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Abstract

Assuming the base field is algebraically closed, we classify, up to isomorphism, gradings
by arbitrary groups on non-exceptional classical simple Lie superalgebras, excluding
those of type A(1,1), and on finite dimensional superinvolution-simple associative
superalgebras. We assume the characteristic to be 0 in the Lie case, and different from 2
in the associative case. Our approach is based on a version of Wedderburn Theorem for
graded-simple associative superalgebras satisfying a descending chain condition, which
allows us to classify superinvolutions using nondegenerate supersymmetric sesquilinear
forms on graded modules over a graded-division superalgebra. To transfer the results
from the associative case to the Lie case, we use the duality between GG-gradings and

G-actions for finite dimensional universal algebras.
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Lay summary

One of the most basic concepts in high school mathematics is polynomials in one
variable. Each polynomial is a sum of monomials, which are expressions of the form

ax™

, where a is a real number, z is the variable and n is a nonnegative integer. If
a # 0, we say that the number n is the degree of the monomial. One simple but crucial
fact is that a monomial of degree n times a monomial of degree m gives a monomial

of degree n 4+ m.

In simple terms, an algebraﬂ is a set whose elements can be added, multiplied by
numbers and multiplied with each other. For example, polynomials form an algebra,
and so do k x k matrices. A grading?| on an algebra is a choice of “building blocks” in
it such that

1. Every element of the algebra can be expressed as a sum of these building blocks;

2. To each building block is associated a degree, in a way that the product of
building blocks of degrees m and n is either zero or a building block of degree

m -+ n.

We will not impose that the degree is an integer. It could be, for example, an element
of the set Z, = {0,1} with addition given by 0+ 0=0,0+1=1,1+0 =1 and
1+ 1 =0. One way of thinking about Z; is that 0 means “even” and 1 means “odd”,
so the addition rules are nothing but the usual behaviour of even and odd numbers

under addition.

One example of an algebra with degrees in Z, is the set of complex numbers. A

complex number is a sum a + bi where a is a real number, b is a real number and i is

LA precise definition can be found, for example, in [Brel9, Chapter 1].

2We define it in the [Introduction| Section

iv



a symbol subject to the rule i = —1. We can take as building blocks the elements of
the form a + 0i (real numbers), to which we assign degree 0, and the elements of the
form 0 + bi (purely imaginary numbers), to which we assign degree 1. It is easy to see

that this satisfies conditions 1 and 2 above.

More generally, we will consider the degrees to be elements of a gmu;ﬂ, which is a

set with only one operation.

Some important algebras arising in Mathematics and Physics have a natural
grading with degrees in Zy; they are called superalgebras. This work is about the
additional gradings that we can put on certain superalgebras, namely, classical Lie
superalgebras. These superalgebras can be modeled using matrices with the operation of
supercommutaw?ﬁ instead of the usual product. Note that matrices, unlike polynomials,
do not have canonical building blocks and degrees, but there are many natural and

interesting choices that we can make. In this work we classify all possible choices.

3Again, we refer to [Brel9, Chapter 1] for a precise definition.
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Statement of contribution

In this thesis we present a classification of group gradings on the classical Lie su-
peralgebras of series A, B, C, D, Pand @), except type A(1,1), over an algebraically
closed field IF of characteristic 0 (see Theorems 5.10} |5.20}, [5.26| and [5.38]). To this

end, we also classify group gradings on the finite dimensional superinvolution-simple

associative superalgebras over an algebraically closed field of characteristic different
from 2 (see Theorems [4.29] 4.55] [4.56] [4.70] and |4.74)).

In previous works (together with Helen Samara Dos Santos and Mikhail Kochetov in
[HSK19], and with the same coauthors and Yuri Bahturin in [BHSK17]), we already
gave a complete classification of group gradings on the Lie superalgebras of series
Pand @ and a partial classification (Type I gradings) for series A. Also, the Ph.D.
thesis [San19] of Helen Samara Dos Santos includes a classification of group gradings
on the Lie superalgebras of series B. Nevertheless, the techniques developed in this
work, in collaboration with Mikhail Kochetov, allow us to give a complete classification
for all series A, B, C, D, Pand () in a uniform fashion.

For some important results (Theorems |3.18| and and Corollary [4.8), no

assumptions on the base field are needed, and the conditions of finite dimensionality
and (superinvolution-)simplicity of the superalgebra is weakened to the descending

chain condition on graded one-side superideals and graded-(superinvolution-)simplicity.

Also, we present some known results in greater generality than found in the literature:
in Section , we develop the correspondence between G-gradings and G-actions (see,
for example, [EK13, Section 1.4]) for universal algebras (assuming the base field is
algebraically closed of characteristic 0 and G is a finitely generated abelian group); in
Section , we give a classification of finite dimensional graded-simple (rather than
simple as algebras, as was assumed in [HSK19]) associative superalgebras over an

algebraically closed field in terms of the group G.
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Introduction

The use of group gradings in Lie theory can be traced back to 1888 (see [Kil88]),
when W. Killing introduced the root space decomposition of a complex semisimple Lie
algebra L, which gives us a Z"-grading, where n is the rank of L. Later, Z,-gradings
appeared in the work of E. Cartan on real semisimple Lie algebras (see [Carld]). The
interest in gradings increased in the 1960s, in connection with the works of J. Tits,
I.L. Kantor, and M. Koecher (see [Tit62, Kan64, Koe67]). V. Kac classified gradings
by cyclic groups on complex semisimple Lie algebras and used them in the theory of
symmetric spaces in differential geometry in [Kac68], and later for the construction
of the so called twisted loop algebras, which are fundamental for the theory of the
famous affine Kac-Moody Lie algebras (see, e.g., [Kac90]). A systematic classification
of group gradings on Lie algebras started with [PZ89] and remains an active area in

the theory of Lie algebras and their representations.

The first appearances of Lie superalgebras were related to cohomology (see [FN56,
Ger63, [Ger64, [MMG65]), but they were independently introduced in physics, in rela-
tion to the so called supersymmetries (see [GNG64, Miy68|, IMic70]). They became a
mainstream topic in theoretical physics with the development of string theory in the
1970s.

In the present work, our main goal is to classify, up to isomorphism, the group
gradings (see Definition on nonexceptional classical Lie superalgebras (see Subsec-
tion over an algebraically closed field of characteristic 0. These Lie superalgebras
are defined in terms of associative superalgebras and superinvolutions. In Chapter [I}, we
will give the basic definitions and tools we will use throughout the thesis. In particular,
in Section [I.3] we will present a result that will allow us to transfer the classification
of gradings on associative superalgebras with superinvolution to Lie superalgebras
(see Theorem . Chapter [2|is devoted to graded-simple associative superalgebras,



which not only will give us a model for some of the gradings on Lie superalgebras
in series A and @, but will also be the foundation for Chapters [3] and 4] In the

former, we will study super-anti-automorphisms and, in particular, superinvolutions on

graded-simple associative superalgebras (Theorems [3.18] [3.27| and [3.37)); in the latter,
we will classify gradings on superinvolution-simple superalgebras (Theorems 4.55)
14.56} 4.70[ and [4.74)). Finally, in Chapter |5, we prove that, except for type A(1,1), the

classification of group gradings on nonexceptional classical Lie superalgebras is the

same as on the finite dimensional superinvolution-simple associative superalgebras (see
Corollary , and we work it out for each series of Lie superalgebras, giving explicit
models for the gradings (Theorems [5.7] [5.10} [5.20] [5.26] and [5.38).

0.1 Gradings and superalgebras

The main concepts in this work are group gradings and superalgebras, so let us define
these first. Gradings are usually defined for algebras, but it is useful to consider, more

generally, gradings on vector spaces. All vector spaces under consideration will be over
a fixed field F.

Definition 0.1. Let G be a group. A G-grading on a vector space V is a direct sum

decomposition
r:v=ev, (0.1)

geG

indexed by the elements of G. When endowed with a fixed G-grading I', V' will be

called a G-graded vector space.

For each g € G, the subspace Vj, is called the homogeneous component of degree g.
An element v € V is said to be homogeneous if it belongs to a homogeneous component.
Clearly, a nonzero homogeneous element v belongs to a unique component V; and, in
this case, we say that g is the degree of v and write degv = g. Whenever we refer to the
degree of an element, we will assume that it is a nonzero homogeneous element. Given
G-graded spaces V and W, we say that a linear map ¢ : V — W is degree-preserving
or a homomorphism of graded vector spaces if (V) C W,. A subspace U C V is said
to be a graded subspace if U = @ (U NVy), ie., if every element in U is a sum of

homogeneous elements in U.



Definition 0.2. Let G be a group. A G-grading on an algebra A is a grading
[': A= @ e Ay on the vector space underlying A such that

Vg, h € G, AjA, C Ay,
When endowed with a fixed G-grading I'; A is called a G-graded algebra.

A homomorphism of G-graded algebras is a homomorphism of algebras that is also
a degree-preserving map. If V' is a finite dimensional graded vector space, then the

endomorphism algebra End(V') can be considered as a G-graded algebra by setting
End(V), ={T € End(V) | Vh € G, T'(V}) C Vg, }. (0.2)

(Compare with Definitions [I.1] and [L.3). Note that End(V) consists of all linear maps

and End(V), consists of the degree-preserving linear maps.

Definition 0.3. A super vector space or superspace is a Zo-graded vector space. A

(general) superalgebra is a Zs-graded algebra.

It should be noted that this definition can be misleading, since it does not account
for different varieties of superalgebras; for example, a Lie superalgebra is not simply a

Zo-graded Lie algebra. We will expand on this in the next section.

The Zs-grading in Definition [0.3] will be called the canonical Zy-grading. We will
index the homogeneous components of the canonical Zs-grading by superscripts, i.e.,
for a superspace V', we will write Equation as V =V%@ V1. The elements of
V0 are said to be even and the elements of V! are said to be odd; we may use the
word “parity” instead of “degree” and write |v| instead of degv. Also, in this situation,
we refer to graded subspaces as subsuperspaces. The subalgebras of a superalgebra
that are also subsuperspaces are called subsuperalgebras. This special notation and
nomenclature will serve to distinguish the canonical Zs-grading from an additional

group grading we may consider on A:

Definition 0.4. Let G be a group. A G-grading on a superalgebra A = A° @ Al is a
G-grading I' : A = @, e Ay on the underlying algebra such that I' is compatible with
the canonical Zs-grading, i.e., all homogeneous components A, are subsuperspaces or,

equivalently, A° and A' are G-graded subspaces. When endowed with a fixed grading



I, Ais called a G-graded superalgebra. Two G-gradings, I' and [, on a superalgebra A

are said to be isomorphic if (A,T") and (A,I") are isomorphic as graded superalgebras.

Given a G-graded superalgebra A, we can combine the G-grading with the canonical
Zo-grading: we set G# := G x Zy and define a G#-grading on the algebra underlying
A by setting A, = A, N A", for all g € G and i € Z,. Conversely, it is clear that
any G7-graded algebra can be seen as a G-graded superalgebra.

0.2 Varieties of superalgebras

A wariety of algebras is a class of algebras defined by polynomial identities or, equiva-
lently, a class of algebras closed under subalgebras, homomorphic images and arbitrary
products (see, e.g., [GZ05], [Coh&81]). One can define a variety of superalgebras in a simi-
lar fashion by considering Z,-graded polynomial identities (see, e.g., [Bah87, BMPZ92]).

We now define the variety of superalgebras we are mainly interested in:

Definition 0.5. A superalgebra L = LO® L', with product denoted by [-,-]: LxL — L,

is said to be a Lie superalgebra if, for all nonzero homogeneous elements a, b, c € L, we

havell

(i) [a,b] = —(=1)1[b, a] (super-anti-commutativity);

(i) [a, [b,c]] = [[a,b], ] + (=1)19¥l[b, [a, c]] (super Jacoby identity).

Note that if LY = L, then we have the usual definition of a Lie algebra.

It is easier to define the variety of associative superalgebras:

Definition 0.6. A superalgebra R is said to be an associative superalgebra if the

algebra underlying R is associative.

The reader may be curious why we introduce signs in Definition but not in
Definition [0.6] This has to do with the so called rule of signs. Roughly speaking, every

time two elements a and b exchange positions in a product in one of the identities that

®Some authors require additional conditions if charF = 2 or 3 (e.g., [BMPZ92, Subsection 1.2]).



Jal o]

define the variety, we have to introduce the sign (—1) To make this more precise,

we will use the notion of Grassmann envelope [

Definition 0.7. Let V be a vector space. The exterior or Grassmann superalgebra of
V' is the algebra

+o0o
S(V) =P AV,
k=0

with product given by A and Z,-grading given by

B +oo B +oo
g(v>0 — @/\21‘/ and g(v)l — @/\ZiJer

=0 i=0

Note that, if a,b € (V) are homogeneous elements, then a A b = (—1)l4llPlp A q.

Superalgebras with this property are called (super)commutative.

Definition 0.8. Let V' be a fixed vector space with a countably infinite basis. Given
a superalgebra A = A% @ Al, we define the Grassmann envelope of A to be the
algebra (A% ® G(V)%) @ (A @ G(V)1). If U is a class of algebras, we say that A is a

U -superalgebra if the Grassmann envelope of A belongs to 0.

One can easily see that, if U is the class of all Lie (respectively associative,
commutative) algebras, then the U-superalgebras are precisely the Lie (respectively
associative, commutative) superalgebras. This approach can be used to define other

varieties of superalgebras (e.g., Jordan).

Another kind of object that plays a major role in this work is associative superal-
gebras with superinvolution. By an involution on an algebra A we mean an involutive
anti-automorphism, i.e., a linear map ¢: A — A such that p(ab) = p(b)¢(a), for all
a,b€ A, and p? =idy.

Definition 0.9. Let A = A°® A! be a superalgebra. We say that a bijective linear
map ¢: A — A is a super-anti-automorphism if p(A%) = A%, p(A") = A" and

Va,be AU A, o(ab) = (=1)1Plo(b)p(a). (0.3)

If, further, ¢? = id4, we say that ¢ is a superinvolution.

6 Another framework in which the rule of signs can be formulated is the symmetric monoidal
category of super vector spaces (see, e.g., [Var04, Chapter 3]).



For example, the identity map id: §(V') — G(V) is a superinvolution. For compari-
son with Definition [0.8] note that a parity-preserving bijective linear map ¢: A — A
satisfies Equation (0.3) if, and only if, the map ¢ ®id: (A°® §(V)?) @ (A'@ G(V)) —
(A @ G(V)%) @ (A" ® G(V)!) is an anti-automorphism.

Definition 0.10. Let (R, ) be a superalgebra R endowed with a super-anti-automor-
phism ¢. A G-grading on (R, ¢) is a G-grading I' : R = @, R, on the superalgebra
R such that ¢(R,) = Ry, for all g € G.

We can always get a Lie superalgebra from an associative one by considering the

supercommutator:

Definition 0.11. Let R be an associative superalgebra. We define the supercommu-
tator [-,-]: R — R to be the bilinear map such that

Va,be RPURY, [a,b] = ab— (—1)19"lpa,

The superalgebra R(™) is defined to be the superspace R endowed with the product

[-,-]. If ¢: R — R is a super-anti-automorphism, then we define

Skew(R, ¢) = {a € R | p(a) = —a}.

It is straightforward to check that R(7) is a Lie superalgebra and that Skew(R, ¢)
is a subsuperalgebra of R(™). If G is an abelian group, then a G-grading on R is also
a G-grading on R(7). Moreover, if (R, ) is G-graded, then Skew(R, ¢) is a graded
subsuperalgebra of R(-).

0.3 Simple superalgebras

Definition 0.12. Let A = A° @ A! be a superalgebra. A superideal of A is an ideal
I C A that is also a subsuperspace. We say that A is a simple superalgebra if A- A # 0

and the only superideals are 0 and A.

We are mainly interested in simple Lie superalgebras in this work, but many of
them are closely related to simple associative superalgebras, so we start with these. If

F is algebraically closed, the finite dimensional simple associative superalgebras are:



e the matrix superalgebras M (m,n);

e the queer superalgebras Q(n).

This is a well known result, obtained in [Wal64]. We will also deduce it in Chapter
(Theorem as a special case of the classification of graded-simple associative
algebras. The definitions of M (m,n) and Q(n) are given in Subsection [0.3.1} below.

If F is algebraically closed and charF = 0, the simple finite dimensional Lie
superalgebras (that are not Lie algebras) were classified by V. G. Kac (see [Kac77b]
and [Sch79b]). They are divided into two big classes according to the action of L° on
L! (note that, for any Lie superalgebra L = LO@ L', LV is a Lie algebra and L' is an
L°%-module).

Definition 0.13. Let L = L° @ L! be a simple Lie superalgebra.

(i) We say that L is classical if L' is a semisimple L°-module.

(ii)) We say that L is of Cartan type if L! has a nonzero largest proper submodule,

i.e., a proper submodule that contains all proper submodules.

Every simple finite dimensional Lie superalgebra (that is not a Lie algebra) is either

classical or of Cartan type. The classical ones are, in their turn, divided as follows:

e 4 series, A(m,n), B(m,n), C(n), D(m,n), which are analogous to the corre-

sponding series of simple Lie algebras;

e 2 series, P(n) and Q(n), which are called the strange Lie superalgebras;

e 3 exceptional cases: F'(4), G(3) and the family D(2,1,«), a € F~ {0, —1}.

The Lie superalgebras of Cartan type are analogs of the corresponding simple
(infinite dimensional) Lie algebras of Cartan type, as well as the simple restricted Lie
algebras of Cartan type. They are divided in the following series:

e the Witt superalgebras W (n);

e the special superalgebras S(n) and their deformations S(n);



e the Hamiltonian superalgebras H(n).

It is important to mention that there are restrictions on the parameters m and n
above. We are going to make them explicit when we give the corresponding definitions
in Subsections [0.3.2] and [0.3.3] Also note that the symbol Q(n) denotes both an

associative superalgebra and a Lie superalgebra; we will explicitly use the words

“associative” and “Lie” if there is a chance of confusion.

To define some of the simple Lie superalgebras listed above we will need superinvo-
lutions on simple associative superalgebras (which will be described in Subsection |0.3.1)

and also the following concepts:

Definition 0.14. Let L be a Lie superalgebra. The (super)center of L is the superideal
Z(L) = {x € L| [z, L] = 0}. The derived superalgebra of L is L") := [L, L]. In the

case L = R(7) for an associative superalgebra R, we may also denote L) by R,

The notions of simplicity for superalgebras endowed with a super-anti-automorphism

and/or a grading will play a major role in this work:

Definition 0.15. Let A = A° @ A! be a superalgebra endowed with a super-anti-
automorphism ¢: A — A. A superideal [ is said to be y-invariant if ¢(I) C I. We
say that A is simple as a superalgebra with super-anti-automorphism if A- A # 0 and
the only ¢-invariant superideals in A are 0 and A. In the case ¢ is a superinvolution,

we say that A is superinvolution-simple.

The classification of superinvolution-simple associative superalgebras is well known
(see, e.g., [Rac98]) and will be proved in Section as a special case of the theory we

develop in this work.

Definition 0.16. Let A be a G-graded superalgebra. A graded superideal is a su-
perideal that is also a G-graded subspace. We say that A is a graded-simple superalgebra
if A-A = 0 and the only graded superideals in A are 0 and A. If A is endowed with a
super-anti-automorphism ¢: A — A, we say that A is simple as a graded superalgebra
with super-anti-automorphism if the only ¢-invariant graded superideals in A are 0 and

A. In the case ¢ is a superinvolution, we say that A is graded-superinvolution-simple.



0.3.1 Simple associative superalgebras
The series M (m,n)

Let m,n > 0 be integers that are not both zero. The matriz superalgebra M (m,n) is

defined to be the matrix algebra M,,.,(F) endowed with the following Z,-grading:

M(m,n)° = { (Ag) | A e M, (F), D e Mn(]F)} ,

M(m,n)' = { (0§) | B € Myyn(F), D € Mnm(w)} .

Note that this is nothing but the matrix representation of the superalgebra
End(F™"), as in Equation (0.2), where F™/" is defined to be the superspace V = Vgl
with VO := F™ and V1 .= F".

Clearly, M (m,n) is simple. We note that M (m,n) ~ M(m’,n’) if, and only if,

m =m'and n =n', or m =n' and n = m’ (see Theorem [2.43)).

There is an important super-anti-automorphism on M (m,n):

Definition 0.17. We define the supertranspose of a matrix in M (m,n) to be

sT
Al B o AT | =CT
cip) ~ \BT| DT )
Note that, if char F # 2, the map X + X*T is not a superinvolution, it has order 4.

We also note that some authors define supertranspose differently, by putting the
negative sign in the bottom left block (see, e.g., [CW12 Subsection 1.1.2]).

If there is an element i € IF such that i> = —1, there is a variation of supertranspose
that will be useful when working with Q(n) and A(n,n):

Definition 0.18. We define the queer supertranspose of a matrix in M (m,n) to be

A\ [ ar|icT
C|D “\iBT| DT |’
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Superinvolutions on M (m,n) only exist for certain values of m and n: either m =n
or at least one of them is even (see, e.g., Proposition . They can be described in
matrix terms (see Definition , but it is worth describing them more abstractly, in
the model M (m,n) = End(F™"). To simplify notation, we will write V for F™I" as

above.

Definition 0.19. Let (-,-): V x V' — F be a bilinear form. We say that (-,-) is

supersymmetric if
Vu,v € VOUVE (u,v) = (=) (y, u),
and super-skew-symmetric if

Vu,0 € VOUVE (u,0) = —(=1)¥(y, ).

Also, we say that (-, -) is even if (VO, V1) = (VI V) =0, odd if (VO, V) = (VI V1) =
0, and homogeneous if it is either even or odd. If (-, -) is homogeneous and nondegener-
ate, we define the superadjunction to be the unique linear map ¢: M(m,n) — M(m,n)

such that

Vu,v € VOUVL VYT € M(m,n)°UM(m,n)t, (T(u),v) = (=T (w, o(T) ().

The superadjunction is always a super-anti-automorphism, and it is a superin-
volution if, and only if, (-,-) is supersymmetric or super-skew-symmetric (see, e.g.,
Theorem . In fact, all super-anti-automorphisms on M (m,n) arise in this way.
We note that using the isomorphism M (m,n) ~ M (n,m) if necessary, we can avoid
super-skew-symmetric bilinear forms altogether. This is because if we exchange the de-
grees of the components V0 and V1 (i.e., change F™" to F"™) a super-skew-symmetric

form becomes supersymmetric.
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The (associative) series Q(n)

Let n > 0 be an integer. The queer associative superalgebra QQ(n) is the subsuperalgebra
of M(n,n) defined by

A|B
Q(n) = { (ﬁ) | A,B € Mn(F)} :

Another model of Q(n) is M, (F) & u M, (F), where M, (F) is the even part and u

is an odd element commuting with all elements of M, (FF) and satisfying u? = 1. In

01
the first model, u corresponds to the matrix (ﬁ?) :

While @(n) is not simple as an algebra, it is simple as a superalgebra. Also,
Q(n) ~ Q(n') if, and only if, n = n'.

The queer supertranspose on M (n,n) restricts to Q(n), but, if charF # 2, Q(n)
does not admit any superinvolution (see, e.g., Corollary [4.13)).

0.3.2 Classical Lie superalgebras

The series A

Let m,n > 0. We define the supertrace of a matrix in M(m,n) by

Al B
str =trA—trD.

The general linear Lie superalgebra gl(m|n) is defined to be M (m,n)(~). The special

linear Lie superalgebra sI(m|n) is the derived superalgebra of gl(m|n) or, equivalently,

sl(m|n) = {T € gl(m|n) | str T = 0} .

If m # n then sl(m|n) is a simple Lie superalgebra. However, if m = n, then

Z(sl(mln)) =F1 = { (%‘/\O—]) | A e ]F}



12

is a nontrivial superideal. The quotient sl(n|n)/F1 is a simple superalgebra if, and

only if, n > 1.

For m,n > 0, the Lie superalgebra A(m,n) is defined to be sl(m + 1|n + 1) if
m#mn,and psl(n+1|n+1)=slln+1|n+1)/Flif m =n.

Since A(m,n) ~ A(n,m), one may impose m > n to avoid repetition.

The series B, C' and D

The orthosymplectic Lie superalgebra osp(m|n) is defined to be Skew(M (m,n),p),
where ¢ is the superadjunction with respect to an even nondegenerate supersymmetric
bilinear form. Since we are assuming that F is algebraically closed and charF = 0,

we do not need to specify the form: this is well defined up to isomorphism (see, e.g.,
Proposition [4.19)).

Since (V°, V1) = 0, any even nondegenerate supersymmetric bilinear form (-, -)
restricts to a nondegenerate symmetric bilinear form on VO =F™ and to a nondegen-
erate skew-symmetric bilinear form on V! = F". Hence the name “orthosymplectic”:
the superinvolution ¢ is a hybrid between orthogonal and symplectic involutions on

matrix algebras.
If m,n > 0, the Lie superalgebra osp(m/|n) is simple. We define:
e B(m,n) =o0sp(2m + 1|2n), for m > 0 and n > 1;
e C(n) =o0sp(2|2n—2), forn >2;

e D(m,n) = o0sp(2m|2n), for m > 2 and n > 1.

Since C(2) ~ A(1,0), one may impose n > 3 in the C'(n) case to avoid repetition.

The series P

The periplectic Lie superalgebra p(n) is defined to be Skew (M (n,n), ¢), where ¢ is the

superinvolution with respect to an odd nondegenerate supersymmetric bilinear form.

As in the orthosymplectic case, the isomorphism class of p(n) does not depend on

the choice of the bilinear form, but in this case it is easier to prove and does not depend
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on the hypothesis that F is algebraically closed. Let (-,-) be an odd nondegenerate
supersymmetric bilinear form on V = F™". Since (V0 V) = (V1 V1) = 0, we must
have V1 ~ (V%)* via the map v — (v,-), hence, in particular, m = n. Using this
isomorphism to identify V1 with (V°)*, we see that V is isomorphic to V0 @ (V0)*

endowed with the following form:
Vu,v € VO Vur,v* € (VO)*,  (u+u*,v+v") = u () + v*(u).

Using the canonical basis of V0 = F”, we can identify (V°)* = (F")* with F* and

obtain:

n) = A b n,n)~) = B"an =-C"T
p(n) {( c _AT)GM(,) | B=B"andC 0}.

The superalgebra p(n) is not simple. We define P(n) to be the derived superalgebra
of p(n +1). In the model above, we have:

A B
P(n) = eMmn+1,n+1)) [trA=0,B=BTandC =-C"}.
C | -AT

It is known that P(n) is simple if, and only if, n > 2.

The (Lie) series @

Let R denote the associative superalgebra Q(n + 1). Its derived Lie superalgebra is

Al|B

Since Z(RM) = F1, we define the queer Lie superalgebra Q(n) to be R /F1. It is
simple if, and only if, n > 2.
Exceptional Lie Superalgebras

Since defining F'(4), G(3) and D(2,1,a) here would be a long detour, we refer the
reader to [Kac77b] or [FSS00]. We do not consider them in this work except D(2,1, )
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for v € {1, —%, —2}, which are isomorphic to D(2,1).

0.3.3 Lie superalgebras of Cartan type

Lie superalgebras of Cartan type are not considered in this work either. Since their

definitions do not require much background, we will briefly introduce them here.

The series W

Consider the Grassmann superalgebra G(F"), as in Definition A homogeneous
map D € End(G(F")) is said to be a superderivation if

Va,b e SF")° UGE™M, D(aAb) = D(a) Ab+ (—1)Plg A D(b).
One can check that, if D; and D, are superderivations, then the supercommutator

[D1, Ds] is also a superderivation.

We define the Witt superalgebra W (n) to be the linear span of the superderivations
in End(G(F"))7). It is simple for n > 2, but W(2) ~ A(1,0) ~ C(2), so we impose
n > 3 in the list of simple Lie superalgebras of Cartan type.

To see what W (n) is in more concrete terms, let {es, ..., e,} be the canonical basis
of F". For i € {1,...,n}, we define 0; € W(n) to be the unique (odd) superderivation
such that

Vie{l,....n}, 0i(ej) =0y

It is easy to see that every element of W (n) is of the form Y- ;| f; AO;, where f; € G(F™)
for all 1 € {1,...,n}.

The series S

We define the special superalgebra S(n) to be the subsuperalgebra of W (n) given by

i=1 i=1

S(n) is simple for n > 3 but S(3) ~ P(2), so we impose n > 4.
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The series S

Let n beeven and fix w =1 —¢e; Aes A ... Ae,. We define S(n) by

i=1 =1

S(n) is simple for n > 4.

The series H

Let us define another multiplication on G(IF"), the Poisson bracket:
7.9 € SENUSE, {f.9} = (DTS a(1) A dilg).
i=1

This bracket turns G(F") into a Lie superalgebra, which we denote by H(n). We have
Z(H(n)) = F1 and, hence, define the Hamiltonian superalgebra H(n) to be the derived
superalgebra of H(n)/F1.

We can see H(n) as a subsuperalgebra of W(n): we send every homogeneous
fe H(n)to (=DM, 9;(f) A0;, extend this map linearly and induce an embedding
H(n) — W(n).

Though the superalgebra H(n) is simple for n > 4, we have H(4) ~ A(1, 1), so we

impose n > 5 in this case.

0.4 An overview of known results

The classification of gradings is best understood over algebraically closed fields, so in

this section we assume that [F is algebraically closed, unless stated otherwise.

In the case char[F = 0, there is a bijective correspondence between gradings
by a finitely generated abelian group GG and actions of the character group G by
automorphisms (see Section [I.3). Using this, a classification of fine abelian group
gradings up to equivalence (see Definitions and on the associative algebra
M, (F) was obtained in [HPP98], in terms of maximal abelian diagonalizible (MAD)



16

subgroups of PGL,,(F) ~ Aut(M,(F)). In [BSZ01l BZ02], G-gradings on M,,(F) were
described intrinsically, and those descriptions were extended to arbitrary characteristic
in [BZ03|. Degree-preserving involutions on graded matrix algebras were described in
[BZ07, BGO§| and classified up to isomorphism in [BK10)].

For classical simple Lie algebras, assuming char F = 0, a description of fine gradings
was obtained in [HPP98§]|, and an incomplete description of G-gradings was obtained
in [BSZ05, BZ06]. The questions of equivalence and isomorphism of gradings were
left open. The equivalence problem for fine gradings was solved in [EId10]. The
description of G-gradings was completed in [BK10] in any characteristic different
from 2; the isomorphism problem was also solved there. It is worth mentioning that
[BSZ05] introduced the idea of obtaining all gradings on non-exceptional simple Lie
and Jordan algebras from associative algebras. In this work we follow the same idea

for Lie superalgebras.

The classification of fine group gradings (up to equivalence) on finite dimensional
simple Lie algebras has recently been completed in characteristic 0 by the efforts of
many authors: see [EK13, Chapters 3-6] and the references therein, [EId16] and [Yul6]
for types Eg, E7 and Eg; an overview can be found in [DE16].

The classification of all G-gradings (up to isomorphism) is complete for the classical
simple Lie algebras and also for types G5 and F}, in characteristic different from 2: see
[EK13] Chapters 3-6] and the references therein, also [EK15b] for type D,. Note that,
in positive characteristic, there are many more finite dimensional simple Lie algebras
than in characteristic 0, including Lie algebras of Cartan type (see [Str04) [Str09, [Str13]).
A classification of gradings in the restricted case for the Witt and special series was
obtained in [BK11] (see also [EK13l Chapter 7]).

Gradings have been classified for some non-simple algebras. For example, the
classification of G-gradings on semisimple algebras reduces to the classification of
graded-simple algebras, and this latter, if G is abelian, can be obtained using the
generalization of loop algebra construction introduced in [ABFPO0S] if we know the
gradings by quotients of G on simple algebras (see, e.g., [CELS]). Other examples
include the upper triangular matrices, considered as an associative [VZ07], Lie [KY17b]
or Jordan algebra [KY17al, and certain nilpotent Lie algebras [BGR16].

The situation is more complicated if the base field is not algebraically closed. For

real closed fields (for example, the field of real numbers), all group gradings on classical
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central simple and type Go Lie algebras were classified in [BKR18] and [EK1S].

Abelian group gradings on finite dimensional simple associative superalgebras were
described in [BS06], and those on superinvolution-simple but not simple associative
superalgebras were described in [BTT09]. Both papers imposed some restrictions on

characteristic and did not consider the isomorphism problem.

The Z-gradings on classical Lie superalgebras where classified in [Kac77a]. In
[Ser84], gradings by finite cyclic groups were considered and the corresponding twisted
loop superalgebras were classified. Fine gradings on the exceptional Lie superalgebras

were classified up to equivalence in [DEM11].

For a given graded associative or Lie algebra, there is a natural concept of graded
module (see Definition [L.5]). A classification of graded-simple modules over semisimple
graded Lie algebras was obtained in [EK15a, [EK15bl [DEK17] and further studied in
[EK17). Gradings on a Lie superalgebra L = LO@ L' can be approached by considering
L' as a graded module over the graded algebra L°. This was used in [BHSKI7] for the
series () and in [HSK19] for the series P and A (only Type I gradings for the latter,
see Definition . As already mentioned, here we will follow a different approach
to all series of classical Lie superalgebras, namely, the reduction of the problem to a
suitable associative superalgebra with superinvolution (see Section . The easiest

case for this approach is series B, which was treated in [San19].

0.5 Some applications of gradings

Given the role of Lie superalgebras in Physics, gradings on Lie superalgebras have
applications in this field. In a quantum system, quantum numbers are eigenvalues
of operators that commute with the Hamiltonian. If the symmetries of the system
are described by a Lie (super)algebra L, then a grading on L gives rise to additive
quantum numbers (see [Jeu88, [Pat89, PPS02]).

Physicists are also interested in contractions of Lie (super)algebras, to compare
phenomena in system with different symmetries (see [[W53]). Many interesting contrac-
tions arise from gradings (see [MP91]): if L = @ e Ly is a G-graded (super)algebra,
with product denoted by [-,-], and 0: G x G — F is any map, we define L7 to be
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G-graded (super)algebra with product determined by
Vg,h € G,Ya € L,, Vb e Ly, |a,b” =0(g,h)]a,b.

If L is a Lie (super)algebra, G is abelian and 0: G x G — F* is a symmetric 2-cocycle
(see Definition [4.32)), then L7 is again a Lie (super)algebra. In this case, the operation

is invertible: (L7)° " = L; it is known as cocycle twist.

The twist with a non-symmetric 2-cocycle can be used to transform color Lie
algebras into Lie superalgebras. Given an abelian group G and a skew-symmetric
bicharacter e: G x G — F* (see Definition [2.31)), a color Lie algebra with commutation
factor € is a G-graded algebra, with product [-, -], such that, for all g,h € G, a € L,,
be L, and ce L,

(i) la,b] = —€(g,h) [b, al;

(ii) [a, [b,c]] = [[a, b], c] + (g, h) [b, [a, ]].

Note that if G is trivial, we get a Lie algebra, and if G = Z, and €(i,5) = (—1)¥
for all i,j € Zy, we get a Lie superalgebra. It was proven in [Sch79a] (for the case
G is finitely generated) and in [BM99] (in general) that, for any color Lie algebra L,
there exists a 2-cocycle o: G x G — F* such that L? is a Lie superalgebra. Hence,
one possible approach to classify simple color Lie algebras is using gradings on Lie

superalgebras (see [BP09]).

The identities defining Lie superalgebras and color Lie algebras are examples of the
so called graded polynomial identities, which are polynomial identities that hold for all
elements of specified degrees in a graded algebra. Recently, the theory of such identities
and their combinatorial characteristics have been extensively studied, especially in the
associative case (see, e.g., [BD02, [(GZ05, [AK10, [KZ10, [AG13, [Gor13|, [AH14) [Gorl5,
YKI8, BD19, BY19]). Graded identities for certain gradings on P(n) were recently
considered in [RZ17]. A classification of all gradings on simple Lie superalgebras opens

paths for further research in this area.
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0.6 Future Research

As mentioned before, in this work we classify, up to isomorphism, all group gradings
on the 6 series of classical simple Lie superalgebras, with the exception of type A(1,1).

The most difficult case turns out to be gradings on the series A(m,n), which contain,

in a sense, all gradings on the other 5 series (see Subsections [5.3.2| and [5.3.4). The

remaining cases to complete the classification of gradings up to isomorphism on finite
dimensional simple Lie superalgebras are types A(1,1), F'(4), G(3), D(2,1,«) and the
Cartan types. Finally, the classification of fine gradings up to equivalence is known
only for series B, P, @ and types F'(4), G(3), D(2,1, ).



Chapter 1
Generalities on gradings

The purpose of this chapter is to introduce the basic notions and constructions involving

gradings and also to fix notation and terminology.

Let G be a group. In Section [1.1, we introduce the concepts of homogeneous
linear maps, elementary G-gradings on matrix (super)algebras, G-graded modules,
tensor product of G-graded vector spaces and (super)algebras, and supercenter of an
associative superalgebra. In Section we define universal algebra, so we can handle
gradings on different structures (such as algebras, superalgebras and superalgebras
with superinvolution) in a uniform manner. In Section , under the assumptions that
G is abelian, F is algebraically closed and charF = 0, we present the duality between
G-gradings and G-actions for universal algebras. This allows us to transfer G-gradings
between universal algebras with different signatures (see Definition and Theo-
rem ; we will use this in Chapter [5| to get a classification of gradings on classical
Lie superalgebras from a classification of gradings on associative superinvolution-simple
superalgebras. Finally, Section is devoted to concepts related to refinement, coars-
ening and fine gradings, where we cannot keep the grading group fixed. We introduce
set gradings on universal algebras and define equivalence of gradings and universal
grading group in this context. We warn the reader that some terms appearing in
Section are not used consistently in the literature (see discussion in [GS19, Section
2.7]); here we follow [EK13].
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1.1 Basic concepts

In this section, we will expand on concepts discussed in the and present

some basic constructions.

Let V' be a vector space. The support of a G-grading I' : V' = @ e V, is the subset
of G given by

suppl’ ={g € G |V, # 0}.
If T is fixed, then we may refer to supp " as the support of V' and denote it by supp V.

Definition 1.1. Let V = @ eV, and W = @ e W, be G-graded vector spaces. A
linear map T: V — W is said to be homogeneous of degree g if

Vh e G, T(Vj) C Wy,

The subspace of Hom(V, W) consisting of all linear maps of degree g is denoted by
Hom(V, W),, and we define the graded vector space Hom® (V, W) by

Hom® (V, W) := € Hom(V, W),.

geG
In the case V' = W, we denote Hom(V, W), by End(V'), and Hom®' (V, W) by End®" (V).

If V' is finite dimensional, it is easy to see that Hom® (V, W) = Hom(V, W). Also,
if U is another graded vector space and S: U — V and T': V — W are homogeneous
linear maps of degrees h and g, respectively, then T'0 S is a homogeneous map of degree

gh. In particular, End® (V') is a G-graded algebra (compare with Equation (0.2))).

We emphasize that by a homomorphism of graded vector spaces we mean a degree

preserving linear map, i.e., an element of Hom/(V, W)..

The following is an easy result that will be used in Chapter [4}
Lemma 1.2. Let V' be a G-graded vector space. If T:'V — V is a degree preserving

map, then its eigenspaces are graded subspaces of V.

Proof. Let v € V be an eigenvector with eigenvalue A € F and write v = 3 cq vy,
where v, € V. On the one hand, T'(v) = A = ¥ ,cgAv. On the other hand,
T(v) = Y,eqT(vg). Since the sum of V,, g € G, is direct, we must have that
T(vy) = v, for all g € G, and the result follows. O
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As we saw above, if V' is a finite dimensional vector space, then any G-grading on
V gives rise to a grading on the associative algebra End(V); gradings of this form are
called elementary. An elementary grading can be described in matrix terms. Given
a n-tuple v = (g1,...,9n) of elements in G, we can define a G-grading on F" by
setting dege; = g;, where {ey,...,e,} is the canonical basis of . Clearly, any finite
dimensional G-graded vector space is isomorphic to F" endowed with such a grading.

The grading on M,,(F) induced from F” is the following:

Definition 1.3. The elementary grading defined by an n-tuple v = (g1,...,9,) € G"
on M, (F) is the G-grading determined by

Eyj=gyg;,'. 1<i,j<n,

where E;; denotes the matrix with 1 in the (¢, j)-entry and 0 in every other entry.

Recall that the superspace V = F™I" is defined by setting V0 = F™ and V! = F»
(see Subsection [0.3.1)). Given an m-tuple 75 and an n-tuple 77 of elements in G, we
can consider the gradings defined as above on F™ and F", and, hence, a grading on

F™". The corresponding grading on M (m,n) is the following:

Definition 1.4. Let 75 be an m-tuple and 77 be an n-tuple of elements of G. The
elementary grading defined by v and ~; on the superalgebra M (m,n) is the elementary
grading on its underlying algebra M,,,,(F) defined by the concatenation of 75 and 3.

It is useful to consider gradings not only on vector (super)spaces and (super)algebras,

but also on modules:

Definition 1.5. Let R = @, Ry be a graded associative algebra and let V' =
@Dyec Vy be a graded vector space. If V' has a structure of left R-module, we say that
V' is a graded left module if

Vg,h€G, R, Vi CVy,

i.e., if the image of the representation p: R — End (V) is in End® (V') and p is degree-

preserving. One can define graded right modules and graded bimodules analogously.

In the case R is a superalgebra and V' is a superspace with their canonical Zo-
gradings, we say that V is a left R-supermodule. A G-graded left R-supermodule is a
G#-graded R-module (recall the definition of G* in Section .
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Example 1.6. Any graded vector space V is a graded left End®"(V')-module, with the
natural action. Also Hom® (V, W) is a graded (End® (W), End® (V'))-bimodule, with

the action given by map composition.

Definition 1.7. Let I' : V = @), Vi be a grading on a vector space V. Given an
element ¢ € G, the right shift of I' by g, denoted 'Y is the grading obtained by
replacing every index h € G by hg, i.e., Tl9 : V = @,.o V) where V] = Vig-1, for
all h € G. Analogously, the left shift of T by g is defined to be UII" : V = @ VY
where V' .= V-1, for all h € G. If T is fixed, we define the right (respectively, left)
shift of the graded vector space V' to be the underlying vector space endowed with I'l9!
(respectively, YT") and denote it by V19 (respectively, 9V).

If V is a graded left module over a graded algebra R, then V19 is a graded left
R-module. Furthermore, BRI is a graded algebra and 9V is a graded left module

over YR Of course, similar statements hold for graded right modules.

We are now going to define tensor product of graded spaces:

Definition 1.8. Let V' = @ e Vy and W = @ e W, be G-graded vector spaces.
The tensor product of V- and W is the vector space V & W endowed with the G-grading
L:VeW =@,V aW), where

VgeG, (VW)= Ve W,
heG

If G is an abelian group and R and S are G-graded algebras, then it follows that
R ® S is a graded algebra with the usual multiplication: (r ® s)(r' ® s') = rr’ @ ss’.
Note that, in this case, the notion of graded bimodule can be reduced to the notion of

left module, as in the ungraded case.

For superalgebras, though, following the rule of signs mentioned in Section [0.2] one

often considers a different multiplication on the tensor product:

Definition 1.9. Let R = R®® R! and S = S° @ S! be superalgebras. We define
the superalgebra R® S to be the Zs-graded tensor product R ® S endowed with the

multiplication determined by

Vr,r' e RRURY, 5,8 € SPUSY, (r@s)(res) = (=1)F"m @ sy
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If one of the superalgebras has trivial canonical Zy-grading, i.e., if R = R° or
S = S then the tensor product of superalgebras coincides with the tensor product of
algebras. We will encounter this situation in Chapter [2| (see Remark [2.57)).

Definition 1.10. Let R be an associative superalgebra. The center of R is the set
Z(R)={ce€ R|cr=rcforall r € R},

i.e., the center of R seen as an algebra, and the supercenter of R is the set sZ(R) :=
sZ(R)° @ sZ(R)", where

sZ(R) ={ce R | er=(=1)"rcforall r € RRUR'Y, i€ Z.

Note that sZ(R) is, by definition, a subsuperalgebra. It is easy to see (and follows
from Lemma below, by taking trivial G) that Z(R) is also a subsuperalgebra.

Example 1.11. Let V be a vector space and consider the Grassmann superalgebra

G(V) (Definition [0.7). Then Z(G(V)) = G(V)° while sZ(S(V)) = (V).

Example 1.12. Consider the associative superalgebra Q(n) = M, (F) @ u M, (F).
Then Z(Q(n)) is the subspace spanned by 1 and wu, so Z(Q(n)) ~ Q(1), while

sZ(Q(n)) = FL.

Lemma 1.13. Let G be an abelian group and let R be an associative G-graded superal-
gebra. Then the center Z(R) and the supercenter sZ(R) are G-graded subsuperalgebras
of R.

Proof. We consider R as a G*#-graded algebra. Let ¢ € Z(R) and write ¢ = 3 cq# ¢4,

where ¢, € R, for all g € G¥. For every homogeneous r € R, we have
(S e)r=r( X ¢)
geG# gEGH#

Comparing the components of degree gh = hg, where h = degr, we conclude that

reg = cgr for all g € G7. By linearity, rcg = cgr for all r € R, hence ¢, € Z(R).

The same argument works to show that sZ (R)6 is graded and, with straightforward
modifications, to show that sZ(R)! is graded. O
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1.2 Gradings on universal algebras

In the [Introduction] we defined different graded structures: vector spaces, algebras,
superspaces, superalgebras and superalgebras endowed with a super-anti-automorphism.
The language of universal algebra allows us to consider all these in a uniform fashion.
This language will be particularly convenient in Section [I.3]to formulate Theorem [1.30]
which allows us to transfer gradings between different structures. It will also be used

in Section to define fine gradings and universal grading groups in a uniform way
(Definitions and [1.40)) rather than ad hoc for each structure.

