

ratio, 𝜒 is the beam-to-cable (flexural-to-axial) stiffness ratio and 𝜆2 is the well-known Irvine 
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parameter.  Finally 𝜏 is the non-dimensional bending stiffness for the cables.  By applying the non-

dimensionalization process and omitting the bar for brevity, the following dimensionless equations 

of motion result: 

𝛽𝑐
2�̈�𝑐1 − 𝜔2𝑣′′𝑐1 + 8𝜈𝜇𝜔2𝑒1 + 𝜏𝜔2𝑣(4)𝑐1 = 0  (3.23a) 

𝛽𝑐
2�̈�𝑐2 − 𝜔2𝑣′′𝑐2 + 8𝜈𝜇𝜔2𝑒2 + 𝜏𝜔2𝑣(4)𝑐2 = 0  (3.23b) 

𝛽𝑏
4�̈�𝑏 + 𝜔2𝑣(4)𝑏 = 0  (3.23c) 

Non-dimensional spatial frequencies have been introduced: 

𝛽𝑐
2 = 𝜔2 𝑚𝑐𝑙𝑐

2

𝐻
Ω1

2, 𝛽𝑏
4 = 𝜔2 𝑚𝑏𝑙𝑏

4

𝐸𝑏𝐼𝑏
 Ω1

2   (3.24) 

These frequencies cannot be independent of each other, since they are required to depend on the 

same frequency 𝜔, with the following equation: 

𝛽𝑐 =
𝛽𝑏

2

𝛼
√𝜇𝜌𝜒  (3.25) 

The equations of motions (3.23a) are accompanied by dimensionless boundary conditions: 

𝑣𝑐1(0, 𝑡) = 0, 𝑣𝑐2(0, 𝑡) = 0,  𝑣′′𝑐1(0, 𝑡) = 0,  𝑣′′𝑐2(0, 𝑡) = 0, 𝑣𝑐1(1, 𝑡) =

0, 𝑣𝑐2(1, 𝑡) = 0  

𝑣′𝑐1(1, 𝑡) = 𝑣′𝑐2(1, 𝑡), 𝑣
′′
𝑐1(1, 𝑡) = 𝑣′′𝑐2(1, 𝑡)  

(3.26) 

𝑣𝑏(0, 𝑡) = 0,  𝑣′𝑏(0, 𝑡) = 0,   𝑣′′𝑏(1, 𝑡) = 0, 𝜒𝑣′′′
𝑏
(1, 𝑡) = 𝑒1 − 𝑒2  (3.27) 

where dynamic elongations 𝑒1 and 𝑒2 are expressed as: 

𝑒1(𝜂) = 𝑣𝑐1(1, 𝜂) + 8𝜐 ∫ 𝑣𝑐1𝑑𝑥𝑐1
1

0
  (3.28a) 

𝑒2(𝜂) = 𝑣𝑐2(1, 𝜂) + 8𝜐 ∫ 𝑣𝑐2𝑑𝑥𝑐2
1

0
  (3.28b) 

where the integration by parts has been used, together with the static profile function Eq. (3.1).   
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Employing the separation of variables method, (𝑣𝑐𝑗 = 𝜙𝑐𝑗(𝑥𝑐𝑗)𝑒
𝑖𝜔𝜂 (𝑗 = 1,2), 𝑣𝑏 =

𝜙𝑏(𝑥𝑏)𝑒
𝑖𝜔𝜂), in Eq’ns (3.23a)-(3.27) : 

𝛽𝑐
2𝜙𝑐1 + 𝜙′′

𝑐1
− 8𝜈𝜇𝑒1 − 𝜏𝜙(4)

𝑐1
= 0  (3.29a) 

𝛽𝑐
2𝜙𝑐2 + 𝜙′′

𝑐2
− 8𝜈𝜇𝑒2 − 𝜏𝜙(4)

𝑐2
= 0  (3.29b) 

𝜙(4)
𝑏
− 𝛽𝑏

4𝜙𝑏 = 0  (3.29c) 

where 

𝑒1 = 𝜙𝑐1(1) + 8𝜐 ∫ 𝜙𝑐1𝑑𝑥𝑐1
1

0
  (3.30a) 

𝑒2 = 𝜙𝑐2(1) + 8𝜐 ∫ 𝜙𝑐2𝑑𝑥𝑐2
1

0
  (3.30b) 

where the dimensionless natural frequencies of the system should be obtained by imposing the 

boundary conditions.  It should be mentioned that one of the 𝛽𝑐 or 𝛽𝑏 can be considered as the 

principal unknown (no matter which one) and the other one can be obtained by Eq. (3.25): 

𝜙𝑐1(0) = 0, 𝜙𝑐2(0) = 0, 𝜙′′
𝑐1
(0) = 0, 𝜙′′

𝑐2
(0) = 0, 𝜙𝑐1(1) = 0,  𝜙𝑐2(1) = 0  

𝜙′
𝑐1
(1) = −𝜙′

𝑐2
(1), 𝜙′′

𝑐1
(1) = 𝜙′′

𝑐2
(1)  

(3.31) 

𝜙𝑏(0) = 0, 𝜙′
𝑏
(0) = 0 , 𝜙′′

𝑏
(1) = 0, 𝜒𝜙′′′

𝑏
(1) = 𝑒1 − 𝑒2  (3.32) 

The solutions of Eq. (3.29a) are: 

𝜙𝑐1(𝑥𝑐1) = 𝐴1𝑐𝑜𝑠(𝑝𝑥𝑐1) + 𝐴2𝑠𝑖𝑛(𝑝𝑥𝑐1) + 𝐴3𝑐𝑜𝑠ℎ(𝑞𝑥𝑐1) + 𝐴4𝑠𝑖𝑛ℎ(𝑞𝑥𝑐1) +
8𝜇𝜈𝑒1

𝛽𝑐
2   (3.33a) 

𝜙𝑐2(𝑥𝑐2) = 𝐴5𝑐𝑜𝑠(𝑝𝑥𝑐2) + 𝐴6𝑠𝑖𝑛(𝑝𝑥𝑐2) + 𝐴7𝑐𝑜𝑠ℎ(𝑞𝑥𝑐2) + 𝐴8𝑠𝑖𝑛ℎ(𝑞𝑥𝑐2) +
8𝜇𝜈𝑒2

𝛽𝑐
2   (3.33b) 

𝜙𝑏(𝑥𝑏) = 𝐴9𝑠𝑖𝑛(𝛽𝑏𝑥𝑏) + 𝐴10𝑐𝑜𝑠(𝛽𝑏𝑥𝑏) + 𝐴11𝑠𝑖𝑛ℎ(𝛽𝑏𝑥𝑏) + 𝐴12𝑐𝑜𝑠ℎ(𝛽𝑏𝑥𝑏)  (3.33c) 
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where 𝑝 and 𝑞 are given in Appendix A.  Substituting Eq. (3.33a) into Eq’ns. (3.31)-(3.32) and 

considering Eq. (3.30a) yields the following matrix equation: 

𝑭(𝛽𝑏)𝚽 = 𝟎  (3.34) 

where 𝚽 = {

𝝓𝒄𝟏
𝝓𝒄𝟐

𝝋𝒃
} is the mode shape vector for the coupled system and the entries of the matrix 

𝑭(𝛽𝑏) 𝜖𝑅
12×12  are given in Appendix A.  In order to have a non-trivial solution, the determinant 

of matrix 𝑭(𝛽𝑏) should be equal to zero.  The equation developed from equating the determinant 

of 𝑭(𝛽𝑏) to zero is solved using Newton-Raphson method and the corresponding dimensioned 

natural frequencies of the coupled system are obtained using Eq. (3.24) after calculating the values 

of 𝛽𝑏 from the characteristic equation. In order to obtain an FRF of the system analytically, the 

equation of motion of the beam under concentrated harmonic forced vibration is used: 

𝑚𝑏�̈�𝑏 + 𝐸𝐼𝑏𝑣
′′′′

𝑏 = 𝐹𝛿(𝑥 − 𝑥𝑓)𝑠𝑖𝑛(𝜔𝑒𝑥𝑡)  (3.35) 

where 𝜔𝑒𝑥 is the excitation frequency, 𝐹 is the magnitude of the force, and 𝛿(𝑥 − 𝑥𝑓) is the Dirac 

delta function. By using expansion theorem [84], vibration response of the above equation, 

𝑣𝑏(𝑥, 𝑡) = ∑ 𝜙𝑏𝑛(𝑥𝑏)𝑞𝑛(𝑡)
∞
𝑛=1  is considered.  By substitution of the response into Eq. (3.35) and 

using the orthogonality condition [85], the displacement and acceleration time-history responses 

for forced vibration can be obtained. 

𝑣𝑏(𝑥, 𝑡) = ∑
𝜙𝑏𝑛(𝑥𝑏)𝜙𝑏𝑛(𝑥𝑓)𝐹

Ω2−𝜔𝑒𝑥
2

𝑠𝑖𝑛(𝜔𝑒𝑥𝑡)
∞
𝑛=1   (3.36) 

Where Ω is dimensioned natural frequency of the beam.  Therefore, the displacement frequency 

function can be obtained: 

𝐻(𝜔) = ∑
𝜙𝑏𝑛(𝑥𝑏)𝜙𝑏𝑛(𝑥𝑓)

Ω2−𝜔𝑒𝑥
2

∞
𝑛=1   (3.37) 
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3.3 Experimental Investigations 

3.3.1 Experimental Modal Testing 

In order to verify the analytical model, experimental tests were carried out. Figure 3.2 presents the 

schematic of the modal tests.  Two rigid frames were secured to the floor on the right and left sides.  

The natural frequencies of the frames were verified to be far away from the natural frequencies of 

the system.  The right end of the cable was attached to a threaded rod to adjust the tension of the 

cable and an in-line load cell at the left end of the cable measured the longitudinal tension of the 

cable. 

 

Figure 3.2. Schematic of experimental vibration testing of cable-beam system 

Figure 3.3 shows the setup used for impact modal testing and the material properties are presented 

in Table 3.1.  The cable (7*19 stranded cable) was supported with a pin connection at both ends 

and at the connection point with the beam.  Two U-bolts were used in the connection point of the 

beam and cable to simulate the pin connection. The length of the cantilever beam was 75 cm.  Two 

accelerometers positioned 0.1m and 0.65 m from the clamped end were used and hammer impacts 

were made 0.1 m and 0.6 m (Figure 3.2) to ensure the first several modes were excited.  The 

experiments were performed with five different tensions 10 N, 25 N, 100 N, 200 N and 300 N in 

the cable.  The amount of sag of the cable changes depending on the tension in the cable.   
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Figure 3.3: Experimental setup for modal testing of the beam-cable system a) The beam-cable system b) The load 

cell end of the cable and pin support c) Threaded rod and pin support 

 

Table 3.1. Material properties of the cable and beam in experimental analysis 

Cable properties 

𝐸𝑐(𝐺𝑃𝑎) 𝐴𝑐(𝑚𝑚
2) 𝑚𝑐 (

𝑘𝑔
𝑚⁄ ) 

𝑙𝑐(𝑚) 

190 31.66 0.166 1.21 

Beam properties 

𝐸𝑏(𝐺𝑃𝑎) 𝐴𝑏(𝑚𝑚
2) 𝑚𝑏 (

𝑘𝑔
𝑚⁄ ) 

𝑙𝑏(𝑚) 

190 46.67 0.367 0.75 
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3.3.2 Bending Stiffness Tests 

Figure 3.4 shows the test apparatus for measuring the bending stiffness of the cable.  A hydraulic 

cylinder is secured to the frame at the top of the setup to apply the load at the middle of the cable, 

and an LDVT is attached to the cylinder to measure the deflection of the cable at midspan at the 

same time.  The inline load cell was used to measure cable tension, which was adjusted with a 

threaded rod.  An S-type load cell was also attached to the cylinder to measure the applied load.  

The cable was secured with clamped-clamped end conditions and the theoretical procedure used 

to measure the bending stiffness follows [86].  The bending stiffness of the stranded cables 

increased with tension in previous studies [86,87] and the results obtained in the present study 

confirm this trend.  The bending tests were performed at the same five tensions as in the modal 

testing.  

 

Figure 3.4: Experimental set up for bending stiffness measurement 
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The bending stiffness of stranded cables is bounded by two extreme flexural stiffness’s 𝐸𝐼𝑚𝑎𝑥 and 

𝐸𝐼𝑚𝑖𝑛.  The maximum bending stiffness 𝐸𝐼𝑚𝑎𝑥 corresponds to a solid cross section with no 

slippage of the strands and wires on top of each other and the minimum bending stiffness 𝐸𝐼𝑚𝑖𝑛 

corresponds to all the stands of the cable slipping past each other as static friction between the 

strands is overcome [50,87]. 

The bending stiffness values that are measured in the present study are in this range for all the 

tensions and they are all close the minimum bending stiffness limit.  The measured bending 

stiffness values are presented in Table 3.2 and the theoretical limits of bending stiffness are 

𝐸𝐼𝑚𝑖𝑛 = 0.0306 and 𝐸𝐼𝑚𝑎𝑥 = 15.5632, respectively. The most thorough treatment of bending 

stiffness of stranded cables considers the change of the bending stiffness with curvature, but that 

is not considered in this work. The amplitude of the deflection is low in the bending tests, meaning 

the bending stiffness behavior is linear and independent of the deflection amplitude.  

Table 3.2. Bending stiffness of the conductor measured in bending tests 

Tension (N) 10 25 100 200 300 

𝐸𝐼 (𝑁𝑚2) 0.2190 0.2549 0.4948 0.5972 0.8283 

 

3.4 Verification 

The natural frequencies of the beam with and without cables are obtained using the analytical 

model and by performing the experimental modal testing.  There is a tip mass welded to the free 

end of the beam to hold the U-bolts, and this mass (17g) affects the natural frequencies of the 

beam.  Table 3.3 compares the theoretical natural frequencies of the beam with the experimental 

results. The tip mass is not considered in the analytical model, introducing a small error, but it is 

less significant when the cables are connected.  Table 3.4 presents a comparison of natural 
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frequencies of the beam with connected cables having different tensions. As can be seen from this 

table, the analytical model gives accurate results compared to experiments and the discrepancies 

could be attributed to the difficulty in replicating the boundary conditions during the experiments 

and that the tip mass is not considered in the analytical model.  Another source of error in the result 

is due to lack of damping in the analytical model. 

Table 3.3. Natural frequencies comparison of beam without cable 

Mode 
Experimental [Hz] Theoretical with tip mass [Hz] 

Error (%) 

1 
2.24 2.36 5.35 

2 
14.7 15.23 3.60 

3 
41.57 43.45 4.53 

4 
84.22 86.38 2.56 

5 
138.2 144.32 4.43 

6 
215.22 217.39 1.01 

 

Table 3.4. Natural frequency comparison: beam-cable system 

Mode Number 1 2 3 4 5 6 7 
8 

10 N 

Test [Hz] 
2.652 3.935 4.977 6.651 8.801 12.144 14.944 16.586 

Analytical [Hz] 
2.688 3.706 4.179 7.951 8.957 14.531 16.182 16.846 

Error (%) 
1.360 5.819 16.025 19.547 1.777 19.658 8.281 1.567 

25 N 

Test [Hz] 
2.619 5.299 6.730 11.660 12.958 14.897 19.105 22.201 

Analytical [Hz] 
2.688 5.361 5.828 11.292 12.284 16.846 19.092 20.700 

Error (%) 
2.637 1.173 13.408 3.155 5.198 13.083 0.066 6.762 

100 N 

Test [Hz] 
- 8.610 12.670 16.890 21.850 24.320 - - 

Analytical [Hz] 
2.688 10.287 10.904 16.846 21.336 22.628 - - 
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Error (%) 
- 19.473 13.942 0.261 2.351 6.956 - - 

200 N 

Test [Hz] 
- 13.490 14.537 16.069 26.111 32.404 39.604 - 

Analytical [Hz] 
2.688 14.398 15.063 16.846 29.487 30.857 46.190 - 

Error (%) 
- 6.728 3.616 4.835 12.929 4.775 16.629 - 

300 N 

Test [Hz] 
- 14.043 15.263 18.524 36.715 40.654 44.576 50.129 

Analytical [Hz] 
2.688 16.846 17.596 18.375 36.017 37.622 47.171 56.241 

Error (%) 
- 19.959 15.282 0.805 1.901 7.457 5.821 12.192 

 

3.5 Results and Discussion 

3.5.1 Effect of Cables on the Frequency Response of Beam 

The experimental and numerical analyses reveal that connecting cables to the beam introduces 

modes different from the modes of the beam without cables.  When the cables are less tensioned 

and as a result have more sag, the number of hybrid modes between the consequent global modes 

increases.  This can be observed in Table 3.4, the natural frequencies of 2.688 Hz and 16.846 Hz 

are the first and second global natural frequencies, and it can be seen that with less tension (more 

sag), more natural frequencies exist between these two beam-dominated modes.  Figure 3.5 shows 

the experimental and analytical FRF of the system (Eq. (3.37)) with and without cables at tensions 

of 200 and 300 N.  As can be seen, some new modes are added to the modes of the beam when the 

cable is connected, and this effect is more visible in the analytical results because of the difficulties 

in obtaining the hybrid modes in experimental testing. 
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Figure 3.5: Experimental and analytical FRF of the beam without and with cable with a) 200 N tension b) 300 N 

tension   

Due to lack of damping in the analytical model, the amplitude of frequency response functions is 

difficult to compare, but analytical and experimental FRF’s show the same change when cable is 

connected.   

3.5.2 Parametric Studies 

The effect of different parameters values on the modal properties of the coupled system is 

investigated in this section. The presence or absence of cable sag produces a substantial difference 
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in the dynamics of the system. In the case of non-zero sag, the beam oscillation is never completely 

uncoupled from the cable transverse vibration [77]. Generally, there are global (beam dominated 

modes), local (cable dominated modes) and hybrid modes (both beam and cables dynamically 

involved) in the parameter space.  In the global modes, the cantilever beam behaves as if it is tip-

connected by an elastic linear spring with equivalent non-dimensional stiffness 𝛼 𝜒⁄  [77].  Pure 

cable modes never occur when the cable has non-zero sag [54].  It should be mentioned that in 

some parameter ranges, not all types of modes might be seen.  Therefore, the global modes are 

independent of beam-cable stiffness ratio and only the motion of beam actually can be seen in the 

mode shape.  In Figure 3.6, the six first mode shapes of the coupled system are depicted.  

 

Figure 3.6: Modes of the system a) First Mode (1G): global b) 2nd Mode (1H): Hybrid 

 c) 3rd Mode (2H): Hybrid d) 4th Mode (2G): Global e) 5th Mode (3H): Hybrid f) 6th Mode (4H): Hybrid  
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As can be seen from the figure, the first mode of the system (Figure 3.6-a) is the first global mode 

(1G) and the fourth mode (Figure 3.6-d) is the second global mode (2G) and only the beam has 

transverse vibration.  The second and third modes (Figure 3.6 b-c) are the first (1H) and second 

(2H) hybrid modes and  the fifth and sixth modes of the system (Figure 3.6 e-f) are the third (3H) 

and fourth (4H) hybrid modes.  The elongations of the two cables are equal, with the same 

extension and compression magnitudes.  The natural frequencies of these two pairs of modes are 

close to each other.  In each pair, the cables have either opposite motion or the same motion on 

both sides of the pole.  For example, Figure 3.6-b and e are the mode shapes in which cables 

motions are opposite on both sides.  The second and third modes of the system contain the first 

symmetrically-shaped mode of the cables and the fifth and sixth modes contain the first 

antisymmetrically-shaped mode of the cables. According to previous studies [51,52] and the 

results in the present study, the anti-symmetric cable modes (even modes) are sag independent but 

the symmetric cable modes (odd modes) are influenced by the amount of sag of the cable. 

Figure 3.7 shows the dimensionless natural frequency of a system with technically relevant 

parameters versus ratio of beam bending to cable axial stiffness.  As can be seen, the global modes 

of the system (1G and 2G) are not affected by beam-cable stiffness ratio and the two pairs of coupled 

natural frequencies are decreased by the increase in stiffness ratio.  
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Figure 3.7: Eigen solution versus varying 𝜒 parameter 

 𝜈 = 0.0024, 𝜇 = 61754, 𝜏 = 0.0014, 𝜌 = 0.4538, 𝛼 = 0.6152 

The effect of sag on the natural frequencies of the coupled system can be seen in Figure 3.8 in 

which 𝛽𝑏 is shown versus sag (𝜈) and bending stiffness (𝜏) dimensionless parameters. It is 

observed that the sag does not affect the modes of the coupled system with anti-symmetrically 

shape cable modes (Figure 3.6 e-f) but influences the natural frequencies of the modes with 

symmetrically shape cable modes (Figure 3.6 b-c). 
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Figure 3.8: Non-dimensional coupled frequencies of the system versus sag and bending stiffness dimensionless 

parameter a) Mode 1H b) Mode 2H c) Mode 3H d) Mode 4H (𝜇 = 61754, 𝜌 = 0.4538, 𝛼 = 0.6152) 

In addition, the effect of sag on the natural frequencies are more significant when the bending 

stiffness of the cables has higher values.  Finally, Figure 3.9 shows sections of plots of Figure 3.8 

at selected values of 𝜏.  The hybrid modes with anti-symmetrically shape cable modes (3rd and 4th 

system modes) are not affected by sag but the hybrid modes with symmetrically shape cable modes 

are increased by the increase in sag with different values of bending stiffness parameters.   
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Figure 3.9: Dimensionless natural frequency versus sag with different bending stiffness parameters 

  𝜏 = 0.001, 0.005, 0.01, 0.05, 0.1, 0.25, 0.5 (𝜇 = 61754, 𝜒 = 1e − 4, 𝜌 = 0.4538, 𝛼 = 0.6152)  

a) Mode 1H b) Mode 2H c) Mode 3H d) Mode 4H 

3.6 Conclusions 

A novel analytical model was presented for the investigation of dynamics of a beam-cable system 

composed of a cantilever beam with two attached horizontal sagged cables.  The linearized Eigen 

value problem describing the undamped free planar vibration of the system was solved 

analytically.  The cables were considered as tensioned Euler-Bernoulli beams with bending 

stiffness and sag, and the cantilever beam was also modeled as an Euler-Bernoulli beam.  Bending 

tests were performed to measure the bending stiffness of the conductor with different tensions, and 

the analytical model was validated with experimental modal testing.  It is concluded that bending 

stiffness and sag of the cables have significant effect on the vibration of the beam in beam-cable 

structures and they should be considered in the vibration analysis of cable structures.  It is 
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concluded that by increasing the dimensionless bending stiffness of the cable, the natural 

frequencies of the system increase and this effect is more significant with more sag in the cable.  

The natural modes of the system that contain (anti) -symmetric cable modes are (in)dependent 

(of)on the amount of sag.  
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Appendix A 

In Eq. (3.33a), p and q are: 

𝑝 =
√√4𝜏𝛽𝑐

2+1−1

2𝜏
, 𝑞 =

√√4𝜏𝛽𝑐
2+1+1

2𝜏
  

(A1) 
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where 

𝑓 =
8𝜇𝜈

𝛽𝑐
2−𝜆2

 , ℎ =
𝛽𝑐

2

𝛽𝑐
2−𝜆2

 ,  

 𝐹1𝑝 = 𝑐𝑝 +
8𝜈𝑠𝑝

𝑝
, 𝐹2𝑝 = 𝑠𝑝 + 8𝜈

1−𝑐𝑝

𝑝
, 𝐹3𝑞 = 𝑐ℎ𝑞 + 8𝜈

𝑠ℎ𝑞

𝑞
, 𝐹4𝑞 = 𝑠ℎ𝑞 + 8𝜈

𝑐ℎ𝑞−1

𝑞
  

𝑠𝑝 = sin(𝑝) , 𝑐𝑝 = cos(𝑝) , 𝑠ℎ𝑞 = sinh(𝑞) , 𝑐ℎ𝑞 = cosh(𝑞).   
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Abstract 

Modal testing is being investigated as a means of non-destructive evaluation of wooden utility pole 

strength. In order to understand the effects of conductors on the dynamics of the poles, a 

numerically efficient model based on lumped segments for the conductor has been developed and 

experimentally validated. The cable is modeled as a number of lumped segments jointed with axial 

and torsional springs and dampers representing the cable’s compliance and damping. In order to 

validate the models, an experimental set up for vibration testing of the cable has been built. Time 
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response measurement and modal testing are performed and the comparison of the experimental 

results with the numerical results show that the lumped segment model has the fidelity to capture 

the dynamics of the cables efficiently and accurately. 

Keywords: Cable dynamics; Lumped segment model; Modal testing; Bond graph model. 

 

4.1 Introduction 

Wooden utility poles are extensively used in North America for electrical power transmission and 

distribution. These wooden poles are subject to deterioration due to aging, rot, woodpecker damage, 

and fungal attack. Developing a non-destructive pole evaluation method based on modal testing 

requires numerical modeling of the poles and attached cables (conductors). Because cables are 

attached to the utility poles, vibrations of the cables affect the measurement of the modal properties 

of the poles.  Therefore, a numerically efficient model should be developed to capture the dynamics 

of the cables. 

Barry et. al. [75] investigated the vibrations of a single transmission line conductor with attached 

Stockbridge damper.  They modeled the system as a double-beam system and derived the equations 

of motion of the system using Hamilton’s principle. They validated the analytical results with 

experimental results and investigated the effect of damper location and characteristics on the 

conductor natural frequencies.  Ricciardi et al. [51] developed a continuous model for vibration 

analysis of cables with sag considering the bending stiffness.  They derived the vibration equation 

of motion of a sagged cable as an Euler-Bernoulli beam and solved the equation by an exact method.  

They performed a parametric study to investigate the effect of sag and bending stiffness on the cable 

natural frequencies and validated the results using finite element (FE) and finite difference methods. 

The exact method that they used could not be used when the cable is attached to a pole or moving 

support structure. Barbieri et. al. [88] used linear and nonlinear finite element models for analyzing 
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the dynamic behavior of three different transmission line cables.  They validated the numerical 

results by experimental tests and investigated the effect of inclusion of Stockbridge damper and 

linearity of the FE model on the natural frequencies.  They concluded that linear finite element 

models provide good results for short cables only.  Li et. al  [55] and Wang et. al [89] presented a 

simplified computational model of a high-voltage transmission tower-line system under out-of-

plane and in-plane vibrations due to seismic excitations.  The transmission cables and their 

supporting towers were modeled as a lumped mass system.  They did not consider the bending 

stiffness of conductors and their model was a simplified model for obtaining the response to seismic 

excitations.  They obtained the mass and stiffness matrices of the coupled system and derived the 

linear equations of motion and validated the theoretical results with experiments.  Papailiou [50] 

for the first time proposed a model for conductors that took into account the interlayer friction and 

the interlayer slip in the conductor during bending, obtaining a bending stiffness that changes with 

the bending displacement and the tension applied to the conductor.  Spak et. al. [90] reviewed helical 

cable models with a focus on cable damping modeling.  They described the work done in the 

literature on the inclusion of damping through frictional effects, variable bending stiffness, and 

internal friction.  Spak et. al. [91,92] developed the distributed transfer function method to model 

cables and simple cabled structures.  They included shear effects, tension, and hysteretic damping 

for modeling of helical stranded cables and investigated the effect of cables on the dynamics of 

cabled structures using the developed model and by experimental tests.  Pinto et. al  [56] developed 

a bond graph model for a wooden pole with a cable attached to the free end.  In their paper, the 

cable was modeled as a series of point masses connected by translational springs and the pole was 

represented by a modal expansion based on separation of variables.  They obtained the modal 

parameters of the cable and pole-cable systems numerically and experimentally.  They concluded 
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that their model should be expanded and improved from point masses to rigid bodies with rotational 

inertia, connected with bending stiffness and damping elements as well as axial ones. 

The bond graph formalism, details of which can be found in [93] is chosen because of the ease with 

which it allows expansion of the model by adding segments in a modular way.  Bond graphs, which 

use a small set of generalized elements to model multi-domain systems, facilitate connection of the 

cable model with other subsystem models such as poles, regardless of whether the poles are 

modeled using lumped segments or modal expansion.   

This paper consists of two main sections.  In Section 4.2, a bond graph lumped segment model of 

the cable is presented.  In this model, the cable is modeled as number of segments that are attached 

to each other by springs and dampers representing the axial and bending compliances and damping 

of the cable, respectively.  Section 4.3 describes the experimental set up and procedure that is used 

for performing time series measurement and modal testing of the stranded cable.  The modeling 

assumptions and the results are explained in Section 4.4. 

4.2 Lumped Segment Model 

4.2.1 Theoretical development 

In this paper, the cable is modeled as a pinned-pinned beam divided into number of segments.  A 

numerical solution is obtained by a lumped segment approximation that captures axial and bending 

motions.  For the purpose of modeling, two types of coordinate systems are used in the model.  The 

first coordinate system is the inertial coordinate system.  A body-fixed coordinate system is attached 

to each segment, the origin of which is located at the center of gravity and the local x axis of which 

is in the axial direction.  The advantages of using body coordinate system are that axial springs 

between the segments can be modeled simply along the local coordinates, and that orientation 

angles and inertia properties are more easily handled if the model is expanded to three dimensions.  

Figure 4.1 shows representative segments of the cable, and local and global coordinate systems. 
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The cable is represented by a series of rigid cylinders of equal length and cross section; each rigid 

body has the same properties as the corresponding portion of the cable.  As the number of segments 

approaches infinity, the behavior of the lumped segment model will converge to that of the 

continuous cable.  The length of each segment is defined by the number of rigid bodies, n.  For each 

segment, three points are defined: B in the left end of the segment, A in the right end and G in the 

center of mass. Point A of element i and point B of element i+1 are linked by one torsional and two 

linear springs.  The torsional spring represents the bending compliance or flexural rigidity of the 

beam in the x-y plane, and the linear springs in x local direction represents the axial compliance.  

