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Abstract

An accurate analysis of the characteristic behavior of a fractured reservoir is challenging due to
the complex reservoir formation; furthermore, the irregular flow patterns in the discrete domains
add to the computational complicacy. The study aims to develop a mathematical model for the
fractured reservoir through the utilization of the anomalous diffusion approach and the multi-
continuum approach. Firstly, the study reviews both the concepts in details to make a better
understanding of the limitations, formulations and the application criteria. A comparative study
is done to determine the relative impacts of two approaches in the reservoir at different flow
periods. Consequently, a linear model is developed for the reservoir flow towards a hydraulically
fractured horizontal well at the transient condition. The derivation considers a modified tri-linear
model with different arrangements of the matrix and fractures. The solution is derived in the
Laplace domain, and numerically it is inverted to the real-time domain by the Stehfest algorithm.
The study shows that the continuum-based approaches differ for the different fracture network,
inter-flow condition, continuum-number, and the interface transfer function whereas the
anomalous diffusion approach captures the heterogeneity of the reservoir by the fractional time
or space derivative. The evidence from the comparative study suggests that a combination of the
continuum approach and the anomalous diffusion is recommended as an alternative approach for
the modelling of fluid flow in a fractured reservoir. In the developed model, the influence of the
super-diffusion in the hydraulic fracture is remarkable as it alters the pressure response during
the whole life of the reservoir. However, the sub-diffusion impact increases with the time and is
significant at the late stage. The study also shows that Macro-fracture permeability regulates the
pressure drop in the reservoir as it is the primary conduit in the inner reservoir. The combination
of the approaches and the logical distribution of the flow conditions are shown as the better

alternative to the conventional method.
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Chapter 1 Introduction

A naturally fractured reservoir contains a significant portion of the world’s fossil fuel reserve.
According to the Schlumberger market analysis (2007), more than sixty percent of the world’s
proven oil reserve and forty percent of the gas reserve are conserved in the fractured carbonate
reservoir. Although carbonates and shales are the most common formation of the fractured
reservoir, it also belongs to the sandstone, cherts, and the igneous or metamorphic rocks. The
fluid that travels through the fractured reservoir pursues a complex path and the production
performance of the reservoir also traces this complexity. The fluid flow modelling is a vital tool
for the reserve estimation, characterization, and the production optimization of a reservoir. This
study aims to develop a linear mathematical fluid flow model for fractured reservoirs and intends
to make a better prediction on the reservoir performance. The following discussion states the
problem statement, key ideas, objectives, procedures, contributions, and the organization of this
research.

1.1 Problem Statement

A fractured reservoir can be defined as a formation of altered matrices and fractures. The fluid
travels a complex path in such a reservoir. The fracture and the matrix have different flow
parameters; therefore, the pressure response at the well contains the contributions of both. The
fluid transfer between two adjacent domains depends on the relative storability of the domain
and the transfer surface at the mutual boundary of the domains. The modelling of the fluid flow
in a fractured reservoir, thus, requires the proper evaluation of the flow at each distinctive
regions of the reservoir. Fluid flow condition, either transient or the semi-steady state, is another

concern for the modelling.

For the volumetric reservoir, pressure diffusion is the dominant mechanism for the fluid flow. In
the classical diffusion, the pressure gradient is a local character; hence, the value of the pressure
gradient at a point is considered an instantaneous property and depends on the pressure value at
the vicinity of that position. Classical diffusion also assumes a Brownian motion of the particles,
and the diffusion process follows the exponential law. Conversely, the anomalous diffusion
occurs when the particles have a non-Gaussian distribution. The mean square displacement of the

individual particle follows a power law instead of a proportional relationship with time (Fomin et
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al., 2011; Raghavan, 2011; Chen and Raghavan, 2015). The particle is treated as a continuous
time random walker (CTRW), which can randomly jump or wait (Montroll and Weiss, 1965;
Fulger et al., 2008). The waiting time of the particle at the interval of two successive movements
is not a constant one. Depending on the time and space event the waiting time is shorter or
longer. When the space event dominates the flow, it accelerates the particle movement, and
super-diffusion occurs (Montroll and Weiss, 1965). When the flow path restricts the flow,
conversely, the waiting time becomes longer, and the time effect controls the flow, which causes

sub-diffusion (Caputo, 1998).

Transient flow is the dominant flow condition for the fractured reservoir flow. Gringarten et al.,
(1974) proposed the following formula to predict the time when boundary dominated flow
(Pseudo-steady state) is developed around a vertical fracture with an infinite conductivity

t> 1.14% 10* e px’
= k

(1.1)

Naturally fractured reservoir has very low permeability (k). Thus, in case of a substantial fracture
length (xr) the transient condition is elongated for a longer time. Raghavan et al. (1997) have
shown that the transient condition is the prevailing flow condition when the fluid flows toward a
fractured horizontal well and it can be prolonged to the most of its production-life. According to
the Sharma and Aziz (2004), higher compressibility of the reservoir fluid makes a delay in
initiating the boundary dominated flow up to 10 days. In general, the pressure transient tests run
for a duration of 1 to 2 days. Therefore, the reservoir fluid is flowing at the transient condition
during the determination of the reservoir parameters. The assumption of the transient fluid flow

condition, thus, is more appropriate for flow modelling of the fractured reservoir.

A transient pressure response curve (tp vs pp) of the homogeneous reservoir has a constant slope
because the reservoir-drainage area consists of a single formation. On the other hand, for a
fractured reservoir the curve shows a slope change at the early stage and at the late stage. The
change of the pressure-depletion trend at a particular time depends on the individual continuum
parameters which are being drained at that time (Abdassah and Ershaghi, 1986). Depending on
the depletion criteria, the slope is steeper or flatter than the homogeneous response. According to

the dual or triple continuum approaches the slope of the curve depends on the relative storability
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and the inter-porosity flow parameter of the different continuum. Nevertheless, an anomalous-
slope change is observed in case of the hydraulically fractured reservoir that cannot be explained

by the multi-continuum approach. sk

The proper analysis of the pressure depletion for a reservoir is essential for its characterization
and the production optimization. A misinterpretation of the pressure transient test data causes an
inaccurate prediction about the reservoir performance. Additionally, the proper evaluation of the
reservoir parameters and the pressure responses are essential for the production design and
reserve estimation. For instance, highly permeable fractures may feed the well at the early stage

that causes a high production rate and makes an overestimation in the reserve calculation.

Dual porosity concepts have introduced a new continuum in the homogeneous reservoir to
correlate the slope change with the inter-porosity flow of the continuums and remarks that the
individual portion in the response curve reflects the domination of the separate continuum
(Warreen and Root, 1968). Abdassah and Ershaghi (1986) have considered a new continuum in
the model, either a fracture or a matrix, and relates the slope of the response curve with the
storability ratio and the inter-porosity flow parameters. They work with both of the strata model
and the block model. Jalali and Ershagi (1987) have modified the triple porosity model and
extended it to the dissimilar matrix types. Al-Ghamdi and Ershagi (1996) have studied a model
with dissimilar fractures and with a radial flow condition. Alahmadi (2010) has proposed a linear
triple porosity model and follows the El-Banbi (1998) linear flow solution for a fractured
horizontal well. The proposed model reservoir consists of matrix and two set of orthogonal
fracture, the micro-fracture and the macro-fracture. Brawn (2009) has developed a tri-linear
model for the hydraulically fractured horizontal well and assumes linear flow for all regions; the
outer reservoir, the stimulated inner reservoir, and the hydraulic fractured. Ozcan (2014) has
modified the tri-linear model by considering anomalous diffusion in the inner reservoir.
Furthermore, Albinali (2016) has studied another modification of the tri-linear model by

assuming anomalous flow both in the inner reservoir and in the outer reservoir.

Dual and triple porosity models use the intrinsic properties of the reservoir; those are difficult to
determine for a fractured reservoir. Moreover, the flatter slope of the pressure response curve at

an early time cannot be explained by the dual or triple porosity model. On the other hand, tri-
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linear models consider the reservoir geometry in more details and the assumption of the
anomalous diffusion eliminates the requirements of the extra intrinsic properties. However, the
determination of the anomalous coefficient contains a significant uncertainty. The anomalous
behavior of the fractured zone due to the space event within the hydraulic fracture is out of

consideration in the previous studies (Brawn, 2009; Ozcan, 2014; Albinali, 2016).

