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Abstract

The initial value formulation viewpoint is one of the main foci of research in
general relativity. This thesis establishes results for two problems pertinent to it.

In the first of the problems which form the contents of Chapters 3 and 4, the
focus is on a class of five dimensional stationary asymptotically flat spacetimes. These
naturally arise in high energy physics as possible microstates of black hole spacetimes.
In Chapter 3, several spacetimes with non-trivial topology in the domain of outer
communication are considered, of which the soliton spacetime is one such example.
The mass variation formula previously established for such spacetimes is used to
compute energy, angular momenta and charge for these spacetimes. It is shown that
regularity is essential for the formula relating them to hold. In Chapter 4, the decay
of the wave equation in a family of soliton spacetimes is studied and a slow decay
rate is established, hinting at nonlinear instability.

The second problem is establishing a horizon-based initial boundary value formu-
lation with the goal of studying the near-horizon spacetime. The problem is addressed
in the setting of four-dimensional general relativity. In Chapter 5, we establish that
data specified on the horizon and a future null boundary determine the near hori-
zon geometry and illustrate this for spherically symmetric spacetimes with a massless
scalar field. In Chapter 6 we conclude with directions for future research.

Key words : general relativity, initial value formulation, linear waves, boundary

conditions, near horizon geometry
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Lay Summary

Partial differential equations (PDEs) are used to model the evolution of a wide range
of physical systems. The equations governing gravitational physics which are given
by the theory of General Relativity (GR) are a set of PDEs which relate the curvature
of spacetime to the concentration of matter and energy in the Universe. These equa-
tions, called the Einstein equations, were not immediately pliant to analysis using the
known tools from PDEs. These were later reformulated appropriately to represent a
“viable” system. This reformulation showed that the Einstein equations govern the
evolution of a classical, deterministic system i.e., a system where the future state
can be derived from the knowledge of the present or initial conditions of the sys-
tem. We accordingly call this the initial value formulation. There are two aspects
of the Einstein equations addressed in this thesis. In the first we use the standard
(re)formulation to understand the long time behaviour of simple perturbations. This
is an important aspect as the Einstein equations are nonlinear and solutions can
become singular in the future even though they evolved from well-behaved initial
conditions. We conclude here that the solution we have looked at might be unstable
for generic (nonlinear) perturbations. The second aspect we look at is a formulation

of the Einstein equations that is applicable for understanding the dynamics near a

il



black hole horizon. The standard initial value formulation addresses the evolution
of a gravitational system starting from a “moment of time”. This cannot be easily
adapted to understand near horizon phenomena in black holes. We have hence devel-
oped a formulation that is more suited for understanding the near horizon dynamics

and evolution of spherical black holes.
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Chapter 1

Introduction

This thesis is written in a manuscript format. The manuscripts in this thesis are
contained in Chapters 3, 4 and 5. They are connected through the initial value
formulation of General Relativity (GR). This chapter will introduce GR and the

initial value formulation and elaborate on the connection between chapters.

1.1 Background

1.1.1 Lorentzian geometry

General Relativity is a geometric theory describing gravity in which the universe is
modeled as a four dimensional Lorentzian manifold (M, g). In this section we will

collect some basic results on Lorentzian geometry from [1], [2] and [3].

Definition 1.1.1 (Lorentzian manifold). A Lorentzian manifold (M, g) is a differen-
tiable manifold equipped with the metric g : T,M x T,M — R which is a symmetric,

bilinear and non-degenerate form of signature (—,+,+,+) such that in an orthonor-



mal basis {eg, €1, ea, €3}
g<€a’e,3) = Nag, (1.1)

where n = diag(—1,1,1,1).

This definition extends in an obvious way when there are additional spatial di-
mensions. Hence, each tangent space is isometric to the four dimensional Minkowski
space, M"3. The Minkowski space is the Lorentzian analogue of Euclidean space
R3*1. Tt can also be seen as R* endowed with the Minkowski metric 1 defined below.

For vectors X and Y € T,R**! given in Cartesian coordinates by

-0 .0
X =X"— d VY=Y"— 1.2
oz " oxt’ (1.2)
we define the Minkowski metric n by
3
N(X,Y) ==XV 4+ > XV =5 XY, (1.3)
i=1

where 7;; = €;6;; and (g9, €1,€2,63) = (—1,1,1,1).
From (1.1), it can be seen that the ‘norm’ of a vector X can be positive, negative
or zero. This leads to the causal character of vectors. At any point p € M, X € T,M

can be classified into timelike, null or spacelike as follows,

¢

timelike if ¢g(X,X) <0

X ds § nullif g(X,X)=0 : (1.4)

spacelike if g(X,X) >0

\



We can extend this notion to causal curves 7 : (a,b) — M as follows :

(

timelike if 7/ (¢) is timelike V¢ € (a, b)
Y 18 4 null if 4/(¢) is null V¢ € (a,b) - (1.5)

spacelike if ' (t) is spaceline Vt € (a, b)

\

v is called a causal curve if it is timelike or null. The collection of null vectors forms

a double cone N, in T, M. One half cone may be designated as the future cone (V)

and the other as the past light cone (Np_ ) at p. At each point p € M the set of

timelike vectors forms two disjoint open cones, which we will denote as I; and I .

These are the interiors of the future and past light cones respectively. The causal

structure at every point is illustrated in the figure below.

' Time /\

timelike region of
influence

null

Space ———

spacelike

region of
influence

Figure 1.1: Causal structure in a Lorentzian manifold

If the assignment of a future light cone at each point can be carried out in a contin-



uous manner, then M is time-orientable. This results in the following - a Lorentzian
manifold (M, g) is time orientable if and only if it admits a smooth timelike vector
field T'. The choice of such a T fixes a time-orientation on M. Time-orientability is
analogous to but distinct from the notion of orientability of a topological manifold
4]

Definition 1.1.2 (Spacetime). A spacetime (M, g) is a connected, time-orientable

Lorentzian manifold.

In this thesis, our discussion of Lorentzian manifolds is restricted to spacetimes.
Time orientation gives a classification for causal vectors as future/past pointing. If T
is the vector field fixing the time orientation on (M, g), then, for any nonzero causal
vector V€ T,M, g(V,T) is either positive or negative. If g(V,T') is negative we say
that V' is future directed and it would lie in 7. If g(V,T') is positive, we say that V'
is past directed and V' then lies in I, Similarly a causal curve 7 is said to be future
directed if 4 is future directed at each point along ~.

We say p < q if there is a future pointing timelike curve in M from p to ¢, and
p < q if there is a future pointing causal curve in M from p to q. p < ¢ means that

either p=gq or p < q.
Definition 1.1.3. Let A C M.
It(A)={pe M :q<p for some q € A} (1.6)
JH(A)={pe M:q<p for some qe A} (1.7)
It(A) is called the chronological future of A and J*(A) is called the causal future of

A. The past sets I~ (A) and J~(A) are similarly defined. The sets I*(p) are open.

We have the following fundamental causality result.

4



Proposition 1.1.4. If g € J"(p)\ I (p), i.e., if q is in the causal future of p but not
in the timelike future of p, then any future-directed causal curve from p to q must be

a null geodesic.

On physical grounds, one needs to impose an appropriate causality condition on
our spacetimes in order to prohibit pathologies (such as closed timelike curves). One
such condition that rules out both closed and almost closed causal curves is the
strong causality condition. The strong causality condition holds at p € M if, given
any neighbourhood U of p, there is a neighbourhood V' C U of p such that every
causal curve segment with endpoints in V' lies entirely in U. A spacetime (M, g) is
said to be strongly causal if strong causality holds at each point p € M. Strong

causality implies the following :

Lemma 1.1.5. Suppose that strong causality holds in a spacetime (M, g). Let K be
a compact subset of M. If v :[0,0) — M is a future inextendible causal curve that
starts in K, then it eventually leaves K and does not return, i.e., Ity € [0,b) such

that v(t) ¢ K¥Yt € [to,b).

What the above lemma means is that in a spacetime on which strong causality
holds, a future or past inextendible causal curve cannot be imprisoned forever within
a compact set. In particular this excludes closed timelike curves. In Riemannian
geometry geodesically complete manifolds have some nice properties. In Lorentzian

geometry, global hyperbolicity plays a similar role.

Definition 1.1.6. (M, g) is globally hyperbolic if it is strongly causal and for every

pair p < q, the set J(p,q) = JT(p)NJ~(q) is compact (“called internal compactness”).



This property is very important for the solvability of hyperbolic PDEs. Internal
compactness means that J*(p) N J~(¢) does not contain any singularities or points
on the edge of spacetime i.e., infinity. Global hyperbolicity guarantees the existence

of maximal timelike geodesic segments joining timelike separated points.
Theorem 1.1.7. If M is globally hyperbolic and q € I*(p), then,
1. there exists a timelike geodesic segment ~y from p to q

2. v is maximal i.e., L(vy) > L(o) for all future directed causal curves o from p to

q, where L(o) stands for the length of curve o.

Global hyperbolicity is also connected to the strong cosmic censorship conjecture
introduced by Roger Penrose [4], which says that generically (globally hyperbolic)

solutions to the Einstein equations do not admit observable singularities. Some of

the consequences of global hyperbolicity are :
Theorem 1.1.8. Let (M, g) be a globally hyperbolic spacetime. Then
1. The sets J*(A) are closed, for all compact subsets A C M.
2. The sets JT(A) N J~(B) are compact, for all compact subsets A, B C M.

3. If we have convergent sequences on M, p, — p and q, — q and p, < q,, then

p < q, t.e., the causality relation < s closed on M.

> C M is called achronal if there is no pair of points p,q € ¥ that can be
connected by a timelike curve. Let 3 C M be achronal, we define the future (D" (X))

and past domains of dependence (D~ (X)) (also called Cauchy developments) of ¥ as



follows :

D*(X) = {p € M: every past inextendible causal curve from p meets X} (1.8)

D™ (X) = {p € M: every future inextendible causal curve from p meets ¥} . (1.9)

The domain of dependence of ¥ is D(X) = D*(X) U D~ (X). Since information
travels along causal curves, D(X) consist of the set of points in spacetime which are

(potentially) influenced by every point in the set 3, to either the past or the future.

Figure 1.2: Domains of dependence of an achronal surface ¥

If physics is to be deterministic then initial data on > should completely determine
the state of the fields on all of D(X). Domains of dependence are tied to global

hyperbolicity through the following proposition.
Proposition 1.1.9. Let > C M be achronal.

1. Strong causality holds on int D(X).



2. Internal compactness holds on int D(X), i.e., for all p,q € intD(X), with p < q

Jt(p) N J(q) is compact.

We wish to find a condition on an achronal subset X that will insure that the
domain of dependence of ¥ is all of M i.e., D(X) = M. The significance of this will
be clear when we try to approach an analytical theory (namely the Einstein field
equations) via an evolutionary perspective by prescribing initial data on ¥ and try

to determine the spacetime metric by solving a system of PDEs in D(3).

Definition 1.1.10. A Cauchy surface S is an achronal subset of M which is met

exactly once by every inextendible causal curve in M.

If ¥ is a Cauchy surface for M then 3 = It (X) = 01~ (X) which means that X is a
closed C" hypersurface [4]. The existence of Cauchy surfaces and global hyperbolicity

for the entire spacetime are closely connected.
Theorem 1.1.11. Let M be a spacetime.
1. If M is globally hyperbolic then it admits a Cauchy surface.
2. If ¥ is a Cauchy surface for M then M is homeomorphic to R x 3.

Thus we see that for globally hyperbolic spacetimes, the topology of a Cauchy
surface ¥ determines the topology of the entire spacetime. We have the following

proposition :
Proposition 1.1.12. If a spacetime has a Cauchy surface ¥ then D(¥X) = M.

In summary a spacetime M is globally hyperbolic if and only if it admits a Cauchy

surface . Moreover, a globally hyperbolic spacetime has topology is R x ¥ and

8



D(X) = M, where X is any Cauchy surface for M. A Cauchy surface ¥ in a spacetime

(M, g) inherits a natural geometry as a submanifold.

1.1.2 Einstein equations and the 3+1 formulation

We will now turn to studying evolution in GR by prescribing data on a Cauchy surface.
The relevant geometric data on M is the induced metric h (Riemannian as S is
spacelike) and second fundamental form K. The Einstein Field Equations (or simply
the Einstein equations) given below encode gravitational physics in a Lorentzian
manifold :

R
Eg;w - 877T;w- (110)

R, —
Here g,, should be thought of as the unknown Lorentzian metric and 7, represents

the contribution of matter in the universe and obeys a conservation equation
V#T,, =0, (1.11)

which follows from the Bianchi identity. R,, and R are the Ricci tensor and Ricci
scalar respectively. Equation (1.10) along with equations governing the matter 7,
form a closed set of equations. Equation (1.10) is a system of coupled second order
nonlinear Partial Differential Equations (PDEs) for the metric functions g,,. GR is
a diffeomorphism invariant theory which means that it takes the same form in any
coordinate system. This is required of any physical theory as phenomena arising from
the theory should not depend on the choice of coordinates on the spacetime. More
precisely, if F : M — M is a diffeomorphism, then (M, g) and (M, F*g) represent the
same spacetime. Hence, the uniqueness of a solution to the system (1.10) does not hold

in a straightforward way, as a given solution has different coordinate representations.



The initial value formulation resolves this uniqueness issue. It establishes local
existence and uniqueness for the system (1.10). The idea of determinism captured by
any initial value formulation is the following - given initial conditions for a system, if
the system is allowed to evolve without outside interference, the dynamical evolution
of the system is completely determined by the theory. We expect any physically
viable theory to have an initial value formulation. As a simpler example of a system

of PDESs, let us consider electromagnetism. The Maxwell equations read,

vV-E=2, (1.12)
€0
V-B=0, (1.13)
OB
E=— 1.14
E
VxB= Lo (J + 5088—t> . (115)

Here, B and E are the magnetic and electric fields respectively. p is the electric charge
distribution and J is the total current density. The physical constants py and ¢y are
the magnetic permeability and vacuum permittivity respectively. (1.12),(1.13), (1.14)
and (1.15) are 8 coupled first order PDEs for six unknown functions (components of
B and E). Out of the 8 equations, only (1.14) and (1.15), a total of 6 equations
describe dynamics i.e., evolution with time. These are appropriately called evolution
equations. The remaining two scalar equations involving the divergence of B and E
only restrict the fields at a given time and hence are called constraint equations. It
can be shown that the constraint equations need to be satisfied only at an instant of

time (say the initial time) and then the evolution equations guarantee that they are

10



satisfied at all later times. Using (1.14) and (1.15) and their divergence,

@z—V-(VXE)zO (1.16)
8(Vat E) _ 5020 (V- I =V - (V x B))
E_Fr
— a(v - 50) —0 (1.17)
ot

where in the last step we have used the continuity equation,

dp

VI=-7 (1.18)

This is usually described by the phrase “the constraints propagate”.

The first step to studying any PDE is to classify the system as elliptic, parabolic
or hyperbolic. For simplicity, we will consider the vacuum Einstein equations, where
T = 0. By taking the trace, one sees that R(g) = 0, so that the Einstein equations
reduce to

Ry, = 0. (1.19)

We would like to understand this as a system of PDEs for the unknown metric g by
trying to understand equation (1.19) as an equation consisting of derivatives for the
metric components relative to a coordinate basis {0,} of T,M. We recall that the

Christoffel symbols are defined by,
Vaaaﬂ - Flﬁa’w (1'20>
where V is the Levi-Civita connection (covariant derivative). In terms of the metric,

1
[l = 597 (959as + Oagss — 0sgas) (1.21)
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The Riemann curvature is defined by
R(X,Y)Z =VxVyZ —VyVxZ —VixyZ. (1.22)

Relative to a coordinate basis, components of the Riemann curvature tensor are de-

fined by
Rj s = (dz®, R(0,05)0p). (1.23)
This leads to the formula
Rogys = 0,135 — 05T, + 10 105 — Lgsl7 5, (1.24)
with the components of Ricci tensor given by

Res = R (1.25)

ayB*

This shows that the Ricci tensor is linear in the second derivatives of the metric,
with coefficients which are rational in the components of the metric, and quadratic
in the first derivatives of the metric, with coefficients which are rational in g. Thus
the vacuum Einstein equations are a second order system of quasi-linear (linear in
the highest order derivatives with coefficients depending on the independent variables
as well as the functions g, ) partial differential equations for the unknown metric g.

Explicitly these equations are
g9’
R, = 5 (0,00980 + 0000954 — 040v9ap — 0a089,w) + N (g,0g) = 0. (1.26)

N (g,0g) collects lower order terms. However, in contrast to the Maxwell equations,
the Einstein equations do not have any obvious structure (parabolic, hyperbolic or

elliptic) in an arbitrary coordinate system. The most significant difficulty with (1.26)
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from the PDE point of view is the high degree of non-uniqueness owing to diffeo-
morphism invariance. In the language of physics, one says that the diffeomorphism
group expresses the gauge freedom of the Einstein field equations. Quite remarkably,
in 1952, [5], Yvonne Choquet-Bruhat proved that there is an underlying system of
hyperbolic PDE governing the behaviour of (1.26). The proof involves the introduc-
tion of a special set of coordinates (which in particular, breaks the diffeomorphism
invariance) and the exploitation of the Bianchi identity together with the Einstein
constraint equations to obtain a solution of the geometric equation.

We will briefly review the proof here. We start by understanding the geometry of

spacelike hypersurfaces. Let (M, g) be a spacetime and let
12X —>M (1.27)

be an embedded spacelike hypersurface. This means that the induced metric h = i*(g)
on ¥ is Riemannian (positive definite signature). Let 7 denote the timelike future-
pointing unit normal vector field to X. If we let V be the Levi-Civita connection on
(M, g) and V* be the Levi-Civita connection on (¥, k) the second fundamental form,

K on ¥, is defined by considering vector fields X and Y tangent to ¥ and setting
VxY =V3Y + K(X,Y)r (1.28)
so that for each p € X
K T, xT,% =R (1.29)

Note that, using the fact that V is torsion free and compatible with g one can see
that

K(X,Y)=g(Vxr,Y) = K(X,Y)=K(,X) (1.30)
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so K is symmetric. A time function ¢ on (M, g) is said to be adapted to X if ¥ is a
level set of t. If z = {z'} are local coordinates on X then (z‘,t) form adapted local
coordinates for M near ¥. With respect to such a coordinate system, the lapse-shift

form for the vector field is
T=N1(8,—V'0,), (1.31)

where N is called the lapse and V is called the shift vector field. This freedom is a
consequence of the diffeomorphism invariance in the theory. Let T' = 0;. The relation
between T, N, V and the unit normal to the hypersurface 7 is 7% = N7¢ 4+ V¢

(depicted in Fig.1.3).

Figure 1.3: Relation of the evolution vector 71" to the lapse and shift

In terms of h, N and V), the ambient metric on M is expressed in these coordinates

by
g =—Ndt* + hy; (dz’ +V'dt) (dz? + V' de) (1.32)

and the second fundamental form is given by

Kz’j — K(azl7ax]) - §N_1 (aat” — ﬁth‘) (]_33)
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where Lyh;; is the Lie derivative of the spatial metric & in the direction V. In

particular this gives a formula for the time derivative of the spatial metric

0

In the special case when N =1 and V = 0, we have

%hij = 2K;;. (1.35)
We also give the evolution equation for Kj;; here.
9 Y o¥ by k
EKM =V* VN — N(*Rij; + KKy — 2K Kj;,)
+ LyKi; + <egef - %hijga’3> G- (1.36)

The Gauss and Codazzi equations for ¥ < M tell us that the ambient Einstein
equations on M impose a relationship between the intrinsic and extrinsic curvatures
of (3,h) = (M, g) and the components of the stress-energy-momentum tensor 7}, in

a local adapted frame.

Proposition 1.1.13 (Einstein Constraint Equations). If (M, g) is a spacetime satis-
fying the Einstein field equations and X — M 1is a spacelike hypersurface with induced

Riemannian metric h and second fundamental form K then
R(h) — |K[; — (tr, K)* = 167 T = 2Goo = 2p (1.37)
(divK); — V= (tr, K) = 87Ty = Go; = J; (1.38)
where (divK); = V?Kij.
The scalar function p is the local mass density and the vector field J is the local

current density of the initial data set (X, h, K). (1.37) is the Hamiltonian constraint

equation and (1.38) is the momentum constraint equation.
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1.1.3 Einstein equations as hyperbolic PDEs

Shortly we will see that the Einstein equations are just a system of hyperbolic equa-
tions. So, we review the existence and uniqueness result for the most basic hyperbolic
PDE i.e., the wave equation on a curved background. For a scalar function ¢ on a
spacetime (M, g) the wave operator associated to the metric g is the operator given
by the trace of the Hessian :
Dg¢ = Vuvw)
1

—0
\/-detgags 2

We have the following existence result :

-detgasg" 0, 0). (1.39)

Theorem 1.1.14. Giwven an open set U € ¥ and smooth functions f1, fo on U, there

exists a unique smooth solution defined on D(U) for the problem

d
0,0 =0, ¢l =fi, a—f = fo. (1.40)
U

The Einstein equations are not manifestly hyperbolic, but, we can identify the
principal part of the operator which looks like the wave operator applied to the metric.
Let us suppose that we already know the metric g in a spacetime neighbourhood O(%)
of a spacelike hypersurface . We introduce “wave” or “harmonic coordinates” {z®}
by setting

H®:=0,.2%=0 in O(X) (1.41)

ox®
ot

" =t=0, 2'=7" and =0 on X (1.42)

Locally, such coordinates are guaranteed to exist by Theorem 1.1.14. By specifying

coordinates, we break the gauge symmetry imposed by the diffeomorphism invariance
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of the geometric equations. We end up with the reduced Finstein equations,

Rap = Rlls — Hiayp), (1.43)

where
Rl = —%g”‘sga/s,ya + Q(g,99) (1.44)
= —%Dggaa + (g, 99) (1.45)

is the harmonic part, H, g) vanishes in wave coordinates and @) collects lower order

terms. The reduced vacuum Einstein Equations are
RI; =0. (1.46)

This is a second order quasi linear hyperbolic system for the metric g, so we can solve

this provided we specify Cauchy data g,s and 0;g.s on X.

Definition 1.1.15. An initial data set for the (n + 1)-dimensional vacuum FEinstein
Equations is a set (3, h, K) where (3, h) is an n-dimensional Riemannian manifold

and K is a symmetric (0,2) tensor on 3.

We need to define the Cauchy data for the reduced Einstein equations from a

given initial data set as above. First define

-1 0
GaB = att =0 (1.47)
0 Dy
which gives
99y
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This amounts to the following choices for lapse and shift.
N=1 and V' =0. (1.49)

We are still free to choose 0,g0s which amounts to choosing the rate of change of lapse

and shift. We will choose this so that
H, =0 initially on X. (1.50)

The contracted second Bianchi identity implies that the Einstein tensor is divergence
free

VPGas =0 (1.51)
implying the following evolution equation for H,,

O,H, + Lot =0 (1.52)

where lL.o.t stands for lower order terms linear in H,. We have chosen 0,gos so that
H, = 0 initially. If we can also ensure that 0,H, = 0, then by uniqueness for solutions

to (1.52), we must also have
H,=0 on O(%) (1.53)

This implies that the solution to the reduced Einstein equations is actually a solution

to the full vacuum Einstein equations
R, =0 (1.54)

We still need to ensure that 9;,H, = 0. This is where the constraint equations come

in. We have the following proposition
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Proposition 1.1.16. The vacuum constraint equations for (X, h, K) imply that

8,5Ha - O

The momentum constraint equation Go; = divK — VZ(trK) = 0 implies that

0H,;
ot

=0 for¢=1,2and 3. (1.55)
From the Hamiltonian constraint equation

Therefore H, = 0 so that H, = 0 on O(X) i.e., the coordinates we obtain are actually
wave coordinates for the spacetime metric evolved from A on ¥ by solving the reduced
Einstein equations. This metric therefore satisfies the vacuum Einstein equations.
In summary, the constraint equations together with the second Bianchi identity,
ensure that the wave coordinate gauge is evolved in time as one solves the reduced
Einstein equations, yielding a solution of the full geometric equations.
The very first local existence result for vacuum Einstein equations from the PDE

perspective was established by Choquet-Bruhat in [5] which we state here.

Theorem 1.1.17 (Choquet-Bruhat, 1952). Given an initial data set (X, h, K) sat-
isfying the vacuum constraint equations there ezists a spacetime (M, g) satisfying the
vacuum Einstein equations R, (g) = 0 where ¥ — M s a spacelike surface with

induced metric h and second fundamental form K.

This is a local existence result. Hence, the resulting spacetime may break down or
develop singularities. We cannot ascertain the size of (M, g) from this theorem and
one would like to know more about the global solution. 17 years later this existence

theorem was improved to the following result.
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Theorem 1.1.18 (Choquet Bruhat and Geroch, 1969). Given an initial data set
(3, h, K) satisfying the vacuum constraint equations there exists a unique (up to dif-
feomorphism), globally hyperbolic, maximal *, spacetime (M, g) satisfying the vacuum
FEinstein equations R, (g) = 0 where ¥ — M is a Cauchy surface with induced metric

h and second fundamental form K.

These local existence results provide the mathematical foundation for an analysis
of the Einstein field equations. Despite the assertion in Theorem 1.1.18 of the exis-
tence of a maximal, globally hyperbolic development, the question of global existence
is left unresolved and this is a very active area of research in mathematical relativity.