Each spring is complemented with a damper acting in parallel to it that acts as the cable material 

damping (dampers are not shown in the figure).  Figure 4.1 shows the connection of each segment 

to the next and previous segments using torsional and linear springs, also illustrates the body-fixed 

coordinate system.  For simplicity purposes, the dampers are not shown in the figure. 

 

Figure 4.1: Multibody dynamic model 

Cable Stiffness:  

Equations (1)-(2) present the axial and bending stiffness of the cable, respectively [94]. 

axial

EA
C

l
  (4.1) 

bend

EI
C

l


 
(4.2) 

where: 

E = Young’s modulus of beam 
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A = Cross sectional area of the cable  

l = Length of the cable segment 

I = Area moment of inertia of the cross section 

Cable Inertia: 

The translational inertia of the lumped segments is equal to their mass.  The rotational inertia of a 

cylinder about the axis perpendicular to the body-fixed coordinate plane, through the center of mass 

G, is as follows. 

𝐽𝐺 =
1

12
𝑚(

3

4
𝑑2 + 𝑙2)  (4.3) 

Where m is mass of a segment, d is diameter of cable cross section, and l is segment length. 

Cable Damping: 

Damping in the cable is due to the material damping associated with the hysteresis energy losses in 

the material and interlayer wire slip. Because the stranded cable consists of a number of layers, the 

layers can slip on each other during vibration and this interlayer friction increases the damping in 

the stranded cables.  In this paper, axial and bending dampers are placed in parallel with the springs 

in the model.  The damper values are tuned to give decay of the response and natural frequencies 

close to experimental results.  Further work should be done in the future to model the damping in 

the numerical model more accurately. 

4.2.2 Kinematics of Rigid Bodies 

In the bond graph model, we need to develop the velocity relations between points G and A and B 

in Figure 4.1.  Eq’ns (4.4)-(4.5) represent the velocity of end points A and B in the local coordinate 

of the segment, respectively. 

/

0
i i i

i i iAx Gx
A G A G

Ay Gy
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(4.4) 
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/

0
i i i

i i iBx Gx
B G B G

By Gy

V V
V V V

V V BG

     
         

    

 
(4.5) 

where 

/

i

A GV , /

i

B GV = relative velocity of points A and B with respect to G 

   angular velocity of segment 

Positive rotational speed of the segment is considered counterclockwise.  Having defined the 

endpoint velocities, their relative motions are constrained by axial and bending springs and 

dampers.  The velocity of center of mass (G) of each segment, while defined in the local coordinate 

system, must be transformed to the inertial coordinate system in order to apply gravity, and to allow 

system initialization through a static vertical displacement of a point on the cable, which is then 

released to create free vibration.  The coordinate transformation for velocity of point G is as follows.  

cos sin

sin cos

I

I iGx
G G

Gy

V
V V

V

 

 

   
    

  

 
(4.6) 

where   = angle of rotation of segment i. 

Also, because the end point velocities of each segment need to be related, both end point velocities 

should be expressed in the same frame, in this case the local coordinate of the segment to the right.  

Eq. (4.7) represents the coordinate transformation relation between two connected sections.  
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1 1

1 1
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(4.7) 

Eq. (4.8) represents Newton’s Law for the segment in local coordinates. 

i i i i

i x x x yi

y y y x

mv mv mv m vd
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(4.8) 



 54 

The first term on the right-hand side is modeled with generalized inertias in the bond graph, and the 

second term using modulated gyrators. 

 

4.2.3 Bond Graph Model 

The bond graph model of the cable consists of 30 segments, which is enough to produce the first 

few frequencies with reasonable accuracy.  Each segment is connected to the next segment with a 

connection sub-model and each connection sub -model contains the compliance and damping bond 

graph elements.  Figure 4.2 shows the bond graph model of a segment of the cable.  A bond graph 

1-junction represents a generalized Kirchoff loop law, with all bonded elements having the same 

flow, and efforts algebraically summing to zero.  A bond graph 0-junction represents a generalized 

node law, with all bonded elements having the same effort.  The 0-junction also sums velocities of 

bonded elements to zero, making it the element used to enforce velocity constraints.  As can be seen 

from Figure 4.2, there are two modulated transformers (MTF), one for each row of Eq. (4.6), two 

MTF’s for defining Eq’ns (4.4) and (4.5) and one modulated gyrator (MGY) for defining the Euler’s 

Equations inner product terms of Eq. (4.8).  The power bonds (with half-arrows) contain both force 

and velocity information.  In Figure 4.2 sample junction equations are given.  The 1-junction 

representing Newton’s Law in the x direction sums forces, including constraint forces from 

adjoining elements that are on the same bonds that communicate velocity of points A and B to 

adjoining elements.  Left superscripts indicate the local (i) or inertial (0) frame.  Figure 4.3 shows 

the bond graph of one connection sub-model between two adjoining segments.  As can be seen in 

Figure 4.3, there are four MTF’s for defining coordinate transformation Eq. (4.7).  The top row of 

the bond graph represents the velocities and elements in the x and y directions and the most bottom 

row represents the bending compliance. 
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Figure 4.2: Bond Graph Model of a Segment of the Cable 

 

 

Figure 4.3: Bond graph model of complaint connection between consequent segments 
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In Figure 4.3, the 0-junction 𝐹𝑎𝑥𝑖𝑎𝑙 defines the velocity 𝑣𝑘(𝑎𝑥𝑖𝑎𝑙) as the difference between Bxv on 

segment i+1 and 𝑣𝐴𝑥 on segment i defined in the i+1 coordinate system.  The 1-junction equates the 

velocities of the parallel axial spring and damper.  The bending spring/damper velocity is defined 

similarly.  The block diagram elements define the relative angle between segments for the velocity 

transformation.  

Point B of the left-most segment and Point A of the right-most segment are attached to the wall and 

therefore have zero velocity.  Thus, two zero flow sources are used at each point in the x and y 

directions.  In order to create the desired initial tension in the cable, the model is given zero initial 

conditions and then stretched until the desired tension is achieved.  In this paper, four values of 

tension are considered for the analysis.  For applying the stretching displacement to the right end of 

the cable in bond graph model, a flow source was temporarily applied to the 1-junction associated 

with the velocity of the right end of the cable in local x direction.  After creating the desired tension, 

the zero-flow source was reinstated at the right end.  The cable was then excited, with results of the 

bond graph model compared to experimental results.  

4.3 Experimental Vibration Testing of the cable 

4.3.1 Cable Bending Stiffness Measurement 

The material properties of the conductor used for testing are tabulated in Table 4.1.  The bending 

stiffness (EI) of the cable should be measured as it is stranded cable and its bending stiffness is not 

equal to the bending stiffness of solid cable with the same diameter [50].  Figure 4.4 shows the 

setup used for measuring the bending stiffness (EI) and consequently area moment of inertia (I) of 

the cable.  
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Table 4.1. Material properties of cable 

Material Length [m] Density (
𝑘𝑔

𝑚⁄ ) E [GPa] Area [m2] 

Stainless Steel 

77 wires 3.6 0.166 190 
 

2.78x10-5 

 

Figure 4.4: Setup for Bending Stiffness Measurement 

A section of the cable is clamped between two ends and a fixed-fixed configuration is made. 

Various weights are hung in the middle of the cable section and a LDVT is used to measure the 

deflection of the cable at midspan.  By using standard force-deflection formulae for a fixed-fixed 

beam with force applied at midspan, the bending stiffness of the cable is obtained [95].  It should 

be noted that the value of measured EI from bending test is between theoretical minimum and 

maximum bending stiffness bounds for the stranded cables. minEI corresponds to when all the layers 

of the cable slip on each other and maxEI is for all the wires are bonded and make a solid cable.  The 

details of the theoretical bounds for bending stiffness can be found in [50].  Bending of the cable 

in a cantilever configuration was also performed with different lengths of the cable and the results 

were the same, which shows that the bending stiffness of the cable is not sensitive to length, over 

the range of segment lengths considered in this work.  A measured constant value for EI is directly 
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used in the bond graph model in numerical analyses.  Table 4.2 presents the value of EI for three 

different lengths of cable sections and the average value is used in the model.  

Table 4.2. Value of measured EI with different lengths 

Length (mm) 2( )EI Nm  

205 0.555 

364 0.444 

400 0.547 

 

4.3.2 Experimental Modal Testing 

Figure 4.5 shows the set up used for modal impact testing of the cable.  

 

Figure 4.5: Cable Vibration Test Set up 

Figure 4.6 presents a schematic illustrating two set-ups used for testing the cable.  Two pin support 

structures hold the cable. The right end of the cable is attached to a threaded rod to adjust the static 

tension of the cable.  A load cell is at the left end of the cable to measure the longitudinal tension 
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of the cable.  The load cell is directly inline with the cable to measure the longitudinal tension of 

the cable.  The rectangular solid shapes and the black arrows represent respectively the position of 

the accelerometers and the hammer hits along the cable. 

 

Figure 4.6: Schematic view of cable vibration testing 

Modal tests are performed with a Bruel & Kjaer 8205-002 impact hammer, 4507 B 004 70-g 

accelerometers, and a National Instruments NI USB-4432 power supply and signal conditioner. 

Cable tension is measured with a load cell.  Also, the software ModalView [95] is used to analyze 

the data.  All modal tests averaged 5 hits.  

Figure 4.6 (a) illustrates the setup used to perform hammer modal testing over the cable, 

experiment “A”. With accelerometers positioned at 0.3 and 1.8 m from the right side, the 

measurements are taken hitting the hammer in two different positions, at 1/4 and 1/5 of the cable 

span.  The modal test is performed with different tensions which are tabulated in the Results section. 

Another experiment, “B”, is performed as illustrated by Figure 4.6 (b).  The cable is supported the 

same way as before, however now there is a mass attached to the middle of the cable through a 

string.  Cutting the string creates a force excitation that can be replicated in simulation.  
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4.4 Results and Discussion 

The Frequency Domain Toolbox in the 20sim bond graph simulation environment numerically 

generates a system transfer function from which eigenvalues are calculated.  Table 4.3 presents the 

experimental and numerical results of the natural frequencies and damping ratios of the tensioned 

cable.  In the simulation, an impulse force is applied at the quarter of the cable span which is in the 

7th cable segment and the time response is obtained at the mid-span of the cable.  The result of 

experiment (b) in Figure 4.6 and corresponding simulation results are illustrated in Figure 4.7 and 

Figure 4.8.  The measured and simulated acceleration time response of the mid-span can be 

compared from these figures.  Figure 4.7-4.8 show accelerations of similar magnitude.  

Discrepancies are primarily attributed to inaccurate high-frequency modes inherent in a lumped-

segment representation.  

Table 4.3. Cable modal data: simulation and experimental results 

Tension 

(N) 

Modal Testing Simulation 

 Freq 

(Hz) 

Damp 

(%) 

Freq 

(Hz) 

Damp 

(%) 

91.4 2.37 4.025 2.41 1.612 

4.52 16.4 4.77 11.511 

6.88 3.880 - - 

140.6 4.53 0.645 4.21 5.672 

6.53 0.939 - - 

10.15 1.18 13.03 2.014 

230.8 4.96 1.074 5.19 4.223 

8.19 0.699 8.32 1.770 

12.39 0.900 13.31 54.881 

300.7 5.14 0.913 5.11 32.85 

9.46 0.357 9.19 91.908 

14.22 0.436 14.8 2.741 
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350 5.35 0.878 5.02 1.918 

10.18 0.258 10.34 - 

15.27 0.343 - - 

400 5.58 0.807 5.07 17.997 

10.87 0.209 10.3 5.509 

16.27 0.487 15.23 0.778 

 

 

 

Figure 4.7: Acceleration time series of the midspan of the cable- Experimental 

result 
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Figure 4.8: Acceleration time series of the midspan of the cable- Simulation 

result 

4.5 Conclusion and Future work 

A bond graph lumped segment model was developed to obtain the modal data of a conductor.  The 

natural frequencies and damping ratios from modal testing of the physical setup were compared to 

those from simulation, along with time responses.  The overall system frequencies were predicted 

with the simulation model for the range investigated.  Discrepancies in damping ratios, and in time 

response, are attributed to the use of simple linear viscous damper elements.  Developing and tuning 

a more accurate damping model remains an open research problem.  In addition, as the overall goal 

of the research is to capture the effects of cable on dynamics of poles, cable numerical models 

should be combined with the pole models to investigate the effects of cables in a line of pole-cables 

in the future work.  
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Abstract 

Interactions between cables and structures affect the design and non-destructive testing of 

electricity transmission lines, guyed towers, and bridges.  In order to understand the effect of 

conductors on dynamics of utility poles, a three-dimensional dynamic model for stranded cables 

is presented based on the bond graph formalism and validated through experimentation.  The cable 

is modeled considering the bending stiffness, tension and sag due to self-weight.  The model 



 64 

consists of three-dimensional rigid segments, connected with translational and rotational springs 

and dampers.  To validate the model, an instrumented set up for a stranded cable was tested in the 

laboratory and the model was validated in both the in-plane and out-of-plane directions in the 

frequency domain by measuring the cable response to hammer impacts in both directions.  Time 

domain response obtained from simulation was also validated with experimental time response by 

performing a free vibration test. A set up was designed and built to accurately measure the bending 

stiffness of a stranded cable in different tensions and the measured values for bending stiffness 

were used in the numerical model.  It was observed that the bending stiffness increased with the 

increase in tension.  The modal properties of the cable were obtained numerically and 

experimentally for different tensions and consequently for different amounts of sag.  The model is 

verified to have sufficient fidelity to predict the dynamics of cables undergoing both in-plane and 

out-of-plane motion, and can be used in a pole-cable system model to investigate the effect of 

cable on dynamics on poles or structures.   

Keywords: Stranded Cable, Bond Graph Method, Modal Testing, Bending Stiffness, Numerical 

Model. 

5.1 Introduction 

Dynamic interaction between cables and the main structure in cabled structures has been a topic 

of interest for researchers in recent decades.  Developing a nondestructive evaluation (NDE) 

method for utility poles based on modal testing requires numerical modeling of the poles and the 

attached cables (conductors) to understand the effect of cables on pole dynamics. A reliable and 

computationally efficient numerical model for the cable itself is a prerequisite. Models of cables 
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typically treat the cable as a string or a beam or as a series of beam-like segments.  Models vary in 

their treatment of bending stiffness and cable sag due to self-weight.  

Ricciardi et. al [51] developed a continuous model for vibration analysis of cables with sag 

considering the bending stiffness.  They considered the conductor as a tensioned Euler-Bernoulli 

beam under self-weight. They concluded that the bending stiffness and sag of the cable has 

significant effect on vibration properties of the cable and ignoring them can lead erroneous results. 

Sousa et. al. [53] analyzed the effect of considering bending stiffness, shear stiffness and rotational 

inertia on the natural frequencies of the overhead transmission line conductors.  Using Euler-

Bernoulli and Timoshenko beam theories, they found the error from neglecting shear and rotational 

inertia to be very small compared to the error from neglecting the bending and geometric stiffness 

of the cable.  Papailiou [50] proposed a model for bending of stranded cables taking into account 

the slip and friction between the layers.  They obtained a theoretical bending stiffness for the 

stranded cables dependent on curvature and tension and verified the bending stiffness model, 

experimentally. Ni et. al. [76] analyzed the vibration of large diameter sagged cables and 

developed a three-node finite element for dynamic analysis.  A case study compared the measured 

and computed natural frequencies, with and without considering cable bending stiffness, of the 

main cables of the Tsing Ma Bridge.  Ignoring the bending stiffness of sagged cables led to 

unacceptable errors in predicting the natural frequencies.  Jalali et. al. [16] developed a 2D 

numerical model based on the bond graph method for vibration analysis of power lines.  Their 

model consisted of lumped segments joined with axial and torsional springs and dampers 

representing the compliance and damping of the cable.  Pinto et. al. [12,56] developed a bond 

graph model for a pole with a cable attached to the free end. The cable was modeled as a series of 

point masses connected by translational springs and the pole was represented by a modal expansion 

based on separation of variables. Modal parameters of the cable and pole-cable systems were 
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obtained numerically and experimentally. They concluded that their model should be expanded 

and improved from point masses to rigid bodies with rotational inertia, connected with bending 

stiffness and damping elements as well as axial ones.  

The bond graph method is a systematic method that several simple models can be combined to 

build a complex model and the dynamic equations of the system are obtained in a straightforward 

manner by investigating energy flow among the storage elements [96]. Bond graphs facilitate 

connection of the cable model with other subsystem models such as poles.  

In this paper, a three-dimensional numerical model is developed for a stranded cable similar to the 

real conductors that are used in electrical transmission lines. The cable is modeled considering the 

bending stiffness and sag. The 3D rigid lumped segments are connected to each other with 

translational and rotational springs and dampers to model the compliance and damping of the cable 

and the numerical model is validated with experimental results.  A setup was designed for 

measurement of bending stiffness of the stranded cable under different tensions and measured 

bending stiffness values were used in the BG model. The tuned numerical model can be used to 

simulate modal testing of power lines in in-plane and out-of-plane directions. The following 

Section describes the bond graph model and theoretical formulation, Section 5.3 presents the 

experimental vibration testing and cable bending stiffness measurement, and verifications and 

results are presented in Section 5.4. 

5.2 Multibody bond graph model description 

The cable is modeled with 3D rigid lumped segments connected with translational and rotational 

springs and dampers.  In this model, 30 segments are used to model the cable.  The lumped 

segments are joined with a translational spring/damper to model the axial compliance/damping 

and three rotational springs/dampers to model the torsional behavior and bending behavior in two 

directions.  Figure 5.1 shows the segments of the cable connected with springs.  The dampers are 
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not shown for clarity.  The translational spring corresponds to the axial compliance, 𝐾𝑎𝑥𝑖𝑎𝑙𝑐𝑎𝑏𝑙𝑒 . 

The shear compliance of the cable is not considered in the analyses as it has negligible effect on 

the dynamics of the cable [53].  Rotary springs 𝐾𝑏𝑒𝑛𝑑𝑐𝑎𝑏𝑙𝑒  are the bending compliance of the cable 

about the local body-fixed y and z directions which are the same because of the axial symmetry of 

the cable and 𝐾𝑡𝑜𝑟𝑐𝑎𝑏𝑙𝑒  is the torsional compliance of the cable about the body-fixed x direction.  

In Figure 5.1, the bending rotary springs about the z direction are not shown for clarity and the 

springs are along the body-fixed coordinates of the body i+1. 

 

Figure 5.1: Successive multibody segments 

Stiffness values are computed for a segment lengths of 𝑙𝑐 =
𝐿𝑐

𝑛𝑐
 , where 𝐿𝑐is the cable length  and 

𝑛𝑐 is the number of segments, [93]: 

𝐾𝑎𝑥𝑖𝑎𝑙_𝑐𝑎𝑏𝑙𝑒 =
𝐸𝑐𝐴𝑐

𝑙𝑐
  (5.1) 

𝐾𝑏𝑒𝑛𝑑_𝑐𝑎𝑏𝑙𝑒 =
𝐸𝑐𝐼𝑐

𝑙𝑐
  (5.2) 

𝐾𝑡𝑜𝑟_𝑐𝑎𝑏𝑙𝑒 =
𝐺𝑐𝐽𝑐

𝑙𝑐
  (5.3) 

where 𝐸𝑐 is the cable elastic modulus, 𝐴𝑐 is the cross section area, 𝐼𝑐 is the cable moment of area, 

𝐺𝑐 is modulus of rigidity and 𝐽𝑐 is the polar moment of area.  The damper values are tuned in the 

model to give a close time response compared to experimental time responses and 𝐸𝑐𝐼𝑐 of the cable 

was measured at various tensions () and the measured values were used in the model. 
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5.2.1 Bond Graph of Segments and Joints 

In order to create the bond graph model of the system, dynamic equations of each segment and 

relative velocity of end points with respect to the center of gravity must be developed.  The 

following equation relates velocity of end point A of body i to the velocity of center of gravity G 

of body i. 

 ⃗ 𝐴𝑖 
𝑖 =  ⃗ 𝐺𝑖 

𝑖 +  ⃗ 𝐴𝑖
𝐺𝑖

 
𝑖   (5.4) 

 ⃗ 𝐴𝑖
𝐺𝑖

 
𝑖 = �⃗⃗� 𝑖 

𝑖 × 𝑟 𝐴𝑖
𝐺𝑖

 
𝑖 = �̃�𝐴𝑖

𝐺𝑖
 
𝑖 �⃗⃗� 𝑖 

𝑖   (5.5) 

where the left superscript 𝑖 indicates that the vector is presented in a local body-fixed coordinate 

system,  ⃗ 𝐴𝑖 
𝑖  is the absolute velocity of point A on body 𝑖 in body-fixed coordinates, �⃗⃗� 𝑖 

𝑖  is the 

rotational velocity vector, 𝑟 𝐴𝑖
𝐺𝑖

 
𝑖  is the position vector of point A with respect to G and �̃�𝐴𝑖

𝐺𝑖
 
𝑖  is the 

skew-symmetric matrix containing the relative position vector components. The equations below 

describe Newton’s law in three dimensions for the segment in local coordinates: 

∑ F⃗  
o =

d

dt
(𝑚  ⃗ Gi 

o ) = 𝑚  ⃗ Gi 
o    (5.6) 

 

∑ 𝜏  
𝑖 =

𝑑

𝑑𝑡
�⃗⃗�  
𝑖 = 𝐽 𝑖�⃗⃗�  𝑖 + �⃗⃗� 𝑖 

𝑖  × 𝐽 �⃗⃗� 𝑖 
𝑖   (5.7) 

where left superscript o indicates that the vector is defined in the inertial coordinate system.  The 

first term in the right side of rotational Eq. (5.7) is the rotational inertia term and the second term 

is a gyrational term.  To be able to add forces such as gravity and equate values in different 

reference frames, we need to be able to transform values from the body fixed frame to the inertial 

frame.  This is accomplished with a rotation matrix.  Rotation matrices are made for each of the 
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three rotations  , 𝜓, 𝜙 about x, y and z axes, respectively and are multiplied together to create the 

transformation matrix.   

Vector bond graphs are used to represent the equations. Figure 5.2 shows the vector bond graph 

sub model representing the body segment i. In Figure 5.2, the 1-junctions are labeled with the 

corresponding translational or rotational velocities.  Translational velocity Eq. (5.4) for defining 

the velocity of left end point A of the segment and the similar equation for the velocity of the right 

end point B of the segment with respect to center of mass gravity in the body-fixed coordinate are 

represented by two modulated transformer’s (MTF) and two 0-junctions in Figure 5.2. A 0-

junction is used to add  ⃗ 𝐺𝑖 
𝑖  to �̃�𝐴𝑖

𝐺𝑖
 
𝑖 �⃗⃗� 𝑖 

𝑖  to obtain  ⃗ 𝐴𝑖 
𝑖  and a 0-junction is used to add  ⃗ 𝐺𝑖 

𝑖  to �̃�𝐵𝑖
𝐺𝑖

 
𝑖 �⃗⃗� 𝑖 

𝑖  

to obtain  ⃗ 𝐵𝑖 
𝑖 . The two MTF’s representing relative velocity cross products receive the relative 

position vector as an input signal.  The coordinate transformation between body-fixed and inertial 

frames is represented by an MTF that multiplies  ⃗ 𝐺𝑖 
𝑖  by the transformation matrix to obtain inertial 

center of gravity velocity  ⃗ 𝐺𝑖 
𝑜 . Translational force Eq. (5.6) is represented by a mass matrix 

multiport I element and the gravity effort source is connected to the  ⃗ 𝐺𝑖 
𝑜  1-junction (  ⃗ 𝐺𝑖 

𝑖  

transformed to the inertial frame).  The right hand side of Eq. (5.7) is represented by a rotational 

inertia I element, a modulated gyrator MGY, external moments from joints i and i-1 and moments 

from forces at end points A and B, connected to the �⃗⃗� 𝑖 
𝑖  1-junction.  The MGY is used to represent 

the cross product of �⃗⃗� 𝑖 
𝑖  × 𝐽 �⃗⃗� 𝑖 

𝑖  with 𝐽 �⃗⃗� 𝑖 
𝑖  as an input signal. 
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Figure 5.2: Body i bond graph 

Figure 5.3 shows the bond graph sub model of joint i between successive segments.  The 0-

junctions represent the translational and angular velocity constraints that are caused by parallel 

spring/dampers between the left end point A of body i+1 and right end point B of body i (Figure 

5.1). The velocity of B on body i,  ⃗ 𝐵𝑖 
𝑖  and �⃗⃗� 𝑖 

𝑖  are first transformed to the inertial coordinate system 

using a pair of MTF’s and then transformed to the body i+1 local coordinate system using another 

pair of MTF’s.  The C multiport elements model the stiffness described in Eq’s. (5.1)-(5.6) using 

a diagonal stiffness matrix.  The R elements define the damping using a damping matrix.  The 

damping values are tuned to give an accurate time response and natural frequencies compared to 

experimental results. 
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Figure 5.3: Joint i submodel bond graph 

 

5.3 Experimental Methods 

5.3.1 Experimental modal testing 

In order to verify the numerical model, experimental vibration tests were carried out. Figure 5.2 

presents the schematic of the vibration tests. Two rigid frames were secured to the floor on the 

right and left sides. The right end of the cable was attached to a threaded rod to adjust the tension 

of the cable and an in-line load cell at the left end of the cable measured the longitudinal tension 

of the cable. Tests were performed with a Bruel & Kjaer 8205-002 impact hammer, 4507 B 004 

70-g accelerometers, and a National Instruments NI USB-4432 power supply and signal 

conditioner.  
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Figure 5.4: Schematic for experimental vibration testing a) Modal impact test b) Free vibration test 

Two types of vibration tests were carried out. In Figure 5.4-a, the modal impact test is shown and 

Figure 5.4-b shows the free vibration test. The modal tests were carried out with five different 

tensions 25 N, 50 N, 100 N, 200 N and 300 N in the cable. The amount of sag of the cable changes 

depending on the tension in the cable.  In place of the accelerometer in Figure 5.4, another 

accelerometer was used in the out-of-plane direction (perpendicular to the plane of Figure 5.4), to 

measure the out-of-plane vibration due to hammer impact load. The hammer hits were made at the 

quarter span length of the cable and the accelerometer was placed at mid span. Each test was 

performed five times and the average result was considered for the analysis. The RMS averaging 

method with exponential weighting was used to average the results and an exponential window 

was applied with duty cycle of 10 percent. In the free vibration test (Figure 5.4-b), a 1 kg weight 

was hung from the quarter span of the cable and by cutting the string attached to the weight, an 

initial displacement was created to cause free vibration of the cable. The in-plane vibration 

response at mid-span was measured by the accelerometer. Figure 5.5 shows the setup used and the 
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material properties of the cable are presented in Table 5.1.  The cable (7x19 stranded cable) was 

supported with a pin connection at both ends and the span length between the rigid frames was 2.4 

m. 

 

Figure 5.5: Cable vibration test a) test set up 

B) in-line load cell end c) threaded rod 

 

Table 5.1. Material properties of cable 

𝐸𝑐(𝐺𝑃𝑎) 𝐴𝑐(𝑚𝑚
2) 𝑚𝑐 (

𝑘𝑔
𝑚⁄ ) 

190 31.66 0.166 
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5.3.2 Bending stiffness measurement 

The bending stiffness of stranded cables is bounded by two extreme flexural stiffnesses 𝐸𝐼𝑚𝑎𝑥 and 

𝐸𝐼𝑚𝑖𝑛 [87]. The maximum bending stiffness 𝐸𝐼𝑚𝑎𝑥 corresponds to a solid cross section with no 

slippage of the strands [15]: 

𝐸𝐼𝑚𝑎𝑥 = 𝐸∑ (
𝜋𝑑𝑠𝑖

4

64
+

𝜋𝑑𝑠𝑖
2

4
𝑦𝑠𝑖

2) ≈ 𝐸
𝜋𝑑𝑐

4

64

𝑁𝑠
𝑖=1   (5.8) 

where 𝑑𝑠𝑖 is the diameter of the ith strand, 𝑦𝑠𝑖 is the distance from the center of gravity of the ith 

strand to the center of gravity of the conductor, 𝑑𝑐 is the diameter of the cable and 𝑁𝑠 is the number 

of strands in the cable.  