This study aims to eliminate these limitations and proposes a combination of the continuum
approach and the anomalous diffusion. Furthermore, this research handles the impacts of the
time and space separately at different regions of the reservoir with the proper anomalous

diffusion equations.

1.2 Key ldeas

The study considers a modified Tri-linear structure (TLM) to develop a mathematical flow
model that follows a logical combination of anomalous and conventional flow. The combination
is based on the following arguments:

1. Sub-diffusion is occurred in the outer reservoir, an area beyond the tip of the hydraulic
fracture and the unstimulated zone in a fractured reservoir. Due to the internal structure,
this area has the higher resistance to the fluid flow. Consequently, the time effect
becomes a dominant factor in the overall flow that causes a slower-flow than the usual.

2. Fluid flow follows conventional diffusivity law in the inner reservoir and this area is
approximated by a multi-continuum structure. The inner reservoir is a stimulated zone
between two hydraulic-fracture and contains a number of induced fractures. The
construction of the inner reservoir can be approximated by the core data, well log data,
and the other methods of formation evaluation. Thus, the orientation and the density of
the fractures and the physical properties of the matrixes and the fractures can readily be
determined for the inner reservoir.

3. Super-diffusion process takes place in the hydraulic fracture. The stimulation process
creates a better conductive region in the hydraulic fracture because it creates and
connects the fractures and enlarges the existing fractures. Therefore, the space events
control the flow in this region and make a faster flow than the natural.
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1.3 Purpose Statement
The objectives of the study are:

a. To review the fundamentals of anomalous diffusion process in the fluid flow;
additionally, analyzing the formulation and definition of the basic concept of anomalous
diffusion, known as memory concept, from different standpoint to distinguish the
memory effect from the other types of non-local impact in the fluid-flow.

b. To review the fluid flow models for the fractured reservoir and investigate their
assumptions, formulations, and limitations.

c. To conduct a comparative study on the different flow models for the fractured reservoir
to determine the appropriate approach.

d. To develop a linear mathematical flow-model for naturally fractured reservoirs and solve
the model analytically in case of hydraulically-fractured horizontal well.

e. To analyze the pressure response of the solution for finding the effect of different regions
of the drainage area on the overall pressure response at the bottomhole of the well and the

conditions for production optimization.

1.4 Procedure Statement
The study makes a comparison between the anomalous diffusion method (Chen and Raghavan,
2015) and the linear triple porosity approach (EI-Banbi, 1998; Ahmadi and Wattenbarger, 2011).
The comparative analysis considers characteristic distinct physical structure for each approach
and derives the analytical pressure solution in Laplace domain. To compare the responses of the
approaches, it maintains the dimensional consistency in the physical models.
The tri-linear reservoir model (Brawn, 2009; Ozcan, 2011) is the basic structure for the
development of the multi-continuum anomalous model. Either a conventional or a modified,
continuity equation represents the flow type in separate region. The pressure solution is derived
in the Laplace domain and the coupling between the two adjacent regions is done by appropriate
boundary conditions. Caputo’s (Caputo, 1969) definition and properties of the fractional
derivative are used to solve the sub-diffusion equation whereas the basic properties of the mittag-
Leffler function (Hombole et. al., 2011, Fomin et. al., 2010) are used for the solution of the
super-diffusion process. The linear flow solution in the inner reservoir follows the procedures of
16



El-Banbi (1998), Brawn, 2009, and Ozcan, 2011. The solution is numerically inverted to the time
domain based on the Stehfest algorithm (1970). The pressure response is generated and analyzed
by MATLAB_ R2016a.

1.5 Contribution of the Study

This study investigates different approaches for the fluid flow modelling of a naturally fractured
reservoir, inspects the particular physical arrangements, analyses the contrasts among the
different models, and examines the mathematical formulations and their limitations.

This study also discusses the current concept of memory in different fields and critically analyses
the representative mathematical tools for each corresponding model. The idea of anomalous
diffusion in the petroleum engineering is critically reviewed.

To determine the better representative model of the fractured reservoir, the study conducts a
comparative analysis on two standard approaches for the fluid flow modelling of a naturally
fractured reservoirs: the anomalous diffusion and the multi-continuum approach.

The adaptation of the triple porosity model in the inner reservoir region in a Tri-linear model to
capture the heterogeneity in a naturally fractured reservoir is used for the first time in this study.
The logical combination of sub-diffusion, super-diffusion, and linear axial flow for evaluating
the performance of a hydraulically-fractured horizontal well is another innovative approach in

this research.

1.6 Organization of the Thesis
The thesis consists of six chapters and three appendices as follow

Chapter 1 is the introduction of the thesis that contains the problem statement, key idea of the

research, objectives, procedure of the study and the contribution of this research.

Chapter 2 reviews the memory concept which is the fundamental idea of anomalous diffusion.
This chapter investigates the definitions of memory, makes the comparison of the non-Darcy
flow and anomalous diffusion, and shows the application of the memory concept in the

petroleum reservoir.
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Chapter 3 presents the literature review on the fluid flow models for the fractured reservoir,

classification of the models, physical structures and the limitations of different approaches.

Chapter 4 develops a simplified model using the anomalous diffusion approach and multi-
continuum approach and compares the responses to determine the characteristic limitations of the

approaches.

Chapter 5 is devoted for the development of a linear mathematical model for the fractured
reservoir using both the anomalous diffusion and the multi-continuum approach. The derived
solution is validated by comparing them with the existing models and with the field data. The
responses of the model are analyzed to determine the effect of the different parameters on the

bottomhole pressure depletion.

Chapter 6 contains the conclusions and the recommendations of the study

Appendix A includes the derivation of the continuity equation for the anomalous diffusion and
the derivation of the multi-continuum anomalous diffusion model.

Appendix B presents the derivation of the flow solution for a rectangular matrix block

Appendix C shows the derivation of the pressure solution for a two-dimensional linear flow in

the hydraulic fracture.
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Chapter 2 A Critical Review on Memory Concept: Anomalous
Diffusion and Non-Darcy Flow

Preface

Memory is the fundamental concept for understanding the behavior of the anomalous diffusion.
The concept of memory is one of the most expanding ideas in fluid flow modeling. The recent
advancement and the continuing research, moreover, makes it more promising in its potential
application in the petroleum field. In the existing literature, there are a variety of perspectives
about the definition of memory. This chapter discusses the current concept of memory in
different fields and critically analyzes the representative mathematical tools for each
corresponding model. This will conveniently facilitate the conceptualization of the memory. A
discussion on the fractional derivative will clarify its relationship with memory. In practice, the
integro-differential tool is widely used for escalating the memory formalisms and its impact on
modeling complex reservoirs. A general definition of memory as a time-dependent phenomenon
or as a deviation of Darcy flow in porous media, make it tumultuous with the term like the non-
Darcy flow and the transient flow. Considering this fact, this study emphasizes the distinction
between memory and the non-Darcy and the transient flow. There are diverse perspectives in the
application of memory in petroleum reservoir engineering. This paper investigates these
perspectives and comprehensively analyzes their formulations and limitations. Reviewing the
difficulties in the implementation of the memory in the petroleum reservoir flow gives direction

for the future research.

2.1 Introduction

Memory is the phenomenon which occurs if the medium itself and fluid that flows through the
medium have a continuous interaction and the system traces the previous track at the present
performance. The variations of the rock and fluid properties are usually included to modify the
governing equations. Memory modifies the basic flow model by incorporating the effects of time
which are created by the flow history from the alteration of rock and fluid properties.

The Memory has different definitions and formulations depending on the fields. In physics,
memory is the psychological arrow of time that not only records the events of a system but also
interacts with that system. It correlates with the system and moves forward or backward along

the same direction of thermodynamic changes of that system, i.e., entropy change (Mlodinow et
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al. 2014). In Geotechnics, memory is the criteria that causes and controls the propagation of
fracture within a solid formation which is under the conditions of stress (Christensen et al. 2004).
In earth science, memory is the time-dependent pore pressure diffusion due to fluid flow
(Raileigh et al. 1976, Bell and Nur, 1978). In fluid flow modeling, memory is an approach to
evaluate fluid flow under a frame of reference of internal observation by considering the matter
and molecules within the flow (Hossain et al. 2006). Some studies represent memory with time-
dependent correlations, by using a non-equilibrium expression within the equation or as the
deviation part from the constitutional equations. In fluid flow through porous media, the effect of
memory is represented with the integro-differential operator (Caputo, 1999; laffaldano et al.
2006; Hossain et al., 2006; 2009; and Giueppe et al.,2009).