We note that universal algebras are usually defined in the category of sets (see,
e.g., [Coh81]), but we will work in the category of vector spaces over F. This approach
was used in [Raz94] and has recently been applied to gradings (and graded identities)
in [BY19.

Definition 1.14. An n-ary operation on a vector space V is a linear map V" — V|
where V" =V ®-.-@ V.
—_————

n times

In other words, an n-ary operation is a multilinear map V" — V. In the case
n = 0, we will follow the convention that V®° := F. In particular, a O-ary operation is

determined by its value on 1 € I and, hence, 0-ary operations are constants in V.

Definition 1.15. A signature € is a set with a partition Q = U,,>( 2,. An Q-algebra or
a universal algebra with signature €2 is a vector space A endowed with n-ary operations
w? for each w € Q,,, for all n > 0. A homomorphism between Q-algebras A and B is a

linear map such that for every w € €2, we have
Vala (7% S A7 ¢(WA(CL1 ® ttt ® a’VL)) = wB<¢(a/1) ® e ® ¢(an))

Notation 1.16. When dealing with a fixed Q-algebra A, we will usually drop the
superscript A in the operations w, i.e., we will identify the signature 2 with its

corresponding set of operations on A.
Example 1.17. A vector space is an Q-algebra with Q = ().

Example 1.18. An algebra A in the usual sense, with a bilinear product - : A A — A,
is an Q-algebra with Q = Qy = {-}.
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Example 1.19. A unital algebra A with product - and unity element 14, € A is
an -algebra with = Qg U Qy where Qy = {wo}, with wg: F — A determined by
wo(l) =14, and 5 = {-}. An algebra A with product - and involution ¢: A — A is
an Q-algebra with Q = Q; U Qy, where 1 = {¢} and Qs = {-}. A unital algebra A
with involution ¢ is an 2-algebra with Q = Q¢ U Qy U Qy, where Qy = {wo}, Q1 = {¢}
and Qy = {-}.

Example 1.20. A superspace V = V0 & V1 can be seen as an Q-algebra by taking
Q0 =Q = {mg, 1}, where 75, m7: V' — V are the projections onto the components Vo
and V1, respectively. A universal algebra V with this signature is a superspace if, and

only if, for all z € V', we have:

(i) mo(x) + mi(z) = ;

(i) (i () = mi(m(a)) = 0.

Example 1.21. A superalgebra A = A%@ A! is an Q-algebra with Q = Q, UQ,, where
Qo =1}, % = {75, m1}. An algebra A with this signature is a superalgebra if, and
only if, we have identities ({i) and as above and, for all x,y € A and 7, € Zo,

(iil) m;(z) - Wj(y) = 7Tz‘+j(77¢($) : Wj(y))-

Example 1.22. Similarly to Example[1.19] a superalgebra A = A° @ A! with super-
involution ¢: A — A is an Q-algebra with Q = Q; U Qy where Q; = {mg, 71, ¢} and

Q= {}.

Remark 1.23. The signatures in Examples [1.20] and [T.21] can be generalized for G-

graded spaces/algebras, and, if G is finite, the axioms can be stated as identities,

which allows one to define these objects as varieties of algebras (see [BY19, Section

2]), but this is not the approach we are going to follow.

Definition 1.24. A G-grading on an Q-algebra A is a G-grading on its underlying
vector space such that, for all w € €, the operation w4: A®™ — A is degree preserving
if we consider G-gradings on tensor products A®™ induced by the G-grading on A (see
Definition . If T is fixed, we say that A is a G-graded C2-algebra. A homomorphism
of G-graded Q2-algebras is a degree-preserving homomorphism of the underlying €2-
algebras. Given two G-gradings I' and A on a fixed Q-algebra A, we say that I is
isomorphic to A if (A, ') ~ (A, A).
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It is straightforward to check that, for each of the Examples to [1.22] the
notions of homomorphism and G-grading as (2-algebras coincide with the notions of
homomorphism and G-grading we had before. Note that Definition entails that,
in a unital algebra, the unity element is homogeneous of degree e, but this is automatic
according to Definition 0.2} if we write 1 = 3 c; a4, With a, € Ay, then, for any
h e G, ap=anl =3 ,cqanay, € Ay and, since apay € Apg, the only nonzero element
in this sum aja.. It follows that a, = apa. and, hence, 1 =3 cqcay = 3 cq aga. =

la. = a, € A..

1.3 G-gradings and G-actions

In this section, G will be assumed to be an abelian group. We will introduce an
important tool in the theory of gradings: the duality between G-gradings and G-actions.
For the purposes of this work, it will be of special importance in Chapter [5, where we
will use Theorem to transfer our classification of GG-gradings on superinvolution-
simple superalgebras (achieved in Chapter [4)) to classical Lie superalgebras.

Here (3 denotes the group of characters of G, i.e., G is the group whose elements
are the group homomorphisms y: G — F*, with point-wise multiplication of maps.
We will also assume that [ is algebraically closed and char[F = 0, since this is the only

case we need in this work. The reader interested in arbitrary fields can refer to [EK13].

Definition 1.25. Given a G-grading I' : V' = @ ¢V, on a vector space V', we define
a G-action by
Vx€G,geG v,€V, x-v,=x(9)v,.

The corresponding representation map will be denotes by nr: G — GL(V).

With our assumptions on G and F, it is well known that G separates points, i.e.,
given distinct elements g, ¢’ € G, there is a character y € G such that x(g) # x(d').

Hence, we have
VgeG, V,={veV|V¥xed, x-v=x(gv}

Thus, we can recover the G-grading T from its corresponding G-action 7p.
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Proposition 1.26. Let A be an Q-algebra and T be a G-grading on its underlying

~

vector space. Then T is a G-grading on A if, and only if, nr(G) C Aut(A).

Proof. Let w € Q, and let ay,...,a, € A be homogeneous elements of degrees

g1, ..., 9n € G, respectively. Note that a; ® -+ ® a,, € A®™ has degree g; - - - g,.

The element w”(a; ® - -+ ® a,,) has degree g; - - - g,, if, and only if,
VxeG, x-wi a1 ® - ®ap)=x(g1 - gn)w (a1 @ @ ay). (1.1)
Since we have

X(g1-+ gn) (a1 ® -+ @ an) = x(g1) - x(gn) w1 @ - @ ay)
= ! (X(g1)a1 @ -+ @ x(gn)an)

:WA(X‘G1®"'®X'an),

Equation (1.1 holds for all homogeneous ay, ...,a, € A if, and only if, nr(y) is an

automorphism for every x € G. O]

The following is straightforward:

Proposition 1.27. Two G-gradings I' and A on an Q-algebra A are isomorphic if,
and only if, there is an automorphism v € Aut(A) such that na(x) =¥ onr(x) o1,
for all x € G. O

If G is a finite abelian group, it is well known (see, e.g., [FH91l, §1.2]) that every
action by G on a finite dimensional vector space V' is diagonalizable, i.e., V can be
written as a direct sum of subspaces in which each y € G acts as a nonzero scalar Ay
It follows that the map x — A, is a character of G and, by duality, there is a unique
g € G such that A\, = x(g), for every x € G. In summary, every G-action corresponds
to a G-grading.

This can be extended to the case of finitely generated GG by considering actions of
algebraic groups (for a background on algebraic groups, we refer to [OV90], [Arz07] or
[EKT3, Appendix A]). Both G and GL(V) have natural structures of algebraic groups
(assuming dim V' < 0o) and the representation np: G — GL(V) is a homomorphism of
algebraic groups. The algebraic group Gisa quasitorus, i.e., G~ (F*)™ x Gy where
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Gy is a finite abelian group. Every algebraic representation of a quasitorus H on a
finite dimensional vector space V' is diagonalizable (see, e.g., [OV90, Chapter 3, §2,
Theorem 3] or [Arz07, Theorem 1.6.13]), i.e., V' can be written as a direct sum of
subspaces in which each h € H acts as a nonzero scalar A\,. It can be shown that
the map h — A\, is an algebraic character, i.e., a homomorphism of algebraic groups
H — F*. The duality can be extended to this case: for every algebraic character
X: G — FX, there is a unique element g € G such that A\, = x(g). We then have the

following:

Proposition 1.28. Let V' be a finite dimensional vector space and assume G is
finitely generated. Then the mapping I' — nr is a one-to-one correspondence between

G-gradings on V and homomorphisms of algebraic groups G — GL(V). ]

For an Q-algebra A, it is easy to see that Aut(A) is a (Zariski) closed subgroup of
GL(A), hence an algebraic group. Therefore, Propositions and imply that
the following is well defined:

Definition 1.29. Let A and B be finite dimensional universal algebras, not necessarily
with the same signature, and assume G is finitely generated. Given a homomorphism
of algebraic groups 6: Aut(A) — Aut(B) and a G-grading I on A, we define 0(I") to
be the G-grading on B corresponding to the homomorphism 6 o nr: G — Aut(B).

Using Proposition [1.27] we get that if [ and A are isomorphic G-gradings on A,
then 6(I') and 6(A) are isomorphic G-gradings on B. Finally, we note that we can
drop the hypothesis that G is finitely generated: every G-grading I' on A can be seen
as a grading by the subgroup generated by supp I', which can be used to define (T").

We summarize these considerations in the following:

Theorem 1.30. Suppose F is an algebraically closed field of characteristic 0. Let
G be an abelian group and let A and B be finite dimensional universal algebras, not
necessarily with the same signature. If there is a isomorphism of algebraic groups
Aut(A) — Aut(B), then there is a bijection between the G-gradings on A and the

G-gradings on B preserving the isomorphism classes. O

We note that this sort of transfer, between algebras with different signatures, has
been used in other works, but without having the result stated formally (see, e.g.,
[EK13, Remark 1.40]).
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1.4 Refinement, coarsening and equivalence

In this section, we will introduce some concepts that do not involve a fixed grading

group. For these, it is useful to have a “group free” notion of grading:

Definition 1.31. A set grading I' on a vector space V' is a vector space decomposition
indexed by elements of a set S, ie., [': V =@ g Vs. If V is a superspace, we further
impose that each component V; is a subsuperspace. When endowed with a fixed set

grading I', we say that V' is a set graded vector space.

Definition 1.32. Let I' : V = @,cgVs and A : V = @,cr V; be set gradings on a
vector space V. We say that I' is a refinement of A, or that A is a coarsening of T, if
for every s € S there is t € T such that V, C V,. If, for some s € S, this inclusion is

strict, we say that the refinement/coarsening is proper.

As in Section [I.T] we define the support of a set grading I' : V' = @5 V; to be the
set suppl' :={s € S| V; # 0}. Note that we can always replace S by suppT". If A is
a coarsening of I' as above and s € supp ', then there is a unique element ¢ € T" such
that V, C V,. This motivates the following:

Definition 1.33. Let V' be a vector space and let I' : V' = @, Vi be set grading.
Given a set T"and a map a: S — T, the coarsening of I' induced by « is the set grading

“T:V=@QV,

teT

where

Vi= @ V.

sea~1(t)
Before defining set gradings on (2-algebras, we need the following:

Definition 1.34. Let V = @ g Vi and W = P, W, be set graded vector spaces. A
linear map f: V — W is said to be graded if for any s € S, there is t € T' such that
f(Ve) C W,

Note that, by definition, a grading I' is a refinement of a grading A on a vector

space V' if, and only if, the identity map seen as (V,T') — (V, A) is a graded map.
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Definition 1.35. Let V = @5 Vs and W = @, W} be set graded vector spaces.
The tensor product of V and W is the the vector space V ® W endowed with the
grading

rvew= @ V.eoW.

(s,t)eSXT

We note that the G-grading on the tensor product of two vector spaces (Defini-

tion is the coarsening of the set grading in Definition induced by the map
a: G x G — G given by a(g,h) = gh, for all g,h € G.

Definition 1.36. A set grading on an Q-algebra A is a set grading I' : A = @5 As
on the underlying vector space of A such that w?: A®™ — A is a graded linear map
for all w € €.

In particular, if A is an algebra in the usual sense, a set grading on A is a vector
space decomposition I' : A = @ ssc5A4, such that, for any s, sy € S there exists s3 € S
such that Ay A, C Ag,.

Definition 1.37. Let A and B be (2-algebras endowed, respectively, with set gradings
' A=@,c5 As and A = @, Ar. An equivalence ip: A — B is an isomorphism of
Q-algebras such that both ¢ and ¢ ~! are graded maps. If A = B and there is an
equivalence ¢: (A,T') — (A, A), we say that I" and A are equivalent gradings.

Note that an equivalence ): A — B determines a bijection a:: supp ' — supp A
by (,D(As) = Ba(s).

We will now bring groups and group gradings back to the picture:

Definition 1.38. We say that a set grading I" on an (2-algebra A can be realized
as an (abelian) group grading if there is an (abelian) group G and a injective map

a: supp ' = G such that “I" is a G-grading on A.

Definition 1.39. Let A be an (-algebra and let I" be a set grading on A. We say that
[is a fine (abelian) group grading if it can be realized as an (abelian) group grading

but no proper refinement of I' can.

When a grading can be realized as an (abelian) group grading, it can be done in

many different ways. But there is a special realization that has a universal property:
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Definition 1.40. Let A be an 2-algebra and let I' be a set grading on A. A universal
(abelian) group of I' is a group G together with a map ¢: suppI" — G such that ‘" is a
G-grading and, for every (abelian) group G’ and map ¢': suppI’ — G’ such that “T is
a G'-grading, there is a unique group homomorphism «a: G — G’ such that / = a0 ¢,

i.e., the following diagram commutes:

S

|

~
Q

Clearly, I" can be realized as an (abelian) group grading if, and only if, the map ¢
above is injective. Also, we can construct a universal (abelian) group using generators
and relations: we take suppI’ as the set of generators and, for each n > 0 and
w € ,, we consider relations s;---s, = s, for all sq,...,8,,S,41 € suppl such
that 0 £ w4(A, ® - ® A,,) C A
Remark 1.41. Let A be an Q-algebra, G and G’ be groups and a: G — G’ be a group
homomorphism. If I' : A = @ e 4y is a G-grading, then it is easy to see that “I" is a
G'-grading. We note that, by Definition [1.40} if G is the universal group of T', then

every GG'-grading that is a coarsening of I' is obtained this way.

Sn+41°

By means of the duality between gradings and actions outlined in Section [I.3] the
fine abelian group gradings on a finite dimensional algebra A over an algebraically
closed field of characteristic 0 correspond to maximal quasitori in the algebraic group
Aut(A). Moreover, the group of algebraic characters of a maximal quasitorus is the

universal abelian group of the corresponding grading.

We conclude this chapter with some comments about the two types of classification
mentioned in the [[nfroduction} fine gradings up to equivalence and G-gradings up to
isomorphism. Any group grading on a finite dimensional algebra A is a coarsening of
a fine group grading. So, if we have a classification of fine group gradings on A up to
equivalence and know their universal groups, we can obtain any G-grading as “I" for
some fine grading I" and homomorphism « from the universal group of I" to G (see
Definition . However, I' and « are not unique and in practice it is difficult to

determine when two such induced G-gradings I’ and #A are isomorphic.

On the other hand, if we know all G-gradings on A, for any G, we can try to
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determine which of them are fine and compute their universal groups. This was done

for simple Lie superalgebras of series ), P and B in [BHSK17, [HSK19, [San19].



Chapter 2

Graded-Simple Associative

Superalgebras

In this chapter we review some results about graded-simple associative algebras and
extend them to superalgebras. The resulting theory will serve as a foundation for
Chapters [3] and [l Also, in Chapter 5], gradings on the associative superalgebras
M(m,n) and Q(n) will give us the so called Type I gradings (Definition on the
Lie superalgebras of series A and (). Throughout this chapter, GG is a fixed group and

the term algebra means associative algebra.

In Section we recall the theory of graded-simple algebras satisfying the descend-
ing chain condition (d.c.c.) on graded left ideals (Definition [2.1]), following closely
[EK13, Chapter 2], although with some differences in notation (see Definitions
and [2.20]and Remark [2.19)) and proofs. In Subsection[2.1.1] we consider graded-division
algebras (Definition and classify their graded modules of finite rank. In Subsec-
tion [2.1.2] we reduce the classification of graded-simple algebras satisfying d.c.c. on
graded left ideals to these objects: Theorem states that every such graded algebra
is isomorphic to Endp(U), where D is a graded-division algebra and U is a graded
right D-module of finite rank, while Theorem describes isomorphisms between

these endomorphism algebras. In Subsections [2.1.3|and [2.1.4] we specialize to finite

dimensional algebras over an algebraically closed field. In the former we parametrize
the graded-division algebras (Proposition [2.32)) and give the construction of the so
called standard realizations (Definition [2.36]), which are models of graded-division

algebras that are simple as algebras; in the latter, we extend the parametrization to
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graded-simple algebras to get a classification result (Theorem [2.40]), and use it to
recover the well-known classifications of gradings on matrix algebras (Corollary [2.42))
and of simple associative superalgebras (Theorem [2.43]).

In Section[2.2] we extend this theory to graded-simple superalgebras, by seeing them
as G*-graded algebras, where G# = G x Z, (see Section . The subsections follow
the same pattern as in Section [2.1], adapting the definitions and results to the “super”
setting. In Subsection we define graded-division superalgebras (Definition ,
which can be even or odd (Definition , and parametrize their graded supermodules
of finite rank in each case. In Subsection [2.2.2] we apply Theorem to graded-
simple superalgebras satisfying d.c.c. on graded left ideals; these graded superalgebras
can also be even or odd depending on the graded-division superalgebra involved
(Definition . In Subsection , we parametrize finite dimensional graded-
division superalgebras over an algebraically closed field and give standard realizations
of type @ (Definition , which are graded-division superalgebras that are simple as
superalgebras but not as algebras. In Subsection [2.2.4] we extend this parametrization
to classify even and odd graded-simple superalgebras (Theorems and , and
obtain as corollaries the classification of gradings on M (m,n) (Corollaries and

and on Q(n) (Corollary [2.80)).

The parameters used to classify even gradings in Section are in terms of the
group G, but the parameters used for odd gradings are in terms of the group G#
(except when the underlying superalgebra is Q(n)). In Section [2.3] we present a
parametrization of odd gradings in terms of G (see Definition . Subsection m
handles the general case (Corollary, while Subsection handles the case where
the underlying superalgebra is M (m,n), giving necessary and sufficient conditions on
the parameters for this to be the case (Lemma and Proposition , and also
simplifying the parametrization (Theorem .

We note that in [BS06], a description of gradings on M (m,n) and Q(n) was given,
but the isomorphism problem was not considered. A classification of gradings on
M (m,n) was obtained in [HSK19| (see also [San19]).
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2.1 Graded-simple associative algebras

In this section, we will recall the classification of gradings on matrix algebras [BSZ01,
BZ02, BK10] and, more generally, that of graded-simple algebras satisfying the d.c.c.
on one-sided graded ideals (see below). We will follow the exposition of [EK13
Chapter 2] but use a slightly different notation for parameters, which will be extended
to superalgebras in Section

Our main interest is in finite dimensional graded algebras. It is clear that they

satisfy the following condition:

Definition 2.1. We say that a graded algebra R satisfies the descending chain
condition (or d.c.c.) on graded left ideals if, for every sequence {I}ren of graded left
ideals such that

k<l = I 21,

there is n € N such that
n<tl = I,=1.

As we will see in Theorem [2.23] a graded-simple algebra satisfying this condition
can be described, up to isomorphism, by a graded-division algebra D and a graded right

D-module of finite rank. This is the graded analog of a classical result of Wedderburn.

2.1.1 Graded-division algebras and their modules

It is easy to see that if a G-graded algebra R has the unit element 1, then 1 € R..

Also, if an element r € R, is invertible, then r~! € R,-1.

Definition 2.2. A graded-division algebra is a unital graded algebra D such that
every nonzero homogeneous element has an inverse. In this case, we may also refer to

the G-grading on the algebra D as a division grading.

Example 2.3. The group algebra FG can be regarded as a graded algebra if we
declare Fg to be the homogeneous component of degree g, for all ¢ € G. It is a

graded-division algebra since (Ag)™* = +¢g7*, for all 0 #£ X € F.

Example 2.4. Another example of a graded-division algebra is the matrix algebra

M, (F), charF # 2, equipped with the Zy X Zy-grading, sometimes called Pauli grading,
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defined by

(en))
=

1 0 _ 0 1 _

de = (0, de = (0,1),
g<0 1) ( g(l 0) (0,1)
1 0 0 —1 -

de = de = (1,

Example 2.5. Example can be generalized to define a Z, x Z,-grading on M,(F),

given that there exists a primitive ¢*"-root of unity & € F. Let

|
—~
=1
(@)}
=

o 0 --- 0 0 0 1

0 0 0

A=|[00 & .. 0 and B:=10 00
00 0 ... &t 000 ---10

Note that AB = ¢BA and A® = B = 1. One can check that setting deg A = (1,0)
and deg B = (0, 1) defines a grading making M,(FF) a graded-division algebra.

For what follows, let us fix a graded-division algebra D. We note that D, is a
division algebra in the usual sense and that, if 0 # X; € D, then D, = X, D..

Lemma 2.6. The support T := supp D is a subgroup of G.

Proof. As noted in Section[1.2] 1 € D,, so e € T. Given s,t € T, take 0 # X, € Dy
and 0 # X; € D,. Since X X, is invertible, it is a nonzero element in Dy, hence
st € T. Finally, write X;' = >gecdg. Then 1 = XXt = > gec Xidg and 1 =
XX, = > gec dgXi. Since 1 € D, it follows that 1 = Xydy—1 and 1 = d-1 Xy, so
X;l =di-1 € Dy-1. ]

Lemma 2.7. The group T is the universal group of the grading on D.

Proof. Denote the division grading on D by I' : D = @,cr D;, considered as a set
grading, and set ¢: T' — T to be the identity map. Let G’ be a group and let //: T — G’
be a (set-theoretic) map such that “T is a G'-grading. It is straightforward that T,
together with ¢, satisfies the universal property in Definition if, and only if, // is
a group homomorphism. To prove the latter, let 0 # X, € D, and 0 # X; € D, and
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note that X,X; is a nonzero element of D ;. When considering the grading LT, the
elements X,, X; and X, X, have degrees ¢/(s), !/ (t), !/ (st) € G, respectively. Since *T
is a group grading, it also follows that X, X, has degree ¢'(s)!/(t), so we conclude that
J(st) =1(s)/(t), as desired. O

Graded D-modules will play an important role in this work. We will now recall

their classification up to isomorphism.

Consider a graded right D-module U = @ ¢ U, Note that a homogeneous
component 0 # U, is a D.-module but, unless D = D, it is not a D-submodule. It is

easy to see that the D-span of Uy is Ugr = Pyer Uy

Definition 2.8. Given a left coset € G /T, the isotypic component U, of a graded
right D-module U = @, Uy is the D-submodule given by:

U, = @Ug.

geEx
Clearly, U = @,cc/r Us-

Remark 2.9. The use of the terminology “isotypic component” here is consistent with
its common use. Recall that, in representation theory, an isotypic component is
defined as the sum of all simple submodules of a given isomorphism type. Since D is a
graded-division algebra, the right modules 9D are simple D-modules. It is easy to see
that all simple D-modules are of this form. Indeed, if V is any graded right D-module
and 0 # v € V,, then the map 91D — vD given by d — vd is an isomorphism. It is
also easy to see when WD and 91D are isomorphic. Of course, since supp 9D = ¢T
and supp 91D = ¢'T, a necessary condition for this to happen is ¢’¢~* € T. Conversely,
if gg7' € T, then we can pick 0 # ¢ € Dy, and define an isomorphism blp — D
by d — cd.

Lemma 2.10. Two graded right D-modules W and 'V are isomorphic if, and only if,
the isotypic component U, is isomorphic to V, for all x € G/T.

Proof. If ¢: U — 'V is a homomorphism of graded right D-modules, then it is clear
that ¥(U,) C V,, for all x € G/T, and that ¢ is determined by the maps ¢ [y, : U, —
V., v € G/T. Moreover, ¢ is an isomorphism if, and only if, each ¥ [, is an

isomorphism. O
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Lemma [2.10|reduces the problem of classifying graded D-modules up to isomorphism
to classifying their isotypic components. We will now reduce the latter to (ungraded)

modules over the division algebra D.. Note that D can be regarded as a left D.-module.

Definition 2.11. Let U be a graded D-module. A D.-form of U is a graded D.-
submodule U C U such that the map U ®p, D — U given by u ® d +— ud is an

isomorphism of graded right D-modules. If this is the case, we will use this map to
identify U @p, D with U.

Proposition 2.12. Let U be a graded right D-module and let g € G. The homogeneous

component U, is a D.-form for the isotypic component Ugyr.

Proof. Since the D-span of U, is Uyr, the map ¢: U;@p, D — U given by ¥ (u®@d) = ud
is surjective. To see that v is injective, pick 0 # X; € D, for every t € T. Let
u e Uy ®p, D. It is easy to see that {X;}ier is a D,-basis for D, so we can write
u=Y,epu’ ® Xy, with u* € U, for all t € T and u' = 0 for all but finitely many
t € T. We then have that ¢(u) = > ,cp u' X; and hence, if ¢(u) = 0, we have u' X, = 0,
for every t € T. Since X, is invertible, we conclude that u' = 0 for every t € T and,
therefore, u = 0. O

Corollary 2.13. Let U and 'V be graded right D-modules and fix g € G. Then Uy is

isomorphic to Vyr if, and only if, U, and V, are isomorphic as D.-modules. O]

Since D, is an (ungraded) division algebra, every right D.-module has a D.-basis.
By Proposition [2.12 a D.-basis for U, is a D-basis for Uyr. It follows that every
isotypic component has a D-basis consisting of elements of the same degree. Since U

is the direct sum of its isotypic components, we conclude that U has a graded basis:

Definition 2.14. Let U be a graded right D-module. A D-basis B of U is said to be

a graded basis of U if all the elements in B are homogeneous (of various degrees).

Remark 2.15. Alternatively, the existence of a graded basis can be proved with the

same arguments as in the ungraded setting (using Zorn’s Lemma).

Proposition 2.16. Let U be a graded right D-module. Let B be a graded basis and
set B, =B NU, for any x € G/T. Then the sets B, form a partition of B and the
cardinality | B,| is independent of the choice of B and equal to dimp, U, for any g € x.
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Proof. Let B be any graded basis of U and set B, := BN U, for all z € G/T. Since
every element in B is homogeneous, B = U,cq/r Bz, and, hence, B, is a graded basis
for U, for all z € G/T.

We claim that each B, has cardinality dimp_ U,, where g is an arbitrary represen-
tative of the coset z. Indeed, let B, = {uy}rea, For every A € A,, choose d) € D to
be a nonzero element of degree (deguy)~'g € T. Then, clearly B! = {uydy}rea, is
also a graded basis of U,r, of the same cardinality as B,, but with all elements having
degree g. It is easy to see that B! is a D.-basis of U, and, therefore, it has cardinality
dimp, U,. ]

Definition 2.17. We define the rank or D-dimension of a graded right module U to
be the cardinality of one (and hence any) graded basis of U, and denote it by dimp(U).

We will now restrict ourselves to graded right D-modules of finite rank.

It is clear that a graded right D-module U has finite rank if, and only if, all
isotypic components have finite rank and only finitely many of them are nonzero.
In view of Lemma [2.10] Corollary and Proposition this means that an
isomorphism class of such modules is determined by the map x: G/T — Z>( defined
by k(x) := dimp(U,), which has finite support. In other words, & is a finite multiset
in G/T, where k(z) is viewed as the multiplicity of the point z. As usually done for
k(z). Clearly || = dimp(U).

multisets, we define || = >, cqupp s

Definition 2.18. Given a map «: G/T — Zso with finite support, we say that a
k-tuple v = (g1,...,gr) € G*, where k = ||, realizes r if the number of entries g;
with g; € z is equal to k(x) for every z € G/T.

Clearly, we can always choose a k-tuple v = (g1, . .., gx) realizing k. We can use
any such 7 to construct the graded D-module U := 9D @ ... @ 9D, which is a

representative of the isomorphism class of graded D-modules determined by k.

Remark 2.19. Both parameters, the map s and the the k-tuple v realizing it, have
been used in previous works. Sometimes both are present, as in [EK13] (where the
tuple is defined so that all elements belong to different left cosets and the multiplicities
are recorded as a separate tuple) and [BHSK17, [HSK19]; sometimes only the tuple,
as in [BK10]; sometimes only the multiset, as in [BKRI18| [KY19]. Here we follow the

notation of the latter.



41

A systematic way to obtain «y from & is using a set-theoretic section £: G/T — G
of the natural homomorphism 7: G — G/T (i.e., a map such that 7({(z)) = « for all
x € G/T) and a total order < on the set G/T.

Definition 2.20. Let {: G/T — G be a set-theoretic section of the natural homomor-
phism 7: G — G/T and let < be a total order on G/T. Given a map k: G/T — Z>q
with finite support, set k := || and let  be the k-tuple given by putting the elements
of {{(z) | » € suppk} C G following the order < and repeating x(z) times each
element &(x). We will call v the k-tuple realizing k according to & and <.

Let U and 'V be graded right D-modules. We will denote by Homqp (U, V) the vector
space of all homomorphisms from U to V as D-modules, not as graded D-modules.

In other words, the elements of Homp (U, V) do not necessarily preserve degrees. As
usual, we also denote Homqp (U, U) by Endp(U).

Of course, Homqp (U, V) € Homg(U, V). If dimp(U) < oo, we can say more:

Proposition 2.21. Let U and V be graded right D-modules and suppose dimp U < oo.
Then Homp(U, V) = Homf (U, V) is a graded subspace of Hom§ (U, V) (see Defini-
tion .

Proof. Let B = {uy,...,us} be a graded basis for U and € = {v; };cs be a graded basis
for V, set g; := degu; and h; == degv;, for 1 <j </landie€ I

Since B is, in particular, a basis for D as a free D-module, a D-linear map f: U — U
can be defined by its values on the elements of B. Given 1 < j </, i€ I, t €T and
0# d € Dy, define f; ;4: W — V to be the D-linear map defined by f; ; 4(u,) = d;,v:d,
for every r € {1,...,¢}. It is easy to see that f; ;4: W — V is a homogeneous element
in Hom§' (U, V) with

deg fijq = hitg; . (2.1)

Since B is finite, it is clear that every map in Homp (U, V) is a finite sum of maps of

the form f; ; 4, concluding the proof. O

Under the conditions of Proposition [2.21} we will always consider Homqp (U, V) as
a graded vector space with the grading restricted from Hom (U, V). Note that, in
the case U =V, this makes Endp(U) a graded algebra and U a graded left Endp(U)-

module.
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As usual, if both U and V have finite rank over D, we can represent the elements
of Homp (U, V) as matrices with entries in D. More precisely, given graded bases B =
{uy,...,u} and € = {wy,..., v} for U and V, respectively, we have an isomorphism
of vector spaces Homqp (U, V) — My o(D) given by f — (d;;), where f(u;) = >, vid;;.
Under this isomorphism, the map f;;q defined in the proof of Proposition [2.21]
corresponds to the matrix E;;(d) € My (D), i.e., the matrix which has d in the

position (7, ) and 0 elsewhere.

Remark 2.22. Note that we can identify M(D) = My (F) ®r D, with E;;(d) corre-
sponding to £;; ® d. In the case G is abelian, Equation implies that the grading
on Mg (F) ®r D is the one of the tensor product of graded algebras (see Section [1.1)),
where Mj,(F) has an elementary grading (see Definition [1.3)).

2.1.2 Graded Wedderburn theory

Let U be a nonzero graded right D-module of finite rank. In this subsection we will
study the endomorphism algebra Endp(U). The main reason for this is Theorem [2.23]
below. Special cases of this result appeared in several works, e.g., [BSZ01l,[NO04, [BZ02].
Here we follow [EK13, Theorem 2.6], the converse of which also holds (see [EK13, page
31]).

Theorem 2.23. Let G be a group and let R be a G-graded graded-simple associative
algebra satisfying the d.c.c. on graded left ideals. Then there are a G-graded division
algebra D and a nonzero graded right D-module U of finite rank such that R ~ Endgp(U)
as graded algebras. ]

The next question is: when are two graded algebras Endp(U) and Endp (U)

isomorphic? We will need the following two definitions:

Definition 2.24. Let d € D be a nonzero homogeneous element. We define the inner
automorphism Intg: D — D by Inty(c) == ded™?, for all ¢ € D.

Definition 2.25. Let ¢)g: D" — D be a homomorphism of graded algebras and let U
be a graded right D-module. The module induced by 1y is the graded right D’-module
U¥0 which is U as a vector space, but with D’-action defined by u - d = uy(d), for all
u € Wand d € D'. In the case ¥g: D — D is an automorphism, UY° is again a graded
right D-module, called the twist of U by 1.
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Remark 2.26. Note that, if v is surjective, a map f: U¥® — UY0 is D’-linear if, and
only if, f is D-linear as a map U — U. In other words, Endg (U¥?) is the same set
as Endp(U). Nevertheless, the matrix representation of f can be different in each
case. To be more precise, note that a subset B C U is a graded D’-basis of U¥* if,
and only if, it is a graded D-basis of U. Such a basis gives rise to isomorphisms
M;(D") ~ Endp (UY) and My(D) ~ Endp(U), and it is easy to see that the matrix
representing f in My (D’) is equal to the result of applying 1y to every entry of the
matrix representing f in My (D).

The next result is [EK13, Theorem 2.10] with a slightly different notation:

Theorem 2.27. Let R = Endp(U) and R = Endp (W), where D and D' are
graded-division algebras, and U and W are nonzero right graded modules of finite rank
over D and D', respectively. Given an isomorphism : R — R', there is a triple
(g,%0,11), where g € G, y: =Dl — D’ is an isomorphism of graded algebras,
Py W9 — (W)Y ds an isomorphism of graded right D-modules, such that

VreR, w(r)=droroyr’. (2:2)

Conversely, given a triple (g, o, 1) as above, Equation defines an isomorphism of
graded algebras 1p: R — R'. Another triple (¢', 1}, ]) defines the same isomorphism 1)
if, and only if, there are t € supp D’ and 0 # d € D} such that ¢’ = gt, ¥y = Intg—1 01
and Y} (u) = Py (u)d for all u € U. O

For the remainder of this subsection, fix a graded-division algebra D and a nonzero
graded right D-module of finite rank U, and set R := Endp(U). Thus, U is a graded
(R, D)-bimodule.

First, we state here a well-known result about ungraded algebras, for future

reference:

Proposition 2.28. The (ungraded) algebra R = Endp (W) is simple if, and only if,
the (ungraded) algebra D is simple. ]

The following result is essentially [EK13 Exercise 3 on page 60].

Lemma 2.29. As a left R-module, U is graded-simple. Also, the right action of D on
U gives an isomorphism p: D — Endg(U).
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Proof. By the definition of a graded module, p is a homomorphism of graded algebras
D — End% (U). Since D is graded-simple and p(1) = idy # 0, p is injective.
Let {uy,...,ux} be a graded D-basis of U. Given u € U, define r € R = Endp(U)

to be the D-linear map such that ru; = v and ru; = 0 for 1 < i < k. Let f € Endg(U)
and write uy f = >, u;d; for dy, ..., dx € D. Then

uf = (ru)f =r(u f) = r(ZuZdl) = ud;.

Therefore f = p(d,), proving that the image of p is the whole Endg(U).

Finally, since any nonzero homogeneous element u; € U can be included in a graded
D-basis {u1, ..., u;}, the maps r defined as above show that U = Ru; and, hence, U

is graded-simple as an R-module. O

Recall that, if G is abelian, the center of a graded algebra is a graded subalgebra
(Lemma |1.13)).

Proposition 2.30. Suppose G is abelian. Then the map v: Z(D) — Z(R) given by
t(d)(u) =ud, for alld € Z(D) and u € U, is an isomorphism of graded algebras.

Proof. First of all, ¢ is well-defined. Indeed, ¢(d): U — U is D-linear for all d € Z(D),
ie., t(d) € R = Endp(U). Now, if r € R and u € U, then r(c(d)(u)) = r(ud) =
r(u)d = o(d)(r(u)). Hence ¢(d) € Z(R). Clearly, deg¢(d) = degd.

To show that ¢ is an isomorphism, we identify D with Endg(U) via p as in
Lemma . Computations analogous to the ones above show that the map ¢/: Z(R) —
Z(D) given by /(r)(u) = r(u) is well-defined, and it is straightforward that /" is the

inverse of ¢. O]

2.1.3 Finite dimensional graded-division algebras over an al-

gebraically closed field

The classification of graded-division algebras over F involves the classification of usual
division algebras and certain cohomology sets of G (see [Kar73|), which is unattainable
in general. Fortunately, for our purposes, we only need this classification in a very

special case. For gradings on (super)involution-simple associative (super)algebras or
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simple Lie (super)algebras, we may assume that G is abelian (see Propositions
and [5.1)). Also, we will restrict ourselves to finite dimensional algebras over an
algebraically closed field. Hence, for the remainder of this subsection, we will assume

that G is abelian and that F is algebraically closed.

Let D be a finite dimensional graded-division algebra and set 7" := supp D, so T’
is a finite subgroup of G. For every t € T, let us fix 0 # X; € D;. Since D, is a
finite dimensional division algebra and F is algebraically closed, D, = [F and, hence,
dimyp D; = dimp X; D, =1 forall t € T.

Definition 2.31. A map b: T x T' — F* is said to be a bicharacter if, for every
t € T, both maps b(t,-): T'— F* and b(-,t): T — F* are characters. We say that a

bicharacter b is
o symmetric if b(t,s) = b(s,t) for all t,s € T}
o skew-symmetric if b(t,s) = b(s,t)"! for all t,s € T}
e alternating if b(t,t) =1 forall t € T.

Clearly, every alternating bicharacter is skew-symmetric. The radical of a (skew-)sym-

metric bicharacter is the subgroup of T' defined by
radb={teT|b(tT)=1}.

If radb = {e}, we say that b is nondegenerate.

Since T' is abelian and every homogeneous component is one-dimensional, for any

t,s € T, there exists a nonzero scalar 3(t, s) such that
Xi Xy = 6(757 S)XSXt- (23)

Note that (¢, s) does not depend on the choice of X; and X. It is easy to see that
the map B: T x T — F* is an alternating bicharacter and that rad § is the support of
Z(D). We will say that (T, 5) is the pair associated to the graded-division superalgebra
D, or that D is a graded-superalgebra associated to the pair (T, 3).

The following is a consequence of a well-known result in group cohomology (see
[EKI5b] Section 2.2]), but we give a different proof here for completeness (see [BZ1S,
Section 4]).
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Proposition 2.32. The pair (T, ) determines the isomorphism class of the graded-

division algebra D.

Proof. Write T' = (t1) x - -+ x (tx) and let n; denote the order of t;, for all 1 <i < k.

Since [ is algebraically closed, scaling X, if necessary, we can assume X, = 1.

Let J be the free associative algebra generated by the symbols Yy,,...,Y;, . We
can make J a T-graded algebra by assigning degY;, :=¢;,. Let ® denote the quotient
of F by the ideal generated by

}/t:h — 1 and )/tzytj - B(tlatj)yzj}/tm

for all 1 <1i,j < k. Since the relators are homogeneous, ® is also a T-graded algebra.
Note that ® depends only on 7', $ and the choice of the elements t;,...,t; € T.
Also, it is clear from the relators that ® is spanned by the elements of the form
Yy Y where 0 < my < n; — 1. In particular dim® < |7 = dim D.

Clearly, there is a unique surjective algebra homomorphism : © — D such that
P(Y;,) = X4, which is degree preserving. We then must have that dim® > dim D, so
dim® = dim D and, therefore, 1 is an isomorphism of T-graded algebras. O]

There remains the question of existence of a graded-division algebra D for a given

(T, 3). This, again, follows from cohomology. We give another proof for completeness.

Lemma 2.33. Let T be a finite abelian group and let B: T xT — F* be an alternating
bicharacter. Suppose that'T = A X B for subgroups A, B C T and that there are graded-
division algebras A and B associated to (A, B Taxa) and (B, [pxp), respectively.
Then there is a graded-division algebra associated to (T, ). Further, if (A, B) =1,
then this graded-division algebra is isomorphic to A @ B (with its usual product).

Proof. Choose elements 0 # X, € A, and 0 # X, € By, foralla € Aand b€ B. On
the graded vector space A ® B, define a product by

(XCL ® Xb)<Xa’ & Xb’) = 5(b7 a/)(XaXa’> ® (XbXb’)7

for all a,a’ € A and b, € B (this construction is called colour tensor product in
[BMPZ92, page 88], and is a special case of the concept of twisted tensor product
in [CSV95]). Clearly, this makes A ®@ B a graded algebra, and it is associative (see
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[BMPZ92]) with identity element 14 ® 1. Since the homogeneous elements in A ® B
are scalar multiples of X, ® X;, a € A, b € B, we see that it is a graded-division
algebra, and that it is associated to (7', 5). O]

Proposition 2.34. For every pair (T, 3), there is a graded-division algebra associated
to it.

Proof. We write T' = (t;) x --- X (tx) and proceed by induction on k. If kK = 1, then
must be trivial: 5(t,#]) = B(t1,t1)% = 1, for all i, € Z. Hence, the group algebra
FT is a graded-division algebra associated to (T, 3). The induction step follows from
the case k = 1 and Lemma [2.33 O

If we suppose that § is nondegenerate, than we can construct a graded-division
algebra associated to (7, 5) using matrices. For that, we follow [EK15a, Remark 18]
(see also [EK13, Remark 2.16]).

First of all, we can decompose the group T as A x B, where the restrictions of
to each of the subgroups A and B are trivial (see [EK13| page 36]) and, hence, A and
B are in duality by S, i.e., the map A — B given by a — f((a,-) is an isomorphism of

groups (note that, in particular, |T'| is a perfect square).

Let V' be the vector space with basis {e; }yep (i-e., V is the vector space underlying
the group algebra FB). For each a € A, define X, € End(V') by

v e B, Xa(eb/) = B(a, b')eb/,
and, for each b € B, define X}, € End(V') by
\V/b, € B, Xb(Gb/) = Cpy -

Finally, we define X, = X,X,, foralla € Aand b € B.

Proposition 2.35. The operators Xy, t € T form a basis of the algebra End(V') and
define a division grading associated to (T [3).

Proof. Clearly, the operators X, and X, (and, hence, X,;) are invertible, for all
a € Aand b € B. It is easy to see that X, X, = X,v and X, Xy = Xy, for all
a,a’ € A and b0 € B. Also, X,(Xp(ey)) = B(a,bb )eyy = B(a,b)f(a,b)eyy and
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Xp(Xa(ey)) = Bla,b)ew, so XXy = P(a,b)XpX,. It follows that, for all t,s € T,
XtXS = ﬁ(t, S)XSXt.

It remains to show that the operators Xy, t € T, form a basis of End(V'). Since
|T| = |A||B| = | B|* and dim V = |B], it suffices to prove linear independence. Suppose
>ab AavXap = 0, for some Ay, € F. Then for each b € B, we have that

> A Xab(ev) = AapB(a, b)B(a, b )ew = 0.

a,b

Since {epy } is linearly independent, we have
Z )\abﬁ(a> b)ﬁ(&, b/) = Oa
for all b,t’ € B. It follows that

Z /\abﬂ(aa b)ﬁ(a’ ) =0,

for all b € B. Since ( is nondegenerate, the maps (a, ) € B are all distinct characters,
and since distinct characters are linearly independent, we have Ay,5(a,b) = 0, for all
a € A and b € B. Therefore, Ay, = 0, as desired. O

Definition 2.36. We will refer to these matrix models of D as its standard realizations.

Note that Example is a standard realization for (T, 5) where T' = Z; X Z;, and
B((i,4), (¢, 5') = €779, for all i, 4, j, j' € Zy.

Corollary 2.37. The graded-division algebra D is simple as an (ungraded) algebra if,

and only if, B is nondegenerate.

Proof. 1f B is nondegenerate, then the construction of a standard realization above

shows that (7, ) has a model with a simple algebra and, hence, D must be simple by
Proposition [2.32]
Conversely, if D is simple as an algebra, then, since I is algebraically closed, D

must be central (i.e., Z(D) =F), so rad 5 = {e}. O

We finish with a well-known result for future reference.
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Lemma 2.38. An F-linear map 1g: D — D is an automorphism of the graded algebra
D if, and only if, there is x € T such that 1o(X,) = x(t)X, for all t € T.

Proof. Any invertible degree-preserving linear map ¢: D — D is determined by a
map x: T — F* such that ¥(X;) = x(t) Xy, for all ¢t € T. Tt is easy to see that 1 is an

automorphism if, and only if, y is a group homomorphism, i.e., xy € T. O

2.1.4 Finite dimensional graded-simple algebras over an alge-

braically closed field

We continue assuming that F is algebraically closed and that G is abelian.

If R is a graded-simple algebra then, by Theorem [2.23] R ~ Endp(U), where D
is a graded-division algebra and U is graded right D-module of finite rank, say, k.
Since Endp(U) ~ My (D), we have that R is finite dimensional if, and only if, D is
finite dimensional if, and only if, D is associated to a pair (7, 3) as in the previous

subsection.

Definition 2.39. Let D be a finite dimensional graded-division algebra over an
algebraically closed field ' and let U be a graded right D-module of finite rank. If D
is associated to (T, 5) and U is associated to k: G/T — Zsq (see Subsection [2.1.1]),
we say that (T, 5, k) are the parameters of the pair (D, U).

It is easy to see that, since G is abelian, Ul is associated to ¢ - x, where the
G-action on functions G/T — Zsq is defined as usual: (g - x)(z) = r(g~'z) for all
z € G/T. Note that if (g1,...,gx) is a k-tuple realizing « (see Definition [2.18]), then
(991, ---,99k) is a k-tuple realizing g - k.

