= A

UNIVERSITY

Local Fourier Analysis for Saddle-Point Problems

by

© Yunhui He

A thesis submitted to the School of Graduate Studies
in partial fulfillment of the requirements for the degree

of Doctor of Philosophy.

Department of Mathematics and Statistics

Memorial University

August, 2018

St. John’s, Newfoundland and Labrador, Canada



Abstract

The numerical solution of saddle-point problems has attracted considerable interest in
recent years, due to their indefiniteness and often poor spectral properties that make
efficient solution difficult. While much research already exists, developing efficient
algorithms remains challenging. Researchers have applied finite-difference, finite-
element, and finite-volume approaches successfully to discretize saddle-point problems,
and block preconditioners and monolithic multigrid methods have been proposed for

the resulting systems. However, there is still much to understand.

Magnetohydrodynamics (MHD) models the flow of a charged fluid, or plasma, in
the presence of electromagnetic fields. Often, the discretization and linearization of
MHD leads to a saddle-point system. We present vector-potential formulations of
MHD and a theoretical analysis of the existence and uniqueness of solutions of both

the continuum two-dimensional resistive MHD model and its discretization.

Local Fourier analysis (LFA) is a commonly used tool for the analysis of multigrid
and other multilevel algorithms. We first adapt LFA to analyse the properties of
multigrid methods for both finite-difference and finite-element discretizations of the
Stokes equations, leading to saddle-point systems. Monolithic multigrid methods,
based on distributive, Braess-Sarazin, and Uzawa relaxation are discussed. From
this LFA, optimal parameters are proposed for these multigrid solvers. Numerical
experiments are presented to validate our theoretical results. A modified two-level
LFA is proposed for high-order finite-element methods for the Lapalce problem, curing
the failure of classical LFA smoothing analysis in this setting and providing a reliable
way to estimate actual multigrid performance. Finally, we extend LFA to analyze the
balancing domain decomposition by constraints (BDDC) algorithm, using a new choice
of basis for the space of Fourier harmonics that greatly simplifies the application of

LFA. Improved performance is obtained for some two- and three-level variants.
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Lay summary

The study of numerical simulation is important in our world, since we cannot always
obtain exact solutions to accurate mathematical models of many real-world phenomena.
Numerical simulation has, thus, penetrated into many fields, including meteorology,
fluid mechanics, the biomedical sciences, and so on. For a good numerical algorithm,
we should consider the choice of relevant parameters, comparison of the cost and
effectiveness among different algorithms, and parallelism. Our goal in this work is
to better understand algorithmic performance for simulation of fluid models and to

design efficient algorithms.

Much research on simulation needs mathematical theories and tools to help study
the algorithms before applying them to general problems. With the aid of mathematical
analysis, we can know properties of models and develop efficient algorithms. The focus
of this thesis is on the validity and applicability of such an analysis tool. Recent work
has reported failure of the existing tool in some cases, and we aim to make up for this

failure.

Our work addresses several issues. We develop a theoretical analysis for a model
of charged fluids to answer an open question about the existence and uniqueness of
solutions of this model. For the design of good algorithms, we employ a mathematical
tool to analyze and predict the actual performance of algorithms. In some cases, this
tool gives a good prediction and, based on this tool, we optimize the parameters in
the algorithms and obtain efficient performance. To address the failure of the analysis
for some models, we propose a modified analysis, which obtains a reliable prediction
and efficient performance. Furthermore, we build a framework of analysis to study
a parallel algorithm. In this case, we better understand the existing algorithm and
develop improved variants. The results and tools presented here may help us design

efficient numerical algorithms for many other models.
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Chapter 1
Introduction

Saddle-point problems naturally arise in fluid and solid mechanics. There is great
current interest in developing fast and efficient linear solvers for saddle-point systems,
since their indefiniteness and often poor spectral properties pose some difficulties
in numerical computing. While numerical experiments and theoretical analysis of
saddle-point problems have been well-studied in the literature, there is a need to
understand different problems more precisely, such as magnetohydrodynamics [1],
mixed finite element approximations of elliptic PDEs [11], constrained optimization
[9, 14, 15, 24, 27], and optimal control [25, 28]. The main goal of this thesis is
the development of local Fourier analysis (LFA) [29, 30] tools to understand the
performance of multigrid methods for saddle-point systems [5, 11| and higher-order

finite-element discretizations.

Magnetohydrodynamics (MHD) models the flow of a charged fluid, or plasma, in the
presence of electromagnetic fields. There are many formulations of MHD, depending
on the domain and physical parameters considered. Often, the discretization and
linearization of MHD leads to a saddle-point system. The set of equations that
describe MHD are a combination of the Navier-Stokes equations of fluid dynamics and
Maxwell’s equations of electro-magnetism. These differential equations must be solved
simultaneously. The equations of stationary, incompressible single fluid MHD posed
in three dimensions are considered in (for example) [13, 26]. Under some conditions
on the data, the existence and uniqueness of solutions to weak formulations of the

equations is known both in the continuum and for certain discretizations. When



writing the magnetic field variable using a vector potential form, the divergence-
free condition is automatically satisfied. Consequently, vector potential formulations
for MHD substantially reduce the complexity of the resulting equations and allow
flexibility in the finite-element approximation. Numerical results using the vector
potential formulation already exist in the literature [1, 6]. However, these papers focus
mainly on linear-algebraic aspects of the solution of the resulting linearized systems of
equations. Until now, unfortunately, rigorous study of the existence and uniqueness of
solutions are still lacking. In our work presented here, we demonstrate that standard
analysis techniques can be extended from three-dimensional MHD [13, 26] to the

two-dimensional discretizations considered in [1, 6].

Discretization of the Stokes equations naturally leads to a saddle-point system.
Finite-difference, finite-volume, and finite-element discretization approaches have been
studied in the literature. Considerable attention must be paid to avoid instability when
choosing appropriate discretizations of the Stokes equations. For finite differences, the
Marker-and-Cell (MAC) scheme is known to be suitable for the Stokes equations [29].
Thus, we consider this approach as one of our discretizations. Fast and efficient solvers
for the resulting systems are needed, and it is necessary to employ some mathematical
theories and tools to help us analyze the properties of the systems and design efficient
algorithms. In the past several decades, local Fourier analysis (LFA) has attracted
much attention as an analysis tool to quantitatively predict convergence properties of
multigrid methods and multilevel algorithms. There is a large volume of published
studies concentrating on LFA of different relaxation schemes for many problems. We
extend this work to multigrid schemes of current interest for the solution of saddle-point

systems.

Recent developments in LFA have investigated the validity of LFA, and several
studies have found that the smoothing analysis of LFA fails to be a good predictor of
true performance, especially for overlapping multiplicative relaxation for the Qs — Q1
(Taylor-Hood) approximation of the Stokes equations [19]. One natural question
that needs to be asked is whether this failure is due to the relaxation scheme or the

discretization itself. We investigate this here.

For the Stokes equations, block preconditioners and monolithic multigrid methods
have been designed for the resulting saddle-point systems. Recently, several families of

relaxation schemes, including distributive Gauss-Seidel, Braess-Sarazin, and Uzawa



relaxation, have been further developed for monolithic multigrid methods for the
Stokes equations and more complicated saddle-point systems. These methods have
been shown to outperform block preconditioners in some cases (see, e.g., [2]). Thus,
monolithic multigrid methods are attractive. However, we note that most existing
research using LFA is based on (symmetric) Gauss-Seidel approaches, even for simple
scalar problems. Distributive Gauss-Seidel is well-known for its high efficiency [22, 23],
but Jacobi relaxation is simpler and cheaper. However, to our knowledge, there is no
research on distributive Jacobi relaxation for other problems. Braess-Sarazin relaxation
has been shown to generally outperform other relaxation schemes [1, 2, 3|; however,
there is still much more to understand about this approach, and no LFA has been
performed for Braess-Sarazin relaxation. A simple version of Braess-Sarazin relaxation
is Uzawa, which is popular for its simplicity and easy implementation [10, 12, 20].
Thus, we investigate monolithic multigrid methods based on common block-structured
relaxations, including distributive Jacobi, Braess-Sarazin, and Uzawa relaxation, using

LFA. Considering modern parallelism, variants based on weighted Jacobi are examined.

Besides multigrid methods, domain decomposition methods are also very popular
for large-scale problems, offering high efficiency and natural parallelism. Balancing
domain decomposition by constraints (BDDC), a nonoverlapping domain decomposition
method, has been successfully applied to many problems [4, 7, 8, 16, 17, 18, 21].
Although there exists some convergence analysis of BDDC based on finite-element
theorems in the literature, no study of BDDC using LFA has been carried out. We
build a framework suitable for the analysis of BDDC and analyze some two- and
three-level variants of BDDC here.

This thesis makes several noteworthy contributions to our knowledge by addressing
four important issues. Firstly, we offer a more rigorous understanding of the existence
and uniqueness of solutions of the vector potential formulations of two-dimensional
magnetohydrodynamics. Secondly, we apply LFA to analyze block-structured relax-
ations for the Stokes equations discretizated with the MAC scheme and finite-element
methods, and obtain efficient multigrid methods. Thirdly, the study of higher-order
finite-element discretizations adds substantially to our understanding of the failure
of classical LFA smoothing analysis for some types of problems. Lastly, the study of
BDDC contributes a fundamentally new approach to the LFA literature suitable for

analysis of domain decomposition methods.



This thesis is organized as follows.

In Chapter 2, we review the the existing work on linear solvers for saddle-point

problems, and the history of local Fourier analysis and its applications.

In Chapter 3, a vector-potential formulation is presented for electromagnetic
problems in two dimensions. Existence and uniqueness are considered separately for
the continuum nonlinear equations of magnetohydrodynamics. At the same time, the
discretized and linearized form that arises from Newton’s method applied to a modified

system is discussed.

In Chapter 4, we discuss the performance of multigrid for the Stokes equations
discretized by the MAC scheme. Distributive weighted Jacobi, Uzawa, and Braess-
Sarazin relaxations are investigated. Local Fourier analysis is applied to these relaxation
schemes to analyse the convergence behavior, and we compare the efficiency of multigrid

methods based on these schemes.

Chapter 5 begins by examining higher-order finite-element approximations to the
Laplace problem. A modified Fourier analysis is presented to evaluate the performance
of weighted Jacobi relaxation and the related two-grid method. Two-grid and multigrid

performance is presented to validate our theoretical results.

In Chapter 6, two stabilized ()1 — ()1 and the stable () — ) discretizations are
considered for the Stokes equations. Optimal smoothing factors for distributive and
Braess-Sarazin relaxation for the stabilized discretizations are determined by LFA. Just
as LFA fails to predict the convergence factor of multigrid for the )5 discretization
of the Laplace problem, the same is true for the ()2 — ()1 discretization of the Stokes
equations. Thus, we numerically optimize the two-grid convergence factor. Inexact
variants, using a few steps of Jacobi or multigrid iterations on the Schur complement

system for Braess-Sarazin relaxation, are investigated as well.

In Chapter 7, we extend local Fourier analysis to the balancing domain decomposi-
tion by constraints family of algorithms, one of the classes of nonoverlapping domain
decomposition methods. In this LFA, we use a new basis for the Fourier space allowing
us to simplify the analysis. Two- and three-level variants of BDDC methods are
proposed. Quantitative estimates of condition numbers of the resulting preconditioned

operators are given by local Fourier analysis.

In Chapter 8, some conclusions are drawn and some potential projects for future



work are discussed.

Bibliography

1]

J. Adler, T. R. Benson, E. Cyr, S. P. MacLachlan, and R. S. Tuminaro. Monolithic
multigrid methods for two-dimensional resistive magnetohydrodynamics. STAM
J. Sci. Comput., 38(1):B1-B24, 2016.

J. H. Adler, T. R. Benson, and S. P. MacLachlan. Preconditioning a mass-
conserving discontinuous Galerkin discretization of the Stokes equations. Numer.
Linear Algebra Appl., 24(3):€2047, 23, 2017.

J. H. Adler, D. B. Emerson, S. P. MacLachlan, and T. A. Manteuffel. Constrained
optimization for liquid crystal equilibria. SIAM J. Sci. Comput., 38(1):B50-B76,
2016.

L. Beirao da Veiga, D. Cho, L. F. Pavarino, and S. Scacchi. BDDC preconditioners
for isogeometric analysis. Math. Models Methods Appl. Sci., 23(6):1099-1142,
2013.

M. Benzi, G. H. Golub, and J. Liesen. Numerical solution of saddle point problems.
Acta Numer., 14:1-137, 2005.

E. C. Cyr, J. N. Shadid, R. S. Tuminaro, R. P. Pawlowski, and L. Chacén. A new
approximate block factorization preconditioner for two-dimensional incompressible
(reduced) resistive MHD. SIAM Journal on Scientific Computing, 35(3):B701—
B730, 2013.

C. R. Dohrmann. An approximate BDDC preconditioner. Numerical Linear
Algebra with Applications, 14(2):149-168, 2007.

C. R. Dohrmann and O. B. Widlund. Some recent tools and a BDDC algorithm
for 3D problems in H(curl). In Domain Decomposition Methods in Science
and Engineering XX, volume 91 of Lect. Notes Comput. Sci. Eng., pages 15-25.
Springer, Heidelberg, 2013.

H. S. Dollar. [Iterative linear algebra for constrained optimization. PhD thesis,
University of Oxford, 2005.



[10]

[11]

[12]

[13]

[14]

[15]

[18]

[19]

H. C. Elman and G. H. Golub. Inexact and preconditioned Uzawa algorithms for
saddle point problems. SIAM J. Numer. Anal., 31(6):1645-1661, 1994.

H. C. Elman, D. J. Silvester, and A. J. Wathen. Finite elements and fast iterative
solvers with applications in incompressible fluid dynamics. Numerical Mathematics

and Scientific Computation. Oxford University Press, Oxford, second edition,
2014.

F. J. Gaspar, Y. Notay, C. W. QOosterlee, and C. Rodrigo. A simple and efficient
segregated smoother for the discrete Stokes equations. SIAM J. Sci. Comput.,
36(3):A1187-A1206, 2014.

M. D. Gunzburger, A. J. Meir, and J. S. Peterson. On the existence, uniqueness,
and finite element approximation of solutions of the equations of stationary,
incompressible magnetohydrodynamics. Mathematics of Computation, 56(194):523—
563, 1991.

M. Kollmann. Efficient iterative solvers for saddle point systems arising in
PDE-constrained optimization problems with inequality constraints. PhD thesis,

Johannes Kepler University Linz, 2013.

M. Kollmann and W. Zulehner. A robust preconditioner for distributed optimal
control for Stokes flow with control constraints. In Numerical Mathematics and
Advanced Applications 2011, pages 771-779. Springer, Heidelberg, 2013.

J. Li and O. Widlund. BDDC algorithms for incompressible Stokes equations.
SIAM J. Numer. Anal., 44(6):2432-2455, 2006.

J. Li and O. Widlund. A BDDC preconditioner for saddle point problems. In
Domain Decomposition Methods in Science and Engineering X VI, volume 55 of
Lect. Notes Comput. Sci. Eng., pages 413-420. Springer, Berlin, 2007.

J. Li and O. Widlund. On the use of inexact subdomain solvers for BDDC algo-
rithms. Computer Methods in Applied Mechanics and Engineering, 196(8):1415—
1428, 2007.

S. P. MacLachlan and C. W. Oosterlee. Local Fourier analysis for multigrid with
overlapping smoothers applied to systems of PDEs. Numer. Linear Algebra Appl.,
18(4):751-774, 2011.



[20]

[21]

[22]

[23]

[24]

[25]

[30]

J.-F. Maitre, F. Musy, and P. Nigon. A fast solver for the Stokes equations using
multigrid with a Uzawa smoother. In Advances in multigrid methods (Oberwolfach,
1984 ), volume 11 of Notes Numer. Fluid Mech., pages 77-83. Vieweg, Braunschweig,
1985.

J. Mandel and C. R. Dohrmann. Convergence of a balancing domain decompo-
sition by constraints and energy minimization. Numerical Linear Algebra with
Applications, 10(7):639-659, 2003.

A. Niestegge and K. Witsch. Analysis of a multigrid Stokes solver. Appl. Math.
Comput., 35(3):291-303, 1990.

C. W. Oosterlee and F. J. Gaspar. Multigrid methods for the Stokes system.
Computing in Science & Engineering, 8(6):34-43, 2006.

T. Rees, H. S. Dollar, and A. J. Wathen. Optimal solvers for PDE-constrained
optimization. SIAM Journal on Scientific Computing, 32(1):271-298, 2010.

J. Schoberl, R. Simon, and W. Zulehner. A robust multigrid method for elliptic
optimal control problems. SIAM Journal on Numerical Analysis, 49(4):1482-1503,
2011.

D. Schétzau. Mixed finite element methods for stationary incompressible magneto—

hydrodynamics. Numerische Mathematik, 96(4):771-800, 2004.

R. Simon. Multigrid solvers for saddle point problems in PDE-constrained opti-
mization. PhD thesis, Johannes Kepler University Linz, 2008.

S. Takacs. All-at-once multigrid methods for optimality systems arising from

optimal control problems. PhD thesis, Johannes Kepler University Linz, 2012.

U. Trottenberg, C. W. Oosterlee, and A. Schiiller. Multigrid. Academic Press,
Inc., San Diego, CA, 2001. With contributions by A. Brandt, P. Oswald and K.
Stiiben.

R. Wienands and W. Joppich. Practical Fourier analysis for multigrid methods.
CRC press, 2004.



Chapter 2
Background

In recent decades, saddle-point problems have arisen in a wide variety of applications
throughout computational science and engineering, and have formed one of the most
significant topics of research in scientific computing. The substantial challenges
for solving these problems arise due to their indefiniteness and often poor spectral
properties. A considerable amount of research has been carried out on the numerical

analysis of the saddle-point problems, see [6, 8, 31] and the references therein.

2.1 Saddle-point systems

Here, we first introduce some common problems in fluid dynamics. The Navier-
Stokes (Stokes) equations are a common saddle-point problem. In the literature,
both analytical and numerical aspects of the solution of the Navier-Stokes or Stokes
equations for viscous incompressible fluids have been considered [4, 31, 41, 73, 80].
However, the analysis of the existence and uniqueness of the solution in linear and
nonlinear, steady and time-dependent cases is still difficult and receives much attention.
We introduce the stationary incompressible Navier-Stokes equations here. Let ) be
a Lipschitz, bounded open set in R™ with boundary I, and f € (L2(Q2))" be a given

vector function. The stationary incompressible Navier-Stokes equations [4, 73, 75] are



to find a fluid velocity @ = (uq,usg, -+ ,u,) and pressure p such that

( n
—A@+&{§:m0m+vm):fjm9
=1

V-i=0, in

=0, onT
\

where Re is the Reynolds number, which is proportional to a characteristic velocity, a

characteristic length, and the reciprocal of fluid viscosity, and D; is the differentiation

0
8£Ei .

equation, since it arises from the physical principle of conservation of momentum. The

operator defined as D; = We call the first equation in (2.1) the momentum
second equation in (2.1) is called the continuity equation for steady flow, which states
that the rate at which mass enters a system is equal to the rate at which mass leaves

the system.

Remark 2.1.1. Here, we consider the vector Laplacian for the diffusion term in the
first equation of (2.1), consistent with the Dirichlet boundary condition given. For more
general models and/or boundary conditions, this could be replaced with the divergence

of the symmetric part of the gradient, as will be considered in Chapter 3.

Challenges in analyzing the existence and uniqueness of solutions of the Navier-
Stokes equations arise in many aspects. For example, some technical difficulties arise
in applying Sobolev inequalities and dealing with the nonlinear terms. The treatment
of the equations heavily depends on the dimension of the problems considered, and
non-uniqueness of solutions also happens. Uniqueness results are known only when the
data, for example, Re, are small enough, or the viscosity is large enough. For more
details, we refer to [22, 73].

A special case of fluid dynamics is the Stokes equations, which describe highly
viscous incompressible flows characterized by the diffusion term in the momentum
equation. The Stokes equations are linear, and simpler than the incompressible

Navier-Stokes equations. We consider the Stokes equations as follows

—eAT+Vp=f, inQ
V-u=0,in Q

u=0, onT
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where ¢ is the fluid viscosity.

Remark 2.1.2. The Stokes equations considered here are a limiting(Re — 0) case of

the Navier-Stokes equations in (2.1) with a proper scaling of the pressure term.

The discretizations of the above models by finite-element, finite-difference, and
finite-volume methods for the unknown variables lead to some difficulty. For high
Reynolds number in the Navier-Stokes equations, the momentum equation is singularly
perturbed and the h-ellipticity measure [75] of the standard (central) discretization
schemes decreases. For the Stokes equations, equal-order finite element methods
cannot be used, since the required stability condition is not satisfied in this situation.
Instability also arises when using central differencing of the first-order derivatives
in the pressure term and continuity equation, if all variables are located at the grid

points.

To overcome this instability, the Marker-and-Cell (MAC) scheme was first estab-
lished by Harlow and Welch [78]. In the MAC scheme, the velocity unknowns are
located at the midpoints of the x- and y-edges of the mesh, and the pressure is located
at the cell centres. The MAC scheme has been successfully adapted and applied to
many PDEs. Another option is to add additional “artificial viscosity” or “artificial
pressure” terms to keep the discrete equations stable [75]. A semi-implicit method
was designed by Chorin [20, 21], where an artificial compressibility was introduced to
the continuity equation. One of our interests in this work is to analyze solution of

discretizations using the MAC scheme.

Using higher-order finite-element methods is another option to avoid instability.
Taylor-Hood elements (QQ2 — @1, P» — P;) have been applied to the Stokes equations.
We consider the Q2 — (01 approximation and solvers for the resulting systems. Other

stabilized finite-element methods are also well-studied, for example, in [31].

The momentum equation is associated with « and p, but p is not present in the
continuity equation. This leads to complications in the discretization and in the
numerical treatment. For well-posedness of the discrete system, the discretization of

the velocity and pressure unknowns should satisfy an inf-sup stability [31]

inf sup —| (Van, b))

> >y >0,
an20 5,25 [Tnl1]lanllo

where 7 is a constant.
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A more complicated example of fluids is magnetohydrodynamics (MHD). MHD is
the study of the properties of electrically conducting fluids, and has many valuable
applications, including in modelling plasma confinement, in astrophysics, aerospace
engineering, and so on. Based on the MHD equations, for example, scientists have
made a supercomputer model of the Earth’s interior. Often, MHD is modelled using a
combination of the Navier-Stokes equations of fluid dynamics and Maxwell’s equations
of electro-magnetism. We consider the one-fluid visco-resistive MHD model, where the
dependent variables are the fluid velocity, u, the hydrodynamic pressure, p, and the

magnetic field B. The equations are

ou

o, (@ V)i-V- (T +Ty)+Vp = F, (2.2)
a—é—vX(*xé)JrvX( VxB) = G (2.3)
ot ¢ Re,, -

Vi = 0, (2.4)
V-B = 0, (2.5)

where G = —V x Estat, and Estat is the static component of the electric field. The
Newtonian and magnetic stress tensors are given by
1

T —
2Re

I
[Vi+ Vi), and Ty = B® B — §|B|21,

respectively.