The minimum bending stiffness 𝐸𝐼𝑚𝑖𝑛 corresponds to all the strands of the cable slipping past each 

other as static friction between the strands is overcome.  Therefore, the bending stiffness in this 

condition is the sum of bending stiffness of all the strands: 

𝐸𝐼𝑚𝑖𝑛 = 𝐸∑
𝜋𝑑𝑠𝑖

4

64

𝑁𝑠
𝑖=1   (5.9) 

Figure 5.6 shows the test apparatus for measuring the bending stiffness of the cable.  A hydraulic 

cylinder is secured to the frame at the top of the setup to apply the load at the middle of the cable, 

and an LDVT (Linear Variable Differential Transformer) is attached to the cylinder to measure 

the deflection of the cable at midspan at the same time.  The inline load cell was used to measure 

cable tension, which was adjusted with a threaded rod.  An S-type load cell was also attached to 

the cylinder to measure the applied load.  The cable was secured with clamped-clamped end 

conditions and the theoretical procedure used to measure the bending stiffness follows [86].  The 

bending stiffness of the stranded cables increased with tension in [15,86] and the results obtained 

in the present study confirm this trend.  The bending tests were performed at the same five tensions 

as in the modal testing. The measured bending stiffness values are presented in Table 5.2 and the 

theoretical limits of bending stiffness are 𝐸𝐼𝑚𝑖𝑛 = 0.0306 and 𝐸𝐼𝑚𝑎𝑥 = 15.5632, respectively.   
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Figure 5.6: Experimental set up for cable bending stiffness measurement 

 

Table 5.2. Measured bending stiffness of cable with different tensions 

Tension 

(N) 
25 50 100 200 300 

𝐸𝐼 (𝑁𝑚2) 0.2549 0.3420 0.4948 0.5972 0.8283 

 

5.4 Results and Discussion 

Two vibration tests (Figure 5.4-a and Figure 5.4-b) were simulated in 20sim® software using bond 

graph method. Modal impact testing (Figure 5.4-a) was simulated and the frequency domain 

toolbox in the software was used to generate transfer functions from which the eigenvalues can be 

extracted. In the simulation, an impulse force is applied at the quarter-span cable location and the 

time response is obtained at mid-span of the cable similar to the experimental test procedure 

(Figure 5.4). ModalView [95] software was used to analyze the experimental data and a stability 
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diagram based on the frequency response functions was used to extract the natural frequencies 

with a sampling rate of 1024 Hz. Figure 5.7 shows an experimental FRF which was obtained from 

in-plane vibration of the cable with 300 N tension. Table 5.3 presents the comparison of in-plane 

natural frequencies of the cable with different tensions and Table 5.4 compares the out-of-plane 

natural frequencies of the cable. In order to excite and capture the in-plane modes, the hammer hit 

was performed in the plane of cable in Figure 5.4 and for out-of-plane modes, the cable was excited 

in the plane perpendicular to the plane of the cable. Some of the natural frequencies are missing in 

the tables and they were the modes that could not be captured numerically or experimentally. A 

convergence study was performed and increasing the number of segments did not significantly 

change the results. 

Table 5.3. In-plane natural frequency comparison of the cable 

Tension 

(N) 

Modal 

Test [Hz] 

Simulation 

[Hz] 

Error 

(%) 

25 

5.26 6.23 18.44 

8.03 9.20 14.57 

13.19 13.43 1.82 

50 

7.63 7.85 2.88 

11.73 11.41 2.73 

16.17 16.50 2.04 

23.17 21.15 8.72 

100 

6.33 - - 

11.29 11.02 2.36 

16.94 13.71 19.04 

200 

7.81 7.72 1.21 

-- 9.37 -- 

15.53 15.75 1.44 

23.06 23.96 3.94 

300 

9.08 9.68 6.61 

17.60 16.99 3.46 

25.91 26.00 0.35 
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Table 5.4: Out-of-plane natural frequency comparison of the cable 

Tension 

(N) 

Modal 

Test [Hz] 

Simulation 

[Hz] 

Error 

(%) 

25 

2.94 3.06 4.08 

5.97 6.28 5.19 

9.19 9.75 6.09 

50 

3.87 3.88 0.26 

7.92 7.90 0.25 

11.84 12.14 2.53 

18.57 16.65 10.34 

100 

4.51 5.27 16.84 

9.77 11.20 14.60 

13.90 11.22 19.27 

200 

6.82 6.86 0.53 

8.11 9.50 17.10 

14.22 14.06 1.14 

300 

8.64 8.32 3.71 

17.15 16.98 0.99 

24.62 24.85 1.34 

 

 

Figure 5.7: Experimental FRF: in-plane excitation with 300 N tension 
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As can be seen from Table 5.3 and Table 5.4, there is typically good agreement between the 

numerical bond graph frequency domain results (in-plane and out-of-plane) and the experimental 

results. The free vibration test (Figure 5.4-b) was also simulated in the numerical model and the 

acceleration in-plane time response at the mid-span obtained from experiment and simulation are 

compared in Figure 5.8. As can be seen, there is a good agreement between the numerical and 

experimental time responses and the numerical model is able to replicate the decay rate, vibration 

amplitude and frequency content of the experimental time response.  

 

Figure 5.8: Time response comparison of simulation and experiment 

The time domain and frequency domain verification of the numerical model shows that the 

developed model is an accurate and reliable model to capture dynamics of stranded cable and can 

be used in connection with the pole(s) model for cable-beam system dynamic investigations.  

5.5 Conclusion 

A three-dimensional dynamic model for a stranded cable was developed and validated with 

experiments. The lumped segment method was used to model the system and axial, bending and 

torsional behavior of cable was considered. In comparison to analytical methods or finite element 

analysis, the bond graph formalism is a very computationally efficient and straightforward method 
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for connecting different sub models of cable and pole to each other. A set up was designed and 

used to accurately measure the bending stiffness of the stranded cable with different tensions and 

the measured stiffness values were used in the dynamic model. The bending stiffness was seen to 

increase with the increase in tension. The developed dynamic model is concluded to be a reliable 

and accurate model to be used for cable dynamic analysis in in-plane and out-of-plane directions.  
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Abstract 

In order to understand and to predict cable effects on structures, three-dimensional numerical 

models for a stranded cable and a beam-cable system consisting of a cantilever beam and two 

connected cables are presented.  The multibond graph formalism is used to model the coupled 

cable-beam system, with the cable and beam substructures using 3D rigid lumped segments.  The 

stranded cables are modeled considering the bending stiffness, tension and sag due to self-weight.  

While generally applicable, the cable-structure modeling approach in this paper is applied to 

vibration-based non-destructive evaluation of electrical utility poles and to simulate modal testing 
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of the electrical pole-conductor system. Experimental parametrization of a stranded cable is carried 

out using specially-designed apparatus to accurately measure the bending stiffness at different 

tensions, and to measure the axial stiffness and axial damping. A reduced-scale lab setup is used 

and finite element models are developed for verification of the numerical models. Experimental 

free and forced vibration testing are performed on the individual cantilever beam and stranded 

cable subsystems, and on the coupled cable-beam system to verify the numerical models in the 

frequency and time domains. It is concluded that the 3D bond graph models can be used to 

understand the interaction between cable and the structure in cabled structures, to predict the in-

plane and out-of-plane natural frequencies of the pole in a pole-line system and to predict the 

vibration time response.  It is also concluded that by adding the cable to the pole structure, some 

modes emerge in the eigenvalue solution of the system which may be categorized as cable 

dominated modes, pole dominated or hybrid modes.  

Keywords: Bond Graph Modeling, Cable-Beam System, Power Line, Stranded cable, Multibody 

dynamics. 

6.1 Introduction 

Dynamic interaction between cables and the main structure in cabled structures such as cable-

stayed bridges, guyed towers, cable-stayed wind turbines, and power transmission lines has been 

a topic of interest of researchers for many years.  Understanding the interaction of cables and the 

main structure would be facilitated by computer simulations of coupled cable-beam response.  The 

application area that is the focus of this paper is single pole-transmission line modeling for 

simulated modal testing in order to develop a non-destructive evaluation (NDE) method for 

electrical transmission poles based on vibration response. This literature review consists of two 

parts: cable-only system modeling followed by cable-beam system analysis.  
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Models of cables typically treat the cable as a string or a beam or as a series of beam-like segments.  

Models vary in their treatment of bending stiffness and cable sag due to self-weight. Ricciardi et. 

al. [51] developed a continuous model for vibration analysis of cables with sag, considering the 

bending stiffness.  The conductor was treated as a tensioned Euler-Bernoulli beam under self-

weight, and Hamilton’s principle was used to obtain the equations of motion.  Natural frequencies 

and symmetric and anti-symmetric mode shapes were obtained and the results were validated by 

Finite Difference (FD) and Finite Element (FE) results.  It was concluded that the bending stiffness 

and sag of the cable has significant effect on vibration properties of the cable and ignoring them 

can lead to erroneous results.  Sousa et. al. [53] used Euler-Bernoulli and Timoshenko beam 

theories to investigate vibration of transmission line conductors. It was concluded that neglecting 

shear and rotational inertia cause a very small error compared to the error caused by neglecting the 

bending and geometric stiffness of the cable.  Papailiou [50] proposed a model for bending of 

stranded cables taking into account the slip and friction between the layers, obtaining a theoretical 

bending stiffness model for stranded cables dependent on curvature and tension, and verifying the 

bending stiffness model experimentally. Ni et. al. [76] analyzed the vibration of large diameter 

sagged cables using a three-node finite element.  A case study compared the measured and 

computed natural frequencies, with and without considering cable bending stiffness, of the main 

cables of the Tsing Ma Bridge.  Ignoring the bending stiffness of sagged cables led to unacceptable 

errors in predicting the natural frequencies. Jalali et. al. [16] developed a 2D numerical model 

based on the bond graph method for vibration analysis of power lines.  Lumped segments were 

joined with axial and torsional springs and dampers representing the compliance and damping of 

the cable.  Bending stiffness of the cable, without tension, was measured experimentally. 

Analytical and finite element modeling of stranded cables and wire ropes has been performed by 

researchers in order to study axial, bending and torsional deformations [97–100]. In general, the 
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literature shows that bending stiffness and cable sag have significant and non-negligible effects on 

vibration of cable structures and should be considered in the modeling to ensure reliable results. 

Dynamic analysis of cable-beam systems has been attempted by many researchers using various 

approaches.  Gattulli et. al. [54] studied the linear and nonlinear dynamic behavior of cable-stayed 

beam structures, neglecting bending stiffness of the cable in solving the equations of in-plane and 

out-of-plane motion.  The existence of global (beam dominated), local (cable dominated) and 

hybrid modes was revealed by linear analysis. Chen et. al. [101] reviewed analysis and modeling 

of transmission towers, transmission lines and transmission tower-line systems subjected to 

dynamic excitations due to wind, ice effects and seismic motion.  The review suggested that future 

improvements in analytical models of tower-line systems are motivated and expected. Li et. al. 

[55] presented a simplified computational model of a high-voltage transmission tower-line system 

under out-of-plane and in-plane vibrations due to seismic excitations.  The transmission cables and 

their supporting towers were modeled as a lumped mass system, validated with experiments.  

McClure et. al. [102] presented a modeling approach, using the specialized finite element software 

ADINA®, for dynamic investigation of a tower-line section subjected to conductor rupture shock 

loads in two- and three-dimensional space.  A case study of a tower-line system failure during an 

ice storm was used to validate their model.  Cables were modeled using two-node iso-parametric 

truss elements. Pinto et. al. [56] developed a two-dimensional bond graph model for a pole with a 

cable attached to the free end on one side of the pole.  The cable was modeled as a series of point 

masses connected by translational springs and the pole was represented by a modal expansion 

based on separation of variables.  Modal parameters of the cable and pole-cable system were 

obtained numerically and experimentally.  The paper concluded that a more complex model is 

needed to get accurate time responses.   



 84 

The models developed in this paper are motivated by ongoing development of a non-destructive 

evaluation (NDE) method for utility poles based on vibration testing.  Existing NDT methods for 

poles, such as ultrasonic, x-ray and resistograph, are localized damage detection methods that 

evaluate the strength of the pole at one specific axial location [5]. The authors are developing an 

NDT method to detect damage at any location, based on vibration response from modal impact 

testing at a single arbitrary location [7,8,15,17]. Since power lines (conductors) are attached to the 

poles, vibrations of the conductors affect the modal properties of the system.  Removing the effect 

of the conductors to reveal pole properties requires a system model that captures the complex 

interactions between the cables and the pole.   

The bond graph method allows simple submodels to be easily combined into a complex model 

[93].  Bond graphs, based on explicit energy flow paths among storage, dissipative, and source 

elements, also facilitate derivation of the dynamic equations of the system [96].  The multibond 

graph formalism [103] is therefore used in this paper to model the coupled cable-beam system 

since it facilitates the connection of the cable model to the beam model and has a straightforward 

procedure for deriving simulation equations.  Three-dimensional bond graph models are developed 

for the stranded cable and beam substructures individually, and then for a coupled system with one 

cantilever beam and cables on two sides.  These models are easily extended to larger utility pole-

lines by “cutting and pasting” pole-cable submodels.  Since the bending stiffness of the cables has 

a significant effect on modal properties of the coupled system, the cable is modeled considering 

the bending stiffness and sag and the beam is modeled as a cantilevered beam.  The 3D rigid 

lumped segments are connected to each other with translational and rotational springs and dampers 

to model the compliance and damping of the cable and beam.  The modal properties of the cable, 

beam and the cable-beam system are obtained and time response analysis in in-plane and out-of-

plane directions is carried out in free and forced vibration simulation.  The numerical models are 
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validated with finite element and experimental results in the frequency and time domains. A setup 

was used to measure the bending stiffness of the stranded cable under different tensions and an 

experimental test was performed to measure the axial stiffness/damping. The measured values 

were used in the bond graph and FE models.  The following Section describes the bond graph 

model and theoretical formulation, Section 6.3 presents the finite element model; section 6.4 and 

6.5 present the experimental cable parametrization and modal testing; an elementary verification 

of the cable and beam submodels is presented in Section 6.6 and the coupled system results are 

presented in Section 6.7. 

 

6.2 Discrete Physical Modeling 

The cable is assumed to have a small sag 𝑠 to length 𝑙c ratio (namely 𝑠 𝑙c⁄
<

1

8
) based on Irvine’s 

model [82] and is modeled as a tensioned Euler-Bernoulli beam with sag due to self-weight. The 

cable-beam system is composed of one horizontal suspended cable attached to the tip of a 

cantilevered beam and the cantilevered beam is considered as an Euler-Bernoulli beam.  Figure 

6.1 shows the schematic of the cable-beam system and the cable.  The inertial coordinates X, Y, Z 

are used to describe the positions of cables and beam in the same coordinate system.  X axis is in 

the beam in-plane direction and Z axis is in the beam out-of-plane direction. In Figure 6.1, the 

bending stiffness of the beam is 𝐸𝐼b and the bending stiffness of the cable is 𝐸𝐼c.       
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Figure 6.1.  Cable and cable-beam system schematic a) 3D schematic of cable b) 3D schematic of cable-beam 

system 

 

6.2.1 Bond Graphs 

The bond graph method is used owing to the ease with which submodels of cables and beams can 

be connected to each other. In bond graphs, a small set of generalized elements is used to represent 

energy exchange with the environment, energy storage and dissipation, generalized loop and node 

laws, and power-conserving transformations and gyrator effects [104,105]. The connection of the 

cable bond graph submodels to the beam bond graph submodel is as simple as drawing a power 

bond between them.   

6.2.1.1 3D Segment Submodel 

The cables and beam are modeled with 3D rigid lumped segments connected with translational 

and rotational springs and dampers. The bond graph model with lumped segments has been used 

for different applications for modeling coupled system dynamics [104,106,107]. The greater the 

number of segments, the more accurate is the model.  Excessive segments, beyond the number 

required for the numerical model results to converge to analytical results, increase simulation time. 

In this model, convergence studies in the time and frequency domains were performed and when 

increasing the number of segments above 30 for cable and beam, there was no significant 
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improvement in the results.  Thus 30 segments were used for modeling of the cable and 30 

segments were used to model the cantilevered beam.  The lumped segments of the cable and beam 

are joined with a translational spring and three rotational springs. Figure 6.2 shows beam and cable 

segments connected with springs.  Dampers, not shown, are assumed to act in parallel with the 

springs.  The translational springs correspond to the axial compliance of the beam and 

cable, 𝐾axialbeam, 𝐾axialcable, respectively. The shear compliance of the beam and cables are not 

considered in the analyses as they have negligible effect on the dynamics of the cables and the 

coupled system [53] .Rotary springs 𝐾bendbeamy
, 𝐾bendbeamz

 are the bending compliance of the 

beam about the local y and z directions, respectively and 𝐾bendcable is the bending compliance of 

the cable about the local body-fixed y and z directions. These stiffnesses are the same because of 

the axial symmetry of the cables.  𝐾torbeam is the torsional compliance of the beam about body-

fixed x coordinate and 𝐾torcable is the torsional compliance of the cable about body-fixed x 

direction.  In Figure 6.2, the bending rotary springs about the z direction are not shown for clarity 

and the springs are along the body-fixed coordinates of the body i+1 in beam and cable segments. 

A similar description of the lumped segment model can also be found in [106] for different 

applications.  

 

Figure 6.2: Successive multibody segments of a) beam b) cable 
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Stiffness values are computed for a segment lengths of 𝑙b =
𝐿b

𝑛b
 (beam of length 𝐿bwith 𝑛b 

segments ) and 𝑙c =
𝐿c

𝑛c
  (cable of length 𝐿c with 𝑛c segments) [93,106]:  

𝐾axialbeam =
𝐸b𝐴b

𝑙b
  (6.1) 

𝐾axialcable =
𝐸c𝐴c

𝑙c
  (6.2) 

𝐾bendbeamy
=

𝐸b𝐼𝑏𝑦

𝑙b
, 𝐾bendbeamz

=
𝐸b𝐼bz

𝑙b
  (6.3) 

𝐾bendcable =
𝐸c𝐼c

𝑙c
  (6.4) 

𝐾torbeam =
𝐺b𝐽b

𝑙b
  (6.5) 

𝐾torcable =
𝐺c𝐽𝑐

𝑙c
  (6.6) 

where 𝐸b and 𝐸c are the elastic moduli of the beam and cable, respectively. 𝐴b and 𝐴c are the cross 

sectional areas of beam and cable, respectively. 𝐼by, 𝐼bz and 𝐼c are the moments of area of the beam 

about local y and z axes, and cable moment of area, respectively. 𝐺b and 𝐺c are the modulus of 

rigidity of cable and beam, respectively and 𝐽b and 𝐽c are the polar moments of area.  The cable 

axial damping values are measured experimentally (Section 6.4.2) and other damper values are 

tuned in the models to give a close time response compared to experimental time responses. The 

axial, (𝐸c𝐴c), and bending (𝐸c𝐼c), stiffnesses of the cable were measured (Section 6.4) and the 

resulting values were used in the models. 

 

6.2.1.2  Bond Graph of Segments and Joints 

Mechanics in bond graphs is done from a velocity standpoint, necessitating relative velocity 

equations between segment center of gravity and connection points.  The following equation 

relates the velocity of end point A of body i to velocity of the center of gravity G of body i (Figure 

6.2) [106]: 
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 ⃗ A𝑖 
𝑖 =  ⃗ G𝑖 

𝑖 +  ⃗ A𝑖
G𝑖

 
𝑖   (6.7) 

 ⃗ A𝑖
G𝑖

 
𝑖 = �⃗⃗� 𝑖 

𝑖 × 𝑟 A𝑖
G𝑖

 
𝑖 = �̃�A𝑖

G𝑖
 
𝑖 �⃗⃗� 𝑖 

𝑖   (6.8) 

where the left superscript 𝑖 indicates that the vector is presented in a local body-fixed coordinate 

system (Figure 6.2),  ⃗ A𝑖 
𝑖  is the absolute velocity of point A on body 𝑖 resolved along body-fixed 

component directions, �⃗⃗� 𝑖 
𝑖  is the angular velocity vector, 𝑟 A𝑖

G𝑖
 
𝑖  is the position vector of point A with 

respect to G and �̃�A𝑖
G𝑖

 
𝑖  is the skew-symmetric matrix containing the relative position vector 

components. The relative position matrix �̃�A𝑖
G𝑖

 
𝑖  is used here to express the equations in a matrix 

multiplication form which is common in multibond graphs [103] and is beneficial in programming 

the equations. The relative position vector  𝑟 A𝑖
G𝑖

 
𝑖  and relative position matrix �̃�A𝑖

G𝑖
 
𝑖  are the following: 

𝑟 𝐴𝑖
𝐺𝑖

 
𝑖 = (

−𝑙𝑠

2
) 𝑖̂ + (0)𝑗̂ + (0)�̂�  (6.9) 

�̃�A𝑖
G𝑖

 
𝑖 = [

0 0 0

0 0
−𝑙𝑠

2

0
𝑙𝑠

2
0

]  (6.10) 

where 𝑙𝑠 is the segment length (can be 𝑙𝑏 or 𝑙𝑐 in Eq. (6.1)-(6.6)) and 𝑖̂, 𝑗̂ and �̂� are along the x, y 

and z body-fixed coordinates of segment i, respectively (Figure 6.2). All the other vectors (linear 

and rotational velocity, etc.) are also represented by column vectors of their components in the 

local coordinate system. The equations below describes Newton’s law in three dimensions for the 

segment in local coordinates [106]. 

∑ 𝐹  
𝑜 =

𝑑

𝑑𝑡
(𝑚  ⃗ 𝐺𝑖 

𝑜 ) = 𝑚  ⃗ 𝐺𝑖 
𝑜  

  (6.11) 
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∑ 𝜏  
𝑖 =

𝑑

𝑑𝑡
�⃗⃗�  
𝑖 = 𝐽𝑖�⃗⃗�  𝑖 + �⃗⃗� 𝑖 

𝑖  × 𝐽 �⃗⃗� 𝑖 
𝑖   (6.12) 

where left superscript o indicates that the vector is defined in the inertial coordinate system, m is 

the mass and J is the rotational inertia. The first term in the right side of rotational Eq. (6.12) is the 

rotational inertia term and the second term is a gyrational term.  Including forces such as gravity 

and equating vectors in different reference frames requires coordinate transforms from the body 

fixed frame to the inertial frame.  This is accomplished with a rotation matrix.  Rotation matrices 

are made for each of the three rotations 𝜓,  , 𝜙 about z, y and x axes, respectively.  These matrices 

are multiplied together to create the transformation matrix.  The final simplified rotation matrix is 

shown in the following equation that transforms coordinate frames from body fixed to inertial [93]: 

[
𝑋
𝑌
𝑍
] = [

𝑐𝑜𝑠  𝑐𝑜𝑠 𝜓 −𝑐𝑜𝑠  𝑠𝑖𝑛 𝜓 𝑠𝑖𝑛  
𝑐𝑜𝑠  𝑠𝑖𝑛 𝜓 + 𝑠𝑖𝑛𝜙𝑠𝑖𝑛 𝑐𝑜𝑠𝜓 𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜓 − 𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛  𝑠𝑖𝑛 𝜓 −𝑠𝑖𝑛 𝜙 𝑐𝑜𝑠  
𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛 𝜓 − 𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛  𝑐𝑜𝑠 𝜓 𝑠𝑖𝑛 𝜙 𝑐𝑜𝑠 𝜓 + 𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛  𝑠𝑖𝑛 𝜓 𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 

] [
𝑥
𝑦
𝑧
]  

(6.13) 

 

The following equation relates angular velocity components to the rates of change of orientation 

angles: [93]  

 

�⃗⃗� = [

𝜔𝑥

𝜔𝑦

𝜔𝑧

] = 𝑅�⃗� = [
1 0 −𝑠𝑖𝑛 
0 𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝑠𝑖𝑛𝜙
0 − 𝑠𝑖𝑛 𝜙 𝑐𝑜𝑠𝜙𝑠𝑖𝑛 

] [

𝜙 

  

𝜓 
]  (6.14) 

Eq. (6.14) transforms the orientation angle rates into the body fixed angular velocity components.  

Taking the inverse of matrix R will allow us to transform in the other direction.  The inverse 

transformation matrix is shown below.  

𝑅−1 = [

1 𝑠𝑖𝑛 𝜙 𝑡𝑎𝑛 𝑐𝑜𝑠𝜙𝑡𝑎𝑛 
0 𝑐𝑜𝑠 𝜙 − 𝑠𝑖𝑛𝜙

0
𝑠𝑖𝑛𝜙

𝑐𝑜𝑠 𝜃

𝑐𝑜𝑠𝜙

𝑐𝑜𝑠 𝜃

]  (6.15) 

Figure 6.3 shows the symbols and constitutive laws of sources, storage and dissipative elements, 

and power-conserving elements in scalar form [108]. Figure 6.4 shows the vector bond graph 
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submodel representing the body segment i of the cable and beam (developed in 20sim® software).  

The dynamic equations for the cable and beam segments are the same, thus, the bond graph 

formulation is the same for cable and beam.  In Figure 6.4, the one-junctions are labeled with the 

corresponding translational or rotational velocities.  Translational velocity Eq. (6.7) for defining 

the velocity of left end point A of the segment and the similar equation for the velocity of the right 

end point B of the segment with respect to center of mass in the body-fixed coordinates are 

represented by two modulated transformers (MTF) and two 0-junctions in Figure 6.4.  A 0-junction 

is used to add  ⃗ G𝑖 
𝑖  to �̃�A𝑖

G𝑖
 
𝑖 �⃗⃗� 𝑖 

𝑖  to obtain  ⃗ A𝑖 
𝑖  and a 0-junction is used to add  ⃗ G𝑖 

𝑖  to �̃�B𝑖
G𝑖

 
𝑖 �⃗⃗� 𝑖 

𝑖  to obtain 

 ⃗ B𝑖 
𝑖 . The two MTF’s representing relative velocity cross products use the relative position vector 

as an input signal.  The coordinate transformation between body-fixed and inertial frames is 

represented by an MTF that multiplies the transformation matrix and  ⃗ G𝑖 
𝑖  to obtain inertial center 

of gravity velocity  ⃗ G𝑖 
o .  Translational force Eq. (6.11) is represented by a mass matrix multiport 

I element and the gravity effort source connected to the  ⃗ G𝑖 
o  1-junction.  Orientation angle rates 

[  𝜓 𝜙 ]𝑇are obtained by multiplication of the �⃗⃗� 𝑖 
𝑖  body-fixed angular velocity by the matrix 

in Eq. (6.15), followed by integration to obtain the transformation angles [ 𝜓 𝜙]𝑇.  The right 

hand side of Eq. (6.12) is represented by a rotational inertia I element and a modulated gyrator 

MGY.  Other elements bonded to the  �⃗⃗� 𝑖 
𝑖  1-junction create the external moments from joints i and 

i-1 and moments from forces at end points A and B.  An MGY is used to represent the cross product 

�⃗⃗� 𝑖 
𝑖  × 𝐽 �⃗⃗� 𝑖 

𝑖 . 
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Figure 6.3: Bond graph elements [108] 

 

 

Figure 6.4: Body i bond graph 
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Figure 6.5 shows the bond graph submodel of joint i between successive segments (developed in 

20sim® software).  The 0-junctions represent the translational and angular velocity constraints that 

are caused by parallel spring/dampers between the left end point A of body i+1 and right end point 

B of body i (Figure 6.2).  The velocity of B on body i,  ⃗ B𝑖 
𝑖 , and angular velocity �⃗⃗� 𝑖 

𝑖  are first 

transformed to the inertial coordinate system using a pair of MTF’s and then transformed to the 

body i+1 local coordinate system using another pair of MTF’s.  The C multiport elements model 

the stiffness described in Eq’s. (6.1)-(6.6) using a diagonal stiffness matrix.  The R elements define 

the damping using a damping matrix.  The cable axial damping is measured and the other damping 

values are tuned to reduce discrepancies between numerical and experimental time response and 

natural frequencies. 

 

Figure 6.5: Joint i submodel bond graph 

6.2.2 Cable-Beam Connection Bond Graph 

Figure 6.6 illustrates the segments of the beam and cable at the connection point. The connection 

of the cable to the tip of the beam is realized by bonding the 1-junctions associated with the beam 

tip velocities and the cable endpoint velocities.  Figure 6.7 shows the bond graph model at the 

connection point of beam tip and the cable.  The angles that are calculated in the 𝑛c-th joint 

submodel of the left cable are input as a signal to the beam tip segment and then the calculated 
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angles in the beam tip segment are input signal for the first joint of the right cable attached to the 

beam. Beam tip velocity at point A (Figure 6.2),  ⃗ A𝑛b 
𝑛b  is connected to the lower joint submodel 

of beam (joint 𝑛b in Figure 6.7). Velocity of point B of the highest beam segment,  ⃗ B𝑛b 
𝑛b  is 

connected to the joint 𝑛c of left cable and the first joint of right cable in the beam 𝑛b-th coordinate 

system. Rotational velocity 1-junctions are also bonded in the cable endpoints and the beam tip.  

 

Figure 6.6: Connection point segments 
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Figure 6.7: Cable and beam connection bond graph (developed in 20sim® software) 

Two end points of the right and left cables are pinned to the wall and therefore have zero 

translational velocity. Thus, zero flow source is used at each end point to define the pin connection. 

The fixed boundary condition of the beam is applied by zero flow sources for translational and 

rotational velocities at the bottom-most point of the beam.  In order to create the desired tension 

in the cable, the model is first given zero initial displacement and then stretched until the desired 

tension is achieved.  Five values of tension are considered for the analysis.  For applying the 

stretching displacement to the cable in the bond graph model, a flow source was temporarily 

applied to the 1-junction associated with the velocities of the end points of the left and right cables 

in the local x direction.  After creating the desired tension, the zero flow source was reinstated at 

the right end.  

