ALGEBRAIC PROPERTIES OF

TWISTED POLYNOMIAL RINGS
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ABSTRACT B ety Ew e ¥ B

tn ms thesis, we study the twisted polynpmlal rings “and {tsrmlne"

saveml sf thmr zn:rms-m properties..

"In chnpter 1, we define thc twisted polynumnl Ting Ru v[x‘), prové

is.it a nng and ostnblishsome prclimmury x‘esuh.s . R .

In chapter II, we study the chain culviﬁluns' heré thq “llilbert basis

theoren” is exteﬂded to thisted 'polynumiﬂl rmgs‘ ¥

“In chnpter LI, we are “concerned with the Noether radical ot' twlsted

pn:ynnmm rings with zer0 derlvmm. ‘ .

\n ehapter’ 1V, we. describe the’ endonorphiiéns of o twisted potynonial

ring which lenve tha coefﬂcients um:hnnged

- I chapter-V, we consider nnly twlsced po1ynnma1 ting: wu:h 2ér0 detiv-

ation.” Here we study the- aucomorph:sms vhich rastrict to the idencity man]
on the ring of caefﬂ:ien!s. complgte results ate obtained for comutative
‘rings witha regulur element. . . 2 o

1€ tio twistod polyuomm rings aro isomorphic, vhat can be saw about

their ringﬁ of coefﬁcxentﬂ We lnok into this uestion in thﬂpter vi lnd,

in chnpter vn we study in detsu the example. given by M. anhstet shoydng

that not evory Ting is infariant, ’ AT T e
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He aeﬁna‘mo msced polynomial r:h\g R, [x] where R ;sa nng. a m_ .

Rutomorphl af R 4 an g- deuvauun ‘on R and i an 1nde:eminate.

Twisted pnlynmnml Tings may be deﬁned also when a is a nng endnmorphxsms

of R but chen some ustucmons are usunlly ‘made pn R and sonetimes on w[s]

e study briéfly ideals and quotient rings in n [x] and give a

mmp"xeee déscription ‘of the centex’of R Lol When R g5 gield, nott oL

necessanly cominu:anvo the center .of R v[x] has been descxihed by J.B. .
Gastillon 1;1 [2] _We Also discuss the units of R [x] in’ some specisl cases,

1n chaptn 1, yre ex:end :herHilhert basis, t'heormn to :msted-polynnmal
rings. For commutauvn rings and" zero demvatmns we prove that, wnless Il
hns 1demty, Ry [x] "cantiot be ‘Left (ugh:) Noethenln. m@ extends-a result
of R W..Gilmar [6]. +- For rings with, identity and m somé btl\er cases, Ru, W-[i]

not Artnuan. " o L -
G . : p .

=
In Ch-ptex Ill, we ponsider only zstc dsﬂva.tmns a.nd assm thut l? has ¥

" dentity - Even index: such restnctions, Tadicals such ‘as ‘the Jacobson radical,

ens. mlr.h more dxfficult r.h vﬂ,th emnuy poly="




* cases by J.B. Castil).on [2]: ¥e close Chapter V by cmsidﬂrln{dﬁe casé of

- Gﬂpter 1v e are concerned with those mio-m-phms of R ‘,[x] 2
which xestnct to the xdentny map on R, i.e. the R-cndmrphxss l_e

find sdpecific tonditions in specxal uses for substitution maps in

to be x-endn-arpmss. We then assune ¢ = 0 and determirie all

- Rendonorphi sms of R [;1 whén R _is commutative and. has & regular. elzlent.

m\m “done by R.W.

mm for -the- nsual polynomll nn, in"f7].,"

' For the R-lucmnerph)sms of Ry Bl » we fust restrict mlrselves m i

.cmmunnve ru!gs vuth“n rezular elemeut. We note that 1f i e

IR SR E‘ni" mduces an Rrendamarphism of R[x] thn .
= T x4 ".lx""‘l commuites wnh eyery clemént in R uoreoui-. if

t induces an R-nutmrphism of Ry ot isa unit both in R [x] and in
Rix] " Using these f.m we are able to’ £ind, necesmy and suffn:ient condusm

on the r,qefﬁcunts of a polynmal it for t.he induned substx \IM Illp to

be'an’ n-mo-orpms- of Ry [xl. For the case &= 1, theorent V.7 was plvvod-

by R.W. Gilmer in [7). m&nn V 7 has also been prvved in certain speciu

(not necessanly ee-)tltxve)'ri.nz nrh 1d-ucy. llsre ‘we use some x-:snlts

proved in [5] ¥ *5 5 * LI -

In:Chapter VI; -L consider 1so‘-n:ph1c tuisted poly'nonill ;ygs. Most of
At

the" resilts in nng 1 eory- used here vln'e nken fron [13]. We provée that if

Riand § are l:ammut[:ive “Artinian fings mh igcnt;ty‘und R [x] }4 5 150-5 .
‘mrph.ic to  §[x] " then the rinzs “/J(R) m) S/J(s) g

Genatauy. we could ask whether a rifg isomrphisn R, [x] = S;[x] would
i1y R='S. We know that this is not aliays: trug, for'a cuuntereun?la was

;ivan by M. “Hochster in [9]. | We reserve nnptar VIT Eot etailed stvdy of

tlns cumteraulple. l e Loran 4 R




" isan endnmorphism of the additive growp of R,

. LCHAPTER 1°, ©- : !
. § PN ¢ ' PO i
Definitions and' Prelininary-Results .
. b

o
] E
"We begin this chapter by making sone deflmtmns ‘and prov)ng smple

Tesults: on derivations. m doing'so0, ve estahllsh ost ofthe ‘notation used

titroughout this. thesis.” LAY

ion.

Lét R bearingand a a ringg} u‘comoxphism of R.. An endo-

murphlsm v of the undex'lylng nddxtxve group of R

is an o-derivation on R

if n sansfxe.the propeuy-' 'W- v .
L B _x'{_a,!;ex 4 w(ub)=ri(a)w_(b)¢_‘w(a1b §0 L B

The sun of o -a- derwat:ums on R is an a- denvmon, _Alsg, if ce€R:

defined by (cy) () = cy(r), is an’
" dmvanon xf cE cm, the center of R.
2 e

and w +is an u~der1vatwn on R, wch

_ We dcnote the graup of . the ring automoiphisms af R by Aut(n), if y
we use- s:ther RIOC I
o'indicate the inagé wnder v ‘of an ¢lement e x

Alsn, if 1,6 € Aut(R)

and TER, (¢ )"""‘
S . ¥ 5
fron R dnto R hy

Let o € Aut(R) it €R; we define v" .
(o5 g 1T, :
V) 5 ab < b

for each b in' R, Then * A _xs an u-d‘erxvn:mn on. R,

'In fdct, Yg @ =0,

[b&*z)-u(bm)-fmc) a,b-h?s+l -
ac-‘o“-u o ®) 30, (c) -nd\ i, B

(bc)=abc—(bc)l'abc-bca #bac-bac=

(c) g8 MO
v, u e vhbru 1 the identity au:oemphm of R.-
mq;denvmons va,

I A cw®,

“are cslled ‘iriner denvat:ums [5, pe- 2951 lf R’ has
identity, Bu{' =1 - As ;hen nn xmm' derivation on )

I, R has no idenuty




o

o f

. het, a (bc)- e - (bc)“-hc -h“c“ e st = n ©

no imner dmvluun cquals g but even so g is m'.-dérivaéinu"an Reomt

(b)éI Later

on , we shall see that 9 md all inner d:r;ntims are "tr)vnl" However

, trivial, t}hy do puy an ilportmt mle where t]u camcr of * u_'[x] or

its R<endomrphislu are concered. E

* Definition. let R be .mg,' & ‘an auto of Ry y m

on R ‘and’'x an xndeigmmc’e.. The " tuisged polynomial r‘lng ‘R [x] is the :

set of a1l finite syns 21 » with coefficients in R, ‘d.e. T .

[x]—({-x ;ql-u ud_'iia-ll Vi> 0},

u.‘P

Mnne20, Ya

.. Filling up vith zeros the places of the sissing cosEficignts;

2) @)™ = e - T ey

f“-)ﬂ'l)f( )(t )~(u“‘)(b“x"" Va> o

V 020, Vabe R and gxtending ﬂus -lltipuutim “to nny m elezents ul

) ﬁylmemty‘ ) R :
simply n;ens the element u,n: [ o u:ed-it i ¥
étive adfbnition of miltiplication in Re o],

. q . ’nm s’ynbol

\2) o emphasis the’;
rings-with identit) ﬂ\. mupnmion s deﬂm simly.by doﬁninl

saxdl e’ as i [2), [5). and. [12]. .

Inurdermpxovaf_\ut R [1] sndeﬂndi.sruuy a ring, mstshow
)

- “that llxlti]lhclum is ;sgm:l_a.ﬂva. Todd thh, we. dn‘lva a fo_llxﬁm the




. g . 7

multiplication of two. mononials. ®

>.0‘be such that' m

5 47 We define 7§ (1)' to be.the +1n -+

- let m>0 ad

"set of all possivle pe‘rmunzibns of i cvpi-s hf @ lnd,m Z 1 coples of ¥

If e s {4 ‘and b e ROV i :he imge 6f b unden the nompcsitu .

n). if ms i u<o.

.(-o:l:e s(:-n) V:,-e z., .

m m be ncm-l\ezitivn i.ntmrs and. 4,5 €

product (lx ('bx ) 15‘ d.ﬂned as Iw!ere, then

B o (nx“)(h.)- g
Gl .- 1m0 tes;(t) Q

Proot, Wo'uss indunitm onim If mE0; (2 is ohmmsly e ,Ie
suppont.lntlthldafors_ =20 ndpmcoodto‘yma:hnitisllso‘
true for m+i. ¥ have bt 3




It fenains to prove that the
- and 3t i3 enough to .show ‘the 5
V a,blee R -and- ¥ mn,

on gn 'm: .
'_tli'eh. :[:(I‘_:x';‘))]'(c‘xi]v

. inducti

by proposition 1.1,

b ¥ 5
“On ‘the bther; haid, a[(BXN(cx




L . . i
A & - :
i 5 LUK B 1
.7 on the\other hand, by propos:non 1.1, [hx )(cx M o 1 .o
= @™l I £ 5% Tand this, product is, accordmg tor (%), 1
4=0 k€S 4:) < -y s %y
n - s V
@™y § St hich ‘equals [ )(b“‘ + %01 { 1
i=0' gés, (1) =0 £€S (1) :
because of the definition of mileiplication fn' R, [x]. *He now “nake use’of o
th= hypothgs.u for mducnon to-conclude that . - B
: s .
(ax'““)ltnx Yt = (a Jl(h'“ 800, Z DG | B T
0 gés; Sl .
' it  He want to SRS nght ‘hand-side of (4) equals the right hand- side "
PR o (5). We" first note thl B,ee R, Wi 0, T o
Pyle v 7 “ R
3 R T i1 P oed x LT
. . [ R I SR c&x**% (6). In fact, by the definition
. W i i20-g6s 1 (1) ‘ v -
2 1 . YA ;
SERGTEpTIEaEtoR, TR T Z £ L DR G Bt
. . . i%0 ges (i) - . i%0 ges (1) L :
5 r.he.proof of (é) is thén sinfler to. that of*(2). .
N s aty B . v
K ‘anlly, we'may: write - ) . X
o v B v 3 ,
. Lo e %) z ] L) )
x B o T i=0 £és (1) L i=0 gesﬁ(i'A
el . . . #
) e (ax'")[(b“x )exh) + o x“")(cx_*)] R B
, A0EES @ X i oy B

antl ol N T

nx)((b“x #bx )(cx Caed,

# \In the case &=l and w =0 ve hnve the usuﬂapolyhomu] ring Rlx]

e In-this case;. R[x] s :clmnututivs if dunly 1f % cnmmutstlve. The:

_mext. twa propo:itmns show that ifreither ~a # t or w # 0. R, w[x] is

v, e . commutative i’f and m!ly 1; 1t 4s" 1somorphit_:_to ,R[x] and R is commutative.




gl s 8. )
k. " Propositional.3. Let R be a ring with a regular element. Then,. Rﬂ *[ 1

is commutative if and. only if R is comutative, a=1 and ¢ = 0.

Proof. - If. 'R’ is ive, R[x] is Corversely, if R, ,[x] K

* " is commutative, it is -imediste’that R is commtative. let d € R be

o

regylars for each € R, ‘dxa’= d(a* + 2%, by the definition of miltiplics

ation in R, "[x] smca R, y[x] is commtative, dxa = adx and ad =da,. .

: Hence, _ dax = da’ + da% md, because d is regular, a’ =0 and a®=a
. for each a€ R. - :

Proposition I.4. If the.ring R has no regular elerient and- R, lx) is T ey

comnutative, then Ru;w[x]ﬁ' R[x].

Proof. Since B ', [x] is commutative,.for each a,be R, axb-= bax and”.

this fmplies ab%= 0 and ab® = ba = ab. Then' V

h‘xk'.", = abx™",

{ ' 4 kza ges (k) .

The -ppinl ot R '[x] > R[x], defined by u([- i) : Ja

clearly 1-1, onto and additive. nm-mex,

a 5 n
oC( ) -'ix‘)(_z »‘x))-o( Z nbx“’)-a(i -x)«(i box).
©d=0 *i=0

“This proves that ¢ 'is Py Ting ismrphisn. q.s.d.

If R is lny ring and f isa nonempty subnt of R, we know that I
is a left (right) ideal in’ R if and only if 1x] is a left (right) ideal
in®R[x]." Wa Took now into the same question fof the moze genernl case

LV A : .




“and m.= 4= 1: The converse is true for any ring. ' g o

Proposition I.5.. Let -I beanonemp:y»subset 6f R.° Thé, subset

5 = (Ja;x Ru,w[x”‘ié I, Viz 0} of R [x] is a right ideal in R . [x]
‘if and only if I is.a right ideal in,-R. 4 : . T

T moan_ . R £.im
Proof Vaerl, Vre'R and- an>0 ax'rx =48 X €S

iZO césm(ij .