The stationary, incompressible MHD model in three-dimensions has been discussed
in [44], where the existence and uniqueness of solutions of the continuous and approx-
imate problems are guaranteed under some conditions on the data. A new mixed
variational formulation of MHD is presented in [70], where standard inf-sup stable
velocity-pressure pairs are used for the hydrodynamic unknowns, and a mixed approach
using Nédélec elements is used for the magnetic variables. In this model, there is
another scalar variable, , included in (2.3) as Vr. In that case, if V - G is zero, it can
be shown that r = 0, yielding equivalence to the standard MHD model or the linearized
version in [40], where the author focuses on the stabilized finite-element method for
MHD. In recent years, numerical experiments using vector potential formulations of
(2.2)-(2.5) have been discussed in [1, 23]. However, there has been no attempt to

explore the existence and uniqueness of solutions of the formulations. Noting that the
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discretizations of MHD lead to saddle-point systems, it is necessary to better under-
stand the properties of either the continuum formulation or the discrete formulations of
MHD before designing good algorithms. In Chapter 3, we extend the tools of [44, 70]
to prove the existence and uniqueness of solutions of vector potential formulations of

MHD in two dimensions.

2.2 Multigrid preliminaries

For a general nonsingular linear system, Ku = b, we can consider finding its solution
exactly or inexactly. With increasing problem size, it is often a challenge to solve the
linear-algebraic equation exactly. Thus, iterative methods are used to find approximate
solutions. In the literature, many iterative methods have been well studied [31, 43,
59, 68, 72], including stationary iterative methods, Krylov subspace methods, and
multigrid methods. The idea of a stationary iteration is to find an approximation,
M, to K that can be inverted easily, then compute the approximate solution via the

iteration
Wt = w4+ M b - Ku?),

or
Wt = (1 — M ' K)uw + M. (2.6)

The matrix S := [ — M 'K is called the iteration matrix. If p(S) := max |\(S)| < 1,
then (2.6) is said to be convergent. Often, we choose M to be the diagonal part of K
(Jacobi iteration), the lower triangle part of K (Gauss-Seidel iteration), or a scalar

multiple of the identity (Richardson iteration).

Many classical iterative methods (for example, Jacobi) appropriately applied to
discrete problems have poor convergence but a strong “smoothing” effect on the error in
any approximation. That is, the schemes can reduce high frequency error components
quickly, but are slow to reduce low-frequency errors. Because of this, we call such
schemes “relaxation” methods. Based on this smoothing property, we can construct
a coarse grid, where the low frequencies on the fine grid can be treated as relatively
high frequencies, so the smooth error can be approximated on the coarse grid, which
is simple, compared with the fine-grid problem. This leads to two-grid and multigrid

methods.
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Multigrid methods [10, 16, 71, 75, 79, 81] have been successfully applied to saddle-
point problems either as standalone iterative solvers or as preconditioners, due to
their high efficiency. Precisely, multigrid offers the possibility of solving problems
with N unknowns with O(N) work and storage for large classes of problems. In the
literature, there are two families of multigrid methods, geometric multigrid [71, 79]
and algebraic multigrid [16, 67, 68, 75]. In this thesis, we focus on geometric multigrid
methods. Assume we have two meshes, with fine-grid meshsize h and coarse-grid
meshsize H (often, H = 2h, by doubling the meshsize in each spatial direction). A

two-grid algorithm is as follows,

Algorithm 2.2.1. Two-grid method: u{fl = TGAIlg(K}, by, ui, V1, 13)
1. Pre-smoothing: Applying v sweeps of relaxation to u{t
@) = Smoothing” (u), Ky, by). (2.7)

2. Coarse grid correction (CGC):

o Compute the residual: 1), = by, — Ky ;

e Restrict the residual: rg = Ryry;

e Solve the coarse-grid problem: Kjug = ry;

e Interpolate the correction: du, = Ppuy;

e Update the corrected approrimation: 11{1 = ﬁib + dup;

3. Post-smoothing: Applying v sweeps of relaxation to ﬁi,
u)™ = Smoothing” (i), K, by) (2.8)
Applying this two-grid method, the two-grid error propagation operator is
MTM = S (T — P (K3) Ry Ky)SY, (2.9)

where §, =1 — M, 'K}, is the error propagation operator for relaxation.

From the above discussion, the important components in a two-grid algorithm are:

e The smoothing procedure: 4, = Smoothing” (x, K, by);
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e The fine-to-coarse restriction operator: Rp;
e The coarse-grid operator: Kj;;

e The coarse-to-fine interpolation operator: Py;

For the pre- and post-smoothing relaxation, Jacobi, Gauss-Seidel, and Richardson
relaxation can all be used. Usually, we use the same relaxation for both pre- and
post-smoothing, but it can be different. For the restriction operator, Ry, there are
many choices, which depend on the problems. Here, we focus on choices of Ry, tied to
the mesh and the particular discretization scheme used to generate K. K7j; can be the
Galerkin operator, K}, = R, K}, Py, or the natural rediscretization operator, Ky, and
I — P,(K}) ' RyK), is called the coarse-grid correction operator. The interpolation
operator, Py, is usually taken to be the conjugate transpose of Ry, with scaling
depending on the discretization scheme and the dimension of the considered problem.

For more details on the choice of multigrid components, we refer to [71, 75, 79].

If we solve the coarse-grid problem recursively by the two-grid method, then we
obtain a multigrid method. Over the past decades, a variety of types of multigrid
methods have been developed, including W, V, and F-cycles [71].

The choice of the components of multigrid methods, such as coarse-grid correction,
prolongation, restriction, and relaxation schemes, is very crucial to design efficient
algorithms. A well-developed tool, local Fourier analysis (LFA), can aid proper choice
of these multigrid components in many cases. Thus, it is worth investigating and
understanding how to apply LFA to different problems and when it can be an effective

tool.

2.3 LFA preliminaries

Local Fourier analysis was first introduced by Brandt in [13], where the smoothing
factor is presented as a good predictor for multigrid performance. The principal
advantage of LFA is that it provides realistic quantitative estimates of the asymptotic
multigrid convergence factor of some model problems and classes of relaxation schemes
and multigrid algorithms. Two-grid local Fourier analysis [75] contains analysis of two
parts: the relaxation scheme and the coarse-grid correction. Here, we present a brief
introduction to LFA.
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In order to describe LFA, we consider d-dimensional infinite uniform grids, Gy, as

follows,
G, = {.’13 = (l’l,iﬂg, R ,l’d) =kh = (kl, ka, ... ,kd)h, k; € Z}, (210)

and Fourier modes (0, x) = 9%/" on G, where 8 = (0,0,,...,0;) and 12 = —1.
Because ¢(0, x) is periodic in @ with period 27, we consider 6; to vary continuously in
3

the interval ( -5 7} (or any interval with length 27). The coarse grid Ggy, is defined

similarly.

Remark 2.3.1. In practical use, the grids might be more complicated than (2.10).
However, LFA can be modified to adapt to the corresponding discretizations, as it will

be later in this thesis.

Let Ly, be a scalar Toeplitz operator acting on 1?(Gy,) as follows,

Lh é [sn]h (K': (I{'17/{2a"' 7d) EZd)7
Lywp(x) = Z Sgwp(x + Kh),
KeEV

with constant coefficients s,, € R (or C), where wy,(x) is a function in I*(Gy). Here,
V is taken to be a finite index set. Note that because Lj, is Toeplitz, it is diagonalized
by the Fourier modes (8, x).

A general 2D stencil can be written as

S—1,1 S0,1 S1,1
[Swln = |- S—10 So0 S10

S—-1,-1 S0,-1 S1,-1

If we consider the 2D Laplace problem using the 5-point finite-difference approximation,
then the stencil of L), = —A, is

1 —1 50,1

ﬁ —1 4 —1 5 denoted as 871’0 8070 8170 . (211)

—1 50,~1
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Definition 2.3.1. We call Zh(e) = Z $,.€0"% the symbol of Ly,.

KEV

Note that for all grid functions (0, x),
Lpp(0, ) = zh(g)@(‘g, ).

We note that the symbol of the stencil Ly, is closely related to the standard definition
of the symbol of a differential operator. By standard calculation, the symbol of stencil

— Ay, defined in (2.11), is given by Ly (6, 65) = Lot goe il

For multigrid methods, we construct a sequence of coarse grids by doubling the
mesh size in each spatial direction. High and low frequencies for standard coarsening

are given by

low T\ hich m 3m\* T m\4
perm o [T 1) gemm [T )\ [T 1y
2°2 27 2 2°2

It is easy to check that
0(0,x) = (0, x) for & € Gy, iff 8 =6 (mod 7).

We define 2¢-dimensional spaces of harmonics over € (=%, Z]% as

E.(0) = span{gph(Og, x) 1 €= (&1, ...,8). & € {0, 1}}, (2.12)

with
0° =0+ &

Definition 2.3.2. The error-propagation symbol, §h(9), for smoother S, on the
infinite grid Gy, satisfies

~ T 37T\d
Sh([?(0733> :Shgo(eme 0 < [_ 577) )
for all p(0,x), and the corresponding smoothing factor for Sy, is given by

Hioc = Mioc(Sp) = max {|§h(0)‘ } (2.13)

eeThigh

Remark 2.3.2. If L, is not a scalar operator, then \§h(e)\ in (2.18) can be modified
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to be \A(S‘h(e)) , taking the absolute value of the eigenvalues of gh(O).

The error-propagation symbol for a relaxation scheme, represented by matrix My,
applied to Ly, is
Sn(p,w,0) = I — wM, 1()Lx(0),
where p represents parameters within M, the approximation to Lj, w is an overall
weighting factor, and Mh and Lj, are the symbols for M} and Ly, respectively. Denote
p = (p,w).

For the 2D Laplace problem, we consider the Jacobi relaxation, where M, is given
by

. 0
Mh:ﬁ 0 4 0f,
0

with its symbol M/;L(@l, ) = %.

Then, the error propagation symbol of weighted Jacobi relaxation for the Laplace

problem is
gh(w,O) _q —w4_ QCOSGi - 2C0892.
According to (2.13), we have
w
,uloczmax{|1—2w|,|1—§|}, (2.14)

since the maximum and minimum values of 4 — 2cosf; — 2cos s are achieved at
(01,02) = (m,7), and (01,0,) = (0, ) or (%,0), respectively.

Because o, defined in (2.13), is a function of p, the following is a natural question:
how can we optimize the parameters in (2.13) to obtain the most efficient performance?

This is one of the central topics in our work presented here.

Definition 2.3.3. The optimal smoothing factor over D is defined as

Hopt = HlDiH Hlocs (215)

where D is a bounded and closed set of allowable parameters.
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Now, optimizing (2.14), we obtain

3 4
Hopt = 7 if and only if w = E (2.16)

2.3.1 Two-grid LFA

Here, we introduce the two-grid LFA. For simplicity, we consider d = 2 (other cases are
similar). We use the ordering of a = (0,0), (1,0),(0,1), (1,1) for the four harmonics.

Given any 6%, (2.12) can be written as the following 4-dimensional subspaces
E,(0) = span{p(6™,+),0(0"°, ), 0(0", %), p(8", %)}
We consider applying LFA to the two-grid operator,
MM = 82 MSCs (2.17)
with CGC operator,

MSSC =1 — P (L) ' RLy,

where L7}, is the coarse-grid operator. Assume that Lj, Ry, P, Sp, and L}, are rep-
resented by stencils on G, and Ggj,. Then, E;(0) is invariant under the two-grid

operator, M EGM.

To derive symbols for the grid-transfer operators, we first consider an arbitrary
restriction operator characterized by a constant coefficient stencil Rj, 2 [7«]. Then, an
infinite grid function wy, : G, — R (or C) is transferred to the coarse grid, Gap, in the

following way

(Rhwh)(m) = Zrnwh(w + Iih) (33 € Ggh).

keV

Definition 2.3.4. We call éh(ea) = Z €% the restriction symbol of Ry,.
KEV

Inserting the representations of Sy, Ly, L%, Pn, Ry, into (2.17), we obtain the Fourier

representation of two-grid error-propagation operator as

—~TGM ~U1

M, () =S5, (8)(I - Py(0)(L;(20))""Ry(0)L4(9))S, (0),
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where

(0) = ding {Lu(6"), La(8"), Ln(0™), Lu(6™) }
Sn(0) = diag{5,(6").5,(6").8.(6™). 8 (6™}

0) = (Pu(6"): Pu(6™): Pu(6™): Pi(6™))

0) = (Ra(6"), Ra(6™), Fa(6”), Fan(6™))
in which diag{Ty, T,, T3, T, } stands for the block diagonal matrix with diagonal blocks,
Tla TQ, T3, and T4.

Remark 2.3.3. Considering general dimensions d, the above block matrices will have
24 blocks.

Definition 2.3.5. The asymptotic two-grid convergence factor, pasp, is defined as

pasp = sup{p(M,(0)"M) : 0 € T} (2.18)

For practical use, we usual consider a discrete form of p,g,, denoted by py,, resulting

from sampling p,sp over only finite set of frequencies.

Now, consider the two-grid LFA for the 2D Laplace problem. Here, we use
Ly = Ry L, Py, where Ry, is the full weighted (FW) restriction operator given by

11
Ry, =— |2
1

1
16 2|
1

[N\

with its symbol Ry, (6, 65) = T(1+cosb)(1+cosbs), and P, is taken to be the bilinear

interpolation as follows,

) 1 2 1
Ph:é_l 2 4 2|,
1 2 1



with its symbol P, (61, 65) = 1(1 4 cos;)(1 + cos ). Thus,

PL(0) =

(
1] (
4

(

1+ cos b,
1 — cosf,
1+ cos

1 —costy

)
)
)
)

1+ cosfy
1+ cos s
1 —cosf,

1 — cosb,
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and R,(0) = IBZ(O) For more details on calculation of symbols of grid-transfer

operators, we refer to [53, 75, 81].

Here, we show LFA predictions for the 2D Laplace problem with weighted Jacobi
relaxation. pj is computed with h = 6%1. In the smoothing analysis above, we give the
optimal parameter choice for weighted Jacobi relaxation scheme. Figure 2.1 presents
the two-grid LFA convergence factor for weighted Jacobi, as a function of w, to show
the sensitivity of performance to parameter choice. From Figure 2.1, we see that the
LFA smoothing factor and predicted two-grid convergence factors match well. Note

that the optimal parameter is %, which is consistent with the smoothing analysis.

Now we take w = % to show the LFA predictions. At the left of Figure 2.2, we
present the spectral radius of the error-propagation symbol for the weighted Jacobi
relaxation, as a function of 8, showing that weighted Jacobi relaxation reduces errors
over the high frequencies quickly. The right of Figure 2.2 shows the spectra of the two-
grid error-propagation operators for weighted Jacobi relaxation. We see the two-grid

convergence factor p, = %, which is equal to the optimal smoothing factor.

13 i
o
2 —— f/
14 ¥
4
1 7
08 ¥
08 J
/
07 4
06 -

05

Figure 2.1: The two-grid local Fourier analysis convergence and smoothing factors for
weighted Jacobi, as a function of w.
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Figure 2.2: At left, the spectral radius of the error-propagation symbol for weighted

Jacobi relaxation with w = %, as a function of the Fourier mode 0. At right, the

spectrum of the two-grid error-propagation operator for weighted Jacobi relaxation
with w = %. The radius of the red circle is the smoothing factor.

Remark 2.3.4. If we use rediscretization operator, Ly, = Ly, for the 2D Laplace
problem with weighted Jacobi relazation, we obtain the same LFA predictions as those

with the Galerkin operator.

The convergence factor of the two-grid method can be estimated directly from
the two-grid LFA convergence factor in (2.18). If we assume that we have an “ideal”
coarse-grid-correction operator that annihilates low-frequency error components and
leaves high-frequency components unchanged, then the resulting LFA smoothing
analysis usually gives a good prediction for the actual multigrid performance. For
precise prediction by LFA, we usually consider an infinite-grid operator, that is, we
ignore the boundary conditions. In practical computing, extra work, for example,
pre-relaxation, might be needed to deal with boundary conditions and obtain better
performance. Under these circumstances, the smoothing factor, (2.13), of LFA can be
used to analyse the multigrid algorithm and easily optimize any parameters available.
Two- and multi-level local Fourier analysis have been established to adapt to different

multigrid cycling strategies. For more details, we refer the reader to [75, 81].

2.4 LFA applications

LFA can be applied to different types of discretization schemes, including discontinuous
Galerkin finite-element [46], finite-difference [75], and finite-volume methods [52]. Both
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staggered and unstaggered grids, and even more complicated grids, can be considered.
Both vertex-centred and cell-centred multigrid methods have been considered [57, 75].
There are also some recent extensions to more complicated meshes, for example,

discretizations on Voronoi meshes [66].

Different relaxation schemes have also been investigated using LFA. For PDEs
with a single (scalar) unknown, pointwise relaxation schemes, such as classical Jacobi,
and Gauss-Seidel are widely used. Alternating line relaxation [75], a combination
of z-line and y-line relaxation, is attractive, due to its robustness, yielding excellent
properties for a large class of complicated problems, including anisotropic model
problems. Collective relaxation schemes are also very efficient, updating the solution
over subsets, whose union covers all of the unknowns. The advantage of these methods
is that one can solve the resulting small-scale problems over subsets of the unknowns
more accurately and efficiently. For example, Local Fourier analysis has been applied
to the curl-curl equation with overlapping block relaxation [9, 53]. Collective (Vanka-
type) relaxation has also been well-studied for scalar PDEs or systems of PDEs, see
[53, 65], including theoretical analysis of the validity of LFA for multigrid methods
with staggered grid transfers and multiplicative overlapping smoothers [53]. Arbitrary
finite-element discretizations can also be analysed in that framework for LFA. Recently,
LFA has also been presented for periodic stencils with collective relaxation [63], with

a flexible computer implementation [64].

2.5 Block-structured solvers

Researchers have recently shown increased interest in numerical solution of the Stokes
equations, whose discretization naturally leads to saddle-point systems. The design of
fast solvers for the Stokes equations has been a major research subject in recent years,
developing efficient algorithms for the Navier-Stokes equations [41, 73] and control
problems governed by the Stokes equations [51, 62]. We mainly employ LFA to help
us analyze and construct better algorithms for the solution of the Stokes equations

with multigrid methods.

The discretization of saddle-point problems, considered here, has the following
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Ko - (A BT) (“) L, .19
B —-C D

where we focus on the case where A is symmetric and positive definite on the kernel of

form

B, B has full rank, and C' is symmetric and positive semidefinite, including the case

where C' is zero.

In the literature, researchers have developed two main families of preconditioners
for the Stokes equations. Block preconditioners (cf. [31] and the references therein)
are commonly used, since they can easily be constructed from standard multigrid
algorithms for scalar elliptic PDEs, such as algebraic multigrid [67]. Monolithic
multigrid methods, in contrast, are directly applied to the system in coupled form.
However, the construction and analysis of these methods poses some difficulty, because
standard pointwise relaxation schemes cannot be applied. Thus, several families of
relaxation schemes have been developed for monolithic multigrid methods for the
Stokes equations and more complicated saddle-point systems. These methods have

been shown to outperform block preconditioners in some cases (see, e.g., [2]).

Distributive relaxation [14, 60, 82] was the first approach to be proposed, and
can be regarded as a generalization of decoupled relaxation, that has been further
developed [5, 77]. For a theoretical description and corresponding analysis, we refer
to [82, 83]. The central idea is to use a distribution operator, P, to allow use of
pointwise relaxation schemes on transformed variables. For distributive Gauss-Seidel

or weighted-Jacobi relaxation (with weights a1, ay), we solve a system of the form

Moz — [P0 (o) () (2.20)
B CYQDQ (5}3 Tp

where Dy and D, are approximations to the corresponding blocks in K'P, respectively.
Then, distribute the updates as dz = Pdz. Equation (2.20) is equivalent to computing
the updates as

51/{ = (OélDl)_lTu,
op = (ang)fl(Tp—B&/Al),
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followed by distribution to the original unknowns by computing

(o) 7(5)

Different choices of D; and D, lead to the distributive Gauss-Seidel or distributive

Jacobi relaxation, or other schemes in this family.

A collective relaxation scheme was introduced by Vanka [76], based on solving
a sequence of localized saddle-point problems in a block overlapping Gauss-Seidel
iteration. Although collective relaxation is more robust for coupled systems, it is
also more expensive in practice than decoupled relaxation. More detailed comparison
between coupled and decoupled relaxations can be found, for example, in [75]. Others

block relaxation schemes include the Braess-Sarazin [12] and Uzawa [54] approaches.

Using Braess-Sarazin relaxation (BSR) for system (2.19), one solves a system of

Méz = (O‘D BT) (52’[) - (T“> , (2.21)
B —-C) \dp Tp

where D is an approximation to A, the inverse of which is easy to apply, for example

the form

I,or diag(A). Solutions of (2.21) are computed in two stages as

1
Sép = —BD 'ry—r1,, (2.22)
«

1
U = =D *(ry— Blép),
(6%

where S = éBDilBT + (', and o > 0 is a chosen weight to obtain a better relaxation
scheme. Iterative methods can be applied to the solution for dp in (2.22), which leads
to inexact BSR methods [84].

The Uzawa-type relaxation schemes that we consider can be written in terms of a
simpler block solve than that used in BSR,

Méz = (O‘D 0 ) <M> - <m> , (2.23)
B =5) \op Tp

where aD is an approximation of A and —S is an approximation of the Schur com-

plement, —BA™1BT — C'. Equation (2.23) is equivalent to computing the updates
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as

ou = (CYD)_lT'u,
Sop = BoU — ).

The choice of S leads to different types of Uzawa relaxation, which we will investigate.

Each of the above families has been further developed in recent years, including
Braess-Sarazin-type relaxation schemes [1, 2, 3, 11, 12], Vanka-type relaxation schemes
[1, 2, 3, 53, 56, 65, 69, 76], Uzawa-type relaxation schemes [39, 42, 47, 58], and other
types of methods [19, 72].

Here, we first consider the MAC scheme for the Stokes equations, and address the
natural question of how to solve the resulting saddle-point systems. Block relaxation
schemes, such as Braess-Sarazin, Uzawa, and distributive approaches, have each been
investigated in this setting. However, few studies have been carried out comparing these
schemes. Thus, we concentrate on LFA for Braess-Sarazin, Uzawa, and distributive
relaxation schemes, and focus on optimizing the parameters for each to provide a
fair comparison of performance. Considering parallel implementation on modern

architectures, we consider variants based on weighted-Jacobi relaxation.

For predicting performance, early studies mainly have focused on LFA smoothing
analysis. However, recently, some studies have reported that smoothing analysis is
unable to give a good prediction of multigrid behavior for some problems [36, 37, 53].
Specifically, in [37], local Fourier analysis failed to provide its usual predictivity of
the convergence behavior of multigrid applied to the space-time diffusion equation
and its generalizations. In [36], however, a semi-algebraic mode analysis (SAMA) was
proposed to remedy standard LFA and provide insight into asymptotic convergence
behaviour of multigrid methods. In [53], the smoothing factor of LFA overestimates
the two-grid convergence factor for the ()9 — @)1 discretization of the Stokes equations

with Vanka-type relaxation.

Our work is motivated by the failure of the classical smoothing analysis for the
()2 — ()1 approximation. Since this failure might be related to the ()2 approximation
for the velocity unknowns, we first investigate higher-order finite-element methods
for the Laplace problem. Even for the simple weighted Jacobi relaxation for the

Laplace problem, although the two-grid LFA convergence factor matches with realistic
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multigrid performance, we find that the LFA smoothing factor fails to predict this
performance. A modified two-grid local Fourier analysis is presented, and the correct
parameter choice is shown to yield a significant improvement in two-grid and multigrid
convergence factors. This study further helps us understand the previous findings that
the classical smoothing analysis of LFA loses its predictivity of multigrid performance

for the Q2 — @)1 approximation to the Stokes equations.

