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Abstract

Using advantages of nonstandard computational techniques based on the light-cone vari-
ables, we explicitly find the algebra of generalized symmetries of the (141)-dimensional
Klein—Gordon equation. This allows us to describe this algebra in terms of the universal
enveloping algebra of the essential Lie invariance algebra of the Klein—Gordon equation.
Then we single out variational symmetries of the corresponding Lagrangian and compute
the space of local conservation laws of this equation, which turns out to be generated, up
to the action of generalized symmetries, by a single first-order conservation law.

We study the hydrodynamic-type system of differential equations modeling isothermal
no-slip drift flux. Using the facts that the system is partially coupled and its essential
subsystem reduces to the (141)-dimensional Klein—Gordon equation, we exhaustively
describe generalized symmetries, cosymmetries and local conservation laws of this system.
A generating set of local conservation laws under the action of generalized symmetries
is proved to consist of two zeroth-order conservation laws. The subspace of translation-
invariant conservation laws is singled out from the entire space of local conservation
laws. The essential subsystem possesses three first-order hydrodynamic-type Hamiltonian
operators, two of which are prolonged nonlocally to the entire system.

The (142)-dimensional hydrodynamic-type system governing the shallow water model
is studied from the symmetry-analysis point of view. Its complete point symmetry group
is found with the help of the automorphism-based algebraic method. Lie reductions of
both codimensions one and two are classified. We exhaustively describe the algebra of
differential invariants of the point symmetry group of the system using the method of
moving frames.

We construct for the first time classes of differential equations with nontrivial general-
ized equivalence groups, i.e. whose equivalence-transformation components corresponding
to independent and dependent variables locally depend on nonconstant arbitrary elements
of the class. We rigourously construct extended generalized equivalence groups of several
classes of differential equations as well. The new notion of effective generalized equivalence

group is introduced.



General summary

Physical phenomena are governed by systems of differential equations, which are seldom
completely integrable. In view of this it is necessary either to find their particular solutions
or to simplify models via physically reasonable assumptions. One of the most common
ways to find particular solutions of differential equations is employing their symmetries
to carry out Lie reductions. The idea of Lie symmetries is naturally generalized to the
notion of higher symmetries. They are important because, for example, the existence of

an infinite hierarchy thereof may testify to a complete integrability of the system.

Using the machinery of symmetry analysis we study the Klein—Gordon equation, which
is a fundamental equation of quantum mechanics. Our interest in this equation lies in
the fact that an isothermal no-slip drift flux model, which is a submodel of the two-
phase flow model, reduces to the Klein-Gordon equation. Thus, any result on the Klein—
Gordon equation can be prolonged to a result for the drift flux model. An interesting
mathematical twist here is that not every local result on the Klein—-Gordon equation has
a local counterpart. For example, some local generalized symmetries of the Klein—Gordon
equation have nonlocal counterparts. Nonlocal symmetry analysis is a recent field, which

draws more and more attention in both the mathematical and physical communities.

Averaging nonlinear differential equations used in numerical simulations may result
in a loss of some of their internal properties. This is why it may be necessary to use a
parameterization scheme, i.e. to replace processes that are too small-scale or complex to
be mathematically represented in the model by simplified processes. We study the shallow
water model with the aim to find invariant and conservative parameterizations schemes
preserving symmetries and conservation laws of the model by describing its conservation

laws and the algebra of differential invariants of its symmetry group.

When a system of differential equations governing a physical phenomenon involves
some parameters, the problem of group classification arises. To distinguish equivalent
systems, some notion of equivalence is necessary. In the thesis we give the first nontrivial
examples of generalized equivalence groups, which induce the above equivalence, and we

develop the theory behind for these groups.
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Glossary

L a system or a class of systems of differential equations
K arbitrary-elements tuple

Ly a system of differential equations in the class £

g~ equivalence groupoid of a class

G~ usual equivalence group of a class

G~ generalized equivalence group of a class

G~ extended generalized equivalence group of a class

G~ effective generalized equivalence group

Jr=J"(zlu) jet space of order r
in independent variables x and dependent variables u
v, X vector field

prMv, X rth prolongation of a vector field

(...) a span

by the algebra of generalized vector fields

yerv the algebra of trivial generalized vector fields

Y the quotient space 3 /3t

S the algebra of generalized symmetries reduced in view of the equation
3n the algebra of generalized symmetries in reduced form of order up to n
S the algebra of generalized symmetries of order up to n

Sin] the algebra of generalized symmetries in reduced form of order n

D, the total derivative operator with respect to x

D, the total derivative operator with respect to x reduced in view of £
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Introduction

In the 1870s Sophus Lie started developing a theory for integrating ordinary differential
equations to equal and even surpass his compatriot Abel’s theory of solvability of algebraic
equations. At the heart of his theory lies the notion of symmetries of a differential
equation, that is, continuous transformations of independent and dependent variables
under which the equation is invariant. Since to find such symmetries one needs to solve
a system of nonlinear differential equations, it is more convenient to work with their
infinitesimal counterparts which are solutions of a linear system of equations. Lie’s ideas
are fundamental for several fields of mathematics, including Lie groups, Lie algebras and
what is commonly known today as symmetry analysis of differential equations.

Initiated in my Master thesis was a study of an isothermal no-slip drift flux model
within the framework of symmetry analysis. In particular, we computed generalized
symmetries and conservation laws of order not greater than one and first-order local
Hamiltonian structures of hydrodynamic type. More importantly, it was noted that the
system S governing the model is partially decoupled, while its essential subsystem S
reduces to the (1+1)-dimensional Klein-Gordon equation via the rank-two hodograph
transformation. This equation is linear and therefore is easier to study than the quasi-
linear system S. Furthermore, the Klein—Gordon equation is a basic equation in quantum
mechanics and is of interest per se. Thus, Chapter 2 of this thesis is devoted to the
Klein—Gordon equation.

The system S is degenerate in two ways. Besides being partially decoupled, it is not
a genuinely nonlinear hydrodynamic-type system. This double degeneracy allows us to

partition every problem concerning the system S into two stages. The first stage is to
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solve the counterpart-problem for the Klein—-Gordon equation and transfer the result to
the system &. This step is not always straightforward. Thus, any local conservation law
of the Klein—-Gordon equation has a local counterpart for the system S. At the same
time, not all generalized symmetries have them. This way the prolongation problem
arises. Similarly to generalized symmetries, not all local Hamiltonian structures for the
system Sy have local counterparts for the system §. Thereby, we enter the territory of
nonlocal symmetry analysis of differential equations. The second stage is to deal with the
equation complementary to the system Sy in S. This step is much easier and, in fact, it
was somewhat considered in my Master thesis. The system § is studied in Chapter 3.

In Chapter 4 we go to a multidimensional case and consider a shallow water model
which is governed by a (142)-dimensional hydrodynamic-type system. This model is
used in weather prediction, which despite all the progress is still insufficiently accurate.
One way to improve it is to use better parameterization schemes for the model. It is
known that in numerical simulations one often uses averaging of differential equations,
which may lead to a loss of crucial data. It is possible to circumvent the problem by
choosing a closure scheme and by parameterizing unresolved terms. Physicists usually
do not pay special attention to parameterizations preserving geometric properties of an
initial model, such as e.g. symmetries, conservation laws or Hamiltonian structures. Our
aim is to change the priority: one should choose a parameterization scheme from the set
of “geometry-preserving” parameterization schemes. For this end, we study the question
of conservation laws, symmetries and invariants for the shallow water model.

Chapter 5 concerns equivalence groups of classes of differential equations. Such groups
arise in group classification problems, i.e. problems of classifying Lie symmetries of pa-
rameterized equations, and give rise to the equivalence therein. For years researchers
used usual equivalence groups in this regard, often assuming that there are no nontrivial
examples of also known generalized equivalence groups. Such examples are found in this
thesis. We also consider rigorous construction of extended generalized equivalence groups

and we delve into their theory.
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Chapter 1

Symmetry-like objects for

differential equations

In this introductory chapter we get a reader acquainted with the geometric interpretation
of differential equations and give definitions for basic objects of symmetry analysis, which
are quite loosely called “symmetry-like objects” in the thesis. For more details see one of
the classic textbooks on symmetry analysis of differential equations [22, 23, 24, 26, 78,
103, 104, 116] or classic reference papers [2, 3, 4, 130, 161, 166]. We primarily use the
textbook [103] as a reference source, while indicating other sources when needed.

To begin with, we need to introduce a space on which (systems of) differential equa-
tions live. It should accommodate not only values of a function — a solution of a differ-
ential equation — but also the values of all its derivatives. Given a smooth real-valued
function f(z) = f(«',...,2") of n independent variables, there are nj = (”+Z_1) different
kth order partial derivatives of f. Hereafter J = (ji, ..., jx) denotes an unordered k-tuple

> - is the corresponding derivative of order #.J = k. For a

given smooth function f: X — U with X = R", U = R™, there exist mn;, different kth

of integers and 0; =

order partial derivatives u§ = 0, f*(x) of components of f at a given point . The total
number of partial derivatives of all orders from 0 to r is then m() == m(”;”) Thus,

one can define U™ to be a Euclidean space of dimension m(", with its coordinates being

all possible partial derivatives of u of order from 0 up to r.
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Definition 1.1. The r-jet space J"(z|u) = X x U™ of the underlying space X x U is
a BEuclidean space of dimension n + m(”), whose coordinates represent the independent
variables, the dependent variables and the derivatives of the dependent variables up to

order r. We call the inverse limit J>(z|u) of J"(z|u) the space of infinite jets.

Remark 1.2. Though some differential equations are defined only on some open subsets

of the underlying space X x U, we will avoid this technical remark when possible.

Now we adapt the notion of a solution of the system to jet spaces. This is done via
the prolongation of the function to the space U(). Given a smooth function u = f(z),
such that f: X — U, we define its rth prolongation u') = pr®f(z): X — U as
u§ = 0y f*(x). Thus pr") f(z) is a vector-function whose coordinates represent the values
of f and all its derivatives up to order r at the given point x.

To formulate this geometrically, given a function u = f(z) whose graph lies in X x U,
its rth prolongation pr" f(z) is a function whose graph lies in a jet space J"(x|u). Al-
ternatively [104], the rth prolongation of a function f can be determined as a section
F(z) of J"(z|u) such that the pullbacks of w9 by the function F' vanish, F*w$ = 0
for any @ = 1,...,m and any multiindex J, 0 < #j < n. Here the differential forms
wg = duf — zn: uy;dz’ are called the contact forms. A space spanned by these forms is
called the coZZwt structure of the jet space J*(z|u).

Finally, we can determine a geometric interpretation of differential equations. Let here

and in what follows the system L of differential equations consist of [ equations of the form
L“(%U(r))zo, /L:L...,l,

where the symbol u,) denotes all derivatives of the functions u with respect to x of order
not greater than r, including u’s as derivatives of order zero. An alternative geometric

definition of a system L is the subvariety
{(z,u) | L*(2, ) = 0 for all u} C J"(x|u), (1.1)

of a jet space J"(z|u), that is, the subset of the r-jet space, where the maps L* vanish.
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When considering higher-order symmetry structures we need to consider a system with
all its differential consequences. This new system is considered to be a subvariety £
of the jet space J*°(x|u). Abusing notation, we denote the above subvariety again by L.
Similarly, a function u = f(x) is called a solution of the system L if the graph of its
prolongation pr(") f(z) lies within the subvariety L.

A smooth function f depending on z and a finite number of derivatives of u (i.e., a
smooth function on an open set of J*°(z|u) with finite number of arguments and with
values in the underlying field) is called a differential function of u, and it is denoted by
f = flu]. The order ord f of a differential function f is the highest order of derivatives

involved in f, and, if f does not depend on derivatives of u, ord f := —o0.

1.1 Lie symmetries

Now we want to apply a notion of symmetry to systems of differential equations. Similarly
to algebraic equations as known in Galois theory, a symmetry of a system of differential
equations is a certain transformation mapping its solutions into solutions of the same
system. Let us now define rigorously these transformations.

Given a local group! of transformations G acting on the space X x U of independent
and dependent variables, that is, a group of local diffeomorphisms of the space, one can
define the rth prolongation of G denoted by pr(”G, which is in fact the induced local
action of G’ on the r-jet space U™ transforming the derivatives of functions u = f(x) into
the corresponding derivatives of the transformed function @ = f (Z). The action of this

group is defined via

r)

pr™g - (zo,uf”) = (20,01 (g - £)(F0)) ,

whenever (Zg, @) = g (zo, o), uér) = pr™ f(z¢) and g € G. Taking into account the local

action of the group of transformations, we can restrict ourselves to groups acting on local

'In case when a “symmetry” group is infinite-dimensional, e.g., it is parameterized by an arbitrary
smooth function of its arguments or by a solution of a system of PDEs, it is more appropriate to say a
“pseudogroup” or a “Lie pseudogroup”, but we prefer to keep language simple.
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subsets of the space X x U. So we can determine the symmetry group of the system of

differential equations as follows.

Proposition 1.3. Let M be an open subset of X x U and L an rth order system of differ-
ential equations defined over M, with the corresponding subvariety defined by (1.1). Let a
local group of transformations G act on M so that its prolongation leaves the subvariety

wmwvariant. Then G is a symmetry group of the system L of differential equations.

In practice, it is much easier to work with infinitesimal generators of symmetry trans-
formations. It is possible to determine infinitesimal generators of the prolonged group

action via the corresponding infinitesimal generators of the underlying group.

Definition 1.4. Let M be an open subset of the space X x U of independent and depen-
dent variables and v a vector field on M with corresponding one-parameter group exp(ev).
The rth prolongation pr(Mv of a vector field v is a vector field on the jet space J"(z|u),

defined as the infinitesimal generator of the corresponding prolonged one-parameter group

pr®fexp(ev)],

d
= pr"fexp(ev)](z, () for any (z,uqy) € J"(z|u).

e=0

pr(r) v | (.Z‘,U(T)) —

Having at our disposal all these tools, we can derive the infinitesimal condition for a
group G to be a symmetry group of a given system of differential equations. Nonetheless,
there are technical conditions on systems of differential equations that make all the con-
structions work. Systems satisfying these conditions are called totally nondegenerate [103]
or normal [26]. We notice only that systems of evolution equations, systems of Cauchy-
Kovalevskaya form,> and systems of extended Kovalevskaya form? are normal. Without
further ado, we give the invariance criterion to determine the symmetry group of a normal

system.

2A system is called of Kovalevskaya form it can be rewritten as 8(;;1“ = LMt z,uepy), p=1,...,1,
where the functions L*’s are analytic functions of their arguments and the derivatives 9"u*/9t" do not
arise on the right hand side.

3A system of partial differential equation is called of extended Kovalevskaya form if its equations can

be written as % = H%x,u(;), a=1,...,m, where 0 < r, <7 and u(, denotes all deratives of the

functions u with respect to z up to order r, where each u® is differentiated with respect to x,, at most
r, — 1 times, b=1,...,m.
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Theorem 1.5. Let L be a normal system of differential equations over M C X xU. If G
is a local group of transformations acting on M, and pr™v[L*] = 0 for an appropriate
point in the subvariety L and every infinitesimal generator v of elements G, then G is the

symmetry group of the system.

In view of this theorem the only task remaining for us is to find an explicit formula
for the prolongation of a vector field. In spite of the complexity of the prolonged group
action, the calculation of prolonged vector fields is straightforward. The cornerstone of

most of the computations is the notion of total derivative operators.

Definition 1.6. Let P[z] be a differential function. Its total derivative with respect to z*

is the differential function D;P[z]| such that
D, P(z, pr" ™V f(z)) = 0, (P(a:, pr(r)f(x))> for any smooth function f.

Using the straightforward chain rule argument one defines the general formula to

determine the action of the total derivative D;,

< oP
D,P = ;P + g E uf‘h%, where J, i is the multi-index (j1, ..., jk, ).
J

a=1 J

Theorem 1.7. Let v = Y &(z,u) 2% + Y na(z,u)5% be a vector field defined on an
i=1 a=1

ox?
i

open subset M C X x U. Its rth prolongation pr"v is the vector field
") S 9
pr'v = v+ Z Zna(x, u(r))aua
a=1 J J

defined in the jet space J"(x|u), the multi-indices J = (J;, ..., jr) run through all possible

indices with 1 < ji, <n and 1 < k < r. The components i of pr")v are determined as
o) =0 (- 3o 4 Yo, 12
i=1 i=1

Similarly to infinitesimal generators of the symmetry group of a system of differential

equations, their prolongations also form a Lie algebra.
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1.2 (eneralized symmetries

A vector field v = f: &i(w,u) 2% + i (7, u) 5% defined on some open subset M of the
space of independelr:ri and dependeocnit1 variables X xU has a geometric sense, generating
a one-parameter transformation acting pointwise on X xU. Letting vector-field compo-
nents depend on derivatives of dependent variables, this sense is evidently being lost.
Nonetheless, this idea has another important interpretation. It provides a connection
with conservation laws, which are of significant importance in both physics and mathe-
matics. We call such vector fields generalized and discuss them in the remainder of this

section.

Definition 1.8. A generalized vector field is a formal expression of the form

" o R )
v:;@[u]%+;%[u]% (1.3)

where &;’s and ¢, ’s are smooth differential functions.

Just as for ordinary geometric vector fields, we can define the prolongation of a gen-
eralized vector field pr™v =v + 3 > nJ[u]5% whose coefficients are determined by the
a=1 J J

prolongation formula (1.2). Similarly to Lie symmetries, there is the invariance criterion

generalized symmetries.

Definition 1.9. A generalized vector field v is a generalized infinitesimal symmetry of a
system L of differential equations if and only if (pr(”) V) LF =0 forany p=1,...,] and

any solution u = f(x) of the system L.

Another name for generalized symmetries is higher symmetries [26]. Among all the
generalized vector fields defined by (1.3), those for which the coefficients ¢*[u] vanish play

a distinguished role.

Definition 1.10. An m-tuple Q[u] = (x1[ul, ..., Xxm[u]) is called the characteristic of the

0

evolutionary generalized vector field v = 3 xa[u]57.

a=1

The characteristic of a generalized vector filed is also known as its generating func-

tion [26].
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Note that the rth prolongation of an evolutionary vector field is an evolutionary vector

field of the form

0
pr(r) Vx = Z DJXa[u]_'
a,J

oug
Any vector field v, geometric or generalized, has the associated evolutionary representa-

tive v, with the characteristic x defined by

Xa:na—zgu?, a=1,...,m. (1.4)
i=1

Thus, every geometric vector field has the evolutionary representative with characteristic
depending on at most first-order derivatives. At the same time, not every first-order
evolutionary vector field has a geometric counterpart. This is the case only when its

characteristic is of the specific form (1.4), with £* and n® not depending on derivatives of u.

Theorem 1.11. A generalized vector field v is a symmetry of a system of differential

equations if and only if its evolutionary representative v, 1s.

This property makes evolutionary vector fields distinguished. The generalized vector
field is called trivial if its characteristic vanishes on solutions of the system L. Two
generalized symmetries are called equivalent if they differ by a trivial one. This gives
rise to an equivalence relation on the space of generalized symmetries of the system. In
particular, the geometric symmetry and its evolutionary counterpart are equivalent.

Similarly to Lie symmetries, there are determining equations for generalized symme-
tries of a system of differential equations. To state it, we need to introduce an additional
object. Let A be the algebra of differential functions on the jet space J>(x|u), and A' be

the algebra of their [-tuples.

Definition 1.12. The Fréchet derivative of a differential function P[u] € A' is called the

differential operator Dp: A™ — A! defined for any Q € A™ so that

DA(Q) = = Plu+eQp].

19



The Fréchet derivative of an [-tuple P = (Pi,..., F)) is represented by the m X I-

oP,
ouY

matrix differential operator with entries (Dp),, = > 55Dy, where p =1,...,1 , v =
1,...,m and the sum is running over all possible unoi"dered multi-indices J. There is an
alternative name for the Fréchet derivative of a differential function P in the literature —
the linearization operator (p of the differential function P, cf. [26].

It turns out that the infinitesimal invariance criterion of systems of differential equa-

tions can be reformulated in terms of the Fréchet derivative, which is based on the fol-

lowing proposition.
Proposition 1.13. If L € A" and x € A™, then Dy(x) = prv,(L).

Corollary 1.14. A generalized vector field v with characteristic x is a generalized in-
finitesimal symmetry of a system L of differential equations if and only if Dr(x) = 0,

where L = (L1, ..., L") on solutions of the system L.

There is a way to obtain new generalized symmetries of a system of differential equa-
tions from known ones. This operation is realized by so-called recursion operators and

will be used in the thesis.

Definition 1.15. A recursion operator for a system L of differential equations is a linear
differential operator R: A™ — A™ such that the image of any generalized symmetry v,
of the system L is the generalized symmetry vy of the same system, where y = Ry, and x

and x are characteristics of the corresponding evolutionary vector fields.

1.3 Conservation laws

Definition 1.16. A conserved current of the system L is an n-tuple of differential func-

tions F' = (F'ul,..., F™[u]) the total divergence of which vanishes on the solutions of £,
(Div F)| , = 0. (1.5)

Hereafter, the total divergence operator is defined by Div F' = D,;F*, and D; = D,,

denotes the operator of total differentiation with respect to the variable z;.
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The validity of (1.5) on the solution set of £ is significant for relating the conserved
current F'to L. A conserved current F'is trivial if it is represented as F' = F+F , where F
and F are n-tuples of differential functions such that the components of £ vanish on the
solutions of £ and F is a null divergence. By null divergence it is meant that Div F' = 0
holds unrestricted of the system L.

Two conserved currents F' and F” are called equivalent if their difference F' — F’ is a
trivial conserved current. It is obvious that for any system L its set of conserved currents,
denoted by CC(L), is a linear space. Likewise, the subset of trivial conserved currents,
denoted by CCy(L), is a linear subspace of CC(L). The set of equivalence classes of CC(L)
with respect to the above equivalence relation on conserved currents is the quotient space

CC(L)/CCy(L), which is denoted by CL(L).

Definition 1.17. The linear space CL(L) is called the space of (local) conservation laws

of the system L. Its elements are called (local) conservation laws of the system L.

If the system L is totally nondegenerate, then it is possible to use the Hadamard
lemma and ‘integration by parts’ to represent the definition of conserved current (1.5) in

the form

Div F = ALY+ AL (1.6)

Definition 1.18. The I-tuple of differential functions A = (A\!,...,\) and the equa-
tion (1.6) are called the characteristic and the characteristic form of the conservation law

corresponding to the conserved current F', respectively.

The Euler operator E = (E', ... E™) is the m-tuple of differential operators defined by

E* = (=D)%0ya, a=1,...,m, where (=D)*=(=Dy)%...-(=D,)*".

e

A differential function f is a total divergence, meaning that f = Div F' for some n-tuple
of differential functions F', if and only if it is annihilated by the Euler operator, E*f = 0.

Using this property of the Euler operator and applying it to the characteristic form of
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conservation laws (1.6), one obtains E¢*(A\'L! + -+ 4+ M L!) = 0, which is a necessary and
sufficient condition for the tuple A to be a conservation-law characteristic of the system L.

The notion of triviality extends to conservation-law characteristics as well. A char-
acteristic A is called trivial if it vanishes for all solutions of £. The existence of trivial
characteristics makes it necessary to introduce equivalent characteristics. If the difference
A\ — \ of characteristics A and ) is a trivial characteristic, then the characteristics A and A
are called equivalent. Similarly to conserved currents, the set of characteristics of £, de-
noted by Ch(L), is a linear space with the subset Chg(L) of trivial characteristics being
a linear subspace thereof.

In the literature, characteristics of conservation laws are also called their multipli-
ers [22, 23] and generating functions [26].

Finally, it is necessary to state the fundamental Noether theorem relating symmetries
of a system of differential equations with its conservation laws. Let a system £ be Euler—
Lagrange equations with the Lagrangian L, that is, E(L) = 0. A generalized vector field X

is called a variational symmetry for L if X (L) = 0 on solutions of L.

Theorem 1.19. Suppose that L = {E(L) = 0} is an Euler-Lagrange system for the
Lagrangian L. Then an evolutionary vector field x0, is a variational symmetry for the

Lagrangian L if and only if x is the characteristic of a conservation law of the system L.

1.4 Cosymmetries

In the study of conservation laws of systems of differential equations one needs to consider

formally adjoint operators to the Fréchet derivatives of differential functions.

Definition 1.20. Given a differential operator D = ) P;[u|Dy, its formal adjoint is the
T

differential operator D* such that

/QP-Dde:/QQ-D*de

for every pair of differential functions P and @ in A which vanish when v = 0, every

domain 2 € R™ and every function u = f(z) of compact support in €.
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Given a differential operator D as in the above definition, its formal adjoint is deter-

mined by the action on a differential function @ € A as follows D*Q = > (—D);(P;Q).
J

Similarly, a matrix differential operator D: A? — A9 with entries D, has as the formal

adjoint the operator D*: A7 — AP with entries Dy, = (D,,)".

Definition 1.21. An operator D is formally self-adjoint if D* = D, it is formally skew-
adjoint if D* = —D.

Finally, the formally adjoint operator D},: A" — A™ of the Fréchet derivative of the
differential function P € A" has entries (D%),, = > (=D), - g%, where p=1,...,r and
J J
v=1,...,m.

Definition 1.22. A tuple of differential functions xy = (x1, ..., xz) is called a cosymmetry

of the system L, if it satisfies the condition D7, (x) = 0 on solutions of the system L.

For example, characteristics of conserved currents of £ are cosymmetries thereof. Sim-
ilarly to higher symmetries and conservation laws, one can define trivial cosymmetries
of £ and an equivalence relation among them. Cosymmetries are also called adjoint-
symmetries in the literature [3, 4]. Recently, it was shown [9] that cosymmetries of £ can

be geometrically viewed as certain vertical 1-forms on £,

1.5 Hamiltonian systems of evolution equations

Consider the algebra A of differential functions over M = X x U. Each differential
function P € A determines the functional [ P dz. We define the space F of functionals

as the set of equivalence classes on the algebra A under the equivalence relation P~

P if and only if P = P + Div Q for some Q € A".

Definition 1.23. A Poisson bracket of functionals on a smooth manifold M is an op-
eration that assigns a functional {P,Q} on M to each pair P,Q € F, with the basic
properties (a) Bilinearity: {aP + Q, R} = a{P, R} +{Q, R}, {P,aQ+ R} = a{P,Q} +
{P,R}; (b) Skew-symmetry: {P,Q} = —{Q,P}; (c) Jacobi identity: {{P,Q}, R} +
{{Q,R},P} +{{R,P},Q} =0 forany a € R and P, Q,R € F.
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Consider a linear differential operator ©: A™ — A™ on the space of m-tuples of
differential functions and associate to it the bracket {P, Q} := [P - D6Qdz, where -

stands for the inner product in R™.

Definition 1.24. A linear differential operator ® is called Hamiltonian if its associated

bracket is Poisson.

The equilibrium solutions of the equations of nondissipative continuum mechanics
are usually found by minimizing an appropriate variational integral. Therefore, smooth
solutions satisfy the Euler-Lagrange equations for the relevant functional and thus one
works in the Lagrangian framework discussed above. Nevertheless, for the full dynamical
problem described by a system of evolution equations Lagrangian formalism may not be
applicable and then the Hamiltonian formulation thereof comes into the scene.

Having the definition of the Poisson bracket of functionals we can introduce the Hamil-
tonian formalism of systems of evolution equations of the form w;, = K|u], where K is
a differential function depending on w and its spatial derivatives. We call the system
Hamiltonian if it can be written as u; = DJdH for some H € F called the Hamiltonian
of the system. Thus to verify that a differential operator is Hamiltonian, one must check
that operator is formally skew-adjoint and it satisfies the Jacobi identity.

From the symmetry analysis point of view, Hamiltonian operators are important since
they relate cosymmetries of a system of differential equations with its generalized sym-

metries.
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Chapter 2

Generalized symmetries
and conservation laws
of (14+1)-dimensional

Klein—Gordon equation

2.1 Introduction

Noether’s idea of generalizing the notion of Lie symmetries of systems of differential
equations was to allow components of vector fields to depend on derivatives of unknown
functions, which led to the notion of generalized (or higher) symmetries [26, 103]. This
way, symmetries lose their geometric charm but become a powerful tool, e.g., for finding,
with Noether’s theorem, conservation laws of systems that are systems of Euler—Lagrange
equations for some Lagrangians. Although the general procedure of finding generalized
symmetries is similar to its counterpart for Lie symmetries, computational difficulty in-
creases rapidly as the order of symmetries to be found increases. Even low-order gener-
alized symmetries may be hard to compute, in spite of the possibility of using specialized
computer algebra packages [13, 36] in such computations. The situation with (local) con-

servation laws is alike, see for instance remarks in [37] on computational complexity of
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the problem on conservation laws of the Euler and the Navier—Stokes equations of order
less than or equal to two. Besides, given a system of differential equations, a computer
cannot handle the construction of all generalized symmetries or conservation laws of this
system unless there exist upper bounds on their orders, and these bounds are quite low
and are found independently. In view of this, the complete descriptions of generalized
symmetries and/or of conservation laws are known for not so many systems of differential
equations important for real-world applications as may be expected, taking into account
the intensive research activity in the related field.

The above approach with computing the upper bound of orders of generalized symme-
tries, cosymmetries or conservation laws was applied for a number of systems of differential
equations for which such bounds exist. This includes conservation laws of the BBM equa-
tions [44, 100], of the k-¢ turbulence model [75], of (141)-dimensional even-order linear
evolution equations [132, Corollary 6] and of the equation u; = gy, + zu [132, Exam-
ple 6], the classification of conservation laws of second-order evolution equations [131]
up to contact equivalence, generalized symmetries of the Bakirov system [136] as well
as generalized symmetries and conservation laws of the Navier-Stokes equations [67],
of the (1+43)-dimensional, (1+2)-dimensional and axisymmetric Khokhlov-Zabolotskaya
equations [141], of non-integrable compacton K (m, m)-equations [163] and of generalized
Kawahara equations [160]. There exist no more or less general results on such upper
bounds, except the well-known upper bound for orders of conservation laws of even-order
(1+1)-dimensional evolution equations and the extension of this bound in [72] to a wider
class of systems of differential equations.

For (integrable) systems admitting (co)symmetries of arbitrary high order, it may be
possible to find recursion operators [78, 102, 103, 138] for symmetries and /or for cosymme-
tries with subsequent determining which cosymmetries are associated with conservation
laws. At the same time, recursion operators are not guaranteed to yield all (co)symmetries
and so there remains a problem of proving nonexistence of other (co)symmetries. Another
point is that recursion operators do not always generate local objects, with generalized

symmetries of the Korteweg—de Vries equation and the Lenard recursion operator [63]
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as an example here, so it is necessary to pick the local ones post factum or prove that
the generated hierarchy is local [137]. Amongst known examples of complete descriptions
of infinite hierarchies of generalized symmetries and conservation laws are those for the
Korteweg—de Vries equation [71, 79, 84, 152, for its linear counterpart u; = Uy, [132, Ex-
ample 5], of the vacuum Einstein equations in the four-dimensional spacetime [11], for free
Maxwell’s equations in (3+1)-dimensional Minkowski space [5, 7], for massless free fields
of spin s > 1/2 [6, 122] and for an isothermal no-slip drift flux model [113]. All the gen-
eralized symmetries of the Yang—Mills equations on Minkowski space with a semi-simple
structure group were computed in [121]. Symmetry operators of the one-dimensional
Schrodinger equation were studied in [62, 95]. See also [43, 150] for a general theory of
hydrodynamic systems, where infinite hierarchies of conservation laws and symmetries,
though often nonlocal, are common, and [92, 138, 139, 162] for some related examples.
In the present chapter, we exhaustively describe generalized symmetries and local
conservation laws of the (1+1)-dimensional (real) Klein-Gordon equation, which takes, in
natural units, the form Cu+m?u = 0, where u is the real-valued unknown function of the
real independent variables xy and x;, O is the d’Alembert operator in (1+1) dimensions,
O = 0%/0x% — 9?/0x%, and m denotes the nonzero mass parameter.! Without loss of
generality, the mass parameter can be set to be equal one by simultaneous scaling of the
independent variables. We work with this equation in the characteristic, or light-cone,

variables © = (xg 4+ 21)/2 and y = (—x¢ + 1) /2,

K: gy =u.

In what follows we use the same notation K for the solution set of the equation K as
well as for the set defined by K and its differential consequences in the corresponding
infinite-order jet space.

Our specific interest to the equation IC originated from the study of the hydrodynamic-

type system S of differential equations modeling an isothermal no-slip drift flux, see Chap-

IThe zero value of m, which corresponds to the wave equation, is singular in all properties related
to symmetry analysis of differential equations, including Lie, contact and generalized symmetries and
conservation laws; cf. [70, Section 18.4] and [127].
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ter 3. It turned out that the (nonlinear) system S is reduced to the (linear) equation IC by
the composition of a simple point transformation and a rank-two hodograph transforma-
tion. The family of regular solutions of § is parameterized by an arbitrary solution of I
and by an arbitrary function of a single argument. Moreover, finding generalized symme-
tries and local conservation laws of the system S reduces to the analogous problems for
the equation KC. At the same time, we did not find exhaustive and trusted solutions of the
latter problems in the literature, which motivated our study of the Klein—Gordon equation.

The Lie invariance algebra g of the equation I was computed by Sophus Lie himself in
the course of the group classification of second-order linear equations with two indepen-
dent variables [82, Section 9]. The equation K appeared there as the simplest particular
member of a parameterized family of inequivalent equations that admit three-dimensional
Lie-symmetry extensions in comparison with the general case.? The algebra g is spanned

by the vector fields
Oy, Oy, x0y — YOy, Uy, f(z,y)0,,

where the function f = f(z,y) runs through the solution set of L. This algebra is repre-
sented as the semidirect sum, g = g*° & g™, of the so-called (finite-dimensional) essential
Lie invariance subalgebra g** := (0,, 0,, 0, — y0,, ud,) and the (infinite-dimensional)
Abelian ideal g™ := (f(z,y)0,, f € K) related to the linear superposition of solutions
of K. Note that Sophus Lie carried out the group classification over the complex field
under supposing all objects, like equation coefficients and components of vector fields, to
be analytic. This is why his results are directly extended to hyperbolic equations over the
real field.

Since the equation K is the Euler-Lagrange equation of the Lagrangian

1
K= —a(uxuy + u?),

2The same classification case was represented in [116, Section 9.6] by another family, which is similar to
the family singled out by Lie with respect to a point transformation but is more cumbersome. Under this
representation, the relation of the Klein-Gordon equation to Lie-symmetry extensions within the class of
second-order linear equations with two independent variables is not so obvious as in Lie’s paper [82].
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its local conservation laws can be constructed using Noether’s theorem. Conservation
laws associated with essential variational Lie symmetries of the Lagrangian K are well
known and admit an obvious physical interpretation. These are the conservations of
energy-momentum and of relativistic angular momentum, which are respectively related,
via Noether’s theorem, to spacetime translations and to Lorentz transformations; see [148]
for a good pedagogical presentation.

In the course of a general discussion of quadratic conserved quantities in free-field the-
ories in [76], it was shown that the (143)-dimensional Klein-Gordon equation possesses
an infinite-dimensional space of conservation laws with conserved currents whose com-
ponents are quadratic expressions in derivatives of the dependent variable with constant
coefficients; in fact, the specific dimension (143) is not essential in this result. Tsu-
jishita [151] proved that for the (1 + n)-dimensional Klein-Gordon equation with n > 2,
this space coincides with the space of conservation laws containing the conserved currents
whose components are differential polynomials with constant coefficients; see also [152]
and references therein. At the same time, the Klein—Gordon equation obviously possesses
other conservation laws. There are such conservation laws even among conservation laws
associated with Lie variational symmetries of the corresponding Lagrangian, e.g., the
conservations of relativistic angular momentum.

Having generalized the notion of Killing vector, in [94] Nikitin introduced the notions
of generalized Killing tensors and generalized conformal Killing tensors of arbitrary rank
and arbitrary order in the (p+¢)-dimensional pseudo-Euclidean space RP? of signature
(p, q) with arbitrary p,q € Ng := NU {0}, p+ ¢ > 1. The explicit form of these tensors
was found therein and then used for the study of linear symmetry operators of the Klein—
Gordon-Fock equation in RP?. See also [96] for a more detailed exposition of the above
results and [62], where a number of results on linear symmetry operators of linear systems
of differential equations arising as models in quantum mechanics are collected.

Shapovalov and Shirokov stated in [140] that for any r € Ny, an arbitrary linear
second-order partial differential equation with nondegenerate symbol and more than two

independent variables possesses only a finite number of linearly independent linear sym-
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metry operators up to order r and admits no nonlinear generalized symmetries, that is,
symmetries equivalence classes of which do not have elements with characteristics not
affine in derivatives of a dependent variable. Therein, they also described the algebra of
generalized symmetries of the Laplace—Beltrami equation in the space R”Y in terms of
the universal enveloping algebra of the essential Lie invariance algebra of this equation;
see [45] for a further deeper study of the algebra of generalized symmetries of the Laplace
equation.

Note that the algebra of generalized symmetries and the spaces of local conserva-
tion laws and variational symmetries of the associated Lagrangian of the allied (1+1)-
dimensional wave equation u,, = 0 are known, see [70, Section 18.4] and [127], and they
essentially differ from the corresponding objects for the equation K. Nonlinear wave
equations of the form u,, = f(u) admitting generalized symmetries whose characteristics
do not depend on the independent variables were singled out in [169]; see also [70, Sec-
tion 21.2]. The complete classification of local conservation laws of equations in this class
was initiated and partially carried out in [60].

The results of the present chapter are published in [115] and its structure is as follows.
In Section 2.2 we explicitly describe the quotient algebra 3¢ of generalized symmetries of
the (1+1)-dimensional Klein-Gordon equation K with respect to the standard equivalence
of generalized symmetries by presenting a naturally isomorphic space of representatives
for equivalence classes of generalized symmetries. This leads to the description of the
algebra >4 in terms of the universal enveloping algebra of the essential Lie invariance al-
gebra of K. The related computations are essentially simplified by using advantages of the
characteristic independent variables for the equation K, which are specific for the (1+1)-
dimensional case. As another optimization, we avoid the direct integration of the system
of determining equations for generalized symmetries of . Instead of this integration,
which is realizable but quite cumbersome, we estimate the number of independent lin-
ear symmetries of an arbitrary fixed order, apply the Shapovalov—Shirokov theorem [140)]
and explicitly present the same number of appropriate linear symmetries. In Section 2.3

we recall the variational interpretation of the equation K and accurately single out the
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space of variational symmetries of the Lagrangian K from the entire space of generalized
symmetries of IC. Finally, in Section 2.4 we find the space of local conservation laws of X
using Noether’s theorem for constructing a space of conserved currents that is naturally
isomorphic to the space of local conservation laws. In the course of this construction, we
select conserved currents of minimal order among the equivalent ones, which immediately
specifies the spaces of conservation laws of each fixed order. We also show that, up to the
action of generalized symmetries, the entire space of conservation laws of the equation
under study is generated by a single conservation law. In Section 2.5 we underscore all
the techniques and ideas, especially specific to the present chapter, which we use in the

course of the study.

2.2 Generalized symmetries

Here we revisit the construction of the algebra ¥ of generalized symmetries of the (141)-
dimensional Klein—Gordon equation with some enhancements. Computing generalized
symmetries, without loss of generality we can consider only evolutionary generalized vector
fields and evolutionary representatives of generalized symmetries [103, p. 291] and thus

assume that the algebra ¥ is constituted by such representatives for the above equation,
Y= {X = n[u]au ’ Dnyﬁ[U] = 77[“] on ]C},

where nfu] denotes a differential function of u, and D, and D, are the operators of total
derivatives in z and vy, respectively; see [103, Definition 2.34]. We denote by X'V the
algebra of trivial generalized symmetries of the equation I, which is an ideal of X. It
consists of all generalized vector fields in the evolutionary form (with the independent
variables (z,y) and the dependent variable u) whose characteristics vanish on solutions

of K. The quotient algebra 39 = /¥ is naturally isomorphic® to the algebra of

3There are two similar kinds of natural (or canonical) isomorphisms in this chapter—those related
to quotient linear spaces and those related to quotient Lie algebras. Given a linear space V and its
subspaces U and W such that V = U + W, where “+” denotes the direct sum of subspaces, the natural
isomorphism between V/U and W is established in the way that each coset of U corresponds to the
unique element of W belonging to this coset. In a similar way, natural isomorphisms are established
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canonical representatives in the reduced evolutionary form,
34 = {X =)o, € = | nlu] =n(x,y,u_p, ..., u,) for some n € Ny}.

Here z, y, ug = u, up := O%u and u_j, := 8’;u, k € N, constitute the standard coordi-
nates on the manifold defined by the equation K and its differential consequences in the
infinite-order jet space J*°(z, y|u) with the independent variables (z,y) and the dependent
variable u. Negative indices were used in view of the equality u,, = uw on K. The Lie
bracket on 29 is defined as the reduced Lie bracket of generalized vector fields, where all

arising mixed derivatives of u are substituted in view of the equation IC and its differential

consequences,
00,170, = > (%, Dhn' — 0l DEn®)ou + > _(n2  Din' —ny , Din?)a,,
k=0 k=1

where D, and D, are the reduced operators of total derivatives with respect to = and y,

+00 +o
Dyi=0r+ Y w10y, Dy=0,+ Y w10y,
k=—00 k=—0oc0
The subspace ¥" = {[X] € X9 | In[uld, € [X]: ordnlu] < n}, n € NgU {—o0}, of X4
is the space of generalized symmetries of order less than or equal to n.* It is naturally
isomorphic to the subspace of canonical representatives in the reduced evolutionary form

with characteristics of order less than or equal to n,
s {nlulo, € 39 | ord nfu] < n}, n € NyU{—oo}.