Jif and nnl.y if Vael aﬂd VreR, arel
roEasitzon s 6.0 Let I+ be a nonempty subset of. R. The 'subm \
. 8= (fa e R w[x]ln €I, Vi 0} isa Teft 1denl in Ry [x] if ghd only

if Ym> 0 and Vi such,t.hnt O:i:m- -theri, RIC T ;)(IJ] e 1.
Proof. Vael, vreR ad Vmn»o0, mfal ') Ex"“ es

i=0
if and bnly if Vae 1, v:e\n, Vin2 0 nnd Yi suc'h :hh icm,

Ko

then r f  afel P
gésw) ¢ e E .
o

" Remark, If we set == 0, the ondition in proposition 1.6 reads: I isa

left ddeal in R. More generally, For each: m > 0 'ws have Ry (I) &1 and |

Ra™(I) €1, by setting i"= 0 and i™ n, ‘respectively.

,.let S beas in proposifion L.6., Them:: . T
A G

Corollary L7y 1f R has ddentity, S is a ot idesl in K L[] 1f andonty
1€ 1 is a 1ef¢ ideal in R, (D €1 snd oD) SL-

Proof. If S is a loft ideal i R o[x1,, o apply proposftion L6 set-

ring r=1 and considering the cases.when m=1=0, m=1 and i =0

Lat 1 bed onempty. sibset of a ring R, stable undor the sutomorphism

“a “and undbrr the u-dnrivatinn w snd lac S be as nhuve, ptopositwns L5




and 1.6 toll us thet $ is an ideal in- R, w[x] if and only if , I “is an
idenl in R, -If thls is the case, .wg msy form the quotient ring R [x]/s,
and we would ijke’ to, find soie Telatiom het.ween this ring and the quotient .
ring, R = R/ If we make the additional hypothesis that a1, 8. is

the the ring 1 w[x] and wé can define also the mappings a , § : R+ R.

by &() = 3 and, @(;) =J0), YréR & and §. ave additive mappings;
a . is also multiplicat:wa nnd onto and; since. a(I) = I, .a is injective. It
is edsy to venfy' that § is an u-denvntxon on R. With these nonticn‘s in

" mind, we may stato the following prnpusition. )
. . ¥
r_ogosniun 1.8. Let. R sbe .u' ring,‘ o« an nuto'morph:\sm of R, ¢ anaq-
'dmvmue on R .and ‘I @’ two-sided ideal in R sich that a(1).= I. and-

GIx1 =R, WM/IJ m

Y ST Then Ry g

Proof. We define o '~R v[x] > R— -[x] by a(frix ) = Zrix + Clearly, o

addxtive. He' now prove that it is also multxylxcutive and lgn!.n it is enoug}l
OARS-

m

to prove it on monnlninls. We havq a(rxPo @) = " sx =3F -
s i=0 z'es‘ (1)
vheze S', ‘is the set of all possible’ p:mutntiuns of ‘i copies of & nnd -
. m-d4 copies af §. On the other hand, ‘

(rxs’?‘J—utrZ DI T

ges; (1) B i=0 ges | @)

Since the canonical apimnrphism ‘wr R R estabiishas a sét ismmhisn .

between sm('i) and’ §' (1), W6 Sy imite ) 1 & 5

Cesi v(rx")a(sx ) = o(rx, sx-).




ht’i.nd' C; We'collect some 1enunss..

Hertce, o e s o

- ‘%"F*l“‘a;l*lll wi e

. o,y U
We study now'the centar C.'of Rv w\[:(] If R is a field, not necessar-

Aly commutative, J.B. Casullan used a different approach in [2, pg.- 28] to.

- " » . ’
m . J s [ & X o
Lonmi 1.9." 1£ _anixi iétcentral dn- K [x] then R@bGa) - 0,@ 1)) =

=0, Yizo. . s

5

" ‘Remark. . As usual, we set 'ui =0 Vi>m andalso a) = 0. -Then the notation

n
Lo
L k0 1k . ges, ()

above is clear and the lemma '1mpues “Ru(e)) =0 ‘and K(a - a%) =0, .

Broot. Lt b Ry since [ ajxt: is central wehave

1o zzz'h“"z'?zb“"'
' X = UL o8, X
i=0 : 1=0 k=0 ees (k) k=0 i=k1 ee'si(k)
g ‘m * . . - i
ie. bay = )j 5 ® o, Vk 200, = ! : ¢
< L 5es (k)

" We misst also have Z ax bx = bx Z a;x* 5 ‘this equality nay be veuritten

B

. . . m‘ &l et oA
5 3 b “‘T“n b igo .;;:i +~b 120 'ai"xrh.l,“i.o.' , Yk 5“,0 -
?. a J bt =~buV +.bal ‘(zv) My,
1 i k«-l e 3
S ot -

By complting (1) and: (Z) we nbtni.n buk = bak*l + blk or"

bw’(‘kﬂ) -0 (ak)) =0 Vbe R, Vk > 0; .this 1s glso true “for k = -1. We °

conclude that R(o(u,) ) (‘m” =9 Vi" o ;

~




A

Corollary I.10. If R -
central in' R, [x],, then ¥(2;) = 0 (a; ) Vi 0.

Proof, By lemma 1.9,
: Jios
element in R; . then d

a %y

w(a)=e[n P Viz

Lemma I.11. Let aj,a;
\d

Yok o
bal’* = bay § .

grocf By inductmn ‘on
hy its hypothesis.

Suppuse it is true

.ﬁrst case, we have bn.

a1

a,

-

JIn the second case,
‘hence S

0 08 L 8 a8 Y

9 PE oY b“—l

he

Let 858,

! Then Vb

s ';b 1-%;',

8
“bay.= ba,% . then V20, VK<)

Ci=1

g m . 3
is a ring with a regular element and ) a.x is

RG(s) -6,6)) =0 V1207 fst d.boa regiar

W“ﬂ"%“x.;)) =0Y ir_{ 0, implies
o.

. 8 €R be'such that’ VbeR and Vizo,

5. Vees 0 md voer ' i

§.If jEko=

R .
for any j<j &y >*0," .and 16t ‘zss’ (k). Eitl
. o E

g = E'Ba witht ey kD of =gy with Bes 00, In'the
0

(213 b;ﬂ:%i'ou .
Y of' o,
) G
i ud e "“1
e have (b“‘
g v
-1 .w .
B ¥ YO

8408"

<o) 8 € R be such that ba{ s

e R and Vj,t such thet’ 6<j<t<m,

A;':

{14

0,, then &-=.1 and the lemma holds—

her

|
|
|
|-




-}(unce i

Proof. By mdn:uon on. t.,m €50 thn j =0 and Z )

t-1
= ba =ba,_.. Suppose b § ' J. E=|m' .
LN fet155 ges;(e-1:p OO0
b
consider’ b | [ ¥ with j <t. As before, we obtnin

ist-j g€s, (t-1) 1 ) .
Y y
L) az=b J ot
i=t-j Es; (t-1) imt-j 5&8]._1(:-1)

lemma .11, this equals

LD o - L ey
is=t-, i GES; (t i)%-1 - 1-:-3‘ AN 5

A I )
ist-j ges; (e

rne last two terms add up to oy since 5.1 (7).= 8 (:1) = 40) .

afab 48 .
: ;-E-j césj (c-p“’ s 1-%4 czsj_rl(t—i) i1 \11;] 1ges; 1(: gyt

Stel
b

- a;s}.ncejicxuesJ-nr.-L
intj ;zsj_l(:-l-i) 4 S 3

our hypothesis for. induction tosconclude that
B R P
ot E

I~ = ba,
ist-) :esj(c 1 1

t-]
lomna L.13. Lot a8, sy €R ‘b such that rm‘f = bay - “,

and Vizn. 1'hen Vn>o nml Vb,

woaby en, _'
m. mn -' E
apdy = T bt

X
t-01+j=z’i,

| ()_'bjx)( in R, VJ['x],: .'

Ptcnf. Accnrdsng to prropisitlon i1, [:2 bjxj)( Z aix 7 =

J

Tem Pt
=3 L, j g I Ekﬂ.whers O<k,0‘i=‘mvtn. ‘If we.set k0i-z
14=0:§20 J k=0 g€s, oyt 1 . o

md put togethn s!.muu' terhs. we obta:l

¥ ;
b j o,
sk césjﬁ‘l(e»i’-ﬂ.‘

ok & ¥

E
1=0 ges; (i]

wl\eru'. jet-1;

of

uoE ,'
1t

ab =

‘We.may .use

Yb &R

5 by




(be)tlaixnl

n
'1£o jEO 3 szsj "

SRR BT OB o P S SRR S
, the
1450, 3 120 g5, (e 1) * LER0 30 3 1) gy - 1) 7

1ast’ equality being justified by the fact that S;(t ') = OFiE 1<t g

. Then, hy lemna I, .2, . A i .

j Ty =‘mm n,o
(j{n_bjx)(.znnnix) 2_ vA):ﬂhjat_jx { {obj .t téoigth

Wo now prove our main theorem describing tho center of Ra ‘b[ ] .

Theorem 1.14. Let -C be the center_vni Rﬂ JIXT7 Then I nix" C if and
P : , o # i=0

oily if Vb €R, . . =

) ¥
Vo o
1) -oobaf=bay  * Viz o oand

m & : .

: B

2) gad = 5B & Vk such thit. 0 <.k < m.
Lk ) h 02

Proof. * Suppose El a,x" €°C. By lemma 1.9, Vb ER, b-}f = bay ) for
i=o b, b " -

each. i>0, - , & <

Se, vy
1 Let ,b sbpsevisb € R and consider the polynomal 'Zo bjx’ . -
50 3. 2,

Since [ .

" mn .m 3 gommet o on - ot ¢
8 viba T b iEx® 5 because of

uzo.jza 1={-j‘ & 525 @y i :Zo 1&0 j=ig-i 3 ;ésj(t-i) A

lemna I 13, we concluder thlt 4 = . %

T Pual Wt 3
. 3 bix" = £ . @
=0 jgu i.=t—j ;ss (:-;) E it AR o Rt .

For tl\e pmof nl

z), ve, proicesd, by mucmn on K, - Constder £.50 in




-aiki,m. i Y

w1 sy VAP0 amd -

n 5
Ta 1 o = boay Vb €R; hence’ 2) HE¥& for k= 0. Suppose
i=0 ' gés; (0) @ .
it holds for any £ such that 0 <2< k<m In (1), tak.e t = k. Then
S f by by ‘the hypothesis for induction,
ges; (k-1) 7 m—k 4 s g
)lf( Lm oy - o

I a1 L= Z ‘
j=1 i=k-j E;ES.(k-j) Jog= J&k"
By subttu:ti.ng tl\e last equnlity from the previous one, we obtain

no
I a Z b‘
isk ‘cE.si(x-j) <

Conversely, subpose ‘e,

. any polynomial in R, w[x], By lemma 1.13,

mn 3 all .
(ji bjx el ax) =) ] bjnixt on' the other.hand, .
=0 =0 =0 i+j=t. s

"J- :

m+n
)<E hx)- 1 D! j
(20 an istaj *, EeS (t-j)

b5 <, hy' 2., uence,()',hx)(z

-)(2 th) VZ bx’en w[x] Consequently,.

j=

120 a;x € C. q.s.a: . .
- g

Remark: I the ring R thas a regular elenent and,if we consider y-=

conditions in ‘theorem 1,14 will read as follows: et

g

°'k Vb, € R. Hence, "2)holds for'any k such ‘that

n
8, satisty Land 2) 5 let I hij be
j=0 .




In t.he case when R is a fxelrl, not necessuuy co—uhuve, t.hxs was

pmed-by J.B. Castillon, 1n [2] s 1% . &

The next corollnry xs also yroved in [2] when R isa field, and y'= 0.

Corollary LS. lLet R be a commutative integral do'l:in, o _an 'nutnlorphhl i

Of R suchthat ‘¥ # I Yk >0 and 4 an a-derivation one R. “Then the

center of R [x] is equal to. ker y A ker 6 . ’
h w.y ! Lo,

: o & ¢ 3 B " s
i Pxooi Let ~I at v dential 3 by theoren 1,14, mb" = b, Vb R Loy L
| A
Sim:a R is comutnti.ve, *a [ b" =0 Yha RS !ince ok # I Vk>0 1
and since” R is an imeml donain, a_ =0 Vu > 0. * Hende the cenl:nl C Tt
“efements of R, [x]  are in R By corollary 110, iif ‘a€R is - central \
in R '[x], then ' v(-)-o,md s (a)-'(o)-o N & N §
For the conerse we note that theorem 1.14 implies that ker v r(‘ker ) ncm
is contained in the- center of R, [x] 'in all cases. S )
5 - . A g 2
Corollary 1.16. Let R be a ring witha regulir elemsnt. . Then Z 4x s 3
2. %0, :
central in & R [x] - if and g if a € ker "a and '_ ,-1 ]
for each i> 0. : & S
o . \
Proof. Let,d bea regular olenent of R. “Suppose’, ): ad is central, :
By theoren I. 14, AW (ay) - X 4 (8540) = 0, and'since ' =0, we hava B -
84(53.1) = 0 ‘Condition” 2) 'in theoren 1.14.and y = -0 yeld Ya, e o
: 'l'he converse is a dhact consequence of r.hwnm I 14. . ; ¥
Fe msider now the case, uf « r:lng bdﬂl idmth.y and study R _v[xl' #, )

the set of- all invmible ulmts i.n R [x]. Only very partial results.

are obtained here.




L * 'Proposition 1.17. If. R ‘is an'integral domain, Ry y[xI*=

Proof. Of course, RER w[x]'.

Let m> 0 and let 2 a;x" be invertibie. Then, there exists ) bij
¢ j=o 1

in R} w[x] such that ()‘_ ax](z be)=1, wies! WS 039
Ca et NP i 3
b La by =0 as the caefﬁuent of ‘x"'". Hence by =0 Vn2 0. Continuing, .

wogst b =0 Vi2o and thus (fapd)0 =1, This contradiction came fron

i
supposing 1 > 0. Hence,

Rﬂiw[xl} = Re. Lo ey

Definition, - Let R be a ring and -a n automorphism of R: An element a of °
e ¥ " n .

0.

R is a-nilpotent if ‘there exists n >0 s‘uch'rghac. aa® ... a*
The next proposition was proved -in [4] for R[x] where R can be any ring.:’

i . S -
Progositiml 1.18. ' Let n bea comutxtive ring with identity and « an auto- °

g o mrpllism of R. Then R* = (R [x])* if and only if R has no ponzeroya-

mlpoten: o1 ements. X

Froof. Suppose R has no’ nonzero u—mlpatent elements. Let £(x)

809 = 2 bx bu such-that £(x)g(¥) = 1 in R} [x]

Tt  n ot vy L !
. ’rhen i ) a;b5 X ‘1 snd this\xmlies’ ab ='1. Hénce, a €R*
isfe0 - 0%, o € )
o~ énd i€ m= 0, then'nm = 0. By,symetry if m2>.1, then n> 1. Inithis

: Y
case, wé proceed by induction to reach a i We have ab * = 0;

" suppose that for each: k' such that. 0< k < y 3 m.