Following this, we discuss LFA for multigrid methods applied to Taylor-Hood
and two stabilized (Q1 — (1) finite-element discretizations of the Stokes equations.
Similarly to the case of the MAC discretization, block-structured relaxations are
considered for these finite-element methods. As the exact application of these schemes
is expensive, we also experiment with the inexact case, in which the subsystem solves
are performed by a few steps of Jacobi or multigrid iteration. Rediscretization and

Galerkin coarse-grid operators are discussed. Many interesting results are found.

2.6 Domain decomposition

With increasing problem sizes, there is an urgent need to design fast and efficient
algorithms. Direct solvers usually are too costly, especially considering memory.
Domain decomposition is well-suited for parallelism and can be applied to some
challenging problems, for example indefinite Helmholtz equations [18, 32]. There are
two common families: nonoverlapping and overlapping domain decomposition, and
many approaches, including Neumann-Neumann [45, 61, 74], FETT [29, 33, 34], Schwarz
27, 28, 74], and Optimized Schwarz [27, 38] methods. Balancing domain decomposition
by constraints (BDDC), one of the nonoverlapping domain decomposition methods,
was first introduced by Dohrmann in [24]. Recently, BDDC has been extended to
many problems either as a solver or preconditioner, including for the Stokes equations
[48], elliptic problems [7, 50], 3D problems in H (curl) [26], and others [25, 49, 55].
However, existing research focuses mainly on either the linear-algebraic aspects of
solutions or the analysis of error estimates based on the finite-element theory. In
contrast to this work, we extend LFA to BDDC to examine the condition number of

the preconditioned operators.

The idea of domain decomposition methods is very natural and simple. First,
partition the domain, , into N subdomains, €;,4 = 1,2,---, N, such that Q =
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UiN:1 ;. Then, solve smaller-scale problems on each subdomain, ;. Finally, “glue”
the local solutions together to obtain a global approximation to the solution. There
are many techniques for this “glue” to obtain the correct solution. How we choose
the subdomain and glue the local solutions together determines the different classes of

domain decomposition methods.

Here, we give a brief introduction to Schwarz domain decomposition methods, to
shed light on the BDDC approach that we will investigate. For more details about
domain decomposition methods, we refer to [27, 74]. Consider the Laplace problem on
a bounded domain, €2, with Lipschitz boundary, with homogenous Dirichlet boundary
conditions as follows

Aw = f, in
w =0, on 0f)

(2.24)

For simplification, suppose that 2 is partitioned into two nonoverlapping subdo-

mains €); (as shown at the left of Figure 2.3):

Q=Q,UQy, 99, NN, = 00, (2.25)

Figure 2.3: At left, partition of {2 into two nonoverlapping subdomains, and it
(i = 1,2) denote the outward normals to the boundary 0f2 corresponding to subdomain
;. At right, partition of € into two overlapping subdomains.
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The Laplace problem (2.24) is equivalent to the following coupled system [74],

—Awl = f, in Ql
wy; =0, on 94 N OS2

wy = wy, on O

(2.26)
g—%’% = —88%7:11, on 0§
—AU}Q = f, in QQ

(w2 = 0, on 095 N O

Several domain decomposition approaches arise from (2.26), alternately solving for w;

and ws based on the conditions imposed on €g.

The finite-element discretization of (2.24) leads to the linear algebraic system,
Aw = {, (2.27)

which, similarly to (2.26), can be ordered as

N
A= 0 AP AP w=|wP ]|, =],
AD)AZ A Wr fr

where the variables corresponding to €21, 29, and 02, are labelled by W§1), W§2), and wr,

respectively. Note that A is written in block form, similar to the saddle-point structure.

The challenge for (2.27) is how to construct fast solvers using this decomposition.

In contrast, suppose that €2 is partitioned into two overlapping subdomains €2;

(shown at the right of Figure 2.3):
Q=0 Uy, QN =10,

Here, we discuss additive Schwarz methods, based on the overlapping partition.

To avoid complications from the overlap between subdomains, we introduce the
partition of unity functions. Since 2; N 2y = €, to obtain global solutions from the
subdomains, we first define an extension operator F;. For a function w; : 2, — R,

Ei(w;) : ©; — Q is the extension of w; by zero outside €2;. Another option to “glue”
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the solutions together is to use partition of unity functions, g;, mapping €2; to R,
with g;(z) > 0, 91(z) + ¢g2(x) = 1, and supp(g;) C €; for each 4, and such that for all
functions w : ©; — R,

w = Ey(giwle,) + Ea(gawla,).

Based on the above, we introduce the famous additive Schwarz (AS) and restricted
additive Schwarz (RAS) approaches based on the overlapping partition (see the right
of Figure 2.3), following [27].

Algorithm 2.6.1. AS and RAS Algorithms

Given w® that satisfies boundary conditions on 2,

1. Compute the residual: ™ = f + Aw";

2. Fori=1,2, solve the following local subdomain problem:

—Av? =" in

vl =0, on 0

3. Two choices to update solution w™:

(a) AS choice
w't = w" + B (v]) + Ey(vY). (2.28)

(b) RAS choice
Wt = w" + B, (g1v]) + Ea(govy). (2.29)

The advantage of AS is that it is suitable to parallelize, but its convergence is very
slow. In practice, AS is always used as a preconditioner for a Krylov method such as
GMRES, CG, or BICGSTAB. For more details, including about the implementation
of AS and RAS, we refer to [27]. Two-level AS methods have also been developed
for scalar second-order symmetric positive-definite elliptic boundary value problems
and for the biharmonic equation [15], using a nonconforming finite-element method.
A finite-element-based additive Schwarz preconditioner has been developed for the
Navier-Stokes equations [35]. Often, RAS shows a faster convergence than AS [30]. An

extension of RAS preconditioning has been designed for symmetric positive-definite
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problems [17], where sharp condition number bounds on the preconditioned system

and the combination with CG are discussed, and also for general sparse systems [18].

BDDC can be treated as a combination of nonoverlapping and overlapping decom-
position methods, using a nonoverlapping partition, but the idea of (2.28) and (2.29)
to give two values to represent the solution along the boundary 0€),, and to construct
a preconditioner for the global problem (2.24). Taking Figure 2.4 as example, where
Q has the same partition as (2.25). We duplicate 92, and introduce independent
degrees of freedom for subdomains €2; and €25, along this line. We call the union of the
duplicated subdomains the “duplicated global” domain, corresponding to a duplicated
global problem. Then, we glue the solutions of the two subdomain problems together
to get the approximate solution of the global problem (2.24). To be specific, we have

the matrix representation of the duplicated global problem,

2
A= (RM)TADR®), (2.30)

i=1
where R; is a restriction operator mapping from the “duplicated global” variables
to the i-th subdomain variables, and A% corresponds to matrix representation of
subdomain problem in €2; with Neumann boundary conditions on 0€2,. Based on

(2.30), a preconditioner for A is given by
M~ =RTAT'R, (2.31)

where R is a mapping from the standard global variables to the “duplicated global”
variables. The role of RT is the same as F; in AS and RAS. In [50], “lumped”
and Dirichlet operators are used to construct R. Our BDDC work is based on the

preconditioners introduced in [50].
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HiNgA

v, Sk

Figure 2.4: Nonoverlapping partition for BDDC method with two subdomains.

In (2.31), A has a block structured form with block LU decomposition,

A — /ilrr Agr — I?TT AO I ATTTIAET‘
AHr AHH AHr SHH 0 I 7

where A,, corresponds to the subdomain interior and interface degrees of freedom, App
corresponds to the coarse-level degrees of freedom, which are located at the corners of

the subdomains, Anr is the connections between the coarse-level and subdomain and

-1
T

interface degrees of freedom, and SHH = Anmn — AHTA A?[T is the Schur complement.
In BDDC, the solution of the Schur complement equation (S}m) is needed, which is
the main bottleneck of the BDDC approach. To mitigate this, we propose variants of
BDDC algorithms based on multiplicative preconditioning ideas. From LFA, we can
quantitatively estimate the conditioner numbers of BDDC-like algorithms, which gives

us some insight into the design of efficient solvers.
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Chapter 3

Vector-potential finite-element
formulations for two-dimensional

resistive magnetohydrodynamics

Abstract

I Vector-potential formulations are attractive for electromagnetic problems in two di-
mensions, since they reduce both the number and complexity of equations, particularly
in coupled systems, such as magnetohydrodynamics (MHD). In this paper, we consider
the finite-element formulation of a vector-potential model of two-dimensional resistive
MHD. Existence and uniqueness are considered separately for the continuum nonlinear
equations and the discretized and linearized form that arises from Newton’s method
applied to a modified system. Under some conditions, we prove that the solutions of
the original and modified weak forms are the same, allowing us to prove convergence

of both the discretization and the nonlinear iteration.
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3.1 Introduction

Magnetohydrodynamics (MHD) models the flow of a charged fluid, or plasma, in the
presence of electromagnetic fields. There are many formulations of MHD, depending on
the domain and physical parameters considered. This includes assumptions associated
with the coupling between the electric field, current density, and Ohm’s law, leading to
formulations such as ideal, resistive, and Hall MHD [16]. In this paper, we use a single
incompressible fluid model, treating ions and electrons together, along with a resistive
formulation. The resulting visco-resistive model couples the Navier-Stokes equations
with Maxwell’s equations, forming a nonlinear system of partial differential equations
(PDEs). Moreover, we focus on time-independent solutions, with our primary focus
on existence and uniqueness of solutions to the nonlinear and linearized systems of

equations.

The equations of stationary, incompressible single fluid MHD posed in three
dimensions are considered in (for example) [17, 18]. Under some conditions on the
data, the existence and uniqueness of solutions to weak formulations of the equations
is known both in the continuum and for certain discretizations. The focus of this paper
is on MHD in two dimensions (2D). Here, a vector potential formulation was used
in [2, 10]. Vector potential formulations are attractive for electromagnetic problems
with two-dimensional dynamics, since they substantially reduce the complexity of the
resulting equations, by trading vector for scalar unknowns, and the curl terms that
arise in Maxwell’s equations for standard gradient and diffusion operators. Despite
this attractiveness, there is a scarcity of analysis for multiphysics systems using
vector potential formulations, for both the continuum and discretized models. In this
paper, we demonstrate that standard analysis techniques can be extended from three-
dimensional MHD [17, 18] to the two-dimensional discretizations considered in [2, 10],
although some complications arise that can only be addressed (to our knowledge) by

making more restrictive assumptions.

Two-dimensional models of MHD arise when considering magnetically confined
plasmas, such as in a large aspect-ratio tokamak reactor, as illustrated in Figure 3.1.
In this setting, the magnetic field along the toroidal direction (denoted by z) is very
large in order to contain the plasma. Consequently, the resulting dynamics decouple
into a two-dimensional problem posed over the poloidal cross-section. While such

a configuration can be accurately studied using full three-dimensional models, the
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Figure 3.1: Cross-sectional view of large aspect-ratio tokamak geometry, with major
radius, R, and minor radius, r, satisfying R > r. A cross-section of thickness dr can
be unfolded to create a Cartesian grid as pictured.

computational cost of such models is substantially more than their two-dimensional

counterparts, thus motivating the many numerical studies of MHD in two dimensions.

While numerical results using the vector potential formulation already exist in
the literature, [2, 10] focus primarily on linear algebraic aspects of the solution of the
resulting linearized systems of equations, leaving open the questions of existence and
uniqueness of solutions. In this paper, we focus on the theoretical analysis of both the
continuum model and its discretization, applying standard theoretical tools for the
existence and uniqueness of solutions at both the continuum and discrete levels. For
the discretization, this is complicated when considering a nonconforming discretization,
as was used in [2, 10]. Nonetheless, under moderate conditions, we prove that Newton’s
method yields well-posed linearizations and converges to the solution of the weak

formulation.

An outline of this paper is as follows. In Section 3.2, we detail the vector-potential
formulation for the MHD problem in 2D and, under standard conditions, we prove
the existence and uniqueness of the continuum solution. In Section 3.3, we introduce
a modified, “uncurled”, formulation for the MHD problem and present the analysis
of the discretized problem using a mixed finite-element method. In Section 3.4, we

consider Newton’s method for solving the nonlinear system and analyze convergence.
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Numerical results supporting the theory are presented in Section 3.5. Finally, some

concluding remarks are given in Section 3.6.

In what follows, the letter C' (with or without subscripts) denotes a generic positive
constant which may be different depending on the context. For a Lipschitz domain
Q C R?, denote by LP, 1 < p < oo, the Lebesgue space of p-integrable functions,
endowed with the norm ||-||o,. Denote the standard Euclidean norm as |-|, the classical
L?(€2) inner product and norm as (-, -)o and || - |, respectively, and (f,g) = [, fgdX,
where fg € L*(2). The standard L?*-based Sobolev space with integer or fractional
exponent s is denoted by H*(€2). We write || - ||s for its norm.

For convenience, we introduce the spaces
J:= (HY(Q) N H(AV%Q), W:=(H)D)’, Q:=L3Q),

X = HX(Q)NLAQ), X:=H'(QNLAY), Xo:=HXQ), Xo:=H(Q),

endowed with natural Sobolev norms. Here, in addition to the standard (scalar and
vector) spaces H'(Q2) and H} (), we take

H(div’; Q) = {17

ve (LX), V-i=0 inQ}, 12(Q) == {q ‘q c LQ(Q),/quX - o} ,

20 = {0 € . Solon =0} . 1) = {010 € H(@). 61 = 0}

3.2 Steady-state visco-resistive MHD

In this paper, we consider cylindrical three-dimensional domains, Q =  x [20, 21],
where Q0 C R? is Lipschitz, bounded and connected, which are coupled with a large
incident magnetic field in the z-direction. To begin, we consider the one-fluid visco-

resistive MHD model, where the dependent variables are the fluid velocity , the
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hydrodynamic pressure p, and the magnetic field B. The equations are

ou

o T@V)a=V (T +Ty)+Vp = F, (3.1)
aé — — 1 — —
E—VX(UXB)‘FVX(R—%VXB) = G, (32)

Vi = 0, (3.3
V-B = 0, (3.4)

where G = —V x Estat, and Estat is the static component of the electric field. The

Newtonian and magnetic stress tensors are

T
T Vii+ Vi'], and TM:B®B—§|B|2L

1

= Z_Re[
respectively. We define the tensor B ® B component-wise as (B ® E)u = B;B; and
F=(f0) ¢ (H‘l(Q))g for f e (H‘l(Q))Q(Where H~1(Q) is the dual space of H'(12),
and which is isomorphic to the dual space of HL(Q2)), G € (L2(Q))3. Additionally, we
define the standard nondimensional Reynolds number, Re, and magnetic Reynolds
number, Re,,:

Re = pUL’ Rem:M,

v n

for a characteristic velocity, U, and a characteristic length scale, L. The physical

parameters, all assumed constant, are the fluid viscosity v, the fluid density p, the

magnetic permeability of free space o, and the magnetic resistivity 7.

Assuming that the domain is coupled with a large incident magnetic field in the
z-direction, the resulting dynamics decouple into a two-dimensional problem over €2
with simple behaviour in the z-direction. For the tokamak pictured in Figure 3.1,
this is equivalent to assuming both a large incident magnetic field in the toroidal
direction as well as a large aspect-ratio, so that the curvature of the tokamak is
negligible. Considering the resulting plasma behaviour over €2 (the poloidal cross-
section of the tokamak), and assuming no variation in the z- (toroidal-)direction, we
take B = (Bi(z,y), Ba(z,y), By) and @ = (ui(z,y), us(x, ), up). Then, we complete
the above system with homogeneous boundary conditions on the velocity, @ = 0 on 99,
and either perfect conductor or perfect insulator boundary conditions on B , B-i=0

or Bxi=0on 00, respectively, where 7 denotes the outward normal vector on 0.
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Noting that V - B = 0, we must have 88% + %—% = 0, which allows us to write
B=V x A+(0,0,By), where A = (0,0, A(z,y)). A standard result (see, for example
[15]), is that if B € (Hl(fl))g, then A € H2(). Consequently, we rewrite Equations
(3.1
(3.1)-(3.4), direct calculation shows that By and uy do not appear in the resulting

—

)-(3.4) in terms of the vector potential, A. Considering the continuum problem

equations for the other components of B and @ and, so, we ignore them (by treating

them as zero) in what follows.

3.2.1 H?*()) weak formulation

We now introduce the weak formulation of (3.1)-(3.4) for the two-dimensional domain
0. Writing B = V x A for vector potential, A, gives V - B = 0 and Equation (34) is

automatically satisfied. Thus, we no longer include it in the formulation.

A standard vector calculus identity is that if B € (H 1(@))3,

— —

® B —=|Bl’I) = (V x B) x B+ (V- B) - B,

<
v
DN | —

(
and if B € (Hl(fl))3 N H(div"; Q), then

—

T -,
v-(B®B—§|B|21)=(V><B)><B.

Taking B = (%, —24.0) ensures that Be (Hl(Q))3 N H(div’; Q) when A € X, giving

— — 1—-\ — A — — — A
/v-(B®B—§|B|21)-VdX — /(VxB)xB-VdX
Q Q

0A 0A N
= [ (—nA-Z5 AA-C20) . VaX

_ _(zl—zo)/QAA-(VA-U)dX, (3.5)

for any V = (7, v3) € (Hl(Q))3, with ¢ € (Hl(Q))2.

Taking C = V x (0,0, ¢) for ¢ € X, then we can rewrite the weak formulation of

(3.2), discarding the time derivative,

ﬁ[—VX(ﬁxé).é+vX(Remleé).é}dX:ﬁé.édX,
Q Q
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as
/—(ul,u2)'VA-A<de+/RemlﬁA'A<de:/EO-Ade,
Q 0 Q

where E° is the z-component of the electrostatic part, Estat, and we choose F° so that
Jo B°dX = 0. We drop the common scaling of (21 — zp) when switching from integrals

over €2 to those over Q. In the following, we denote @ = (uy(z,y), us(z, y)).

Note that with B = (0A/0y,—0A/0x,0), the perfect conductor boundary condi-
tion, B - 7 = 0 is implied by a homogeneous Dirichlet boundary condition on A, as is
included in the space Xy, while the perfect insulator boundary condition, Bxii= 0,
is implied by a homogeneous Neumann boundary condition on A, as is included in the
space X. In what follows, we state weak formulations and results for the latter case,
A € X (and, from Section 3.3 onwards, A € 5&) as proofs for this case are slightly
more technical than for A € X, (or A € io). Where substantial differences occur
between the two cases, we provide remarks to clarify. With homogeneous Dirichlet
boundary conditions on « and perfect insulator boundary conditions on A, the weak
form of (3.1)-(3.4) in two dimensions is : find © € W, A € X, p € Q such that

a1 (@0, ) + co(@; @, ) 4 c1(A; 7, A) + b(p, 0) = (f, ), (3.6)
GQ(A’QP)_Cl(A;ﬁvw) = <EO>A¢>7 (37)
b(g, @) = 0, (3.8)

for all 7 € W, € X, q € Q, with St = (Vi + Va'), where
ar(,0) = Re_l/Sﬁ: VivdX = Re_l/Sﬁ:SﬁdX,
Q Q
ax(¢p,v) = Re;nl/Agb-A@Z)dX,
Q
Ho.7) = — [ a(V-5)ax,
Q
1 1
co(W: @, 0) = —/(zﬁ-V)ﬁ-UdX——/(w-v)ﬁ-ﬁdx,
2 Ja 2 Ja
alwit,o) = [ 26V Tax
Q
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3.2.2 Properties of the weak formulation

In this section, we briefly analyze the weak form in Equations (3.6)-(3.8), which we

write as

Formulation 3.2.1. Find (i,p, A) € W x Q x X such that

AT, A; 0, 0) + C(d, A, A; 0, 0) + B(p; U, ) = L(T, ), (3.9)
B(g;u,A) = 0, (3.10)

for all (U,q,p) € W x Q x X,

with
A, A; 7, @) = a1(d,0) + az(A4, @),
B(q;v,¢) = b(q, ),
C(w’d}aﬁa ¢7U’ 90) = CO( ﬁ U) +Cl(¢ ol ¢) - cl<¢ U, SD)
‘C<Ua 90) = <f:17 + < 7A90>'

!

We define the product space W x X with the norm |||(

define the operator norm, |||L]|||- := sup (j)
(0,0)#(7,0)€IxX (7, ¢

I~

’<P)||’2 1511 + [l and

Next, we consider the

)
i

\_/‘6

properties of the forms A, B, and C.
Lemma 3.2.1. For any (U, ), (W, ¢) € W x X, we have

AT, ¢:0,9) = comin{Re™", Re;,' MI|(T, 0)l| %, (3.11)
A, ,9) < max{2Re™", Re}||(@, ¥)||] - 1|(@, )],

where ¢, < 1 1s a constant depending only on ().

Proof. Since (¥, ¢) € W x X, we have

AT, ;0,p) = Re_l/Sﬁ:SﬁdX—i-/Re;LIA@-AgodX
Q Q

Re | S5 + Re,, | Alls

BiRe |01 + BeRe loll2

camin{Re™", R, HII(T, )|,

AVAR|

A%
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where ¢, = min{f, B2}, 81 comes from Korn’s Inequality [7, Corollary 11.2.22], and
P comes from a regularity argument [15, Chapter I, Theorem 1.10]. This gives the

coercivity of A.

For continuity,

A, v, 0, ¢) = Re_l/Sﬁ:SUdX%—Re;ll/Azp-Agde
Q Q
< 2Re” a1 ||9]h + Rey! [ ¢ llall ol
< max{2Re™", Re,, (@, )||] - [[1(7 @),

via the Cauchy-Schwarz inequality. m

Remark 3.2.1. If p € X,, then |Ap||2 > Ball¢ll3 also holds (see [15, Chapter
I, Theorem 1.8]).

We state two Lemmas that follow directly from the standard Compact Imbedding
Theorem for Sobolev spaces (see, e.g., [15], Theorem 1.1.2), showing the trilinear forms

co and ¢; are well defined.

Lemma 3.2.2. If4,7,% € (Hl(Q))z, then
|co(w; @, 0)| < Col|dloa - [|Villo - |00 < Collw]y - |l - (|91, (3.12)

where Cy is a constant depending only on €.

Lemma 3.2.3. If ¢, ¢ € H2(Q) and 7 € (H'())?, then

c1(¥; 0, @) < CillVilloa - |A0llo - [Tlloa < Cilledlla - [|0]]2 - [6]]1, (3.13)

where C is a constant depending only on €.

Lemma 3.2.4. For any w,u,v € W and ¢, ¢, p € X |, the trilinear form C has the

following properties

(W, s 1, &; 0, )| < Cell[(@, D) - [I1(@ )] - [11(T, )]l (3.14)

where C. 1s a constant only depending on ). Furthermore,

C(W, ;0,7 ¢) = 0. (3.15)
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Proof. The continuity bound follows directly from inequalities (3.12) and (3.13). That

C(w,v; U, p; U, p) = 0 follows directly from its definition, and those of ¢y and ¢;.

The form b(g, v) is continuous and satisfies the following inf-sup condition

blo. &
inf  sup &

>I' >0,
0#£¢€Q 0ATEW ||U|| ||CI||0

where I' is a constant depending only on 2 [15, Chapter 1.5.1].