 

6.3 Finite Element Model 

The three-dimensional finite element model of the beam-cable system and the cable were 

developed in Ansys® software using solid elements.  The model consists of around 36000 solid 

linear elements with each element having 48 degrees of freedom and 16 nodes. The displacement 
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of the free end of the beam is defined to be equal to the displacements of one end cross section of 

each of the left and right cables with “bonded connection” boundary condition in Ansys®.  The 

cables are pinned at the other end points and the beam is cantilever. A pre-tension is first applied 

to the cable and then Eigen Value analysis is performed and the natural frequencies and mode 

shapes of the system are obtained in a pre-stressed modal analysis.  A convergence study was also 

performed and the results did not change significantly after having a finer mesh. The cables are 

modeled as cylinders but the geometric and mechanical properties of the cables are defined such 

that they match the measured bending stiffness and axial stiffness (Section 6.4) and mass of the 

cable at each value of tension.  In order to have a cable model that matches the measured values 

of bending stiffness and axial stiffness and has the correct mass, the values of Young’s modulus, 

volumetric density and diameter of the cylinder model are adjusted at each value of tension so that 

the following equations are enforced: 

𝐸c𝐼c = 𝑎 ⇒ 𝐸c
𝜋𝑑c

4

64
= 𝑎  

𝐸c𝐴c =  ⇒ 𝐸c
𝜋𝑑c

2

4
=    

𝜌c𝐴c = 𝑐 ⇒ 𝜌c
𝜋𝑑c

2

4
= 𝑐  

(6.16) 

where 𝑎,   are the measured bending stiffness and axial stiffness of the cable (Section 6.4) and 𝑐 

is the linear density of the cable, known from the cable manufacturer catalogue. Eq. (6.16) has 

three unknowns that can be solved using linear algebra so that the values of 𝐸𝑐, 𝑑c and 𝜌c can be 

calculated for each tension. The measured bending stiffness is different in each cable tension but 

the axial stiffness and linear density are the same, thus; all the three values of 𝐸𝑐, 𝑑c and 𝜌c are 

different in each tension.  
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Figure 6.8: Finite element model of the cable-beam system 

 

6.4 Experimental Cable Parameterization and Vibration Testing 

In order to have a reliable numerical model for the stranded cable, the cable mechanical properties 

must be measured accurately. The stranded cable used in this study is a steel 7 × 19 cable with a 

nominal diameter of a quarter inch and the linear density of 0.16667 kg/m. An apparatus was 

designed to measure the bending stiffness (𝐸c𝐼c) of the cable under different tensions, and a second 

apparatus was designed to measure the axial stiffness (𝐸c𝐴c) and axial damping ratio (𝜉). In 

Section 6.4.1, the bending stiffness measurement is described, the axial stiffness test is explained 

in section 6.4.2 and the experimental vibration tests on the cable and cable-beam system are 

detailed in Section 6.5. 

6.4.1 Bending Stiffness Measurement 

6.4.1.1 Theory 

Figure 6.9 shows the schematic of the test set up used to measure bending stiffness of the cable 

under different tensions.  The load 𝑄 is applied at the midpoint of the span length 𝑙 of the cable 

causing the deflection 𝛿 at the mid-span and the cable is under tension 𝑃. 
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Figure 6.9. Schematic of bending stiffness tests 

By solving the partial differential equation for the static deflection of an Euler beam under tension, 

deflection of the mid-span of the beam is [86]: 

𝛿 =
𝑄𝑙3

48𝐸𝐼c
[
3𝜆 sinh𝜆+6(1−cosh𝜆)

𝜆3 sinh𝜆
]  (6.17) 

where 𝑙 is the span length, 𝐸𝐼𝑐 is bending stiffness of the cable and 𝜆 is the following:  

𝜆 = √
𝑃𝑙2

4𝐸𝐼c
  (6.18) 

Eq. (6.17) can be rewritten as [86]:  

4𝑃𝛿

𝑄𝑙
= 1 +

2(1−cosh𝜆)

𝜆 sinh𝜆
  (6.19) 

In order to obtain the bending stiffness 𝐸𝐼 of the cable, the ratio of  
4𝑃𝛿

𝑄𝑙
 was calculated for each 

value of tension 𝑃 since the deflection-force diagram for the deflection range was considered 

linear.  Eq. (6.19) was then solved numerically for each value of 𝑃 to solve for 𝜆 and then 𝐸𝐼c was 

calculated using Eq. (6.18). The bending stiffness of stranded cables is bounded by two flexural 

stiffnesses 𝐸𝐼max and 𝐸𝐼min [15]. The former  corresponds to a solid cross section with no slippage 

of the strands and wires relative to each other, and the latter corresponds to unrestricted wires and 

strand slip [15]: 

𝐸𝐼max = 𝐸∑ (
𝜋𝑑𝑠𝑖

4

64
+

𝜋𝑑𝑠𝑖
2

4
𝑦𝑠𝑖

2) ≈ 𝐸
𝜋𝑑c

4

64

𝑁𝑠
𝑖=1   (6.20) 

𝐸𝐼min = 𝐸∑
𝜋𝑑𝑠𝑖

4

64

𝑁𝑠
𝑖=1   (6.21) 
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where 𝑑𝑠𝑖 is the diameter of the ith strand, 𝑦𝑠𝑖 is the distance from the center of gravity of the ith 

strand to the center of gravity of the conductor, 𝑑𝑐 is the dimeter of the cable and 𝑁𝑠 is the number 

of strands in the cable. The bending stiffness values that were measured in the present study fall 

within this range for all tensions, and are closer to the minimum bending stiffness limit. 

6.4.1.2 Experimental Set up for Bending Stiffness Measurement 

Figure 6.10 shows the setup for bending stiffness measurement.  A hydraulic cylinder was used to 

apply the load 𝑄 at the middle of the cable and a high accuracy linear variable displacement 

transducer OMEGA LD621-150 (LVDT) was attached to the cylinder to measure the deflection 

of the cable at mid-span (𝛿).  A threaded rod was used to adjust the tension in the cable and an 

inline tension/compression load cell STI 1608966 was used to measure cable tension 𝑃.  An S-

type load cell INTERFACE SSMF was attached to the cylinder to measure the applied load.  

 

Figure 6.10: Experimental set up for measuring the bending stiffness of the cable 
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The bending tests were carried out with cable tension values of 25 N, 100 N, 200 N and 300 N. 

Table 6.1 presents the measured bending stiffness values. The theoretical limits of bending 

stiffness using Eq’ns. (6.20) and (6.21) are 𝐸𝐼max = 15.5632 and 𝐸𝐼min = 0.0306, respectively.  

As can be seen from Table 6.1, the bending stiffness values increase with tension.  

Table 6.1. Measured bending stiffness in different tensions 

Tension (N) 𝐸𝐼 (Nm2) 

25 0.2549 

100 0.4948 

200 0.5972 

300 0.8283 

 

6.4.2 Axial Stiffness-Damping Measurement 

6.4.2.1 Theory 

Experimental characterization was carried out to measure the axial stiffness and damping of the 

cable. Axial stiffness of the cable is 
𝐸c𝐴c

𝑙c
 (Eq. (6.2)) is assumed be to in the linear elastic range 

governed by Hooke’s Law [109]: 

𝐹 = 𝑘𝑥  (6.22) 

where 𝐹 is the applied tension, 𝑘 is the spring constant of the cable and 𝑥 is the elongation caused 

by the tension 𝐹. For a homogeneous solid cylinder, the spring constant can be calculated using 

the Young’s modulus of the material and the geometrical properties.  However, the 𝐸c𝐴c value for 

a stranded cable cannot be calculated because of the complicated axial deformation behavior 

arising from the multiple wires and strands [29]. Previous attempts to obtain analytical axial and/or 

torsional stiffness theories for wire ropes and stranded cables can be found in [99][109][111][112] 

, but alternatively the spring constant of the cable can be measured using single degree of freedom 

(SDOF) mass-spring-damper oscillator theory. By initiating free vibration of a known mass 
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hanging from the cable, the stiffness and damping properties can be identified [113]. Figure 6.11 

shows the schematic of a SDOF system with cable as the spring.  

 

Figure 6.11: Cable and mass as SDOF oscillator 

The damped frequency 𝜔𝑑 =
2𝜋

𝜏𝑑
 can be calculated by measuring the time period of the oscillation 

(𝜏𝑑) and, after measuring damping ratio using logarithmic decrement, the following equation can 

be used to determine stiffness: 

√
𝑘

𝑀+
𝑚c
3

√1 − 𝜉2 = 𝜔𝑑  (6.23) 

where 𝑀 is the hung mass (Figure 6.11) and 𝑚c is the mass of the cable. The equivalent damping 

constant 𝑐 can be calculated using the damping ratio: 

𝜉 =
𝑐

2√𝑘𝑀
  (6.24) 

The calculated 𝐸c𝐴c value and the damping constant were used in bond graph model for axial 

stiffness and damping, respectively. 
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6.4.2.2 Experimental Setup  

Figure 6.12 shows the schematic of axial stiffness-damping measurement set up. 

 

Figure 6.12: Axial stiffness-damping measurement schematic 

A known mass (2.2 kg) was suspended from a measured length of the cable and an in-line load 

cell (Figure 6.12) was used to monitor the tension during the oscillation. In order to hang the mass 

from the end of the cable, a cylindrical adapter was used. Three sample lengths of 70 cm, 1 m and 

1.3 m were used, and for each sample length, five impulses were applied to the sprung mass. Figure 

6.13 shows the set up used for measurement. The tension was recorded with 500 Hz sampling 

frequency.  
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Figure 6.13: Axial stiffness and damping measurement set up 

The difference of the results obtained from the three different sample lengths were negligible and 

the average results obtained from three sample lengths were considered for the final result. Figure 

6.14 shows a recorded tension obtained from a 1 m sample length after curve fitting. Tension time 

response in Figure 6.14 was used to obtain the parameters. 
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Figure 6.14: Tension record for the mass-spring-damper system using 1 m sample length 

The axial stiffness of the cylindrical adapter used for hanging the cable had a small but non-

negligible effect that was accounted for by treating it as a spring in series with the cable.   

1

𝑘c
=

1

𝑘
−

1

𝑘m
  (6.25) 

where 𝑘𝑚 is the cylindrical adapter axial stiffness 
𝐸m𝐴m

𝑙m
  that can be simply calculated from 

material and geometric properties, 𝑘 is the calculated spring constant from Eq. (6.23) and 𝑘c is the 

cable spring constant. The value of 𝑘c𝑙c is a constant for a given cable and independent of cable 

length. The measured values for axial stiffness and damping ratio are (𝐸c𝐴c) = 221.78  kN 

and 𝜉 = 0.017.  

6.5 Vibration Testing 

In order to validate the numerical models for cable, beam and cable-beam system, free and forced 

vibration tests were performed and the modal properties and time responses were obtained. The 

following sections present the procedure for vibration testing on the cable and cable-beam system. 

Modal test was also carried out on the cantilever beam but not explained here for brevity and only 

it’s results are presented in Section 6.6.1. 
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6.5.1 Cable Vibration Tests 

Figure 6.15 presents the schematic of the vibration tests on the cable. Two rigid frames were 

secured to the floor. The right end of the cable was attached to a threaded rod to adjust the tension.  

An in-line load cell was used at the left end of the cable to measure the longitudinal tension.  The 

test set up, in-line load cell and the threaded rod are shown in Figure 6.16. Two types of vibration 

tests were performed on the cable: Experiment A and Experiment B. Experiment A (Figure 6.15-

a) is the modal testing for obtaining the natural frequencies of the cable in in-plane and out-of-

plane directions. The modal tests were carried out with 25 N, 100 N, 200 N and 300 N cable 

tensions. The hammer hits were applied one quarter of the way along the cable in in-plane and out-

of-plane directions in two separate tests and the accelerometers were placed at the mid-span. In 

addition to the in-plane accelerometer shown in Figure 6.15-a, another accelerometer that is not 

shown in the figure was also used (perpendicular to the plane of Figure 6.15) to measure the out-

of-plane vibration due to a hammer impact load in that direction. Each test was performed five 

times and the average result was considered for the analysis. The cable was supported with a pin 

connection at both ends and the span length between the rigid frames was 2.4 m.  

 



 106 

 

Figure 6.15: Schematic of vibration testing of the stranded cable a) Experiment A b) Experiment B 

Experiment B was a free vibration test (Figure 6.15-b). In this test, a 1 kg weight was hung from 

the quarter span of the cable and by cutting the string attached to the weight, an initial displacement 

was created to cause free vibration of the cable. The in-plane vibration response at the mid-span 

was measured by the in-plane accelerometer. 

 



 107 

 

Figure 6.16: Cable vibration test set up a) Test set up b) In-line load cell c) Threaded rod 

6.5.2 Pole-Line Vibration Tests  

In order to validate the developed numerical model for the cable-beam system, an experimental 

lab-scale pole-line set up was built in the lab. Figure 6.17 shows the schematic of experimental 

tests on the cable-beam set up. Two U-bolts were used in the connection point of the cable and 

beam. The pole-line and U-bolts are shown in Figure 6.18. Similar to tests for cable only system, 

two types of vibration tests were performed: Experiment A and Experiment B.  Experiment A is 

shown in the top part of Figure 6.17. Experiment A was impact testing (forced vibration). Two 

accelerometers positioned 0.45 m and 0.65 m from the clamped end of the beam and one 

accelerometer positioned at mid-span of the left cable were used to measure the response. The 
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position of accelerometers was kept fixed and hammer impact was made at four different locations. 

Hit location 1 is 60 cm from the clamped end of beam, hit location 2 is at the quarter span length 

of the right cable, hit location 3 is at the mid-span of the right cable and hit location 4 is at the 

quarter span length of the left cable.  

An out-of-plane impulse (perpendicular to the plane of Figure 6.17) was also applied to excite the 

beam and an out-of-plane accelerometer in place of Accelerometer 2 was used to measure the 

response.  

 

 

Figure 6.17: Schematic of experimental vibration testing of the beam-cable system a) Experiment A b) Experiment B 

In Experiment B (Figure 6.17-b), a mass (200 g) was hung at mid-span of the left section of the 

cable through a string to cause a free vibration (Similar to Experiment B for cable-only test) An 

accelerometer positioned 0.6 m from the clamped end was used to measure the time response. 

Tests were performed with a Bruel & Kjaer 8205-002 impact hammer, 4507 B 004 70-g 

accelerometers, and a National Instruments NI USB-4432 power supply and signal conditioner. 

The software ModalView [95] was used to analyze the data.   
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Figure 6.18: Experimental set up for vibration testing of the beam-cable system a) The beam-cable system b) 

Connection point 

 

6.6 Elementary Verification 

Simulation models of cable, beam and the coupled cable-beam system are verified with experiment 

and finite element results in the frequency and time domains. The 20sim® software was used to 

implement the bond graph models. In addition to a bond graph graphical user interface, the 

software has a frequency domain toolbox to numerically generate transfer functions and 

eigenvalues. 

 

6.6.1 Beam Only Verification 

The hammer impulse was simulated in the 20th segment of the beam bond graph model 

corresponding to 50 cm from the clamped end and the vibration response was obtained in the 25-

th segment corresponding to 62.5 cm from the clamp end. Hammer impulse was simulated by 

applying a pulse signal using a modulated effort source, MSe, to the center of gravity velocity (in 

inertial coordinate) 1-junction,  ⃗ 𝐺𝑖 
𝑜  (Figure 6.4). Natural frequencies of the cantilever beam were 



 110 

obtained using the frequency toolbox and the results are compared with finite element and 

experiments in Table 6.2.  

Table 6.2. Natural frequency comparison between numerical and experimental results: beam only 

Mode Number 1 2 3 4 
5 

Exp [Hz] 
2.24 14.70 41.57 84.22 138.2 

BG [Hz] 
2.34 15.79 45.40 90.56 151.65 

FE {Hz] 
2.41 15.38 43.57 86.14 143.36 

 

6.6.2 Cable Only Verification 

The cable model was implemented before connecting to the beam model, and modal impact testing 

was simulated, in the 20sim® software environment. In the simulation, an impulse force was 

applied at the quarter-span location, and the time response was obtained at mid-span as in the 

experimental test procedure (Figure 6.15). The Vode-Adams explicit integrator [114] is used for 

integration and simulation time is around 15 seconds for 10 seconds of time response simulation. 

Table 6.3 presents the comparison of in-plane natural frequencies of the cable with different 

tensions and Table 6.4 compares the out-of-plane natural frequencies of the cable.  

Table 6.3. In-plane natural frequency comparison of the cable 

Tension 

(N) 
Sim [Hz] FE [Hz] 

Modal Test 

[Hz] 

25 

5.55 5.33 5.26 

8.08 8.23 8.03 

12.85 11.38 13.19 

100 

6.08 5.07 6.33 

11.30 10.16 11.29 

17.27 15.27 16.94 

200 
7.91 7.15 7.81 

15.85 14.32 15.53 
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23.72 21.51 23.06 

300 

9.53 8.74 9.08 

19.38 17.55 17.6 

29.51 26.35 25.91 

 

 

Table 6.4. Out-of-plane natural frequency comparison of the cable 

Tension 

(N) 
Sim [Hz] FE [Hz] 

Modal Test 

[Hz] 

25 

2.85 2.55 2.94 

5.87 5.11 5.97 

9.10 7.70 9.19 

100 

5.50 4.87 4.73 

6.08 6.32 6.08 

11.29 10.58 9.3 

200 

7.77 7.06 6.82 

7.88 8.20 8.11 

15.87 14.09 14.22 

300 

8.32 8.77 8.64 

16.98 17.47 17.15 

24.85 26.11 24.62 

 

A free vibration test of the cable (Figure 6.15-b) was simulated in the cable numerical model.  The 

experiment and simulation results for mid-span in-plane acceleration time response are compared 

in Figure 6.19 for a cable with 200 N tension. As can be seen, there is a good agreement between 

the numerical and experimental time responses and the cable numerical model is able to replicate 

the decay rate, vibration amplitude and frequency content of the experimental time response. There 

is a discrepancy in decay rate which could be due to the nature of lumped segment modeling of 

damping in bond graph model and difficulty in simulating the applied initial displacement caused 

by cutting the hung mass. 



 112 

 

Figure 6.19: Cable time response comparison of simulation and experiment: 200N tension 

 

6.7 Coupled System Simulation Results and Validation 

The numerical (FE and bond graph) and experimental results for the coupled cable-beam system 

are presented in this section in three different sections. In Section 6.7.1, the natural frequency 

results from different methods are presented and compared with each other, Section 6.7.2 presents 

the mode shapes of the coupled system obtained from FEM and section 6.7.3 is the time domain 

response analysis. 

6.7.1 Frequency Analysis 

Table 6.5 presents the comparison of bond graph, finite element and experimental natural 

frequencies of the beam-cable system.  There is a good overall agreement between the numerical 

and experimental results, suggesting that the bond graph model has enough accuracy to capture 

the dominant beam-cable system dynamics. Some of the lower modes were not revealed in the 

bond graph software’s numerical calculation of natural frequencies.  Some discrepancy in the 
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frequency values is attributed to the difficulty in exactly replicating the boundary conditions during 

the experiments.  

Table 6.5. Natural frequency comparison between numerical and experimental results: beam-cable system 

Mode Number 1 2 3 4 5 
6 

25 N 

Test [Hz] 
5.299 6.730 11.660 12.958 14.897 -- 

BG [Hz] 
6.199 6.430 10.159 -- 14.092 -- 

FE [Hz] 
5.622 6.202 11.652 13.030 14.185 -- 

100 N 

Test [Hz] 
8.610 12.670 16.890 21.850 24.320 36.087 

BG [Hz] 
6.299 12.190 15.124 -- 24.932 37.884 

FE [Hz] 
10.521 11.439 14.283 22.651 24.171 35.542 

200 N 

Test [Hz] 
13.490 14.537 16.069 26.111 32.404 39.604 

BG [Hz] 
-- 15.788 16.740 27.410 33.887 41.185 

FE [Hz] 
13.730 15.417 16.136 30.561 32.362 41.347 

300 N 

Test [Hz] 
14.043 15.263 18.524 36.715 40.654 44.576 

BG [Hz] 
-- 17.094 20.705 37.719 40.825 47.188 

FE [Hz] 
14.765 18.395 19.260 36.716 39.172 43.260 

 

6.7.2 Mode Shapes 

The mode shapes of the coupled cable-beam system are obtained from the FE model. Figure 6.20 

shows the first eight in-plane mode shapes of the coupled cable-beam system with 200 N tension 

in the cable.  As can be seen, some of the modes are beam dominated modes (BD), some are cable 

dominated modes (CD) and some are hybrid (H) modes (both beam and cable dynamically 

involved).  
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Figure 6.20: First eight in-plane mode shapes of the coupled cable-beam system a) Mode 1 (BD) b) Mode 2 (H) c) 

Mode 3 (H) d) Mode 4 (CD) e) Mode 5 (H) f) Mode 6 (H) g) Mode 7 (H) h) Mode 8 (CD) 

6.7.3 Time Domain Analysis 

In Experiment A and B of the cable-beam system experiments (Figure 6.17), time response of the 

beam was measured using accelerometers in forced and free vibration, respectively.  To simulate 

a hammer strike (Experiment A), an impulse signal was applied to a modulated effort source (MSe) 

element in one segment of the beam model, to represent a hammer strike.  The amplitude and 

period of the impulse was chosen to match the energy of the modal testing hammer impact.  This 

value was determined by estimating the area under the force versus time plot from the impact 

hammer load cell.  Experiment B was replicated by applying a step input force equal to the hanging 

mass weight at mid-span of the left cable.  Removing the force simulated cutting the cable. Figure 

6.21 and Figure 6.22 present the acceleration time response of the beam due to impact load, 

obtained from simulation and test, when the cable has 300 N tension and 200 N tension, 
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respectively. The beginning of the time responses is zoomed to better show the two curves during 

the initial decay transient. As can be seen, numerical and experimental time responses are in good 

agreement with each other and show the same frequency content and amplitude and decay rate. 

Some discrepancies in frequency content are attributed to the difficulty of precisely simulating the 

hammer strike time series, the difficulty of modeling the same boundary condition in simulation 

and test and unmodeled dynamics in the laboratory support structure and load cell connection joint.  

 

Figure 6.21: Acceleration time response due to impact with 300 N tension- Simulation and Test   a) in-plane  b) out-

of-plane 
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Figure 6.22: Acceleration time response due to impact with 200 N tension- Simulation and Test  a) in-plane  b) out-

of-plane 

Experiment B in Figure 6.17 is also simulated using the bond graph model and the time responses 

are presented in Figure 6.23. The results show that the numerical model can give accurate time 

responses under free and forced vibration.  In Figure 6.23, in-plane acceleration response obtained 

from simulation and test are shown with the tension of 100 N and 200 N in the cable. 
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Figure 6.23: In-plane acceleration free vibration response - Simulation and Test   a) 100 N  b) 200N 

 

6.8 Conclusions 

A three-dimensional numerical model based on the bond graph method was developed for 

vibration analysis of a coupled cable-beam system, which can be extended to a utility pole-

conductor system. The cables were modeled considering the bending stiffness and sag due to self-

weight, and the beam was modeled as a cantilevered beam. Experimental parametrization for a 

stranded cable was carried out, measuring the bending stiffness under different tensions and the 

axial stiffness and damping using newly designed apparatus. The bending stiffness was concluded 
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to increase with an increase in tension. Experimental free and forced vibration tests were 

performed on the substructures of cable and beam and on the lab-scale cable-beam coupled system. 

The tests were simulated in the numerical models and comparison of the results showed a good 

agreement.  The natural frequencies of the system were obtained and the bond graph results were 

validated by experimental and finite element results. It is also concluded that by connecting the 

cable to the beam in a cable-beam system, some new modes called cable dominated modes and 

hybrid modes emerge in vibration modes of the system. It is concluded that the numerical models 

can be used to simulate the modal testing of any simple structure connected to cables.  The authors 

will apply the modeling method to electricity transmission line systems to facilitate research into 

non-destructive evaluation of wood poles.  
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Chapter 7 
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Abstract 

Interactions between cable and structure affect the modal properties of cabled structures such as 

overhead electricity transmission and distribution line systems.  Modal properties of a single in-

service pole are difficult to determine.  A frequency response function (FRF) of a pole impacted 

with a modal hammer will contain information about not only the pole, but also the conductors 

and adjacent poles connected thereby.  This paper presents a generally applicable method to extract 

modal properties of a single structural element, within an interacting system of cables and 
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structures, with particular application to electricity poles.  A scalable experimental lab-scale pole-

line consisting of a cantilever beam and stranded cable, and a more complex system consisting of 

three cantilever beams and a stranded cable, are used to validate the method. The FRF of a 

cantilever (“pole”) is predicted by sub-structural decoupling of measured cable dynamics (known 

FRF matrix) from the measured response of the assembled cable-beam system (known FRF 

matrix).  Various amounts of sag can be present in the cable. Comparison of the estimated and 

directly-obtained pole FRF’s show good agreement, demonstrating that the method can be used in 

cabled structures to obtain modal properties of an individual structural element with the effects of 

cables and adjacent structural elements filtered out. An FRF-based finite element model updating 

is then proposed to overcome the practical limitation of accessing some components of the real-

world system for mounting sensors. FRFs corresponding to inaccessible points are generated based 

on the measured FRFs corresponding to accessible points. The results verify that FRF-based finite 

element model updating can be used for substructural decoupling of systems in which some 

essential points, such as coupling points, are inaccessible for direct FRF measurement. 

Keywords: Cable-Beam System, FRF-Based Decoupling, Finite Element Model Updating. 

7.1 Introduction 

Dynamic interaction between cables and structural elements has been a topic of interest of 

researchers for many years. Modal properties of structures can give insight into the condition of 

the structure.  Any cables attached to the structure will make it difficult to extract the modal 

properties of the structure itself.  This paper proposes a method for removing the cable effect and 

accurately predicting structural natural frequencies and damping ratios, even for systems where 

some of the desired measurement points are not practically accessible. Specifically, the authors are 

engaged in ongoing development of a non-destructive evaluation (NDE) method for utility poles 

based on vibration testing [7,8,15,16,56]  Existing NDT methods for poles, such as ultrasonic, X-
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ray and resistograph, are localized damage detection methods that evaluate the strength of the pole 

at one specific axial location [5]. The authors are currently exploring modal properties of the entire 

pole as an alternative. Since power lines (conductors) are attached to the poles, vibrations of the 

conductors affect the modal properties of the pole.  Removing the effect of the conductors to reveal 

pole properties requires a structural dynamic method to decouple the cable from the assembled 

cable-pole system. 

There are many studies of the interaction between cables and structures. (Li al., 2005) presented a 

simplified computational model for a high-voltage transmission tower-line system to study the 

coupling behavior of adjacent tower spans and cables due to seismic excitations.  The 

computational model was validated with experiments performed on a lab-scale tower-line system 

on a shaking table. [15] developed an analytical model to study the effect of cable sag and bending 

stiffness on coupled vibration behavior of a cable-beam system. It was concluded that cable 

bending stiffness and sag have significant effect on dynamics of a cable-beam system. The 

analytical results were verified by experiments on a lab-scale system. [115] studied the in-plane 

free vibration of a multi-cable-stayed beam using a transfer matrix method (TMM). Parametric 

analyses were carried out to investigate the effect of different parameters on modal properties, and 

numerical results were verified by finite element analysis. [101] reviewed analysis and modeling 

of transmission towers, transmission lines and transmission tower-line systems subjected to 

dynamic excitations due to wind, ice effects and seismic motion.  The review suggested that future 

improvements in analytical models of tower-line systems are motivated and expected. [116] 

studied the coupled dynamics of a cable-harnessed structure by analytical modeling, verifying the 

FRF’s through experiments. [117] studied the cable and beam nonlinear interaction in a beam-

cable-beam system. Their model consisted of two vertical cantilever beams connected with a 

suspended cable. The local, global and hybrid modes of the coupled structure were studied in linear 



 122 

and nonlinear analyses. [118] formulated a parametric section model to synthetically describe the 

geometrically nonlinear dynamics of cable-stayed and suspended bridges through a planar elastic 

multibody system. Reviewing the literature in cable-beam system dynamic analysis reveals that 

most prior work has focused on predicting responses of interacting cables and beams, with no 

research dealing with extracting dynamic properties of the beam as an independent substructure, 

through filtering out the effects of cables and adjacent beams.  

Dynamic substructuring methods are well established and involve constructing the structural 

dynamic model of a complex system by assembling models of its simpler components. Some 

applications require the reverse problem, called “inverse dynamic substructuring” or “substructure 

decoupling”, which is extracting a substructure dynamic model from the assembled system. This 

is a relevant issue for subsystems that cannot be measured separately, but only when coupled to 

their neighboring substructure(s) [13]. (Inverse) dynamic substructuring techniques have been 

used in many applications in recent years. Dynamic analysis of a coupled system of wind turbine 

hub and blades has been carried out using experimental substructuring [119]. [65] applied 

experimental substructure coupling to couple the dynamics of a mobile machine tool with 

measured dynamics of its base to predict the assembled system dynamics, and used experimental 

substructure decoupling to extract unsupported free–free response of the machine tool. [120] used 

inverse substructuring to obtain a substructure-level FRF in a three-component coupled packaging 

system.  

In many applications of (inverse) dynamic substructuring, some points (often coupling points) are 

very difficult to access for mounting sensors, yet the FRFs corresponding to these points are 

necessary. In response to this challenge, the transmission simulator (TS) method has been 

developed [72]. In the TS method, an experimental substructure (TS substructure) is added to the 

structure at the coupling points (or any inaccessible point) and a finite element model for the TS 
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is also developed. After coupling of the subsystems, the experimental and finite element TS models 

are subtracted from the system.  By adding the TS substructure to the system, more accessible 

points are available for measurement and many problems can be solved [72]. The drawback of TS 

method is that another substructure should be added to the system and this is not possible in many 

applications. In this paper, an FRF-based finite element model updating is proposed to overcome 

this problem. The proposed FE updating technique uses numerical sensitivities instead of 

analytical sensitivities.  