If Yg: D — D’ is an isomorphism of graded algebras and W is a graded right
D’-module associated to &/, it is clear that dimqp U, = dimqp (U )¥0, for all x € G/T,

and, hence, the graded D-module (U')%° is also associated to x’.
Thus, Theorem becomes the following;:
Theorem 2.40. Let (D,U) and (D', W) be pairs as in Definition[2.39, and let (T, B, k)

and (T', B', k') be their parameters. Then Endp(U) ~ Endy (W) if, and only if, T =T,
B =p and k and k' belong to the same G-orbit. ]
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It should be noted that, combining Proposition [2.28 and Corollary [2.37], we have
that Endp(U) is simple as an (ungraded) algebra if, and only if, § is nondegenerate.
If this is the case, Theorem gives us the classification of abelian group gradings

on matrix algebras up to isomorphism:

Definition 2.41. Let n > 0 be a natural number. Given a finite subgroup 7' C G,
a nondegenerate bicharacter f: T x T — F* and a map x: G/T — Z>o with finite
support such that |k|\/|T| = n, consider

(i) a standard realization D (see Definition [2.36)) of a matrix algebra with a division
grading associated to (T, 3);

(ii) the elementary grading (see Definition on My (F) defined by a k-tuple 7 of
elements of G realizing x, where k := |k| (see Definition [2.18)).

We define I'y (T, 5, k) to be the grading on M, (FF) given by identifying M, (F) with
the graded algebra M (F) @ D via Kronecker product, i.e.,

deg (E;; @ d) = gigj’lt,

forall 1 <i,j <k, teTand 0 # d e D;. The algebra M, (F) endowed with the
grading I"y/ (T, B, k) will be denoted by M (T, 3, k).

Note that we are abusing notation in Definition m The grading 'y (T, 3, k)
actually depends on the choices of the standard realization D and of the k-tuple ~

realizing k. Nevertheless, its isomorphism class depends only on (7', 5, k).

Corollary 2.42 ([BK10, Theorem 2.6],|[EK13, Theorem 2.27]). Every G-grading
on M,(F) is isomorphic to Tn(T, 3,k) as in Definition [2.41. Two such gradings
Cy(T, B, k) and Ty (17, B, K') are isomorphic if, and only if, T ="T', 5 = ' and there
is g € G such that g - Kk = K'. O

As an application of Theorems and [2.40, we can obtain the classification of

finite dimensional simple superalgebras over an algebraically closed field.

Theorem 2.43 ([Wal64]). Let R be a finite dimensional simple superalgebra over an
algebraically closed field F. Then R is isomorphic to either M(m,n) or Q(n), where

m,n € Z>o. Moreover,
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(i) M(m,n) # Q(n');

(i) M(m,n) ~ M(m/,n') if, and only if, either m = m' and n =n', or m =n’ and

n=m;

(iii) Q(n) ~ Q(n') if, and only if, n =n'.

Proof. Since R is simple as a Zs-graded algebra, so, by Theorem R ~ Endp(U).
Let (T, 3, k) be the parameters of (D,U). Since T' C Z,, we either have T' = {0} or
T =17s,.

If T = {0}, then D = F and R ~ Endp(U). The isomorphism class of U is
determined by the map r: Zy/{0} = Zy — Z>q defined by k(i) = dimp(U') for all
1 € Zo. In other words, the isomorphism class of U is determined by the numbers
m = x(0) and n = r(1). By choosing bases for U° and U', we get R ~ M (m,n). By
Theorem [2.40] we conclude that M(m,n) ~ M(m/,n’) if, and only if, either m = m/

and n = n' (for ¢ =0), or m =n' and n =m’ (for g = 1).

If T'= Z,, we first note that the only alternating bicharacter g: Zo X Zy — F*
is the trivial one. Hence, D ~ FZ, ~ (1) and R ~ Endg(1)(U). The isomorphism
class of U is determined by a map k: Zy/Zy — Z>g, i.e., by the single number
n = K(Zy) = dimg)(U).

To conclude the proof, we will show that Endg1)(U) ~ Q(n). By Proposition ,
we can take a graded basis B for U with all elements having degree 0. We, then, can
write Endgq)(U) ~ M, (Q(1)) ~ M,(F) ® Q(1) as graded algebras (Remark [2.22)),
where the grading on M, (IF) is trivial. Finally, using the Kronecker product, we get
M(F) @ Q(1) = Q(1) & My(F) = Q(n) s

Definition 2.44. Let R be a finite dimensional simple associative superalgebra. If
R~ M(m,n), for some m,n > 0, we say that R is of type M. If R ~ Q(n), for some
n > 0, we say that R is of type Q.

2.2 Graded-simple associative superalgebras

We will now adapt the results of the previous section to graded-simple superalge-

bras. For any abelian group GG, we obtain a classification of GG-graded graded-simple
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superalgebra over an algebraically closed field of any characteristic, following the
approach used in [HSK19] for M (m,n). A different (and more complicated) approach
was used in [BS06] to obtain a description of G-gradings (with some restrictions on

characteristic), but the isomorphism problem was not solved there.

Let G be a group. Recall that a G-graded superalgebra R can be seen as a
G# .= G x Zy-graded algebra (see Section by defining R, ;) = R, N R, for all
g € G and i € Zy. We identify G with G x {0} C G#. Clearly, R is graded-simple as
a G-graded superalgebra if, and only if, it is graded-simple as a G#-graded algebra.
This allows us to easily transfer the results of the previous section to gradings on

superalgebras, but at the cost of working in the group G# instead of G.

Remark 2.45. If the canonical Zy-grading is a coarsening of the G-grading by means
of a homomorphism p: G — Zy (referred to as the parity homomorphism), then we
could work with the pair (G, p) instead of the group G*. Note that, in this case we
would have another isomorphic copy of G in G#, namely, the image of the embedding

g+ (g,p(g)), which contains the support of the G#-grading.

2.2.1 Graded-division superalgebras and their supermodules

Definition 2.46. A G-graded superalgebra D is said to be a graded-division superalge-
bra if every nonzero element which is homogeneous with respect to both the G-grading
and the canonical Zy-grading is invertible. In this case, we may also refer to the

G-grading on the superalgebra D as a division grading.

In other words, the graded-division superalgebras with respect to the G-grading
are precisely the graded-division algebras with respect to the G*-grading. Recall that
T = supp D is a subgroup of G#, so we can see D as a T-graded algebra and the
canonical Zy-grading is the coarsening by the group homomorphism p: T'C G# — Zs
given by p(g,i) = i for all (g,i) € G#. We will denote the kernel of p by T, i.e.,
T+ =T N (G x {0}) = supp D°. Similarly, we define T~ =T N (G x {1}) = supp D.

Notation 2.47. For graded-division superalgebras we will use subscripts to refer to the

T-grading, i.e., D refers to the homogeneous component D where t = (g,7) € T C G¥.

Example 2.48. Let (u) be a cyclic group of order 2 and let G = (h) where h has
order at most 2. The group algebra D := F(u), with canonical Zs-grading given by
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PO .= F1 and D! = Fu, becomes a G-graded graded-division superalgebra if we declare
the G-degree of u to be h. In this case G¥ = (h) X Zy and T = ((h, 1)) ~ Zy (compare
with Example . Note that D ~ Q(1) as a superalgebra.

Example 2.49. Example can be seen as a division Zy-grading on M (1, 1), char F #
2. In this case, G = Zy X Zs.

Let U = U0 @ U be a graded right D-supermodule of finite rank. The isomorphism
class of the graded right D-supermodule U is, as in Subsection [2.1.1], determined by
the map k: G¥ /T — Zsq given by k(z) = dimgp U, for all x € G#/T. We also have a
description only in terms of the group G, but for that we separate the graded-division

superalgebras in two classes:

Definition 2.50. If D = D (i.e., D' = 0) we say that D is an even graded-division

superalgebra, and if D % DO (i.e., D! £ 0) we say that D is an odd graded-division

superalgebra.

Note that if D is odd and finite dimensional, then dimp DO = dimgp DI

Lemma 2.51. If D is odd and D ~ M(m,n) as a superalgebra, then m = n.

Proof. We have that dim M(m,n)° = m? + n? and dim M (m,n)! = 2mn. Hence
dim M (m, n)? = dim M (m,n)" if, and only if, m = n. O

Assume that D is an even graded-division superalgebra. Then both U and U are
graded D-submodules, hence we can describe their isomorphism classes, respectively,
by maps kg, k1: G/T — Z>¢ given by k;(z) = dimU. for all i € Zy and z € G/T.
Note that, in this case, G# /T = G# /T* is the disjoint union of G/T and (e, 1) - G/T
and, clearly, k((g,79)T) = k;(¢gT), for all i € Zy and g € G.

Now assume that D is odd. In this case, unless U = 0, the graded subspaces uo

and U! are not D-submodules. But we can follow a different approach.

Definition 2.52. A graded basis of a graded supermodule U is said to be an even

basis if it consists only of even elements.

Let B = {uy}rea be any basis for U, and let 0 # d; € DL, For every \ € A, if u,
is an odd element, let us replace it by uyd;. The resulting set is, clearly, an even basis
of U.
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Convention 2.53. If D is an odd graded-division superalgebra, we choose the graded

basis B to be an even basis.

It follows that the canonical Zs-grading on U is determined only by D. To see
that, take any even basis of U and let U be its D.-span. Clearly, U C U° and it is
a D.-form of U, i.e., we can identify U = U ®p, D and, hence, U = U ®p, DO and
U = Uy, DL

This can also be seen from the point of view of the map . Note that, every coset
x € G* /T has an even representative. This entails that the map ¢: G/T+ — G#/T
given by 1(gT") = (g,0)T is a bijection, so we can work with o ¢, which we will, by

abuse of notation, also denote by k.

It should be noted that, even though U° and U! are not D-submodules, they are
DO-submodules. Clearly, the map x: G/Tt — Zso above is the map associated to
both U® and UL, and an even graded D-basis for U is a graded D - basis for U°.

Remark 2.54. Set R = Endgp(U). If D is even, then we can identify R? with Endp(U°)&®
Endyp(UY). If D is odd, then we can identify R® with Endps(U°).

2.2.2 Graded Wedderburn theory for superalgebras

Let R be a G-graded superalgebra. Note that the graded (left) superideals of R
are precisely the graded (left) ideals of R as a G%-graded superalgebra. Hence,
Theorems and translate to graded superalgebras by simply attaching the

“super” prefix wherever it is needed.

Let R be a graded-simple superalgebra satisfying the d.c.c. on graded left su-
perideals and write, as in Theorem , R ~ Endp(U) where D is a graded-division
superalgebra and U is a graded right D-supermodule of finite rank. Since the prop-
erty of being an even or an odd a graded-division superalgebra is invariant under
isomorphism, by Theorem we can extend Definition to R:

Definition 2.55. If D is an even graded-division superalgebra, we say that the grading
on R is even; if D is an odd graded-division superalgebra, we say that the grading on
R is odd.

For the remaining part of this subsection, fix a graded-division algebra D and a
nonzero graded right D-module of finite rank U, and set R := Endp(U).
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By the discussion on Subsection [2.2.1] if the grading on R is even, all the information
related to the canonical Zs-grading on R is encoded in the graded right D-supermodule
U = U & UL. More explicitly,

R’ = Endyp(U°) @ Endp(U") and R! = Homop (U°, U) & Homyp (U, UO).

This can also be seen by fixing a graded basis {ui,...,u} of U and a graded
basis {Ugt1, - - -, Ukgth; | OF UL. Then R can be identified with M jk; (D) as a graded
superalgebra. If G is an abelian group, following Remark [2.22] we can identify R with
the tensor product of G#-graded algebras My, i, (F) ® D. So, RO = My ks (F)° ® D
and R' = M, (F)! @ D.

Remark 2.56. Note that, if the G-grading on R is even, we can refine the G#-grading to
a G x Z-grading by defining R~! := Homyp (U!, U°), R® := R® = Endp(U°) @ Endp (U
and R! := Homyp (U, UY).

If the grading on R is odd, then, again by the discussion on Subsection all the
information about the canonical Zs-grading is encoded in D. To see it more explicitly,
let us follow Convention and recall the maps f; ;4 € R = Endp(U) defined in the
beginning of Subsection m Those maps generate R and, by Equation , their
parity depend only on d € D.

If G is an abelian group, again, this can also be seen from the identification
R = My(F) ® D in Remark 2.22] The grading on M;(F) is elementary grading
defined by a tuple of elements in G = G x {0} and, hence, R® = M (D) ® D° and
R' = M(D) @ D'.

Remark 2.57. Recall that, for superalgebras, the tensor product is defined with a
different multiplication on the superspace M (F)® D (Definition [1.9)). But since we are
following Convention [2.53] either My (F) or D will have trivial canonical Zy-grading,

hence the tensor product of superalgebras coincides with that of algebras.

Note that we already have a description of even gradings only in terms of the
group G. For odd gradings, though, we still need to describe D only in terms of the
group G, which is a harder task, and we are going to do that only for the case R is a
finite dimensional superalgebra over an algebraically closed field (see Subsection

and Section .
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Proposition 2.58. The superalgebra R = Endp(W) is simple if, and only if, the

superalgebra D is simple.

Proof. Pick a graded basis for U following Convention [2.53| and use it to identify R
with M, (D) = M, (F) ® D, as in Remark 2.57

It is well known that the ideals of My (D) are precisely the sets of the form M;(I)

for I an ideal of D. We will prove an analog of this for superideals.

If I is a superideal, M (I) = M (F) ® I is also a superideal since it is spanned by
a set of Zy-homogeneous elements, namely, the elements of the form E;; ® d where
1<s,7<kandde ourIt Conversely, if J = My(I) is a superideal, then we can
write [ ={d € D | E;; ® d € J}. For every d € I, write d = dj + dy, where d,, € D%,
a € Zs. Since the Zs-homogeneous components of £} ® d are F1; ® dy and Ey; ® dj
and they belong to J, we have dj, d; € I. O

We also could easily adapt the correspondence between the centers of Endy(U)
and D (Proposition to a correspondence between supercenters. It turns out,
though, that the correspondence between centers is more useful even in the case
of superalgebras. For example, if char[F # 2, then sZ(M(m,n)) = sZ(Q(n)) = F
while Z(M(m,n)) # Z(Q(n)), so we can use the centers to distinguish the types of
superalgebra (see Proposition .

2.2.3 Finite dimensional graded-division superalgebras over

an algebraically closed field

We will now focus on the case where G is abelian and F is algebraically closed. For
many of the results in this section we will also assume that charF # 2, but this

hypothesis is not necessary for the classification results in Subsection [2.2.4]

Let D be a finite dimensional graded-division superalgebra and consider the pair
(T, 3) associated to it, where T' C G¥ is a finite subgroup of G# and 3 is an alternating
bicharacter on T. As we did in Subsection let p: T'— Zy be the restriction
to T of the projection on the second component of G#* = G x Zy — Z,, and set
Tt =kerp=TnN (G x {0}) and T~ = TN (G x {1}). We will also denote by 3*
the restriction of 8 to TT x T't. As done in Subsection for every ¢t € T we fix
0+# X, € Dy.
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It is useful to consider another bicharacter on 7. We define 5: T x T — F* by
Vt,s € T, [(t,s) = (—1)PDPE B¢, s). (2.4)
In other words, we have that
Vt,s €T, X, X,=(—1)PDPE5(t, )X, X,

(compare with Equation (2.3])). Clearly, the support of sZ (D), the supercenter of D,
is rad J3.
The following result is the first step in the reduction of Lie colour algebras to Lie

superalgebras, due to M. Scheunert (see [Sch79al).

Proposition 2.59. Suppose charF # 2. Let T' be an abelian group and B be a skew-
symmetric bicharacter on T'. Then there is a alternating bicharacter  on T and a
group homomorphism p: T — Zy such that B(t,s) = (=1)POPE)3(t, s) for all t,s € T.

Proof. Since [ is skew-symmetric, 5(t,t) = [(t,t)7!, so f(t,t) € {£1}. Define
h: T — {£1} by h(t) == B(t,t), for all t € T. We have that

h(tS) = B(t‘S?t‘S) = B<t7t)6(t7 S)B(‘S’t)B(S? 5) = h(t>h(s>7

for all t,s € T, so h is a group homomorphism. We define p: T" — Zs as the unique
group homomorphism such that h(t) = (—1)?® for all t € T.

Finally, we define 8: T x T — F* by f(t,s) == (—=1)P®PE)3(t, s) for all t,5 € T.
Clearly, § is a bicharacter and S(t,s) = (—1)PWP)5(¢, s). It remains to show that
3 is alternating: B(t,t) = (—1)PWPOS(¢ 1) = (=1)PDS(t, ) = h(t)S(t,t) = 1, for all
teT. O

Proposition m tells us that a pair (7, 5)7 where (3 is a skew-symmetric bicharacter
on T, carries the same information as a triple (7,3, p), where § is an alternating
bicharacter and p: T" — Zs is a group homomorphism. Throughout this work we
decided to use the triples (7', 3,p) to parametrize finite dimensional graded-division
superalgebras over an algebraically closed field, since we refer to the bicharacter (8
and the homomorphism p frequently and also because this parametrization is valid

even in the case char F = 2. We we will say that the graded-division superalgebra D
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is associated to triple (T, 8, p) if the graded-division algebra D is associated to (T, 3)

and p is its parity homomorphism.

Remark 2.60. If D is considered as a G#-graded algebra, the parameter p is redundant.
Nevertheless, it is convenient to keep it since there are situations where we may want

to regard D as a T-graded algebra or as a G-graded superalgebra.

Lemma 2.61. Suppose charF # 2. Then radf = (rad 8) N T and, therefore,
sZ(D) = Z(D) N DO,

Proof. Let t € T+. 1In this case B(t,-) = B(t,-), so f(t,T) = 1 if, and only if,
B(t,T) = 1. Hence (rad f) N T+ = (rad ) N T'+.

Now let t € T~. In this case B(t,t) = (1)l = —1, so t ¢ rad 3. Therefore
rad § = (rad 8) N T, concluding the proof. O]

Note that if charF = 2, then § = 3. Hence, regardless of the characteristic, we
have that if 5 is nondegenerate, then so is 3. The converse, however, is not true. In
view of Lemma [2.61] if char F # 2, the next result characterizes the case where 5 is

nondegenerate but 5 is degenerate.

Lemma 2.62. Suppose (3 is degenerate. Then T is nondegenerate if, and only if,
(rad ) N T+ = {e}. If this is the case, then rad f = (t1) for an element t; € T~ of

order 2.

Proof. By definition of radical, it is clear that (rad §) N T+ C rad 8T, hence if 57 is
nondegenerate, then (rad ) N T" = {e}.

Conversely, suppose (rad 5) N T+ = {e}. Since rad 5 # {e}, there is t; € (rad 8) N
T-. For any ) € (radB) N T, we have t,#, € (rad3) N T+ = {e}, so t) = ;"
and, hence, t; has order 2 and rad 8 = (t;). To show that 5 is nondegenerate, let
to € rad 5. Then ((to, T") = 1 and, clearly, 3(to,t1) = 1. It follows that ¢y € rad
and, since ty € T, to = {e}, concluding the proof. ]

In Definition 2.36] we introduced the standard realizations for finite dimensional
graded-division algebras that are simple as algebras. We are now going to extend
this definition for finite dimensional graded-division superalgebras that are simple as

superalgebras, i.e., to include superalgebras of type Q).
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If D ~ Q(n), then D° ~ M(n) is a graded-division algebra that is simple as
an algebra. Clearly, DO is associated to the pair (T*, %), so by Corollary
and Lemma , we have that rad 8 = (t1) for an element ¢t; € T~ of order 2, hence
t; = (h,1) € G¥ for an element h € G of order at most 2.

Conversely, given a finite subgroup T C G, a nondegenerate alternating bicharacter
BT Tt x Tt — F* and an element h € G of order at most 2, let D° be a standard
realization (see Definition of a matrix algebra with a division grading associated
to (TT,B87), set t; == (h,1) and T = (t;) x T, and define 3: T x T — F* by
B(sti, tt]) = Bt(s,t). It is clear that § is an alternating bicharacter and that rad 3 =
(t1). If we consider Q(1) = F(u) as in Example 2.48 with h the G-degree of u,
then Q(1) is the graded-division superalgebra associated to ((t1),3 [wyx@))- By
Lemma , D=Q1)® DO is the G7#-graded graded-division algebra associated to
(T, ), and, via Kronecker product, it is easy to see that D is a superalgebra of type Q.

Definition 2.63. The G-graded superalgebra D = Q(1) ® DO = DO @ uDO, where we
declare the G-degree of u to be h, will be referred to as a standard realization of type

@ superalgebra with division grading associated to (T'F, 8T, h).

Corollary 2.64. The graded-division superalgebra D is simple as a superalgebra if,
and only if, (rad 8) NTT = {e}. More precisely, if this is the case, then

(i) D is a superalgebra of type M if, and only if, B is nondegenerate;

(ii) D is a superalgebra of type Q if, and only if, if B is degenerate.

Proof. If D is simple as a superalgebra, then by Theorem [2.43, D ~ M(m,n) or
D ~ Q(n) as superalgebra. In both cases, sZ(D) =T, so (3 is nondegenerate.

Conversely, suppose  is nondegenerate. If § is nondegenerate, then D is simple as
an algebra, by Corollary 2.37] If 8 is degenerate, then combining Lemma [2.62] with
Lemma we get that, as a G#-graded algebra, D ~ A ® B, where A is the graded-
division algebra associated to (rad 3,8 [(radg)x(radg)) and B is the graded-division

algebra associated to (T'F, 5 [7+x1+)-

By Lemma [2.62] it is easy to see that A ~ Q(1), where we declare the elements of
Q(1)" to have degree t;. By Lemma and Corollary m B is a G*-graded matrix
algebra, say M, (F), with suppB = T. Hence, as a superalgebra, D ~ A ®@ B ~
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Q(1) ® M,(F) ~ Q(n), where the second isomorphism is given by the Kronecker
product. O

Remark 2.65. Clearly, if charF # 2, Lemma and Corollary imply that

D is simple as a superalgebra if, and only if, B is nondegenerate (compare with

Corollary [2.37)).

Recall that, any nonzero G#-homogeneous element d € D gives rise to the inner
automorphism Inty: D — D defined by Inty(c) = ded ™!, for all ¢ € D (Definition
2.24]). We will now generalize this to graded superalgebras:

Definition 2.66. Let d € D be a nonzero G#-homogeneous element. We define the
superinner automorphism slnty: D — D by slnty(c) = (1)l ded!, for all ¢ € D.

Proposition 2.67. Let 1g: D — D be an automorphism that restricts to the identity
on Z(D)NDO. Then 1y = slnty, for somet € T.

Proof. By Lemma [2.38] there is a character y € T such that ¢,(X;) = x(t)X,
for all t € T. Since 1y is the identity on sZ(D), we have that x(t) = 1 for all
teradf = (rad 3) N T+ = rad j.

Set T := T'/rad § and let 7: T — T denote the quotient homomorphism. It is
clear that b: T x T — F* given by b(n(s), n(t)) = (s, t) is well-defined and that b is
a nondegenerate skew-symmetric bicharacter on T. Therefore the map T — T given

by t — b(t,-) is a group isomorphism.
Since y is trivial on rad /3, there is y € T such that X = X o7 and, since b is
nondegenerate, there is an element ¢ € T such that b(w(t), ) = x. A straightforward

computation shows that iy = sntx,. ]

Definition 2.68. We say that ¢, € T is a parity element if B(tp, t) = (=1)P® for all
tefl.

Clearly, t, is a parity element if, and only if, sInt x,, = v, where v: D — Dis
the parity automorphism v(X;) = (—1)?® X, for every ¢t € T. For Example m, the
parity automorphism is given by slnt,, hence 1 = degu € T~ is a parity element. For

Example [2.49| the parity automorphism is given by sInt; = Int; where

1
0 -1
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hence degd = (1,0) € T is a parity element.

Corollary 2.69. There always exists a parity element t, € T, and the set T, of all
parity elements in T is the coset t,(rad 3).

Proof. Existence follows from Proposition[2.67, since the parity automorphism is trivial

on Z(D) N DY, The second assertion is clear from the definition. O

We can describe the set T, = t,(rad 3) differently:

Lemma 2.70. Suppose charF £ 2. If T~ = (), then the set of all parity elements
is tad f = rad § = rad 8. Otherwise, T, N T+ = (rad %) \ (rad B) and T,N T~ =
(rad 5)NT~.

Proof. Tf T~ = (), then (—1)*® =1 forallt € T, so T, = rad § and § = § = . We
will now suppose T~ # 0.

If ¢, is an even parity element, then clearly ¢, € rad 57 but ¢, ¢ rad 5. Conversely,
if t, € rad* \radp, let t; € T—. Since B(t,,T") = 1, we have S(t,,T) =
Bty t1TT) = B(ty t1) # 1. Since t2 € TT, B(t,,t1)* = B(t,y,t1) = 1 and, hence,
B(ty, t1) = —1, proving that ¢, is a parity element.

Finally, an odd element t, is a parity element if, and only if, 3(t,,t) = (—1)P® =
(—=1)PE)P® for all t € T which, by the definition of /3, is equivalent to 3(t,,t) = 1 for
all t € T'. The result follows. O]

Note that, if charF # 2, then, by Lemma [2.61] all elements in T}, have the same
parity, i.e., either T,NTT =0 or T,NT~ = 0.

Corollary 2.71. Let t, € T be a parity element. Ift, € T, then radf = rad 3
and rad B+ = (rad §) Ut,(rad §). Ift, € T, then rad 3 = (rad §) U t,(rad §) and
rad B+ = rad . ]

2.2.4 Finite dimensional graded-simple superalgebras over an

algebraically closed field

We are now going to specialize the main results of Subsection to the superalgebra

case, so we continue assuming that [F is algebraically closed and that G is abelian.
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Recall from Subsection that our classification of graded D-modules of finite rank

depend on D being even or odd.

Definition 2.72. Let D be a finite dimensional graded-division superalgebra over an
algebraically closed field F, associated to the triple (T, 3, p), and let U be a graded
right D-supermodule of finite rank. We define the parameters of the pair (D, U) as:

(i) the quadruple (T, S, kg, k1), if D is even and U is associated to the maps
Ko, ki: GJT — Z>o;

(i) the quadruple (T, 3, p, k), if D is odd and U is associated to the map xk: G/T+ —
ZZO'

Recall that for every map k: G/T — Zso with finite support, we define |s| =
Yzecyr K(r). We, then, have that Theorem m translates the following result in the

“super” case:

Theorem 2.73. Let (D, U) and (D', W) be pairs as in Definition[2.78, with both D
and D" even. Let (T, 3, kg, k1) and (T', 3, kG, k7) be the parameters of (D,U) and
(D', W), respectively. Then Endp(U) ~ Endy (W) if, and only if, T =T, p =,
p =p' and there is g € G such that either g - kg = Kk and g - kK1 = K§, or g - Kg = Kj

and g - K7 = K. ]

Theorem 2.74. Let (D, U) and (D', W) be pairs as in Definition[2.73, with both D
and D" odd. Let (T, 3,p,k) and (T", 5,9, k) be the parameters of (D,U) and (D', W),
respectively. Then Endp (W) ~ Endy (W) if, and only if, T =T, 3 =", p=p' and
there is g € G such that k' = g - k. Il

Gradings on simple associative superalgebras will be needed in Chapter [5] and are
interesting in their own right. Proposition [2.58 and Remark together imply that
Endyp(U) is simple as a superalgebra if, and only if, (rad 5) N T+ = {e}, which, in the
case charF # 2, is equivalent to § being nondegenerate (Lemma . If this is the
case, Theorems [2.73| and give a classification of abelian group gradings on finite

dimensional simple superalgebras, as follows. We note that, in the same way it as with

Definition [2.41] there is an abuse of notation in Definitions [2.75] and 2.79
We start with even gradings on superalgebras of type M:
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Definition 2.75. Let m,n € Z>(, not both zero. Given a finite subgroup 7' C G, a
nondegenerate bicharacter 5: T'x T' — F* and maps kg, k7: G/T — Z>o with finite

support such that |kg|\/|T| = m and |k1|\/|T| = n, consider:

(i) a standard realization D (see Definition [2.36)) of a matrix algebra with a division
grading associated to (T, f);

(ii) the elementary grading (see Definition [1.4) on M (kg, k1) defined by (g, 71), where
v and 77 are a kz-tuple and a kj-tuple of elements of G realizing k5 and k1,
respectively, where kg := |kg| and ki == |k1| (see Definition [2.18)).

We define T" (T, 3, kg, k1) to be the even grading on M(m,n) given by identifying
M (m,n) with the graded superalgebra M (kg, k1) ® D via Kronecker product, i.e.,

deg (Ej; ® d) = gig; 't,

forall 1 <14, <kg+ ki, t €T and 0 # d € D;. We will denote the superalgebra
M (m,n) endowed with 'y (T, 3, kg, k1) by M (T, B, kg, K1)-

Corollary 2.76. Every even G-grading on M(m,n) is isomorphic to U'ni(T, B, kg, K1)
as in Definition . Two such gradings I'y (T, B, kg, k1) and Up (17, 3, K5, k%) are
isomorphic if, and only if, T =T', B = ' and there is g € G such that either g-k5 = K

and g - k1 = K}, or g- K5 = K; and g - kK] = K. H

Note that if m # n, then kj # k1 and, hence, only the case g-xg = xj and g-K1 = K}

is possible.

Now let us consider the odd gradings on M(m,n). Note that in this case, by

Lemma [2.51], we have that m = n.

Definition 2.77. Let n > 0 be a natural number. Given a finite subgroup 7" C
G#, T ¢ G, a nondegenerate alternating bicharacter 5: T x T — F* and a map
k: GJTT — Zs with finite support such that |x|,/|T| = n, consider

(i) a standard realization D (see Definition [2.36)) of a matrix algebra with a division
grading associated to (7', 8), viewed as a G-graded superalgebra with canonical

Zo-grading given by the projection on the second entry p: T' C G# — Zo;
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(i) the elementary grading (see Definition on My (F) defined by a k-tuple v of
clements of G realizing x, where k = || (see Definition [2.18]).

We define 'y, (T, 3, p, k) to be the odd grading on M (n,n) given by identifying M (n,n)
with the graded superalgebra M (F) ® D via Kronecker product. We will denote the
superalgebra M (n,n) endowed with 'y (T, B, p, k) by M(T, 5, p, k).

Corollary 2.78. Every odd G-grading on M (n,n) is isomorphic to Ty (T, B,p, k) as in
Definition |2.41. Two such gradings Un (T, 8, p, k) and Ty (T", 5, p, k') are isomorphic
if, and only if, T =T', B =p', p=1p and there is a g € G such that g-k =r'. [

Finally, we classify the gradings on the superalgebra Q(n). Note that we only have

odd gradings in this case.

Definition 2.79. Let n > 0 be a natural number. Given a finite subgroup 7T+ C G, a
nondegenerate bicharacter 3: TT x Tt — F*, an element h € G such that h? = 1 and
amap k: G/TT — Z>o with finite support such that |k[\/|T+| = n, consider

(i) a standard realization D (see Definition [2.63)) of a superalgebra of type @ with a

division grading associated to (T, 57, h);

(ii) the elementary grading (see Definition on M (F) defined by a k-tuple 7 of
elements of G of elements of G realizing k, where k := |k| (see Definition [2.18]).

We define (T, 87, h, k) to be the grading on Q(n) given by identifying Q(n) with
the graded superalgebra M (F) @ D via Kronecker product. We will denote the
superalgebra Q(n) endowed with T'o(T™", 8, h, k) by Q(T", 51, h, k).

Corollary 2.80. Every G-grading on Q(n) is isomorphic to To(T*, %, h, k) as in
Definition . Two such gradings To(T, 7, h, k) and To(T', ', 0, k') are iso-
morphic if, and only if, Tt =T'", T = 3F, h =N and there is a g € G such that
g-k=r. O

2.3 0Odd gradings on simple associative superalge-

bras in terms of ¢

In Section [2.2] our results about both odd graded-simple and odd simple G-graded

superalgebras were in terms of the group G#. We will now present a classification in
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term of the group GG. Throughout this section, F will be assumed algebraically closed.

2.3.1 0Odd graded-simple superalgebras

Let D be an odd finite dimensional graded-division superalgebra associated to (7', 3, p).
It is clear that DO is a graded-division algebra associated to (T*,B7). Also, given any
t, € T~, then t; = (h, 1) for some h € G such that h? € T* and the map y: T+ — F*
given by x(t) := B(t1,t) is a character in T+ such that y(h2) =1 and X2 = ST (h2, ).

Definition 2.81. We say that the odd graded-division superalgebra D is associated
to the quadruple (7%, 5%, h,x). If U is a graded right D-supermodule of finite
rank associated to the map r: G/TT — F*, we say that (", 5", h,x, k) are the
G-parameters of the pair (D,U).

Any quadruple (T, 87, h, x) associated to D has enough information to recover T
and 3, since T~ = (h,1)T" and

Vs,t € T Vi, j € Z, [(sti tt)) = p(s,t) x(s) x(t), (2.5)

and, therefore, (TF, 5%, h, x) determines the isomorphism class of the graded-division

superalgebra D.

Definition 2.82. Let T be any finite subgroup of G and let 8% be an alternating
bicharacter on T*. A pair (h, x) € G X T+ is said to be (T, BT)-admissible if h* € T,
x(h?) =1 and x? = BT (h?,-). We will denote the set of all (T, 37)-admissible pairs
by O(T+, 3.

For each (T, f*)-admissible pair (h, x), we can construct a triple (T, 3, p) corre-
sponding to a odd graded-division superalgebra. First, we set t; := (h, 1) and define
T :=T*tUt, T~. Since h?> € T+, T is a subgroup of G#. We take 3: T x T — F* to

be as in the following:

Lemma 2.83. There is a unique alternating bicharacter 5 on T such that 8 [p+x7+=
BT and B(ty,t) = x(t), for allt € TT.

Proof. Clearly, a bicharacter [ satisfies the conditions above if, and only if, Equa-
tion (22.5)) is satisfied. It follows that there is at most one such bicharacter.
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Let T be the direct product of T+ and the infinite cyclic group generated by a new
symbol 7, and let ¢: T — T be the unique group homomorphism such that ¢(t) = ¢
for all t € TT and ¢(7) = t;. It is easy to see that ker¢ = (h?772) and that ¢ is

surjective.

Let us define b: T x T — F* by b(s7?,t17) == BT (s,t) x(s) ™7 x(t), for all s,t € T+
and i,j € Z. Clearly, b is an alternating bicharacter. We claim that h?72 € radb.
Indeed, for all t € T+ and j € Z,

b(R*T2,t77) = BT (%, 6) ()7 x(1) 7% = X(8)° x(h?) 7 x(8) 7% = x(h*) 7 = 1.

It follows that ker¢ C radb and, hence, b induces an alternating bicharacter
f:T xT — F such that b = o (¢ x ¢). From the definition of b, it follows that [
satisfies Equation ([2.5)). ]

Combining this with Lemma [2.33] we obtain:

Proposition 2.84. Let (h,x) € O(T,8"). Then there exists an odd graded-division
superalgebra D associated to the quadruple (TT, 5% h, x). O

We now have a parametrization of odd graded-division superalgebras in terms
of the group G. It remains to see when different quadruples determine isomorphic

graded-division superalgebras.

We define a T"-action on O(T+, 57) by
Vte Tt Y (h,x) €O, %), t-(h,x) = (th,B(-)x). (2.6)

To see it is well defined, note that (th)> = t?h? € TT, BT(t, (th)?)x((th)?) =
B )x(B)x(h?) = x2(0)x*(t) = 1 and BF((th)?) = B*(t,)x, so, indeed,
t-(hy,x) € O(TT,5"). It is straightforward that the axioms of action are satisfied.

Theorem 2.85. Let D and D' be finite dimensional odd graded-division superalgebras
associated to quadruples (T, 5%, h,x) and (T'", B'T, b, X'), respectively. Then D ~ D’
as graded algebras if, and only if, TT =T'", st = 3", and the pairs (h, x) and (W', x")

are in the same T -orbit in O(TT, 57).

Proof. Let (T, 3,p) and (1", 5',p’) be the triples associated to D and D', respectively.
By Proposition 2.32), D ~ D’ if, and only if, T'=T" and g = '
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Let t; == (h,1) and t| := (W', 1). By definition, T = T" if, and only if, T = T'"
and t;TT = t{T*. Clearly, the latter condition is equivalent to h' = th for some
teTt.

Now suppose T'=T" and let t € T be such that h’ = th. By Lemma [2.83] 8 = /3’
if, and only if, 7 = 't and S(t1,-) = §'(t1,+). Since t} = tt;, the latter condition is
equivalent to x' = 51 (¢,-)x. H

Combining this with Theorem we obtain:

Corollary 2.86. Let (D,U) and (D', W) be pairs as in Definition and let
(T, 87, h,x, k) and (T, B W, X', k) be the G-parameters of (D,U) and (D', U),
respectively. Then Endp(U) ~ Endy (W) if, and only if, TT = T'", gt = p'*, the
pairs (h,x) and (I, X') are in the same T -orbit in O(T,B"), and there is g € G
such that K = g - k. O

2.3.2 0dd G-gradings on simple superalgebras

For specific cases, the parametrization obtained in the previous subsection can be
simplified using the following general observation about group actions, which will also

be useful in the following chapters:

Lemma 2.87. Let H be a group, let X and Y be H-sets, and let m: X — Y be an
H -equivariant map. For everyy €Y, the H-action on X restricts to a Staby (y)-action
on 7 (y) and, if the H-action on'Y is transitive, the inclusion map 7 '(y) — X

induces a bijection between Staby (y)-orbits in 7 '(y) and H-orbits in X .

Proof. The first assertion is straightforward: if z € 77!(y) and g € Staby(y), then
g-zem(y).

Now suppose that the H-action on Y is transitive. It is clear that the Stabg(y)-
orbit of any x € 7 !(y) is contained in the H-orbit of x. Conversely, given z € X, by
transitivity, there is ¢ € H such that g - m(x) = y and, hence, g -z € 7' (y). We claim
that the intersection of the H-orbit of x with 7=1(y) is precisely the Stab(y)-orbit
of g - x. Indeed, if for some ¢ € H we have ¢’ -z € 77 (y), then y = 7(¢’ - x) =
(9'g7") 7(g-x)=(g'97") -y, s0 g'g™" € Stabp(y). O
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As an application of this lemma, we will revisit the classification of graded-division

superalgebras of type Q. Recall that in this case 37 is nondegenerate.

Let 7: O(T*,57) — T+ be the projection on the second entry, which is 77-
equivariant if we define the action of T+ on T+ by t-x = p7(t,-)x, for all t € T and
X € T+. Since ST is nondegenerate, the map T — T+ sending s — £7(s,-) is an

isomorphism of T"-sets, hence this T"-action on T+ is simply transitive.

By Lemma [2.87] it follows that the T-orbits in O(Tt, 1) are in bijection with
points in 77!(1), where 1 denotes the trivial character of 7F. By Definition [2.82]
(h,1) € O(TT, BT), (h,1) if, and only if, h? € T and h? € ker BT, that is, if, and only
if, h? = e.

We note that, in this case, (h, 1) € ker 3, hence, in view of Lemma [2.62, we have

ker 3 = ((h,1)) and D is isomorphic to a standard realization of a graded-division
superalgebra of type @ associated to (T, 57, h) (see Definition [2.63)). Thus, we recover

Corollary [2.80] from Corollary [2.86]

We will now focus on the case of graded superalgebras of type M. Let us fix a
finite dimensional odd graded-division superalgebra D associated to a triple (T, 3, p).
Since D is odd, T~ is a non-empty coset of Tt and, hence, |T'| = |[T*| +|T~| = 2|T*]|.

Lemma 2.88. Suppose charF = p > 0. If p divides |T|, then [ is degenerate.

Proof. Let t € T be an element of order p. For every s € T, we have 1 = (e, s) =
B(tP,s) = B(t, s)P, hence, since charF = p, B(t,s) = 1, i.e., t € rad 5. ]

Since we are interested in the case when D is of type M, i.e., that [ is nondegenerate,
from now on we will assume that char[F # 2.

We start with a necessary condition on the pair (T, 1) for 8 be nondegenerate:
Proposition 2.89. If § is nondegenerate, then there is an element t, € T™ of order

2 such that rad % = (t,). Moreover, (t,,T~) = —1.

Proof. Consider x € T given by x(t) = (=1)*®. Since f is nondegenerate, there is
t, € T of order 2 such that x = B(t,,-). Since B(t,,t,) = 1 = (=1)P) ¢, is even.
Hence t, € rad 7.

If 0 # ¢ € rad 57, using again that 3 is nondegenerate, there is t; € T~ such that
B(t,t1) # 1. Since t € T, B(t,, t1)* = B(t,t3) = 1. Tt follows that 3(¢,¢1) = —1, and
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since T~ = t,T7, B(t,s) = —1 for all s € T~. Hence 3(t,s) = (—1)?® and, therefore,
t=t, O

We note that ¢, is the (unique) parity element of (7', 5, p) (see Definition [2.68)).

As we will see in Example not every pair (T",57) with |[rad 57| = 2 is a
restriction of a triple (T, 3,p) with § nondegenerate (see Example [2.95)). Roughly
speaking, this is because some information about the squares of elements in T is

encoded in (7", 5%). To make this precise, we will need the following:

Definition 2.90. Let H be an abelian group and b be a symmetric or skew-symmetric
bicharacter on H. For every subgroup A C H, we define the orthogonal complement

to A with respect to b to be the subgroup
At ={h e H|bh,A) =1}

Lemma 2.91. Let H and b be as in Definition[2.90, and suppose that H is finite and
b is nondegenerate. Then for every subgroup A C H, we have that |A+| = [H : A] and
(At = A.

Proof. It is easy to see that the map A+ — (%) given by t — [(t, ) is an isomorphism
of groups. Also, since 3 is nondegenerate, by Lemma [2.88, charF does not divide

[H : A]. In this case, it is well-known that (%) ~ %, proving the first assertion.

Since b is symmetric or skew-symmetric, it is clear that A C (A+)+. Using the first
assertion, we have that |A| = |(A1)*| and, therefore, A = (A1)+. O

Definition 2.92. Let A be an abelian group and m € Z. We define A = {a™ | a €
A} and Apy i={a € A|a™ = e}.

Note that (7)€ TR C T+ but we can have (T+)2 £ T,

Lemma 2.93. Let H and b be as in Definition[2.90, and suppose that H is finite and
b is nondegenerate. Then, for every m € Z, (Hpy,)* = H™.
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Proof. By Lemma [2.91] it suffices to prove that (H™)* = Hy,,:

(H™): ={he H|bh,g™)=1forall g€ H}
={he H|bh™, g)=1forallge H}
—{heH|N"=¢}
= Him),

where we are using that b is nondegenerate in the third line. O

Now suppose 3 is nondegenerate, let ¢, be as in Proposition , set G == G/(t,),
let 9: G — G be the natural homomorphism, set T+ := §(T*) and let S+ be the
bicharacter on T+ induced by 5*. Note that 5+ is nondegenerate. Next result explains
what was meant by “some information about the squares of elements in T~ above. It

is similar to Lemma [2.93] but does not follow from it.

Proposition 2.94. Consider 0(T?) and 6( [2]) as subgroups of T+. We have that
(T2 is the orthogonal complement on(T[*Q']) with respect to B, i.e., H(T['Q"])L = 0(TH).
In particular, Q(T[é"])l cG?.

Proof. By Lemma [2.91] it suffices to prove that (T?)" = 6(T):

O(TEh: = {0(t) | t € T and FF(0(t),0(s*) = 1 for all s € T'}
={0(t) |t € TTand BT (t,s%) = 1 for all s € T’}
={0(t) |t € TTand B(t*,s) =1 for all s € T'}
={0(t) |t € TTandt* = ¢}

= 0(T}3),

where we are using that 3 is nondegenerate in the fourth line. O]

Example 2.95. Take G := T = Zy X Z4 and define S1: Tt x Tt — F* by
B((i,5), (@, 5) == (=1)9"~"I, for all 4,7,i',j/ € Z. It is easy to see that f* is an
alternating bicharacter and that rad 8% = ((0,2)). We have that Tj3 = ((1,0), (0,2))
and, hence, H(TE}) = (0(1,0)). Since 0( [2]) is cyclic, 0(1,0) € Q(T[";])L. But it is clear
that 6(1,0) ¢ ém, so the pair (7", 1) cannot be obtained from a triple (T, 3, p) with
£ nondegenerate.
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From now on, let 7" be a finite subgroup of G and 3% be an alternating bicharacter
on T such that rad 8% = (t,), where t, € T is an element of order 2, and define G, 6,
T+ and 3+ as above. In Proposition [2.99, we will see that the condition Q(T[;’])L - el
is sufficient to extend (7't 5) to a triple (7, 3, p) with S nondegenerate.

Lemma 2.96. Let (h,x) € O(T,8") and let D be a graded-division superalgebra
associated to (T, 5%, h,x). Then D is of type M if, and only if, x(t,) = —1.

Proof. Let (T, 3,p) be the triple constructed from (7", 37 h,x) and let t; = (h, 1).
If 5 is nondegenerate, then x(t,) = B(t1,t,) = —1 by Proposition m

Conversely, assume x(t,) = —1. Then S(t,,T77) = B(t,, tiTT) = [(tp, t1) =
x(t,)~' = —1. We conclude that (rad 5) N T~ = 0 and that ¢, & rad 8. Also, it is
clear that (rad 8) N T* C rad 7 = (t,), hence (rad 5) N T+ = {e} and, therefore,
rad 5 = {e}. O

We define Oy (T, 51) = {(h,x) € O(T*,5") | x(t,) = —1}. Since t, € rad 87,
we see that the T -action on O(T*, 57) restricts to Op (T, 57).