In this thesis we are interested in the following two initial value problems :

(i) Investigate gravitational solitons with a particular focus on decay estimates for
the wave equation 0,19 = 0 where O, is the wave operator associated to a family

of gravitational solitons

(ii) Determine the near horizon geometry of a spacetime in a horizon based initial

value formulation

Chapters 3 and 4 discuss results in (i) and (ii) is addressed in Chapter 5. We start
with an introduction to both the problems from the initial value problem point of

view.

!There is a partial ordering < defined on the set of all developments of initial data. For two

developments M and M', M < M’ if M’ is an extension of M.
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1.2 Decay of waves in gravitational solitons

This work is covered in Chapters 3 and 4 and is an investigation of the stability of
a specific family of spacetimes called gravitational solitons denoted by §. The main
result here is quantifying the decay rate of solutions to the wave equation in the fixed
background of §. Here the notion of stability is as follows - if we have a nonlinear
PDE N[¢] = 0 with a stationary solution ¢y, we would like to know if perturbations
of ¢y converge as t — oo. We understand stability from the viewpoint of the initial
value formulation of GR which is the appropriate way to study the Einstein equations
as a system of PDEs.

Gravitational solitons are smooth, globally stationary, asymptotically flat globally
hyperbolic spacetimes with positive energy. They are termed solitons due to qual-
itative similarities with standing-wave stationary solutions of other nonlinear wave
equations. The family S of soliton spacetimes that we are interested in are solutions
to a supergravity theory. Supergravity theories are higher dimensional classical the-
ories that describe low-energy dynamics in string theory. The bosonic sector of their
action typically consists of a metric g coupled to p—form gauge fields and scalar fields.
The action has the nice property of being invariant under supersymmetry transfor-
mations. Einstein-Maxwell theory is one of the simplest examples of a supergravity
theory. These higher dimensional classical gravitational theories are studied via di-
mensional reduction on a compact manifold. This results in a supergravity theory in
the remaining set of macroscopic dimensions. These are expected to reflect observable
dynamics and are of interest in string theory. There a couple of ways in which this

reduction can be done :
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1. By reducing a 10d theory reduced on a 6d Calabi-Yau manifold, one gets a 4d
theory. This reduction has the nice property that the 4d theory is supersym-
metric. Whether this reduction is itself stable is an important question. The
nonlinear stability for spacetimes with supersymmetric compactifications which

in particular includes this reduction on a Calabi—Yau manifold was recently

established by [6].

2. One can also reduce a 10d type IIB supergravity on a five torus to a 5d theory

called 5d minimal supergravity, which is what is the focus of our work.

The spacetime we study (a gravitational soliton) is a solution to this 5d minimal

supergravity theory. The action for this theory is

1 8
S =— *R—2FANxF ——FANFANA). 1.57
16 M( 3v3 ) ( )

In addition to the usual Einstein Maxwell system, we have a nonlinear term called a
Chern-Simons term. We hence have a self-sourced electromagnetic field F' as can be

seen from the equations of motion here,

1 2
Ric(g),, = 2 (F,/’F”p - égw,FQ) . dxF+ FENF=0. (1.58)

The significance of soliton spacetimes arises in theoretical high energy physics where
they are interpreted as classical microstate geometries corresponding to black holes
carrying the same conserved charges and so their stability is interesting from this
point of view. Nevertheless, solutions to supergravity theory are also rich from a
purely gravitational point of view as they possess non-trivial 2-cycles which give rise

to their mass, charge and angular momenta by a supporting flux. Such examples are
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considered in Chapter 3 and expressions for the angular momenta and charge for such
spacetimes are derived.

To understand how supergravity theories admit these smooth non-trivial solutions,
let us first try to understand solitons in the example of a stationary Einstein-Maxwell
system. Consider an asymptotically flat, n dimensional globally hyperbolic spacetime

(M, g, F') invariant under the everywhere timelike Killing vector field K.

o v 1 2
Ric(g),, = 2 <FMPF b =7 2>gWF ) (1.59)
dF =0, dxF=0. (1.60)
From dF = 0, we observe that ixF' is exact, hence, diy = —igF. This defines a

globally defined electric potential ¢. From dx F' = 0, we obtain a closed (n — 3) form
© =ig % F. © is not necessarily exact if H"~3 is non-trivial. Topological censorship
[7] states that the domain of outer communications of a spacetime is simply connected
(i.e., 1 (M) is trivial). This automatically implies a trivial H'(M). Hence at least in
four dimensions, there exists a potential ¢ and an exact ©. This implies that there
are no solitons in four dimensions [8] from the following argument. Let us start with

an application of Stokes’ theorem to the Komar formula :

1 1 1
M=—-— *dK:——/d*dK:—/*Ric(K).
81 Js2. 8T [ AT Js

From the field equations,
: 1 1
*Ric(K) =2 [ﬁd* (YWF) + 5(@ A F)} . (1.61)

The mass can be rewritten as

1
M:—/d*(wFH—@/\F.
47 »
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Using the boundary conditions for asymptotically flat spacetimes, F© — 0 as r —
oo which makes the first term in the integral vanish if there is no inner boundary

(horizon). As © = du in four dimensions, we also have

M= i/xd(uF)

which again vanishes by a similar argument. The rigidity of the positive mass theorem
[9-11] along with M = 0 from above leaves four dimensional Minkowski spacetime
M3 as the only possibility. In higher dimensions, topological censorship is much less
of a constraint. In particular it does not eliminate (n —3) cycles in the spacetime and
so the mass need not vanish by the previous argument. Hence solitons are admissible
in higher dimensions. Known examples in supergravity theories are self-sourced by a

nonlinear Chern-Simons term in the Maxwell equation which gives them a charge

2
dxF =——FNAF. 1.62
3 (1.62)

It turns out that one can rule out static ? solutions in pure Einstein-Maxwell theory
in n > 4, but there are no known examples of stationary non-static solitons. Their
stability is interesting from the microstate interpretation point of view in theoretical
high energy physics.

A classic result of Bardeen, Carter, and Hawking [12] are the mass and mass vari-
ation formulae for stationary, axisymmetric asymptotically flat black hole solutions.
They established laws relating the mass variation of black holes to variations in an-
gular momenta, area and charge of a four dimensional black hole. The former follows

from using Stokes’ theorem and the definitions of Komar mass and angular momenta

2 A stationary spacetime is said to be static if the stationary Killing vector field ¢ is hypersurface

orthogonal, i.e. £AdE =0
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which goes by the name of the Smarr relation. The variation law follows from study-
ing stationary, axisymmetric linearized solutions of the field equations representing
variations close to a fixed background black hole solution. In Einstein-Maxwell theory
the Smarr relation is

3:‘<&AH 3

M = 6 + 5QJJr 50, (1.63)

and the first law of black hole mechanics is

KJCSAH
8

SM = + Q6T + poQ. (1.64)

Here, k is the surface gravity, Ay is the area of the horizon H, €2 is the angular velocity,
J is the angular momentum and @) is the electric charge and ® is the electric potential
where 0 M represents an infinitesimal variation of M. In addition to the area increase
law 0 A > 0 these theorems are collectively known as the law of black hole mechanics
in analogy to the empirical formula describing a macroscopic thermodynamic system.
These results were extended to the case of 5d supergravity by [13] but with the
assumption of a trivial topology in the domain of outer communication. This problem
was revisited recently in [14] with the derivation allowing for a general Hy(X). Here,
both solitons and black holes with non-trivial topology in the exterior region were
considered. The mass and mass variation read

M= 3I£AH
167

+ gQJ +oyQ + % % Q[C[C] + % Q[D]®[D] (1.65)

and the first law of black hole mechanics is

Ii(;AH

oM =
8

+ Q0T + 2pdQ + Y QICISR(C] + Y Q[D)6P(D] . (1.66)
(€] (D]

Definitions of the additional terms can be found in [14] and [C] and [D] represent a

basis for the 2-cycles and disc topology surfaces in the spacetime respectively. This
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generalized mass and mass variation result is applied to three different spacetimes
with non-trivial topology in Chapter 3. The first is an asymptotically flat non-
supersymmetric soliton. The second example is a supersymmetric asymptotically
flat spacetime containing two solitons. The final example we consider is an asymp-
totically flat dipole ring [15]. The generalized mass and variation formula applicable
to these solutions is (3.2) and (3.3). With these three examples we show the extra
terms that arise in the first law (as a result of the non-trivial spacetime topology).
The stability of the non-supersymmetric 1-parameter family of soliton spacetimes
considered in Chapter 3 is investigated in detail in Chapter 4. We refer to the elabo-

rate introduction in Chapter 4 for an outline of those results.

1.3 Horizon based initial value problem

The standard initial value formulation for (1.10) consists of data on a spacelike surface
at a “moment of time”. In the characteristic initial value problem the initial spacelike
slice is replaced by two intersecting null hypersurfaces N7 and N, (see Fig. 1.4).
What we obtain from this initial value formalism is the information about a future
spacelike slice from the evolution of initial data. It turns out that the initial value
formulation is suitable for physical problems that involve spacelike infinity whereas
the characteristic formulations are relevant for problems involving null infinity like

gravitational wave observations.
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S

Figure 1.4: Characteristic initial value problem

Another possibility for an initial or boundary value formulation of the Einstein
equations is the choice of a compact spatial/null slice with data on an intersecting
null surface. This possibility allows for including different types of horizons as initial
surfaces. This scenario is considered here with a section of the horizon as the choice

for the compact slice (see Fig. 1.5).

Figure 1.5: Horizon based initial value problem

By a horizon, we mean a non-degenerate isolated or dynamical trapping horizon

(marginally outer trapped tubes). We briefly review their definitions here.

Definition 1.3.1. A marginally outer trapped surface (MOTS) is a closed, spacelike,
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two-surface for which the outgoing null expansion 0y = 0. A three-surface H which

can be entirely foliated with MOTSs is called a marginally outer trapped tube (MOTT).

Definition 1.3.2. A three-dimensional submanifold A equipped with an equivalence
class of null tangent vectors [(] is called an isolated horizon if it respects the following

conditions:
1. A is null and topologically S? x R;

2. Along any null normal field | tangent to A, the outgoing expansion rate 0 :=

RV 1, vanishes on A;

3. All field equations hold on A, and the stress—energy tensor Ty, on A is such that
Ve = —TP" is a future-directed causal vector (VV, < 0) for any future-directed

null normal [*.

4. The commutator [L,, D,] = 0, where D, denotes the induced connection on the

horizon.

It was shown by Rendall in [16] that the characteristic initial value problem for
(1.10), where data is given on two intersecting null hypersurfaces N7 and N3 (see Fig.
1.4) is also well-posed with the local existence of the solution in the neighbourhood
of the intersection & = N; N N,. The region of local existence was improved in [17]
to a neighbourhood of N; U N5 rather than just a neighbourhood of S.

The idea of a characteristic formulation itself started much earlier with the study
of gravitational waves in [18,19]. In [18|, Bondi coordinates were used to study the
radiation from an isolated system. With this coordinate choice it was possible to

calculate expansions appropriate to large distances. The metric was asymptotically
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expanded in powers of a radial coordinate and the structure of the Einstein equations
and the Bianchi identity were studied. It was shown here that together with initial
data on a future light cone, a single function called the news function fully defines
the flow of information at infinity. Unlike the standard initial value formulation, no
constraint equations come up in the system.

In [20], the analysis of the equations for a characteristic formulation was carried
out in more detail. The initial data were considered on a system similar to Fig. 1.4.
The data were given on a pair of intersecting null surfaces, N; and A, and their
intersection §. The data required for solving the equations are the conformal inner
metric of N7 and N5, the intrinsic metric of S, the two mean extrinsic curvatures of
S and an additional extrinsic curvature quantity for S. Here the Einstein equations
and the Bianchi identity were divided into four groups of equations and sequentially
solved. This hierarchical approach to solving equation was also taken in more recent
works [21-23] in addition to our own formalism in [24].

In [25], the approach in [20] was analyzed in more detail and it was proved that
the characteristic initial value problem can be seen as a symmetric hyperbolic system
lending itself to the techniques used in the analysis of PDEs. The analogue of a
rigorous well-posedness result similar to [5,26] was established in [16] where it was
proved that the characteristic initial value problem could be reduced to the standard
Cauchy problem where the existing results for well-posedness previously established
for Einstein equations could be used.

What we start in [24] is a metric based treatment of Einstein equations with the

following motivations :
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1. using data from the horizon as a boundary condition

2. a formalism that works for both isolated and dynamical horizons, or more am-

bitiously for hypersurfaces of any signature

Such a formulation is of intrinsic interest in GR and it is also relevant to numerical
relativity simulations. In particular, it would mathematically quantify how horizon
geometry constraints the full spacetime. Physically it would allow one to study the
connection between an evolving horizon geometry and any gravitational wave signal

at oo [27].

singularity n

Figure 1.6: Horizon based data

We can see that data on the horizon, Haynamic predict the shaded region which lies
entirely inside the event horizon. By definition nothing inside or on the event horizon
can send signals to infinity and apparent horizons live inside the event horizon. So,
even if the standard initial value formulation is adaptable to dynamical horizons, the

solution is completely irrelevant to an external observer. So, to make the horizon
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data relevant, we need to appeal to a spacetime region that is causally connected to
null infinity.

The spacetime region near the horizon can send signals to infinity. An example
is a timelike surface just outside the event horizon dubbed the stretched horizon. So,
it is good strategy to determine the geometry of the stretched horizon using data on
the horizon. Unfortunately, we just saw that horizon data are not sufficient by itself
to determine anything observable. But with some data from a transverse null surface

N, one can determine the spacetime region near the horizon.

singularity +

Figure 1.7: Horizon based data + data from N

The aim of this program is to develop a formulation that mathematically relates
horizons, the near horizon spacetime and infinity. Such a formulation would accom-
modate data on an isolated horizon and is meaningful to an external observer. Here
and in [24] we address this for the scalar field in spherical symmetry as a model
problem for gravitational waves. The broad goal here is to identify the free and con-

strained data on a finite section of the horizon H and A. The idea is illustrated in
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Fig. 1.8.

\__.Data 7._~
Evolution ?

Figure 1.8: Formulation using data on H and N

We have determined that there are no constrained data on either of the surfaces.

Figure 1.9: Required data on H and N

The data that is required to fully determine the past domain of dependence are
the fluxes through H and A, ®, and ® respectively and the areal radius R, at the
intersection of the two surfaces. In the general vacuum gravitational case without

symmetries, we expect the fluxes to be replaced by the shears.
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Chapter 2
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Chapter 3

Soliton mechanics

This chapter is based on work published in [28] which appeared as :
S. Gunasekaran, U. Hussain and H. K. Kunduri, “Soliton Mechanics,” Phys. Rev. D

94, no. 12, 124029 (2016). (arXiv:1609.08500)

3.1 Abstract

The domain of outer communication of five-dimensional asymptotically flat station-
ary spacetimes may possess non-trivial 2-cycles (bubbles). Spacetimes containing
such 2-cycles can have non-zero energy, angular momenta, and charge even in the
absence of horizons. A mass variation formula has been established for spacetimes
containing bubbles and possibly a black hole horizon. This ‘first law of black hole and
soliton mechanics’ contains new intensive and extensive quantities associated to each
2-cycle. We consider examples of such spacetimes for which we explicitly calculate
these quantities and show how regularity is essential for the formulae relating them

to hold. We also derive new explicit expressions for the angular momenta and charge
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for spacetimes containing solitons purely in terms of fluxes supporting the bubbles.

3.2 Introduction

A striking feature of Einstein-Maxwell theory in four dimensions is the absence of
globally stationary, asymptotically flat solutions with non-zero energy - that is, there
are ‘no solitons without horizons’ [29]. This property is closely linked to uniqueness
theorems for black holes, and indeed it fails to hold in Einstein-Yang Mills theory for
which ‘hairy’ black holes exist (see, e.g. [30]). In five and higher dimensions, however,
non-trivial topology in the spacetime can support the existence of such horizonless
solitons even in Einstein-Maxwell supergravity theories. For an asymptotically flat
solution, the topological censorship theorem |7] asserts that the domain of outer com-
munication of a spacetime must be simply connected. In four dimensions, that is
sufficient to ensure the absence of any cycles in the exterior. In five dimensions,
simple connectedness is a weaker constraint, and in particular does not exclude the
possibility of 2-cycles (‘bubbles’). Physically, these cycles are supported by mag-
netic flux supplied by Maxwell fields and contribute to both the energy and angular
momenta of the spacetime.

In this note we will focus on five-dimensional asymptotically flat stationary space-
times with two commuting rotational Killing fields, possibly containing a single black

hole. In this case it has been shown that the topology of the domain of outer com-
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munication is R x 3, where!
5 <R4#n(52 X 52)#n’(iCP2)>\B, (3.1)

for some n,n’ € Ny and B is the black hole region, where the horizon H = 0B must
topologically be one of S35 x S? or L(p,q) [31-34]. The integers n,n’ determine
the 2-cycle structure of X.

In the absence of black holes, soliton spacetimes with 2-cycles supported by flux
are known to exist, with a large number of supersymmetric (see the review [35]) and
non-supersymmetric examples [36-38]. The largest known family of solutions to our
knowledge of these two types appeared in [39] and [40] respectively. These spacetimes
carry positive energy. The relationship between the mass of these spacetimes and
their fluxes is expressed in a Smarr-type formula, as observed for BPS solitons in
supergravity theories by Gibbons and Warner [41]. Subsequently, it was shown that
under stationary, U(1)%*invariant variations satisfying the linearized field equations,
variations of the mass and magnetic fluxes for general soliton spacetimes are governed
by a ‘first law’ formula [14] (see (3.11) below).

Furthermore, one can derive a generalised mass and mass variation formula for
R x U(1)*invariant spacetimes containing a black hole with an arbitrary number of 2-
cycles in the exterior region. Similar to the soliton case it was found that on top of the
familiar terms for a black hole, extra terms due to the bubbles are present. However,
unlike the pure soliton case, these additional terms are most naturally expressed in

terms of variations of an intensive quantity (a potential), as opposed to an extensive

'In fact, the statement regarding ¥ is still true if only one rotational Killing field is assumed,

although then there are more possibilities for the horizon topology [31].
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quantity (a flux). For Einstein-Maxwell theory, possibly with a Chern-Simons term,

the mass formula is [14]

M = Z0. 7T Z — .
G okt enQ+ 5 > 9[CIP[C] + 5 > Q[pje[D]  (3.2)
(€] (D]
and the first law of black hole mechanics is
i = A o5 4 e 3Q+ Y Q[C1o®[C] + > Q[D)s®[D] (3.3)
- 87T 7 3 H . .

(€] (D]
In the above [C] is a basis for the second homology of 3, [D] are certain disc topol-
ogy surfaces which extend from the horizon, ® are magnetic potentials and Q are
certain ‘electric’ fluxes defined on these surfaces which we will define precisely below.
This shows that non-trivial spacetime topology plays an important role in black hole
thermodynamics, thus providing further motivation to study such objects beyond the
obvious implications for black hole non-uniqueness [42].

It should be noted that most explicitly known examples of soliton spacetimes are
supersymmetric, in which case the mass variation formula simply follows from the
BPS relation. The same is true for the supersymmetric solution describing a rotating
black hole with a soliton in the exterior region [42]. Indeed quite generally for BPS
black hole solutions one can show that the additional terms arising in (3.2) and (3.3)
vanish identically. This is analogous to the fact that for BPS black holes in these
theories, the surface gravity and angular velocities also vanish identically. However,
for non-supersymmetric solutions describing black holes with exterior bubbles, these
terms would generically contribute. Examples of such solutions are not explicitly
known, although there seems to be no obstruction to their existence, even in the

vacuulll.
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The purpose of this paper is to apply the formalism developed in [14] to explicitly
compute the various potentials and fluxes appearing above for some known spacetimes
with non-trivial . In so doing we will verify the first variation formula above. We will
also derive some new relations that show how the angular momenta and total electric
charge of a spacetime may arise solely from the presence of flux through the 2-cycles.
Finally, we will reexamine the singly-rotating dipole black ring [15]. The solution is
characterized by a local dipole ‘charge’ resulting from magnetic flux through the S?
of the ring horizon. The first law for black rings derived in [43| contains additional
terms due to the dipole charge and we show how this is recovered using the general
formalism of [14]|. This will use in a crucial way the disc topology region that lies in

the domain of outer communication of the black ring.

3.3 First law for black holes and solitons in super-
gravity

The mass and mass variation formulae for asymptotically flat, stationary spacetimes
invariant under two commuting rotational symmetries has been established for a
general five-dimensional theory of gravity coupled to an arbitrary set of Maxwell
fields and uncharged scalars. We will be concerned with specific soliton and black hole
solutions to five-dimensional minimal supergravity, whose bosonic action is (setting

Newton’s constant G5 = 1)

1 8
= *R—2FAN«F — —FANFAA 3.4
167 M( 3v/3 ) (34)

38



Here FF = dA and A is a locally defined gauge potential. The existence of a non-
trivial second homology H, implies that F'is closed but not exact. The theory can
be recovered from the general theory considered in [14] upon setting I = 1, g;; = 2
and Crjx = 16/v/3. We will follow this convention throughout when appealing to

the construction of potentials and fluxes used in [14]. The equations of motion are

4 1
Rab: _FaCFbC+§

2
2 GacdGy,  dxF+-—=FANF=0 (3.5)

V3

where G = xF. The central observation of [41] was that the non-triviality of the
second homology H,; makes it more natural to work with G rather than the gauge
potential A which cannot be globally defined.

Let & be the stationary Killing field normalized so that |£[*> — —1 at spatial infinity
(in the case of a spacetime containing a black hole, ¢ is instead identified with the
Killing field which is the null generator of the event horizon). Using the fact that
F is closed and invariant under this action, we have a globally defined potential ®,
defined by

and the requirement ®; — 0 at spatial infinity. From the Maxwell equation one may
define a closed two-form

8
0 =2G— —Fd 3.7
¢ N (3.7)

If, in addition to being stationary, the spacetime is invariant under a U(1)? isometry
generated by the Killing fields m; = (my, ms) (normalized to have 27-periodic orbits),

we also have globally defined magnetic potentials
d®; =i, F (3.8)
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and we also fix the freedom by requiring these vanish at an asymptotically flat end.
Together (£, m;) generate an R x U(1)? action acting as isometries on (M, g, F'). Using

these potentials one can finally deduce the existence of globally defined potentials Uj;

AU; = i,,,© + %dcb@gf (3.9)

which are again fixed by requiring they vanish at the asymptotically flat end. Here
@f is the pullback of ®; to the horizon if a black hole is present in the spacetime;
for a pure soliton spacetime this term is ignored. The potentials and fluxes defined
above can be thought of as functions on a 2d orbit space B = /U (1)? [32]. The rank
of the matrix \;; = m; - m; divides the space into two dimensional interior points,
one dimensional boundary segments (0B) called rods and zero dimensional points
that lie on ‘corners’ where the segments intersect. A black hole is represented by a
compact rod Iy = H/U(1)? where the timelike Killing field goes null. There are two
non-compact semi-infinite rods corresponding to the two asymptotic axes of rotation
extending out to spatial infinity. The rest of OB contains finite rods I; where an
integer linear combination v'm;,v* € Z of the rotational Killing fields vanishes. This
orbit space data thus encodes the action of the isometry group and determines the
full spacetime topology up to diffeomorphism [32|. In particular finite rods represent
two-dimensional submanifolds which may have the topology of either S?, or a closed
disc D if the corresponding rod is adjacent to Iy. We will discuss specific examples
of spacetimes containing such 2-cycles and discs below.

For purely soliton spacetimes (i.e. without black holes), the Smarr formula and
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mass variation reduce to [14]

M = % > [C)g[C] (3.10)
€]
SM = W[C]og[C] (3.11)
c]
where
q[C] = ﬁ/oF and V[C] = m'U; (3.12)

represent the magnetic flux and magnetic potential associated to each element of [C].
Note that in (3.11) the extensive variable ¢[C| appears naturally in the first law in
contrast to (3.3).
Before discussing specific examples, we would like to present new Smarr-type formu-
lae for the angular momenta and electric charge for purely soliton spacetimes as a
sum over fluxes through the 2-cycles. These are useful as they demonstrate how a
spacetime can possess such conserved charges in the absence of horizons.

Firstly, consider the angular momenta J; associated to the rotational Killing field

m; defined by the Komar integrals
1
J[m;] = —/ *dm,; . (3.13)

The Maxwell equation and Killing property of the m; imply the existence of two

closed (though not necessarily exact) two-forms Y; defined by

8

V3

Fd; . (3.14)

Cartan’s formula immediately implies the existence of global potential functions x;;

satisfying dyx;; = %m,T;. Note that we can always choose the integration constant
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so that x;; = 0 on an interval on which m; vanishes for fixed j. Now using Stokes’

theorem

Ty = 8% /E*Ric(mi) _ 8%/2 <—%) T, AF+ %d* (FO;) (3.15)

The final term above may be shown to vanish by converting it to an integral over S,

where ®; vanishes. We can evaluate this integral over the orbit space B, giving

Jimi] = = / PEdxi A ddy, = = / Al xji A dDy] (3.16)
6 Js 6 Js
where 7% is the antisymmetric symbol with 7'? = 1. The final term can be converted

to a boundary term on 0B, and using the fact that the potentials vanish on the

semi-infinite rods I, we are left with

T .
JIm;| = 5 Z/I 77*x APy, (3.17)

This can be further simplified by using the fact that each rod is specified by a pair
of integers v?, so that v'm; vanishes By definition v'd®; = 0 on the rod, so that
®[C] = v'®; is constant. By an SL(2,7Z) change of basis let us define a new basis
(1hy, M) for the U(1)? generators such that m; = v'm;. The other Killing field , is
non-vanishing on the rod except at the endpoints (these correspond to topologically
S2 submanifolds in the spacetime). Note that in the obvious notation, Yi;, ®; are
constants on the rod. Using SL(2,Z)-invariance, n’*y;;d®; = njkf(jidci)k. Putting

the above facts together we arrive at

Tmi = é%xiwmm (3.18)

where ¢[C] are the magnetic fluxes associated to a given cycle C' and x;[C] = —7x1; =

—mvlxj; is a constant associated to each cycle. It is natural to interpret the x;[C]
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as magnetic angular momenta potentials as they encode how the magnetic flux ¢[C]
contribute to the total angular momenta of the spacetime.