The form B is obviously continuous:

B(g: 7, )| < Gollgllol|vll < Cullglloll[ (@ @)1,

]

(3.16)

for all (v,q,p) € W x Q x X, with a constant Cj, > 0. Furthermore, it inherits the

inf-sup condition from b.

Lemma 3.2.5. There exists a constant I' > 0 depending only on €1, such that

B(g; v, ) 90)

sup > T'lqllo,
(00)7év<p)€W><XH|( )|H

for all g € Q.
Proof. Since

B(q; ¥, ) = blg, V),
we have Bla: 7.0) e, )

q;v,p

sup T = sup 5= = lgflo - T
(6,0)¢(ﬁ,¢)ewaH|(U o)l 0ATEW 1714

where the last inequality follows directly from (3.16).

3.2.3 Existence and uniqueness of solutions

From [15], we quote the main theorem that we will apply to this weak formulation.

Theorem 3.2.1 ([15], Theorem IV.1.3). Let V' be a separable Hilbert space with the

norm || - ||y, [ be a linear functional in the dual space V' and, for w € V', the mapping

(u,v) = a(w;u,v) be a bilinear continuous form on V-x V. Assume that the following

hold:
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e the bilinear form a(w;v,v) is uniformly V-coercive with respect to w, i.e., there

exists a constant o > 0 such that

a(w;v,v) > allv||f, Yo,w € V.

e there exists a continuous and monotonically increasing function L : Ry — R,
such that for all p >0

|aws; u, v) = a(ws; u, v)| < L) |ullv[v]lv[lwr = wsllv,
Vu,v €V, wi,wy €5, ={w e V;|lwlly < p}.

e the linear function | and o satisfy

1]y

a2

- L(|lUlv/a) < 1.
Then the problem: find uw € V' such that
a(u;u,v) =1l(v), YveV,

has a unique solution that satisfies the stability bound ||ullv < oIy .

Theorem 3.2.2. Let f € (H’l(Q))2 and E° € L*(Q), and assume that

Celll £11]-
<1 3.17
c2min{Re~2, Re;;2} ’ (3.17)
where ¢, comes from (3.11), and C,. comes from (3.14). Then, there exists a unique
solution (i,p, A) in W x Q x X of Formulation 3.2.1. Furthermore, we have the

stability bounds
L=

7 A <
|||(U, >||| = Camin{Re_l,RB;ll}

and
Ipllo < T7HIIfll=1 + 2Re il + Collall; + ChllAllF |,

where Cy comes from (3.12), and Cy comes from (3.13).

Proof. We first apply Theorem 3.2.1 to Formulation 3.2.1 restricted to (i, A) € J x X,
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satisfying the constraint in Equation (3.10). We note that J x X is separable, since
J and X are closed subsets of (HI(Q))2 and H?(Q) respectively, and (HI(Q))2 and
H?(Q) are separable Hilbert Spaces.

For any (), ), define the mapping ((@, ¢), (U, ¢)) — A1 (W, ; 4, ¢, U, ), where
A (W, s 10, ¢, U, ) = A(d, ¢V, 9) + C (W, s @, §; 0, ).
From inequalities (3.11) and (3.15), we have

|AL (W, 50, 0,7, )| = | AU, ¢;7, @) + C(W, 1; U, ¢; , )| = | AV, @57, )|
> comin{Re™ ", Re, ' H||[(T, @) |||> V(@, ), (T,¢) € I x X.

Finally, linearity in the first argument of C and inequality (3.14) give

A (@1, is @, 0, 0) = AW, Y25 U, 637, )

C((Wh, ¥ U, ¢; U, ) — C(Wa, ¥ U, §; 7, )

= [C(uwh — W, th1 — o U, §; U, )|

< Cel[|(@Wy — iy, oy — )] - [[I(@, )] - [[1(T, D)

V(Wy, 1), (Wa, 1b2), (U, @), (U,¢) € J x X. In the notation of Theorem 3.2.1, this gives
L(p) = C,, where C, comes from (3.14).

Thus, by Theorem 3.2.1, assumption (3.17) proves existence of a unique solution
to Formulation 3.2.1 restricted to J x X. Let (4, A) € J x X be that unique solution,
which satisfies the stability bound stated.

By the inf-sup condition in Equation (3.16), there also exists a unique solution of
the following problem: find p € Q such that

b(p,v) = B(p;U,0) = L(U,p) — A(t, A; U, p) — C(u, A; 1, A; 7, ),
(

for all ¥ € W\ J [15, Theorem IV.1.4].
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From the inf-sup condition, we have

b(q, v
Plplo < sup 2&0
0ATEW [|97]]1

0ATEW ||

Combining this with Equations (3.12) and (3.13), we obtain the bound on p. O

Any conforming mixed finite-element discretization of (3.9) and (3.10) necessarily
requires the use of H2-conforming elements for A € X, such as Argyris triangle
elements, or Bogner-Fox-Schmit elements [9]. By using the antisymmetric form of ¢
in the weak formulation, existence and uniqueness of the solution to the discretized
form of Formulation 3.2.1 follows immediately, so long as an appropriate inf-sup
stable finite-element pair is used for the velocity and pressure unknowns. While these
approximations have been thoroughly studied, particularly for fourth-order problems,
their use also poses some additional difficulties for implementation and efficient solution
of the resulting linearized systems. Thus, we next consider a modified approach using

H'-conforming elements, following [2, 10].

3.3 Uncurled formulation of MHD

Introducing the vector potential into Equation (3.2) leads to the bilinear form as(¢, v),
which requires H?-conforming elements for discretization. Notice, however, that, in the
steady-state case, Equation (3.2) can be rewritten as V X (=i x B 4+ Re 'V x B) =
-V x Estat, which can be simplified into a first-order equation in B , resulting in a
second-order equation in A. Using this in place of (3.2), we derive an “uncurled” weak
formulation: find (@, A) € W x X, p € Q such that

a1 (@0, ) + co(@; @, ) 4 &1 (A; 7, A) + b(p, 0) = (f, ), (3.18)
as(A, ) +&(Ad ) = (=E%4), (3.19)
b(g, @) = O, (3.20)
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for all (7,7¢) € W x X, ¢ € Q, where

ax@w>:=.&%{AVw-vwdx

sy = (2400 20 30 for 20 o 2a)) o
T ‘ dy Oy Ox 0x’ |0x Oy Oz 09yl|) 0z/,

A{(~[2 20 o0 06] od 00 _oa 00y o
2 or Oy Ox Oy "0y /)

Co(p; U, ) = /Qﬁ-ng-l/JdX.

Note, we now integrate by parts on the stress tensor in (3.1) since ¢ (A, v, A) is
obviously ill-defined if A ¢ H?(2). The corresponding term in (3.7) becomes ¢y(¢; @, 1))
due to the “uncurling” of (3.2). This is the formulation used in [2, 10]; in [2], an
inf-sup stable finite-element method pair is used for discretization of « and p, while a
stabilized pair was used in [10]. Neither of these papers considered theoretical analysis

of this formulation, which we do here.

The analysis below shows that, in contrast to the formulation considered above,
this formulation does not directly yield unique solutions under the classical theory.
To address this, we augment analysis of the continuum weak form with that at the
discrete level. We separately consider the well-posedness of the Newton linearizations

in Section 4.

3.3.1 Mixed variational formulation

Extending the bilinear form B to act on X gives
B(g; §,4) := b(g, ),

where the only difference between B and B is that they act on X and )N(, respectively.

The mixed variational formulation in (3.18)-(3.20) can then be rewritten as

Formulation 3.3.1. Find (@,p, A) € W x Q x X such that

A(it, A, 0,0) + C(T, A; @, A, 0,0) + B(p; 7,0) = L(T,1), (3.21)
A

B(g:@, A) = 0,

=t

£y

Y
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for all (U,q,9) € W x Q X X, where

C(U_ja ¢7 ﬁ? A7 777 w) = U; 17) + 01(7% v A) + CQ(wa u, (b)
(—E", ).

For our later analysis, we note some properties of the terms in this formulation.

Lemma 3.3.1. Let ¢, ¢ € H'(Q) and @ € (Hl(Q))Q, then

|ca(gs @, ¥)| < Cllidfloa - (Vo - [[¥]loa < Clladlls - [[@ll1 - [[¥]]1,
where C' is a constant depending only on €.

We define the product space W x X with the norm

1@ = 1717 + (1115,

and consider ellipticity of A on this product space.

Lemma 3.3.2. For any (7,¢) € W x X, we have

A(
A(

,0;T,¢) > Comin{Re ", Re, ' }|(T, ¢) |3,
WiT,0) < max{2Re, Re; (@, )|, 9)]1,

Cl
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where ¢, < 1 is a constant depending only on 2.

Proof. The proof follows that of Lemma 3.2.1, substituting Friedrichs’ Inequality [7],
IVell§ > €lielll, Ve e X,

for the regularity argument used in the coercivity bound. O

Remark 3.3.1. For ¢ € )N(O, the standard Friedrichs’ Inequalily also gives the coer-

civity result.

The form B is again continuous:

1B(a; 7, 9)| < Cllallollalh < Collalloll (7, )11, (3.22)
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for all (0,q,%) € W x Q x 5&, with a constant C, > 0, and inherits the inf-sup
condition from b:

Lemma 3.3.3. There exists a constant I' > 0 depending only on € such that

sup B(q; v, w>

> T'llqlfo, (3.23)
(0,0)£(7,)EW xX ||( )|l

for all q € Q.

The form C no longer satisfies the desired zero property CN(IU, ¢; U, ;0,1) = 0.
Also, ¢; is not obviously continuous in H'(Q2). Consequently, classical results, such
as Theorem 3.2.1, cannot be directly applied to establish existence and uniqueness of
solutions to Formulation 3.3.1. Instead, we tackle this question indirectly, leveraging

the result given in Theorem 3.2.2 for Formulation 3.2.1.

3.3.2 Relationship between solutions of the two formulations

Formulations 3.2.1 and 3.3.1 offer two weak formulations of the steady-state visco-
resistive MHD problem, (3.1)-(3.4). A natural question is whether the solutions of
these two formulations are the same. Here, we provide conditions under which this is
the case. These results follow naturally from the fact that X C X.

Theorem 3.3.1. Assume that Q has CY' boundary and (i,p, A) € W x Q x X is a

solution of Formulation 3.2.1, then (4, p, A) is also a solution of Formulation 3.3.1.

Proof. Let (iu,p, A) € W x Q x X be a solution of Formulation 3.2.1. According to
(3.5), the following equality holds

/AA.(VA.ﬁ)dx_—/(v-TM)-mx_/TM:vadx, Vi e W.
Q Q Q

Then, (3.6) is the same as (3.18). For any 1 € X C L2(f2), there exists ¢ € X such
that Ag = ¢ (see [15, Chapter I, Theorem 1.10]). In (3.7),

/—ﬁ-VA-Agde—I—/Re;lAA-AgodX:(EO,Agp), Vo € X,
Q Q

taking Ay = 1 implies (3.19). So (4, p, A) is also a solution of Formulation 3.3.1. [
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Remark 3.3.2. When 1) € Xo, [15](Chapter I, Theorem 1.8) gives the existence of
w € Xg such that Ay = 1) in €.

Theorem 3.3.2. Assume that Q has C*' boundary and (i@, p, A) € W x Q x X is
a solution of Formulation 3.3.1 and that this solution is smooth enough such that
A€ H*(). Then, (u,p, A) is also a solution of Formulation 3.2.1.

Proof. Let (@, p, A) € W x Q x X be a solution of Formulation 3.3.1. Since A € H2(1)
and 7 € (HX(9))?, the following equality holds

/QTM:dez—/Q(V-TM)-ﬁdxz/ﬂAA-(VA-a)dX, Vi e W.
Then, (3.18) is the same as (3.6). Furthermore,
/Q [ VA4 + Re,)VA - Vip]dX = —/QEO-de, Vo € X,

can be rewritten as

/QVA.de: —Rem/Q (B°+@-VA)-ydX, VyeX.
Since [, E°dX = 0 and [, @ - VAdX = — [ (V- @D)AdX + [, (7 - 7)AdX = 0, we
have [,,(E° + - VAN) dX = 0. Using the results of Proposition 1.2 of [15], the weak
form of finding w € X such that

/Qvfw . VipdX = /Q —Re, (B +@-VA) -¢dX, Wy eX, (3.24)

has a unique solution, and if w € H*(2), then it is the strong solution of the Neumann

problem,
—Aw = —Re,(E°+u-VA), in{Q,
du = 0, on o, (3.25)
fﬂ wdX = 0.

Thus, from [15, Chapter I, Theorem 1.10], we have that (3.25) has a unique solution,
w € H%(Q), which is given by w = A, implying that —u - VA + Re,,! AA = E°. For
¢ € H?(Q), multiplying both sides by Ay and integrating yields (3.7). So (@, p, A) is

also a solution of Formulation 3.2.1. O
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Remark 3.3.3. Using the Laz-Milgram Lemma, problem (3.24) considered over HJ (%),
has one and only one solution, w € H'(Q). By Theorem 1.8 of [15], if w € H?*(),
then it is the strong solution of the corresponding Dirichlet problem. Thus, Theorem

3.3.2 also applies in the case when A € )20.

Theorem 3.3.3. Assume that Q has CY' boundary and (3.17) holds. Then, Formula-
tion 3.3.1 has at least one solution (i, p, A) € W x Q X 5(, which is the unique solution
of Formulation 3.2.1. Furthermore, if all of the solutions of Formulation 3.5.1 satisfy
(u,p, A) € W x Q x X, then Formulation 3.2.1 and Formulation 3.3.1 have the same

solution, and the solution is unique.

Proof. Since (3.17) holds, Theorem 3.2.2 states that Formulation 3.2.1 has a unique
solution (i, p, A). According to Theorem 3.3.1, (@, p, A) is also a solution of Formulation
3.3.1.

If A € X, Theorem 3.3.2 states that the solution (i, p, A) of Formulation 3.3.1 is
also a solution of Formulation 3.2.1. However, since (3.17) holds, Formulation 3.2.1

has only one solution. This means that Formulation 3.3.1 has only one solution. [

3.3.3 Finite-element discretization

In this subsection, we introduce a mixed finite-element approximation of the uncurled
formulation and discuss the convergence rates that are obtained under some standard

smoothness assumptions.

Let T, be a quasi-uniform family of subdivisions that partition {2 into triangles
or quadrilaterals, I, with diameters bounded by h [15, Chapter I, Definitions A.2].

Based on these meshes, we construct a series of finite-element spaces satisfying
W, C W,X, cX,Q,CQ.

The discretization of Formulation 3.3.1 can be written as

Formulation 3.3.2. Find (dp, pn, An) € Wp, X Qi X X}, such that

A, Ap; G,) + Clin, An: iln, An; U,0) + Blpn; 6,0) = L(T, 1),

B(g;tup, Ap) = 0,
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for all (U, q,v%) € Wj, x Qp X X,,.

In the following, we assume that Formulation 3.3.2 is well-posed. In this paper, we
consider the 2D problem and assume that the solution A € H¥™(Q), s > 1, then we
have

VAl < CAll VA < Call Aoy, 5> 1. (3.26)

More details can be found in [1, Theorem IV4.12].

Theorem 3.3.4. Assume that (3.17) holds and that (i, A) is the solution of Formula-
tion 3.3.1 with u € (Hl(Q))2 and A € H*Y(Q) for s > 1, and (@, A}) is the solution
of Formulation 3.3.2 satisfying ||tun]|1 + |V Al < d, where d is a constant. Then,

H(qj_u’h,A—Ah)ngC( inf H(ﬁ—ﬁ,A—w)y|1+qiergHp—qu),
h

(T)EW R XX},

with a constant C' > 0, depending on d, for sufficiently small values of Re and Re,,.

Proof. Subtracting Formulation 3.3.2 from Equality (3.21), we have

At — tip, A — Ap; U,10) + C(U — tp, A — Ap; t, A; U, ) + C(tln, Ap; U — i, A — Ap; U, 1))
+B(p — pn; 0,¢) = 0, (3:27)

for all (v,) € W), x X,
From (3.27), for any ¢ such that b(q, ) = 0 for all ¢ € Qy,, we have

AT — i, ) — Ap; T — i, 0 — Ap) + C(0 — in, tp — Ap; @, Ay T — iy, ) — Ay)
+C(tp, Ap; U — Up, o0 — Apy U — Up, 0 — Ap)
= AT~ — AT — Ty t) — Ap) + C(T — Ty 1h — AT, AT — iy, b — Ay)

Wi 0= G0 — AT — i, ) — Ap) = B(p — pni @ — i, & — ), (3.28)

>

+
Q
E"l
N

For such a v, we also have

B(p —pn: 0 — tp, Y — Ap) = B(p — ¢; U — @y, Y — Ay), (3.29)

for all ¢ € Q.
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From (3.28) and (3.29), we have the estimate

rhsof (3.28) < ||(#— i, b — Ap)||s [max{2Re ™!, Re; (7 — @, ¢ — A)|ly

+O[[(@0 = @, = Al (@l + CallAllss1)
+OI[( = i@, v — A1 ([l + [V Arls) + Collp — allo]
< Coll(@ =, v — An) 1 (17 = 7. A = )l + [lp — gallo), (3.30)

where C, = max{2Re~", Re;'} 4+ 2C - max{||@||y + Cal| Allsx1.2, |Tn 1 + |V Anlse } + Cb,
C4 comes from (3.26), and C, comes from (3.22). Since (@, A) is the solution of the
continuous problem and @ € H'(Q) and A € H*(Q), then ||@]]; + Cal|Al|s112 can

be bounded by some constant. By assumption, so can |[us]|; + |V Ap|oo-

Similarly,

Lhsof (3.28) > ¢,min{Re™", Re,;'} - ||(T — i, ¥ — Ap)|l}
—CO(@ — i, ¥ — Al - (1Tl + [[Alls+1.2)
—C||(T = t@n, 0 = A - (1Eall + [V Anlo)
> Cl|(T = dn, v — AW, (3.31)

where C; = ¢,min{Re™!, Re,;)'} — 2C" - max{||d]|1 + Cal|Alls+1.2, |@n]l1 + |V Anls} and

¢, comes from Lemma 3.3.2. Here, we assume that ¢,min{ Re™!, Re; '} is large enough

such that C; > %min{Re’l, Re; '}

According to (3.30) and (3.31), we have the following estimate

1 = i, — A < c(nw—m—wnh T ||p—q||o),
where C' = C,./C. Furthermore,

< C(@—0,A=Y)|h+Cllp—qllo-

(@ =i, A=Al < V2@ = A = D)l + (T = dn, o — A1)

Now, let v € W), be arbitrary and take w € W}, to be a solution of
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Since b satisfies an inf-sup condition and a continuity condition, then there exists a

solution to this problem such that
@]y < Cfla — s,

and such that b(g, @ + ¥) = 0 for all ¢ € Q. By the triangle inequality and using the

result above, we then have

(@ — @, A= Al < Cll(@— (@ +0), A=) +Cllp = qllo
< Cl(@—7, A=)+ Clldll + Cllp — allo
< Cll@ =0, A=)+ Clp = dllo-

]

To give a more precise definition of our finite-element approximations, define, on

an element £,
Pr(KC) := the space of polynomials of degree < k,

and let C°(Q) denote the standard space of continuous functions on 2. The finite-

element spaces are defined as

Wi = {6, €C°(Q) : G|k € (Pes1)?’, VK € Tn},
Qn = {0 €CQ):alc €Pr, VK €T},
Xn = {tn €CQ): tnlkc € Prs1, VK € Th},

where k£ > 1. In what follows, we make standard approximation assumptions for
generalized Taylor-Hood mixed finite-elements on either triangular or quadrilateral

elements in 2D [6, Proposition 8.2.2] as well as for the scalar space Xj,.

Assumption 3.3.1. Let k> 1,s > 1. Assume that

inf ||4— V|1 + inf — < opminls kL 0+ liplls],
ThEW), H s M=o lp = anllo < [lleells1 +1Iplls]
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for all (i,p) € H*Y(Q)? x H*(Q) and that

inf A = gylli < CRMMEE A,

YreXp

for all A € HT1(Q).

Corollary 3.3.1. Let (i, Ap) € Wy, x Xy, be the finite-element approximation in
Formulation 3.3.2. Under the assumptions of Theorem 3.3.4 and Assumption 3.5.1,

we have the error bound

(@ — @, A = Ap)lls < CR™™ U [l g1+ Iplls + [ Allssa ]

3.4 Newton’s method

Since the weak formulation in (3.18)-(3.20) is nonlinear, we use Newton’s method to
derive a linearized system. As expected, the discrete form leads to a saddle-point
problem [5, 8]. Here, we focus on the linearization steps and show that the resulting
systems are well-posed, and that the solutions converge to that of the original problem,

under certain assumptions.

3.4.1 Newton linearizations

Let S = W x X with the norm ||[W||2 = ||7]|2 4 ||¢||2 for all W = (7,%) € S. For
convenience, we denote the solutions of Formulations 3.3.1 and 3.3.2 as (U™, p*), (U}, p},),

respectively.

For U = (u, A), W = (¢,v) € S, define the following operators:

‘Cl(ﬁa Aap) [’U] = al<d> 6) + b(pa 17) + CO( Hv
(E%, ),

52(67 A7 p) W] = 62(A7 w) + 52(A§ ﬁa ?ﬁ) +
Ls(d, A, p)lal = —blg,v).

u
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LT, Ap)o] = 0, VieW, 3.32)
Lo(il, A,p)lw] = 0, WweX (3.33)
£3(ﬁ>A7p)[Q] = 07 vq € Q

Since the variational system contains nonlinearities in both (3.32) and (3.33), we

linearize the above forms.

Let iy, Ag, pr. be the current approximations for u, A, p,

respectively and 0uy, = U1 — U, 0A = Ap1 — Ag, 0p = prr1 — pr be the update to

the approximations, then the linear systems that arise within Newton’s method are

denoted
Liag Lia Ly
Log Laa 0
Low O 0

o Ly
514 = — £2 5
(5]9 £3

where each of the system components is evaluated at iy, Ag, pr. That is

16l 61 = (0T A I 6] =
Lol 04 = S5 (LT, A pITI04] =
L1113 = 31 (£, AvplT)o0] =
Laalt] - 5 = (Lalil, Av p)U)[57] =
Laald] 04 = a%wz(uk,Ak,pk)M)[M] -

where
. B 0Ary 0A 0A, 0A
a0, 4) = <<8y dy Oz O
([0 04 o4
Jdr Oy Ox

a1 (0, V) + co(ty; 0, V) + co(0U; Uy, V),
a(Ag;U,0A),

b(dp, V),

Co(A; 01, 1),

az(0A, ) + 2(0A; Uy, ),

b(q, 01),

(9_77
ox

)

0 04, 04 04

dy %TyD >
|

o
dy

0A,| 0A, 0A 0A, 0A

T il

>0.
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Define the following forms:

AU, U, W) = a(Ag; U, A) + a1 (4, 0) + az(A, ) + co(ty; 4, V) + co(U; Uy, V)
0o (Ag; @, 1) + C2(As Uk, ),
BW.q) = blq,7),
F(Up,pis W) 1= L(5,0) — Aliiy, Ag; T, 00) — Clil, Ags g, A; 7, 00) = Blpy; T, 0),
GUk;q) = —B(Ukq).