Lemma 2.97. The set Y == {x € T+ | x(t,) = —1} is non-empty.

Proof. Since 3% is a nondegenerate bicharacter, by Lemma , char F does not divide
|T+|. Using that |TF| = 2|T*| and charF # 2, it follows that char F does not divide
|T"|. Tt is well-known that, in this case, every character on a subgroup of T can be
extended to a character of T". We can define a character y on (t,) by x(t,) = —1,
and, extending y, we conclude that Y # 0. O]

Lemma 2.98. Given x €Y, there is a unique element a € T such that x* = 3 (a, )
and x(a) = 1. Further, an element h € G is such that (h,x) € Oy (T, 8") if, and
only if, h* = a.

Proof. Since x2(t,) = 1, x? can be seen as a character on TF. It follows that there
is a unique element @ € T+ such that () = §(a,t), for all £ € T+. We have that
6='(a) = {a,at,} for some a € T". Since y?(a) = x*(a) = 1, x(a) = £1. Relabeling
if necessary, we can assume x(a) = 1 and x(at,) = —1. This shows existence and

uniqueness. The “further” part follows directly from Definition [2.82 O]

Proposition 2.99. The set Oy (T, 37) is non-empty if, and only if, Q(TE})L cG?.
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Proof. The “only if” part follows from Proposition [2.94] For the “if” part, let us fix
X € Y, which exists by Lemma [2.97 and take a € T as in Lemma [2.98, We want to
find h € G such that (h,x) € On(TT, 57), ie., K2 =a.

By the definition of a, for any b € Tj;) we have that

B¥(0(a),0(b)) = B (a,b) = x*(b) = x(¥*) = x(e) = 1,

50 0(a) € 0(T3))* and, hence, 0(a) € a7,
Let h € G be such that 6(a) = 6(h)?, so either a = h? or a = h%t,. Ift, € G,

we can change h if necessary to make a = h%. If t, ¢ G1, it is straightforward that
Q(TE]) = 0(T")[y, so, using Lemma , we have

a € O(Tiy)" = (O(T )p)" = 0(T)",

and, hence, we can take h € T*. In this case, h? satisfies the same conditions as a in
Lemma [2.98
vte T, X*(t)=p"(a,t) = (R 1)

and
x(h?) = x*(h) = 8% (a, h) = 5 (0(a),0(h)) = BF(6(h)?,6(h)) = 1.

By the uniqueness of a, it follows that h? = a, concluding the proof. n

Combining Corollary and Lemma [2.96] we can get a classification result
for finite dimensional odd graded superalgebras of type M in terms of orbits of the
T*-action on Oy (T, 37). But, as we did for @ in the end of Subsection [2.3.2 we
can simplify this classification using Lemma m To this end, define a Tt -action on
Y by t-x = 87(t,-)x, which is well defined since t, € rad 7.

Lemma 2.100. The TT-action on Y is transitive.

Proof. Let x,x' € Y. We have (x'x')(t,) = 1, hence (x’x™') can be seen as a
character on T+ = T%/(t,). By nondegeneracy of 3+, there is t € T such that
(X'x7') = BT(t,-) as a character on T+. It follows that (x'x~!) = B7(t,-) as a
character on T, so x' = [(t,-)x. We conclude that x' =1t - x, as desired. O

In the case of superalgebras of type (), we were able to fix the character to be the
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trivial one. In the present case, we can also fix the character y € Y, but there is no

canonical choice for it.

Definition 2.101. Given y € T+ such that x(t,) = —1, let @ € T be the unique
element as in Lemma [2.98. We define Oy (T, 87), == {h € G | h* = a}.

The projection onto the second entry m: Oy (T, 7)) — Y is a TT-equivariant
map and, clearly, Oy (T, 37), is in bijection with 7(x). In what follows, for each
pair (T", ) we fix an arbitrary character x € Y and its corresponding element

a € Tt as above.

Definition 2.102. Given a finite subgroup Tt C G, an alternating bicharacter
pt: T x T — F* such that rad 5 is generated by an order 2 element ¢, € T", an
element h € Oy (T, %), and a map r: G/T+ — Zso with finite support, we define
Ly (T, 87, h, k) to be the G-grading T' (T, 5, p, k) on M(n,n) (see Definition ,
where n = |/§|\/ﬁ and (T,03,p) is constructed from 77", 8t h and y as in
Subsection [2.3.1} The superalgebra M (n,n) endowed with Ty (T, %, h, k) will be
denoted by M (T, 3%, h, k).

Theorem 2.103. Every odd G-grading on M(n,n) is isomorphic to Ty (T, 51, h, k)
as in Definition [2.104. Two such gradings Uy (TT, 87, h, k) and Ty (T, 5%, 0 K)
are isomorphic if, and only if, TT =T'", T = p'*, b’ € {h,ht,} and there is g € G

such that K = g - k.

Proof. From Corollary [2.78 every grading is isomorphic to one of this form. The
isomorphism condition follows from Corollary and Lemma [2.87] by noting that,
considering the action of 7" on Y, Staby+(x) = rad 87 = {e, t,}. O



Chapter 3

Super-anti-automorphisms on
Graded-Simple Associative

Superalgebras

In this and in the next chapter we will study graded associative superalgebras with
superinvolution. Here we will focus on the graded-simple case, adapting the approach
of [EId10] (see also [EK13, Section 2.4]) to superalgebras. We also take inspiration
from [BKRI1§|, even though we do not use results from there. As we will see in
Chapter 5| (assuming that F is algebraically closed and charF = 0), the gradings on
superinvolution-simple associative superalgebras making them graded-simple give us
all gradings on the Lie superalgebras of series B, C', D and P and the Type II gradings
(Definition on the Lie superalgebras of series A and @, except for type A(1,1).

Throughout this chapter, the term (super)algebra will mean associative (su-
per)algebra. We start in a very general setting, adding more assumptions as the
chapter develops. In Section [3.1} we introduce the concept of superdual for graded
supermodules over a graded-division superalgebra D and for ‘D-linear maps between
them. In Sections to[3.4] we deal with graded-simple superalgebras satisfying d.c.c.
on graded left superideals, over an arbitrary field. Sections and handle the
problem more abstractly: in the former, we describe super-anti-automorphisms in
terms of sesquilinear forms (see Definition and Theorem and, in the latter, we
solve the isomorphism problem for graded superalgebras with super-anti-automorphism

in terms of this description (see Theorem and Corollary [3.29). In Section [3.4]
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we express super-anti-automorphisms in the language of matrices with entries in D
(Proposition . In Section 7 we study necessary and sufficient conditions on
the sesquilinear form for the super-anti-automorphism to be involutive, assuming that
the homogeneous components of the graded-division superalgebra are 1-dimensional
(Theorem [3.37)). Finally, Section is devoted to classification results (up to isomor-
phism) assuming the base field is algebraically closed with characteristic different from
2. It is divided into three subsections: Subsection deals with graded-division
superalgebras, Subsection [3.6.2) with graded supermodules with sesquilinear forms and
Subsection [3.6.3| with graded-simple superalgebras with superinvolution. The main

classification result is Theorem [B.54]

We will assume the grading group G to be abelian. We can do this without loss of
generality because of the next result, which is a generalization of [BSZ05, Theorem 1]
(see also [EK13, Proposition 2.49] and its proof, which works in this more general

situation).

Proposition 3.1. Let (R, ) be an associative G-graded superalgebra with super-anti-
automorphism. If R does not have nonzero proper graded p-invariant superideals, then

the subgroup of G generated by the support of R is abelian. O]

3.1 The superdual

Let D be a graded-division superalgebra. We start with the definition of the superdual
for G-graded D-supermodules or, equivalently, the dual for G#-graded D-modules (see
[EK13, Definition 2.56]).

Definition 3.2. Let U be a graded right D-supermodule of finite rank. The superdual
of U is defined to be U* := Homqp (U, D), with its usual G#-grading (see Proposi-
tion . We give U* the structure of a graded left D-module: if d € D and f € U*,
then we define (df)(u) = d f(u) for all u € U.

We have used right supermodules over a graded-division superalgebra to classify

graded-simple superalgebras (see Subsections [2.1.1 and [2.2.1)). Hence, it is convenient

to see the superdual of a right supermodule again as a right supermodule over a

suitable graded-division superalgebra.
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Definition 3.3. Let R be a G-graded superalgebra. We define the superopposite G-
graded superalgebra R*°P to be R as a graded superspace, but with a different product.
When an element r» € R is regarded as an element of R*P, we will denote it by 7. The
product on R* is defined by 75 = (—1)"l*/ 57 for all r,s € R° U RL.

Note that R*°P being a (G-graded superalgebra depends on the assumption that G

is abelian.

Remark 3.4. If ¢: R — S is a super-anti-isomorphism between the G-graded super-
algebras R and S, then the map ¢ can be viewed as an isomorphism R — S%°P or
R*P — S,

It is easy to see that D°P is also a graded-division superalgebra. If V is a graded left
D-supermodule, then we can regard V as a graded right D*°P-supermodule by means
of the action vd :== (—1)ldy, for all d € D° U D! and v € VO U V!, In particular, if
U is as in Definition [3.2] then the left D-supermodule U* can be regarded as a graded

right D*°P-supermodule.

Definition 3.5. Let U and V be graded right D-modules of finite rank. Given a
homogeneous D-linear map L : U — V, we define the superdual of L to be the F-linear
map L*: V* — U* defined by

L*(f) = (~1)ifoL,

for all f € (V¥)0 U (V). It is easy to see that L* is D*P-linear. We extend the
definition of superdual to every map in Homqp (U, V) by linearity.

Definition 3.6. If B = {uy,...,ux} is a graded basis, we can consider its two
superdual bases *B = {*uy, ..., ux} and B* = {u},...,u;} in U, where *u;: U — D
is defined by *u;(u;) = 6;; and u}: W — D is defined by u}(u;) = (—1)lluls;. Clearly,
deg(*u;) = deg(uf) = (degu;) ™.

Remark 3.7. In the case D = F, if we denote by [L] the matrix of L with respect
to the graded bases B of U and € of V, then the supertranspose [L]*" is the matrix

corresponding to L* with respect to the superdual bases C* and B*.

Since U* is a graded right D*°P-supermodule of finite rank, we can define U** :=

Hompsop (U*, DP), which is a graded left D*P-supermodule and, hence, a graded
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right D-supermodule. As with finite dimensional vector spaces, there is a canonical

isomorphism U — U*™*:

Lemma 3.8. The F-linear map ey : U — W™ defined by ey(u)(f) = (=) f(w),
for allu e WY UUL and f € (u*)ﬁ U (u*)i, is an isomorphism of graded right D-

supermodules.

Proof. For brevity, we will write € for . First we check that e(u) belongs to U**, i.e
it is a D%P-linear map. Let f € (U*)° U (U*)! and d € D° U D', Then,

)\u\ |f1+]d]) (— )lflldlm
) (1 f1+|u])ld] fu )
= (=) f(u)d = e(u)(f)d.

e(w)(fd) = (=) fd(u) = (1
(— 1)\u|\f|+|u\|d|+\f|\d\( 1

It is easy to see that e(u) has the same G#-degree as u, for all u € U.

To show D-linearity of e, we compute:

e(ud)(f) = (~1)" W1 flud) = (=) DI f(u)d
= (—1)ll+dlf ) (If1+ubldl g flu)

= (- 1)\qu|+|d||u| (u) = (— 1)‘d”“‘Je(u)(f),
for all f € (U*)°U (U, so

e(ud) = (=) de(u) = e(u)d.

To see that € is an isomorphism, let {ug,...,u;} be a graded basis of U. We have
that e(u;)(uf) = (- Dlillusl s (uy) = 635, e, e(us) = *(uf) = (*u;)*. Therefore, € sends
a graded basis to a graded basis, concluding the proof. O

We note in passing that the sign in the definition of ¢ is essential: without it, ey
would not be well-defined in the case of odd D.

Definition 3.9. Let U and V be graded right D-supermodules of finite rank. For
every D-linear map L: V* — U*, we define *L: U — V to be the map e,' o L* o ¢,

where € and ey are as in Lemma [3.8|
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The following result is a straightforward computation:

Proposition 3.10. Let U be a nonzero graded right D-supermodule of finite rank.
The map Endp(U) — Endpser (U*) defined by L — L* is a degree-preserving super-

anti-isomorphism and its inverse is given by L — *L. O

Since G is abelian, G# /T is a group and, hence, the map G# /T — G# /T given
by z + 27!
to see that dimp U, = dimpsor Wy, for all z € G#/T. Hence, if k: G# /T — Zs
is the map associated to U as a G#-graded right D-module (see Subsection ,
then x*: G# /T — Z>q defined by x*(z) = k(z71) is the map associated to U* as a

G7-graded right D%°P-module.

is well-defined. From the construction of the superdual basis, it is easy

It is straightforward to translate this to the maps G/T" — Zso (even D) and
G/TT — Zso (odd D) associated to the G-graded supermodule U, as in Subsec-
tion . If D is even and kg, k1 are the maps associated to U, then xf, x] are the
maps associated to U*. If D is odd and k is the map associated to U, then * is the

map associated to U*.

Finally, let us assume that F is algebraically closed and D is finite dimensional. If
(T, 3, p) is the triple associated to D, then it is clear that supp D*°P = T" and that the
parity map for D%°P is also p. Moreover, if s,t € T, 0 # X, € D, and 0 # X; € Dy,
then, following the notation in Definition we have:

X, X, = (- XX, = (=D)FM B2, )X, X, = B(t,8) X, X, = B(s, 1)1 X; X,

We conclude that (T, 371, p) is the triple associated to D°P.

3.2 Super-anti-automorphisms and

sesquilinear forms

Let D be a graded-division superalgebra and let U be a nonzero graded right D-
supermodule of finite rank. Consider the graded superalgebra R := Endp(U). Then U
is an (R, D)-superbimodule. By Lemma we have a natural identification between
D and Endg(U).
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As we saw on Section , U* = Homp (U, D) is a graded right D*°P-supermodule,
through fd = (—=1)/df. Also, we can make U* a graded right R-supermodule by
defining (fr)(u) := f(ru) for all f € U*, r € R and u € U (i.e., fr = for, since
R = Endp(U)). Hence, we can consider U* as a graded left R*P-supermodule via
7f = (=1)"/lfr and, in this way, U* becomes an (R*P, D*°P)-superbimodule.

Lemma 3.11. As a left R*°P-supermodule, U* is graded-simple. Also, the right action
of D*P on U* gives an isomorphism D*P — End gsep (U*).

Proof. By definition of the superdual of an operator, the left R*°P-action on U*
corresponds to the representation R*°® — Endpser (U*) given by 7 +— r*, which is an
isomorphism since U is a graded D-supermodule of finite rank (Proposition .
Identifying R*°P and Endpsop (U*) via this isomorphism, we can apply Lemma ]

Now let ¢ : R — R be a super-anti-automorphism that preserves the G-degree
(i.e., is homogeneous of degree e with respect to the G-grading). We can see it as an

isomorphism R — R, r — (1), and use it to identify R with R*°P. In particular,

we will make the left R*P-action on U* into a left R-action via r - f = ¢(r)f, for all
r € R and all f € U*. In other words,

e f = (=DM f o o). (3.1)

We will now consider U* as an (R, D%°P)-superbimodule. In particular, the superal-
gebra Endg(U*) should be understood as the set of R-linear maps with respect to the
R-action on the left (which is the same set as Endgsor (U*)). Also, since the action is

on the left, we will follow the convention of writing R-linear maps on the right.

From Lemma [3.11] it follows that U* is a simple graded left R-supermodule and
that we can identify D*P with Endg(U*) = Endgsr (U*). But from [EK13, Lemma
2.7], R has only one graded-simple supermodule up to isomorphism and shift, hence
there is an invertible R-linear map ¢, : U — U* which is homogeneous of some degree

(g0, ) € G*. Fix one such ¢;.

Lemma 3.12. A map ¢} : W — U* is R-linear and homogeneous with respect to the
G#-grading if, and only if, there is an element d € D = Endg(U*) homogeneous
with respect to the G#-grading such that ¢, = ¢1d, where justaposition represents

composition of maps written on the right.
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Proof. This follows from the fact that ¢;'¢’ € D% = Endg(U*) if, and only if,
¢" € Hompg(U, U*). O

We will use the R-linear map ¢; to construct a nondegenerate sesquilinear form B
on U.

Definition 3.13. We say that a map B: U x U — D is a sesquilinear form on U if it
is F-bilinear, G#-homogeneous if considered as a linear map U ® U — D, and there is

vo: D — D a degree-preserving super-anti-automorphism such that, for all u,v € U
and d € D,

(i) B(u,vd) = B(u,v)d;

(i) Blud,v) = (~1) 1B o (d) Blu, v).

If we want to specify the super-anti-automorphism ¢, we will say that B is sesquilinear
with respect to gy or that B is yg-sesquilinear. The (left) radical of B is the set
rad B :=={u € U | B(u,v) =0 for all v € U}. We say that the form B is nondegenerate
if rad B = 0.

Lemma 3.14. Let B # 0 be a sesquilinear form on U. Then there is a unique

super-anti-automorphism o on D such that B is sesquilinear with respect to pq.

Proof. Since B # 0, there are homogeneous elements u, v € U such that B(u,v) # 0
and, hence, B(u,v) is an invertible element of D. Suppose B is sesquilinear with
respect to super-anti-automorphisms ¢y and ¢ on D. Then, for all d € DOU D!, we

have
B(ud,v) = (=1){1PH Doy (d) Blu, v) = (=1)1PHDIG) () B(u, v)

and, therefore, po(d) = ¢} (d). O
Suppose for now that a degree-preserving super-anti-automorphism ¢y : D — D

is given. We can use it to define a right D-action on U* by interpreting it as an

isomorphism from D to D*P and putting

frd = feold), (3:2)

for all f € U* and d € D. Using this action, we have Endp(U*) = Endpser (U*). We

also have the following:
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Proposition 3.15. Let ¢y: D — D be a a degree-preserving super-anti-automorphism
and consider the right D-supermodule structure on UW* given by FEquation . Then
the @o-sesquilinear forms B : W x U — D are in a one-to-one correspondence with
the homogeneous D-linear maps 0: U — U* via B +— 6 where 0(u) = B(u,-), for all
u € W or, inversely, 0 — B where B(u,v) = 0(u)(v), for all u,v € U. Moreover, B is

nondegenerate if, and only if, 0 is an isomorphism.

Proof. Suppose B is given. Condition ({il) of Definition tells us that 6 defined this
way is, indeed, a map from U to U*. Also, it is easy to check that # is homogeneous of

the same parity and degree as B.

Recalling the left D-action on U*, condition tells us that, for all v € U and
de D,
0(ud) = (—1)‘d‘(|9|+‘“‘)g00(d)6(u),

which, by the definition of the right D*P-action on U*, is equivalent to f(ud) =

O(u)po(d), i.e., 0 is, indeed, D-linear considering the left D-action on U* given by
Equation (3.2)).

To show that the correspondence is bijective, note that all the considerations above

can be reversed when, given 6: U — U*, we define B(u,v) = 0(u)(v).

The “moreover” part follows from the fact that rad B = ker , so the nondegeneracy
of B is equivalent to # being injective. But U and U* have the same (finite) rank over

D, so 0 is injective if, and only if, it is bijective. m

Coming back to our map ¢;: U — U* and using the identifications D = Endz(U)
and D*P = Endg(U*) introduced above, consider the map D — D*P sending d
(—Dldlierlprtd oy, where juxtaposition denotes composition of maps on the right. It is
straightforward to check that this map is an isomorphism and, hence, we can consider

it as a super-anti-automorphism py: D — D. Then, for all u € U and d € D, we have

(ud)pr = u(dpr) = u(prpy dpr) = (=1)1 M1 (wpr) o (d). (3.3)

Definition 3.16. Let V and V' be left R-supermodules and let ¢ : V — V' be a
Zs-homogeneous R-linear map. We define ¢° : V — V' to be the following map,

written on the left:
VYo e VUV, 4°(v) = (1),
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For example, using the identification D*P = Endg(U*) as before, the left D-action
on U* is given by df = d°(f), for all d € D and f € U*.

Lemma 3.17. Under the conditions of Deﬁm’tz’on we have that, for allr € ROUR!
andv €V, °(rv) = (=D)I¥Ilrye(v). Further, given another Zy-homogeneous R-linear
map 7 : V' — V", we have (7)° = (—1)¥lITlroge, O

Using the notation just introduced, we can rewrite Equation (3.3)) as follows:

% (ud) = (_1)Isz>1l(lul+ldl)(ud)sp1
= (=11 (1) (d) = @5 (u)po(d),

which means, considering the right D-action defined via Equation (3.2)), that ¢f is
D-linear. (Note, however, that Lemma [3.17) shows that ¢ is not R-linear, in general.)

Now we define B: U x U — D by B(u,v) = ¢{(u)(v). By Proposition |3.15, we
have that B is a nondegenerate ygp-sesquilinear map. Using Lemma and Equation

(3.1)), we have

B(ru,v) = @5 (ru)(v) = (=121 (- o5 () (v)
= (=1)lrllerl(—1)lrllerl+u) (%(u) o 90(7’)) (v)
= (=) () (p(r)v) = (=) B(u, ¢(r)v).

We have proved one direction of Theorem below. Recall the superinner automor-
phism slnt, (Definition [2.66)).

Theorem 3.18. Let D be a graded-division superalgebra and let U be a nonzero right
graded module of finite rank over D. If v is degree-preserving super-anti-automorphism
on R = Endp(U), then there is a pair (po, B), where @y is a degree-preserving super-
anti-automorphism on D and B: U x U — D is a nondegenerate po-sesquilinear form,
such that

vre RRUR', Vu,v e W UU,  B(ru,v) = (=) B(u, o(r)v). (3.4)

Conversely, given a pair (o, B) as above, there is a unique degree-preserving super-
anti-automorphism ¢ on R satisfying Equation (3.4). Moreover, another pair (¢f, B')

determines the same super-anti-automorphism ¢ if, and only if, there is a nonzero
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G* -homogeneous element d € D such that B'(u,v) = dB(u,v) for all u,v € U, and,

hence, vy = slnt, o vy.

Proof. The first assertion is already proved. For the converse, let g be a degree-
preserving super-anti-automorphism on D, let B: U x U — D be a nondegenerate
@o-sesquilinear form and consider 6 as in Proposition [3.15 Then Equation (3.4)) is

equivalent to:

vre RRURY, Vu,o e W UUL,  O(rw)(v) = (=D)I"MHg(w) (o(r)v)
= (=) (0(u) 0 p(r)) (v)

and, hence, equivalent to
vre RRUR Wu e W UU,  O(ru) = (=)"0(w) o o(r). (3.5)
Recalling the definition of superadjoint operator, Equation (3.5)) becomes

vre ROUR', vu e WU, (§or)(u) = (1) (=)D (o))" (0(u))
= (=D)"(((r))" 0 0) (u).

which is the same as
Vr € ROUR!, Oor= (-1)'r|\9|(¢(r))*oe.

In other words, we have

*

vre ROURY,  (p(r) = (=) gorop. (3.6)
Since U has finite rank over D, the superadjunction map Endp(U) — Endpsor (U*) is
invertible and, hence, ¢ is uniquely determined. Also, the properties of superadjunction

imply that ¢ is, indeed, a super-anti-automorphism of R.

For the “moreover” part, let d be a nonzero G*#-homogeneous element of D and

consider ) = sInt; 0@y and B’ = dB. We have that B’ is ¢{-sesquilinear since, for all
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ceDVUD! and u,v € U U UL,

B'(uc,v) = dB(uc,v) = (=1)UBHDldgpi(e) B(u, v) (3.7)
= (—1)(‘3‘““')‘0‘d(po(c)dfldB(u,v)
— (—1)(‘3‘““')‘0‘(—1)‘0Hd‘(slntd oy (c) dB(u,v)
= (—1) B HlDlel(sInt 4 0 @y (¢) B' (u, v).

To show that B’ is nondegenerate, note that dB(u,v) = 0 implies B(u,v) = 0, hence
rad B’ C rad B. Finally, it is straightforward that Equation (3.4)) is still true if we
replace B by B'.

To prove the other direction, we consider, again, the left R-supermodule structure
on U* given by Equation (3.1) and let : U — U* be as above, i.e., 0(u) = B(u,-).
Similarly, let 8": U — U* be defined by ¢’ = B'(u,-).

Combining Equations (3.1)) and (3.5]), we have that
O(ru) = (—1)1"r . g(u). (3.8)

Define the map 6: U — U*, written on the right, by u 6 = (—1)“1?14(w), for all u € U
(compare with Definition and note that § = (9)°). Then Equation (3.8) becomes
(ru)d = r- (uf), i.e., 0 is R-linear.

All these considerations about  are also valid for &', so we define §': U — U* by
uf = (—=1)1191¢'(u) and we get another R-linear map from U to U*. By Lemma m,
there is d € D*P such that 6’ = 0d. Applying Lemma [3.17] this implies

0 = (—1)lldlgoq.

But d°f(u) = df(u), where in the last term we use the left D-action on U*. Therefore
B'(u,v) = 0'(u)(v) = df(u)(v) = (=1)1/1dB(u,v), for all u,v € U. Replacing d by
(—1)lNl g, we get B' = dB.

It remains to check that ) = slntgopy. Since B’ = dB, Equation (3.7) is

valid, hence B’ is (sInty opg)-sesquilinenar. We then have, for all ¢ € DPOU D! and
u,v € U UUL,

ol (¢) B'(u,v) = (=1)IBHRDE B (ye, 1) = (sIntq o @o)(c) B (u, v).
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The form B’ is nondegenerate, so we can choose G#-homogeneous u,v € U with
B'(u,v) # 0. Then B'(u,v) is invertible, hence ¢ (c) = (sInts 0 ¢g)(c), concluding the
proof. ]

The “conversely” part of Theorem [3.18 motivates the following:

Definition 3.19. Let D be a graded-division superalgebra, U a graded right D-module
of finite rank and B a nondegenerate sesquilinear form on U. The unique super-anti-
automorphism ¢ on Endp(U) defined by Equation is called the superadjunction
with respect to B and, for every r € Endp(U), the D-linear map ¢(r) is called the
superadjoint of r. We will denote by E(D,U, B) the graded superalgebra Endyp(U)

endowed with this super-anti-automorphism .

Remark 3.20. Under the conditions of Theorem if D is an odd graded division
superalgebra (i.e., DI £ 0), then we can choose the form B to be even. This is possible

since, by the “moreover” part, we can substitute an odd form B by dB, for some
de D

Proposition 3.21. Recall the isomorphism of G¥-graded algebras v: Z(D) — Z(R)
given by u(d)(u) = ud, for alld € Z(D) and u € U (see Proposition[2.30). We have

that p(u(d)) = (=1)P1(po(d)).

Proof. Fix d € Z(D)°U Z(D)" and let u,v € U UUL. On the one hand,
B(ud,v) = B(u(d)(u),v) = (=) B(u, o(c(d))v).

On the other hand,

Blud, v) = (=)0 (0) B, v) = (=)D B(u, 0)po(d)
= (L) B a0, vipo(d)) = (=1)1 1 (=1) 1 B, (o ) (0)

Since B is nondegenerate, we conclude that o(:(d)) = (—1)Bl4l,(y(d)), as desired. O



86

3.3 Isomorphisms of graded-simple superalgebras

with super-anti-automorphism

In this section, we are going to describe isomorphisms between GG-graded superalgebras
with super-anti-automorphism that are graded-simple and satisfy the d.c.c. on graded
left ideals. As we have seen, such superalgebras are, up to isomorphism, of the form
Endp(U) where the super-anti-automorphism is given by the superadjunction with

respect to a nondegenerate homogeneous sesquilinear form B: U x U — D.

Even though, as superalgebras, Endp(U) is the same as Endp(U¥) for every
g € G, an extra care should be taken when considering super-anti-automorphisms.
If g € G* is odd, a pg-sesquilinear form B on the D-module U is not ¢y-sesquilinear
if considered on the D-module U, and Equation does not determine the same

super-anti-automorphism ¢. This motivates the following:

Definition 3.22. Let U be a graded right D-module and ¢g: D — D be a super-anti-
automorphism. Given a homogeneous (g-sesquilinear form B on U and g € G#, we
define the gg-sesquilinear form B on U by Bl (u,v) = (—1)"9B(u,v), for all
u,v € U.

Remark 3.23. Note that deg B9 = g=2deg B and, in particular, |BUY| = |B].

Lemma 3.24. For every g € G#, B9 is a homogeneous @q-sesquilinear form on U,
Further, if B is nondegenerate, then so is B9 and the superadjunction with respect to

both is the same super-anti-automorphism ¢ on Endp(U) = Endp(UM).

Proof. Let u,v € U UUL. To avoid confusion, we will denote u and v by ul¥ and v,

respectively, when regarded as elements of U, For all d € D° U D!, we have:
B[g]m[g]’v[g]d) — (—1)‘9”“‘B(u,vd) — (—1)'9““‘B(u,v)d — B[g}(u[g]w[g])d
and

B[g]m[g]d’v[g]) — (_1)\g\|ud\3(ud, v) = (_1)|g|(lu\+|d\)(_1)IdI(IB|+|u\)SOO(d)B(u7U)
= (—D)lUBIHuHID o (@) (1) 91 B(u, v)
— (_1)\d\(IBIHU[g]I)%(d)B[g](u[g]7 vl d.
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Also, for all » € R U R', we have:

B[Q](ru[g],v[g]) — (_1)\g\|ru|3(mw) — (_1)\9\(|r\+|u|)(_1)ITHU\B(U,@(T)U)
— (_1)\rl(|g\+|u|)(_1>IUI|g\B(% ©(r)v)
= (=DM Bl (9 o (r)0le)).

O

Recall the concept of a module induced by a homomorphism of algebras (Definition

2.25).

Lemma 3.25. Let D and D’ be graded-division superalgebras and let 1g: D — D' be
an isomorphism. If W is a D'-supermodule and B’ is a homogeneous yj,-sesquilinear
form on it, then 15" o B' is a homogeneous (15" o ¢} o 1g)-sesquilinear form on the
D-supermodule (W)¥° of the same degree as B'. Further, if B' is nondegenerate, then

50 is 1yt o B', and the superadjunction with respect to both is the same super-anti-
automorphism ' on Endp((UW)¥0) = Endg (U).

Proof. To simplify notation, let us put B” := 5" o B’ and ¢ = 5" o ¢} 0 ¢bg. It
is clear that deg B” = deg B and, hence, |B”| = |B’|. Let u,v € (W)° U (W)L To
avoid confusion, we will denote u and v by u¥° and v¥°, respectively, when regarded
as elements of (U)¥°. For all d € DU D', we have:

B (u, v d) = 5 (B (u, v 10(d))) = v (B'(u, v)to(d))
=t (B'(u, v))d = B"(u%,v%)d

and

=" ((_1)(B’|+|u|)lwo(d)(p6 (¢0(d))B'(u, U))

= (=) (POt (g (wo(d)) ) (B (u, )
— (—1) (B Il 1 () B (0 o).
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Also, for all » € R U R', we have:

B (ru?,v¥°) = ;! (B’(ru, v))
=y (=)™ B'(u, & (r)v))
= (=DM B"(u, ' (r)v).

]

Definition 3.26. Let U and W be graded right D-supermodules, and let B and
B’ be homogeneous sesquilinear forms on U and W, respectively. An isomorphism
from (U, B) to (W, B’) is an isomorphism of graded modules #: U — U’ such that
B'(0(u),0(v)) = B(u,v), for all u,v € U.

Note that if (U, B) and (W, B’) are isomorphic, then B and B’ have the same

degree in G* and are sesquilinear with respect to the same .

Theorem 3.27. Let R = Endp(U) and R’ := Endy (W), where D and D’ are graded
division superalgebras, and U and U are nonzero right graded supermodules of finite
rank over D and D', respectively. Let ¢ and ¢ be degree preserving super-anti-
automorphisms on R and R' determined, as in Theorem by pairs (po, B) and
(oh, B'), respectively. If: (R, @) — (R, ¢') is an isomorphism, then there are g € G¥,

a homogeneous element 0 # d € D, an isomorphism 1g: D — D', and an isomorphism
rs (UL dBY) — (W)™, 5" 0 B') (3.9)

such that
VreR, (r)=1oroy;l. (3.10)

Conversely, for any g, d, 1o and 1y as above, Equation (3.10) defines an isomorphism
i (R, 0) = (R, ¢).

Proof. Given an isomorphism of graded superalgebras ¢: R — R’ define
p=v"og 0.

Then ¢ is an isomorphism (R, ¢) — (R',¢') if, and only if, ¢ = @.
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Since 1) is an isomorphism of G#-graded algebras, we can apply Theorem to
conclude that there are g € G, an isomorphism of graded superalgebras 1y: D — D',
and an isomorphism of graded modules v : U9 — (U)¥ such that (1) = ¢ oroa;?,
for all r € R.

As in the proof of Lemma [3.25, consider ¢ = 15" o ¢} 01y and B" ="' o B'.
Then define B: U x U — D by

B(u,v) = B"(v1(u), 1 (v))

for all u,v € U, We claim that B is pg-sesquilinear. Indeed, by Lemma , we

have

B(u,vd) = B" (1 (w), ¢ (vd)) = B" (v1(u), 1 (v)d)
= B"(¢1(u), 1 (v))d = B(u,v)d

and

B(ud,v) = B" (¢ (ud), v1(v)) = B" (1 (u)d, v1(v))
= (=) RS () B (1 (), 1 (0)
= (1) UBHRDIIGH (@) B(u,v).

Also, ¢ is the superadjunction with respect to B:

B(ru,v) = B"(¢1(ru), ¢ (v)) = B" (1 o r 0 o7 )ebn (u), ¢ (v))
= B"(¢(r)r (u), 11 (v))
(
(

where we have used Lemma [3.25|in the third line and the definition of ¢ on the fourth
line. Hence, applying Theorem for U9 and Lemma [3.24] we conclude that ¢ = ¢
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if, and only if, there is a homogeneous 0 # d € D such that B = dBW. The result
follows. u

We can interpret Theorem [3.27] in terms of group actions. For that, fix a fixed
graded-division superalgebra D. We will define three (left) group actions on the class
of pairs (U, B), where U # 0 is a graded D-supermodule and B is a nondegenerate
homogeneous sesquilinear form. Recall that, by Lemma [3.14] B is yg-sesquilinear for

a unique super-anti-automorphism ¢y of D.

Let Dy = (Ugeg# Dg>\{0}, the group of nonzero homogeneous elements of D.

Given d € D, we define

d-(U,B) = (UdB). (3.11)
Note that dB is (sInt, o ¢)-sesquilinear by Theorem

Let A = Aut(D), the group of automorphisms of D as a graded superalgebra.
Given 7 € A, we define
7 (U, B) = (u"fl,T o B).

Note that 7o B is (7 0 ¢y o 771)-sesquilinear by Lemma [3.25|

Finally, consider the group G#. Given g € G*, we define
g-(U,B) = (Ul plh. (3.12)

Note that Bl is pg-sesquilinear by Lemma m

Lemma 3.28. The three actions defined above give rise to a (DF x A) x G#-action,

where A acts on Dy, by evaluation.

Proof. Let d € Dg,, T € A, g € G* and u,v € U. First note that the action of d does

not change U, so we only have to consider its effect on B. Since

(r0dB)(u,v) = 7(dB(u,v)) = 7(d)7(B(u,v)) = (7(d)(7 0 B))(u,v),

the D -action combined with the A-action gives us a (D, x A)-action. The G#-action

commutes with the Dg -action since

(dB)19(u,v) = (=) dB(u,v) = dBY9 (u,v).
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Finally, the G#-action also commutes with the A-action since (U™ ')l¥) = (U™ and
(r0 B (u,v) = 7((~1)M B(u,v)) = (=1)I"(r 0 B)(u,v) = (7 0 B)(u,v).

]

Corollary 3.29. Under the assumptions of Theorem[3.27, if D # D', then (R, p) #
(R, ). Otherwise, fix an isomorphism vg: D — D'. Then (R, ¢) ~ (R, ¢') if, and
only if, ((u/)wo’¢61 o B’) is isomorphic to an object in the (D x A) x G7-orbit of
(U, B).

3.4 Matrix representation of a super-anti-automor-

phism

In this section, we are going to express the super-anti-automorphism (not necessarily
involutive) ¢ in terms of matrices with entries in D. One could do that by following
Equation (3.6)), but we will take a different path.

As before, we suppose D is a graded division superalgebra, U is a nonzero right
graded module of finite rank over D, R = Endp(U) and ¢ is a degree-preserving
super-anti-automorphism on R. Also, let g be a super-anti-automorphism on D and

B be a nondegenerate gp-sesquilinear form on U determinig ¢ as in Theorem [3.18]

Definition 3.30. Given a graded basis {uy, ..., ux} of U, the matriz representing the
form B is defined to be ® = (®;;) € My(D), where ®;; = B(u;, u;).

From now on, let B = {uy,...,ux} be a fixed homogeneous D-basis of U, following
Convention m (i.e., if D is odd, we take B with only even elements). We will use B
to identify R = Endp(U) with M (D). Also, we will denote |u;| simply by |i| for all
ie{l,...,k}.

Definition 3.31. Let X = (z;;) be a matrix in M(D). We define ¢y(X) to be the
matrix obtained by applying ¢y in each entry, i.e., ¢o(X) = (¢o(x;;)). We also extend
the definition supertranspose to matrices over D by putting X*" := ((—1)(|i|+|j|)‘i‘xji).
Note that, with our choice of B in the case of odd D, we have that X*T = X, the

ordinary transpose.
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Proposition 3.32. Let ® be the matrix representing B. For every r € ROUR!, let
X € My(D) be the matriz representing r and let Y € My(D) be the matriz representing
o(r). Then, if D is even, we have that

Y =& o (X5 @, (3.13)
and, if D is odd, following Convention we have
Y = (=1)BIM =1 oo (X*T) ®. (3.14)
Proof. First of all, note that Equation is equivalent to the following:
Yu;, u; € B, B(ru;,uj) = (_1)‘T|IiIB<Ui,S0(T)Uj),

which, by the definitions of X, Y and ®, becomes

k
Vu,, u; € B, B(Zuﬂ:gi,uj) = (-1 ""” |B< Zugygj> (3.15)

(=1

Fix arbitrary p,q € {1,...,k} and suppose that the (p, g)-entry of X is a nonzero
G#-homogeneous element of D and z;; = 0 elsewhere, i.e., X represents the map
r € Endp(U) defined by ru; = d;qupz,,. By the F-linearity of Equation (3.13)), it
suffices to consider such X. Note that |r| = |u,| + |7pe] — |ug] = |P| + g| + |2pq|. Then,

on the one hand,

k
B(ZUMzi,Uj) — B(upgjpi’uj) — (_1)(|B‘+‘p|)lxpi‘900(xpi)B(u;muj)
(=1

— (_1)(|B‘+‘p|)|xm‘(p0( L

which is only nonzero if i = ¢. On the other hand,
k k
(=1 lr” |B< azuzyz ) = 1)%”” ZB(Uz’,uz)y@j
=1

k
= (_1)(Ipl+|q|+|$pq|)\2| Z Dipye;-
=1
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Therefore, Equation (3.15) is equivalent to, for all 4,5 € {1,...,k},

k
(_1)(\B\+\p|)|xm\@0< D, = (_1)(Ipl+|q|+|qu|)\il Z(Diﬁyfj- (3.16)
=1

If D is even, then |z,;| = 0 and this equation reduces to

(p[)(l.pi)q)m ( 1) (Ipl+laD) 4] Zq) Yo
=1

or, equivalently,

Z (I)zeyz )(lplﬂql)l ‘(,0 (xpi)q)m._

The left-hand side is the (i, j)-entry of ®Y. The right-hand side is only nonzero if
i = q, so it can be rewritten as (—1)PIHIDEl (2 ), ;. Recalling our choice of X, this

is equal to 5, (—1)UA+lDl |g0[)(l'gz>@g], since xy; is only nonzero if £ = p. Hence the
right-hand side is the (4, j)-entry of (X *")®, and Equation (3.13)) follows.

If D is odd, by our choice of basis, Equation (3.16) reduces to

(_1>|BH$W‘900 xpz Zq)zﬁyfj’

which, by the same reasoning as above, implies (—1)B"lpy(X*T)d = ®Y. O

Proposition 3.33. The superalgebra R is p-simple if, and only if, the superalgebra
D is pg-simple.

Proof. Pick a homogeneous D-basis for U following Convention [2.53| and use it to
identify R with M (D) = M(F) ® D. By Proposition [3.32, for every X € M;(D)° U
M (D), we have o(X) = (—=1)IBIXId=1p (X5T)®, where & € M (D) is the matrix

representing B.
It was proved in Proposition that the superideals of My (D) = M(F) ® D are
precisely the sets of the form M (I) = My (F) ® I, where I an superideal of D. We are

going to show that My(I) is p-invariant if, and only if, I is po-invariant.

Suppose I is @o-invariant. Then if X € M (D)" U M, (D), it is clear that @o(X*")
is also in M (I). It follows that o(X) = (—1)BIXI@=1py(X*T)® € M,(I) since
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M, (I) is an ideal. Conversely, suppose Mj(I) is @-invariant. Take d € I° U I!
and define X = E;; @ d € M(I)° U Mp(I)'. Then Ej; ® @o(d) = po(X*T) =
(—DIBIXI® (X)) =1 € My (I), which shows that @g(d) € I. O

3.5 Superinvolutions and sesquilinear forms

Our goal now is to specialize the results of Section to the case where ¢ is a
superinvolution. To this end, let us investigate what super-anti-automorphism of D
and what sesquilinear form on U determine the super-anti-automorphism ¢~!. Again,
we suppose D is a graded division superalgebra, U is a nonzero right graded module
of finite rank over D and put R = Endp(U).

Definition 3.34. Given a super-anti-automorphism ¢y on D and a pg-sesquilinear
form B on U, we define B: U x U — D by B(u,v) = (=1)MPlogt(B(v,u)) for all
u,v € U.

Proposition 3.35. Under the conditions of Definition we have that B is a @y -

sesquilinear form of the same degree and parity as B. Further, if B is nondegenerate

and ¢ is the super-anti-automorphism on R determined by (po, B) as in Theorem

1

then B is nondegenerate and p~' is determined by (o', B), i

vre ROUR', Vu,v e WY UU', B(ru,v) = (—1)"B(u, o~ (r)v). (3.17)

Proof. Since B is F-bilinear, so is B. Also, since ¢, preserves degree and parity, B

is homogeneous of the same degree and parity as B. Let us check the conditions of

Definition and Equation (3.17)).

Condition (f):

[l (ol+dl) 1 (B(vd, u))

(=1)
(= 1) uI(F+aD (1) IBI1D 21 (0 (d) B(v, u))

= (= 1Pl HRAHAB AR 1) 0Bl oo (B, u))d
(=)Mot (B(v, u))d = B(u, v)d.
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Condition ({i)):

Blud, v) = (~1)0“H9 551 (B(v, ud))

= (—1) (Dl oot (B(o, u)d)

= (=)D () B D o (d)ipg ! (B v, w))
— (1)l IB o ()5 (B, u))

=(-1)

1) BH1eDId oo (@) B (u, v).

For Equation (3.17)), note that replacing r for ¢ ~!(r), Equation (3.4 can be rewritten
as

B(v,ru) = (=)' B~ (r)v, u).
Hence, we have that

B(ru,v) = (—1)Ir+uDllg, (B<U TU))

rlHu ol 1)\ il ( (9071(7’)”’“»

(-1
— (-1
= (=1 (Ble™ ro,w)
- (-1)
~(-1)

1

1 |u\|v|( 1) (Ir[+lvl) \ulB( (T)U)
DB, o7 (r)v).

Finally, Equation together with B being nondegenerate implies that B
is nondegenerate. To see that, let u be a nonzero homogeneous element in rad B.
Then for for every r € RO U R' and v € U UU', we have that B(u, o ' (r)v) = 0,
hence B(ru,v) = 0. Since r € R®U R! and v € U° U U! were arbitrary, this implies
B(Ru,U) = 0. But U is simple as a graded R-supermodule, so we would have
B(U,U) = 0 and then, using that o is bijective, B(U,U) = 0, a contradiction. O

Lemma 3.36. Under the conditions of Definition let d be a nonzero G¥-
homogeneous element of D and consider ¢, = slntgopy and B' = dB. Then
B = (1)1 (d)B.
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Proof. Note that (¢))~" = ¢p* osInt;' = ¢g! o sInty-1. Hence, for all u,v € U0 U U,

B'(u,v) = (=1)" (5! o sInty—1)(dB(v, u))
= (=1)llll o (( 1)\ d(dl+Bl+ul+o]) dfldB(v,u)d)
(=

= (=1)"PI(=D)! o5 (d) oy (B(v, w) = (=) 05 (d) B(u, v).
O

We are primarily interested in the case F is an algebraically closed field and D is
finite dimensional. In this case, we have that Dg = 1, so we are under the hypothesis

of the following theorem, which is a graded version of [Rac98, Theorem 7]:

Theorem 3.37. Let D be a graded division superalgebra such that D, = F1, let U be
a nonzero right graded module of finite rank over D and let ¢ be a degree-preserving
super-anti-automorphism on R = Endp(U). Consider a super-anti-automorphism ¢
on D and a nondegenerate pg-sesquilinear form B on U determining ¢ as in Theorem
3.18. Then ¢ is a superinvolution if, and only if, B = £B. Moreover, if this is the

case, then @q is a superinvolution.

Proof. Using Proposition and Theorem [3.18] we conclude that ¢ = ¢! if, and
only if, there is a G#-homogeneous element 0 # § € D such that B = §B. Hence, it

only remains to prove that, in this case, we have § € {£1} and 3 = idyp.