Memory concept creates a new era in reservoir engineering because the conventional approaches
deal with the variation of fluid, solid, and semi-solid structure of the fluid medium properties.
However, memory includes the effect of compositional and structural alteration of the fluid and
medium over the flow time. There are three trends in characterizing memory in petroleum
engineering. For the conventional reservoirs (permeability is ranged from Darcy to millidarcy),
the impact of memory appears in the modification of the constitutive equations, and the
corresponding fluid and rock properties which is directly related to time (Hussain et al., 2006;
2007; 2008; 2009; and 2013). For unconventional reservoirs (permeability of Nano Darcy), an
anomalous diffusion is assumed to be existent in the reservoir. This anomalous diffusion is
characterized with the aid of the fractal parameters or by the modification of the flux law with
the fractional time and space derivative (Chang and Yortos, 1990; Raghavan 2011; Chen and
Raghavan 2015; Holy and Ozkan, 2016; Alibini et al., 2016). In other approach, the impact of
memory is evaluated in the homogenizing process of the flow between different subdomain and
is related to the kernel of the integro-differential operator (Panfilov et al., 2013; and Rasoulzadeh
etal., 2014).

This paper analyzes the definitions of memory in different fields and evaluates their
mathematical expressions in a critical manner. There is a brief discussion on the non-Darcy flow
in porous media. This intensive investigation clarifies the difference between memory and non-
Darcy flow. The study also contrasts the time-dependent behavior of transient flow and the

impact of memory on reservoir flow. Investigation on the application of memory in the
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petroleum field updates the recent advancement in this new field. The discussion on challenges
will make way for future research in this area.

area.

2.2 Memory Concept

Memory can be conceptualized as an anomalous behavior in the fluid flow, the time-dependent
variation of the system properties or as the trace of the interaction of essential components of a
system. Table 2.1 highlights the defining criteria of memory in different fields and tries to find
out the mathematical roots of each approaches. The following section discusses the concepts in
detail.

2.2.1 Geo Mechanics

In 1976, Raileigh et al. conducted an experiment at an oil field in Rangely, Colorado to correlate
field pressure and earthquake frequency in an active zone. By measuring fluid pressure, they
could predict the beginning of the earthquake. When the pressure diffusion within the formation
was modelled, they faced some problems in utilizing the classical Darcy law, because the model
was not able to solve their challenges. Later, in 1978, Bell and Nur encountered the same
limitations in their interpretation of the relationship between hydrostatic pore pressure and
seismicity in a fracture zone. Their investigation yields a time-dependent pore pressure diffusion
due to fluid flow which is treated as memory in Geo Mechanics (Raileigh et al. 1976; and Bell
and Nur, 1978). Roeloffs et al. (1988) investigated the stability of faults for the variations in
water level. The study found that pore pressure diffusion depends on the compressibility of the
rock and fluids. Depending on the stress condition, the impact of the periodic variation of the
water level on the pore pressure is a time-dependent criterion. They validated their observation

by using coupled and uncoupled stress equation and with field data.

2.2.2 Turbulent Fluid Flow

Shin et al. (2003) found a non-equilibrium effect on the segregation velocity of particle. The
effect goes in the direction of the turbulence level in fluid flow which is generally decreasing.
The flow contains an impact of previous mean and fluctuating velocities. This creates a non-
equilibrium effect on particle deposition inside the turbulent boundary layer during the

transportation of the inertia dominated particles. The effect of earlier motion on current flow is
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termed as memory and modeled based on the intermediate diffusion time scale and mechanism

of flow. Shin et al. (2003) modeled the turbophoretic velocity as
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The last part of the equation represents the non-equilibrium effect due to memory.

2.2.3 Fluid Flow with Yield Stress

Chen et al. (2005) studied the mobilization and subsequent flow of the fluid with a yield stress,
i.e., Bingham plastic, in a porous medium. With a yield stress, during the two-phase fluid flow in
porous media, a minimum threshold for displacing fluid from the pore throat is always required
(Rossen and Gauglitz, 1990). When an individual pore throat influences the capillary expression
of fluid flow, there is a relationship between pore geometry and pressure gradient (Rossen, 1990;
and Copx et al., 2004). To evaluate this relationship, the concept of minimum threshold path
(MTP) was proposed based on the simple percolation model (Rossen and Mamun, 1993), and
percolation cluster within porous media (Feder, 1988). Identification of MTP is always
challenging because of the complex formation geometry, i.e.; tortuosity. Therefore, a new
concept is proposed to overcome this challenge, the invasion percolation with memory (IPM)
(Kharabaf, 1996; Kharabaf and Yortsos 1997, 1998). In the absence of the flow effect, the static
problem of single phase (Kharabaf and Yortsos 1997) and two phase (Kharabaf and Yortsos
1998) fluid flow with yield stress are discussed along with the properties of MTP. The static
condition and formation microstructure also impose a dynamic effect on the flow rate and
pressure gradient relationship at the mobilization of fluid flow, similar to the viscous effect (Falls
et al. 1989, Sahimi 1993, Shah and Yortos 1995, Tian and Yao 1999, Shah et al. 1998, Xu and
Rossen, 2003). Chen et al. (2005) worked with two types of cases, the static case and the
dynamic case of which the viscous effect is important. Based on the algorithm of IPM, they
proposed a pore network model with a distributed yield stress threshold. Memory appears in their
model as the microstructure influence of pore network on fluid flow. The minimum threshold
path between the two neighboring boundaries along which the sum of the threshold is
minimized, controls the initial mobilization of fluid within the pore network. They modeled the
mobilization and fluid flow in pore throat by the single capillary expression. In the model, the

relationship between applied pressure gradient and flow rate for single phase flow is a function
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of the microstructure. In conventional porous media, the relationship depends on the variable
conductance of the pore throat. For example, against an applied pressure gradient, the increment
rate of the fraction of the pore that belongs to the open path is lower in the dynamic case than in
the static case.

2.2.4 Fluid Flow in Porous Media

Caputo (1999) modified Darcy’s law with a fractional derivative to model the diffusion process
in porous media. He started by using Rice and Cleasly (1976) formulation for the core equation
of stress-induced fluid flow. This is the combined form of Biot’s (1941) stress-strain relationship
equation and the continuity equation, which satisfies the stress equilibrium and compatibility
conditions. The study replaced the constant of consolidation (c) by pseudodiffusivity (A) and
used Darcy’s modified equation for the expression of mass flux rate. To illustrate the memory

effect, he worked with the following uncoupled equation:
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Using Caputo’s (1969) definition of fractional derivative, Caputo (1999) analytically solved the
equation and found the solution as a form of a green function as follow:
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To model the pressure distribution, he considered four types of boundary conditions: (i) delta
pressure fluctuation, (ii) zero pressure, (iii) sinusoidal pressure, and (iv) constant pressure at the
boundary. Zero or constant pressure was assumed at the half space of the medium. These
boundary conditions are convolved with the Green function (Eq. 2.3), and a numerical
investigation is made to evaluate the impact of memory. Caputo observed that in the case of step
pressure, the variation of pressure with distance and time depends on memory parameter (z).
When there is a zero pressure at the boundary, constant pressure at half space of the medium, and
an increasing value of memory (o), pressure transforms more slowly from the half space and the
time required to gain the maximum pressure gradient at a particular distance is delayed. When
there is a sinusoidal pressure at the boundary, both the phase differences increase, and a growth
of phase lag is also observed along the medium because of the impact of memory. Finally, when

there is a constant pressure at the boundary, the effect of memory slows pressure response, which
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travels more gradually through the medium. The amplitude of the pressure is decreasing at a
certain distance from the medium. Based on these observations, the researcher recommended that
the permeability of the medium is changing with time. This change impacts the current pressure
diffusion within the medium at present. This scenario resembles the recollection of previous
events. According to Caputo (1999), the deviation of permeability is caused for two reasons: (i)
the effect of previous pressure gradient, and (ii) phenomena that are related to fluid flow, i.e.
chemical reaction, mineral precipitation, temperature variations and fluid, solid interactions.
However, Caputo’s (1999) approach did not provide a complete numerical solution of the
governing equation with fractional derivative, however it did numerical investigation of the
Green function. It did not provide any physical basis for the value of a and assumed value for the
pseudodiffusivity without experimental validation. Caputo’s (1999) study is a comparative
investigation based on mathematical findings, but as it does not consider experimental or field

data, it is weakly connected to the actual scenario of flow in the porous medium.