Note that the subspace 37 can be identified with the subalgebra of Lie symmetries of IC
associated with the linear superposition of solutions of I, 27 = { f(z,y)8, | f € K}, i.e.,

with f running through the solution set of . The subspace family {£" | n € NyU{—o0}}

between a/i and b, where a is a Lie algebra, and b and i are its subalgebra and its ideal, respectively,
such that a =b & i.

4The order ord F[u] of the differential function F[u] is the highest order of derivatives of u involved
in F'[u] if there are such derivatives, and ord F'[u] = —oco otherwise. If X = nfu]d,, then ord X := ord n[u].
For [X] € 29, ord[X] = min { ord n[u] | n[u]d, € [X]}.
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filters the algebra ¥9. Consider the quotient spaces X" = ¥"/¥"! for n € N and
Y = 39/57 and denote X7 := ¥7°°. The space X" can be assumed as the space
of nth order generalized symmetries of K, n € Ny U {—o00}.

An algebra of linear generalized symmetries of the equation K is

y )

A= {n[u]@u ey ‘ n = Du for some D = Z ¢“(x,y)D3'DY?, n € NO}.

laf<n

Recall that a = (ay,a3) € N? is a multiindex, and |a] = a; + ay. The subalgebra A"
of trivial linear generalized symmetries coincides with A N X%, The quotient algebra
A4 = A/A"™ can be embedded into X9 as the subalgebra of cosets of XV that contain
linear generalized symmetries. The subspace A" = AN X" with n € Ny is naturally
isomorphic to the space A" of evolutionary generalized symmetries whose characteristics

are of the reduced form, where the mixed derivatives of u are excluded in view of IC,
nlu] = > 0" (@, y)u (2.1)

Elements of A™ are canonical representatives of cosets of £V constituting the space A™.
The quotient spaces A = A"/A"™' n € N, and the subspace Al”) = A® are naturally
embedded into the respective spaces L1"’s, n € Ny. We interpret the space Al as the
space of nth order linear generalized symmetries of ', n € Ny. This space is isomorphic
to the space of the pairs (1™, 7~") such that the differential function n[u] defined by (2.1)

with some values of the other coefficients n’s is the characteristic of an element of A,
Lemma 2.1. dim A" =2n 4+ 1, n € N,.

Proof. For generalized symmetries with characteristics of the form (2.1), the invariance

criterion for K, D, D,n = n, implies the following system of determining equations:

Ay: nl;y+77’y€—1+n/;+1:0, k=-n—1,-n,...,n,n+1,

n—+2

where we assume "2, n7""1 "1 and "2 to vanish. These symmetries are of (essen-

tial) order n if and only if at least one of the coefficients =™ and n™ does not vanish.
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Suppose the coefficient n~" does not vanish. We integrate the equation A_,,_;: 7, "=0,
which gives =™ = 0(y) for some smooth function € of y. After substituting the obtained
value of 7" into A_,, and A_,, 1, we consider the set A|_, ,_y of the equations A with
k=—-n,—n+1,...,n—1 as a system of inhomogeneous linear differential equations with
respect to the other n’s. The equation A_,, takes the form 17" = 0, and it is convenient
to represent the equations Ay with k = —n+1, —n+2,... ,n—1lasnit = —nk —ni~'. To
find a particular solution of the system A_,,_1], we successively integrate its equations
with respect to x, taking the antiderivatives 0 and ™"**/(n+1) for 0 and x™, respectively.
We can neglect the solutions of the homogeneous counterpart of Aj_,, i since they
correspond to the zero value of n~". After the integration, we derive an expression for n"”,
(=1)*d"e

—a" + R,
n! dy”x

n _

where R is a polynomial in z with deg, R < n, whose coefficients depend linearly and
homogeneously on derivatives of 6 of order greater than n. Substituting this expression
into the equation A,: 7y = 0 and splitting with respect to x, we obtain the equation
d"*'0/dy"*" = 0. Since the derivative 77~" is of the same structure as R, the equa-
tion A, _1: 77;_1 = 0 is identically satisfied in view of the equation for . As a result,
we have n + 1 linearly independent values of the coefficient n™", say, 1, vy, ..., y", and,
therefore, n + 1 linearly independent generalized symmetries with characteristics of the
form (2.1) with nonvanishing coefficient n=". Moreover, only one of these symmetries,
with n~" = y", has a nonvanishing value of the coefficient n".

Since the problem is symmetric with respect to x and y, after supposing that the
coefficient ™ does not vanish, we turn the above procedure around by permuting = and y
and by changing the direction of the successive integration. This leads to n + 1 linearly
independent generalized symmetries with characteristics of the form (2.1) with nonvan-
ishing coefficient ™, where similarly to the above case, only one of these symmetries has
a nonvanishing value of the coefficient n™".

Therefore, in total there exist precisely 2n + 1 linearly independent nth order gener-

alized symmetries with characteristics of the form (2.1). O
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Corollary 2.2. dim A" = Y dim A = (n +1)? < 400, n € Ny.
k=0

Lemma 2.3. The space X" with n € Ny is naturally isomorphic to the subspace

- <(J”u)6u, (JkDZ—ku)au, (JkDZ_’“u)au, k=0,....,n— 1>

of A, where J := D, — yD,. Here each element X of S corresponds to the element
of X" that, as a coset of X1 in X", contains an element of X" that, as a coset of XY

m X, contains X.

Proof. In view of the Shapovalov—Shirokov theorem [140, Theorem 4.1], Lemma 2.1 im-
plies that X = Al for n € N,,.

The differential functions Dyu = u,, D,u = u, and Ju = zu, — yu, are the charac-
teristics of the Lie symmetries —0,, —0, and y0, — x0, of K, respectively, and hence the
operators D,, D, and J are its recursion operators. Therefore, any operator ® in the uni-
versal enveloping algebra generated by these operators is a symmetry operator of K, that
is, a generalized vector field (Du)d, is a generalized symmetry of K. Thus, X" ¢ A € X.

The space X[ contains no nonzero trivial generalized symmetries of K. Indeed, sup-

pose that an element X € X" with characteristic

i
L

X[u] = al"u+ ) (bpJ*D} "u+ ¢, J*D}) " u)
0

i

is a trivial symmetry, that is, X|u] vanishes on solutions of K. Here a, b’s and ¢’s are

A = M AT of the equation I, which is parameterized

constants. Consider the solution u
by A € R/{0}. The expression e **~*"'¥ X[u*] is a polynomial in Az — A1y, Az + A1y, A
and A\~!, whose collection of terms of maximal total degree, which equals n, coincides with
a(Ar = A7'y)" + 3020 (A — A7) (A" F + ¢ AF"). Then the condition X[u?] = 0
implies that a =0 and by = ¢, =0, k=0,...,n— 1.

In other words, different elements of 3" belong to different cosets of X%V in 3, which

are elements of 9. Moreover, the order of each of these cosets is n, and dim 3" = 2n+1.

In view of Lemma 2.1, the space S g canonically isomorphic to the space Al = M. O
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It follows from Lemma 2.3 that 9 = A9 ¢ £7°° ~ 39 = A9 & 3, where

A%~ A= (J*u)dy, (I*DLu)d,, (I*DLu)d,, k € Ny, 1 € N),

E—OO

12

S =57 = {f(x,y)d, | f €K},

and all the above isomorphisms are natural as related to quotient spaces. They become
natural isomorphisms related to quotient Lie algebras if we define the Lie bracket on the
space X9 as the Lie bracket of generalized vector fields, where mixed derivatives arising
due to the action of the operators D, and D, not involved in J should be substituted in
view of the equation K and its differential consequences.

The essential Lie invariance algebra g** of the equation K is spanned by the vector
fields 0,, 0y, 20, — yd, and ud,, cf. [62]. It can be identified with the quotient g/%~>
of the Lie invariance algebra g of with respect to the abelian ideal £~ corresponding

% is isomorphic to the

to the linear superposition of solutions of K. Thus, the algebra g
direct sum of the pseudo-Euclidean algebra ¢(1, 1) (the Poincaré algebra p(1, 1) in another
terminology or the algebra g5 in Mubarakzyanov’s classification of low-dimensional Lie

algebras [93]) and the one-dimensional (abelian) algebra a;, g®* ~ ¢(1,1) @ a;. Note also

that g® ~ Al ~ 31/¥7° Let
d: g™ —e(l,1) Doy

be the isomorphism with ¢(ud,) = eg, $(0,) = e1, ¢(0,) = e and ¢(x0,—y0,) = e3, where
(e9) = a; and the basis (eq, e, e3) of ¢(1,1) is related to the standard basis (€1, és, €3) by
€1 = €1 + e, €5 = €1 — €9, €3 = e3. The canonical commutation relations of ¢(1,1) are
[é1,62] = 0, [é1,€3] = € and [é2, €3] = €1, which in the basis (ey, eq,e3) take the form
le1, e2] = 0, [e1,e3] = €1 and [e, e3] = —ey. Thus, the universal enveloping algebra $4(g®)
of the algebra g®* is isomorphic to the quotient of the tensor algebra T(e(1,1)@®a;) by the

two-sided ideal I generated by e; ® ey —ea®ep, 61 ®e3—e3®e; —eq, e R ez — ez es+ o,

60®6i—6i®60,i:1,2,3.

36



Theorem 2.4. The quotient algebra 39 of generalized symmetries of the Klein—Gordon
equation K is naturally isomorphic to the algebra X9, which is the semidirect sum of the

algebra
A% = ((J*u)0,, (J*DLu)d,, (J¥FDLu)d,, k € No, 1 € N) = 8(e(1,1) B ay) /T

with the abelian algebra X~ = {f(x,y)0, | f € K}. Here 3 is the two-sided ideal of the
universal enveloping algebra $(e(1,1) @ ay) that is generated by the cosets e; ® es — eq + 1
and ey ®e; —e; +1,7=0,1,2,3.

Moreover, for each X € A% we denote by X the linear operator in total derivatives
with coefficients depending on z and y that is associated with X, X[u| = Xu. In this
terminology the operators 1, D,, D, and J are associated with the evolutionary forms
of the Lie symmetries u0,, —0,, —0, and yd, — z0, of the Klein-Gordon equation I,

respectively. Note that £X = X£ for any X € A4,

Corollary 2.5. 9= Adg XAJ*‘X’, where

A= {(3F)0u, (3¥DLw)dy, (3¥DLu)dy, k € Ny, I € N) =~ A9,

~

N =Y = {f(z,9)0, | fEK} and T:=2D, —yD,.

2.3 Variational symmetries

The (1+1)-dimensional Klein-Gordon equation K is the Euler-Lagrange equation for the
Lagrangian K = —(uzu, + u?)/2. Therefore, the spaces X, " and X9 respectively
coincide with their counterparts for cosymmetries. Moreover, in view of Noether’s theo-
rem [103, Theorem 5.58] a differential function is a conservation-law characteristic of fC if
and only if it is the characteristic of a (generalized) variational symmetry of K.

Since a generalized vector field is a variational symmetry of a Lagrangian if and only if
its evolutionary representative is [103, Proposition 5.32], we work only with evolutionary
representatives of variational symmetries. Denote by T, TV and T4 the algebra (of evo-

lutionary representatives) of variational symmetries of the Lagrangian K, its subalgebra

37



of trivial variational symmetries and the quotient algebra of variational symmetries of this
Lagrangian, i.e., T C X, YU := TN XM and T9 := T/YT". In contrast to XY, the al-
gebra Y'Y does not consist of all generalized vector fields in the evolutionary form whose
characteristics vanish on solutions of IC. This is why one should carefully use reductions
of generalized symmetries by excluding derivatives in view of X when working with varia-
tional symmetries, the space of which may not be closed with respect to such a reduction.

We also define the subspace of variational symmetries of order less than or equal to n,
T" = {[X] € T | In[u]d, € [X]: ordn[u] < n}, n€NyU{-o0},

and denote Y = Y /Y"1 forn € N, T = T0/7=> and TI=>°! := T=°°. The space T

can be interpreted as the space of nth order variational symmetries of K, n € NoU{—o0}.

Lemma 2.6. If a linear generalized symmetry X € A of the Klein—Gordon equation is a

variational symmetry of the Lagrangian K, then ord X € 2Ny + 1.

Proof. In order for a generalized vector field X in A to be a variational symmetry of K,

its characteristic Xu has to satisfy the criterion [103, Proposition 5.49]
DL, (Ru) + DL, (¥u) = (XTR + &1%)u =0

on the entire infinite-order jet space J*(x,y|u). Here the operator in total derivatives
X corresponds to X, R is the operator in total derivatives that is associated with the
equation K, 8 = D,D, — 1, a constant summand in a differential operator denotes the
multiplication operator by this constant, Dy denotes the Fréchet derivative of a differential
function F, and BT denotes the formal adjoint to a differential operator 8. Hence we have
the operator equality XTR+£TX = 0. Since the equation K is the Euler-Lagrange equation
of a Lagrangian, the operator £ is formally self-adjoint, & = &. If ord X were even, then
the principal symbol of the left-hand side of the operator equality XT& + &% = 0 would
be equal to the product of the principal symbols of X and & multiplied by two, and hence

this left-hand side could not be equal to zero. Therefore, ord X is odd. O
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Corollary 2.7. A linear generalized symmetry X € A4 of the Klein-Gordon equation K
s a variational symmetry of the Lagrangian K if and only if the corresponding operator X

is formally skew-adjoint, X1 = —X.

Proof. For X € /~\q, the operators K and X commute, £X = X£. This implies
0=XR+ A x =%+ X=X+ X8 = X"+ 28R,

and, therefore, X7 + X = 0. Turning all implications around completes the proof. O

Remark. A thorough inspection of the proof of Lemma 2.6 shows that the same assertion
holds for linear variational symmetries of any Lagrangian of one dependent variable whose
Euler-Lagrange equation is linear. The assertion analogous to Corollary 2.7 additionally
needs commuting differential operators associated with these symmetries and with the

Euler-Lagrange equation.

We change the basis of the algebra A9 to ((%klu)é?u, k,l € Ny, (Xpu)dy, k € Ny, 1 € N),
where basis’ elements are respectively associated with the operators

" i AN
%kzz(J+§) D), k,1eN,, xkl:(;l—§) D;, keNy, [eN. (22)

The algebra A9 is decomposed into the direct sum of two subspaces, A9 = A9 + /N\(}r,
where A% (resp. Ai) is the subspace of elements in A9 associated with formally skew-

adjoint (resp. self-adjoint) operators. Since
D! =-D,, D/=-D,, J=-J D,J=@J+1)D, D,J=(J-1)D,

we have X, = (—=D,) (—J+%)k = (-1)"'DL (J - é)k = (=1)*"'X}; and similarly

1%21 = (—1)k*X;;. Therefore, the generalized vector fields corresponding to the opera-

tors (2.2) with odd (resp. even) values of k41 constitute a basis of the space A (resp. AL),

AY = <(%k10u)au, = 2N0—|—1, (%klu)&“ (%klu)&“ ke NO, l e N, k+1¢€ 2N0—|—1>,

AL = ((Xpou)du, k' € 2Ny, (Xpu)dy, (Xpu)dy, k € No, L € N, k +1 € 2Ny).
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Theorem 2.8. The quotient algebra Y9 of variational symmetries of the Lagrangian K

is naturally isomorphic to the algebra Y4 = A% & 2.

Proof. We revert to the coordinates (xg,z1,u) and solve the equation I with respect to
the derivative 0%u/0x3, 0*u/0x3 = 0%*u/dx? — u. This gives a representation of K in the
(extended) Kovalevskaya form. Lemma 3 in [86] (which was given in [103] as Lemma 4.28)
reformulated for Euler-Lagrange equations in terms of variational symmetries of corre-
sponding Lagrangians implies that for an arbitrary generalized vector field X in Y, the
corresponding element [X],,; of T9 contains, as the coset X + Y™ in T, a generalized
vector field X in the reduced form that is obtained by excluding all derivatives of u with
more than one differentiation with respect to zo in view of K. Moreover, X is the only
generalized vector field in the above reduced form that belongs to the coset X + YTV
in Y. It is also the only generalized vector field in the above reduced form that belongs
to the coset X + X% in 3. The coset X + X% necessarily contains exactly one element
of X4 = A% ¢ ¥, which we denote by X. Note that the used coordinate change pre-
serves the linearity of elements of A. Therefore, X is the reduced form of X, and hence
X € A &€ ¥, Now we can revert to the coordinates (z,y, u).

For any linear system of differential equations, characteristics of its Lie symmetries
associated with the linear superposition of solutions are conservation-law characteristics
of this system. Therefore, ¥~ C Y. Since different elements in > belong to different
elements in the quotient space Y9 as cosets of T™V in T, and ord[X] = —oo for each
X € ¥7°°, the algebra ¥~ is naturally isomorphic to Y.

By A" we denote the subspace of A that is spanned by basis elements of A? of

order n. We have A" = {0} for even n, and if n is odd, then
A" = ((%001) By (Bpn k)0 (X p))B, k=0,...,n—1).

Lemma 2.6 implies that if X € AN 7Y, then ord X is odd. Therefore, dim Yl = 0 =
dim A™ for even n. For odd n, dim YM < dim XM = dim 2 = dim A" < +o00. On

the other hand, A" c T, and ord[X] = n for each nonzero X € A" Hence different
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clements in A" belong to cosets of Y™ in T that are elements of T" and belong to
different cosets of Y"1 in T". Recall that the latter cosets are considered as elements of
the twice quotient space Y. This implies that dim A" < dim Y, In total, for odd n
this gives that dim A" = dim T, and the subspace A of T is naturally isomorphic to
the space Y via taking quotients twice. Therefore, the subspace T™ of T4 is naturally
isomorphic to the subspace 57+ A +... £ A" of T. Then the algebra Y9 is naturally
isomorphic to the algebra T4 = A% € %~°°. Here the Lie bracket on T4 is defined similarly
to the Lie bracket on X9, i.e., as the Lie bracket of generalized vector fields, where mixed
derivatives arising due to the action of D, and D, not involved in J should be substituted

in view of the equation K and its differential consequences. O

Remark 2.9. Cosets of TV in T do not necessarily intersect the algebra 39, i.e., they
do not have canonical representatives in the evolutionary form reduced on solutions of the
equation K. For example, the reduced counterpart (J3u)d, of the variational symmetry

(X30u)0, = (J3u)d, of K is not a variational symmetry of K since the difference

(FPu)0, — (J*u)d, = 3zyJ (ugy — u)0,

is not. Recall that J := 2D, — yD,. In other words, the reduced evolutionary form of
generalized symmetries of the Klein—-Gordon equation K is not appropriate in the course

of the study of variational symmetries of K.

2.4 Conservation laws

For each element in a set spanning the space Y9, we construct a conserved current of the
corresponding conservation law. Moreover, these conserved currents are of the simplest
form and of minimal order among equivalent conserved currents, that is, their orders coin-
cide with the orders of conservation laws containing them. In the course of this construc-
tion, we multiply the differential function Ku by the characteristic of a variational symme-
try of K and rewrite, “integrating by parts”, this expression in the form of a total diver-

gence of a tuple of differential functions, which is nothing else but a conserved current of .
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Thus, for any element f(z,y)d, of £, the function f = f(x, y) is a solution of I, and
we have fRu = D,(fu,) + Dy(— fou) = Du(—fyu) + Dy(fu,), which yields the equivalent

first-order conserved currents

C% = (fuy, —fou) and CY% = (—fyu, fu,).
Using a similar trick we derive a conserved current of K for any X = (¥u)d, € A9,

D,(—uDyXu) + Dy (u,Xu) = uzyXu — uD,DyXu = (Xu)Ru — ukXu

= (Xu)Ru — uXfu = (Xu — XTu)Ru + (XTu)Ru — uXfu.

Here we take into account that X = X8 for X € A4 The Lagrange identity (also
called generalized Green’s formula [168, Section 12]) implies that the differential function
(XTw)Ru — uXKu is the total divergence of a pair of differential functions bilinearly de-
pending on the tuples of total derivatives of u and Ku; cf. [168, Proposition A.4], i.e.,
it is the total divergence of a trivial conserved current of the equation K. Therefore,
(X — XT)u is a characteristic of the conservation law of K that contains the conserved cur-
rent Cy = (—uD,Xu, u,Xu). For any X € /~\1, we have XT = X, i.e., the corresponding
conservation law is zero. For any X € A, we have X7 = —X and thus obtain the charac-
teristic 2Xu of a nonzero conservation law of . Running X through the basis of A% gives
conservation laws that are linearly independent since their characteristics are. In view
of Theorem 2.8, these conservation laws jointly with those containing conserved currents

CY, f € K, span the entire space of conservation laws of K.

Proposition 2.10. The space of conservation laws of the (1 + 1)-dimensional Klein—
Gordon equation K is naturally isomorphic to the space spanned by the conserved currents
C? and Cyx, where the parameter function f = f(z,y) runs through the solution set of IC,

and the operator X runs through the basis of A%,

(%klo, k/€2N0+1, Xu, ikl; ke Ny, [ €N, k—i-lEQNo—f—l)
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Corollary 2.11. Under the action of generalized symmetries of the (1 4 1)-dimensional
Klein—Gordon equation IC on the space of conservation laws of this equation, a generating
set of conservation laws of IC is constituted by the single conservation law containing the

conserved current (—u?, u?).

Proof. The actions of the generalized symmetries % fyOu and %(Dy%u)au on the conserved

current (—u?,u2) of the equation K give the conserved currents
C?c = (—fyu, fuy) and (—uD,Xu,u,D,D,Xu),

which are equivalent to C? and Cx, respectively. O

The order of the conserved current Cy is greater than the order of the corresponding
conservation law. This is why we compute a conserved current of minimal order with
characteristic Xu, where the generalized vector field (Xu)0, runs through the chosen
basis elements (Xyu)d, of /~\(i, for each of which k£ + [ is odd. We consider two cases,
when £ is odd and when £k is even.

In the first case, we denote &' = (k—1)/2 and I’ = /2. Note that J =D, oz —D,o0uy.
Hence Xj, = DVJ*DY and

r-1
(Xpu)fu =D, Y (~1)" (Dg—l”—lJ’ngu) DV Ru

1"=0
K —1

13 (- (JZ’“’—’“”D;’@ I D Ry
k=0
(_1)l/+k/ ! ! ! ! ! !
+—= (mDy(DxJ’“ D'u)? — yD,(D,J¥ Dl'u)? — J(J* chu)2> ,

which gives, up to the equivalence of conserved currents of K and their rescaling, the

Conserved current
CL, = (—y(Dka’D;’u)? — 2(J¥D'w)?, (D, J* D u)? + y(Jk’ngu)?)

of order k' +1'+1 = (k+ 1+ 1)/2, which is minimal for the conserved currents related to

the characteristic Xu.
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If k is even, then [ is odd and we denote k' = k/2 and I’ = (I — 1) /2. Hence

X =DL(J+1/2)"D,(J —1/2)" DI = DU*1(J — 1/2)FDY = DU (J + 1/2)*DU+1,

-1 k
" ’ " 1 / "
(Xpu)fu =D, Y (—1) (ngl (J — 5) D;u) D' &u

1"=0

i 1\ N,
+J) (=1 (<J+§> D;“u) (J—§) D! Ru

E"=0
1\ +E K ) 2 K ) 2
+ % (Dy<Dx <J - %) D;u) - Dx< (J - %) D;u> > :

Up to the equivalence of conserved currents of IO and multiplying them by constants, this

leads to the conserved current

1N \? 1N \?
Cip = —((J—§> D;u) , (Dx (J—é) D;u>

of order k'+1'+1 = (k+141)/2, which is again minimal for the conserved currents related
to the characteristic Xpu. Since the permutation of x and y is a discrete point symmetry
transformation of IC, a conserved current associated with the vector field (i%klu)ﬁu, for
which k£ + [ is odd, can be constructed by this permutation either from the conserved
current C},;, if k is odd or from the conserved current C%,, if k is even, where again &’

and !’ denote the integer parts of k/2 and [/2, respectively. We obtain

Cl, = (y(DyJ"“"DZu)Z + 2(JFDIu)?, —a(D, N Dlu)? - y(J’“'DZu)2> ,
a NN \? NN \?
Cip = ((Dy (J+§) D;u> : —( (J+§) D;u> )

Theorem 2.12. The space of conservation laws of the (14 1)-dimensional Klein—Gordon

equation K is naturally isomorphic to the space spanned by the conserved currents
Cops K €Ny, ' €N, Chy, Copy Clpy K1 €Ny,  CY,

where the parameter function f = f(x,y) runs through the solution set of K. The order

of conserved currents Cyp’s is equal to k' +1' + 1, and ord C) = 1.
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In other words, the conserved currents Cl,,,, k' € No, I’ € N, Ct,,,, C2,,, C2,,, k', I' € N,
with & + 1" = n — 1 represent a complete (up to adding lower-order conservation laws)
set of linearly independent nth order conservation laws of I if n > 2. The space of
first-order conservation laws is spanned by those with conserved currents C,, C3,, C%,

and CY%, where the parameter function f = f(z,y) runs through the solution set of K.

Corollary 2.13. Up to adding low-order conservation laws, the Klein—Gordon equation IC
possesses 4n—1 linearly independent conservation laws of order n if n > 2, and an infinite

number of linearly independent first-order conservation laws.

Remark. Replacing the operators D,, D, and J by D,, D, and J, respectively, in con-
structed conserved currents, we obtain equivalent conserved currents that are reduced in

view of the solution set of K.

2.5 Conclusion

The consideration in the present chapter has several interesting aspects, which are worth
recalling. Its main specific feature is that it is essentially based on the representation K:
Uzy = u of the (1+1)-dimensional Klein-Gordon equation in the light-cone variables,
which cannot be adapted, in contrast to the representation in the standard spacetime
variables, as an (extended) Kovalevskaya form of this equation.’

There are only a few papers in the literature, where the entire spaces of generalized
symmetries and, especially, conservation laws were computed for (systems of) differen-
tial equations that are inconvenient for representing in the extended Kovalevskaya form
[44, 141] or lack such a representation at all [5, 6, 7, 11, 121, 122]. Moreover, in [44, 141]
the least upper bounds for orders of reduced cosymmetries were low, 2 and —oo, respec-
tively, each equivalence class of cosymmetries contained a conservation-law characteristic,

and the sufficient number of linearly independent conservation laws had been known [44]

5See [125] for the definition of the extended Kovalevskaya form of systems of differential equations
and a discussion of significance of this form in the theory of conservation laws. Systems of a bit more
restrictive form are called normal systems [86] or Cauchy—Kowalevsky systems in a weak sense (resp.,
pseudo CK systems in short) [152].
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or could be easily derived directly [141]. This is why employing the equation represen-
tations different from the extended Kovalevskaya form created no obstacles for selecting
conservation-law characteristics among cosymmetries in these papers although, in general,
such a selection may be a nontrivial problem. Thus, the present chapter provides one of
a few examples of studying conservation laws of a system of differential equations that
is not in the extended Kovalevskaya form and possesses conservation laws of arbitrarily
high order as well as cosymmetries of arbitrarily high order that are not equivalent to
conservation-law characteristics, cf. [5, 6, 7, §].

To get around the complication in the course of selecting variational symmetries among
generalized ones for the representation of the Klein—-Gordon equation K in the light-cone
variables x and y, we have temporarily switched to the standard form of the Klein—-Gordon
equation for applying the Martinez Alonso lemma [86, Lemma 3]. That the transitions
between the standard spacetime and the light-cone variables preserve the linearity of
characteristics of generalized symmetries allowed us to prove that each nonnegative-order
coset of variational symmetries contains a linear symmetry. All the other computations
were carried out in the light-cone variables.

Despite the above complication, the representation of the Klein-Gordon equation K
in the light-cone variables x and y is preferable to the standard one. The choice of it is
paid off by virtue of the facts that it is more compact and the differentiations with respect
to  and y are inverse to each other, D,D, = 1, on solutions of K. The latter enables us
to choose the jet coordinates (¢, z,uy, k € Z) on K>, which are numerated by a single
integer. This simplifies the entire consideration, including the reduced operators of total
derivatives D, and D,, the determining equations for generalized symmetries of K and
the process of solving thereof.

In contrast to the standard spacetime coordinates, the use of light-cone variables in
the course of confining to the solution set of the Klein-Gordon equation also allows us to
preserve the equality of independent variables, which is intrinsic to this equation. As a
result, both the constructed spaces of canonical representatives for equivalence classes of

generalized symmetries of K admit bases that are symmetrical with respect to x and y.
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The procedure of finding generalized symmetries of K includes the standard techniques
of computing the dimension of the space of reduced generalized symmetries of each finite
order and of generating the necessary amount of linearly independent symmetries by re-
cursion operators. In fact, for the latter it suffices to use only the recursion operators,
corresponding to the Lie symmetries 0,, 9, and xd, — y9, of K. To show that the gen-
eration produces no trivial symmetries, we have evaluated the constructed generalized
symmetries on a family of solutions of U parameterized by a nonzero real constant, see
the proof of Lemma 2.3. From this perspective, the entire algebra Sa (resp. f)q) of canon-
ical representatives for equivalence classes of generalized symmetries of I is spanned by
the generalized vector fields that are related to the linear superposition of solutions of X
or generated from the single Lie symmetry ud, of K by means of the recursion opera-
tors D,, D, and J (resp. D,, D, and J). The algebra 339 is the collection of generalized
symmetries of K reduced on the solution set of I, thus being a standard object. Moreover,
the elements of 39 are represented in a compact form, in particular, due to the obtained
compact representation of the reduced operators of total derivatives D, and D,,. Never-
theless, the algebra 3 is inappropriate for use in the description of variational symmetries
of the equation K, see Remark 2.9. This is why we have paid a more attention to another
collection of canonical representatives for equivalence classes of generalized symmetries
of K, the algebra £9, which does not have the above disadvantage of the algebra 34, In
order to efficiently single out variational symmetries among elements of the algebra 29, we
have made a basis change in this algebra, so that the subspace of skew-adjoint operators,
which are naturally associated with variational symmetries, is evident in the new basis.

The space of conservation laws of K is expectedly computed using Noether’s theorem.
It is convenient to represent this space as the direct sum of two infinite-dimensional sub-
spaces. The first subspace is of the kind that is common for linear systems of differential
equations. It consists of the (first-order) linear conservation laws of /. Such conserva-
tion laws are necessarily of order one, and their (reduced) characteristics are of order —oo.
For IC as the Euler-Lagrange equation of the Lagrangian K, these characteristics are char-

acteristics of generalized symmetries of order —oo of K, which constitute the algebra %~
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and are associated with the linear superposition of solutions of K. The second subspace
is specific and is exhausted by the quadratic conservation laws of K. They admit linear
characteristics being characteristics of linear variational symmetries from the algebra A2.
We have derived canonical representatives of two kinds for conserved currents contained in
quadratic conservation laws. The first kind of representatives is uniform for all quadratic
conservation laws and is convenient in the course of the study how generalized symmetries
of the equation K act on its conservation laws. It was an unexpected result for us that
the so huge space of conservation laws of diverse structures is generated, under the action
of generalized symmetries, by a single first-order quadratic conservation law. We have
also computed a conserved current of minimal order for each basis quadratic conservation
law. For computational and presentation reasons, in the course of this computation we
partition the chosen basis of variational symmetries of nonnegative order into four fam-
ilies, which leads to the associated partition for quadratic conservation laws. We have
constructed conserved currents of minimal order for two of these four families of conser-
vation laws and then used the permutation of x and y, which is a discrete point symmetry
transformation of IC, to obtain conserved currents of minimal order for the other two
families from the constructed ones.

An additional advantage of using the operators D, and D,, over their rivals D, and D,
is a more clear insight into generalizing results of the present chapter to the multi-
dimensional Klein—Gordon equation. In view of the greater number of independent vari-
ables, it possesses more translations and Lorentz transformations (usual and hyperbolic
rotations) than the equation K does but the principal structure of the algebra of gener-
alized symmetries should be similar to that for I, cf. [45, 94, 96, 140]. The techniques
applied in the present chapter for singling out variational symmetries and computing
associated conserved currents of minimal order may still be employed for constructing
the entire space of conservation laws of the multi-dimensional Klein—Gordon equation,

including the translation-noninvariant ones, which were not considered in [76, 151].
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Chapter 3

Extended symmetry analysis of

an isothermal no-slip drift flux model

3.1 Introduction

The drift flux model introduced in [170] is a simplified model of a well-known two-phase

flow phenomenon [73, 167]. The former system takes the form

O(arp") + Op(arurp') =0,
O(azp®) + 0,(azuzp®) =0,

Oi(aruip' + aguzp®) + Op(aruip' + asuzp® +p) = Q,

where a;(t,x) are the volume fractions, wu;(t,x) are the velocities and p;(t,x) are the
densities of phases, Q(t, ) is a source term, with a; + as = 1. It was thoroughly studied
in [46, 47, 48, 49], where several submodels easier to tackle but still real-world applicable
were suggested. In particular, the simplifying slip condition was considered, u; — us =
®(uq,uz, p). In [12] a further simplification was made, assuming the equality of the volume
fractions, a; = ao = a, a vanishing slip function & = 0, an absence of the source term

() = 0 and an isothermal equation of state p = a(p; + p2). The resulting isothermal no-slip
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drift flux model is governed by the system

p% + upu,lc + uxpl =0,
P74+ up? + uyp® =0,

(0" + 0°) (ue + uug) + a®(py + p3) = 0,

which we denote by S. This model describes the mixing motion of liquids (or gases)
rather than their individual phases. Here u = u(t, z) is the common velocity, p' = p'(¢, )
and p? = p%(t,x) are the densities of the liquids, and the constant parameter a can be set
to 1 by scaling (z,u) with a. Any constraint meaning that p' and p* are proportional,
e.g., p2=p'or p2 =0, reduces S to the system S, describing one-dimensional isentropic
gas flows with constant sound speed, cf. the system (3)—(4) with v = 0 in [133, Sec-
tion 2.2.7]. The system S is a diagonalizable hydrodynamic-type system since it admits

an equivalent form

o+ (tt 4+ Dl =0, (3.1a)
4 (- 1) =0, (3.1b)
¢+ () =0 (3.1c)

by changing the dependent variables (u, p!, p?) to the Riemann invariants! (¢!, t? t3) via

1 1 2 -1 1 2 2
t1:u+n(p+p)7 t2:un(p+p)’ =2

2 2

A

The corresponding characteristic velocities
Vi=edh 4?41, V2=t 4+ —1, V3=t 4+ (3.2)
are distinct, meaning that the system § is strictly hyperbolic. Besides, the characteristic

velocities satisfy the system

v v

Wik T i vk

O, for all 1,7,k € {1,2,3} with 1,5 #k.

!Riemann invariants are dependent variables, in which a hydrodynamic-type systems takes a diago-
nalized form.
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Thus, the system & is semi-Hamiltonian and, since Vf;’ = 0, it is not genuinely nonlinear
with respect to t%; see [150] for related definitions. The system S is also partially coupled.
The essential subsystem S, consisting of the equations (3.1a)—(3.1b) coincides with the
diagonalized form of the system Sy [133, Section 2.2.7, Eq. (16)].

Hydrodynamic-type systems are extensively studied in the literature in view of their
various physical applications in fluid mechanics, acoustics and gas and shock dyna-
mics [133, 164] and rich differential geometry [41, 43, 149, 150]. See [21, 30, 51, 54,
64, 66, 119, 138, 139] and references therein for an assortment of examples.

In view of the above properties, the system S can be integrated in an implicit form. In
my MSc thesis, results of which were published in [112], for this system we expressed the
general solution in terms of the general solution of the (1+1)-dimensional Klein-Gordon
equation using the generalized hodograph transformation [149] and described the entire
set of local solutions via the linearization of the subsystem &y to the same equation.
Since the practical use of the derived representations for solutions of S is limited because
of their implicit form and complicated structure, in [112] we also began the extended
classical symmetry analysis of the system S. In particular, for this system we constructed
the maximal Lie invariance algebra g, the algebra of generalized symmetries of order
not greater than one, the complete point symmetry group and group-invariant solutions.

Thus, the algebra g is spanned by the vector fields

D =10, + 28,, G =10, 4+ 0u, Gy =0 — Op,

PL=0,, P*=0,, W) =Q()ds,

where Q runs through the set of smooth functions of t3. The maximal Lie invariance
algebra g of the essential subsystem &y is wider than the projection of the algebra g to

the space with the coordinates (¢, z,t!,t?) and is spanned by the vector fields

D =10, + 10,, G =10, + O, Gy = O — D2, P(7°,€%) = 7(x', %), + £(¢, 2D,

o 1 1 1
g = <§;1; — (e + tQ)) O+t <t1 —? - §(t1 +12)? + 5) Oy + 10 — t?0p,
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where (7,£) is a tuple of smooth functions of (t!,+?), running through the solution set of
the system & = V27, &2 = Vlne. In [112], for the system S we also found the zeroth-
order local conservation laws using the direct method and, following [40], constructed the
entire space of first-order conservation laws with (¢, x)-translation-invariant densities of
and a subspace of (t, z)-translation-invariant conservation laws of arbitrarily high order.
Building on the description of the algebra of generalized symmetries of order not greater
than one, we obtained an infinite-dimensional subspace of generalized symmetries of ar-
bitrarily high order for S. (In the present section we show that this subspace is an ideal
in the entire algebra of generalized symmetries of the system S.)

At the same time, the system S possesses two properties that allow us to exhaustively
describe the entire spaces of generalized symmetries, cosymmetries and local conservation
laws (see [78] for definitions). Firstly, the system is partially coupled with the essential
subsystem S; being linearizable through the rank-two hodograph transformation to the
(141)-dimensional Klein—Gordon equation, which was thoroughly studied in Chapter 2,
published as [115], from the point of view of generalized and variational symmetries and
local conservation laws. Secondly, in addition to being not genuinely nonlinear with re-
spect to t3, the system S is decoupled with respect to 3, and the third equation of S is
linear in t®. Thus, speaking of the degeneracy of the system S, we mean both its linear
degeneracy and decoupling with respect to t3. Due to the dual nature of this degeneracy,
the system & admits not only an infinite number of linearly independent conservation
laws of arbitrarily high order, that are related to the degeneracy, cf. [40, 142], but also
similar generalized symmetries.

Substantially generalizing results of [112], in the present section we comprehensively
study generalized symmetries, cosymmetries and local conservation laws of the system S.
This includes both a description of the corresponding spaces and their interrelations,
which are described in terms of recursion operators and Noether and Hamiltonian oper-
ators. Our modus operandi to study the system § is to select appropriate symmetry-like
objects of the Klein—Gordon equation (generalized symmetries, cosymmetries and con-

servation laws), to find their counterparts for the system S and to complement these
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counterparts with the objects of the same kind that are related to the degeneracy of the
system. Then we prove that the constructed objects span the entire spaces of objects of
the corresponding kinds for the system S. As a result, we obtain one more example, in
addition to a few ones existing in the literature, where generalized symmetries and local
conservation laws are exhaustively described for a model arising in real-world applications
and possessing symmetry-like objects of arbitrarily high order.

All results of this section except for original Sections 3.7 and 3.8 were published in [113].
The structure of this section is as follows. In Section 3.2 we reduce the system S to the
(141)-dimensional Klein-Gordon equation and show that any regular solution of the for-
mer is expressed in terms of solutions of the latter. In Section 3.3 we lay out notations
and auxiliary results to be used throughout the remainder of the section. It is proved
in Section 3.4 that the algebra of reduced generalized symmetries of the system § is a
(non-direct) sum of an ideal related to the degeneracy of S and consisting of generalized
vector fields with zero t!- and t?>-components and of a subalgebra stemming from gener-
alized symmetries of the Klein—Gordon equation. At the same time, not all generalized
symmetries of the Klein—-Gordon equation have counterparts among those of the system S,
and we solve the problem on selecting appropriate elements of the algebra of generalized
symmetries of the Klein—-Gordon equation. This differs from cosymmetries and conser-
vation laws of S, for which there are injections from the corresponding spaces for the
Klein—Gordon equation to those for the system S, see Sections 3.5 and 3.6, respectively.
The space of conservation laws of § is proved to be generated, under the action of gener-
alized symmetries of S, by two zeroth-order conservation laws. We also find the space of
conservation-law characteristics of S. The knowledge of them helps us to single out the
conservation laws of orders zero and one as well as the (¢, z)-translation-invariant ones.
Using the simplest conservation laws of the system S we construct a covering thereof and
study its symmetries in an attempt to prolong all the symmetries of the Klein—Gordon
equation to the system S in Section 3.7. In Section 3.8 we construct nonlocal Hamiltonian
operators for the system S as prolongation on t? local hydrodynamic-type Hamiltonian

operators of the subsystem Sy. For each of local Hamiltonian operators found in [112]
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we find the space of its distinguished (Casimir) functionals and the associated algebra
of Hamiltonian symmetries. Section 3.9 is left for the conclusions, where we underline
the nontrivial features encountered in the course of the study of the system S in the
present section and discuss further problems to be considered for this system within the

framework of symmetry analysis of differential equations.

3.2 Solution through linearization
of the essential subsystem

Using the facts that the system S is partially coupled and the subsystem &y can be lin-
earized, we construct an implicit representation of the general solution for the diagonal-
ized form (3.1) of the system S in terms of the general solution of the (141)-dimensional
Klein—Gordon equation; cf. [112, Section 8|. At first, we reduce the system (3.1) by a point
transformation to a system containing the (1+1)-dimensional Klein-Gordon equation. It
is convenient to derive this transformation as a chain of simpler point transformations.