Since B and B have the same G#-degree, B = § B implies that § € D,. By Lemma
3.30, we have that

B =B =3B = (-1)%¢;"(6)B = ¢, (6)B = ¢ (6)9B,

hence ¢;'(0)6 = 1. Since we are assuming D, = F1, we have that ;' (d) = 6, so
6% = 1 and, therefore, § € {£1}.

To see that 2 = idyp, note that, from Theorem [3.18], ¢, = sInt; 0 g = ©p. ]
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3.6 Classification of graded-simple superalgebras

with superinvolution

In this section we introduce parameters that describe the graded finite dimensional
associative superalgebras with superinvolution (R, ¢) where R is graded-simple and,
then, we give a classification result in terms of these parameters. We follow the ideas
used in [BKRI18, Sections 2 and 3] to classify graded-simple associative algebras with
involution over the field of real numbers. Throughout this section, we will assume that
F is an algebraically closed field with charF # 2.

Recall from Theorems [2.23] |3.18| and [3.37| that, under the above assumptions, we
have that R ~ Endp(U) and that ¢ is determined by a superinvolution ¢q on D and

a nondegenerate homogeneous yg-sesquilinear form B on U.

3.6.1 Parametrization of (D, ¢)

Recall, from Subsection [2.2.3] that the isomorphism class of a finite dimensional graded-
division superalgebra D is determined by a triple (T, 3, p) where T := supp D C G¥ is
a finite abelian group, #: T x T — F* is an alternating bicharacter and p: T — Zs is

a group homomorphism. Also recall that we define the skew-symmetric bicharacter
B:T x T — F* by (a,b) = (—1)P@PO) 3(a, b), for all a,b € T (see Equation (2.4)).

Recall that, since each component D, of D is one-dimensional, an invertible degree-

preserving map ¢g: D — D is completely determined by a map n: T — F*.

Proposition 3.38. Let pg: D — D be the invertible degree-preserving map determined
by a map n: T — F* as follows: ¢o(Xy) = n(t) X, for allt € T and X, € Dy. Then

o 18 a super-anti-automorphism if, and only if,
Va,b €T, n(ab) = B(a,b)n(a)n(b). (3.18)

Moreover, D admits a super-anti-automorphism if, and only if, B (or, equivalently, ()

only takes values +1.
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Proof. For all a,b € T, let X, € D, and X, € Dy. Then:

(-1)
= n(ab) X, X, = (=1)""On(a)n(b) X, X,
= n(ab) X, X, = (=1)""n(a)n(b) (b, a) X X,
= n(ab) = (=1)""n(a)n(b)B(b, a)
= n(ab) = B(b, a)n(a)n(b)

If @ and b are switched, since 7' is abelian, we get n(ab) = 5(a, b)n(a)n(b), as desired.
Also, it follows that B(b, a) = B(a, b). Using that f is skew-symmetric, i.e., B(b, a) =
B(a,b)~"', we have that 5(a,b)? = 1 and, hence, 5 only takes values +1, proving
one direction of the “moreover” part. The converse follows from the fact that the
isomorphism class of D% is determined by (T,37!,p), so if § takes only values
in {£1}, there must be an isomorphism from D to D*P  which can be seen as a

super-anti-automorphism of D. m

Corollary 3.39. The graded-superalgebra D admits a super-anti-automorphism if,
and only if, 2 € rad 3, for allt € T. O

Next definition is borrowed from the theory of group cohomology, and allows a
compact statement of Equation (3.18). It will also be used in Section [4.4]

Definition 3.40. Let H and K be groups and let f: H — K be any map. We
define df: H x H — K to be the map given by (df) (a,b) = f(ab)f(a)~ f(b)~! for
all a,b € H. The maps H x H — K of this form are called 2-coboundaries.

Hence Equation (3.18)) can be written simply as dn = /.

If g is a super-anti-automorphism on D as in Proposition , we say that (D, o)
is a graded-division superalgebra with super-anti-automorphism associated to the
quadruple (7', 5, p,n). It follows from Lemma and Proposition that for any
finite abelian group 7', alternating bicharacter 5: T' x T" — F*, group homomorphism
p: T — Zo and map n: T — F* such that dn = B, there is a graded-division superal-
gebra with super-anti-automorphism associated to (T, 5, p,n). Thus the quadruples
(T, B,p,n) parametrize the isomorphism classes of finite dimensional graded-division
superalgebra with super-anti-automorphism. It is clear that the corresponding ¢ is a
superinvolution if, and only if, n(t) € {£1} for all t € T..
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Remark 3.41. By Proposition 2.59] it follows that from (7',7), where T is a finite
abelian group and n: T" — F* is a map such that dn is a skew-symmetric bicharacter,

we can recover both 4 and p.

Corollary 3.42. Suppose n determines a superinvolution on D, i.e., n takes values
in {£1}. For every element t € T, n(t?) = (=1)?® for allt € T. In particular, every

element in T~ has order at least 4.

Proof. By Equation (3.18)), we have n(t?) = 5(t, t)n(t)* = (=1)PD (¢, t) = (—1)P1).

Now let t € T—. Every odd power of t is also an odd element, so ¢t cannot have an
odd order. But n(t?) = —1, hence t* # e. O

3.6.2 Parametrization of (U, B)

Let (D, ) be a fixed graded-division superalgebra with super-anti-automorphism

associated to (T, 5,p,n).

Recall that a G-graded supermodule U can be regarded as a G*#-graded module
and that its isomorphism class is determined by the map x: G# /T — Zs, with finite
support (see Subsection 2.1.1). Explicitly, £(¢7") = dimp U,r, where Uyp is the isotypic

component associated to the coset g7'.

We will now consider a homogeneous (g-sesquilinear form B on U, deg B = gy € G7.
Since B has degree gy and takes values in D, if B(U,, U;) # 0 for some g,h € G¥,
then gogh € T. In terms of isotypic components, this means that, given Uyz, there
is at most one isotypic component U,z such that B(U,r, Upr) # 0, namely, ugal g7

We say that the components U,r and U951g_1T are paired by B.

We will now reduce the study of B to the study of F-bilinear forms. Fix a set-
theoretic section &: G# /T — G# of the natural homomorphism G# — G# /T i.e.,
&(x) € z for all x € G¥ /T, and fix a nonzero element X; € D, for all t € T. Note that
Ugz) ® D >~ U, via the map u ® d — ud and, hence, an F-basis of Uy, is a graded
D-basis for U,. In view of Convention [2.53] if D is odd we choose £ to take values in

G =G x {0}.

For a given © € G¥ /T, set y := gy "o~ € G# /T and t == go&(x)&(y) € T. Also, set
Ve =U,+Uy (50 V, = Uy if x =y and V, = U, Uy if  # y) and V,, == Ug(z) + Ug(y)
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(soV, ~V,®D). We will denote the restriction of B to V, by B, and define the
bilinear map éx: Ve xV,—TF by

B, (u,v) = Xt_le(u, v),

for all u,v € V,. It is clear that B is nondegenerate if, and only if, B, is nondegenerate
for every x € G#/T. If this is the case, U, and U, are dual to each other and, hence,

R(x) = A(y).

Lemma 3.43. The pg-sesquilinear form B, is nondegenerate if, and only if, the

bilinear form B, is nondegenerate.

Proof. Assume B, is nondegenerate and let v € V, be such that Bm(u,v) = 0 for
all v € V. Then B,(u,v) = X;B,(u,v) = 0 for all v € V, and, hence, B, (u,vd) =
B.(u,v)d = 0 for all d € D. It follows that B,(u,v) =0 for all v € V, = VD and,

therefore, u = 0.

Now assume B, is nondegenerate and let u € V, be such that B,(u,v) = 0 for
all v € V,. Let v € V, be homogeneous and write v = > cq# uy where u, € U,.
Then 0 = B, (X jeq# Ug, V) = X yeq# Ba(ug,v) and, since the summands have pairwise
distinct degrees, B, (u,,v) = 0 for all g € G#. Also, since £(g7)"'g € T, we have
that u, = u4d for some homogeneous elements i, € V, and 0 # d € D. Then
0 = B, (ug,v) = (=1)ldlUBI+asD 0 (d) B, (ii,, v), and hence B, (iiy,v) = 0. It follows that
E’z(ﬂg, v) =0, for all v € V,, which implies @, = 0. Therefore, u = 0, concluding the
proof. O]

We are interested in the case when the superadjunction with respect to B is
involutive. By Theorem [3.37] if this is the case, then ¢y is also involutive. Hence, from

now on, we will assume that n takes values in {£1}.

Lemma 3.44. Let 6 € {£1}. Then B, = dB, if, and only if,

Ba(v,u) = (1) ()3 By (u, v)

for all u,v € V., where t := go&(z)&(go tz™).
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Proof. Let u,v € V,. By definition of B,, we have:

Ba(u,v) = (~=1)"Mpg ! (Bu(v,u)) = (=1)"I"og (X, Bu(v, w))
= (=DM B, (v, u)py ' (X0) = (=) B (v, w)n(t) ' X,

where we have used the fact that B,(v,u) € F. Hence, B, (u,v) = 6B, (u,v) if, and
only if, (=1)I“I*| B, (v, u)n(t) "' X, = 6X,B,(u,v), and the result follows. O

Recall the identification My (D) = Mg(F) ® D (see Remark [2.57]). In the next two
propositions we consider a component paired to itself and two components paired to

one another.

Proposition 3.45. Let § € {+1}. Suppose gox® =T, and set t = go&(x)* € T. Then
pa = (=1)Ey()s € {+1}

does not depend on the choice of the section &: G# /T — G#. Moreover, the restriction
B, of B to U, is nondegenerate and satisfies B, = B, if, and only if, there is a D-
basis of U, consisting only of elements of degree £(x) such that the matriz representing

B, is given by
(1) Lutx) © Xo if pro = +1;

0 Lz
(1) Ju@) @ Xy if gy = —1, where k(x) is even and Jy) = ( ; (O)/Q) .
—Lr(x)/2

Proof. Let g = &(x). If € G# /T — G7 is another section, then there is s € T such
that £'(x) = gs. Hence:

(—1)
(=)l (1) 905111 3 g 62, 52 (gog?In(s?)
= (=)l (—1)20o 143 (g g2, 5)2n(g0g? ) (s?)
(=)l (gog®)n(s?)
(=)l (gog?) (=1)FIn(s)* = (=1)In(gog?),

where we have used Equation (3.18)) twice.
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For the “moreover” part, it follows from Lemmas [3.43] and [3.44] that B, is nonde-
generate and B, = 6B, if, and only if, B, is nondegenerate and B, (u,v) = piz By (v, u),
for all u,v € V,, = Ug(y). Then the result follows from the well-known classification
of (skew-)symmetric bilinear forms over an algebraically closed field of characteristic
different from 2 and the fact that an F-basis for Ug(,) is a D-basis for U,. O

Remark 3.46. Even though p, does not depend on &, the element t = gof(x)? may
depend on &.

Proposition 3.47. Let 6 € {£1}. Suppose goxy = T for v # y and set t =
90&(x)&(y) € T. Then the restriction B, of B to U, ®WU, is nondegenerate and satisfies
B, = 6B, if, and only if, there is a D-basis of U, with all elements having degree
&(z) and a D-basis of U, with all elements having degree £(y) such that the matriz

representing B, s

Proof. Assume that B, is nondegenerate. Then by Lemma [3.43] the bilinear form B,
on V, = Ug(a) @UE(y) is nondegenerate, and hence, the map Ug,) — Ug(,) given by u —
B, (u,-) is an isomorphism of vector spaces. Hence, we can fix a basis {u1, ..., U@}
for Ue () and take its dual basis {vy, ..., v} for Uey), ie., B, (u;, v;) = d;5. If we also
assume B, = dB,, then by Lemma , we have B, (v;,u;) = (—1)E@IEWy(1)56;;.

This proves the only if part. The converse is clear. ]

Definition 3.48. Let U # 0 be a graded D-module of finite rank and B be a
nondegenerate homogeneous sesquilinear form with respect a superinvolution ¢y on D
and such that B = §B for some § € {£1}. We say that the quadruple (7, x, go,d) is
the inertia of (U, B), where n defines ¢q by ¢o(X;) = n(t)X; (see Subsection [3.6.1]),
go = deg B € G* and k() = dimp U, for all x € G#/T.

By the results above, the quadruple (7, &, go, 0) satisfies the following:

Definition 3.49. Given n: T — {£1}, k: G# /T — Z>¢, go € G* and § € {£1}, we
say that the quadruple (1, k, go, d) is admissible if:

(i) dn = B (see Equation (2.4) and Definition [3.40));

(ii) & has finite support;
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(iii) k(z) = K(gy o™!) for all x € G#/T;

(iv) for any x € G#/T, if gox®> = T and p, = —1, then x(z) is even (where
pe = (=190 (gog?)é for g € x, see Proposition [3.45)).

The set of all admissible quadruples will be denoted by I(D) or I(T, 3, p).

Given a quadruple (1, k, go,d) € I(D), we can construct a pair (U, B) such that
(n, K, go, 6) is its inertia. To see that, fix a total order < on the set G# /T. We define
W, = (FF@)HE@] and U = Y rea#r Ue where U, := W, ® D, for all € G¥/T. For
all z,y € G# /T such that gozy = T and x < y, we let B, be the gg-sesquilinear on
U, + U, represented, relative to the standard basis of W, 4+ W, by the matrices in

Proposition [(3.45] if = y, or in Proposition if v #y.

Theorem 3.50. Suppose F is an algebraically closed field and charF = 2. Let D be
a finite dimensional graded-division superalgebra and let ¢y be a degree preserving
superinvolution on D. The assignment of inertia to a pair (U, B) as in Deﬁm’tion

gives a bijection between the isomorphism classes of these pairs and the set I(D).

Proof. Suppose there is an isomorphism ¢: (U, B) — (W, B’). Since, in particular,
is an isomorphism of graded D-modules, both U and U’ correspond to the same map
k: G7 /T — Z>q. Also, from the fact that B'(1(u), v (v)) = B(u,v) for all u,v € U, it
is clear that deg B’ = deg B. Moreover, if B = §B, then

B(3(w), 9(0)) = (-1 Ol (B (1(0), o(w)
_ (_1)|u||v|%1(3(v,u)) = B(u,v)
= 6B (u,v) = 6B'(v(u), ¥(v)),

for all u,v € U. Since v is bijective, it follows that B’ = §B'.

Conversely, suppose that (U, B) and (U, B") have the same inertia (k, go,d). To
show that (U, B) and (U, B’) are isomorphic, it suffices to find homogeneous D-bases
{uy,...,ux} of Wand {u}, ..., u}} of W such that degu; = degu}, 1 <i < k,and B and
B’ are represented by the same matrix. Indeed, in this case the D-linear map ¢: U — W
defined by ¥(u;) = uj, 1 < i < k, is degree preserving, and B(u;,u;) = B(ug, u}),
1 <i,j <k, implies B(u,v) = B(t(u), v (v)) for all u,v € U. The existence of such
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bases follows from dimyp(U,) = dimp(U) = k(x), for all z € G# /T, and Propositions
[3.45 and 3.471 O

3.6.3 Parametrization of (R, )

We start with a definition to have a concise description of the graded superalgebras

with superinvolution we are working on:

Definition 3.51. Let D be a finite dimensional graded-division superalgebra over
an algebraically closed field F, charF # 2, let U # 0 be a graded right D-module
of finite rank and let B be a nondegenerate homogeneous sesquilinear form on U
such that B = +B. By Theorem m, E(D,U, B) (see Definition is a (finite
dimensional) graded superalgebra with superinvolution. If D is associated to (7', 3, p)

(see Subsection [2.1.3)) and (U, B) has inertia (n, , go,d) € I(T, 5, p) (see Definitions

and [3.49)), then we say that (T, 5, p,n, K, go,0) are the parameters of the triple
(D, U, B).

By Theorems[2.23], [3.18 and [3.37], any finite dimensional graded-simple superalgebra
with superinvolution (R, ¢) is isomorphic to E(D, U, B) for some triple (D, U, B) as in

Definition [3.51] We will now classify these graded superalgebras with superinvolution
in terms of the parameters (T, 3, p, 1, k, go,0). Let (D, U, B) and (D', W, B’) be triples
as in Definition [3.51] and let (R,¢) = E(D,U,B) and (R',¢') = E(D',UW,B).
Consider the corresponding parameters (T, 5, p,n, k, go, ) and (7", 5", 0", 7', 94, &', &').
If (R,p)~(R,¢), then D ~ D" and, hence, T =T"', =3 and p = p'.

Lemma 3.52. Let 1g: D — D’ be a degree preserving isomorphism. Then (W, B')
and (W)Yo, 5" o B') have the same inertia (0, ', gb,0") € (T, 3, p).

Proof. By Lemma [3.25 ¢y ' o B’ is (15" o @} o p)-sesquilinear. Let X; € D,. Then

Yo(Xy) € Dj and, hence, 1 (1o(X1)) = ' (£)tbo(Xy)- Tt follows that (¢4 oighotio)(X,) =
n'(t) X, therefore the superinvolution (1" o ¢ 0 1)) also corresponds to the map

n:T —TF*.

Since dimgp U, = dimgp (U, )% 1, for all z € G# /T, the graded D-modules U and
U correspond to the same k. Also, it is clear that deg(vy o B) = deg B. Finally,
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using that ¥ ! o ¢y 0 ¥y and (, are involutive, we have that

(5" 0 B)(u,v) = (—1)"Il(y5" 0 g 0 ) (5" © B) (v, )
R G )
=y (Blu,v)) = ¢ (0B(u,v)) = 8(¢ " 0 B)(u,v),

for all u,v € U UUL. O

By Corollary [3.29] (R, ) ~ (R',¢') if, and only if, (1, ¢}, ¢, ') is in the orbit of
(1, K, go, 0) under the action of the group (D x A) x G# on I(T, 3, p) determined by
its action on the isomorphism classes of (U, B) (see Lemma |3.28)). Let us compute

this action explicitly.

First, applying Lemma [3.52] in the case D’ = D, we have that the A-action on
I(T, 3, p) is trivial.

Let us now consider the D -action. Let t € T and 0 # d € D; and let (1, &', g, 9')
be the parameters corresponding to d - (U, B) = (U, dB) (see Equation (3.11])). To
compute 7/, recall that dB is (sInty o g)-sesquilinear. Let s € T and ¢ € D,. Then

(sInty o @o)(c) = sInty(n(s)c) = (=1)1ly(s)ded™?
= (=1)"Wln(s)B(t, s)edd ™" = B¢, s)n(s)c

and, hence, 1/(s) = 5(t, s)n(s) for all s € T'. Since the action by d does not change U,

we have k' = k. Clearly g, = deg(dB) = tgoy. It remains to compute ¢§’. Using Lemma

[3.36] we have
dB = (=1)lgo(d)B = (-1)"In(t)dd B = (~1)"n(t)é(dB),

so 0 = (—1)'n(t)d. Note that (1, ', gy, ") depends only on ¢, so the Dy-action on
I(T, 3, p) factors through the action of T'~ Dy /F*.

Finally, we consider the G#-action. Let ¢ € G and let (”,x",g},d") be the
parameters corresponding to g- (U, B) = (U, B (see Equation (3.12))). Since B! is
wo-sesquilinear, " = 7. By the definition of U9, k” = g - k where (g - k)(z) = k(g7 x)
for all z € G#/T. As noted in Remark , gl = deg BY = gyg7%. Also, for all
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w,v € UU UL, and writing vl and v for v and v when they are considered as

elements of U, we compute:

Bl (49 plaly = (— 1)k 10 —1<B[g]( [g]7u[g]))

— (1) sk st ot (1)lolll By, )

= (- 1)|9|+\9||U|+\9||”|+\u\\U\( 1)‘9Hv|g061 (B(v,u)) — (_1)|g|+lgl\UI§(u’U)
= (=1

1|9|( )Igl\UI(;B(u v) = (1)\9|53[g](u[g}’v[g})’

We conclude that ¢” = (—1)l4l6.

Definition 3.53. The group T x G# acts on I(T, 3,p) b

t- (1,5, 90,0) = (B(t,)n, K, tgo, (—1)n(t)5)

and

g- <n7 Ry 90’5) = (77,9 : H?.gﬂg_27 (_1)|g|5)7
forallt € T, g € G* and (n, K, go,0) € I(T, 3, p).

In view of these considerations, Corollary [3.29) can be restated as follows:

Theorem 3.54. Let (D, U, B) and (D', W, B') be triples as in Definition[3.51, and let
(T, B,p,m, K, go,0) and (T, 8", p', 0", K, g, 8") be their parameters. Then E(D, U, B) ~
E(D,W, B') if, and only if, T =T', B =0', p=1p', and (n, K, go,0) and (', ', g4,9")
lie in the same orbit of the T x G¥#-action in I(T, 3,p) given in Definition . O]

We will now proceed to simplify our parameter set and the group acting on it, by
using Lemma, [2.87. To this end, consider the following equivalence relation among all

possible 7.

Definition 3.55. Let n,7/: T — {£1} be maps such that dy = dy = 3. We say that
n and 7' are equivalent, and write 1 ~ 1, if there is t € T such that 5/ = (¢, -)n.

We partition the set I(7T), 8, p) according to the equivalence class of 1 and refer
oA{(n7,k,90,0) € I(T,B,p) | " ~ n} as the n-block of the partition. Note that if
(n, K, 90,0), (0, &', gb,0") € I(T, B, p) are in the same T' x G#-orbit, then, clearly, ' ~ .
In other words, the T'x G#-action on I(T', 3, p) restricts to each n-block of the partition.
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We wish to fix 7. Given n: T'— {#1} such that dn = 3, we define

I(T7B>p)77 = {(K'> 9075) | (77’ 5)9075) € I(Taﬁap)}

It is clear from Definition that the action by (¢,g) € T x G# does not change
n if, and only if, ¢ € rad 3. Thus, the T x G#-action on I(T, 3, p) induces an action of
the subgroup (rad 5) x G¥# on I(T, 3,p), given by

t- <K7g07 5) = (/iatg(bn(t)d) and
g- (l{79075) = (g ' ’i7gog_27 (_1)\g|5)7
for all t € rad 3 = (rad 8)NT* (recall Lemma, g € G* and (k, g0,9) € I(T, B, p),.

Now we wish to fix 6 = 1. Note that in every orbit we have a triple with 6 = 1
since the action by (e,1) € G# = G x Z, changes the sign of 6. We define

KT, B,p)y = {(x,90) | (%, 90,1) € KT, B,p)}. (3.19)

By the definition of the (rad 3) x G#-action on I(T, j, P)y, We see that the action of
(t,g) does not change § if, and only if, n(t) = (—1)I¥. Note that n [,.q5 is a group

homomorphism, since dn = B3 =1 on rad 3. Hence

G = {(t.9) € (rad §) x G¥ | n(t) = (~1)"} (3.20)

is a subgroup of (rad 3) x G#. Thus, the (rad §) x G#-action on I(T, 3, p), induces a
G-action on I(T), B, p);} given by

(5, g0) = (k. tgo) and (3.21)

g+ (5,90) = (g £, 909",
for all (t,g) € G and (k, 90) € I(T, B, p);'-
Lemma [2.87] implies the following:

Proposition 3.56. Fiz a map n: T — {%1} such that dy = 3. Then the map
v (T, B, p)f — U(T, B, p) given by u(k, go) = (1, K, go, 1) induces a bijection between
the G-orbits in I(T, B, p); and the T x G7 -orbits in the n-block of I(T, 3, p). O
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Therefore, the classification up to isomorphism of G-graded superalgebras with
superinvolution that are finite dimensional and graded-simple over an algebraically
closed field F, charF # 2, reduces to the classification of finite subgroups 7' C G7,
alternating bicharacters 5: T'x T — {£1}, equivalence classes of 7 (see Definition
and G-orbits in I(7T), 3,p);;. This gives a useful simplification when we have one
equivalence class of 7, as it will be the case in the next chapter, where we will study

gradings on superinvolution-simple associative superalgebras.

In the case T~ # (), another simplification can be made, but it has to be done
before fixing 7. As noted in Remark [3.20] we can make the sesquilinear form B even,
i.e., we can choose gy such that |go] = 0. Equivalently, every T x G#-orbit has a
element (1, k, go, §) with |go| = 0. We let

KT, 8,p)" = {(n, %, 90,0) € (T, 3,p) | |go| = 0}.
If we wish to restrict the action to only these elements, we have to act by T+ x G#.

Definition 3.57. Let 1,7/: T — {1} be maps such that dy = di = 5. We say
that n and 1’ are evenly equivalent, and write n ~g 1/, if there is t € T such that

n =Bt ).

We partition the set I(T, 5, p)() according to this new equivalence relation: the

n-block is now {(n/,x,g0,0) € I(T,8,p)° | 0 ~g n}. If (n,5,90.9), (0, K, g}, 0') €
I(T,3,p)° are in the same T+ x G#-orbit, then i/ ~5 . Hence, the Tt x G#-action

on I(T, 3,p)° restricts to each 7-block of the partition.

Remark 3.58. It should be noted that the equivalence class of 1 according to the
relation ~j is, in general, smaller than the equivalence class according to ~. This
implies that graded superalgebras corresponding to points in the same 7n-block of
I(T, 3, p) may correspond to different n-blocks of I(T’, 3, p)°.

As before, we wish to fix n and make 6 = 1. Given n: T"— {£1} such that dny = 3,

we define

I(T7ﬁap)27+ = {<Hag0) ’ (777 K; 4o, 1) € I(Taﬁ>p) and |90‘ = 6}

Following the same reasoning as above, we get a G-action on I(T), 3, p)g’ﬂ where G
is defined by Equation (3.20)) and the action by Equation (3.21). Then Lemma [2.87]
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implies:

Proposition 3.59. Suppose T~ # () and fix a map n: T — {+1} such that dn = 3.
Then the map ¢: I(T,ﬁ,p)2’+ — (T, 3,p)° given by u(k,go) = (1, K, go, 1) induces a
bijection between the G-orbits in I(T, B,p)2’+ and the T+ x G#-orbits in the n-block of
(T, 3, p). 0



Chapter 4

Gradings on Superinvolution-

Simple Associative Superalgebras

The main goal of this chapter is to classify (up to isomorphism) the G-gradings
on the finite dimensional superinvolution-simple associative superalgebras over an
algebraically closed field of characteristic different from 2. Not only is this classification
of independent interest, but also, in Chapter |5| (assuming the characteristic is 0), it
will be translated to a complete classification of GG-gradings on the Lie superalgebras of
series A, B, C, D, P and @, with the sole exception of type A(1,1). As in Chapter ,
the term (super)algebra will mean associative (super)algebra and the grading group G
will be assumed abelian (see Proposition [3.1).

In Section we consider more general objects: graded-superinvolution-simple
superalgebras, and show that they are either graded-simple or of the form S x %P,
with exchange superinvolution, where S is graded-simple (Proposition . The
former case was already classified in Chapter |3 (Theorems [3.18] [3.27] and [3.54)), so we
complete the classification in the latter case (Lemma [4.5]and Theorems [4.9] to [4.11)).

In Section [4.2] we specialize to trivial G and obtain the well-known classification of

superinvolution-simple associative superalgebras, which are of the following 3 types:

M, M x M*P and @ x Q*P (see Definition [4.15]).

The gradings on superinvolution-simple superalgebras of type M are classified
in Section (Theorem [4.29)). For superalgebras of types M x M*°P and @ x @Q*°P,

we first develop a way to construct division gradings, in Section [£.4] and then use



111

them to classify all gradings, in Section [4.5 Theorems [4.55] and [£.56] consider the
gradings on the superalgebras of types M x M*°P and () x QQ*°P that do not make them
graded-simple, whereas Theorems and consider the remaining gradings. The
latter theorem deals with the case of odd gradings and gives a classification in terms of
G*, so we derive Corollaries and to express it in terms of G. A description
of gradings for types M x M*P and @) x Q*°P (assuming that G is finite and char F
does not divide |G|) was obtained in [BTT09, Theorems 4 and 5] using a different

method, which, however, does not lend itself to a classification up to isomorphism.

We note that elementary gradings on superinvolution-simple superalgebras of type
M were described in [TT06, Theorems 5.2 and 5.3], but the description of general

gradings in this preprint is incorrect.

4.1 Graded-superinvolution-simple superalgebras

In [Rac98], finite dimensional superinvolution-simple superalgebras are classified over
any field F with charF # 2. In this section we adapt some of the results there to
classify the finite dimensional graded-superinvolution-simple superalgebras in the case

of algebraically closed F. Most of the following results are valid for any F.

Definition 4.1. Let S be a GG-graded superalgebra and consider the G-graded superal-
gebra 5 x 5%°P with the homogeneous component of degree g € G being S, x S;°P. We
define the exchange superinvolution on S x S%P to be the map : § x S%°P — § x S%P
given by ¢(s1, 52) = (s2,51) (recall from Section [3.1) that s denotes the element s € S
seen as an element of S%P). Unless stated otherwise, we will always consider S x S%P

to be endowed with exchange superinvolution.

We will now give two examples where G is trivial, which will play a role in

Section [4.2]

Example 4.2. The simplest possible example is to take S = F, with superalgebra
structure. If char[F # 2, then S x S*P = F[(] where ( = (1, —1) and the exchange
superinvolution is given by ¢(1) =1 and ¢(¢) = —(. Note that F[(] ~ FZ, with the

trivial superalgebra structure.

Example 4.3. Consider S = Q(1), so S° = F1 and S! = Fu where u?> = 1. Note
that S is isomorphic to FZy, but this time with the superalgebra structure given by
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its natural Zo-grading. If charF # 2, we claim that R := S x S%P is isomorphic to
FZ4. Indeed, the element w = (u,u) € S x S°P has order 4 and generates S X S%P:
w? = (1,-1), w® = (u, —a) and w* = (1,1). Hence R = F1®Fw? and R = Fuw @ Fuw?.

Also, the exchange superinvolution on R is given by (1) = 1, p(w) = w, p(w?) = —w?

and p(w?) = —w3.
We are now going to see when S x S®°P with exchange superinvolution is graded-

superinvolution-simple.

Lemma 4.4. Let S be a graded superalgebra and consider the exchange superinvolution
on S x S%P. Then S x S%P is graded-superinvolution-simple if, and only if, S is graded-

simple.

Proof. Suppose S x S%P is graded-superinvolution-simple and let I C S be a graded
ideal. We have that I x I°°P is a superinvolution-invariant graded superideal in S x S%°P,
and, hence, either I x I*°P =0 or [ x [*°P = S x S%°P. In the first case [ = 0 and in

the second I = S, hence S is graded-simple.

Conversely, suppose S is graded-simple. It is clear that S®°P is also graded-simple
and, hence, by a standard argument, the graded superideals of S x 5P are 0, {0} x S*P,
S x {0} and S x S*P. Among those, only 0 and S x S*P are superinvolution-invariant,
concluding the proof. O

sop sop

Lemma 4.5. Let S; and Sy be graded-simple superalgebras. Then Sy x S77° =~ Sy X S5
as graded superalgebras with superinvolution if, and only if, S1 ~ Sy or S; ~ S5% as

graded superalgebras.

Proof. Let 1: S; x Si" — Sy x S5°° be an isomorphism of graded superalgebras
with superinvolution. Since the only nonzero proper graded superideals of S; x S;°P
are {0} x S} and S; x {0}, i = 1,2, we have that ¥(S; x {0}) = Sy x {0} or
(51 x {0}) = {0} x 557"

For the converse, we can suppose S; ~ Sy by relabeling Sy with S5’ if necessary. If
0:S; — S, is an isomorphism of graded superalgebras, it is clear that 1: S; x S7P —
Sy x S5°P given by ¥(z,9) = (0(z),0(y)), for all 2,y € Sy, is an isomorphism of graded

superalgebras with superinvolution. O]

Proposition 4.6. Let (R, ) be a graded superalgebra with superinvolution. Then

(R, @) is graded-superinvolution-simple if, and only if, either R is a graded-simple
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or (R,y) is isomorphic to S x S*P with the exchange superinvolution, for some

graded-simple superalgebra S.

Proof. Suppose (R, ¢) is graded-superinvolution-simple but R is not graded-simple.
Let 0 # I C R be a graded superideal. Note that ¢([) is also a graded superideal,
hence INp(I) and I+ (1) are g-invariant graded superideals. Since IN@(I) C I # R,
we have I N¢(I) =0, so we can write [ + ¢(I) =1 @® p(I). Since 0 £ I C I @ p(I),
we conclude that R = I @ p(I). Clearly, this implies that (R, ) is isomorphic to
I x I*°P with exchange superinvolution. By Lemma [£.4] I must be simple as a graded

superalgebra.

The converse is obvious if R is graded-simple, and follows from Lemma [4.4] otherwise.
]

It is sometimes convenient to replace S*°P by an isomorphic graded superalgebra.
Explicitly, suppose 0: S — S’ is a super-anti-isomorphism of graded superalgebras.
Then S x S%P with the exchange superinvolution is isomorphic to S x 5" endowed

with the superinvolution (s, s3) = (071(s3),6(s1)).

Definition 4.7. Let D be a graded-division superalgebra and U be a graded right
D-supermodule of finite rank. Recall that U* := Homp(U, D) (Definition is a
graded right D*P-module, and that the map Endp(U) — Endpser (U*) given by L +— L*
(Definition is a super-anti-isomorphism whose inverse is L — *L (Proposition.
We define E*(D,U) to be the graded superalgebra Endp(U) X Endpser (U*) endowed
with the superivolution (Ly, Ls) + (*Lo, L7).

Combining Proposition [4.6] and Theorems [2.23] and [3.18 we have:

Corollary 4.8. Let (R, ) be a graded superalgebra with superinvolution and suppose
R satisfies the d.c.c. on graded left superideals. Then (R, p) is graded-superinvolution-
simple if, and only if, there exists a graded-division superalgebra D and graded right
D-supermodule W of finite rank such that either (R,y) ~ E*(D,U) or (R,y) =~
E(D,U, B), for some nondegenerate sesquilinear form B on U. ]

Let us now assume that F is algebraically closed and charF # 2. We are in a
position to classify up to isomorphism the finite dimensional graded-superinvolution-

simple superalgebras over IF. The ones that are graded-simple are classified in Theorem
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[3.54] The classification of the ones that are not graded-simple is a consequence of
Theorems and [2.74] Lemma [4.5| and the description of parameters for D% and
U* at the end of Section [B.1

Theorem 4.9. Let (D,U) and (D', W) be pairs as in Definition[2.73, with both D and
D" even. Let (T, B3, kg, k1) and (1", 3, K§, k5) be the parameters of (D,U) and (D', U'),
respectively. Then E®(D,U) ~ E=(D', W) if, and only if, T = T'" and one of the

following conditions holds:

(i) B = B and there is g € G such that either kj = g - k5 and K7 = g - K1, or
Kg =g Ki and K} = g - Kp;

(i) 0/ = ' and there is g € G such that either kj = g - k% and k: = g - K%, or

Kg =g K} and K} = g - K}. ]

Theorem 4.10. Let (D, U) and (D', W) be pairs as in Definition [2.74, with both D

and D" odd. Let (T, 3,p,k) and (T", 5,9, k) be the parameters of (D, U) and (D', W),

respectively. Then E<(D,U) ~ E=(D', W) if, and only if, T =T', p=p' and one of

the following conditions holds:

(i) B' = B and there is g € G such that K" = g - k;

(ii) B = B~ and there is g € G such that k' = g - K*. O

The case where D and D’ are odd can also be classified in terms of G-parameters

(see Definition [2.81)). We recall the set O(T*,5") and the T"-action on it (see
Definition and Equation (2.6)).

Theorem 4.11. Let (D, U) and (D', W) be pairs as in Definition and let
(T, B, h,x, k) and (T", 5 W, X', k') be G-parameters of (D,U) and (D', W), re-
spectively. Then E™(D,U) ~ E=(D' W) if, and only if, T = T'" and one of the

following conditions holds:
(i) gt = B+, (W, X') is in the same TT-orbit of (h,x) in O(T*,5") and there is
g € G such that k' = g - Kk;

(ii) BT = (BT)7Y, (W', X) is in the same T -orbit of (h=1,x) in O(T™, BT) and there
is g € G such that K" = g - K*.
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Proof. Using Equation (2.5)), it is straightforward that D% is associated to the
quadruple (TF, (%)~ k71, x) and, hence, (T, (37)~', h7L, x, x*) are G-parameters
for (D°P, U*). The result follows from Corollary O

4.2 Finite dimensional superinvolution-simple

superalgebras

As an application of our results of Sections and [4.1I| we can obtain the known
classification of superinvolution-simple superalgebras over an algebraically closed field
F with charF # 2.

We start with a general observation:

Lemma 4.12. Let (R, ) be a superalgebra with super-anti-automorphism. Then Z(R)

15 p-tnvariant.

Proof. By Lemma , with G = Zy, we have Z(R) = Z(R)° ® Z(R)", so it is
sufficient to show that if ¢ € Z(R)° U Z(R)!, then ¢(c) € Z(R). Let r € R°U R'.
Since co~(r) = ¢~ (r)c, we can apply ¢ on both sides and get (—1)lI"lrp(c) =
(—1)lellrlo(c)r and, hence, ro(c) = ¢(c)r. O

The following result was achieved by similar methods in [GS98, Theorem 8.1] and
[EVO08, Theorem 28].

Corollary 4.13. If charF # 2, the associative superalgebra Q(n) does not admit a

superinvolution.

Proof. The center of Q(n) is isomorphic to F1 & Fu, where u is an odd element with
u? = 1. Let ¢ be a super-anti-automorphism on Q(n). Since u is odd and central,
¢(u) is odd and central. Hence there is A € F such that p(u) = Au. Using that u? =1,
we have 1 = (1) = p(u?) = —p(u)* = =A% But then ¢*(u) = \?u = —u # u, hence
©* # id. O

Remark 4.14. Corollary could also be deduced from Lemma [4.20] (assuming F is
algebraically closed), which shows that if D is a graded-division superalgebra that is

simple as a superalgebra and has a nontrivial odd component, then D does not admit a
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superinvolution (in the case D is of type M, this result appeared in [BTT09, Theorem

3], where it is erroneously stated that D does not admit a super-anti-automorphism).

It follows from Theorem and Proposition [£.6] that, over an algebraically closed
field F with charF = 2, every finite dimensional superinvolution-simple superalgebra

is of one of the following 3 types:

Definition 4.15. Let (R, ) be a finite dimensional superinvolution-simple superalge-
bra.

(i) If R is of type M, we say that (R, ) is of type M;

(i) If (R,p) ~ M(m,n) x M(m,n)*P, for some m,n > 0, we say that (R, ) is of
type M x M®°P;

(iii) If R ~ Q(n) x Q(n)*P, for some n > 0, we say that (R, ) is of type @ x Q%P.

We can distinguish these types using the center:

Proposition 4.16. Let (R, ) be a superalgebra with superinvolution.

(i) If (R, ) is of type M, then (Z(R),¢) ~ (F,id);

(ii) If (R, ) is of type M x M*P, then (Z(R),p) is isomorphic to the superalgebra

with superinvolution in Example [{.5;

(1i7) If (R, @) is of type Q x Q*°P, then (Z(R), ) is isomorphic to the superalgebra

with superinvolution in Example [{.5,

Proof. Ttem (i) follows from the fact that Z(M,,,(F)) ~ F. It is easy to check that
Z(S x S%°P) = Z(S) x Z(S)*P for any superalgebra S, so items and follow
from Z(M,,1,(F)) ~F and Z(Q(n)) ~ Q(1). O

The classification of the superalgebras with superinvolution of types M x M®5°P

and @) x Q*P is easier. The following result is valid over any field.

Proposition 4.17. Let m,m',n,n’ > 0. Then

(i) M(m,n)x M(m,n)*P ~ M(m',n') x M(m',n')*? if, and only if, either m = m/

andn=n', orm=n" andn=m’;
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(i) Q(n) x Q(n)*P ~ Q(n') x Q(n')*P if, and only if, n =n’.

Proof. Let S; and S, be simple superalgebras. From Lemma with trivial G,
S x S5P ~ S x S5 if, and only if, S} ~ Sy or S; ~ S5°°. In our case, we claim that
S1 >~ Sy or S ~ S5 if, and only if, S; ~ S5.

Indeed, if S} and Sy are of type M, then Sy ~ S5°° implies S; ~ Sy since S5F ~ S,
via supertransposition. If S; and S, are of type @, then S; ~ S5°° implies S} ~ Sy by

dimension count.

The isomorphism condition follows from Theorem [2.43| O

It remains to classify the superinvolution-simple superalgebras of type M. It should
be noted that M(m,n) does not admit a superinvolution for all values of m and n.
Also, M(m,n) endowed with different superinvolutions may lead to non-isomorphic

superalgebras with superinvolution.

Definition 4.18. Let m,n € Zs, not both zero, and let py € Zy. If py = 0 and n is

even, set

If po =1 and m = n, let

It is straightforward to see that ¢(X) = & 'X*T® defines a superinvolution on
M(m,n). We will denote the superalgebra with superinvolution (M (m,n),¢) by
M*(m7n7p0)‘

We note that the superalgebras with superinvolution M*(m,n,py) are the ones
used in the Introduction to define orthosymplectic Lie superalgebras (series B, C' and

D) and the periplectic superalgebra (series P).

Proposition 4.19. FEvery superalgebra with superinvolution of type M is isomorphic
to M*(m,n,po) for some m,n > 0 and py € Zy as in Definition . Moreover,

M*(m,n,po) ~ M*(m/,n',py) if, and only if m =m’, n=n" and py = pj.
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Proof. This is precisely the case of graded-simple superalgebras considered in Sec-
tion , but with trivial G (and, hence, with G# = Z,). By Subsection |3.6.3] these
graded superalgebras are parametrized by (T, 3, p,n, k, go, 0) where (T, 3, p) are asso-
ciated to a graded-division superalgebra (see Subsection [3.6.1]), and (n, s, go,6) € I(D)
(see Definition [3.49).

Superalgebras of type M are of the form Endg(U) for a finite dimensional superspace
U, so we have D = F and, hence, T is the trivial group and g, p and 7 are trivial
maps. Since we have only one possible 77, we have only one equivalence class of n and,
therefore, our parametrization reduces to elements of I(F);" (see Proposition [3.56)),
i.e., we choose = 1 and the only parameters left are k: G#/T = Zy — Z>q and
Po = go € G¥ = Zso.

Then, the isomorphism classes are in bijection with the orbits by G-action (see
Equation (3.20))) on I(F);;. In the present case, it is clear that G is trivial, hence the
isomorphism classes are in bijection with points in I(IF)". Let us describe these points

and find a representative for each isomorphism class.

The map r: G¥ /T ~ Zy — Z>q is determined by the numbers m = x(0) and
n = (1), so our parametrization reduces to triples (m, n, py) satisfying some conditions
that come from Definition|3.49, The only conditions that are not automatically satisfied
are and . Condition is tautological if py = 0, and equivalent to m = n if
po = 1. Condition simplifies to the following: if py = 0 and g = 1, then n = k(g)
is even. In other words, conditions and become equivalent to n being even if
po=0,and m =nif py = 1.

A representative for each point in I(F)} can be found by using the matrices in

Propositions and [3.47] O]

4.3 Gradings on superinvolution-simple
superalgebras of type M

For this section we assume F is algebraically closed and char [F # 2. The next result
can be found in [TT06, Theorem 4.3] (assuming that G is finite and char F = 0).

Lemma 4.20. Let D be a finite dimensional graded-division superalgebra that is simple

as a superalgebra. If D admits a degree-preserving superinvolution, then D is even and
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T = supp D is an elementary 2-group.

Proof. By Corollary we have that t> € radf = {e} for all t € T, so T is an
elementary 2-group. Hence, by Corollary [3.42, T~ is empty. O

Let (R, ) be a finite dimensional graded superalgebra with superinvolution of
type M. Since R is simple as a superalgebra, (R, ¢) is graded-simple and, hence, by
Subsection [3.6.3 (R, ) ~ E(D,U, B) for some triple (D, U, B) as in Definition [3.51]
Let (T, B,p,n, K, go, 0) be the parameters of (D, U, B) and let ¢y be the superinvolution
on D determined by 7. Since E(D, U, B) = Endy(U) is of type M, by Proposition [2.28]
we have that (D, ¢g) is of type M. By Lemma , D is even and T is an elementary
2-group. In particular, 5 =4

Since D is even and of type M, we have that D ~ Endp(V) as a superalgebra,
where N = NV is a finite dimensional superspace. From now on, let us identify D with
Endg(N). Since N is a left D-supermodule, we can define U := U ®p N. Note that U
is a superspace, with U% = U° @ N and U! = U @4 N, but it is not G-graded since
N is not G-graded. Also, U is not a D-supermodule.

Recall that the F-span of any graded D-basis of U is an F-form of U (see Defini-
tion with D, = ).

Lemma 4.21. If U is an F-form of U, then U g N is canonically isomorphic to
U®DNbyu@mku@mv,forallueﬂandvEN. O]

Proof. By Definition [2.11] the map URyD — U given by u®pd — ud is an isomorphism

of (graded) right D-modules. Hence, we have canonical isomorphisms:
U@ N ~URp (D Ry N) ~ (Up D) ®p N ~URp N,
whose composition sends u ®r v to u ®p v. O

It follows that if {us, ..., ux} is a graded D-basis of U and {vy,. .., v,} is an F-basis
of N, then {u; ®pv; | 1 <i<kandl < j </} is an F-basis of U.

Lemma 4.22. The map ¢: Endp(U) — Endg(U) given by (L) = L ®@p idy is an

isomorphism of superalgebras.
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Proof. 1t is clear that v is a homomorphism and that it preserves the Zs-degree. To
show that v is an isomorphism, recall the canonical isomorphism N ®p N* ~ Endp(N),
where N* := Homp(NV,F). Since N is a left D-module, N* is a right D-module. So we

obtain canonical isomorphisms:
Ur N =(URp N)@r N*~URp (N N*) ~U®Rp D ~U.