Now let us turn to an expression for the total electric charge (), defined by

1 1
= — *xF'=———+ | FAF 3.19
@ A7 /sgo 2\/§7T/Z ( )

It may appear counterintuitive that magnetic fluxes contribute to the electric charge,
but it should be noted that the Maxwell equation in supergravity is self-sourced.
We now proceed to evaluate this over the boundary of the orbit space. Using the

definition of the magnetic potentials, we have

Q= % /B 7dd; A dd; = % N 70,dD; | (3.20)

We can now express this as a sum over the 2-cycles using the argument used above

for the angular momenta. The result is
Q=——7=Y ®[Cly[C] (3.21)

where ®[C] = v'®; are constant magnetic potentials associated to each 2-cycle with

corresponding rod vector v".

3.4 Examples

3.4.1 Single soliton spacetime

Our first example is a charged, non-supersymmetric gravitational soliton with spatial
slices ¥ = R4#CP* which was concisely analyzed in [41] (see also [37] for a discussion

of a generalization which is asymptotically AdSs). In the following we will use a
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different parametrization which is convenient for our purposes. The equations of
motion (3.5) admit the following local solution, invariant under an R x SU(2) x U(1)

isometry:

2 _ o, dr? r? 2
ds* = — 0 D+ W( +Z o1 +03) +b(r)* (o3 + f(r)dt)*  (3.22)

P (1) (2 ) o2

where o; are left-invariant one-forms on SU (2

01 = —sinYdf+cossinfdep, o9 = cosdf + siny sinfdo
(3.24)
o3 = dy + cos 6do
which satisfy do; = 1e00; Aoy, and ¢ ~ ¢ + 4w, ¢ ~ ¢ + 27, 6 € [0, 7] is required

for asymptotic flatness. The functions appearing in the metric are given by

2 q° + 2pj*
W(r) = 1= 5p—a+—75— (3:25)

O — (2p_q —q—2> (3.26)
b = O (1 S A ) (3.27)

where p,q,j € R. We will take m; = (9;,0;), ¢ = /2, to be our basis for the

generators of the U(1)? action with 2r-periodic orbits.

The parameters (p, ¢, 7) in the above local metric can be chosen to describe asymp-
totically flat, charged rotating black holes. However we may obtain a regular soliton
spacetime by requiring that the S' parameterized by the coordinate v/ degenerates
smoothly at some r = ry in the spacetime, leaving an S? bolt, or bubble. We therefore
require gy, = b(r)? vanishes at ro. Regularity of the spacetime metric imposes that
W (rog) = 0. The existence of a simultaneous root fixes

40,2 2 4
ro(rg — J°) T
_0 3.28
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In order for 81[} to degenerate smoothly and avoid a conical singularity at r = rg

requires W/ (ry)(b*(ro)) = 1, or equivalently
1—-2)2+2)* =1 (3.29)

for x = x, = r2/j This cubic has a unique positive solution at = ~ 0.870385, and
in particular r3 < j2.
With this inequality it is easy to check that W (r),b(r)? > 0 for r > ry and the

spacetime metric is globally regular. Further

to__ 4b(r)?
= TR <0 (3.30)

so the spacetime is stably causal, and in particular the ¢ =constant hypersurfaces
are Cauchy surfaces. It can be verified that g; < 0 everywhere, so 0/0t is globally
timelike and in particular there are no ergoregions. However, if one uplifts the soliton
to six dimensions, we expect it will suffer from the instability discussed in [44].

We thus obtain a 1-parameter family of R x SU(2) x U(1)-invariant soliton space-
time.

The S? at r = 7y has a round metric
2
ds? = ZO(dHQ + sin? 0dp?) (3.31)

and carries a magnetic flux

q|C] : /SQFZ\@8 (3.32)

4j
It is straightforward to read off

3 3¢
q)_fq o — V3qj

V/3qj cos 6
£ o2 v 92

. Dy = e (3.33)




A long but straightforward calculation yields, using (3.7) and (3.9):

2v3jg  4V3j¢?
U, = @” - \/qu ] dr (3.34)
T T

AU, =

[ 2v/3j¢* cosf  \/3jqcosb V3j¢?sind  /3jgsinb
- + dr+ |-
7o r3 2r4 2r2

] dd (3.35)

which leads to

where the integration constants have been fixed so that the potentials vanish as
r — 00.

On the S? ‘bolt’ at r = ry, the Killing field 9 = 20y degenerates smoothly. The
interval structure of the orbit space is given below in the basis of rotational Killing
fields orthogonal at infinity (0y,,0s,) where 0y, = 0y — 0, and 0y, = Oy + Op. In
this basis the two semi-infinite rods can be manifestly seen as axes of rotation with

vanishing 0y, or Oy, .

Figure 3.1: Rod structure for single soliton spacetime in (¢1, ¢o) basis.

We now turn to the computation of the potentials associated to the soliton. Firstly,

 VBrrd (2 +1d)

D[] = wUg(ro) = 05 (3:37)
We then find
\If[C]Qq[C] _ 3% <7;_o) (72 +72) (3.38)



which is indeed the ADM mass of the spacetime, which can easily be read off from

the expansion
SM

— 1
Gtt + 3y

+0(r ™) (3.39)

Finally the first law of soliton mechanics asserts that

dM = ¥[C]dq[C] (3.40)
In our explicit example,
3rry ,
dM — U[C]dq[C] = 15 (jdro — rodj) (3.41)

and the right hand side vanishes as a consequence of the regularity condition 72/52 =
x.. We emphasize that the Smarr-type relation for the mass does not require regular-
ity of the spacetime to hold, whereas the first law is in fact a finer probe of regularity.

Finally one can explicitly check that the electric charge is indeed given by

B 47 B _\/gm“é

To compute the magnetic angular momentum potentials x;;, it is convenient to

(3.42)

work in the U(1)? basis (9y,0s) and then convert to the basis (9y,,0s,) which is
orthogonal at the asymptotically flat end, in order to fix integration constants. A

long but straightforward calculation yields

V3¢%5% | V3q V3 cos 6 qj°
_ _ V298t (g 4 3.43
XWZ} 47,4 + 4 ? X¢w 4 < 7,4 > ( )
V3¢%j%cos’0 /3¢ V/3q cos b qj5°
Xeo = g g Xwm g (L y

Since the 2-cycle is specified by the vanishing of 81[), using the formula (3.18) we find

6

Jw == F 5 J¢ =0 (344)
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where in the second equality we observe that xu, = 0 on C using (3.28) . It is
easy to check that these expressions agree with the standard ADM angular momenta
computed from the asymptotic fall-off of the metric. As expected, the SU(2) x U(1)-
invariant solution has equal angular momenta in orthogonal 2-planes, J; = J; = Jy.

Note that J, # 0 for the soliton; indeed, we have the constraint

_2Qq[C] _ 167q[C]*

J, = —

(3.45)

3.4.2 Double soliton spacetime

Our second example is a supersymmetric, asymptotically flat spacetime containing
two non-homologous two-cycles. The spatial slices ¥ = R#(S? x S?) where the
connected sum with R* corresponds to removing a point. The solution is originally
given in the more general U(1)? five-dimensional supergravity [45]. We will quickly
review this double soliton solution to the minimal supergravity theory (3.4) as this
particular case does not seem to be reproduced explicitly in the literature. Note that
it belongs to the general family of solutions with Gibbons-Hawking base space first
analyzed in detail in [46].

The spacetime metric takes the canonical form of a timelike fibration over a hy-

perKéhler ‘base space’
ds® = — f2(dt + w)* + f'dsy, , (3.46)

where V' = 0/0t is the supersymmetric, timelike Killing vector field and ds?%; is a

hyperKéahler base [46]. The solution has a Gibbons-Hawking hyperKéahler base

dsi; = H'(dy + x)? + H(dr* + r*(d#* + sin? 0de?)) , (3.47)
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where (1,0, ¢) are spherical coordinates on R?, the function H is harmonic on R? and
X is a 1-form on R? satisfying xsdy = dH.
The analysis of [46] shows a general technique for constructing solutions of the

above form. Defining the following harmonic functions on R? [45]

1 1 1 k k k
H = ———+—, K=24+24+2 (3.48)
T T T T ™ )
EO El 62 ma ma
L = 1+24+=+ =2, M=m+—+—, (3.49)
roory T T T2
with
ro= \/7’2 + a? — 2ra; cos ), ry = \/7“2 + a3 — 2ray cos 6 (3.50)

where we assume 0 < a; < ag, we arrive at a solution provided

[T'=H'K*+ L, w=wy(dv+x)+a, (3.51)
where
I
*x3dw = HdM — MdH + ;(KdL — LdK) ) (3.53)

The Maxwell field is then
V3

F = Td [f(dt +w) — KH M (dy + x;da’) — &da'] (3.54)
where the 1-form ¢ satisfies x3d§ = —d K. For the above choice of harmonic functions
one finds

X = |:COS€ — TCOSTHI_ “ TCOSZ_ aﬂ do , (3.55)
and
£=— [ko cosf + kl(moig —a)  klr Coie - a2)] do (3.56)
1 2
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where we have absorbed the integration constant in y by suitably shifting ¢). One
may also integrate explicitly for & = wyd¢.

For a suitable choice of constants this solution is asymptotically flat provided
AY = 47, A¢ = 27 and 0 < 0 < 7. In particular setting r = p*/4 and sending
p — oo one finds

2
ds?, ~ dp? + pz [(dh + cos 0dg)2)2d6? + sin? Od¢?] (3.57)
with O(p~?) corrections in the associated Cartesian chart. Finally, choosing

3
m = —5(1{30 + k?l + k?Q) (358)

and suitably fixing the integration constant in @y, we find f = 14 O(p~?), wy =
O(p~2) and Wy, = O(p~?) . Thus the spacetime is asymptotically Minkowski R

The free parameters characterizing these local ‘three-centre’ solutions may be
chosen so that globally, the spacetime describes a two-soliton spacetime (see, e.g.
[41]). It is clear that the spacetime metric is regular apart from possible singularities
at the ‘centres’ which lie at the points xo = (0,0,0), x; = (0,0,a4), and x2 = (0,0, as)
in the usual Cartesian coordinates on the ambient R? on the base space. To ensure
that the spacetime metric degenerates smoothly at these points, it is sufficient to first
require that the base space be smooth. It can be shown that this is in fact the case
without any further restriction of parameters (the base space metric approaches, up
to an overall sign, the Euclidean metric near the origin of R*). Note that on the base
space, 0, degenerates smoothly at the centres.

Next to ensure that the spacetime metric is well behaved and has the correct

signature, we must have f # 0 (f = 0 would correspond to an event horizon).
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Equivalently we must ensure f~! does not diverge, which fixes
by=—ki, L=k,6 {=—k. (3.59)
Further, since 0,, degenerates on the base, near the centres we have
|0y = — 2wl <0 (3.60)

which immediately implies that w,, must vanish at these points. It turns out generi-

cally wy, actually has simple poles at these points. Removing these requires
m; = —, Moy=—, ]{30:0 (361)

Actually imposing that w, = 0 leads to the so called ‘bubble equations’

CLQk% + alkg’ — 3(11@2(]{Z1 + kg) =0 (362)
ai (ki + k2)® + (as — a1) (k) — 3a1(2k; + k2)) =0 (3.63)
0,2(]{31 + k’z)g - (CLQ — al)(k‘g’ + 3&2]{31) =0 (364)

which correspond to the enforcing regularity at » = 0,7 = a;, and r = ay respec-
tively. This leaves a one-parameter family of 2-soliton spacetimes parameterized by
(a1, ag, k1, ko) subject to the three regularity constraints. An analysis of the geometry
shows that the spacetime is stably causal (¢ < 0) [41].

Let us now consider the boundary structure of the orbit space B = X/U(1)?,
which determines the topology of the spacetime. There is a semi-infinite rod I,
corresponding to one of axes of symmetry in the asymptotically flat region. The
appropriately normalized Killing field which vanishes on this rod is vy = 9y — 0,.
In terms of the spherical coordinates on the ambient R? associated to the Gibbons-

Hawking space, I, = {r > as,6 = 0}. Next, there is a finite rod I, = {a1 < r <
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as,0 = 0} with associated vanishing Killing field vy = —(9, + 0y). Note that the
Killing field 0, is non vanishing on Cy and degenerates smoothly at the endpoints
r = ay,ay implying that C, is a topologically S2-submanifold in the spacetime. The
second ‘bubble’ corresponds to the interval I, = {0 < r < ay,6 = 0} with associated
Killing field v; = —04+0y. The Killing field J, is again non-vanishing on this interval
and degenerates smoothly at the endpoints » = 0,7 = a;. Finally, there is a second
semi-infinite rod I_ = {r > 0,0 = 7} with associated Killing field v_ = 0y + 0.
The rod structure is most naturally expressed in terms of the basis of Killing fields

my1 = vy, mg = v_ which have 27 periodic orbits:
vy =(1,0), we=1(0,-1), v =(1,0), wv_=(0,1) (3.65)

from which it is easy to check that the compatibility condition |det(v; v} )] =1 is

satisfied for adjacent rods.

I.(6 =0) Ic, (6 =0) Ic, (6 = 0) I_(8=n)

(130) a3z (03 _1) a1 (150) 0 (0’ 1)

Figure 3.2: Rod structure for double soliton spacetime in (¢1, ¢2) basis. Here, 0y, =

E)¢ — 8¢ and 8¢2 = 3¢ + &p.

We now turn to a computation of the various intensive and extensive quantities ap-
pearing in the first law. The magnetic fluxes through the bubbles 4, Cy are found

to be

qCo] = ﬁ/g P _\/guﬁ k), qlC] = i/52 P ?/ﬁ (3.66)
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The computation of the ‘electric’ potentials U; requires some more work. For a general

supersymmetric solution in the timelike class, one can derive the relation

+
2'5 * = \/7§f2 *4 dw — ﬁ (367)

V3

where x4 is the Hodge dual taken with respect to the base space and G+ = é(dw +
*4dw) is a self-dual 2 form. Using this, and the general form of the Maxwell field

leads to the simple expression
O = V3d(f4(dt +w)) — 4F (3.68)

from which it is manifest that © is closed, though not exact, as expected. We then

have

Uy = —V3f%wy + 4Ay + 2V3(ki + ko) (3.69)

U¢ = —\/§f2W¢ -+ 4A¢ (370)

where Ay, Ay are the components of the gauge field and integration constants have
been chosen so that U; vanish at spatial infinity. As discussed above, 1162 U; and Uicl U,
must be constant on the two-cycles Cy and C] respectively. In order to demonstrate

this, one must make use of the regularity constraints (3.62). We find

\I/[OQ] = 7T[]C2 = —’/T(Uw + U¢)|Icz = —4\/5]61 (371)

V[Cy] = 7Uc, = 7(Uy — Ug)l1o, = 47V3(k1 + k2) (3.72)
Using this we can indeed verify that

© S WICHC] = by (ks + ) = M (3.73)
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The first law

SM = W[C1]64[C1] + W [Cy]6¢[Ch] (3.74)

can then be verified explicitly (we emphasize this is independent from (3.73)). Note

that it is straightforward to check that the magnetic potentials are
1 1
O[Cy] = —V3(k1 + ko) = —vG], 2] = V3k = — V) (3.75)

and inserting these into (3.42) for the total electric charge expressed as sum over the
basis of 2-cycles, one recovers the usual BPS relation M = v/3Q/2. The variational
formula (3.74) is surprising as it represents a genuine ‘first law’ for BPS geometries,
whereas for BPS black holes, the first law trivially follows from the BPS condition
(ie. 6M =/30Q/2).

The calculation of angular momenta from the general formula (3.18) is less straight-
forward. The difficulty arises from the complexity of the solution, and although it
is possible to show that dy;; = 0, obtaining the integrated potentials in closed form
has proved difficult. However, it should be noted that the asymptotic conditions
vixij = 0on I; and v' x;; on I_, as well as the evaluation of x;[C] on each cycle,
only require knowledge of x;; on the ‘axes’ # = 0, 7. Hence we need only integrate for
Xij(r,0) and x;;(r,7) on each segment on the axis (i.e. Iy, I¢;). Since the y;; must
be continuous functions of r along the axes across the rod points at r = as, 7 = a4,
and r = 0, the integration constants arising from integrating separately over each
segment are determined completely by the asymptotic conditions. Carrying this out

carefully one finds
Xo[Co] = 2V3Bky(ky + 2ks) ,  xo[Ci] = —2V3(k2 — k?) (3.76)

o4



and
XolCo] = —2V3k1(3ky + 2ks) ,  xw[C1] = 2V3(3k? + dkyky + k2) (3.77)

where we have used the regularity constraints (3.62) to significantly simplify these ex-

pressions. Using the expressions for the fluxes (3.66) we obtain the angular momenta

Jw = 37Tk1(k’1 + k’g)(Q]ﬁ + kQ) s J¢ = —37Tk’1]€2(]€1 + kQ) > (378)

which do in fact agree with the standard ADM angular momenta provided that (3.62)
is used to simplify the latter.

Using the above expressions for the charges (Jy, Js, Q) and fluxes ¢[C;], we can

derive
Q 8T
Jy = = 5(61[01] —q[Cy]) = ﬁq[Cﬂq{C’z] (¢[Cs] = q[C]) (3.79)
Jy = %(Q[Cz] +¢[C1]) = —8—\/7%(1[01](1[02] (q[Cs] +4qlCh]) - (3.80)

The angular momenta about the ¥»— and ¢— directions thus are a measure of the

difference and sum of the magnetic fluxes out of the two bubbles.

3.4.3 Dipole black ring

As a last example, we consider asymptotically flat dipole black rings[15] where the
horizon topology is S* x S? and ¥ =2 R4 (5% x D?) [47,48] . The rings are a solution to
five dimensional Einstein-Maxwell theory (and also the minimal supergravity theory
because the Chern-Simons term is of no consequence to the solutions). For conve-

nience to match with the conventions used in [15], in this section we take gr; = 1/2
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in the general formalism of [14]. The metric is given by

o Fly) (H@) R 4y)
o EO (B0 (5, -
R W[ Gw) . AP de? G
e—yp T @ H@HE) [ Fyamr Y ey T aw T F@aER Y

with the gauge potential,

1+z
A, = .82
o= V3C(v,—p)R @) (3.82)
The functions in the metric are defined as follows,
F)=1+X, GE)=0-)1+vE), HE=1-pu (3.83)
. 14+
with0<v<A<1,0<pu<1land C(a,B)= B(ﬁ—a)l_ﬁ,
where o and (8 are any two of the parameters u, v and .
The following relations remove conical singularities at y = —1, z = —1 and = = +1.

Aw:m:%(uu)?’ﬂm 1— A <1+u>3: (1—V>2 (3.8

1—v Tl AN\l —p 1+v

Thermodynamic quantities for (3.81) were calculated in [15]. Here, we specifically
focus on rederiving the the extra terms that contribute to the mass using the results
in [14]. These extra terms arise from disc topology surfaces denoted by D that meet
the horizon. The fluxes and potentials evaluated on these surfaces can be done so on
any other surface that is homologous to D with the same boundary as D. Studying

the rod structure of the solution reveals a disc topology surface at x = 1.
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I_(y=-1) Ip(z=1) Iy I (zx=-1)

Figure 3.3: Rod structure for dipole ring

The disc D is parametrized by (y,) at constant ¢, ¢ and z = 1. The flux Q[D)]

is given by

_ _ VBm(p + DRV (L = N(1 - p)
Q[D] = /[D] © = VD) (3.85)

(For usual Einstein-Maxwell theory g;; = % and Crjx = 0). O, vanishes at z = 1.

(v',v%) = (0,1) in the (9, d,) basis, where the Killing fields are normalized to have

27 periodic orbits.

®[D] = vid; = — (3.86)

It is easily checked that the potential ®[D] = —2D and flux Q[D] = —%@ where
D is the local dipole charge and & is the magnetic potential introduced? in [15].

Therefore, we see that the Smarr relation and first law given in [15]

3 3 1 .

/i(;AH

8

+ QpéJ + ®OD (3.87)

match precisely with the derived expressions in (3.2) and (3.3). An important point
to emphasize is that, although the local dipole charge D arises as a fluzr integral of F’
over the S? of the black ring [15], in our formalism it arises as the constant value of

® evaluated on the equipotential disc surface D which ends on the horizon. Hence,

2The quantities D and & are referred to as Q and ® respectively in the notation of [15]. We are

using different symbols to avoid confusion with the notation of [14].
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although it seems counterintuitive that variations of an ‘intensive’ variable such as
®[D] appear in the general first law, we see that at least in the present case, it is
more naturally interpreted as an extensive variable (the dipole charge). Indeed if one
looks at the fall-off of the gauge field A at the asymptotically flat region [49], this
quantity can be interpreted as producing a dipole contribution. The fact that ®[D]
captures, in an invariant way, the dipole charge has also been observed in the context
of black lenses [50-52]. In the case of black lenses, there is in fact no natural 2-cycle

in the spacetime on which to define a dipole charge as there is for a ring [51].

3.5 Discussion

We have explicitly computed the additional terms in the Smarr relation and first
law arising from non-trivial spacetime topology in three different geometries, two
describing solitons and another describing a black ring. For purely soliton spacetimes,
we have complemented the results in [14] with a Smarr type formula for J and Q.
These expressions also demonstrate the presence of conserved charges in the absence
of a horizon. We have seen that spacetime regularity is crucial for the first law to be
satisfied for all examples.

A conjectured relation [53] between dynamical and thermodynamic instability has
been established by Hollands and Wald [54]. They have shown that the black p-brane
spacetime M x TP associated to a thermodynamically unstable black hole M is it-
self dynamically unstable. This result of course applies to spacetimes with horizons
only, and does not pertain to the soliton spacetimes considered here. Very recently,

the linear stability of supersymmetric soliton geometries has been investigated [55]
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(see also |56] for a rigorous analysis of the scalar wave equation). In particular the
authors of [55] have produced evidence that these solutions suffer from a non-linear
instability associated with the slow decay of linear waves. It would be interesting if
a connection could be found between these studies of dynamical instability and an
analogue of thermodynamic instability using the laws of soliton mechanics discussed

in this work.
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Chapter 4

Slow decay of waves in gravitational

solitons

This chapter is based on the arXiv preprint [57] :
S. Gunasekaran and H. K. Kunduri, “Slow decay of waves in gravitational solitons,”

(arXiv:2007.04283) (submitted to Annales Henri Poincaré, currently undergoing revi-

sions)

4.1 Abstract

We consider a family of globally stationary (horizonless), asymptotically flat solu-
tions of five-dimensional supergravity. We prove that massless linear scalar waves in
such soliton spacetimes cannot have a uniform decay rate faster than inverse loga-
rithmically in time. This slow decay can be attributed to the stable trapping of null
geodesics. Our proof uses the construction of quasimodes which are time periodic

approximate solutions to the wave equation. The proof is based on previous work to
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prove an analogous result in Kerr-AdS, black holes [58]. We remark that this slow

decay is suggestive of an instability at the nonlinear level.

4.2 Introduction

Gravitational solitons are globally stationary, asymptotically flat spacetimes with
positive energy. A classic result of Lichnerowicz [8] demonstrates that there are no
such vacuum solutions in four dimensions. The result can be obtained more directly
from the modern viewpoint by an application of the positive mass theorem along
with Stokes’ theorem and identities related to the stationary Killing field. Intuitively,
the result states that an isolated self gravitating system in equilibrium with positive
energy must contain a black hole [29]. The result extends to Einstein-Maxwell theory
and vacuum general relativity in dimensions greater than four. However, within the
supergravity theories that govern the low-energy dynamics in string theory, gravita-
tional solitons arise naturally (we note that static solitons can be ruled out in pure
Einstein-Maxwell theory in D > 4 [59], and there are no known stationary exam-
ples). In fact several large families of such supergravity solutions have been obtained
explicitly (e.g. see the review [35]). The solitons obtained in these constructions are
typically characterized by their mass, angular momenta, global electric charges, and
non-trivial spacetime topology. They have received considerable interest, as it has
been suggested that they represent classical ‘microstate geometries’ corresponding to
black holes carrying the same conserved charges, thus providing a resolution to the
information paradox [60].

Quite independently of these considerations, gravitational solitons possess a num-
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ber of novel features that distinguish them from black holes. In particular, certain
supersymmetric examples contain ‘evanescent ergosurfaces’, which are timelike hy-
persurfaces upon which the stationary Killing field can become null [41]. It has been
proved that such spacetimes suffer from nonlinear instabilities [55,56] and exhibit a
certain kind of linear instability [61]. On the other hand, soliton spacetimes satisfy
a mass variation formula which is analogous to the familiar first law of black hole
mechanics [14]. Moreover, solutions have been explicitly constructed that physically
correspond to bound state configurations of black holes and solitons (i.e. they have
2-cycles in the domain of outer communication) [42,62]. Somewhat surprisingly, these
solutions have been shown to lead to a continuous failure of black hole uniqueness in
higher dimensions even in the supersymmetric setting [63].