We begin with the rank-two hodograph transformation?, where

y=1t'/2, 2= —t*/2 are the new independent variables and

p=t, g=wx, s=rt° arethe new dependent variables.

This transformation maps the system (3.1) to the system

G. — 2y — 22+ 1)p, =0, (3.3a)
gy — 2y — 22 —1)p, =0, (3.3b)
Syp- + 8:py = 0. (3.3¢)

After representing the equation (3.3a) in the form (@ — 2y — 2z + 1)p)z —2p =0, it

becomes natural to make the change § = ¢— (2y —2z+1)p of ¢. Then the equations (3.3a)

2Recall that every (1+41)-dimensional hydrodynamic-type system with two dependent variables is
linearizable via the hodograph transformation.
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and (3.3b) take the form p = ¢./2 and g, + 2p, + 2p = 0, respectively. Excluding p from
the second equation in view of the first one, we obtain the second-order linear partial
differential equation §,, + ¢, + ¢. = 0 in ¢, which reduces by the change ¢ = ¢¥7*¢ of §
to the (141)-dimensional Klein-Gordon equation for ¢ in light-cone variables, ¢,, = ¢.
Carrying out this chain of two transformations in the whole system (3.3), we obtain the

system X, which reads

Q> = q, (3.4a)

K's, = K%s,, where K':=q..—2¢.+q K?:=gq,+q—2q (3.4b)

We have K' = (D,—1)?q and, on solutions of (3.4a), K* = —(D,—1)(D,—1)¢, D,K* = K?
and D,K? = K'. Here D, and D, are the total derivative operators with respect to y

and z, respectively. We exclude p from the system (3.4) in view of the equation

1

p= ge_y_z(qz —q) (3.5)

as well as we neglect this equation itself. The composition of the above three transforma-

tions is the transformation
7-: y=—=, 2= -7, p= t7 q= e(tlitQ)/2<x — (tl + t2 + 1)t), S = tB. (36)

Therefore, to make the inverse transition from the system (3.4) to the system (3.1), we
should attach the equation (3.5) to the system (3.4), thus extending the tuple of dependent

variables (g, s) by p, and carry out the inverse to the transformation (3.6),

T: t=p z=eV"q+QRy—22+1)p, t'=2y *=-22, ®’=s (3.7

It is convenient to collect the expressions for low-order derivatives of p and ¢ and for
their combinations in terms of the old variables in view of the system (3.1), which will be

needed below:
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]. 1 1 2 (17 2)/2 2 2 (172)/2
py:_g7 pz:_ga K :—get ' ) K —'C;: v )
Sy (1 —2)/2 o (W—e)/2 [ 2 1 (1 —¢2)/2 2
Tz = e 5 W=e t—l—i—a:—Vt—Zt , g.=e (x — V=),
T

2
s = U )2 (_13 +x—Vi+ 2t> .

T

Following the procedure analogous to that in [112], we find the complete set of local
solutions of the system (3.1) via the linearization of the subsystem (3.1a)—(3.1b).

We are allowed to make the point transformation (3.6) if and only if the nondegeneracy
condition t;t2 —tlt? # 0 holds, which is equivalent, on solutions of (3.1), to the inequality
tle? £ 0. Therefore, t}t? # 0 as well, and thus both Riemann invariants t! and t? are not
constants. In this case, we introduce the “pseudopotential” ¥ defined by the potential
system ¥, = ¢g—W¥, ¥, = ¢,—V for the equation (3.4a). In fact, this “pseudopotential” is a
modification, U = e ¥~*\, of the standard potential ¥ for the equation (3.4a) associated
with the conserved current (eY?q,, —e¥"?q) of this equation via the potential system
‘ify = e¥t2g, U, = e¥t2q,. It is easily seen that the function ¥ satisfies the Klein-Gordon
equation ¥,, = W. Moreover, solutions of the equations (3.4a), (3.4b) and (3.5) are locally

expressed in terms of W,
1
q=V,+0, p= ée—y—?«(qu —U,), s=W(e!(, + T, —20)).

Here and in what follows W is an arbitrary smooth function of its argument. Returning
to the old coordinates, we obtain the regular family of solutions of the system (3.1), which
is expressed in terms of the general solution of the Klein—-Gordon equation. Note that the

nondegeneracy condition for this inverse transformation is K'K? # 0, where, in terms

of U,
K=V, -V, +V¥,-V, K=V, +¥,—U.

In view of the Klein-Gordon equation ¥,, = ¥, the inequalities K' # 0 and K? # 0 are

equivalent to each other as well as to the condition W ¢ (e™¥7% e¥** (y — z)e¥"?).
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If the nondegeneracy condition tjt? — t1t? # 0 does not hold, then at least one of the
Riemann invariants t! and 2 is a constant. If only one Riemann invariant is a constant,
we derive the singular family of solutions of (3.1). Let t! be a constant, t! = c¢. Then the
equation (3.1a) is trivially satisfied, and we make the rank-one hodograph transformation

t=t, z =12

=z, 5 = % in the two remaining equations (3.1b) and (3.1c), exchanging

Q)

the roles of x and 2, that is, ¢ and Z are the new independent variables, ¢ and 5 are the
new dependent variables. This yields the system ¢z = Z+c—1, 5;+ ¢:5; = 0. Integrating
the first equation to ¢ = (z + ¢ — 1)t + €*©2, where ©? is an arbitrary function of z. It is
chosen with a help of a hindsight to represent the general solution of the second equation
in the form 5§ = W (e *t— 02 —6?). The consideration when t? being a constant is similar.

When the both t! and 2 are constants, we obtain an ultra-singular family of solutions.
Theorem 3.1. Any solution of the system (3.1) (locally) belongs to one of the following
families; below W is an arbitrary function of its argument.

1. The regular family, where both the Riemann invariants t* and v*> are not constants (the

general solution):

2

t= e (W + W), =2 (200 + 0) — (¢} 0%+ 1)(Ta + Te2)),
¢ =W (e (Wy — e — T)).

Here the function U = W(t! v?) runs through the set of solutions of the Klein—Gordon

equation W = —U /4 with U ¢ (/2 o' =2)/2 (¢l 4 (2)e('=%)/2))

2. The two singular families, where exactly one of the Riemann invariants t' and t* is a

constant:

tt=c, z=(C4c—1)t+ etQGfQ, =Wt - 0% — 6%);
'CQ =, xr = (tl +c+ 1)t + eitl@il, t3 = W(etlt —+ @.}1 — @1)

Here c is an arbitrary constant and ©' = ©'(x!) and ©% = ©2(v?) are arbitrary functions

of their arguments.
3. The ultra-singular family, with arbitrary constants t' and v* and v> = W(x — (e} +12)t).
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The regular, singular and ultra-singular families of solutions of the system S are as-
sociated with solutions of the subsystem Sy of rank 2, 1 and 0, respectively; cf. [65].

Alternatively, to get the subfamily of regular solutions with nonconstant parameter
function W, one can employ the generalized hodograph transformation [149], see details

in [112, Section 9].

3.3 Preliminaries

Given a system £ of differential equations, we denote by £(>) the manifold defined by
the system £ and its differential consequences in the associated jet space. A local object
associated with £ within the framework of symmetry analysis of differential equations, like
a generalized symmetry, a conserved current of a local conservation law, a conservation-
law characteristic or a cosymmetry, is called trivial if it vanishes on solutions of L or,
equivalently, on £>). Two such local objects of the same kind are naturally assumed
equivalent if their difference is trivial, and thus such local objects of the same kind in
total are considered up to this equivalence relation.

The system S given by (3.1) is of the evolution form. The jet variables ¢, z and !, =
ot [0x", i = 1,2,3, k € Ny, constitute the standard coordinates on the manifold S,
Therefore, up to the above equivalence relation on solutions of S, for the coset of each
of local symmetry-like objects associated with S we can consider a representative whose
components do not depend on the derivatives of v involving differentiation with respect
to . A symbol with [t], like f[t], denotes a differential function of v that depends at most
on t, x and a finite number of derivatives of t with respect to z, f = f(t,x,v0,...,t), K €
Ny. Below we consider only such differential functions and assume that the components
of any local symmetry-like objects associated with S are such differential functions. For
i € {1,2,3}, the order ord,: f[t] of a differential function f[t] with respect to t* is defined
to be equal max{x € Ny | fi # 0} unless this set is empty and —oo otherwise.

We restrict the total derivative operators D, and D, with respect to z and ¢ to the

set of above differential functions of t, and additionally exclude the derivatives of v that

3Here, for conservation-law characteristics we need to use Lemma 3 in [86], see also [103, Lemma 4.28].
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involve differentiation with respect to t from D; in view of the system S, respectively

obtaining the (commuting) operators

00 3 e ) 3
Dyi=0p+ > > vy, Dyi=0—Y > Di(Vit})dy.

x=0 i=1 k=0 i=1

We define the commuting operators A := e % D, and B := D, + (¢! +2)D,, AB = BA.
It is convenient to introduce the modified coordinates ¢, z, 7 = v/ and w" := A"t* for

k € Ng and j = 1,2 on the manifold S(>) instead of the standard ones.* In this notation,

we have
Aw® = w“*l&o Bw" =0, kKeENy, Brl=—r, Br’=rj
®LB = a{L’ + Z (T,li+la7»’1€ + Ti+181% + er177'2w/€+lawf€>’
~k=0
D=0 — Y (DE(V'r) + DEVHO + (' + 1) 7w 10,0).
k=0

We define the orders ord,; f, j = 1,2, and ord,, f of a differential function f = f[t] with
respect to 1/ and “w” to be equal max{r | f,; # 0} and max{r | f~ # 0}, respectively,
unless the corresponding set is empty and —oo otherwise. Note that ord, f = ordes f.
The notation like f[r!,r?], or equivalently f[t!,t?], denotes a differential function f
of (r,r?) = (¢!, ¢?).

Lemma 3.2. A differential function f = f[t] satisfies the equation Bf = 0 if and only if

it is a smooth function of a finite number of w’s, f = f(W°,..., w") with k € Ny.

Proof. Provided f being a smooth function of a finite number of w’s, it satisfies the
equation B f = 0 because of Bw" = 0 for all kK € N.

Conversely, using the modified coordinates on S(>) we denote kj =ord,; f, 7 =1,2.
Suppose that x; > 0 for some j. Then collecting coefficients of rij 41 in the equation
Bf =0 yields of/ 87‘{% = 0, which gives a contradiction. Hence the function f does not
depend on 77, k € Ny. The equation Bf = 0 takes the form f; + (r' +r?)f, = 0, splitting

with respect to (r!,7?) to f; = f, = 0. O

4The operator A and the modified coordinates are related to the degeneration of V3 meaning, that
V3 =0; cf. [40, Theorem 5.2].
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As the standard coordinates on the manifold (> associated with the system (3.4),
we can take the jet variables y, z, ¢, = 0'q/0y" if « > 0 and ¢, = 07 'q/0z"" if + < 0,
LE€Z, s, = 0%/0y", k € Ny. In these coordinates, the restrictions of the total derivative

operators with respect to y and z respectively take the form

—+00 “+o00 “+o00 —+00
Kl
®y = ay + Z QL-HaqL + Z 3/-@—&-185,“ Dz = az + Z QL—laqL + Z ®Z (ﬁsl) asna
xk=0 k=0

L=—00 = L=—00

where K' := q_o — 2¢_1 + qo, K? := ¢1 + q_1 — 2qp. The infinite prolongation of the

transformation (3.6) induces pushing forward of the operators D, D,, A and B to the

operators
R ey—l—z ey+Z R ey+z ey+z
R e Y% e Y% . ey+z ey+z A A
A= D, + D, B=-"_D,+-—D, AB=3BA

Kl

A symbol with [q, s], like flg, s|, denotes a differential function of (g, s) that depends
at most on y, z and a finite, but unspecified number of ¢,, ¢ € Z, and s., K € Ny. The
order ordy f of a differential function f = f[q, s| with respect to s is defined to be equal
max{k € Ny | fs. # 0} unless this set is empty and —oo otherwise. Analogously, a symbol
with [g], like f[g], denotes a differential function of ¢ that depends at most on y, z and
a finite, but unspecified number of ¢,, ¢« € Z. We also use the modified coordinates y, z,

(jL =q, L€ 7, and @F = ./CALHS, K € NO, on the manifold ’C(oo)

Corollary 3.3. A differential function f = flq,s] satisfies the equation Bf = 0, i.e.,
K'D,f = K*D.f, if and only if it is a smooth function of a finite number of &’s, f =

F@0, ... &%) with k € N,.

The infinite prolongation of the transformation (3.7) induces pushing forward of the

operators D, and D, to the (commuting) operators

D, = —til(@t + @+ -1)D,), D, = —é(@t + (' +*+1)D,).
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3.4 Generalized symmetries

The following two facts allow us to exhaustively describe generalized symmetries of the
system (3.1). Firstly, the equation (3.1c) is partially coupled with the equations (3.1a)
and (3.1b). Secondly, the subsystem (3.1a)—(3.1b) is linearized by the hodograph transfor-
mation, and the associated linear system reduces to the (1+1)-dimensional Klein—Gordon
equation.

We denote by ¥ the algebra of generalized symmetries of the system (3.1), and by X%
the algebra of its trivial generalized symmetries, whose characteristics vanish on solutions
of (3.1). The quotient algebra ¥4 = ¥/ can be identified, e.g., with the subalgebra
of canonical representatives in the reduced evolutionary form, 34 = { Z?Zl n'[t]0u € Z}.
The criterion of invariance of the system (3.1) with respect to the generalized vector

field Zle n'[t]0y results in the system of three determining equations for the compo-

nents 7’
Din' + (¢ 4+ % + 1)Dyn' +vh(n' +7°) =0, (3.8a)
Dyn” + (¢ + % = 1)Dn” + v2(n" +1°) =0, (3.8b)
D’ + (¢ +°)Dn® + 2 (n' +1%) = 0. (3.8¢)

Lemma 3.4. For any generalized vector field Z?:l n'[t]0s from 29, its components n'

and n* do not depend on derivatives of ©*, i.e., nt = n'[t!,v?] and n? = p?[c!, 2.

Proof. Suppose that x; := ords 7/ > 0 for some j € {1,2}. Collecting the coefficients of
the jet variable v} ., in the jth equation of (3.8) yields the equation 07’ /0t = 0, which

contradicts the assumption. Hence x; = —oo for any j = 1,2. ]

Lemma 3.4 is the manifestation of partial coupling of the system (3.1). In view of
this lemma, the subalgebra 2;} of 9 constituted by elements with vanishing n! and n?
is an ideal of £9, and the quotient algebra ¥l = 3 / ig is isomorphic to the subalge-
bra of reduced generalized symmetries of the subsystem (3.1a)—(3.1b) that admit local

prolongations to t®. The ideal ig is described by the following corollary of Lemma 3.2.
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Corollary 3.5. A generalized vector field n30s belongs to 3 if and only if the coeffi-

cient n° is a smooth function of a finite number of w’s.

Proof. The invariance of the system (3.1) with respect to the generalized vector field 720,

leads to the single determining equation Bn? = 0. Further we use Lemma 3.2. O]

Therefore, the infinite prolongation of an element fds of 39 is equal to Yoo (A f)Bor,

and thus the commutator of elements f!9s and f20s of 3¢ is

((A'fYf2 — (Af2) fL) D, where A = Zw"“ﬁwn.
—0

L k=0

We specify the form of canonical representatives of cosets of 23

Lemma 3.6. Fach coset of 23 contains a generalized vector field of the form
et 2200 + 2t 220 + e Tt P!, v 0, (3.9)

where the coefficients n*, n* and 7)® satisfy the system of equations (3.8a), (3.8b) and

Dii® + (¢ 4+ ) D + e (n' +1?) = 0. (3.10)
Proof. In view of Lemma 3.4 and Corollary 3.5, it suffices to show that the third com-
ponents of canonical representatives for elements from the quotient algebra 37, can be

chosen to be of the form n? = e " 37?[t!,v?]. After substituting the representation

n? = e " 373 [t] into the equation (3.8¢), we derive the equation (3.10). We use the modi-
fied coordinates on the manifold (). If the coefficient #* depends on w* for some x € N,

then a differential function of (¢!, t?) obtained from /3 by fixing values of all involved w"’s

in the domain of 7? is also a solution of (3.10) for the same value of (n',n?). O

The elements of the form (3.9) from the algebra 34 constitute a subalgebra of this
algebra, which we denote by %},. Unfortunately, the algebras X, and X, are not iso-
morphic. Although 39 = 5%, + 3¢, this sum is not direct since ©%, NS¢ = (7 t30;s).

The algebra X9, is naturally isomorphic to the quotient algebra %%, /(e” " t39,s).
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Deriving the exhaustive description of the algebra Y1, is quite complicated. For this
purpose, we reduce the system (3.1) to a system (3.4) containing the (1+1)-dimensional
Klein-Gordon equation. Similarly to the system (3.1), we denote by & the algebra of
generalized symmetries of the system (3.4), and by &'V the algebra of its trivial general-
ized symmetries, whose characteristics vanish on solutions of (3.4). The quotient algebra
G99 = &/6"Y can be identified, e.g., with the subalgebra of canonical representatives
in the evolutionary form, &4 = {x|g,s]d, + 0[q, s]d, € &}. The Lie bracket on &9 is
defined as the modified Lie bracket of generalized vector fields in the jet space with the
independent variables (y, z) and the dependent variables (g, s), where all arising mixed
derivatives of ¢ and all arising derivatives of s that involve differentiation with respect
to y are substituted in view of the system (3.4) and its differential consequences. The

system of determining equations for components of elements of S s

DyD.x = X, (3.11a)
1

K
s1(D, —1)’x + K, D0 = ﬁsl(ﬂvy +D, —2)x + K*D.6. (3.11b)

The algebra S is isomorphic to the algebra 329, This isomorphism is induced by the
pushforward of ¥ onto & that is generated by the point transformation (3.6), excluding
the derivatives of p (including p itself) in view of the equation (3.5) and its differential
consequences and the successive projection of the obtained generalized vector fields to
the jet space with the independent variables (y, z) and the dependent variables (g, s). To
map & into X, we need to prolong the elements of & to p according the equation (3.5)

and make the pushforward by the point transformation (3.7).

Lemma 3.7. The g-component of every element of S9 does not depend on s and its

derivatives.

Proof. Suppose that X = x0, + 00, € &9, and k = ordyy > 0. Then invariance
criterion for the equation ¢,. = ¢ and the generalized vector field X implies, after collecting
coefficients of s, the equation ;. = 0, which contradicts the assumption. This is why

ordg Y = —o0. O
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Remark 3.8. The only essential feature for Lemma 3.7 is that K' and K? do not vanish

simultaneously, not the specific form thereof.

Lemma 3.7 is the counterpart of Lemma 3.4 for the system (3.4) and is the mani-
festation of partial coupling of this system. In view of Lemma 3.7, the subalgebra ég
of &% constituted by elements with vanishing g-components is an ideal of S9. In view
of Corollary 3.3 (or Corollary 3.5), this ideal consists of generalized vector fields of the
form 00,, where 6 is a smooth function of a finite, but unspecified number of &’s. Since
the ideal (‘%2 of G4 corresponds to and is isomorphic to the ideal f];‘ of 34, for our purpose
it suffices to describe the quotient algebra &y := Sa / (‘”3‘81.

Denote by £9 the algebra of reduced generalized symmetries of the (14-1)-dimensional
Klein-Gordon equation (3.4a), & = {x[q]d, | D,D.x = x}. The quotient algebra &1 is
naturally isomorphic to the subalgebra 2( of RY that consists of elements of &9 admitting

local prolongations to s. It was proved in Section 2.2 that the algebra R is the semi-direct

sum of its subalgebra A% and its ideal fi_oo, R1=Adlg JA%_OO, where

A= ((379)0,, (D.37¢)0,, (D-3"q)0y, k € No, 1 € N),

R = {f(y,2)0, | € KG},

J :=yD,—2zD,, and KG denotes the solution set of the (141)-dimensional Klein-Gordon
equation (3.4a), i.e., f € KG means that f,, = f.

Lemma 3.9. 2 = { X% := ((D, + 1) + ¢q)9, | ¢ = ([g]: DyD.¢ = ¢, ¢ € R}, and an
appropriate prolongation of the generalized vector field X¢ to s is given by

0= %(ﬂy +D, —2)C. (3.12)

Proof. Denote 2 = {X¢ = ((Dy + 1)¢ +¢q)0, | ¢ =(lg]: DyD.¢ = ¢, ¢ € R}. Note
that here the form of ( is defined up to summands proportional to e ¥~%.

For any solution ¢ of the equation D,D.( = ¢, the differential functions x = (D, +1)¢
and 6 defined by (3.12) satisfy the system (3.11). The tuple (x,0) = (g,0) is a solution
of (3.11) as well. Hence 2 D 2.
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Suppose that a generalized vector field x|[q]0, belongs to 2. This means that there
exists § = 6]g, s] such that y9,+69, € &9. Then the tuple (x, §) satisfies the system (3.11).

By the substitution 6 = s1(K?)'6, the equation (3.11b) is reduced to
KY D, +1)0 — K*(D. +1)0 = K(D, + D, — 2)x — K*(D. — 1)%x. (3.13)

We use the modified coordinates on the manifold K. If the function  depends on w”
for some x € Ny, then a differential function of ¢ obtained from 6 by fixing values of all
involved &"’s in the domain of 6 is also a solution of (3.13) for the same value of x. There-
fore, without loss of generality we can assume that § = A[g]. Then the equation (3.13)

rewritten in the form
K'((Dy + 1) — (D, + D, — 2)x) = K2((D. + 1) — (D, — 1)*x)
implies that there exists a differential function u = p[g] such that
(D, + 1) — (D, + D, —2)x = uK? (D, +1)0 — (D, —1)*x = uk™. (3.14)

We exclude 6 from these equations by acting the operators D, + 1 and D, + 1 on the
first and the second equations, respectively, and subtracting the first obtained equation
from the second one, which gives the equation on u alone, K'D,u = K*D,p. In view of

Corollary 3.3, p is a constant, and hence equations (3.14) can be rewritten as
(Dy+ 10 =(Dy+D. =2)(x +pq), (D:+1)8=(D.—1)(x+pq).  (3.15)

We subtract the second equation from the result of acting the operator D, on the first
equation and thus derive the equation (D,D, — 1)§ = 0. Then the differential function
¢ = ([q] that is defined by ¢ := —}L(é — (D, + 1)(x + pg)) satisfies the same equation,
(DD, —1)¢ = 0. We express 0 from the equality defining ¢, § = —4¢ + (D, 4 1)(x + uq),
and substitute the obtained expression into (3.15), deriving the equations —4(D, +1)( =

—4(x + png) and —4(D, + 1)¢ = —4D,(x + pg). The first of these equations gives the
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required representation for x, x = (D, + 1) — pg. The second equation is identically
satisfied in view of the above representation for x and the equation D,D.( = (. We also
get O = —4¢ + (D, + 1)(D, + 1)¢ = (D, + D.. — 2)¢. Therefore, A C 2, i.e., A=A, and

the equality (3.12) defines an appropriate prolongation of X%¢ € 2 to s. O

In other words, Lemma 3.9 implies that an element of A9 can be mapped to a gener-
alized symmetry of the system (3.1) if and only if the associated operator belongs to the

subspace
(1, (Dy +1)D; 3%, (D, +1)D53", k,1 € Ny).

In particular, this subspace contains all polynomials of D, and all polynomials of D,. A
complement subspace to it in the entire space of operators associated with elements of Aa
is (J%, k € N). Elements of A associated with operators from the complement subspace
are mapped to nonlocal symmetries of the system (3.1). Such nonlocal symmetries are
generalized symmetries of certain potential systems for the system (3.1) that are related to
potential systems for the (1+1)-dimensional Klein-Gordon equation (3.4a), see Section 3.7
for more details.

Completing the above consideration, we prove the following theorem.

Theorem 3.10. The quotient algebra 34 of generalized symmetries of the system (3.1)

15 naturally isomorphic to the algebra 3 spanned by the generalized vector fields

W(Q) = s, P(®) = ™2 (O + 20, )cla + (D — 202 )120,2 + 201303

D=(z— '+ +1)t)e)0a + (z — (' + & = 1)t)202 + (z — (¢! + *)t)r20s,

R(I‘) — e<t241)/2 ((@yr + F)tiatl + (@ZF —+ F)tiatQ + QFti(?ts) ,

where I' runs through the set {g“(j, @Lyg”g], @;jﬁq, k € Ny, ¢ € N} with

D, =

Y 1
v

1

(D, + (' +2—1)D,), D, := S (Dy+ ( + 7+ 1)D,),

1 2
J .= %ﬂy + %Dz, q:= e(tl_t2)/2(x — (' P+ 1)),
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the parameter function ® = ®(x',v?) runs through the solution set of the Klein—Gordon
equation a2 = —®/4, and the parameter function  runs through the set of smooth

functions of a finite, but unspecified number of W" = (etz_tlDz)“t?’, k € Np.

Proof. For computing the counterpart of an element X = x0, + 00, € &9 in f)q, one

should make the following steps:

e prolong the generalized vector field X to p in view of (3.5),

e push forward the prolonged vector field by an appropriate prolongation of the trans-

formation (3.7),
e convert the obtained image to the evolutionary form and

e substitute for all derivatives of v with differentiation with respect to ¢ in view of the

system (3.1) and its differential consequences.

This procedure gives the generalized vector field
X = =200 — T A(D )00 + (0 — 105Dy + 1)) O

Here and in what follows tildes mark the counterparts of involved operators and differential
functions that are computed according to the procedure.

The ideal ég of G4 corresponds to and is isomorphic to the ideal ig of f)q, and the form
of elements of f]g, W(Q), is already known. The generalized vector field ¢d, is mapped to
—D. We also prolong each generalized vector field of the form X0 := (Dy+1)¢0, from A
to s according to (3.12) and then employ the above procedure, getting the generalized

vector field
X0 = —elF=th/2 (ti(ﬁy +1)C0a + (D, +1)(0e + 2t§§6t3> :

where ¢ = ([g] runs through the characteristics of generalized vector fields in R4 and
is defined up to summands proportional to e”¥~* and 5 denotes the pullback of { by
the infinite prolongation of the transformation (3.6). According to the splitting RY =

A g R, for ¢o, € A? and ¢o, € R we obtain generalized vector fields of the forms
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—R(T) and —P(®), respectively, where I'd, can be assumed to run through the chosen
basis of A9, and the parameter function ® = ®(¢',¢?) runs through the solution set of
the Klein—Gordon equation ®.1,2 = —®/4 and is defined up to summands proportional

to e(—t)/2, OJ

Remark 3.11. The subspaces Z' and Z? that consist of all generalized vector fields of the
forms P(®) and W(Q) from the algebra 39, respectively, are (infinite-dimensional) ideals
of 29, Moreover, the ideal Z' is commutative. Since P(e” ') = W(w!) = ¢” "' t39,s,
these ideals are not disjoint, Z' N Z? = (e‘g*”lti@ts), which displays the above indetermi-

nacy of ®.

Remark 3.12. The algebra of first-order reduced generalized symmetries of the sys-
tem (3.1) can be identified with the subspace of £¢ spanned by D, R(q), R(D.q), P(®),
W(R), where the parameter function ® = ®(x!,t?) runs through the solution set of the
Klein-Gordon equation ®.12 = —®/4, and the parameter function €2 runs through the set
of smooth functions of w® = t* and w' = e”~"'t3. As was noted in [112, Remark 19], this
subspace is a Lie algebra since it is closed with respect to the Lie bracket of generalized
vector fields. The indicated property is shared by all strictly hyperbolic diagonalizable

hydrodynamic-type systems. In the notation of [112, Theorem 18],

7%(@) = 2(75 - .C;l)a k(ﬁz(j) = 2(25 + G + Gz),
where G; = (tt] — 1)0a + 11200 + t130s and Gy = Oa — O2. Moreover, the generalized

vector fields

D, gl, 627 ﬁ((tl + t2)e(tl_t2)/2)7 75(6(1:1_@)/2), W(Q) (316)

with an arbitrary € depending on t? only are the evolutionary forms of Lie-symmetry
vector fields —D, —Gy, G, 2P, —2P7 and W(Q) of the system (3.1), respectively, which
span the entire Lie invariance algebra of this system. Therefore, any element of S
that does not belong to the span of (3.16) is a genuinely generalized symmetry of the

system (3.1).
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3.5 Cosymmetries

The space T of cosymmetries of the system (3.1) can be computed in a way that is
similar to the computation of generalized symmetries and involves the partial coupling
of this system and the linearizability of the subsystem (3.1a)-(3.1b) by the hodograph
transformation. Let Y'Y C T denote the space of trivial cosymmetries of the system (3.1),
which vanish on solutions thereof. The quotient space Y9 = T /Y™ can be identified,

e.g., with the subspace that consists of canonical representatives of cosymmetries, Ta =

{(\'[t],i=1,2,3) € T}.

Theorem 3.13. The space Ta of canonical representatives of cosymmetries is spanned

by cosymmetries from three families,

1 e (Q, —Q, (AQ) /w') with the operator A = S°° w19 and with Q run-
ning through the space of smooth functions of a finite, but unspecified number of

wt = (e D), k€ Ny.

2. e =)/2(_2d., ®,0), where the parameter function ® = ®(x', %) runs through the

solution space of the Klein—-Gordon equation ®a.2 = —P/4.

z)

{3 3*D:, §*D., k € Ny, 1 € N},

and

D, = —%(Dt + (' +* = 1)D,), D, = —é(@t + (' + 7+ 1)D,),

1 2

Proof. The space T9 coincides with the solution space of the system

DA + (1 + 2 + 1)D A = 2(A2 = A1) + 203, (3.17a)
DA + (¢ 4+ = DDA =t} (A = N2) + 207, (3.17b)
DX’ + (¢! 4+ %) DA + (1) + 12)A° =0, (3.17¢)
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which is formal adjoint to the system (3.8) for generalized symmetries of (3.1). The

substitution (A', A2, A3) = ¥ =¥ (X!, A2, A?) reduces the system (3.17) to

,Dtj\l + (‘Cl +2 4 1)‘Dz5\1 _ ti(:\l + :\2) + tij\?” (3.18&)
DN + (¢ +¢ = DDA = ) (A + 37 + 2V, (3-18b)
DX + (¢F 4+ 2)D, A% = 0. (3.18¢)

We again use the modified coordinates on S). We will show below that the general

solution of the system (3.18) can be represented in the form

AQ

M=ty N=)_0 M= — (3.19)

where A = >0 yw Ok, Q runs through the space of smooth functions of a finite, but
unspecified number of w’s, and (A", \2") with M = MP[¢! v2], j = 1,2, is the general

solution of the subsystem (3.18a)(3.18b) with \* = 0,

.Dtj\lh + (tl + t2 + I)ij\lh _ ti(j\lh + S\Qh)’

@tS\Qh + (tl + 'CQ o 1)4Dx5\2h _ tglg(j\lh + 5\2h).

The counterpart (A™, A2%) = et =% (A2 A22) of (A", \?") satisfies the subsystem (3.17a)-

(3.17b) with A* =0,

DA 4 (e 4 02 4 1) DA = e (A2 — AIh), (3-20a)

DA 4 (¢h 12 — 1)D, A = L (A — A2y, (3.20b)

Therefore, the triple A = (A, A2, A3) belongs to T4 if and only if it can be represented, in

the above notation, in the form
A=e" (0, —Q, (AQ) /W) + (A A 0). (3.21)

The substitution (A™, A21) = e =¥)/2(X1 A2) reduces the system (3.20) to the system
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DA+ (¢ + 2+ 1)D, A =202

DA+ (¢h 412 — 1)D A% = ¢l AL,
which can be rewritten in terms of the operators ®y and @Z as @Z;\l = —5\2, ®y;\2 S
Therefore, both the components A and M2 satisfy the image of the equation (3.11a) under
the transformation (3.7) and thus are the reduced forms of the pullbacks of characteristics
of generalized vector fields from Ra by this transformation. As a result, we obtain the
families of cosymmetries of the system (3.1) that are presented in the theorem. The first
and second summands in (3.21) correspond to the first family and the span of the second
and the third families, respectively.

Now we prove the representation (3.19) by induction on the order ord,(A\! — \2) €
{—=o0} UNy. In view of Lemma 3.2, any solution of the equation (3.18c), which can be
shortly rewritten as BA® = 0, is a smooth function of a finite number of w’s. We take the
sum and the difference of the equations (3.18a) and (3.18b), additionally writing them,

T

after multiplying by v 1, in terms of the operator A and B,

TIBA A7) + AN = 2 = (M + XA +17) + 20N, (3.22a)

PR - ) 4 AT+ ) = (V4 A o). (3:220)

Base case. Let ord,(A' —A?) = —oo. The equation (3.22b) implies ord, (A'+2) = —oc as
well, i.e., both Al and A2 do not depend on w’s. Then we obtain from the equation (3.22a)

that the summand 2w!)® does not depend on w’s as well. Recalling that A\* depends at

most on a finite number of w’s, we educe that ¢ := w!A? is a constant, i.e., A3 = c/w! =

ce” = /t3 . We substitute (A1, A2) = e(' ~¥)/2(AL, A2) into the equations (3.18a) and (3.18b)

and rewrite them in the notation of Section 3.2 as
=N {2, € 1271 = 32 {1 € 2.9
‘Dz>\ = —>\ + 56 K s Dy)\ = —>\ — 56 K .

We carry out the transformation (3.6) restricted to the spaces with the coordinates
(t,z,v',v?) and (y, 2, p, q) and then exclude derivatives of p in view of the equation (3.5)

and its differential consequences. As a result, we derive the system

71



v

v C » v v & P
DA = =N 2T DA = =0T — SR, (3.23)

where the differential function A\ = A[g] is the image of A" under the above transformation,
i = 1,2, see the notation in Section 3.3. We solve the first equation of (3.5) with respect
to A2 and substitute the obtained expression A2 = —D,\! + $ce® =K into the second

equation, deriving

D,D.pla] = Blg] + ™ (¢ + 4y — ¢: — q). (3.24)

with respect to 8 := Al. Therefore, the system (3.18) with A3 = ¢/w! has a solution if
and only if the equation (3.24) has. In this way, we reduce the proof in the base case to
studying the existence of solutions of the equation (3.24).

Given a differential function oo = ag| that is affine in totality of involved derivatives
of ¢, any solution 8 = f[q¢| of the equation D,D,5 = [ + a has the same property.
Indeed, we fix an arbitrary solution 3 of (3.24) and substitute ¢ = ¢° + 1¢" + £2¢* into
it. Here e; and &, are constant parameters, and ¢°, ¢' and ¢ are arbitrary solutions
of the equation (3.4a), which is the (1+1)-dimensional Klein-Gordon equation for ¢ in
light-cone variables, q;Z =¢q', i = 0,1,2. We take the mixed derivative of the equation

for 8 with substituted ¢ with respect to (e1,£2) at (e1,e2) = (0,0) to derive the equation

ord 8

> (DyD.(Brg, 0”4 a7) = Baa, [d"la} ) =0, (3.25)
L/=—ord B

which can be split with respect to {q,,q,,¢,/’ = —ord f—1,...,ord 5+ 1}. Suppose that
Baq, 7 0 for some (1,0'). Let 1o = max {¢ | 3/: B4, # 0} and oy = min {4/ | B, 4, # 0}
Collecting the coefficients of q}0 +1qi_1 in the equation (3.25) gives Ba., ay = 0 contradicting
the inequality quo% # 0. Therefore, 8,,, = 0 for any (,/) € Z°.

In view of the claim proved in the previous paragraph, we can represent each fixed

solution of the equation (3.24) in the form

ﬂ = Z ﬂb(ya Z)QL +500<y7z)7

L=—n
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where n := ord 3, and the coefficients 5*, t = —n,...,n, and 8% are smooth functions
of (y,z). Without loss of generality, we can assume that n > 2 and 8% = 0. The

equation (3.24) splits into the following system for the coefficients of 3:

A,n,1: ﬁ;n = 07 Afn: B;nJrl = 07

. k—n—1 K—n k—n+1 _ _k—n o
Npn: Bi + B, " + B, =", k=1,...,2n—1,

An: BN =0, Anp: BI=0,

where a2 = —a™! = —a¥ = ol = cet??

and the other o* are zero. The equation
A, is constituted by the coefficients of ¢,. For each v € {1,...,2n — 1}, we solve the

equation A, _, with respect to ﬂz’f”“, differentiate the result x times with respect to y,

an—i—lﬂn—n—&—l _ 0nan—n B aﬁ—l—lﬁn—n—l B an+25n—n
Q1 B Y~ Y0z Oyr+loz

and substitute for the last two derivatives in view of differential consequences of the

previous equations. As a result, we obtain

k+1 prk—n+1
d 6 —c e2y+2z
ayn—f—l r ’
where ¢, = 0, k = 1,...,n — 3, Cheg = 2" %¢c, .1 = —3-2""1¢, ¢, = 2" 2¢, and
Cn+1 = —2n+3C.

We can prove by induction on  that ¢, = (—=1)""2""2c, k =n+1,...,2n — 1. The
base case K = n is given by the above equality c,+; = —2""3¢, and the induction step
follows from the equality c¢.y1 = —4(cx + cx—1) for kK > n + 1. Therefore, the equation

A,iq: B2 =0 implies that ¢ = 0, and we obtain the representation (3.19) with Q = 0.

Induction step. Suppose that the representation (3.19) holds if ord, (A" — X\?) < k € Ny
and prove this representation for ord,(\' — A?) = k. In view of the equation (3.22b),
under the last condition we have ord,(A! + A?) < . Then the equation (3.22a) implies
that ord,(w'\*) = k 4 1. Differentiating the equation (3.22a) with respect to w"t!, we

derive (A" — X?)x = 2(w'A¥*)yet1, and thus both the left and the right hand sides of
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0 K

the last equality depends at most on w”, ..., w", i.e., there exists a smooth function

T =7 ...,w") such that
(5\1 — 5\2>wn = 2(w15\3>wm+1 =27.

Let Y = T(wo, ...,w") be a fixed antiderivative of T with respect to w", T, = T. Define

5\1 ::5\1—?, 5\2::5\2+T, 5\3::5\3_AT

wl’

The tuple (A, A2, A3) satisfies the system (3.18), and
(A" = A2 e = (A1 = A2) e — 27 =0,

ie, k.= 01rdw(5\1 — 5\2) < k. By the induction hypothesis, this tuple can be represented
in the form (3.19) with some smooth function Q = Q(w°, ..., w"). Setting @ = Q+ T, we

derive the representation (3.19) for (A!, A2, A3) with the same A™ and A?". O

Remark 3.14. The first and the second families from Theorem 3.13, which are linear
spaces, are not disjoint in the sense of linear spaces. Their intersection is one-dimensional
and is spanned by the cosymmetry etl_‘2(1, —1,0) corresponding to 2 = 1 and ¢ =

tl—12)/2

—el . The span of these two families has the zero intersection with the span of the

third family.

3.6 Conservation laws

Theorem 3.15. The space of conservation laws of the system (3.1) is naturally isomor-

phic to the space spanned by the following conserved currents of this system:

1. (e“lftQQ, (tl—l—tQ)etl*@Q), where the parameter function 2 runs through the space of
smooth functions of a finite, but unspecified number of w"* = (etQ_‘lDz)*’”t?’, Kk € Ny,
and such two functions should be assumed equivalent if their difference belongs to

the image of the operator A = oo W O
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2. (et =220 +®), e 22 412+ 1) P+ (v} +12—1)®) ), where the parameter
function ® = ®(v!,v?) runs through the solution space of the Klein—Gordon equation

I p—— YV

3. (2p+rke, (¢t 4+ = De2p+ (¢ + 2 + Dels) with p = —¢D.X4, 6 = (D,§)%4,

where the operator X runs through the set

{37, K € 2No+ 1, (J+1/2)"D!, (3 —1/2)"D., ke Ny, t €N, k+1 € 2Ny + 11},

and

) | i 1
Dy == (Dot (¢ + = 1)D,), D= —(Di+ (¢ +¢ + 1)D,),

1 2
j = %ﬂy + %@Z, Gi= e T2 (g (e 1)),

Proof. We compute the space of local conservation laws of the system (3.1) combining the
direct method of finding conservation laws [128, 166], which is based on the definition of
conserved currents, with using the linearization of the essential subsystem (3.1a)-(3.1b)
to the (1+1)-dimensional Klein—Gordon equation. Up to the equivalence of conserved
currents, meaning that they coincide on the solution set of the corresponding system
of differential equations, it suffices to consider only reduced conserved currents of the
system (3.1), which are of the form (p, o), where p = p[t] and o = o[t]. A tuple (p[t], o[t])
is a conserved current of the system (3.1) if and only if D;p+D,0 = 0. We should also take
into account the equivalence of conserved currents up to adding null divergences, which
means that conserved currents (p[t], o[t]) and (p[t], o’[t]) belong to the same conservation
law if and only if there exists a differential function f = f[t] such that p’ = p+ D, f and
o' =0—D;f.

We associate an arbitrary reduced conserved current (p[t], o[t]) of the system (3.1)

with the modified density j:= e” % p and the modified flux & = o — (¢! + 2)p, i.e.,

and Dyp + D0 = etl"Q(Bﬁ + Ac). Therefore, the equality D;p + Do = 0 for conserved
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currents is equivalent to the equality Bp+Ac = 0 for modified conserved currents, and the
equivalence of conserved currents up to adding a null divergence is modified to o = p+Af
and ¢/ =0 — Bf.