; Lk guekel ) Lol
R W a2 b Since ‘m"n-p-1 o i b

*iaat
m-kn n




=0 for some a €R

d hﬂm_Pd ol mén’ i
LRV as the coefficient of X »
v x B QTP mopl m
by multiplying this equation by b} * b .:. by, we'obtain
e i ‘ i Vi 9
_ S, o wder &l
o =0 By iiduction, a bR .. W) = 0 sjpce &
b, i a-nilpotent; hence zero. We have then n > 1..and
n21. Hence n=0land R [x]*=RM.
i ¥ . . - .
Now suppose that R* ='R [x]* ‘ind let. aa” ...
' and some > 0. Then, . e et ",
T e e ax + aa% ¢ L. aa®
" which implies a = 0. . B g . L h
. va
Y ot
[ g 0 1
. ¥ s ' ;

N




CHAPTER IT 3
. Chain Conditions R e
] ] ' o

- In this chapter, we deal mainly with rings with identity. We extend the.’

Hilbert basis ‘theorem and also,a wesult by R.N. Gilmer Jr. in [sj L As a
consequence ve sse, that if a ‘mj R s ive, 1o cwisn;u ial ving
w;th cneff:tcxmts in R ma zero derivation is laft (right) Noathenun uxv.hout

n R bemg Both left.

. R. and évery twisted pol 1 ring with
and right Noetherian (including R{x). Fmally, we prove that no tnsted poly-.

nomll ung wlth cneffic:ents ina Ting wi.th identity is ‘either right cr lsft

Artinian. We liso prove that if riot every elemént in JR is u-mlpocem, then

. R,[x] “is neither 1’ef'_: nor Tight Artinian. i g 9

Dofinition. A fing K 4s lefé (right) Nnaﬂleﬂm 1 for every ascending hain

[y
o thare :s u—pssitive intexer

-of left (right) ideals, A, S EnE Ai €.

+ " n_ such-that ‘){M‘ =K, Vk>o. v

It is a vell knomn result that a-idg is-Teft (ﬂzht) ‘Nootherian if nnd 3

only 1if ‘every left (right) ideal is ﬁnmly génaamed [11, Pe. 22]. We seed

h' identity.' If R,

g Pmﬂsiti«m II.1. Let R be a rii\x b
‘ Noecﬁeﬂm sods R [x] for ‘every lutomrphxsu o of R dnd every Ly

denvation v °B R.




hen:e, 3'2 (a:l + by )xJE A

.2 a'jijA with
e L T

Nothorhn, 3 n > o sm:h th.lt -




z

. twisted poiynomial rings with zero derivation.

j
" and has dégree less than m which contradicts our choice of g(x). Hence

' cag's in R e polynomial g(x) -

— g
LAz A" and Ry '[x] is therefore left Noetherian. O 4

¢ Theprevious proof is much ‘the”same as that given in [11] for Tight . . .

Nbeulerun in the case a = I ;nd v = 'l\; ao-plne che prloof nf pmposhion .

1. 1,ne mst still :)\ov that if R is right Nutherun, R. [x] also is

right Noetherian. We do :m by fullo\ﬂnz axnctly the pmaf gwen in [11]

with two changes: o

_ In order to show :h.i theisets A re x| i Z i xj €K with ag.=r)

closed under mh: multiplication by elements’ s n? R, we mulhply

-1 : .
a3 by -s“ © on the ight' and ‘obtain the, polynontal 3

3
f asfoa kg -with 1'e-.ung costficient as.”
k—D ses ®) 7 s -

i

“To obtain the contradiction after choosiig ‘(:J in 4 but mot in A,
k

_wé consider the po.lymuul g(x) B Z p-J(x)c.j "

R.W. m-er has proved that u R is a comutative '?ng and  R[x] . is
\Nostherian, then R contains aniidentity [6]. We exteid'this result to =,

1 . .

! Proposition I1.2. If ‘R [x] -'is left (right) Noetherian, R is left (right)

Noetherian, . 3 T

P}oof."::on’stur the mapping o 3 E() + £(0) of R [x] omto R: It'is'a

m.. ﬁ“ Boporphisn, fog; the constant tera of the pmdm: of: two polymuh.ls in
[x) is the product of th- :onstnnt terms ol t.hnse polynomials. ..

-




Let Ay /-4 A L EA € ... be an ascending chain of left (right)

ideals in R. Let p_l(AJ.); “we have then an ascending chain of left

(right) ideals in R [x] and since this is a left (right) Noetherian ring

there exists n> 0 such that K .= K ,'V.e 20, Hence, A - =A, iz

\. N v . .
Proposition IL3. IfR is a commtative ring and R [x] is left (right)

Noetherian, then R contain$ an identity.

'Proof, Suppose R [x] ‘is 1éft Noetherian. -For each T in R comsider the,

chain of left ideals (r) € (HI°X) € .ou € (1%, cvost® X E

cause R [x] “is left Nenthetmn, there exists n> 0. such that’
n+
~ Te @, v, ), dien there exist polynomszls £ = )j 5

in i[x] and integers n; such that

unrl N+l ot @ ai' . ,ﬂml uno_l
£ e £ fi[x)r_ s i);'onir_ x* ; "hence, 1* = fim’i*lr 5

n ol - ’ S
By setting g = Z f‘; n-is] * we lssocine to,each element r in R

mothpr elenwnt g sur:h thﬂ.t r= 8,7 v o ‘, - .

Let (rl,rz,r..., rk) “be: my finite suhsef. af R. then, thers exlsts

u, E R s\mh ‘that LTy = ULy for e.lch Ba '< i< 'k. ‘We provethis.is tmg b

when k = 2; the’ gmul case follows by’ induction.
N let g ‘and g, -be such that T, = g ‘and ¥ gzr Then,

=g * gy = 88))7) and x, = @ *+ 8- zlzz)rz. We take

.
u= gt g ; 58 Smce R s’ cvnmmtlixve, 1) =ury and T, =ur,. ‘
By p» iL.2, R’ is srian and is fore finitely®

8 P b
as_an ideal in' R. ' This ,means, that we can find a. ﬂnita subset T nf R

.which generates R. Let © €R be an.element such thnt t-="et for each te T




" "Llof 1e¥t (right) ideals Ay > AZ, -

Then . e is the identity of R.

1 R [x] is right Nostherian, ve consider the ascending chain of xight

' ideals () (1,1X) € .., C(:,.z'x. il X )c - and _associate to the g
i
element .z an-element & izlf‘:'“'”l by following the previous proof; 5 :
" making the obvious chmges. ) 5w e 2 :
: ¥ VS ) 2

© Gorollery 11:3. .Let R be 2 commutative ring. If for some’ automorphism v of

R, R_[x] s either. loft or ng,ht Noetherian, *then R [x] is both left and

Byt
right Noetherun for each § € Aut(R) and each g-derivation y on R.

{Bioof. Lt S {x] 2 Yo left (right) Nnethurim, by’ proposition I1.2," R, is 4

Noethanm and by px\:pos),p,nn I1:3,“R Has ai identity. Let §. be an

ﬂutomurphlsn_: of R and y ‘a - on. R. By ition 1I.1, Ry w[x]
is both left and right Neotherian,' = e =

ition. A ring R is lft (right) Artinign if for every descending chain

there exists a positive

mteger_ <such that © Ak = A V>0 ,

ngositmn ILS: let R bea ring with memzy,'u an automorphisn of 'R
and’ y an,a-derivation on R Then' R/ w [x] is neither-left nor right
Artininn.

o y -

' ‘Proof. Consider the chsin of left (ughc) ideals” (x).2 (xz) 25

in R w[x]. Suppose nhota exists n> 0 such thst x € (x"*l). Then, thera
exists 200 € R, 1) GO € R gL, ot e ’. ot
" » 4

W ey v-f(x)x"*l o -fx"‘lz(xn

" which is cleaily inrpossibl_e.




The last proposition can be partially extended if we consider: zero
derivations. - - L 0ot }

g ) % . ‘ : ™
Proposition I1.6. If not every element in R is a-nilpotent,” R x] is,
neither loft nor right Artiniam; . .’ N - v

Proof.. Lét. a € R be such that “aa® ... a nlf 0, V¥n2> 0. Consiger the -
descending chain'of left (right) ideals (@02 @2 .02 L
P 9“1_'1#)2 o 1£ B.lx] vere 1eft (right) Artinian, there
should be-an 0 >0, X 3

such that =
o n-1’ mo i el et S S x
& s Thatat et A, gl .
. : “ogmp ET ) ]
TS R : S ey
b,Y . xAML M gor right 1dedls)

..a% .. =,0 which contradicts oiir assumptior

an-integer k - and elements )bbi,?;;bm in R/ P

i
e




CHPTERATI .

The Noether Radical of R [x] Y

s v

*. Definition. A rad.u:.nl property § ign Amitsur p\mpmy if for ‘every Ting . i

U R pRID = GRI AR Dol

5 e prine zadical, me Noether Fadical and the Jacobson. radical [xs]

" propérties are ‘only a fox exangles of Anitsur pruperr_xes.‘ Others -are givan in

Cmamampoy oLy

_ For tuisted polymml Tings, the situation seens to be far: more: complicated. . .

Fof instance, not éven 'the Noether radicgl satisfies a/f(R [xD) = SR x1) AR Glx]

fo:» every rmg R and every autnmtphism ‘a of "R e g1ve in, this chapcar

.. a.description of MR, [x]) in temms of the coefficients of its’eleménts.: The 7

. Jacobson and prime radicals: seem more>difficult to describe.

P .

. Definition, Let R. be a ring with identity. The Noether radical of:.R “ds - . =
o L Ctheset e HET, ol :

- MR) =.(&e_x|an is nnp\:m.c) [13, pg. 59].
" . Lema III1. (//m) is anil 1de£1'1n R 3, pe., sy S .

n and [bn)"»= 0. Tl\en, a4 b)n)k‘“ “

Proofs If aned{n), let (sk)

E1CEY e

which aqv.mls a.5um-of produsts with X +.4 - fattors

oy .
’éach; ‘We cons:.dar in each pruduct the first- factor to the 1a£t, ‘suppose it e

< is aR. . If aR nppeau it lesst k' tines in ﬂm. pmduct stiice " gr’ s a
pight: 1dat, the whole product 15 cpntained 4.1 @R)* = 0.7 1F i that pro-

© dict ‘aR uppears less than | K tines, then. it sy bewritten as

(aR) T




. e have tl a xmh

Hence the whole product is contained in (aR)™(bR)® =-0. Thus -

a+ bed®). Y Lo By "

since: 0 €H(R)," H(R) is a subgroup. .

26.

I a€H®) md TeR mRSaR ;if @)X =0, then (arR)yx 0.

Also,.raR SRaR’ and then

(ran)mc R . Ry R RGR) ko

P since ae me) implias thete exists k50 such that &= 0, ‘the

ideal .}((R) isdin, o

Lemnu 1112

Aence, ar, nér/((l{)

2 Axedf(n [x]). if and only if axErA/R [x];\/n 0.

Pmnf. u a;x edfk [;q) V1>o, then Z nlxe()f(R [x]) because the
. viz0

Nnethsr radical is a subgrnup.

1f Z a,x’ le(R [x]), there exists k >0 “such that

=0 \itzL - E 5 jxj € num Cunsequuntly,

t,

m-
' .K’.,n *

Hence, ax EJfR [x]). By “induction, axe ,)/R [x]) v i > 9

7, 2

X 'Remark It segms vszy diffn:\lll: to obtain the snulogue of len

and’ Jacohson radicals, 5 -

o~;Vg ne a.Vi;izn. Theln Vhi-'jzo

la, x"hi Jx =0, bucause each smim{md is zero.

dn' R

II1.2 for prime

"}"\(.

-

Ha descrihe ‘now thq elenants of MR [x]) in zem of their coeff:u:ients




L%
. V’z- wawg, skER md le, veey ;k> 0, @ ax™ s;x 1= 0 ;_msqmuy,
in 2 a

A - n+j
ing the r.'s end j,;'s .in the expresiion above,’we obtain izo."

" with 0=y i< ...<jk1.(l)holds. Lot s

‘ Theorem III.3. Let a€ R and m> 0. Thei ax"e .A((na[x]) if and only if
there exists a positive integer k such that Vrury, won 1y € R and

3 3gg With 0= 3 <d)€ i<, thn : -

Proof. Suppose that ax"€ d/(u [x]]. then there exsts k> 0 .suth that

k-

k»l. *...0 5

2 - 20 Let

ro",x‘l. Yoo Tg €R and Fp e,

Take. 2y =3y, by =iy, for l<dick (md Lk> 0); then. take
-(1- + 2 .'.u“‘) )

5 = 'i-l 5 % with the‘nmdarstnd#ng that o =, 0.. By gub,stitut-

1«
o
(k-1)m#jy o kel dmej .. % g gk
T e 0 hence 1 & ireo @ :

. i=0

. Cmvmaly. suppose that Vx' .rl, Seey rk-l €R and VJI, anin jk l

=0,

k-1. be such that D = J < j‘l < < jk-l




A

Of_ja'iili.... i’jk-l' !nm we may apply’ a or a &

- is given by theorem IIT.3, Then',-hy this theoren, 1
i=0

'wm. 0‘=j°_<_31_,

‘suchthat u=J "1""‘51:1’ n &

" We note that the condition 0 = Jo 31 < oS3 s equivalent to

' to any such
expressionds. (1) by applying o or. o' respectively.to the ?ix@m‘ms
¢ imej W e

o

‘Gn (1) ‘they-are 2% ) and leaving the arbitrary elements unchangéd

because @ (and o™l) is an isomorphism.