A natural question to consider is whether these globally stationary solutions are
actually stable in some precise sense. There is, of course, presently a rich body of
results concerning the analogous problem for stationary black holes. This stability
problem can be posed at increasing levels of complexity. As is well known, the Einstein

equations in a suitable gauge reduce to the following schematic form,

Dggﬂl’ = Qul/<ga ag) _I_ Tul/ (41)

where () is quadratic in dg. One of the important questions concerning explicit
solutions to (4.1) is the analysis of their nonlinear stability in a similar vein as the
groundbreaking work of Christodoulou-Klainerman [64] '. In this work, it was made
clear that perturbations propagate as waves. A natural associated problem to consider

is the coupled set of equations governing gravitational perturbations, namely those

! Alternate proofs for this nonlinear stability result have been obtained in [65] and [66].
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obtained by linearizing (4.1) about an explicit solution. Hence the equation for a

single massless scalar field @, in a fixed background (M, g), is a good starting point:

0,% = 0. (4.2)

Though (4.2) is the simplest version of the gravitational perturbation equations, it
still preserves many geometric features of the spacetime through the metric, g. Hence
understanding the properties of solutions to (4.2) is a useful precursor to the problem
of nonlinear stability in the spacetime. The study of linear scalar waves in spacetimes
has a well established history; [67-71] are essential reviews on the subject. The study
of linear wave equations on explicit stationary solutions has also seen remarkable
advancements for spacetimes with other asymptotics and dimensions greater than
four. We present a non-exhaustive review below with a marked focus on the methods
and results most pertinent to the present work. Our work falls under the domain
of stability results in stationary asymptotically flat backgrounds in five spacetime
dimensions.

In the realm of stationary asymptotically flat black hole spacetimes, two cen-
tral unresolved problems are to confirm or disprove the nonlinear stability of the
Schwarzschild and Kerr solutions. The initial investigations into stability were focused
on mode analysis which confirms the absence of certain exponentially growing modes
(in the subextremal case for Kerr) [72,73]. However these results do not address any
boundedness or decay of perturbations. The first step in this direction was the proof of
boundedness of scalar waves on Schwarzschild spacetime by Kay-Wald |74, 75| with
stronger results subsequently obtained using more universal and robust techniques

[67,76-81]. The black hole case presents a number of challenges, most notably the
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degeneracy of energy at the horizon, the trapping of null geodesics [82] and superra-
diance. These problems have been addressed with significant progress in quantitative
decay rates [83-86]. These efforts culminated in the proof for decay of linear waves
in sub-extremal Kerr spacetime by Dafermos—Rodnianski-Shlapentokh-Rothman [87]
(see also [88-90]). In contrast, extremal black holes are affected by an instability
discovered by Aretakis (non-decay along the horizon) which also affects long-time
decay as discussed in [91-93]. This also implies that the extremal Kerr solution is
unstable to linearized gravitational perturbations as shown by Lucietti-Reall in [94].
For the Schwarzschild case, linear stability under the full set of gravitational pertur-
bations (i.e., the linearization of (4.1)) was proved by Dafermos-Holzegel-Rodnianski
[95] (see also [96]). It is now known due to Klainerman—Szeftel that Schwarzschild is
nonlinearly stable to the class of polarized perturbations [97]. See [98,99] for the re-
cent annoucement of the full finite-codimension non-linear asymptotic stability of the
Schwarzschild family. The authors of [95] have further established boundedness and
polynomial decay for the spin-2 Teukolsky equation on the Kerr spacetime, which
is required to prove the full linearized stability of Kerr to gravitational perturba-
tions [100]. Hafner—Hintz—Vasy in [101] proved linear stability for slowly rotating
Kerr black holes using spectral methods.

One may consider stability problems that are asymptotically Anti-de Sitter (AdS)
or de Sitter (dS) which are the two other maximally symmetric constant curvature
backgrounds. In particular, vacuum AdS, which has a timelike boundary, has been
conjectured to be unstable under perturbations of its initial data leading to the for-
mation of a black hole. Numerical work strongly supporting this claim was given

in the seminal work of Bizon-Rostworowski [102]. The rigorous results by Moschidis
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[103,104] give further strong evidence for the instability. Recent progress in this prob-
lem was announced in [105]. The decay of Klein Gordon fields in AdS was investigated
in [106-108] and the global dynamics of solutions to the massive wave equation in
AdS black hole spacetimes have been investigated in [106,109|. In particular as we
discuss below, they exhibit a slow decay rate. Finally, on general asymptotically dS
spacetimes, waves decay exponentially fast, in contrast with the asymptotically flat
case where the decay is at most polynomial. For results on the nonlinear stability of
the dS spacetime see [25,110] with extensions in [111,112|. Remarkably, the nonlinear
stability of slowly rotating Kerr-dS spacetime has been proved by Hintz—Vasy in [113|
and extended by Hintz in [114].

The investigation of the stability for higher-dimensional black holes has also re-
ceived much recent attention. The problem is motivated both for intrinsic mathemat-
ical reasons and by connections to high energy physics (see the review [115]). Unsur-
prisingly, the presence of extra spatial dimensions allows for various novel geometric
and topological features, such as the gravitational solitons discussed here and black
holes with non-spherical topology. An important rigorous result is that of Schlue,
who proved robust quantitative energy decay estimates for solutions of (4.2) in the
Schwarzschild family in D > 4 spacetime dimensions (see also [116-119]). There is a
rather vast literature on mode instabilities associated to rotating Myers-Perry black
holes (the natural generalization of the Kerr solution) that arise at sufficiently high
angular momenta, as well as numerical analyses on the dynamical evolution [120-122].
Like the Kerr solution, in the Myers-Perry background, (4.2) admits separable solu-
tions, which is particularly useful in the above studies. The black ring family of

solutions that describe rotating, asymptotically flat black holes with S x S? topol-
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ogy [123,124], in contrast, are not presented in coordinates which admit a similar
separation of variables. This has impeded progress on stability outside of robust
numerical strategies [125]. Nonetheless, Benomio [126]| has recently proved that the
uniform decay rate is slow for generic solutions to (4.2). This provides strong evidence
that black rings must be nonlinearly unstable. Quite recently, the nonlinear stability
of higher dimensional spacetimes that arise in supersymmetric compactifications of
string theory was investigated in [6,127].

One of the main geometric obstructions to proving a strong decay statement (i.e.,
fast decay) for solutions to (4.2) is the phenomenon of trapping - the confinement
of null geodesics in a bounded region of space. The rates of decay of solutions to
(4.2) are characterized as fast or slow depending on their applicability in nonlinear
problems. Polynomial decay is robust enough to give hope for nonlinear stability
whereas logarithmic decay is not and is hence considered slow. A well-known example
of trapping occurs at the photon sphere (r = 3M) of Schwarzschild spacetime. Here,
initially trapped geodesics are not trapped when perturbed and this structure is
characterized as unstable trapping. The trapping in Kerr black holes is another such
example. Since the propagation of high-frequency waves can be approximated by
null geodesics, intuitively one expects energy to clump in a trapped region, leading
to slower decay. When trapping is the only obstruction, how strongly the geodesics
are trapped is a factor that ultimately dictates whether there is slow or fast decay.
The unstable trapping in the Schwarzschild solution roughly leads to sufficiently fast
decay. In contrast, the structure of trapping in the soliton geometry to be considered
here is stable.

The question of whether waves decay at all was answered in the affirmative for a
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general class of stationary asymptotically flat spacetimes due to a powerful result of

Moschidis [128]|. The general decay result he established is restated here :

Theorem 4.2.1 (Moschidis, 2015). Let (Mt g), d > 3, be a globally hyperbolic
spacetime, which is stationary and asymptotically flat, and which can possibly contain
black holes with a non-degenerate horizon and a small ergoregion. Moreover, suppose
that an energy boundedness statement is true for solutions ® of the linear wave equa-
tion (4.2) on the domain of outer communications D of the spacetime. Then the local

energy of ® on D decays at least with a logarithmic rate :

1 m
Bucl0](t) < Coiomsrn EV110) (4.3

where t is a suitable time function on D and E['[®](0) is an initial energy based on

the first m deriwatives of P.

We note in particular that the above result establishes an upper bound on decay for
solutions to (4.2) for a wide class of spacetimes (that is, it is a statement asserting
that waves must decay at least inverse logarithmically).

The results in this paper, following closely the strategy of [56,58, 126, 129] follow
from an investigation of slow decay rates for certain stationary spacetimes. In these
spacetimes, there are families of trapped null geodesics that have the property that
perturbed null geodesics will still be trapped. Hence this structure of trapping is
stable. Examples of spacetimes exhibiting stable trapping are Kerr-AdS, black holes
[58], ultracompact neutron stars [129], black strings and black rings (mentioned above)

[126] and the supersymmetric? microstate geometries analyzed in [56]. We recall that

2Supersymmetric spacetimes admit Killing spinors, i.e., non-trivial spinor fields which are covari-

antly constant with respect to an appropriate connection.
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microstates are stationary, asymptotically flat horizonless solutions of supergravity,
and hence in our terminology above, are examples of gravitational solitons. Physically,
the mechanism of stable trapping at work in Kerr-AdS, black holes is the combined
effect of lack of dispersion at the asymptotic end and the usual unstable trapping
outside the horizon [109]|, whereas in the case of ultracompact neutron stars and
microstates, stable trapping is a result of the coupling between the lack of horizon and
trapping. The mechanism behind stable trapping for black rings appears related to
the topology of the domain of outer communication. The slow decay result pertaining
to stable trapping in supersymmetric solitons proved in [56] is clearly most relevant

to our problem, and is restated here:

Theorem 4.2.2 (Keir, 2017). Let ® be a solution to the wave equation (4.2) on a
two-charge geometry. Let ) be an open set containing the trapped region. Then for

all k > 1, there exist positive constants Cy, such that,

< log(2 + t) >2k Eo[®](t
)] Bkt

)
log log (2 + 1 @0 = (44)

lim sup sup
t—oo  PF0

We remark here that these solutions are the ‘closest analogue’ to extremal black holes
for horizonless solutions bearing in mind that there is no notion of surface gravity
here. There are some similarities to extremal black holes with regards to the kind of
instability these solutions exhibit as noted by Keir in [61] - namely, that the solutions
to the linear wave equation in these backgrounds have a quantity that is non-decaying
on a particular surface, though in this case the surface is a ‘evanescent ergosurface’.
This is a timelike submanifold on which an otherwise everywhere timelike Killing field
becomes null. For solutions of the linear wave equation, Keir has shown that generi-

cally in spacetimes containing such evanescent surfaces, either there is a concentration
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of a finite amount of energy into an arbitrarily small spatial region, or the energy of
solutions measured by a stationary observers can be amplified by an arbitrarily large
amount [61].

In contrast to the family of supersymmetric solitons studied in [56], the soliton
spacetimes we examine are non-supersymmetric, possess a globally timelike Killing
vector field and hence are devoid of an ergoregion or evanescent ergosurface. Therefore
the energy of solutions to the massless wave equation i.e., (4.2) is easily seen to be
uniformly bounded. The solutions we study have isometry group Rx.SU(2)xU (1) and
are in fact subfamilies of a larger family of non-supersymmetric solitons with isometry
group R x U(1) x U(1) first found by [130]. The latter contain ergoregions, and hence
must suffer from the Friedman instability [131] which was recently rigorously proved
by Moschidis [132]. (For an analysis of unstable modes for these general solitons, see
[44]).

Hence unlike [56] and the solutions discussed in [44], the spacetime we investigate
satisfies the conditions for the application of the upper bound stated in Theorem
4.2.1. In this paper we prove a lower bound for the decay rate. More precisely, our

main result is

Theorem 4.2.3. Let @ be a solution to the wave equation (4.2) on a soliton spacetime.
Let Q) be an open set containing the trapped region. Then for all k > 1, there exist

positive constants C}. such that,

lim sup sup(log(2 + t))* [®](¢

Eq )
n P Era@)(0) ~ (45)

where the supremum is taken over all functions ® in the completion of the set of

smooth, compactly supported functions with respect to the norm defined by the
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higher order energy, Ej.1. See (4.40) and (4.44) for the definition of energy.

An immediate consequence of this result, in conjunction with Moschidis’ Theorem
4.2.1, is that the bound given by (4.3) is sharp for this class of spacetimes. Further-
more, our result strongly suggests that decay in the fully nonlinear regime is unlikely.
As mentioned in [129], one expects the end point of such a nonlinear instability to
be gravitational collapse, intuitively caused by the trapping of waves. In light of
this result, it would be interesting to study the stability of more general families of
nonsupersymmetric solitons that were constructed in [130]. Furthermore, it would
be natural to extend the investigations here to investigate the stability of spacetimes
containing both a black hole and soliton [42], or a black lens [50] (an asymptotically
flat black hole with horizon topology S3/Zs), which contains both a horizon and an
evanescent ergosurface in the domain of outer communcations. One might expect
that the presence of a horizon might influence the stability.

This chapter is organized as follows. We introduce solitons and review the prop-
erties of the spacetime in §4.3. We understand trapping by studying null geodesics.
More specifically, we prove that, from the geodesic point of view there is a region
of phase space exhibiting stable trapping. The uniform boundedness argument in
this spacetime is quite straightforward and we give this in §4.4 to present a complete
discussion on stability. In §4.5, after a separation of the wave equation into a one
variable Schrodinger type equation, we see how geodesic trapping manifests in high
frequency waves. This Schrodinger type equation is a nonlinear eigenvalue problem
and establishing the existence of eigenavalues to this problem is central to proving the
lower bound on the uniform decay rate. Here, we also state the nonlinear eigenvalue

problem (Pj3) and the corresponding linear eigenvalue problem (7P) that will be stud-
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ied first. In §4.6, Py is examined and the existence of eigenvalues to this problem is
proved using a version of Weyl’s law. In §4.7, we move to the actual nonlinear prob-
lem of interest Pz. We start by examining the properties of the ‘nonlinear potential’
and restore the setting of Py for Ps. Using the bounds on the eigenvalues and the
implicit function theorem, we will establish the existence of eigenvalues to Pg. The
remaining part of the paper contains the details of how these eigenfunctions prove a
logarithmic lower bound on the uniform decay rate. In §4.8, we use Agmon estimates
to quantitatively measure the solution (eigenfunctions) in the cut-off region. This
estimate decays exponentially in a certain parameter n. Quasimodes are constructed
by smoothly cutting off the solution near the boundary of a set containing the trapped
region. The corresponding wave function ¥ is shown to be an approximate solution
to the wave equation (4.2) with an exponentially small error in n. This in conjunction
with Duhamel’s formula will give the logarithmic lower bound. Our work is heavily

indebted to the clear exposition given by Benomio [126].
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4.3 A Class of Nonsupersymmetric Gravitational Soli-

tons

4.3.1 Metric and properties of the solution

We consider an asymptotically flat, globally stationary family of non-supersymmetric
soliton spacetimes. The underlying manifold has topology R x ¥ with the spatial
slices ¥ = R*#CP?. It is analyzed in detail in [41] and [28]. The spacetimes are

solutions to five-dimensional minimal supergravity whose action is

1 8
R *R—2FAN«F ———FANFANA). 4.6
167 M( 3v/3 ) (46)

Here F' = dA is a smooth 2-form on the spacetime describing the Maxwell field and

A is a locally defined gauge potential. The local solution (g, F') is

2 2 2
o W) Lo dr " 2 2 2 2
ds® = Wdt + W + Z(O'l + 0'2) + b(?“) (0'3 + f(?”)dt) ,
/3 . (4.7)
F = [N (%03 - dt)] .
The functions appearing in the metric are given below :
2 1 , r? 2 25%p
Wr)=1-5@-q+ (@ +2p?), br)?=— (1——6+ . )
r r 4 r r (4.8)
fr) = A (e
2b(r)? 2 rt )’
and the o; are left-invariant one-forms on SU(2) given by
01 = —sinydf + cos 1 sin 0d¢, o9 = cospdf + sin ¢ sin fdeo
(4.9)

o3 = dy + cos Od¢
which satisfy do; = %eijkaj A oy. In order to describe an asymptotically flat metric in

the region r — 0o, we must periodically identify ¢ ~ ¥ +47, ¢ ~ ¢+27 and 0 € (0, 7).
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t € R is the time coordinate. The range of the radial coordinate is 0 < ryp < r < o0
where r( is a parameter that characterizes the size of an S? ‘bolt’ as described below.
The paramaters p, q, 79 and j are related by,

g -
27 7

(4.10)
The spacetime is invariant under an R x SU(2) x U(1) isometry generated by 0,
0y and the vector fields R; that leave the o; invariant. The above solutions are a
subfamily of a more general set of R x U(1)? invariant nonsupersymmetric solitons
(see [37,130]). Surfaces of constant r > ry are timelike hypersurfaces with spatial
geometry of S® with a homogeneously squashed metric. An analysis of the metric
shows that it is smooth everywhere (apart from standard coordinate singularities
at # = 0,7 corresponding to fixed points of U(1) isometries on S?). However, the
parameters p and ¢ have been chosen above so that the functions W (r), b(r) have
simple zeroes at r = 7. In particular the Killing field 0, degenerates at ro. The

degeneration is smooth i.e., there are no conical singularities, provided we require

that W' (r)b?(r) =1 at r = rg or
(1-a®)(2+a*)?=1 (4.11)

where, a = ro/j. This cubic has a unique positive solution at a? ~ 0.870385, and
in particular 72 < j2. With these relationships between the parameters, it can be
checked that, W (r), b(r)? > 0 for r > ry and the spacetime metric is globally regular.
Further

tt 4b(r)?

— _—T’ZW(T) <0 (4.12)

so the spacetime is stably causal, and in particular the ¢ = constant hypersurfaces

are Cauchy surfaces. Using the relationships between the parameters, it can also be
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checked that

Gy = _% + b(r)2f(r)2 < 0 everywhere. (4.13)

Hence, 0/0t is globally timelike and there are no ergoregions. Hence the solutions to
the wave equation do not suffer from Friedman’s ergosphere instability recently proved
in [132]. In summary the above metric extends globally to a complete, asymptotically
flat metric. Near r = ry, the geometry of the manifold is that of R x R? x S? (9,
degenerates at the origin of the R? in the (r,v) coordinates) and the S? has radius
ro and is parameterized by (6, ¢).

The ADM mass and angular momenta of the soliton are

6

M = ) <7) (" +75), Jy = @7 Jo=0. (4.14)

In terms of angular momenta (J;, J3) measured with respect to two orthogonal inde-
pendent planes of rotation at infinity, this class of solitons is ‘self-dual’ i.e., J; = Js.
We note that more general solutions exist with J; # J,, in which case the isometry
group is broken to R x U(1) x U(1). Physically, the 2-cycle [C] is prevented from

collapse by a ‘dipole’ flux

1 \/37“2
Q 4 /52 4] ’ ( )

and these variables satisfy a ‘first law’ of soliton mechanics dM = ¥[C]dQ where

U[C] is a certain intensive thermodynamical variable conjugate to Q [28].

4.3.2 Trapping of null geodesics

Let us now consider the properties of null geodesics in this spacetime. We will prove

here that there is a region in the phase space of parameters for which null geodesics
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are stably trapped. A similar analysis was carried out for supersymmetric microstate
goemetries in [133].

We start with the fact that the Hamilton-Jacobi function for null geodesics in
(4.7) is separable due to the existence of a reducible Killing tensor. In other words,
the equations describing null geodesics are integrable. We write the Hamilton-Jacobi

function S in the separable form
S = —FEt+ R(r) + ©(0) + ¥py + épy (4.16)

where F, p,, and p, are conserved quantities associated to the three commuting Killing
vector fields 0y, 0y, Op. We have another conserved quantity C' which is a separation
constant arising from a reducible Killing tensor. Altogether, we have four constants of
motion from the isometries of the solution. The conserved momenta can be obtained

from the Hamiltonian H = ¢®p,py :

p=—-F= <_;ATVX>(2T) + 2b(r)2f('r’)2> t+2b(r)? f(r) (w + cos Hgb) ,
py = 2b(r)* () + f(r)t + cos 60)

r . 1 2 rip2
Po =3 sin? §¢ + cos Opy, C= (COt Opy — s equ) + -

The Hamilton-Jacobi function satisfies

oS 08

IR0 90w
ok 9z 0,
which gives
—4b(r)? 3 a2 ac P
oy E — + 75 =0. 4.1
r2W(r) (B +J(r)pe)” + R (r)"W(r) + r2 T b(r)? 0 (4.17)
We can relate R'(r) and ©'(6) to 7 and 6 by,
: 08
"=g" 4.1

1)



which gives,

/ 7 ’ 7“29
= = —. 4.1
This allows (4.17) to be rewritten as,
—4b(r)’ T S
o (B — 4+ — + 5 =0. 4.20
T’2W(T> ( + f(T)Pw) + 4W(T) + r2 + b(?“)2 ( )
In summary, the equations for null geodesic x*(\) are given by
AW (r)py, | 16b(r)? 16W (r)C
52 Y 2
== L - 4.21
b(r)2 T (B + f(r)py) 2 (4.21)
o 64 . 8b(r)?
02 — o [C’ — (cot Opy, — csc 6p¢)2] ,t= W(r) (E+ f(r)py) (4.22)
. 8cscl : . 2py  8cotl
6= ;- (csclpg —cotOpy), b =—f(r)t+ E t—3 (cot Opy, — csclpy) -

(4.23)

From (4.21), we can see that close to r = r( the first term dominates over the others
making 7? negative. This means null geodesics with non-zero p, approaching the
‘origin’ must turn around at some r > ry. To simplify the analysis it is sufficient to
restrict to motion in a plane with constant #. Such null geodesics confined to a plane
are solutions to § = 0 with § = 0. For example, from the equation for 62 i.e., (4.22),
we can see that C' = 0 corresponds to geodesics confined in the § = 7/2 equatorial
plane.

Stable trapping occurs when there is a region [ry, 75| in which 72 > 0 in the interior
and vanishes at 7, with 72 < 0 immediately outside the closed interval. Hence 7y, s
are turning points. Hence, stable trapping occurs when (4.21) has more than one

turning point as depicted in Figs. 4.2a and 4.2b.
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T0 T

To T To r

Figure 4.1: Unstable trap-
(a) Case 1 (for C =0) (b) Case 2 (for C # 0)

ping

Figure 4.2: Stable trapping
Claim 4.3.1 (Existence of stably trapped null geodesics). There exists a region in
the phase space of parameters (of geodesic motion) for which the 1-parameter family

of spacetimes given by (4.7) exhibits stable trapping of null geodesics.

Proof. There are two possible cases to consider : C' = 0 and C' # 0. We examine

each of the cases below.

(a) For C' =0, we rewrite (4.21) as

AW (r)py | 16b(r)?

#=Vilr) = e o (B+ f(r)pe)” (4.24)

Stable trapping corresponds to V,.(r) having at least two zeros. It is useful to
work with dimensionless quantities and scale out the dependence of 7, so we use

the following scaling for coordinates and parameters,

|

r=j-x, ro=a-j and E= (4.25)

J

We only need positive roots greater than a? to the equation. We recall that
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a? ~ 0.870385. With the following definitions,

n:i= Po and y = (4.26)
E
(4.24) becomes,
3.2
_&‘/r(y) — P A + (Ao — o — 4082 + ot — da'p?) y
AR? (4.27)

— 40+ a® +4a°n?
For n € (—1.33,—1.24), we have three turning points all bigger than ry indi-
cating the existence of stably trapped null geodesics. This case is pictorially

depicted in Fig.4.2a.

For C' # 0, fix § = 7/2. FromézowehaveC:piandézogivesp¢:0.
(4.24) becomes

2 161)(27*)2E2  16W(r)pd

; . (4.28)

Rewriting using (4.25) and (4.26), (4.28) becomes,

4 3V
M =y} —4n*y? + ot (a2 — 1+ 40 + 4772) Y
2

+a* (4772 —4dn*a? — ot — 4772044)
We know that V;.(a?) = 0 and V,(y) — 1 as y — oo. So, V,(y) is positive for

large values of y. The two roots of V' (y) are

1 1
yo=—50" +2i" + 5 Val + 802’ + 167" — 4af — 16728 — 1677’

1 1
o= =50’ +21" — 5 Val + 802 + 167" — 4ab — 1672a® — 1670

There is a double root (unstable trapping) if (a?+4n?)%?—4a*(a®+4n2a2+4n?) =

0. The real values of n that solve this equation are

n::l:\/%<2a2+2\/m+2a—l> (4.29)

78



Hence there is a region of phase space corresponding to unstable trapping. With
the solved value of n?, we can also verify that y; and y» (in this case y; = )
are greater than a?. This trapping structure is depicted in Fig. 4.1. For stable
trapping, V,(y) should have three distinct positive roots. Clearly, V;(a?) = 0.

We require that y, is real and 3, — a? > 0. This will hold provided 7 satisfies

2 _ ot + 202
8—4at—4a%’

n (4.30)

Also y1 > y» > o? automatically. Hence there is a range of 7 in phase space for

which null geodesics are stably trapped. This is depicted in Fig.4.2b.

]

As discussed in the introduction, the above result suggests that waves with suffi-

ciently high frequency will not decay rapidly enough to guarantee inverse polynomial

decay for nonlinear applications.