Fixing a reduced conserved current (p[t],o[t]) and using the modified coordinates
on S we define x := max(ord,, p,ord, &) and prove by mathematical induction with
respect to k € {—o0} UNj that up to adding a modified null divergence we have the repre-
sentation g = pl[r!, r2]+ %(w°, ..., w") for some differential functions p’ = p°(W?, ... w")
and p' = pt[rl,r?, and & = 5[r!, r?].

The base case kK = —00 is obvious.

For the inductive step, we fix K € Ny, suppose that the above claim is true for all
k' < k and prove it for k. Collecting coefficients of w**! in the equality Bp + Ac = 0,
we derive g, = 0, i.e., in fact ord,d < k. Then we differentiate the same equality

twice with respect to w”, which leads to Bp,r,« = 0. In view of Lemma 3.2, this means

that the p,e.« can depend at most on (w°, ... ,w"). Therefore, there exist differential
functions 710 = O, w"), ' = P[] and 52 = 520 such that ordy 7 <

ord, p'? < Kk and p = p2[tJw” + pH[t] + pO(w0, . .., w"). Since B0 = 0, the tuple (5'°,0)
is a modified conserved current of the system (3.1). Hence the tuple (p"2w” + g, &) is a
modified conserved current of this system as well. Adding the modified null divergence
(—A [ p?dw 1B [ p2dw" 1) to the latter modified conserved current, we obtain an
equivalent modified conserved current (p',¢’) with max(ord,, p’, ord,, 6') < k. The induc-

tion hypothesis implies that up to adding a modified null divergence, the component p’

admits the representation § = pg*'[r!, r?] + p**(w°, ..., w") for some differential functions
PP = W0, ..., wr) and p* = pH[rl,r?], and & = &'[r!,r?]. Setting p° = pl° + 5%,

pt = p?t and & = &', we complete the inductive step.

In other words, we have proved that up to adding a null divergence, any conserved
current of the system (3.1) can be represented as the sum of a conserved current from
the first theorem’s family and of a conserved current of the form (p[r!, 72|, o[r*,r?]). The
subspace of conserved currents of the latter forms is the pullback of the space of reduced

conserved currents of the essential subsystem (3.1a)—(3.1b) by the projection (t,z,t) —
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(t,z,v',v?); cf. [80, Proposition 3]. The latter space is naturally isomorphic to the space
of conservation laws of the essential subsystem (3.1a)—(3.1b), which is the pullback of
the space of conservation laws of the Klein-Gordon equation (3.4a) with respect to the
composition of the restriction of the transformation (3.6) to the space with coordinates
(t,z,v',v?) (ie., the s-component of this transformation should be neglected) with the
projection (y, z,q,p) — (y,2,q). We take the space of conservation laws of the (1+1)-
dimensional Klein—Gordon equation, which was constructed in Section 2.4, and perform

the above pullbacks,

1,5 . 1 - .
p= _5(1‘2/&(} +t,0ka), 0= —5(‘/2?30/);@ + Vo),

where pye and 0k are, as differential functions, the pullbacks of the density pie and the
flux oy¢ of a conserved current of (3.4a), respectively; see [128, Section I1I] or [130, Propo-
sition 1]. As a result, we obtain, up to the equivalence on solutions of the system (3.1)
and up to rescaling of conserved currents, the other families of the conserved currents of
this system that are presented in the theorem.

More specifically, the equation (3.4a) is the Euler-Lagrange equation for the La-
grangian K = —(q,q. + ¢*)/2. Hence characteristics of generalized symmetries of this
equation are also its cosymmetries, and vice versa. The quotient algebra 89 = &/&"Y
of generalized symmetries of (3.4a), where & and 87 are the algebra (of evolutionary
representatives) of generalized symmetries of the Lagrangian (3.4a) and its ideal of trivial

generalized symmetries, is naturally isomorphic to the algebra 4 = A9 & &, where
A= ((J5q)9y, (J"DLq)0,, (J*DLq)dy, k € Ny, ¢ € N)

is a subalgebra and 8> := {f(y, 2)9, | f € KG} is an abelian ideal, see Theorem 2.4.
Here D, and D, are the operators of total derivatives in y and z, respectively, and J :=
yD, — zD,. Denote by T, T"" and T9 the algebra (of evolutionary representatives) of
variational symmetries of the Lagrangian K, its ideal of trivial variational symmetries and

triv. . __

the quotient algebra of variational symmetries of this Lagrangian, i.e., T C K, T
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T N A" and T9 := T/YT™Y. The quotient algebra T9 is naturally isomorphic to the

algebra T4 = A% € ¥, where

A = ((X009)0y, K € 2No+1, (X,,9)0y, (X4.9)0y, £ € No, ¢ € N, K+t € 2Ng+1)

with

.%‘mz <J+5>KD;7 I{,LEN(), :%m: (J_%>KDL27 I{GN(), LEN,

is the subspace of A9 that is associated with the space of formally skew-adjoint differential
operators generated by D,, D, and J. Note that in the context of Noether’s theorem,
we need to consider the algebra £9 instead of the algebra R9 of reduced generalized
symmetries of (3.4a), which is mentioned in Section 3.4, since cosets of T™ in T do
not necessarily intersect the algebra f%q, see Remark 2.9. The space of conservation laws

of (3.4a) is naturally isomorphic to the space spanned by the conserved currents

C} = (—f.q. fa,), Cx = (—qD.Xq, q,Xq),

where the parameter function f = f(y, z) runs through the solution set of (3.4a), and the
operator X runs through the basis of A%, see Proposition 2.10. The conserved current C?c
is equivalent to the conserved current C% = (fq., —f,q)-

We map conserved currents of the form Cx, where X¢0d, runs through the basis of A4,
to conserved currents of the system (3.1), which leads to the third family of the theorem.
Possible modifications of the form of these conserved currents up to recombining them
and adding null divergences are discussed in Remark 3.23 below.

At the same time, it is convenient to modify conserved currents of the form C(} before
their mapping in order to directly obtain hydrodynamic conservation laws.® We repa-
rameterize these conserved currents, representing the parameter function f in the form
f= fy + f. + 2f, where the function f = f(y, 2) also runs through the solution set of the
(14-1)-dimensional Klein-Gordon equation (3.4a). Then f, = f.. + 2f. + f. Adding the

5Recall that a conservation law is called hydrodynamic if its density p is a function of dependent
variables only.
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null divergence (D,R, —D,R) with R := fq. — f.q — 2fq to —C%, we obtain the equiva-
lent conserved current (fK7, — nyg)7 which is mapped to the conserved current from the
second family with ® = f(t!/2, —t?/2).

Note that the first and second theorem’s families are in fact subspaces in the space of
conserved currents of the system (3.1). Analyzing the equivalence of modified conserved
currents, we see that conserved currents from the first theorem’s family are equivalent if
and only if the difference of corresponding €2’s belongs to the image of the operator A=
> oo w1 d,«. The intersection of the first and the second families is one-dimensional and
spanned by the conserved current (e‘l’@, (¢! +2)et 7 ) The sum of these two families
does not intersect the span of the third family. The equivalence of conserved currents
within the span of all the three families is generated by the equivalence of conserved

currents within the first family. O

Remark 3.16. The kernel ker E of the operator E = 5200 S5 o+ (—A)¥ 9 — 1 is
contained in the kernel ker E’ of the operator E' = Zf’:o(—f[)“c?m? ker E C ker E', since the
operator identity AE = —w'E’ holds. In view of [103, Theorem 4.26], Theorem 3.18 below
implies that (locally) the image of the operator A coincides with ker E N ker E’ = ker E.
The kernel ker E’ of E’ is spanned by the constant function 1 and the image of A. Hence

imA = kerE ¢ ker E'.

Remark 3.17. The conserved currents from Theorem 3.15 that are associated with

3 1
g t—’ Q = —’ = s
v+ 1 v+ 1
]_ 1 2
b — e(tl—t2)/2 ! th2 1 _ _e(t —t2)/2 et —i—t2 2 _ g2

correspond to the conservation of masses of the both individual phases and of mixture
mass as well as the conservation of mixture momentum and of energy in the drift flux

model, respectively, cf. [73, Chapter 13]. The related equations in conserved form are

pr+(p'u)e =0, pf +(PPu)e =0, (p'+ ")+ ((p" +p)u), =0,
((p" +pP)u), + (0" + p*)(u® + 1)), =0,
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2 2
((p1 +0%) (% +1n(p" + p2)>) + <(p1 +07) (% +1n(p' + p?) + 1) U> =0.
t T
In particular, the magnitude In(p'+p?) can be interpreted as (proportional to) the internal

mixture energy. The first, second and fourth equations constitute the conserved form of

the system S in the original variables (p', p?, u).

Theorem 3.18. In the notation of Theorem 3.15, the associated reduced conservation-law
characteristics of the system (3.1) are respectively

0o Kk—1 oo K—1 0
1. etlftz (Q— Z Z wnfn’(_j{)“/QwK’ Z Z w'{*“/(—A)HIQwK—Q, Z(—A)HQMN> .
k=0

k=1 k'=0 k=1 g/=

2. e(tl_t2)/2(2¢t1t1 + Q(I)tl + %(D’ ®t2 — (ptl — @7 O)
3. e('=/2(—D,xg, X§,0).5

The space spanned by these characteristics is naturally isomorphic to the quotient space

of conservation-law characteristics of the system (3.1).

Proof. Since the system (3.1) is a system of evolution equations, its conservation-law
characteristics can be found from reduced densities of the associated conservation laws by

acting the Euler operator,

E = (i(—Dx)“ i, 0= 1,2,3) :

k=0

see e.g. [152, Proposition 7.41]. This perfectly works for characteristics related to the
second family of conserved currents presented in Theorem 3.15 but since characteristics
related to the first and third families are not in t’s coordinates, while the Euler operator
is, it is better to use different methods.

Characteristics related to the third family can be obtained from conservation-law char-
acteristics of the (1+1)-dimensional Klein-Gordon equation (3.4a). A characteristic of the
conservation law of (3.4a) containing the conserved current Cy is A = (X — XT)q = 2Xq for

(Xq)9, € AL. Tt is trivially prolonged to the conservation-law characteristic (\,0) of the

SHere we omitted the multiplier —2, which is needed for the direct correspondence between these
conservation-law characteristics and conserved currents from the third family of Theorem 3.15.
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system (3.4a), (3.5). Denote by R', R? L' and L? the differential functions associated
with the equations (3.1a), (3.1b), (3.4a) and (3.5), respectively,

RUi=rt/+ (' + 2+ 1)y, R =1+ (' +& 1),

x?

1 —y—z
L= Qy> — 4, L? ::p_ée Y <QZ_Q)

These differential functions are related via the transformation 7, namely 72*(R1, RH)T =

M(LL, L2)T with

4
0 - 0 Zevr
m= |, , A ,and mi=| A e
Zeiyiz Z(Dy + ]_) —Z —(Dy — 1) o) Z

where A = (D, 7)(D.T%)— (D, T")(D,T%), T*A = —4(t}t> —t.t?). The conservation-law
characteristic (A', A\?) of the system (3.1a), (3.1b) that is associated with the conservation-
law characteristic (\,0) of the system (3.4a), (3.5) is defined by MI(AT*X', AT*N2)T =
(A\,0)T.  Therefore, the conservation-law characteristic A of (3.4a) is mapped to the
conservation-law characteristic %ey*"( —DyA, A, 0) of the system S, where all values should
be expressed in terms of the variables (¢, z,t). This gives a conservation-law characteristic
from the third family of the theorem.

Characteristics related to the first family are found following the procedure of defining
them via the formal integration by parts, cf. [103, p. 266]. We denote by A and B the
counterparts of the operators A and B, respectively, in the complete total derivative

operators with respect to ¢ and z, A := ¢¥ ="' D,, B := D, + (¢! 4+ t2)D,. Then

Dy(e" " Q)+D, ((t'+12)e” T Q) = e TQE —e" TTOEML Y e U0 Bwt. (3.26)

xk=0

Here EF denotes the left-hand side of the kth equation of the system (3.1), EF = f + VFek,
k =1,2,3. Note that £3 = Bt?. Since 2 depends on a finite number of w’s, there is no
issue with convergence.

We derive using the mathematical induction with respect to ¢ that
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k—1
Buw® = A"+ ) " A (W (E7 - £1)). (3.27)
Kk'=0
Indeed, for the base case k = 0, we have Bw’ = Bt® = £2. The induction step follows
from the equality Bw"! = BAw"™ = ABw" + w1 (€2 — £1).
Using again the mathematical induction with respect to x, we prove the counterpart

of the Lagrange identity in terms of the operator A,

k—1
' PARG = o (A F)G+D, Y (A F)A1G, k€N,

r'=0

for any differential functions F' and G of t. We apply this identity to each summand of

the expression '~ Q«Bw" expanded in view of (3.6), which gives

k—1
/

e TP Bw’ = et ((—A)* Q) E + e v Z ((—A)" an)w”_”I (£* - €Y+ D,H,

Kk'=0
where H is a differential function of v that vanishes on the manifold S(>) and whose pre-
cise form is not essential. When acting on functions of w’s, the operator A can be replaced
by the operator A = > oo yw T d,x. Substituting the derived expression for et O« Bw”
into (3.26) and collecting coefficients of £, £2 and £3, we obtain a characteristic from the

first family of the theorem. O]

Remark 3.19. Since the common element etl*@(l, —1,0) of cosymmetry families, which
is mentioned in Remark 3.14, is a conservation-law characteristic of the system S, it was
expected that the families of conserved currents and of conservation-law characteristics
from Theorems 3.15 and 3.18 have the same properties as the properties of cosymmetry
families indicated in Remark 3.14. Thus, the above conservation-law characteristic, which
spans the intersection of the first and the second families from Theorem 3.18, corresponds
to the conserved current etl_tZ(l, t! + v?) spanning the intersection of the respective fam-

ilies from Theorem 3.15, cf. the end of the proof of this theorem.

Remark 3.20. The second family of cosymmetries from Theorem 3.13 coincides with the

second family of conservation-law characteristics from Theorem 3.18 up to reparameteriza-
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tion. In other words, each cosymmetry in this family is a conservation-law characteristic.
This is not the case for the first” and third families of cosymmetries from Theorem 3.13,
which properly contain the first and third families of conservation-law characteristics from

Theorem 3.18, respectively.

Theorem 3.21. Under the action of generalized symmetries of the system (3.1) on its
space of conservation laws, a generating set of conservation laws of this system is con-

stituted by the two zeroth-order conservation laws respectively containing the conserved

currents
etl—t2(t37 (¢! +12)e?), (3.28a)
et (x = V3, V3@ =V3) —t) with V?:=t'+¢* (3.28b)

Proof. The action of the generalized symmetry Q0 on the conserved current (3.28a)
gives the conserved current (etl*tzQ7 (¢! + t2)er1*t2§2). Varying the parameter func-
tion € through the space of smooth functions of a finite, but unspecified number of
w® = (e D)3, Kk € Ny, we obtain the first family of conserved currents from Theo-
rem 3.15.

Conserved currents from the other two families are constructed by mapping conserved
currents of the (1+1)-dimensional Klein-Gordon equation (3.4a) in the way described in
the proof of Theorem 3.15. In view of Corollary 2.11, a generating set of conservation laws
of (3.4a) is constituted, under the action of generalized symmetries of (3.4a) on conserva-

tion laws thereof, by the single conservation law containing the conserved current (¢2, —q?).

The counterpart of this conserved current for the system (3.1) is the conserved current

“In the notation of Remark 3.16, upon formally interpreting w® as a single dependent variable of a
single independent variable, say ¢, and w!, w?, ... as the successive derivatives of w®, the operators
O + A and E’ become the total derivative operator with respect to ¢ and the Euler operator with respect
to w?, respectively. Suppose that a smooth function € of a finite number of w’s belongs to im E. Then
(AQ)/w' € imE’ and thus the Fréchet derivative of (A€)/w! with respect to w is a formally self-adjoint
operator. This is not the case for any € of even positive order. Therefore, any cosymmetry from the
first family of Theorem 3.13 with Q2 of even positive order is not a conservation-law characteristic of the

system (3.1).
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o' v (tg(x V)2 el — V)2, VEE (e — V) - Vi (o — v%e)?),

which is equivalent to the conserved current (3.28b) multiplied by 2. It follows from
Lemma 3.9 that not all generalized symmetries of (3.4a) can be naturally mapped to
those of the system (3.1). This is why we need to carefully analyze the result on gener-
ating conservation laws of (3.4a) before adopting it for the system (3.1).

The conserved current C% = (fgq., —f,q) of the equation (3.4a) can be obtained by
acting the generalized symmetry % fy0q € R of this equation on the chosen conserved
current (¢?, —¢*). Here the parameter function f = f(y, z) runs through the solution set
of (3.4a). Each conserved current from the second family of Theorem 3.15 is the image of
a conserved current of the form CY%, and each Lie symmetry vector field f9, of (3.4a) is
mapped to an element of the ideal Z' of the algebra 34, Therefore, the second family of
conserved currents from Theorem 3.15 is generated by acting the elements of Z! on the
conserved current (3.28b).

The action of the generalized symmetry %(Dy%q)ﬁq, where (X¢)0, € A4, on the con-
served current (¢2, —¢?) gives the conserved current (¢,D,D,Xq, —¢D,Xq), which is equiv-
alent to the conserved currents (¢.Xq, —¢D,Xq) and, therefore, to Cx = (—¢D.Xq, ¢,Xq).
The conservation law containing the obtained conserved currents has the characteristic
(X - XT)qg.

We denote by U the subalgebra of A% constituted by the elements of A9 that have coun-
terparts among generalized symmetries of the system (3.1), and J := ((J*¢)0,, » € N).
We also introduce the corresponding spaces *U_ and J_ of linear generalized symmetries
associated with formally skew-adjoint counterparts %(% —XT) of operators X from U and J,
respectively. Note that U_ D UNA?Y and J_ = JNAL. In view of Lemma 3.9, (Xq)0, €V
if and only if the operator X is represented in the form X = (D, + 1)X; + (D, + 1)X2 + ¢
for some X; € (D, J", k,1 € Np), some X, € (DLJ", k,1 € Np) and some ¢ € R. Hence
A9 is the direct sum of U and J as vector spaces, A9 = U + J, and thus AL =U_ +J_,

where the sum is not direct by now. We are going to show that U_ D J_, which implies
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that A? = 20_. Indeed, for any X := (D, + 1)(J — 1/2)* with x € 2Ny + 1 we have
X-X' =D, +1)(J-1/2)" = (J+1/2)"(D, — 1) = (J = 1/2)* + (J + 1/2)",

ie, ((J—=1/2)%q+ (J+1/2)%q)0, € V_ since (Xq)9, € V. Therefore,
J-={((J°q)0,, k € 2Ng + 1) = (((J = 1/2)"q + (J +1/2)"q) 9y, k € 2Ng + 1) C V_.

As a result, for any (X¢)9, € A9 the conserved current Cy is equivalent to a conserved
current of (3.4a) that is obtained by the action of a generalized symmetry from 2 on
the chosen conserved current (¢, —q?). For the system (3.1), this means that the third
family of conserved currents from Theorem 3.15 is generated by acting the generalized

symmetries of the form R(T") on the conserved current (3.28b). [

Remark 3.22. The conserved currents from the second family of Theorem 3.15 can
be represented in a more symmetrical form. Reparameterizing them in terms of the
potential ® defined via ® by the system ®.1 + %@ =20, — P + %i) = @, cf. Section 3.2,

we obtain another representation for these conserved currents,
T2 (B — P+ @, (¢ P+ 1) — (¢ 12— DD + (¢} +12)D),

where the parameter function ® = ®(t!,t?) runs through the solution space of the
Klein-Gordon equation ®.1,2 = —®/4 as well. The successive point transformation o =
e(*'=)/2p reduces the above representation to ( ®u—®e, (v!+t2+1)Pa—(t'+12—1)de ),
where the parameter function ® = @D(tl, t?) runs through the solution space of the equation
20,2 = B2 — Oy, It is the last representation that was employed in [112, Theorem 22].

In terms of @, the associated characteristics take the form (@rltl — P, P — Do, 0).

Remark 3.23. The advantage of using conserved currents of the form Cy for mapping
to conserved currents of the system S is that we obtain a uniform representation for
elements of the third family of Theorem 3.15. At the same time, it is not obvious how to

find equivalent conserved currents of minimal order for elements of this family or how to

85



single out conserved currents in this family that are equivalent to ones not depending on
(t,x) explicitly. The former problem can be solved by replacing conserved currents of the

k €Ny, ¢t €N, CL (2

form Cx in the mapping by equivalent conserved currents C. s Cn,

KL)
12
Cm’

k,t € Ny, presented in Section 2.4 although an additional “integration by parts” may
still be needed for lowest values of (&, ¢) after the mapping, cf. the proof of Theorem 3.21.
For solving the latter problem, we use an analog of the trick used to prove Theorem 3.15

for deriving the second family of conserved currents, which leads to Theorem 3.26 below.

Corollary 3.24. (i) The space of hydrodynamic conservation laws of the system (3.1)
18 infinite-dimensional and is naturally isomorphic to the space spanned by the conserved
currents from the second family of Theorem 3.15 and from the first family with ) running
through the space of smooth functions of W := 3.

(ii) The space of zeroth-order conservation laws of the system (3.1) is naturally iso-
morphic to the space spanned by its hydrodynamic conserved currents and the conserved

current (3.28b).

Proof. This assertion was proved in [112, Theorem 22] by the direct computation. At
the same time, it is a simple corollary of Theorems 3.15 and 3.18. Indeed, when lin-
early combining conserved currents from different families of Theorem 3.15, the maxi-
mum of their orders is preserved. The selection of zeroth-order conserved currents from
the first and the second families is obvious. Theorem 3.18 implies that the space of
zeroth-order characteristics related to the third family is one-dimensional and spanned by
the characteristic e(*' /2 ( q, —@ZQ, 0) of the conservation law containing the conserved

current (3.28b). O

Corollary 3.25. The space of zeroth- and first-order conservation laws of the system (3.1)
is naturally isomorphic to the space spanned by the conserved currents from the second

family of Theorem 3.15 and from the first family, where the parameter function 0 runs

2 1 3

through the space of smooth functions of (W% w') = (¥*,e" " t2) and such two func-

1

tions should be assumed equivalent if their difference is of the form f(w®)w!, as well as

the conserved currents from the third family, where the operator X runs through the set
{D., D,, 3, D3, (I — 1)D?}.
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Proof. In the same spirit as in the proof of Corollary 3.24, we select the zeroth- and first-
order conserved currents equivalent to those listed in Theorem 3.15 using Theorem 3.18
for estimating the orders of the associated conservation laws. Thus, the selection of
the conserved currents from the second family is again obvious since all of then are of
order zero. The order of a conservation law related to the first family coincides with the
minimal order of the associated 2’s. In general, for zeroth- and first-order conservation
laws of the system (3.1), the order of corresponding reduced characteristics is not greater
than two. This is why a conservation law related to the span of the third family is of

order not greater than one if and only if it contains a conserved current corresponding to

X e (D., D, 3, D3 (I-1)D?). O

Theorem 3.26. The space of (t,x)-translation-invariant conservation laws of the sys-
tem (3.1) is naturally isomorphic to the space spanned by the conserved currents from the
first and second families of Theorem 3.15 as well as the conserved currents from the span

of the third family that have the form (Njge of elements of this famaly,

(€25 +10, (' +¢% =12+ ¢+ + 1);0)
o o (3.29)
with p = —¢D.%q, ¢ = (D,q)Xq,

where the operator X runs through the set T constituted by the operators

3= (D2 + 1T = /2)"DUD~1)%, Disya = (Dy + 1T+ 1/2)"Diy (D, —1),
k.1 € Ny with k + 1 € 2Ny + 1,

Ve == (J+1/2)"(Dy + D, — 2) + (D, +2)(F — 1/2)(D. — 1)%, € 2Ny,

Do := 28 (Dy +D. —2) + T+ 1)"(Dy — 1)+ ( — 1)*(D. — 1%, ke2Ny+1,

Dy = (J — 1/2)5(Dy + D, — 2) + (D, +2)(T +1/2)(D, — 1)%, & € 2N,.

Proof. Denote by T a complementary subspace of the span of T in the span of the set
run by X in the third family of Theorem 3.15. Since conserved currents from the first

and second families of Theorem 3.15 are (¢, x)-translation-invariant, it suffices to prove
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that conserved currents of the form (3.29) with X € ¥ (resp. with nonzero X € %) are
equivalent (resp. not equivalent) to (¢, x)-translation-invariant ones.

For each X € T we explicitly construct a related (t, x)-translation-invariant conserved
current by considering the associated operator X in A, choosing an appropriate conserved
current of the Klein-Gordon equation (3.4a) among those equivalent to Cyx and mapping
it to a conserved current of (3.1). Each operator X € A% associated with some X € ¥ is
equivalent to an operator of the form (D,+1)*B(D, — 1)? with (q)d, € A%, where the
operator P coincides with (J — ¢/2)"D:, (J + ¢/2 + 2)*D™, (J + 1/2)"D,, (J + 1)"D2,

(J +3/2)"D? for 30, @,{,LM, @,{1, @RQ and @,{3, respectively. For such X we obtain

Cx ~ (—K'DSPK* K*BK*)

. _ ot =)/2 ~ _ e )2
> 2e(t1_t2)/2<(Dz+1)iBet—2, (v2®z+v1)met—2),

which is obviously a (¢, z)-translation-invariant conserved current of the system (3.1).
As a subspace complementary to the span of ¥, we can choose

T = (1 (J+1)>'DZ, (J+1/2)*D,, (J + 3/2)*D?

)

K € N() >
We prove by contradiction that for any nonzero X € ¥, i.e.,

N
% = Z <COHJ2R+1 + CQH(J + 1)2H+1DZ + Cl,i(J -+ 1/2)2’$Dz + Cg,{(J + 3/2)2/{D2>
=0

for some N € Ny and some constants ¢’s with (con, c1n, can, csn) # (0,0,0,0), the cor-
responding conserved current of the form (3.29) is not equivalent to a (t,z)-translation-
invariant one. Suppose that this is not the case. If a conservation law of the system (3.1) is
(t, x)-translation-invariant, then its characteristic is also (¢, z)-translation-invariant. The
conservation-law characteristic associated with X (see Theorem 3.18) does not depend on
and ¢ if and only if (Xq), = Xe® /2 = 0 and (Xg), = —X((x! +* + 1)e' /%) = 0.
In the coordinates (3.6), these conditions, after re-combining, take the form Xe¥™* = 0,

X((y — 2)ev™) = XJev™* = 0, or, equivalently,
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)
1
WE

<CO,€J2"+1 + coe(J+ )X 401 (J+1/2)% + c3.(J + 3/2)2“> eVt = (),

X
Il
=)

WE

R?: (COHJM? 4 ean(J 4+ 12— 2) 4 en(J + 1/2)2(J — 1)

i
()

+oean(J+3/2)(J — 3)>ey+z ~0.

The left-hand sides of these equations, R' and R?, are polynomials of y — 2 and y + 2
multiplied by €Y™*, and the highest degrees of y — z correspond to the highest degrees

of J. Recombining these equations to

N

R~ IR = Z (26200 + 1) 4 403 4+ 1/2)% + Begs(J + 3/2)> )= = 0,
k=0 N

R*—(J—2)R' = Z <2c J2HL e (T4 1/2)% — eg(] + 3/2)2 )eW —0,

K=

we easily see that coy = coy = 0 and thus also c;y = cony = 0, which contradicts the

supposition (con, c1n, Can, csn) 7 (0,0,0,0). O

In order to construct a lowest-order (¢, x)-translation-invariant conserved current for
conservation laws associated with operators from ¥, for the respective operator ¥ we
should take the respective (up to a constant multiplier) conserved current among C! |
2,2,

KL

k € Ny, t € N, Cl

KL

k,t € Ny, presented in Section 2.4, formally replace (x,y, u)
by (y,z, K') and map the obtained conserved current. In particular, linearly independent
(t, z)-translation-invariant inequivalent conserved currents up to order two from the span

of the third family of Theorem 3.15 are exhausted by the following:

=D =D —2D.+D,: P=D,, Cx~ (— (K", (K?%)?)

2 .
e (e ) - ) Ve, ¢ ) - VIR E)),
:%:301 :®2_2®2+®z q3: ®zv Cl’ ~ ((®ZK1)27 _(K1)2>
—2 a_pe
> e (2 - e S (@) VAR, - ) - Vin)),



i‘: = 310 = (@ 1)25(®z - 1)2: m = 87

2+
Cx ~ (= y(K')?—2(D. K2, y(K?)42(KN)?) v —e" 5 (31432 V1 4+V%2),
1 ! tzt;: 2 5 2 ot

= (t2)27 = (2tzx - titi)z -

La

_2.
t$

g

1
T

3.7 Simplest potential symmetries

To begin with, we introduce the homogeneous notation in this section, which differs from
that of the present chapter. Namely, for a system £ we denote sym L the algebra of
canonical representatives of its generalized symmetries in the reduced form. Being in
the reduced form means that the functions belonging to the characteristic-tuple of an
evolutionary vector field depend only on coordinates of the manifold £(>) defined by the
system in a corresponding infinite-dimensional jet space. The chosen coordinates are to
be indicated explicitly for every system encountered below.

Using the conserved current (etl_tg, et v (v + tz)) of the system S, we introduce the

potential ¢ to obtain the potential system S (or covering) for the system S,

1 2

¢t = _et17t2 (tl + t2)7 ¢x =e ' )

gDl =0, CHEFE-DE =0, 4+ (' +)d =0.

T

Recalling the operators A and B, we see that the potential ¢ satisfies the system B¢ = 0,

A¢ = 1. We can equivalently rewrite the system S as follows

2¢t¢x¢xw ‘I' 2¢t¢x¢tx - ¢t2¢1’x - ¢3:¢:cx - ¢tt¢x = 07 Cbtti - qut? = 0
t1:¢x1n¢x_¢t 2__¢acln¢x+¢t‘

2%, 20,

As for coordinates on the manifold defined by the system S, then it is convenient to
choose ¢, Dirl, Dir? and w', « € Ny, in order to efficiently single out nonlocal symmetries
of S associated with the covering S. In a sense, the associated potential symmetries

of the system S are the simplest in their class as the potential ¢ corresponds to the
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conserved current belonging to the intersection of first two families of conserved currents
presented in Theorem 3.15. Upon transition from the system & to the system X of
the equations (3.4)—(3.5) by the point transformation (3.6), the above conserved current
is mapped to the conserved current (e¥*?q,, —e¥"?q) of X and the potential ¢ to the

corresponding potential 1, satisfying the system

%29—1/)7 ¢zZQZ_w7

see the transformation 7 below. Recall that the potential v satisfies the Klein—Gordon
equation 1, = 1, while the coefficients K' and K? in the equation (3.4b) and the

dependent variable p can be represented as differential functions of v, see Section 3.2,

1

Kl[@/}] = Ve + Py — ¥ — Y, KQW’] =y — Yyt -, p= _§e_y_z(wy — ).

Thus, we have constructed the covering X for the system X, which can be rewritten in
the equivalent form

=t a=ty e p=—ge (=), K'[s, = K2ols.

We also prolong the point transformation (3.6) to the potential ¢ obtaining the point

transformation 7~ mapping the system S to the system X,

y=1'/2, z=—1%2 p=t q=e"" 2 +2+1)), s=13,
T 1 2ehy/2 12)/2 1 2
¢:—§(e<t D2+ o2 (g — (¢ 4 2)t))

Denote by T the inverse to the transformation 7.

We choose the following coordinates on the manifold X(: vy, z, ¥, = 0" [ Oy",
Y = 0"p/0z" and s, = 0"s/dy", k € Ny. The elements of the algebra sym X are of
the form X = {0y + x0, + p0, + 00, where (, 1, p and 6 are smooth functions of the
above coordinates. The point transformation 7 induces an isomorphism of the algebras

of generalized symmetries of the systems S and X, sym X ~ sym S.
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In view of partially coupling of the system X, the components of any generalized vec-
tor field X € sym?? do not depend on p, ¢ and their derivatives. Therefore, there is a
well-defined projection from sym X onto the algebra sym P of the subsystem P thereof,
consisting of the equations v, = @, K'[t]s, = K?[{]s,. Vice versa, given a general-
ized symmetry X € sym P, we can locally and uniquely prolong it to the generalized
symmetry X € symX as variables p and ¢ are defined as differential functions of
on X, Thus, there is a natural one-to-one correspondence between the algebras sym P
and sym X. More specifically, sym X ~ symP. Hence, it is more convenient to study
generalized symmetries of the system P.

Remark 3.8 implies that for any generalized vector field X € sym P, its 1)-component
does not depend on s and its derivatives. Furthermore, the elements in the algebra sym P
with the vanishing t-component form an ideal sym P of sym P, sym, P = {0[s, |0}
Similarly to Section 3.4, in order to describe sym, P we introduce the modified coordinates
on the manifold P>, With this aim we prolong differential operators D, and D, to 1) and

define the differential operator A and the modified coordinates &’s on the manifold P

= 8 + Z qb+18qt +ZSL+185L + Z ¢L+18¢L’

D, =0, + Z g @,ﬁZ@L (—31) Bs, + Z U, 10y,
A e ¥ * e Y% A
A= D, + D,, @' =A"s, k€N

K2y " K'Y

As before @’s belong to the kernel of the differential operator @, which in the new coor-

dinates is defined to be

fB ey+z ® ey-i-z ‘D
=——D, +—-D..
K2[] " K'Y
Note that here the operators D, and D, do not coincide with those above, and are used

in this section only. For the future use we also redefine J = yD, — zD,. Following the

logic of Corollary 3.5, we prove the proposition.
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Lemma 3.27. The algebra sym, P is spanned by generalized vector fields of the form Q0;,
where Q0 runs through the set of smooth functions of f = e¥**(D, + D, —2)¢ and a finite,

but unspecified number of 0", k € Nj.

The only difference with Corollary 3.5 is a presence of the differential function g in
the kernel of the operator i%, which can be explained by the fact that the potential ¢ is
in the kernel of the operator B, which manifests itself after mapping to the system X.

The quotient algebra symP/sym P can be identified with the algebra sym, P of
generalized symmetries of the Klein—Gordon equation 9,, = 1 that are locally prolonged
to an element of symP. Elements of both the algebras sym P and sym, P are easy
to prolong to the full system symX. In particular, symS/f' = 1,sym, P, where the
map i: P <« X() is the inclusion, while a prolongation of an element of sym,, P

requires a simple inspection of the invariance criterion only.
Proposition 3.28. The algebra sym,, X of generalized vector fields that are prolongations
of elements of sym,, P to p, q and s is spanned by the generalized vector fields

1 S1

COy — 567%2(@@/ = D.)¢0, + (Dy +1)C0, + K2y (Dy + D= = 2)¢0s,

where ¢ runs through the set

1379, D3, DL3"P, k € No, ¢ € N} U {f=Ffy.2): f.= [}

Proof. Let (0, be a generalized symmetry of the Klein-Gordon equation ,, = 1. Then
by definition, the algebra symw)? consists of generalized symmetries of the system X,

which are of the form {0y + pd, + x0, + 00,. The invariance criterion then reads

1
‘Dygzg = Ca X = (®y + 1)§a p= _§e_y_Z(Dy - ‘DZ)C7

K]
K2[y)]

(D2 = Dy)(D: — 1)¢s1 + K Y] D0 = K*[y)]D.0 + (Dy — D.)(Dy — 1)

S1.

The latter equation is first-order inhomogeneous equation on ¢ with a particular solution

0 =s1(Dy,+ D, — 2)v/K*[]. ]

93



Remark 3.29. Note also that given ( = 1, the last determining equation degenerates
and becomes homogeneous, and hence we can also take # = 0 as a prolongation of the
generalized symmetry 10, of the Klein-Gordon equation. It is perfectly fine from the
point of view of closedness under the Lie bracket of vector fields, but it causes complica-
tions for the vector space structure of the set of generalized symmetries. Therefore, it is

better to choose prolongation of the generalized vector field ¢0, as in the theorem.

Following the proof of Theorem 3.10, we can deduce the algebra of generalized sym-

metries of the system S.

Theorem 3.30. The algebra sym S of generalized symmetries of the system S is spanned

by the generalized vector fields of the form

e —)/2 (t;(i)y )T + (D, + )l + zcirats) + 20 =)/20g,
2 (@ 4 200 )eL 0 + (D — 202) 202 + 201305 + 26 2B, Qs

where ® runs through the set of smooth solutions of the Klein—Gordon equation ®u.2 =

—®/4, Q runs through the set of smooth functions of a finite, but unspecified number of w*
W = T*C:JH — (etQ—t1®I>Ht37 K € NO
and I' runs through the set

{39, @;jn& D3,k € Ny, v € N}, where

- 1 = . 1
D, =T.Dy = —t—l(ﬂt + (' +*-1)D,), D.=T.D,= —t—z(Dt + (t'+*+1)D,),
1 2

1

@Z’ 1/] — T*w — _5 (e(tQ—tl)/2¢ _ e(tl_tz)/Q(x _ (tl + t2>t)> )

Remark 3.31. It is easily seen that the list of potential symmetries in Theorem 3.30
contains all generalized symmetries listed in Theorem 3.10 but is not exhausted by them.
Thanks to the choice of coordinates on the manifold S©) we can single out nonlo-
cal symmetries quite easily. Indeed, a potential symmetry is nonlocal if and only if it

characteristic-tuple depends nontrivially on ¢.
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Just like with generalized symmetries of the system S, a generalized symmetry of the
Klein—Gordon equation can be mapped to a generalized symmetry of the system S if and

only if the associated operator belongs to the subspace
(1, (Dy +1)D; 3", (D. + 1)D53", K, € Ny).

Thus, to prolong generalized symmetries of the form g%, x € N, one needs to construct

another covering of the system S.

3.8 Hamiltonian structures of hydrodynamic type

Local Hamiltonian structures of the system S were found in my MSc thesis. Recall that
Hamiltonian operators of the form f)ﬁj = g,ij D, + b;gtlm are common for (141)-dimensional
hydrodynamic-type systems. The Hamiltonian properties impose strong conditions on

the coefficients of these operators. In particular, g should be a flat (pseudo)-Riemannian

metric, see e.g. [42].

Theorem 3.32. The system (3.1) admits an infinite family of compatible local Hamilto-

nian structures $He parameterized by a smooth function © of ¢,

2 1 12 3

vo—t, v, —ts —2t)
A R T 3\ r2—t! 1 2 ¢l 2 1 .1 2 3
Ho =¢ diag (—1,1,0(%)e" " )D, — 3¢ -l ool 2 203

23 v3 238

. . . . . Al . 2 1 .,
with the corresponding family of Hamiltonians Hz ., = Ik Hz ., dx defined by densities

. 1 1
ok, = (Z(tl + 1) + §(t1 — %) + E(tS)) ¢ (el + ).

Here f3 := e~ ((x2 — v1)© + 1t20), the function Z of ¥* and an arbitrary constant cy

satisfy the differential equation =330 + %@@Eta = 2¢s.
Two Hamiltonian operators are called compatible if any of their linear combination
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is a Hamiltonian operator as well. Two nondegenerate hydrodynamic-type Hamiltonian
operators for a hydrodynamic-type system is compatible if the Nijenhuis tensor N of the

tensor (s!) defined by s! = g'g;; vanishes,
: I i _Jda b I I
Ny, = 5;0,18), — 510,185 — 51(0ys 5y, — Oyrs;) = 0,

see [55, 89]. Here g and g are the metrics corresponding to the Hamiltonian operators.

In terms of ¢ and g, the condition of vanishing the Nijenhuis tensor N takes the form
Vivigh + Vg — vivkg!t — vivigh = 0. (3.30)

The covariant differentiation in (3.30) corresponds to the metric g. The conditions (3.30)
are preserved by the permutation of g and g, so that they are indeed the compatibility
conditions of the two metrics.

When the tensor g degenerates at some point, the associated hydrodynamic-type
system loses its geometric charm and one needs to proceed otherwise. To show that
the bracket of a skew-symmetric Noether operator 91 for £ satisfies the Jacobi identity,
one may equivalently check that the variational Schouten bracket [9%,9%] vanishes. To
show the compatibility of two hydrodynamic-type Hamiltonian operators $); and £,
ﬁff = g,ijDr + bZtﬁc, k = 1,2, one may check that [$)1, 93] = 0, cf. [78, Section 10.1].
Since £ is a system of evolution equations, one may consider the cotangent covering 7*&
of £ (i.e., the joint system F = 0, £1,(\) = 0) and substitute the latter condition by the

equivalent one

EY " ((EwFs)(EnFs,) + (ExFs,)(EuFs,)) =0,
j=1
where Fy, = >, - (g (D2A)N + btb A'V), k= 1,2, and E = (Eg, ..., Eun, Ext, ..o Esn)
is the Euler operator on T*€.
For the system (3.1) the tensor (s%) takes the simple form, (s?) = diag(1, 1,6/0),

where © and © are functions of v* parameterizing the metrics g and §. It is trivial to
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) are not distinct, we

verify that its Nijenhuis tensor vanishes. Since eigenvalues of (]

need also to verify the conditions (3.30), and they also hold.

If © is a somewhere vanishing function, then the geometric reasoning for Hamilto-
nian operators is no longer available, and we should proceed by establishing that the
corresponding variational Schouten brackets vanish, which is done symbolically.