Corollary II.4. Lot R’ be a commutative Ting vith identity, a an element.
of R and m> 0; Then ax™e zlf(k [x]) if and only if there exists- k > 0

m+j
such that, 0 S35EdyE el 2y, inlies n &, 1a

= 1 where. k

Proof. . Suppose ax"€ MR [x]) ond take T Cene® By

k1 _imH, -
@ tig

VJ s iees 3y o Such ‘that 0=) < ]l< e Sdpge n
k-1 imsj; .
Conversely, Lot k) 0 ‘be'such that I & TT=0 Wi, e.. g
1=0

gk_l, Then Yags ot Ty {€ R and Vjp. cees diy

k-1 k-1

By theoren III. 3, ax EMR [X])

kc«:m.m_.-x LS. For every rug R, if ax’ sd((n [13; “then nx'"]'é ()((nd[x])',

Proof. Tt ax EVV(R (S By thedren I11. 3, there exists k>0 “apek that”
Vro. 'k-l €R:and vo -j < gl

Ck4 1(m+1)+, k-1
A i en

ey, kel C :
na® . H(nr) a0
0: 3=01%




. In attemting to prove tha converse to corollaty III. 5, ve encounter the

difficulty of ending up with “g's "which nay.not satisfy |

S r
axe dvtn[xl) 1£ and only i there exists i such that

TP teees T R Hence ax € uV [x]) if and nnly if, ax™

in this case, M) = WR)[x].

-0F caurse, {f q =1, dtheorem 1{1,.'3 'says- that

“k
(Tar; =0 for'all
}EMR[X]) and,




. - T .
- - ".CHAPTER 1V .
ik * R-Endomorphisms_of Ix]
3 . b .
. In this chapter, We are concemed with the ring endomorphnsms of” R ‘P[x]

. which restrict to :he identity map on R and, for thls regson. are culled the .

R-a\dnmrphxsms of Rxx ‘J'lx]‘ IfteE Rm W[x]‘ we denote by £, the substitut-?

".1oh mp defined ‘by £ =g o tiOr £E(X) = 2(1) of R Ix]: “1f R

‘has:n ideiitity, any R-endomrphisn of R [x] is a substitution map. We
! KN .

ask uder what conditions on the codfficients of t is f, an Riendomorphisa?

The answer to this question applies also to the case when R .has mo.identity,

-but then there are R-endomorphisms of R, X1 of other kinds, We'prove that

if R is cnmutntive w:.ch a regylar slemen:, every R-endomorphism of R, v[x]
1" s Fedeaetton to R w[x] of. T-eidomozphisn of T, w[x] where T- is-
the tutul quntxunt ring_ of R. Our ptoef follows the one ‘given by R.W. Gllxper
in [7] for the case’ o= IR.‘ If ‘R is & commutative imegml dmnam, we

obtaix speclfxc results for R [x]. We' also deternune the R-aummorplusms nf

u w[x] when R 15 an intbg'ral domun with 1de'ntity and ‘l' is'a -nun-truual

awderivation on ‘R. ' > o . oy B s

%

Px-‘géntiun IV.1. Let. R be a iing with a left regular el'eynent and let ' o &
=t + tx¥ .o+t x® be'a polynomial with'coefficients [t in R, . Then,

£, isan R—endum:yhism of LWNEREY] and; only i€ tr= 1V 4%t for ‘every -
a, el , -

‘r in R. o 3 ¢ etk e

Proof, By defi.nxndn, £,6(0) = e Sge L VEM G n&: Sl Hence, -

\

ft is additive and restticts to the identiC)' map on . R " i

JOIE £ s mltipllcltive, let d be a 1m regulu- elemen; in’ n, _then:

T ateor = f_t(dx)ft[r) = £ x;)_- fth;_" + a:“,s) =dr¥ + BPe (). Sines ; 4 s




Left zogular in R, it is.also left regular'in R [x]; hence, . .
? s
oo = ¥ + Pt (). op '

Conversely, if ‘tr = ¥+ 1%t for every ‘'t in Ry et a,b€ R and
: i

mn >0, Then ft-(ax bx™ ) = £t('ax ),ft(bx ). .In fact, “this ds trivial if .

‘W= 0 and, if n >0,  supose it holds for n-1, Va'> 0, Va,b'€R.

e, ‘ . . :

f (axnhx ) = @™ RN+ ™) = g e, o e mly L
DL b 4 oy o n““v(m"‘) 2 atpe < £ (axnjft(bxml.

£, being multiplicative -on‘monomials, Is miltiplicifive. 'q.e.d.

. e R LR
et t= J by proposition I.1, tr= '] (t; } J - %5,
. gm0 &% TR R =0 *ke0

€5,
By ‘putting togethier sinilar terms we obtain ° , .
1 n e i ; R 3 .
tr=1 } I WX . We'may therefore reyrite proposition IV.las
* i=0kisesk() . o ‘ . iy p

follows: - w4 gy

Proposition IV.1'. let'R bs'a Ting with a left égular olement and t = t_ +

nx o+ .v.. ot " a'polynomial With coefficients t in R Then £, i5 an &4

.R-endomorphism of R "[x] if and only if for eBch r in R the follavunx

conditions are verified:

o l




| . 4
" We have aldo seen that if a'€C(R), then .y ' = af

and that' 8 is an a-derivation on ‘R evenif R has no identity.. We .
now show that 'a‘a and the inner derivations v, .. #1¢ trivial, in thg

following sense: -~ . o | Wt

Proposition IV.2, Let a be an element of R, The ring’_nﬂ‘w' I is
) (s ik a,a S

R-fsomorphic to R [x], o o

* Proof. Dafir_na a “\V

R
{x] *Ry lx} by vtIax) Zunitxu)‘
1= -

o is obviously additive md-restricts to the identity map on R In oxder. .
to prove,’ :hat o ‘is 'multiplicdtive u is -enough to prnve it is°'soron’ I
- monomials of arbitrary degrees m,n.: Wo- shall’ only consider n=1 and

for the other chses one nay prm;eed by Lnductiun as’in proposxtmn T

Let b,c €R and m> 0. Then u(bx)u(cx) =bx+a)c (x+m) = |
= (bac + bcx)'(x + @)™ ; on the other hind, ‘o(bxcx™) = . -,

L naac-bu)(xu) \,

o mda® + bty L gt (xo a)"

* bc‘l(x’i' a)
- (bctx+ bc“u)’(x + n) = (bac + bc¥x) (x ¥ a)
1f R has nn miemicy. R

a()_'ax)nxa(xon. . -

Ix] is stilf’ R-ismrphic to \l[x] by

t:muag V.3 If for ‘some’ a €R £, 4% ai R—endomdrphxsm of & v[x]?
L théa R ol is R Somorphicfo R, . R

Proof. - 1€ f, s an R.—endnmrphism py proposition 1.1,

’Hme,'

v = ir - a's FlON :By proposition w2,



generally.’ See; for examplu, cbi-olxary . and‘i’mpnsitionJVJ. P N

,We..niow cnnsider the casé of a wmutntlve megul domain. If a= I' §
and ¢ = 0, e know that every polynomial in R[], _inducos ann-endumrpmsm '
\ of R[x]. If a =T, 'and y#- o, orily polynomials .of dégree 1 induce R~ ’

K endomrph.lsms of R [x] ‘when R had "Sentity and chafacteristic zers.

ngnsxtlon IV 4. lLet R ba 8 comutstwe integrul domain vn_th identity-and v

uf charscterisnc zero.. If Y # 0 is.a derivation’ om. n. the only R

‘o endomorphisms of Rw[x] ‘are substitution maps X+ a’+ x. |

Proof If t=a+x £ is an'R m, ‘to ition IV.1.-

If £, is an R‘éndomorphism of R m, Tot< - b6 the degree of t. If

n 3 2 condition wn - 1)° in propomiun 1 reads nt; Va0, Vr € R,

P
because R is commtative,

"Since y # 0 md R :is ean integral domain, . . .

nt_ =.0; eince R has ehms_:eﬂmc/ zero, ‘'t = 0. . Hence. nil.. Let - °

t ='a+ bx ;by condition 0), ™ = br¥ yre€ R., This imlies' b= 1 and’

" element.- "3

‘Proposition 11.5.  let | R . b & comutative imegx,g donsin anid ca Wit g
: zm/f;ismn- 2




. condition '0J.

c»nverssly, if t'= Tyt tlx and \{- tlw Ed t e 5 the cceificients

of t, sntisf)' the conditions of proposiuon m lnd f is.therefore

an R-endomorphum.

% Cumun_-x. 1v.‘s. Let iR be s  commitative i.ntexrnl domain'and ‘q’-an auto-

morphisn of R Such that .a"# I Vm # 0 Then £ 45 an R-endomoxphism’

of "R [x], if and only if t.s X - T

LI e

. Proof: By pr;)pnsition w:s, £ is ’a’n R

t
only-df -t =t +t1x with £0. = 0.

dmrmin, = s

Lot be an uu:omipmm of the -

m

‘n# 0, a™ =1 recall that the- oxder of 4 is'the smllest positive “

*

integér -k ofor which.

IV.'7- Let R bal

in R‘v S

0

dnmorphism of R [x] if and

Since u#l and R isan integral . -
3l « 3

automorphism of R, ef crdvr PESY

L LY ‘n
“° R:[x}, if andonly if t'= ] &t
| ¢ = Jmb

Then




non-trivial derivations we have the following results:

4

Let R 'be art integrdl duwain with identity and . a
vial a- derlvﬂtmn on R. Then ¥

Proposition IV.8.

nontr:

"is an R-hogomozphism of R, [x]
. a,i
.. onto R [x] if and.only if t = zo\pst‘x with t€ Smy*,

be g m (- Ev and (- g RS

Plaof. If 't sa¥isfies these i £, s un R ism, by
e ‘o
5 “proposition IV.1'; and we may write x = £, (‘t]'t; 4. ;')

which shows that

£, is onto. .

. is an upimﬂrphlsm, there exist 8,581 wey 3 ER sfich” that
eF - 1 n

in' R «J[x], if @ s the dogree of t,
i.ocithan 1. Consider a 403 fo and swppose m > 1. Them .k
. . . m-1)n"

v Telae e t'; = 0 .as the copfficientiof ™
. tnta 3

R is an integtal domain. Hence,

m . caniot be less

. This is absurd because
m=n=1'and X=a +alt

., e
Thu “implies t; € R* ;- £, being an R-endoporphism, by proposition.IV.1'

€ C(R)-and (1 = tl)w Yy o 1=
598"y

€ R%, then

by w=(1-t) v =¥ 0 becausel <t € C(R), and this
‘ R 2 Yega (l"1) 1t - Rl

contrudxct:uthe fact that y is “not trivial.

(Hence'.1 - t; ¢ R* and the
. groof is, complete. : s & @ o 3
.. s e : 5
3 5" " The next propositmn shows that for nentuvul derivations on an mtoml
¢ .
° dmmu,n, evary R-endomz?ﬂlsu of ° n [x]

is'a monomorphism, - © . °

. . From' sition 1.9, Let R b an integral domain and. y- a nontrivial a-
¥ 5 dcti\mtmn on R. Then if i induces.an R-éndondiphism of Ryl g s
sl a mnomnrphum. et ¥ ]




.

Proof. Let £ be an R-endomorphism of R W[x]n and let n ' be the degree .
T . ’ n N

of t. By the proof of proposition IV.3, n > 1. Suppose thag
5 n . @-1)m 3
The coefficient of X" is att® .. t® if am> 1
: * n'atn - n 2
equals' zero. Hence a =0 ¥m>1. Then m=0 and &

Consequently; £, is injective.

Until now we have ‘studied-the conditions on the coefficients of the poly-
nomial t€ R, w[x] which are equlvnlent to. £, being an R-endomorphism of
R; y[xl. Wher R has identity, these are all'the R-endomorphisms of, R 1

_If R s commutative, always with a fegular elerient, ‘we may still determine

3l vv of R [x] by e i R into its total quotient ring.
Proposition 1V.10, Let R bea commuutwe rmg, o an automorphisn of R, )
s a rmg extemmg R such thit every element tegulsx‘ in ‘R 15 regular in

S, uwrRIx]>S an 3 Fonomorphism and d a regular’element in R. Then

u 15 uniquely de:am:med by its uction on dx. % @
Prouf. Let "l’”l H R [x]+s be R-homomrphlsms such that pl(dx] = uz(dx)

Then YaeR_, Vn>0 dd* oL.od* vu(&x)’nu (dd® ..{d"

. . n-1
= aui[dx)" = as", for i= liZ. Hence dd* ... d® ..l(u")
va-

u (™). since dd® . is Tepular in R, it s xe far in S. Hence
2 . j

b (@) =y, (ax"). This is ennugh to show that ug = h,.

‘Let -R be'a cammtnnve sing aid T its total’quotient {-i}ug'. Any dutosi
morphisn ‘o of R may’ be ‘extended, o an automorphism of T, which we szni i
1 Vielg-md’ Va regular
of T. .

denote by @, by defining o (rd” ) = a(r)a(d)

in R It is eadyito verify that o, is an sut
R y ot o




If u is an R-chdomorphism of R [x], :we nay e;(t;:gnd it to'a T-endo-
Jorphisn of T [x]. .In fact, if u(dx) = t(x)‘ I:hen,.z"n TS
W) = ate). - his extension is obvmusl.y ‘winue snd shioks that every'
R~-endomo: hiém of Ru [x] :s the reszrictinn co R {x], o a T—endomrphxsm .

of T

‘Actually, we mist verify that Vsfe T, ‘s%le(o) = a (s, Let

s =1l ; e have in R [x] 1*t (e = e 5, “this 18 also true in

T [x]. Hence, e % (et = (c"')acut(x)rc which is the same as *
00 = t(0s. __ RE R a8 L
Yot all T. isms of - T[x]' Hrto hisns of . R [x].

I e T, [x] induces a T-ehdomorphisn £, , - then the' Testriction 8y of

f to R [x] is ann-hnnumz-pmsm of R [x} into T [x]. Cleuly, 74

is an Reendororphissi of R [x] if and only if +Rt; SR for each coefficient

of t(x)‘ (We note that RLSR emplies k'.u < R V).

If d isa- rezular element i R, it is Togular dn T aid then it 1s )

‘Toguler in T Ix]. We uay P apply proposition V. 10 t0 cmcmu

" that g= By if gnd only if t=tf, -

* morphisn'of ; R; [x]- if and only if there mm a‘wnique’ palynnmial tim

' n-éoéemxvax

L 3 a "
All this togathez‘ adds ‘!P to the follmying Tesult: ’

c{:tal ‘quotient: ring nnd a nnn\ltowrph!.sm of ‘R Then u . “is snnendo- :

T, [x}, satisfying:ts =s%t for each 5. 48T - ‘and siich

“éach’ coefficient £ or e, uhich resnﬂsts tow iR xli

tet R be a commitative ﬂ.nx with a'regular element, T its

Rtig R for” .