Caputo (2000) extended his previous work and modeled fluid flux diffusion with memory. He
modified the Darcy equation by a convolution of the integrodifferential operator at both sides,
i.e. fluid flux and pressure gradient. In the same way, he changed the equation of state and
considered time-dependent fluid rheology. The modified equations are presented in Eq. 2.4 and
Eqg. 2.5 as:

omz o™
(a +b 6tm2> P = (a +f S )m (2.4)
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where a, b, c, d, o, B, €, v, and n are the parameters which scale up the memory impact in the
flow modeling. This approach gives flexibility to model fluid flow with more time dependent
rock and fluid properties and adaptability to match with experimental data in the evaluation
process. The study examined two models. Model | was simplified by considering time
independent fluid properties, and Model Il modified the equation of state. Following the same
solution procedure of previous work (Caputo, 1999), Caputo showed the Green function for the

first model is:
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Here the dimensionless pseudo-diffusivity (A) and boundary variable (y) are the combinations of
memory parameters. This approach tried to explain the flux diffusion with memory instead of
pressure diffusion by convolving this green function with different boundary conditions. It is
found that flux diffusion slows down with effects of memory i.e. with the increasing order of
differentiation. Although the amplitude of the maximum flux increases with memory, the
average velocity decreases. Memory acts as a low pass filter in fluid diffusion. However, it is
less sensitive to low frequency content of flow (e.g. phase lag, velocity), in contrast to pressure
diffusion. All the analyses in these studies are based on the mathematical formulations and tried
to understand the influence of memory related parameter on the response of the overall equation
in different conditions. So, for the deficiency in the experimental validation and numerical
analysis, the study is not able to model the overall flow performance with memory in real

applications.

laffaldano et al. (2006) investigated fluid diffusion with memory in a porous medium. They
measured the diffusion in a sand sample and observed that flux decreases with time, indicating
that the permeability of the medium varies. They slightly modified the Caputo’s model (Caputo,
2000) for one-dimensional flow and determined the memory parameters of the model by fitting
the experimental finding with it. Although this study offered an experimental basis of the Caputo
model, it worked with a sand column. Stress-induced consolidation and hence permeability
reduction is a common observation in such settings (Schutjens, 1991). Therefore lack of, a clear
distinction between the effect of memory and the compaction, as well as a short flow history (i.e.

10 hours) are the limitations of this study.

Giuseppe et al. (2010) used a similar mathematical model as Caputo (2000) and experimentally
validated the model. In comparison to laffaldano et al. (2006) they worked on six types of porous

media. The media was both homogeneous and non-homogeneous and used a vertical cylinder as
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the sample chamber. They adapted their experimental data to the model and determined the
memory parameters. Medium with high porosity have a high memory effect because of the high
compaction. Large grain size increases the impact because of the higher probability what will
change the formation shape. They found higher memory accumulation in the heterogeneous
formation, and medium density increases the effect. However, this study has done an intensive

experimental work, but it has the same limitations as laffaldano et al. (2006).

2.3 Memory and Non-Darcy Flow

For fluid flow modeling in a porous medium, the Darcy model is to date the most widely used
and accepted equation formulated by an experimental investigation of the flow of water through
a sand pack (Darcy, 1856). The model is valid for homogeneous viscous fluid flow in isotropic
porous media. Darcy related the volumetric flux to the pressure gradient with a proportionality
constant. Later, this constant is evaluated as permeability (Hazen 1892, Wenzel 1942, Jacob
1946, Rose, 1949). For the validity of Darcy’s model, the original conditions are the proportional
relationship of volumetric flux, pressure gradient, and the independent nature of permeability to
fluid type. A non-Darcy flow is expected for violation of any of those conditions.

Many approaches have been attempted to evaluate the behavior of non-Darcy flow, its
amplitude, mechanism, reasons that initiate this deviated flow from ideal nature. Generally, four
distinct types of approach are found in literature. These are: (i) setting the criteria up that can
predict the deviation point of Darcy flow to non-Darcy, i.e. Reynolds number, Forchheimer
number, (ii) emphasizing the empirical relationship like Forchheimer equation and develop the
expression for the non-Darcy coefficient, (iii) investigating the non-Darcy flow based on the
physical structure of porous medium and derive the expression from fundamental conservation
law, and (iv) determining the impact and causes of non-Darcy flow near the wellbore region by
considering the production scenario. Table 2.2 summarizes some of the non-Darcy models and
lists key reasons for their non-Darcy character, including the associated assumptions of the

models.

Table 2.1: Critical Analysis of Different Memory Concepts
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Reference Application Defining Criteria of Memory Root for mathematical formulation with memory
area
Roeloff (1988) Geo That causes and controls the propagation of fracture | -Biot equation with compressible rock and fluid.
Mechanics | within a solid formation which is under stress
conditions. -Coupled and Uncoupled solution
-Specified Material properties.
Chang and Fractal Deviated or delayed pressure response within a fracture | -Anomalous diffusion in fractals
Yortos (1990) reservoir | reservoir due to the fractal geometry in fracture | -The Modified dual porosity system for a fractal geometry
network, that has disordered spatial distribution and | -Pressure transient test analysis of the Pressure response by
different scale of conduit fracture. using the solution of the modified diffusivity equation.
Fluid flow | Filter that acts upon the spectral properties of fluid | -Fractional time derivative of pressure gradient
in porous | flow is working in time domain and increase the low-
Caputo (1999) media frequency content of flow (phase lag, velocity) whether | -Pseudo diffusivity (A) and Pseudo diffusivity ratio ().
decreases the high-frequency content (pressure
amplitude) -Convolution of boundary condition with Green function.
Caputo (2000) Flux Characteristics of the medium that diminishes the | -Modified Darcy’s law and continuity equations with
diffusion in | permeability and interrupt the pressure response and | integrodifferential operators.
porous fluid flux rate following the flow history.
media -Green function for flux diffusion
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Shin et al. Turbulent | A non-equilibrium effect acting on the turbulent | -The intermediate diffusion time scale
(2003) fluid flow | boundary layer where inertia force dominates the fluid
flow - Anomalous non-equilibrium part of the turbophoretic
velocity.
Lynch et al. Plasma Long range correlation in the dynamic behavior of the | -Fractional kinetics
(2003) Physics particle both in space and time event due to the unusual | -Continuous time random work (CTRW) for particle
displacement, accelerated velocity or trapping of the | distribution
particle. -Fractional space derivative.
Chen et al. Fluid flow | The local microstructure effect influences the | -Algorithm of invasion percolation with memory (IPM)
(2005) with yield | relationship between applied pressure gradient and
stressin | flow rate at the microscopic level regarding the | -A pore network model with a distributed yield stress
porous minimum threshold path (MTP) of fluid flow with a | threshold.
media yield
-Modeled the mobilization and fluid flow in the pore throat
by single capillary expression.
laffaldano et al. | Water flow | As the impacts of previous pressure gradient and fluid | -Basic memory relation
(2006) in porous | flux conditions, on recent flow.
media -Laplace transformation and appropriate  boundary
conditions.

-Matching the experimental data and theoretical solution
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Hossain et al. Petroleum | Evaluation of reservoir flow under a frame of | -Modification of constitutive equations with memory
(2006, 2007, reservoir | references of internal observation by considering the | formalism.
2008) matters and molecules related to flow, instead of
external observation -Time dependent rock and fluid properties.
-Fractional derivative for memory impact
Giuseppe etal. | Fluid flux | The effects of local pressure gradient, related fluid flux | -Fractional order derivatives.
(2009) in porous | and pressure-density variation effects on current flow
media and reductions in permeability and fluid flux by | -Memory parameters for every local or non-local variance.
mechanical compaction.
R. Raghavan Petroleum | “Strange diffusion” across the disordered structures of | -Continuous time random walk (CTRW) model
(2011) reservoir | geometrically complex porous medium due to the | -Fractal dimentions
impact of the history of flow process. -Fractional diffusion
-Mittag-Leffler function
Rasoulzadeh et | Three scale | Delay in fluid flow between different sub domain of | -Microscopic model by proper parameterization
al. (2014) fracture | the formation.
porous -Integrodifferential operators
media
-Two scale homogenizations
Chen and Petroleum | The long range spatial effect and the trapping effect in | -Fractional time and space derivative
Raghavan Reservoir | temporal scale on the local character of the flow. - Mittag-Leffler function
(2015) -Laplace transformation

-Fox function.
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Table 2.2: Mathematical Model for Non-Darcy Flow.