Below we consider only canonical representatives of symmetry-type objects, where
derivatives involving differentiations with respect to t are replaced by their expressions in
view of the system S, which is necessary for relating different kinds of such objects via
Hamiltonian structures.

For any Hamiltonian operator g from Theorem 3.32, we can endow the space Y4 of
canonical representatives for cosymmetries of S with a Lie-algebra structure, cf. [61] and
[20, Section 3.1], where the corresponding Lie bracket is defined by

[717 '72]53@ = £72~6971 + @397172 + (671 - Eil )5’3972

for any +%,~% € Ta. Here ¢, and EQ are the universal linearization operator of v € T4
and its formal adjoint, respectively. Denote the Lie algebra with the underlying space Ta
and the Lie bracket [-, -], by T‘é. The operator g establishes a homomorphism from
the Lie algebra T% to the Lie algebra 34, The image ﬁefq@ of this homomorphism is
a proper subalgebra of 34 of canonical representatives for generalized symmetries of the
system S. More specifically, the image ﬁ@T% is spanned by generalized symmetries from
three families that are the images of the respective families from Theorem 3.13 and whose

elements are, in the notation of Theorems 3.10 and 3.13, of the following form:
1. W(Q°), where Q° = A((AQ)O/w"),

2. P(®), where ® = &, — $®, and thus the parameter function ® = ®(x!,+?) runs

through the solution space of the Klein-Gordon equation @2 = —®/4 as well,
3. R(T"), where I' = %(ﬁy —1)X4.

For the nonvanishing function ©, the kernel of the above homomorphism is two-dimensio-

nal and spanned by the cosymmetries e‘l_tQ(l, —1,0) and etl_tQ(@, —0,0,3) with an an-

97



tiderivative © of 1/0, O = 1/0. The former cosymmetry is special due to being a single
(up to linear independence) common element of the first and the second families from The-
orem 3.13, see Remark 3.14. Both the cosymmetries are conservation-law characteristics
and are associated with the conserved currents e ~* (1, ¢! 4 t?) and ¥ —% ((:), (¢! + tz)(:)),
which belong to the first family of Theorem 3.15. As a result, the space of distinguished

(Casimir) functionals of the Hamiltonian operator f)g is spanned by two functionals,

C = /et1t2 dz, C2 .= /etth(:)(t?’) dz.

In the degenerate case with ©® = 0, the kernel of the above homomorphism is infinite-
dimensional and coincides with the first family of Theorem 3.13. Elements of this fam-
ily are conservation-law characteristics if and only if they belong to the first family of
Theorem 3.18 and are thus associated with conserved currents from the first family of
Theorem 3.15. This means that the space of distinguished (Casimir) functionals of the

Hamiltonian operator $)g consists of the functionals

/e”thQ(wo,wl, ... )dz,

where the parameter function 2 runs through the space of smooth functions of a finite,
but unspecified number of w* = (e~ D,)"t*, k € Ny.

Consider the constraints that single out the space of canonical representatives conser-
vation-law characteristics of S, which is described in Theorem 3.18, from the space Ta of
canonical representatives of cosymmetries of S. Imposing these constraints on € and X
that parameterize families spanning HeT9, we single out the algebra of Hamiltonian

symmetries of S associated with the Hamiltonian operator He.

Theorem 3.33. Given a smooth function © of w® := t3, the algebra of Hamiltonian sym-
metries of the system (3.1) for the Hamiltonian operator e is spanned by the generalized

vector fields

W(Q®) = 0%, P(®) = 2 (& + 20)tL0a + (D — 202 )20, + 20130
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. — 2 ~

R(T) = /2 <(@yf +D)eloa + (DT + D20 + 21_“1‘2,&3) :

where Q° = .A(@Z o(— )”an) with the operator A = S yw O and with
running through the space of smooth functions of a finite, but unspecified number of
Wt = (e D)3, k€ Ny, the parameter function ® = ®(¢',¢2) runs through the solu-
tion space of the Klein-Gordon equation a2 = —®/4, and T' = %(ﬁy — 1)XG with the

operator X running through the set

{37, K € 2Ng+ 1, (T+¢/2)"D:, (3 —1/2)"D., k € Ny, t €N, k41 € 2Ny + 1},
_ - 1

where D, = _t_l(Dt + (et e - 1)Dm), D, = _t_Q(Dt + (et 1)Dm),
J==D,+ i’)z, G =" T2 (z — (¢ 42+ 1)E).

1\3|"‘

!
2

The system Sy describes one-dimensional isentropic gas flows with constant sound
speed and is known to possess three compatible Hamiltonian structures of Dubrovin—

Novikov type [97]. In Riemann invariants those are

2 1 1 2

1 2l -1 0 1 (% —% t,—1
57) =€ Dx__ )

202 1 1 .2

1 2 2 1
01 Lo e L
1 el 4 122 2.1 1.2
PR t Do+ 1 [ (1 —=1hel +le? —t’r, — vty
= e T —

0 +? 2 vl 4ol —tiel 4 (1422

with the associated families of Hamiltonians

1 1
Moy = (;l(tl +0) 45 —) + 01> e ot +1?),

1 2 1 2
vt v+t
’Hflm = —(tl + t2)et1,t2 + ot =t2)/2 (01 sin —g ~+ c5 cos ;— ) ,

2/l /o
H: ., = —2¢" " 4 ¢y erf (%) + coerf <\/_ 7 ¢ >
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The multipliers of parameterizing constants ¢; and ¢y are densities of the Casimir
functionals of the corresponding Hamiltonian operators, and therefore, by and large, there
is only one essential Hamiltonian for every family of the above Hamiltonian operators.

The first family of Hamiltonian structures are locally prolonged to that of the system S,
cf. Theorem 3.32. Let us investigate what happens with the Hamiltonian operators 2
and $° upon a prolongation to the third equation. For this aim, we consider nonlocal

Noether operators of the hydrodynamic type

3
N = 9D, Tk 43 couds D o e,
a=1
where the metric components ¢/, the affinors components w’, and the Christoffel sym-
bols T, are smooth functions of (t',v,v%), and €, € {—1,1}, cf. [52, 54, 91]. Of course,
we want the restriction of the local part of this operator to coincide with the operator $2.
Plugging N into the determining equations n = N\, where 7 is the symmetry-tuple (a
row) and A is the cosymmetry-tuple (a column) of the system S, we see that along the way

there arise two types of nonlocalities we need to deal with, D_1( A’ A\*) and DD, (A’ %),

where A° = w!,t}. To get rid of them, we must ensure that either coefficients sum up
to 0, or they are local magnitudes to begin with. The first type above is no doubt nonlocal

and equating their coefficients to 0 we find the following constraints on the affinors w,,
Wy = etQ_tldiag( a4, =0, 0% + U,

where ®’s are arbitrary smooth functions of t* and ¥ = ¥(t!,t?)’s are arbitrary solutions
of the Klein-Gordon equation W& — W = 209 ,. In fact, the very same conditions
ensure the nonlocalities of the second type be local and we may consider the determining
equations for 91 without further ado.

The consideration until this point was valid for both $? and $3. Now we prolong
the operator $2, while the consideration for £ is very similar. Solving the determining

equations above one finds the general form of the Noether operator,
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3
2_ .1 -, 2_ .1 ; — j
N? =" " diag <1, 1,e" " @) D, + E et DIt ow! il
a=1

2 1 3
v,—t, Tt — -2t

2 1

e f
+ se R R e v 23

DO | —

2t3 —2t3 2"V (2 —t))O+ 6

for some smooth functions © of ©* and © of (v*,e”"t3). Only hydrodynamic-type
Noether operator of this form are formally skew-adjoint. Indeed, 2 is formally skew-
adjoint if and only if © = e”Q*VIti@ts. Moreover, there are additional constraints on the

arbitrary functions ®’s and U’s,

€a(PY + UNUG = —e" 77, (3.31a)

]

Q
Il
—

NE

€a (P + UN)TG = "' (3.31D)
1

> e TaTs =0. (3.31c)

a=1

Q
@ |

i
al

Those are the very conditions to ensure that RY,, = >°_(w!w w’ w' ), which are
required by the Jacobi identity. The other such conditions [52], commutativity of the
affinors w,, 7 — k symmetry of vkng and ¢ — j symmetry of gikw’;j are also satisfied.
The first two equations integrate to 22:1 €a (<I>°‘ + %\I/a) U = QO(e?) — e =% for some
function 2 of t3, while the third one ensures that 32> _, €, (¥)” satisfies the Klein-Gordon

equation as well.

Theorem 3.34. The system S admits two families of nonlocal first-order Hamiltonian

operators of hydrodynamic type,

-l —l 2 208

. 1
ﬁQ@,a = etz_tl dlag (L 17 et2_tl @> Dx + 5 t‘,lp + ti t:% — ti 2ti
2¢3 208 o8

3
E i Lk -1 ) L
+ eaw(lxkt:r: Dz © w]altx?

a=1
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T

3

2 2 1 .. 2 1 ) B .

9 ., =e" "diag (tl,tQ,et ¢ @) D, + g et DI o w? il
a=1

1 l(p2 ol 2.1 _ 1.2 1.3
otetr —r) -l —tlel —2vle)
t Lo L I i o e 0 I o o
2 x x T x x x
2te3 — 2% 233

where 3 = e~ (12 — t1)O + 10a1?), w, = " diag (U, —U, & + V), &5 are
arbitrary smooth functions of v and U ’s run through the solution set of the Klein—Gordon
equation Ve — WS = 2V 5 and additionally satisfy the joint condition Zi=1 €V Us=0,

and two individual ones for each case,

3
: 1
Doat Y €a (cb“ + —\If“) PO = Q) —

a=1 2
’ 1 1
=3 . N Ppe g g = QO 3y _ (.1 2\ vl—r?
9o ;:1 € ( + 5 > (v7) 2(t +t%)e

for an arbitrary function Q) of its argument and €, € {—1,1}.

Let us study the above system on parameterizing functions (®%, ¥*) in more detail.
Firstly, the system admits the discrete symmetry transformation (®%, U*) — (®7, ¥/) and
the gauge transformation (&%, U%) s (& — ¢, U¢ + ¢).

Assume first that not all ®*’s are constants. Up to the above discrete symmetry, we
can assume without loss of generality that ®2, # 0. Differentiating the equations (3.31a)-

(3.31Db) twice with respect to t3, we can get the system

‘1131(?1 + \If?1¢2 - 0, \Ilt12¢1 + \1132¢2 == 0,

where ¢% = €,(PE P — PLPY ;). Assume first that rk.J = 0, where J := (V;)7,_,.
Then all ®*’s are constants in view of (3.31c), which contradicts (3.31b).

When rk J = 1, then there exists a nonzero constant ¢; such that ¥* = ¥%(w), where
w=t'4+¢1? a = 1,2. One of these ¥*’s must be nonconstant, and without loss of

generality we assume W} = 0. Then ¢' = —02$?/Wl  which is possible only when there

exists a constant ¢y such that U2 = ¢, ¥l. Thus U? = ¢, ¥l 4¢3 and ! = —€169c0 P2+, D3
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up to the gauge symmetry for some constants ¢;, i = 3,4, 5. Splitting (3.31a) with respect
to ®3 one finds that U% = —eje3¢, ¥ + ¢5, which reduces (3.31¢) to € + €2¢3 + e3¢ = 0.

The system (3.31a)— (3.31b) integrates to

1
> e (@“ + 5\1/6“) U= Q%) — et

a=1

for an arbitrary function Q of t3. Plugging all the above expression in this equation and

separating t3-part from it, one finds exc3®? + €3¢5P% = Q) — ¢ for some constant cg and

1_,2
T
(S

Pl = —€16903P? + 4 ®3, V(' vH) =+ U2 = Ul + ¢y,

€2C2C3 — 610466,

\IJS = —616304\111 + Cs,

where €, + e3¢5 + €3¢ = 0, ®3 runs through the set of arbitrary functions of t® and
expression in the denominator of the equality for ¥! is nonvanishing. In particular, €’s
can not be of the same sign, and ¢; = —1.

If J is nondegenerate, then immediately ®! = ¢;®3 ®2 = ¢,®3 up to the gauge
transformation and the splitting of (3.31a) with respect to ®* gives U3 = ¢3 — €163, P! —
e2€3¢o U2, Integrating (3.31a)—(3.31b) gives a quadratic polynomial in W' and W2, which
does not violate the nondegeneracy condition for J if and only if its a polynomial in
a single variable. Without loss of generality, let ¥! be this variable. Then e, = —es,
o = *1, ¢; = c3 = 0 and Ul(x!,v?) = £+/cy — 2e" ~*, which is not a solution to the

Klein—Gordon equation for any c;.

Examples of admissible tuples of functions {®*, ¥} for —e; = —es = €3 =1 are
. Q 1 1
2 q)l:__ @2:_ (I)S_O \111:_
ﬁ@,ﬂ 2 ’ 27 ) 2a
\DQ(tl7t2) — 9t \113(t1,t2),
. Q 1
N @ = —5 P? =1, =0, U!'= 5
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When all ¥“’s are constants, they can be assumed to be equal to zero up to the gauge

symmetry. Thus, the solutions U*’s of the Klein—Gordon equation enjoy the system

3

Zea(llfa)220—26tl_t2, Zea avs =0.

a=1 a=1

Provided in [54, p. 11] is a list of situations in which nonlocal Hamiltonian operators
naturally arise. An above prolongation procedure gives yet another such situation.

Alternatively, one can study nonlocal Hamiltonian operators of the system & as fol-
lows. It is known that any nonlocal Hamiltonian operator of a hydrodynamic-type system
can be reduced to a local one via a reciprocal transformation [53]. Thus, a reciprocal trans-

formation associated with a solution ¥(t', ¢2) = e =% of the Klein Gordon equation®,

1

di = e ¥(de — (¢ +A)dt), di = dt

maps the system S to the hydrodynamic-type system S

-2 21l 0
§L =" % | diag(—1,1,e" " O)D L _ 42 42 _ ¢l
Hg=e iag(—1,1,e Di+5|eh—12 22—l 0 )
2 1 ~
.3
0 0 e" "t tj@ts
i -2 il 0
&2 wle? di 1.1 t2—tlé D 1 2 1 2
2 1 ~
—.3
0 0 e T 20

<3 1_.2 .. 1 2 2.1 x
Hz =€ “diag(r,v5,e" " O)D;

8More precisely, it is associated with the conservation law et =% (1,t! + 2) of the system S. This
connection implies that the 1-form dz is closed.
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(1+ehel — el %ol ol 0
1
—U
3¢ —?rl — el el 4 (1 -l 0

2 1 ~
—t .3
0 0 e 130,

parameterized by an arbitrary function © of t3, with associated families of Hamiltonians

1 -
H o () = Z_l(t1 + 1) — el et T (e %) + 2P,

C1,C2,5

C1,C2,5

ol 4 ¢? ol 4 ¢? -
H2  (xh 2 %) = (T2 <01 sin —; + ¢9 cos —5 ) — (th 4+ 1) + E(v%),

C1,C2,=

2
WP =) / (2v/7 erf () + ¢;) eV + Z(¢%)
i=1
parameterized by an arbitrary smooth function 2 of ¢ which additionally satisfies
2®ét3t3 + é@ét?’ =0.

Here ! = (V2 + v—t1)/v/2 and ¥ = (V12 — vV—=t1)/V2.

3.9 Conclusion

To study the diagonalized form (3.1) of the system S, we heavily rely on its two primary
features. The first feature is the degeneracy of § in the sense that this system is not
genuinely nonlinear with respect to t® and, moreover, it is partially decoupled since the
first two equations of S do not involve t3. To take into account the degeneracy efficiently,
we introduce the modified coordinates on S(>), where derivatives of ©* are replaced by w’s
constituting a functional basis of the kernel of the operator B. This operator is nothing else
but the differential operator in the total derivatives that is associated with the equation
on t?. From another perspective, the infinite tuple of w’s, w® := 3, Wt ;= Aw”, k € Ny,
can be seen to be generated by the differential operator A := e D, commuting with B,
[A,B] = 0, cf. [40]. The introduction of the modified coordinates essentially simplifies
computations of all kinds of symmetry-like objects for the system S. Due to the partial

decoupling of the system S, we recognize its essential subsystem Sy constituted by the
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equations (3.1a), (3.1b). The second primary feature of S is the linearization of Sy to the
(141)-dimensional Klein—Gordon equation, which was thoroughly studied from the point
of view of generalized symmetries and conservation laws in [112].

In turn, these features allow us to describe symmetry-like objects for the system S by
working within the following general approach. For a given kind of symmetry-like objects
for S, we show that the chosen space U of canonical representatives of equivalence classes
of such objects is the sum of three subspaces, U = U; 4+ Uy 4+ Uz. One of them, say, Uy,
stems from the degeneracy of S, and thus its elements are parameterized by an arbitrary
function of a finite but unspecified number of w’s. The other two subspaces, U, and Us, are
related to the linearization of Sy to the (141)-dimensional Klein-Gordon equation (3.4a).
Singling out these two subspaces is induced by decomposing the objects of the same
kind for the Klein—-Gordon equation as sums of those underlaid by linear superposition of
solutions of (3.4a) and those associated with linear generalized symmetries of (3.4a). This
is why the elements of the subspaces Us and Us are parameterized by an arbitrary solution
of the (1+1)-dimensional Klein—-Gordon equation and by characteristics of reduced linear
generalized symmetries of this equation, respectively. Although (U; + Us) NUs = {0}, the
sum U; 4+ Us + Us is not direct since the subspaces U; and U, are not disjoint, and their
intersection is one-dimensional.

The first kind of objects we exhaustively describe for the system S is given by gener-
alized symmetries. Not all generalized symmetries of the Klein-Gordon equation (3.4a)
have counterparts among generalized symmetries of the system S, which was also noted
in [112] for first-order generalized symmetries. The most difficult problem here, which
is solved in Lemma 3.9, is to single out the subalgebra 2l of canonical representatives
of generalized symmetries of the Klein—-Gordon equation (3.4a) that have such counter-
parts. A complementary subalgebra to 2 is 2 = ((J"¢)9,, € N). We conjecture that
elements of 2 have counterparts among nonlocal, or specifically potential, symmetries
of the system S. In fact, we consider the simplest potential system for the system & in
Section 3.7, but to no avail. In future research, we plan to study certain Abelian coverings

and potential symmetries of the system S and of the Klein—-Gordon equation (3.4a). We
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expect that the main role in this consideration will be played by the conservation laws of
the Klein—Gordon equation (3.4a) with characteristics of the form J*e¥**, k € Ny, and by
their counterparts for the system S.

Considering cosymmetries and local conservation laws, we do not need to make the
selection among those for the Klein-Gordon equation (3.4a) since all of them have coun-
terparts for the system S. For conservation laws, this follows directly from the general
assertion proved in [80, Theorem 1]. Amongst cosymmetries, local conservation laws and
their characteristics, the complete description of the space of cosymmetries for the sys-
tem § is the most complicated since it requires utilizing a couple of nontrivial tricks within
the framework of our general approach.

To construct the space of local conservation laws of &, we have to make use of the
direct method [128, 166] whose essence is the direct construction of conserved currents
canonically representing conservation laws using the definitions of conserved currents and
of their equivalence. The standard approach [26] based on singling out conservation-law
characteristics among cosymmetries is not effective for the system & since its application
to S leads to too cumbersome computations. At the same time, we still need to know
conservation-law characteristics for the system S, in particular, to look for special-feature
conservation laws, like low-order and translation-invariant ones. The known formula [152,
Proposition 7.41] relating characteristics of conservation laws of systems in the extended
Kovalevskaya form [125, Definition 4] to densities of these conservation laws gives suitable
expressions only for characteristics of conservation laws from the second family of Theo-
rem 3.15, which are of order zero. The other two families should be tackled differently.
For the first family, we in fact derive an analogue of the above formula in terms of the op-
erator A using the formal integration by parts. Characteristics of conservation laws from
the third family are constructed from their counterparts being variational symmetries of
the Klein-Gordon equation (3.4a). We also prove that under the action of generalized
symmetries of the system S on its space of conservation laws, a generating set of conser-
vation laws of this system is constituted by two zeroth-order conservation laws. One of

them belongs to and generates the first subspace of conservation laws, which is related
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to the degeneracy of §. The other is the counterpart of a single generating conservation
law of the Klein—-Gordon equation (3.4a). It belongs to the third subspace of conservation
laws of S but generates the second subspace as well. The claim on generation of the entire
third subspace is unexpected since only a proper part of linear generalized symmetries of
the Klein-Gordon equation (3.4a) are naturally mapped to generalized symmetries of S
but the amount of the images still suffices for generating all required conservation laws.

Interrelating generalized symmetries and cosymmetries, constructed in my MSc the-
sis was a family of compatible Hamiltonian operators for the system S parameterized
by an arbitrary function of t3, and a Hamiltonian operator from this family is degener-
ate if the corresponding value of the parameter function vanishes at some point. This
fundamentally differs from the case of genuinely nonlinear hydrodynamic-type systems,
for which the number of local Hamiltonian operators of hydrodynamic type is known
not to exceed n + 1, where n is the number of dependent variables, see [57]. In this
thesis, we find even more Hamiltonian operators although they all are nonlocal, see Sec-
tion 3.8. Their existence stems from the observation that the subsystem Sy possesses
three hydrodynamic-type Hamiltonian structures. Each of them can be prolonged to the
entire system likewise the procedure for both the generalized symmetries and conserva-
tion laws. It turns out that only one prolongation is local and leads to the above family
of Hamiltonian structures, while another two are nonlocal. Thus, such a prolongation
gives another natural construction of nonlocal Hamiltonian operators, cf. [54, p. 11]. The
system Sy possesses a third-order Hamiltonian operator $)3 but it is not of hydrodynamic-
type and neither its prolongation will be. While third-order nonlocal hydrodynamic-type
Hamiltonian operators are well-studied, cf. [32], the operator $)3 may be specific to the
subsystem Sy and may not have even a nonlocal prolongation, cf. Section 4.3.2.

We should like to emphasize that the local description of the solution set of the sys-
tem S in Theorem 3.1 is implicit and involves the general solution of the (1+1)-dimensional
Klein—Gordon equation. This is why it is difficult to further use this description, and thus
it is still worthwhile to comprehensively study the system & within the framework of

symmetry analysis of differential equations.
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As the essential subsystem S, coincides with the diagonalized form of the system
describing one-dimensional isentropic gas flows with constant sound speed [133, Sec-
tion 2.2.7, Eq. (16)], symmetry-like objects of Sy deserve a separate consideration but
in fact they are implicitly described in the present section. In contrast to the system S,
all the quotient spaces of symmetry-like objects of the subsystem Sy are isomorphic to
their counterparts for the system (3.4a), (3.5) and thus to their counterparts for the Klein—
Gordon equation (3.4a). Therefore, to construct an algebra of canonical representatives
of generalized symmetries for the subsystem &j, we take the respective algebra for the
equation (3.4a) and follow the procedure given in the first paragraph of the proof of The-
orem 3.10, just ignoring the t3-components in the point transformation (3.7) and in the
vector field X. As a result, we obtain that the quotient algebra of generalized symmetries
of the subsystem &, is naturally isomorphic to the algebra spanned by the generalized

vector fields

(z— (P + P+ D))ekoa + (2 — (¢ + 0% = 1)1)120e, e 2(Telda + D.T120),

T (@ 4 200) 1) 00 + (D — 202)20p)

where the parameter function ® = ®(¢!,v?) runs through the solution set of the Klein—
Gordon equation @12 = —® /4, T" runs through the set {j’””q~, @;jﬁd, @;g“@, k € Nyg,. € N}
with

1 ~ 1
Dy =~ (Dot (' 4+ = 1)D,), D.i= —5(Di+ (¢ + 2+ 1)D),

tz x

2 ~
%DZ, q:= ot —¥)/2 (x — (P 1)t),

1
T ~

3 = EDy +

and one should use the restrictions to (t',t2), D, = 9, + >0 37 vl 10, Dy =

Ah—>", Z?Zl DE(V'})0y . of the complete operators D; and D, defined in Section 3.3.

The descriptions of cosymmetries and conservation laws of Sy are derived from those for

the system S by excluding the first families of cosymmetries and conservation laws, which

are related to the degeneracy of §, in Theorems 3.13 and 3.15.
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Chapter 4

Symmetry analysis of shallow water

equations

4.1 Introduction

The shallow water equations are a submodel of the Euler equations for an ideal fluid. The
principal simplifications are (i) density is constant, (ii) the hydro-static approximation is
valid and (iii) motions along the vertical are of scales much smaller than motions in the
horizontal directions. These assumptions allow us to derive the shallow water equations,

which in nondimensional form read [120]

U + Uy + VUy + Dy = 0,
vy + vy + vvy + hy =0, (4.1)

hy + uhy + vhy + h(u, +v,) = 0.

In this system, u, v are the velocity components in x- and y-directions, and h is the height
of the fluid column over a fixed reference level. As we assume for now that there is no
bottom topography, the reference level can be taken as the lower boundary of the fluid,
in which case h denotes the total fluid height.

The system (4.1) is a (142)-dimensional hydrodynamic-type system. Hydrodynamic-

type systems attracted enormous interest [56, 90, 113, 139, 150] in the integrability com-
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munity since the seminal paper [41] on their geometric interpretation. Among the points
of interest are! Hamiltonian structures [33, 134, 135, 143], exact solutions [31, 81, 145]
and integrability in general, Lie symmetries [17, 19, 34, 35, 81], conservation laws [18, 33|
and the underlying geometry [33].

The primary applications of the system under study are tsunami propagation mod-
els [29, 146, 147] and a test case for numerical approaches for more advanced weather and
climate models, see [1, 28, 29, 38, 39, 59, 135] and references therein.

The problem of parameterization lies in the necessity of incorporating unresolved pro-
cesses in terms of resolved ones. To be more precise, after averaging nonlinear differential
equations they become unclosed and there is a need to design effective closure schemes.
This way unresolved terms appear and they must be parameterized by resolved averaged
quantities. Such parameterizations as it is noted in [144] should retain geometric char-
acteristics of the initial unaveraged equations. Oberlack [98, 99] was first to incorporate
Lie symmetries for the turbulence closure scheme for the Navier—Stokes equations, hav-
ing postulated the so-called invariant parameterization problem. Recently, there was a
string of works that not only follow this procedure and but also extend the theoretical
results, see [15, 16, 124]. Another possible direction is a conservative parameterization
problem [14, 125], where instead of Lie symmetries the conservation laws are retained in
a closure scheme. Both the methodologies may also be combined.

The principal aim of the this chapter is to make a preliminary mathematical step
towards the geometric parameterization of the shallow water system. In other words, to
describe in detail the algebra of differential invariants of the point symmetry group and
conservation laws of the system (4.1). Conservation laws up to order one are well-known
and it is hypothesized that they are the only conservation laws of the system (4.1), see
Section 4.5. We give a new geometric proof of the result [18] on a generating set of
conservation laws. For a description of the algebra of differential invariants, including a
generating set of differential invariants and a set of the lowest-order syzygies, that is, func-

tional relations among differential invariants, we utilize the method of moving frames [50].

1Cited are papers on the shallow-water system only.
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The structure of the chapter is as follows. In Section 4.2 we recall the maximal algebra
of Lie invariance for the system (4.1) and compute its complete point symmetry group
using the automorphism-based algebraic method. The algebra of differential invariants
for the above group is described in Section 4.4. Section 4.5 collects the results on the
conservation laws and the Hamiltonian structure. Section 4.6 concerns the question of
parameterization problem and may be viewed as plans for future research. In Section 4.3
we classify one- and two-dimensional reductions of the system (4.1) and find some of
its group-invariant solutions. In particular, d,-reduction is considered in Section 4.3.2.
The reduced system is a (141)-dimensional non-genuinely nonlinear hydrodynamic-type
system and investigating it is very similar to the study of the hydrodynamic-type system &
in Chapter 3. We do not study the reduced system exhaustively, but we show that
although the system (4.1) has very few symmetries and conservation laws it possesses a
plethora of their hidden counterparts. Also we repeat the same trick with the Hamiltonian
operators as we did in Section 3.8, namely we locally and nonlocally prolong Hamiltonian

structures of the essential subsystem of the reduced system to the third equation.

4.2 Symmetries of the shallow water equations

The maximal Lie invariance algebra g of the shallow water equations (4.1) is generated
by the vector fields P = 9,, D' = 2t0, + 20, + yd, — ud, — vd, — 2hdy, K = 20, +
txd, + tyd, + (x — tw)o, + (y — tv)d, — 2thdy, D* = 20, + yd, + ud, + v, + 2hd},
J = —y0y + 20y — v0, + u0,, P* = 0, PY = 0y, G = 0, + 0u, GY = t0, + 0O,
see e.g. [34, 118]. The corresponding Lie group G° of continuous symmetries of (4.1) is

constituted by the point transformations of the form

f:at+5, % _ % H(* +at—|—ﬁ 1 n v ,
u x -
:MO _ 0 + f . h=—01T1"p

7 v 7 Yy 2 7

=41

(4!
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where «, 3, v and ¢ are arbitrary constants such that ad — Sy > 0 and their tuple is
defined up to a positive multiplier, o := \/ad — 57, O € SO(2), € > 0 and p’s and v’s are
arbitrary constants.

The algebra g has the structure g = f v, where v = (D?, J, P¥, P¥,G*, GY) is the rad-
ical of g and f = (P!, D', K) ~ sly(R) is its Levi factor. According to the Malcev—Harish-
Chandra theorem, a Levi factor of a Lie algebra is defined up to inner automorphisms
generated by elements of the nilradical of the algebra. This fact is of use in the sequel and
finding the nilradical of the algebra g is our first priority. It is straightforward to verify
that n = (P?,PY,G* GY) is a nilpotent ideal of g. Both J and D? are not ad-nilpotent,
so Engel’s theorem together with the fact that the nilradical of the algebra is contained
in the radical thereof yield that n is the nilradical of the algebra g.

Having at our disposal the structure of the algebra g we are ready to find the complete
point symmetry group of the system (4.1). Since the algebra g does not possess a sufficient
number of fully characteristic ideals [68, 126] (in fact, v, ¢/ and n are the only ones), it
is reasonable to apply the automorphism-based version of algebraic method [69, 77] to
compute that group. It is based on the fact that any symmetry transformation 7 of a
system of differential equations induces the automorphism on the maximal Lie invariance
algebra b thereof via the pushforward of vector fields, 7. € b.

Recall that discrete symmetries of a system of differential equations are elements of the
quotient group H/H°, where H and H? are the complete point symmetry group and the
group of continuous symmetries thereof, and hence are cosets of H® in H. In particular,
discrete symmetries are defined up to combining with continuous symmetries and the
coset Id H° of the identity transformation Id € H is also a discrete symmetry. Also,
composing representatives of two different cosets we obtain a discrete symmetry which is
not in a sense essential. What we need to compute is independent discrete symmetries,
which are different up to combining with discrete and continuous symmetries. Given a
group of canonical representatives of H/H" (it always exists if H" is a normal subgroup

of H, and it exists for the system (4.1)), the discrete symmetries are generators thereof.
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Proposition 4.1. The system (4.1) admits only two independent discrete symmetries,

(t,z,y,u,v,h) — (=t,—x, —y,u,v,h) and (t,z,y,u,v,h) — (t,z, —y,u, —v, h).

In particular, the discrete symmetry group of the system (4.1) is isomorphic to the Klein

Vierergruppe 7.

Proof. As we are interested in discrete symmetries of the system (4.1) only, we factor
the inner automorphisms out from the automorphism group of the Lie algebra g as they
are generated by the transformations in G°. In particular, according to Malcev—Harish-
Chandra theorem, we can determine the Levi factor f of g up to outer automorphisms
of f by inner automorphisms generated by elements of n. As § ~ sl(R), its outer au-
tomorphism group is diag(e,1,¢), where ¢ = =41, (a basis of f here is (P!, D! K)),
cf. [58]. Hence one needs to find those automorphisms of the algebra g, which are of
the form A = diag(e,1,¢) ® A, where A is a nondegenerate 6 x 6 matrix. This problem
is easily solved symbolically. Thus, in a basis (P!, D', K, D?, J,P*, PY,G%, GY) of g,
ga b ga b

A = diag(e, 1,¢,1,¢') D e &> ,
—'b a —'b a

where €, = %1, a® + b* # 0. Besides, b can be set to 0 by the inner automorphism
of g, generated by the element 7 (J ¢ n). Therefore, the final form of automorphisms to
be considered is A = diag(e, 1,¢,1,¢',e¢'a, a, e’a, a). Symmetry transformations 7 € G,

(t,z,y,u,v,h) — ({,&,§,@,0,h), which define such automorphisms are found from the

system of the linear equations 7T.g C g,

T,Pt=cP!, T.D'=D', T.K=¢K, T.D*=D T.J=¢J,

T.P* =ec'aP®, T,PY=caP’, T.G*=¢caG®, T.GY=aGY,

solving which for the transformation components yields t = et, & = ec’ax, § = eay,

/

@ = eau, © = av, h = ch, where ¢ = 0. Since not all automorphisms of g are realized as

114



the pushforwards of Lie symmetry vector fields, see [112, Remark 12], we additionally need

to single out genuine point symmetry transformations of (4.1) from transformation of the

above form, which is realized by the direct method. This gives a constraint ¢ = a? and

using the symmetry transformation corresponding to D? (not belonging to n as well) we

can set a to be equal to a := ” = £+1. Finally, taking into account that the simultaneous

reflection in the planes (y,v) and (z,u), which corresponds to the transformation with
'

e'e” = —1, can be factored out because it belongs to G°, one shows that there exist only

two independent discrete symmetries which are written out above. O]

Corollary 4.2. The complete point symmetry group G of the system (4.1) is constituted

by the point transformations of the form

=55 ()=o) 2 ) - ()
t: ~ :—O -
Vt+6 (y> Y40 Yy +7t+5 f2 + vy )’

(:}‘) = (7t +6)0 (Z) — 10 (5) + (Z;) , h=(yt+6)h,

where a, B, v, 0, k, u’s and v’s are arbitrary constants, with ad — By # 0, and O €

(4.2)

0(2,R).

The above parameterization is not completely correct, because there is no one-to-one
correspondence between transformations and the values of parameters. Thus, both the

values of the parameter-tuples

a B -1 0 -1 0
= ) 0= ) :U’1:/~L2:V1:V2207 and
ol 0 -1 0 -1
a B 10 10
= s O: s /’Ll:/’L2:V1:V2:OJ
ol 01 01

correspond to the identity transformation. Therefore, the transformation corresponding
to the former parameter-tuple should be factored out from the above group. Finally, a

Levi factor of the algebra g corresponds to a subgroup PSL*(2,R) of the group G.
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4.3 Lie reductions

Lie reduction is one of the most reliable methods of finding particular solutions of a
differential equations. Particular solutions even if they are quite trivial are valuable since
they can be used to verify an accuracy of a numerical scheme. By providing the first
systematic study of Lie symmetries reductions of the system (4.1) we aim to expand a
list of its known particular solutions given for instance in [165].

To carry out Lie reductions of the system (4.1) we first need to classify Lie subalgebras
of g. Since the latter is not solvable and of dimensional nine it is difficult to use brute force,
and instead we build upon the well known list of subalgebras of f, which is isomorphic
to sly(R), see e.g. [117], and incorporate the elements of the radical v of g.

Ansatzes associated with one-dimensional subalgebras of g reduce the system (4.1) to
systems of three partial differential equations in the dependent variables (w', w? w?) and
the independent variables (z1, z2), while those associated with two-dimensional subalge-
bras reduce the system (4.1) to a system of ODEs with the dependent variables (¢, 2, %)
and the independent variable w. Below for each equivalence class of the one- and two-
dimensional subalgebras, we present an ansatz constructed for (u,v,h) and the corre-
sponding reduced system. For each codimension one reduction we present the maximal
Lie invariance algebra a of the reduced system in attempt to find hidden symmetries
of (4.1), i.e. symmetries of the reduced systems which are not induced by symmetries
of the initial system. In general, the criterion to determine their existence is to check
that dima > dim Ny(g’*) — j, where g/ is an j-dimensional Lie algebra an ansatz was
constructed with and Ny(g?*) is its normalizer in g. It turns out that only one reduced
system has hidden symmetries, namely the one associated with the subalgebra PY.

The last four codimension one reduced systems are of hydrodynamic-type, so it makes
sense to discuss reductions of the Hamiltonian structure of (4.1) and hidden Hamiltonian
structures thereof. Note that the hydrodynamic-type Hamiltonian structures for inho-
mogeneous hydrodynamic-type systems were introduced in [42]. When performing Lie
reductions with respect to a given vector field v, one makes a change of variables so that

the vector field is straightened, v = 0., and then carries the reduction out by assuming
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that new dependent variables do not depend on the new independent variable z. This
is the philosophy we follow when carrying out reductions of the Hamiltonian structure.

Additionally, all new obtained coordinate charts turn out to be physically relevant.

4.3.1 Codimension one reductions

Denote the vector fields used to describe maximal Lie invariance algebras of reduced

system as

Pl:=0., P*:=0., J:i=—20. +20. — w0y +w'dy, D =20,

D? = 20,,, D® = w0y + 0y + 200ys, T(f) = fOu + f2,0u1 — 2f 02,

o2 K 1 1 1 K 2\ 92 393
Ky =270, — K2—+121832— (221w _HZ—H) Op— (H2+1+221w ) 0, —4zxw 0.

Since only Reduction 1.12 gives hidden symmetries for the system (4.1), first we write
down all the maximal Lie invariance algebras and the normalizers in g of the algebras (v},
where v is the vector field with respect to which Lie reduction is taken (below f is running

through the set of smooth function of w?),

a,. = (D' +D*+ D% J) if (v,x) # (0,0), ag = (P',P%, D' +D* D% J),

al? = (P, P2 2D + 2D + D), al? = (D' + D>+ D J), a''= (P, P?,

12

ald = (D' +D*+ D% J), o= (PLP?, o7 = (PP D' -D%K,),

al® = (P, P2 D'—D° Ko+20.,), a*® = (P!, P2 D*+D° J(sin2z), J (cos 2z)),
a1 = (P! P2 2,0., + 01, D' — D>, D* + D?, f(w?)Dy2);

No(g,) = (D', D%, J) if (v, k) # (0,0), Ng(ggy) = (P, D', D*, T, P*, P¥),
Ng(g"?) = (P' +G¥, D' +3D* P*, P¥), Ny(g,.) = (D' D* J),

No(g"!) = (D' =D, P*, PY), Ng(g,.) = (P'+K,D* ),

No(g"%) = (P + K+ T, P*+ G, PY — G*), Ny(gi") = (P, D', K,D* J),
Ny(g"®) = (PY, D' K, D% ), Ny(g") = (P'+ K+ J,D* P", PY,G* GY),

Ng(gl.lo) - <Pt7 Dla D27 7)m7 Pya gr’ gy>
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Ansatzes constructed with these subalgebras and the corresponding reduced systems

have the following forms:

1.1. g.! = (P 4+ vD? + KT ) (v=1,550)v (v=0,5€{0,1}):

u = e’ (w' cos kt—w? sin kt)+vr—rky, v = " (w' sin kt+w? cos kt)+rr+vY, b = W,

where 23 = e ! (zcoskt + ysinkt), zo =e ! (—xsinkt 4 y cos kt);

whwy + wiwy +wi + 20wt — 2kw* + (V2 — k)2, — 2vkze = 0,
whw? + ww; +wi + 2vw? + 2kwt + (1 — K¥) 20 + 2Kz = 0,

w'w? + wrwi + wlw; + wiwi + dvw® = 0.

1.2. g2 =(P'+GY): u=w", v=w?+t, h=w® with 2y =2, zp =y — —;

w'wy + w?wy +wi =0,
w'w? 4+ wwi +wy +1 =0,

w'w} + w?wi + wiwi +wiws = 0.

1.3. g.2 = (D' + 2vD* 4+ 26T ) w>o0:

u=t""12(w cosT —w?sinT) + (v + Wt e — kt™'y,

v=1t""Y2(wsinT + w?cos7) 4+ kt "z + (v + Ot7ly, b=t

where 2z =tV Y2(xcosT +ysinT), 2z =tV (—xsinT +ycosT), T:=rlnlt|;

w'w + wiwy + wi + 2wt — 26w + (V¥ — K* — 1)z — 2Kz, = 0,

w'w + wiwi + wi + 2vw® 4 2kw' + (V — K2 — 320 + 20Kz =0,

w'w? + wwd + wiwl + wiw? 4 dvw? = 0.
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w w
1.4. gt = (D' —D?4+2PY): u= U= h = = with z; =z, 2o =y—In|t;
w'w} + w?wy +wd —w' =0,
w'wi + w?wi +wh —w? —1=0,
w'w? + w?wd + wiw] + wiwi — 2w = 0.
1.5. 9,0 = (P'+ K+ vD* + vJ):
e’" 1 9 . ve — Ky +tx
U = W COSKT — W SINKT) + —————,
VAT ) 241
e - 5 vy + Kz + ty e Tw?
v = W' sin KT + w” CoSKT) + —————, h = ,
t2-|-1( ) t2+1 t2+1
—uT e VT
where z; = (xcoS KT + ysinkT), 29 = (ycos kT — xsinkT), T := arctant;

VE2+1 t2+1

wlw} + w2w% + wi’ + 2vwt — 2kw? + (V2 — Kk 4 1)z — 2ukzy = 0,

whwi +wiws + wy + 2vw? + 26wt + (V2 — K° + 1)z + 20Kz = 0,

w'wd + w?wi + wiwi + wiws + dvw® = 0.