4.4 Uniform boundedness

In this section we collect some basic results on solutions to the wave equation in

this spacetime. Consider a solution ® to the linear wave equation (4.2). The energy

momentum tensor associated with the field & is

1
Qu =V, oV, 0 — §gw,VC“CI>Va<I>, (4.31)

which satisfies the conservation equation V#@),, = 0. We introduce an orthonormal

frame of one forms so that the spacetime metric (4.7) can be expanded as g = ngww®
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where n = diag(—1,1,1,1,1):

rv W dr r
W = ——dt, w' = w! = =o',

VI 2 (4.32)

w? = 202, w® = b(o® + fdt)

The dual orthonormal frame of vector fields satisfying ¢~ = n®e,e, is

2b 2
€y — (8,5 — ng), Cr =V W@r, €1 = —Ll,
VW r (4.33)
2 L3
ey = — Lo, €3 = —/—.
T b

where L; are the vector fields dual to the left-invariant one-forms o, i.e. o*(L;) = 0%,
i = 1,2,3. The unit normal to a ¢t = constant surface is n = —w". As a vector field
the unit future-pointing normal is N = eq. Note that n o« —dt. The timelike Killing

vector field T' = 0, is, in this frame,

r

w
eo + fbeg . (434)

T:
2b

The current J7[®], = Q,T° associated to this vector field is

JE[®] = <“/Weo(c1>) + fbeg(cp)) dP +1 (T\Q/bwwo — fbw3> |dP? (4.35)

2b 2

4
AP = —(eo(®))* + Y _(ei(®))? (4.36)

i=1
Since T, N are future directed, timelike vector fields, the scalar Q(7', N) must be

positive definite. We can observe this quite explicitly by computing

0 T (el @) (437

i=1

JHN)[@] = Q(T. N) = (eo(®))* + fbes(®)eo(P) +

and then using Young’s inequality

JH(N)[@] > %bw(eo@)f + T\ibw > (e(@)* - %(eo(@))2 - %(63@))2
, =t (4.38)
> C) (ea(®))’
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where we have noted that g; < 0 implies that

r\/_

> | f0]. (4.39)

Let X; denote a spatial hypersurface defined by ¢ = constant with induced metric h.
From the above, the following first-order energy associated to >; is non-negative:
4
E[®](t) := / JT(N)[®] dVol,, ~ : > (ea(®))* dVol, (4.40)
t a=0

and in the following we show that it is controlled by the energy of the initial data. We
will use the symbol Eq[®](t) to represent the same integral as above with the region
of integration replaced with 2 N ¥, where (2 is a spacetime region. If 7" is a timelike
Killing vector field, one finds that the current is conserved. Using the fact that @,

is divergence-free, it is easy to see that
T
A (®) =0. (4.41)

Let ¥y and »; be two homologous surfaces with a common boundary. Integrating
J;f((ID) over the region enclosed by Yy and ¥;, whose normals are nf and n}' respec-

tively, and using the divergence theorem, we get,

/Et J1(®)nf = /E J1 (®)nf (4.42)

This holds as long as T is timelike. For the soliton spacetime (4.7), we have a global
timelike Killing vector field. No part of ¥; or ¥y is null and hence the control on &
and its derivatives does not degenerate anywhere. We thus quite straightforwardly

obtain the following uniform energy bound.

E[®)(t) = E[®](0). (4.43)



Finally, we define higher-order energies
ALIGEIEY / JI(N)[0a®] dVol, = > E,[0,2] (4.44)
0<|a|<k—1" ¢ 0< o <k—1
These energies are roughly equivalent to the sum of the homogeneous seminorms H*

on ¥; with s € [1, k.

4.5 Separation of variables and eigenvalue problems

4.5.1 Separation of variables

A preliminary step towards the construction of quasimodes is the separation of vari-
ables of the wave equation to reduce the problem to a one-dimensional Schrodinger
type equation. The advantage to the class of geometries we are considering is that,
due to the R x SU(2) x U(1) isometries, apart from a single radial equation, the
remaining parts of the wave equation can be solved explicitly, and in particular the
spectrum is completely understood. This simplification also allows us to observe how
trapping manifests at the wave equation level by studying an effective potential in

the radial equation. In the metric given by (4.7) we set

~ Y 0 10 VRCEE 2
b=5 = 5,= 595" b(r)? = 4b(r)?, (4.45)

so that 1; ~ ibv + 27. This normalization is consistent with the conventions used in

[134]. We can rewrite (4.7) as

_—rPW(r) dr?2  r? s ~ cosf 2
ds® = BT dt* + W + Z(a% +03) + b(r)? (dzp +——do+ f(r)dt)

(4.46)
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For later reference we record the inverse metric:
aN? b2 (9 f(r) )\’ >4 /0N
(3) = (-5 on) Vo () < ()
4 (coth O 1 9)\* 1 2
—_— | +— = | , 4.47
( 2 o s1n90¢) b(r)? (81/1) (4.47)

and volume form is given by,

ERiS

r2

3 ~
dVol, = TZ sinfdt A dr A dg A df A d (4.48)

The wave equation can be explicitly written out as,

19 0 40 0P 020
O = —— 3 - R, : il AB '
= 5o <T wir) 87’) T2 sng 00 (Sme ae) T g 449

where A, B =t, ¢, @Z run over the ignorable coordinates and

s O? b(r)?2 (a f(r)8>2+i<cot93 1 3)2 1 02

o940z~ r2W(r) \ot Ta_qz r? + b(r)? 8_152

2 aqz_ sinf 0¢

The isometry group suggests we seek separable solutions of the form
(t,r,0,1,6) = e " R(r)Y (6, 9). (4.50)

With the separation ansatz (4.50),

92 b m\> . n? 4 (cot O 1 9\
AB _ - d— —p+ — — — — ] & (4.51
I 9xAdaB T 12W (w 3 ) b2 * r? < 2 9y sin98¢) (4.51)

Consider the following round metric on S?:

(d6? + sin® 0d¢?) (4.52)

IO,

gydaidad =

cos
2

defined on S? which is easily seen to be a potential for the Kéhler form on CP! = 2.

normalized so that Ric(g) = 4g. Define the 1-form A = d¢ which is locally

Let

D .= V52 —inA
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We have
D2 = ngiDj = g%}‘ ((Vfﬂ)% — ZTZA;) ((v52)§ — mAj)

= ASQ - 2mA;§Zj(V52)3 - z'ndngA - n%@ijAzAj

Since divyA = §7(V2);4; = 0,
D? = Age — 2inA;57 (Ve ); — n?§I A A,

We now compute D? explicitly. The Laplacian on S? is

Ag = S%ae (sin 60p) + ﬁaﬁ
and the remaining terms are
—2z'nAngj(V52)3 = —4inﬂ0¢
sin“ 0
n2gijA;A3 =n? sirié 7 Cof o =n?cot?

which gives

D2 _ cos 6

4 4
Op(sin 60, ——02 —n*cot’ — 4i
sin b(sin 03) + sin?f * e msm

.29

(4.53)

(4.54)

(4.55)

(4.56)

The operator D? is the charged Laplacian on S? and its spectrum has been analyzed

in detail in the context of U(1) monopoles. Its eigenfunctions Y (0, ¢) (suppressing

the eigenvalue labels) are similar to the standard spherical harmonics.

D2Y<07 ¢) - _NY(97 ¢)

(4.57)

p > 0 are a discrete family of eigenvalues with corresponding eigenfunctions Y (6, ¢)

[134,135|. The values taken by p are,

p=~L((+2)—n*, where { =2K + |n| with K =0,1,2,3...
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For simplicity throughout this work we will suppress the eigenvalue labels that charac-
terize the eigenfunctions; generally we will work with individual modes with eigenvalue

. We can concisely write the wave operator on g as

1 3 D? b . nf 2 n?
0,0 = ﬁar (r’Wo,®) + F<I> + (w + 7) P — B—2<I> (4.59)

The wave equation with the separation ansatz (4.50) becomes

U ot ing
ﬁe te ¢Y(9,¢)

dR(r)
dr

(T3W(T)i—f> + e_i‘:’teimZ%D2Y(9, ¢)
—idt ina 6(7">2 . nf(r) ’ n2 it ind _
+e "% wm (w + 5 ) R(r)Y(0,¢) — 5(7‘)26 ™ R(r)Y(0,¢) =0

(4.60)

which finally reduces to,

%% (T3W(r)d§ff)> + [—% + rfé;)(; (‘“ * an(T))z - 53»2)2

To recast this into a Schédinger-like form, we make the following transformations.

R(r) =0 (4.61)

R(r) = - T;(m, w = /Tw sgfz)ds (4.62)

0

after which (4.61) becomes,

d (4 dR(r) _l;(r)3/2 d*u rW(r)  1r2W(r) db(r)
a (e tg) = S by | 2Ry dr o
which can be rewritten as,
CPu | W) (W) 17?W(r)dl§(r)>
At P\ foy 2 (4.64)

W(r) _Z)(T’)2 5 nf(r) 2_n2r2 .
e (“ W(r)( T ) B(r)2>] !
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Comparing with a Schrodinger equation of the form

d*u =
—w +Vu=0 (465)
we can read off the potential as 17,
~ W W 1r2Wo,b %% n2r? b2 nf\?
V==0 |= —— -— — - —= |0+ = 4.66
b3 [bé+2 bs +b2 ahl b2 W(w+2) (4.66)

In summary we have shown that not only can the wave equation be separated, but we
can obtain explicit, analytic solutions for the separated solution apart from a single
radial Schrodinger equation. This is in contrast with other stationary non-static
solutions for which the angular part of the wave equation cannot be solved explicitly
(e.g. Kerr or generic Myers-Perry black holes). This nice property characteristic
of cohomogeneity-one rotating black holes has been used in the study of linearized

gravitational perturbations (see, e.g. [134])

4.5.2 Trapping of high frequency waves

We look at the qualitative behaviour of waves in one spatial dimension by studying
a model problem. Consider solutions to the wave equation O, = 0 which are of the
form, ®(y,t) = e *'U(y) where y refers to a spatial variable. Let U(y) solve the

following Schrédinger type equation,
——— +(V=-0U =0 (4.67)

where V := V(y). Consider a structure of the potential V as depicted in Fig.4.3.
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Figure 4.3: Structure of potential in stable trapping

A minimum in the potential V,,;, indicates that high frequency waves with suitable
energy (w?) which roughly travel along null geodesics remain localized in the the
region about y,.,. In other words, we say that high frequency waves are trapped.
One can intuitively see that this trapping ultimately leads to a slow decay of waves.
The purpose of this work is to prove this rigorously.

In comparison to the discussion above, V has a term dependent on w viz., —nfw.
Here, we will understand how to analyze the structure of V. The expression for 17,
(4.66) has two kinds of terms involving @, namely (a) @* which is the eigenvalue and
(b) —nf@ which is a nonlinear term in the potential V. We define V as the part of

the potential independent of @ which is the analogue of V above.
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W W OW) W2 [0b\  rPW(O,W) [ 0b - d,b
T e 2\ T 2 ) T 5 (468
2

~ ~ AN\ 2
N w22 (20 3W? (0,b W n*r?  (nf\’
2\ c\w) e MR\

We use the following definitions to simplify the expressions:

mmz%,mmzﬁzmwm4Mwm% (4.69)

Rewriting the potential in terms of Y;(r) and Y5(r) (chiefly to avoid the appearance

of odd powers of l;(r)), we get the following expression,

~ W2 wW(o,W W2 2W(o.W
p W IWOW) Wy ) Ty ity )
p? 2 2 2
W2r2 3W 222 W WnPr? n?f?
W) = S e ¢ S - T (4.70)

V has terms which depend on n and p and terms independent of these charged Lapla-
cian eigenvalues. Hence, we decompose V= ‘A/dom + ‘A/j where ‘A/dom is the dominant
part of the potential. This reflects the fact that for large n or u, %Om would be

the term dictating the behaviour of the potential i.e., for sufficiently large n and p,

V' < Viom.
~ uW  Wn2r?2  n2f?
om = — — 471
Viom = ==+ = 1 (4.71)
~ ~ o~ 2 2 2
‘/J' =V = Viom = VI/_ + TW(AaTW) - v 1/1(7") + L W<8TW)Y1(T>
b2 b? 2
W22 377/2 2132
F Y3 (r) + —Ya(r) — 2y ()2 (4.72)

4
We recall that the eigenvalues n and u are related as in (4.58) and K can be inde-

pendently chosen and here we choose it to vary as n. With this, the dependence of
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onnis:
1= 8n’+6n (4.73)

We can see that only the terms proportional to n? in XA/dom matter when n is large.
This happens to be the regime of n we are interested in for reasons which will be

given in the next section. Vj,,, can be split up as,

Viiom = 12V, +nV, (4.74)
Explicitly,
V,, = 8A_W M{T — f— and V,, = 6W (4.75)
b? b* 4 b?

Hence, the ODE of interest is

d*u

“quz T (n*V,, —nfé —&*)u =0 with appropriate boundary conditions. (4.76)

The results for (4.76) will carry over for (V,, — nf@ — @?) replaced by the effective
potential V. Here, we rewrite the differential equation in terms of dimensionless
variables as we did while analyzing trapping of null geodesics. With the following
rescalings, w = jx,ro = aj and w = @/j, (noting that w scales the same way as r)

(4.76) becomes,

2 1,2
jrda® g (4.77)
— ——u—i— <Vt71 —n]?w—w2>u:0
T
where, V,, = j2V,, and f = jf. V,, is explicitly given below,

(a2 —a?)

16 (a8 + o222 + %)

V,, = 5[ 1290™ — (1292° — 128) o'? — 1280 + 128 a®4

— (144 2° — 128 2" + 128 2%) o — (1442° + 128 2*) o*

+1442°%07 + 1442°] (4.78)
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As the first step, we confirm that the spacetime exhibits the structure for stable
trapping with a plot of V,, in Fig.4.4. The minimum characterizes the stably trapped
region and the region in the neighbourhood of the minimum, which is devoid of any

local maxima will be denoted by [z_,x,].

2.5

1.5 T T T T T

Figure 4.4: Plot of V,, against x

The aim of studying (4.77) is the construction of eigenfunctions in [z_, x| with
Dirichlet conditions which will be seen in subsequent sections. To give more relevance
to this construction here, we give an informal introduction to quasimodes (see [126]).

—iwnt

Consider time periodic functions of the form ¥, (¢,z) =e u,(z) where w, are

real. Quasimodes are approximate solutions of the form W, to the wave equation

satisfying the following properties:

1. ¥, belongs to an appropriate energy space.
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2. They are localized in frequency and space i.e.,
|02 & w12
and W, are compactly supported.

3. They are an approximate solution to the wave equation i.e.,

where F,,(¥,) — 0 as n — oo. Intuitively, the error can be made small in an

appropriate limit.

~On where C' is any constant.

In particular, consider the case where F,(V,) ~ e
By constructing an appropriate sequence of the approximate solutions ¥, one can

establish that there are slow decaying solutions to the wave equation which contradicts

any uniform fast decay statement.

4.5.3 Linear and nonlinear eigenvalue problems

The main eigenvalue problem that we study is the Schrodinger type wave equation

along with Dirichlet boundary conditions at z_ and x,. The problem is stated below

d? ~
—d—z—i- (nQVCrl —nfw— w2> u=>0
t (4.79)

wz_) =u(zy) =0
As mentioned previously the “potential term” appearing here has a nonlinear de-
pendence on w, which constitutes a nonlinear eigenvalue problem. This makes a

straightforward analysis of (4.79) difficult. Here, by linear we mean linear in w?. We

91



define Pg to be the following family of eigenvalue problems labeled by £ € [0, 1].

d? ~
—71;—1- (nQVCrl — fBnfw — w2> u=>0

p, . d (4.80)

u(z_)=u(zy) =0
We can identify Py as the linear eigenvalue problem (since the potential does not

depend on w).

d*u
——— +n*V,u =wu

Po : da? (481>

u(z-) = u(ry) =0
and P; is the nonlinear eigenvalue problem (4.79) that we want to solve. Hence [ is a
nonlinear parameter that represents a transition from the linear eigenvalue problem
Py to the nonlinear eigenvalue problem P;.

Before continuing with the analysis of these problems, we pause to note similari-
ties in the soliton and Kerr-AdS, case for the construction of quasimodes, the most
fundamental being the phenomenon of stable trapping occuring in both. A key differ-
ence arises in the extension of results from Py to P;. In the Kerr-AdS, case 58], the
potential has a nonlinear term which is proportional to w?, so the whole eigenvalue

equation is quadratic in w?

. In our case the nonlinearity is ~ wn. The difficulty
arises from the presence of the eigenvalue n with w and the fact that we have terms
proportional to both w? and w in the equation. Such problems were encountered in
the analysis of quasimodes and stable trapping in black ring spacetimes [126], and we
will follow the strategy developed there. We also note here that the phenomenon of
nonlinear terms in the eigenvalue problem which are linear in w was also encountered

in [56]. But the effective scaling with n of the potential V' is different leading to a

different approach being taken there.
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4.6 Eigenvalues for the linear problem

In this section we use a suitable version of Weyl’s law to establish the existence of
eigenfunctions for the linear problem Py defined by (4.81). Here, we essentially follow
the approach used in [58] and [56]. We start by defining a semi classical parameter

h? = n~2 and express the problem in the form

2
_th_z; + Vo u = Ku
dz (4.82)

u(z_) =u(ry) =0
where we have defined x to be the eigenvalue i.e., k := h*w?. We identify the region

Q= [x_, x| for the eigenvalue problem through the following lemma.

Lemma 4.6.1. Let V™™ be the local minimum of the potential and let x;, € (o, 00)
be the point where this minimum is attained i.e., Vo (Tpmin) = V7. Let ¢ > 0 be
sufficiently small so that there exist x_ and zy with x_ < Xy, < x4 for which,
Vi e =V, (x2) = Vo, (24) and there are no local mazima of V,, in [x_,x]. Let
E > V" such that E— V™™ < c. Then for any sufficiently small constants 6, § >0

there exists some constant ¢ > 0 such that
2y —x| <6 = V, (2) —Kk>c (4.83)
forallk € [E—6,E+ 4.

Proof. The idea behind the above lemma is illustrated in Fig.4.5. We can fix a
sufficiently small constant § such that £+ § < V™" 4 ¢. V, () is continuous at
x_. In the following we will establish the result for x_ and the proof for x_ replaced

by z, follows by a similar argument. For a given €, one can find a § such that,
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Tmin Lt z

Figure 4.5: Domain for the linear eigenvalue problem

V. (z) — V,, (2_)| < & whenever |z —2_| < §. Choose

Vo (x2) — (E+9)
3

€ =

This means, whenever |z — x| < &, |V, (z_) — V,, (2)] < €

Vo (o) =<V, (z) <V (x)+€

For k € [E — §, E' + §] we have

Vo(#) =k >V, (2 ) —€—k

Setting ¢ = 2¢ completes the proof.
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We now state and prove Weyl’s law. This allows us to establish the existence
of eigenfunctions for the Dirichlet problem in the domain [x_,z,]. More precisely,
this statement proves that the number of eigenvalues x in some small neighbourhood
scale as h™!. The eigenvalue problem with Dirichlet conditions will be denoted by
Pp(z_, ;) and N<g(P) denotes the number of eigenvalues of the problem P which

are less than or equal to F.

Theorem 4.6.2 (Weyl’s law). Consider the eigenvalue problem Pp(x_,x,). Let E
be an energy level such that E — Vg"fm 15 sufficiently small and E — Von > 9 for some
fixed positive constant 0 such that £+ < ngi”+c with the constant ¢ > 0 introduced
in Lemma /.6.1. Then the number of eigenvalues of the problem Pp(x_,xy) less than

E, denoted by N<g(Pp(x_,x.)), satisfies the following estimate called Weyl’s law.
Ne<p(Pp(z—,x4)) ~ Qg (4.84)

where

1 T+ " "
QE,h = E/ VE— V01<x )X{VﬂSE}dx :

We will also establish the following result which estimates the number of eigen-

values for the problem for Pp(x_, 2z, ) lying in a § interval of E.

Theorem 4.6.3. Let N[E—0, E+4] denote the number of eigenvalues of Pp(x_,x4)

lying in the interval [E — 0, E + 0]. Then N[E — 0, E + §] satisfies Weyl’s law i.e.,
N[E -0, F+ (S] ~ QE—i—(S,h — QE—(S,h (485)

We will prove this with the following two lemmas which give upper and lower

bounds for Ncg(Pp(z_,x;)). These bounds will be explicitly calculated. We first
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partition [z_, ;] into k intervals [z* , 2", ] where

Ty — T
k' Y

" =x_+4(i—1)y and 2’ =x_ +iy where y =

(4.86)

and define k& Dirichlet problems in each [z ,2%]. The Dirichlet problems P}, for
1=1,2,...,k are stated below
d2
—hQ—Z + Vo, u = Ku
dz (4.87)

u(z’) = u(z’) =0
We next define k¥ Neumann problems P} analogously. P}, and Pk will serve as
two comparison problems for estimating N<g(Pp(z_, x4 )) through lower and upper

bounds respectively. We start with the following lemma which gives a lower bound

through the & Dirichlet problems P,.

Lemma 4.6.4 (Lower bound). The number of eigenvalues of the problem Pp(z_, x )

less than E i.e., Ncg(Pp(x_,xy)) satisfies
k .
> New(P}) < Nep(Ppla_,x4)). (4.88)

Proof. The proof relies on the variational characterization of eigenvalues using the
min-max principle. The smallest eigenvalue of the problem Pp(x_, 2z, ) can be char-

acterized by

" (10,0 + Vi () ul)da

i Jo I (4.89)
w€H ([z—,x4]) HUHL2
l[ull 1270

The n-th eigenvalue of Pp(x_,x) (this is not to be confused with the integer n

appearing in the separation of variables (4.50)) can be characterized by

fj+ (h2|8xum|2 + Vo (:E)|um|2)d:1,‘
Ky = inf max —

2
{uruz,unt, um€H ([ 24]) m<n ||um||L2
lwm || 270, (um,u;)=0 Vmz#j

(4.90)
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Similarly, we can characterize the eigenvalues for P4, denoted by ! as

\i inf ot (2100 |* + Vi, () | |*) A
= mn max
" {u1,u,...;.un}, um€Hy ([t 2 ]) m<n Humni2
lum|l 270, (um,u;)=0 Ym#j

(4.91)

We can see from the variational characterization that x, < A/. By arranging all the

eigenvalues \! into a single non-decreasing sequence \,, we can deduce the following

Fn < Ap. (4.92)

To see this, let f,, be the eigenfunctions corresponding to \,. f, can be extended
to [z_,x4] by setting them to vanish outside the corresponding [z’ ,z%]. These n
functions are orthogonal in H}[x_,z] either because they are eigenfunctions sup-
ported in different regions or because they are different eigenfunctions (with the same
or different eigenvalues) to the same problem, which makes them orthogonal [129].

Hence we have k,, < A\, which proves the inequality. O

From the k¥ Neumann problems P4 and their corresponding eigenvalues p’, we

have the following lemma.

Lemma 4.6.5 (Upper bound). The number of eigenvalues of the problem Pp(x_, x4 )

less than E i.e., Neg(Pp(x_,xy)) satisfies
k .
Nep(Pp(r_,2y)) < Z N<g(Py)- (4.93)

Proof. The eigenvalues p, can be characterized as

Z/ (B2 0pttn |* + Vi, () [ty |?)da
; i=1 7zo
Uy = inf max 404
{u1,uz,eun}, um €HY (fx—,z4]) ™S ||um||22 ( )
Hum||L2 #0, (Um ,u;)=0 Vm#j
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where,
H' ([z_,z.]) = {um € L*([x—, 24 ])[un € H'([2",2"]) for all i}

Similar to the previous case, we arrange them in a single non-decreasing sequence
fin. We observe that HY([z_,z.]) € H'([z_,2]) which implies that yi < k,. In
particular this means, u, < k, which completes the proof. Since we are in one

dimension, the H' spaces mentioned here in fact embed into Holder spaces C%%/2. O

Proof of Theorem 4.6.2 (Weyl’s law). To compute explicit bounds for

N<g(Pp(r_,ry)) we consider the following sets of problems.

° ﬁb : Problems P}, where the potential V,, is replaced by its maximum value

(say V) in the interval [z°,z"].

° ﬁzlv : Problems P4 where the potential V,, is replaced by its minimum value

(say V') in the interval [z°, 2" ].

The bounds for Neg(Pp(x_,z,)) in Lemmas 4.6.4 and 4.6.5 hold when P} and P
are replaced by 75}7 and ﬁ}v respectively. These problems can be solved exactly as
the potential is just a constant in the interval. The number of eigenvalues of ﬁZD with

energy less than or equal to E is given by,

VE -V
Z Nep(Ph) = Z {h—ﬂwm <E}J (4.95)



Similarly for ﬁ}v, we have,

k ———
Z NSE(ﬁJzV) = Z \\#X{vi<E}J +k (496)

k g
v E—-V!
- Z ( hﬂ_X{viSE}> +O(k)

Based on Lemmas 4.6.4 and 4.6.5, Ncg(Pp(z_, x,)) satisfies
k N k N

> Nep(Pp) < Nep(Pp(r—,r4)) <Y Nep(Pk) (4.97)

i=1 i=1
which becomes,
Z (T+X{Vj<E}> + O(k) < N<g(Pp(z-,24)) < Z (TX{W<E}> + O(k).
i=1 i=1
If we let the number of partitions go to infinity as h — 0 such that k(h) = o(1/h),
the sums converge as a Riemann sum and the error terms are of order o(1/h). We

can then express Ncg(Pp(z_,x,)) as

1 [
Nen(Poln_,2,)) ~ - / VE Vo) x v, <y (4.98)

This proves Theorem 4.6.2. This technique is commonly referred to as Dirichlet-

Neumann bracketing [136]. O

Proof of Theorem 4.6.3. This follows by computing N<gs(Pp(z_,z)) and

Neg_s(Pp(z_,z)) from (4.98). O
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4.7 Eigenvalues for the nonlinear problem

We now turn to establishing the existence of eigenvalues for the radial equation, which
as discussed earlier is nonlinear in the ‘energy’ w, namely the ODE P; which reads,

d2
—d—;; Y Vu=0, u(r.)=ulzs)=0. (4.99)

Here V is the nonlinear potential defined by V := n?V,, — nfw — w?. The strategy
is to prove the existence of eigenvalues of (4.99) through continuity arguments. The
potential is a complicated rational function of the rescaled radial variable = explicitly

given by

(o~ o?)