For Newton’s method applied in a linearize-then-discretize formulation, we consider
the finite-element spaces S, = W), x X}, C S and Q;, C Q. Given an approximation,
(Un ks Phi) € Sh X Qp, the discrete Newton update is given by

Formulation 3.4.1. Find (6Uy,dpy) € S, X Qy, such that

A(Une; 6Up, W) + B(Wh, 6pr) = F(Unk,ni; Wh), (3.34)
B(6Un,qn) = GUnpian), (3.35)

for all (Wi, qn) € S, x Qp. Let Uy j1 = Unp + 0Un, Phjr1 = Dhi + ODh-

For simplicity, throughout the remainder of this section, we drop the subscript
h. Since we consider finite-element approximations i and Ay, we denote Cy,, =

sup |Viiy|, Doy = sup |VAi|, and M, = sup |i|, and note that they are all
(z,y)eQ (z,9)€Q (z,y)€Q
finite quantities.

Lemma 3.4.1. A(Uy; U, W) and B(W, q) are continuous on Sy, and Qy, for the norms

|1l and || - flo-
Proof. For the continuity of 2(Uy; U, W), observe that

20U UW)| < |a(Ag; T, A) 4+ a1 (€, 0) + az(A, ) + co(ty; U, V) + co(U; Uy, V)
+Co (A @, + Co A; g, ).

Next, consider the above summands separately. First, note that

|a(Ag; T, A)| < 2D ||V Alo[[ Vo
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Recalling the definitions of the rest of these terms, we obtain the following estimates

B
i

—
&
=
IN

CR ][9],

@A) < Re Al
— — Msu — — — =
ot @, )| < == ([IValloll@llo + 1ol Vello)
— 1 — — — —
leo(t i, 0)] < 5 (Cuupllllo |90 + Mauplallol[VETlo)
[C2(Ak; @ )| < Dsupll@o]|lo;
[Co(As iy, )] < Maup|[VAlo[|9]]o-

An application of the Cauchy-Schwarz inequality shows that
[2A(Us; U, W)| < ClU|1[[W 1,

where C' is a constant depending on Cyyp, Dgup, Msyp, Re and Re,,.

Continuity of B(W, q) holds by standard arguments. ]

Lemma 3.4.2. F(Uy,pp; W) and G(Uy; q) are bounded linear functionals on Sy and
Qp, respectively.

Proof. The components of F'(Uy, px; W) can be bounded as in the proof of Lemma
3.4.1. Since, additionally,

[(E% )l < IEloll¥llo.
(KFal < Il

and b(q, ) is continuous, we have

where C' is a constant only depending on the norms of Uy and py.

By Holder’s inequality, we have

|G(Uk;q)| = | = B(Uk, )| < |Usll1llqllo,

implying that G(Uy; q) is bounded. ]
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To illustrate the existence and uniqueness of solutions to the system given by
(3.34) and (3.35), we now give conditions under which 2A(Uy; U, W) is a coercive and
continuous bilinear form. When B (W, ¢) is continuous and weakly coercive in the
chosen finite-element spaces, existence and uniqueness of solutions to the discretized

Newton linearization is automatic.

Theorem 3.4.1. Let Re and Re,, be small enough such that

Msup
2

min{alRe_l, OzgRe;ll} - (Osup + Dsup + ) > 07

where aq, oy are constants defined below, and Clsyyp, Dsyp, and M, are as given above.

Then, there exists a constant v > 0 depending on Uy and ) such that
AU W, W) > 4|Wi, VW €S, (3.36)
Proof. By standard arguments,
(Vi + Vil Vi > o ||U]]?, Vi€ Wy,
where «; is a constant depending only on 2 (see [7], Corollary 11.2.22) and

<V¢’ Vw>0 > OQ”@M‘? Vw S Xh7

where oy depends only on € (see Friedrichs’ inequality [7]).

The remaining terms in 2A(Uy; W, W) can be bounded as in the proof of Lemma

3.4.1, giving

AU, W, W) > aRe '|7]|]] + cwRe,, 10113 — 2Dl VO |lo V7o
Mgl — 22tz — e

—DaupllTllollllo = Msup Ve llol[¥]]0

min{ayRe, ayRey } W3 — 2wt 6D + 5N,

4
= (n-7n)IWIi,

v

o LF

where y; = min{a; Re ™, au Re; '}, 2 = (2C5up+6Dgup+5Myy,) /4. Let v = y1—72 > 0.
Thus, A(Uy; W, W) is coercive. ]
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Remark 3.4.1. Since the standard Friedrichs’ inequality applies for ¢ € XO, the
coercivity bound will also hold for the appropriate finite-element space in the case of

perfect conductor boundary conditions.

Assumption 3.4.1. There exists a constant I's > 0 depending on €} such that

b &
inf  sup M >Ts>0. (3.37)
0#£q€Qy, 0£TEW ), 71 llgllo

Remark 3.4.2. The major difference between (3.23) and (3.37) is that the inf-sup
condition must be satisfied on the discrete space. There is, however, no restriction on the
discrete space chosen to approrimate A. Choosing a pair of spaces for which the discrete
inf-sup condition (3.37) holds is well-known to be a delicate matter, and seemingly
natural choices of velocity and pressure approximation do not always work [13]. For
example, the simplest globally continuous approximations, using linear or bilinear
elements for both welocity and pressure on triangles or quadrilaterals, respectively
(the so-called P, — Py and Q1 — Q1 approximations), are unstable. In general, care
must be taken to make the velocity space rich enough compared to the pressure space,
otherwise the discrete solution will be “over-constrained”. Any stable element pair for
the Navier-Stoke equations (e.g., Po — Py or Qy — Q1 Taylor-Hood elements) can be
used for @ and p (see [6, 13, 14, 15]) to satisfy (3.37).

Theorem 3.4.2. Under the assumptions of Theorem 3.4.1 and Assumption 5.4.1,

there is a unique solution to Formulation 3.4.1.

Proof. Following Theorem 1.2 of [15, Chapter I1T], Lemmas 3.4.1, 3.4.2, and Theorem
3.4.1 prove the result. O

3.4.2 Solvability of stabilized discretizations

In this subsection, we give a solvability condition for stabilized finite-element methods,
since our analysis is also suitable for this setting. From Formulation 3.4.1, the matrix
equations that result from a stabilized finite-element discretization have the following

block form:
K 7 B T fa

Me=|Y D 0| |zl =fa], (3.38)
BT 0 -T| |z, f,

L
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where xz, x4, and z, are the discrete Newton corrections for @, A, and p, respectively,
and fz, f4, and f, are the corresponding blocks of the residual, while 7" is the stabilization

term.

Let
K Z

Y D

~ ~

9

Then, Equation (3.38) can be rewritten as

T =
U

K B
o

Mz =

_|Ta
[fp] : (3.39)

where K € R™" B € R™™, f~ € R", f, € R™ and m < n.

Lp

Lemma 3.4.3. Under the assumptions of Theorem 3.4.1, K is positive definite.
Proof. This is a consequence of (3.36). O

With homogeneous Dirichlet boundary conditions on ¥ € W, b(p, ¢) = 0 for all
v € W implies that the pressure, p, is a constant. When using a nodal finite-element
basis, Span{I} C Ker(B) is a natural consequence of this. If the two spaces are equal,
the resulting pressure is unique up to constants. When a discrete inf-sup condition (as
in (3.37)) does not hold, Ker(B) # Span{1}. However, we have the following condition
that guarantees the solvability of the stabilized method, and gives insight into the

construction of 7.

Theorem 3.4.3. Under the assumptions of Theorem 3.4.1, let S = —(T + ETK_ll?)
be the Schur complement off( in M, with T symmetric and positive semidefinite. If
Ker(T) N Ker(B) C Span{1}, then Ker(S) C Span{1}.

Proof. Since K is positive definite, K~1is also positive definite. This implies that
p" BTK~1Bp > 0 with equality if and only if Bp = 0. On the other hand, because T
is symmetric positive semidefinite, Ker(S) = Ker(7') N Ker(B). O

This theorem tells us that (3.39) is well-posed if the stabilized pressure Schur

Complement, S, is a positive semi-definite matrix with the following stability condition:

Ker(S) C Span{1}.
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The important consequence of Theorem 3.4.3 is that any stabilization approach
that is suitable for the Stokes equations is also suitable in this context, since K does
not enter the intersecting kernels condition. In particular, standard approaches for
equal-order )1 — ) approximations of velocity and pressure can be used, including
diffusion stabilization and pressure-projection [12, 13]. Thus, the analysis above can be
applied to discretization approaches similar to those in [10], which uses diffusion-type
stabilization of the pressure equation (although we note that [10] also makes use of
additional stabilization for the case when the Reynolds numbers are not small, which

is not considered here). Based on the above discussions, we give the natural result.

Theorem 3.4.4. Under the assumptions of Theorem 3.4.3, the stabilized discrete
Newton approximation of Formulation 3.3.2 yields a unique solution with a pressure

that is unique up to constants..

We note here that, for both the stable and stabilized cases, the assumptions of
Theorem 3.4.1 could be relaxed with the use of appropriate stabilized finite-elements
for the convection-diffusion parts of the weak form, as was done in [10]. The general
conclusions of Theorems 3.4.2 and 3.4.4 would naturally still hold in this case, notably
that any standard mixed finite-element space for Stokes or Navier-Stokes can be used

for the velocity and pressures, and an independent choice can be made for the potential,
A.

3.4.3 Convergence of Newton’s method

Finally, under much more restrictive assumptions, we give a local convergence analysis
of Newton’s method at the discrete level. Define |U||1 00 := max{||@||1.00, || 4|

D(U;r)={W :||W —=Ul||; < r} and assume the following.

1,00} and

Assumption 3.4.2. Assume the conditions of Corollary 3.3.1 hold; furthermore,

assume the solution U} of Formulation 3.3.2 satisfies
Fr = Uxll10e <,

where v, = min{a;Re™ ! ayRe, '} is from Theorem 3.4.1.

Assumption 3.4.3. Assume that there exists r1 > 0 such that for any initial iterate

Ur € D(Uf; 1) Newton’s method converges to the unique solution of Formulation 3.5.2
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and converges quadratically.

Recalling constants 71, 7, from the proof of Theorem 3.4.1,
Yo = (205up + 6Dsup + 5Msup)/4 < 4. maX{Csupa Dsupa Msup} < 4HUkH1,oo>

gives

A(Uy; W, W) > (71— 4| Ukl[1,00) W17
Thus, if [|Ug[1,00 < %, then A(Uy; W, W) is coercive.

Lemma 3.4.4. Assume that U € Sy, and ||U||1,00 = kn. Then,
Wi < kn+Cih7 e, YW € D(U;r) NSy,
where C is a constant depending on ().
Proof. According to the standard inverse inequality [7, Theorem IV.5.11],
U100 < C1A7H U1, VU € S,
where ('} is a constant. By the triangle inequality, for W € D(U;r) NS,

Wiiee < Ul + IW = Ul
S lih—i‘Clh_lHW—Uul
< kp+Cih7 '

]

Remark 3.4.3. Lemma 3.4.4 indicates that if we take Uy € D(U;ry), for ry =
%41—}@;)’ then A(Uy; W, W) is always coercive.

If for the stabilized case, we have the same approximation result as in Theorem 3.3.1,
then the next convergence theorem is not only true for stable element approximations,

but also for the stabilized case.

Theorem 3.4.5. Under Assumptions of Theorem 3.4.2 or Theorem 3.4.4, and As-
sumptions 3.4.2 and 8.4.3, for any initial Uy € D(U;;r*), r* = min{ry,m}, the
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sequence {Uy} produced by Newton’s method is both well-defined and converges to the

solution of Formulation 3.3.2.

Proof. Since Uy € D(Ujf; r*), then according to Lemma 3.4.4, Formulation 3.4.1 has a

unique solution for every Uy. By the triangle inequality, we have
WUk — U1 < ||Ux = Uplls + Uy = U*|x. (3.40)

According to Assumptions 3.4.2 and 3.4.3, (3.40) goes to zero. O

Remark 3.4.1. Conditions that guarantee convergence of Newton’s method for finite-

element discretizations of MHD in 3D can be found, for example, in [17].

3.5 Numerical results

To demonstrate both the finite-element convergence and performance of Newton’s
method for this formulation, we consider the Hartmann flow test problem on the

domain [—%, %] ?. For this problem, we have an analytical solution, given by @ = (uy, 0)

and B = (By, B,) with

B 1 Re cosh(yHa)
nlwy) = 2tanh(Ha/2) \ Re,, (1 B cosh(Ha/2)) ’
_ sinh(yHa)
By (z,y) = m -,
By(z,y) =1,
pley) =~z — 5 (By(e. )

where the Hartmann number is given by Ha = /ReRe,,. Increasing Ha leads to
increased coupling between the velocity and magnetic field components of the solution,
which is seen in [2] to lead to difficulties with some preconditioners for the discretized
and linearized equations. In the numerical results that follow, we fix Re = Re,, = Ha.
From this expression, we compute A(z,y) such that By(x,y) = % and By (z,y) = —g—‘;‘.
For this solution, we have non-homogeneous conductor boundary conditions on B,

which we implement with suitable non-homogeneous Dirichlet boundary conditions on
Az, y).
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271 3 o2 3

error

1/h 1/h

Figure 3.2: H' approximation error, (|| — |3 + ||A — Ath)l/Q, for finite-element
solution of Hartmann test problem on uniform quadrilateral meshes with meshwidth
h. At left, error for approximation with velocities and potential in ()2 and pressure in
()1, at right, error for approximation with velocities and potential in ()3 and pressure

in QQ.

Figure 3.2 shows finite-element convergence for this problem with varying Ha
and mesh-size h. We solve the problem using a linearize-then-discretize formulation,
starting from an initial guess that matches the non-homogeneous Dirichlet boundary
conditions, but is zero for all variables inside the domain. The discretization is done
in deal.IT [3, 4], with each linearization solved using a direct solver (UMFPACK [11]),
and the nonlinear iteration stopped when the vector £2-norm, scaled by the mesh-size
h, of the nonlinear residual or that of the Newton update is less than 1078, These
results are presented in the setting of Corollary 3.3.1, using (generalized) Taylor-Hood
elements for the velocity and pressure, and matching the degree of the velocity space
for the potential. The numerical results presented here agree quite well with Corollary
3.3.1, with O(h?) errors observed for approximation of velocities and potential in Qo
and pressure in Q; and O(h3) errors observed for approximation with velocities and
potential in )3 and pressure in ()5. For the range of Hartmann numbers considered in
these figures, no difficulties are seen with convergence either of the nonlinear iteration
or the finite-element approximations; convergence is seen within 4 to 7 Newton steps
for all Hartmann numbers and all meshes. For larger Hartmann numbers, we did

observe convergence issues with Newton’s method.
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3.6 Conclusions

In this paper, we present a theoretical analysis of the weak formulations of a steady-
state visco-resistive vector-potential MHD formulation. Under certain conditions, we
prove the uniqueness and existence of the solutions. Furthermore, we show that the
solutions of the curled and uncurled formulations are the same, under some conditions.
From this point of view, using the uncurled formulation to approximate the MHD
problem is reasonable and meaningful. A mixed finite-element approximation of
the uncurled formulation is discussed. The convergence rates obtained under some
standard smoothness assumptions have been analysed and show that it is a suitable
option. Thus, using Newton stepping and a stable Stokes finite-element method pair

plus any space for A yields a convergent solution scheme for MHD.
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Chapter 4

Local Fourier analysis of
block-structured multigrid
relaxation schemes for the Stokes

equations

Abstract

! Multigrid methods that use block-structured relaxation schemes have been success-
fully applied to several saddle-point problems, including those that arise from the
discretization of the Stokes equations. In this paper, we present a local Fourier analysis
of block-structured relaxation schemes for the staggered finite-difference discretization
of the Stokes equations to analyze their convergence behavior. Three block-structured
relaxation schemes are considered: distributive relaxation, Braess-Sarazin relaxation,
and Uzawa relaxation. In each case, we consider variants based on weighted Jacobi
relaxation, as is most suitable for parallel implementation on modern architectures.
From this analysis, optimal parameters are proposed, and we compare the efficiency of
the presented algorithms with these parameters. Finally, some numerical experiments

are presented to validate the two-grid and multigrid convergence factors.

!Authors: Y. He and S. P. MacLachlan
This work is published as Local Fourier analysis of block-structured multigrid relaxation schemes for
the Stokes equations, Numerical Linear Algebra with Applications, 25(3):e2147, 2018.
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4.1 Introduction

Large linear systems of saddle-point type arise in a wide variety of applications
throughout computational science and engineering. Such linear systems represent
a significant challenge for computation owing to their indefiniteness and often poor
spectral properties. Saddle-point problems are well known and well studied in numerical
analysis [5, 6, 15]. Discretization of the Stokes equations naturally leads to saddle-point
systems, and solvers for the Stokes equations are a natural first step in developing
new algorithms for the Navier-Stokes equations and other saddle-point problems.
Two main families of preconditioners are found in the literature for saddle-point
systems, such as the Stokes equations. Block preconditioners (cf. [15] and the
references therein) are commonly used, because they can easily be constructed from
standard multigrid algorithms for scalar elliptic PDEs, such as algebraic multigrid [32].
Monolithic multigrid methods, which are applied directly to the system in coupled form,
are potentially more difficult to construct and analyse, because standard pointwise
relaxation schemes cannot be applied. Several families of relaxation schemes have,
however, been developed for monolithic multigrid methods for the Stokes equations
and more complicated saddle-point systems and have been shown to outperform
block preconditioners in some cases (see, e.g., [2]). Distributive relaxation [11, 30, 41]
was the first to be proposed, using a distributive operator to allow use of pointwise
relaxation schemes on transformed variables. A strongly coupled relaxation scheme
was introduced by Vanka [37], based on solving a sequence of localized saddle-point
problems in a block overlapping Gauss-Seidel (GS) iteration. Two further families
are based on using block preconditioning strategies as relaxation schemes, yielding
the Braess-Sarazin [8] and Uzawa [25] approaches. Each of these families has been
further developed in recent years, including Braess-Sarazin-type relaxation schemes
[1, 2, 3, 7, 8], Vanka-type relaxation schemes [1, 2, 3, 24, 26, 31, 33, 37|, Uzawa-type

relaxation schemes [16, 17, 20, 28], distributive relaxation schemes [4, 38] and other
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types of methods [12, 35]. The aim of this paper is to analyse block-structured

relaxation schemes, including distributive, Braess-Sarazin, and Uzawa relaxation.

Existing analysis of these relaxation schemes leaves several open questions. For
finite-element discretizations, variational analysis techniques have been developed for
both Braess-Sarazin [44] and Uzawa [20] relaxation. Local Fourier analysis (LFA) has
been applied to all of the standard relaxation schemes, including distributive relaxation
[27], Vanka relaxation [24, 31], and Braess-Sarazin and Uzawa-type schemes [16, 23].
However, the vast majority of the existing LFA has been for relaxation schemes using
(symmetric) GS approaches. Here, in contrast, we focus on schemes that make use of
weighted Jacobi relaxation. Considering modern multicore and accelerated parallel
architectures, proper understanding of such schemes is critical to achieving excellent

parallel and algorithmic scalability.

Supporting numerical results demonstrate some key conclusions of this analysis.
First, distributive weighted-Jacobi (DWJ) relaxation retains the well-known advantages
of distributive GS (DGS). This fact, coupled with the low cost per iteration and fine-
scale parallelism, recommends this relaxation scheme, at least in the context of the
finite-difference scheme considered herein. For Braess-Sarazin relaxation, we find that
there is no degradation in predicated multigrid performance for the inexact variant of
the algorithm introduced in [44] over the exact variant originally proposed in [7, 8]. The
same is not true for Uzawa relaxation, where our results show a notable gap between
the predicated performance with the exact inversion of the resulting approximate Schur
complement and that with only the inexact inversion. Furthermore, we see that the
assumptions made in [16] for algebraic analysis of Uzawa-type relaxation are sufficient

but not necessary for convergence.

In this paper, we consider these three families of relaxation schemes in terms of
the computational work and the optimal smoothing factors obtained. The results
show that Braess-Sarazin relaxation provides better smoothing than Uzawa in the
case of finite-difference discretization. This is in contrast to results in [20] for finite-
element discretizations. The gap between finite-difference discretization and finite-
element discretization using Braess-Sarazin relaxation is a question for our future work.
However, we also see that distributive weighted Jacobi can match the performance of
Braess-Sarazin, as has been seen for GS-based relaxation. Extending this analysis to

the finite-element case is also a topic for future research.
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The outline of the paper is as follows. In Section 4.2, we introduce the marker and
cell (MAC) finite-difference discretization of the Stokes equations in two dimensions
and some definitions of LFA. In Section 4.3, we present the DWJ relaxation schemes
and the optimal smoothing factor is given by LFA. In Section 4.4, LFA is developed
for Braess-Sarazin-type relaxation and optimal parameters are derived. In Section 4.5,
we apply LFA to Uzawa-type relaxation to determine the optimal smoothing factor.
Furthermore, a comparison of the relaxation schemes is given. Section 4.6 presents
some experimentally measured two-grid and multigrid convergence factors to confirm

the theoretical results. Conclusions are drawn in Section 4.7.

4.2 Discretization and local Fourier analysis

4.2.1 Staggered finite-difference discretization of the Stokes

equations

We consider the Stokes equations,

- AU +Vp = F, (4.1)
V- U = 0, (4.2)
for velocity vector, U = “ , and scalar pressure, p, of a viscous fluid. Discretization

v
of (4.1) and (4.2) typically leads to a linear system of the form

[N R
B 0 DPh 0

where A corresponds to the discretized vector Laplacian, B is the negative of the

u
discrete divergence operator, and U, = ( h) :
Uh,

Remark 4.2.1. Here, we consider the vector Laplacian of the velocity in the Stokes
equations, as is standard. For more general models, the divergence of the symmetric

part of the gradient could be considered, affecting only the symbol of A in what follows.

In this paper, we consider the standard staggered finite-difference discretization
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in two-dimensions, known as the MAC scheme (see [19, 36]). The discrete pressure
unknowns py, are defined at cell centres (x-points in Figure 1). The discrete values
of uj, and vy, are located at the grid cell faces in the o- and e-points, respectively, see

Figure 1.

® X & X & X # X &
® X & X & X ® X &
* X & X & X # X @
* X & X & X ® X e

Figure 4.1: The staggered location of unknowns on mesh Gy: X —p,o0 —u, e — v.

The discrete momentum equations read (see [36])

—Apup, + (az)h/2ph = Fip, —Apvp + (ay)h/Z pr = Fop,

F
where Fj, = ( 1’h>. Here, we use the standard five-point discretization for —A, (for
2,h
up, on the o grid and for v, on the e grid) and the approximations

1
(@e)nzpnla,y) = & (ph (z+h/2,y) — pu(x — /2, y)),
1
(Oyhjzpn(x,y) = 5 (ph (z,y +h/2) — pu(z,y — h/2))-
The discrete conservation of mass equation is given by
(ax)h/Z uh(x7 y) + (ay)h/2 Uh(xa y) =0.

We consider uniform meshes with: h, = h, = h in this paper.
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4.2.2 Definitions and notations

Experience with multigrid methods and multigrid theory shows that the choice of
multigrid components may have a strong influence on the efficiency of the resulting
algorithm. Some rules are needed to choose the proper multigrid components. In
general, the smoothing factor, u, of LFA gives satisfactorily sharp predictions of actual
multigrid convergence (p) and guarantees h-independent multigrid convergence [36].
In order to describe LFA for staggered grids, we first introduce some terminology.