1.6. g'6 = (P' + K+ J + G* — PY):

tw' +w?  tHx+1)—y —wt +tw? ty+az-—1 w?
U= + , U= + , h= ,
2+1 t2+1 2+1 2+1 2+1
tx — t
where z; = T y—arctant, 22:x+ Y.

241 2 4+17

wlwi + wwy + wd — 2w =0,
w'w? + ww? + wd + 2wt +2 =0,

w'w? + w?wd + wiw] +wiwi = 0.
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1.7. gL" = (D? + KT ) ws0:
U= (x—k;y)wl—(/fx—l—y)wQ, v = (/ﬁx—i—y)wl—l-(x—kay)wz, h = (/@2+1)(x2+y2)w3,

where 21 =t, 2z =

1
P (arctan% — gln(:zc2 + y2)>;

wi + wwy + (wh)? — (w?)? — 2kw'w? + 2uw* =0,

w? 4+ w?ws + ws + k(w')? — k(w?)? + 2wlw? - 2kw® =0,

w} + wwi + wws + 4(w' — kw?)w?® = 0.

The system (4.1) in (modified) “polar” coordinates (2, 22, 23) reads

wi + wi + whwi + wiwy + (wh)? — (w?)? - 2kw'w® + 2w = 0,
w? + wrws + w'wi + wi + k(w')? — k(w?)? + 2w'w? — 2kw* =0,

w? + wrwi + wwi + wiwy + wiws + 4(w' — kw?)w® =0

and is Hamiltonian with the Hamiltonian operator ),

0 g —D., +4
H=mm 0 —D., — 4 |
—D.,+2 -D,, -2k 0

where ¢ = (w3 — w3 +2kw! +2w?) /w?. The reduced system under consideration is also the
reduced system for the system above with respect to 0,,, but since $) explicitly depends

on z3 it is impossible to get the Hamiltonian operator for the reduced system by the simple

1 1
! (/@ arctan 2 + 3 In(z? + yz))

reduction. Here z3 = 5
K* + x

1.8. g!8 = (J):

u=zw' —yw?, v=yw +aw?, h=(2*+y)’
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1
with z; = t, 2 = 3 In(z%+y?);

wi + wwy +wi + (wh)? — (w?)? + 2w® = 0,
wi +w'ws + 2w'w* =0,
w? 4 whws + wiwy + 4w'w?® = 0.

The system (4.1) in (modified) polar coordinates z;, z; and z3 = arctan 2 takes the
x

form

wi + w'wy + wwy + (wh)? — (w?)? + wi + 2w’ =0,
wi +w'ws + wwi + 2w'w? + wi =0,
1

w? + (w'w?)y + (ww?)s; + dw'w® = 0.

It is Hamiltonian with the Hamiltonian operator $), and the corresponding reduced system
is also the reduced system for the system above with respect to 0,,. A Hamiltonian

structure $) of the reduced system is therefore inherited from that of (4.1),

2 1 2
w5 — wsz + 2w

0 o D, +4
§ = o6 w3 — If3+ 2w? 0 D, 7
D, +2 D, 0
0 w3 1—)32102 D, + 4
§ = o 6= _wg waz 0 0
D, +2 0 0

There are no other (hidden) Hamiltonian structures of the reduced system.

1.9. g = (G" = PY):

w! —tw? +tr —y twr +w? + v +ty w3
U = v = =
’ 2 +1

t2+1
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x+1ty
241’

where 2z; = arctant, 2z, =

wi + wrwy +wi — 2w? =0,
w? + wlws 4 2w =0,

w} + w'wi + wiwy = 0.

Recall [34] that the system (4.1) is equivalent to the system describing rotating shallow

water model with constant Coriolis force f,

1 1,1 2,1 2 3
wy + ww, + wws — fw +w; =0,
2 1,2 2,2 1 3

wy +w w; + wws + fw +wy =0,

w? + (w'w?)y + (ww?)s = 0.

The latter system is also known to be Hamiltonian [143] with the Hamiltonian operator $,
but the reduced system under question is a reduction of the rotating shallow water system

with f = 2 with respect to 0.,. The Hamiltonian operator ), reduces to £, accordingly,

0 frw3—wi

LU D, 0 “P D,
Hp=| L g D, |, $:=[-%2 0o 0
D., D, 0 D, O 0

Direct computation shows that there are no (hidden) Hamiltonian structures of the re-

duced system.

1.10. gM0=(PY): w=w', v=w? h=w® with z; =1, 2, =u1;

wi + wwy +wi =0,
w? + wlws =0,
w? + wrws 4+ wiwy = 0.
Hidden symmetries: f0,2, where f runs through the set of smooth functions of w?.
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4.3.2 PY-reduction

The obtained reduced hydrodynamic-type system
wi +wwy +ws =0, wi+wws =0, w+ww +wey =0,

can be diagonalized via the change of variables w! = 2(r! +12), w? =3, w? = (r! —r?)?

to the system S,
rr Bl =0, P2+ +3Hr2 =0, P20t ) =0,

Thus, the r’s are the Riemann invariants for S, while V! = 3rt + 72, V2 = r! + 3r% and
V3 = 2(r! + r?) are its characteristic velocities. The system S is partially coupled and
is not genuinely nonlinear as V3> = 0. Here and in what follows the index ¢ denotes the
differentiation with respect to the Riemann invariant r¢, i = 1,2,3. Moreover, S is semi-
Hamiltonian and thus can be solved via the generalized hodograph transformation [150],
that is, its solutions satisfying r’. # 0 can be implicitly presented as x — V(r)t = W*(r),
where 7 = (r',7%,7%) and W’s satisfy the system W /(W7 —W*) = V' /(VI = V") for i # j,

1
= e WE= W Wi =wg=o,

w3 2 W3 2

WI—W3 — pl—p2 W2—W3  p2—pl

Introducing the potential A(r!,7?) via W' = A; and W2 = A,, one can derive from the
first three equations that it satisfies the Euler-Poisson-Darboux equation 2(r? —rt)Ay =
Ay — Ay. The general solution of the overdetermined system of the last two equations
on W2 is W3(rt, 72, r®) = F(r®)/(r' — r?)®> + ®(r',r?), where F runs through the set
of smooth functions of 7* and @ is a particular solution of the system (r! — r?)®; =
2(A; — @), (r* —rh)®y = 2(Ay — @). It can be seen that @ satisfies the Euler—Poisson—
Darboux equation 2(r? — r1)®, = 3(®y — ®y).

Let us now consider solutions which are not caught by the generalized hodograph

transformation, that is, when r% = 0 for some i(’s). First of all, the solutions with 73 =0
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are naturally embedded in the above family, c¢f. Theorem 3.1. Let 7} = 0 but r2 # 0.
Then r! = ¢! is a constant and we obtain a hydrodynamic-type system on (r? r3) which

is linearized via the rank-1 hodograph transformation, t = t, ¥ = r?, #* = z and 7 = r*

3

)

with (£, £) being the new independent variables to get 72 — 3% — ¢, = 0, 7273 = (Z — ¢p)F

which is readily solved. An approach when 2 is a constant, while r! is not, is very similar.

When both r! and 7? are constants one has a transport equation on 73

Theorem 4.3. Any solution of the system S (locally) belongs to one of the following

famalies; below W is an arbitrary function of its argument.

1. The reqular family, where both the Riemann invariants r* and r? are not constants

(the general solution):

1
r— (3t + )t = 5(7"1 —rH®, + O,

1
r— (r + 3t = 5(7"2 — 1)y + P,
F

1 2Ny
$—2(7" +7“)t—m

where ® is a smooth function of (r',r*) which runs through the set of solutions of the
equation 2(r* — r')®15 = 3(®y — ®y) and the function F runs through the set of smooth

functions of r3.

2. The two singular families, where exactly one of the Riemann invariants r* and r* is a

constant:

rl=c, x=0Br+c)t+0%/(c—17),

(
((

)3t — 207 — @22(6—T2)) :

3 =W ((c—r
rP=c, x=0Br"+ot+0n/(c—r"), =W ((c—r")’t—-20"—0L(c—r")).

Here c is an arbitrary constant and ©' = ©'(r!) and ©% = ©%*(r?) are arbitrary functions

of their arguments.

3. The ultra-singular family, where the Riemann invariants r* and r* are arbitrary con-

stants and > = W (z — 2(r' + r?)t).
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The regular, singular and ultra-singular families of solutions of the system & are associ-
ated with solutions of the subsystem Sy of rank 2, 1 and 0, respectively; cf. [65]. Perhaps,
the more instructive but less standard way to solve the system S is via linearizing its

subsystem Sy of the first two equations,

rt+ Bt el =0, P4+t 4+3?)2 =0

1

using the rank-2 hodograph transformation y = r!, z = 72, p = t, ¢ = x to the equation

3(py - pz) = 2(y - Z)pyz- (43)

Due to the fact that the system S is not genuinely nonlinear one can introduce special
coordinates w; = ((r! —r2)72D,)"r?, i € Ny to show existence of an infinite hierarchy
of conservation laws, cf. [40] and Section 3.6, and (by virtue of partial coupling of §) of
higher symmetries, cf. [112, 113] and Section 3.4.

Indeed, the generalized vector fields of the form Q(w® w!,... w")d,s, where Q runs
through the set of smooth functions of any finite number of w’s, form an ideal 3 in the
algebra X of nontrivial higher symmetries of S. The subalgebra ¥ /33 is isomorphic to the
algebra that consists of the generalized symmetries of the essential subsystem Sy which
can be locally prolonged to the third equation. As an example, the subalgebra thereof,

that is constituted by higher symmetries of genuine order one (no Lie symmetries) is as

follows,

1 1 F
<(§(7’1 _ 7,2)(1)1 + (I)) Tglcarl + (§<r2 — rl)q)g + @) 7“32687«2 + (m + @) Tiar3> )

where ® = ®(r!,r?) runs through the set of solutions of the equation 2(r? — r!)®;, =
3(Py — @;) and the function F runs through the set of smooth functions of 73.

It was shown in [40] that not genuinely nonlinear hydrodynamic-type systems admit
nontrivial conservation laws of arbitrary high order, parameterized by a smooth function of

finitely many w’s. Besides, the system S inherits conservation laws from the subsystem S,
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or, equivalently, from the equation (4.3). Let us describe the zeroth-order conservation

laws first. Using the standard techniques the characteristics thereof are easily found,

rl — p2’ rl — p2’

d P
(rt —r?) (ZQ —y(z — V) + L 20+ vz — V3) + 2 Qs(rt — 7“2)> ,

where ~ is an arbitrary constant, ® and €2 run through the set of smooth functions
of (rt,;r?) and r3, respectively, with ® satisfying the equation of the form (4.3). The

associated conserved currents are then recovered,

(r' =) (QVPQ), (@1 + o, V') + V2D, — 4D)
(rt —r?)? (2(x + V31, ((V1)2 + (VH2 - (r! - 7’2)2) t— 2V3x) )

Furthermore, following [40, Theorem 5.1] we may construct all first-order conserved cur-

rents of S, whose densities are (t,z)-independent. The space thereof is spanned by
1_ .2
r—r

12 (r2 —rl Vie2 —v2rh) (rl — %2 (Q,V3Q), where Q runs through the space of
smooth functions of (w® wt) = (r3,r3/(r! — r?)?).

It was our conjecture that the system (4.1) admits only first-order conservation laws of
specific type and no nontrivial higher symmetries of the higher order at all. Nevertheless,
it turns out to possess a plethora of hidden higher symmetries and conservation laws of
arbitrary order.

Let us look how the system S (which we will write in (¢, z, u, v, h)-coordinates in the

remainder of the subsection),

uy +uuy + h, =0, hy +uhy + hu, =0, v+ uv, =0,

inherits the Hamiltonian structure of (141)-dimensional system S, of equations of gas
dynamics with v = 2, i.e., the decoupled subsystem on (u,h). Recall that the latter
system is known to be quadri-Hamiltonian, that is, it admits four different Hamiltonian
structures. Three corresponding Hamiltonian operators are of order one [97] and one of

order three [101],
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0 1 2 u 0 uy,

nglgo = - Dxa 5%0 - D:v + )
1 0 u 2h 0 hy,
. 2u u?/2 + 2h Uy Uy + hy
fJSO = Dx + )
u?/2 + 2h 2uh hy why + huy

s, =DyoUo0D,0Uoc' oD,, where

0 1 1| uy —hy/h h?
o = U= o R
10 —h, .

Moreover, it is easy to check that the system Sy also admits the zeroth-order Noether

operator

Below we may use the alternative notation (u',u? u3) for the dependent variables
(u, h,v) in summation formulae. To construct a Hamiltonian structure of the system S,
we first find all Noether operators 91 thereof. These are matrix-operators mapping cosym-
metries of S into its symmetries. Recall that cosymmetries are solutions to the system
adjoint to that used for finding generalized symmetries of the same system. Since § is a
hydrodynamic-type system we consider only (local) hydrodynamic operators [41, 43, 150]

of the form 9 = ¢“D, + gisfgkuk . A direct computation shows that they are of the form

(%%
— 0 0 fiad
0 1 0 A
Me=]1-1 0 0 | D+ 0 O 0 )
0 —u, Oh,
00 e 0T T

where 6 and ¢ run through the set of smooth functions of (v, v, /h). In order to qualify as
a Hamiltonian operator, My must be skew-adjoint and satisfy the Jacobi identity. The
first requirements gives 6 = 6(v) and ((v,v,/h) = v,0,/(2h), while the other is identically

satisfied in view of the fact that the metric (g;;) = (¢)~" is flat, cf. [41]. The net result
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is the family of Hamiltonian operators parameterized by a function of a single argument,

Vg
_ 0 0 iad
0 -1 0 h
Hs0=1-1 0 0 |Da+]| 0 0 0 ,
0 —U, 0h, v.0,
00 3 oV s T o

which is obviously a prolongation of the Hamiltonian operator 55}50 to the entire system S.
At the same time, when 6§ = 0 it is a reduction of the Hamiltonian operator of (4.1).
For all other 0’s the associated Hamiltonian operators are hidden Hamiltonian operators
for (4.1). The associated Hamiltonians are parameterized by a smooth function of r* and

two constants,

h? u?
/ (3 +h (? + \If(v)> + ciu+ 02> dz,

where U and ¢; additionally satisfy the equation 20W¥,, + 6,V, — 2¢; = 0. Of course,
constants ¢; and ¢y are associated with the Casimir functionals of the Hamiltonian oper-
ator ..

But the underlying (1 + 1)-dimensional gas-dynamics system admits three hydrody-
namic-type Hamiltonian structures. Let us investigate what happens with the other two
upon a prolongation to the third equation. For this aim we consider nonlocal Noether

operators of the form

3
i Ty stk TS N R
NY = gD, — ¢"T, uy + E €Wy un D ow! u

)
a=1

where the functions ¢, w?, and TV, are smooth functions of (u, v, h), see [52, 54, 91] and
Section 3.8. The Einstein summation convention is utilized. The functions w’, in the
geometric interpretations of hydrodynamic-type systems play the role of affinors, i.e. 1-
contravariant, 1-covariant tensors. Following the procedure in the aforementioned section

we find that w, = wg«, where
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(I)uu (I)uh 0
wWe = | hd,, Py O
0 0 P,

The functions ®!, 2 and &2 of (u, h, v) satisfy the differential constraints ®¢,, = ®*

uhv

=0
and the differential equation ®, = h®}, + ®! which is the form of the Euler-Poisson—

Darboux equation (4.3) in (u, h)-variables. The ®*’s can be presented explicitly as

% = a®(v) In |h] + 0% (v)u + *(v) + d%(u, h),  a=1,2,3,

for smooth functions a®, b%, ¢*, d* of their arguments, with d® satisfying the equations

dy,, = hd?;, + df. Overall, the Noether operators take the form

2 uw 0 0 Uy _u;:x ,
Nogc=|u 20 0 [Dat | 0 by =20, |+ cawlubD;"ow!
0 UV 9h ¢ a=t
0 0 — ks
g T S = M

for some smooth functions § and ¢ of (v,v,/h). Moreover, there are three more constraints

on the functions ®’s,
U, =0, hWPU+20042=0, > e(®5,)" =h) €n(®s,)°, where U= e, (Df)°.

It is straightforward that ¥ = Ch=2 — 2h~!, where C is a constant.

Let us now single out the values of parameters which make g 5 Hamiltonian. The
skew-symmetry of Mg 4 is equivalent to g;; being a metric tensor and r’ *1. its Levi-Civita
connection, which is ensured by the conditions (v, v, /h) = 0(v), ((v,v./Rh) = ((v)vy/h
and ¢ = 6,/2. The operator Mgy satisfies the Jacobi identity if and only if the set of
affinors? is commutative, [wy, ws] = 0, the raised Riemann tensor is RY,, = 3°_ (wi,w’, —
wl wly), Viwl, = Vwl,, gpwk, = gpwk,, see [52]. It turns out though that all these

conditions are automatically satisfied.

2An affinor is a G)—tensor.
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The similar approach is taken to compute a nonlocal prolongation of the operator £%.

Theorem 4.4. The system S admits three families of first-order Hamiltonian operators

of hydrodynamic type,

—1 0 0 —
0 0 N
Hs0=1-1 0 0 |Da+]| 0 0 0 ,
0 —v 0h 0,v
0 O . X o T vvYax
E oV T T
9 0 0 U
Uy —
¢ h 3 '
0 uv Oh 0,v a=1
O 0 . xr o xr vvYax
2 ho 2 TE g
2 2
2u u_+2h 0 Uy Uy + hy _M
) 2 2h
5?9;@,9 = %—i—Qh 2uh 0 | D:+ h, wh, + hu, —2uv,
0 (u?+4h)v, Oh, 0,0,
7 W) Ve Quv, _
0 0 oh “” W one

3

E 7 ky—1 J ool
+ wakuwa O Wy Uy

a=1

which can be seen as prolongations of the corresponding Hamiltonian operators of Sy.

Here (u',u? u®) = (u, h,v), 0 runs through the set of smooth functions of v,

(I)gu (Dgh 0
(w',) = hde, @2, 0 |, ®%=a%(v)In|h|+0%()u+c*(v) +d*(u, h),
0 0 o

for the smooth functions a®, b, ¢, d* of their arguments, with d*(u,h) satisfying the

equations dy, = hdy, + hdj. The functions ®* additionally satisfy the system of PDEs
Z ca(P,)? = hzea(q)gh)Z» Zea(q)g)z =V,

where W = Ch™* = 2h™" for %4, and ¥ = Ch™> — 2uh™" for $%.44, C is an arbitrary

constant.
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It worth noticing that one function ®* is not enough to construct a Hamiltonian

structure, as the associated system thereon would be inconsistent.

4.3.3 Codimension two reductions

A list of G-inequivalent two-dimensional subalgebras of the algebra g is as follows,

gon = (P, D' + VD’ + kT )s0.  Ooiey = (P' + 51T, D? + 52T )y e{0,1}m005

0.° = (P'+vD*, T)veqo1),  Goiny = (D' + 51T, D* + k2T ) 50,

g, = (D' +vD* T )iz, 0, = (PP K+ 11T, D + Ko ) sy a0,

g, =(P'+K+vD* T)z0, 8,°=(P'+K+1D*+T.G" = P)ux0,

g, = (P H K+ T +uP+G).G" = P)uzo, g7 = (D),

g>!l = (D?,G" — PY), gi.lz = (P* + G*, PY + uG") 50, g3 = (PY, P' + D),
gi’u = (PY,P' + uG® + vG) uu0, 2 rcfonys 8 = (P, D' 4 aD?)4z0,

g5 = (PY, D' + D? + uG* + vG¥) ps0, 2= o' = (PY, D = D? + aP®) 450,
g8 = (PV. D%, g™ = (PY,P"+@Y), g** = (PV,P"),

g2 = (PY,G" + 1G") =0, 977 = (PY.GY).

We will not consider Lie reductions of codimension two constructed with the help of the
above algebras which have PY as their basis element, because the reduced system 1.10 was
completely integrated. One may find particular solutions to the Euler—Poisson-Darboux
equation and prolong them to the solution of the reduced system 1.10. All the reduced
systems are systems of first-order ODESs, and therefore have infinite-dimensional maximal
Lie invariance algebras, but they are not systematically constructable. We try to give as
many solutions to the reduced systems below as possible. Usually, a simple set of solutions
can be found by considering ¢! = 0. Below ¢’s are constants.

2.1. g2! = (P, D' + vD? + kT )1, r>0:

w= (22 +y?) A (v + )z — k)t — (kz + (v + Dy)e?)
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1

v=(2"+y*)" 7 ((kx+ (v+ Dy)p' + (v + 1)z — ky)p?)

_ @)
K2+ (v+1)27
where w = - (E In(z* + y*) — (v + 1) arctan y)'
K2+ (v +1)2\2 x/)’
2 1 KV 1\2 2\2 1 2 v—1 3
Y - 20v — 1 - 0
sosooﬂryﬂ((w) (¥*)?) +2(v =)'y CERTES D
2k(v — 1)® + (v + 1)¢3 2KV
2 2 © _ (1 N 2y2 12
P T D 0 TP (v =1) ((¢") (90))+V+190 :
2 3 3 2 1 K 2 3
20w -1 - =0
P @, + P, — 2(2v )(e@ VHs@)so
g%ifi = <Pt7D1 - D2 + K‘\7>H>0:
1 2 3
u:e—Qa/n'r(p — Yy v = —2oc/ny90 +x(10 h:e—4o¢/n ¥
a2 +y? 2 +y? x? 4y’

where w = gln(:v2 +9?) and « = arctan y;
x

ol + 02 — Kk ((0")2 4 (9%)°) — 20" " — 2k¢* = 0,
ol —2(p%)? — 4¢° =0,

0 02 + oy, — 2(kp + 3% = 0.

One can express ¢* = (p'¢? —2(*)?)/4 from the second equation and eliminate ¢, from

the first and the third equations, which results in the cubic equation on ¢!,

4 (2605 +2,) (01) — (@2 (@2, — 4kl + 8) + 8k(¢%)?) (¢')?

— (2(0°)2(2r02 —92,,) —2(02)* (20" = 1)+16(0%)* (9*—1)) " — 4(°) @2 (p*—1) = 0.

At the same time, the solution to this equation and the resulting ODE on ¢? are too
cumbersome to be presented here.
For the algebra 9%%,0 the local transversality condition does not hold and therefore one

can not carry out a classical Lie reduction. Note that it is still possible to consider Lie
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reductions for some algebras with this property [10] but not for g%io

2.2. 922 = (P'+ k1T, D? + k2T ) ey €01} ma 30"

u=(z— ky)p' — (ko + y)*, v = (kox +y)p' + (z — Kay)p’,

h= (k3 + 1) (2" + )¢,

where w =

</€1t — arctan = % In(z? + y2)>;

e+ (1) = (1% = 2K20" 0% + 2¢° = 0,

K1
( - 902) 02 — 2+ Ka(p")? — Ka(9?)? + 20'% — 2ka¢° = 0,
) @3 — P2 + 4(p" — kap®)p® = 0.

2.3. 2% = (P' + D% T veqon):
U= l'gOl — ySDQ, v = y%Ol + 33'()027 h = (xQ + yQ)SDS,

1
where w = vt — 3 In(z? + y?);

(' =)ol + ¢l — (') + () —2¢° =0,
(' — V)l — 2¢'p* =0,

(0" = )2 + (gl — 40" )p® = 0.

When v = 0, the system is completely integrable.

Thus, (o', % ©3) = (0,£v2f — f., f) is a solution for any smooth function f of w,
for which 2f > f,. An alternative representation of this solution is (¢!, 9% ¢?*) =
(0, f,c3e**+g), where c3 is an arbitrary constant, f is an arbitrary function of w and

g is a particular solution of the equation g, — 2g + f? = 0.
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If o # 0, then p? = ce®, 3 = c3e® /! and ! satisfies the ODE.
o) — 2eqe™
It has the first integral

(c3 + 2c3(p"))e* + e *(p')*.

Denote a constant value of this first integral on a solution of the equation by —c¢;. In

other words, the function ¢! satisfies the cubic equation
(0")? + (c2e™ + c1e™) ! + 2c3¢™ = 0.

This equation may have one, two or three distinct real-valued solution depending on
the sign of A(w) = 27c3e® + (c3e™ + c1e*)3. As its sign may change as w varies,
with parameters ¢’s fixed, on some intervals a real-valued solution may degenerate into a
complex-valued one, and a complex-valued solution may regularize into a real-valued one.

Three solutions of the cubic equation are

prw) =p_, pa(w) = %(i\@m —p ) pi(w) = —%(i\@w +p_);

w(gw) n c§e4w¢4(rj)cle2w7 b(w) = <3 BAMw) — 27cse4“>

=

where @i =

Recall that real-valued solutions of a cubic equation not always can be written as a func-
tion of real arguments, and therefore p3(w) and ¢3(w) may still be real-valued. Analogous
solutions exist for several other reduced systems below.
If v = 1, then introducing the function ¢ of w such that ¢! = ¢/¢, + 1 one yields
0 (w) = ce® (d(w))? and @3 (w) = c3e™(P(w))3¢, (w), and the first equation reduces to
2

Z(L) —(L+1) +ele s - 2o, + oot =0

o P/ \Pu
Alternatively, introducing the function ¢ of w satisfying ¢! = ¢,/(¢,, —2¢) one obtains
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0% = o, P> = c30(d, — 2¢), and the first equation reduces to

Pu
(bw - 2¢

2¢ (‘bw

2
2 2 .
b — 20 \ Py, — 20 ) + 30" — 2c30(dy — 2¢) = 0.

)w e (006, —20). —

One can reduce the order of this autonomous equation by choosing 6(¢) = ¢,, to be a new

dependent variable,

—(6393 - 603¢02 + 1203@520 - 803¢3 - 4¢))¢0€¢ = 6305 - 1203@504

+ ((3+52¢3)¢> — 1) 6° — ((6c3+104¢3)¢” — 6) 96> + 12(c3+8c3) "0 — 8(c3+4c3) e’

2.4. g2%, = (D' + k1T, D* + k2T )y 50:

oy @Ryt = (e +y)e* (Ra +y)p! + (¢ — Ray)?
t ’ t ’
e+ D +y7)¢"
- . ,
1 K1 — Ko Y Ko 9 9
h = In |t| — arctan = + —1 ;
where w (/{%—1—1)( 5 n|t| arctan — + - n(z” +y°) |;

+ (") = (%)% = 2k20" 0% — 0" +2¢° = 0,

g =

K1 — R 2
22+ 1) T )7
K1 — Ra 2 2 3 1\2 212 1.2 2 3
—— — — — 2 — =2 =0,
(20{% ¥ ) Vo = Pt h2(97)” = R2(97)" + 20707 — 7 = 2

K1 — Ra 2 3 3 2 1 2\ 3 3
AT — 4(pr — — 203 = 0.
(Q(K%Jrl) 90)% 0 o, + 40" — k) ©

2.5. 935 = <D1 — (1 + 2V)D2, \7>V§71/2:

ot —yp? oyt + xp? (@ + )¢’
L e B e

1
where w = In [t| + — In(2? + y?);
2v
(' + V)l + 98+ v ((01)? = () — ' +26%) =0,
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(' +v)l +v (20" —1) > =0,

("' + 1)@ + (ol + dve' — 2v)p* = 0.

If v = —1/2, then the system is completely integrable.

If o' = 1/2, then the system reduces to the equation 2¢3 — 23 + (©?)?+ 1 = 0, which

i
can be easily solved with respect to either ©? or 3.

If o # 1/2, then the second and the third equations of the system give p?(w) = coe
and p3(w) = 36 /(p'(w) — 1/2), respectively, and the first equation then becomes an

ODE with respect to ¢!, which possesses the first integral

—w 40362w w
e (@1—(901)2— 2@_1) — c5e”.

In other words, ¢! satisfies the cubic equation
2(¢")? = 3(p")? + (2c5e™ + 2c1e” + 1) @' + (dez — &5)e* — e = 0.
Three solutions of this cubic equation are

1 1

, pa(w) = 5(%\/§¢+ —p_ +1); piw) = 5(—2\@% —p_ +1);
(W) n 4ce® + 2cie” — 1

6 2¢)(w) ’

1/3
P(w) = (3\/3(4c§e2w + 8cre¥ — 1)% + 5184c%e + 27¢1e® — 21603e2w> .

pr(w) = - +

RSN N\ Y Qi

where ¢4 =

If v # 1/2, we can introduce the function ¢ of w such that ¢! = v(¢,—¢)/(2vp+d.,).
Then the functions ¢? and ¢* can be expressed as ¢? = ¢y and p* = c3(2v¢ + ¢, )¢. The

first equation reduces to the autonomous ODE

(c;;qbgbw?’ + 663V¢2¢w2 + 12¢329% ¢, + 8csv® ot — (2v + 1)2y2gb2) Do
+esp 1203000, + ((52e3v—3)vd*+1°) ¢, + ((104csr—6¢3) 9> +617) V2¢¢w2

+12(8csv — )¢ g, + 20 (4(desy — ¢3)¢° — 1) ¢° =0,
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which can be further reduced to a first-order ODE with the help of standard methods.

2.6. 92'6 = <7)t + K: + K?lj; D2 + ’{2k7>.‘{1,l€2>0:

R1K2

wo G R —(mety)e®  tr (st y)e + (@ - Ray)e’ |ty
NG ERICESY 2+ 1 NG ESICESY 2+ 1
P e L
CESVES
arctan 2 — 22 In(z? + y?) — K arctant + 2 In(t* + 1)
where w = z 2 2

I

K3+ 1

(%02 — Ki/y/K3 + 1) Qo+ (1) = (%) — 2k20' % +2¢° +1 =0,
(902 — Ki/y\/K3 + 1) ol + 00+ k2 (1) = (©*)?) + 20" 0" — ko (29 + 1) = 0,

(902 — k1 /\/KE+ 1> 02+ P02 — 4 (ra® — ') 9* = 0.

2.7. g27 = (P! + K + vD2%, T ) o0’

Loty oyl A rae’ (@ 4ty
t?2+1 ’ 241 ’ (t2+1)2 7
2,2
where wzl/arctant——lnx Y ;
2 241

(0" — )l + @2 — (") + (9?)? — 20> — 1 =0,
(0! — V)@l — 20" * =0,

(" = v)@d + (gL, — 40" )p® = 0.

The system is completely integrable for v = 0.

If o' = 0, then the system reduces to the equation ©? + (©?)* — 2¢® — 1 = 0, which
can be easily solved with respect to either ©? or 3.

If ! # 0, then one yields from the second and the third equations that ¢?(w) = cye®”

1

and ¢*(w) = cze™(p'(w))™!, respectively, and the first equation becomes an ODE with
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the first integral
(3 + 2c3(9") 7)™ + ((91)° + 1)e ™.
In other words, ¢! satisfies the cubic equation
(") + (c2e™ + c1e® + 1) + 2c3e™ =0,
whose solutions are

prw) =p_, pa(w)= %(i\/gw —p ) pi(w) = —%(i\@w +o);
P(w) N ce' +cre® + 1
3 Y(w) ’

1/3
P(w) = (3\/3(63634‘” + e +1)3 4 81ckedw — 2703e4“’) ,

where ¢4 =

If v # 0, the system can be reduced to a first-order ODE by introducing the function ¢
of w such that ¢! = v, /(¢d, — 2¢). Then immediately p? = 20, ©* = c3(d, — 26)¢ and

(e300} — 6c30°B2 + 12c3¢° P, — 8czp* — 42 ?) P + c30,° — 12¢360,.
+ (5 +52¢3)¢ —v* — 1) ¢} — ((6¢5 + 104c3)¢” — 6(v° + 1)) b9,

+12 ((c3 + 8c3)¢* — 1) ¢*¢, — 8 ((c3 + 4e3)9” — 1) ¢* = 0.

This equation can be further reduced with the help of the standard substitution 6(¢) = ¢,,.

2.8. g28 = (P'+ K +vD?+ J,G% — PY)~0:

(2 +ty)(p! —tp?) + (tr —y) (2 + 1) . (x+ty)(tet + 2 +t2+ 1)
N (t* 4 1) o (124 1)2 ’
G
(t2 + 1)3 ?
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|z + ty|

here w=1In
A 241

— varctant;

(' =)ol + @2+ (p')* — 20> + 2¢* = 0,
(' — V) +o'p* + 20" =0,

(0" =)@l + (gl + 3¢ )p® = 0.

2.9. g2° = (P'+ K+ J + u(P* + G¥),G% — P¥) 20t

ot =ttt —y+p tol + @+ +ty + ut ©°
u = , U= , h= ,
241 241 241
x+ty

where w = parctant — ——;
a t2+1

oy, + 02 +2¢% =0,
e ol — 20" —2p =0,

vl + e, = 0.

First, if ¢! =0, then p = 0 and p? = —? /2, that is, (0, —f,/2, f) is a solution of the
reduced system for any sufficiently smooth function f of w.
Consider two cases when ¢! # 0: p = 0 and g # 0. In the former case we have

immediately ¢® = c3/p! and ¢? = 2w + ¢o/2. The first equation gives
(@) + (W + cow + c1)p" 4¢3 = 0.

This cubic equation has the solutions

Plw) = o, o) = 5(VEpy — o) ehw) = —5(iVp, T o)

Y(w) | 2(w? + cw+ )
6 (W) ’

1/3
b(w) = (12\/12(w2 + cow + ¢1)3 + 81c} — 10803) .

where ¢4 =

139



In the latter case, we have ©® = c3/¢", p? = —(p'pl + ©3)/2 and the second equation
results in (¢, /%) — 3000 = 4(14+pug) for ¢ = 1/, Taking 0(¢) = ¢,, as a new unknown

function of ¢, the equation integrates to

_4¢4

0%(¢) = A= o2

(cspg” + 2¢30° + ca0® + 2uh 4+ 1) .

Alternatively, one can express ¢! via ¢?, ©' = 2u/(p? — 2), then immediately obtain

©® = c3(p? — 2) and plug in these expressions for ¢! and ¢?® into the first equation,

(cs(2)? —6e3(02)* + 1203007 — 4p* — 8es) i, + (2(92)° — 12(2)* + 2447, — 16)> = 0.

This equation has a first integral, which allows us to reduce the above equation to

81 (2 — 1
c3(0s)” + 201 +2(¢%)" + ﬁ =0.

Unlike the equation given by the representation above for 8(¢), this equation can be easily
solved with respect to the independent variable,
1 9 412 412

2\2 _ _ 2 _ _ _

and present a solution in an implicit form. Indeed, on the interval (t;,?s), where the

function ¢(z) = j:\/ —3032% — ¢ — jﬁz - % is strictly monotonous, the solution to

the above equation may be written as

©%
W= Cy —i—/ gz(z)dz, ©* = g(2).
; z

0
2.10. g?1 = (D% J): u=xzp' —yp?, v=yp' +z0? h=(2*+y?)p> with w=1t;
Yot (1) = (") +2¢° =0,

vl + 201" =0,
O3 +4p'p® = 0.
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Making the Ricatti substitution ¢! = ¢, /¢ we immediately find p? = c1¢™2 and p* =
ca¢p~* for arbitrary constants ¢’s, while the first equation results in ¢, +(2co—c2)¢p3 = 0,

which integrates directly first to ¢ 2 = (2c2 — ¢?)¢~2 + c3 and then a second time to

B —adVIa i a=0,
p(w) = _
ﬁm otherwise

Here ¢y is an arbitrary constant; 2c3—c3 > 0 for the first solution, and sgn(c3—2c3) = sgn ¢,

for the second one.

2.11. g>l! = (D2, G — PY):

_ 2o(pl —tp?) +tw —y Y 2t + ©?) +x + ty h— 223
2 +1 ’ 2 4+1 ’ 241’

u

x+1ty.
241’

where w = arctant, z, =

oo+ () =207 +2¢° = 0,
0+ 0?4+ 20" =0,

@3 +3p'p* = 0.

Making the Ricatti substitution ¢! = ¢,/¢ we immediately find ¢* = ¢y~ —2 and p* =
c3¢ 3 for arbitrary constants ¢’s, and the function ¢ satisfies @, —2(ca —2¢)+2c3¢~2 = 0,

which is integrated for ¢,, to ¢.2 = 4(cagp — ¢? + c3¢™ + ¢1). It implies that

_ do
v _/2\/62¢—¢2+63¢1+61'

Making the substitution ¢ = \/1/(a — b)), where a and b are constants to be specified,

the integral transforms to

/ 203292 dy)
(a2 + 1)/ AYS + Byt + Cy2 + c5
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where A, B, C' depend on some of the constants ¢y, ¢o, 3, a, b. Choosing appropriate a
and b and assuming c3 # 0, which is a natural assumption as otherwise h = 0, one can
show that the above integral can be represented as a linear combination of incomplete
elliptic integrals of the first and the third kinds, although their arguments may be complex
and so are their values. We list below some of the real-valued cases.

Taking ¢; = ¢ = 0, one obtains ¢(w) = c§/3 (sin(3w + ¢4))** and thus
(W) = 2cot(3w), (W) =—-2, ¢’(w)=sin"?(3w) (mod G).

Setting ¢; = (2 —c3)/3 and c3 = (3 — 3cac? + 2¢3) /27 for a new constant c5 such that
¢y > ¢; > 0, and denoting ¢ = (ca + 2¢5)/6, ¢ = (c2 — ¢5)/3, one obtains an implicit

expression for the corresponding value of the function ¢,

. Co—¢ Cs
w+cy = arcsin —— + ——1In
Co 262—05

(C5—C2)¢ — \/05(262—C5)\/9(262—¢) — &aCs
G5 — ¢ '

The case ¢5 = 0 corresponds to the trivial values ¢; = ¢3 = 0 and thus h = 0, and in this

case the function ¢ can be explicitly expressed, ¢(w) = é — sin(éow) (modG).

2.12. g2'% = (G" — PY,GY 4+ uP") >0:

u_tgol—l—,usOQ—i—tx—uy U_g01+t<,02+$—|—ty ; ©°

5 , 5 , = 5, Where w=¢;
t“+pu -+ p e+ p

eL=0, ¢2=0, ¢3=0.

4.4 Differential invariants for
the shallow water equations

In order to set up a moving frame, we have to define a coordinate cross-section that
allows us to solve for the group parameters, see details on the moving frame method
in [50, 106]. As the shallow water equations admit the nine-dimensional maximal point

symmetry group G, nine normalization conditions are to be chosen. The group action
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must be smooth to define a bona fide moving frame, so we consider in what follows the
action of the identity component G° of the maximal point symmetry group G, consisting

of the transformations

— af6—€7 ¢ X _ i Z €4 €2
e () () - (06) ()= (0)
Uy . B U T €4+ E269 _ 2e7(1 _ 2
(V) =e ((1 9t)O (v) +&90 <y) + (55 +€3€9)> , H=e""(1—egt)"h,

C
S

where O := ( _CS) , ¢ 1= coseg, § 1= sineg and ¢’s are arbitrary constants with eg # 1/t
for any value of . In this section we use Cartan’s notational convention using capital
letters instead of tildes to denote the target coordinates. In general, the existence of a
moving frame is linked to the freeness property of a Lie group. It is clear that G° cannot act
freely on the jet space J(¢, z, y|u, v, h) for dimensional reasons. Therefore, it is necessary
to prolong the action at least to J1(¢, z, y|u, v, h). To be more precise, we consider an action
of the group G on the open subset {h > 0, hyh, > 0, 2h+t(h;+uh,+vh,) > 0} thereof.

Let D, = 0, + Zaﬁ Wy 5 Owrs, Dy = Op + Zaﬁ wy 5,00 and D, = 0, + Zaﬁ w4, 5,0uwn
be the usual operators of total differentiation. Here and in what follows we denote by «
the tuple a = (ay, a9, a3) € N3, |a| = a3 + as + az and set 6; = (1,0,0), d, = (0,1,0)
and &3 = (0,0,1), wf = wf .. are the jet coordinates with w? := 9l*lw* /0t* 9z 20y,
Whqp 1= w", w! i=u, w? ;== v and w? := h.

In order to show the above prolongation explicitly, it is necessary to determine the

dual total differentiation operators Dy, Dx and Dy. They are defined via Dy =

Z?:1<Jij )7'D,,, where J is the total Jacobian matrix, which in case of projectable group

AT,X,Y)

Biry) The notation W* for the transformed
Z,Y)

actions is the usual Jacobian matrix J =

variables are in accordance with Cartan’s convention. Thus,

Dx = (1 — egt)e *¢(cD, — sD,), Dy = (1 —egt)e **(sD, + ¢D,),

1 — &gt
DT = e7 ( 6869 [(1—€9t)Dt — 89($Dx+yDy> — <€4+€2€9)DX — (€5+€3€9)Dy> .

These operators can be used to compute the transformed derivatives W/. To determine
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a well-defined moving frame p : M — G°, we only need the explicit expressions of three

first-order derivatives, and we choose Hr, Hx and Hy,

HT = 6367_66(1 — 69t)3 (1 — €9t)ht — 2€9h — (691’ + 0(54 + 6269) + 8(85 + 5389))h$
— (ggy + c(es + €389) — s(eq + 5259)>hy] ,

Hyx = e*77 (1 — ggt)*(chy, — shy), Hy = e*77%(1 — ggt)?(shy, + ch,),
and a coordinate cross-section,
(T,X,Y,U,V,H,Hr, Hx, Hy) = (0,0,0,0,0,1,0,0, 1). (4.4)

Solving for the group parameters leads to

. ) o (y — tv)h, — (v — tu)h, o (tu — z)hy + (tv — y)hy

1 — 2h7 2 — /—h%—f-hz ) 3 — /—hi—f—hg )
hy, — uh hy + vh 1. 4(h2+ h?