Reference Mathematical model Application criteria Key reason for non-Darcy flow
Forchheimer _ d_p _ E_;_ Bpv? -High wvelocity isothermal flow of a | -Increased inertial force in high velocity
1914 ax  k macroscopically inviscid fluid flow at pore scale
-Uniform  isotropic  elastic  porous
medium.
Klinkenberg ky = ai + ok, -Steady state gas flow at high velocity -Slippage between fluid and pore wall at
1941 P -Determination of effective permeability | high velocity gas flow.
for Darcy equation.
Brinkman dp w 0%2v  9%v -Flow through porous medium with the | -Shear forces between the fluid and the
1947 Tax T ko H(m+ ﬁ) enough large pore throat, allowing the | pore structure during the high velocity
velocity change at the throat. flow at microscopic level
Polubarinov B A_p —av + bv? +d d_v -Unsteady state fluid flow -Effects of fluid and rock properties like
a_Kochina Ax dt grain size and distribution, porosity,
1957 viscosity at pore level.
-Unsteady state condition
Irmay dp  a;(1—- ©0)%u 5 -One dimensional viscous flow -Grain size distribution and porosity
1958 Cdx 03D? wt bev -Isotropic porous media consist of sphere | -Effects of temperature, viscosity, and
bi (;3;2@10 u> of equal diameter. density on high velocity flow.
L 1o
@ Ot
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Geertsma 8 = 0005 1 ( 1 ) -Gas flow in porous media with a water | -Non-uniform medium either
1974 055 kO N1 = 5,)55k e saturation consolidated or unconsolidated with
complex pore structure.
-Dominance of inertia force over viscous
force due to high velocity.
Barak and gl = (vw(z) n 3(4):ﬂ L3 q). q -Saturated Steady state flow of high | -Rock properties, formation structure,
Bear 979 q velocity. and the complexity of the porous
a = Specific velocity (cm/sce) -Homogeneous anisotropic medium medium.
Avila 1985 koo -Multiphase high velocity flow under high | -Effects of permeability, porosity,
po (1= su)Vk=c [\/uT]m temperature and variable overburden | residual fluid saturation, and effective
pressure. stress on fluid flow
Blicketal. | dp _ W + ppv? + P 6_17 4 6_17 -One dimensional single phase unsteady | -Along with inertial force the combined
1987 Xk 2 0x ¢ 0t | sate fluid flow with high velocity. contribution of momentum flux and fluid
acceleration in high velocity flow
Hassanizade —¢(Pr — pgy) -High velocity flow -Microscopic inertial and viscous force.
hetal 1987 = (a' + b'|vd] -Uniform isotropic elastic medium
b v;‘32|) ot -1sothermal flow -Viscous drag force have higher

With temperature gradient:

-macroscopically inviscid fluid

contribution to onset the nonlinear flow
than inertial force and viscous drag

force.
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X.Wang et. —Kk Vp = uv+ 107325pr2 v|v| -Single phase flow -Extra pressure loss due to inertial
al 1998 -Only pore scale anisotropy considers in a | effects in pore contraction, expansion,
pore scale network model and bends in an anisotropic medium
Prada et al. _9_k [A_p_ (A_p) ] -Low velocity liquid flow in low | _At Jow mobility ratio (S) fluid must
1999 A plAL AL/ cr permeability formation with a threshold .
A A _ overcome a threshold pressure gradient
fo ap > ap pressure gradient
AL AL/, rather than the actual one.
Zeng et al. MA (p? — p3) 1 N ﬁ(prp) -Determination of critical Forchheimer | -Liquid-solid interactions and viscous
2005 2zRTulpyQ,  k HA number that responsible for the | resistance in high velocity gas flow.
. Fy P kppv initialization of non-Darcy flow.
1+ EF, °° U
- I — T - - - - - -
Friedel et al. —grad ® = (E + BeplEDE High velocity flow in the fracture and the | -Inertial flow in the reservoir as well as
2006 reservoir in the fracture at the near wellbore

By = 4.1.10" k7 L5,

— -1.11
Br =1.10"1 k;

-Non-Darcy coefficient depends on stress

condition.

region.
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Cai v =a (AP ]) -Low velocity flow in a low permeability | -Threshold pressure gradient (TPG) that
r=a(—-—
2014 Lo porous media related to porosity fractal dimension,
1-D
. 1 2= Dr 0 dpax' maximum pore size, and fluid property.
32udL§T_1 3+ Dr— D 1—0
J
161, 3+ Dr— Dy L(%)
-3 3—Df °
1 9 2— Dy __Dbr_
(— )(1+Dr)
321—- @ 3+ Dr— Dy
__Dbr _
X K (1+ D7)
Wang et al. b= k Vp ( 1 ) -Low velocity flow in shale and tight oil | -In the rock liquid interaction, there exist
2016 K 14 e~PIvel reservoir a boundary layer that creates nonlinear
3 2
effect.

k k
a= —0.6095 (—) +2.5821 (—)
I 1
k
—3.4594 (;) +1.5836

k k
b = 0.3603 (1—1)2 —0.1049 (ﬁ) +1.0935
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2.3.1 Onset of Non-Darcy flow

In the existing literature, there are two types of numbers to identify the Darcy flow to non-Darcy
flow deviation point- i) Reynolds number ii) Forchheimer number. In the past, non-Darcy flow
was treated as turbulent flow, and some researchers termed the non-Darcy coefficient as
turbulence factor (Cornell and Katz,1953, Tek et al., 1962). For that reason, it was a common
practice to use the Reynolds number for identifying the beginning of this flow (e.g. pipe flow).
There exist a variety of values of the Reynold number because different parameters were used to
define this dimensionless number. Table 2.3 summarizes some available mathematical

expressions for the Reynolds number and their critical value at the onset of the non-Darcy flow.

Table 2.3: Reynolds and the Forchheimer number at the onset of non-Darcy flow

Mathematical Critical Value at Onset
) Reference
Expression
Chiton and Colburn (1931) 40-80
D
R, = 22¥ Fracher and Lewis (1933) 10-1000
U
Blick, and Eivan (1988) 100
Tek (1957) 1
- pD,Hv, Wright (1968) 2
¢ u Dybbas and Edwards (1989) 1-10
Hassanizadeh and Gray (1987) 1
_ PDpv® 1 3-10
R, = Z - Ergun (1952)
pd,v Ma and Ruth (1993) 3-10
R, =
" Couland et.al. (1986) 313
koppv Green and Duwez (1952) 0.005-0.02
F, = ——
14 Ma and Ruth (1993) 0.005-0.02
Zeng et al. (2005) 0.11

Chiton and Colburn (1931) adapted the Reynold’s number for investigating the porous medium
and replaced the length by the diameter of particle and velocity by superficial velocity. They

found that the non-Darcy flow occurs between the value 40 — 80. Using the same definition,
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Fracher and Lewis (1933) evaluated it as 10-1000 for the unconsolidated porous medium. Blick
and Eivan (1988) found it as 100. To make the definition more appropriate for the porous media
Tek (1957) found the responsible Reynolds number for the non-Darcy flow was 1. He defined
the inertia term by order of magnitude of flow velocity (vo), density and microscopic
characteristic length as one. Wright (1968) used the same definition and assessed the value as 2
and Dybbas and Edwards (1989) as 1-10. Hassanizadeh and Gray (1987) used the Tek (1957)
definition and evaluated the Reynolds number as ten at the onset of the deviated flow.

Ergun (1952) added the porosity in the definition and replaced the velocity term by actual
velocity (vo) of the fluid. Based on his definition the Reynolds value of 3-10 creates the non-
Darcy flow. Numerical simulation of the solution of Navier-stokes equation also gives the
critical points for nonlinear flow behavior. Ma and Ruth (1993) showed the critical Reynolds
number as 3-10, and Couland et.al. (1986) gave the range as 3-13.