In this paper, frequency-based or FRF-based decoupling techniques (as opposed to time domain 

or modal domain techniques) are used due to compatibility with experimental data. An 

experimental reduced-scale cable-beam setup of one cantilever beam connected to a stranded 

cable, and a multi-beam cable setup consisting of three cantilever beams connected to a stranded 

cable, are used to obtain the FRF of the beams via the decoupling process. All points are assumed 

to be accessible.  Then, an FRF-based finite element model updating for the single-beam-cable 

system is performed. The finite element model is updated (optimized) based on the measured FRFs 

of the points that would be accessible in the field.  The optimized FE model is then used to generate 

FRFs corresponding to the inaccessible points. The decoupling process is repeated, this time using 

a combination of numerical (obtained from FE updating) and experimental FRFs (from the 

accessible points) to predict the beam FRFs. The results show that frequency-based decoupling 

can be used in dynamic analysis of complicated cable structures to extract the structure(s) 

dynamics with effects of cables and adjacent structures filtered out. Section 7.2 describes the 

theory and basics of the decoupling method and Section 7.3 describes FRF-based finite element 

model updating. Section 7.4 gives the details of the cable-beam systems and shows decoupling 

results. Section 7.5 presents the FE updating of single-beam-cable system and the decoupling 

results obtained from experimental-numerical decoupling. 
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7.2 Substructure Decoupling 

In a cable-beam system, the cable and the beam are “substructures” of the assembled system and 

the purpose of substructure decoupling is to find the dynamics of the beam subsystem (B) as a 

“standalone” component that is completely decoupled from the cable subsystem (C).  See Figure 

7.1.  

 

Figure 7.1: Substructure decoupling schematic 

In Figure 7.1, system CB consists of degrees of freedom “internal to substructure C ”, 𝒖𝑐
𝐶𝐵, 

“internal to substructure B”, 𝒖𝑏
𝐶𝐵 and the coupling DOF, 𝒖𝑐𝑜𝑢

𝐶𝐵. The subsystems C and B also 

have their internal DOFs, 𝒖𝑐
𝐶and 𝒖𝑏

𝐵, respectively and the coupling DOFs, 𝒖𝑐𝑜𝑢
𝐶and 𝒖𝑐𝑜𝑢

𝐵, 

respectively. Assuming the dynamics of system CB and C are known (measured), a dynamic 

stiffness representation of the assembled system CB in compact form is [13]: 

𝒁𝐶𝐵𝒖𝐶𝐵 = 𝒇𝐶𝐵 +  𝐶𝐵  (7.1) 
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[

𝒁𝑐,𝑐
𝐶𝐵 𝒁𝑐,𝑐𝑜𝑢

𝐶𝐵 𝟎

𝒁𝑐𝑜𝑢,𝑐
𝐶𝐵 𝒁𝑐𝑜𝑢,𝑐𝑜𝑢

𝐶𝐵 𝒁𝑐𝑜𝑢,𝑏
𝐶𝐵

𝟎 𝒁𝑏,𝑐𝑜𝑢
𝐶𝐵 𝒁𝑏,𝑏

𝐶𝐵

] [

𝒖𝑐
𝒖𝑐𝑜𝑢
𝒖𝑏

] = [

𝒇𝑐
𝒇𝑐𝑜𝑢
𝒇𝑏

] + [
𝟎

 𝑐𝑜𝑢

𝟎
]  

And subsystem C: 

𝒁𝐶𝒖𝐶 = 𝒇𝐶 −  𝐶  

[
𝒁𝑐𝑐
𝐶 𝒁𝑐,𝑐𝑜𝑢

𝐶

𝒁𝑐𝑜𝑢,𝑐
𝐶 𝒁𝑐𝑜𝑢,𝑐𝑜𝑢

𝐶 ] [
𝒖𝑐
𝐶

𝒖𝑐𝑜𝑢
𝐶 ] = [

𝒇𝑐
𝒇𝑐𝑜𝑢

] − [
𝟎

 𝑐𝑜𝑢
𝐶 ]  

(7.2) 

 

Where 𝒖𝐶𝐵 = [

𝒖𝑐
𝒖𝑐𝑜𝑢
𝒖𝑏

] is the vector of DOF of system CB (Figure 7.1) (the superscripts are omitted 

for brevity), 𝒖𝐶 = [
𝒖𝑐
𝐶

𝒖𝑐𝑜𝑢
𝐶 ] is the vector of DOF of substructure C, 𝒁𝐶𝐵 and 𝒁𝐶 are the stiffness 

matrices of system CB and C, respectively. Vectors 𝒇∗ are the external force vectors and vectors 

 ∗ represent the additional disconnection forces (with non-zero entries only at the interface DOF) 

felt from the decoupling of the neighboring components [13].   

The displacement compatibility condition, Eq. (7.3) and force equilibrium condition, Eq. (7.4), 

between the two (sub)structures are as follows: 

𝒖𝑐𝑜𝑢
𝐶 = 𝒖𝑐𝑜𝑢  (7.3) 

 𝑐𝑜𝑢 +  𝑐𝑜𝑢
𝐶 = 𝟎  (7.4) 

A more systematic description of the problem can be written by introducing the Boolean matrices 

  and 𝑳 :[13]  

 𝒖 = [ 𝐶𝐵  𝐶] [𝒖
𝐶𝐵

𝒖𝐶
] = 𝒖𝑐𝑜𝑢

𝐶 − 𝒖𝑐𝑜𝑢 = 𝟎  (7.5) 
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𝑳𝑻 = [𝑳𝐶𝐵
𝑇

𝑳𝐶
𝑇] [

 𝐶𝐵

 𝐶 ] = [

𝟎
𝟎
𝟎

 𝑐𝑜𝑢 +  𝑐𝑜𝑢
𝐶

] = 𝟎  (7.6) 

Eq. (7.5) presents the compatibility equation and Eq. (7.6) presents the equilibrium equation, with 

matrices   and 𝑳 defined as: 

 = [ 𝐶𝐵  𝐶] = [𝟎 𝑰 𝟎   ∥   𝟎 −𝑰]  (7.7) 

𝑳𝑻 = [𝑳𝐶𝐵
𝑇

𝑳𝐶
𝑇] = [

𝑰
𝟎

𝟎
𝟎

𝟎
𝑰

𝟎 𝟎 𝟎
𝟎 𝑰 𝟎

 ∥   

𝟎 𝟎
𝟎 𝟎
𝑰
𝟎

𝟎
𝑰

]  (7.8) 

Therefore, the decoupling problem can be described in the following equations: 

[
𝒁 
𝐶𝐵 𝟎

𝟎 𝒁 
𝐶] [

𝒖𝐶𝐵

𝒖𝐶
] = [

𝒇𝐶𝐵

𝒇𝐶
] + [

 𝐶𝐵

− 𝐶]  

[ 𝐶𝐵  𝐶] [𝒖
𝐶𝐵

𝒖𝐶
] = 𝟎  

[𝑳𝐶𝐵
𝑇

𝑳𝐶
𝑇] [

 𝐶𝐵

 𝐶 ] = 𝟎  

(7.9) 

 

Employing the dual formulation for decoupling [60], the interface forces are satisfied a priori by 

choosing interface forces of the form: 

 = − 𝑇𝝀  (7.10) 

where 𝝀 are Lagrange multipliers, corresponding physically to the interface force intensities. The 

equilibrium condition in Eq. (7.6) thus becomes: 

𝑳𝑻 = −𝑳𝑻 𝑻𝝀 = 𝟎  (7.11) 
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This condition is always satisfied [14]. The decoupling problem can therefore be formulated in a 

dual way as: 

[
𝒁 
𝐶𝐵 𝟎  𝐶𝐵𝑇

𝟎 −𝒁 
𝐶  𝐶𝑇

 𝐶𝐵  𝐶 𝟎

] [
𝒖𝐶𝐵

 

𝒖𝐶

𝝀

] = [
𝒇𝐶𝐵

 

𝟎
𝟎

]  (7.12) 

In a more general form, different Boolean matrices for the compatibility and equilibrium 

conditions can be taken [13]: 

[
𝒁 
𝐶𝐵 𝟎 𝑬𝐶𝐵𝑇

𝟎 −𝒁 
𝐶 𝑬𝐶𝑇

𝑪𝐶𝐵 𝑪𝐶 𝟎

] [
𝒖𝐶𝐵

 

𝒖𝐶

𝝀

] = [
𝒇𝐶𝐵

 

𝟎
𝟎

]  (7.13) 

where 𝑬∗ are the Boolean matrices defining the location of the uncoupling forces while 𝑪∗ are the 

matrices enforcing compatibility. In order to eliminate Lagrange multipliers 𝝀, Eq. (7.13) can be 

written: 

[𝒁 𝑬𝑇

𝑪 𝟎
] {
𝒖
𝝀
} = {

𝒇
𝟎
}  (7.14) 

where 𝒁 = [𝒁
𝐶𝐵 𝟎
𝟎 −𝒁𝐶

]  𝒖 = [𝒖
𝐶𝐵

𝒖𝐶
], 𝒇 = [𝒇

𝐶𝐵

𝟎
] , 𝑬𝑇 = [𝑬

𝐶𝐵𝑇

𝑬𝐶𝑇
] and 𝑪 = [𝑪𝐶𝐵 𝑪𝐶]. Therefore, 

the system of equations is: 

𝒁𝒖 + 𝑬𝑇𝝀 = 𝒇  

𝑪𝒖 = 𝟎  

(7.15) 

From the first of Eqs. (7.15): 

𝒖 = 𝒁−𝟏𝒇 − 𝒁−𝟏𝑬𝑇𝝀  (7.16) 

By substituting Eq. (7.16) in the second of Eqs. (7.15): 

𝑪𝒁−𝟏𝒇 − 𝑪𝒁−𝟏𝑬𝑇𝝀 = 𝟎  ⇒  𝝀 = (𝑪𝒁−𝟏𝑬𝑇)+𝑪𝒁−𝟏𝒇  (7.17) 
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where + denotes the (Moore–Penrose) pseudo-inverse since the matrix in the parenthesis is not 

necessarily an square matrix. By back-substitution of 𝝀 in the first of Eqs. (7.15) and considering 

= 𝒁−𝟏 : 

𝒁𝒖 + 𝑬𝑇[(𝑪𝒁−𝟏𝑬𝑇)+𝑪𝒁−𝟏𝒇] = 𝒇 ⇒  𝒖 = [𝑯 − 𝑯𝑬𝑇(𝑪𝑯𝑬𝑇)+𝑪𝑯]𝒇  (7.18) 

Eq. (7.18) can be expanded and written: 

[𝒖
𝐶𝐵

𝒖𝐶
] = ([𝑯

𝐶𝐵 𝟎
𝟎 −𝑯𝐶] −

[𝑯
𝐶𝐵 𝟎
𝟎 −𝑯𝐶] [

𝑬𝐶𝐵𝑻

𝑬𝐶𝑻
] ([𝑪𝐶𝐵 𝑪𝐶] [

𝑯𝐶𝐵 𝟎
𝟎 −𝑯𝐶] [

𝑬𝐶𝐵𝑻

𝑬𝑪𝑻
])

+

[𝑪𝐶𝐵 𝑪𝐶] [
𝑯𝐶𝐵 𝟎
𝟎 −𝑯𝐶])𝒇  

(7.19) 

Eq. (7.19) is of the form 𝒖 = 𝑯𝒇. Therefore, the decoupled FRF matrix in a general form can be 

found: 

𝑯𝐵 = [𝑯
𝐶𝐵 𝟎
𝟎 −𝑯𝐶] −

[𝑯
𝐶𝐵 𝟎
𝟎 −𝑯𝐶] [

𝑬𝐶𝐵𝑇

𝑬𝐶𝑇
] ([𝑪𝐶𝐵 𝑪𝐶] [

𝑯𝐶𝐵 𝟎
𝟎 −𝑯𝐶] [

𝑬𝐶𝐵𝑻

𝑬𝐶𝑻
])

+

[𝑪𝐶𝐵 𝑪𝑪] [
𝑯𝐶𝐵 𝟎
𝟎 −𝑯𝐶]  

(7.20) 

Matrix 𝑯𝐵 in Eq. (7.20) is called the decoupled FRF matrix of substructure B but also contains 

extra rows and columns corresponding to subsystem C. Also, those rows and the columns of 𝑯𝐵 

corresponding to compatibility and equilibrium DoFs appear twice, both in the rows and columns 

in −𝑯𝐶 and 𝑯𝐶𝐵 [121]. Therefore, only the rows and columns corresponding to the subsystem B 

are extracted from matrix 𝑯𝐵 and are considered decoupled FRFs of subsystem B. Based on 

choosing different DOFs for compatibility (𝑪) and equilibrium (𝑬), various collocated and non-

collocated decoupling approaches can be used [13]. Eq. (7.20) is used in this paper for obtaining 

the decoupled FRF of substructure B in multiple ways, and the best results are presented in Section 

7.4. 
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7.3 FRF-Based Finite Element Model Updating 

 

The accelerance FRF 𝐻𝑎,𝑏(𝜔) is the acceleration response at node a, 𝐴𝑎(𝜔), divided by the force 

at node b, 𝐹𝑏(𝜔), both in the frequency domain [122]: 

𝐻𝑎,𝑏(𝜔) =
𝐴𝑎(𝜔)

𝐹𝑏(𝜔)
≅ ∑

−𝜔2�̂�𝑎𝑖�̂�𝑏𝑖

−𝜔2+2𝑖𝜔𝛺𝑖𝜉𝑖+𝛺
2
𝑖

𝑚
𝑖=1   (7.21) 

where 𝑚 is the number of modes used for constructing the FRF, 𝜔 is frequency, 𝛺𝑖 is ith natural 

frequency of the system,  𝜉𝑖 is ith damping ratio corresponding to ith mode and �̂�𝑎𝑖 and �̂�𝑏𝑖 are the 

scalar values of mode shape i at response node a and excitation node b, respectively. The form of 

FRF used for model updating is as follows, with the values of the FRF magnitude in dB: 

�̅�𝑎,𝑏(𝜔) = 20 log10(|𝐻𝑎,𝑏(𝜔)|)  (7.22) 

The goal of the FE model updating is to change the properties of a FEM such that the response of 

the model matches measured data. After developing the FE model, Eq. (7.21) and Eq. (7.22) are 

used to obtain the FRF at the response and excitation nodes corresponding to the response and 

excitation locations considered in the experiment. Then the difference between analytical and 

measured FRFs, the error or residual, is found and a scalar objective error function value is 

calculated [123]. With the scalar objective error function value, numerical optimization techniques 

are used to minimize the difference between the analytical and measured FRFs by modifying the 

parameters of the FEM [123]. Any combination of stiffness, mass, and damping parameter 

updating may be performed. Substituting Eq. (7.21) and Eq. (7.22) and using modal responses as 

functions of the unknown updating parameters 𝑝 results in Eq. (7.23) [123]: 

�̅�𝑎,𝑏(𝜔, 𝑝) = 20 log10 (|∑
−𝜔2�̂�𝑎𝑖(𝑝)�̂�𝑏𝑖(𝑝)

−𝜔2+2𝑖𝜔𝛺𝑖(𝑝)𝜉𝑖(𝑝)+𝛺
2
𝑖(𝑝)

𝑚
𝑖=1 |)  (7.23) 

The error function, or residual 𝑒, is defined as: 
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𝑒(𝜔, 𝑝) = �̅�𝑎
𝑎,𝑏(𝜔, 𝑝) − �̅�𝑚

𝑎,𝑏(𝜔, 𝑝)  (7.24) 

where �̅�𝑎
𝑎,𝑏(𝜔, 𝑝) and �̅�𝑚

𝑎,𝑏(𝜔, 𝑝) are analytical and measured FRFs, respectively. Then, a 

scalar objective error function 𝐽 is created and minimized through bounded numerical 

optimization: 

𝐽(𝑝) = 𝑒𝑇(𝜔, 𝑝)𝑒(𝜔, 𝑝)  (7.25) 

The purpose of optimization is to minimize 𝐽(𝜔, 𝑝) by considering the upper and lower bounds for 

𝑝 [123]. The scalar objective error function is normalized by the initial value of the scalar objective 

error function 𝐽(𝑝)1 so that the optimization starts at a value of 1 and the perfect match would be 

a value of 0. 

𝐽(𝑝)𝑖 =
𝐽(𝑝)𝑖

𝐽(𝑝)1
  (7.26) 

The parameter 𝑝 is a unitless modifier that modifies any structural parameter. This optimization 

process is used in Section 7.5 to update the numerically-obtained FRFs corresponding to 

inaccessible points in the real system. The updated FRFs are then used to provide the required 

FRFs in decoupling analysis. 

7.4 Experimental Decoupling Results and Discussion 

The decoupling analysis is performed on two cable-beam systems, the first consisting of one 

vertical cantilever beam connected to a cable on both sides and the second system consisting of 

three vertical cantilever beams connected to a cable throughout the line. 
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7.4.1 Single-Beam-Cable System  

The schematic of the assembled single-beam-cable system (CB) and the cable substructure (C) is 

shown in Figure 7.2. The cantilever is a steel rectangular beam with cross section area of 46.67 

mm2 and the cable is a 7 × 19 steel stranded cable with a nominal diameter of 1/4 inch and linear 

density of 0.16667 kg/m. Six measurement points (accelerometer points) are considered for 

experimental decoupling. In Figure 7.2-a, points 1, 2, 3 are cable substructure internal DOFs 

(𝒖𝑐
𝐶𝐵in Figure 7.1), point 4 is a coupling DOF (𝒖𝑐𝑜𝑢

𝐶𝐵  in Figure 7.1) and points 5 and 6 are the beam 

internal DOFs (𝒖𝑏
𝐶𝐵in Figure 7.1) within the assembled system.  In Figure 7.2-b (same cable 

tension), the cable internal DOFs (𝒖𝑐
𝐶 in Figure 7.1) and the coupling point 4 (𝒖𝑐𝑜𝑢

𝐶  in Figure 7.1) 

are shown. All the DOFs are along the z direction.  

 

 

Figure 7.2: Schematic of a) Assembled single-beam-cable system (CB) b) Cable substructure (C)  
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The main steps in the decoupling process are presented in Figure 7.3. The arrays of FRF matrices 

are obtained and the reciprocity check is performed. 

 

Figure 7.3: Steps in experimental decoupling of the single-beam-cable system 

The cable sag has a significant effect on the vibration of a cable-beam system [15]. Therefore, 

three different amounts of cable sag were considered to demonstrate the robustness of the proposed 

method. The setup for assembled system (CB), and the cable-only substructure (C), both with 50 

N tension, are shown in Figure 7.4. The right end of the cable was attached to a threaded rod to 

adjust the tension and an in-line load cell at the left end measured the tension. Two U-bolts were 

used in the connection point of the cable and beam and they are shown in Figure 7.4-b. Points 1-6 

(Figure 7.2) were used in the experiments. Three Bruel & Kjaer 4507 B 004 70-g accelerometers 

and three PCB 352C33 accelerometers were used at the six locations.  
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Figure 7.4: a) Experimental setup of single-beam-cable system and measurement points b) Connection point and 

accelerometer c) Cable substructure setup 

 

FRFs were obtained using a B&K 8205-002 impact hammer, a National Instruments c-DAQ 9172 

chassis and the software ModalView [95]. Separate analyses were conducted at the three cable 

tensions 10N, 50N and 150 N. In each tension, the experimental FRFs of structure CB (assembled 

structure) and C (cable) were obtained at six locations on the assembled structure and four 

locations on the cable. A 6 × 6 matrix 𝑯𝐶𝐵 and a 4 × 4 matrix 𝑯𝐶 were measured in a 0-300 Hz 

frequency range. The measured FRFs are used in Eq. (7.20) and various decoupling approaches 

were used to predict the decoupled FRF. Figure 7.5 shows the predicted FRFs 𝐻66
𝐵

 and 𝐻56
𝐵after 

applying decoupling on the systems with 10N, 50N and 150 N cable tension. Decoupled FRFs 

show a good agreement with the measured FRFs in each tension, but the accuracy is lower in the 

high frequency range due to the measurement errors and difficulty in exciting and measuring the 

high frequency vibration. There is a spurious peak around 140 Hz that could be due to numerical 
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singularity that is common in dynamic substructuring [124]. There might also be interactions with 

the environment at high frequencies.  The FRFs used for obtaining Figure 7.5 were the raw 

measured FRFs except for the 150 N system (Figure 7.5-c and Figure 7.5-f) that used modally 

fitted (synthesized) FRFs of the assembled system and cable. The decoupling result from fitted 

FRFs for 10 N and 50 N tensions were not significantly different from the result obtained from 

raw FRFs, therefore; they are not presented here.    

  

Figure 7.5: Comparison of decoupled and measured beam FRFs in single-beam-cable system  

a) 𝐻66
𝐵 10N b) 𝐻66

𝐵 50N c) 𝐻66
𝐵 150N d) 𝐻56

𝐵 10N e) 𝐻56
𝐵 50N f) 𝐻56

𝐵150N 

Natural frequencies and damping ratios of the beam extracted from the predicted FRFs (using 

different cable tensions) and measured FRFs are compared Table 7.1. The 3db method [94] was 

used to extract the damping ratios from the FRF peaks. The agreement between the modal 
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properties of the beam extracted from the measured and predicted FRFs for different cable tensions 

shows that frequency-based decoupling is effective and appears to be independent of cable sag. In 

some modes, the predicted and measured damping ratios differ, which could be attributed to 

measurement uncertainty and difficulty in exciting the coupling point in the assembled and isolated 

substructure at exactly the same location. Damping ratio of the first mode was predicted very well 

using 10 N tension but the first mode damping ratio error was very high at 50 N and 150 N systems 

and is not presented in the table. The reason for this error could be the measurement noise in the 

low frequency range and as a result the peak is not clear enough to extract the damping ratio. 

Table 7.1. Natural frequencies (Hz) and damping ratios (%) of beam: predicted (decoupled) using different tensions 

and measured 

Mode 

1 2 3 4 5 6 7 8 

Hz % Hz % Hz % Hz % Hz % Hz % Hz % Hz % 

Measured 
1.6 2.03 11.2 1.42 32.2 0.52 66.2 0.52 92.8 0.19 109.4 0.68 128 0.35 172.4 0.23 

Decoupled 

10N 
1.8 2.00 9.8 1.60 29.8 0.88 63.2 0.64 92.4 0.26 105.4 0.62 126.4 0.98 166.6 0.18 

Decoupled  

50N 
1.4 - 11.4 0.88 30.6 0.42 63.6 0.94 92.6 0.25 106 0.80 127 0.94 174.2 0.20 

Decoupled 

150N 
1.4 - 9.6 1.37 32 0.37 63.2 0.59 -- -- 106.2 0.57 126.4 0.31 167.6 0.21 

 

7.4.1.1 Effect of Number of Measurement Points on Decoupling Results 

Minimizing the number of measurement points is desirable if the method is to be used in the field. 

Figure 7.6 shows the comparison of predicted beam FRFs using only measurement points 4, 5 and 

6, and using all 6 points, for 10 N cable tension. A similar result is obtained for the other two 

tensions. The agreement suggests that use of three measurement points gives sufficient accuracy 

in the frequency range 0-100 Hz that is relevant to the authors’ application. 
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Figure 7.6: Comparison of measured and decoupled beam FRF 𝐻56
𝐵  using three and six measurement points 

 

7.4.2 Multi-Beam-Cable System 

In the multi-beam-cable system, three beams (B1, B2 and B3) are bolted to a 4.8 m stranded cable 

and two different cable tensions (10N and 100N) were considered. The decoupling analysis was 

carried out for all three beams. As for the single-beam-cable analysis, six points (DOF) were 

chosen for the decoupling analysis as shown in Figure 7.7, and the steps are the same as in Figure 

7.3. In each analysis, point 5 is the coupling DOF located at the connection point of the desired 

beam, point 6 is the beam internal DOF and points 3 and 4 are at the connection points of the 

adjacent beams to capture the impact of adjacent beam vibration on the vibration of the desired 

beam.  
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Figure 7.7: Schematic of multi-beam-cable system, cable and measurement points a-b) Beam B1 c-d) Beam B2 e-f) 

Beam B3 

The overall system and cable-only setup, with measurement points, are shown in Figure 7.8. 
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Figure 7.8: a) Multi-beam-cable system and measurement points b) Cable-only setup  
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Three beams used in the test have the same geometrical and mechanical properties but their 

measured FRFs are slightly different, likely due to manufacturing tolerances. Figure 7.9 compares 

the predicted and measured FRFs for 10 N and 100 N cable tensions. 

 

Figure 7.9: Comparison of predicted and measured FRF in a multi-beam-cable system with 10 N cable tension a) B1 

b) B2 c) B3 and 100 N tension d) B1 e) B2 f) B3 and 100N tension d) B1 e) B2 f) B3 

 

Natural frequencies and damping ratios of the beams extracted from the predicted FRFs and 

measured FRFs are compared in Table 7.2. 
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Table 7.2. Modal properties of beams: predicted using different tensions and measured in a multi-beam-cable system 

Mode 
1 2 3 4 5 6 7 8 

Hz % Hz % Hz % Hz % Hz % Hz % Hz % Hz % 

B1 

Measured 2.0 1.5 14.6 0.27 41.0 0.18 79.8 0.26 86.4 0.19 

105.

2 0.23 

144.

4 0.28 

180.

0 0.67 

Decoupled 

10N 2.0 1.4 13.0 2.60 38.8 0.23 77 0.59 86 0.23 

105.

2 0.19 

139.

2 0.71 - - 

Decoupled 

100N - - 11.2 0.22 38.4 0.90 77.6 0.56 85.6 0.33 

105.

0 0.19 

139.

2 0.60 - - 

B2 

Measured 1.6 1.5 11.6 0.40 32.6 0.2 58.0 1.1 68.6 0.33 

115.

8 0.37 

172.

4 0.33 

183.

8 1.37 

Decoupled 

10N 1.4 1.6 9.8 1.02 30.4 0.85 59.0 1.6 66.6 0.40 

110.

8 0.45 

165.

2 0.65 

186.

0 2.3 

Decoupled 

100N 1.4 - 9.6 0.80 30.8 0.51 58.4 0.96 66.4 0.62 

111.

2 0.40 

166.

4 0.7 - - 

B3 

Measured 
1.4 

- 

11.7

4 0.92 33.3 

0.34

2 

67.1

2 

0.74

3 89.6 0.23 

113.

8 

0.31

8 

126.

2 0.73 

175.

6 0.17 

Decoupled 

10N 1.4 - 9.8 1.20 31.0 0.90 59.0 1.10 89.8 0.19 

110.

3 0.80 

125.

4 0.80 168 0.45 

Decoupled 

100N 1.4 - 8.6 0.89 27.6 0.56 58.4 0.90 - - 

100.

0 0.75 

123.

2 0.82 

154.

2 0.32 

 

The discrepancy between the predicted and measured modal properties is slightly higher than for 

the single-beam system. This is to be expected given that the number of measurement sites is the 

same but more structural elements are present. The authors believe the results show that the FRF 

prediction method is sound, considering the system complexity and limited number of sensors. 

Some measured FRF peaks were not sufficiently well defined to allow calculation of damping 

ratio, resulting in gaps in the table. In order to use the decoupling method in the field, some FRFs 

corresponding to inaccessible points should be generated by FE models. The theoretical foundation 
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of FRF-based model updating was presented in section 7.3. The proposed procedure is applied to 

the cable-beam system and the results are presented in section 7.5. 

7.5 Finite Element Model Updating 

In order to use the decoupling method in the field, some FRFs corresponding to inaccessible points 

should be generated by FE models. The FRFs measured from the accessible points can be used to 

update the FE model, so that it can then accurately generate inaccessible-point FRFs. This is also 

a method for overcoming practical limitations in many structures on which mounting sensors at 

some points is impossible or unsafe.   

Modeling of stranded cables has been studied with various levels of model complexity [90]. In this 

paper, bending stiffness of the cable (EI) is measured in different tensions using the procedure 

discussed in [15]. Figure 7.10 shows the FE model of the assembled system developed in Abaqus 

software with 320 nodes and 321 three-dimensional two-node linear beam elements (B31). The 

measured bending stiffness is 0.525 Nm2 for 150 N tension. Only the system with 150 N tension 

is used here for modeling. In both the cable-beam assembled system model (Figure 7.10) and the 

cable-only system model (Figure 7.12), we adjust the diameter and density of our equivalent solid-

section using the following equations: 

𝐸𝑐𝐼𝑐 = 𝑎 ⇒ 𝐸𝑐
𝜋𝑑𝑐

4

64
= 𝑎  

𝜌𝑐𝐴𝑐 =  ⇒ 𝜌𝑐
𝜋𝑑𝑐

2

4
=    

 (7.27) 

The quantities 𝑎 and   are the measured bending stiffness and the catalogue value of linear density, 

respectively. Eq.  (7.27) is solved for the equivalent diameter 𝑑𝑐 and density 𝜌𝑐 and the calculated 

values are used in the cable modeling. Three measurement/calculation points only are used here 
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(Figure 7.10) since it was shown in section 7.4.1.1 that these three points (points 4, 5, 6 in Figure 

7.2) can lead to sufficiently accurate results. 

The points 2 and 3 are accessible points in the field, but point 1 (the connection point of power 

line to pole) is not. Therefore, the FRFs 𝐻11
𝐶𝐵, 𝐻12

𝐶𝐵, 𝐻13
𝐶𝐵(and their symmetric arrays) in the 

assembled system and 𝐻11
𝐶 of the cable substructure are not measurable in the field. Finite element 

model updating is used here. The FRF 𝐻22
𝐶𝐵 is the comparison baseline for updating. The FE 

model of the assembled system is developed using Abaqus software and updating is performed 

with the use of Abaqus2Matlab software [125] and MATLAB’s fmincon nonlinear constrained 

optimization routine. A convergence study was performed and the results did not change with a 

finer mesh. The beam and cable Young’s modulus and density are the updating parameters. 

Multiple initial points were chosen to increase the possibility of finding a global optimum. 

 

Figure 7.10: FE model of single-beam-cable system and the decoupling points 

Figure 7.11 shows the updated and initial 𝐻22
𝐶𝐵, compared to that obtained from experiment. 

There is an improvement from the initial to the updated FRF and this improvement is more 

significant in the 0-50 Hz frequency range. There are still some discrepancies which could be due 

to the low sensitivity of the FRF to some design variables in some frequency ranges, and to the 
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cable model fidelity (equivalent solid section as opposed to stranded). The FRFs 𝐻11
𝐶𝐵, 𝐻12

𝐶𝐵and 

𝐻13
𝐶𝐵are then generated using the updated FE model and are used for the decoupling analysis.  