We claim that ¢': Endp(U) — Endp (U ®p N*) defined by ¢/(L) := L ®p idy+ is the

inverse of 1) under the canonical isomorphisms above. Indeed,
(' o) (L) = (L ®p idy) Qp idy+ = L Qp (idy Qpidy:) = L ®p 1p = L.
The result follows since dimg Endp(U) = k*¢* = dimp Endp(U). O

Note that 1) o @ 0 ™! = 1) @ idy. We are now going to construct an F-bilinear

form on U whose superadjunction is ¢ @ idy.

It is well-known (and also follows from Theorem with trivial grading) that
there is a bilinear form (,)y: N x N — F such that ¢q is the (super)adjunction
with respect to (,)y. Since ¢q is a (super)involution, (,)y is either symmetric or

skew-symmetric. We will write d5 := 1 in the former case and dy = —1 in the latter.

Lemma 4.23. There is an F-bilinear map (,)y: U x U — F determined by
(u @p v,u p v )y = (v, B(u,u)v'),

for all u,u' € W and v,v" € N. This bilinear map is supersymmetric if 66y = 1 and
super-skew-symmetric if 00y = —1. Moreover, p ® idy is the superadjunction with

respect to (, )u-

Proof. For every u € U, let C,,: W x N — F be defined by C(u/,v") = B(u,u)v'.
Clearly, C,, is F-bilinear. Further, it is D-balanced:

Cu(u'd,v") = B(u,u/d)v" = (B(u, u/)d)v/ = B(u,u)(dv") = C, (v, dv").

Hence, there is a unique F-linear map U ®p N — N, which we will also denote by C,,,
such that v’ ®@pv’ — B(u,u')v’. It is easy to see that the mapping U — Homp(UR N, N)

also is F-linear.
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Now v’ ®p v € U®p N fixed, and let C’: U x N — F be given by C'(u,v) =
(v, Cy (U, V")) N, 1.e., C'(u,v) = (v, B(u,u')v')y. Clearly, C" is F-bilinear. Further, it
is D-balanced:

C'(ud,v) = (v, B(ud,u)v")y = (v, (=1)IBHDEl o0 (0) B(u, u)v') v
= (v, po(d) B(u, v )v")xy = (dv, B(u,u')v") N,

forallu e WYUUL, v € N and d € D = DO. Tt follows that there is a unique F-linear
map U ® V — F such that u ®p v — C’'(u,v). We conclude that the F-bilinear map
(yu:UxU — T is well-defined.

The form (, )y is supersymmetric or super-skew-symmetric, depending on ddy,

since

(W' ®@p v, uRpv)y = ', Blu, u)v)y = (v, (—1)‘“”’”5 wo(B(u,u))v)n
= (=D)MMIS(Bu, u' W, vy = (=155 5 (v, Blu, ' )0') v
= (_1)\u|\u’|55N<u ®@ v, u’ ®@ U’)U,

for all u,v/ € WYUU! and v € N = NO.

For the “moreover” part, recall from Lemma that every element in Endp(U)
is of the form L ®q idy for some L € Endp(U). Also, we have:

(L ®pidy)(u®@pv),u @p vy = (L(u) @p v,u’ @p v")y = (v, B(L(u),u)v) 5
v, (=1)HMB(u, (L) (w))0") v

DM 0 @5 v, (L) (0) ©p v')o

DI w @ p v, (p(L) @0 idy) (v ©@p o'))u,

for all L € Endp(U)° U Endp(U)', u, v’ € WU U and v,v" € N. O

Proposition 4.24. As a superalgebra with superivolution, E(D,U, B) is isomorphic
to M*(m,n, po), where m == dimU° @p N, n = dim U @p N and py == |B.

Proof. Tt is clear that the bilinear form (,)y: U x U — F defined in Lemma [4.23]
has the same parity as B, which is pg. By Propositions [3.45] and [3.47], we can find

a (Zy-graded) basis of U where the matrix representing ¢ ®q idy is the one as in
Definition so (Endp(U), ¢ ®pidy) >~ M*(m,n,py). By Lemma we have the
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desired result. O

To state the classification theorem of gradings on M*(m,n,pg), we will revisit
Definition Let T be a finite abelian group, let 5 be a nondegenerate alternating
bicharacter on 7. Decompose T as A x B where (A, A) = (B, B) = 1, and let
D = Endp(N) be the corresponding standard realization of a graded-division algebra,

where N is a vector space with a fixed basis {e} }pep-

Lemma 4.25. If we identify D with a matriz algebra using the basis {ep}vep, we have
that X, = B(a,b) X1, for alla € A and b € B.

Proof. Let (,)y: U x U — F be the bilinear form determined by

1, ifb=10
0, ifbAV .

<€b, eb/>N =

Clearly, the adjunction with respect to (, )y correspond to the transposition.

Let a € A. Then

(Xaew, evr)n = Bla, V) (Xaew, e) v = B(a, V") (Xaew, ev)n = (ev, Xaer),

for all ', € B, so X, = X,. Let b € B. Then
(Xpew, evr) Ny = (e, ey ) v = ey, ep-1p) N = (er, Xp-1€p7) N,
for all o, € B, so X,” = X;-1. Finally,
X = (XoXp)" = X1 X, = B0, a) X X1 = B(b,a) * Xop1 = B(a, b) X 1.

]

Proposition 4.26. Suppose T is a elementary 2-group. Then there is a unique
equivalence class (see Definition of maps of the form n: T — F* such that

dn =B = 8.

Proof. Let D be the standard realization of (7', 3) as before. Since T is an elementary
2-group, by Lemma [£.25] the transposition gives us a degree-preserving involution on
D, corresponding to the map n: T'— F* given by n(ab) = f(a,b).
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Let ': T — F* be a map corresponding to another degree-preserving involution
on D. Clearly, ¢ is the transposition composed with a degree-preserving automorphism
of D, so, by Lemma , n = xn, for some y € T. Since 3 = 8 is nondegenerate,
there is a ¢t € T such that y = (¢, ), and hence 1’ ~ 7. O

We are now in a position to define explicit models for gradings on M*(m,n, po).
The choice of g to be the transposition on D (when D is realized as a matrix algebra)
is convenient if we view a matrix X € M (D) as a (block) matrix with entries in
F by interpreting the entries of X as matrices with entries in F, or, in other words,
if we identify M (kg, k7) @ D with M (m,n) via Kronecker product. This corresponds
to the isomorphism Endp(U) — Endg(U) of Lemma if we use a graded D-basis
{uy,...,u;} for U and the basis u; ®qp e, for U, ordered lexicographically. Then
©o(X)*T in Equation becomes X*7.

We reformulate the conditions on « of Definition [3.49|in terms of x5 and k7:

Definition 4.27. Let T' C G be a finite subgroup, g: T x T"— F* be an alternating
bicharacter, n: T — {41} be a map such that dn = 3, go = (ho,po) € G¥ and
kg, ki: G/T — Z>¢ be maps with finite support. If py = 0, we say that (kg, r1) is
go-admissible if, for all i € Zy and x € G/T,

(i) wi(z) = Ki(hg 'z");

(ii) if hoz? = T and, for some (and, hence, any) g € z, n(hog*) = —(—1), then x;(z)

is even.
If py = 1, we say that (kg, k1) is go-admissible if, for all x € G/T,
(i) #1(z) = rg(hg'a™").

Under the conditions of Definition [£.27] let p: T — Zs be the trivial homomorphism
and define k: G# /T — Zso by x((g,i)T) = ki(gT), for all i € Zy and g € G. It
is easy to see that (g, k1) is go-admissible if, and only if, (x,g0) € I(T, 3, p);, i-e.,
(n,K,90,1) € I(T, 5,p) (see Definition and Equation (3.19))). In other words,
(Kg, k1) is go-admissible if, and only if, there is a pair (U, B) whose inertia is (1, &, go, 1)
(see Definition [3.48)). In this case, we say that (U, B) has inertia determined by (g, k7).
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In what follows, for each pair (T,(3) where T is a finite abelian group and
B:T xT — F* is a nondegenerate alternating bicharacter, we fix D to be a standard
realization associated to (7', 3), and define ¢y: D — D to be the transposition on D
and n: T — F* to be the corresponding map, which satisfies dn = 8 (= ).

Definition 4.28. Let T' C G be a finite 2-elementary subgroup, let 5: T'x T" — F* be
a nondegenerate alternating bicharacter, let gy = (ho,po) € G* and let xg, k1: G/T —
Z>o be go-admissible maps. Choose a graded D-supermodule U and a nondegenerate
sesquilinear form B: U x U — D such that (U, B) has inertia determined by (xg, k7).
We define M*(T, 3, kg, k1, go) to be E(D, U, B). With a choice of a graded basis for U,
this becomes the graded superalgebra M (T, 3, kg, k1), i.e., the superalgebra M (m,n)
endowed with the grading 'y (T, 3, k5, K1), where m = |Ii(‘)|\/|?| and n = |/<Ji|\/m
(see Definition , and the superinvolution ¢ is given by

O(X) =o' X T,

for all X € M(m,n), where ® is the matrix representing B with respect to the chosen

basis (viewed as a matrix with entries in F rather than D).

Theorem 4.29. Suppose the superalgebra with superinvolution M*(m,n,py) is en-
dowed with a G-grading. Then it is isomorphic, as a graded superalgebra with super-
involution, to M*(T, B, kg, K1, 90) as in Definition where py = |go|. Moreover,
M*(T, 3, kg, K1, go) = M*(T", B', k5, K%, g0) if, and only if, T =T', 3 = 3" and there is
g € G such that K = g - kg, k5 = g- k1 and gy = g 2go.

Proof. The first assertion follows from the discussion above. The isomorphism con-
dition follows from Proposition by noting that, in this case, § = {e} x G (see

Equation ([3.20))). O

4.4 Graded-division superalgebras of types
M x M®P and @) x QQ°P
In the next section, we will classify all group gradings on the superinvolution-simple

superalgebras of types M x M*®P and @ x Q*°P. To this end, we will first construct

division gradings on those.
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We will assume F is algebraically closed and charF # 2. Fix i € F a primitive

fourth-root of unity, i.e., i = —1.

Next subsection presents some well-known concepts and results from the theory of
group extensions (see, for example, [Mac95]). We put it here for completeness and for

fixing notation.

4.4.1 Abelian group extensions

Definition 4.30. Let H, K be groups. A group extension of H by K is a group F
together with homomorphisms ¢: K — E and 7: EF — H such that

0> KS5ES H—=O

is a short exact sequence, i.e., ¢ is injective, 7 is surjective and im ¢ = ker 7 (and, hence,

s

H ~ %) An equivalence between two extensions K - F = H and K SE S H

is a homomorphism «: F — E’ such that the diagram

commutes. It is easy to see that « is necessarily an isomorphism. An equivalence from

an extension to itself will be referred as a self-equivalence.

Example 4.31. Let T =T UT~ be the support of a finite graded-division superal-

gebra. Consider

Ei= ({1} x TT) U ({#i} x T7) C {&1,+i} x T,
and let t: {£1} — E and w: E — T be the homomorphisms given by «(d) := (, e), for
all § € {£1}, and 7(x,t) :=t, for all w € {£1,+i} and t € T. Then {£1} > E 5 T

is an extension of 7" by {£1}.

Let us fix the abelian groups H and K for the remainder of the section.
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Definition 4.32. A map o: H x H — K is said to be a 2-cocycle if, for all a,b,c € H,
we have o(a,b)o(ab,c) = o(a,bc)o(b,c). If, further, we have that o(a,b) = o(b,a),
we say that o is symmetric, and if we have o(a,e) = o(e,a) = e, we say that o is

normalized. In the case o(hy, hy) = e for all hy, hy € H, we say that o is trivial.

Example 4.33. Let f: H — K be any map. Recall (Definition [3.40) that its 2-
coboundary is the map df: H x H — K defined by df (a,b) = f(ab)f(a)~Lf(b)~* for
all a,b € H. It is easy to see that df is a 2-cocycle, which is symmetric since both H

and K are abelian. If f(e) = e, df is also normalized.

Example 4.34. Let T be an abelian group and let b: T' x T" — F* be a symmetric

bicharacter. It is also easy to see that b is a normalized symmetric 2-cocycle.

Example 4.35. Let D be a finite dimensional graded-division superalgebra associated
to (T, 3,p). If 5 and B only take values in {#1}, then both are symmetric and, hence,
normalized symmetric 2-cocycles. This is not only a particular case of Example [.34]
but also of Example [4.33] (by Proposition [3.38).

Given a normalized symmetric 2-cocycle o, we define the abelian group K x, H to

be the set K x H with product %, given by:
(K1, hy) %o (K2, ha) = (o (h1, ho)kika, hihy),

for all k1, ks € K and hq, ho € H. The condition of o being a symmetric 2-cocycle is
precisely what is needed for the associativity and commutativity of *,. The identity
element is (e,e) and the inverse is given by (k,h)™* = (k7'o(h,h7')"1, A1), Note

that the usual product on K x H is recovered as the particular case when ¢ is trivial.

Definition 4.36. The (abelian) group extension corresponding to K X, H is the group
K x, H together the group homomorphisms ¢: K - K X, H and n: K x, H - H
defined by (k) = (k,e) and w(k,h) = h, for all k € K and h € H. If o is trivial, we

say that the extension is trivial.

Example 4.37. Under the conditions of Example [4.35 with /3 only taking values +1,
we have a group extension {£1} = {£1} x;T 5 T.

The next result tells us that, essentially, these are all abelian group extensions:



127

Proposition 4.38. Every abelian group extension K = E 5 H is equivalent to the
abelian group extension corresponding to K X, H for some normalized symmetric

2-cocycle o: H — K.

Proof. Fix 7: H — F a set- theoretic section of 7 such that 7(e) = e. For every z € E,
we have that z(7(w(x)))~! is in ker m and, hence, it is equal to ¢(k) for a unique k, € K.
It follows that x = «(k,)7(7w(x)). Define a: E — K x H by a(z) = (k;, 7(7(x))).
Clearly, « is bijective, so we can make it an isomorphism by using it to define a
product on K x H. It is easy to check that this product is the one on K x, H where
o: Hx H — K is given by o(hy,hy) = 7(h1)7(ho)7(hihe)™' and « is the desired

equivalence. O

We will now see when two extensions determined by different normalized symmetric

2-cocycles are equivalent.

Proposition 4.39. Let o,0': Hx H — K be normalized symmetric 2-cocycles. A map
a: K X, H— K X, H is an equivalence between the corresponding group extensions
if, and only if, there is a map f: H — K such that a(k,h) = (f(h)k,h), for allk € K
and h € H, and o'oc~! = df.

Proof. The result follows from the following claims:

Claim 1. Suppose « is an isomorphism. Then « is an equivalence if, and only if, there
is a map f: H — K such that a(k,h) = (f(h)k,h), for all k € K and h € H.

Suppose a(k,h) = (f(h)k,h). First, it is clear that ma = 7. Also, since a(e, e) =

(e,e), it follows that f(e) = e and, hence, ar = ¢.

Now suppose « is an equivalence. Since for all h € H (ra)(e,h) = w(e,h) = h,
we have that a(e,h) = (f(h),h) for some map f: H — K. Also, since for all
ke K (au)(k) = u(k), we have that a(k,e) = (k,e). It follows that a(k,h) =
a((k,e) *, (e,h)) = a(k,e) %, (e, h) = (f(h)k, h).

Claim 2. Suppose there is a map f: H — K such that a(k,h) = (f(h)k, h), for all
k€ K and h € H. Then « is an isomorphism if, and only if, o’o~! = df.

First, it is easy to check that the map K x, H — K x, H given by (k,h) —

(f(R)7'k, h) is the inverse of a, so a is bijective.
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If hy,hy € H and ty,t5 € T, then, on the one hand,

a((hi,t1) *o (ha,t2)) = alo(ti, ta)hiha, tits) = (f(tita)o(tr, t2)hiha, tits)

and, on the other hand,

a((hi,t1)) *or a((ha, t2)) = (f(t1)h, t) *or (f (t2) Do, t2)
= (0'(t1, ta) f(t1) f(t2) h1ha, tits).

Comparing both, we conclude that « is a homomorphism if, and only if, df = o’'c~t. O

Corollary 4.40. The set of self-equivalences of an abelian group extension K = E 5

H s in bijection with the set of homomorphisms from H to K.

Proof. By Proposition 4.38, we can assume our extension is the one corresponding
to K x, H, for some normalized symmetric 2-cocycle . The result follows from
Proposition [4.39 and the observation that df = 0 if, and only if, f is a homomorphism.

m

4.4.2 Quadratic maps and (super-)anti-automorphisms

Let D be a finite dimensional graded-division superalgebra associated to (T, 3, p)
and choose elements 0 # X; € D, for all £ € T. Recall from Proposition that
super-anti-automorphisms of D are in bijection with maps n: T' — F* such that
dn = 3. The same computation with p trivial shows that anti-automorphisms of D
are in bijection with maps n: T'— F* such that dnp = § (see also [EK13]).

Even though we are mainly interested in superinvolutions, some super-anti-au-
tomorphisms which are not involutive (and even some anti-automorphisms) will be
useful in what follows and also in Chapter [5] We will need the ones that correspond

to quadratic maps.

Definition 4.41. Let u: T' — F* be a map. We say that p is a (multiplicative)
quadratic map if p(t™') = p(t) for all ¢ € T and the map du: T x T — F* is a

bicharacter, which is referred to as the polarization of .

Remark 4.42. In the literature, the additive notation is commonly used in the context

of quadratic maps. In general, for a given commutative ring K and K-modules A and
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B, a quadratic map q: A — B is a map satisfying that q(kz) = k®z, for all k € K and
z € A, and that the map A x A — B defined by (z,y) — q(x +y) — q(z) — q(y) is
bilinear. In the case of abelian groups (i.e., K = Z), the first condition is equivalent to

q(—z) = q(z), justifying our nomenclature.

In next example, a quadratic map is used to construct an anti-isomorphism between

different graded-division superalgebras:

Example 4.43. Let po: T — F* be given by po(t) = 1 for all t € TT and po(t) =i
for all t € T—. It is clear that po(t™') = po(t). Also, we have that dug(a,b) =
po(ab)po(a) L uo(b) ™t = (—=1)P@P®) which is a symmetric bicharacter. This quadratic
map determines an anti-isomorphism D — D*P X, — puo(t)X;. Note that, in

particular, D°P is isomorphic to D°P.

Lemma 4.44. Let p: T — F* be a map and let ¢v: D — D be the linear map defined
by V(X)) = u(t) Xy for everyt € T and X, € D;. Then:

(i) If dju = 3, then:
pis a quadratic map <= p(t) € {£1} for allt € TT and p(t) € {£i} for
allt € T- <= 1 is a super-anti-automorphism such that 1 is the parity

automorphism on D;

(ii) If du = B, then:
pis a quadratic map <= p(t) € {£1} for allt € T <= 1 is an involution
onD.

Proof. From Equation (3.18)), we have B(¢,t~1) = pu(tt=")pu(t) " pu(t=") ", which simpli-
fies to (—1)P® = p(t)u(t™). Therefore pu(t™') = u(t) if, and only if, u(t)? = (—1)P®),
proving .

Item follows from (fil) once we consider D as an algebra, i.e., if we consider p to

be the trivial homomorphism. O

We will now refine the statement about existence of 77 in Proposition [3.38}

Proposition 4.45. If 3 takes values in {£1}, then there are quadratic maps on T

whose polarizations are 5 and J3.
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Proof. To show there is a quadratic map whose polarization is 3, consider the group

ra:g 5 and let ¢t — t be the natural projection on the quotient. Also, we denote by

T x T — F* the bicharacter induced by 3.

T =
5:T
Since 3 is nondegenerate and takes values £1, T is an elementary 2-group. Choose
a standard realization D associated to (T, B) By Lemma m, the transposition is
a degree-preserving involution of D, so it is determined by a map i: T — F*. By
Lemma M, fi is a quadratic map taking values in {1} whose polarization is /3.

Define p: T — F* by u(t) = u(t) for all t € T. Then u takes values in {+1} and
B =dpu.

To get a quadratic map with polarization B, simply multiply u by the quadratic
map /i of Example [4.43] O

4.4.3 Division gradings on D x D%P

We are now in position to apply these concepts and results to our original problem.

Theorem 4.46. Let D be a graded division superalgebra associated to (T, 3,p). Con-
sider & == D x D*P with its natural T-grading T': & = @er Dy x Dy and let p be the
exchange superinvolution on €. There is a division grading on (€, ) refining I if, and
only if,  takes values in {£1}. If this is the case, then:

(i) For each such refinement A, associated to (Ta, Ba,pa,na), Ta fits into a unique
group extension {1} = Ta = T such that "A =T. Moreover, Ba = B0 (m X 7),

pa=pom and na ot =idgiyy.

(ii) If A is another refinement, associated to (Tx,BA,PA-Nx), there is a unique
equivalence between the corresponding group extensions o: Ta — TR such that

aA = A. Moreover, Ba = Bz o (v X @), pa = pa © & and na =13 © o

(iii) There is a refinement Ay corresponding to the extension {£1} = {£1} x3T = T
(Example , for which the map na,: {£1} x5 T — {£1} determining the

exchange superinvolution is the projection onto the first component.

Proof. We will first prove the main assertion of . Recall that, for a division grading,
its support is its universal group (Lemma . Since I' is a coarsening of A, by the

universal property of the universal group, there is a unique homomorphism 7: Tho — T
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such that "A =T'. Also, since |Ta| = 2|T|, we must have | ker 7| = 2, and therefore

there is a unique monomorphism ¢: {£1} — Ta with ¢«({£1}) = ker .

We claim that all division gradings on (&, ¢) refining I' must have the same set
of subspaces of € as their homogeneous components. Indeed, for each t € T', let &,
denote the homogeneous component of degree t of I'. Clearly, &; is 2-dimensional
and (X;, X;) and (X;, —X;) are eigenvectors of ¢, associated to the eigenvalues 1 and
—1, respectively. Hence, the eigenspaces of ¢ [¢, are 1-dimensional. By Lemma [1.2]
it, follows that (X;, X;) and (X;, —X;) are homogeneous in any grading A on (&, ¢)
refining I'. If A is a division grading, all the components are 1-dimensional, so they
must be the subspaces €5y = F(X;,0X;), for t € T and § € {£1}.

Now, for all a,b € T and 07,09 € {£1}, we have:

(Xa7 alya)(Xb) 62Yb) - (XaXb7 51522?{;)

= (Xa Xy, 6105 (1" PO, X)

= (XaXln 5152(_1>p(a)p(b)5(&’ b)XaXb)
= (

Xo Xy, 01625(a,0) X, X).

On the one hand, if (a,b) # £1 for some a,b € T, the direct sum decomposition
& = @ &5 not a grading of € as a superalgebra. On the other hand, if 3 takes values
in {&1}, it follows that €,.0)E20) = € (5,653(a).ap)- L erefore we have a grading Ag
with support {£1} x 3 T. Clearly, the exchange superinvolution is determined by the
projection on the first entry {+1} x57" — {£1}, 7: {1} x3T — T is the projection
on the second entry and that kerm = {£1} x5 {e}, proving item (ii).

We will use the universal property of the universal group again to prove item .
Let {£1} % Ta 5 T and {#1} 5 T3 5 T be the group extensions corresponding
to A and A, respectively. Since they have the same components, A is an (improper)
refinement of A, so there is a unique group homomorphism a: Th — TR such that
oA = A. By the uniqueness of 7, we have m = 7« and, by the uniqueness of 7, we
have I = au, hence « is an equivalence between the corresponding extensions. Since
the component of A of degree ¢ is the same subspace as the component of A of degree

a(t), we get fa = Bz 0 (@ X ), pa = px © o and na = N3 © a.

Finally, the “moreover” part of item ({il) is trivial for Ag, and it follows in general

by item . O
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Example 4.47. The (trivially) graded superalgebra with superinvolution [ x P =
M(1,0) x M(1,0)*P of Example 4.2] admits a Zs-grading (refining the trivial grading)
that makes it isomorphic to FZ,: deg(1,1) = 0 and deg(1,—1) = 1. The exchange
superinvolution is determined by n(0) =1 and n(1) = —1.

Example 4.48. The graded superalgebra with superinvolution Q(1) x Q(1)*P of
Example admits a Z4-grading (refining the trivial grading) that makes it isomorphic
to FZ,: deg(1,1) = 0, deg(u, u) = 1, deg(1, —1) = 2 and deg(u, —u) = 3. The exchange
superinvolution is determined by n(0) = 1, n(1) = 1, n(2) = —1 and 7(3) = —1. By
Theorem |4.46| up to relabeling the components, those are the only possible gradings

on these superalgebras with superinvolutions.

It is straightforward that, if A is as in item (i), {1} — E — T is another group
extension and a: Tha — E is an equivalence of extensions, then *A is a refinement

corresponding to {+1} — E — T. Hence, we get:

Corollary 4.49. Under the conditions of Theorem[{.46], the set of all refinements A
such that supp A = Ta and "A =T is in bijection with the group homomorphisms
from T to {£1}.

Proof. Tt follows from item and Corollary [4.40} O

Note that all these refinements are nonisomorphic as graded superalgebras with
superinvolution (since they have different 7)), but they are isomorphic as graded

superalgebras (since they have the same 3 and p).

We can use quadratic forms to replace the extension in Example and Theo-
rem by an equivalent one, which does not depend on 3.

Lemma 4.50. Under the conditions of Theorem suppose (3 takes values in {1}
and let Ay be the refinement in item . Then every quadratic map p: T — F* such
that dp = [ gives us an equivalence a: {£1} XT — B = ({£1} xTT)U({£i} xT7)
between the group extensions of Examples|4.37 and |4.31] given by a(0,t) = (dpu(t),t).

Further, in the grading *Aq, the exchange superinvolution is determined by the map
n: B — {£1} given by n(A\t) = Mu(t)™!, for all (\t) € E.

Proof. By Lemmald.44] u(T+) C {£1} and pu(T~) C {£i}. Hence, by Proposition[4.39]
the map o': {£1,4i} x5 T — {£1,£i} x T given by o/(A,t) = (Au(t),t), for all
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A € {£1,+£i} and t € T, is an equivalence between the corresponding extensions.
Restricting o to {£1} x 5T, we get precisely «, proving that it is an equivalence. The
“further” part follows from item in Theorem m ]

Lemma can be seen as taking a different model for D x D%P. Recall that p
defines a super-anti-automorphism on ¥ : D — D, which can be seen as an isomorphism
¢: D*P — D. Then the map D x D*P — D x D given by (dy, dy) +— (dy,1(ds)), for
all dy,dy € D, is an isomorphism of graded superalgebras with superinvolution, where
we consider the superinvolution (dy,ds) — (171(dy),%(dy)) on D x D. Under this
isomorphism, the element (X;,6X;) goes to (Xy, du(t)X;) (compare with the formula
for av). If one follows the proof of Theorem with D x D instead of D x DP, the
group E would naturally appear in the place of {£1} x 5T

We will now construct an example of an odd graded-division superalgebra of type
M x M®*°P which will play an important role in the next section. Let D be the
graded-division superalgebra of Example , ie., D= M(1,1) with the grading by
T = 7y X Zs determined by:

1 0 _ 0 1 _
deg(O 1) = (0,0), deg(1 0) =(0,1),

deg((l) _?)z(l,O), deg(? _(1)):(1,

Following the proof of Theorem {4.46; we get a {41} X ; T-grading refining the natural
T-grading on D x DP, given by deg(Xy,6X;) = (6,t), for all § € {&1} and t € T'.

To use Lemma [4.50] and get a simpler model for the group, we need a quadratic map
whose polarization is 5. To construct one, we can follow the proof of Proposition m
First, let u/: T — {£1} be the quadratic map determining the transposition on
D = M(1,1), i.e., 4/(0,0) =1, ¢/(0,1) = 1, ¢/(1,0) = 1 and p/(1,1) = —1. Then we
define p == p'pg, where jq is the quadratic map of Example [£.43] In other words, u
is the map determining the queer supertranspose on D (see Definition . Then,
by Lemma we construct a refinement as in Theorem (.46 with grading group

E = ({£1} x Zy x {0}) U ({i} x 2y x {1}).
Finally, we have a group isomorphism E — Z, x Zj, defined by (1,1,0) ~ (1,0)
and (7,0,1) — (0,1). We then get:
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Example 4.51. Let O denote the superalgebra M (1,1) x M(1,1)*P endowed with
the Zy x Z4-grading determined by:

ol (2 ()0 w((y )5 7))
(0 ) ) e wef(t ) 1)) e
deg (1)_(1) , [1)_(1) = (1,3), deg (1)_; ,— [1) _(1) = (1,1).

Then O is an odd graded division superalgebra and the exchange superinvolution on it
preserves degrees. Thus 7 takes value 1 on (0,0), (1,0), (0,1) and (1, 3), and value —1
on (0,2), (1,2), (0,3) and (1, 1).

We note that, by Corollary [4.49] there are 4 different gradings by Zs x Z, on the
superalgebra with superinvolution M(1,1) x M(1,1)%P refining the Z, x Zy-grading.

The above is one of these 4 gradings.

The next result gives us a characterization of graded-division superalgebras with

superinvolution that appear in Theorem [4.46]

Proposition 4.52. Let (€, ) be a finite dimensional graded-division superalgebra
with superinvolution associated to a quadruple (Te, Be, pe,ne). Then there is a graded-
division superalgebra D such that (&, pg) is isomorphic to D x D%P with exchange
superinvolution and natural grading refined as in Theorem [f.40 if, and only if, there is
an order 2 element f € rad B¢ such that ne(f) = —1.

Proof. For the “only if” direction, let (T, 5, p,n) be the quadruple associated to D. By
item ({if) of Theorem the element f := ((—1) has order 2 and satisfies ne(f) = —1.
Also, f € kerm, so f € rad fe.

For the “if” direction, define T':= Te/(f), let m: Te — T be the natural homomor-
phism, and let : T x T — {£1} and p: T — Zs be the maps induced by e and pe,
respectively. They are well defined since f € rad f = (rad 8) N T+. Thus, T fits into
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an extension {1} = T = T where ((—1) = f. For each t € T, there precisely 2
elements of Te, ¢ and t”, with image ¢ under 7, but n(t') = —n(t”) since t" = t'f. We
define a set-theoretic section 7: T' — T of 7 by taking 7(¢) to be the element such
that n(7(t)) = 1. Then the map a: Te — {£1} x5 T given by a(7(t)) = (1,t) and
a(fr(t)) = (—1,t), for all t € T, is an equivalence from T¢ to the extension in item
in Theorem m (compare with the proof of Proposition . n

We conclude with a result that will be useful in Chapter [5

Proposition 4.53. Let (€, pq) be as in Pmposz’tz’on with f € ker B and n(f) =
—1. Let 'V be a graded right €-supermodule associated to a map k: G/Te — Z>o and
suppose there is a superinvolution ¢ on R := Endg (V) determined by a nondegenerate
po-sesquilinear form on V. Set G == G/(f), G =G x Ty ~ G*/(f), Te = T /{f),
and let m: G — G be the natural homomorphism and let B and p be the maps induced
by B and p, respectively. Then the coarsening ("R, ) is isomorphic to S x S%P

with exchange superinvolution, where S ~ E(Tg,ﬁ,ﬁ, K), seeing K as a map from

Proof. Recall that rad § = supp Z (8)6. Let (€ Z (8)6 be an element with degree f
and, scaling it if necessary, we may assume that ¢ = 1. Since n(f) = —1, po(¢) = —C.
By Proposition , we can identify (Z(€)°, o) and (Z(R)?, ¢), so ¢ € Z(R)° with
©(¢) = —( (recall that the ground field F is algebraically closed). Set € = %C and
¢ = 5. Clearly, € and ¢ are orthogonal central idempotents and 1 = e +¢'. It follows

—_

that we can write R = S& 5, a direct sum of superideals, where S := eR and S’ := ¢'R.
If we consider on R the @#—grading, the elements € and € are homogeneous, so S
and S’ are graded superideals. Since ¢(€) = €', it follows that ¢(S) = S” and, hence,
S' ~ §%°P as G-graded superalgebras. It remains to prove that S is graded-simple and

describe its parameters.

Set U := Ve and U := V€. Clearly, U and U’ are G-graded right &-supermodules and
V=U®W. For any E-linear map r € R = End¢(V), it is clear that er(u) = r(u)e € U
for all w € U and, since e/ = 0, er(u') = 0 for all ' € W. It follows that we can
identify S = eR with Endg(U).

Set D = e€. Restricting the action of &€ on U, we can consider U as a D-

supermodule. We claim that if f: U — U is D-linear, then it is also E-linear. Indeed,
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u = ue for every u € U, so f(ud) = f(ued) = f(u)ed = f(u)d. We conclude that
Ende(U) = Endp (U).

We claim that D is a graded-division superalgebra. Clearly, € € D is the identity
element. For every t € T¢, choose 0 # X; € &;. Note that, for every t € T¢, we have
X € FCX, and, hence, eXy, € FX, since ¢ = €. It follows that the G-homogeneous
component Dy is spanned by €X;. Since eX, is invertible in D, with inverse eX;*,
we have that D is a graded-division superalgebra and that suppD = T¢. Also,
eXeXy = X Xy = (s, 1)eX X = B(s,t)eXeXs, for all s,t € T, so D is associated
to (Tz, B, p).

Finally, to see that the map r: G# /Ty ~ é#/Tg — Z>o is associated to the
graded right D-supermodule U, let {vy, ..., v} be a G-graded E-basis for V. We claim
that B = {vie, ..., v} is a é#—graded D-basis for U. Indeed, for every v € V, write
v =v1dy+- - -+ vgdy, where dy, ..., dp € €. Then ve = vidie+- - - +vpdre = (vi€)(die)+
-+ -+ (vge) (dye). We conclude that U is the D-span of B. For the D-linear independence,
we note that if (vi€)(die) + - -+ + (vge)(dre) = 0, then vidie + -+ + vpdre = 0, so
die =---=dpe =0. O

Remark 4.54. The G-graded superalgebra S’ ~ S%P is also isomorphic to E(Tg, 3, p, k),
so S admits a super-anti-automorphism. Nevertheless, we cannot construct one
canonically. We will revisit this point in Subsection [5.3.1}

4.5 Gradings on superinvolution-simple

superalgebras of types M x M*P and Q) x QQ*P

As before, we continue assuming that FF is algebraically closed and charF # 2.

Let R := S x S%P where S is a finite dimensional simple superalgebra, and let
¢ denote the exchange superinvolution. By Lemma , (R, ¢) is a superinvolution-
simple superalgebra. If we endow (R, ) with a grading, then it becomes, clearly,

graded-superinvolution-simple, but not necessarily graded-simple.

In the case R is not graded-simple, by Corollary [4.8 we have R ~ E(D,U). Since
S x {0} and {0} x S®%P are the only nonzero proper superideals of R, Endp(U) and,

hence, D must be simple. The isomorphism conditions are given by Theorems [4.9
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and [4.11], specialized to the simple case. Recall that gradings on finite dimensional
simple superalgebras were classified in Corollaries and and Theorem [2.103
For odd gradings on M (n, n), also recall that, for each pair (7", 1) with rad 87 = (¢,)
of order 2, we fixed a character y € T+ such that x(t,) = —1 (see Subsection .

Theorem 4.55. Let (R, ) be a superinvolution-simple superalgebra of type M x M=P
endowed with a G-grading and suppose it is not graded-simple. Then (R, ) is iso-
morphic to either M(T, (3, kg, k1) x M(T, 3, kg, k1)*P (see Definition , or to
M(T, 8%, h,k) x M(T, 3%, h,k)%P (see Definition , but not both, where we
consider the exchange superinvolution in both cases.

Moreover, M(T, 3, kg, k1) X M(T, B, kg, k1)*P =~ M(T", 3, kg, &5) x M(T", ', K5, k5)*P
if, and only if, T =T" and one of the following conditions holds:

(i) B = B and there is g € G such that either kj = g - k5 and K7 = g - K1, or
Kg =g Ki and K} = g - Kp;
(i) 0/ = ' and there is g € G such that either kj = g - K% and kKt = g - k¥, or

Kg =g - K} and Kf = g - K3};
and M(T, 87 h,k) x M(T, 5%, h, k)P ~ M(T"", 8" W k') x M(T"", 8", W, k)P
if, and only if, Tt = T'" and one of the following conditions holds:
(tit) p = B+, 1 € {h,ht,} and there is g € G such that k' = g - k;
(iv) B = (BT)"Y, B e {h~',h't,} and there is g € G such that k' = g - K*. O

Theorem 4.56. Let (R, @) be a superinvolution-simple superalgebra of type €Q x Q%P

endowed with a G-grading and suppose it is not graded-simple. Then (R, ) is isomor-
phic to Q(T, B, h, k) x Q(T*, BT, h,k)*P (see Definition[2.79), where we consider

the exchange superinvolution.

Moreover, Q(TT, 57, h,k) x Q(T, 87, h,k)*P ~Q(TT,5%,h,k) x Q(T*, BT, h, k)P
if, and only if, TT =T'", h = h' and one of the following conditions holds:

(i) 't = 0" and there is g € G such that k' = g - K;

(ii) B'F = (BT)"! and there is g € G such that k' = g - K*. O
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Now let us focus on the graded-simple case. By Corollary if (R, ) is a finite
dimensional superalgebra with superinvolution with R graded-simple, then (R, ) ~
E(D,U, B) for some triple (D, U, B) as in Definition [3.51} Let (T, 3, p,n, £, go, ) be
the parameters of (D, U, B) and let ¢y be the superinvolution on D determined by 7.

Proposition 4.57. The superalgebra with superinvolution (R, ) is superinvolution-
simple but not simple if, and only if, rad 5 = (f), where f has order 2 and n(f) = —1.
If this is the case, then (R, ) has the same type as (D, pq), which is M x MP if
rad 8 =rad 3 and Q x Q%P if rad 8 # rad 3.

Proof. Suppose (R, ) is superinvolution-simple but not simple. Propositions
and imply that (D, ¢y) is also superinvolution-simple but not simple. By Proposi-
tion [2.30) Z(R) is isomorphic to Z(D), and by Proposition [4.16] different types have

nonisomorphic centers, hence (R, ) has the same type as (D, ¢p).

Define ¢f, = ¢y if B is even and ¢ = vy if B is odd, where v is the parity
automorphism. By Proposition [3.21] (Z(R), ) is isomorphic to (Z(D),¢,). Again
by Proposition and by Theorem [4.46, (Z(D), ¢() must be one of the graded-
division superalgebras of Examples [£.47] and [4.48] up to relabeling the homogeneous
components. In any case, we get that supp Z(D)? = (rad §) N T+ = rad 3 is a cyclic

group of order 2 and n has value —1 on the generator.

For the converse, by Propositions [2.28| and [3.33] it suffices to prove that D is

@o-simple. Let D be a graded-division superalgebra associated to (T/(f), 3,p), where
3 and p are induced by 3 and p, respectively. Clearly, the bicharacter induced by 3
on T/(f) is nondegenerate, so, by Corollary , D is simple as a superalgebra. By
Proposition , with D taking the role of & and D taking the role of D, (D, ) is
isomorphic to D x D™, with exchange superinvolution, endowed with a graded-division
refinement of its natural grading. We conclude, by Proposition [4.6] that D is ¢g-simple,
as desired. O

From now on, let us suppose (R, ¢) is superinvolution-simple of type M x M=°P or

@ X (*°P and get some corollaries from Proposition [4.57]

Corollary 4.58. If the superalgebra with superinvolution M (m,n)x M (m,n)*P admits
a grading that makes it graded-simple with D odd, then m = n.
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Proof. If M (m,n) x M(m,n)*P has an odd division grading, then dim(M (m,n) X
M (m, n)*P)0 = (M(m,n) x M(m,n)*")". Similar to Lemma m, this only happens
when m = n.

For the general case, by Proposition [4.57, we have that M (m,n) x M(m,n)*P ~
M (k) ® D, where D ~ M(m’,n’) x M(m/,n')*? and m = km’, n = kn'. It follows

that m’ = n’ and, hence, m = n. O

Corollary 4.59. The subgroup T C T is 2-elementary and, for everyt € T, > = f.

Proof. By Proposition , we can write rad 5§ = {e, f}, with n(e) = 1 and n(f) = —1.
Let t € T. By Corollary [3.39] t* € rad 3. If t is even, then 7(t?) = 5(t)> = 1, hence
t? = e. If t is odd, then, n(t?) = —n(t)> = —1, hence t* = f. O

For the next results, we recall the notion of parity element (Definition [2.68]).

Corollary 4.60. There are precisely 2 parity elements in T, t, and t;, and n(t,) =
—1(ty,)-

Proof. From Corollary [2.69, we know that there are 2 parity elements and that ¢, = ft,,.
Then 7(t,) = —n(t,) since f € rad 3 and n(f)=-1. ]

Definition 4.61. We define the n-parity element of T to be the unique parity element
t, € T such that n(t,) = 1.

Note that if 7= T, then the n-parity element is e € T'.

We will now investigate what happens if we change the map n. Let ': T'— {£1}
be another map such that dn’ = 3 and let [, be the corresponding superinvolution on

D.

Lemma 4.62. The graded-division superalgebra with superinvolution (D, ) is super-
involution-simple if, and only if, ' ~ n (see Definition[3.55).

Proof. By Proposition 4.57 (D, ¢f) is superinvolution-simple if, and only if, 7'(f) =

—1. Suppose 7' ~ n. Then there is ¢t € T such that ' = [(¢,-)n and, hence,

' (f) = B, fin(f) = 1.

Conversely, if /(f) = —1, define x: T — {£1} by x(t) = n(t)n'(t), for all t € T.
Since dn = 3 = dn, dx = 1, i.e., x is a character of T'. Also, X(f) = 1. Hence x induces
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a character of T'/(f) and, since § induces a nondegenerate skew-symmetric bicharacter

on T'/(f), there is ¢ € T such that x = S(t,-). We conclude that " = B(t, ), ie.,
1~ -

The following is straightforward:

Lemma 4.63. Suppose ' ~ n. Then the n'-parity element of T is the same as the
n-parity element of T if, and only if, 0 ~n (see Definition[3.57). O

Proposition 4.64. Let t, € T be a parity element of T'. Then:

(a) If (R, p) is even of type M x MP, then rad 7 =rad § = (f) ~ Zo;

(b) If (R, ) is odd of type M x M*P, then rad f+ = (f,t,) ~ Zy X Zy and rad 8 =
<f> = Z2;

(c) If (R, ) is of type Q@ x Q*P, then rad ft = (f) ~ Zy, rad f = (t,) ~ Zy and
tr=f.

Proof. This follows from Corollaries and and Proposition [4.57] O

Theorem 4.65. Let (D, pg) be a finite dimensional superinvolution-simple graded-
division superalgebra, not simple as a superalgebra, associated to (T, 3,p,n), and let t,
be its n-parity element. If D is odd of type M x M®°P, choose t; € T~. Then there
are superinvolution-simple graded-division superalgebras (C, ge) and (M, on) such that
(D, o) =~ (€M, pe @ wa), (M, o) s of type M (and, hence, even) and

(a) If D is even of type M x M=°P C = *(FZsy) considered as an even graded-division
superalgebra with superinvolution pe as in Example[{.47, and a: Zy — rad B is

the unique group isomorphism;

(b) If D is odd of type M x MP, then C = “O, where O is the graded-division
superalgebra with superinvolution e as in Example and oz Zo X Ly — (tp, t1)
is the group isomorphism given by a(1,0) :=t, and «(0,1) == t;;

(c) If D is of type Q x Q*P, then C = *(FZy4), where FZ, is the odd graded-division
superalgebra with superinvolution pe as in Example and oz Zy — (t,) given
by a(1) = t,.
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Proof. Since, by Corollary [4.59, 7 is an elementary 2-group, it is a vector space over
the field with 2 elements. Fix a basis B for rad 7 and complete it to a basis B U B’ of
T+. In the case D is odd of type M x M®P, we can choose B’ such that B(tl, b) =1
for all b € B’. Indeed, if B(tl, b) = —1, we replace b by t,b; note that we still get a

complement for B since ¢, € rad 5.

We define K C T to be the subgroup generated by B’. Then T" = (rad 1) x K
and, hence, 7 [kxx= B [Kkxx 18 a nondegenerate alternating bicharacter. Let M be a
graded division algebra associated to (K, [kxx), and let ¢y be the superinvolution

determined by 7 [k.

For each of the possibilities for D, we can write T'= C x K where 5(C, K) = 1,
and then apply Lemma to finish the proof. If D is even of type M x M®P, take
C =radf* =rad  ~ Zy. If D is of type Q x Q*P, take C' :=rad = (t,) ~ Zy. If
D is odd of type M x M3, take C' = (rad 7, t;) = (t,, t1) =~ Zy X Z4 (note that here
we are using our choice of B’ to have 5(C, K) = 1). In every case, it is easy to see
that (C, pe) as in the statement is a graded-division superalgebra with superinvolution

associated to (Caﬁ er(bp rCﬂ? rC) U

Note that, in cases (a) and (c) in the proof above, we chose K to be an arbitrary
complement of rad 5 in T". The next result shows that we can do the same in case
(b), and then choose the element ¢; € T~ depending on K.

Lemma 4.66. Let (T, 3,p) be as in Theorem (b), and let K C T be any subgroup
such that TT = (rad f7) x K. Then the set S == {t; € T~ | f(t1, K) = 1} is a coset
of rad B+.