All the above definitions have a pore diameter or characteristic length. Both can be determined
for a packed column of sample particle. However, it is very inconvenient to determine the exact
characteristic length of a porous structure. Researchers tried to find another dimensionless
number that would contain the closely related parameters of the porous medium. The
Forchheimer number was proposed to solve the problem (Li and Engler, 2001, Gidley, 1991).
Green and Duwez (1952) considered the liquid and solid interactions. They introduced the
permeability and a non-Darcy coefficient into the definition. For gas flow, they determined 0.1-
0.2 as the critical value for the non-Darcy flow. With the same trend, Ma and Ruth (1993)
defined the Forchheimer number and they determined the critical value in the range of 0.005-
0.02. For determining B from different types of formations, Zeng et al. (2005) followed the same
procedure of Cornell and Hatz (1953). They have done extensive work on the Forchheimer
number and defined the number as the ratio of liquid, solid interaction, and viscous resistance. A
non-Darcy effect (E) calculates the magnitude of deviation of the non-Darcy flow from the
Darcy flow. In addition, they gave a theoretical basis and experimental procedure to calculate the
Forchheimer number for the gas flow. According to the study, the non-Darcy effect is more
severe in low permeability rocks, and the critical number is 0.11 which is in good agreement

with the previous studies.
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2.3.2 Determination of non-Darcy coefficient

Several researchers tried to evaluate the non-Darcy coefficient as a rock and fluid property.
Considering the experimental data of Cornell and Kartz (1953), a porosity and permeability
dependent correlation for non-Darcy coefficient was established by Janicek and Katz (1969). For
an hetarogeneous formation, a similar type of work has been done by Gewers and Nichol (1969).
They incorporated the effects of residual liquid saturation in the relationship of permeability to .
Cooke (1973) worked with particle size distribution of the porous medium to represent 3. By an
empirical correlation, Geerstma (1979) linked p with porosity and permeability in the case of
high-velocity gas flow with a water saturation. Their investigation is based on dimensional
analysis of Forchheimer equation and experimental findings.

Avila (1985) established an expression for the non-Darcy coefficient through an experimental
work. He considered the effects of permeability, porosity, residual fluid saturation, and effective
stress on fluid flow. Tiss et al. (1989) used Avila’s correlation and investigated the dependence
of B on those parameters in more details. In addition, they examined the effect of higher
temperature and higher pressure both on f§ and permeability, and the mutual relationship between

low permeability and . Finally, they validated Avila’s correlation by experimental findings.

2.3.3 Non-Darcy flow model based on constitutive equations and physical model

Apart from empirical correlation, many studies focused on the physical structure of the porous
medium and flow geometry to analyze the reasons beyond the nonlinear character of the Darcy
equation (Ergun and Orning, 1949, Barak and Bear, 1979, Wang et al. 1998,). Using the
fundamental governing equation of flow, researchers developed the model and tried to find out
the source of nonlinearity from the model (Forchheimer, 1914, Irmay, 1958, Blick and Civan,
1987, Hassanizadeh, 1987).

The Darcy model deals with the linear relationship between flow velocity and driving force
(pressure gradient). Forchheimer (1914) introduced the non-linear effect for high velocity in the
equation of motion with an empirical constant. Irmay (1958) worked with Navier-stokes
equation of viscous flow. He investigated the validity of the Darcy and Forchheimer models in
the case of an isotropic porous model consisting of the sphere of equal diameter. He revealed that
the Darcy’s model is valid only at low flow rate with minimum kinetic energy within the
homogeneous thermodynamic system. In contrast, the Forchheimer model is valid for the high
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Reynolds number but the coefficient contains the effects of formation porosity and grain size
distribution. Irmay (1958) considered the viscosity and temperature effects and proposed a new
model with an extra factor.

Blick and Civan (1987) added additional terms in the Forchheimer equation to estimate the
contribution from momentum and mass conservation. Using the capillary-orifice model, they
derived a general equation from momentum and mass conservation law. In the case of gas flow,
they showed that the flow behaves differently from Forchheimer and Darcy’s equation at the
early time due to high acceleration. They validated their findings with experimental data.
Hassanizadeh (1987) proposed a model for high-velocity flow based on the continuum approach
and investigated the impact of microscopic drag force on the global flow character. He initiated
the development of the general equation from the macroscopic equation of momentum
conservation where the inertial term appeared as a deviated term in stress field and drag force
added as a surface force (Hassanizadeh and Gray 1979). Taking the thermodynamic process in
consideration Hassanizadeh and Gray (1980) derived the equation for those force terms.
Hassanizadeh (1987) worked on their previous expression by employing dimensional analysis.
He showed that microscopic viscous drag force has higher order contribution in the constitutive
equation than macroscopic inertial force. Therefore, drag force causes the initialization of the
non-Darcy flow. Like the Forchheimer equation, he proposed a three-dimensional equation for
high-velocity isothermal flow for isotropic elastic media.

Researchers also developed a general equation by imposing the governing law on an idealized
physical model and solved the equation for this model with certain assumptions (Barakand Bear,
1979; Wang et al., 1998). Barak and Bear (1979) worked to develop an approximate expression
for the relationship between volumetric flow rate, pressure gradient, and formation properties for
the steady-state saturated, and high-velocity flow. This flow is uniform at the microscopic scale.
Three tensors were added to measure the impact of tensorial rock properties on the flow
equation. They considered five types of models (Figure 2.1) to formulate the expression and
compared the theoretical and experimental results in each case. In four of those physical models,
they assumed the structure of the porous medium as the different arrangements of pipe and
junctions, where the fifth model was a fissured porous media. The study demonstrated the
influence of physical structure on the flow performance and recommended that the form of

mathematical expression should be reformed according to the complexity of the flow medium.

38



BEEE
L
L

Figure 2.1: Two-dimensional physical model of Barak and Bear (1979).
One of the functional physical models to characterize the porous media is the pore network
model that can illustrate the transport phenomenon at the microscopic level in an anisotropic
media with complex geometry. This model is working on a distributed network of pore body and
connected throat (lonnidis and Chatzis, 1993, Friedman and Seaton, 1996, Mani and Mohanty,
1997). Wang et al. (1998) proposed a tensorial form of the Forchheimer model for the single-
phase flow in an anisotropic medium. They induced the anisotropy into three different ways;
termed as, size influenced (i.e. different throat size), connectivity induced (i.e. different throat
connectivity), and spatial correlation induced (i.e. different body size). In their simulation
process within the network model, they determined the permeability tensor from the tensorial
form of the Darcy law and measured only the viscous pressure loss. At high-velocity flow, they
calculated the non-Darcy coefficient tensor from the tensorial form of the Forchheimer equation.
They included pressure loss due to bending, expansion, and contraction, which was proportional
to the square of superficial velocity. In their observation, the non-Darcy flow primarily occurs
because of inertia effect, and there exists a correlation between the morphological parameters of

the medium and the microscopic flow properties.
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2.3.4 Non-Darcy flow related to production

For inspecting the non-Darcy flow related to production, most of the studies focused on the tight-
gas reservoir and at the fracture near well bore region. Many the investigations tried to evaluate
the non-Darcy flow coefficient by considering inertia dominated flow within the fracture
(Millheim and Cichowicz, 1968, Holditch and Morse, 1976, Guppy et al. 1982, Smith et al.
2004). The non-Darcy flow can affect the results of well-test analysis and the inherent error in
the test results may lead to the overestimation of the future production performance of the well
(Umnuay et al. 2000, Alvarez et al. 2002). Therefore, some researchers proposed the modified
type curve that accounts the contribution of the non-Darcy flow (Shiging et al. 1996, Liu et al.
2004). During the hydraulic fracture operation, the propped fracture and proppant concentration
causes a non-Darcy flow (Jin and Penny, 1998, Barree et al. 2007, Shah et al. 2010). Koh (1977)
considered gas flow in this region and scaled up the non-Darcy flow coefficient and related it to
the stress condition within the fracture zone and proppant concentration.

Friedel and Voigt (2006) investigated the well performance when the non-Darcy flow exists in
the reservoir, and the well fractures. They corrected the non-Darcy coefficient by including the
inertial effects and the effects of stress induced variable permeability. Based on a detailed
simulation, they figured out the impact of the non-Darcy flow on the production performance
with constant non-Darcy coefficient and permeability dependent coefficient. The non-Darcy flow
significantly reduces the production rate of the well significantly while the reservoir non-Darcy
flow affects the production rate less severely than the fracture non-Darcy flow. However, the
non-Darcy flow at the reservoir is prominent as the drainage area increases at a longer time
performance. This study proposed a new type-curve for including a new dimensionless
parameter for the reservoir non-Darcy flow. The non-Darcy impact and model was validated by
well test data.