# #§ 5 . " GHAPTERV . ' £
o R-Autonorphisms of R [x] | & g ¥ ; :

Y .0 .. 7 This chapter is divided.rto, threo sections. In the first and second,
e T, R is'a commutdtive ring wm a rogular element. For such on R, 'we have
seen in Chapter 1V-that- all R~endbmtph15m of’ R [x] -are substituti.onvmaps

L N £ where t is a polynoital in,the variable x with Coefficients

ini T ' the fotal quotient ring of Ry. which satisfy certain 1 conditions. < As

_in chapter IV, we. donote by a* the natural extension: of'a to T. We also

denote by « the trivial extension of'. ato ’l' [x]; i.e.,

IR LRSSt R vheze h=h £hyx 4ol + hax” ds any polys

7.5 nomial wnh coeffmxents l\i in i .Among the pnlynomal thh coefﬁcxents &

in-1. Anong the pnly‘nomnls t with coefficients in’ T which inducs LB

-endonorphisms Of R [x], We seaxch for those mducimg mmlomurphisms and

im;a.md\icmg automrphisms. Wo nbtam conplete resiilts which generalize’
the ories obtained by R.W. Gilmer in,[7]. J.B. Castillon [2] has’also’ proved
theoren V.7.in some ‘special cases. Exn thé thizd seétion, R is'e ring with

T 1dentny, not necessnnly cnmmutac;v

We prove thac if R has e1ther no o,
nanzem mlpotent elaments or no nonzeto n-‘nilpotéﬂt elenents the R-nutd—

nmphlsy:s‘u"f' Ru[x] g.ra’ of t?\e form t, #tﬁ( with ;)t

Let R'be’a'ring with a regular"elament. I£ t € R [x] induces. an R-

endomrphlsm of R [x1; pmposition V.1 :o’lls us r.llat tr = r 't Vr € R._

-,

and ﬂmt. this r.wmhtmn is. nl.v.n a suifxcnent ona. If

i.e.:

= h'rx, hi



) c.hnpt T a olynominl inducing an R-endomtphism o;

<1 S
’temeil—usnln(r-r )=D). Hence.fu each rem »m,i

s=1{g R [x]|gr = 73, vren. ‘e ndte that if g'€ S, left miltiplic-® ,
ation by g in R/Tx] coincides with right miltiplicationty g in Rixl.. '

In fact, ‘m e'ach reRr and each m > o, grx = rgx Sin R [x] ‘and

rxg & rgx in Il[x] Hence, if inducas an.R-endomorphism.of R [x],

t'E S md thes

1efc mltiplican.qﬁ!l hy t‘ in R [x] cu:mcxdes with
right multiplicition'by t'- in.R[x]. .These remarks aré used.several bifies

in this chapter.  He also note that if- R is commitative, § isalso . .

v_'comtative. _For u gh€ S, gh-in R [x] ;equals ‘ng in R[xl bec&uu Y

-gES, ‘but hg=zh in R[x] md gh in R[x] equals’, hg- in R&[x] be-

cause’ h€’S. Hence, : gh hg in R[x]. h

Alf.houg)\ we. xhall recsll it erm time, to time,. 't will be:throughout this -

[x]' when, R has

. idenfity. Whén- R .ha$ ‘o 1dentit , L, wxll he in 'r [x]

The case 3: s ¢ ring with identity.

As u chapter 1V, we deriote by £, the.R- andamrphxsm induced, e

‘. Proposition Iv.1' says, in the: commutative case; ‘that. T i Lo

#or each SemFrar and st mdm R—endomrphisms of R [x] This

is so beuusa AnnRa =A|u| o “and Anne s is an ‘ideal V
a” c o

1

i et TE Amm and . '€ R*.. I o of & ¥
surjective so aré r,haothe:. twoL @ W Fant g S

Proof. ‘Si.nce‘ t " induces 1n|.| n-en’domz'ﬁmm of R [x1;; o sich” SER, -




b

The-identity t .=t + -1 shows that t is in the range of' i T

" then, RIS R I . By repeatlng this- nrgument several, tixips, ve

. ; conciude thxt R [t] = R [: + r] & R [ut] Thus the khree endomqrphisms ;

o " " have the same range~and are zherefore sxmultz\neously onto. " o2 L E¥

and £, " is

Let re A!me and .u € R*, If one of £y frn

L'e'mmav 2

injective, so.are the other two. 3 ¢ . g P ;

g " Proof. Supose £, is1-1; then -t4R and thie same holds for ,t + x .
)

and ut. Leg, LR R &'akxk- be such that a .+ a;

<0, By explnding this expression in powers of t," e obtatn & polynémial,
The' 1 mng eoefﬁcxent

g0 with coefficxents in R such that  g(t) %0.
=1, g =0 . So thn deztee of i

of g(t) is.ak nnd because £,

a + nlx P akx cannot be ﬂositive and this implies. that this polynomml

we have ‘already” proved cm £, isal

“is Zero.. Becagise: t = t 4T -1
monomorphism {f'aina'onxy if £, +is-a monomorphism,

| : . ; N
I ek, yehave £, (e ¢ ax v ... dax) B

e, 2 a X P sma § aal
_=.ft @, .\«.aiux.» L <) and ajy= 0 if and only i .
auu sus A =0,

.e. £, ‘and £, are simltancously injective, ‘This ' .

complates thu proof of lemd 'V

14; next Lemna ‘dges not ‘require. the preSence of a-regular element.in' the

+ . ring RS n .:h"e cn"s'e caE 1,' it was "fiin ﬁovéd' 'h}‘u. Mcc'o}.» theh i:’y A

| casé of ‘any mtomorplusm a’ uf R. , '_ ",

_Lemmavzu. Let hEs=(keR[x]|kr

:i’ v ’e‘ R},



t Ui

“Deny the lemma and let' g # 0 be a polynomial of mininum degree for

Proof.
which hg = 0. .Then g has positive degree, for if g€ R, gh=hgs 0
against our assunption.  Hence, we may writé g = g+ gx + . £
mthgfoandm>l ; R R

_We note that if p and q are any tyo polynomuls i\s R, [x], q

if and- only if ' g =0 Vi ulso, the action of o does not’ change
the degree of & polynomial. ' ’

By our assumption, gmh # 0 ; hence, i = hxg ;4 0 for somg i > Ov
E E

and'this implies h;g™ # 0 “Let ¥ <n degree of h be the largest iteger’

- T \
for which g% ‘#.0. Then .- o

¢

hg‘-(hov+l:11x#~..fbrxv]g=0. . .
gt g 1 e g T
‘The'polynominl hg  has degree smaller than m, for hg® =0.
‘However, - h*. (h i ) =h} n* g =0, cm\,;radxctmg the mmnalxty of " m.
"'donversely, if cER, ch= ook o Bs then he = ch=0. wluch

conpletes th- proof,

\Sifice 'R is cmu:auve, if ‘=1 the’ set 5 will be R[x]:

‘Remark. )
Thus, dnother way to prove this lomia i3 ito- Brové the, corresponding proposition

for Q= 1, as stated in [14], Ind \han Dbserve thdt 1f ‘h €S,

zero diyisor in. R [x] ‘if pnd wnly, 1f it is ' zero divxsnr in R[x]

'x 153

Before sturt.ing the next yropns:tmn we r'ecnn thu t = t

a1 m&ing an R

Pl'ogusxtmn v. 4, A
is nm £ be eft ugular in R Bl

I3 1s a left i

m of R[x] andthat t1€s. o V'



Proof. ‘If t' is a left zero divisor in R [x], . by, lema V.3, there exists

¢ £0 in R such that ct'= 0. By lemma V.2, we may, consider 't = 0. 2

Thell i (cx) =ct'x =0 and f is. not injecr_ive.

"o show that the condition is also sufficient,iwe suppose £, ot

injective. Again, assume t = 0. Let g# 0 be a polynomial of minimal . f

degree for which £,(g) = 0.. Then g =0 and £,(g) =

. <1 -1, T -1 :
SRR T A AR RS Sl 1)1= ExE @ ") = 0. Sincen.x is'a
regular element in lnu[x] -and fé(g'“ ) # 0 because the degree of g' is
" smaller than the degree of ‘g, t' is then a. ’left zero divisor and our proof. -
" is’ coriplete. % o e
E. Snapper -Has proved in-[15] the following fesult: . ° * .,

Lemma V.5. Let. g = g rEEe e gu;xm be a polynomial with coefficients’

in R, Them.g is .4 unitin R[x] i£ and onty 1 g€ R and

nxlpotent for'each 4> 1. . - " * . 3 .

Pruuf. Let . g.be aunit in ‘R[x]. If PAR is a prine ideal‘in R, “the
- auotient ing R =R/§ isan integral domain. The units of R(x] are precisely

Rixl, def:ned by

t'h se of -R. The x\nturnl ring eplmorphlsm R[x]
z ; tske{\gu:s onto_units'so'that § is & unit fn Rl and is there

s x4 T

0" for, i 1. m this is “triie of any ¢

fore in -R¥; thus B € R* and .

i

1pr:‘une idenl P # ;. Hence, - g isa unlj‘. in R and 8- is nilpntcnt

V1>L w, 8

cunversely, u £ s such that go is'a \mit -mx gi is nilpcten( for . °




gr, Yre€ R).

Corollary V,6. 'Let’ h = e hmx”'e s=lgeRr [x]]rg
Then ‘h is a left unit in Ru[x] if and only if h € R* and’ h; is mpotent
for each i 1.- 5 ’ . : =R

. Since h€S, h is'a 16ft unit in Ru'm if and only if h is a unit

Proof.
in " Rix] ; by lomma V.5, ‘this is true if and oply if h € R* and h; is

nilpatent for cach i > 1.

| Theorem V.7. ‘The: R ism £, of R [x] is surjective if and only if

ty€Rf and t; is nilpotent for each i>2. . .’

Proof’ Suppdse ft is.onto. By lemma V.1; we may assume tow 0. Since

" L i ) .
£, 1is onto, there exist a ,a;3";./, a€ R such that igo :.ait Sirice

For each i > 0.-ve have

t =0,
Q «
Yo et e pr ey e s v et s o a3, - Hencs,
m B i1 4 s "
x= ) at Z a,t' (% ) 1=t T a,t™* )x. Since “x is régular <.
o d507 3t amy N \s0 * . K
m E . ) L3
in- R, [x], t, Z & «® ) =1. \Hence, t' 45 a'left unit in Ry [x].. On

the other hnnd :'g S, 'ai ve havé rémarked Just befm :m\s section: Then,
by corollary V.6, ' t, € R* and: ty s nitpotent Vigz.

i c‘enversely, let .t € R* and: 'ii ‘be, nilpotent for éach i'> 2. In view

Coflema V.1, e nay chooss t, =0 'a'n'd “1 =1 without loss of geneulity

Wty

Let T ba the ideal in R gunerated by the set i

whezs. k'; 1o the




S

| By theords V.7, £, is surjective . e

‘and, therefore, k'j <dp-1g<m-1, e, Ky<m- 2,

T cit‘ 3 since t = x¥t,

t

TR

© et g

i

i E
B z i
X+ lg.x* with lg. €'T2 for each.i > 2.
S < . e

By induction, we define . .

n
i k ko - : .
by ik Mlgg' s then ¥gax+ | Kpated?. Ler p be tho oracr
. jeg . =2 )
‘ of ‘nilpotence. of the ideal T. Then thére is an’integer & such that
k-1 2 ok : ool i I
27, < p < 2% .Hence, for this-partitular k, ‘g = x. But ‘g isanR-

linear conbination Of powers of "t; ‘which proves that £, is onto. q.eid:
In the proof of theorem V.7, we have. seen that if £ - is surj_’e\cti\_iu 3
“then t' (which is in' §) is a-left unit in "R [x]. 1t i;'n;sa a.right
wnit in R [x] for if x = £(R) then x = £,(h'x) £ (WIL'%. Heice -
* e A .
Corollary V.8. " The R-endomorphism £, of Ri[x] is surjective. if and only if
st! is aunit in Rofx]. . o

. Proof. We have just.seen that'if'

£, ' is surjective, then t' ‘is.a unit in
R ]

t
_“Comversély, if t'. is a unit in n“m. ip.is also a udit in R[x],

because. £1€°S. ‘By lemsa'V.5,” t; €% and t; is‘nilpotent Vi'> 2.

Corollary V.9.' Iy £, 15 ‘surjective, 1;' is injective: . |

* Proof.. If ‘£, 15 surjective, by corollary V.8,

osition V.4; is dnjective. ., - o

s




Thelase of a_ i ring with a regular element.

_assuno il thig section that  Re;

Suming up our results so far, we-may’ sm’e the following theorem:

Theorem V.10. Let R be a commutative ring with 1dentl\!}’, a-an automorphism
TR

of R add t A'polynomlnl in the variable™ x \vuth coeff)clents t i
“Mben, ot dndicas & Rendgnorphisn £, of R [x] if and only if (L dnge )

for each” i'>'0; in this case,’ the following are equlvnlent.

1) ‘£, is a monomorphism ‘

2) t' is left regular in R [x] ' .

)M Amp(ty) =05 . S
e . . . s

also, the following are equivalent:

1) £, i5an epinorphisn
2) £ .is an automorphisn
3) t' isa unit in- R [x] =l . ) X
4) t;€ R and t; is nilpotent for each i 2. . .

In this saction, R is a commutative ring um a regulu element. T the.

- total quotient rmg of R, t a polypomial i\n the indetemmate x, wnh

coefﬂcioncs ty in T, inducinzuTéendumnrphism f and & the
restrictmr\ to R [x] of f . We have’ sem\ in theorem IV 11 that g, is'.

an R-endomorphisi of R X1 if and onif if Rei ¢ R for elch coefficient .

7 of t. Sinco we ase i only,in R-endonorphisns of R [x] we

R for each 1 0.