 

Figure 7.11: Comparison of experimental, updated and initial FRF 𝐻22
𝐶𝐵 in single-beam-cable system 

In order to obtain the FRF of the isolated cable, 𝐻11
𝐶 (the only array in 𝑯𝐶), the values of density 

and diameter calculated from Eq. (7.27) are used to model the cable with beam elements. Since 

the cable-only system is a smaller system than the cable-beam system, a better model updating 

performance can be achieved by having more optimization variables. It is possible to have large 

stiffness and mass matrices in the optimization process and update the matrix elements in each 

iteration. Figure 7.12 shows the schematic of the cable model with 100 beam elements and pinned 

at both ends. A MATLAB FE code was used instead of Abaqus to facilitate variable updating and 

interfacing with the optimizer. All the stiffness and mass elements are directly modified using the 

multipliers 𝑝 in Eq. (7.23). Therefore, there are 100 multipliers for the stiffness matrices and 100 

multipliers for the mass matrices that need to be updated in each iteration, a process that is 

impossible or extremely difficult in Abaqus. The process of updating the modifiers is done using 
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fmincon algorithm in MATLAB. The lower and upper bounds for all the variables are considered 

to be 0.5 and 1.5, respectively.  

There have been many studies for modeling stranded cables considering analytical/torsional and 

bending behavior and considering nonlinearity [126], [98], [127], [90], [17] but the purpose of 

cable modeling here is to demonstrate FE updating to improve the FRF obtained from the initial 

model. A more detailed model could be used but could cause the FE updating process to become 

too computationally expensive. 

 

Figure 7.12: Cable FE model 

Figure 7.13 shows the updated and initial FRF 𝐻11
𝐶compared to the FRF obtained from 

experiment. The magnitude of the updated FRF matches more with the experimental one and the 

sharpness of the peaks is closer to the experimental FRF. There are still some discrepancies but 

after using the generated FRFs in Eq. (7.20) for decoupling analysis, the result in section 7.6.1 

shows that this discrepancy does not cause any unacceptable error between the final decoupled 

FRFs and the measured ones. 
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Figure 7.13: Comparison of updated and initial cable FRF with experimental FRF 

7.6  

7.6.1 Experimental-Numerical Decoupling Results  

The FRFs obtained in the FE updating are used here beside the experimentally obtained FRFs to 

predict the beam FRF in the single-beam-cable system. Figure 7.14 shows the CB and C matrices 

and illustrates the numerical and experimental FRFs used in the decoupling analysis.  

 

Figure 7.14: Combination of experimental and numerical FRFs used in decoupling analysis 
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Figure 7.15 shows the predicted and measured 𝐻23
𝐵. Decoupled FRF show a good agreement with 

the measured FRF, demonstrating that using the FRFs obtained from the updated FE model beside 

the experimentally obtained FRFs can predict the beam FRFs with good accuracy.  

 

Figure 7.15: Comparison of decoupled and measured FRF 𝐻23
𝐵  using numerical-experimental FRFs  

 

7.7 Conclusion 

This paper developed a frequency-based decoupling approach to extract the dynamic properties of 

individual structural elements in a cable-beam system. A single-beam-cable system was subjected 

to FRF-based experimental decoupling and the bean FRF was predicted. It was shown that 

frequency-based decoupling can be applied in cabled structures to extract the dynamics of the 

structure with the effects of the cables filtered out. Extension to a multi-beam-cable system showed 

that the decoupling analysis can extract the properties of one of multiple elements, even when they 

interact with other structural elements through the cables. Various amounts of cable sag were 

considered for the analyses and the decoupling analysis had a good result with low cable sag, 

which is significant given that cable sag at low tensions strongly influences dynamic response. The 

limitations of this method are that the FRFs corresponding to the coupling point(s) between the 

substructures must be measured, and finding the optimum number and location of sensors to 

achieve the best decoupling results is difficult. FRF-based finite element model updating was then 
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used to overcome the problem of measuring FRFs corresponding to inaccessible points. The finite 

element model was updated based on measured FRFs of accessible points, after which FRFs 

corresponding to inaccessible points were generated using the updated model. FRF matrices 

consisting of a combination of experimental and numerically-obtained FRFs were then used in a 

decoupling analysis to predict a structural element FRF with good accuracy.  In the future work, 

substructure decoupling will be used for a real utility pole-conductor system and the proposed FE 

updating method will be used to overcome the practical limitation of accessing some points of the 

real-world system for mounting sensors. Future work will also investigate an optimal number of 

sensors, and optimum sensor locations, to manage the tradeoff between accuracy and measurement 

cost. 
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8 Prediction of Beam Dynamics in Cable-Beam Systems 
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chapter, FRF of the cable is obtained from finite element method and FRFs of the assembled cable-

beam system are obtained experimentally. The combination of numerical and experimental FRFs 

are used in the decoupling analysis to obtain the FRF of the beam as an independent substructure. 
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Abstract 

Interactions between cable and structure affect the modal properties of cabled structures such as 

overhead electricity transmission and distribution line systems.  Modal properties of an in-service 

pole, without the effects of conductors, are potentially useful for condition monitoring, but are 

difficult to determine. This paper presents a frequency-based decoupling method to extract modal 
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properties of a beam with the effects of cable filtered out. A scalable experimental lab-scale pole-

line for a cable-beam system consisting of a cantilever beam and stranded cable is used to validate 

the method. A finite element model for the stranded cable is developed and optimized using FRF-

based nonlinear optimization based on experimentally obtained FRF and the FRFs of the 

assembled system are measured. The (unknown) FRF of the cantilever beam is predicted by 

substructural decoupling of the numerical cable dynamic model (known FRF matrix) from the 

measured assembled cable-beam dynamic model (known FRF matrix). Comparison of the 

estimated and directly measured beam FRF’s show good agreement, demonstrating that the 

method can be used to filter out the effects of cable on the modal properties of the structure in 

cabled structures. 

Keywords: Cable-Beam System, FRF-b.ased Decoupling, Finite Element Model Updating. 

 

8.1 Introduction 

Dynamic interaction between cables and the main structure in cabled structures such as cable-

stayed bridges, guyed towers, cable-stayed wind turbines, and power transmission lines has been 

a topic of interest of researchers for many years. The focus of this study is power transmission 

lines and dynamic interaction between the conductor (cable) and the pole. The authors are 

developing a global NDT (Non-destructive Testing) method to detect damage at any location, 

based on vibration response from modal impact testing at a single arbitrary location [7,15–17,56]. 

Since power lines (conductors) are attached to the poles, vibrations of the conductors affect the 

modal properties of the pole.  Removing the effect of the conductors to reveal pole properties 

requires a structural dynamic method to decouple the cable dynamic model from the assembled 

cable-pole dynamic model. 

There are many studies in the literature about the interaction between cables and structures as a 

coupled system. Gattulli et. al. [77] investigated linear coupled vibration of two masonry walls 
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connected by a cable. The system was modeled as two cantilever beams connected by a cable and 

the effect of different parameters on coupled vibration behavior was investigated. Potenza et. al. 

[128] and Gattulli et. al. [117] studied the same system using nonlinear analysis. Jalali et. al. [15] 

developed an analytical model to study the effect of cable sag and bending stiffness on coupled 

vibration behavior of a cable-beam system. Cable bending stiffness and sag had significant effects. 

The analytical results were verified by experiments on a lab-scale cable-beam system. Li et. al. 

[55] presented a simplified computational model for a high-voltage transmission tower-line system 

to study the coupling behavior of adjacent tower spans and cables due to seismic excitations.  

Reviewing the literature in cable-beam system dynamic analysis reveals that all the published 

papers studied the dynamic interaction of cable and beam in linear or nonlinear analysis and there 

is no research dealing with extraction of dynamic properties of the beam as an independent 

substructure. 

Dynamic substructuring methods and the reverse problem (inverse dynamic substructuring) are 

well established [14,69,129–131]. Inverse dynamic substructuring or decoupling is a relevant issue 

for subsystems that cannot be measured separately, since they are coupled to their neighboring 

substructure(s) in operational conditions [13]. In this paper, a frequency-based or FRF-based 

decoupling technique is used to extract beam dynamics in a cable-beam system with the effects of 

connected cable filtered out. An experimental reduced-scale cable-beam set up of a cantilever 

beam connected to a stranded cable was built to measure the assembled system FRFs and a finite 

element model for the cable was developed and optimized using FRF-based optimization. The 

cable numerical model was then decoupled from the assembled (measured) system through 

experimental-numerical FRF-based decoupling. 

The paper is outlined as follows. A summary of theory behind FRF-based decoupling is presented 

in Section 8.2 and FRF-based finite element model updating is described briefly in Section 8.3. 
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Section 8.4 describes the cable-beam system and finite element model updating of the cable. 

Decoupling results and discussion are presented in Section 8.5 and conclusion and future work are 

presented in Section 8.6. 

8.2 Substructure decoupling 

 

In a cable-beam system (Figure 8.1), the cable and the beam are “substructures” of the assembled 

system and the purpose of substructure decoupling is to find the dynamics of beam subsystem (B) 

as a “standalone” component that is completely decoupled from subsystem cable (C).  

 

Figure 8.1: Substructure decoupling schematic 

 

Assuming the dynamics of system CB and C are known, a dynamic stiffness representation of the 

assembled system CB in compact form is [13]:  

 𝒁𝐶𝐵𝒖𝐶𝐵 = 𝒇𝐶𝐵 +  𝐶𝐵 

[

𝒁𝑐𝑐
𝐶𝐵 𝒁𝑐𝑐𝑜𝑢

𝐶𝐵 𝟎

𝒁𝑐𝑜𝑢𝑐
𝐶𝐵 𝒁𝑐𝑜𝑢𝑐𝑜𝑢

𝐶𝐵 𝒁𝑐𝑜𝑢𝑏
𝐶𝐵

𝟎 𝒁𝑏𝑐𝑜𝑢
𝐶𝐵 𝒁𝑏𝑏

𝐶𝐵

] [

𝒖𝑐
𝒖𝑐𝑜𝑢
𝒖𝑏

] = [

𝒇𝑐
𝒇𝑐𝑜𝑢
𝒇𝑏

] + [
𝟎

 𝑐𝑜𝑢

𝟎
]  

(8.1) 

 

 

And subsystem C: 
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𝒁𝐶𝒖𝐶 = 𝒇𝐶 −  𝐶   

[
𝒁𝑐𝑐
𝐶 𝒁𝑐𝑐𝑜𝑢

𝐶

𝒁𝑐𝑜𝑢𝑐
𝐶 𝒁𝑐𝑜𝑢𝑐𝑜𝑢

𝐶 ] [
𝒖𝑐
𝐶

𝒖𝑐𝑜𝑢
𝐶 ] = [

𝒇𝑐
𝒇𝑐𝑜𝑢

] − [
𝟎

 𝑐𝑜𝑢
𝐶 ]  

(8.2) 

 

where 𝒖𝐶𝐵 = [

𝒖𝑐
𝒖𝑐𝑜𝑢
𝒖𝑏

] is the vector of DOF of system CB (Figure 8.1) (the superscripts are omitted 

for brevity), 𝒖𝐶 = [
𝒖𝑐
𝐶

𝒖𝑐𝑜𝑢
𝐶 ] is the vector of DOF of substructure C, 𝒁𝐶𝐵 and 𝒁𝐶 are the stiffness 

matrices of system CB and C, respectively (stiffness matrix is the inverse of FRF matrix (𝒁 =

𝑯−𝟏)). Vectors 𝒇∗ are the external force vectors and vectors  ∗ represent the additional 

disconnection forces (with non-zero entries only at the interface DOF) felt from the decoupling of 

the neighboring components [13]. When two substructures are in contact and (de)coupling is 

carried out, compatibility and equilibrium conditions at the connected interface DOFs must always 

be satisfied. The compatibility condition (𝒖𝑐𝑜𝑢
𝐶 = 𝒖𝑐𝑜𝑢) states that the displacements of connected 

interface DOF must be compatible and the equilibrium condition ( 𝑐𝑜𝑢 +  𝑐𝑜𝑢
𝐶 = 𝟎) states that 

the connection forces between the substructures should be in equilibrium. A more systematic 

description of the problem can be written by introducing the Boolean matrices   and 𝑳 and writing 

the compatibility and equilibrium in a compact from: [13] 

 𝒖 = [ 𝐶𝐵  𝐶] [𝒖
𝐶𝐵

𝒖𝐶
] = 𝒖𝑐𝑜𝑢

𝐶 − 𝒖𝑐𝑜𝑢 = 𝟎  
(8.3) 

 

𝑳𝑻 = [𝑳𝐶𝐵
𝑇

𝑳𝐶
𝑇] [

 𝐶𝐵

 𝐶 ] = [

𝟎
𝟎
𝟎

 𝑐𝑜𝑢 +  𝑐𝑜𝑢
𝐶

] = 𝟎  
(8.4) 

 

Eq. (8.3) presents the compatibility equation and Eq. (8.4) presents the equilibrium equation. 

Therefore, the decoupling problem can be described in the following equations: 
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[
𝒁 
𝐶𝐵 𝟎

𝟎 𝒁 
𝐶] [

𝒖𝐶𝐵

𝒖𝐶
] = [

𝒇𝐶𝐵

𝒇𝐶
] + [

 𝐶𝐵

− 𝐶]  

[ 𝐶𝐵  𝐶] [𝒖
𝐶𝐵

𝒖𝐶
] = 𝟎  

[𝑳𝐶𝐵
𝑇

𝑳𝐶
𝑇] [

 𝐶𝐵

 𝐶 ] = 𝟎  

(8.5) 

 

Employing the dual formulation for decoupling [60], the interface forces are satisfied a priori by 

choosing interface forces of the form of: 

 = − 𝑇𝝀  (8.6) 

where 𝝀 are Lagrange multipliers, corresponding physically to the interface force intensities. The 

equilibrium condition in Eq. (8.4) thus becomes: 

𝑳𝑻 = −𝑳𝑻 𝑻𝝀 = 𝟎  (8.7) 

But by considering the fact that 𝑳𝑻 is the null space of  𝑻 [14], this condition is always satisfied. 

The decoupling methods can be categorized as collocated methods when both the compatibility 

and equilibrium are imposed at the same sets of DOFs (𝑪∗ = 𝑬∗) or non-collocated methods when 

different sets of DOFs (𝑪∗ ≠ 𝑬∗) are used for imposing the compatibility and equilibrium 

conditions. The decoupling problem can therefore be formulated in a dual way as [13]: 

[
𝒁 
𝐶𝐵 𝟎 𝑬𝐶𝐵𝑇

𝟎 −𝒁 
𝐶 𝑬𝐶𝑇

𝑪𝐶𝐵 𝑪𝐶 𝟎

] [
𝒖𝐶𝐵

 

𝒖𝐶

𝝀

] = [
𝒇𝐶𝐵

 

𝟎
𝟎

]  (8.8) 

By eliminating Lagrange multipliers 𝝀 in Eq. (8.8) and solving for decoupled DOF: 



 154 

[𝒖
𝐶𝐵

𝒖𝐶
] = ([𝑯

𝑪 𝟎
𝟎 −𝑯𝑪] −

[𝑯
𝑪 𝟎
𝟎 −𝑯𝑪] [

𝑬𝑪 
𝑻

𝑬𝑪
𝑻 ] ([𝑪𝑪 𝑪𝑪] [

𝑯𝑪 𝟎
𝟎 −𝑯𝑪] [

𝑬𝑪 
𝑻

𝑬𝑪
𝑻 ])

+

[𝑪𝑪 𝑪𝑪] [
𝑯𝑪 𝟎
𝟎 −𝑯𝑪])𝒇  

(8.9) 

which is the form of 𝒖 = 𝑯𝒇, so that the decoupled FRF of substructure B in a general form can 

be found: 

𝑯 = [𝑯
𝑪 𝟎
𝟎 −𝑯𝑪] −

[𝑯
𝑪 𝟎
𝟎 −𝑯𝑪] [

𝑬𝑪 
𝑻

𝑬𝑪
𝑻 ] ([𝑪𝑪 𝑪𝑪] [

𝑯𝑪 𝟎
𝟎 −𝑯𝑪] [

𝑬𝑪 
𝑻

𝑬𝑪
𝑻 ])

+

[𝑪𝑪 𝑪𝑪] [
𝑯𝑪 𝟎
𝟎 −𝑯𝑪]  

(8.10) 

 

where + denotes the (Moore–Penrose) pseudo-inverse, since the matrix in parentheses is not 

necessarily a square matrix. Eq. (8.10) is used throughout the paper for decoupling analysis.  

8.3 FRF-based Finite Element Model Updating 

The form of the frequency response function (FRF) used in this study is accelerance which means 

acceleration response over force in the frequency domain. Accelerance FRF, 𝐻𝑎,𝑏(𝜔), is the 

acceleration response at node a, 𝐴𝑎(𝜔), divided by the force at node b, 𝐹𝑏(𝜔), both in the 

frequency domain [122]: 

𝐻𝑎,𝑏(𝜔) =
𝐴𝑎(𝜔)

𝐹𝑏(𝜔)
≅ ∑

−𝜔2�̂�𝑎𝑖�̂�𝑏𝑖

−𝜔2+2𝑖𝜔𝛺𝑖𝜉𝑖+𝛺
2
𝑖

𝑚
𝑖=1   (8.11) 

where 𝑚 is the number of modes, 𝜔 is frequency, 𝛺𝑖 is ith natural frequency of the system,  𝜉𝑖 is 

ith damping ratio corresponding to ith mode and �̂�𝑎𝑖 and �̂�𝑏𝑖 are the scalar values of mode shape i 

at response node a and excitation node b, respectively. The maximum number of modes, 𝑚, that 

can be used to construct the response is equal to the total number of degrees of freedom of the 

system. However, it is not feasible to measure all degrees of freedom and the entire range of natural 

frequencies during structural testing. Therefore, a reduced number of mode shapes can be used. 
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Special care must be taken to include enough mode shapes in the formulation, typically more than 

measured [18]-[19]. For a rule of thumb, at least double the number of modes that are measured 

should be used for analytical FRF calculation [122].  

From of FRF used for model updating is as follows and the values of the FRF magnitude is in dB 

scale: 

�̅�𝑎,𝑏(𝜔) = 20 log10(|𝐻𝑎,𝑏(𝜔)|)  (8.12) 

The goal of the FE model updating is to change the properties of a FEM such that the analytical 

response of the model matches that of measured data. The goal is to obtain an analytical FRF as 

close as possible to the experimental FRF in a desired frequency range. After developing the FE 

model, Eq. (8.12) and Eq. (8.11) are used to obtain the FRF at the response and excitation nodes 

corresponding to the response and excitation locations considered in the experiment. The problem 

then is a least squares problem where the difference between analytical and measured FRFs, the 

error or residual, is found and a scalar objective error function value is calculated [123]. With the 

scalar objective error function value, numerical optimization techniques are used to minimize the 

difference between the analytical and measured FRFs by modifying the parameters of the FEM 

such that the analytical FRF best matches the measured FRF [123].  

Since all of the structural properties in the finite element can be modified, any combination of 

stiffness, mass, and damping updating may be performed. Stiffness, mass and damping parameter 

updating can also occur simultaneously. Substituting Eq. (8.11) into Eq. (8.12) and using modal 

responses as functions of the unknown updating parameters 𝑝 results in Eq. (8.13) [123]: 

�̅�𝑎,𝑏(𝜔, 𝑝) = 20 log10 (|∑
−𝜔2�̂�𝑎𝑖(𝑝)�̂�𝑏𝑖(𝑝)

−𝜔2+2𝑖𝜔𝛺𝑖(𝑝)𝜉𝑖(𝑝)+𝛺
2
𝑖(𝑝)

𝑚
𝑖=1 |)  (8.13) 

The error function, or residual 𝑒, is defined as: 
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𝑒(𝜔, 𝑝) = �̅�𝑎
𝑎,𝑏(𝜔, 𝑝) − �̅�𝑚

𝑎,𝑏(𝜔, 𝑝)  (8.14) 

where �̅�𝑎
𝑎,𝑏(𝜔, 𝑝) and �̅�𝑚

𝑎,𝑏(𝜔, 𝑝) are analytical and measured FRF, respectively. Then, a scalar 

objective error function 𝐽 is created and is the quantity that is minimized through bounded 

numerical optimization: 

𝐽(𝑝) = 𝑒𝑇(𝜔, 𝑝)𝑒(𝜔, 𝑝)  (8.15) 

The purpose of optimization is to minimize 𝐽(𝑝) by considering the upper and lower bounds for 𝑝 

[123]. The scalar objective error function is normalized by the initial value of the scalar objective 

error function 𝐽(𝑝)1 so that the optimization starts at a value of 1 and the perfect match would be 

a value of 0. 

𝐽(𝑝)𝑖 =
𝐽(𝑝)𝑖

𝐽(𝑝)1
  (8.16) 

The parameter 𝑝 is a unitless modifier that modifies any structural parameter.  

8.4 Cable-Beam system 

The schematic of assembled cable-beam system (CB) and the cable substructure (C) is shown in 

Figure 8.2. The geometry of the (sub) structures is illustrated. The cantilever is a steel rectangular 

beam with cross section area of 46.67 𝑚𝑚2 and the cable is a 7 × 19 steel stranded cable with a 

nominal diameter of 1/4 inch and linear density of 0.16667 kg/m. Three measurement points are 

considered for decoupling. In Figure 8.2-a, point 1 is a coupling DOF (𝒖𝑐𝑜𝑢
𝐶𝐵 in Figure 8.1) and 

points 2 and 3 are the beam internal DOFs (𝒖𝑏
𝐶𝐵in Figure 8.1) within the assembled system. There 

is no cable internal DOF (𝒖𝑎
𝐶𝐵in Figure 8.1) since it was intended to need the least number of DOF 

from the numerical cable model. In Figure 8.2-b, the coupling point 1 (𝒖𝑐𝑜𝑢
𝐶  in Figure 8.1) is 

shown. All the degrees of freedom are along the z direction. The cable tension is 150 N when the 

cable is connected to the beam (in system CB) and when the cable-only system is considered.  
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Figure 8.2: Schematic of a) Assembled cable-beam system (CB) b) Cable substructure (C) 

FRFs of the assembled system (𝑯𝐶𝐵 in Eq. (8.10)) are measured using modal testing and FRF of 

the cable at the coupling point (𝑯𝐶 in Eq. (8.10)) is obtained using a finite element model. Eq. 

(8.10) is then used to obtain the decoupled beam FRF, 𝑯𝐵. The assembled system set up (CB) is 

shown in Figure 8.3. Two rigid frames were secured to the floor on the right and left sides. The 

natural frequencies of the frames were verified to be far away from the natural frequencies of the 

system. The right end of the cable was attached to a threaded rod to adjust the tension of the cable 

and an in-line load cell at the left end of the cable measured the longitudinal tension of the cable. 

Two U-bolts were used in the connection point of the cable and beam. Both ends of the cable are 

pinned and the beam is cantilevered. More details of the set up can be found in [15]. 
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Figure 8.3: Experimental set up for cable-beam system 

 

FRFs were obtained using a B&K 8205-002 impact hammer, a NI c-DAQ 9172  chassis and the 

software ModalView  [95] was used to analyze the data.  

8.5 Finite element model updating of the cable  

In order to obtain the substructure C FRF matrix, 𝑯𝐶 in Eq. (8.10), a finite element model for the 

cable is developed. The cable is modeled as pinned-pinned Euler beam with 100 finite elements. 

The bending stiffness (𝐸𝐼) of the cable was measured in the previous work of the authors [15] in 

different tensions and the measured value of 0.525 𝑁𝑚2is used in the FE model. The beam cross 

section area is 31.66 𝑚𝑚2 and the linear density is 0.16667 kg/m.  

 

 

Figure 8.4. Finite element model of the cable 

The FRF matrix 𝑯𝐶 has only one array, 𝐻11
𝐶, since point 1 in Figure 8.2 is the only DOF on the 

cable substructure (C) that is being considered in the analysis. Therefore, in the FE model updating 
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process, direct FRF of point 1 (excitation and response at the same place), 𝐻11
𝐶, that is obtained 

using Eq. (8.13) is updated based on the measured FRF. In the updating process, all the stiffness 

and mass elements are directly modified using the multipliers 𝑝 in Eq. (8.13). Therefore, there are 

100 multipliers (number of finite elements is 100) for the stiffness matrices and 100 multipliers 

for the mass matrices that need to be updated in each iteration. The nonlinear constrained 

optimization technique in MATLAB software is used. The lower and upper bounds for all the 

variables are considered to be 0.5 and 1.5, respectively. Figure 8.5 shows the updated and initial 

FRF compared to the FRF obtained from experiment. The magnitude of the updated FRF matches 

more with the experimental one and the sharpness of the peaks is closer to the experimental FRF 

in the updated FRF. There is still a slight discrepancy between the updated and experiment FRFs 

but the decoupling result in Section 8.6 shows that this discrepancy does not cause any 

unacceptable error in the final decoupling results. 

 

Figure 8.5: Comparison of updated and initial cable FRF with experimental FRF 
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8.6 Decoupling Results 

The measured FRFs from the assembled system and the calculated FRF from the finite element 

model are used in Eq. (8.10) to predict the decoupled beam FRF. Figure 8.6 shows the predicted 

FRF 𝐻33
𝐵 and 𝐻23

𝐵 compared to the directly measured FRF. Decoupled FRFs show a good 

agreement with the measured FRFs. There is a spurious peak around 140 Hz which is probably 

due to numerical singularity that is common in dynamic substructuring [124]. A non-collocated 

approach [13] is used to obtain the results which means all the internal DOFs of the beam 

substructure were used for equilibrium condition.   

 

Figure 8.6: Comparison of decoupled beam FRF with measured FRF a) 𝐻23
𝐵 b) 𝐻33

𝐵 
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From the obtained FRFs, the modal properties of the beam can be extracted. Natural frequencies 

and damping ratios of the beam extracted from the predicted FRFs and measured FRFs are 

compared in Table 8.1. The 3 dB method [94] was used to extract the damping ratios from the FRF 

peaks. There is an acceptable agreement between the modal properties of the beam extracted from 

measured FRF and predicted FRF which shows that frequency based decoupling can be used to 

extract the modal properties of the beam in a cable-beam system with the cable effects filtered out. 

In some modes, the predicted and measured damping ratios differ which could be attributed to 

measurement error and difficulty in exciting the coupling point in the assembled and substructure 

at the same location. Damping ratio of the first mode was predicated with high error and it is not 

presented in the table. The reason for this error could be noise in low-frequency and as a result the 

peak is not clear enough to extract to damping ratio.  

Table 8.1. Natural frequencies (Hz) and damping ratios (%) of beam: predicted (decoupled) and measured 

Mode 

1 2 3 4 5 6 7 8 

Hz % Hz % Hz % Hz % Hz % Hz % Hz % Hz % 

Measured 1.6 2.03 11.2 1.42 32.2 0.52 66.2 0.52 92.8 0.19 109.4 0.68 128 0.35 172.4 0.23 

Decoupled  1.4 - 9.6 1.37 32 0.37 63.2 0.59 -- -- 106.2 0.57 126.4 0.31 167.6 0.21 

 

8.7 Conclusions  

In this study, a cable-beam system was studied through the application of experimental-numerical 

FRF-based decoupling and the beam FRF was predicted. A finite element model for the cable was 

developed and updated using FRF-based nonlinear optimization and then was decoupled from the 

measured assembled system. It was shown that frequency-based decoupling can be applied in cable 

structures to extract the dynamics of a structure with the effects of cable filtered out. In the field, 

some parts of the system such as connection point of the conductors and electricity pole are 
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inaccessible. In future, reliable simulation models should be developed for the assembled system 

so that FRFs of such inaccessible points be replaced by simulation results. 
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Chapter 9 
 

9 Substructural Damage Detection Using Frequency Response 
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which only one of the substructures, the main substructure or the target substructure, is susceptible 

to damage. The residual subsystem is considered unchanged and the target substructure frequency 

response functions (FRFs) are first obtained using the substructure decoupling method. Then, FRF-

based finite element model updating is used for damage localization and quantification of the target 

substructure using a model of the target substructure. The co-authorship statement for this chapter 
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Abstract 

In this paper, a substructural damage detection approach is presented using FRF-based inverse 

dynamic substructuring and FRF-based model updating. In practice, often only one subsystem of 
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the global structure is critical and susceptible to damage and therefore needs monitoring. In the 

proposed method, one subsystem is the “main” subsystem and is susceptible to damage and the 

“residual” subsystem(s) are considered undamaged and the damage identification is only applied 

to the main subsystem. The FRF matrix of the main subsystem is obtained as a “standalone” 

component that is completely decoupled from the residual subsystem(s) without the need of 

interface virtual support or identifying interface forces. The FRF measurement is performed on the 

global damaged structure but the FRFs of the main substructure (damaged) is obtained by 

“decoupling” the known FRF(s) of the residual subsystem from the global system FRFs and the 

damage detection is performed only on the main substructure. An FRF-based model updating 

method using numerical sensitivities is then used for damage identification of the main subsystem 

using only one frequency response function. The frequency response function obtained from the 

finite element model of the main substructure is updated using the frequency response function of 

the damaged main substructure (obtained from decoupling) and the location and quantity of the 

damage is identified. Numerical and experimental examples are presented to illustrate the damage 

detection procedure and the damage in the main substructure is detected, located and quantified 

with good accuracy.  

Keywords: Structural Health monitoring, Substructural Damage detection, Inverse dynamic 

substructuring, Frequency-based decoupling, Finite element model updating. 