More details can be found in [36]. We consider two-dimensional infinite uniform grids
G, =G} UG? UGS with

(0,h/2) if j=1,
G = {mil’lﬁ = (ki, ko)h + 07, (kn, ko) € Z°}, with &7 = ¢ (R/2,0)  if j=2,
(h/2,h)2) if j =3,

and Fourier functions 90(07 wkl,kZ) S Span{SOI (07 xk1,k2)7 902(07 mkl,k2)7 @3(07 wk1,k2)} on
G, in which

) T ) T
Qpl(eawlﬂ,lm) :<610.m}€1’k2/h 0 O) 7@2(97wk1,k2):(0 ezelwil’b/h O> )

i T
903(073’./?1,/62) = (0 0 ezewil’@/h) s 0:(91792)7

where T" denotes the (nonconjugate) transpose of the row vectors. Because ¢ (6, T, k,)
T 37

is periodic in @ with period 27, we consider the domain @ € [— 5 7)2 (or any interval
with length 27).

Let L, be a Toeplitz operator acting on one of the components of Gy,

Ly £ [seln (k= (K1, ko) € Z2);

Lywp(2?) = Z sewi (T’ + Kh),
KEV

with constant coefficients s,, € R (or C), where wy, (/) is a function in 1>(G7). Here,

V is a finite index set. Note that because L, is Toeplitz, it is diagonalized by the

. . . G g
Fourier modes ¢(0,x7) = %' /P = ¢iti1/heib2z3/h

Definition 4.2.1. We call Eh(a) = Z € 9% the symbol of Ly,.

KEV
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Note that for all grid functions (0, x7),

Lup(68,27) = Ly(0)(8, @).

The staggered discretization of the Stokes equations leads to the system

—A\p, 0 (Ox)ns2\ [un
Lyuy, = 0 SAYY (ay)h/2 Un | »
—(0)n2 —(0y)ns2 0 P
with stencils
1 ! 1 ]!

The symbol of operator L}, is given by

4m(0) 0 i2hsin &
Ly(01,05) = 7z 0 4m(0)  i2hsin2 |,
—i2hsin%  —i2hsin 2 0
where m(0) = 2=2csfiz2eosts — ¢ipn2(A) 4 5in?(%2). Each entry in Ly, is computed

as the (scalar) symbol of the corresponding block of £, following Definition 4.2.1.
Because L, is a 3 x 3 block operator, its symbol is naturally a 3 x 3 matrix. The

error-propagation symbol for a relaxation scheme, represented by matrix M, applied
to MAC scheme is
gh(p> w, 0) =1- WMil‘Eha

where p represents parameters within M, the block approximation to L, w is an

overall weighting factor, and M and L, are the symbols for M and Ly, respectively.

In this paper, we consider multigrid methods for staggered discretizations with
standard geometric grid coarsening, that is, we construct a sequence of coarse grids by

doubling the mesh size in each spatial direction. High and low frequencies for standard
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coarsening are given by

low T T2 hieh m 31\’ T T\2
oer =[-20) gerrin = |2 20) \ -2 7))
2°2 2" 2 2°2

Definition 4.2.2. The error-propagation symbol, §h(9), for a block smoother S;, on
the infinite grid Gy, satisfies
m 37r)2

Shgp(ey mkl,k‘g) - gh(,p(e, $k17]€2)’ 0 (= [ — 5’ 7

b

for all ¢(0,xy, k,), and the corresponding smoothing factor for Sy, is given by

Hloc = /~Lloc(8h) = 016%%‘?;‘ {})‘(Sh(e))l }7
where )x(gh(B)) is an eigenvalue of the 3 x 3 matriz-valued function Sy (6). Throughout
the rest of this paper, the developed theory applies to discrete spaces. Therefore, except

when necessary for clarity, we drop the subscript h for simplicity.

Definition 4.2.3. Because the smoothing factor is a function of some parameters,
let D be a bounded and closed set of allowable parameters, and define the optimal

smoothing factor over D as

Hopt = HlDlH Hioc-
Set D may have many parameters depending on the selection of the relaxation scheme.

Remark 4.2.2. Because the ¢(0,-) are defined on the infinite grid Gy, the influence
of boundaries and of boundary conditions is not taken into account here. The purpose
of LFA is to determine the quantitative convergence behavior and efficiency an ap-
propriate multigrid algorithm can attain if a proper boundary treatment is included
[10, 34]. FEzperience with LFA shows that it is often exact for problems with peri-
odic boundary conditions, but degradation in performance may be seen with Dirichlet

boundary conditions [27], as will be seen here in the numerical results in Section 4.6.

4.3 Distributive relaxation

DGS relaxation [11, 30] is well known to be highly efficient for the MAC discretization.

The idea of distributive relaxation is as follows. To relax the equation Lx = b,
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we introduce a new variable by x = Pz and consider the (transformed) system
Lt = LPx =0b. Here, P is chosen such that the resulting operator LP is suitable for
decoupled relaxation with a simple, efficient relaxation process, preferably for each
of the equations (velocity and pressure) of the transformed system separately. After
each sweep of relaxation, the correction 6z, is distributed to the original unknowns,
dx = Pdiz. DGS-type relaxation has been widely used [12, 13]. One well-known
drawback of DGS is a persistent “gap” between the smoothing factor predicted by LFA
and the convergence factors observed in practice for problems with Dirichlet boundary
conditions [27, 29, 42, 43]. In [27], it is noted that the LFA predictions are exact for
periodic boundary conditions, but extra boundary relaxation is required for Dirichlet
boundary conditions (consistent with later analysis of LFA in general in [10, 34]).
Another possible solution, proposed in [43] is to replace GS with an incomplete LU

factorization in this setting.

Motivated by potential parallelization, we consider DWJ relaxation here, although
results in Section 4.6 will show that the above concerns also play a role in this setting.
For the Stokes equations, the discretized distribution operator can be represented by
the preconditioner

I, 0 (O)n2
P=|0 I, (O)nn
0 O A

Then, we apply block weighted-Jacobi relaxation to the distributed operator,

AV 0 0
cr=cr=| o A0 | (4.4)
—(0x)nj2 —(Oy)nye —Ln

Remark 4.3.1. For the staggered MAC' discretization, if the original problem has
Dirichlet boundary conditions, then the last block operator, —/\y, of L* is the standard
d-point stencil of the Laplacian operator discretized at cell centers with Neumann
boundary conditions [18]. If the original problem has periodic boundary conditions,

then last block operator, —/\,, should have periodic boundary conditions.

The discrete matrix form of P is

P = :
0 —A,
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where A, is the the standard five-point stencil of the Laplacian operator discretized
at cell centers (see Remark 4.3.1). For DWJ (with weight ap) relaxation, we need to

solve a system of the form

Mos — (aDdiag(A) .O ) (5[{1) _ (ru> | (45)
B apdiag(A4,) ] \ dp T

then distribute the updates as dx = Pdx. The error propagation operator for the
scheme is then I — wpPM L.

4.3.1 DWJ relaxation

The symbol of operator L£* is given by

L 4m(®) 0 0
Z*<91, 62) = ﬁ 0 4m(0) O 5
—i2hsin%  —i2hsin%  4m(0)

and the symbol of the block weighted-Jacobi operator is

1 40éD 0 0
MD<91,02) = ﬁ 0 40éD 0
—i2hsin®  —i2hsin%  4dap

It is easy to see that all of the eigenvalues of the error-propagation symbol, S, p(ap,wp,0) =

I - wDﬁM;E, are 1 — wD”;Lg).

Theorem 4.3.1. The optimal smoothing factor for DWJ relaxation is

Hopt,p = Iin  max, IMSp(ap,wp,8))| = =

and is achieved if and only if ap = %wD.

Proof. When 6 € T"¢h m(0) = sin®(%) + sin?(%) covers the interval [1,2]. Be-

cause all of the eigenvalues of gp(ap,wD,H) = ] — wpﬁ]/\\/[/lglz are 1 — wD”;Lg),
~ 2

max |\(Sp(ap,wp,0))| = max{‘l _ D 1= =D } In order to minimize this,

@cThigh 2ap ap

setting |1 — 22| = |1 — 222| obtains ¥2 = 2 and |1 — 22| = 3, O
2ap ap ap 5 20p 5
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Remark 4.3.2. The optimal smoothing factor for the w-(damped) Jacobi relazation for

a five-point finite-difference discretization of the Laplacian is % with w = %. Thus, it is
not surprising that this serves as an intuitive lower bound on the possible performance

of block relaxation schemes that include this as a piece of the overall relaxation.

4.4 Braess-Sarazin-type relaxation schemes

Although the DW J-type relaxation is efficient, proper construction of the preconditioner
P, is not always possible or straightforward, especially for other types of saddle-point
problems. Considering this obstacle, we also analyse other block-structured relaxation
schemes. Braess-Sarazin-type algorithms were originally developed as a relaxation
scheme for the Stokes equations [8], requiring the solution of a greatly simplified but

global saddle-point system. As a relaxation scheme for the system in (4.3), one solves

Mo — (aC’ BT> ((51/{) _ (m) 7 (4.6)
B 0 op Tp

where C' is an approximation of A, the inverse of which is easy to apply, for example

a system of the form

I,or diag(A); a > 0 is a chosen relaxation parameter. Solutions of (4.6) are computed

in two stages as

(BC™'B"ép = BC 'ry—ar, (4.7)
1
U = EC'_l(m—BTép).

In practice, (6.16) is not solved exactly; an approximate solve is sufficient [44], such
as using a simple sweep of a GS or weighted Jacobi iteration. In the following, we

consider two ways to solve (6.16): exact and inexact methods.

4.4.1 Exact Braess-Sarazin relaxation

We first take C' = diag(A) and analyze exact Braess-Sarazin relaxation (BSR), that is,
solving (6.16) exactly. Denoting the corresponding M as Mg, the symbol of Mg is
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given by
. dog 0 i2hsin %
MEg(604,05) = 72 0 dag i2h sin %2
—i2hsin Y  —i2hsin & 0

The symbol of the error-propagation matrix for weighted exact BSR is S, glag,wg,0) =
I —wgh, £ L. A standard calculation shows that the determinant of L — AMp is
16m(0)ag m(0)

me(\ag) = T(A—l)Q(A—a—E),

—~ i~ 0
thus, the eigenvalues of M;'L are 1,1, m
ap

Remark 4.4.1. Note that 1 is an eigenvalue of ZT/[/;Z with multiplicity 2. This result
matches with the general results for constraint preconditioners in [21], which considers

the distribution of eigenvalues of the left preconditioned linear system, G"*Hx = G~b.

Theorem 4.4.1. The optimal smoothing factor for (weighted) exact BSR is

~ 3
= min max (ASg(ag,wg,0))| = =,
Hopt, B (CYE’WE)OEThigh’ (Splar,wp >>‘ )
and is achieved if and only if ag = in, with wg € [%, %]
Proof. Since the symbol of the error-propagation operator, gE(aE,wE,G) =1 -

m(0)
ap

QWE

wE]T/[/b?lE, has eigenvalues 1 —wg,1 —wg, 1 —wg , the smoothing factor is given

~ Wg
b AS 0))| = 1——
Y eféﬁﬁJ (Se(ap, wg, ))‘ max{| 20p

7|1_

—, 1—wE}}. As in Theorem
ap

2 3
4.3.1, we know that min max {!1—M—E‘, |1—ﬂ } = —. Because |1 —wg| should
(ag,wg) @eThigh 20éE ap 5

be no larger than % to achieve the overall bound, we have wg € [%, %] ]

The natural choice is to take wgp = 1, with ag = %wE = %. In this setting, the
predicted rate of multigrid convergence is very fast, again matching the smoothing
performance of weighted Jacobi on the finite-difference Poisson operator. Also note
that for the analysis above, we considered C' = diag(A) rather than C' = I; however,
the same conclusion holds for the latter case because diag(A) = 47 on the infinite grid.

28]

Taking C' = I, we obtain the same smoothing factor piop £(0) = % with wp € [£, ¢

and ag = bwg.
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Remark 4.4.2. Choosing C to be (symmetric) GS relazation ((S)GS) leads to an
impractical exact BSR iteration that can, however, be easily analyzed following the
above. For the Gauss-Seidel variant (GS-BSR), this leads to an optimal smoothing
factor of 0.50 and an LFA-predicted convergence factor of 0.45 with optimal parameters.
For the symmetric Gauss-Seidel variant (SGS-BSR), this leads to an optimal smoothing
factor of 0.25 and an LFA-predicted convergence factor of 0.20 with optimal parameters.
In Remarks 4.4.6 and 4.4.7, we revisit these results in comparison with inexact GS-BSR

and SGS-BSR, respectively.

4.4.2 Inexact Braess-Sarazin relaxation

The (exact) Braess-Sarazin approach was first introduced in [8], where it was shown
that a multigrid convergence rate of O(k™!) can be achieved, where k denotes the
number of smoothing steps on each level. However, there is a significant difficulty
in practical use of this method because it requires an exact inversion of the Schur
complement, which is very expensive. A broader class of iterative methods for Stokes
problem is discussed in [44], which demonstrated that the same O(k™!) performance
can be achieved as the exact Braess-Sarazin relaxation when the pressure correction
equation is not solved exactly. In [44], this inexact BSR (IBSR) is seen to be slightly
worse than exact BSR for a finite-element discretization of the Stokes Equations, even
with a strong iteration used on the Schur complement system. This motivates us
to explore inexact Braess-Sarazin relaxation for the MAC discretization, wondering
whether it is possible to achieve the same smoothing factor of % This will be answered

in the following.

Considering parallel and graphics processing unit (GPU) computation, we focus on
using a single sweep of weighted Jacobi iteration (with weight w;) to approximate the
solution of Equation (6.16). In order to distinguish between the parameters ag, wg used
in the exact case, we use ay,wy in the inexact case. Denote the resulting approximation
matrix, M, as M;. Considering the block factorization of M in Equation (4.6), we
introduce the modified Schur complement that corresponds to applying only a single

weighted Jacobi sweep of relaxation on the true Schur complement, B(a;C)~1 BT, as

—S + B(arC) BT, where C = diag(A) and S = w; 'diag(B(a;C) "t BT). The stencil
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of a;C' is
1 40([ 0
2|0 dag|’
and the stencils of B(a;C)~'BT and the modified Schur complement for weighted

Jacobi iteration are, respectively,

1 1
1 4 1 4
w (4.8)

<
Py

Therefore, according to the symbol Definition 4.2.1, the symbol of the weighted
Jacobi iteration is
_ 2—cost —cosby—2w;'  m(0) —w;'

8= =

20(] ar

The symbol of matrix M is given by

. 4oy 0 i2h sin %
M;(61,0,) = 72 0 dog i2hsin &
—i2hsin®  —i2hsin% A2

Calculating the determinant of L£— M, 1, we obtain the characteristic polynomial

7T]()\§ ay, WJ) = 16041(771(:4) — 0415) ()‘ o mOE[e) ) (/\2 T ﬁn;l((aa))__it’;éH) At m(;r;(_e)

b
(4.9)
Note that setting 8 = 0 (which would require m(0)w; = 1) yields m;(\; ap,wy) =

mE(A; ar), recovering the case of exact Braess-Sarazin. In the general case (when w;

is a constant factor), we still recognize that \, := %f) is an eigenvalue for both the

exact and inexact Braess-Sarazin relaxation. Therefore, the optimal smoothing factor
[topt,r for the inexact case cannot be smaller than %, and will only achieve that value if

:—§ = %. Thus, it is reasonable to try % = ‘—; in the analysis of the inexact case.
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To analyze the other eigenvalues of the inexact Braess-Sarazin relaxation, substi-

-1
tuting g = m(el—:w" into (4.9), these two eigenvalues, \i, A9, are the roots of

m(0)

g\ ap,wy) =\ + ( (m(@)wy — 1) — 2m(0)wj> A+m(0)w,. (4.10)

Consequently, we have

Mt = mé? (1= m(8)w,) + 2m(0)wy, (4.11)
Ay = m(@)wJ > 0. (412)

Denote the discriminant of the quadratic function g; as

Ar(ar,wy) = aJm(O) (m(0) — m..) (m(0) — my) (m(0) —m_), (4.13)

w2
2
I

where

-1

dar +w; ' & \/(4a1 +w;h)? — (4ay)?
my =wy; , My = .

2

For m(0) € [0,2], the sign of A;(ay,wy) is determined by the choices of ar,w;.
Hence, it is important to determine the relationship of m,, m,, m_, for certain choices

of ay,wy. The next Lemma gives a useful characterization.

Lemma 4.4.1. If a; = w}l, then m_ = m,. If, furthermore, % < aj <2, then
Ar(ar,ws) <0, ¥m() € [0,2].

Proof. Since ay = w7, we have

4oy + w}l — \/(40q +w}1)2 — (4ary)?
m_ = :aI:m*7

2

which is the first result.
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If% < ay <2, we have

4oy + w;l + \/(4a1 + wjl)z — (4ay)?
my = 9 = 40[[ Z 2a

m_ = ay <2

According to the discriminant in (4.13) and the relationship that a; = w3, it follows

that )
Arar ) = OO~ )n0) —or

for all m(0) € [0, 2]. O

Theorem 4.4.2. If Aj(ar,wy) < 0, then necessary and sufficient conditions for
the convergence of ineract Braess-Sarazin iteration, Sp(0) = I — wI(JT/[})_lz, for all

frequencies @ # 0 are

l—wh < 1, (4.14)
(1—(,0[/\1)(1—(,0])\2> < 1. (415)

Proof. If Aj(ar,wy) < 0, then Ay = Xy and |1 — wiM]? = [1 —wihe]? = (1 —
wiA1)(1 — wrAg). Thus, the necessary and sufficient condition for convergence is
(1 —wrA)(1 —wrAe) < 1, along with |1 —wrA.| < 1. O

Next, under the condition oy = w;l, we optimize the smoothing factor piee r(8).
Considering the convergence conditions, using (4.11) and (4.12), (4.15) can be simplified
as

m(0) < w;l + ar(2 —wy),

which should hold for all m(0) € [0,2]. This is clearly satisfied for all m(0) if it is true
for m(@) = 2. From (4.14), becuase A, = @ e obtain w; < a;. We thus define a

ar
set D*, of parameters that satisfy Theorem 4.4.2 (allowing for nonconvergence when

0 = 0), as well as the assumption that a; = %wl needed to achieve the smoothing

factor of %, as

5
< ar :W;1 < 2,2 < 061(3—601),0([ = —w[}.

1
D*:{(O{[,WJ,MI>:§ 1

The next theorem demonstrates that IBSR can achieve the optimal smoothing factor
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3
0f5.

Theorem 4.4.3. For (aj,wy,wy) € D*, the optimal smoothing factor for the IBSR is

Hopt,] = min max {|1 —wrAl, [T —wr], 1 —CL)]>\2|}

(oq,wJ,wl)GD* @cThigh 5’
and is achieved if and only if ay = 2, wr =1, and wy = 1.

Proof. Because (ay,wy,wr) € D* the convergence conditions are satisfied. For the
high frequencies, the eigenvalues are either complex numbers or two equal real numbers,

so we consider ugpt in place of fiop. Let us set
7 (m(0)) := (1 — wiA)(1 — wry).

Following (4.11) and (4.12), and substituting w;"' = oy, w; = 2 into n*(m(0)), we

have

P(m(6) = = m(O)° + (g5 — 2 )m(8) + 1.
Treating n? as a quadratic function of m, the symmetry axis is mg = 1506[1—6406%
For a; € [%, 2],mg € [%, %} - [%, 2], achieving its maximum value at a; = %5. This

tells us that 7?(m(@)) obtains its maximum at either m(@) = 1 or m(6) = 2, so our

discussion is divided into two cases. Note also that my = %, when a; = %.

Case 1: If mg > %, then

1 1 S8 1

2 2 I

I I 0 pu— 0 p——_ p—— _—— =,

eeTahéhn (m(8)) =n"(m(6) 2) dar * 25 5

From mqg > 2 and oy € [%, 2], we have ay € [%, 2}. The optimal smoothing factor is,

then,

1 3o 1 9
. 2 . I
0)) = —F — — == —, 4.16
(ap D g 7 (m(6)) af?[?,z]{fm o5 5} 25 (4.16)
where a; = g obtains the minimum.
Case 2: If mg < 2, then
16 32a; 19

2 2
pax n°(m(6)) =n"(m(0) = 2) S T 25 5
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From my < g and aj € [%, 2}, we have aj € [%, %] The optimal smoothing factor is

16 32a; 19 9
. 2 .
min ma: m(@)) = min < — + - — = —, 4.17
(ar,wy,wr)eD* BEThéhn ( ( >> Oqg[%& {50&[ 25 5 } 25 ( )
where o = g obtains the minimum.
For both situations, w; = %ozl =1l,w; = al_l = % satisfy the condition 2 < «a;(3—wy)

in D*. Combining (4.16) and (4.17), we see that the optimal smoothing factor over D*

for A1, Ao is % For the third eigenvalue, \,, because a; = %wl is a condition on D*, we

0
always have max }1 —wlm( )
geThigh aI

that the optimal smoothing factor for IBSR is

3
| = — as in BSR. Thus, we can draw the conclusion

3
min max {]1 —wiA, [T —wrA], 1 _WI)\Q‘} ==

/ )
(ag,wy,wr)€ED* QT high 5

Withajzg,(,d]:]_, andWng. O

Remark 4.4.3. For the optimal values oy = w;' = 2, and w; = 1, (4.10) has real

roots only for m(8) = 0,2. For other m(0) € [0,2], the roots are complex.
Remark 4.4.4. It is interesting that the optimal parameter of ay = % matches that
found experimentally in [22] for solving the discretized Stokes problem using Taylor-

Hood elements with Braess-Sarazin relazation.

Remark 4.4.5. The definition of D* makes use of the assumption that oy = wjl,
which is not strictly necessary, Thus, while the choice of parameters is unique over D*,
it may not be globally unique. However, because our interest is whether IBSR can reach

the same optimal smoothing factor as BSR, we do not consider this question further.

Remark 4.4.6. While exact GS-BSR is impractical, a reasonable inexact variant
uses GS relaxation for the velocity equations and retains weighted Jacobi relaxation
for the pressure correction, based on the same approrimate Schur complement given
in (4.8). Following similar reasoning as above, we can conclude the inexact variant
cannot achieve a better smoothing factor than GS does for the velocity block, which
15 0.5. While we have not analytically optimized the inexact GS-BSR parameters,
numerical optimization shows that a smoothing factor of 0.5 can be achieved, and
yields an LFA-predicted convergence factor of 0.48 with linear interpolation and 6-point
restriction, and 0.41 with linear interpolation and 12-point restriction, for the optimal

parameters found.
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Remark 4.4.7. Similarly, a reasonable inexact SGS-BSR algorithm again uses weighted
Jacobi relaxation for the pressure correction, based on the approximate Schur comple-
ment given in (4.8). Numerical optimization of the inexact SGS-BSR parameters yields
a smoothing factor of 0.25, matching the lower bound given from the exact SGS-BSR
case, and an LFA-predicted convergence factor of 0.20 with linear interpolation and

O-point restriction.

Comparing Theorem 4.4.3 with Theorem 4.4.1, we note that IBSR and BSR obtain
the same optimal smoothing factor, %, with the same choices a; = %,WI = 1. The
IBSR is simple to implement, avoiding the necessity of computing the exact inversion
of the Schur complement. These properties make IBSR attractive as a smoother for

general saddle-point problems.