Threshold pressure gradient (TPG) is an impotent aspect for the non-Darcy flow in a low
permeability reservoir. For low permeability formation, the relationship between velocity and
pressure gradient is linear at a high-pressure gradient, and it becomes non-linear at low gradient.
The idea of TPG comes from the extrapolation of the non-linear part to zero velocity. The
minimum pressure gradient is required to initiate the fluid flow. TPG mainly exists due to the
interaction between solid molecules and liquid molecules and decreases with increasing value of

mobility ratio. Many studies concentrate on this phenomenon and developed correlation for the
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non-Darcy flow (Miller and Low, 1963; Prada and Civan, 1999). Many studies tried to establish
a correlation for determining the TPG through core flooding experiments. Yang et al., (2004)
used brine and oil, Yan et al., (2006) worked with water. Li et al., (2008) and Hao et al., (2008)
with oil to formulate the expression that correlates TPG with permeability and viscosity.

Tight or shale reservoir has low permeability, and TPG controls the non-linear flow in this
reservoir that changes the production performance of the reservoir (Zeng et al., 2010). Previous
studies have recommended that for shale and tight oil reservoir the low-velocity non-Darcy flow
does not depend on TPG rather it depends on the thickness of boundary layer along the pore
body (Liu et al., 2005, Sen et al., 2015). These researchers emphasized more on the rock-fluid
interactions and the thickness of the boundary layer that depends on mobility ratio. By the
molecular dynamics simulation, it was shown that high viscous flow at low permeability rock
creates the larger thickness of boundary layer and that initiates the nonlinear behavior of the
flow. Wang et al, (2016) investigated the well production performance in the shale and tight oil
reservoirs. They proposed a model for low-velocity non-Darcy flow and suggested that the non-
Darcy flow starts from the zero-pressure gradient. By using the curve fitting technique, they
evaluated the coefficient of the model based on the experimental data of Wang et al., (2011).
They evaluated the performance of a vertical well and a horizontal well with multi-fracture after
solving the modified diffusivity equation. The observation of massive ultimate recovery
reduction in a vertical well and the less affected response of the non-Darcy flow at the horizontal
well states the importance of the horizontal well in the production of a low permeable reservoir.

2.3.5 Remarks of the discussion on memory and non-Darcy flow

The above detailed discussion on the non-Darcy flow reveals that this flow occurs at a distorted
linear relationship between the flow flux and the pressure gradient. In other word, nonlinear
behavior is observed in the velocity and pressure gradient curve. The key causes of the flow can
be summarized as variable rock properties i.e. porosity, permeability, grain size and distribution
of the formation and complexity of the porous medium. Another cause is the associated impact
of the high velocity flow, for example, a high inertial force, a slippage between fluid and pore
wall, a shear forces between the fluid and the pore structure, the effects of the temperature, the
fluid viscosity and density, the momentum of the flux and the fluid acceleration and the
additional pressure loss due to the inertial effects in pore contraction, expansion, and bends.
Additionally some of the local and global effects on fluid flow, such as, residual fluid saturation
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and effective stress, microscopic inertial and viscous drag force, threshold pressure gradient
(TPG) and liquid-solid interactions also cause this flow. The Researchers try to include these
effects into the Darcy equation in a variety of ways so that they can explain the nonlinearity in an
appropriate approach. The non-Darcy flow existed because of the current characteristics of the
medium, fluid and the overall flow and deviated from the ideal conditions. On the contrary, the
memory effects illustrate the time dependent nature of the formation and flow. Memory takes the
flow-history into account and considers the variation of the formation and fluid properties with
time. After determining the magnitude of influence from previous events on present flow, the
memory formulation can predict the future flow performance in an accurate manner. However,
both idea of the memory and the non-Darcy flow deal with the modification of the Darcy
equation but after comparing the mathematical models of the non-Darcy flow (Table 2.3) and the
concept of memory, it is obvious that both of those do the model of the fluid flow in different
ways. When it is considered as the deviation from the classical diffusion process, every memory-
based flow model has a non-Darcy character. However, every non-Darcy flow model does not
include the impact of memory.

2.4 Applications of Memory Concepts in Petroleum Reservoir Flow

The concepts of memory in petroleum reservoirs have three major trends (Figure 2.2). The
concept of memory is incorporated in the fluid flow model as an anomalous diffusion. The
anomalous behavior of the complex reservoir is characterized though the inclusion of fractal
exponent or the fractional time and space derivatives. In second approach researchers tried to
modify the constitutive equation with the addition of time dependent rock and fluid properties. In
this practice, the fractional order of differentiation reflects the memory impact, and time
dependent correlation modifies the properties. In the other approach, memory accumulation
evaluated at multiscale flow dominantly occurs in a fractured reservoir. Integro-differential
operator expresses the delay in different subdomain in this concept. Table 4.4 summarizes the

available model with memory and their characteristics.
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Figure 2.2: Application of memory concept in petroleum reservoir

2.4.1 Anomalous Diffusion

The anomalous diffusion is a characteristics diffusion process that occurs in the medium with a
complex structure. To model the anomalous diffusion the flux law is modified in such a way that
the value of the pressure gradient is not instantaneous or local. Rather, it has global character and
contains the effects of the long distance and the larger time events. The complexity of the flow
path restricts or accelerates the flow. The internal mechanism of the anomalous flow can be
explained the Continuous Time Random Walk (CTRW) model (Montroll and Weiss, 1965;
Fulger et al., 2008). According to this model the particle distribution of the flow does not follow
the Gaussian distribution unlike the classical diffusion. As a random walker, the particle has
variable waiting time between two consecutives movement. More interestingly the mean square
displacement of the particle follows a power law, instead of a proportional relationship with time
(Gefen et al., 1983; Chang and Yortos, 1990; Caputo, 1998; Fomin et al., 2011; Raghavan, 2011;
Chen and Raghavan, 2015).

Chang and Yortsos (1990) have done an extensive investigation of the pressure transient

response of fractal reservoir which is based on the concept of the anomalous diffusion in fractals
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(O’Shaughnessy and Procaccia (1985). They developed a modified diffusivity equation for a
physical model consisting of a fracture network and a Euclidean matrix. Chang and Yortsos
(1990) reformed the porosity () and the permeability formulation for the fractal. They added the
matrix contribution on the overall flow by using the Warren and Root’s dual porosity
approximation, where the inter-porosity parameter and the exchange rate is escalated for the
fractal geometry. A slower response at the early time and a faster changing at a larger time are
predicted in the dimensionless pressure and the dimensionless pressure derivative plot of the
model. Raghavan (2011) analyzed the application of anomalous diffusion in the transient flow of
a fractal system. The study referred to the work of the Camacho-Velazquez et al. (2008) which
investigated two different models for the anomalous diffusion. The first model is the Chang and
Yortos’s (1990) model for the fractal geometry and consists of some exponents to represent the
fractal dimensions. The other one is the Metzler et al. (1994) model, is pertaining a fractional
derivative and the fractal exponents. Raghavan (2011) modified the model by using a material
balance equation (Le M Haut (1984)) for the fractal media and overcome the limitations in the
explicit expression of the diffusivity term. The impact of memory vyields a flatter slope in the
pressure transient analysis of the diffusion process in the fractal system. In the extended work of
Chen and Raghavan (2013;2015) showed a general solution for the transient diffusion equation
with a fractional time and space derivative. They solved the equation by using the Laplace
transformation and the Mittag-Leffler function according to the algorithm of the Stehfest (1970)
and the Gorenflo et al. (2002). The analysis of the pressure response at the well-bore for different
boundary conditions shows that early the model behaves as a stretched exponential and at the
late time it obeys the power law. The behavior of the trilinear model of Ozkan et al. (2011) is
analyzed by the outcome of the findings. The slope of the derivative plot signifies the
contribution of the different regions at the different time.