16 (af + a2x? 4 z4)

V:

> { (129 — 8nw) o™ + (128 — (129 — 8nw) 2?) o

— (8nwa? +128) '’ +128 2%a®

+ ((8nw — 144) 2° + 128 2* — 128 2°) o°

— (144 2° + 128 2%) o' + 144 2°%% 4 144 2%} — W*.

(4.100)

For the nonlinear problem we want to reproduce the setting of the linear problem P.
We begin by verifying that there is still a trapped region. From the definition of V
above, this would amount to checking that there is a region where V' has a negative
minimum. Here we are interested in determining the existence of eigenvalues close to
0 (as opposed to eigenvalues close to F in the linear case). Lemma 4.6.1 identified
such a region for Py. Here we state a nonlinear version i.e., Lemma 4.7.2 (following
[126]) which identifies the corresponding €2 for P;. In the following proposition, we
list some properties of V' which will be useful in proving Lemma 4.7.2. Elements of the

proofs in Proposition 4.7.1 and Lemma 4.7.2 which involve the structure of V' will be
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illustrated with some plots owing to the complicated expression of V. To emphasize
the dependence of V' on w and n, we denote the nonlinear potential as V) rather

than V.
Proposition 4.7.1 (Properties of V(. ). Consider w € R and n € Z.
1. If w =0, Vion is always positive and does not admit any real roots.

2. There exists a pair (wo,ng) such that Vi, n,) admits three distinct real roots
7%, 25° and x3° such that Vi ny) has a local minimum at x37, with x7° <

min

o < gt < 5l

min

3. Consider a pair (wo,ng) for which Viwo,no) @dmits three distinct real roots. There

exist E- and ET such that

(a) wy € (E7,ET) and for any w € (E7,ET) Viwn,) admits three distinct real
roots.
(b) Let wy and wy be two such values with {x*, 3", r3'} and {a7?, 252, 25 }

being the corresponding roots. If wy > we, then (7%, 25?) C (z7*, 25").

Proof. We know that lim V = oo and lim V = —w?. Hence the potential admits at
T—o T—00
least one real root. We note that the potential is invariant under (w,n) — (—w, —n).

Hence we assume that w > 0 and only discuss the cases n € Z*T and n € Z~ where

needed.
1. With w = 0, we have V| ) = n?V,, > 0 as can be seen from Fig.4.4.

2. (a) Case 1: n € Z*. For w € [1.465n,1.485n], V|, ) admits two roots. This

can be seen in the plots below (Figs.4.6a and 4.6b).
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0.8

0.2

-0.29
-0.4+

-0.4q

-0.63

|4
(a) o for w = 1.465n (b) % for w = 1.485n

Figure 4.6: Nonlinear potential for n € Z*

(b) Case2: n € Z~. For w € [1.35|n|, 1.415|n|], we can see from Figs.4.7a and

4.7b that V| ,) admits two roots.

3. As a consequence of (2) above, for n € Z*, the choice £~ = 1.47 and €1 = 1.48
satisfies the condition (a). For (b), in the following plot (Fig.4.8a), as w increases
in (£7,€7), the corresponding interval (z*,z%) also increases. For the case
n € Z~, we observe that }v < 0. Hence, from the following expression for the

nonlinear potential,
V =n?V, —nfw—w? (4.101)

the increase (decrease) of the interval (z,z%) with increase (decrease) in w

follows. This can also be seen in Fig.4.8b
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v 031 %3
ﬁoz— "0z
0.1 0.17

r T T T T > 4] T T
0 |V 1.2 L4 4. 16 1.8 1
-0.19 -0.14
-0.21 -0.21
~0.34 -0.3
/
v
(a) % for w = 1.35|n| (b) 2 for w = 1.415|n|

Figure 4.7: Nonlinear potential for n € Z~

-0.14

o —14Tn-—w—148n [— w =136/ ——w = 1.38n]]

(a) neZ* (b) n € Z~

Figure 4.8: Properties of (¥, z%)
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Lemma 4.7.2. Let V,,, be the minimum of the nonlinear potential Vi, ny. Let T €
(a,00) such that Vig, n)(Tmin) = Vinin- Consider some constant £ > 0 such that Vigy )
has a local minimum and there exists & and x5 satisfying 1 < Tppin < 5 for which
V(gnm)(xf) = V(gnn)(xi) = 0 and there are no local mazima of Vigy ) in (:E‘f,mi)
Let E > 0 be an energy level such that E < & and V(gn ) has a local minimum and
there exists constants ¥ and xf with the same properties as ° and a:i respectively

but now with respect to Vigyn). Then for sufficiently small constants o, § >0 there

exists a constant ¢ > 0 such that
s , 1
lr —2l|<d = Ev(m’n) >c (4.102)

for all k € R satisfying |k* — E?| < 6. In addition, for the linear problem Lemma
n*V,, — w?

n2

4.6.1 holds for

w=FEn

Vienm)
TL2

\

Figure 4.9: Domain for the nonlinear eigenvalue problem
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Proof. We observe the following as consequences of Proposition 4.7.1.

1. There exists F and £ for which the potential admits three distinct real roots

with a local minimum as shown in Fig 4.9.

2. E<& = (2F,2%) C (2%,2%).

=

Hence, £ and E with the desired properties exist. We can see that V(g,,) has no
‘/(En,n) (I)

n2
‘/(E'n,n) (ZL‘)

n2

local maxima in (z,2%). Vignn(2f) =0, so for z € [2%,2F), > 0. Then

it follows that there exists § > 0 such that for |z — 2% | < ¢, > 0. Since

‘/(En,n) (ili')

5 is also continuous as a function of E, there exists some § > 0 such that
n

Vnn,n) (l‘)

for |x* — E?| < 4, ( 5 > ¢ for some constant ¢ > 0. For the final part of the
n

lemma, let us refer to Fig. 4.10a and Fig. 4.10b.

ViEn,n)
‘](E'n,n) n2
n2
0.21 02
0.1 0'1-.
0 -~ ‘.\'\. 0 = T =2 >
T - -
1o 13 12 < 1 L2 1.3 L4
\ 7 X ‘/
<l R4 \ /'/
-0.19 4 i -0.14 i '/.
\ 7 ! 7 . .
\ 7 — Linear potential \ R4 — Linear potential
. . 7 . .
024 <7 —-— Nonlinear potential  ~0-27 \_ —-— Nonlinear potential
Y
(a) E =1.405 (b) E =1.415

Figure 4.10: Continuity for linear and nonlinear potentials

For the relation to the linear potential, we observe that for n € Z~ there exists
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FE € [1.405,1.415] such that Lemma 4.6.1 holds. O

Hence from this stage onwards, we will only consider n € Z~ as it is sufficient for
our construction of quasimodes. We use —|n| instead of n in expressions to indicate

this sign choice.

4.7.1 Lower bound for w?

In this section, we establish a lower bound for the eigenvalues of P;. Consider the

following family of eigenvalue problems

u(z_) =wu(zry) =0 (4.103)
d*u 9 ~ 9
where Q(f,w) = L2 +n*V,, + Bln|fw —w

We prove that if the jth eigenvalue of Q(f,w) i.e., A;(f,w) is zero, then the corre-
sponding wg, satisfies certain properties. Let u;(/3,w) be a normalized eigenfunction

in [x_,x4] associated to the eigenvalue A;(3,w). Then

MG = [ (8.0 Q6.) (5 0) do = 0. (1.104)

We have the following lemma which gives a lower bound on wg,,.

Lemma 4.7.3. Let u;(3,n) be a nontrivial eigenfunction of (4.103), then the follow-

ing hold for sufficiently large n and 8 € [0,1] :
1. wa,n 7é 0

2. wgn # o(n).
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Proof. 1. If wg, = 0 we have

/'z+ L(8.0)Q(8, w)u; (8,) da

:/’—%@ PO 4 Vi 5.0)+ Bl eni5.0) ~ 5.0
= [ -uiso ﬁfm F (n?Viy(5,0) dr
:/w+ duil.0) dg;+/:+ 02V, (8, 0)de

7 (4.105)

The first integral is positive and V,,, > 0. Hence A;(8,0) # 0 which concludes

the proof of the first part.

2. Suppose that wg,, = o(n). We proceed with the same steps as above and arrive

at,

/ T (8,0)Q(8,w) us(B,w) da (4.106)

| _/x+ du,(8,0)
- . dzx

do + /l"+ (n*V,, + Bln|fw — whuF (B, w) dx

With ws,, = o(n), we have
RV, + Bl fuw - w? > 02V, - C [1 - BF| n? (4.107)

The right hand side is positive when C' is sufficiently small making the second
term in the integral positive implying that w # o(n). In particular we note here
that the above result holds for 8 = 0 which is the case for the linear eigenvalue

problem.
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Corollary 4.7.4. As a consequence of Lemma 4.7.3, we conclude that given the

existence of eigenvalues wg,, for sufficiently large n?,
w%m > O(nQ)
i.e., there exists a positive constant Cg independent of n® such that

2 2
Wﬁ7n Z Cﬁn .

4.7.2 Eigenvalues for § # 0

Lemma 4.7.5. Let $y € [0,1], wgyn > 0 and n € Z~ be such that the j™ eigenvalue
of Q(Bo,wpy.n) is zero. Then for sufficiently large n?, there exists a constant € > 0

(independent of By) such that there is a differentiable function wgs,,(B) such that the

n'™ eigenvalue of Q(b,wp.) is zero for any € (max(0, By — €), Bo + €).

h

Proof. We start with the expression for the % eigenvalue Aj(Byw) -

Aj(57w) = /96+ Uj(ﬂ,td) Q(va) Uj(ﬂﬂﬂ) dz. (4108)

We assume that the jth eigenvalue is zero. A;(Sy, wg, ) = 0 gives an implicit relation
between  and wg,,. In a neighbourhood of 3y, the implicit function theorem provides

necessary and sufficient conditions for the existence of wg, (). We have,

O\ T+ 0 ~
S o) = [ us(B) 5L (1Y + Bl = ) wy(5.0)

/ uj(B,w) (Bln|f —2w) uy(B,w) da.

S Onnn) = [ us(B) 3 (w2Var + BlnlFio = ) wy(5.0) do
:/ +uj(5,w) <]n[ﬁu> ui (B, w) dz. (4.109)
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Since fv< 0, we have,
Bln|f — 2w < —2w for n € Z~ and w € RT (4.110)

This holds for all 5 € [0,1] and we have from Lemma 4.7.3 that w > nCs. Hence we

have a uniform constant B := infgcp 1) Cs such that
Bln|f — 2w < —2Bn (4.111)

O\

This means that a—](ﬁo, Way,m) 1s bounded away from zero. By the implicit function
w

theorem, this proves the existence of ws, () in a neighbourhood of f;. We can

compute the derivative of ws,,(5) at [y using,

OA;
ﬁO;w,B n)
dwﬁ,n B ap ( 0 aA] B ~
4B (Bo) = — IA,; ) Ow (Bo, wgo,n) = |n| frgy,n- (4.112)

a—w(ﬁm Weo,n)

oA,

9p

Similar to the argument above, we have that (Bo,wpym) is bounded away from

zero. We hence arrive at

~ dCUBn
_ < J
In|Cps < 13

(Bo) <0 (4.113)
for some Cg > 0 and 3 € [0,1].
The bound here is uniform in y. € is independent of (3, and this ensures that

finite applications of Lemma 4.7.5 covers the whole interval 8 € [0,1]. In particular

one can extend the results to § = 1. O]

4.7.3 Existence of eigenvalues for the nonlinear problem

We conclude this section by demonstrating the existence of eigenvalues for the non-

linear problem. Note that along the same lines as Remark 8.20 in [126], it is clear
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from the final part of Lemma 4.7.2 that the energy level E € [1.405,1.415] which is
an ‘appropriate value’ for the nonlinear problem also works for the linear problem in

the sense that Lemma 4.6.1 holds for the chosen value of E.

Theorem 4.7.6. Consider fixed energy levels E and £ as in Lemma }.7.2. Let
n € Z~. Given eigenvalues wﬁnﬂ for the linear eigenvalue problem where wﬁn’n > 0,
there exists an eigenvalue w? and corresponding eigenfunction w, to the nonlinear
eigenvalue problem for large enough n. Furthermore w, > 0 and the following bound

holds for any 6 > 0,

|E
N3 o

C<Z2<E*+§ (4.114)

n

where the constant C is independent of n.

Proof. We start by looking at the eigenvalue problem for = 0. We know from the
linear eigenvalue problem that for large n? there exists a wy, such that Q(0,wy.)
admits a zero eigenvalue i.e., A;(0,wp,) = 0 for some j. By Lemma 4.7.3, wg,, # 0.
Let wp, > 0. From Lemma 4.7.5, for some € > 0 there exists a continuous function
wa,n(B) such that for any 5 € [0, €) the nonlinear eigenvalue problem admits a zero

eigenvalue i.e., A;(3,ws,) = 0 for some j. By (4.113),
w2 =wi, (1) <wj,(0) < Cn? (4.115)

Here C' does not depend on n. The bound wy,,(0) < Cn? comes from conditions on
appropriate energy levels E from the assumptions of Lemma 4.6.1. In conjunction

with Lemma 4.7.3, we have,

IN
3

(4.116)

Dol
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for constants C; and Cy independent of n. For 8 € [0, 1], let us consider the problems

Qgu = E}(B)u (4.117)
where
— 1 d? 1 ~
pu = _ﬁd_;; + E(Tﬁfm + Bln|fw)
() (4.118)
E;(B) = '8’;2

We have from Weyl’s law for the linear problem in conjunction with Lemma 4.7.2

that,
E}(0) € [E® — 6, E* 4 0] (4.119)

for any arbitrary small § and sufficiently large n?. For n € Z~ and 8 € [0, 1] we have

the estimate

Ty o Ty .
0< / u(Qp — Qpludr = / —|n|fws,, dz (4.120)
which means
Ty Ty
/ uQgudr < / uQoudx (4.121)
implying
E3(8) < EX0). (4.122)

In particular this means
2 2 2
E5(1) < E5(0) < E*+90 (4.123)

Combining the bounds we have

(4.124)
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4.8 Lower bound on the uniform energy decay rate

The purpose of this section is to prove an energy estimate for solutions to the eigen-
value problem discussed in the previous sections. This is the main step towards
establishing the desired lower bound on energy decay. Here, we closely follow the
proof in [58] and [56]. We begin with the following basic lemma which can be proved

using integration by parts.

Lemma 4.8.1. Let x_ <z, h > 0 be a constant and W and ¢ be smooth functions

on [x_,xy]. Then, for all smooth functions u defined on [z_, x|,
4 (¢*0)

vy 2 d\ 2
/a; ( = +h72 (W — <d_j) ) 62¢/h\u!2> dz

T4 2
= / (_d_u + h_QWu> ue/Mdy

dr?

Proof. We start by expanding the expression on the left hand side.

2 2
+h? (W - (?) ) 62¢/h|u|2) dz
x

T 2 2
= / : <’uh‘1e¢/h3—¢ + e¢/hj—u + h_QVVGQ‘Wh|u|2 —h? (j—) e2¢/h|u|2> dz
v x x x

ot do\? du\®  2ule2/m (d¢\ (du
_ 2p-2.20/h [ 27 2¢/h [ & ol el S e o8 e
/m_ (“ “N&) T \&) T &) \@

46\ 2
+h_2VV62¢/h|u|2 —h? (d_i) 62¢/h|u|2> dz

T+ du\?>  2ue*/™ (dé\ (du _
(o () B ) ) v

[ (e

dz
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d

Using integration by parts on the second term
Ty 2 d 2
/ ( o (€¢>/hu) + B2 (W . <£) ) €2¢/h‘u|2> dz
du\ |** o d du
— 20/h - _ 2¢/h _
e L (@)
T 2
+/ ' (ew/h <j_u> + h2W62¢/h]u|2> dz
. x

@t du
= / (_F + h_2Wu> ue’®"dx
. x

O

4.8.1 Agmon distance

Consider the effective potential

hE _ 32
Ve =h ‘/(En,n)
where we recall the previously defined semi-classical parameter A > 0
h? =n?
(note that, since we have taken n € Z~, h = —1/n) and the energy level FE is chosen

as in Lemma 4.7.2. The Agmon distance between two points z; and x5 associated to

the energy level E' and potential Vg is defined as

/:2 ’/vehf’fE@)X{vhﬂ;Em} dx' : (4.125)

Physically the Agmon distance is a measure of distance between two points in the

d(xy,29) 1=

classically forbidden region. Agmon distance is the distance associated with the

Agmon metric, V,dz? where V, := max(0,V). The Agmon distance satisfies the
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bound [58|

|V.d(x, z5)[* < max {V;&E(x), O} : (4.126)

For a given E, using Agmon distance, one can define the distance to the classically

allowed region as

dg(x) == inf d(xy,x). (4.127)
xle{vhvEgo}
eff
We recall that Q := [z_,x,]. For e € (0,1), we define
OF (E) = {x VEE > e} nQ (4.128)

with its complement in 2 defined by

O-(E) = {:p Vi < e} naQ (4.129)

We can now state and prove the following exponentially weighted energy estimate.

Lemma 4.8.2 (Energy estimate). Let u be a solution to the nonlinear eigenvalue

problem (4.103). Let k be a eigenvalue satisfying |k* — E*| < 6. Fore € (0,1), define
Vpe(r) =1 —¢€dg(x) and ag(e):= sup dg. (4.130)

Qe (B)
Then for sufficiently small € and h and sufficiently small 6 (depending on € and h),

u satisfies

d P 1
/Qh2 - (ech,e/hu) dr + 552 /Q2L 62¢Ev€/h|u|2dx <C (Ii2 + 56) e2ae(9/h ||u||i2(ﬂ)

(4.131)

where the constant C' depends only on the parameters of the soliton spacetime and €.
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Proof. We apply Lemma 4.8.1 to u with the following identifications,

(4.132)

J— h7K/ j—
W - Veﬁ‘ ) ¢ - ¢E,e
Since u is a solution to the eigenvalue problem, the right hand side vanishes which

gives

i (6¢E,e/hu)

dx

2 do 2
/ ( 4 p-2 (Veh,n _ ( dEﬁ) > €2¢E,e/h|u|2> dx = 0. (4.133)
o T

This can be rewritten as

2 dop 2
h,k ,€ €
dx+/m(E) (Veff — < 1 ) ) o208, /h|u|2dx

il (6¢E,e/hu)

7l
o |d

T

Lo

2
N (diE,e) )62¢E,e/h|u|2dx_ (4.134)
T



We make the following observations :

1. By definition, we have ¢p.|g- 5 < agp(e).

2 2
2. ullze o )y < Mullzeq)-

3. We have in Q_ (E),

dég. >

< (1—¢€)*¢ (by definition)

<(1—¢€)e (sincee<1) (4.135)

We also note that —Vehg < k? which finally gives

dop.\’
h,k ,€
—Vig + < O ) <K 4 e(l—e) (4.136)

We can thus estimate the integral on the right hand side as

dop.\”
_Vh,li + ( ,€> €2¢E’€/h U de
/QE(E) ( ff dz .

< (K24 el — e))/ 20/ y 2 dx
Qz(B) (4.137)

< (K + (1 —¢))er/h ||U||i2(9)

1 1
< </€2 + 56) e2ee(9/h ||u||iz(m for e < 3

4. Consider the region QF (E). The potential Vehf’f is continuous in x. Hence given
a § > 0 one can find a ¢ such that |x?> — E?| < § = |Veh§ — Vehf’fE| <94,

Hence we have

Vg =6 <ViF <V +06 (4.138)
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With this we can estimate the second integrand on the left hand side as

he (05N o nE o 2 hE
Vg — ( ) = Ve —0 —(1-e*Vi

> ngfE —0—-(1- e)Vehf’fE (since € < 1)

S (VhE g (4.139)
= “Veff

>¢e2— 4§ (from the definition of QF (F))

2 2

< for any § < %

>
-2

1 / . .
Hence for € < 3 there exists a sufficiently small § such that estimate in the theorem

holds. [l

Quasimodes, as explained above, are functions that solve the wave equation ev-
erywhere except in the cut-off region. Hence, we require estimates for v in the cut-off
region to approximate this deviation and determine how the resulting error depends

on the frequency parameter n. We first define the cut-off region €25 as
Qs = {x € Q: dist(z,00) < d}. (4.140)
The following theorem estimates u on 2s.

Theorem 4.8.3. From Theorem /.7.6, we have that for £, E and sufficiently small §

2

. . w . . . .
there exist eigenvalues k., := — and corresponding eigenfunctions u, to the nonlinear
n

eigenvalue problem for large enough |n| such that w, > 0 and
C<K<E*44¢ (4.141)

where the constant C is independent of n. Then for any sufficiently small &, there

[ (1
Qs 8ZE

holds

2
+ |u|2> dz < Ce €l [l 120 (4.142)
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for a constant C' independent of n.

Proof. From Lemma 4.8.2, we have

d ? 1
/h2 — (ed’EvE/hu) dx+—62/ 20/ y 2 dx

1 (4.143)
<0 (4 5e) O g

Both terms in the left hand side are positive, so the inequality applies to each, that

is

d ? 1
/ h? |— (e‘z’Evf/hu) de < C (FLQ + —(—:) e2ee()/h ||u||iQ(Q) : (4.144)
1 1
—62/ e20ee/y|?dz < C (/4;2 + —e) e2es(9/h HuHig(Q) : (4.145)

Since Qs C QF(E), (4.145) becomes
C 1
/ e298</hy |2 dx < = (/12 + 56) e2a()/h ||uH%2(Q) (4.146)
Qs €

€ 1
With 3 < 3 and by the definition of ¢g ., we see that there is a uniform constant ¢

such that, ¢p. > c for any x € Qs and |x? — E?| < §'. By definition, we have

ap(€) ;== sup inf d(zy, ). (4.147)
Qe (B) zle{vehvffgo}
For z € Q7 (E),
inf d(z1,7) < VeA (4.148)
ae{vei =)
where A =  max d(z5,x). Hence ag(e) — 0 as ¢ — 0 and there exists ¢ small

zedVhE<o
{ eff =

enough such that ag(e) < ¢/2. We note that ag(e) — 0 as e — 0 and e — 0
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independently of A — 0. Putting these together, we have

C 1

e26/h/ |u|2dx < - (I{Q + 56) GQGE(E)/h ||U||22(Q), (4149)

Qs €

C 1
\u,de < e*C/h_2 </§2 + 56) HUHQLQ(Q) . (4.150)
Qs €

There exists a constant C' such that,

lul? < Ch=2e=C/" ||uHiQ(Q) (4.151)

Qs

Since € — 0 uniformly in h, we can absorb h~2 in C' giving

[l < e . (4.152)
)

Now, similarly, the left hand side of (4.144) becomes

[,
Qs

2

i (6¢E’E/hu) dx

dx

Ao du\?
= [ 2 etrhLEPEe L on Sl g
jﬁé (6 hdr ¢ )

dop. du’
— h2 2¢E,5/h E—’e - d
]£5 ‘ hde Tdz)
2 (dop\®  (du\®  _u [(do du
_ h2 2¢m.c/h U_ E.e du ot E.e du d
/£5 ‘ 2\ de ) T\a) T \a )\ |
Discarding the first term which is positive, we have

du\? u (do du
2 2¢E,5/h - — E’E -
[%he [Qm)*ah(dx><m)lm

1
<0 (4 5e) O g

(4.153)

(4.154)
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Applying Young’s inequality to the second term we get

du\?> _u [(dog du
h2e2er.c/h | [ S oY <) (S ] q
/Qé ‘ a) Cn\Tae J\aw )|

du\? 20 (dép. N\ 1 [du)?
> RRe2bme/h | [ Z2) 22 <) 2= d 4.1
- /§25 ‘ dx h? dz 2 \dx T (4155)

(1 /du\? 2u? [dég.\>
— h2 20p,e/h | = [ 22 e E,e d
/95 ¢ 2\de) B2\ dz g

Hence, we have
[ o [L (A2 (205,
Qs 2 \dx h? dx
1 du\? 1 dom
p2ezoment [ (YN ) qp < o (2 4 Lo e2as@n 12, /2 2 .
/Q(S e 5 |\ % x < KoFge)e [ullz2(q) + o Cl e

The second term on the right hand side can be absorbed by redefining the constant

1
do <0 (W4 5e) O Julfag,

C'. Hence, we have

du)’ 1
/ h2e2Pp.c/h (_u) de < C </€2 + —e) e?ee(9/h Hu||ig(m (4.156)
o, d 2

T

Similar to (4.145), we use bounds on ag(e) and ¢ to get the following,

d 2
/ (—u> dz < Ch™%e™ " ||ul|72q) (4.157)
o; \d

T

Absorbing the =2 in C, we get

du\? _
/Q(; (a) dz < Ce¢/h ||U||ig(9) (4.158)

Combining (4.152) and (4.158) above proves the theorem. O

4.8.2 Quasimodes and an upper bound on the error
Quasimodes are defined as functions W,,(¢, 1,0, ¢, 1;) : D — C defined by
U(t,7,0,6,8) = x(r)e '™ R(r)Y (6, 0) (4.159)
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where y : D — R is a smooth cut-off function defined by the radial function

1 ifreQ\Q
X(r) = (4.160)
0 if r ¢ Q

We recall the relation between u(r) and R(r) and the coordinates r, w and z here for

clarity.