Remark. If a € AmnCo ;@) then a € Mn:[(e iuz)). The- cohverse is also

o
true. In fact, if e Ann (8 i(R)) 1 let s = td le 'r. w.
1 i

T d) ¢ Sinc&‘

a(s - 5% N ! e (d"‘)«

I




. ‘ i i oo d :
a € Amng(s ;(R)), ard® = ad® r = adr = ard = ai®. & ; hence,
o
a€ An'n_r(e ;M. vle may :hen efer unly to Amea Alsa, since
o

’Annke 3 Ann,rﬁ i R,, if we k.lmw where the’ elenent a is, we gwy write
E o S «

Lemma V.11. Let. s*€ Aw

o

Then_if one of g[ . 'g'm and g, is surjective’sg are the other two.
. Proof. We first note that gt i qnd Bye 8T R-endomorphisms of Ra [x]-
In fact, the coefficients of "t's’s and of ut ' satisfy the conditions of

" theorem-IV.12 becsuse RsQ R and Ru=R.  °

Suppase 8 is surjec:lve Given h with toefficients in R, there '

exist g

1-1 i -1(ut]1

. Then, if. v i E;'u‘it-jig a T
i H

because RVE R, ' gut “15 :han'onm. Furthermore, since
X 2 v+ sy « gt =h and Rsg R, h can be expressed as an R-linear
cumbmatmn of fpowers | of : +s which proves thet £, in onto.

" Wo complete the proof. by ,obsarving thet t= t+ s -s=ulut with

s €hang o ule ™ R(-s) € R and Rals R . -

. L : P oy
Lemna V.12: 2 i5 surjective if and only if f»t i surjective and ,Rt‘l =R.
Ftoof If 'is surjective, given h € T [x}, considgt a rogular alement i
4 for wiich dh€.R X and m polynolnial k m which gt(k) s dh. Tien’

£, N = a lg = and_f£, s therefore surjective’ . By t_h_um‘_enuv'

cf. lenmas

.is a pni:. We wAy assune ;n

since g, is ontd; there exists h€R [x] siich t)m

“rais 8y € R such that 2 at =h, for some integer m. '

, and UET  besuch that Rs R and:Ru=R’ "’

lmdvll) Let . be i R;
o Sl n D




Sinde t =0, hity = ’wmi:_h shows that R € Rt;

But ‘we’ have assumed in .
this sectxen that Rt R. Hence, Rtl = k. o : s A i

Cunversel.y, suppose.thlt f zs onto and 'Rt R. Since 'c €™ - .

we also have Rcil =R Then, by 1em v. and v.u “we nay suppose t,

and t

=1, Let h‘= ho + hlx e+ hmx ’E.Rﬂ'[x]'. because ft., is. ont?,_
T ithere exists [k = kg kyx + il +X x> € T [x] such that ;

2k E) % ¢ 5 S oo R i =
=k ke +Kt%, Then k.= hi € R. Ve assute now that for. i 1;

ks,

i-1 5110
k‘ 1t E.Ru[x] s dee

pekgtt e ke WS ER L1 The coefficient of x'in' pris

2 : L
ki' )‘wm:u “15 R. By nvxdunt‘ion, kn,kl, sees ks; R and g‘ is therefore

‘onto, . ¢ o it By . 7

Le: 13." g,

s injective if and only if £, is’injective.’

- Proof, If £, is 1-1, 'gt is obviously L - 1...If g’ ds1-1, "1eJ
+hibe'a polymonial in T/[x]  such that " £(h) = 0. Let: " b a reguler o
< olement. Egr Which *dh € R [ then gt(d.h). Q€ (h) = 0. Consequently,

= Vim0 and sifge’ 445 Fépular asodn T, S W 4

By, putting’ mgatlwr tha nsults of .this saetion md them'e/m V510, ve

may stmﬂmwm thborem: .

s 'Thenren V.14.. Lot R hr a colmutniva ﬂng with'a rezulu‘ elensilt; e, an

nutomrphism of R -nd s ﬁe total quotimt rn\g °

1 daﬂnad hy 2'1“ + ):r,it
_‘ntisfy:lng HE€ Anne 1_

folluvdnz are eqnivnldnt




also-thg follwing are eq'uivalent. I BN G §

i] & i.s ,a’'monomorphism : L ) e

e oans
L2) [t is ‘1eft regular ‘in " T, [x]:

s)f\mmf(:)=o,,a v . it %

.1) gt Lsxnepimrphxsm Srte e

" a?
_ I this section ‘sie, t:onsid.ar :ha R-nutom hisms of R [x]- where R s
nny ring wrth 4um:ity. “Wo cnntinuo :n nssume ev- t, + c' induces
an R-endomonihisn of R, AERENS “tr'= r g Vne Ry vt N
. The fnuowing 1em€ms pmved for comutnxve rings . (lema Vil nd V.. 2) !
“but comnmm:ivity was not involvad in the ymnf:. o o T g

TS5 ":Vs_‘e' R .;l'honi',

is éurjec:ive ."' 3

b): £ ds mjactivo if nnd nly if.’ _E (s ;lnjcutivs.
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' Lemma V.16.

‘1e £, is surjective it is also injective.

. . . m 5 .
Proof. * Suppose, £, is surjective and ] a, t* = 0 ; we may take t, =0
s - =04
so that - 0. §upposn now that a =a =
k<m Then Z a ¢! = 0 and by factoring out. x on the zight and t'

" on the test, :v( z a (g')i -1

= a,_, = 0 for some

Jx= 0. Since t! is'aumitin R [x], we

’hnvs Z a; (:“) -, 0 which implies a, = By induction, a; =0 for
R . p: (R
T %

We: pmve now the folloving result which fan be fmmd in [4].

£, is dn R-sutomorphism of \ !R[x] if and only if t € B*

5~ is nilpotent for each i > 2.
B

" Proof. Let. C b the centre-of R since £, is an R-cndomorphisa of
RIxJ, te€ Ex] (cf proposition IV.1). ¢ 2

..« "If £ is an autosorphism it takes C[x] = CR[x))onto C[x], i.e.
t induces a C—n{tmhﬂl of C[x] ; by theorem V.7, t €cCt CTR-_ and t;.
is nilpotent Vi > 2.~ e .'
Conversely, if ;‘ €R* and 't is nilpotent for i ;i, we may apply
theoren V.7 to' C[x], because. t s in C -né hence 't € C*. “Thus .t
" induces a C-automotphism of Clx]. 'ﬂ:m. there exists Enix € CIx] € R[x)
such that x = )j.ir. + Hence, £, is onto and, by lemma V.16, an isomorphism:

. D“‘“" The- fnuwing rosult was proved in- [4] T " v i

Loms V:18. - Let. R "be'a Ting with mmny.' Then R[x]* = R* id and only if

R has no nonzero nilpetm elements.
r >




Proof.  If ©'=0 and. x# 0, then 1~ xx isaunit in R[x] with

inverse XLk g KRR L peh

e o
ity
Conversely, if R has no nonzern nupateng.elements, suppose ‘that

1, with. n> 1. Then atb.

(2 axJ()‘_ b [ bx)(z aixi;

"
We assume for our’ proof that a] b = nbn 1= e a’»‘hm_k = Q. for !
some k0 and consider the coefficient of " (D). ye nave

by ko1 * Sy aPpk * ere t 8 gqPy = O Since nnhm_J =0 for

j 2 = =
03k (b o) bm_janbm_jan 0 and then bm_J Yy

By mutliplying the above equation on éhe_ right by a,, wel obtain
ab: . j8 = 0. This shows that ‘nbm-k-l is nilpotent, hence,  zero..
Ey"&m{uc:mn. a“h =0 ; but b, is a unit since d h = h 2

Therefors, a, =0 and the only units of R[x] are those of * R, N

Corollary V.19. If R ‘isia rj:\g uithouf. fionzero nilpotent elements, -£,
is an R-automorphish of R [x]' i¥ and only if t) € ‘R' ;nd ti=0 Vi

Proof. We have seen that such'a polynomial 't always induces én R-auto-

motphism (provided it induces an R- ism which 'is assumed here).

Conversely, if £, is m\to, by the remark after. loima v‘1s

t'é R“[x]'. Then, ‘since t‘ is in S, »d.ts inverse is also in . s. I fact .-

ifve set h'= t070, the o= xtin = e for each'T'€ R. Hence

hr £.th- \/r € R. This melns r.lut h € s md thnt

'h'= ht'.w 1 .also in

R[x].. By lema.V,18, .t'€ R¥. Conscgueptly,

We have ‘seen (cf. pupposition 1.18) that if R.'is a commutative ring
=) 4 - . N

i

with idantit_): without nonzero u—hilpotpﬁt elements, then nq [x]* = R'i *+This’




may not be true for the noncommutative case but still we-can state the follow-'

ing m{ﬁm: . : i 3t 5 &%

" Proposition.V.20. If R isa ring n:mm nonzero a-nxlpntent ele-ents. A
‘is an R-automrphisa of R [x] if nd only if t;€R* and t; =0 Vi 1{.

t, ‘tﬂ( nml tl.e, R*., - then ;f‘ is
v

sroof As in corolln'y V.19, if”" E

°

an lutomrphun. ; ; oo g5 BY %=

‘1 £ dsan R-lutomrph).sm e 'knnu that :' is in } [x]' 1¢t B

el =h +l| x‘...‘hx Then ht-lnthl,x.e.,h.l,t en’ ¥

i :
Also "‘ntn A _0. ]

G-l ..;.

We assume for the proof that . hl -p’n- P 0

Vo<p<k<-—1. | 3 i : R I
k-2 BK31 S s =5
+h ot vo...oht“ 1= 0. as the coefficient
3 :

*: Since  h_ ”_k_

=
m-k- l ll m~k n-1
Sof X "“5, ifuiuuplytnis_equ.':munmﬁwzby 73y S
té"_k 1' ok ul-l o . 4
B L :
k-2 a1 S N i
Bok-1% . t:A e h -—k‘ < S '“n- i i
as -1 !
o b

fu"'k n--l
* o -h!.tn T R

, we obtaim = - - 0w

k1t
k2. mel i

--k-ln Lty :._=~‘0.‘ “

because® hx le s for eu:h P>l H-‘nce.

: : mel
.,‘Byd.nduction, we eom:lllds “‘“.~"1‘,'.‘ﬂ"‘ ‘n =0; Since h e R% this

inplies that “t; is an a-nilpotent element in 3
v . 4 ! ;

ccmuquantly, t =0"
Vn > 2. e e 5 .

Atthough the ruult is mot dirsctly related to m n-.momrpnsm, ‘

it suu:sts that oomlhry v.19 and pmposnion v‘zo may wt be m7¢1y %
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Eroposition V.21, " Let 2@ R.be such that for some k 3 0, ax“: S. Then .

if ‘a  is nilpotent,’ milpotent. ' . T N
: N ’ : b 2 ;
Proof. “lot -asde S and “aP s 0 ‘o someipesttive integer p." We consider 3
aa2 - okK@L ) s . .

the prodict aa’a’ ... We have " : < %
. ok L Kp-1) 1k 2k 0 1k kel <L k(1) . &
i .. o e 8 e o T w e LA s S
g > . 13

. L 2 .

REY Aol 1k R NMeal) ot
= (AR LS e

.lzs uzku 2 gkl

which proves our statément. i T e L e

" The next lemma is proved in [4]: T S . %

Lemna V.22: . If the set N of the nilpotent elements 'ef' R is an ideal in

R, then every émit in R[x] has the form Ty TR 4Ll r‘x with.

Ty R*iamd 1 nilpotent fm'each 13, s,

. Proof, since 'r 1 RIx) % R/N‘[xj. is b épinorphism, overy wit in RIx] s
Wgped, cato)a walt 4., Rylxl. Ilmc Cie g.is 'a it in RIx], -

w(g) =T +T xo...-rx" ulumtm l/u[x]. m.-use n/N im0 nom=

o 1
um nilpn!ent ell-ents, by lemma v 16, 'n(g) .llI"._ Hence 'ge"", and

TN for eu}. i

i rmgd;inon V23 If the s’e: N of. ﬂ'n’ni'xpu:-ni{ éxmmts of R 15an

ideal’in K. and’ £, * thep t;€ R* and

Proof. 1£- £is'onto tr'e R[x]" vai by the prmous m-. :le n‘ Caid

Y is nilpotznt lox' nd\ 1 > 2.




 forisome &€ AL(R) - and some 8 € Ait(s), them: R-and .5 are sub-

Definition. . A ring is samsxnple when it is the dxrect sun of a-faiily of .

. ) . CHAPTER VI

Isomorphic Palmominl ings - ¥

We cuns1der here the 51tuntmn in which two twisted polynomial rings are -

isomrp)u:. One question to ask is: does 10 = [x] imply R=S?% .

When a s ! and B = !s‘ the, answer is ‘negntxve -a cdm\ter example. was
given by M. Hochster n o1 a.nd we ; shatl study it in dotail next. chipter.

In vhat fo]lows, a1l Tings have 1dent1ty. Wo prove below that if R

/amx s are commtative semisinple Arti!uan rings such that R [x] =S 5]

isnmrphxc, i.e., theu exists ru\g monomorphisms iR +S and v : S + ‘Rs

“For the usual, polynonial rings, D.B. Colean and .E.E: Briockisheve proved in - ©
[4] that if' R-'is a sdmsimpls Artinien riig “and %ot RIx] 4 SIx)" is 2 ring

isomorphism, then. o(R)=.S, In this proof, ‘the authors use the ‘fact that

" o() induces ai S-endomorphisnof S[x]. Far the twisfed polynomdal Tings-

e ‘could not. use the above argument since there Seems to be no. reason.why.

o). shd\lld_ indice an S-enidonorphism of , S, I T
We need tha folloumg cum:epts snd lemms, most of which may be found

m[ls] o e e T

A ting. is simple vhen its only idnls n¥ 0 and the’ ring itsel,

Definiti

simple Tings. - . - Lk v

CVLL If T s n'lu.lpotent ideal in ¥ such thaty a(D) = 1, then

isa n:upncent idul R Ix1: el U




Proof. By proposition 1.5'and comollary 1.7, I [x] is an idsal in' R [x]. . -
Since I is nilpotent; there exists a positive.integer k such that

*ao Let £ = 15 ’xj €1,[x], then,
. L » =
k . 1 ; ...41"_1 j - j . . s i
= .
I =
"1 {) vy f:‘jk : 0 because e-lf:h_pmdllct
w I TS i
) = adit g ; -
Y3 ‘; . (A i @ ®

ij et : . i

Lam VI.2. (13, pg. 45]; 1£ R is left Artinian.and I is an ideal in - -
Ry By Lid 4 lofe ‘Artinian, T ¥

Proof, Lvet Jl‘ Jz_. aee ZJ 2 ... be a descending chl).n of left ideals " :
in K I£07: ROR/ s the canomical opimorghism, then : ; -
.',A L . i): is'a descending chain of left ideals
in R nmn.:haxea:dsu n>n suchum:-(.v)-- ("ok) Vk)u

a2 o2,

Consequently, JA = Jn-tk , Vk 0.