2.4.2 Modification of the Constitutive Equations

The stress-strain relationship is an important criterion for predicting the production performance
of the reservoir as the viscosity do the change in the mobility ratio of the flow and hence changes
the production. Hossain et al. (2008b) developed a new stress-strain relationship for the crude oil
with the inclusion of memory. Conventional approaches do not include the influences of the
surface tension and interfacial tension on the viscosity. In the flow of reservoir, fluid velocity
depends on the pressure distribution and on the temperature variation. Therefore, in the response
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to the fluctuation of pressure and temperature, the velocity shows deviated value. This approach
(Hossain et al. (2008b)) incorporated effects of the temperature on the viscosity by the Arrhenius
model and the effect of surface tension by the Margoni number into the Newtons law of
viscosity. Modification of the velocity term by the formalism of memory gives the time variant
character to the model. Apart from the simple strain rate and viscosity relationship, this study
shows that the shear stress rate related to the impact of surface tension, effects of memory,
pressure, pseudo-permeability and temperature. Nevertheless, the study has a limitation in the
solution procedure of the model and do not evaluate the piecewise impact of memory.

Diffusivity equation is the basic equation to model the fluid flow in the reservoir. Hossain et al.
(2008) developed a basic diffusivity equation with the memory for any axial flow of a single-
phase fluid in a porous medium. Using the Ahmehaideb (2003) correlation for the viscosity and
the permeability correlation (Beal et al. 2006, Civan, 2000) they quantified the memory
parameter (). They developed the flow equation by combining continuity equation, modified
rate equation and modified equation of state. With the memory parameters, the study changed the
rate equation and followed the memory formalism and the definition of the fractional order
derivative of Caputo (2000), and by assuming time variable porosity, it modified the equation of
state. Finally, they gave the numerical solution with finite difference discretization. They found
that along with production life of a reservoir the memory parameter varies in a significant
manner that indicates the diminish of permeability. As the pressure depleted with time, reservoir
permeability also decreases. They concluded that the variation of porosity and permeability with
time is a substantial evidence of memory effect. However, the study developed the governing
equation by assuming invariant properties of fluid. In the solution procedure, the parameter with
memory impact appears as a constant value in the numerical discretization. It determined the
pseudo diffusivity (n) value from correlation and no real correlation between the order of
differentiation (o)) the medium, so the time dependency is not measured correctly in this model.
Material balance equation is the most used tool to estimate the field production and evaluate the
flow performance of a reservoir. Hossain et al. (2009) developed a general material balance
equation with memory concept by considering the time-dependent rock and fluid property.
Comparing with the conventional MBE (Craft and Hawkins, 1959, Dake, 1983, Ahmed, 2006),
this approach handles the expansion drive mechanism with more accuracy. It included

“associated volume” (Fetkovich, 1998) in the volume expansion term of the equation. To
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incorporate the time-dependent properties, it used the memory-based stress-strain relationship
(Hossain et al. 2007) and replaced the pressure difference term in the expression of the
dimensionless parameter (Cepm) from the simplified equation of Hossain et al. (2008). Later, this
study made a numerical investigation of the proposed model without memory and the
conventional MBE and made a detailed comparison between them. The formulated memory-
based MBE has highly non-linear character, and due to the lack of solution, the study could not

be able to illustrate the memory impact.

Table 2.4: Reservoir Flow Modeling with Memory
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2.4.3 Memory in Inter-Porosity Flow of Multiscale Reservoir

In the case of the multiscale porous media there exist a different type of memory. The
actual natural porous medium system consists of a different arrangement of fracture and
matrix block, and each media have unique properties. A multiporosity and
multipermeability system are defined by Aifantis (1977) as a medium that has a finite
discontinuity in porosity field. The existing double porosity models (Warren and Root,
1963, Kazemi, 1969, Raghavan et al. 1981, Spivey et al. 2000) and triple porosity models
(Abdassah and Ershaghi, 1986, Liu et al. 2003, Ozkan et al. 2009, Ahamadi et al. 2010)
worked with different combinations of matrix and fracture arrangement and with different
flow and boundary conditions within each medium. The memory for the multiscale
reservoir is the delay in the flow of macroscopic model that occurs due to the delay in the
flow between the different subdomain at the boundary at the macroscopic level. Memory
accumulation is multiscale reservoir depends on three basic parameters, the distance
between the various unit, permeability ratio of adjacent units and the relative pore space
in the fractures. Arbogast et al. (1990) analyzed the memory in double porosity model by
an integrodifferential equation that represents the flow between the matrix and the
fracture at the boundary. These effects added to the macroscopic equation along the
homogenization of diffusivity equation of two media. Amaaziane et al. (2007) evaluated
the memory for triple porosity model by two integrodifferential operators at the
homogenization process of three media. They worked with self-similar types of medium
that have the same order of distance and same permeability ratio.

Rasoulzadeh et al. (2014) investigated the memory accumulation at three scale media
with the non-self-similar medium. In their parameterization process, they ensure the
contribution of each medium. They applied asymptotic two-scale homogenization
techniques for two times, firstly for the flow between the matrix and thin fracture and
secondly the thick fracture and the first unit with fracture and matrix. They consider the
flow only occur at the thin boundary layer of the matrix block so the exchange kernel

itself equivalent to the memory of the average flow.
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2.5 Challenges in Application

Parameterization is a complicated step during the evaluation of memory in the multiscale
reservoir (Rasoulzadeh et al., 2014). The contributions of all subdomain must include in
the single parameter. In highly heterogenous reservoir representation of the permeability
and thickness of the medium is relatively difficult. For conventional reservoir, the proper
definition of the memory parameter is problematic for the specification of the model. The
review of the available memory model for fluid flow shows that all the model has the
limitations with the determination the magnitude of memory implications in a medium
(Caputo, 1999,2000; Raghavan, 2011). Most of the study assumed the value, but a proper
proceeding should be existed. Determination of the order of the fractional derivative for
the targeted formation remains unsolved. Memory formalism makes the governing
equation to be highly non-linear (Hossain, 2008; Hossain and Islam, 2009). Moreover, the
definition of the fractional derivative shows that the discretization process for the
numerical solution of the memory model is an immense limitation to implement this
concept (Podlubny, 1998). An appropriate discretization algorithm is the prospective area
of development. Table 5 reveals that every mathematical model with memory has a great
difficulty with the computational costs. Although memory inclusion gives more accuracy
at reservoir simulation, the advantage of exactness should not be suppressed by massive
computational expenses (Oldham and Spanier, 1974; Chen and Raghavan, 2015). The
determination of the computational cost and its comparative study is a promising area for

future.

2.6 Conclusions

Although memory concept has the different defining approach but in general, it is the
impact of the history of a system. In fluid flow, memory causes the delay in pressure
diffusion. Fractional order of differentiation is the standard mathematical tools to deal
with the fluid flow memory. Non-Darcy flow considers the impact of the deviated local or
global behavior of the flow from ideal one. For this reason, the way non-Darcy flow
modify the equation is entirely different than that from memory. Mathematical
formulation and the fundamental difference in definition make the clear distinction
between the memory impact and the transient flow. Although recently the memory
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concept has explored in the petroleum engineering aspect, different approaches are

applied to determine the memory impact in the reservoir fluid flow. The appropriate

parameterization, conceptualization of memory impact, high non-linearity in the

governing equation and numerical solution in an efficient way, are the unsolved

difficulties for the proper establishment of this idea in the petroleum field.

Nomenclature

c
a,b,d
a',b',c
w® p®
c®

Cr
Ct
Cs
Cw
dt

regression constant
empirical constant

Coefficient of Hassanizadeh’s model and f(p,0,0)

Tensor related to rock properties

Total fluid compressibility of the system(co+cw), 1/pa
Total compressibility of the system (=cs+cs), 1/pa
Formation rock compressibility of the system, 1/pa
Formation water compressibility of the system, 1/pa
Time step, s

A dummy variable for time i.e., real part in the plane of the integral, s
Dummy time step, s

effective gas permeability (Darcy)

relative permeability

Liquid permeability (Darcy)

Length (cm; m)

straight line length of the porous sample (in,cm,m)
Microscopic characteristic length

Avila’s regression constant

applied pressure gradient

threshold pressure gradient (TPG)

average pressure
flow rate

Order of magnitude of flow velocity
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water saturation

Sw

% = fluid velocity (ft sec’?, ms?)
Vi = macroscopic fluid velocity vector
Greek Symbols
P = density (Ibm ft3; g cm?3)
) = porosity (fraction)
o = effective stress (psi; KPa)
V1 = viscosity (cP, mPas)
o = Klinkenberg constant
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