9.1 Introduction 

Structural health monitoring mainly aims at evaluating the symptoms of deterioration or damage 

that may affect the operation of the structure. Vibration-based methods are popularly used for the 

non-destructive damage identification of large-scale structures. The fundamental idea for the 

vibration-based damage identification is that the damage-induced changes in the physical 

properties (mass, damping, and stiffness) will cause detectable changes in modal information such 
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as natural frequencies, modal damping, mode shapes and frequency response function (FRF). The 

substructural system identification approach is receiving increasing attention due to the advantage 

of a reduction in the number of unknown parameters to be identified, and a reduction in the system 

DOFs involved in the computation, with improvement in the convergence and computational 

efficiency [132]. 

In substructural damage identification methods, the global structure is usually divided into 

substructures and damage identification is applied locally only on the desired substructure rather 

than on the global structure [133]. This reduces the computational time and increases the accuracy 

since the modal parameters of the global structure have small sensitivity to the local damage. 

Zhang et.al [134] proposed a substructure identification procedure for large shear structures. In 

their method, an inductive identification procedure is proposed to estimate the structural story 

parameters from top to bottom recursively. A numerical example of a five-story structure was 

presented to illustrate the efficacy of the proposed substructure identification method. Zhang et. 

al. [135] proposed a substructure damage identification method for shear structures utilizing the 

dynamic equilibrium of a one-floor substructure and using the cross-power spectral densities 

between structural floor accelerations and a reference response. A ten-story shear structure was 

used to illustrate the effectiveness of the proposed substructure method. Xing et. al. [136] 

developed a substructual damage identification method by adopting the well-known ARMAX 

model to extract the modal information of each substructure in shear structures. The extent of 

damage was measured by using the squared original frequency and the squared damaged 

frequency. Many other studies have been performed on substructural damage identification for 

shear structures using different damage indices and different substructure identification [137–139].   

Hou et. al. [140] proposed a substructure isolation approach for local health monitoring. Their 

proposed approach was based on the virtual distortion method (VDM) and used force distortions 
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to model fixed supports in the boundary nodes to isolate the considered substructure from 

influences of the rest of the structure. The isolation method was based on applying virtual 

numerical fixed support on all the boundary DOFs of the target substructure. In another study, Hou 

et. al. [141] extended the substructure isolation method by proposing a free virtual support and 

investigated the method experimentally. Model updating based on natural frequencies was then 

used for damage identification of the isolated substructure. Hou et. al. [142] applied the 

substructure isolation method in the frequency domain and concluded that the frequency-domain 

method is computationally faster than the time-domain approach. Law et. al. [143] proposed a 

substructure damage detection method based on identification of interface and external forces 

acting on the target substructure and using time domain information. There has been also some 

studies on using substructural flexibility matrix or eigen solutions of the substructures to detect 

damage in the substructure [144–146]. In these studies, the global structure is divided into many 

manageable substructures and changes in eigen solution or flexibility matrix of the target 

substructure are used for damage identification.  

Reviewing the literature reveals that there have been many studies published in development of 

substructural damage identification methods specifically for shear structures such as multi-story 

buildings and multi-story frames. These methods are restricted to shear structures and mostly use 

time response of different stories in the damage detection procedure. In the other published papers 

in substructure-based damage identification, either interface forces between the substructures are 

needed to be obtained or a numerical virtual support is needed to be placed in the target 

substructure boundary to isolate the target substructure from the rest of the structure. In this paper, 

an inverse substructuring method in dual form [13,14,147] is used to decouple the target 

substructure from the assembled structure using FRFs of the assembled structure and FRFs of the 

residual subsystem. The proposed method can be used for any civil or mechanical structure. In the 
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proposed method, one subsystem is considered the “main” subsystem and is susceptible to damage 

and the “residual” subsystem(s) are considered unchanged and the damage identification is only 

applied to the main subsystem. The residual substructure(s) are considered unchanged which could 

be due to the fact that the residual substructure(s) are either not operating or their material or 

loading is such that they are not susceptible to dynamical change. The FRF matrix of the “main” 

subsystem is obtained as a “standalone” component that is completely decoupled from the residual 

subsystem(s) without the need of interface virtual support or identifying interface forces. Then an 

FRF-based finite element model updating is used to detect, localize and quantify the damage in 

the main substructure. This FRF-based model updating differs from the usual model updating 

methods by using numerical sensitivities to solve the inverse problem instead of analytical 

sensitivities [123].  In analytical sensitivity-based methods, direct access to mass and/or stiffness 

matrices is required, and a sensitivity matrix should be obtained [148][149]. In this paper, 

magnitudes of experimental and numerical FRFs are directly used for model updating with no need 

for a sensitivity matrix. The FRF-based model updating is used since the substructure decoupling 

technique is based on FRF measurement and calculation. Also, FRF-based model updating reveals 

more information than model updating methods based on modal characteristic properties [150]. In 

addition, curve fitting on the measured data is needed for extracting the modal properties, causing 

errors in the estimation of modal parameters, whereas FRF data do not require curve fitting and 

hence will not be contaminated with numerical errors and loss of information [151]. The FRF 

matrix of the residual substructure and the FRF matrix of the damaged global system are 

experimentally obtained and the main substructure’s FRFs (damaged) are obtained in the 

decoupling process. 

Then the FE model of the main substructure is only needed for model updating and the damage is 

detected by iteratively comparing the numerically obtained FRF with the decoupled experimental 



 168 

FRF of the main substructure. The damage is simulated with a stiffness reduction in the main 

subsystem. The FE model of the main subsystem is divided to different sections. In each iteration, 

a stiffness reduction is tried in each section and the FRF is obtained. Finally, the damage location 

is the section for which stiffness reduction leads to the damaged FRF. The quantity of the damage 

is also detected using the value of the stiffness reduction. In order to reduce the computation time 

in the model updating of the damaged structure and as a verification for decoupling analysis of the 

structure under study, decoupling can be first performed on the undamaged structure (before 

assembly of the substructures) and the undamaged main substructure FRF can be obtained. The 

accuracy of decoupling in different frequency ranges can be verified by comparing the decoupled 

FRF of the main substructure and the directly measured one. The accuracy of decoupling in 

different frequency ranges in undamaged condition would likely be the same in the damaged 

condition as well. Therefore, we will disregard the frequency ranges for which decoupling has 

significant error, if those regions of the FRF are not near peaks. We must consider the frequency 

ranges in the neighborhood of the peaks since damage (stiffness reduction) would likely shift the 

peak(s) location. 

Two numerical examples and an experimental example are presented in order to illustrate the 

procedure. Section 9.2 describes the substructure decoupling method and Section 9.3 describes the 

substructural damage identification procedure. Numerical and experimental examples are 

presented in Section 9.4 and 9.5, respectively. 

9.2 Substructure Decoupling 

The purpose of substructure decoupling is to find the dynamics of subsystem A as a “standalone” 

component that is completely decoupled from the rest of the structure (AB and B). Without 

limitation, only two subsystems are considered here to illustrate the procedure but the method 
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works for any number of subsystems. The FRF matrix of the assembled structure AB and the 

residual substructure B are known and the FRF matrix of Substructure A is to be obtained. 

 

Figure 9.1: Substructure decoupling schematic 

In Figure 9.1, system AB consists of degrees of freedom “internal to substructure B”, 𝒖𝑏
𝐴𝐵, 

“internal to substructure A”, 𝒖𝑎
𝐴𝐵 and the coupling DOF, 𝒖𝑐𝑜𝑢

𝐴𝐵. The subsystems A and B also 

have their internal DOFs, 𝒖𝑎
𝐴and 𝒖𝑏

𝐵, respectively and the coupling DOFs, 𝒖𝑐𝑜𝑢
𝐴and 𝒖𝑐𝑜𝑢

𝐵, 

respectively. Assuming the dynamics of system AB and B are known (measured), the following is 

a dynamic stiffness representation of the assembled system AB in compact form [13]: 

𝒁𝐴𝐵𝒖𝐴𝐵 = 𝒇𝐴𝐵 +  𝐴𝐵  

[

𝒁𝑏𝑏
𝐴𝐵 𝒁𝑏𝑐𝑜𝑢

𝐴𝐵 𝟎

𝒁𝑐𝑜𝑢𝑏
𝐴𝐵 𝒁𝑐𝑜𝑢𝑐𝑜𝑢

𝐴𝐵 𝒁𝑐𝑜𝑢𝑎
𝐴𝐵

𝟎 𝒁𝑎𝑐𝑜𝑢
𝐴𝐵 𝒁𝑎𝑎

𝐴𝐵

] [

𝒖𝑏
𝒖𝑐𝑜𝑢
𝒖𝑎

] = [

𝒇𝑏
𝒇𝑐𝑜𝑢
𝒇𝑎

] + [
𝟎

 𝑐𝑜𝑢

𝟎
]  

(9.1) 

And subsystem B: 

𝒁𝐵𝒖𝐵 = 𝒇𝐵 −  𝐵  

[
𝒁𝑏𝑏
𝐵 𝒁𝑏𝑐𝑜𝑢

𝐵

𝒁𝑐𝑜𝑢𝑏
𝐵 𝒁𝑐𝑜𝑢𝑐𝑜𝑢

𝐵 ] [
𝒖𝑏
𝐵

𝒖𝑐𝑜𝑢
𝐵 ] = [

𝒇𝑏
𝒇𝑐𝑜𝑢

] − [
𝟎

 𝑐𝑜𝑢
𝐵 ]  

(9.2) 
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where 𝒖𝐴𝐵 = [

𝒖𝑏
𝒖𝑐𝑜𝑢
𝒖𝑎

] is the vector of DOF of system AB (Figure 9.1) (the superscripts AB are 

omitted for brevity), 𝒖𝐵 = [
𝒖𝑏
𝐵

𝒖𝑐𝑜𝑢
𝐵 ] is the vector of DOF of substructure B, 𝒁𝐴𝐵 and 𝒁𝐵 are the 

stiffness matrices of system AB and B, respectively, vectors 𝒇∗ are the external force vectors and 

vectors  ∗ represent the additional disconnection forces (with non-zero entries only at the interface 

DOF) felt from the decoupling of the neighboring components [13].   

The displacement compatibility condition, Eq. (9.3) and force equilibrium condition, Eq. (9.4) 

between the two (sub)structures are as follow, respectively: 

𝒖𝑐𝑜𝑢
𝐵 = 𝒖𝑐𝑜𝑢  (9.3) 

 𝑐𝑜𝑢 +  𝑐𝑜𝑢
𝐵 = 𝟎  (9.4) 

A more systematic description of the problem can be written by introducing the Boolean matrices 

  and L:  

 𝒖 = [ 𝐴𝐵  𝐵] [𝒖
𝐴𝐵

𝒖𝐵
] = 𝒖𝑐𝑜𝑢

𝐵 − 𝒖𝑐𝑜𝑢 = 𝟎  (9.5) 

𝑳𝑻 = [𝑳𝐴𝐵
𝑇

𝑳𝐵
𝑇] [

 𝐴𝐵

 𝐵 ] = [

𝟎
𝟎
𝟎

 𝑐𝑜𝑢 +  𝑐𝑜𝑢
𝐵

] = 𝟎  (9.6) 

Eq. (9.5) presents the compatibility equation and Eq. (9.6) presents the equilibrium equation and 

matrices   and 𝑳 are: 

 = [ 𝐴𝐵  𝐵] = [𝟎 𝑰 𝟎   ∥   𝟎 −𝑰]  (9.7) 

𝑳𝑻 = [𝑳𝐴𝐵
𝑇

𝑳𝐵
𝑇] = [

𝑰
𝟎

𝟎
𝟎

𝟎
𝑰

𝟎 𝟎 𝟎
𝟎 𝑰 𝟎

 ∥   

𝟎 𝟎
𝟎 𝟎
𝑰
𝟎

𝟎
𝑰

]  (9.8) 

Therefore, the decoupling problem can be described in the following equations: 
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[
𝒁 
𝐴𝐵 𝟎

𝟎 𝒁 
𝐵] [

𝒖𝐴𝐵

𝒖𝐵
] = [

𝒇𝐴𝐵

𝒇𝐵
] + [

 𝐴𝐵

− 𝐵]  

[ 𝐴𝐵  𝐵] [𝒖
𝐴𝐵

𝒖𝐵
] = 𝟎  

[𝑳𝐴𝐵
𝑇

𝑳𝐵
𝑇] [

 𝐴𝐵

 𝐵 ] = 𝟎  

(9.9) 

 

Employing the dual formulation for decoupling [60], the interface forces are satisfied a priori by 

choosing interface forces of the form of: 

 = − 𝑇𝝀  (9.10) 

where 𝝀 are Lagrange multipliers, corresponding physically to the interface force intensities. The 

equilibrium condition in Eq. (7.6) thus becomes: 

𝑳𝑻 = −𝑳𝑻 𝑻𝝀 = 𝟎  (9.11) 

But this condition is always satisfied [14]. The decoupling problem can therefore be formulated in 

a dual way as: 

[
𝒁 
𝐴𝐵 𝟎  𝐴𝐵𝑇

𝟎 −𝒁 
𝐵  𝐵𝑇

 𝐴𝐵  𝐵 𝟎

] [
𝒖𝐴𝐵

 

𝒖𝐵

𝝀

] = [
𝒇𝐴𝐵

 

𝟎
𝟎

]  (9.12) 

In a more general form, different Boolean matrices for the compatibility and equilibrium 

conditions can be taken [13]: 

[
𝒁 
𝐴𝐵 𝟎 𝑬𝐴𝐵𝑇

𝟎 −𝒁 
𝐵 𝑬𝐵𝑇

𝑪𝐴𝐵 𝑪𝐵 𝟎

] [
𝒖𝐴𝐵

 

𝒖𝐵

𝝀

] = [
𝒇𝐴𝐵

 

𝟎
𝟎

]  (9.13) 

where 𝑬∗ are the Boolean matrices defining the location of the uncoupling forces while 𝑪∗ are the 

matrices enforcing compatibility. In order to eliminate Lagrange multipliers 𝝀, Eq. (9.13) can be 

written: 
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[𝒁 𝑬𝑇

𝑪 𝟎
] {
𝒖
𝝀
} = {

𝒇
𝟎
}  (9.14) 

where 𝒁 = [𝒁
𝐴𝐵 𝟎
𝟎 −𝒁𝐵

]  𝒖 = [𝒖
𝐴𝐵

𝒖𝐵
], 𝒇 = [𝒇

𝐴𝐵

𝟎
] , 𝑬𝑇 = [𝑬

𝐴𝐵𝑇

𝑬𝐵𝑇
] and 𝑪 = [𝑪𝐴𝐵 𝑪𝐵]. Therefore, 

the system of equations is: 

𝒁𝒖 + 𝑬𝑇𝝀 = 𝒇  

𝑪𝒖 = 𝟎  

(9.15) 

From the first equation in Eqs.(9.15), it can be written: 

𝒖 = 𝒁−𝟏𝒇 − 𝒁−𝟏𝑬𝑇𝝀  
(9.16) 

By substituting Eq. (9.16) in the second equation in Eq. (9.15): 

𝑪𝒁−𝟏𝒇 − 𝑪𝒁−𝟏𝑬𝑇𝝀 = 𝟎  ⇒  𝝀 = (𝑪𝒁−𝟏𝑬𝑇)+𝑪𝒁−𝟏𝒇  
(9.17) 

where + denotes the (Moore–Penrose) pseudo-inverse since the matrix in the parenthesis is not 

necessarily an square matrix. By back-substitution of 𝝀 in the first equation in Eqs. (7.15) and 

considering = 𝒁−𝟏 : 

𝒁𝒖 + 𝑬𝑇[(𝑪𝒁−𝟏𝑬𝑇)+𝑪𝒁−𝟏𝒇] = 𝒇 ⇒  𝒖 = [𝑯 − 𝑯𝑬𝑇(𝑪𝑯𝑬𝑇)+𝑪𝑯]𝒇  (9.18) 

Eq. (9.18) can be expanded and written: 

[𝒖
𝐴𝐵

𝒖𝐵
] = ([𝑯

𝐴𝐵 𝟎
𝟎 −𝑯𝐵] −

[𝑯
𝐴𝐵 𝟎
𝟎 −𝑯𝐵] [

𝑬𝐴𝐵𝑻

𝑬𝐵
𝑻 ] ([𝑪

𝐴𝐵 𝑪𝐵] [
𝑯𝐴𝐵 𝟎
𝟎 −𝑯𝐵] [

𝑬𝐴𝐵𝑻

𝑬 
𝑻 ])

+

[𝑪𝐴𝐵 𝑪𝐵] [
𝑯𝐴𝐵 𝟎
𝟎 −𝑯𝐵])𝒇  

(9.19) 

Eq. (9.19) is the form of 𝒖 = 𝑯𝒇. Therefore, the decoupled FRF matrix in a general form can be 

found: 
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𝑯𝐴 = [𝑯
𝐴𝐵 𝟎
𝟎 −𝑯𝐵] −

[𝑯
𝐴𝐵 𝟎
𝟎 −𝑯𝐵] [

𝑬𝐴𝐵𝑇

𝑬𝐵𝑇
] ([𝑪𝐴𝐵 𝑪𝐵] [

𝑯𝐴𝐵 𝟎
𝟎 −𝑯𝐵] [

𝑬𝐴𝐵𝑻

𝑬𝐵𝑻
])

+

[𝑪𝐴𝐵 𝑪 ] [
𝑯𝐴𝐵 𝟎
𝟎 −𝑯𝐵]  

(9.20) 

Matrix 𝑯𝐴 in Eq. (9.20) is called the decoupled FRF matrix of substructure A but also contains 

extra rows and columns corresponding to subsystem B. Also, those rows and the columns of 𝑯𝐴 

corresponding to compatibility and equilibrium DoFs appear twice, both in the rows and columns 

in −𝑯𝐵 and 𝑯𝐴𝐵 [121]. Therefore, only the rows and columns corresponding to the subsystem A 

are extracted from matrix 𝑯𝐴 and are considered decoupled FRFs of subsystem A. Based on 

choosing different DoFs for compatibility (𝑪) and equilibrium (𝑬), various collocated and non-

collocated decoupling approaches can be used. 

9.3 Substructural Damage Identification Procedure 

In the proposed damage identification procedure, the FRF measurement is performed on the global 

damaged structure and on the residual substructure (before assembly) and the damaged main 

substructure’s FRFs are obtained using Eq. (9.20). Then the decoupled FRF (of the damaged main 

substructure) is used for FRF-based model updating and damage detection. Figure 9.2 depicts the 

schematic diagram of the damage identification procedure.  
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Figure 9.2: Substructural damage identification procedure diagram 

where 𝑯𝑑
𝐴

 is the FRF matrix of the damaged substructure A obtained from decoupling, 𝐻𝑎𝑛
𝐴

 is 

analytical FRF obtained from the FE model of substructure A and 𝐻𝑑
𝐴 is one (or a few) FRF in 

the FRF matrix 𝑯𝑑
𝐴to be used for model updating. The damage is simulated with the decrease in 

the stiffness at some locations in the main substructure. In each iteration of model updating, the 

stiffness in different locations in the substructure A FE model is changed and the FRF obtained 

from the FE model is compared to the decoupled experimental FRF 𝐻𝑑
𝐴

 in the frequency range of 

interest. This process continues until the analytical and decoupled FRF are matched with the 

desired accuracy. The FRF-based model updating procedure is presented in the following section.  

9.3.1 FRF-based Model Updating 

The accelerance FRF 𝐻𝑎,𝑏(𝜔) is the acceleration response at node a, 𝐴𝑎(𝜔), divided by the force 

at node b, 𝐹𝑏(𝜔), both in the frequency domain: 

𝐻𝑎,𝑏(𝜔) =
𝐴𝑎(𝜔)

𝐹𝑏(𝜔)
≅ ∑

−𝜔2�̂�𝑎𝑖�̂�𝑏𝑖

−𝜔2+2𝑖𝜔𝛺𝑖𝜉𝑖+𝛺
2
𝑖

𝑚
𝑖=1   (9.21) 
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where 𝑚 is the number of modes used for constructing the FRF, 𝜔 is frequency, 𝛺𝑖 is ith natural 

frequency of the system,  𝜉𝑖 is ith damping ratio corresponding to ith mode and �̂�𝑎𝑖 and �̂�𝑏𝑖 are the 

scalar values of mode shape i at response node a and excitation node b, respectively. The form of 

FRF used for model updating is as follows, with the values of the FRF magnitude in dB: 

�̅�𝑎,𝑏(𝜔) = 20 log10(|𝐻𝑎,𝑏(𝜔)|)  (9.22) 

The goal of the FE model updating is to change the properties of a FEM such that the analytical 

response of the model matches that of measured data. After developing the FE model, Eq. (9.21) 

and Eq. (9.22) are used to obtain the FRF at the response and excitation nodes corresponding to 

the response and excitation locations considered in the experiment (decoupled FRF). Then the 

difference between analytical and measured FRFs, the error or residual, is found and a scalar 

objective error function value is calculated [123]. With the scalar objective error function value, 

numerical optimization techniques are used to minimize the difference between the analytical and 

measured FRFs by modifying the parameters of the FEM [123]. Substituting Eq. (9.21) and Eq. 

(9.22) and using modal responses as functions of the unknown updating parameters 𝑝 results in 

Eq. (9.23) [123]: 

�̅�𝑎,𝑏(𝜔, 𝑝) = 20 log10 (|∑
−𝜔2�̂�𝑎𝑖(𝑝)�̂�𝑏𝑖(𝑝)

−𝜔2+2𝑖𝜔𝛺𝑖(𝑝)𝜉𝑖(𝑝)+𝛺
2
𝑖(𝑝)

𝑚
𝑖=1 |)  (9.23) 

The error function, or residual 𝑒, is defined as: 

𝑒(𝜔, 𝑝) = �̅�𝑎
𝑎,𝑏(𝜔, 𝑝) − �̅�𝑚

𝑎,𝑏(𝜔, 𝑝)  (9.24) 

where �̅�𝑎
𝑎,𝑏(𝜔, 𝑝) and �̅�𝑚

𝑎,𝑏(𝜔, 𝑝) are analytical and measured FRFs (decoupled), respectively. 

Then, a scalar objective error function 𝐽 is created and minimized through bounded numerical 

optimization: 
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𝐽(𝑝) = 𝑒𝑇(𝜔, 𝑝)𝑒(𝜔, 𝑝)  (9.25) 

The purpose of optimization is to minimize 𝐽(𝜔, 𝑝) by considering the upper and lower bounds for 

𝑝 [123]. The scalar objective error function is normalized by the initial value of the scalar objective 

error function 𝐽(𝑝)1 so that the optimization starts at a value of 1 and the perfect match would be 

a value of 0. 

𝐽(𝑝)𝑖 =
𝐽(𝑝)𝑖

𝐽(𝑝)1
  (9.26) 

The parameter 𝑝 is a unitless modifier that modifies stiffness parameter. 

9.4 Numerical Examples 

In this section, two numerical examples are presented to illustrate the substructural damage 

identification procedure. The first example is a simple lumped parameter system and the second 

example is a simplified model of a utility pole-conductor system.  

9.4.1 Numerical Case Study 1 

The simple problem used here is shown in Figure 9.3 and consists of two lightly damped mass-

spring-damper systems. Subsystem A has 5 degrees of freedom and is the main subsystem under 

damage, subsystem B possesses 3 DoF and it is not susceptible to damage. The two subsystems 

are coupled at a 2 DoF interface (𝑚𝐴4, 𝑚𝐵1 and 𝑚𝐴5, 𝑚𝐵2 ). The system properties are given in 

Table 9.1. Two damage scenarios are considered. The first scenario D1 is a single-damage scenario 

and the damage in subsystem A is simulated by 20% reduction in the value of stiffness parameter 

𝑘𝐴2 and the second scenario D2 is a multi-damage case and the damage is simulated by 10 % 

stiffness reduction in 𝑘𝐴3 and 5 % reduction in 𝑘𝐴5. The first step in the procedure is obtaining the 

decoupled FRFs of subsystem A from the assembled structure.  
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Table 9.1. Lumped parameter system parameters 

Subsystem A Subsystem B 

m𝐴1 = 4 ,m𝐴2 = 3,m𝐴3 = 3,m𝐴4 = 6,m𝐴5 = 2 𝑘𝑔  

k𝐴1 = 500 , k𝐴2 = 2000 , k𝐴3 = 2000 , k𝐴4 =

1000 , k𝐴5 = 500 
𝑁

𝑚
  

c𝐴1 = 0.2, c𝐴2 = 0.5, c𝐴3 = 0.1, c𝐴4 = 0.1, c𝐴5 = 0.1  
𝑁

𝑚𝑠2
 

m𝐵1 = 2 ,m𝐵2 = 4,m𝐵3 = 8  𝑘𝑔  

k𝐵1 = 1000 , k𝐵2 = 1000 , k𝐵3 =

2000  
𝑁

𝑚
  

c𝐵1 = 0.4, c𝐵2 = 0.1, c𝐵3 = 0.3  
𝑁𝑠

𝑚
  

 

 

Figure 9.3: Lumped parameter system: Case study 1 

Figure 9.4 shows the FRF 𝐻34
A , one of the FRFs in subsystem A, and the similar FRF obtained 

from decoupling in the undamaged and D1 damaged conditions. As can be seen, the FRFs 

completely match in both the conditions. This result is a motivation to use the decoupling method 

to obtain the main subsystem FRF when the global system is under operation and it is impossible 

to separate the subsystems. After obtaining the main subsystem FRF, the FRF-based model 

updating is used only on the main subsystem to detect the damage.   
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Figure 9.4: Subsystem A FRF 𝐻34
𝐴 and the decoupled FRF obtained from decoupling in damaged D1 and 

undamaged conditions 

The decoupled FRF in the damaged condition in Figure 9.4 is used in the FE model updating using 

the subsystem A model to detect the location and quantity of stiffness reduction. Figure 9.5 shows 

the undamaged and damaged FRF (obtained from decoupling) and the updated FRF after model 

updating. The initial guess in the updating process is the undamaged FRF and the final result is the 

updated FRF. The optimization variables are the five stiffness parameter modifiers between 0 and 

1 that is multiplied to each stiffness parameter 𝑘𝐴1, 𝑘𝐴2, 𝑘𝐴3, 𝑘𝐴4, 𝑘𝐴5. In each iteration, these five 

parameters are changed and the obtained FRF is compared to the damaged one until the two FRFs 

match with the desired accuracy. Figure 9.6 shows the stiffness parameter multiplier values after 

the updating process. The second stiffness parameter 𝑘𝐴2 has 20 % reduction and it is detected in 

the updating process. Stiffness parameters 1-5 are corresponding to 𝑘𝐴1, 𝑘𝐴2, 𝑘𝐴3, 𝑘𝐴4, 𝑘𝐴5, 

respectively. 
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Figure 9.5: Subsystem A FRF 𝐻34
𝐴 in model updating—D1 scenario 

 

Figure 9.6: Stiffness parameter modifiers in subsystem A -- D1 scenario 

Figure 9.7-a shows the FRF 𝐻34
𝐴 in D2 scenario and the similar decoupled FRF. The decoupled 

FRF matches the true one in the multi-damage case as well. Figure 9.7-b shows the updated FRF 

after updating process similar to D1 case. The stiffness parameter modifiers in D2 scenario are 

shown in Figure 9.8. The location and quantity of stiffness reduction is detected accurately.  
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Figure 9.7: Subsystem A FRF 𝐻34
𝐴 and the decoupled FRF obtained from decoupling in damaged D2 and 

undamaged conditions 

 

Figure 9.8: Stiffness parameter modifiers in subsystem A – D2 scenario 
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9.4.2 Numerical Case study 2 

The global system in this numerical example is shown in Figure 9.9 and it consists of 34 nodes 

and 33 three-dimensional beam elements. The main subsystem (A) and the residual subsystem (B) 

are shown. The material for the main subsystem has Young’s modulus of 𝐸 = 90 𝐺𝑃𝑎 and the 

density of 500 𝑘𝑔 𝑚3 and the residual subsystem has Young’s modulus of 𝐸 = 220 𝐺𝑃𝑎 and 

density of 3000 𝑘𝑔 𝑚3. Three points P1, P2 and P3 are used for obtaining the FRFs of the 

assembled system (in X direction) and the residual subsystem and the FRFs of the main subsystem 

are obtained through the decoupling process. Damage detection is performed for the five sections 

shown in the figure. Each section is 1 m length in the model. Two damage scenarios D1 and D2 

are considered. In the first scenario D1, the damage is simulated by 20 % reduction in the Young’s 

modulus value in section 3 and scenario D2 is a multi-damage scenario and is simulated by 20 % 

reduction in Young’s modulus of section 2, 20 % reduction in section 4 and 10 % reduction in 

section 5. The FE model is developed using Abaqus software and FE updating is performed with 

the use of Abaqus2Matlab software [125] and MATLAB’s fmincon nonlinear constrained 

optimization routine. The optimization variables are five stiffness parameter modifiers between 0 

and 1 that are multiplied to the young modulus of sections 1-5 in the pole model. 
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Figure 9.9: Numerical case study 2 FE model 

FRFs corresponding to points P1, P2 and P3 in the assembled structure are obtained by applying 

a unit 1N load at each of the points and obtaining the acceleration at the other points in the 

frequency domain. Then the FRF matrix 𝑯𝐴𝐵 is obtained by inserting all the FRFs in a matrix. The 

symmetric arrays are obtained only once since they are equal. The FRF matrix of the residual 

subsystem contains only one FRF 𝐻11
𝐵 since only one point P1 is needed in the decoupling 

process. The FRF matrices are then inserted in Eq. (9.20) to obtain the decoupled FRFs of the main 

(pole) subsystem. Figure 9.10-a shows the FRF corresponding to point P3 in subsystem A, H33
𝐴, 

in the undamaged and damaged D1 condition and the similar FRF obtained from decoupling 

(Eq.(9.20)). The FRF obtained from the pole-only model (Damaged Main Subs) and the one 

obtained from decoupling (Damaged Main Subs – Decoupled) match very well. There is a slight 
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difference around the first mode which could be due to numerical singularity in the decoupling. 