= BRI (1)
hm—i-hy hx—i-hy

15 —llnS—2 € —arctanE € —ht—Hmm—H}hy

7_2 4h37 8 — hy’ 9 — S )

where S = 2h + t(hy + uh, + vh,). With the aid of this moving frame, it is possible
to derive a functionally independent list of differential invariants upon normalizing those
coordinate functions of the jet space that have not been involved in setting up the moving
frame, IY" := ((w?), where ¢ is the invariantization map. According to the theorem
on bases of the algebra of differential invariants [105, Theorem 7.1], a (not necessarily

minimal) generating set of all differential invariants is constituted by the following edge

differential invariants,

hy (uy + wug + vuy) — hy (v + wv, + vuy)

Tioo = h2 + h2 ’

o (h2 + h2)(hy + uhy + vhy) + 2h(ugh? + vyh2) — 2hhghy (v, + u,)
010 2\/5(]13 + h§)3/2 )

- Vh(hohy (s — v,) + uyh? — v,h?)

(h2 + h2)72 ’
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B (ue + vy + vuy) + hy(ve + wv, + vuy)

I = )
hi +h
P Vh(hahy(uy — v,) — uyh2 + vgh?)
010 — )
(h2 + h2)3/2
o (h2 + h2)(he + uhg + vhy) + 2h(ugh? + vyh?) + 2hhohy, (v, + uy)
001 2\/E(h§ + h§)3/2 )
o —3(uhy + vhy 4 hy)? 4+ 20(2uvhyy + VP hyy + U, + 20hy + 20y 4 By
200 2h(h2 + h2)
. (=P (uhay + vhyy + hiy) + By (Vhey + whyy + hip) )V
(h2 + h2)3/2
o 2h(he (Vhey+uhee+hie) + hy(whey+vhyy+hy,)) — 3(h3 + he) (he+uh,+vhy)
101 2\/E(h926 + h5)3/2 )
h
I = —(hihyy + h2hgyy — 2hyhyhy,),
(h2 + h2)? v
h
I(})Lll = —(hfy(h2 - hi) + hihy(hjmx - hyy))v
(h2 + h2)? v
h
Iy = s (h2hue + h2hyy + 2hphyhyy).
<h2; + h%)Q Y'Yy Yy Y

All the other differential invariants can be derived upon functional recombination of the
basis elements and by acting on them with the operators of invariant differentiation. These
operators are the invariantization of the three operators of total differentiation using the

normalization (4.4) and are

Di =\ g e+ uDe 40Dy, D = g (D = D),
2 y z Y (4.6)
DI = (hyDy + hyDy).
Y hi+h:

Remark 4.5. The normalized differential invariants can be used to derive the formulation
of the shallow water equations in terms of fundamental differential invariants. This is done
upon replacing each term in the system (4.1) by its invariantized counterpart, which is
called the Replacement Theorem [50]. In view of the normalization (4.4) this invariantized

representation reads ¢(u;) =0, t(vy) +1 =0, ¢(uy) + t(vy) = 0. Explicitly, this gives
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(hy(ug + wty + vuy + hy) — hy(vp + v, +vvy + hy)) =0,

(ha (s + utty + viy + hy) 4 hy(ve + uv, + v, + hy)) =0, (4.7)

- (hy + uhy + vhy + h(u, +vy)) = 0.
(hi +h3)

As of now we have a generating set of the algebra of differential invariants for the
system (4.1), but differential invariants are not necessarily functionally independent. In
what follows, we aim to find all such dependencies. The systematic way of doing it is
finding all so-called syzygies. The first kind of syzygies is associated with the commutator
formula [D},D}] = S Y},Dj, where Y’s are certain differential functions. To avoid
the direct cumbersome computation we use the fact that these Y arise also in dpw! =
— ik Y AWk, where w! = u(dt), w? = «(dz) and w? = (dy) are the invariantized
Maurer—Cartan forms. To find the left hand side of these identities we will need the

horizontal part of the universal recurrence formula,
de(§2) = ¢[d2 + £, ()], (4.8)

for 2 running through the set of functions used in choosing the cross-section. Here v(™)
is the nth prolongation of the general infinitesimal generator v of the group G° and
£, is the Lie derivative with respect to v(™, see [106, 107] for more details. For the
computations we need n = 2. The left hand side of (4.8) is identically zero since ¢(€2)
are all constants. The collection of all such so-called phantom recurrence relations forms
a linear system of algebraic equations that can be solved for the invariantized Maurer—
Cartan forms. Plugging them in the remaining recurrence relations then yields a complete
and closed description of the relations between all invariantly differentiated differential
invariants and the normalized differential invariants.

In order to evaluate the general recurrence formula (4.8) for differential functions €2,
one also needs the prolongations of the infinitesimal generators v = 70, + £%0, + Y0, +

¢“0, + ¢V0, + ¢"0), that generate the maximal Lie invariance algebra of the shallow water
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equations. The coefficients of the second prolongation of the vector field v,

2 #,100 %,010 #,001
V( ) = v+ Z <¢ aw'foo + ¢ awglo + ¢ awgm +

QZSR’QOOawH + ¢f£,1108wm + QZSH’lOlawN + ¢H70208w'“~ + qsn,()llawn + QZSH’OOQawN

200 110 101 020 011 002) ’

are given by the general prolongation formula [103]
ng’a = D?1D22D53(¢K - ngl - gl‘wg; - fngg) + ng—l—él + §$w2+62 + €ng+53'

We already know from the basis theorem that the invariants I7y), 1510, 501> 1100, Lor0s
I%,, Ihe, I, Ih, Ik, I, and I}y, form a generating set (possibly not minimal) of
differential invariants for the symmetry group G of the shallow water equations. The
purpose of evaluating the recurrence relations for the low-order differential invariants is
primary to eventually find a minimal set of generating differential invariants. This is why
we only have to evaluate the recurrence relations for those differential invariants that
belong to the above basis. In order to do this, we only need the prolongations of vector

field coefficients <bm,lOO7 ¢/~£,0107 ¢n,001’ ¢3,200’ ¢3’110, ¢3,101, ¢3,020’ ¢3,011 and ¢3,002' Tt turns

out the invariantizations ¢™* := 1(¢"™*) are conveniently expressed via

~

F=ur), £ =uE), & =ug), H=un), Fu=1um)
&=u&), &€=u&), &=u&), &=ug),

and are
qgl,l(]O_(Ax_QA)Iu +éx1v _éxju _éyju
= Sz Tt)L100 y4100 t 1010 t L0013

. 1 . . .

1,010 __ * ~ A 1,001 _ _ ~
¢ = §Ttt — Telgyo + 5;(1—301 + 1310)7 ¢ = —Tilgo; + 5;(1(1)}01 - Iglo)v
22,100 Axlu fr LAY . AxIU . Aylv
¢ = —&, Lo + (& — 27) Lo — & Lo10 — &' Loon

. . . . 1 .

2,010 _ - 2,001 __ 14 .
¢ = =& 1010 — Teloio + Ey Lo, @ = §Ttt - 55(1301 + I510) — Tedoor
$3,100 — 3, — éf, q33,01o _ AZ? <53,001 _ éfg _ 924,
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QES’ZOO = 2(5 27't) 200 25t [{110 2&;[{101’
Qgs’llo = —(37A_t — é;:)[{llo + é;c]{l()l - é;cl(})lQO - égl(})llh
&3’101 = —(3% — éﬁ)[{lm - ézlﬁo - éflgn - éf[(?oza ¢3 020 —QTt 020 T 25II(§L11>

033’011 = =270, + é;([goz — Iho), ¢3 002 = —27, Iy — 25§[g11-
We have now prepared all ingredients to evaluate the phantom recurrence relations,

O=dn(t) =w' +7, 0=dn(r)=w?+£, 0=du(y) =w’+ &,

0 =dnt(u) = [%009le + I, 10‘*’ + [(11101“’3 + éfa

0 = dut(v) = Iigow" + Ipw” + Igpw’ + é%la 0= due(h) = w’ —2(7 — &),
0 = dye(hy) = Ihow' + I w? + 1w — 7 — &,

0 = dne(he) = Ifgw" + Ighow® + Loy w® + 557

0 = dne(hy) = Iyw' + I w? + Ihw? — 27 + €7,

where we used the fact that the group G acts projectably and thus the forms w’s are
horizontal. These phantom recurrence relations allow us to solve for the invariantized

Maurer—Cartan forms, which are

1
A 1 z 2 3 A o1 h 3
T=-w, {f=-w, =-w, 7=Ijw +[11‘*‘1"‘(1002__ W,

& = —(Iigow" + Igiow” + I w?), 5 = I{pw" + Ifw® + (I, — Dw?,
55 = —(Iﬁowl + [(?mwz + I(})ang)a ég = —(Ifoowl + 1—(1))10“)2 + [(1))01W3)>

Ty = (Ifoo + [500)Cu + ([glo + [110)W + ([ 001 T [101)

Before we present the lowest non-phantom recurrence relations, we determine the com-
mutation relations between the operators of invariant differentiation (4.6). This is done in
the following way. Specifying the universal recurrence relation (4.8) for the basis horizon-
tal forms 2 € {dt,dz,dy} and only evaluating the horizontal components of this relation

(denoted by the = sign), we derive
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1
dpw! = de(dt) = o(d7) = o() Aw' = I W' Aw? — (Igm — 5) wh AW,
dyw® = 1(d€") = (1310‘1‘1{101)“)1 Aw® + (1501_1?10)“’1 Aw’® — (1320+Igoz_1)w2 A wg’

dyw® = 1(d€¥) = (Ip)o + ]flo)wl Aw® + (1501 + ]{loﬁwl A WS,

where we have used the expressions for the invariantized Maurer—Cartan forms (4.10) that
we derived from the phantom recurrence relations (4.9).
From this result, it is possible to read off the commutator formulae for the operators

of invariant differentiation (4.6), which are

[D}, D} = IgnDi — (Lo + I{Lm)Din — (Lo + ]{110)]);: (4.11a)
i i 1 i u i v i

D%, Dy] = (Igoz - 5) D} — (Igon — ]{Lw)Dz — (oo + ]{LOl)Dgﬂ (4.11b)

DL, D;] = (Ino + Igoo — DD} (4.11c)

The next step in the description of the algebra of differential invariants is the com-
putation of the syzygies, meaning the functional dependency of certain differentiated
differential invariants. They are

D; I, — D;[?oo =1110(I10 = 501) = TonLoon + 1111100 + Tooa 100 (4.12)
12a

— 501 (Loo1 + I510),

i i 1 u v
DIl — Dy[{llo = — I oy + Iy (Igzo + Iy — 5) — Lo lioy — I 15, (4.12D)

igv i7v 1 v v 1 v
Dilgor — Dy 1igg 251—300 — Iy Iioy — (I5,)” + ([(})Loz + 5) Iigo
(4.12¢)
+ Lo (I + L5o1) — Lol — 111 Lo
i i 3 v U
Dill, — Dy—,{lm = IfyoIg + Iloy + <§ - ]goz> Iy — I I, (4.12d)
i i 3 v
Dil{y, — Dy—fgoo =(I1y)? + (216102 - 5) Iy — 2100, I, — 2(11,)°
5 (4.12¢)
+ (1302 - 5) I — 210 Iy + I I
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iru igu 1 u v [ 1 v
Dt1010 - Dx‘[100 251300 - 1?011010 - 1?10(1010 + IOOl) + <I(})L2O + 5) IlOO

(4.12f)
— (I§10)* + 11 Lio0 — Iior Lo
Dyl — DLt = — Iy I5io — 1o (Igor — Iih0) — Lot + I61i oo
(4.12g)
— 1510510 + Lo01)
Dillh — DiItg = — I (1?01 + Ifﬁo) — 1P I, (4.12h)
i i v 3 u :
DIl — Dilfy, = (Iﬁo + 1010) (5 - (])LOZ) — It (4.12i)

Di 1110 — Diliny = Ig1 (213001 I00) — (3101 +21510) 110 — 20510 101 + Tinolono (4-12))
i7u igu u u v v 1 u v 1

D.1oor — Dyloio = Lo Ido + I (1o —1Ig01) + Ig11[010—§( 010“‘]001)—5[?01 (4.12k)

DIt —DIIY, = ljh —IM T 4 IR T8 4 T (T + I 4.121
«Loo1 yloto = 54110 ~ Lorrtoro + Tooa 510 + To20(Loo1 + 1o10) (4.121)

DixI{Lm - D;[{lm :I{llo([élzo + 2[goz —2)— (I{Lm + Ioon — 15‘10) ]311

3 (4.12m)

+ (1302 - 5) I5i0 = IoaoLo0n
D}, Iy, — D;I&o = Igoo(Lgao + Iz — 1) (4.12n)
D}, Lo — Dy Iy, = Iy (Igo + oo — 1) (4.120)

The systems (4.12b), (4.12d) and (4.12h), (4.12i) are linear inhomogeneous systems on
pairs (15, I5) and (18, L8ho) of differential invariants, respectively, whose solutions are
combinations of differential invariants I}y, 1%, I, I, 1%, and their certain invariant
derivatives. Via the same differential invariants one may also express I3y, Iy, and I,
from the equations (4.12m), (4.12a) and (4.12c), respectively. The differential invariants
may be excluded from the above generating set by expressing them from the system
obtained be applying the commutator relation (4.11c) to I}y, and I},,. After substituting
all the obtained values in the remaining syzygies, their orders raise by one and neither of
the differential invariants I7,, I, and I}, can be expressed therefrom. In this way, we

have proven the following statement.

Theorem 4.6. The algebra of differential invariants for the group G° of the shallow water
equations (4.1) is generated by the three normalized differential invariants 1%, I, and

1%, along with the three operators of invariant differentiation (4.6).
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4.5 Conservation laws

Computed in the course of classifying conservation laws of the shallow water equations
with variable bottom topography in [18] was a complete space of zeroth order conservation

laws of (4.1). In the notation

AY := (—yh,zh,2v —yu), A'(f):= ( —2fuh + fixh, —2fvh + fiyh,
—f(u® +v* +2h) + fi(zu + yv) — %ftt(l‘z + yz)),

A*(f) = (fh.0, fu— fix), A(f) = (0, fh, fo = fiy). A(f) = (0,0, f),
the space of characteristics of (4.1) is spanned by
A AN, AN, ANEP), A%(1), A%(t), A3(1), A3(t), A*(1). (4.13)
The associated conserved currents of (4.1) are then (up to sign when necessary)

CL, = (h(m: —uy), hu(ve — uy) — %h2y, hv(ve — uy) + %hzx) ,
CLy, = (h(h + 0% 4+ u?), hu(u® + v* + 2h), ho(u? +v* + Qh)) ;
CL3 = (th + hu(tu — z) + ho(tv — y),
h? (2ut - %z) + hu?(tu — x) + huv(tv — y),
h? (2vt — %y) + ho*(tv — y) + huo(tu — w)>,
CLy = (th(h +u? + v?) — 2ht(uz + vy) + h(z? +3?),
hut?(u? + v* + 2h) — th(hx + 2u*z + 2vuy) + uh(2® + y?),
hot?(u® 4+ v* + 2h) — th(hy + 2v%y + 2uvz) + vh(z? + yQ)),
CLs = (hu, %hQ + hu?, huv) , CLg = (h(a:—tu), h (ux—%ht—tuZ) ,hv(:p—tu)) )

h? 1
CL; = (hv, huv, hv* + ?) , CLg = (h(y — tv), hu(y — tv), h(vy — tv* — §ht)) ,

CLg = (h, hu, hv) .
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Conserved currents CL;, CLy, CL5, CL7; and CLg are associated with the conservation
of angular momentum, energy, z-momentum, y-momentum and mass, respectively [153].

If one is to preserve the conservation laws of an equation upon parameterization, in
other words, to use conservative parameterization schemes [14], one may use the fact
that the conservation laws are preserved under the action of point symmetries of this
equation [26, 130]. Thus, using an invariant parameterization scheme [124] preserving a
conservation law one in fact may preserve other conservation laws for free. Therefore,
to proceed effectively one needs to determine a generating set of conservation laws of
the equation [74], which is a minimal set of conservation laws which generates under the
action of point symmetries the entire space of conservation laws.

{A° A'(t)} is such a set for (4.1), see [18]. Here we reprove this result geometrically.

Theorem 4.7. A generating set of zero-order conservation laws of the system (4.1) con-

sists of the conserved currents CLy and CLs.

Proof. Recall [26, 152] that the conserved current CL = (p, 0., 0y) of (4.1) is associated
with the horizontal 2-form CL = —pdx A dy + 0,dt A dy — o,dt A do on the jet space
J®(t,z,ylu,v,h). The condition DivCL = 0 is equivalent to d(CL) = 0, where d is
the exterior derivative, which means that conserved currents are closed 2-forms and the
equivalence of conserved currents is analogous to the equivalence of closed forms. Thus,
conservation laws are elements of the so-called (n — 1)st horizontal cohomology group
on J®(t,x,ylu,v,h). The action of the point symmetry group G on conservation laws
of (4.1) is induced by the pullback of differential forms by transformations in G. Let us

make short-hand notations for some point symmetry transformations of (4.1),

gl t=t T=x+egt, J=y-+es U=u, V=0, h=h,
gy t=t, T=x+est, §=vy, U=u-+te;5, V=0, h=h,
~ t T
I€9: t= 9 ‘%:—7 gzLa
1—€9t 1—89t 1—€gt

i =u(l —egt) +eor, o= (1—cot)v+ecoy, h=(1—cot)’h,

N
I
<
>
I
2

S*: t=t, T=gx4¢c, Y=y, U=u,

€2

N
I
<
>
I
=

SV t=t, T==x J=y+es, U=u,

€3
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Then we can express some of the conservation laws as

1 — —
CLg - CL2 —|— ZCL4 - IT/QCLQ, CL4 = ITCLQ + QCLg - CLQ,
CLs = CL; — (8Y)*CL;, CLs = CL; — (G*)*CL;, CLg = (GY)*CL; — CLy,

CLo = CL; — (G¥ 0 8Y)*CL; — CLs — CLs;, CL; = (8¥)*CL; — CL;.

We put the tilde over 2-forms to distinguish different systems of coordinates. Under no
point symmetry 7 € G can a conserved current CL; be related to CLs which is readily seen
from the transformation of the above currents under a general point symmetry 7 € G. But

in view of the resulting expression being overly cumbersome we will not present it here. [

As for the conservation laws of (4.1) of higher order, then to begin with, the sys-
tem (4.1) is Hamiltonian [134], w = $JH, where § stands for the variational derivative

with respect to the tuple of the dependent variables w := (u,v,h)", and

0 q _D;B 1
H=1 —q 0 —-D,|, H:= 3 // h(u? + v* + h)dady
-D, -D, 0

are the associated Hamiltonian operator and Hamiltonian functional, and ¢ = (v, —u,)/h
is the shallow water potential vorticity. Note that $ is a Hamiltonian operator of
hydrodynamic-type [41, 56, 90]. Elements of the kernel of §) are called Casimir func-
tionals of $) and they are associated with conservation laws of (4.1). It was shown
in [143] that Casimir functionals of (4.1) are functionals of the form [[ hR(q)dzdy,
where R runs through the set of smooth function of q. The associated family Cr of
conserved currents are hR(q)(1,u,v) and they are of order zero if R’ := dR/dq = 0
and of order one otherwise. Additionally, their characteristics are of the form Ag :=
(DyR'(q), —D.R'(q), R(q) — qR'(q)). Among elements of the family Cr are functionals
associated with the conservation of mass (R = 1), the trivial conservation of circulation
(R = q) and the conservation of potential enstrophy (R = ¢?/2), cf. [153].

Are there any other conservation laws? There is a strong belief in scientific circles

that the answer is negative. This claim is supported by direct computer computations
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of low-order conserved currents. Moreover, there is also a strong belief that there are no
nontrivial higher symmetries (of order greater than one) for the system (4.1), computation
of which is less costly.

Conjecture. The space of higher symmetries of (4.1) is exhausted by the Lie sym-
metries thereof.

Assuming the conjecture is true, the space of conservation laws of the system (4.1)
is spanned by its zero-order conservation laws and the first-order conservation laws from
the family Cg.

The Hamiltonian operator §) maps characteristics of cosymmetries of (4.1) to that of
symmetries thereof. If the above conjecture is assumed to hold, the image of H consists
of nonzero characteristics of order no greater than one and therefore the order of mapped
characteristics should be of order 0 or —co. Moreover, the kernel of § is already known as
well as the corresponding cosymmetries’ characteristics Ag. All of these cosymmetries are

known and they do not amount to anything beyond conservation laws in the statement.

4.6 Toward geometric parameterization

Representing the dependent variables in the system (4.1) as sums of the mean (resolved or
grid-scale) parts and the departure from the mean part (subgrid-scale parts), u = u + v/,

v ="0+v, h=h+h and applying the Reynolds averaging rule ab = ab+ a'l/, one yields

Uy + Uiy, + iy + hy = w1,

Uy + Uy + 00y + hy = wo, (4.14)

he + th, + Ohy + h(t, + U,) = ws,
where w’s do not depend on resolved only expressions and whose explicit form is of no im-
portance here. Since there are no equations for the subgrid-scale parts of u, v and h, one
should parameterize w’s via the grid-scale parts @, © and h, i.e. introduce a parameteriza-

tion scheme. There are a lot of obstacles to finding a physically reasonable parameteriza-

tion scheme for the system (4.1) [85]. Therefore, we would like to move in a parallel course.
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More specifically, we want a parameterization scheme to be symmetry-preserving, i.e. it
should admit the same Lie symmetries the initial system (4.1) does. In order to achieve
this, we can apply the moving frame from Section 4.4 to the system (4.14) (now the barred
variables are “physical” variables). The obtained system will look like the system (4.5)

with nonzero right sides depending on differential invariants for the system (4.1),

i (e s vty ) = P+ w00y + By)) = o),
T )

1
n2 + 12

1
— (h + uwhy + vhy 4+ h(u, + vy)) = t(ws).
h(h2 + h2)

(hg(up + vy + vuy + hy) + hy (v + wv, + voy + hy)) = t(w,),

We can reduce it to the inhomogeneous form of the system (4.1),

g + g + vuy + hy = hyt(wy) + hyt(ws),
U + wvy + vuy + hy = hyt(wz) — hye(wy), (4.15)

hi + uhy 4+ vhy + h(u, +vy) = /h(hZ + h2)i(ws).

Let us specify the form of ¢(w)’s. To begin with, it is physically reasonable that the
right hand sides should not depend on the time derivatives in order to keep the evolution-
ary form of equations. Thus, ¢(w)’s are the functions of (1%, I¥,0, 10— 181> Iines 141, Its)-
It might be reasonable to drop the dependence of +(ws3) on the first three arguments, while
the dependence of ¢(w;) and ¢(wsy) should also be extended to the second-order ¢(uy,),
t(vy,) et cetera since many parameterization schemes are diffusive [15, 16], but they are
too cumbersome to be presented here.

One may further try to incorporate conservation laws in the parameterization scheme,
which results in a conservative-invariant parameterization scheme. To this aim, one
should parameterize functions ¢(w)’s so that the system (4.15) admits some of charac-

teristics (4.13) of the system (4.1).
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Chapter 5

A zoo of equivalence groups

5.1 Introduction

In many applications it is natural to consider not single (systems of) differential equa-
tions, but sets thereof, parameterized by arbitrary elements that can be constants or
functions which satisfy some auxiliary differential relations. These sets are called classes
of differential equations, and the procedure of finding Lie symmetries of equations in the
class depending on values of arbitrary elements — the group classification problem. The
idea to consider such problems is twofold. First, some physical processes are governed by
differential equations with parameters corresponding to independent factors like a bottom
topography or a diffusion coefficient. Second, the same differential equation may govern
different processes and therefore it is reasonable to study this mathematical model per se.
But where there is a classification problem, there is an equivalence. This way the notion of
the equivalence group of a class of differential equations appears. The most common repre-
sentative thereof is a so-called usual equivalence group, that is, a group with independent-
variables and dependent-variables parameters not depending on the arbitrary elements of
the class. Although a generalization of such notion via relaxing the above dependence —
a generalized equivalence group — was introduced [87, 88], for many years it was assumed
that only trivial examples are possible and there were doubts about the necessity of such
a notion at all. In this chapter we provide the first nontrivial examples of generalized and

extended generalized equivalence group as well as some insight into their theory.
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Let Ly denote a system of differential equations of the form L(z,u™,0(z,u™)) = 0.
Here, x = (z1,...,,) are the n independent variables, v = (u',... u™) are the m de-
pendent variables, and L is a tuple of differential functions in u. We use the standard
short-hand notation u to denote the tuple of derivatives of u with respect to z up to
order r, which also includes the u’s as the derivatives of order zero. The system Ly is pa-
rameterized by the tuple of functions § = (6'(x,u"), ... 6%(z,u)), called the arbitrary
elements, which runs through the solution set § of an auxiliary system of differential equa-
tions and inequalities in 0, S(x,u™,0@ (z,u)) = 0 and, e.g., X(z,u™, 8D (z,u™)) # 0.
Here, the notation 8@ encompasses the partial derivatives of the arbitrary elements 6 up
to order ¢ with respect to both z and ™). Thus, the class of (systems of) differential

equations L|s is the parameterized family of systems Ly’s, such that 6 lies in S.

For the specific class of general Burgers-KdV equations considered below,
u + C(t, x)uu, = Z ARt 2 ug,  up = OFu/OF, (5.1)
k=1

we have n = 2, m = 1, and z; = t and x5 = x. The tuple of arbitrary elements is

0= (A°... A", B,C), which runs through the solution set of the auxiliary system
A =0, k=0,...,r, B, =0, C,=0 la|<r, CA #0,

where a = (a1, a9) is a multi-index, aj,as € NU {0}, |a] = a1 + a9, and u, =
olely/ot*10x2. Satisfying the auxiliary differential equations is equivalent to the fact
that the arbitrary elements do not depend on derivatives of u. The inequality A"C # 0
ensures that equations from the class (5.1) are both nonlinear and of order 7.

Group classification of differential equations is based on studying how systems from a
given class are mapped to each other. This study is formalized in the notion of admissible

transformations, which constitute the equivalence groupoid of the class L|s.

Definition 5.1. An admissible transformation is a triple (6, 0, ¢), where 6, 6 € S are
arbitrary-element tuples associated with systems £y and £; from the class Ls that are sim-

ilar to each other, and ¢ is a point transformation in the space of (z, u) that maps Ly to L;.
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A related notion of relevance in the group classification of differential equations is that

of equivalence transformations.

Definition 5.2. Usual equivalence transformations are point transformations in the joint
space of independent variables, derivatives of u up to order r and arbitrary elements that
are projectable to the space of (z,u(")) for each ' = 0, ..., r, respect the contact structure
of the rth order jet space coordinatized by the r-jets (x,u")) and map every system from

the class L|s to a system from the same class.

The Lie (pseudo)group constituted by the equivalence transformations of £|s is called
the usual equivalence group of this class and denoted by G™~. If the arbitrary elements
depend at most on derivatives of u up to order # < r, then one can assume that equivalence
transformations act in the space of (z,u(™, ) instead of the space of (z,u(™, ).

The usual equivalence group G~ gives rise to a subgroupoid of the equivalence grou-
poid G~ since each equivalence transformation 7 € G~ generates a family of admissible

transformations parameterized by 6,

G">T—={0,T0,mT)|0ecS}Cg".

Here 7 denotes the projection of the space of (z,u(™,6) to the space of equation variables
only, w(z,u),0) = (z,u). The pushforward 7,7 of T by 7 is then just the restriction
of T to the space of (z,u).

In the case when the arbitrary elements 0’s are functions of (x, u) only, we can assume
that equivalence transformations of the class L|s are point transformations of (z,u, )
mapping every system from the class L|s to a system from the same class. The pro-
jectability property for equivalence transformations is neglected here. Then these equiva-
lence transformations constitute a Lie (pseudo)group G called the generalized equivalence
group of the class L|s. See the first discussion of this notion in [87, 88] with no relevant
examples and the further development in [123, 129]. Often the generalized equivalence
group coincides with the usual one; this situation is considered as trivial. Each element

of G~ generates a family of admissible transformations parameterized by 6,

158



G o>T = {0, T, 7(Tloorw))) | 0 €S} C G,

and thus the generalized equivalence group G~ also generates a subgroupoid #H of the

equivalence groupoid G~.

Definition 5.3. We call any minimal subgroup of G~ that generates the same sub-
groupoid of G~ as the entire group G™ does an effective generalized equivalence group of

the class L|s.

The uniqueness of an effective generalized equivalence group is obvious if the entire
group G~ is effective itself. At the same time, there exist classes of differential equations,
where effective generalized equivalence groups are proper subgroups of the corresponding
generalized equivalence groups that are not even normal. Hence each of these effective
generalized equivalence groups is not unique since it differs from some of subgroups non-
identically similar to it, and all of these subgroups are also effective generalized equivalence
groups of the same class. See the discussion of particular examples in Remark 5.14 below.

Suppose that the class L|s possesses parameterized non-identity usual equivalence
transformations and some of its arbitrary elements are constants. Then this class nec-
essarily admits purely generalized equivalence transformations. Indeed, we can set all
parameters of elements from the usual equivalence group G™ depending on constant arbi-
trary elements, which gives generalized equivalence transformations. The set G§ of such
transformations is a subgroup of the generalized equivalence group G~. If Gy’ = G, the
usual equivalence group G is an effective generalized equivalence group of the class L|s.

The property for equivalence transformations to be point transformations with respect
to arbitrary elements can also be weakened. We formally extend the arbitrary-element
tuple 0 of the class L|s with virtual arbitrary elements that are related to initial arbitrary
elements by differential equations and thus expressed via initial arbitrary elements in a
nonlocal way. Denote the reparameterized class by ﬁ|5 Suppose that the usual (resp.
generalized or effective generalized) equivalence group G~ of ﬁ|3 induces the maximal
subgroupoid of the equivalence groupoid G~ among the classes obtained from L|s by

similar reparameterizations, and the extension of the arbitrary-element tuple 6 for 2]3 is
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minimal among the reparameterized classes giving the same subgroupoid of G~ as ﬁ]s
Then we call the group G~ an extended equivalence group (resp. an extended generalized
equivalence group) of the class L|s.

The class of differential equations L|s is normalized in the usual (resp. generalized,
extended, extended generalized) sense if the subgroupoid induced by its usual (resp. gener-
alized, extended, extended generalized) equivalence group coincides with the entire equiv-
alence groupoid G~ of L|s. The normalization of £|s in the usual sense is equivalent to
the following conditions. The transformational part ¢ of each admissible transformation
(0',0", ) € G~ does not depend on the fixed initial value 6’ of the arbitrary-element
tuple € and, therefore, is appropriate for any initial value of #. Moreover, the prolon-
gation of ¢ to the space of (z,u(™) and the further extension to the arbitrary elements
according to the relation between ¢ and 6” gives a point transformation in the joint space
of (z,u,0).

If the class L|s is normalized in the generalized sense, the expression for transfor-
mational parts of admissible transformations may involve arbitrary elements but only in
a quite specific way. The equivalence groupoid is partitioned into families of admissible
transformations parameterized by the source arbitrary-element tuple, and the transforma-
tional parts of admissible transformations from each of these families jointly give, after the
extension to the arbitrary elements according to the relation between the corresponding
source and target arbitrary elements, a point transformation in the joint space of (x, u, 6).

To establish the normalization properties of the class £|s one should compute its equiv-
alence groupoid G~, which is realized using the direct method. Here one fixes two arbitrary
systems from the class, Lo: L(z,u™,0(z,u)) = 0 and L;: L(&,a"),0(z,a™)) = 0, and
aims to find the (nondegenerate) point transformations, ¢: #; = X*(z,u), 1 = U(x,u),
t1=1,...,n,a=1,...,m, connecting them. For this, one changes the variables in the sys-
tem L; by expressing the derivatives @ in terms of u(") and derivatives of the functions X*
and U? as well as by substituting X* and U® for Z; and a%, respectively. The requirement
that the resulting transformed system has to be satisfied identically for solutions of L,

leads to the system of determining equations for the components of the transformation ¢.
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In the case of a single dependent variable (m = 1), all the above notions involving
point transformations can be directly extended to contact transformations.
See more details on theory of symmetry analysis of classes of differential equations

in [110, 129, 154].

5.2 Generalized equivalence groups

Our first example of generalized equivalence groups comes from discussing the group
classification problem of the class of general Burgers—Korteweg—de Vries equations (5.1).
It was shown that the best gauge for classification purposes is (C, A') = (1,0), which
preserves the normalization in the usual sense. On the other hand, here we are interested
in another gauge, (A", A') = (1,0), which provided the first example for a generalized
equivalence group containing transformations whose components for equation variables
depend on a nonconstant arbitrary element.

The A”-component of equivalence transformations in the class (5.1) is A" = %A’”.
If A~ = 1 and A" = 1, then the parameters of the admissible transformations in the
subclass of (5.1) singled out by the constraint A” = 1 satisfy the constraint (X,)" = T3,
ie, X = X' (t)x + X°(t), where (X!)" = T;.

Proposition 5.4. The subclass of the class (5.1) singled out by the constraint A =1 is
normalized in the usual sense. Its usual equivalence group is constituted by the transfor-

mations of the form

t=T®1), T=X'r+X4t), a=U"(t)u+U¢2),

_ Xl)l _ Xl UO Xlx—i—Xo
Al:( Al A1:_ Al s ke At Rt 2
T, Tt( it X! )

~ 1 v o ~ X!
A= — (A0 2Ly —

s (e iio) e=ppe

r—1

LUt U (U0 XX\ U U)o

T; T, T, \U' X! (X1)r (X

k=0
where | =2,....,r — 1, and T = T(t), X° = X°(t), U' = U(t) and U° = U°(t,x) are
arbitrary smooth functions of their arguments such that T,U # 0, as well as X' = (T,)"/"

if ris odd and Ty > 0, X' = &(T})Y" with ¢ = £1 if r is even.
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The gauge A' = 0 leads to the appearance of the arbitrary element C' in the wu-

component of admissible transformations since then we have

Xz + X}

0 1
U = = U

Denote by ¢ the arbitrary-element tuple of the subclass £; obtained as a result of the
double gauge (A", A') = (1,0),

0 = (A%, A2,... A"\, B,C).

Proposition 5.5. The equivalence groupoid of the subclass Ay of the class (5.1) singled
out by the constraints A" = 1 and A' = 0 consists of the triples (9’,5’,90) ’s, where the

point transformation ¢ is of the form

Xle+ X7

t=T@1), 7=X'r+X°0), a=U"tu+U’ U":= <0 U', (5.2a)
the arbitrary-element tuples 0’ and @ are related according to
5 Xl)l N 1 Ul UO N Xl
Al = ( Al A= — (A Ly = .2b
T ; Tt( +U1+U1C'), C TtUlc’ (5.2b)

S UYL UR U (U, Xlad XD v U -

B=_B+ t 4y x| _o_t2 ) _Tr LAl _j0 A0 2
T, + Tt + Tt <U10 X1 ) (Xl)r Z (Xl)l U ’ <5 C)

withl=2,...,r —1, and T =T(t), X° = X°(t) and U* = U'(t) being arbitrary smooth
functions of t such that T,U' # 0, as well as X* = (T))"" if r is odd and T, > 0,
X = e(T)V" with e = 1 if r is even.

The subclass A, is not normalized in the usual sense since the parameter U° appearing
in the transformation-component for u depends on the arbitrary element U, and therefore
the equivalence group above is generalized. If U° is C-independent, then we obtain the
usual equivalence group of the class A;, which is constituted by the point transformations
of the form (5.2) in the joint space of the variables (¢, x,u) and the arbitrary elements ¢’,

where parameters satisfy more constraints, Ty = X? = 0, and thus X} = 0 and U" = 0.
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All the components of (5.2) locally depend on C', and, moreover, the expressions for A°
and B involve derivatives of C' with respect to ¢t and z. This is why, to interpret (5.2) as
generalized equivalence transformations, we need to formally extend the arbitrary-element

tuple @ with the derivatives of C' as new arbitrary elements, Z° := C; and Z* := C,

k=1,...,r, and prolong equivalence transformations to them,
B Xl Xl C B (Xl)lfk
N= 04 | =, 2= 2 k=1,...,1 5.3
TtZUl + (TtU1>tT¥7 thUl ’ ) , T ( )

The derivatives of U° in the expressions for A° and B should be expanded and then
derivatives of C' should be replaced by the corresponding Z’s.

We denote by A; the class of equations of the form (5.1) with (A", A!) = (1,0) and
the extended arbitrary-element tuple 6 = (A% A%,... A"™"' B, C,Z° ..., Z"), where the
relations defining Z°, ..., Z" are assumed as additional auxiliary equations for arbitrary

elements.

Theorem 5.6. The class A, is normalized in the generalized sense. Its generalized equiv-
alence group @:il coincides with its effective generalized equivalence group and consists of
the point transformations in the joint space of the variables (t,z,u) and the arbitrary ele-
ments 0" with components of the form (5.2), (5.3) and the same constraints for parameters
as in Proposition 5.5, where partial derivatives of U® are replaced by the corresponding

restricted total derivatives with Dy = 0,+2Z°0¢ and D, = 0, + 200+ 22041+ - -+ 27 0pr1.

Proof. The point transformations of the above form constitute a group GG, which generates
the entire equivalence groupoid of the class A; and is minimal among point-transformation
groups in the joint space of (¢, z,u, @) that have this generation property. Therefore, G is
an effective generalized equivalence group of the class A;. We are going to prove that the
group G coincides with @}1. Indeed, substituting every particular value of @’ to any ele-
ment of (_}}1 gives an admissible transformation of the class A;. This implies that elements
of G(;ih are of the form (5.2), (5.3), where the parameter functions 7', X* and X' may de-
pend on arbitrary elements, and the partial derivatives of these functions are replaced by

the corresponding total derivatives prolonged to the arbitrary elements of the class A;. At
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the same time, these parameters satisfy the condition D, 7 = D, X" = D, X! = 0 with the
prolonged total derivative operator D,. This condition implies via splitting with respect
to unconstrained derivatives of arbitrary elements that the parameters T, X" and X! are

functions of ¢ only. Hence G:ﬁ =G. O

Although A; is the first known class that admits a nontrivial generalized equivalence
group, the situation with its effective generalized group is trivial: it coincides with the
entire generalized equivalence group.

Our second example is in a sense opposite to the first. Its generalized equivalence group
is finite-dimensional, i.e. the arbitrary elements of the class under question are constants,
but its effective generalized equivalence groups (plural) have absolutely exquisite proper-
ties. Also, although we emphasized that our first example was the first example of the class
with nonconstant arbitrary elements and with nontrivial generalized equivalence group,
we did not mean that the constant-arbitrary elements case was well-studied. Indeed, all
the known “finite-dimensional generalized equivalence groups” were effective generalized
equivalence groups and thus either were trivial or were just subgroups of the generalized
equivalence groups. And it was not evident from their construction, what was the case.
Below we provide an example of a class whose generalized equivalence group is much
wider than its effective generalized equivalence groups, with neither of them containing
the usual equivalence group of the class.

Consider the class F of nonlinear “filtration”! equations

g = f(ug)Upe + 9, (5.4)

where f is a nonzero arbitrary function of u, and g is a constant. We encountered this

class while classifying a class of reaction—diffusion equations [114].

Proposition 5.7. The generalized equivalence group G% of the class F is constituted
by the point transformations in the space with the coordinates (t,z,u,u,, f,q), whose

components are of the form

In filtration equations the arbitrary element g is equal to 0, but we can reduce the equation equations
under study to filtration equations by a simple point transformation.
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t=T4+T° &=X'"2+X%u—gX?t+ X"

i=U'r+Uu+ (T'F — gU*)t + U°,

N (71—1—02%3 ~ Xl—i-XQu:CQ R _
gLty A XS g
X+ XZu, T

where T’s, X’s, U’s and F are arbitrary functions of g with TY(X'U?*—X2U")F, # 0.

The usual equivalence group G'% is a (finite-dimensional) subgroup of the generalized
equivalence group G} that is singled out from G} by the following system of constraints

for the group parameters:

Denote by G7 the equivalence groupoid of the class F and by S7 the subgroupoid of G%
generated by the generalized equivalence group G%. The subgroupoid of G3 generated
by the usual equivalence group G'% is a proper subgroupoid of S%. Hence the group C_T'}
is an example of a nontrivial generalized equivalence group. The dependence of group
parameters on g is needless for generating admissible transformations in the class F and
is merely a manifestation of the fact that the arbitrary element ¢ is constant within the
subclass F. This is why we need to consider an effective generalized equivalence group of
the class F, which is a minimal subgroup of G% generating the subgroupoid S of G5.
The only dependence on ¢ that is essential for generalized equivalence is the explicit
involvement of g in the t-coefficient of the z-component. At the same time, setting the
group parameters T’s, X’s, U’s and T'F — U? to be constants singles out the subset of
elements from G7% that is not a subgroup of G% although this subset is minimal among

subsets of G% generating 8. The construction of an effective generalized equivalence

group of the class F is in fact more tricky.
Proposition 5.8. An effective generalized equivalence group é} of the subclass F is
constituted by the point transformations

Z?: Tlt—f-T(), j:X1x+X2u—ngt+X0,
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. U1 + Ugux
X+ Xou,

T
fL:U1x+U2u—|—(1—U2)gt+U3t+TOg+UO, Uz
1

(X1 + X2U$)2

g+Us
T ’

f T

fog=

where T'’s, X’s and U’s are arbitrary constants with Ty(X,Uy — XoUy) # 0.