If R is commtative and ‘I is anil ideal of R, then the

3 2o & A =
idempotents of R/, ‘can be lifted to id&mote:ts of R ni, e 72].

Proof. Let R bea commutative ring, N -niudeunf R.oand FeR/y
3 S ', o o S

- an® idcnpomt elepent. . Then' 5 = r2 _'

T Let gnruu-m wit

x to. be detomhled by :hu aquat:un

ez=l, rnm aqultion is squtvum to (1 & u)(xl - %)+ 590 which is. T

. sntisﬂed by Xo= -(z;. & (z);z 4 (5]5: L e ey (g%‘ Js
k- is nposi.t!.vo intom mr,ll tlut s = 0, Since- s€ N, ve.hxvp xEN

mdr.hm anr.. % 2t T i : .2 &

O um R bnlriu .v(n) iquhmﬂdiulm N t.hnsatofdl




" WS

i: a ring *uomrplulm. s

and N.  However, when -R is a’ commutative Artiniad ring, J(R) =.N. This

* is proved in [13] in two steps: since - R is commtative, N is a mil.’

ideal and then N € J(R)- [13, pg, 68]; since R is Artinian, J(R) isa

nilpotent ideal [13, pg. 69] and hence J(R)S N, We-use this fact in the =

proof of the next proposition. . . . .
. . O

Proposition VL4. let R°and § be comutative Artinian rings. If there -
exist a g AUt(R) and g Aut(S) such thet the rings R.[x] end -S;[x]
“are isamrphic, then Ry and s/J(s) sre sib-isomrphi.

Probf.. Let o : R [x] > §[x] bea ring isnmorph)sm. Since: J(R) is nilpotent

"and a(I(R)) = J(R), by lema VLI, (), [x] . is a nilpotent ideal in R[x];

hence, I = v(J[R) [x])- is a nilpotent ideal in s [x]. "This in‘iplies ‘that
the mnstam: term of every pulynnmill in 1 is mxpomc and therefore, an .

elenent of J(5). : T e - )
: A a §

We are going to c(mstruct: a mnomrplusm from R.=R/ J(R] into

= s/J(SI By propnutmn I, 8, R—[x] =R [x]IJ(R) [x] via ) i

:hx > Zzix 3. also, since q(J(R) [x]) =1,

ai

TR [x]/J(R]u[X] +8 [x]/I » deﬁnedl;by u( Zrix) = u([r x ) +1,°

According to lema VL2, R. is Arginian; R is ‘also samis!.mple s »e 01,

becauss * I®y ) Byathe Huddnburn theoren' [13, pg. 53], R is'

Asomorphic ‘to the direcf. sum of a

ite nunber of: sqmte mtncss with entxries

in ‘sono Fields. Since 1 comuentiva, these matrices hwa Order 1 and

each’of ‘then 14 a camutaﬂve fields It fouon: ﬂmt ench elamr;t of R i3,

of the form e Where “'u, is & wnit and. o is"mn ide-potmt,a;smt. ‘lﬁ,. 3




_write i -

| that p presewes suns hnd prodm:ts.

" complete.

fact, 1 (r), oo _rkJ‘EﬂFl@ et ka' where each Fy is a £ield, we' mey
(xys foer ) = (u)) ...,_uk)(e“l, weip ) vith u =@ and e = 1 if
1 #0, and w=1 and ei'ao'.if‘r.vﬁb. : ’

‘We now define 2 8 [x]/‘ +> 5§ by p([s a1 = s %
o is weu defined, for Zsix €1 inplies Zs LT nilnotent in S [x]

and f.hen, So- is nilpotent and 1s therefore in’ J(s). It is‘ensy to verify

© Finally, ve defing i R+ § by W@ = ot v vant to prove thit

¥ is'a monomozphisin. i 3 is amit, w@ isa wnit because - isia

‘ring homomorphisn. If T # 0 is an u;gmpoienc. let 5= u(:). Since.

§c " is an isomorphisn,. 5% (F) = [s;x '+ 1 is amonzero idempotent. By .
lemma VL3, .we may choose Zs.xi to be an idempotent. Then (Zsixi')z
Zsi‘xi_ and’ consequéntly, 2= so.. On_the othér hand, 5. cannot be zero;
otherwise, we would obtain . s, = 0 “frob (s, 12, Isgxts. contradict:mg
the fact thit 5t(¥) # 0. Hence, ‘s, is a nonzedo idempotent; ‘since J(S)
has_no nmz\eio idempotents, 5,400 Racalvnnu‘ thn‘t"nny

T#0 in R 'can

" be written as T = ue where u .is a unit and -e isa nonzero idempotent
we ‘obtain u(F) = p(ue) = u(u)u(e) #0 'since . u(u) is & it and- ue) £ o

“by the sbove remarks.’

ey . U ) by # s
! Symetrically, we construct a monomorphism v : 8-+ R and‘the proof is

\

- Corollazy VI.S. If, R and § are cunmutative SQﬂlﬂ!inlS Afthﬂ.lll xings Illd
Rl = S“s‘[x]. then R ‘snd $ are “subs isomwrphic. g : o

56.
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Proof. We,note that Riyq =R, ‘and S/3(5) = § 5 then, by pru'positit.m
V.4, R ‘and §  are'sub-isomorphic,

.




CHAPTER V(I C ' : -

A Noninvariant Ring
M. Hochster has shown.in [9] that not eveéy ring'is invarjant, by exibit-
mg w0 nonisomorghic rings which yield isomorphic polymonial rings. In order
to give .a detailed nccoum: of this exanple, wé need soveral concepts-and .

results TN commutative algehra. Al1 rings will be commitative with identity. P

- We first'define and construct &enioF Igened G0 an R-nodule; ve then
. define ;ymecric algebra’and prove ‘the existence-and uniniuen;ss up to
-isonorphish,of such an algebra. After that we:prove sohe properties of
symmetric algebras[3] which are usedin the ‘sequel’. Finally, ve dofine
somuy feal domains [16] and prove two siimle results about: then. Then the

exanple in'[9] mu be discussed in detail.

Definition. An‘l\-algebra A is an Remodule, togother with a bilinesr mapping
froi- A'xA into' A defining a multiphcatian in A uhich's associative
and has xdentxty #u’ )
Dak‘initiun. Let A and, B be R-algebras; an algebra homomorphism from A

into B;is an R-module Hononosihise £ A+ such that for each “x,y €A, )
f[xr) = f(x)f(y) and mA) =l LT T -'

Let " A be an R-ulgebrn nnd K an ideul in A, The mdu'le Ay may’
be turned into an R-algebra by dufxni.ng < b=a ., Vabe A The
slgebra A/y is commutative if and only if VYa,b A/ .ab ,bu EX.

neﬂniti 'A‘tensur algebra on'an Remodule M is an R-nlgebrn T togethar

with an R-module l\nmlnorphinl i M T such that if A kN ln)' R—-algabrn

bnd 9 : M+ A is anR:nodule hommnrphism, then there exists a unique

gehrn hamorphls' t T+A .with fo w L4 w B L
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Given'an R-modute M, we may construct a tensor, algebra on M as follows:

N ot let T= @ T ‘where T_ =R, ‘T,
s ST g i P °

product of n copies of M overR, when n.> 1: For each n> 0 “ind each: A

=M and Tn"=M @ ... @M isa tensor

-5 >0, wedzimes 2T, ®'r»-r hy

8, Ll ®:. 0 m)@(m- ® ® ) - g "

s

sm e @ my @ ne .. ‘® my, nd oxtend this definition by’ 5

1
. Since -T ® T =@ @ Ty - there exists a
,50

i e unemty to T @ s

Linear mapping 6 : T € T+ T sxtendmg au The abave "s (3;:pg. 70].

Thus, the mapping fron TxT _into T. given by . [x.y) »Iz @® y defines a

multiplication ih T which 1§ associative (for the te'n!or_}_)roduct is assoc- ' .

iative) with identity Ly =l Here ¢t M> T 1is defined by
: e (0,m,0,...) Vme M. S . . .
* -, .Any two tensor algebras ori:thetsame R-module are isomorpgic [3, pg. 151]:

.Hence, when we Tefer to a tensor slgebra on the R-nodule M, ve may take it o

to be the one constructed above.
Definition. A symmotric dlgebra § on an R-module, M is a commutative, R-

~“algebra together with a linesr mapping ¥ : M =S such that if A is g

-+ tomutative, algebra and ¢ M+A s @ lined¥ mapping, then there exists

@ unigie R-algebza homomorphisn £ Sx A with £ 6§24 Such dn
n}gebrh is denoted by (s,p)u, : . : R i

Prngnsi!inn VIL1. If (54) i5.u symmetric algedra on the Resodule, My (i)
“génerates S as an Rddgebra. \' T Ry S

toof, ‘Let' §' e the: sibalgebra of | § Agenernted by W(M), ‘e




the other hand, Ig o §.= P ByC the uniqueiiess of the R-algebra’

A m® ; .
- 4 (ry _jill yi’j) » T € R.)yi,j €y v (ls)),.
Since $O)E S' , e myPdefine. y' : M S by ¢'(m) = (W) VmE M.

= xes|

tence, if '3 : § + S Is the natural inclusion, we hive io ¥’ =y . By’

the definition of (S,¢), there exists a unique R-algebra homomorphism

‘t: 58 such.that £ o y=¢'.-Thus, 1o foy=ioy =y On

. honomprphism g : S +§ such that go-y = ¢ , we conclude that o £a1Iy

i is therefore onto and B! =S,

o \
Proposition VIL.2. 1f (S3¥) and (§';') are. symetric algebras on the R~
mdule W, there exisis a unique algebra. isomorphisn J.:'S + S' such that
Jow3=w'. S e v R e T

5 5
Proof. 3y defmmm, ‘there exists 4 unique algebra nomrphm J:sas
such that’ J o 1 =9 "and there ensts a muque algebra homomorphism

J': §'+ S such thlt g oi' ". Then, J' oJo $=J" 09" ="y,

“ie.,.J'0JdiS+ S H.ts hl lhe definition of sy-ln'ic l.lgebrll! dou I

.the uniqueness of su:h an uuebrl )mrphin, J'oJd = ls s!.-ﬂ-rly,

J o Jr =1 st and’ J is therefore -n_ 1smrphisl. p

Promsidnn VIL.3. Gi.vm an n—-odule M, f-here 'xlus a symetr!.c :lg(bu

nnM.,, & 2

I’réof.' Let: [T,s) be a tensor ulzcbu‘on ‘M and let K"be ‘the ‘hiell
gsnarltad in'T bx the. alemnts o! the iorn s(x)o(y] - o(y)u 5 x.ye M.

'm- q\mlant Alpbrl S= T/K 1: co-nltlti.v' lnd u we' set v
vhere riT+§ ds the nltunl llnbrl )wmrphln t.ll-n (S,i) isa”

symmetric. algebra on M. In fact; let A bea w-uuuv- ‘n-p_l.g_-b_n ud.‘

Jy




‘We dofine £: S+ A by £(E) =g(t); since A is comnmr_ar.lve. ;g(k) =0

:Aand (S.q‘) is the!‘afote a. symctric ul]a\u‘a on M

- mapping ¢ : M+T is simply the inclusion of M. nto” T. | Hence by -

is unen from’ A ® B @ "
. the :«naor prodne: of mdule

into A QR B xi.va_n hy

5% ) B

¢ : Mo A a linesr mapping. - By the dofini tion of tensor algebra, thare

eus:s a unique ugehrn hommrpnism 2T A such that. go ® = 4 .

and f is therefore. well deﬁu\ed. It s clalrly an nl‘ebra hmncmorphism and

fnw=fuwoﬂ—sa8=w\.‘>

Since y(M) generates § ss'an Realgobre, any algebra honomprhhiisn’

£ 8.9 A _such that” £'o y.5 ‘ coincidepwith £, Hence' f is uniquu

o Qee.d. -l K

By the constructmn given fo: :ha tmsor Algbbra {T,8) nn .M, the li.neu

o (X6 (). In the proof of pmpommn VIT':3, we mean x @ v And by
taking the quotient S'= T/x Waiate Just aswuring thatn s, :

x@y=r® x Ihothsrwotds,LSra@S where s =%

o
Sy is tha cumuu:ive :en:ompraduct of ‘T copies of M. Hete, unin.

ERES s 4s the inclusion”

Fron now on, all- mﬁbms will’ be cvmucmve -1gm-ns. i 5 3

et A n.nd B he R-llgabns md consider axi n-mdule A® B The -

R
mayping from "A'x B x A B into Al @ n dsgidied By (31, o, bv).. aar @ bb?

&

is linear in each factor.’

‘Hence, themppi.ng e @ b @ -' @ B aa' ® bb'.




§ B Lt MNibe R-mdules and’ (sM ), (sN,wN) symnatri.l: ulgebrns o ° %

"'M,N respectively, If p : M +N'.is’ allinear mapping, so is

by o " T M sN' By the definition of symmetric ulgebn,, thue exists &

umqne alyebra homomrphism £ sﬂ - si” such sthat' £ o O WN o . his

ln'u.que hommoryhxsm f ‘s nulled the yrolongntion of u.-to 5

§ o ‘We now prove, some pmparms of symmattic algebras, * - o . e
w i i £ . : 7 .

., - 3

s Px—omsition VIL, 4, [3. yxlzls] Let .M = N @ P bu an R~modu!.e and” cans;der 3

the symmetric algebras * (S wM), ‘SN'W* ﬂn\d (

povp) on MY and
rasmtively ¥

D5 5@ S swh thwqu(wm .wN(y) @19 wp J,
in P il

Thén, there exists 2 uniquo nlgobn 1sonwrphism ¢

E

.for each y in N and eac

o pmof.' s’i.’.ce uen GS P v tive Lines nappings 7y MENandit o

SH"SN

® 50
_.such that f-o \pM-d. Hénce, for éach y u N md for each z 1P,

;l\d J'F :\S

Let J
& N

S-rS

in?:lusibns“-]u > nnd jlp PP



Hence, g o £ and I¢ ‘coincide on gy, a set of genezators for S,. Thus

go £=

s and £ i3 therdfore a monomorphism.

M .