4.5 Uzawa-type relaxation

Multigrid methods with Uzawa-type relaxation are a popular family of algorithms
for solving saddle-point systems [14, 25]. Each step of the exact Uzawa algorithm
requires the solution of a linear system with coefficient matrix A, as well as one with an
approximation of the Schur complement, —BA~!'BT. However, if this computation is
replaced by approximate solutions produced by iterative methods then, with relatively
modest requirements on the accuracy of the approximate solution, the resulting inexact
Uzawa algorithm is convergent, with a convergence rate close to that of the exact
algorithm [9, 14]. In order to distinguish the parameters from those used in Braess-
Sarazin relaxation, we add the subscript U in the following. The Uzawa-type relaxation

that we consider can be written as a simpler block solve than that used in BSR,

Myba = (O‘C 0 > <5u) - (T“) , (4.18)
B =S) \dp Tp

where aC' is an approximation of A, and —S is an approximation of the Schur
complement, —BA~'BT.

Here, we discuss two cases. First, we consider an analogue to exact Braess-Sarazin
with C' = diag(A), S = B(aC)~'BT. Then, we consider an algorithm with manageable
cost, with C' = diag(A),S = o~ 'I.



94
4.5.1 Schur-Uzawa relaxation

Here, we consider C' = diag(A), S = B(agyC)~' BT, giving the so-called Schur-Uzawa
method. The amplification factor for this method is gg[](&g(], wsy,0) =1 —wSUM 51}2

and the symbol of Mg is given by

1 40éSU 0 0
MSU(Hl,Gz) = ﬁ O 4aSU O
—i2hsin % —i2hsin % —mOp2

The determinant of L — )\MSU is then

m(6)

)(/\2—(1+—))\+1).

16cesym(0) (A — m(6)
Qsy

msu(A; asy) = i ase

As discussed in Braess-Sarazin relaxation, the optimal smoothing factor for the modes

Ay 1= % is known to be

wsu 3

=1- =2

-
sy 205y 5’

. _ 4
provided that :STZ =:.

To analyze the other eigenvalues of Schur-Uzawa relaxation, we denote A;, Ay as

0
gsu (N asy) = A — (1 + m)A +1, (4.19)
asy

the roots of

taking the discriminant of the quadratic function ggy as
Asy(m(0); asy) = (1 + —=

Because the sign of the discriminant is undetermined and depends on the value of
m(@), we must consider three cases for the distribution of the eigenvalues. First, that
all of the eigenvalues are real numbers. Second, that all of the eigenvalues are complex
numbers. Finally, that some are real and some are complex. The main idea behind
optimizing the smoothing factor is, simply, to optimize for each of the three cases

respectively, then select the best one.
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Theorem 4.5.1. The optimal smoothing factor for Schur-Uzawa relaxation is

o =  min  max {|ANSsu(asy,wsu, 0 }
Hopt,SU (aSU,wSU)eeThigh{‘ (Ssv(asy, wsu ))}

33-3VI3 0.6924,

- Va3

and 1s achieved if and only if
4

4
o =, w = .
U o YT /33

Proof. Case 1: If Agy(m(0); asy) < 0 for all m(0), then we must have agy > m(0)
for all 8, so asy > 2. In this case, we have two complex roots for all m(0), whose

magnitude, 75y (m(0)), is given by

o0 (m(0)) = (1 —wsph)(l —wspha),
= 1— (M + A)ws + MAawiy,
0
= l—wSU(1+m( ))+w§U.
asy

The smoothing factor over these roots is given by

max 7y (m(8)) = 2y (5)

MC(aSU;WSU)2 L= h
m(9)e[L 2]
1 1 2 1 1 .9
— — (= 1—(= . 4.20
(WSU (2 + 4O~/SU)> + (2 + 4O~/SU) ( )

L Because

In order to minimize pe(asy,wsy), wsy must be equal to wi, = % +
asy 2 2,
1 1 |2 39
' =\/1-(5 =1/ = =~ 0.7806
(aSUnzlgtlusu) fe \/ (2 + 4 x 2) 64 ’
provided that agy = 2,wsy = 5 + 4alsU =35

m

Because there is another eigenvalue, ag, the optimal smoothing factor when

Asy(m(0); asy) < 0 for all @ is at least /39
Case 2: If Agy(m(0); asy) > 0 for all m(8), then we have agy < m(0) for all 0,
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so agy < 3. Denote the two eigenvalues of (4.19) as Ay (m(0)) > A_(m()). It is easy

to check that A, is an increasing function of m(@), while A_ is a decreasing function
of m(8). Set

/LR<045'U,(,L)[U) = (Jg)la[:;; 2]{|1 — wSU)\|} = Imax {|1 — ng)\+(2)|, |]. — WSU)\—(2>|}‘
m (S 2
(4.21)

We know that to minimize this maximum, we need

2 2 (4.22)
wsy = = , .
TTANR) +A(2) 241

asy

2

and take wgy = —=-7. The smoothing factor for these modes is then given by

XSsU

A(2) = A-(2) }
A (2) A (2)
= min {\/1 __A2A-0) 2}

asu<y (A+(2) +2-(2))
= min {{/1 - wiy} (4.23)

asu<s;

121
= — =~ 0.961
5 0.9615,

because A1 (2)A_(2) = 1 with the minimum achieved when agy = 3.

Because there is another eigenvalue, %, the optimal smoothing factor when

Asy(m(0); asy) > 0 for all 6 is at least /21,

min pigp(osy, wsy) = minl {
asu<;

Case 3: asy € (3,2). When m(0) € (3, asv], Asv(m(0); asy) < 0. From (4.20),
we know that uc(asy,wsy) is an increasing function of agy;. When m(0) € [asy, 2)
, Asy(m(0);asy) > 0. From (4.22) and (4.23), we know that pug(asy,wsy) is a

decreasing function of agy. Set

psy = min max{ max pg(asy,wsy), max puc(osy,wsy)}-
(asvwsv) asy<0<2 1<o<asy

In order to achieve the minimum, we must have pg(asy, wsy) = po(asy,wsy) and
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* _ *% ] 1 — 4 =2
wgy = wgp. This gives agy = T WSU = sy and

[33 — 373
1w, = [22 TV E 06924.
Hsu U=\ 41— 3V

. . (2] .
Recall the third eigenvalue % Since agy = ﬁ and wgy = ﬁ, we have

max ~ 0.6804 < 0.6924.

m(0)€(3,2]

m(6) 70 4 24/73
s =

sy
From the three cases discussed above, we can clearly conclude that when agy = ﬁ
and wgy = ﬁ, we obtain the optimal smoothing factor pusy = ,/Z?:i% ~
0.6924.

U

We note that the convergence factor predicated for Schur-Uzawa is somewhat worse
than for exact Braess-Sarazin. As we will see in the next section, further degradation

occurs when we consider the more practical algorithm, o-Uzawa.

4.5.2 o-Uzawa relaxation

In Braess-Sarazin relaxation, we prefer to solve Schur complement system (BC~*BT)dp =
BC~'ry — ar, by an inexact iteration such as weighted Jacobi for the pressure update.
This idea can be adopted to the Schur-Uzawa relaxation, replacing the exact solution
of B(asyC)~'BTép = BoU —r, by the simple calculation of c~1dp = BSU — r,, which
can be viewed as a weighted Jacobi iteration applied with the Schur-Uzawa solve,
because the symbol of diag(B(asyC)1BT) is ag/;. Following the usual notation, we
call the resulting parameter ¢ and the algorithm as o-Uzawa relaxation. The symbol

of the resulting approximation of £, My, is given by

. daygr 0 0
My (01,02) = — 0 doyy 0

h2
—i2hsin%  —i2hsin% —o~'h?
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The determinant of L — )\]\71] is then

v\ ay,0) = L0ag; (A= m(@)) ()\2 - H—Um(O))\ + M)

oh? oy oy oy

Because A, = ";Lg) and m(@) € [3,2] for high frequencies, the optimal smoothing

factor for these modes is known to be

provided that Z_Z = %.

To analyze the other eigenvalues of o-Uzawa relaxation, we denote by A;, A2 the

roots of
¢ (L+o)m(6),  m(B)o (4.24)

ay ay

gu(\ay, o) = N —

taking the discriminant of the quadratic function gy as

m(0)(1 + o)? <m(0) B 4a_Ua)

AU(CYU, O') =

ag (1+0)?
and take
4@(]0
my = 0, mo = m
From (4.24), we have
0)(1
Mtr = mOUE) (4.25)
ay
0
Mh = MOy (4.26)
oy
(1+0)m(0) ma
A = —— | 1£,/1—- . 4.2
b2 200y m(0) (4.27)

The sign of Ay (ay, o) (and, consequently, the value of ms) plays an important role
in the analysis of the smoothing factor. As before, we explore the optimal smoothing
factor for three cases: only real eigenvalues, only complex eigenvalues, and when
% < mgy < 2, giving both real and complex eigenvalues. We first explore the case where

only complex eigenvalues occur.

In order to discuss the complex eigenvalues, we take 7(m(0)) to be the magnitude
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of the two eigenvalues at frequency 0, giving

2(m(0)) = (1 —wyA)(l —wpla),
= 11— ()\1 + )\Q)WU + )\1)\2w[2],
= 1+ W—U(wUJ — o —1)m(0).
auy
For simplicity of discussion of the smoothing factor for complex eigenvalues, we give a

general result that can be applied in the third case, when % < mg < 2.

Lemma 4.5.1. Assume that my > % and let v = min{my,2}. For m(0) € [3,7],

eigenvalues A1 and Ay are complex conjugates and the smoothing factor for these modes

over this range of @ is

—o—1 1
SFe = max r(m(6) =14 vo o= fi 1
m(0)€[3 ] ay 2y
with equality if and only if
1
&(WUO' —o—1)=—-.
ay Y

Proof. Clearly, for m(0) € [3,7], Ay(ay,0) < 0and [1—wyi| = [1—wy | = 7(m(6)).
In order to guarantee convergence, we require 7(m(0))? < 1 (with equality allowed for
0 = 0). This requires that %U_U_l) < 0. Because v = min{msy, 2}, it is easily seen
that

w
#0) = 1+ Ll - 1)y
> 14 ﬂ(u}UU —o—1)my
ay
B <1_ 2wUJ)2 >0,
140/ —
which gives
1
w—U(wUO'—O'— 1) >—=
ay Y

It follows that

1 Wy 1
max 7(m(@))=7(=]|=4/1+ —(wpo—0c—1)>4/1 ——,
2 (m(6)) (2) \/ 2oy Y ) =4 >
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and that equality is achieved if and only if W(“U+U*"*1) — _71 O

Lemma 4.5.2. If my = 3545 > 2, then 7°(2) = 1 + 2(wyo — g — 1)2 > 0.

Proof. For contradiction, assume that 7(2) = 1 + 22 (wUU — o0 —1)2 =0, which gives

— 2 — 2. Because my > 2, we have
wy (c+1—wyo) )

404[]0 > ay
(140)? " wylo+1—wyo)’

wyo 1\?
——] <0.
<1+0 2>

which can be rewritten as

]

These results allow us to obtain a bound on the smoothing factor when my > 2.

Theorem 4.5.2. If my = éi—‘;‘)’Q > 2, then the optimal smoothing factor for inexact

V3

Uzawa relazation is larger than 5.

Proof. From Lemma 4.5.1, we know the smoothing factor for the complex modes
is SFo =71(3) > /1— 2%/ = */73 with equality if and only if 72(2) = 0. However,
from Lemma 4.5.2, we know when my > 2, 72(2) # 0. This implies that the optimal

smoothing factor is larger than \/75 O

We now consider the case where msy < 2. For m(0) € [my, 2], the two roots are

real. From (4.27), we have

()

|1_wU>\2| — ‘1_(1+0)WU < meo >

Let
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Function R, (m(0)) is an increasing function of m(@) for m(@) € [mo, 2], giving

Ryi= Ro(m(O)ma = Re(2) = 1+,/1- 22,
Ry (m(0))min = Ri(mg) = %

For function R_(m(@)), since it is a decreasing function of m(8), where m(0) € [mo, 2],

we have
R—(m(a))max == R_(mQ) = —

Ry = R_(m(0)mn = R_(2)=1-,/1- "2

Remark 4.5.1. R_(m(0)) is a decreasing function of m(0), because R_(m(0)) =
N
< 0 for all m(0) € (my,2].

2\/1772’@)

From the above discussion, the smoothing factor for the two real eigenvalues in

this case is

SFr: = max ‘A(gU(aU7WU7079))‘

6cThigh
:max{}l _ m[{l 1 — m32|}_

ay ay

We can simplify the above expression by noting that

1 1
(1+ U)wURl T (14 o0)wy > 1
SFp = au au (4.28)
| <1+U)WUR2, ¢ (14 0)wy <1
ay ay

This allows us to bound the smoothing factor for the case when my < %

Theorem 4.5.3. If my = (ﬁf;‘)g < %, then the optimal smoothing factor for inexact

Uzawa relazation is at least ‘/7§

Proof. Because my < %, the eigenvalues are all real. According to (4.28), the smoothing
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factor for m(0) € [3,2] is

1 1
M(1+£)_17 if le
Ay 2 ay
o = 1 V3 1
1_M(1__), if Mgl
ay 2 ay

Uto)eu _ 1 GFp reaches its minimum value of \/75 Note

It is easy to see that when
that the conditions that M =1and my < % might not be satisfied at the same

time, so the optimal smoothlng factor may be larger than \/Tg O

We now consider the case where % < mgy < 2. The key parameter in the proof is

(+to)wy

e which determines which of bounds on the real eigenvalues is dominant.

Theorem 4.5.4. When my € [%, 2], the optimal smoothing factor for o-Uzawa relaz-

ation 1s

2wU

1— —| SFg, SFC}

HoptoU = min max ‘
P (v, wy,0) €Thigh

- J1- mOPt \/>~07746

if and only if mao = Mgy = %, and the parameters satisfy

1 2
- <y <
5(2M0pt,U -1) = vo= 5(1 - ”OPMU)

5w
o= 5(4)(] - ]_7
1

5&)(]—1‘

(I+o0)wy

Proof. We first consider the case where =1, and the two expressions in (4.28)

coincide. In this case, mqy = éi’;‘)@ = 4wU , and, for m(0) € [mo, 2],

le_lz M2 1_2”(21_0_
oy 2 ay

SFr =
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For m(8) € [%

5>Ma|, from Lemma 4.5.1, we have

SF. = 1+wU(wUU—U—1): l+wU0
QOCU 2 205[]

Because SFp is a decreasing function of 7 and SFy is an increasing function of
the optimal smoothing factor over the modes bounded by these factor is achleved 1f

and only if SFr = SF and is given by

wio 1 wio 3
ortoU = Mmin  max -2 =4+ % = \/j 4.29
Hopt.al (av.wu,0) m(8)€[ 2] \/ oy 2 2oy 5 ( )

with the minimum occurring when

2
wyo

1
—_ = - 4.30
- z (4.30)
1
(A +o)wy - 1. (4.31)
ay
Furthermore, mgp; 1= mg = 4°;UUJ = %. We now show this is the best possible
bound over these two modes before returning to consider the eigenvalues 1 — WU%?-
In the following, take z — 3290 and 4 — “02 th _ dago _ dy A
e following, take x = ;and y = <=, then my = 595% = 5. Assume
that SFo < y/2, that is,
1+WU(UJU0'—O'—1) _ 1_§+g§ §’
20./(] 2 5)
which implies that
4
y<w—-—. (4.32)
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If z > 1, from (4.28) and (4.32), we have

1
SFp = M(1+ 1_@)_1
oy 2

= r4+2x2—-2y—1

4
> x+\/x2—2(x—g)—1

3
= a1+

- 3
3

Therefore, when x > 1, the optimal smoothing factor is larger than %

If z <1, from (4.28) and (4.32), we have

(1+o0)wy me
SFp = 1~ D0y [y T2
R ay 2

= l—o+2?—-2y

4
> 1—x+\/x2—2(x—g)—1

3
= l—z+ (x—l)Q—i—g

- 3
3

Therefore, when x < 1, the optimal smoothing factor is larger than %

Thus, over all choices of x, the optimal smoothing factor that over these modes is
Hopt,U = \/g , achieved when x = (tov)ey _ q.

oy

. . 2] .
We now consider the eigenvalue A,y = m®)  We know that min max ‘1 —
’ XU (aanUzo) OEThigh

m(0) 3

ay | - 5
than the others, we need

3
Wy < fhopt,UI = \/; . In order to have this mode not be reduced more slowly

2wy wu
12 g and = 2 <
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which imply that

21 — g < & < 2T HoptU 433
(1 i) - < o P L (4.33)
Simplifying (4.30) and (4.31), we have
Swi
= —Y 4.34
au 5wU — 1’ ( 3 )
1

o 5o 1 (4.35)

Using (4.34) and (4.35), (4.33) can be simplified as

1 2

(4.36)

— < wpyp < —
5(2:U“opt,U - 1) == 5(1 - ,uopt,U)

Note that the set of values defined by (4.34), (4.35), and (4.36) is not empty, with

parameters wy = 1, ay = %, o= % in this set.

]

Corollary 4.5.1. The optimal smoothing factor for o-Uzawa relazation over all

possible parameters is \/g .

Comparing this to the optimal smoothing factor for both exact and inexact Braess-
) %7
but requires more work per iteration. In the following, we compare the computational

Sarazin, =, we note that Braess-Sarazin relaxation offers better smoothing performance,

work of these two methods and distributive relaxation.

4.5.3 Comparing among IBSR, c-Uzawa, and DWJ relaxation

To end this section, we turn our attention to an estimate of the computational work for
multigrid methods with -Uzawa, IBSR and DWJ relaxation. Because (12, ,ir = Hopt.1,
one cycle of multigrid with IBSR brings about the same total reduction in error

as 2 cycles using o-Uzawa relaxation. However, for IBSR and DWJ relaxation,
Hopt,I = Hopt,D-

Considering the cost per sweep of IBSR and Uzawa relaxation, we see that inexact

Braess-Sarazin is expected to be slightly more efficient. Recall the IBSR (4.6), where
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C = diag(A), requires inexact solution of

(BC™'BT)ép = BC'ry—ar,
U = éC’l(ru—BTép).

Because we use the standard finite-difference discretizations, C'is just a diagonal matrix
and C~! is very simple to compute. For the first equation, we use a single sweep of
weighted Jacobi iteration, having precomputed the approximate Schur complement,
B(C)~'BT. Thus, the total cost of a single sweep of IBSR is that of 2 applications of
C~1, one sweep of weighted Jacobi for dp, one matrix-vector product each with B and
BT and some vector updates. In o-Uzawa relaxation, Equation (4.18) is equivalent to

computing updates as

U = (aC) try,
Sép = BoU — .

Thus, the total cost of a single sweep is that of one application of C~!, one diagonal
scaling for dp, one matrix-vector product with B, and some vector updates. Thus, the
cost of 2 sweeps of o-Uzawa is slightly more than one sweep of inexact Braess-Sarazin

and, in this case, inexact Braess-Sarazin is more efficient.

In distributive weighted-Jacobi relaxation, Equation (4.5) is equivalent to computing

updates as

U = (aC) try,
op = (adiag(Ap))_l(rp—B&;l),

followed by distribution to the original unknowns by computing

U = U+ BTsp,
Sp = —Ap.

Thus, the total cost of a single sweep is one application of (aC')~!, one sweep of Jacobi
on A,, one matrix-vector product with BT and B, one application of A,, and some
vector updates. Comparing with IBSR, the cost of one sweep of DWJ relaxation is

slightly more than the cost of one sweep of IBSR.
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Remark 4.5.2. Similar comparisons are possible between inexact (S)GS-BSR and
published results for DGS and (S)GS-Uzawa. For (S)GS-based methods, the cost of
an (S)GS sweep on the velocity (or pressure) equations is somewhat more expensive
than the diagonal scaling discussed above. For the inexact (S)GS-BSR algorithms
discussed in Remarks 4.4.6 and 4.4.7, the cost is now that of two sweeps of (S)GS on
the velocity equations, one sweep of weighted Jacobi (diagonal scaling) for the pressure,
one matriz-vector product each with B and BT, and some vector updates. The DGS
algorithm of [11, 30] requires a single sweep of GS on the velocity equations plus one on
the pressure unknowns, one matriz-vector product each with B and BT as well as one
with A,, and some vector updates. In [27], LFA predicts a two-grid convergence factor
for DGS of 0.4 when using 6-point interpolation and 12-point restriction, essentially
the same as that predicted in Remark 4.4.7 for GS-BSR with the same grid-transfer
operators. As the cost of the extra operations for the pressure block in DGS is quite
similar to that of the second sweep of GS on the velocity block, we conclude that LFA
predicts essentially the same efficiency for these two approaches. In [16], LFA for
GS-Uzawa predicts a two-grid convergence factor of 0.87 when 2 sweeps of GS are
used on the velocity block in each sweep of Uzawa. While this algorithm is slightly less
expensive per iteration than GS-BSR (due to the lack of a multiplication with BT ), the
convergence predicted here for GS-BSR is clearly superior, although we note that [16]
does not allow for weighted-GS relazation on the velocities as we use in GS-BSR. Also
in [16], LFA predictions for SGS-Uzawa show a smoothing factor of 0.5 for Uzawa
using a single sweep of SGS, and an LFA-predicted two-grid convergence factor of
0.44. Comparing these to the predictions in Remark 4.4.7, we see that two sweeps of
SGS-Uzawa should yield essentially the same LFA-predicted reduction per cycle as one
of SGS-BSR, at a slightly higher cost per iteration (due to the use of one diagonal

scaling operation on the pressure in each sweep of SGS-Uzawa).

4.6 Numerical experiments

In this section, we present the optimized smoothing and LFA two-grid convergence
factors for DWJ, Braess-Sarazin-type, and Uzawa-type relaxation. Furthermore,
we validate these predictions against measured multigrid convergence factors using
distributive weighted-Jacobi, inexact Braess-Sarazin, and o-Uzawa relaxations. The

numerical results show good agreement between predicted convergence and the true
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performance, although some dependence is seen on the boundary conditions imposed,

as noted elsewhere in the literature.

4.6.1 LFA spectral radius of error-propagation symbols

In this section, we show the spectral radius of the error-propagation symbol for DWJ,
Braess-Sarazin, and Uzawa-type relaxation, computed with h = 6i4. Figure 4.2 gives the
spectral radius of the error-propagation symbol for DWJ as a function of 8, showing
that DWJ relaxation reduces errors over the high frequencies quickly. Figure 4.3
displays these for BSR and IBSR, showing that both reduce the error over the high
frequencies at a fast speed. Figure 4.4 displays these for Schur-Uzawa and o-Uzawa.
Here, we see very flat profiles in the upper right quadrant, particularly for the case of

o-Uzawa, which reduces the error at a much slower speed over the high frequencies.

ST

Figure 4.2: The spectral radius of the error-propagation symbol for DWJ, as a function
of the Fourier mode, 6.
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Figure 4.3: At left, the spectral radius of the error-propagation symbol for BSR, as a
function of the Fourier mode, 6. At right, the spectral radius of the error-propagation
symbol for IBSR.
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Figure 4.4: At left, the spectral radius of the error-propagation symbol for Schur-
Uzawa, as a function of the Fourier mode, 6. At right, the spectral radius of the
error-propagation symbol for o-Uzawa.