Proof. Given t, € S, it is straightforward that ¢, € S if, and only if, {; 't} € rad 8.
Hence we only have to show that S # (). Let x be the character of Tt determined
by x(K) = x(f) = 1 and x(¢,) = —1, and extend x to a character of 7. Since
rad 5 = (f), x induces a character on T/rad 5 and, by the nondegeneracy of the
bicharacter induced by 5 on T'/rad §, there is t; € T such that y = S(t,-). Since
B(tl,tp) = x(t,) = —1, t; € T, and hence, since Bt, K)=x(K)=1,t € S. ]

We will now adapt the proof of Theorem to construct standard realizations of
superinvolution-simple graded-division superalgebras that are not simple as superalge-

bras.
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Definition 4.67. Let T C G7 be a finite subgroup, let 3: T'x T — {&1} be an
alternating bicharacter and let p: T C G# — Z, be the restriction of the projection
on the Z, component of G# = G x Z,. Define T*, T~ CT,3: T x T — {£1} and
pr:TH x T* — {£1} as usual (see Subsections [2.2.1) and [2.2.3). Suppose that:

e rad = (f) for an element e # f € T ;
e T'" is an elementary 2-group;

o foreveryt € T, t* = f.

Under these assumptions, we have precisely 2 parity elements in 7. Let ¢, € T" be one
of them, taking ¢, := e in the case 7= T". Also note that:

(a) ift, = e, then T =T+ and f+ = 3 = j3;

(b) if e #£ t, € TT, then rad 7 = (f,t,) and rad 8 = (f);

(c) if t, € T, then rad 8T = (f) and rad 8 = (t,);
where we have used Corollary for (b) and (c). Then choose:

(i) a subgroup K C T such that (rad f7) x K =TT,

(ii) a standard realization M (see Definition [2.36)) of a matrix algebra with a division
grading associated to (K, [kxk);

(iii) if we are in case (b), an element t; € T~ such that (¢, K) = 1.

A subgroup K in item (fl) exists because T is an elementary 2-group, and a standard
realization in item is defined since 8 [kxx= B [kxk is, clearly, nondegenerate.
Finally, in case (b), the element t; in exists by Lemma [4.66]

Let ¢y denote the transposition on M, and let (€, pe) be as in Theorem [4.65}
item (a) if t, = e, item (b) if e # ¢, € TT, and item (c) if t, € T~. We say that
(C @M, pe ® ) is a standard realization of a graded-division superalgebra with

superinvolution associated to (T, 3,t,).

For any t € T, we choose X; to be X, ® X,, where t = rs, r € suppC, s €
suppM = K, X, is the homogeneous element of C, as in Examples [4.47], |4.48| and [4.51],
and X, € M, is as in Proposition [2.35]
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Remark 4.68. The map n: T — {%1} corresponding to ¢e ® @y is characterized by
the following conditions: dn = /3, n [« is the map associated to the transposition on
M and one of

(a) if t, = e, then n(f) = —1;
(b) if e #£t, € T*, then n(t,) =1 and n(t1) = 1;

(c) ift, € T~, then n(t,) = 1.

In particular, in all cases 7(f) = —1 and the chosen ¢, is the n-parity element of T
Also, a different choice ] in leads to i/ = n if t| € {t1, ft,t1}, and to ' = B(t,, )n
if t7 € {ft1,tpt1}; in both cases, 0’ [7+=1n [7r+.

In what follows, for each triple (T, 3, tp), we will fix a standard realization (D, o).

Definition 4.69. Let T, § and ¢, be as in Definition with TF =T (so t, = e),
let go € G* be any element, and let kg, r7: G/T — Zso be go-admissible maps (see
Definition [4.27]).

Choose a graded D-supermodule U and a sesquilinear form B: U x U — D such
that (U, B) has inertia determined by (kg, k7). The graded superalgebra with superin-
volution M**(T, 3, kg, k1, go) is defined to be E(D, U, B). With a choice of a graded
basis for U, this becomes the graded superalgebra My . (D), where kg = |xg| and

ki == |k1|, endowed with the superinvolution ¢ given by
p(X) =07 po(X°T) 2,

for all X € My, x, (D), where ® is the matrix representing B with respect to the chosen

basis.

Note that, as an ungraded superalgebra with superinvolution, M*(T, 3, kg, K1, go) ~
M(m,n) x M(m,n)*P, where m = kg\/|T|/2 and n = k;\/|T|/2.

Theorem 4.70. Suppose the superalgebra with superinvolution M (m,n) x M (m,n)*P
is endowed with an even G-grading making it graded-simple. Then it is isomorphic, as a
graded superalgebra with superinvolution, to M (T, 3, kg, K1, go) as in Definition .
Moreover, M*(T, 3, kg, k1, go) =~ M*(T", ', k§, K%, g) if, and only if, T =1T", = j'
and there is g € G such that one of the following conditions holds:
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(Z) ’16 = g Ky, ’f,i =g- k1 and gé = 9_290;'
(ii) K5 =g- K1, K5 =g - Kp and gy = fa2qo.

Proof. By Theorems [3.18 and [3.37] our graded superalgebra with superinvolution is
isomorphic to E(D,U, B), with (D, U, B) as in Definition . Let (T, B,p,n, K, go,9)
be the parameters of (D, U, B), and define k5, k1 from « as usual. Using Theorem m
and Lemma .62 we can assume that 7 is the one from the fixed standard real-
ization associated to (T,3,t,), where t, = e. Then E(D,U, B) is isomorphic to
Me(T, B, kg, kK1, go) by Theorem and Proposition [3.56]

The isomorphism condition follows from Theorem and Proposition [3.56] and
the fact that the group G (see Equation ([3.20))) is ({e} X (G x {()})) U ({f} X (G x {I}))

in our case. OJ

We now classify odd graded superalgebras with superinvolution of types M x M?®°P
and @ x Q*P. Recall that in this situation the map x: G# /T — Z( carries the same
information as a map G/T" — Z>o which, by abuse of notation, is also denoted by &

(see Subsection [2.2.1]).

Definition 4.71. Let 7T C G be a finite subgroup, ft: Tt x Tt — F* be an
alternating bicharacter let n*: 7T — {£1} be a map such that dn™ = 57 and let
go € G =G x {0} C G*. We say that a map x: G/T+ — Zs, with finite support is

go-admissible if

(i) k(x) = k(gy 'z~ for all » € G/T;

(ii) if goz? = T and for some (and, hence, any) g € z, we have 7 (gog?) = —1, then

k(x) is even.

For nt :==n |p+, it is straightforward to check that k: G/T" — Z>¢ is go-admissible
if, and only if, (k, go) € I(T, B, p)?ﬁr (see Definition where x should be regarded
as a function G¥ /T — Zs). In other words, & is go-admissible if, and only if, there
is a pair (U, B) whose inertia is (1, k, go, 1) (see Definition [3.48)). In this case, we say
that (U, B) has inertia determined by k.

Definition 4.72. Let T, 5 and t, be as in Definition with T #£ T, let go € G
be any element and let k: G/TT — Zso be a gp-admissible map. Choose a graded
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D-supermodule U and a nondegenerate sesquilinear form B: U x U — D such that
(U, B) has inertia determined by . The graded superalgebra with superinvolution
E(D, U, B) will be denoted by M*™(T, 3, t,, k, go), if t, € T, and by Q*(T, 3, t,, K, 90),
if t, € T~. With a choice of an even graded basis for U, E(D, U, B) becomes M (D),

where k = |k|, endowed with the superinvolution ¢ given by
P(X) =D (X T)D,

for all X € My(D), where ® is the matrix representing B with respect to the chosen

basis.

Remark 4.73. Recall from Definition [£.67|(b) that the fixed standard realization (D, ¢q)
depends on the choice of the element #; in item (ii). If ¢ is another such ele-
ment, then, by Lemma m, t; € ti(rad 7). By Remark , ] gives the same
map nt: Tt — {+1} as t;. Hence, the set of go-admissible x’s is the same (see
Definition . Nevertheless, M**(T, 3, t,, k, go) obtained from t| may not be iso-
morphic to M*(T', 8,t,, k, go) obtained from ¢;. More precisely M*(T, 3, t,, K, go)" =~
M™(T, B,t,, k, go) for t| € {t1, ftyt1}, and M(T\, 5,t,, K, go) =~ M*(T, B, tp,, K, t,00)
if t{ € {ft1,tyt1}. This follows from Remark and Theorem [3.54]

Note that, as an ungraded superalgebra with superinvolution, M (T, 3, t,, k, go) =
M(n,n) x M(n, n)**®, where n = ||\ /IT|/8, and Q=(T, B, ,, x, go) = Q(n) x Q(n)*”,

where n = |k|\/|T|/4.

Theorem 4.74. Suppose the superalgebra with superinvolution M(n,n) x M (n,n)*P
(respectively, Q(n) x Q(n)*P) is endowed with a G-grading making it graded-simple
and odd. Then it is isomorphic, as a graded superalgebra with superinvolution, to
M™(T, B, t,, k&, go) (resp., Q(T, B, ty, k,90)) as in Definition . Moreover, the
graded superalgebras with superinvolution M (T, 3,tp, k, go) and M=(T", B',t,, k', gp)
(resp., Q™(T, B,tp, k, go) and Q=(T", B',t,, k', go)) are isomorphic if, and only if, T =
1", 8= 0 t, =t, and there is g € G such that k' = g - K and gy = 9 %gp.

Proof. Suppose M(n,n) x M(n,n)*? (Q(n) x Q(n)*P) is endowed with an odd G-
grading making it graded-simple. By Theorems [3.18] and [3.37] it is isomorphic to
E(D,U, B), with (D, U, B) as in Definition[3.51] Let (T, 3,p, n, &, go, 9) be the parame-
ters of (D, U, B) and let ¢, be its n-parity element. Using Theorem and Lemmal4.63]

we can assume that 7 is the one from the fixed standard realization associated to
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(T7 B? tp) Then E(®7 ua B) is isomorphic to MeX(T7 BJ Kg, K1, gO) (QeX(T7 ﬁ7 Ko, K1, gO))
by Theorem |3.54] and Proposition |3.56]

To prove the isomorphism condition, let &: G# /T — Zsq and &: G¥ /T — Zsq be
the maps in terms of G corresponding to x’ and &', respectively. By Theorem m,
Proposition [3.59 and Lemma the gradings are isomorphic if, and only if, T'=T",
B=73"t,=t,and (&, go) and (F', g) are in the same G-orbit in I(7, B,p)g*. Note that
in the present case, § = ({e} X (G x {6})) U ({f} X (G x {1})) (see Equation ({3.20))),
s0 § = ({e} x (G x {0})) U (f,))({e} x (G x {0})), for any f € T~. We claim the
action by (f,1) is trivial. Indeed, (f,?) - (%, g0) = (t- &, ft 2go) (see Equation (3.21))),
and we have that £ - & = &, since t € T, and ft~2 = e. Therefore, the G-orbits coincide
with the ({e} X (G x {6})) orbits. The result follows. O

As done in Chapter 2| for Q(n), gradings on Q(n) x Q(n)*P can be easily reduced
to gradings on (Q(n) x Q(n)*?)? ~ M(n,0) x M(n,0)*?. Let (T, 3,t,) be as in case
(c) in Definition , and let h € G be the projection of ¢, onto G, i.e., t, = (h,1).
Then (T, 37, €) is as in case (a) and h? = f. Conversely, given (T, 3T, ¢) as in case
(a) and an element h € G with h? = f, we can define ¢, == (h,1), T =TT Ut,T" and
B:T x T —F* by B(sti, tt]) = 7(s,t), for all s,t € T+ and 4, j € Z. Then (T, 3,t,)
is a triple as in case (c). Hence, we can reparametrize (7, 3,t,) by (T, 8%, h). Also,
go € G and the gg-admissibility condition involves only the map ™ := n [+, which is

characterized by:
dn™ = %, nt |k is associated to transposition on M, and n*(f) = —1. (4.1)

Therefore, the graded superinvolution-simple superalgebra Q**(T', 8,t,, k, go) in Defini-
tion will also be denoted by Q*(T*, B, h, K, go), with all parameters in terms of
the group G.

By Theorem 4.74] we have:

Corollary 4.75. Suppose the superalgebra with superinvolution Q(n) x Q(n)*P is en-
dowed with a G-grading making it graded-simple. Then it is isomorphic, as a graded su-
peralgebra with superinvolution, to Q™(T*, %, h, K, go) as above. Moreover, the graded
superalgebras with superinvolution Q™(T*, 8T, h, K, go) and Q=(T"T, 5", W, K, g}) are
isomorphic if, and only if, Tt =T'", Bt = B8'*, h = h' and there is g € G such that
k' =g-K and g) = g *go. O
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This reparametrization has the following interpretation in terms of gradings. Let
(R,p) = Q(T,B,tp, K, go). Clearly, there is an invertible homogeneous element
w € Z(D)! of degree t, such that ¢o(w) = w. Scaling w if necessary, we can
suppose w?® = (¢ where ¢ = (1,—1) € Z(D)°. By Proposition , we can re-
gard w as an element of Z(R)', and p(w) = w. Then R = R° ® wR!. Note
that (Rﬁ,gp o) >~ M™(T*, 5%, k,0,g0), where 0 denotes the identically zero map
G/T+ — Z>o. Conversely, let (RY, ¢ [po) = M*(T", 57, k,0,go) then let (R, ¢) be
the graded superalgebra with superinvolution defined by R := R° @ wR°, where w
is a new symbol of degree t, == (h,1) that commutes with every element in RO and
satisfies w? = ¢ € R® and ¢(w) = w. Then (R, ¢) ~ Q™(T, B,t,, K, go)-

We can also reparametrize the odd graded superalgebras with superinvolution of
type M x M*°P in terms of G. Let M*(T, 3,t,, K, go) be as in Definition m

As done in Subsection , we can recover the triple (T, 3,p) from TF, 7, an
arbitrary element #; € 7~ and the character x = B(t;,-) € T+ (see Equation )
Let K C T be the subgroup chosen in item (f) of Definition 4.67|(b), and let S be the
coset of rad 3% determined by K as in Lemma [4.66l We can use any representative of
S as t;. Then x is determined by

X(K) = x(f) = L and x(t,) = —1. (4.2)

Let C be the image of S under the projection G#* — G. By Corollary 4.59, f is the
square of every element in S and, hence, of every element in C'. It follows that we can
recover (T, B,tp) from TF, g%, t,, K and the coset C.

Now let M be the standard realization chosen in item of Definition [£.67(b).
Clearly, the choice of t; € S in item is equivalent to the choice of h € C
via t; == (h,1), so we have all the data necessary to construct a graded-division
superalgebra with superinvolution in terms of G only. In particular, by Remark [£.68]
the map n*: Tt — {£1} is characterized by

dn™ = B, n* |k is associated to transposition on M,

7t (f) = —Land ¥ (t,) = 1. -

Thus, M**(T, 3,t,, K, go) can be recovered from T, 5%, ¢,, K, h, M, gy and k.

Conversely, let Tt C G be a 2-elementary subgroup, let e # ¢, € T*, let h € G
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be such that f = h* € TT \ (t,), and let 87: TT x T" — {£1} be an alternating
bicharacter such that rad ™ = (t,, f). Fix a complement KX C T to rad ™ and
a standard realization M of a matrix algebra with division grading associated to
(K, 8% [kxk). Let x € T+ be defined by Equation . It is straightforward to
check that (h,x) € O(T*, 8*), see Definition 2.82] Set t; = (h,1), T~ = t,T* and
T =Tt UT", and define 3: T x T — {£1} as in Lemma 2.83 It follows that
t, is a parity element and that f € rad g, hence, by Corollary , we have that
rad § = rad § = (f). Therefore, (T, §, tp) is as in Definition m(b) Further, since
B(t, K) = x(K) =1, we can use K, M and t; as the choices in items , and .

We will denote the graded superalgebra with superinvolution M*(T, S, t,, k, go),
constructed using the choices above, by M®™(T*, 5 t,, h, K, go).

Corollary 4.76. Suppose the superalgebra with superinvolution M (n,n) x M (n,n)%P
is endowed with a G-grading making it graded-simple and odd. Then it is isomorphic,
as a graded superalgebra with superinvolution, to M*(T*, 5T, t,, h, K, go) as above.
Moreover, M™(T*, 3% tp, h,k,g0) and M™(T"", " t,, b, K, gy) are isomorphic if,
and only if, T =T"", gt = 3", t, =t,, h' € h(rad 7) and there is g € G such that

kK'=g¢g-k and

(i) 96 =990 if W' € {h, ftph};

(“) 9(/3 = tpg_ng if b € {fhatph}-

Proof. The first assertion follows immediately from Theorem [£.74] The second as-
sertion also follows from Theorem [£.74) but we have to take into account that in
the isomorphism condition there, the element t; was fixed for each triple (7 B, tp).
Therefore, when comparing M™(T", 87, t,, h, k, go) and M™(T*, %, t,, 1/, k', g}), we
have to apply Remark to bring #| = (k/,1) to t; = (h, 1). ]



Chapter 5

Gradings on Special Linear,
Orthosymplectic, Periplectic and

Queer Lie Superalgebras

In this chapter we present a classification up to isomorphism of group gradings on
the simple Lie superalgebras in series A, B, C, D, P and @, except for the ones of
type A(1,1). We note that gradings for series B were classified in [San19], series P
in [HSK19|] and series @ in [BHSKIT], but the techniques we have developed here
allow us to recover those results. We also note that in [HSK19] there is a partial

classification of gradings for series A (more precisely, the gradings of Types I, Iy and

I according to our present terminology, see Definitions 5.15] [5.28] and [5.29)).

Section shows that the results about gradings on superinvolution-simple asso-
ciative superalgebras in Chapter [4] can be transferred to the corresponding simple Lie
superalgebras: in Subsection we use Theorem to compute the well-known
automorphism groups of the superinvolution-simple associative superalgebras (Propo-
sition [5.2)), and in Subsection we compare them to the automorphism groups of
the classical Lie superalgebras found in [Ser84) [GP04], allowing us to use the tools
in Section to transfer our classification results (Corollary [5.4]). It follows that
gradings (and their isomorphism classes) on the simple Lie superalgebras in series B,
C, D and P correspond to gradings (and their isomorphism classes) on the associative
superalgebras M (m,n) with appropriate superinvolutions that we used to define these
Lie superalgebras in Section [0.3] In Section [5.2] we give a classification for these
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series (Theorems and . For the simple Lie superalgebras in series A and
@, only some gradings come from the simple associative superalgebras S = M (m,n)
or Q(n) used to define them, but all gradings come from the superinvolution-simple
superalgebras S x S®P. The goal of Section [5.3]is to present models for all gradings in
terms of the Lie superalgebra S(~). In Subsection we give a general procedure
to construct these models, and in Subsections to we adapt this procedure
to the Lie superalgebras of types A(m,n) (for m # n), Q(n) and A(n,n), respectively
(see Theorems [5.20] |5.26| and [5.38]).

As in Chapters [3] and {4 we will assume that the group G is abelian. We can do
this without loss of generality because of the next result, which is a generalization of
[BZ06, Lemma 2.1] or [DMO06l, Proposition 1] (see also [EK13|, Proposition 1.12] and

its proof, which works in this more general situation, as was observed in [HSK19]).

Proposition 5.1. Let L be a simple Lie superalgebra endowed with a G-grading. Then
the subgroup of G generated by the support of L is abelian. O]

5.1 Automorphism groups

In this section, we will present the groups of automorphisms of the finite dimensional
simple associative superalgebras (with and without superinvolution), as well as of the
classical Lie superalgebras of the 6 infinite series A, B, C, D, P and (). The goal is to

transfer the results about the classification of gradings from the associative to the Lie

case (see Corollary [5.4)).

The automorphism groups of the simple associative superalgebras, respectively
superinvolution-simple associative superalgebras, are easy to compute, and follow from
our results in Chapter , respectively Chapters [3|and 4] The (outer) automorphism
groups of the finite dimensional simple Lie superalgebras were computed in [Ser84].
It is worth mentioning that the algebraic group schemes of automorphisms of these
Lie superalgebras are presented in [GP04, Theorem 4.1], and the description there is

closer to the one we present here.
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5.1.1 Associative superalgebras

The automorphisms of the associative superalgebras M(m,n) and Q(n) are well known
and can be computed from Theorem with G =7Zy, D =D and U = U'.

For the case of M (m,n), we have D =, which forces ¢y = idp in Theorem
and, hence, every automorphism of M (m,n) is the conjugation by an invertible element
in M(m,n)°U M(m, n)i, namely, ¢; in Theorem m We define €(m,n) to be the

normal subgroup consisting of the conjugations by the invertible elements in M (m,n)°.

In other words, the elements of €(m,n) are conjugations by matrices of the form

z 0
0y’
where z € M,,,(F) and y € M, (F) are invertible. Clearly,

E(m,n) ~ (GL,, x GL,,)/F*,

where F* is identified with scalar matrices. An odd invertible matrix is necessarily of

L)

where z € M,,«,(F) and y € M,,».,(F) are invertible and, hence, m = n. Therefore,
Aut(M(m,n)) = E(m,n) if m # n, and we can write Aut(M(n,n)) = E(m,n) x (x),

where 7 is the so called parity transpose, which is the conjugation by

0 I,
II:= :
To compute the automorphism group of Q(n), let us first consider n = 1. We know

that Q(1) ~ FZ, is a graded-division algebra, so we can apply Lemma to conclude

that there are only 2 automorphisms: the identity and the parity automorphism

the form

v: Q(1) — Q(1). Now let n be any natural number. Recall that, using Kronecker
product, we can write Q(n) ~ M, (D) with D = Q(1), where Q(n)® corresponds
to M, (D?) (see the proof of Theorem [2.43). By Theorem and Remark [2.26]

an automorphism of M, (D) is a conjugation by a homogeneous element of M, (D),
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followed by applying an automorphism of D to each entry of the result. In our case,
applying the parity automorphism to each entry of a matrix in M, (D) is the same
as applying the parity automorphism to the matrix. Hence, the automorphism group
of Q(n) is generated by the conjugations by homogeneous elements of Q(n) and the
parity automorphism v: Q(n) — @Q(n). Since II is an odd element in the center of

Q(n), it is sufficient to take conjugations by even elements only, which are of the form

o)

with invertible z € M, (F). The parity automorphism commutes with all automor-
phisms, so we have Aut(Q(n)) = Aut(M,(F)) x (v) ~ PGL,, xZ,. Note that every au-
tomorphism of Q(n) is of the form sInt 4 for some invertible element A € Q(n)°UQ(n),

since the parity automorphism is slnty.

We will now focus on the finite dimensional superinvolution-simple superalgebras.
If R= S5 x S%P, where S is either M(m,n) or Q(n), and ¢: R — R is the exchange
superinvolution, then the automorphisms of (R, ) can be computed following the

proof of Lemma . Explicitly, an automorphism of (R, ¢) is either of the form

Vr,y €5, oz, y) = (0(x),0(y)), (5.1)

where 6: S — S is an automorphism, or of the form

Vr,y €S, oz, y) = (0(y), 0(x)), (5:2)

where #: S — S is a super-anti-automorphism. It is straightforward to check that
Equations and define an isomorphism Aut(S) — Aut(R, ¢), where Aut(S)
is the group of automorphisms and super-anti-automorphisms of the superalgebra S.
Recall that, even though there may be no superinvolution on S € {M(m,n),Q(n)}
in general, we always have a super-anti-automorphism (for example, the queer super-
transpose of Definition , so Aut(S) is a subgroup of index 2 in Aut(S) (excluding
the case of M(1,0)).

It remains to consider the case (R, @) = M*(m,n,po). Let (,): F™n x Fmin —
be the nondegenerate symmetric bilinear form with matrix ® as in Definition [4.18 By

Theorem [3.27, we have that every automorphism of M*(m,n,pg) is the conjugation



153
by an invertible matrix A € M (m,n)° U M(m,n)! such that
I\ e FX, Vu,v € (F™™0U (F™™) (Au, Av) = M=) 0),  (5.3)

(This comes from Equation (3.9) together with Definition [3.22]) We claim that A must
be even. Indeed, let u,v € F™" with |u| = 0 and |v| = py such that (u,v) # 0. Then,

since the form is supersymmetric, we have (u,v) = (v, u). Comparing
(u,v) = A\ Au, Av)
and

(v,u) = )\_1(—1)|A|p0 (Av, Au)
_ )\—1(_1)|A|po(_1)(|A|+P0)|A‘<Au7AU>
= A\ (=D Au, Av),

_ 0
we conclude that |A| = 0. Hence Aut(M*(m,n,py)) C E(m,n), ie., A = (ﬁ ),
Y
where x € GL,, and y € GL,,.
Then Equation (5.3) implies that (u, p(A)Av) = Xu,v), so p(A) = AA~L. Since
F is algebraically closed and we are only interested in the conjugations by A, we
can multiply A by 1/v/X and assume ¢(A) = A~!. We conclude that the group of
automorphism is

0 s . a1
Aut(M*(m, n, po)) = {Ae M(m,n)° | A 1?jlznlvert1;)le and p(A) = A }
m+n

For M*(m,n,0), we have that x € O,, and y € Sp,,, so

. . O, X Sp,,
Aut(M*(m,n,0)) ~ I

_ 0 T 0
For M(n,n, 1), note that ¢ (‘g ) _ (?J

y 0 $T), so p(A) = A~ if, and only if,
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y = (x7)~1. We conclude that

GL,

Aut(M*(m,n, 1)) ~ ET

To summarize:

Proposition 5.2. The automorphism groups of the finite dimensional simple or

superinvolution-simple associative superalgebras are:

(i) Aut(M(m,n)) = E(m,n) ~ (GL,, x GL,)/F*, if m # n;
(ii) Aut(M(n,n)) = E(n,n) x (m);
(iii) Aut(Q(n)) = Aut(M,(F)) x (v) ~ PGL,, XZy;

(iv) Aut(S x S%°P, ) ~ Aut(S), where S is either M(m,n) or Q(n), and ¢ is the

exchange superinvolution;
(o) Aut(M*(m, 7,0)) ~ (Op X Sp,)/{E i}

(vi) Aut(M*(n,n,1)) ~ GL,, /{£I,}. O

5.1.2 Lie superalgebras and transfer of gradings

We will now compare the automorphism groups of Proposition with the automor-

phism groups of classical Lie superalgebras.

Let R be any associative superalgebra. Given an automorphism ¢: R — R, it is
clear that v is also an automorphism of the Lie superalgebra R(~). Moreover, 1 can be
restricted to R := [R(7), R7)] and, also, induces an automorphism on the quotient
superalgebra L = RW/Z(RW), since an automorphism maps central elements to

central elements. This gives us an algebraic group homomorphism Aut(R) — Aut(L).

In the case R is the associative superalgebra M (m,n) (respectively, Q(n)), L is
simple of type A(m — 1,n — 1) (resp. @Q(n — 1)). Comparing [Ser84, Theorem 1]
and [GP04, Theorem 4.1] with Proposition [5.2(i, ii, iii), we see that the homomor-
phism Aut(R) — Aut(L) is injective but not surjective. This means we cannot use
Theorem to reduce the classification of gradings on L to gradings on R.
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This problem can be avoided, for almost all cases, if we consider associative superal-
gebras with superinvolution. If (R, ) is one, set L := Skew(R, ) /Z(Skew (R, p)M).
The considerations above are still valid, and we have an algebraic group homomorphism

Aut(R, ¢) — Aut(L) given by restriction modulo the center.

If we take R := S x 5P with exchange superinvolution ¢, where S is the associative
superalgebra M (m,n) (respectively, Q(n)), then L is simple of type A(m — 1,n — 1)
(resp. Q(n —1)). Indeed, Skew(R, ¢) = {(s,—5) | s € S} and, hence, the projection
R — S restricts to an isomorphism of Lie superalgebras Skew(R, p) — S(7). Then,
by Proposition [5.2{iv), the homomorphism Aut(R, ¢) — Aut(L) is an isomorphism of
algebraic groups, except for the case L ~ psl(2]|2) of type A(1,1).

The same reasoning holds for the orthosymplectic and periplectic Lie superalgebras

if we take R := M*(m,n,po). To summarize, we have the following:

Proposition 5.3. Let (R, p) be a finite dimensional superinvolution-simple associative
superalgebra with R' # 0, set L == Skew(R, )" /Z(Skew(R, )M and assume that L
is not of type A(1,1). Then the map Aut(R, ) — Aut(L), given by restriction and

reduction modulo the center, is an isomorphism of algebraic groups. O

Together with Theorem [1.30], we get:
Corollary 5.4. Let (R,¢) and L be as in Proposition . Then every grading on

L is a restriction and reduction modulo the center of a grading on (R, ), and two

gradings on L are isomorphic if, and only if, they come from isomorphic gradings on
(R, ). O

Together with our results from Chapters [2] and [4] this gives us a classification of
gradings on the Lie superalgebras in the series A, B, C', D, P and @, except A(1,1).

In the following sections, we will develop this in detail.

5.2 Gradings on simple Lie superalgebras of series
B,C, D and P

We will now classify the gradings on orthosymplectic and peripletic Lie superalgebras,
i.e., the Lie superalgebras of the form L := Skew(R, p)") where (R, ) = M*(m,n, p)
(see Definition |4.18|).
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By Corollary these gradings are precisely the restrictions of the gradings on
M*(m,n, po), which are classified in Theorem m Here we will get a more explicit
description of these gradings and, for the Lie superalgebras of types B and P, recover

the classification results in [San19] and [HSK19], respectively.

In what follows, for each pair (7,3), where T is a finite abelian group and
B: T xT — F* is a nondegenerate alternating bicharacter, we fix a standard re-
alization D of a matrix algebra with a division grading associated to (T, () (see
Definition . Recall that this gives us a choice of elements 0 # X; € Dy, for all
t € T. We also fix pg: D — D to be the transposition on D and n: T — {+1} to be
the corresponding map, which satisfies dn = (= 3 ).

5.2.1 Gradings on periplectic Lie superalgebras

The gradings on P(n—1) correspond to the gradings on M*(n,n,1). By Theorem if
we endow M*(n, n, 1) with a grading, then it becomes isomorphic to M*(T', 3, kg, k1, 9o)
as in Definition [4.28] with |go| = 1. Let ho € G be the element such that gy = (ho, 1) €
G*.

Recall that (kg, /1) is go-admissible (Definition 4.27)), so since |go| = 1, kg encodes
the same information as (kg, k7). More precisely, for any map k5: G/T — Z>q with
finite support, there is a unique map xi: G/T — Z> such that (kg, x1) is go-admissible,

namely, the one defined by k1(z) = rg(hg z71).

The argument above can be seen from the point of view of the graded D-supermodule
U = U° @ U and the nondegenerate po-sesquilinear form B: U x U — D that
we have to choose in Definition m Recall that, since D is even, both U° and
UL are G-graded right D-supermodules. Since gy = deg B is odd, B defines an
isomorphism (UM — (U%)* by u +— B(u,-). Recall that (U°)* is a right D-module
by (f - d)(u) = po(d) f(u), forall d € D, f € (U°)* and u € U° (see Section .

This gives us an explicit way to construct the pair (U, B). Let v = (g1,..., k),
where k = |rg|, be a k-tuple of elements in G realizing j (see Definition 2.18). Then
define U0 := Do) @ ... @ Dlowl U .= (UO)*)lha ] U :=U" @ U and B: U x U — D
by

Vug, uj € U, ug,uf € UL, B(ug + ug, uf + uf) = ug(up) + po(u) (ug)).
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One can check that B = B and (U, B) has inertia determined by (g, #1).

Let B = {uy,...,ux} be the canonical graded basis of U® (i.e., u; has 1 in the i-th
entry and zero elsewhere). Then B U B* is a graded basis for U. Using this basis, the
matrix ¢ € My(D) = M(k, k) ® (D) representing B is

0| I
o = ® 1p.
I 0

As in Definition 4.28, we identify Endp(U) with My,(D) and, then, with M(n,n) by

considering each entry in D as a block with entries in F. With this identification, we

have that
011,
b = ,

and, hence, the superinvolution ¢ of Definition [£.28 becomes precisely the superinvolu-
tion of Definition (with py = 1).

Definition 5.5. Let n > 2, let T" C G be a finite 2-elementary subgroup, let
B: T xT — F* be a nondegenerate alternating bicharacter, let hy € G and let
Ky: G/T — Z>¢ be a map with finite support such that k\/m = n + 1, where
k = |kg|. Choose a k-tuple 75 = (g1, .., gx) of elements in G realizing kg, and define
71 = (hgtgrt, ..., hgtgr"). Consider the elementary grading on M (k, k) determined
by (75, 71) (see Definition and let T' be the grading on M (n + 1,n + 1,1) given by
identifying it with M (k, k) ® D via Kronecker product. We define I'p(T), 3, kg, ho) to
be the restriction of I' to P(n).

Remark 5.6. In [HSK19], the k-tuple v := ~; is taken as a parameter instead of the

map kg, which is denoted by Z(7) there, and our element hq corresponds to g; ' there.

The following result is a consequence of Theorem [£.29] (compare with [HSK19,
Theorem 6.9)).

Theorem 5.7. Let n > 2. FEvery grading on the simple Lie superalgebra P(n) is
isomorphic to some U'p(T, B, kg, ho) as in Definition . Moreover, U'p(T, 3, kg, ho) ~
Up(T', B, k5, hy) if, and only if, T =1T", 3 = 3" and there is an element g € G such
that kf = g - kg and hy = g~ >hy. Il
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5.2.2 Gradings on orthosymplectic Lie superalgebras

The gradings on osp(m|n) correspond to the gradings on M*(m,n,0). By Theo-
rem m, if we endow M*(m,n,0) with a grading, then it becomes isomorphic to
M*(T, 3, kg, K1, go) as in Definition , with |go| = 0.

Unlike in the case of Subsection [5.2.1] our construction of the pair (U, B) will
be closer to the one in Subsection [3.6.2] Let &: G/T — G be a set-theoretic section
of the natural homomorphism, and let < be a total order on the set G/T with
no elements between x and gy 2z~!. Changing ¢ if necessary, we may assume that
E(gota™") = got€é(x)if w < gg'a~!. For each i € Zs, set k; := ||, and construct
tuples v5 = (91,...,9k;) and 73 = (hy,..., hy;) realizing x5 and kg, respectively,
according to £ and < (Definition . Then define UW* = Dol @ ... @ D[g’“ﬁ],
Ul =Dl @ ... @ DMl and U == U0 @ U

To define the pg-sesquilinear form B, we will use the following:

Definition 5.8. Let i € Zy and x € G/T. If goz*> = T, we put t := go&(z)* € T and

define ®(7, x) to be the following k;(x) x k;(x)-matrix with entries in D:

(i) ]Ni(ft) ® Xy if (_l)in(tx) = +1;

0 L ()2

(i) Ji(2) ® Xy, where J ) == ( ; 0 ), if (=1)'n(t,) = —1 (recall that,
“dki(x)/2

in this case, x;(x) is even by Definition [4.27)).

If gox? # T, we define ®(i,x) to be the following 2r;(x) X 2k;(x)-matrix with entries
in D:

0 Lt
(i) . @ @ 1y,
(=)L O

Let B = {u1, ..., Ug, 4k, } be the canonical G*-graded basis of U, and let x; < --- <
¢, be the elements of {z € supp kg | z < go 'z} and, similarly, let y; < ... < ye, be
the elements of {y € supprxi |y < g5 'y~ '}

Let B: U x U — D be the nondegenerate pg-sesquilinear form represented by the
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following matrix ® € M, (D):

(I)(O, f[,'l)

O = 20,26) | . (5.4)

Then B = B and (U, B) has inertia determined by (kg, k7).
As in Definition |4.28, we use the graded basis B to identify Endyp(U) with Mz, (D)

and, then, consider each entry in D as a block matrix with entries in IF, so X and &

can be seen as elements of M(m,n), and
VX € M(m,n), ¢(X)=o"'X""d. (5.5)

Note that, unlike in the case |go| = 1 (Subsection , this ¢ does not necessar-
ily correspond to the superinvolution of Definition m (with py = 0). Nevertheless,
disregarding the G-grading, (M (m,n), ¢) must be isomorphic to M*(m, n,0) by Propo-
sition .24l

Definition 5.9. Let T' C G be a finite 2-elementary subgroup, let : T'x T — F* be a
nondegenerate alternating bicharacter, let gy € G = G x{0} and let rg, x1: G/T — Z>g
be go-admissible maps. Set k; = |k;|, ¢ € Zy, and let ~; the k;-tuple according to &
and < (Definition [2.20). Consider the elementary grading on M (kg, k1) determined by
(79, 71) (see Deﬁnition, and let R = M (m,n), where m = kg\/|T| and n := ki\/ﬁa
be the graded superalgebra with grading given by identifying it with M (kg, k;) @ D
via Kronecker product. Consider on R the superivolution ¢ defined by Equation ([5.5)),
where @ is the matrix given by Equation (5.4). We define osp(7, 3, kg, £1, go) to be
the graded Lie superalgebra Skew(R, ¢).

Note that, disregarding the grading, osp(T, 3, kg, k1, go) is isomorphic to osp(m|n).
The following result is a consequence of Theorem [4.29] since (R, ¢) in the definition
above is isomorphic to M*(T, 3, kg, k1, go) in Definition [4.28}

Theorem 5.10. Let L be an orthosymplectic Lie superalgebra endowed with a G-
grading. Then L is isomorphic to some osp(T, (3, Kg, K1, 90) as in Definition .
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Moreover, osp(T, 3, kg, K1, go) ~ osp(T", B', k5, K5, g4) if, and only iof, T =T', p = j'

and there is an element g € G such that K = g - kg, k- = g- k1 and gj = g~%go. O

Recall that the Lie superalgebras osp(m|n) are separated into series B, C' and D:
the ones for which m is odd constitute series B, the ones for which m = 2 constitute
series C' and the remaining ones constitute series D (see Subsection [0.3.2). The
restriction on the values of m allows us to simplify the classification of G-gradings on

the Lie superalgebras of series B.

Consider a graded Lie superalgebra osp(7T, 3, kg, £1, go) as in Definition and, as
before, set m := kg\/|T'| and n = kq./|T|.

Assume m odd. The group T is 2-elementary, so /|71’ is a power of 2. It follows
that 7' must be the trivial group and, hence, m = kj. We will identify G/T with G

and, hence, consider G to be the domain of x5 and k7.

We claim that the element gy € G must be a square. Indeed, suppose gy # g, for
all g € G. Then g~! # g;'g and, since (g, x7) is go-admissible, x(g™) = k(g '9g).
Therefore kg = |kg| = Xy Ko(g) is an even number, a contradiction. By Theorem m,
osp(T, B, kg, k1, o) =~ 0sp(T, B, g - kg, g * K1, €), where g*> = go. In other words, we can

restrict ourselves to the case where gy = e and, hence, (kg, k1) is e-admissible.

For every e-admissible pair (kj, k1), we define I'g(kg, k1) to be the grading on
osp(m|n) given by the isomorphism with osp({e}, 8, kg, k1, €), where /3 is the trivial
bicharacter on 7' = {e}. In [Sanl9], this corresponds to Definition 4.4.3, and the

following result corresponds to Theorems 4.4.4 and 4.4.6:

Corollary 5.11. Let m > 0 and n > 0. Every grading on B(m,n) = osp(2m + 1|2n)
is isomorphic to some I'p(kg, k7). Moreover, two gradings I' (K5, k1) and I g(Kj, k)
are isomorphic if, and only if, there is an element g € G such that g> = e, Kg =g Kp

and K; = g - K. O

We can define gradings on the Lie superalgebras in the series C' and D in a similar
fashion. If m = 2, we can denote by I'c(T), 3, kg, k1, go) the grading on osp(2|n)
given by the isomorphism with osp(7T, 5, kg, K1, go). If m > 2 is even, we can define
I'p(T, B, Ky, K1, go) analogously. However, in these cases, we cannot simplify the

parameters of these gradings, as we have done for series B.
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5.3 Gradings on simple Lie superalgebras of series
A and @

By the discussion in Section (Corollary , we have a classification of G-gradings
on the Lie superalgebras of series A and @ in terms of the model Skew (R, ), where
R = 5§ x §%P and ¢ is the exchange superinvolution. We want to describe these
gradings in terms of the original model, S=), where S is either M (m,n) or Q(n) for

some positive integers m and n. We use an approach similar to [BKRI1S, Appendix].

We will also express the parameters of the grading in terms of the group G rather
than G = G X Zs.

5.3.1 Undoubling

Let L be a finite dimensional simple Lie superalgebra in the series A or (), and suppose
L is not of type A(1,1). By definition, we have that L = S®/Z(SM). On the
other hand, Corollary allows us to classify the gradings on L by considering its
isomorphic copy L = Skew(R, ¢)V/Z(Skew(R, p)), where R = S x S*P and ¢ is
the exchange superinvolution: the gradings (and their isomorphism classes) on L are
in bijection with the gradings (and their isomorphism classes) on (R, ). The goal
of this subsection is to translate the classification of gradings on L from (R, ¢) to S.

Recall that the isomorphism L — L is induced by the projection R — S.

Definition 5.12. A grading on L is said to be of Type I if it is obtained by restriction
and reduction modulo the center from a (unique) grading on S. Otherwise, the grading
on L is said to be of Type IL

As recalled above, all gradings on L ~ L come from gradings on (R, ). Type I and
Type II gradings can be distinguished in this model as follows. Recall that gradings
on (R, ) were divided in two classes: those that make R graded-simple, classified in
Theorems and [4.74] and those that do not, classified in Theorems and
We claim that these classes correspond to the Type II and Type I gradings on L,
respectively. Indeed, consider a Type I grading on L and the corresponding grading
on S. Then (R, ) is naturally graded so that S x {0} and {0} x S*P are graded

superideals, and the projection R — S is a homomorphism of graded superalgebras.
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This grading on (R, ) induces a grading on L and the isomorphism of Lie superalgebras
L — L preserves degrees. This proves that the gradings on L corresponding to Type I
gradings on L (under the isomorphism L — L) come from the gradings on R that do
not make it graded-simple. By Proposition , every grading on (R, ¢) such that R is

not graded-simple is of this form, so the converse follows.

By definition, Type I gradings are described in terms of S, so we will now focus on

Type II gradings.

Suppose (R, ) is endowed with a grading I' making R graded-simple. By Theo-
rem , there is a triple (D, U, B) with parameters (T, 5, p, 1, K, go, 9) as in Definition
such that (R,¢) ~ E(D,U, B). Recall that, in this case, rad 3 = (f) for an
element f € T of order 2 such that n(f) = —1 (Proposition [4.57).

Set G = G/{f), let m: G — G be the natural homomorphism and write g := 7(g),
for all ¢ € GG. By Proposition "R is the sum of two graded-simple superideals,
S x {0} and {0} x S®°P, so the restriction of "' to S ~ S x {0} induces a G-grading
on L of Type L.

To recover I' from its coarsening "T', fix a character y € G# such that x(f)=-1
(which exists since F is algebraically closed) and let ¢: R — R be the automorphism
given by the action of x, i.e., ¥(r) == x(g)r for every r € R,. Clearly, ¢ restricts to
R; = R, ® R,y and acts as the multiplication by x(g) on R, and by x(¢9f) = —x(9)

on 4. Hence:
Ry ={re Ry |¢(r)=x(g)r} (5.6)

Let ¢ == (1,—1) € Z(R)". We have that ¢(¢) = —( and, by Proposition m,
¢ is homogeneous of degree f with respect to I'. Let 8: R — R be the super-anti-
automorphism defined by 6 := p1) = 1. By the definition of ¥, 1)({) = —( and, hence,
0(C) = ¢. Tt follows that 0(1,0) = 0 (155%) = (1,0), 50 6(Sx{0}) = 0((1,0)R) = Sx{0}.
Hence, 0 restricts to a super-anti-automorphism on .S. Then, it is straightforward to
see that

¥(s1,52) = (0(s2),0(s1)), (5.7)

for all s1,s9 € S. Since Skew(R, ) = {(s,—3) | s € S}, combining Equations (/5.6
and (5.7)), we get that the Type II grading on L corresponding to I can be recovered
from the restriction of "I" to S as follows: we define a G-grading S(-) = Dyec S é_) by
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setting
Vg € G, S!S’) ={seS;|6(s) = —x(g9)s}, (5.8)

and induce a G-grading on L = S /Z(SW). Hence, a Type II grading on L can be

described in terms of a G-grading on S and a super-anti-automorphism on S.

Definition 5.13. We will call L endowed with the G-grading constructed above the
undoubled model of Skew(R, p)/Z(Skew(R, ¢)), or simply the undoubled model if (R, )

is fixed in the context.

Our next goal is to describe the undoubled model without reference to (R, ¢). First,
we need the parameters of S endowed with the restriction of "I'. By Proposition [4.53]
S ~ E(T,3,p, k), where T := T/{f),  and p are the maps induced by 3 and p on T,
and r: G# /T — Zsg is seen as a map #: G /T — Zsg via the canonical isomorphism
G* /T ~G"T.

It remains to describe the super-anti-automorphism 6: S — S. Let us write
0: R — R in matrix terms. Let B = {uy,...,ux} be a G-graded basis of U, following
Convention 2.53 and use it to identify Endp(U) with My(D). We will also assume
that B is even if D is odd (Remark . Set g; = degu;. By Proposition m,
we have (X) = & po(X)*T®, for all X € My(D), where ®;; = B(u;,uj). Also,
giveni,j € {1,...,k} and 0 # d € Dy, t € T, we have ¢(E;;(d)) = x(gitg; ') Eij(d) =
x(9:)x(t)x(g;) "t Ei;(d). Let A € My(D) be the diagonal matrix with A; = x(g;) for
all i € {1,...,k}, and let ¢y denote the action of y on D. Then (X ) = Apg(X)A ™,
for all X € My(D). Define 0y = oo = @otbo. Then:

VX € Mi(D), 6(X)=(AD)6y(X)*T (AD). (5.9)

Clearly, 6 is a super-anti-automorphism on D associated to the map p := nx. Note
that u(f) = 1 and, hence, we can see y as a map fi: T — F*. Indeed, since f € ker B,

we have
vieT, u(tf)=pt Hrb)p(f) = pb)pf) = pb),
so the map ji: T — F* given by

VteT, u(t)=nt)x(t) (5.10)

is well-defined. Recall, from Corollary 4.59, that 7" is an elementary 2-group and for
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every t € T, t2 = f. Hence, Y takes values £1 on 7" and #i on 7~. By Lemma M,

fi is a quadratic map on 7.