Since yy(N) generates S and um u ® 1 is an algebra homomorphism, i

the subalgebra £(5,) of S, @ S, contains S, @ {1} ; similarly, it N
) N @ S N ;

contains {1} @ Sp. Honce,'it contains (5, @ (1) U ({1} © S) which

is a set of generators for- S, ® S,. We conclude that £(S) =S, ® S, - .
N P g U B

and that f is therefore an isomorphism. -

g mzusi:im". VIL.5. Let A 'be.an R-slgebrn. Then the R-algebras A @ R[x] E
do 2y and - Alx] afe isomorphic, .0 ‘ - cmr Y o
: . . Proof. Comsider the R—algebra hnmmrphj_sm £ A'(g R[x] + A[x] “defined - .
" by fa ® x) = ax* ;' £ is obviously onto. To prove that £ is a mono-
sorphisn;, we define g ; Al A @ RIx] by gQax) = Ja; @ xD),
Which i an Realgebra honoporphism; then, g0 £ 14 Iy @ iy
on {a @ xlae A)U{s ® 1|.e A} , a set of generators for A- ® R[x];

, : :

coincide

‘aid the proof is complete. . Ay \ : P
¥ ®, ) . - N . 3 4 N
’ Proposition VIL.6. let y : R R[x] be defined by w(1)

(R[x],¥) is a symetric-algebra on R. . : . §

- Proof. 'let A be an R-algebra and’ y : R+ A & linear mlpp!ng. Define

£1 RG> A by €5 = Jryu(* Vo have then:anR-algebra homon-
N orphism and £ 0 y = y. Any other R-nlgehra hombiorphism ‘g’ such €hat ‘
" o u must coincide with £ on: {1,x}. which generates R[xl. Hemco
N f 5 wmigeel L A i

. - Propobition VIL7. -Let y : B *RIxp, "wees %] be defined by ﬁkei) =x




B - where e . s lgisn Then (RIxp, ..., x1y) is'a symetric ’ ‘
1JU<,, e n] o o "y

nlgehra on n ) . e
. ’ " « §

Proof. Let p : R R[x] ‘be defined by p(1) ='x; by proposition viLe;

(Rlx,1,9) is & symetric algebra on R. We continue’by induction: . suppose "

that (R[xl,' P l],u) is a syme:nc algebm on R ,0: R

- + R[xp .:s X]] being definéd by. ale'y) = xp.ey © i

1_35_,;.1" o

o TEEEate ¢ el © i

E Let (S,¢) be a symmotru: algebra on R by proposition VII.4, there N
n 1) @ R[x“] such
* 7+ that'for each &) exr" .£o¢(x1, R S R (YRR ) @/1 .

exists a wique aigebra isonotphism £ : S+ RIx;,

1<i<n
L1 @ el T X ¢ lnl)@ln@rx.m

; : R[xl. fon %] ® RIx 1> R[xl. sves %] be the isomorphisi defined

-~ . in‘thé pmuf of proposition VIL.4. Then g0 £ o= 9
N

Ay the unique
“ ¢ % 5
algebra lsmlotphlsm hs s > R[‘1' colns X ] such that “h o o= is the

isomorphism g o £, -‘Hence, Ry +eer X,1,9) . is & symeetric algebra on

a

By . T s
‘Definition. An R-algebra A ‘is regularly graded 1f it has subnodiles: Ay , ©
] & "
2 . 4 beinga natural, fumber, such that A= @ A;.s AJ'is.a subalgebra

'-;xsmmhic “to R andif a € AL €, then ag €A VL 0
Let A= @ Ay bea regularly’ ‘graded nxgab;a. The elements of the

i=o
submodule ’? are c_llled the homge-neou; elel_nents of “Aof" degree i. Hellce,
s Ifax &

| every €lement of A .is the sum of its
peaded Roplgobra iz gonerated over <R by a subset S C'A, " then the submodite | . {
Al 1s genersted over R by the lwmgeneous cbmanents of dagree 1 of. the

}“‘ elenents of s.




THetds..+2=1 in Rl ein R i

. B =15 then, a(‘l‘) s a(bZJ = a(b)2:>: 0-

algehra on an R-mdule M . are regulal‘ly graded algebras.

At this lent, we turn our attention to formxlly reﬂl domains.

By their constructions, we see that the tensor algebra and the symmetric

Definition.' A ring is a vfurmall); real domain if for each n > 0 and every

n
) PR .. S
a8 ER-, izl al =0 'implies a; =0 Vi. .

Lema VIL.8. If R is a formally real damxin, 0 s RG] -

n
Proof. lLet . J .£ =
- i=1

_power. m3 0 of X' appeaung in the £;'s. Then; )j = o, where

im
£ ,=0 Vi and Vu> 0. Hence, £, =0 for each i.

Lemma VIL.9: Let R be a formally real domain. Then the solutions of

3 5 B -om - .
Proofy Lot £ =] £ ;'€ R[x] , and suppose that - ] £« 1. If mx1

. . e .
is. the highest power of ‘x in the' £'s., e have ? 2. =.0; since

i,m

L =0 .Mt £ € Rix for each 4. Consider the ‘highest

£ o is the coefficient of x"in f.° Since R s f_ormauy real domain,

R is'a fornally redl domain, £ - =0 for each 1. tegge, =0 and:

the fi's lie in R.

Lemns VIL.10; The only,ring automorphism of the ring of real numbers R

the ,idan:ity' ‘map. 5

Proof. .Let & bea ring nutomrphisn of R ; since n(l.] =1, ‘it follows

that u(q) = q fur all rammn numbars q. "

CIf r>D, l.lso cn(r)>0. Tosut)ns wetlka b in ‘R suchthlt




. . The ideal, I generated in R[X,Y,Z] by the polynomial X2-+ Y2 + 22 = 1

Now assume that s € R is-such'that a(s) # s. rake(any ratignal number
q.between ‘s, and a(s) , €:g. s <.q.< a(s). Frop(}0 < q'-'s we‘obtain
0<.a(q-s) and consequently a(s) < a(q)'='q, contradicting the fact that

s<q<a(s). - q.e.d. 3 ’

. We are now ready to discuss the example given by M. Hochster in [9]. ' In
what' follows, R is the ring of real numbers and P, Q. t; U, V, W, X, ¥ and | .

Z..ave indeterminates.

is prime bacauée this polynonial is irreduciblé in RIX.Y, Z]. It follows that
the xing A = RIX, Y zf/I ‘is an integral domain and is generated over R by’

thaelements x=X,y=Y and z—z which satisfy xloy-zozZ:l.

Hence, for each £(x,y,z) in" A thera exists g(X,Y,2)- in R[X,Y,2] . s
‘linéar in ‘2, 'sich that g(x.y,z) £(x,7,2)0 S §
Lemma VII.1i, A* = R*. T B .

R :imi be embs'daed in the ring A, R*E A*. Let . . v

bze A* 3 s,b € R[X,Y] . then there exist ¢,d in R[X,Y] su:h that
(uszacmaz)ﬂ* Let x-x2+\4-1. -nm-._ ' . '
@+ bZJ (e +dz) =1 @)K - %) vhers 'h € RX, Y] e polynonid in

"2 o the lefé-hand.side has degres <. 2. Hence, h(z) € RIKY]. and g
T R(@) = bd. We may rmitu the eqnut!nn ;boy, as’, * o .
: ac+(ad+bn)1~bdzz-1+hdkobdzl mpu. ) L
@, e b1 U . T et T 8
@ o adepeel ' ‘

o ’ifuemitiply(l)b,'v 4 @ % qnd-ddupth




.on & N : N
B CHeR Sl b; (X Y)Z)z = h(x2 + Y2 + 72 - 1) where h €R[X,Y], as in
i=1 c . it

u in RIX,Y]*= R* -such that' d'= ub. From (2)'we obtain, ¢ = -ua’and them, ..

1 -1

wemyrew—:ite(l)n's 2 ¥ 2K = -u"" or a2+bzx2o12-1) -u.
® 2

Let a b be the leading chfﬁciencs in RNV of ab respectxvely.

Then, aZ + b2 = 0. Since R is a formally zeal domain, by LemmaVIL8,

‘n[x] 15 a formally real domain; hence; a_ =b = 0 for all 'n 30 Then, .

n
0 and d'=ub =0, From (1), e obtain ac = 1. Since n[x ¥ = R*,

ve oncludé that A*C RY. : C .

.o A Al I
Lemma VII.12." 'A. is'a formally real domain.

n a, :
et .Z‘ (3; (%,¥) *'b;(x,9)2)% = 2': Then,

the proof of lemma VILIL.' Consequently,

n c n Y
2 = 2 @ 55 . = x =
i£1 a2 f;(x +¥2 - 1) 2 igl agb; =0 and i£1 bﬁ_‘ h. vThus,

,i 2 TZ‘ );2 E ZZ‘ E b22
&) a? + 2= ] b2+ 2y2,
B © U = R & T F

_Consider the terms of the’ a;'s and by's' which are in R.. The. $un'of .

_:‘heirsqms in zero: ‘Hence, no a,, and by his any term'in R*. Next,

consider all the tems ‘in the ‘a,'s’ and by's' which are in. R[X]. Let j

be the maximm power of X which, divides all those: torms’ (thus, 3 1).
Froi (3) wo havet . .

e (Zc1 Eaz) CROY = sz Qe JB¥y + G(X,Y] )
vhero cach ey and each dg s R, Al the terns in P and. G depemd
on, Y. and for some :l at lenst one of the ci's and dy 's has & term in

- The :sum of the squares of these torms in R* being zero, v mam

“that. the “1'5 and bi's hlv no nonzero tem in R[X]. s!mwtriully,

u-gy have no mmzm tsms in’: R[Y]. Hmce, n.ll tarms Jin tha a;'s’and; by!s




i %
B % £ N\
depend-on XY. Let j,k be the greatest power of X,Y,. respectively,

comnon to all terms.’ «We have: from (3) :

xzjvzk(jczi + Jaz) = 2’\?“‘( Zd2x2 + Ja@gw) hence, : ’ e

TYe? v Jaz = Ja2ee s )_‘4212= -nus dquation. being the smme’ as (3); we com:lude

that all terms in the °i's and dg 's depend on xY contuchcung our.

choice of the' numbers j and k.. Hence, each aj and each’ by nust:

zero.

A z‘ing S .is invaxiant if for.each Ting S' the isomorphism

S[x] = §' [x] implies S= S'. . : ‘

Theorem VII.13, ‘Consider the lingar nappings- ¢ DA A, dofined by,

Q(l,b,c) = ax ¢_by +cz, and y: A+ A3, daﬂned hy ¥(a) = a(x,y,z).

- . 8
Since ¢ o ¥ = Ig , we have A=BE @ A where' E=ker ¢ is an A-module

of rank 2, E is not free, otherwise we would be able to' construct'a

‘continuous field of unit vectors over §2, .a contradiction to theorem 5.8.6

in [8, pg. 219], In fact, ‘suppose E is free.. Let,
“‘11’“1:"13) » (8185:859)) bS8 besis ‘for .E.' Then
“‘11"’12"13) s (a3338505853) " (%,7,2)}  is a basis for A} and the .mat_rix:

311 %12 %13 : o

Mix2) = [ag a5, 8y vhere 3, = ay;(x,y,2) . corresponds
.o x ¥z i ) i
to an 3 of A It's: : ‘being ible in A, isa
nonzero real mumber,. by lemma vli.ll. Hence, F(x,y,z) =.4M(x,y,2)| - - =0.:

Since (x,Y,2) is a typicaJ pn;\.nt of .82, F(a,b,c) =-o‘
@5,0) € 2. e R

Let s mow consider the finction * y' ¢ 8% » R3 [defined by




X(@,b,€) = (8,b,¢) X (ay(8,b,¢), ay,(@,b,c); 8y5(a,b,6)), " the vecisr'l_;i-oducn

of two vectors in. R3, If we develop the deterninant above by 16 EIst zon, "

ve see that y(a,b,c) = 0 implies [M(a,b,c)[ = O and we know that™  °

[N(,b,c)| =T # 0. - Henge, y(a,b,c) #0.  As 3 composite of continuous

functions, y dis continuous. Moreover, y(a,b,c).-.(a,b,c) = O... Hence

Y{jy|| . s 8 continuous field of unit vectors over S2.

Let S(A3), S(E) and S(A) ‘be symetric mlgebras on the A-modules

E'and A, - respectively. By proposition VILd, S(A) = S(B) ® S(A);

’hy}‘:’rapbs tion VIL.7, S(A?) = A[P,Q,t] - and S(A) % Alt]. kenc‘e.
A[P,QI[E] = A[P,Q,t] = SAIP = 5(B) @ S(A) = S(B) @ Alt] = SE)[t].

Now, we show that the rings AR, Q a.nd ‘S(E) ‘are. not isomorphic. . .

Suppose there exists”a'ring Tsomrphisi h & A[P,Q] + S(E) then

h(A[P,Q)*) = S(E)*. ‘Since A is an integral dnmin, A[P,Q* = A* md'

_ then, by lema VIL11,” A[P,Q]*= R* ; since S(E) sa subalgebra of

AP,Qt] contsh\ing R, we have R'CS('E)'CA[P Qt]* = R*. Thus,

h]R(R) R, d.e. h restricts to a ring nutomorphism of R The only

‘. h is an R—xsumrphxsm. = N -

Moreover, since by lemma VII.12," A is a formally Teal domsin, the
solutigns of the equations h(x)2' + h(y)? +h@2 =1 and

ez + W2+ w2 =1 dn  APQt] liedn A, according to!

 ring automrphisa 6f X is the ‘identity (cf. lemu VIL10), Thisshows that

ca

Iems VI1:9 and VIL.8; hence; the solutions of the former equation in S(E).

\ledn A’ and'the solutions of the latter one in A[P,q) also lie in . A.. -

m‘ns, ).(,A):A and” h7 (A)GA. e %

We now define g-: A[P, Q s(e) by s(Z-ijl’ Qj) = h(Ih (ﬂ;j)l"ﬂ) s
u znuhm h(Q)j " We have here an A‘d3onorphisn of AP;Q1 dnd . SE).




1y, S(E) is. over A by tl_\e"r.wo elements

B(P) = eyt e+ .. and g(QF = ¢} # c}# ... where the-index i indicate

the homogeneous component of degree i, as S(E) is a regularly graded
algebra. The ‘submodule of S(E) 'formed.by ‘the homogeneous elements of degree

1.is isomorphic to E and is generated over R. by (cl.ci} , according

| to the remark after proposition VIL.7. But E requifes three gonerators

because it has rank two and is not free. .Hence, A[P,Q] énd S(E). camnot

be isonorphic, which complétes the proof of theorem VILI3. fr 5k
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