R(r) = - Z(T), w = /: S‘bd(/s(l)ds and w = jx (4.161)

These quasimodes are clearly approximate solutions, defined to be extensions of the
solutions to the wave equation on €2 to the whole spacetime D. They fail to solve the
wave equation because of the smooth extension in the cut-off region outside of which
they are trivial solutions (because they vanish). The error, i.e. O,W¥,, is supported
on {2s5. The following lemma estimates the error, which is exponentially small as

In| — oc.

Remark 4.8.4. In the following sections, we will take Qs and € to refer to the
spacetime regions : Qs = Qs x [0,00) x (0,7) x [0,27) X [0,27) and Q = Q x [0, 00) X

(0,7) x [0,27) x [0, 27) respectively. Here [0,00) is the time domain.
Lemma 4.8.5. Consider quasimodes which satisfy

0,¥,, =err(V,) (4.162)
where err(V,,) is the error. Then for sufficiently large |n|,n < 0, we have

100l s,y < Cre™ P W]l 2y (4.163)
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Proof. For functions, G and y, we have

O,(xG) = x(0,9) + 29" (9,x)(0,G) + G(Ogx) (4.164)

If we let G = e_i“"tei”JR(r)Y(H, ¢), then the first term vanishes everywhere since
G solves the wave equation in 2. Using the fact that x is smooth and therefore

controlled in L*, we have from (4.164),

“Dg\Dn”]ﬁ 2,190 S Nunll g1 s,na
(2:09s) (=0 (4.165)

S ||un||H1(Eoﬁ95)
Note that the L%norm of all the other eigenfunctions in (4.159) can be bounded.

Using this with Theorem 4.8.3, we get
189 ¥nllr2(syn0,) < CeCI Wl L2590 (4.166)
which can be written as
105 Wall 2(smig) < O™ Wl 2y (4.167)

owing to the spatial localization of quasimodes. To get bounds on the higher deriva-

tives, let us make the following observations

1. We need only be concerned with r—derivatives of O,(¥,,) as other eigenfunctions

are bounded in L* (as they are analytic).
2. 0,(0,G) vanishes and hence the first term vanishes.

3. The second and third term contain higher derivatives of u. This can be bounded

using the eigenvalue equation.

122



We hence deduce that

||D9\I[n||Hk(Eth(;) S Cke_Ck‘n‘ ||\I]””L2(EU) . (4168)

4.8.3 Duhamel’s principle

Here we adapt the standard construction of an inhomogeneous solution to the wave
equation from a homogeneous one. Suppose P(t,x; s) is the solution to the following

initial value problem for ¢ > s.

Oy P(t,x;5)(f1, f2) = 0,
(4.169)

P(t,X; 8)(f1’f1)|zs = f17 atp(tvxv;s)(fhflﬂzs = f2

In other words, P(t,x;s)(ug,u1) is the solution of the homogeneous wave equation
with initial data (ug,u;) prescribed on the spatial hypersurface t = s. Note that it is

sufficient that wug,u; € H}

be(X) for a solution to exist and be unique. Now consider

the function
1 t
U(t,x) = P(t,x;0)(Pg, P1) + 5/ P(t,x;)(0, (¢°) ' F(s,x))ds (4.170)
0

Claim 4.8.6. U(t,x) solves the following initial value problem (inhomogeneous wave

equation,).

0,V (t,x) = F(t,x)
(4.171)
U(x,0) = Py(x), 0¥(0,x)=Py(x)
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Proof.

0,0 = g"(0,00%) + g* (0.0;¥) — g™T2,00® — g**T%,0;¥
g(JO 901‘ gOO gOO t
=2-0,P(t,x;t) + Z=0; P(t,x;t) + Z—0,P(t,x;t) + —/ 02 Pds
2 2 2 2 Jo
07

gOi t g i 901' t gz’j t
2/ 2 2/ 2/

1 1 !
; 1
=g%0,P(t,x;t) + g" 0, P(t,x;t) — ég“ngbP(t, x; 1)
1 [ -
+ 5/0 OyP (0, (¢") " F(s,x)) ds

= F(t,x),

where we used that O,P =0, P(t,x;t) =0, and 9,P(t,x;t) = (¢°)'F(¢t,x). O

4.8.4 Bound on the uniform decay rate

We have constructed quasimodes, namely, approximate solutions to the wave equation
0,¥, = err,(V¥,) with compactly supported initial data (¥, (0,x),0;¥,(0,x). We
have also seen that the error can be made exponentially small as |n| — co. Now

consider a solution of the homogeneous wave equation with the same initial data
ao, =0, ®,(0,x) = ¥, (0,x), 0,9,(0,x) = 0,9, (0, x). (4.172)
Using Duhamel’s principle we have

U, (t,x) = D, (t,x) + %/0 P(t,x;5)(0, (¢") terr, (9,)) ds (4.173)

where P(t,x;s) is a solution to the homogeneous wave equation described above. In

terms of the ‘local’ energy integral E;o[®] measured over 2 (recall this is quadratic
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in derivatives of ®)
¢
Eiql¥, —®,]=FEiq {/ P(t,x;s) ds} (4.174)
0
We use the fact that P(t,x;t) = 0 and

/0 OaP(t,x:5)(0, (¢°°) terr, (¥,)) ds < t sup |0.P(s,x;5)(0,(g") terr,(¥,))|

s€[0,¢]

(4.175)
to get
t
(B o[V, — ®,])* < = up, (E,o[P))"? < Ct (Eyq[P])"? (4.176)
s€(0,t
where we used the uniform boundedness of the energy to express the estimate in

terms of the energy at ¢ = 0. Evaluating the energy of P(¢,x;s) at ¢t = 0, we see that

(EoalP)"* ~ [[(9™) " ertn(n(0))[| 2y < Ce™ ™ 100 (0)]] 20 (4.177)

where we used the above estimate. Applying the Poincaré inequality we arrive at
(Bro¥, — ®,))"* < Cte O (Byo[,]) "> (4.178)
Using the reverse triangle inequality we find
(Ero[a))'"? = (Bal®.))?| < (Byol®, — @) (4.179)
Therefore for all ¢t < %eq"‘ there holds

(Boo[¥,))"? < (Bro[®,))"?. (4.180)

N | —

Of course, since by construction ¥,, vanishes outside of €2, we can write this as

(Beal®a))'? > = (Bo[W,])"2. (4.181)

N —
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We now bound the energy of the homogeneous solution ®,, from below by a higher

order energy. Note that

Er[0,)(0) = E[W,)(0) + Y E[0,V,] (4.182)

a=0
Taking derivatives with respect to t, {ﬁv will simply pull down Cn, n respectively (since
w = Cn for some C'). Derivatives with respect to 6, ¢ will simply yield linear combina-
tions of the charged spherical harmonics Y. Thus all the energies associated to these
values of o will at most be of order E[¥,]. However, €,(0,V,) ~ Y (60, gb)e‘“’t“mzu”.
Using the equation satisfied by u we can rewrite v/ = V(r)u . On the other hand
e1(¥) ~ e~wt*+imiy/ Using the Poincaré inequality we know ull 2y < C W]l 12qy-

These considerations imply
E5[¥,](0) < (Cy 4 Con®)E[W,](0) (4.183)
and in particular for |n| sufficiently large
(B[w))'? = — (Bs[W,)(0))" (4.184)

Similar inequalities will apply with (n, E>[¥,](0)) replaced with (n*~!, E.[¥,](0)) for
k > 2 (essentially, additional derivatives will pull down factors of n). Now because

by construction ®,, has the same initial data as ¥,,, we have for sufficiently large |n|

and 0 < t < efl" /20 k> 2,

(Eal®,)(1)2 > —C

— |n‘k71

(Ex[®,](0))Y2. (4.185)

The above result prevents the possibility of a local uniform logarithmic decay state-

ment of the form

lim sup 3(t) Eq[®)(t) < CE[®](0) (4.186)

t—o00
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where §(t) encodes the rate of decay, for all solutions ® to the wave equation with
suitably regular initial data. Here ‘uniform’ implies that such a decay must hold for

any smooth solution. Setting 7,, = ¢“I"l /2C, we obtain

Eq[®,](T)

(log(2 + Tn))ZW

>C (4.187)

This produces a sequence {(7,, ®,)}, |n| > N for N sufficiently large, of solutions to

the homogeneous wave equation. We conclude that for some positive constant C,

lim sup sup(log(2 + T))2 Eq[®](7)

m sup sup R0 >C (4.188)

where the supremum is taken over all ® that lie in the completion of the set of
smooth solutions to the wave equation with compactly supported initial data on the
hypersurface ¥y, with respect to the norm defined by F;. An analogous statement

holds for & € N, there are positive constants C}, such that

- x _Fo[®)(r)
llgl}s;jp Zt;}())(log@ +17)) Bt [](0) > Ck. (4.189)

This completes the proof of Theorem 4.2.3. As emphasized by Keir [56], it should
be noted that a given smooth solution could decay faster than logarithmically, and
indeed it could be the case that all smooth solutions decay faster than logarithmically.
However, there cannot be a uniform decay bound, that applies to all smooth solutions,

and which yields decay at a rate faster than logarithmic.
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Chapter 5

Horizons as boundary conditions in

spherical symmetry

This chapter is based on work published in [24] which appeared as :
S. Gunasekaran and I. Booth, “Horizons as boundary conditions in spherical symme-

try,”, Phys. Rev. D 100 no.6, 064019 (2019) (arXiv:1609.08500)

5.1 Abstract

We initiate the development of a horizon-based initial (or rather final) value formalism
to describe the geometry and physics of the near-horizon spacetime: data specified on
the horizon and a future ingoing null boundary determine the near-horizon geometry.
In this initial paper we restrict our attention to spherically symmetric spacetimes
made dynamic by matter fields. We illustrate the formalism by considering a black
hole interacting with a) inward-falling, null matter (with no outward flux) and b)

a massless scalar field. The inward-falling case can be exactly solved from horizon
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data. For the more involved case of the scalar field we analytically investigate the near
slowly evolving horizon regime and propose a numerical integration for the general

case.

5.2 Introduction

This paper begins an investigation into what horizon dynamics can tell us about
external black hole physics. At first thought this might seem obvious: if one watches
a numerical simulation of a black hole merger and sees a post-merger horizon ringdown
(see for example [137]) then it is natural to think of that oscillation as a source of
emitted gravitational waves. However this cannot be the case. Neither event nor
apparent horizons can actually send signals to infinity: apparent horizons lie inside
event horizons which in turn are the boundary for signals that can reach infinity [2].
It is not horizons themselves that interact but rather the “near horizon” fields. This
idea was (partially) formalized as a “stretched horizon” in the membrane paradigm
[138].

Then the best that we can hope for from horizons is that they act as a proxy
for the near horizon fields with horizon evolution reflecting some aspects of their
dynamics. As explored in [27,139-142| there should then be a correlation between
horizon evolution and external, observable, black hole physics.

Robinson-Trautman spacetimes (see for example [143]) demonstrate that this cor-
relation cannot be perfect. In those spacetimes there can be outgoing gravitational
(or other) radiation arbitrarily close to an isolated (equilibrium) horizon [144]. Hence

our goal is two-fold: both to understand the conditions under which a correlation will
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exist and to learn precisely what information it contains.

The idea that horizons should encode physical information about black hole physics
is not new. The classical definition of a black hole as the complement of the causal
past of future null infinity |2] is essentially global and so defines a black hole spacetime
rather than a black hole in some spacetime. However there are also a range of geo-
metrically defined black hole boundaries based on outer and/or marginally trapped
surfaces that seek to localize black holes. These include apparent [2], trapping [145],
isolated [144, 146-148| and dynamical [149] horizons as well as future holographic
screens [150]. These quasilocal definitions of black holes have successfully localized
black hole mechanics to the horizon [145-147,149-151] and been particularly useful
in formalizing what it means for a (localized) black hole to evolve or be in equilib-
rium. They are used in numerical relativity not only as excision surfaces (see, for
example the discussions in [152,153]) but also in interpreting physics (for example

[27,139-142,154-158]).

singularity +

Figure 5.1: Future and past domains of dependence for Haynamic: standard (3+1) IVP
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singularity o+

Figure 5.2: Future and past domains of dependence for Haynamic UN: characteristic

IVP

In this thesis we work to quantitatively link horizon dynamics to observable black
hole physics. To establish an initial framework and build intuition we for now restrict
our attention to spherically symmetric marginally outer trapped tubes (MOTTs) in
similarly symmetric spacetimes. Matter fields are included to drive the dynamics. Our
primary approach is to take horizon data as a (partial) final boundary condition that
is used to determine the fields in a region of spacetime in its causal past. In particular
these boundary conditions constrain the geometry and physics of the associated “near
horizon” spacetime. The main application that we have in mind is interpreting the
physics of evolving horizons that have been generated by either numerical simulations
or theoretical considerations.

Normally, data on a MOTT by itself is not sufficient to specify any region of the
external spacetime. As shown in FIG.5.1 even for a spacelike MOTT (a dynamical

horizon) the region determined by a standard (3+1) initial value formulation would
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lie entirely within the event horizon. More information is needed to determine the
near-horizon spacetime and hence in this paper we work with a characteristic initial
value formulation [16,21-23,159] where extra data are specified on a null surface N/
that is transverse to the horizon (FIG. 5.2). Intuitively the horizon records inward-
moving information while A records the outward-moving information. Together they
are sufficient to reconstruct the spacetime.

There is an existing literature that studies spacetimes near horizons, however it
does not exactly address this problem. Most works focus on isolated horizons. [160]
and [161] examine spacetime near an isolated extremal horizon as a Taylor series
expansion of the horizon while [162] and [163] study spacetime near more general
isolated horizons but in a characteristic initial value formulation with the extra in-
formation specified on a transverse null surface. [164] studied both the isolated and
dynamical case though again as a Taylor series expansion off the horizon. In the case
of the Taylor expansions, as one goes to higher and higher orders one needs to know
higher and higher order derivatives of metric quantities at the horizon to continue the
expansion. While the current paper instead investigates the problem as a final value
problem, it otherwise closely follows the notation of and uses many results from [164].

It is organized as follows. We introduce the final value formulation of spherically
symmetric general relativity in Sec.5.3. We illustrate this for infalling null matter in
5.4 and then the much more interesting massless scalar field in Sec.5.5. We conclude

with a discussion of results in Sec.5.6.
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5.3 Formulation

5.3.1 Coordinates and metric

We work in a spherically symmetric spacetime (M, ¢g) and a coordinate system whose
non-angular coordinates are p (an ingoing affine parameter) and v (which labels the
ingoing null hypersurfaces and increases into the future). Hence, g,, = 0 and the

curves tangent to the future-oriented inward-pointing

0

N = — 5.1
o (5.1)

are null. We then scale v so that V = a% satisfies
V-N=-1. (5.2)

One coordinate freedom still remains: the scaling of the affine parameter on the

individual null geodesics
p=f(v)p. (5.3)

In subsection 5.3.3 we will fix this freedom by specifying how N is to be scaled along

the p = 0 surface ¥ (which we take to be a black hole horizon H).
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Figure 5.3: Coordinate system for characteristic evolution. We work with final bound-

ary conditions so that in the region of interest p < 0.

Next we define the future-oriented outward-pointing null normal to the spherical

surfaces S(,,) as £* and scale so that
(-N=-1. (5.4)

With this choice the four-metric g, and induced two-metric gqp on the S, ,) are
related by

g* = q" — ("N — N°". (5.5)

Further for some function C we can write
V=¢{—-CN. (5.6)

The coordinates and normal vectors are depicted in FIG.5.3 and give the following

form of the metric:

ds* = 2C(v, p)dv® — 2dvdp + R(v, p)*dQ? (5.7)
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where R(v,p) is the areal radius of the S, ) surfaces. Note the similarity to ingo-

ing Eddington-Finkelstein coordinates for a Schwarzschild black hole. However a%
points inwards as opposed to the outward oriented % in those coordinates (hence the
negative sign on the dvdp cross-term).

Typically, as shown in FIG.5.3 we will be interested in regions of spacetime that
are bordered in the future by a surface ¥ of indeterminate sign on which p = 0 and a
null A/ which is one of the v=constant surfaces (and so p < 0 in the region of interest).

We will explore how data on those surfaces determines the region of spacetime in their

causal past.

5.3.2 Equations of motion

In this section we break up the Einstein equations relative to these coordinates,
beginning by defining some geometric quantities that appear in the equations.

First the null expansions for the ¢* and N* congruences are

2
Oy = GVl = LR and (5.8)
By = I"VuNy = 2L xR = =R (5.9)
(N) - aiVb — R N - R P .

while the inaffinities of the null vector fields are

kny = —=N°N,V, * =0 and (5.10)

Ry = Ry — CI{N = —E“Nbvaéb . (511)

By construction ky = 0 and so we can drop it from our equations and henceforth
write

K= Ky = Kyg. (5.12)
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Finally the Gaussian curvature of S, ) is:

K= %. (5.13)

Then these curvature quantities are related by constraint equations along the
surfaces of constant p
LyR=L,R—CLNR (by definition), (5.14)

1
Eve(g) =K 9@) +C (ﬁ + 9(]\/)9(@ — G5N>

1
— (Gu + 5(9%@) ) (5.15)
1
Lybny = — KOy — (@ + 0By — GéN)
1
+C (GNN + §Q?N)> : (5.16)

and “time” derivatives in the p direction

92
Lnbvy =~ % — G, (5.17)

1
Lnbe) = = 25 = b + o, (5.18)

1 1 1
Lk w2t 59(1\/)9(5) - §Gg — G, (5.19)
where by the choice of the coordinates

k= LyC. (5.20)

These equations can be derived from the variations for the corresponding geometric
quantities (see, for example, [165] and [164]) and of course are coupled to the matter

content of the system through the Einstein equations

Gab = 871'Tab . (5.21)
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Using (5.8) and (5.9) we can rewrite the constraint and evolution equations in

terms of the metric coeflicients and coordinates as:

R,=R,—CRy, (5.22)
C(1+4R/R R
Ry, =Ky + ( SR eRx) ) (G + CGuy) (5.23)
1+4R/R R
RN,v - - RRN - M + = (GzN + OGNN>. (524)
2R 2
and
R
R,,= 3 Gnn, (5.25)
1 R?
(RRy),, = 5T TGZN, (5.26)
1 2R,Ry 1
O7pp - ﬁ _|_ R2 - EGQ - GKN, (527)
where

k=C,. (5.28)

For those who don’t want to work through the derivations of [165] and [164], these

can also be derived fairly easily (thanks to the spherical symmetry) from an explicit

calculation of the Einstein tensor for (5.7).

5.3.3 Final Data
We will focus on the case where p = 0 is an isolated or dynamical horizon H. Thus
9(4) £ 0 < R, £ 0. (5.29)

The notation = indicates that the equality holds on H (but not necessarily anywhere

else). Further we can use the coordinate freedom (5.3) to set

Ry =R, = —1. (5.30)



On H, the constraints (5.22)-(5.24) fix three of

{C’ R, R7 RvaNaGKvaZNaGNN} (531)

H

given the other five quantities. For example if R, = 0 and Ry = —1 then (5.22) and

(5.23) give

v pr— = -————— . 2
Ry % 0% i (5.32)
and (5.24) gives
=e EL—E(G + CGnn) (5.33)
"TRe T op T g T W '

Thus if Gy and Gy are specified for v; < v < vy on H and R(vy) 2 Ry then one can
solve (5.32) to find R over the entire range. Equivalently one could take R and one of
Gy or Gy as primary and then solve for the other component of the stress-energy.

Of course, in general the matter terms will also be constrained by their own
equations; these will be treated in later sections. Further data on p = 0 will generally
not be sufficient to fully determine the regions of interest and data will also be needed
on an N. Again this will depend on the specific matter model.

Nevertheless if there is a MOTT at p = 0 then the constraints provide significant
information about the horizon. If Gy = 0 (no flux of matter through the horizon)
then we have an isolated horizon with C' = 0, a constant R and a null H. This is
independent of other components of the stress-energy.

Alternatively if Gy > 0 (the energy conditions forbid it to be negative) and
Gyn < 1/R? then we have a dynamical horizon with C' > 0, increasing R and spacelike

H'. Note that this growth doesn’t depend in any way on Guy: there is no sense in

1Gyn > 1/R? signals that another marginally outer trapped surface (MOTS) has formed outside

the original one and so a numerical simulation would see an apparent horizon “jump” [150,166]. In
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singularity

Figure 5.4: Isolated horizon : dp is timelike for all values of p

singularity

Figure 5.5: Dynamical horizon : dp is spacelike for small values of p and eventually

becomes timelike for large values of p

which the growing horizon “catches” outward moving matter and hence grows even
faster. The behaviour of the coordinates relative to isolated and dynamical horizons
at (p = 0) along with #* is illustrated in FIGS.5.5 and 5.4.

The evolution equations are more complicated and depend on the matter field

equations. We examine two such cases in the following sections.

5.4 Traceless inward flowing null matter

As our first example consider matter that falls entirely in the inward N-direction with

no outward /-flux. Then data on the horizon should be sufficient to entirely determine

the current paper all matter satisfies Gy < 1/R? and so this situation does not arise.
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the region of spacetime traced by the horizon-crossing inward null geodesics: there
are no dynamics that don’t involve the horizon.

Translating these words into equations, we assume that
TwN°N® =0 (5.34)

(no matter flows in the outward ¢-direction). Further, for simplicity we also assume
that it is trace-free

9T =0 & Ty;=2T . (5.35)
Then we can solve for the metric using only the Bianchi identities
V.G* =0, (5.36)

without any reference to detailed equations of motion for the matter field. Keeping
spherical symmetry but temporarily suspending the other simplifying assumptions
they may be written as:
L(R*Gyn)+Ln(R*Gen) + R*(2k,Gan)
+ %Rze(N)Gq o, (5.37)
Ln(R*Gu)+L(R*Goy) + R*(—2knGor)

1
+ 5329(@% =0. (5.38)

In terms of metric coefficients with ky = 0 plus (5.34) and (5.35) these reduce to:

(R'Gen), =0 and (5.39)
1
(R2G44)7p + E(RZLGEN)W = 0. (5.40)

As we shall see, this class of matter includes interesting examples like Vaidya-

Reissner-Nordstrom (charged null dust).
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We now demonstrate that given knowledge of Gy, and Gy over a region of horizon
H = {H :v <v <} as well as R(v;) = R; we can determine the spacetime

everywhere out along the horizon-crossing inward null geodesics.

5.4.1 On the horizon

First consider the constraints on H. In this case it is tidier to take R and Gyn as

primary. Then we can specify

Q(v)

R = Ry(v) and Gy = i
H

(5.41)

for some functions Ry (v) (dimensions of length) and Qg (v) (dimensions of length

squared) where the form of the latter is chosen for future convenience. Then

C = Ry, (5.42)
and by (5.32)
Gu = Ry, (RL%I - }%{) (5.43)
Finally by (5.33),
nécpéﬁ(u}%) : (5.44)

5.4.2 Off the horizon

Next, integrate away from H. First with Gyy = 0 (5.25) can be integrated with

initial condition (5.30) to give

R(v,p) = Ry(v) —p. (5.45)
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Then with (5.41) we can integrate (5.39) to find

Gy = % (5.46)

and use this result and (5.43) to integrate(5.40) to get

(R%{ - Q) RH,'U IOQ,U

Gy = .
“ RLRE | Rk

(5.47)

With these results in hand and initial condition R, = 0 we integrate (5.26) to get

B, — p(Q — Ry + pRy)
¢ R2R

(5.48)
and finally with initial conditions (5.32) and (5.33) we can integrate (5.27) to find

C=Ry,—Ry. (5.49)

5.4.3 Comparison with Vaidya-Reissner-Nordstrom

We can now compare this derivation to a known example. The Vaidya-Reissner-

Nordstrom (VRN) metric takes the form

2 2
ds? = — (1 _2mv) | () > dv? + 2dvdr + r2d0? (5.50)

r r?
where the apparent horizon rg = m + /m? — ¢ and r is an affine parameter of the
ingoing null geodesics. To put it into the form of (5.7) where the affine parameter

measures distance off the horizon we make the transformation
r=rg—p (5.51)

whence the metric takes the form

ds? = — <27“va _pl@ = ralrn — p))> dv? (5.52)

ra(re — p)?

—2dvdp + (rg — p)?dQ2.

142



That is

p(@® —ru(ra —p))

C = TH,U — 27"H(1”H _ p)2 (553)
R=ry—p (5.54)

and on the horizon
CZ THp and RZry (5.55)

as expected.
To do a complete match we calculate the rest of the quantities. First appropriate

null vectors are

0 p(* —ru(ry —p))\ 0
==+ (rH,U T b7 (5.56)
0
N=o. (5.57)

Then direct calculation shows that

R, = _p(q2 - TH(TH — p)) (558)

2rg(re — p)?

Ry =—1 (5.59)

and

(ry — )Ty 2pqq.

Gu = T (5.60)
q2

Gy = m (5.61)

Gy =0 (5.62)
2q°



It is clear that with Ry = ry and Q = ¢* our general results (5.41)-(5.49) give rise
to the VRN spacetime (as they should).

As expected the data on the horizon are sufficient to determine the spacetime ev-
erywhere back out along the ingoing null geodesics: we simply solve a set of (coupled)
ordinary differential equations along each curve. With the matter providing the only
dynamics and that matter only moving inwards along the geodesics the problem is
quite straightforward. In this case there is no need to specify extra data on N.

We now turn to the more interesting case where the dynamics are driven by a

scalar field for which there will be both inward and outward fluxes of matter.