Let € .= (1,0) € Z(R)" be the identity element of S, and consider it also as an
element of Z(D)° using Proposition m Following the proof of Proposition m,
with D playing the role of & and U playing the role of V, we have that S ~ Endg(U),
where D := De and U := Ue, and that Be == {uye, ..., upe} is a @#—graded D-basis of

U. Using this basis, we can identify Endg(U) with My (D).

By definition, if Y € My (D) is the matrix representing an operator r € R with
respect to the basis B, then ru; = Zle w;Y;;, for all 1 < j < k. It follows that

k

(er)(uje) = r(uy)e = 3 wYie = 3 (wie)Yije,

%

ie., X € Mi(D), given by X;; = Yj;e, is the matrix representing er € S with respect
the basis Be. From Equation ([5.9)), we now get that

VX € Mp(D), 6(X)=0"16y(X)" 0, (5.11)

where

0 = Ade € M;,(D) (5.12)

or, equivalently, ©;; = x(g;)B(u;, u;j)e, and 6y is the super-anti-automorphism on D

associated to fi.

Finally, we note that the refinement obtained in Equation (5.8)), from 6 given by
Equation (5.11)), is determined by the values of x on the subgroup 7' C G7#.

Lemma 5.14. Let x € G# be a character such that X 7= X |1, let : R — R be the
action by X, and set 0 == ip = pib. Then, for every s € Sy, 0(s) = —x(g)s if, and
only if, 0(s) = —x(g)s.

Proof. Set o := \x ™!, so Y = ox. Then ¢ is a character on G# with o(T") = 1 and,
in particular, can be seen as a character on G¥/(f). Every element in Sj is a sum of
elements of the form E;;(d), where 1 < 4,5 < k and d € Dy, such that giz?gj‘l = g. By
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Equation ((5.11)),

We conclude that 0(s) = o(g)8(s), for all s € Sj. O

To summarize, once y € T is fixed, the undoubled model is determined by
the G-graded superalgebra M, (D) with parameters given by Proposition m the
map ji: T — F* defined by Equation (5.10), which is associated to a super-anti-
automorphism 6y on D, and the matrix © € My (D) defined by Equation (5.12)), which

is used to define the super-anti-automorphism 6 on M (D) by Equation (5.11)).

In the following subsections, we specialize these considerations to the cases of
A(m,n) and Q(n). As in Section we fix a standard realization of a matrix algebra
with a division grading associated to each finite abelian group with a nondegenerate
alternating bicharacter (see Definition [2.36)).

5.3.2 Gradings on A(m,n) for m #n

We now discuss the case where S = M (m+1,n+1) and m # n, so L = sl(m+1|n+1) =

SM is a simple Lie superalgebra of type A(m,n). (As seen before, in this case

z(8W) ={0})

We first parametrize the Type I gradings. Since m # n, by Lemma [2.51] every
grading on S is even in this case. In particular, x: G# /T — Zs( corresponds to a pair
(Kg, £1) (see Subsection [2.2.1)).

In the next definition, we allow the possibility of m = n for future reference (in

Subsection |5.3.4]).

Definition 5.15. Let m,n € Zso, not both zero, T C G be a finite subgroup,
p:T x T — F* be a nondegenerate alternating bicharacter, and kg, ki: G/T — Z>
be maps with finite support such that m+1 = ’Ii()|\/m and n+1 = |"‘éi|\/m' We
will denote by Fg) (T, B, kg, 1) the restriction to SO of the grading Ty (T, B, kg, K1)
on S (see Definition [2.75)).
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Parametrizing Type II gradings is more involved. As we have seen in Subsec-
tion , those correspond to gradings on (R, ¢) making R graded-simple, where
R = S x S%P and ¢ is the exchange superinvolution. Again, since m # n, these
gradings on R are even (see Corollary. Hence, by T heorem a Type Il grading
on L corresponds to a grading on (R, ¢) making it isomorphic to M**(T, 3, kg, K1, go)
(Definition , where T' C G is a finite 2-elementary subgroup, 5: T'x T — F*
is an alternating bicharacter with rad § = (f) for some e # f € T, go is an element
in G#, and kg, k1: G/T — Zso are go-admissible maps (see Definition such
that ’K@‘\/W =m+ 1 and ’KI‘W =n+ 1. Since m # n, the go-admissibility
implies that gy € G. Recall that the graded algebra M*(T', 3, kg, k1, go) corresponds
to (n,K,90,0) € I(T,,p), where n: T — {£1} is fixed, p: T — Zs is the trivial
homomorphism, and § = 1. The map n was determined by fixing a standard real-
ization D for (T, 3, €) (see Definition [£.67)), namely, 1 is the map associated to the

superinvolution e ® @y on D.

We will use the parameters (T, 3, kg, K1, go) to construct a representative for the
Type II grading in terms of the undoubled model, i.e., we will construct a G-grading on
S, where G := G/(f), and a super-anti-automorphism #: S — S, as in Subsection .
As in that subsection, let m: G — G denote the natural homomorphism, set T := T'/(f),

let  be the (nondegenerate) bicharacter on T induced by 3, and consider k5 and kg
as maps defined on G/T ~ G/T.

Let D be the chosen standard realization associated to (T, 3), and let ji: T — F*

be the map associated to the transposition map.

Fix a complement K for (f) in T, i.e., a subgroup K C T such that T'= K x (f)
(it can be done, since T is a elementary 2-group). Let x: T'— F* be the character
defined by x(K) =1 and x(f) = —1, and set == fio 7 [7. Then set

vteT, n(t):=upt)x ). (5.13)
Clearly, dy = 3. Note that this definition agrees with Definition [4.67(a) (see the proof

of Proposition 5.19)).

Extend x to G. It remains to define a graded right D-supermodule U and the

matrix ©. The following is analogous to the construction in Subsection [5.2.2]

Let £: G/T — G be a set-theoretic section of the natural homomorphism, and let
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< be a total order on the set G/T ~ G /T with no elements between = and gy 'z~
Changing ¢ if necessary, we may assume that &(gg'2™!) = g '¢(2)Vif 2 < g5 'zt
For each i € Zy, set k; = |k;|, let ; be the k;-tuple of elements in G realizing k;
according to £ and < (see Definition , and let 7; be the tuple of elements in G
consisting of the images under m: G — G of the entries of ~; (i.e., ¥; is the k;-tuple
realizing x according to 7 o ¢ and <). Consider on M, (F) the elementary grading
determined by (7g,71) (see Definition [1.4)). We identify the G-graded superalgebra

Mok (D) = My i, (F) ® D with S = M(m +1,n + 1) via Kronecker product.

Definition 5.16. Let i € Zy and x € G/T. If goz? =T, we put t == go&(x)* € T and
let t € T be its image under the natural homomorphism 7" — T. We define ©(i, ) to

be the following k;(z) X k;(z)-matrix with entries in D:
(1) L@y © X7 if (=1)"n(t) = +1;

0 1.z .
@2 i (—1)in(t) = —1 (recall that,
Lii())2 0
in this case, k;(x) is even by Definition [4.27]).

i

(i) Jui(2) @ X, where Jy,(y) = (_

If gox? # T, we define ©(i,z) to be the following 2x;(z) X 2r;(z)-matrix:

iii 0 L@ -
i) ((—1)%(906(37)2)‘1%(@ 0 )%

Let 1 < --+ < my, be the elements of the set {x € supprj | < gy'z™'} and,
similarly, let y; < ... <y, be the elements of {y € suppry | y < g5 'y~ '}. Then, we

define
@(O, [El)

0= 00, 2e) | . (5.14)

@(Ia yei)

We define the super-anti-automorphism 6: S — S by Equation (5.11)), where ,: D —
D denotes the transposition on D. Note that 0(X)*T € M, (D) becomes X*T €
M(m + 1,n+ 1). Hence, Equation (5.11]) reduces to

VXeMm+1,n+1), X)=0"'X"T0O. (5.15)
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Finally, we define a G-grading on L = S by

Vge G, Ly={seS"|0(s) = —x(g)s}. (5.16)

In the next definition, we summarize what has been done for future reference. We

also allow the case m = n.

Definition 5.17. Let m,n € Zxg, not both zero. Let 7' C G be a finite 2-elementary
subgroup and let f: T'x T" — F* be an alternating bicharacter with rad 5 = (f), for
some e # f € T. Set G := G/(f) and T := T/(f), and let 3 be the nondegenerate
alternating bicharacter on T induced by 3. Consider the chosen standard realization
D of a matrix algebra with division grading associated to (T, 6_) and the chosen
subgroup K C T such that T = K x (f), and define n: T — {£1} by Equation (5.13).
Then, let gy € G be any element and let kg, x1: G/T — Z>o be go-admissible maps
(Definition [4.27)) such that m 4+ 1 = ]ﬁg\\/m and n+1= ]/ﬁi\\/m. Choose:

(i) a set-theoretic section £: G/T — G for the natural homomorphism G — G/T;

(ii) a total order < on G/T such that there are no elements between x and gy 'z,

for all x € G/T;

and construct tuples 75 and i realizing kg and ki, respectively, according to 7o &
and < (Definition , where 7: G — G is the natural homomorphism. Consider
the G-grading 'y (T, 3, kg, 51) on S := M(m + 1,n + 1) constructed using the choices
of D, 45 and 77 above (see Definition , and consider its restriction to S™. Define
© € S by Equation and 0: S — S by Equation (]5__15D Finally, we define
Fgl) (T, B, kg, K1, go) to be the G-grading on SM) by Equation @b

The following is an easy result that will also be used in Subsections [5.3.3] and [5.3.4]

Lemma 5.18. Let T be a finite abelian group, f: T x T — {£1} be an alternating
bicharacter and K C T be a subgroup such that T = K x (rad ). Set T :=T/rad 3
and let 3: T x T — {£1} be the (nondegenerate) bicharacter induced by 3. Then the
natural homomorphism m: T — T induces a bijection between standard realizations
D associated to (T, ) and standard realizations M associated to (K, [kxx) (see
Definition . Further, if i: T — {+1} is the map associated to the transposition

on D, then the restriction of = fiow to K is the map associated to the transposition

on M.
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Proof. Recall that a standard realization D associated to (T, 3) is obtained by choosing
subgroups A and B of T such that T = A x B and (A, A) = B(B, B) = 1. Since
7 [x: K — T is an isomorphism, and S(s,t) = B(n(s),n(t)), for all s,t € K, the
choice of the subgroups A and B as above is equivalent to a choice of subgroups
A,B C K such that K = A x B and (A, A) = (B, B) = 1. The “further” part
follows from Lemma since ji(ab) = B(a,b), for all @ € A and b € B, we have that
w(ab) = ji(ab) = B(a,b) = B(a,b), for all a € A and b € B. O

Proposition 5.19. Consider (R, p) = M*™(T, 5, K§, K1, 90) (Deﬁm'tion [4-69). Then
Skew (R, )Y is isomorphic to M(m + 1,n + 1)) endowed with F Y(T, B, kg, K1, go).

Proof. We will show how the choices in Definition correspond to the choices in
Definitions 4.67 “ ) and [4.69] -

In view of Lemma m, the choices of K and D give us the same information
as the choices of K in item and M in item of Definition [4.67((a), and the
map associated to the transposition on M is u [k. Let (D, o) denote the standard
realization constructed using these choices. Note that the map n: 7" — {£1} defined in

Equation ((5.13)) is such that dnp = 8, n [xk= p [k and n(f) = —1, so, by Remark [4.68|(a)
n is the map associated to ¢q. In particular, the go-admissibility condition for s is the

same in Definitions [4.72] and B.17

We can use the choices in items . ) and (fii) in Definition E to choose the pair
(U, B) as in Definition [£.69] by following the same construction as in Subsection [5.2.2]
With respect to the graded basis B = {uy, ..., u;} used there, B is represented by the
matrix ® € My x. (D) as in Equation (5.4).

We will now follow Subsection to undouble M**(T, 3, kg, K1, go), constructed
with the choices above. Consider the central idempotent € :== (1 + Xy) € D and the
G-graded-division superalgebra De. By Proposition De has parameters (T, 3,7),
so De ~ D. Specifically, an isomorphism is given by X;e Xy, forall t € T. From
now on, we will identify De with D. Also, by Equation , the map 1 as defined
in Equation coincides with the map i defined above, i.e., the map associated to

the transposition on D.

Let A € Mi(D) be the diagonal matrix with entries A; = x(deguw;), for all
i€ {l,...,k}, as in Subsection Consider the graded basis B = {iy, ..., 1} for
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U, where
\//Eui, if (degu;)T = gy ' (degu;) T}
@ =14 Aj'u;, if (degu)T < gy (degu;) T (5.17)
u;, if (degu;)T > gy ' (degu;)~'T.

Let @ be the matrix representing B with respect to the graded basis B. Under the
identification De = D, the matrix Ade becomes O as in Equation ((5.14). Therefore,
all the data in the description of the undoubled model of Skew (R, ) coincide with
the data in Definition [5.17] concluding the proof. O

Recall that, for every k: G/T — Zso, we defined v*: G/T — Z>o by k*(z) =
k(z)~L, for all z € G/T (see Section [3.1)).

Theorem 5.20. Let m,n € Zso, m # n. Every grading on sl(m + 1jn + 1) is

isomorphic to either T Gy KT D Gy K1 ) iti l
phic to either T/ (T, 8, kg, k1) or Uy (T, 5, kg, K1, go) as in Definitions |5.1

and[5.17 Gradings belonging to different types are not isomorphic. Within each type,

we have:

Type I
Fg)(T,ﬁ, Kg, K1) FS)(T’,ﬁ’, Kg, K5) if, and only if, T' =T and one of the following

conditions holds:

(i) B' = B and there is g € G such that k§ = g - k5 and Ky = g - K1;

(i) ' = [~ and there is g € G such that k§ = g - K% and K} = g - kY.

LAV(T 8, . i1, 90) = T3V (T, B, i, 1, go) i, and only if, " =T, 5 = 5 and there is
g € G such that kj = g - kg, K} = g - k1 and gy = 9729o.

Proof. The result follows from Theorem (Type I gradings) and Theorem
(Type II gradings). Indeed, by Corollary the isomorphism classes of gradings
on sl(m+1|n+ 1) are in bijection with the isomorphism classes of gradings on
M(m+1,n+1) x M(m + 1,n + 1)*P endowed with the exchange superinvolution.
Type I gradings are already described in terms of M (m+1,n+1), and Type II gradings
are described in Proposition [5.19, Note that, since m # n, the isomorphism conditions
in Theorems and simplify: we cannot have k% = g - kg or Kt = g - KZ. O
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5.3.3 Gradings on Q(n)

We will now discuss the case where S is the associative superalgebra Q(n + 1), so
L=5SW/7Z(SMW) is the Lie superalgebra Q(n).

Let us first parametrize Type I gradings. As seen in Subsection every
grading on S is odd. Nevertheless, we can use parameters in terms of the group G to
parametrize the gradings (see Definition and Corollary [2.80)).

Definition 5.21. Let n € Z-y, T C G be a finite subgroup, 1: TT x T — F* be a
nondegenerate bicharacter, h € G be an element such that h? = 1, and k: G/T" — Zx
be a map with finite support such that n + 1 = ‘Ii|\/ﬁ We will denote by
FS) (T*, 5, h,k) the grading on L induced from the grading T'o(T", 51, h, k) (see
Definition by reduction modulo the center.

For Type II gradings on L, set R := S5 x S*P and let ¢ be the exchange superinvo-
lution on it. At the end of Section [4.5] just before Corollary we introduced a
parametrization of gradings on (R, ) that make R graded-simple. By Corollary ,
(R, ) endowed with such a grading is isomorphic to Q™ (T, 5%, h,k,go), where
Tt C @ is a finite 2-elementary subgroup, f7: TT x TT — F* is an alternating
bicharacter with rad 5t = (f) for some e # f € Tt, h € G is an element in G such
that h? = f, go € G, and k: G/TT — Z>¢ is a go-admissible map (see Definition

such that n + 1 = |k[\/|T*]|/2.

We will use the parameters (T", 57, h, k, go) to construct a representative of the
corresponding isomorphism class of Type II gradings directly on the superalgebra
L instead of going through Skew(R, ). Recall that the parametrization above for
gradings on Skew(R, ¢) was obtained by writing R = R ® uR°, where 0 # u € Z(R)",
and using that (Rﬁ, ¢ [ o) is of type M x M=°P. We will follow an analogous strategy

0 ]n+1
I,.1| O
Z(S) = F1 @ Fu can be identified with the associative superalgebra Q(1), that S can
be identified with M, 1(F) = M(n + 1,0) and that S can be identified with Q(1) ® S°

via Kronecker product.

here. Recall that S = Q(n+1) = S0 @ uSY, where u = ( ) S Z(S)i, that

Let G = G/{(f). We will, first, construct a G-grading and a (super-)anti-
automorphism on SY, following the same steps as in Subsection |5.3.2) but with
T playing the role of T and 1 playing the role of 3, and, then, we will extend the
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grading and the super-anti-automorphism to S. Let 7: G — G denote the natural
homomorphism, set T+ = w(TF), let 37: T+ x T+ — F* be the (nondegenerate)
bicharacter on T+ induced by 37, and consider s as a map defined on G/T+ ~ G/T™.

Let D be the chosen standard realization associated to (T+, 5F), let u+: T+ — F*
be the map associated to the transposition on fo, and set ut ==yt om |p+. Fix a
subgroup K C T such that Tt = K x (f), and let y: T* — F* be the character
defined by x(K) =1 and x(f) = —1. Then define n*: T* — {£1} by

vee T, nt(t) = put(t)x 1 (1). (5.18)

Since dut = 5+, we get dnt = BT. In the proof of Proposition [5.25, we will show that
n* is the map associated to the superinvolution on the even part of a graded-division
superalgebra as in Definition [4.67|(c).

Extend y to G and set k := |k|. Following the construction after Equation ([5.13)
in Subsection [5.3.2) with k5 := x and k; being the zero map, we get an elementary
G-grading on M;(F) = M(k,0). We identify the G-graded superalgebra M, (@0) =
M (F) ® D’ with S0 = M,,+1(F) via Kronecker product, and define

Q5 = ; (5.19)

where z; < --- < x; are the elements of the set {x € suppx | = < gg 'z}, and ©(0, z),
for x € G/TT, is as in Definition [5.16, We, then, define the (super-)anti-automorphism
6: 5% — SO by

VX € M1 (F), 60(X):=05'X"0;.

We extend the G-grading on S° to S = S° @ uS° by declaring degu = h, i.e., we
define S}—i@ = usg, for all g € G. In terms of the identification S = Q(1) ® S°, this

corresponds to the usual tensor product of graded superalgebras.

Remark 5.22. Note that S = Q(1) © 89 = Q(1) @ My(F) ® D" ~ M(F) ® Q(1) © D'
Hence, this G-grading is isomorphic to T'q(T, 3%, h, k) (see Definition [2.79), by
choosing the standard realization of type Q (Definition [2.63) to be D = Q(1) @ D’ =
=0 =0
D duD .
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We also extend the (super-)anti-automorphism € to S, by declaring 6(u) = iu. In
terms of the identification S = Q(1) ® SO this corresponds to

VX €eQ(n+1), 6(X)=0"1XTeQ, (5.20)

5| 0
o (21e) o

Note that, differently from Equation (5.15]), we are using the queer supertranspose
(Definition [0.18)) here.
Finally, we define a G-grading on S by

where

Vg € G, Sél) ={s € Sél) | 0(s) = —x(g)s}, (5.22)

and reduce it modulo the center to obtain a G-grading on L.

The following definition summarizes the above construction:

Definition 5.23. Let n € Z.o and let S denote the associative superalgebra Q(n+1).
Let Tt C G be a finite 2-elementary subgroup, let 7: Tt x Tt — F* be an
alternating bicharacter with rad 5t = (f), for some element e # f € T and let
h € G be an element such that h? = f. Set G = G/(f) and let 7: G — G be
the natural homomorphism. Set T+ := 7(T"), and let 3+ be the (nondegenerate)
alternating bicharacter on T+ induced by 7. Consider the chosen standard realization
D of a matrix algebra with division grading associated to (T, 3%), fix a subgroup
K C T* such that Tt = K x (f), and define n*: T — {+1} by Equation (5.18].
Then, let go € G be any element and let k: G/TT — Zsy be a gp-admissible map
(Definition {4.71)) such that n 4+ 1 = |k|y/|T*]|/2. Choose:

(i) a set-theoretic section £: G/T+ — G for the natural homomorphism G — G/T;

(ii) a total order < on G'/T™ such that there are no elements between z and gy 'z ~*,

for all x € G/T;

and construct a tuple 7 realizing k according to mo ¢ and < (Definition [2.20]). Consider
the G-grading T'y(T+, 3%, k) on S° ~ M, 1(F) constructed using the choices of
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D’ and 7 above (see Definition [2.41]), and extend it to S by declaring degu = h.
Define ©5 € M, ,1(F) by Equation , © € S by Equation and : S — S
by Equation (5.20) Finally, we define Fgl) (T, B, h, K, go) to be the G-grading on
L=5W/z(SW) induced from the G-grading S given by Equation (5.22).

Remark 5.24. We note that in [BHSK17, Theorem 5.1] it is described how to extend a
G-grading I" on the even part of the Lie superalgebra Q(n) to the whole superalgebra,
without using a full description of I'. The construction above corresponds to the case

where T" is of Type II.

Proposition 5.25. Consider (R, ) == Q™(T", 3%, h,k, go), as defined before Corol-
lary . Then the graded Lie superalgebra Skew(R, )M /Z(Skew(R, p)1)) is isomor-
phic to the Lie superalgebra Q(n) endowed with FSI) (T, B, h, K, go)-

Proof. First recall that, by definition, Q**(T*, 87, h, K, go) = Q°*(T, 5,1, K, go) (see
Definition , where t, = (h,1), T =TT Ut, T, 3: T x T — F* is the unique
alternating bicharacter extending 8 such that rad 5 = (t,), and & is seen as defined
on G#* /T ~ G/T+.

We will now show how the choices in Definition [5.23] correspond to the choices in
Definition [4.67(c) and Definition [4.72]

By Lemma , with (T, 87) playing the role of (T, ), the choices of K and
D’ give us the same information as the choices of K in item ({i)) and M in item
of Definition m(c), and the map associated to the transposition on M is u® [g.
Let (D, po) denote the standard realization of a graded-division superalgebra with
superinvolution constructed using these choices. Note that the map n*: T — {1}
defined in Equation is such that dn™ = 8, n [x= put [k and n(f) = —1, so, by
Equation , nT is the map associated to ¢y [5s. In particular, the go-admissibility
condition for x is the same in Definitions and (.23

In Definition [4.72, we have to choose a graded right D-supermodule U and a
@o-sesquilinear form B: U x U — D such that (U, B) has inertia determined by x. We
will first construct a graded right D%-supermodule U° and a (g [0 )-sesquilinear form
B%: U x U — D such that (U°, B®) has inertia determined by (kg, #1), where we take
Ky ‘= K (seen as a map defined on G/T") and k7 to be the zero map. To that end, it
suffices to follow the same construction as in Subsection [5.2.2] In other words, define
DO = (POl .. (DO)oxl where (g1, ..., gr) is the k-tuple of elements in G realizing
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r according to  and <, and define B by B(u;, u;) = ®;;, where B = {uy,...,uy}
is the canonical graded D%basis of U and ® € M;(DP) is the matrix defined by
Equation . We then define U := U° ®,5 D. Note that B is an even graded D-basis
of U, and let B: U x U — D be the unique pg-sesquilinear extension of B, which is

also represented by ®, seen as a matrix in My (D).

We will now follow Subsection to undouble Q™(T", 7, h, k, go), constructed
with the choices above. Consider the central idempotent € := %(1 + X¢) € D and the
G-graded-division superalgebra De. By Proposition m De has parameters (T, B, D).
Also, rad § = (t,), so De is isomorphic to a standard realization of type Q associated
to (T, B, B) (see discussion preceding Definition , specifically, it is isomorphic
toD:=Q(1)® D’ as in Remark [5.22] From now on, we will identify De with D.

We need to extend x to G#. Since x(f) = —1, we can do it in a way such that
x(tp,) = i. Let n: T — {£1} be the map associated to ¢y and let i: T — F* be
as defined in Equation . We have already shown that n [7+= 1T and, hence,
by Equation , we have that i |7+= p*. By Remark (c), we have fi(t,) =
n(t,)x(t,) = i. It follows that g is the map associated to the queer supertranspose on
D.

As in the proof of Proposition , let A € My(D) be the diagonal matrix with
entries Ay = y(degu;), consider a different graded D-basis B = {iy, ..., Gy} of U,
where 1; is defined as in Equation , and let & € My (D) be the matrix representing
B with respect to B. Clearly, all the entries of ® are in D’. We will denote ® by
®; when seen as a matrix in M, (D°). In Subsection M. (D)e was identified
with M (D), so we now identify Mj,(D°)e with Mk(fo). Under this identification, the
matrix A®ze becomes Oy as in Equation . Also, following the isomorphisms

0

My(D) ~ My(F) ® D ~ M,(F) © Q(1) @ D° ~ Q(1) ® My(F) @ D° ~ Q(1) ® S,

the G-grading on M (D) becomes the G-grading we defined on S = Q(1)®5°, and Ade
is sent to I, ® Oz = O. Therefore, all the data in the description of the undoubled model
of Skew (R, ) coincide with the data in Definition [5.23] concluding the proof. O

Theorem 5.26. Let n > 2. Every grading on the simple Lie superalgebra Q(n) is
isomorphic to either Fg) (T, B, h,K) or Fgl) (T, 8", h, Kk, go) as in Definitions|5.21
and [5.23. Gradings belonging to different types are not isomorphic. Within each type,

we have:
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FS)(TJF,BJ“JL, K) ~ Fg)(T”F,B’J’,h’,/@’) if, and only if, T'" =T+, h' = h and one of

the following conditions holds:

(i) B = BT and there is g € G such that k' = g - Kk;

(ii) BT = (BT)"" and there is g € G such that k' = g - K*.

PO, 8%, bk, go) = TRV (T, B W, gb) i, and only if, T = T*, g = ¥,
h' = h and there is g € G such that k' = g - r and gy = g 2go-

Proof. The result follows from Theorem (Type I) and Corollary (Type II).
Indeed, by Corollary the isomorphism classes of gradings on the Lie superalgebra
Q(n) are in bijection with the isomorphism classes of gradings on the associative
superalgebra Q(n+1) x Q(n+ 1)*P endowed with the exchange superinvolution. Type
I gradings are already described in terms of the associative superalgebra Q(n + 1), and

Type II gradings are described in Proposition [5.25| [

5.3.4 Gradings on A(n,n)

We now go to our final series of Lie superalgebras, A(n,n). Let S = M(n+1,n+ 1),
so L=ypsln+1,n+1)=50/7(SW).

Gradings on S are separated into two classes: even gradings, which are similar to
what we saw in Subsection [5.3.2] and odd gradings. The gradings on L induced by
even gradings on S will be said to be of Type I);, and the gradings on L induced by
odd gradings on S will be said to be Type I.

Remark 5.27. Our notation is justified by the following fact: every G-grading of Type
I on the Lie superalgebra Q)(n) gives rise to a G x Zs-grading of Type I on A(n,n).
Indeed, the associative superalgebra Q(n + 1) consists of the fixed points of the order
2 automorphism 7 of M(n + 1,n + 1), and any automorphism of Q(n + 1) extends
uniquely to an automorphism of M (n+ 1,n + 1) commuting with 7 (see Section [5.1).

Definition 5.28. Let n € Z-y, T C G be a finite subgroup, 8: T'x T — F* be a

nondegenerate alternating bicharacter, and kg, k7: G/T — Z>o be maps with finite
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support such that |kg|\/|T| = |ki|\/|T| = n + 1. We define FSM)(T,ﬁ,/f(),/ﬁ) to be
the grading on L induced from the grading FS) (T, B, kg, k1) on M(n + 1,n + 1)
(Definition [5.15)) by reduction modulo the center.

To parametrize the gradings of Type Ig, we recall the parametrization of odd
gradings on S in terms of the group G' (Subsection [2.3.2)). The character xo € T+ in
the next definition plays the role of y there.

Definition 5.29. Let Tt C G be a finite subgroup, let : T x TT — F* be an
alternating bicharacter with rad 5% = (t,), where t, € T is an element of order 2,
and let k: G/TT — Z>¢ be a map with finite support such that |s|/2|T*| =n + 1.
Choose a character xg € T+ such that Xo(t,) = —1. Then let a € T be the unique
element such that y2 = *(a,-) and yo(a) = 1 (see Lemma [2.98). For each element
h € G such that h? = a, weset t, == (h,1) € G#*, T~ =t;TT CG#* and T =T UT".
Let p: T — Zs be the homomorphism with kernel 77, and let 8: T x T — F* be
the unique alternating bicharacter such that 5 [r+.r+= 7 and [(t1,t) = x(¢), for
all t € TT (see Lemma . We will denote by FgQ)(TJF, BT, h, k) the grading on L
induced from the grading 'y, (T, 3, p, k) on S (see Definition by restriction and

reduction modulo the center.

Recall that an element h € G (and, hence, a grading FSQ)(TJF, BT, h,k)) exists if,
and only if, 6(T73)*" C el (see Definitions [2.90{ and [2.92 and Proposition [2.99)).

The Type II gradings on L will also be subdivided into different types. As in the
case m # n (Subsection [5.3.2)), these gradings correspond to gradings on (R, ¢) making

R graded-simple, where R =5 x S*P and ¢ is the exchange superinvolution.

If the grading on (R,¢) is even, then, by Theorem .70, R is isomorphic to
M*(T, B, kg, k1, o), where T' is a finite elementary 2-group, f: T'x T — F* is an
alternating bicharacter with rad 5 = (f) for some e # f € T, go is an element in
G*#, and kg, k1: G/T — Zsq are gp-admissible maps (see Definition such that
|/<;@]\/m = "ﬁ‘\/m =n + 1 (see Definition |4.69). Write gy as (ho, po), with hg € G
and py € Zsy. If pg = 0, we will say that the corresponding grading on L is of Type

osp. If po = 1, we will say that the corresponding grading on L is of Type Ilp.

Remark 5.30. A G-grading on the Lie superalgebra osp(n + 1|n + 1) (respectively,
P(n)) gives rise to a G x Zy-grading on A(n,n) of Type I, (respectively, IIp).
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Recall that, before Equation ([5.13), we fixed a subgroup K C T such that
T = K x (f), which was used in Definition [5.17]

Definition 5.31. Let n € Z~y. We define FSI“”)(T, B, Ky, K1, ho) to be the grading on
L induced from the grading FSI) (T, B, kg, k1, ho) on M (n+1,n-+1)M (Definition [5.17)

by reduction modulo the center.

To construct a model for gradings of Type Ilp, we follow a similar approach as
for Type Il,,, but it is simpler since we do not need to choose £ and < to define the
matrix © (in the same way, these choices were needed in Subsection but not in
Subsection . Also, k1 is determined by k5 and hg (recall Definition .

Definition 5.32. Let G = G/(f), T = T/(f), and let 3 be the nondegenerate
alternating bicharacter on T induced by (. Choose a k-tuple 75 = (g1,...,gx) of
elements in G realizing k5. Let ji: T — F* be the map associated to the transposition
on D, let y € T be the character such that X(K)=1and x(f) = —1, and extend x
to a character of (G, which will also be denoted by x. Then define p := i o7 [, where
7: G — G is the natural homomorphism, and fix n: T'— {%1} as in Equation .
Also, set vi = (hg'gr', ..., hg'gyt). Consider the G-grading I'y (T, 3, kg, 57) on
S = M(n+1,n+ 1) using the choices above (see Definition [2.75]), and consider its
restriction to S(V). Consider © € S given by

x(hotgi?)

x(ho'gi %)

and 0: S — S as in Equation 1} We define FSIP)(T, B, Ky, ho) to be the G-grading
on L = SW/Z(SW) induced from the grading S = @yeq SV, where

Sél) ={s e Sél) | 0(s) = —x(9)s},
for all g € G.

We now proceed to the last case, the odd gradings of Type II, which will be referred
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to as gradings of Type Ilq.

Remark 5.33. Similar to Remark [5.27, we have that every G-grading of Type II on the
Lie superalgebra ()(n) gives rise to a G x Zy-grading of Type IIg on A(n,n), which

justifies the notation.

At the end of Section just before Corollary [4.76] we introduced a parametriza-
tion of odd gradings on (R, ¢) that make R graded-simple. By Corollary (R, )
endowed with such a grading is isomorphic to M**(T*, 37, t,, h, K, go), where TT C G
is a finite 2-elementary subgroup, e # t, € T", h € G is such that f = h? € T+~ (t,),
pt: Tt x Tt — {£1} is an alternating bicharacter such that rad 5 = (t,, f),
go € G, and k: G/TT — Z>q is a gg-admissible map (see Definition such that

n+1=|kl\/|T+/2.

We will use the parameters (T, 5%, ¢,, h, K, go) to construct a representative of the
corresponding isomorphism class of Type Il gradings directly on the superalgebra L
instead of going through Skew (R, ¢). Let S denote the algebra M, (F). Using the
Kronecker product, we can identify S = M(n + 1,n + 1) with M(1,1) ® S.

Let G = G/(f). We will, first, construct a G-grading and a (super-)anti-
automorphism on S, in a fashion similar to what we did for S° in Subsection m,
and, then, we will extend the grading and the super-anti-automorphism to S. Fix a
subgroup K C T such that TT = K x (rad 87). Let 7: G — G denote the natural
homomorphism, set T+ = 7(T") and K = 7(K), let 3+: T+ x T+ — F* be the
bicharacter on T+ induced by 3%, and consider x as a map defined on G/T+ ~ G/T™.
Also, let x,x0: TT — F* be the characters defined by y(K) = 1, x(f) = —1 and
x(tp,) =1, and xo(K) =1, xo(f) = 1 and xo(t,) = —1 (we note that x, was denoted
by x in Equation (4.2))).

Since f+ [ %7 is nondegenerate, we have a chosen standard realization D associated
to (K, |%.7) Let fi: K — F* be the map associated to the transposition on @,
and let ut: TT — F* be the map extending i defined by ut(tt,) = put(t) == j(t), for
allt € K. Set u* == put o |7+ and define n*: T+ — {&1} by

Vte T, nt(t) = put(t)x (). (5.23)

Since dji = B+ |z, %, we get dut = BT and, hence, dp™ = . In the proof of
Proposition , we will show that nt is the map associated to the superinvolution
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on the even part of a graded-division superalgebra as in Definition [1.67|(b).

Now, consider the (division) G-grading on M (1,1) given by:

1 0 0 1 -
deg | —— | = ¢, deg | —— | = h,
(5.24)
1 0 _ 0| -1 o
deg | —— | =1,, deg | ———| = t,h.
g ( 011 ) P g ( 1 0 ) P

(Compare with Examples and 2.49]) Set k := |x| and fix a set-theoretic sec-
tion £: G/Tt — G of the natural homomorphism G — G/T". As we did in Sub-
section , we follow the construction after Equation in Subsection m
with k5 := k and k7 being the zero map to construct an elementary G-grading on
M, (F) = M(k,0). We identify the G-graded superalgebra M;(D) = M(F) ® D
with S = M, 1(F) via Kronecker product and, then, get a G-grading on S =
Mn+1,n+1)=M(1,1)® 5.

Remark 5.34. Note that S = M(1,1)®S5 = M(1,1)@M(F)®@D ~ M,(F)@M(1,1)®D.
Hence, this G-grading is isomorphic to T'y(TF, 3T, ,, k) (see Definition , where
the fixed character is taken to be .

We will now construct a super-anti-automorphism on S. The next definition is
similar to Definition [5.16]

Definition 5.35. Let z € G/T*. If gox? = T, we put t = goé(x)> € TT and
t = w(prg(t)), where pri: TT — K is the projection on K corresponding to the
decomposition 7T = K x (rad 7). We define 0, = xo(t) and O (z) to be the

following (z) x (z)-matrix with entries in D:

(i) ]N(x) X X{ if 77+(t) =+1;

0 Li@)/2

(ii) Ju@) ® Xi, where Jy(q) = ), if n*(t) = —1 (recall that, in this

_]li(.l‘)/Q 0
case, k(x) is even by Definition [4.71)).

If gox? # T, we define §, = 1 and O(z) to be the following 2x(x) x 2k(x)-matrix:

(5] (X(gog(x)Q)lln(x) 0 )® v
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Let z; < --- < x4 be the elements of the set {z € suppx | v < gy 'z~'}, and set
© € S to be the matrix

@K(Il)
0
e
o k(@) (5.25)
Oz, @K(%)
0
(5x£@K(ZEg)
We, then, define the super-anti-automorphism 6: S — S by
VXeMnh+1,n+1), 6X)=0"'XTe0. (5.26)
Finally, we define a G-grading on S by
Vged, SWi={se 8" |0(s)=—x(g)s}, (5.27)

and reduce it modulo the center to obtain a G-grading on L.

In summary:

Definition 5.36. Let n € Z~(, and denote the associative superalgebra M (n+1,n+1)
by S. Let T C G be a 2-elementary subgroup, let e # ¢, € T, let h € G be such that
f=h*€Tt~ (t,),and let 37: T x T — {£1} be an alternating bicharacter such
that rad 8 = (t,, f). Let m7: G — G = G/(f) be the natural homomorphism, fix a
subgroup K C T such that TT = K x (f), set T == 7n(T") and K := 7(K), and let
BT be the alternating bicharacter on T+ induced by 8*. Consider the chosen standard
realization D of a matrix algebra with division grading associated to (K, B 1%.%),
and define n™: T'— {£1} by Equation . Then, let go € G be any element and let
k: GJTT — Zs( be a go-admissible map (Definition |4.71]) such that n+1 = |/€|\/ﬁ/2
Choose:

(i) a set-theoretic section £: G/TT — G for the natural homomorphism G — G/T;

1

I

(ii) a total order < on G/T™ such that there are no elements between z and gy 'z~
for all z € G/T;
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and construct a tuple 7 realizing k according to 7 o & and < (Definition .
Consider the G-grading on M (1,1) given by Equation and the G-grading
Ty (K, B 7.7, k) on M, (F) constructed using the choices of D and 7 above (see
Definition 2.41)). We, then, identify S := M (n+1,n+ 1) with the graded superalgebra
M(1,1)® M, 1 (F). Define © € S by Equation and 0: S — S by Equation
Finally, we define FgIQ)(T+, BF,t,, h, K, go) to be the G-grading on L = SM/Z(SW)
induced from the G-grading S™) given by Equation (5.27).

Proposition 5.37. Consider (R,p) = M™(T", 5%, t,,h,k,g0), as defined before
Corollary . Then the graded Lie superalgebra Skew(R, )V /Z(Skew(R, ©)1) is
isomorphic to the Lie superalgebra A(n,n) endowed with FgIQ)(T+, Bt tp hy K, o).

Proof. Recall that M*(T™*, 8% t,, h, Kk, go) = M(T, 5,1,, K, go) (see Definition ,
where t; .= (h,1), T .= TTUt,T", B: T xT — F* is the unique alternating bicharacter
extending 1 such that rad 5 = (f) and B(t1,-) = X0, and & is seen as defined on
G* T ~G/T™.

We will now show how the choices in Definition correspond to the choices in
Definition [4.67[(b) and Definition [4.72]

By Lemma , with (T, 87) playing the role of (T, ), the choices of K and
D give us the same information as the choices of K in item (i) and M in item
of Definition m(b), and the map associated to the transposition on M is u* [g.
Let (D, po) denote the standard realization of a graded-division superalgebra with
superinvolution constructed using these choices. Note that the map n™: T — {1}
defined in Equation is such that dn* = 8%, n* [g= p* [k, n*(f) = —1 and
nt(t,) = 1, so, by Equation , nT is the map associated to ¢y [5. In particular,
the go-admissibility condition for  is the same in Definitions and [5.36

In Definition [4.72, we have to choose a graded right D-supermodule U and a
po-sesquilinear form B: U x U — D such that (U, B) has inertia determined by k.
To this end, set U := Dl @ ... @ DIkl where (g1,...,gx) is the k-tuple realizing
according to § and <, and B(u;, u;) = ®yj,
D-basis for U and & € My (D) is defined by

where B := {uy,...,u} is the canonical
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(see Definition 5.8/ and Equation (5.4))).

We will now follow Subsection to undouble M*(T*, 5% t,, h, K, go), con-
structed with the choices above. Recall that, by Definition m(b), D=20M,
where O is the graded-division superalgebra of Example , and a: Zo X Zy — (tp, t1)
is the group isomorphism given by «(1,0) = t, and «(0,1) = t;. Consider the
central idempotent € = %(1 + X;) € D and the G-graded-division superalgebra
De. Clearly, € € O. It is straightforward that Oe is isomorphic to M(1,1) with
grading given by Equation , and that Me is isomorphic to D. It follows that
De ~ D = M(1,1) ® D. We will identify De with D and consider D as a matrix

superalgebra via Kronecker product.

We need to extend y to G#. Since x(f) = —1, we can do it in a way such that
x(t1) = i. Let n: T — {£1} be the map associated to o and let f: T — F* be
as defined in Equation (5.10). We have already shown that n |r+= n* and, hence,
by Equation , we have that i [7== pF. By Remark (b)7 we have [i(t;) =
n(t1)x(t1) = i. It follows that j is the map associated to the queer supertranspose on

D.

As in the proof of Proposition [5.19] let A € M, (D) be the diagonal matrix with
entries A;; = y(degu;), consider a different graded D-basis B = {11, ..., 0} of U,
where #; is defined as in Equation , and let & € M, k(D) be the matrix representing
B with respect to B. Note that the entries of ® are in D° = (“0)° ® M, and that
supp D° = (rad ) x K. Given t € T, write t = rs, with r € rad 8t and s € K, and
recall that we chose X; € D0 to be X, ® X, where X, € (O‘O)G and X, € M. Under the
identification De = D, the element X,.€ becomes (1 0 ) = (1 0 ) e M(1,1)°.

~ B Xo(r) 0 xo(t)
It follows that ®e € My(D) goes to © € S = M(1,1) ® Mi(D), as defined in
Equation , if we follow the isomorphisms

M;(D) ~ M(F)®D ~ M(F)®M(1,1)®@D ~ M(1,1)@M(F)®D ~ M(1,1)@M(D).
Therefore, all the data in the description of the undoubled model of Skew (R, ¢)
coincide with the data in Definition [5.36] concluding the proof. O

Theorem 5.38. Fvery grading on the simple Lie superalgebra psl(n + 1|n + 1), n > 2,
is isomorphic to one of FEL{M)(T,B, Koy K1), FgQ)(T+,6+, h, k), Fgl””)(T,ﬂ, Ko, K1, o),
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FSIP)<T,67K,6,}T/O) or FgIQ)(T’L,B*,tp,h, K, o), as in Definitions|5.28, |5.29,15.51), 5.3
and[5.36. Gradings belonging to different types are not isomorphic. Within each type,

we have:

Type Iy
FgM)(T, B, Kg, K1) = FgM)(T’,B’, kg, K7) if, and only if, T =T" and one of the following

conditions holds:

(i) B = B and there is g € G such that either kj = g - k5 and K7 = g - K7, or

! _ ! _ .
Ky =g K1 and K] = g - Kg;

(i) 0/ = ' and there is g € G such that either kj = g - K% and kKt = g - K%, or

I — g Rk* A
Ky =g K] and K] = g - K5.

Type Iq

AT, 5% how) = AT 57,0 W) if, and only if, T = T* and one of the

following conditions holds:

(1) B7 = p*+, 1 € {h,ht,} and there is g € G such that k' = g - K;

(ii) g = (BT)"Y, W e {7t h71t,} and there is g € G such that k' = g - K*;

where t, is the nontrivial element in rad 5.

Type Hoﬁp

Fgl”")(T,ﬁ,/i@,/ﬁ,go) ~ FgI“")(T’,ﬂ’,ﬁ{—),rﬁ’i,g{)) if, and only if, T =T, B = 8 and
there is g € G such that one of the following conditions holds:

(Z) "16 =g - Ko, ’f,i =g Ky and 96 = 9_290;'

(i) K =g K1, K§ = g - Ko and gy = fg~2go.

FSIP)(T,B, Kg, ho) =~ FSIP)(T’,B’,FJE—),%) if, and only if, T =T', B = [ and there is
g € G such that one of the following conditions holds:

(i) Ky =g- Ky and hi = g >hy;
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(ii) k5= ghgt - kg and hy = fg~2ho.

Type Ilq

LY T, Bty bk, go) = T4 (T BTt WK go) are isomorphic if, and only if,

TF =T, 8% =p", t,=1t, I € h(rad ) and there is g € G such that k' = g -

and

(i) 9o =g %90 if B € {h, ft,h};
(ii) gh = tp,9 g0 if W € {fh,t,h}.

Proof. The result follows from Theorem m (Types Iy and 1), Theorem m (Types
II,p and Ilp, taking into account in the latter case that k3 = hy 1-/{3) and Corollary 4.76
(Type IIg). Indeed, by Corollary [5.4] the isomorphism classes of gradings on the Lie
superalgebra A(n,n) are in bijection with the isomorphism classes of gradings on
the associative superalgebra M(n+ 1,n+ 1) x M(n + 1,n + 1)*? endowed with the
exchange superinvolution. Gradings of Types Iy and Ig are already described in terms
of M(n+1,n+1). Proposition m gives such a description for gradings of Type Il
and IIp, and Proposition for Type Ilq. ]
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