Figure 9.10-b shows the damaged and the updated FRF of the main subsystem obtained from 

model updating. Figure 9.11 shows the stiffness parameter modifiers of sections 1-5 obtained after 

model updating in D1 scenario. The location of the damage (stiffness reduction) is detected very 

well but the quantity of it (20 %) has an slight error. 

 

Figure 9.10: a) FRF 𝐻33
𝐴 of the main subsystem and the decoupled FRF 𝐻33

𝐴 in damaged D1 and undamaged 

conditions b) Damaged, undamaged and updated FRF in D1 scenario 
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Figure 9.11: Stiffness parameter modifiers in D1 scenario 

Figure 9.12 and Figure 9.13 show the same result as Figure 9.10 and Figure 9.11, respectively for 

the scenario D2. The locations of the damage is detected again but the quantity has a small error 

(Figure 9.13). 
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Figure 9.12: a) FRF 𝐻33
𝐴 of the main subsystem and the decoupled FRF 𝐻33

𝐴 in damaged D2 and undamaged 

conditions b) Damaged, undamaged and updated FRF in D2 scenario 

 

Figure 9.13: Stiffness parameter modifiers in D2 scenario 
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9.5 Experimental Case Study 

The experimental example is a simple structure consisting of two subsystems that are bolted 

together. The structure is shown in Figure 9.14 with the dimensions shown. Two aluminum beams 

are bolted together at point P1 (Coupling point) and the main (A) and residual (B) substructures 

are shown in Figure 9.14. The cross section of the beams are 20 × 2 mm2 with a Young’s modulus 

of 𝐸 = 70 𝐺𝑃𝑎 and density of 2700 
𝑘𝑔

𝑚3.  The structure was first tested in the undamaged state. 

Afterwards, one cut with the dimensions displaced in Figure 9.14-b was introduced in the main 

substructure. The width of the cut is 4 mm on each side with 8 cm length, therefore the width of 

the beam in the cut section is 12 mm, simulating damage as 40% stiffness reduction in that section. 

Five sections, sections 1-5 as shown in Figure 9.14-b, are used in the model updating of the main 

subsystem and the location of the damage (section 1) is identified in the damage detection. Each 

section is 8 cm length, the same length as the cut. Before model updating, experimental vibration 

measurement was performed on the global structure and the residual subsystem. The FRFs of the 

global structure in both the undamaged and damaged states were obtained at points P1 and P2 and 

the FRF of the residual substructure was obtained at P1. The residual subsystem was the same 

before and after introducing the damage since we consider this subsystem not susceptible to 

damage. Figure 9.15 shows the damaged assembled structure, the cut in the main subsystem, the 

residual subsystem modal test setup and mounting the sensor on the coupling point. The residual 

subsystem was tested in free-free condition and two thin elastic bands were used to simulate the 

free-free boundary condition. Two B&K 4507-B-004 accelerometers were used at the two 

locations P1 and P2 to obtain the FRFs of the assembled structure and one accelerometer is used 

at point P1 to measure the FRF of the residual subsystem. FRFs were obtained using a B&K 8205-

002 impact hammer, a National Instruments c-DAQ 9172 chassis and the software ModalView 

[95] was used to analyze the data. In each measurement, the structure was impacted five times to 



 187 

average the signals. A 2 × 2 matrix 𝑯𝐴𝐵 and a 1 × 1 matrix 𝑯𝐵 were measured and the measured 

FRFs are used in Eq. (9.20) to predict the FRF of the main subsystem, decoupled from the rest of 

the structure.  

 

Figure 9.14: a) Schematic of the experimental case study b) The cut in the main subsystem to introduce damage 
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Figure 9.15: Experimental case study a) Damaged global structure b) The residual subsystem (Free-free boundary 

conditions) c) Coupling point accelerometer d) The cut in the main substructure 

Figure 9.16 shows the FRF 𝐻11
𝐴 obtained from subsystem A and obtained from decoupling in the 

undamaged state. The FRFs match well in most of the frequency ranges and the error could be due 

to measurement error and the error in simulating the free-free condition of the residual subsystem. 

A frequency range of 30-60 Hz is used for model updating of the damaged state since there is a 

good match between FRFs in the undamaged state.  
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Figure 9.16: FRF of the main subsystem and the FRF obtained from decoupling in undamaged state 

The FE model of the subsystem A (a cantilever beam) is developed using Abaqus software and FE 

updating is performed with the use of Abaqus2Matlab software [125] and MATLAB’s fmincon 

nonlinear constrained optimization routine. Five sections 1-5 are defined (Figure 9.14) in the FE 

model and five modifiers between 0-1 are used to multiply to the cross-section width of the sections 

in each iteration. The initial FRF obtained from the model was significantly different from the 

experimental FRF. The thickness of the beam was changed to 3.5 mm in the FE model (instead of 

2 mm) and the FRF result improved significantly. This thickness change in the model does not 

affect the damage detection results since we need the stiffness reduction percentage (percentage 

of width reduction) and more importantly where the stiffness reduction exists in the structure.  

Figure 9.17 shows the FRF 𝐻12
𝐴, obtained from the FE model before and after updating, the 

experimentally obtained FRF in the undamaged state and the FRF obtained from decoupling of the 

damaged main subsystem. The “initial” FRF in this figure is the FRF obtained after modification 

of the model (the thickness change to 3.5 mm). The damaged FRF shows a shift to the left which 

is a sign of stiffness reduction compared to the undamaged FRF and the updated FRF match with 
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the damaged FRF. The stiffness modifiers are shown in Figure 9.18. The location of the damage 

is detected (section 1) and there is a slight error in detecting the damage quantity. 

 

Figure 9.17: FRF updating of the main subsystem 

 

Figure 9.18: Stiffness parameter modifiers in experimental case study 

9.6 Conclusion 

This paper proposes a substructural damage detection method using frequency response functions. 

In the proposed method, one substructure is considered the main substructure and under damage 

and the rest of the substructure(s) are considered undamaged or not susceptible to damage, a 

situation which often happens in practice. The residual substructure(s) are considered undamaged 

which could be due the fact that the residual substructure(s) are either not under operation (the 
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main substructure is only under operation) or their material and loading are such that they are not 

susceptible to damage. In the proposed method, unlike other substructural damage detection 

methods, there is no need for placing a numerical virtual support in the target substructure 

boundary or obtaining the interface forces. The frequency response functions of the assembled 

damaged structure and the frequency response function(s) of the residual substructure(s) are 

needed to obtain the FRFs of the main substructure, completely decoupled from the rest of the 

structure. An FRF-based model updating is then performed using only the FE model of the main 

substructure to detect, localize and quantify the damage in the main substructure. In order to reduce 

the computation time in the model updating of the damaged structure, a smaller frequency range 

in the FRF can be chosen based on the accuracy of decoupling result in the undamaged structure. 

Two numerical examples and an experimental case study are presented to illustrate the procedure. 

The damage in the main substructure is detected and quantified with a good accuracy in the 

numerical and experimental case studies. More studies can be done in future to apply the method 

on a real engineering application. The limitation of this method is the need to have the residual 

subsystem dynamics, but the advantage is that we do not need any interface force identification or 

virtual support between the subsystems. 
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Chapter 10 

10 Conclusions and Future work 
 

This thesis was a continuation of a project to develop a vibration-based non-destructive testing 

method for wooden utility poles. The aim of this thesis was to study the effects of conductors on 

the vibration response of in-service utility poles and to achieve this aim, the thesis was done in 

three different parts. The first part was analytical modeling of cable-beam systems to understand 

the coupled vibration and to understand the effects of cable on the vibration of coupled system. 

The results of the first part are summarized in section 10.1. The second part of this thesis was 

application of substructure decoupling method to decouple the beam dynamics from the assembled 

cable-beam system dynamics. The results of this part are summarized in section 10.2. The third 

part of this thesis was performing modal tests in the lab and in the field and destructive tests on 

the full-scale utility poles. The results of this part are presented in Appendices and are summarized 

in section 10.3. Future work that is recommended to continue this thesis is presented in section 

10.5.  

10.1 Analytical modeling 

Analytical and mathematical modeling of cable-beam systems was studied in this thesis: 

 In Chapter 3, the cable sag and bending stiffness was considered in the modeling for the first 

time in the literature. The bending stiffness of the cable was measured in different tensions using 

a specially designed apparatus. The natural frequencies, mode shapes and frequency response 

function were obtained from the analytical model and the results were verified with the 

experimental results obtained from modal testing of the lab-scale pole-line system. It is 

concluded that cable bending stiffness and sag have significant effect on the natural frequencies 

and frequency response of the cable-beam systems and should be considered in analytical 
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modeling. It is also concluded that by adding the cable to the beam, three different type of 

vibration modes occur:  cable dominated, beam dominated, and hybrid (coupled) These can be 

identified upon visual inspection of the mode shapes of the system.  

 In Chapter 4 and Chapter 5, two-dimensional and three-dimensional bond graph models were 

developed for the stranded cables, respectively. These models studied the vibration behavior of 

the cable-only system and investigated the effects of different properties such as bending 

stiffness and sag and tension on the response of the cable. In-plane and out-of-plane natural 

frequencies and free and forced vibration response were obtained from the models and they were 

verified with the modal test results on the cable. An experimental bending stiffness 

parametrization was also performed to measure the bending stiffness. It is concluded that the 

bond graph method can be used for simulation of stranded cable vibration in spite of the 

complicated mechanical behavior of these cables. A more comprehensive study can be done to 

study the interaction between the layers in the stranded cables and model this interaction in bond 

graph.    

 In Chapter 6, a three-dimensional bond graph model was developed for a cable-beam system 

considering bending stiffness and sag. A complete experimental cable parametrization was also 

performed for the bending and axial stiffness of the stranded cable to obtain axial and bending 

stiffness. Free and forced vibration response of the coupled system in in-plane and out-of-plane 

were compared to the experimental results and the model was verified. This model allows 

prediction of out-of-plane vibration which is usually not studied in the literature. This model 

can be easily extended to simulate the real utility pole-conductor system and to study the effects 

of cables in the full-scale system. 
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10.2 Substructure Decoupling  

Substructure decoupling or inverse dynamic substructuring method was proposed in this thesis to 

filter out the effects of cable in utility pole-power line system.  

 In Chapter 7, a single-beam-cable system and a multi-beam-cable system were used in the lab 

to investigate the method experimentally. Experimental modal tests were performed on two 

cable-beam systems in the lab and FRF matrices were used in the decoupling formulation. The 

first cable-beam system consisted of one cantilever beam and a cable and the second system 

was a multi-beam-cable system consisted of three cantilever beams that are connected together 

with a cable. The FRFs of the beams were obtained after decoupling analysis and were then 

compared to the directly measured FRF from the beam subsystem. Natural frequencies and 

damping ratios obtained from the two FRFs (directly measured and decoupled) were compared 

and good agreement was achieved. It is concluded that the inverse substructuring method is a 

reliable method to obtain the frequency response of the beam as an independent substructure 

with the effect of the cable filtered out. It is also concluded that the beam FRF can be achieved 

with good accuracy regardless of the amount of cable sag and tension as long as cable dynamics 

are also available. FRF-based finite element model updating was also proposed to overcome 

the practical limitation of accessing some points to measure the FRFs. A finite element model 

of the cable-beam system was developed and FRF of the coupling point was obtained from the 

FE model. Then FE updating was used to improve the numerically obtained FRF. A 

combination of numerical and experimental FRFs were used in the decoupling formulation and 

the beam FRF was obtained. It is concluded that FRF-based FE updating can be used to improve 

the FRFs obtained from FE model, therefore, the FRFs that are impossible to be measured in 

the field can be obtained numerically and then be used in the decoupling formulation.  
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 In Chapter 8, experimental-numerical decoupling was applied to the single-beam-cable system. 

The cable FRFs were obtained from the finite element model and the assembled system’s FRFs 

were measured. The beam FRF was decoupled and compared to the directly measured beam 

FRF. It is concluded that finite element can be used to provide the FRFs of a subsystem when 

they cannot be measured, and good accuracy can be obtained from experimental-numerical 

decoupling. 

 In Chapter 9, a substructural damage detection was also developed using the substructure 

decoupling method and FE updating. The FRF of the target substructure was first obtained using 

the substructure decoupling approach and then FRF-based model updating was used for the 

purpose of damage detection, localization and quantification. The developed method can be 

used for damage detection of the structures that consist of multiple substructures, only one of 

which is susceptible to damage. Unlike the other substructural damage detection methods in the 

literature, dynamics of the main subsystem can be obtained without the need for numerical 

virtual support at the interface or identifying interface forces. 

10.3 Experimental Tests on Full-Scale Utility Poles 

In order to expand our database of strength prediction of utility poles, destructive tests were 

performed in this thesis on 20 full-scale poles that were transferred from the field to the lab in 

memorial university. Destructive tests are based on the ASTMD1036 standard and a summary of 

the test details is included in Appendix A. Modal tests were also performed on 30 utility poles in 

two batch of poles (first batch 10 poles and the second batch 20 poles).  In order to study the effects 

of conductors on FRF of in-situ poles, the first batch of poles (in Goose bay, Labrador) were 

modally tested with and without the connected cables and the test results are summarized in 

Appendix B. The FRFs of the poles with cables showed a shift toward left which could be due to 

the added cable mass but also showed more damping in high frequency range which is due to high 
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cable damping. The second batch (in Paradise, Newfoundland) was tested only without the 

connected cables. This batch was then transmitted to the lab and was modally tested in the lab. 

The results of this batch of poles are also presented in Appendix B. The FRFs of the “in-lab” poles 

showed higher stiffness (shift toward right) and also higher damping (less sharp peaks) in high 

frequency range. 

10.4 Contribution list 

The following items are the main research contributions of this thesis: 

1. Substructure decoupling method is used to decouple cable dynamics from the assembled 

cable-beam system dynamics. It is concluded that this method is a reliable and effective 

method to be used in cable structures. 

2. State of the art of the cable-beam system modeling was improved by considering cable 

bending stiffness and sag in modeling.  

3.  A substructural damage detection method was developed for systems in which the main 

subsystem is susceptible to damage and the residual subsystems are undamaged and 

dynamically unchanged. 

10.5 Future work 

In this thesis, analytical and mathematical modeling of cable-beam systems were studied. The 

decoupling method was also proposed to decouple the pole dynamics from the assembled system. 

The following suggestions are presented for future work: 

 Substructure decoupling method should be applied to the full-scale utility pole system alongside 

the FE updating to decouple the conductors FRF from the assembled system. The FRFs of the 

pole without and with the conductors are available from one of the field tests in this thesis. The 

measured FRFs can be used as a basis for updating the FE model of the real utility pole and the 

combination of numerical and experimental FRFs can be used in the decoupling formulation to 
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obtain the FRF of the pole with the effects of conductors filtered out. The directly measured 

FRF of the pole without conductors can then be used for verification.  

  In the analytical modeling of the cable-beam systems, this thesis assumed system linearity in 

modeling. A better and maybe more accurate modeling can be done considering cable 

nonlinearity and internal resonances in the system. Nonlinear modeling of cable-beam systems 

considering cable bending stiffness and sag is a study that has never been done in the literature.  

 A more comprehensive study can be done to study the interaction between the layers in stranded 

cables during bending and vibration in the cable-beam system. The cable layers interaction has 

been studied extensively in the literature but the effects of these interactions on the vibration of 

a coupled cable-beam system is an interesting topic that can be done as future work. 

 Newer damage detection methods such as machine learning-based and deep learning-based can 

be investigated for damage detection of utility poles. There have been many studies using these 

methods for damage detection but there is no study on the specific application of utility poles.  

 Foundation effects on the FRF of the poles can be investigated as future work. Investigation of 

what effects different foundations can have on the FRF of the in-situ poles. 

 Operation modal analysis (OMA) or ambient vibration measurement alongside the substructure 

decoupling can be studied in future. Investigation of whether it is possible to filter out the effects 

of cables from the ambient vibration response of the poles would be an interesting topic to be 

studied. 
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Appendix A 

A. Destructive tests on the full-scale utility poles 
 

Destructive test of the full-scale utility poles was performed in this thesis based on ASTMD2016 

standard [49]. Each destructive test was performed by first weighing the specimen using a load 

cell attached to the laboratory overhead crane so that density could later be determined. The 

specimen was then clamped at an appropriate ground line position near the butt end. The location 

of ground line for each specimen was measured from the butt end as ten percent of the specimen 

overall length plus two feet. This is typical of in-service pole. The clamp was secured to the lab’s 

concrete floor. Geometry such as length and circumferences (taken at five feet intervals) were also 

measured and recorded. 

The static test was performed by applying a vertical load until failure occurred (Figure A.1). The 

load was applied at a position of two feet from each pole’s tip using a hydraulic winch mounted 

above the point of load. Figure A.2 shows the hydraulic winch. A load cell, which is shown in 

Figure A.3, was attached in-line with the winch and measured the applied load. The hydraulic 

winch was positioned on a carriage which was he1d in place using the laboratory’s overhead crane. 

The winch was mounted on a trolley and was free to move in the longitudinal direction (along the 

poles length) as the pole deflected. This longitudinal displacement was measured during each test 

and was taken into account for stress calculations.  
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Figure A.1: Destructive test of full-scale pole 

 

Figure A.2: Hydraulic winch for destructive test 
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Figure A.3: Load cell used to measure the applied load 

Controlled flow in the winch's hydraulic lines ensured that a proper strain rates was maintained 

during tests. Vertical deflection of the pole was also measured at four locations during the test (at 

the point of load as well as twelve, twenty-four and thirty-six feet from the ground line) and are 

shown in . LVDTs were positioned on either side of the clamp and measured the angle of flexure 

in the clamp. This fixture was also taken into consideration when performing calculations. 

Appropriate calculations were later performed for each pole in order to determine elastic modulus, 

density, maximin stress at the break location, maximum stress at the ground line, yield stress at 

the break location and yield stress at the ground line.  



 216 

 

Figure A.4: Measurement of displacement in four different positions along the pole 

A spreadsheet with all the calculations in detail was created for each pole. The spreadsheet report 

for two of the poles follow as a sample: 

 

Figure A.5: Pole 347B geometrical properties table 

Identification Class

Species Treatment Type (Year)

ccv Length [ft]

GL to POL [mm] GL to POL [in]

Butt to GL [mm] Butt to GL [in]

POL to Tip [mm] POL to Tip [in]

GL to Break [mm] GL to Break [in]

Circ. at Break [mm] Circ. at Break [in]

Butt Circumference [mm] Butt Circumference [in]

GL Circumference [mm] GL Circumference [in]

5' from GL Circumference [mm] 5' from GL Circumference [in]

10' from GL Circumference [mm] 10' from GL Circumference [in]

15' from GL Circumference [mm] 15' from GL Circumference [in]

20' from GL Circumference [mm] 20' from GL Circumference [in]

25' from GL Circumference [mm] 25' from GL Circumference [in]

30' from GL Circumference [mm] 30' from GL Circumference [in]

35' from GL Circumference [mm] 35' from GL Circumference [in]

40' from GL Circumference [mm] 40' from GL Circumference [in]

45' from GL Circumference [mm] 45' from GL Circumference [in]

50' from GL Circumference [mm] 50' from GL Circumference [in]

55' from GL Circumference [mm] 55' from GL Circumference [in]

60' from GL Circumference [mm] 60' from GL Circumference [in]

65' from GL Circumference [mm] 65' from GL Circumference [in]

70' from GL Circumference [mm] 70' from GL Circumference [in]

POL Circumference [mm] POL Circumference [in]

Tip Circumference [mm] Tip Circumference [in]

Volume (m^3) Volume (ft^3)

CM from Butt (mm) CM from Butt (in)

LVDT Spacing (mm) LVDT Spacing (in)

Mass [kg] 1469.64 Mass [lb] 3240

Density [kg/m^3) 725.07 Density [lb/ft^3) 45.26

2.03 71.58

9687 381.38

1550 61.02

0.00

940 37.01

930 36.61

0.00

0.00

0.00

970 38.19

960 37.80

0.00

1160 45.67

1080 42.52

1030 40.55

1340 52.76

1290 50.79

1230 48.43

1200 47.24

1180 46.46

6300 248.03

1200 47.24

1440 56.69

16474.44 648.60

2575.56 101.40

609.6 24

Property / Measurement Value (Metric Units) Property / Measurement Value (Imperial Units)

19659.6 64.5

Pole 347-B
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Figure A.6: Pole 347B stress results table 

 

Figure A.7: Pole 347B load diagram from destructive test 

 

 

Max Load [N] 9827.14

Load at Yield [N] 9467.88

POL Deflection at Max Load (corrected) [mm] 2688.60

POL Deflection at Yield Load (corrected) [mm] 2391.30

POL Displacement Along Pole at Max Load [mm] 523.06

POL Displacement Along Pole at Yield Load [mm] 464.68

Max Stess at GL [Mpa] 20.58

GL Stress at Yeild [Mpa] 19.90

Max Stress at Break Location [Mpa] 17.39

Break Location Stress at Yeild [Mpa] 16.85

Modulus of Elasticity [Mpa] 5177.46

Density [kg/m^3] 725.07

Modulus of Rupture [Mpa] 20.58*

Max Load [lb] 2207.57

Load at Yield [lb] 2126.87

POL Deflection at Max Load (corrected) [in] 105.85

POL Deflection at Yield Load (corrected) [in] 94.15

POL Displacement Along Pole at Max Load [in] 20.59

POL Displacement Along Pole at Yield Load [in] 18.29

Max Stess at GL [psi] 2984.29

GL Stress at Yeild [psi] 2885.72

Max Stress at Break Location [psi] 2521.84

Break Location Stress at Yeild [psi] 2443.48

Modulus of Elasticity [psi*10^6] 0.75

Density [lb/ft^3] 45.26

Modulus of Rupture [psi] 2984.29

Property (Imperial Units) Measured

Property (Metric Units) Measured
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Figure A.8: Pole 349B geometrical properties table 

 

Figure A.9: Pole 349B stress results table 

Identification Class

Species Treatment Type (Year)

ccv Length [ft]

GL to POL [mm] GL to POL [in]

Butt to GL [mm] Butt to GL [in]

POL to Tip [mm] POL to Tip [in]

GL to Break [mm] GL to Break [in]

Circ. at Break [mm] Circ. at Break [in]

Butt Circumference [mm] Butt Circumference [in]

GL Circumference [mm] GL Circumference [in]

5' from GL Circumference [mm] 5' from GL Circumference [in]

10' from GL Circumference [mm] 10' from GL Circumference [in]

15' from GL Circumference [mm] 15' from GL Circumference [in]

20' from GL Circumference [mm] 20' from GL Circumference [in]

25' from GL Circumference [mm] 25' from GL Circumference [in]

30' from GL Circumference [mm] 30' from GL Circumference [in]

35' from GL Circumference [mm] 35' from GL Circumference [in]

40' from GL Circumference [mm] 40' from GL Circumference [in]

45' from GL Circumference [mm] 45' from GL Circumference [in]

50' from GL Circumference [mm] 50' from GL Circumference [in]

55' from GL Circumference [mm] 55' from GL Circumference [in]

60' from GL Circumference [mm] 60' from GL Circumference [in]

65' from GL Circumference [mm] 65' from GL Circumference [in]

70' from GL Circumference [mm] 70' from GL Circumference [in]

POL Circumference [mm] POL Circumference [in]

Tip Circumference [mm] Tip Circumference [in]

Volume (m^3) Volume (ft^3)

CM from Butt (mm) CM from Butt (in)

LVDT Spacing (mm) LVDT Spacing (in)

Mass [kg] 1152.12 Mass [lb] 2540

Density [kg/m^3) 409.05 Density [lb/ft^3) 25.54

806 31.73

780 30.71

2.82 99.47

7995 314.76

1550 61.02

880 34.65

0.00

0.00

1070 42.13

1000 39.37

950 37.40

1200 47.24

1170 46.06

1110 43.70

1410 55.51

1390 54.72

1300 51.18

1260 49.61

1590 62.60

1510 59.45

1460 57.48

609.6 24

6600 259.84

1370 53.94

22808.184 74.83

19308.17 760.16

2890.4184 113.80

Property / Measurement Value (Metric Units) Property / Measurement Value (Imperial Units)

Pole 349-B

Max Load [N] 10595.29

Yield Load [N] 8682.92

POL Deflection at Max Load (corrected) [mm] 3573.38

POL Deflection at Yield Load (corrected) [mm] 2989.52

POL Displacement Along Pole at Max Load [mm] 730.79

POL Displacement Along Pole at Yield Load [mm] 609.99

Max Stess at GL [Mpa] 18.06

GL Stress at Yeild [Mpa] 14.89

Max Stress at Break Location [Mpa] 15.62

Break Location Stress at Yeild [Mpa] 12.93

Modulus of Elasticity [Mpa] 4983.45

Density [kg/m^3] 409.05

Modulus of Rupture [Mpa] 18.06

Max Load [lb] 2380.13

Load at Yield [lb] 1950.54

POL Deflection at Max Load (corrected) [in] 140.68

POL Deflection at Yield Load (corrected) [in] 117.70

POL Displacement Along Pole at Max Load [in] 28.77

POL Displacement Along Pole at Yield Load [in] 24.02

Max Stess at GL [psi] 2618.77

GL Stress at Yeild [psi] 2160.06

Max Stress at Break Location [psi] 2266.21

Break Location Stress at Yeild [psi] 1875.12

Modulus of Elasticity [psi*10^6] 0.72

Density [lb/ft^3] 25.54

Modulus of Rupture [psi] 2618.77

Property (Imperial Units) Measured

Property (Metric Units) Measured
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Figure A.10: Pole 349B load diagram from destructive test 
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Appendix B  
 

B. Modal Testing of Full-Scale Utility Poles 

Modal test of the full-scale utility poles was performed in this thesis in the lab and in the field. The 

modal test was carried out on 30 utility poles in the field in two separate test batches. The first 

batch of poles (10 poles in Goose bay, Labrador) were modally tested in two different conditions 

of with and without the connected cables and the purpose of this test was to study the effects of 

cables on the FRFs of the pole in the field. The second batch (20 poles in Paradise, Newfoundland) 

was tested only without the connected cables. This batch was then transmitted to the lab and was 

modally tested. The purpose of test of the second batch was to compare the FRFs obtained from 

the in-ground poles and in the lab-fixture poles. Therefore, 30 poles were modally tested in the 

field and 20 poles were modally tested in the lab. The details of modal tests are presented as 

follows: 

10.6 B.1 Field Modal tests 

In all the in-field tests, the poles were “in-ground” with the ground foundation. The first batch of 

poles were chosen from a distribution line in Good bay, Labrador by NL Hydro company. The 

modal tests were first performed in one day when the conductors were connected to the poles and 

then the next day, the conductors were disconnected from the poles and another modal test with 

the same procedure was performed on the same poles. The modal tests were performed using a 

modal hammer and two accelerometers. Two accelerometers were positioned 1.5 m and 2 m from 

the ground line and the hammer hit was at 2.2 m form the ground line. The accelerometers and the 

hammer hit were close to the ground to perform a modal test that is feasible in the field. Tests were 

performed with a Bruel & Kjaer 8205-002 impact hammer, 4507 B 004 70-g accelerometers, and 

a National Instruments NI USB-4432 power supply and signal conditioner. The software 
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ModalView [95] was used to analyze the data. Figure B.1 shows the pole modal test setup in the 

field. Each test was done five times and the average was considered for the final result. A rubber 

piece (Figure B.2) was bolted to the pole and the accelerometers were placed in the rubber piece 

since the accelerometer wax did not hold the accelerometers on the pole. The second batch of poles 

(20 poles) was in Paradise, Newfoundland and they were all without the cables. The same 

procedure for modal test was used in the second batch.  
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Figure B.1: Field modal test a) Modal hammer b) Accelerometers c) Test setup  
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Figure B.2: Mounting accelerometer a) accelerometer in the rubber piece b) bolting the piece to the wooden pole 

Figure B.3 shows the FRFs of the two poles with and without the cables. As can be seen, when the 

cable disconnected, there is a shift toward right and the peaks are more sharped. This could be due 

to the mass and damping of the cables that are not in the system anymore. Decreased mass could 

cause a shift to the right in the frequency response and less damping could make the peaks less 

sharp.  

 

Figure B.3 : FRF of two different utility poles with and without cable –Field Modal test 
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10.7 B.2 Lab Modal Tests 

The same procedure and equipment that was used in field modal testing was used in the lab. The 

second batch of poles were transmitted from the field to the lab and modal tests were performed. 

The poles were clamped using the fixture shown in Figure B.5 and two accelerometers were 

mounted in 1.5 m and 2 m form the ground line and hammer hit was 2.2 m from the ground line. 

Figure B.5 shows a full-scale pole in the lab. The location of ground line for each specimen was 

measured from the butt end as ten percent of the specimen overall length plus two feet. Figure B.6 

shows the mounted accelerometers on the pole.  

 

Figure B.4: Clamp fixture in the lab 
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Figure B.5: Full-scale pole in the clamp 

 

Figure B.6: Accelerometers mounted on the pole in the lab 

All the poles were marked in the field so that each pole was recognizable in the lab and the same 

pole’s FRF were compared with each other. The FRFs obtained from the “in-fixture” test and “in-

ground” tests for two of the poles are shown in Figure B.7.  
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Figure B.7: FRFs of four different poles in the lab fixture and in-ground 
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