Proof. Consider the set H; of the point transformations in the space with the coordinates

(t,x,u, uy, f,g), whose components are of the form

t=Tit+Ty, 7=Xiz+ Xou+ (An1g+ Aio)t + Biig + Bio,

U= Ulilf + UQU + (Aglg —+ Ago)t + leg + BQ(), (55)
i — U1 + Ug’ugC f . (Xl + Xgux)2f . Clg + CO
X+ Xou, B T 97 T ’

where T's, X’s, U’s, A’s, B’s and C’s are arbitrary constants with T} (X, Uy — XU )Cy # 0.
It is obvious that this set is closed with respect to the composition of transformations and
taking the inverse, i.e., it is a (local) transformation group with dim H; = 16. Then the
intersection Hy := H,NG% of H; with G%, which is singled out from H; by the constraints
Ag =0, A;1 = — X5, Agyg = Cp and Ay = C1 — Uy, is also a group, and dim Hy = 12. The
subgroup Hy of G% generates the entire subgroupoid 8% of G5, which is generated by G%.
At the same time, for each fixed pair of the arbitrary elements (f, g), the subgroupoid &%
contains a precisely nine-parameter family of admissible transformations with the source
(f,g). This is why we should try to find three more constraints for group parameters of
the group H; in order to construct a nine-dimensional subgroup of Hy that still generates
the entire S7.

We analyze the composition of two arbitrary elements from the group H, T =
TT with 7,7 € H,. These generalized equivalence transformations have the general
form (5.5), where group parameters satisfy the above constraints for the subgroup Hy.
We additionally reparameterize Hy with replacing the parameter By by Bj, + Ty/T; and
mark the group-parameter values corresponding to T and T by hats and tildes, respec-
tively. We obtain, in particular, the following expressions for group-parameter values of

the composition T
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N A . . - B . - - B;
C1 = C1Cy, Bu=X1Biu + XyB;, + %7 By, = U1Byy + Uy By, + %7
1 1
which imply that the constraints C; = 1, By; = Bj, = 0 singling out é} from the
subgroup Hy are preserved by the composition of transformations and taking the inverse
in Hy. Therefore, G} is really a group. It generates the entire subgroupoid S% of G%, and

any its proper subset does not possess this property, i.e., it is a minimal subgroup of C_T'}

with this property. O

The usual equivalence group G'7 of the subclass F is not contained in the effective gen-
eralized equivalence group @} constructed in Proposition 5.8. The intersection G% N @}
is singled out from G% by the constraints 7y = 0 and U, = 1.

To prove an assertion generalizing the above claim, we need to consider the infinites-
imal counterparts of related groups. For convenience, we introduce the following dual

notation for relevant vector fields on the space with the coordinates (t, z, u, u,, f, g):

X'=P' =09, X*=D'=1td,— fo; — g9, X*=P"=0,,
X4:D$:l’ax_ux8um+2fafv X° :Pu:au; XGZDu:uau+uﬂiaux+gag’

X"=7"=10,40,, X® = 7" = 20,+0,,, X’ = R = (u—gt)0p—u20,,+2u, fO;.

Up to the anticommutativity of the Lie bracket, the nonzero commutation relations be-

tween these vector fields are exhausted by

[P'.D] = P!, [P*,D"] = P*, [P*, D" = P*, [P'.Z'] = P*, [P",2"] = P"
[Zt,Dt] — —Zt, [Z$7D;B] — —Zz, [Zt7Du] — Zt7 [Z.T,Du] — Z:C7
[Pth] - _gP:Ea [PuaR] = va [Dx7R] = _Ra [DuaR] = Rv

(7%, R] = D* — D" + gZ".

The Lie algebras g%, g7 and g% of the groups G%, G’} and G% are naturally called
the usual equivalence algebra, the generalized equivalence algebra and an effective gener-

alized equivalence algebra of the class F, respectively. Each of them is merely the set of
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infinitesimal generators of one-parameter subgroups of the corresponding groups. In order
to construct all such generators, we successively take one of the group parameters in the
respective general form of group elements to depend on a continuous subgroup parame-
ter 0 and set the other parameter-functions to their values corresponding to the identity
transformations, which are 71 = X1 = Uy =l and Ty = Xg=Xo = Uy =U; = U3 =0
for the groups G'% and é} (the parameter X, is relevant only for é}) and similarly
T'=X'=0%?=1,T"=X=X?2=0"=U' =0 and F = g for the group G%. Then
we differentiate the transformation components with respect to ¢ and evaluate the result

at 6 = 0. As a result, we derive that

9
g7 = (X', X5, §F= {ZW(Q)Xi} :
=1

§ = (P! +gP", D', P*. D, P", D"~ 4Z', 7', 7", R),

where the coefficients ¥’s run through the set of smooth functions of g, i.e., the algebra g%
is the module over the ring of smooth functions of g with basis (X!, ..., X?) equipped

with the Lie bracket of vector fields.

Theorem 5.9. Any effective generalized equivalence group of the class F does not contain

the usual equivalence group G'F of this class.

Proof. We prove the re-formulated assertion: Suppose that a subgroup of the generalized
equivalence group G of the class F contains the usual equivalence group G% of this
class and generates the same subgroupoid of the equivalence groupoid G% as the entire
group G5 does. Then this subgroup is not an effective generalized equivalence group of F.

A complete list of discrete usual equivalence transformations of the class F that
are independent up to combining with each other and with continuous usual equiva-
lence transformations of this class is exhausted by the involutions I, I and I“ al-
ternating the signs of (¢, f,g), (z,u,) and (u,u,,g), respectively. Among generalized
equivalence transformations, there is one more independent discrete transformation [9:
(t, &, @, 1z, f,§) = (t,z,u — 2gt, uy, f, —g). Discrete equivalence transformations play an

auxiliary role in the course of the proof.
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It suffices to prove the infinitesimal counterpart of the above assertion, which states
the following. Let a subalgebra b of g contain g% and a vector field X = Y27 ¢*X°,
where (' = (%(g) are smooth functions of g with ¢° # 0, be invariant with respect to
discrete transformations in G%, Ith, I*h, I"h C b, and be associated with a transforma-
tion (pseudo)group. Then this subalgebra properly contains another subalgebra s among
whose elements there are K/ = Y27 \¥ X where x¥, 4,j = 1,...,9, are smooth func-
tions of g with det(x*”) # 0, and which is also invariant with respect to I, I* and I“

Wk

and is associated with a transformation (pseudo)group. Here the subscript combined

with the notation of a point transformation denotes pushing forward vector fields on the
same manifold by this transformation.
If the algebra b contains the pure vector field R, then we commute R with elements

of g7 and successively obtain that
[R,P"|=gP*ch, |[gP" Z"]=gP"ch, [Z° Rl=D'—-D"+gZ"'ch.

Hence gZ' € b, i.e.,, b D g% + (gP*, gP", gZ") 2 g%. We can choose s = g%. Then we

also have I's = [7s = ["s = [9s = 5. Otherwise, we compute the commutators

(X, D] = ("R - (P27 + P e,
(PR — 27+ P, D" = CR+ 27+ P b,

C°R— (327 +(*P*, D'+ D] = —(°R— (*2" € b,

and thus derive that (? R € h, and (° # const. In the same way, we can show that for any
element 377 ¥(g)X? € b, the element ¥2P* and thus the element 93P = [9°P*, Z°]

also belong to h. Taking two more commutators,
[ZI,QQR] — CQ(Dx — DY —|-th> c ha [Za:’<9<Dx — D —|-th)] — _2§9Z$ c b)

we get (?Z% € . Consider the span
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s = (P!, D', Z!, D*, D" B8P, BP", aR, a(D" — D"+ gZ'), aZ" | aR, BP" € b).

It is a subalgebra of . Since the entire algebra b is invariant with respect to I, I* and I*
and is associated with a transformation (pseudo)group, the subalgebra s has the same
properties. In view of R ¢ B, the parameter function « does not take constant values.
Hence Z% ¢ s, i.e., 5 C h. As the required elements K7, j = 1,...,9, we can choose P!,

D!, Zt, D*, D*, P*, P* (°R and (°Z°.

Therefore, the algebra b is not an effective generalized equivalence algebra of F. [

It is worth to note that since the first example of a nontrivial generalized equivalence

group, the cornucopia of new examples was found, with the paper [108] being El Dorado.

5.3 Extended generalized equivalence groups

To provide examples of extended generalized equivalence groups we return to the class
of general Burgers-Korteweg-de Vries equations and it subclasses. Consider first the
subclass of the class (5.1) with coefficients depending at most on ¢t. To study its admissible
and equivalence transformations it is convenient to start with a wider class, which is the
subclass Iy of the class (5.1) singled out by the constraint C,, = 0 (resp. A, = 0) implying

X,z = 0 for admissible transformations.

Proposition 5.10. The class Kq is normalized in the usual sense. Its usual equivalence

group 1is constituted by the transformations of the form

t=T@t), 7=X'(z+X°%0), a=U'®)u+U¢2),

(XN X U X XD
Al = A A=Ay —C -t
O AL
o 1
A0:T<AO+%+%C,
t
- U! uyooul ol X}z + X? ~ U0 o L X!
B 7 (0= ) - R O

k=0

where j = 2,...,r, and T = T(t), X! = X'(t), X° = X°@), U' = U'(t) and U° =

UY(t,z) are arbitrary smooth functions of their arguments with Ty XU # 0.
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Consider the subclass K; obtained by attaching the constraints A% = 0, AL = 0,
Al =0,7=2,...,r,C, = 0and B,, = 0 to the auxiliary system for arbitrary elements. It
is also normalized in the usual sense and its usual equivalence group is the subgroup of the
usual equivalence group Gy, of the class Ky that is associated with the constraint UY, = 0,
ie., U= U (t)x+U(t). Note that we can reparameterize the class K; by representing
B = B'(t)x + B%(t), A' = A'(t)z + A'(t) and assuming the coefficients B!, BY, A
and A' as arbitrary elements instead of B and A!. The transformation component for B

simplifies to

~ Ut Uo Uo Uo Ul Uo
B=—_—_B+ 2t _“zAl _Z [ A0, 2t~z .
R T ﬂ( +U1+U10)

The next intermediate subclass K is singled out by strengthening the constraint for Al
to AL = 0. In fact, this can be realized by gauging A' in the class Ky up to G¥,-
equivalence. Since the arbitrary element C' is still not gauged to one, it parameterizes the
u-component of admissible transformations in Ky, U = X}U'/(X'C), and this fact can

again be interpreted in terms of generalized equivalence groups.

Theorem 5.11. The equivalence groupoid of the subclass Ko of the class (5.1) singled
out by the constraints A¥ =0, k =0,...,r, C, = 0 and B, = 0 consists of the triples

(0, 0, ©)’s, where the point transformation ¢ is of the form

1771

5 XU
t=T, =X2a+X° a=Uw+ XflcerOO, (5.6a)

the arbitrary-element tuples 0 and 8 are related according to

17 (Xl)j 1 il Xl 1 UOO Xto 10 1 0 ljt1 th
A= g A= (A 0Tt ) A= (ALt .
T 7\ A TTO-RE ) 7 (AR ) (5.6b)

~ Ul XlUl T UOO XlUl Al XlUl _

B=—B ¢ I St Tl t 00 ) 40 '
ﬂl—F(XlC)tTt—l—Tt X0 T, (XIC:E+U) , (5.6¢)

~ X

with j=2,...,r, and T =T(t), X' = X(t), X° = X°(t), U' = UL(t) and U = U (¢)

are arbitrary smooth functions of t with T, X*U" # 0.
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The usual equivalence group G, of the subclass K5 is constituted by the transforma-
tions (5.6a)-(5.6d) additionally satisfying the constraint X} = 0. Hence it is clear that
the subclass Iy is not normalized in the usual sense.

The equation (5.6¢) hints that the proper treatment of the related generalized equiva-
lence group within the framework of point transformations needs considering the deriva-
tive C; as an additional arbitrary element Z° and prolonging the relation (5.6d) to Z° as
a derivative of C,

_ X1 X1\ C
A p— —. 5.6
T2 (TtUl)t T, (5.6¢)

We denote by Ky the class Ky in which the tuple of arbitrary elements 6 is formally
extended to 8 = (A°,..., A", B, C, Z°) with Z° := C,.

Corollary 5.12. The class Ko is normalized in the generalized sense. The group é’%
constituted by the transformations of the form (5.6) is an effective generalized equivalence

group of this class.

Proof. The set of the transformations of the form (5.6), which is temporarily denoted
by M, is closed with respect to the transformation composition and contains the identity
transformation. Each transformation from M is invertible by definition. So, M is a group.
The components of transformations from M are of the same form as the components
of admissible transformations and the formulas relating the initial and target arbitrary
elements. This is why the group M generates the equivalence groupoid XCy and, moreover,
it is minimal among subgroups with such property. Therefore, M is an effective generalized

equivalence group of the class ICs. O

The generalized equivalence group G%Q of Ky is much wider than its effective part é%z
Corollary 5.13. The generalized equivalence group C_?%Q of the class Ky consists of the
transformations of the modified form (5.6), where T = T(t), X' = X'(t), X° = X°(¢,C),
Ul = UYt,C) and U™ = U%(t,C) are arbitrary smooth functions of their arguments

with T, XY (CUL — UY) # 0, and the partial derivatives of X°, U' and U™ in t should be

replaced by the corresponding restricted total derivatives in t with Dy = 0, + Z°0c.
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Proof. Theorem 5.11 implies that elements of C_?,%Q are of the modified form (5.6), where
the group parameters T, X', X% U' and U may depend on ¢ and the arbitrary ele-
ments #. Hence partial derivatives of these parameter functions should be replaced by the

corresponding total derivatives in ¢t with

Dy =0+ Y tats,Ouy + Y AfOue + Bidp + Cidc + Z00z0 + -+ .

k=0

After substituting Z° for the derivative C}, the transformation components can be split
with respect to the other derivatives of arbitrary elements in ¢. The splitting implies
that in fact the group parameters do not depend on A’s, B and Z°, and, moreover, the
parameters T and X' do not depend on C. The nondegeneracy condition for elements
of @%2 is modified in comparison with that for elements of the effective part é%Q in
view of the parameter function U! becoming dependent on C. This condition takes the
form T,X'U'(C/U"¢ # 0 and reduces to the condition given in the statement of the

theorem. O

Remark 5.14. Given a class of differential equations with nontrivial effective generalized
equivalence group, this group is in general not defined in a unique way. Indeed, consider
the class KCy. The effective generalized equivalence group GU%Q defined in Corollary 5.12
is not a normal subgroup of the entire generalized equivalence group C_v';gz of the class K.
Each subgroup of @%2 that is conjugate to G’%Q is an effective generalized equivalence
group of the class ICo. In other words, the class ICy possesses a wide family of conjugate
effective generalized equivalence groups. The similar fact is even more obvious for the

class K5 studied below.

To have the required subclass K3 of equations from the class (5.1) whose coefficients
depend at most on ¢, we now only need to impose a more restrictive constraint on B,
replacing the additional auxiliary equation B,, = 0 by B, = 0, which can be implemented
by gauging B within the class Ky using its equivalence transformations. Unfortunately,
this deteriorates the normalization property since then the function X' parameterizing

elements of the equivalence groupoid Gg, of the class K3 depends on the initial arbitrary
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elements C' and A° in a nonlocal way via the equation

(0<XT>) - AC<XT> (5.7

At the same time, the usual equivalence group G, of the subclass K3 coincides with the
group G¥,. The computation of the generalized equivalence group of the subclass K3
gives the same group, which is a trivial situation from the point of view of generalized
equivalence. As a result, the class K3 is definitely not normalized in both the usual and
the generalized senses. This is why we construct the extended generalized equivalence
group of the subclass 3 in a rigorous way. In fact, this is the first construction of such
kind in the literature.

We extend the arbitrary-element tuple 6 to 8 = (A%, ... A", B,C,Y! Y?) with two
more arbitrary elements, Y and Y2, which are functions of ¢ only and satisfy the auxiliary

equations
V=A% v2=Ce. (5.8)

Thus, we also implicitly impose the auxiliary equations Yu"a =Y!=0,]af <r,i=1,2.
Each value of @ satisfying all auxiliary equations of the class K5 as well as the above
equations for Y and Y? is associated with an equation of the form (5.1) with the cor-
responding value of #. We formally denote this equation by L5 and the class of such
equations by ICs. It is obvious that the equations £z and Lg coincide if ' = #%. This
defines a gauge equivalence relation on the value set of arbitrary-element tuple §. We
show below that this gauge equivalence gives rise to a nontrivial gauge equivalence group
of the class K3. (See Sections 2.1 and 2.5 of [129] for notions related to gauge equivalence,
which is called trivial equivalence in [83].) Since the set of point transformations from Lz
to Lg coincides with that from Ly to Ly, the equivalence groupoid of K3 is isomorphic
to the equivalence groupoid of K3 factorized with respect to the gauge equivalence. In

the class K3, the constraint (5.7) can be solved with respect to X! in terms of Y2,
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1 1

e 5.9
€1Y2—|—€07 ( )

where e and g are arbitrary constants with (e1,£9) # (0,0). Using this solution and
the auxiliary equations (5.8), we prolong the relation (5.6b)—(5.6d) between initial and

transformed arbitrary elements to Y' and Y2. Thus, the equality chain

~ ~ - Ul X1 Ul X1
1 _ 1 _ 40 __ A0 t t 1 t t
o=rh=Ah =t m =

implies Y = Y' + In|U' X'| + ¢’ for some constant &. Considering the equality chain

X' 5}
CeV UNX T, = Ot
TUt© T Y 4 )2

where § = ¢ sgn(U'X!) # 0, we derive for some constants ¢/ and ¢, with g} —ghe, = &
that

! 2 /
~o e1Y=+e¢;

- and hence Y!=Y"' 4 In(6U*X?). (5.10)

We use parentheses instead of vertical bars in the logarithm since JU'X! > 0. This

completes the description of the equivalence groupoid Q,gs. Note that here

Xl ! 1 ! 1 ~
= Xffé = —aU'X'e", U =0" (AO + % —eCX'e" ) = T,U" A°.

UOl

Theorem 5.15. Let K3 be the subclass of equations from the class (5.1) with coeffi-
cients depending at most on t, which is singled out from the class (5.1) by the constraints
AP =C,=B,=0,k=0,...,7. The class K3 of the same equations, where the arbitrary-
element tuple is formally extended with the virtual arbitrary elements Y' and Y? defined
by (5.8), is normalized in the generalized sense. Its generalized equivalence group G’,”—C“?)

consists of the transformations of the form

1

t=T(tY"\Y?, i=X2+X(tY,Y?, X'i=——
(7 ) )7 x 'T+ (7 ? )7 81Y2+€07
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a=UY YY) (u—e XtV 2) + U YL, Y?),

- X - X1 700 D, X0
AJ:(_ZAJ, -2 (o P
D,T D,T Ul X1

~ 1 D,U* — 1

0 __ 0 t 1Y
A _DtT(A + i —eCX’e )

N 71 D,U% o 1 A X!
B = ,U,B+ U + U XY — —U%A°, C=—=C,
D,T D,T D,T UD, T

Y=Y £ In(60'XY), V2= 4"+

€1Y2 + 607

where j = 2,...,r; T, X°, U' and U are arbitrary smooth functions of t, Y and Y?
with T,UY # 0; e, €1, €y and &) are arbitrary constants with § := eoe}, — ehe1 # 0 and,
moreover, SU' X! > 0; D, = 9,+ A%y1+CeY Oy is the restricted total derivative operator

with respect to t.

Proof. In view of the above description of the equivalence groupoid Q,%S of the class K,

elements of 6%3 have the general form

The computation of C:’,a by the direct method is quite similar to the computation of 9%3
and, after splitting with respect to x and parametric derivatives of u, gives similar ex-
pressions for transformation components for the variables (¢, z,u) and similar constraints
for parameter functions. The relations between the initial and target arbitrary elements
in the equivalence groupoid just convert to the transformation components for arbitrary
elements in the equivalence group. But there are several differences, which we are going
to discuss.

In particular, the total derivative operators should be prolonged to the arbitrary ele-
ments. Since the arbitrary elements of the class K3 depend at most on ¢, the prolongation

is essential only for Dy,

Dy =0+ Y oyt Ouy + Y AfOar + By + Cidc + Y} 0y1 + Y202 + -+ .
« k=0

176



The expression for D, is formally preserved, D, = 0, + >, Ua+6,0u,. As a result, all
partial derivatives with respect to t in the expressions derived after splitting with respect
to x and parametric derivatives of u are converted to the total derivatives with respect to t.

The second difference is the possibility of splitting with respect to arbitrary elements
and their derivatives. After substituting for the constrained derivatives Y;' and Y;? in

view of (5.8) into the constraint for X*,

1 C 1
D2— = (—t + AO) D;—

b X1 C X1
we can split the resulting equation with respect to A%, ..., AL, By, Cy, AY and C,.
This leads to the system X} = -+ = X}, =0, X, =0, X, =0, X, =0, X} =0

and (1/X1)yzy2 = 0, whose general solution is of the form (5.3). The expressions for the
transformed arbitrary elements A°, cee fl’", B and C can also be split with respect to
unconstrained derivatives of arbitrary elements in ¢, implying that the derivatives of T,
X0 U and U with respect to A°, ..., A", B and C are zero. Hence the operator D, can
be replaced by the restricted total derivative operator D,. In particular, the parameter
function U is defined by U = (U'D,X1')/(X'C).

The additional auxiliary equations (5.8) are also treated in a different way. We substi-
tute the expressions for Y;! and Y;? given by these equations into their expanded version
for transformed arbitrary elements. Splitting the resulting equations with respect to the
other derivatives of arbitrary elements leads to the system of determining equations for

the (Y, Y?)-components of equivalence transformations

?;2:}7)21:~2k:}~/é:)~/61’207 7::1727 k;:O,.-.,T,

~ U ! ~ U ! ~ U ! 9 ~ Xl 1 1
1 ¢ 1 y1l 1 Y2 1 2 yi-y
Yt T Y _1_|_17 Yo . _51 5 50’ Yo — ,
whose general solution is of the form presented in the statement of the theorem. O

Remark 5.16. Each element of the generalized equivalence group 6%3 generates a family

of admissible transformations of the class K3 with sources at those values of # where the
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evaluation of D;T does not vanish,
Gz, > T s {(0.6%9) | 8 € So. (D)o # 0,8 = T8, o = (Tlosn)] 0} € G

Here S is the value set of the arbitrary-element tuple @ of the class Ks.

The gauge equivalence group of the class K3 is the subgroup of C_T’%B that is singled out
by the constraints eg = 1,67 =0, T =¢t, X =0, U' =1, U% = 0. In other words, all the
components of gauge equivalence transformations are identities, except the components
for Y and Y2, for which we get Y = Y'+1Ine), Y2 = £,Y? + &}, with ¢/ > 0. The usual

equivalence group of the class K3 is singled out from 6%3 by the constraints
e1=0, Tyi=X}. =0} =U0=0, i=1,2,

and its quotient group with respect to the gauge equivalence group of the class Kj is
isomorphic to the usual equivalence group of the class Ks.

It is obvious that the generalized equivalence group @%3 of the class K5 generates
the whole equivalence groupoid of this class. At the same time, functions parameterizing
the group depend on two more arguments, Y! and Y?2, than functions parameterizing
the groupoid. If we omit the arguments Y' and Y? in the parameter functions, the
corresponding set of transformations still generates the equivalence groupoid but it is not
a group with respect to the transformation composition. This shows that the class Kj
may possess an effective generalized equivalence group being a proper subgroup of C_}%B,

and its construction needs a more delicate consideration than, e.g., for the class ICs.

Corollary 5.17. The class K3 is normalized in the extended generalized sense. Its ex-
tended generalized equivalence group G’,}g can be identified with the effective generalized

equivalence group of the class Ky that consists of the transformations of the form

. 1
t="T(t 7= X! X )Y? + X% Xli=—

(t), = (z+ t)Y=+ (), Y e
=Vt (% — e (e — o X + 51X00)),
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A7 ( l)j j 11 ' 1 01y2 00 10 1 ( 0 t)
=B a2 o xoyr_xoy qo— L (g0q M)
T, 7 t ") T,

> V(B y! 1 01 00 A (X1)2
B:i(ﬁ_e (e1A" —eo X +e1X;") |, C= TV C,
_ _ ly2 —|—6/
V=Y 4In(5V), V2=l 0
+ n< >’ 81Y2 + 607
where 7 = 2,...,r; and T, X%, X% and V are arbitrary smooth functions of t with
T,V # 0; eo, €1, €y and €} are arbitrary constants with § = epe| — el # 0 and,

moreover, 0V > 0.

Proof. We temporarily denote by M the set of the transformations of the above form.
This set is a subset of the group G%g. It is singled out from G%B by setting the following
values for group parameters:

V()

X1’

U% = —c,V(t)e", TP =v()e (20X (t) — 1. X™(1)).

T=T@t), X°=X'(X"OY*+X"@1), U'=

The set M is closed with respect to the transformation composition, i.e., M is a sub-
group of the group G%3. The subgroup M generates the entire equivalence groupoid 9%3
of the class K5 and thus the entire equivalence groupoid of the class Ks. Indeed, let us
fix any equation £; from the class Ks. The set Tj of all admissible transformations with
source at @ is parameterized by the arbitrary smooth functions 7', X°, U' and U of ¢
and the arbitrary constants e, €, € and ¢} with T,U' # 0, 6 := g¢g} — €je; # 0 and
SUTX! > 0, where X! is defined by (5.3) for the fixed value of the arbitrary element Y2,
Y? = Y?%(t). Each admissible transformation from Tj is generated by the equivalence
transformation from M with the same values of T, €, €1, ¢ and €, and the values
of X% X% and V defined by

Uoo(t) Y1t 01 0
Ul(t)e O X% = XO%) +

X% =0 Xt) — Y?(1)

Ut(t)

V= €1Y2(t) + 80'

179



This establishes a one-to-one correspondence between M and Tj, and thus the sub-
group M is minimal among the subgroups of G%B that generate the groupoid g,gg.

Therefore, M is the effective generalized equivalence group of the class Ks. O]

Our second example of an extended generalized equivalence group also comes from
studying a subclass of (5.1), but this time r = 2 and thus (generalized) Burgers equations
are under investigation. The class had arisen when we classified the class of variable-
coeflicient Burgers equations [111].

The class £, consists of Burgers equations of the form
wp + utt, = A%(t, 2)uge + AR (t)z + A(),

with the arbitrary elements being the sufficiently smooth functions of their arguments

and A% #£ 0.

Proposition 5.18. The equivalence groupoid QAON of the class Lo is constituted by the
triples (9,90,5), where 0 and 6 denote the tuples of arbitrary elements of the source and

the target equations in the class Lo, and @ 1S a point transformation of the form

t=T, z=TU%2+X°, a=Uw—Ulz+U° (5.11a)
where T, X°, U' and U° are smooth functions of t, satisfying T,U* # 0 and

Ul =A"UH, U = -AVUL (5.11Db)

In turn, the arbitrary elements of the source and target equations are related as follows

N ~ 1 T, U}
2 112 2 1 _ 1 13
A*=(U)* T, A%, A __Tt(A T, U1)7

~ X? X° T, 20U}
A0 _ rlglo _ 2t 0_ 2 [ _ 2T )
U T +U T T L

(5.11c)

To construct the usual equivalence group Ga of the class ﬁo, we split the classify-

ing conditions (5.11b) for admissible transformations with respect to the arbitrary ele-
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ments A% and A" and find U' and U° to be constants. This means that the group G
consists of the point transformations in the space with coordinates (¢, z,u, A, A, A?)
whose components are of the form (5.11a), (5.11c), where T' and X° are smooth functions
of t and U' and U° are arbitrary constants with T,U! # 0. Therefore, the group C?('; also
coincides with G™ but the class £y is not normalized in the usual sense. On the other hand,

introducing the virtual nonlocal arbitrary elements Y, Y and Y2 defined by the equations
Y;O =AM Y;l :eY(” Yt2 :AloeYO’ (5.12)

we construct a covering of the auxiliary system for the arbitrary elements of the class Lo.
The form of these nonlocal arbitrary elements is implied by solutions of the determin-
ing equations on the parameter-functions U° and U'. (This is an application of tech-
niques from the theory of nonlocal symmetries of differential equations [26, Section 5]
and [25] in the context of classes of differential equations.) By Ly we denote the class
obtained by reparameterizing the class Lo with the extended tuple of the arbitrary ele-
ments 0 = (A, A1 A2 Y0 Y Y?). The class £° will be shown to be normalized in the

generalized sense.

Corollary 5.19. The equivalence groupoid of the class Ly consists of the triples (0, p,0),
where the arbitrary-element tuples 0 and 0 of the source and the target equations are

related by (5.11c) and

Pooyoym. 0 poalita
E(Clyl —+ 00)2 C1Y1 + o (5 13)
7 §Y? 5X0" Y+ N '
= — —c c
aYl'+co  Ti(erY! + c)? Y4 Y
and the components of the point transformation ¢ are the form (5.11a) with
Ul = Clyl + Co, UO = Cy — 01Y2, (514)

§ = dico — c1cy, T and X° being arbitrary smooth functions of t and c’s being arbitrary

constants such that 6T; > 0.
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Proof. On introducing the virtual arbitrary elements, we can solve the equations (5.11b)
for U' and U° in terms of Y’s. The expression for the transformed nonlocal arbitrary

element Y follows from the chain of identities

1
& — ﬂ = (Y°+1n 1 )
T, aYl+c Ty (1Y +¢0)? ),

9,Y° = fftth — AUT, — AV

For Y'! and Y2, the procedure is similar. O

Remark 5.20. There is a nontrivial gauge equivalence amongst equations in the repa-
rameterized class £, stemming from the indeterminacy in defining the virtual arbitrary
elements. More specifically, the arbitrary-element tuples  and § are associated with the
same equation in the class Ly if and only if

A0 — A0 AU gl A2 p?

) ) ) (5.15)

YO=Y"+Ind, Y'=dY'+¢, Y?*=dY*+cs,
where ¢’s are arbitrary constants with ¢; > 0. The equations (5.15) jointly with the
equations t = ¢, ¥ = x and @ = u represent the components of the gauge equivalence
transformations in Ly, which constitute the gauge equivalence group G%Z of £o. This
group is a normal subgroup of the usual equivalence group GEO of Ly, and the quotient
group GEO / G%Z is isomorphic to the usual equivalence group of the subclass Lo of ﬁ,

which coincides with the usual equivalence group of the entire class L.

Theorem 5.21. The class Lo is normalized in the generalized sense. Its generalized

equivalence group Gy consists of the point transformations of the form

(1Y +co)u — cleyox—l—cQ —c1Y? (5.16a)

t="T, 7= DT)(c;Y ' +co)r + X°, @ =

. _ - 1 D2T 2c.eY’

A2 = (D, T) (e, Y 242 A= AN - S 5.16b
(DiT) (1Y ™ 4 ¢9)* A%, B,7 DT oYt ( )

- D, X?° X0 D2T 2¢,eY’

AlO — Yl AlO _ _t ~ _ Y2 _ = All _ _t ~ 1 5].6
(¥ <o) DT 2 TR T DT avite ) 169

N ) - Y+

YO=V%4In—— yt=-21__%° 5.16d

+in (DiT)(c1 Y + ¢0)?’ aYl+c¢’ ( )
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B SY2 5X0 Yo 'yl /
V2 — - e oAt T o (5.16¢)
01Y1 + ¢o (DtT) (Clyl + 60)2 C1Y1 + ¢o

Here Dy = 0; + A0 11 + A0 410 + AR dyo +eY’ Oy + ALY Dy s + A20 2 is the restricted
total derivative operator with respect tot, § := cco—cher, T and X° are smooth functions

of (t, Y1) and (t,Y°, Y1, Y?), respectively, and c’s are arbitrary constants with §D;T > 0.

Proof. Elements of the group G§ are point transformations in the space with the coor-
dinates (t,z,u, A, AY A2 Y Y1 Y?). Each of these transformations, 7, generates a

family of admissible transformations of the class £, with the following properties:

o they are smoothly and pointwise parameterized by the source arbitrary-element
tuple 60,

o their transformational parts are of the general form (5.11a),

o their target and the source arbitrary-element tuples are related according to (5.11c)

and (5.13),

o and the parameters U! and U° in them are necessarily of the form (5.14).

Therefore, the components of T are of the form (5.16), where the parameters T, X° and

¢’s are considered as smooth functions of the above coordinates that satisfy the equations

D, 7 =D, =0, D,X°=D,X°=0,

Dici =D,c; =Duc; =0, i=0,...,3, D, = D.c; =Dy, =0, j=0,1,

with D; defined in the theorem’s statement, D, = 0, + A%20,2 and D, := 0,. Suc-
cessively splitting these equations with respect to A2, and then the equations for ¢’s
with respect to A1, Al AY  AY and YO (the last three splittings are allowed in
view of equations derived in the course of the previous splittings), we get that T and
X" are smooth functions of (¢, A%, A" Y% Y Y?), and c’s are constants. After this,
we also split the equations (5.16b) and (5.16¢) with respect to A® and A}', obtaining

T = Tau = Tyo = Ty2 = 0 and X%, = X% = 0, which completes the proof. O

Note that should we merely omit the dependence of the group parameters 7' and
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X% in G§ on the nonlocal arbitrary elements Y’s, we would obtain the set of equiva-
lence transformations that is not a group as it is not closed under the composition of
transformations although this set still generates the entire equivalence groupoid of L.
In particular, the value X%% of the parameter function X° for the composition 72 of

transformations 77, 72 € Gy would be of the form
XO,B = DgT’2(CLQ}~/1 + 0072))7(0’1 + X0,27 (517)

where an index after comma indicates the number of the transformation the parameters
are associated with. Thus, the dependence of X° on Y is necessary for closedness with
respect to the composition of the transformations. In a similar way, we can show that
the parameter X° should depend on Y°. At the same time, the dependence of T on the
virtual arbitrary elements as well as the dependence of X° on Y? are superfluous. Guided
by inspection and intuition, we look for transformations with the parameter X° of the
form X0 = T} exp(aY ) (e, Y! + ¢)? XO(t) for some constants o and 8. The substitution

of the ansatz into (5.17) readily produces a = —1/2 and § = 1.

Corollary 5.22. An effective generalized equivalence group ég of the class Ly is consti-

tuted by the point transformations

t=T, i=T(aY"'+c) (x + e_Y0/2X0> )

~ 0
U= (c,Y' 4+ co)u—cre¥ x4 cy — Y7,

. 1 y y
A = (Y + ¢) (Am B 56*5/0/2)(01411 — eYO/QXtO) +ae oo Y

~ 1 T, QCleYO ~
Ao 2 (g tu 2 _ (e Y] 2 42
T, ( L aYi+e) e e
- ) ~ Yl +
YO — YO 1 Yl — 1 0
o Ty Y + ¢p)?’ aYl+ ¢’
B 5Y2 (5)2*0 Y0/2 A% /
2 _ e Czcl + ¢ tos

Clyl + ¢o B C1Y1 + ¢o B Clyl + ¢

where § := cyco—cycr, T and X° are smooth functions of t and c’s are arbitrary constants

with 0T, > 0.
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Proof. To prove that the set of transformations from the corollary’s statement is an effec-
tive generalized equivalence group of the class £, one should show that it is indeed a group
under the composition of transformations, it induces the entire equivalence groupoid of
the class Lo, and it is a minimal group with this property. The first statement is proved
by mere inspection, while the second (two-part) statement is more involved. Given an
equation E_g in the class £y with a fixed value of the tuple of arbitrary elements 6, the
set T; of admissible transformations with the source 6 is parameterized by arbitrary
smooth functions 7' and X° of ¢ and arbitrary constants cp, ..., c¢3, ¢ and ¢, such
that (cjco —c1¢y)Ty > 0. At the same time, each admissible transformation in Tj is gener-
ated by the element from (UJ(T with the same values of all the parameters except X° whose
value is defined by X0 = X%"/2/(T,(c;Y"" + ¢)) with the fixed values of the arbitrary

elements Y? and Y''. This establishes a one-to-one correspondence between the group Gy

and Ty, completing the proof. O

Corollary 5.23. The class Ly is normalized in the extended generalized sense. Its equiv-

alence groupoid 1s generated by the group éON.

5.4 Conclusion

For a long time after the first discussion of the notion of generalized equivalence groups
in [87, 88], no examples of nontrivial generalized equivalence groups were known in the
literature, except classes for which some of arbitrary elements are constants and thus some
of components of equivalence transformations associated with system variables depend on
such arbitrary elements; see, e.g., [129, Section 6.4], [156, Section 2| and [158, Section 3].
Note that in all these papers, effective generalized equivalence groups were given instead
of the corresponding generalized equivalence groups. This is why certain doubts started
to circulate in the symmetry community whether this notion is valuable at all.

In the present chapter we provided some examples of nontrivial generalized equiva-
lence groups such that equivalence-transformation components corresponding to equation

variables locally depend on nonconstant arbitrary elements of the corresponding classes.
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All related classes are (reparameterized) subclasses of the class (5.1). The most significant
consequence of the construction of these examples is that they make evident the necessity
of introducing the notion of effective generalized equivalence group. Moreover, they also
answer, just by their existence, some theoretical questions, which leads to properly posing
further questions. In particular, the entire generalized equivalence group of a class may
be effective itself and thus it is a unique effective generalized equivalence group of this
class, cf. Theorem 5.6. Nevertheless, there are classes of differential equations admitting
multiple effective generalized equivalence groups. This claim is exemplified by classes /o,
IC3 and Ly, for which we have constructed effective generalized equivalence groups that are
proper but not normal subgroups of the corresponding generalized equivalence groups. All
known examples of generalized equivalence groups that are related to constant arbitrary
elements have the same property, see [108] for the El Dorado of such examples. Then
the natural question is whether there exists a class of differential equations with effec-
tive generalized equivalence group being a proper normal subgroup of the corresponding
generalized equivalence group. Furthermore, Corollary 5.17 shows that even merely sin-
gling out an effective generalized equivalence group from the already known generalized
equivalence group of a class may be a nontrivial problem.

The class K3 of general Burgers—KdV equations with coefficients depending at most
on the time variable is normalized in the extended generalized sense. This property had
been found for a number of classes of differential equations (see, e.g., [155, 157, 159]) but
one of the main achievements of the thesis is a discovery of a rigorous way to prove it.
A principal step is introducing virtual arbitrary elements that are nonlocally related to
the native arbitrary elements of a class under study. Similar results were earlier obtained
only for classes of linear ordinary differential equations in the preprint version of [27]. The
reparameterization technique developed gives hope to us that such construction will be
realized soon for many classes of differential equations.

The group CJ} gives the first nontrivial example of a finite-dimensional effective gen-
eralized equivalence group in the literature. Moreover, the class F has another unexpected

property formulated in Theorem 5.9: any effective generalized equivalence group of the
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class F does not contain the usual equivalence group of this class. This phenomenon had
not been observed before for any class of differential equations. Since G'% is not a normal
subgroup of G%, it is obvious that G} is not a unique effective generalized equivalence
group of the subclass F. Whether this group is unique up to the subgroup similarity
within G is still an open problem.

In a wider perspective, the most interesting question in the developed theory of gener-

alized equivalence groups is whether the normality of an effective (extended) generalized

equivalence group is equivalent to the uniqueness thereof.
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Summary of results and future

research

Here we emphasize the most important results of the thesis.

e Using the representation of the (141)-dimensional Klein-Gordon equation K in the
light-cone variables, we explicitly find its algebra of generalized symmetries and describe
it in terms of the universal enveloping algebra of the essential Lie invariance algebra of
the Klein—-Gordon equation. By choosing a suitable basis of the algebra, we single out
variational symmetries of the corresponding Lagrangian, which allow us to compute the

space of local conservation laws of this equation via the Noether theorem.

e An isothermal no-slip drift flux model is governed by a hydrodynamic-type partially
coupled, non-genuinely nonlinear system S, and the essential subsystem Sy of S reduces
to (1+1)-dimensional Klein-Gordon equation. These properties allow us to exhaustively
describe all generalized symmetries, cosymmetries and conservation laws of S by finding
separately objects stemming from the equation I and from the double degeneracy of the

system S.

e Not all generalized symmetries of the Klein—-Gordon equation can be locally prolonged
to the entire system S. In view of this we initiate studying of coverings of the system S
in order to find nonlocal prolongation of the above symmetries. Although the positive
result is not obtained yet, we hypothesize that a suitable Abelian covering is associated
with the conservation laws of the Klein-Gordon equation (3.4a) with characteristics of
the form J%e¢¥**, k € Ny. We plan to study the question in more detail in future research.

Likewise, the system &, possesses three first-order hydrodynamic Hamiltonian structures,
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while only one of them locally prolongs to the entire system S. We show that other two

operators prolong nonlocally.

e We make a preparatory mathematical step toward geometric parameterization of the
(1+2)-dimensional shallow water model by describing the algebra of differential invariants
of its point symmetry group using the method of moving frames. The physical step is
still necessary to complete the parameterization and we plan to return to this question in

future research.

e First nontrivial examples of generalized equivalence groups are given, i.e. equivalence
groups whose parameters depend on nonconstant arbitrary elements of a class. Also, for
the first time extended generalized equivalence groups are rigourously constructed. It is
done via introducing nonlocal wvirtual arbitrary elements of a class, which are connected
nonlocally to the arbitrary elements of the class.

e The notion of an effective (extended) generalized equivalence group is introduced.
Found are both finite- and infinite-dimensional examples, examples of classes with unique
and multiple effective generalized equivalence groups and a class, no effective generalized

equivalence group of which contains the usual equivalence group of the class.
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