5.5 Massless scalar field

Spherical spacetimes containing a massless scalar field ¢(v, p) are governed by the

stress energy tensor given by,
T = Vad Vit — 50V 0V, (5.64)
This system has nonvanishing inward and outward fluxes which are
Ty = (¢0)? (5.65)
Tyn = (on)*. (5.66)

Here and in the following keep in mind that N = a% and so oy = ¢ ,. We also observe
from (5.64) that

T,y = 0. (5.67)
These fluxes are related by the wave equation
Dggb = V“Vagb =0 = (R¢g)7p = —RgQS,p. (568)
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For our purposes we are not particularly interested in the value of ¢ itself but rather
in the associated net flux of energies in the ingoing and outgoing null direction. Hence

we define
&, =V4arR¢, and Py = V4ATRoyN . (5.69)

Respectively these are the square roots of the scalar field energy fluxes in the N and
¢ directions. That is, over a sphere of radius R, ®, is the square root of the total
integrated flux in the N-direction and ®y is the square root of the total integrated
flux in the /-direction. Though not strictly correct, we will often refer to ®, and ®
themselves as fluxes.

Then (5.68) becomes

Ry®n
Oy, = — 7 (5.70)
or, making use of the fact that ¢,, = ¢,
Ry®
Dyy = —kby —CDy, — 1;% ‘£ (5.71)

These can usefully be understood as advection equations with sources. Recall that a

general homogeneous advection equation can be written in the form

oY o
o t05 =0 (5.72)

where C' is the speed of flow of ¢: if C' is constant then this has the exact solution

b =Pz — Ct) (5.73)

and so any pulse moves with speed ‘Cil—f = C. Any non-homogeneous term corresponds

to a source which adds or removes energy from the system. Then (5.70) tells us that
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the flux in the N-direction (®,) is naturally undiminished as it flows along a (null)
surface of constant v and increasing p. However the interaction with the flux in the
¢ direction can cause it to increase or decrease. Similarly (5.71) describes the flow
of the flux in the /(-direction (®y) along a surface of constant p and increasing v.
Rewriting with respect to the affine derivative (see Appendix 5.8) D, = 0, + K it

becomes

Ry®
D,y +Cy, = — ’;{ ‘£ (5.74)

Then, as might be expected, @y naturally flows with coordinate speed C' (recall that
(= a% +C a% so this is the speed of outgoing light relative to the coordinate system)
but its strength can be augmented or diminished by interactions with the outward

fux.

5.5.1 System of first order PDEs

Together (5.70) and (5.71) constitute a first-order system of partial differential equa-
tions for the scalar field. We now restructure the gravitational field equations in the
same way.

First with respect to ®, and ®y the constraint equations (5.14)-(5.16) on constant

p surfaces become:

R, =R, — CRy (5.75)
_ C (1 + QRERN) (I)g
R&v = xR, + SR 0 (576)
(1+2RRy) , CO%
= — — 7
RN7 KRN R + R (5 7)
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while the “time™evolution equations (5.17)-(5.19) are:

%%

Rpp=—— (5.78)
1
(RR.), = —5 (5.79)
1 +2RRy  2BDy
Cop=—g— ~ - (5.80)

Two of these equations can be simplified. First, integrating (5.79) from p = 0 on
which R, = 0 we find

p
=L 81
Ry ¥ (5.81)

This can be substituted into (5.76) to turn it into an algebraic constraint
C =207 — 2R, (kR+ Ry) . (5.82)

Despite these simplifications, the presence of interacting outward and inward mat-
ter fluxes means that in contrast to the dust examples, this is truly a set of coupled
partial differential equations. Hence we can expect that the matter and spacetime
dynamics will be governed by off-horizon data in addition to data at p = 0.

We reformulate as a system of first order PDEs in the following way. First desig-

nate
{R, RN,H, (I)g,q)]\]} (583)

as the primary variables. The secondary variables { Ry, C'} are defined by (5.81) and
(5.82) in terms of the primaries.
Next on p = constant surfaces the primary variables are constrained by
R,=R;—CRy and (5.84)

1
Ry, = —KkRy — R (1+2R,Ry — 2C®%,) (5.85)
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along with scalar flux equation (5.71) while their time evolution is governed by

R,= Ry (5.86)
(1)2
Ry, = —% (5.87)
1
Ko = T3 (1+2RRy — 2d,®y) (5.88)
Ry®y
q)é,p = - R (589)

We now consider how all of these equations may be used to integrate final data.

The scheme is closely related to that used in [21].

5.5.2 Final data on H and N/

In line with the depiction in FIG.5.2, we specify final data on H UN or rather on the
sections H U N where
H={(0,v) € H:v; <v<wv;} and (5.90)
N ={(p,vs) € N i ps < p <0}

Their intersection sphere is H N A = (0,v;). Here and in what follows we suppress

the angular coordinates. The final data are

H: o, (5.91)
N : &y and
HNN: R=R,.
®, on H is a function of v while ® on A is a function of p. R, is a single number.

Further on H we have

R, =0 and Ry = —1 (5.92)
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where the null vectors are scaled in the usual way and, as before, the notation =
indicates that all quantities on both sides of the equality are evaluated on H.

These data can be used to evaluate C' and R on H. From (5.82) and (5.84)

C =282 and (5.93)

RiRO+2/ dZdv. (5.94)
vf

To find &5 on H we would need to solve

1 i)
Oxot 5 (1 - 4920%) by £ —202Dy, + EZ (5.95)

which comes from (5.71) combined with the above results. However at this stage @y,

isn’t known and so this can only be solved directly in the isolated ®, = 0 case. There
O £ Dy (5.96)

where @y, = On(0,vy). Equivalently (see Appendix 5.8) @y is affinely constant on
an isolated horizon.

With Ry = —1, (5.77) tells us that
niiu—chﬂ) (5.97)
2R NI '

and so without ® on H we also can’t determine this (away from isolation). However

the corner H NN is an exception to that rule. There we know ®,, & and R, and so

HON 1 212
k" 2—R0(1—4<1>£<1>N). (5.98)

The situation is less complicated on A. There with ®y as known data and final
values known for all quantities on H N A all other quantities can be calculated in

order
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Figure 5.6: The constraint equations along with initial conditions on the horizon, i.e.

R, £0,Ry = —1 determine x, C and R on H

i) Solve (5.86) and (5.87) for R and Ry.
ii) Calculate Ry from (5.81).
iii) Solve (5.89) for ®,.
iv) Solve (5.88) for k.
v) Calculate C from (5.82).

We then have all data on N.

5.5.3 Integrating from the final data

We now consider how the data can be integrated into the causal past of H U N.
The basic steps in the integration scheme are demonstrated in a simple numerical
integration based on Euler approximations. This scheme alternates between using
steps 1))-v)) to integrate data down the characteristics of constant v followed by an

application of (5.71) to calculate ®x on the next characteristic.
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v;

Figure 5.7: Evolving ® in the —% direction

In more detail, assume a discretization {v,,, p,} (with m and n at their maxima
along the final surfaces) by steps Av and Ap. Then if all data are known along a

surface v,, 11 and R and ®, are known everywhere on H:
a) Use the knowledge of ®y on v,,41 to calculate ®y .

b) Use (5.71) at (vy, pn) to find @y ,. Then
<I>N(Uma pn) ~ (I)N<Um+17 pn) - (I)N,v(vm—i—la pn)AU (599)

c) Apply (5.97) to calculate k at (v, 0).

d) Use (5.86)-(5.89) to integrate the values of Ry ,, k, and ®,, out along the

v = v,, characteristic as for the initial data.

This can then be repeated marching all the way along H as shown in FIG.5.7.

This is how we would proceed for general cases. However those general studies
will be left for a future paper. Here instead we will focus on spacetime near a slowly
evolving horizon. There, as will be seen in the next section, ®y , is negligible and it

becomes possible to integrate along surfaces of constant v.
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It may not be immediately obvious how this integration scheme obeys causality
and what restricts it to determining points inside the domain of dependence. This is

briefly discussed in Appendix 5.7.

5.5.4 Spacetime near a slowly evolving horizon

We now apply the formalism to a concrete example: weak scalar fields near the
horizon. Physically the black hole will be close to equilibrium and hence the horizon
slowly evolving in the sense of [151,165].

“Near horizon” means that we expand all quantities as Taylor series in p and keep

terms up to order p?. “Weak scalar field” means that we assume

Oy, By ~ }% (5.100)

and then expand the terms of the Taylor series up to order €. To order € the
spacetime will be vacuum (and Schwarzschild), order ¢! will be a test scalar field
propagating on the Schwarzschild background and order e? will include the back

reaction of the scalar field on the geometry.

5.5.4.1 Expanding the equations

We expand all quantities as Taylor series in p. That is for X € {R, Ry, Ry, &, C, ®y, Dn}

— "X (v)
X(v,p)=>_ = (5.101)
n=0
with
R = R and £ = ¢+ (5.102)
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The free final data are q)éo) on H, R, on HNN and the Taylor expanded

%
D, (p) =D B (5.103)
n=0

on N. Following [167] we give names to special cases of this free data:

i) out-modes: no flux through H (CIDEO) =0),

non-zero flux through A ((135\7;) # 0 for some n)

ii) down-modes: non-zero flux through H (@éo) #0),

zero flux through N (@5\?) =0 for all n)

From the free data we construct the rest of the final data on H. Equations (5.93)

and (5.97) give

CO = 290" (5.104)

Here and in what follows the ~ indicates that terms of order €® or higher have been

dropped. Further by our gauge choice
RY = RO = 1 (5.106)
and so from (5.94)
RO =R, + / CO gy (5.107)

f

This is an order €2 correction as long as the interval of integration is small relative to

1/6.
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The last piece of final data on H is @S\?) and comes from the first order differential

equation (5.95)

oy o) o

~ 5.108
dov * 2R, R, ( )

which has the solution
q)g\(;) _ q)g\?;e(vffv)/mo + e—v/2Ro/ eﬁ/zRaq)gO)dﬁ (5_109)

vf
in which the free data @g\?; came in as a boundary condition. Note that scalar fields
that start small on the boundaries remain small in the interior, again as long as the
integration time is short compared to 1/e. We assume that this is the case.
From the final data, the black hole is close to equilibrium and the horizon is slowly

evolving to order ¢2. That is, the expansion parameter [151,165]:

1, - 102\ 4e

C (50(]\[) + GabN N ) ~ <ﬁ ~/ ﬁ . (5110)

Further we already have the first order expansion of C"

2
~ 2004 L2 111
C J4 + 2Ro (5 )
That is (to first order) there is a null surface at
2

ponc ~ —AR,®V" (5.112)

This null surface is the event horizon candidate discussed in [164]: if the horizon
remains slowly evolving throughout its future evolution and ultimately transitions to

isolation then the event horizon candidate is the event horizon.
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Moving off the horizon to calculate up to second order in p?, from (5.86) and

(5.87) we find

30’
RY = R® ~ — 5 (5.113)
, oV (a0 +2r00))
RY ~ — = (5.114)
and so from (5.81)

RY =0 (5.115)

(1) 1
RY =~ (5.116)

1
RY = ——. 5.117
(4 R(O)Q ( )

Note that the last two terms will include terms of order € once the (5.107) integration

is done to calculate R,

From (5.89) we can rewrite @gn) terms with respect to @5\7) ones:

oV =0 (5.118)
(0)
@ . PN
o~ S (5.119)

The vanishing linear-order term reflects the fact that close to the horizon (where
Ry, = 0) the inward flux decouples from the outward (5.89) and so freely propagates
into the black hole. Physically this means that (to first order in p near the horizon)
the horizon flux is approximately equal to the “near-horizon” flux.

Next, from (5.88)

1 2000

D — 0?2 ~ R(0)2 2 and (5.120)
0 0 1
w3 29" (2<I>§v) + Rocl>§v))
RO R
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Again keep in mind that the R(®) terms will be corrected to order € from (5.107).
Finally these quantities may be substituted into (5.71) to get differential equations

for the @%):

Ao N oy o  of

dv R, R R? (5.122)
d(ID(Q) 3(1)(2) 2(1)(0) 5@(0) 3@(1)
N o N o NN (5.123)

dv ' 2R, = R} 2R} R?
Like (5.109) these are easily solved with an integrating factor and respectively have

CIDS\l,; and @5\272 as boundary conditions.

Note the important simplification in this regime that enables these straightforward
solutions. The fact that 2, ~ p has raised the p-order of the ®y , terms. As a result

we can integrate directly across the p = constant surfaces rather than having to

pause at each step to first calculate the p-derivative. The (IDX;f)

are final data for these
equations. They can be solved order-by-order and then substituted back into the
other expressions to reconstruct the near-horizon spacetime.

It is also important that the matter and geometry equations decompose cleanly in
orders of €: we can solve the matter equations at order € relative to a fixed background
geometry and then use those results to solve for the corrections to the geometry at

order €.

5.5.4.2 Constant inward flux

We now consider the concrete example of an affinely constant flux through H along

with an analytic flux through . Then by Appendix 5.8

o = eV | (5.124)



vV
2R,

where @éi) is the value of QDEO) at vy and V = while ®y, retains its form from
(5.103).

We solve the equations for this data up to second order in p and e. First for CIDE\T,L)

equations we find:

0 — 0 — 0
) ~ (eV—e™) @gf) +e V@g\,; (5.125)
20" 20
1 — _ —
oY) ~ Rof (1—e?) +Tof (e —e™) (5.126)
(1) —2v
+ Oy,
o
@%) ~— 4—Rf2 (ev—i— 14e™V — 48¢72V + 336_3V)
o\
+ Q—R;‘ (Te™V =24 +17¢%) (5.127)
6D
+ RNf (e—3v_ 6—2\/) 4 q)%e—w
and so
oy = eV op) (5.128)
ol = (5.129)
30 ©
@ o ¢ V_ -V Ny —v
P, NZ—Rg(e —e )+2—Rge : (5.130)

The scalar field equations are linear and so it is not surprising that to this order in €
each solution can be thought of as a linear combination of down and out modes.
However for the geometry at order €2, down and out modes no longer combine in
a linear way. These quantities can be found simply by substituting the @En) and @g:,l)
into the expression for R, Rg\?), Rén), C™ and k(™ given in the last section. They

are corrected at order €2 by flux terms that are quadratic in combinations of CIDZZL)
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and CIJ%’; The terms are somewhat messy and the details not especially enlightening.

Hence we do not write them out explicitly here.

5.5.4.3 H — N correlations

From the preceding sections it is clear that there does not need to be any correlation
between the scalar field flux crossing H and that crossing A/. These fluxes are actually
free data. Any correlations will result from appropriate initial configurations of the
fields. In this final example we consider a physically interesting case where such a
correlation exists.

Consider quadratic affine final data (Appendix 5.8) on H = {(v,0) : v; < v < vs}:
o = age” + are? + aze’” (5.131)
for V' = v=vs/2r, along with similarly quadratic affine data on N

2
0 1 P x(2
Dy, = DY) + pdYy) + TI)EV;. (5.132)

A priori these are uncorrelated but let us restrict the initial configuration so that
@5\7) (v;) = 0. That is, there is no ®y flux through v = v;.

Then the process to apply these conditions is, given the free final data on H:
i) Solve for the ®{ from (5.108), (5.122) and (5.123).

ii) Solve (ID%) (v;) = 0 to find the (135\72 in terms of the a,. These are linear equations

and so the solution is straightforward.
(n)

iii) Substitute the resulting expressions for @’ into results from the previous sec-

tions to find all other quantities.
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These calculations are straightforward but quite messy. Here we only present the

final results for ®y,:

2a1(1—e3Vi)  ay(1— ™)

0 -
O ~(1— ¢ )ag + ; + 5 (5.133)
2a9(e?Vi —e3V1)  ap(1 4 8e3Yi — 9etVi)
Y ~ 5.134
Ny Ro + GRO ( )
N az(1 + 5etVi — 6e2V)
5R,
1+ 142V — 48e3Vi 4 33V
o) o _ QoL+ e e 433 (5.135)
s AR?
_a(1 +35¢* —135¢"" 4 997V
1512
N as(1 — 35e"t + 144¢5Yi — 110e%7)
20R2

where V; = V(v;). If V; is sufficiently negative that we can neglect the exponential

terms:
0O gy s 21 @ (5.136)
Ny 3 2 '
NrT6R, * 5R,
PP ~ _ ag ! az '
Ny 4R2 * 15R2 * 20 R2

In either case the flux through H fully determines the flux through A/. The constraint
at v; is sufficient to determine the Taylor expansion of the flux through N relative to
the expansion of the flux through H. Though we only did this to second order in p/v

we expect the same process to fix the expansions to arbitrary order.

5.6 Discussion

In this paper we have begun building a formalism that constructs spacetimes in the

causal past of a horizon H and an intersecting ingoing null surface A/ using final data,
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on those surfaces. It can be thought of as a specialized characteristic initial value
formulation and is particularly closely related to that developed in [22]. Our main
interest has been to use the formalism to better understand the relationship between
horizon dynamics and off-horizon fluxes. So far we have restricted our attention to
spherical symmetry and so included matter fields to drive the dynamics.

One of the features of characteristic initial value problems is that they isolate free
data that may be specified on each of the initial surfaces. Hence it is no surprise
that the corresponding data in our formalism are also free and uncorrelated. We
considered two types of data: inward flowing null matter and massless scalar fields.

For the inward-flowing null matter, data on the horizon actually determines the
entire spacetime running backwards along the ingoing null geodesics that cross H.
Physically this makes sense. This is the only flow of matter and so there is nothing
else to contribute to the dynamics.

More interesting are the massless scalar field spacetimes. In that case, matter
can flow both inwards and outwards and further inward moving radiation can scatter
outwards and vice versa. For the weak field near-horizon regime that we studied most
closely, the free final data is the scalar field flux through H and A along with the value
of R at their intersection. Hence, as noted, these fluxes are uncorrelated. However we
also considered the case where there was no initial flux of scalar field travelling “up”
the horizon. In this case the coefficients of the Taylor expansion of the inward flux on
H fully determined those on N (though in a fairly complicated way). This constraint
is physically reasonable: one would expect the dominant matter fields close to a black
hole horizon to be infalling as opposed to travelling (almost) parallel to the horizon.

It is hard to imagine a mechanism for generating strong parallel fluxes.
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While we have so far worked in spherical symmetry the current work still suggests
ways to think about the horizon-.#* correlation problem for general spacetimes. For
a dynamic non-spherical vacuum spacetime, gravitational wave fluxes will be the ana-
logue of the scalar field fluxes of this paper and almost certainly they will also be free
data. Then any correlations will necessarily result from special initial configurations.
However as in our example these may not need to be very exotic. It may be sufficient
to eliminate strong outward-travelling near horizon fluxes. In future works we will

examine these more general cases in detail.

Acknowledgements

This work was supported by NSERC Grants 2013-261429 and 2018-04873. We are
thankful to Jeff Winicour for discussions on characteristic evolution during the 2017
Atlantic General Relativity Workshop and Conference at Memorial University. IB
would like to thank Abhay Ashtekar, José-Luis Jaramillo and Badri Krishnan for dis-
cussions during the 2018 “Focus Session on Dynamical Horizons, Binary Coalescences,
Simulations and Waveforms” at Penn State. Bradley Howell pointed out a correction
to our general integration scheme which is now incorporated in Sections 5.5.2 and

5.5.3.

5.7 Appendix A - Causal past of H UN

In this appendix we consider how the general integration scheme for the scalar field

spacetimes of Section 5.5 “knows” how to stay within the past domain of dependence

of HUN.
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Figure 5.8: Causality restrictions on Av: the CFL condition restricts the choice of
Av to ensure that attempted numerical evolutions respect causality. In this figure the
p and v coordinates are drawn to be perpendicular to clarify the connection with the
usual advection equation: to compare to other diagrams rotate about 45° clockwise
and skew so coordinate curves are no longer perpendicular. The dashed lines are null
and have slope C' in this coordinate system. If data at points A, B and C are used
to determine ®y , then the size of the discrete v-evolution is limited to lie inside the

null line from point C'. The largest Av allowed by the restriction evolves to D.

First, it is clear how the process develops spacetime up to the bottom left-hand
null boundary (v = v;) of the past domain of dependence. The bottom right-hand
boundary is a little more complicated but follows from the advection form of the ®y,
equation (5.74). Details will depend on the exact numerical scheme but the general
picture is as follows.

Assume that we have discretized the problem so that we are working at points
(vj, p;). Then in using (5.74) to move from a surface v; to v;_1, the Courant-Friedrichs-

Lewy (CFL) condition (common to many hyperbolic equations) tells us that the
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maximum allowed Aw is
(5.137)

where Ap is the coordinate separation of the points that we are using to calculate the
right-hand side of (5.74).

Then, as shown in FIG. 5.8, the discretization progressively loses points of the
bottom right of the diagram: they are outside of the domain of dependence of the
individual points being used to determine them. For example if we are using a centred

derivative so that

CI)N(Uja Pk+1) - cI%\/(Uj, Pk—l)
2Ap

(I)N,p ~ (5138)

then we need adjacent points as shown in FIG. 5.8.

The lower-right causal boundary of FIG. 5.1 and FIG. 5.2 is then enforced by
a combination of the endpoints of N and the CFL condition as shown in FIG. 5.9.
Points are progressively lost as they require greater than the maximum allowed Aw.
The numerical past-domain of dependence necessarily lies inside the analytic domain.
The coarseness of the discretization in the figure dramatizes the effect: a finer dis-

cretization would keep the domains closer.

5.8 Appendix B - Affine derivatives and final data

The off-horizon p-coordinate in our coordinate system is affine while v is not. However,
as seen in the main text, when considering the final data on H it is more natural to
work relative to an affine parameter. This is somewhat complicated because ¢, and

® are respectively linearly dependent on ¢ and N and the scaling of those vectors is
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Figure 5.9: A cartoon showing the CFL-limited past domain of dependence of HUN.
Null lines are now drawn at 45° so the analytic past domain of dependence is bound
by the heavy dashed null lines running back from the ends of H and N. A (very
coarse) discretization is depicted by the gray lines and the region that cannot be

determined with dashed lines. The boundary points of that region are heavy dots.

also tied to coordinates via (5.1), (5.2) and (5.6). In this appendix we will discuss the

affine parameterization of the horizon and the associated affine derivatives for various

quantities.
Restricting our attention to an isolated horizon H with k = ﬁ, consider a
reparameterization
v =12(v). (5.139)
Then
0 dv o
— = —— 5.140
ov  dvdv ( )



and so

(=¢e"0 and N=¢"YN (5.141)
v do
where we have defined V so that ¢ = 1 Hence
v
- - ~ dVv
/ZZ = —Nbfavaﬁb = G_V (/i — E) (5142)

and so for an affine parameterization (k = 9,V):

eV = exp (UQ;%W) (5.143)

for some v; and
¥ — 0, = 2Rye" (5.144)

for some ©,. The vy freedom corresponds to the freedom to rescale an affine param-
eterization by a constant multiple while the v, is the freedom to set the zero of v
wherever you like.

Now consider derivatives with respect to this affine parameter. For a regular scalar
field

af _ —vdf

_ . 14
@ ¢ (5.145)

However in this paper we are often interested in scalar quantities that are defined

with respect to the null vectors:

CIDEO) = evq)go) and 61353) = e_VCI)gg) . (5.146)
Then
a4 ® d . de® 0
e g (el —e Sy el (5.147)
4ol d ae
N _ -V V(I)(O)) _ N O 14
doC dw\“ N do N (5148)



That is these quantities are affinely constant if
by =’ @) and by = ¢ VB (5.149)

for some constants (I)g) and @S\(;;.

In the main text we write this affine derivative on H as D, with its exact form
depending on the ¢ or N dependence of the quantity being differentiated.

Finally at (5.131) we consider a ®, that is “affinely quadratic”. By this we mean

that:

Q; = A, + A0 + Agd?

v

B, = ape” + a1e?V + axe®” (5.150)

where for simplicity we have set 7, to zero (so that v = 0is V = 2R,) and absorbed

the extra 2R,s into the a,,.
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Chapter 6

Summary

In this thesis, we have investigated two problems which used the initial value view-
point of GR. The first part is devoted to the study of linear wave equations in asymp-
totically flat gravitational solitons. In Chapter 3, we applied the first law for black
hole and soliton mechanics to spacetimes with non-trivial topology. We considered
three examples here - a single soliton, a supersymmetric double soliton and a dipole
ring. We computed the extra terms arising from non-trivial topology and showed how
they are essential for the mass and mass variation formulas to hold. For the specific
case of the single soliton spacetime, we saw how spacetime regularity is essential for
the first law to hold. In Chapter 4, the single soliton spacetime was investigated in
more detail. A slow decay result for massless scalar waves was established here. As
the wave equation for a single scalar field is a toy model for gravitational perturba-
tions, this result suggests an instability at the nonlinear level. The main obstruction
to decay here is stable trapping. A natural question to ask is whether the presence

of a horizon would change the decay rate for spacetimes containing a soliton. An
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example of a black hole in equilibrium with a soliton was discovered in [42]. Tt would
be interesting to study the structure of trapping here and conclude how it competes
with the effects associated to a horizon.

The second part of the thesis focuses on initial value problems near the horizon. In
Chapter 5, we set up a spherically symmetric formalism to study spacetime dynamics
as constrained by horizon geometry. The main motivation for studying the scalar field
here was to gain some intuition on gravitational waves. We are currently working on
extending this formalism by removing symmetry assumptions to include gravitational
waves. This formalism is a part of a larger body of work on useful formulation for
investigating gravitational waves and the correlations with the horizon geometry. The
well-posedness of these initial-boundary value problems is an open question which is

of vital importance to numerical relativity.
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