4.6.2 LFA two-grid convergence factor

Let p and p be the LFA-predicted smoothing and two-grid convergence factors, respec-
tively, computed with h = 6—14. For p, we first consider only one step of pre-smoothing
(which gives the same results as one step of post-smoothing). At grid points corre-
sponding to velocity unknowns, v and v, we consider six-point restrictions and at
grid-points associated with pressure unknowns, p, a four-point cell-centered restriction

is applied. For the prolongation of the corrections, we apply the corresponding adjoint
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operators multiplied by a factor of 4 or bilinear interpolation for velocity (12pts) and
pressure (16pts) see, e.g., [27]. In Table 4.1, we give the choices of parameters for
the relaxation schemes analyzed in the previous sections to present our LFA two-grid
convergence factors. Note that parameter w; appears only in the IBSR algorithm, and

o only in o-Uzawa.

Table 4.1: Relaxation parameter choices.

Relaxation
DWJ BSR | IBSR | Schur-Uzawa | o-Uzawa
parameter
4
w 1 1 1 7573 2 1

5 _ 5|5 _ 5 5 4 502 5
“ Tl S I Sl S N /735 P 1 = 4
wjoro \ \ % \ ﬁ _ 111

3 3 3 33-3V73 3

Fopt 5 5 5 \/41—3\/ﬁ 5

Figures 4.5-4.9 show the spectra of the two-grid error-propagation operators for
different relaxation methods. In Figure 4.5, both linear and bilinear interpolation result
in the same convergence factor g = 0.600, which is equal to the optimal smoothing
factor for DWJ. In Figure 4.5, we see many eigenvalues with linear interpolation
cluster around zero compared with the bilinear case. This might indicate that the
linear interpolation operator produces an algorithm that reduces the error better. In
Figure 4.6, we again have p = p for both linear and bilinear interpolation for exact
Braess-Sarazin relaxation, with some complex eigenvalues for the linear case, while all
of the eigenvalues for bilinear interpolation are real. In Figure 4.7, we see some more
significant differences between the distribution of the eigenvalues for the linear and
bilinear cases, however the resulting spectral radii are the same. In Figure 4.8, for Schur
Uzawa, we see that the two-grid spectral radius is larger than the smoothing factor with
linear interpolation, but is the same as smoothing factor with bilinear interpolation.
In Figure 4.9, both linear and bilinear interpolation for o-Uzawa relaxation achieve the

same convergence factor, p = %, which is the same as the optimal smoothing factor,

W= \/g . All of these pictures confirm our theoretical optimal smoothing factors
presented in previous sections, showing the (generally small) effect of the choice of

interpolation.
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Figure 4.5: At left, the spectrum of the two-grid error-propagation operator for DWJ
with linear interpolation. p = p = 0.6000. At right, the spectrum of the two-grid
error-propagation operator for DWJ with bilinear interpolation. p = u = 0.6000.
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Figure 4.6: At left, the spectrum of the two-grid error-propagation operator for exact
BSR with linear interpolation. p = g = 0.6000. At right, the spectrum of the two-grid
error-propagation operator for exact BSR with bilinear interpolation. p = u = 0.6000.
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Figure 4.7: At left, the spectrum of the two-grid error-propagation operator for IBSR
with linear interpolation. p = p = 0.6000. At right, the spectrum of the two-grid
error-propagation operator for IBSR with bilinear interpolation. p = u = 0.6000.
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Figure 4.8: At left, the spectrum of the two-grid error-propagation operator for Schur-
Uzawa with linear interpolation. p = 0.8240, u = 0.6924. At right, the spectrum of

the two-grid error-propagation operator for Schur-Uzawa with bilinear interpolation.
p=p = 0.6924.
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Figure 4.9: At left, the spectrum of the two-grid error-propagation operator for o-
Uzawa with linear interpolation. p = pu = \/é At right, the spectrum of the two-grid

error-propagation operator for o-Uzawa with bilinear interpolation. p = u = \/g .

4.6.3 Sensitivity of LFA-predicted convergence factors to pa-

rameter choice

In the analysis above, we give the optimal parameter choices for three block-structured
relaxation schemes. Here, we present the LFA convergence factor for DWJ, IBSR, and
o-Uzawa as a function of these parameters, to show the sensitivity of performance
to parameter choice. We consider the case of linear interpolation, where the LFA
smoothing factor and predicted two-grid convergence factors match. Note that Theorem
4.3.1 demonstrates that the smoothing factor for DWJ is a function of :—g (but the
same is not necessarily true for the convergence factor). In Figure 4.10, we plot the LFA
smoothing and convergence factors for DWJ as a function of wp, with ap = 1.0, and see

that these factors agree. To fix a single parameter for IBSR and o-Uzawa, we consider

_1
Swy—1

for o-Uzawa. At the left of Figure 4.11, we present the LFA-predicted convergence

choices motivated by their theoretical analysis, fixing w; = %a ; for IBSR and 0 =

factors for IBSR with variation in «; and wj, seeing much stronger sensitivity to
variations in w; than oy, again with worse sensitivity to values larger than the optimal.
At the right of Figure 4.11, we present the LFA-predicted convergence factors for
o-Uzawa as a function of ayy and wy. Here, we see great sensitivity for small values of
ay and large values of wy, but otherwise generally similar performance to the optimal

parameter case.



114

—O— Convergance faclor-

25 —F— Smoathing factor-p

Figure 4.10: The two-grid LFA convergence and smoothing factors for DWJ, as a
function of wp with ap = 1.
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Figure 4.11: At left, the two-grid LFA convergence factor for IBSR, as a function of
ar and wy. At right, the two-grid LFA convergence factor for o-Uzawa, as a function
of ayy and wy.

4.6.4 Multigrid convergence factor

We now validate our LFA results against measured multigrid performance. We
use the notation W(vq, 1) to indicate the cycle type and the number of pre- and
postsmoothing steps employed. Here, we use the defects (full system residuals in (4.3))

(k)
dgk)(k =1,2,--+) to experimentally measure the convergence factor as ﬁ;zk) = ¢ HZLLTI‘IE

(see [36]), with k& = 100. We consider the homogeneous problem (b = 0) with discrete
solution z, = 0, and start with a random initial guess z(® to test the multigrid

convergence factor. The coarsest grid is a 4 x 4 mesh. Rediscretization is used to define
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the coarse-grid operator. For comparison, we present the LFA predicated convergence

factors, pyp, for two-grid cycles with v; prerelaxation and v, postrelaxation steps.

In Table 4.2, we present the multigrid performance of DWJ relaxation with Dirichlet
boundary conditions. We see the same degradation in actual convergence behavior as
was mentioned for DGS in [27] and note that performance is h-independent. Further-
more, as we increase the number of relaxation sweeps, we see degradation in even the
LFA predication as compared to ™2 for bilinear interpolation. In order to see that
boundary conditions play an important role in multigrid performance, we present the
case of periodic boundary conditions in Table 4.3. These results show measured multi-
grid convergence factors that coincide with the LFA-predicated convergence factors. In
both [10, 34], it is shown that additional boundary relaxation may be needed in order
to achieve the convergence factors predicted by LFA, and this appears to be the case
here for Dirichlet boundary conditions. We also note that [36] suggests the specific
augmentation of Vanka-style box relaxation in place of distributed relaxation near the
domain boundaries. Comparing linear and bilinear interpolation, these results indicate
that linear interpolation outperforms bilinear interpolation in this case, matching
some existing studies [30, 39, 40] for other relaxation schemes. Table 4.4 shows that
the measured multigrid convergence factors again match well with the LFA-predicted
two-grid convergence factors for IBSR with Dirichlet boundary conditions, and that
the convergence is h-independent. We note no major differences in results between
linear and bilinear interpolation, except a small one (that is captured by the LFA) for

W (2,2) cycles. Similar results are seen with periodic boundary conditions.

For the o-Uzawa relaxation, there are many choices for wy, a7, and o, see Theorem
4.5.4. We tested a range of parameter values for the multigrid method with Dirichlet

boundary conditions, and found that the choice of wy = is typically best.

Thus, we use this value in our numerical results. In Table 4.5, the measured multigrid
convergence factor degrades for 11 + 1, > 1 for both linear and bilinear interpolation
with Dirichlet boundary conditions, and the same behavior was seen using a two-grid
method. To confirm this is due to LFA doing a poor job of capturing the effects
of boundary conditions, we tested the o-Uzawa relaxation with periodic boundary
conditions. In Table 4.6, we see no major difference between the measured convergence
using linear and bilinear interpolation with periodic boundary conditions, and good
agreement between the LFA-predicted convergence factor and the measured multigrid

convergence factor. Comparing Table 4.6 with Table 4.5, we conclude that the
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degradation seen in Table 4.5 is, in fact, due to boundary conditions.

Remark 4.6.1. We also tested the LFA-predicated two-grid convergence factors using
Galerkin coarse-grid operators for the different relaxation schemes discussed in this
paper. The convergence factors were almost the same as the ones obtained above using
rediscretization coarse-grid operators for bilinear interpolation. However, for the case

of linear interpolation, we see a large degradation in performance.

Remark 4.6.2. We see similar good performance for IBSR when using F-cycles;
however, this is true only for Uzawa-type and distributive weighted-Jacobi relaxation
on the problem with periodic boundary conditions. For V(vy1,vy)-cycles with linear
interpolation, when vy + 15 = 1, both Braess-Sarazin-type and Uzawa relazations are
divergent. However, when vy + v > 1, Braess-Sarazin relazation works well for both
Dirichlet and periodic boundary conditions, but Uzawa only works well for periodic
boundary conditions. This is consistent with other studies of these relaxation schemes
such as [16]. DW.J relazation has similar behavior as Braess-Sarazin relaxation. For
V (11, va)-cycles with bilinear interpolation, all of these three relaxation schemes are
convergent with both Dirichlet and periodic boundary conditions, although there is a

different degradation for each case, compared with the LFA predications.

Table 4.2: Multigrid convergence factor for DWJ-Dirichlet BC.

Cycl
ST o, | wo) | WL | W(L,2) | W) | W(2.2)
Pn
Linear interpolation
Ph=1/256 0.600 | 0.600 | 0360 | 0216 | 0216 | 0.130
P 0.670 | 0.670 | 0476 | 0.337 | 0.337 | 0.240
P 0.673 | 0.672 | 0475 | 0.338 | 0.337 | 0.240
Bilinear interpolation
Ph=1/256 0.600 | 0.600 | 0.397 | 0319 | 0319 | 0.269
Y 0.668 | 0.668 | 0474 | 0.340 | 0.340 | 0.270
P 0.671 | 0.670 | 0476 | 0.341 | 0.341 | 0.270




Table 4.3: Multigrid convergence factor for DWJ-Periodic BC.

Cycle

; W(0,1) | W(1,0) | W(1,1) | W(1,2) | W(2,1) | W(2,2)
h
Linear interpolation
Phr=1/256 0.600 | 0.600 | 0.360 | 0216 | 0.216 | 0.130
P s 0.584 | 0.585 | 0.350 | 0.210 | 0.210 | 0.126
Py s 0.584 | 0.585 | 0.350 | 0.211 | 0.210 | 0.127
Bilinear interpolation
Ph=1/256 0.600 | 0.600 | 0.397 | 0319 | 0.319 | 0.269
P 0.584 | 0.584 | 0.381 | 0303 | 0.302 | 0.253
P e 0.585 | 0.584 | 0.381 | 0.302 | 0.302 | 0.253
Table 4.4: Multigrid convergence factor for IBSR-Dirichlet BC.
Cycle
N W(0,1) | W(1,0) | W(1,1) | W(1,2) | W(2,1) | W(2,2)
Linear interpolation
Ph=1/256 0.600 | 0.600 | 0.360 | 0216 | 0.216 | 0.130
I 0.583 | 0.583 | 0.350 | 0.212 | 0.214 | 0.130
P 0.583 | 0.582 | 0.350 | 0.214 | 0.213 | 0.130
Bilinear interpolation
Ph=1/256 0.600 | 0.600 | 0.360 | 0216 | 0.216 | 0.153
P 0.582 | 0.581 | 0.349 | 0.209 | 0.209 | 0.146
P 0.582 | 0.581 | 0.349 | 0.208 | 0.208 | 0.145

117
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Table 4.6: Multigrid convergence factor for o-Uzawa—Periodic BC.

; el o) [ waoy | wan | w2 | wen | we2)
h
Linear interpolation
Ph=1/256 0.775 | 0.775 | 0.600 | 0.465 | 0.465 | 0.360
P 0.752 | 0.752 | 0.580 | 0.449 | 0.449 | 0.347
P 0.752 | 0.753 | 0.580 | 0.448 | 0.448 | 0.347
Bilinear interpolation
Ph=1/256 0.775 | 0.775 | 0.600 | 0.465 | 0.465 | 0.360
Y 0.751 | 0.751 | 0.580 | 0.449 | 0.449 | 0.347
P s 0.753 | 0.751 | 0.579 | 0.448 | 0.448 | 0.347

Table 4.5: wy = Wl/s—l): Multigrid convergence factor for o-Uzawa—Dirichlet BC.
Cycle

N W(0,1) | W(1,0) | W(1,1) | W(1,2) | W(2,1) | W(2,2)
Linear interpolation

Ph=1/256 0.775 | 0.775 | 0.600 | 0.465 | 0.465 | 0.360

P 0.767 | 0.777 | 0.646 | 0.533 | 0.532 | 0.447

P 0.780 | 0.783 | 0.646 | 0.540 | 0.538 | 0.450
Bilinear interpolation

Ph=1/256 0.775 | 0.775 | 0.600 | 0.465 | 0.465 | 0.360

P 0.775 | 0.778 | 0.644 | 0534 | 0.534 | 0.445

P 0.781 | 0.780 | 0.648 | 0.537 | 0.537 | 0.446

4.7 Conclusions

In this paper, we develop an LFA for block-structured relaxation schemes for the
Stokes equations. The convergence and smoothing theorems presented here provide us
with optimized parameters for DWJ, Braess-Sarazin, and Uzawa relaxation. From the
theory, the inexact Braess-Sarazin method has been proven to be as good as the exact

iteration for solving the Stokes equations, with certain choices of parameters, and the



119

convergence of the DWJ relaxation is as good as Braess-Sarazin with both offering
slight improvement over Uzawa. For implementation, we consider the inexact cases,
with weighted Jacobi iterations, as is suitable for use on modern in parallel and GPU
architectures. In practice, we see much less sensitivity to boundary conditions for IBSR
and, hence, generally recommend this as most efficient and robust of the approaches
considered. Overall, the analysis presented here gives good insight into the use of
block-structured relaxation for other types of saddle-point problems. The extensions of
these block relaxation schemes to the Navier-Stokes equations in a nonlinear multigrid
context is straightforward, but the analysis is not; this is a subject for future research.
Developing LFA smoothing analysis to determine the optimal parameters in these
relaxation schemes for finite-element discretization methods, for example, stable and
stabilized rectangular elements for the Stokes Equation, will be a focus of our future

research, as will be extensions to other saddle-point problems.

4.8 Appendix

In contrast to the results presented above, we now consider results for BSR using

(symmetric) Gauss-Seidel relaxation for the velocity block.

4.8.1 BSR with (S)GS
First, we discuss the selection of C' to be GS relaxation. One block stencil of C' is

) 0

The symbol of C] is given by
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Taking t = 4 — e~ — 72 then the stencil of Mg g is given by

. ag.pt 0 i2hsin &
Me p(01,0) = ] 0 ag gt 12h sin %2
—i2hsin Y —i2hsin & 0
Furthermore,
o . 4m(0) — ag gt 0 i2hsin 2(1 — \)
L—-MMgp= 7 0 A4m(0) — agpth  i2hsin 2(1 - \)
—i2hsin 2 (1 — X) —i2hsin Z(1 — \) 0
The determinant of L — )\MQ g is
Am(0)(4m(0) — ag gt
ma5(AagE) = — (6) (h4) oE )(1 — A,
and the eigenvalues of MglEE are given by
4m(60
), Ami6) (4.37)
OéG,Et
Considering the eigenvalue
am(0)  4-— e — it _ =i _ o—ibs
aget agp(4 — e 0 — emif2)

1 1 €i91 + 62'92
aG.E 4 — e~ — g—ib2 |7

we can bound convergence using the inequality

1
< -
-2

6i91 + ei92
4 _ 6—1‘01 _ 6—i92

4
5

give the optimal smoothing factor for exact BSR with GS iteration.

This inequality is strict when 6, = 7,03 = arccos(), as found in [39]. Thus, we can

Theorem 4.8.1. The optimal smoothing factor for exact BSR with GS is

4m(0> 7|1 - wG,E|} = %

aQEt

Hopt,, » =  in max ‘1 — WG,E
Pie,B (ag,Ewa,E) O€Thigh
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Proof. Note that

4m(0
‘1—wG,E ( )|
OéG7Et
w W et 4 it
_ ‘1_ G,E_I_ G,E — —
ap  agpd—e W — ez
1
< ‘1_&)G_’E 4  WGE

agre' 2 age

Furthermore,

) Wa.E WG,E 1
min ‘1 — ‘ + = -,
(ag,Bwa,E) QG.E 206 E 2

:gi = 1. It follows that the optimal smoothing factor for exact

BSR with GS is as follo;vs:

which is achieved for

dm 1
= min max 1—w 1 —w = — 4.38
Hopt (0 m ot 1) OCTish {‘ G’EOéG, ; N GE|} 5 (4.38)
and the choice Zg_i =lwer € [%, %] achieves the minimum. O

Remark 4.8.1. Lezicographical GS for Laplace equation has the same smoothing
factor of 1, see [30].

Now, we discuss the approximation of A by SGS; that is, C; = (Da+La)D ;' (D +
Ua), where D 4 is the diagonal of the Laplace operator, L4 is the strict lower triangular
part of the Laplace operator and Uy, is the strict upper triangular part of the Laplace
operator. The corresponding symbols of D4, L4 and U, are

5 4 z _e—i91 _ e—i92 [7 _€i61 _ ei@g
A— 75 A— 19 A — T

B2
Because Dy + Ly = g Da+Uy = hiz Furthermore, C; = %. So when we apply SGS
to Mas g, we have the same two unit eigenvalues, as in (4.37). The third eigenvalue is
now the same as applying SGS to the scalar Laplacian operator. It is well known that

the smoothing factor of SGS is %L. Thus, pscs.opt = %l.
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4.8.2 BSR with inexact (S)GS

The above relaxation scheme is impractical, since the Schur complement using the
(S)GS approximation will be dense. Here, we replace that Schur complement by a

simple diagonal scaling, giving an iteration with symbol

X ag rt 0 i2hsin %
Me¢ 1(61,6:) = ] 0 ag 1t 12h sin %2 ,
—i2hsin% —i2hsin%  h?fq

where [ is the symbol of B(ag C) ' BT — w1,

B = (ag,rt)'4m(0) — W&}J'

Now,
o . 4m(0) — ag 1t 0 i2hsin 2(1 — \)
L=AMg, = 15 0 4m(0) — ag rtA  i2hsin2(1— )
—i2hsin (1 —X) —i2hsin £(1 — A) —h?BA

The determinant of I — )\MG, 718

| O am(0) —agsth (486 — 8) 4m(6)
7TG71()\7 OéGJ) = (4m(9) _ OéG,IﬁGt)h4 ()‘ 4m(0) — OéG,[tﬁG)\ + 4m(9G) - @G,ItﬁG

wa.J Am(0), (o  4m(0) ,,4m(0) 4m(0)
FeT N - — Nway — 1 .
h? 9 OéG,ﬂf) A ag,1t ( ag,1t Jwas = 1)A+ ag it

From the above equality, we know that one eigenvalue of J\Aigﬁf is

4m(0)
Oégyﬂf ’

which is the same eigenvalue as the exact GS-BSR.

From (4.38), we know

min  max {|1 — wG714m(0) |} = 17

(ag,1wa,1) Thigh OéGJt
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providing that %L = 1. This tell us that the optimal smoothing factor for the IBSR is

ag,;

at least %, strictly providing that

waG, I
oG, I

= 1. We do not know if the other two eigenvalues

can be bounded accordingly.

Similarly, a reasonable inexact SGS-BSR algorithm again uses diagonal scaling for
the pressure correction, based on the approximate Schur complement given in (4.8). It
is easy to check that one eigenvalue of inexact SGS-BSR is the same as the one of exact
SGS-BSR, which corresponds to the eigenvalue of SGS applied to scalar Laplacian
operator. Thus, a lower bound on the optimal smoothing factor for inexact SGS-BSR

is 0.25, but we do not know if a similar upper bound can be achieved.

Acknowledgements

The work of S.M. was partially funded by an NSERC Discovery Grant.

Bibliography

(1] J. Adler, T. R. Benson, E. Cyr, S. P. MacLachlan, and R. S. Tuminaro. Monolithic
multigrid methods for two-dimensional resistive magnetohydrodynamics. STAM
J. Sci. Comput., 38(1):B1-B24, 2016.

[2] J. H. Adler, T. R. Benson, and S. P. MacLachlan. Preconditioning a mass-
conserving discontinuous Galerkin discretization of the Stokes equations. Numer.
Linear Algebra Appl., 24(3):e2047,23, 2017.

(3] J. H. Adler, D. B. Emerson, S. P. MacLachlan, and T. A. Manteuffel. Constrained
optimization for liquid crystal equilibria. STAM J. Sci. Comput., 38(1):B50-B76,
2016.

[4] C. Bacuta, P. S. Vassilevski, and S. Zhang. A new approach for solving Stokes
systems arising from a distributive relaxation method. Numerical Methods for
Partial Differential Equations, 27(4):898-914, 2011.

[5] R. E. Bank, B. D. Welfert, and H. Yserentant. A class of iterative methods for
solving saddle point problems. Numer. Math., 56(7):645-666, 1990.



[6]

[12]

[13]

[16]

124

M. Benzi, G. H. Golub, and J. Liesen. Numerical solution of saddle point problems.
Acta Numer., 14:1-137, 2005.

D. Braess and W. Dahmen. A cascadic multigrid algorithm for the Stokes
equations. Numer. Math., 82(2):179-191, 1999.

D. Braess and R. Sarazin. An efficient smoother for the Stokes problem. Appl.
Numer. Math., 23(1):3-19, 1997.

J. H. Bramble, J. E. Pasciak, and A. T. Vassilev. Analysis of the inexact Uzawa
algorithm for saddle point problems. SIAM J. Numer. Anal., 34(3):1072-1092,
1997.

A. Brandt. Rigorous quantitative analysis of multigrid, I. constant coefficients

two-level cycle with Lo-norm. SIAM J. Numer. Anal., 31(6):1695-1730, 1994.

A. Brandt and N. Dinar. Multigrid solutions to elliptic flow problems. In Numerical
methods for partial differential equations, volume 42 of Publ. Math. Res. Center
Univ. Wisconsin, pages 53-147. Academic Press, New York-London, 1979.

L. Chen. Multigrid methods for saddle point systems using constrained smoothers.
Comput. Math. Appl., 70(12):2854-2866, 2015.

L. Chen, X. Hu, M. Wang, and J. Xu. A multigrid solver based on distributive
smoother and residual overweighting for Oseen problems. Numerical Mathematics:
Theory, Methods and Applications, 8(02):237-252, 2015.

H. C. Elman and G. H. Golub. Inexact and preconditioned Uzawa algorithms for
saddle point problems. SIAM J. Numer. Anal., 31(6):1645-1661, 1994.

H. C. Elman, D. J. Silvester, and A. J. Wathen. Finite elements and fast
iterative solvers: with applications in incompressible fluid dynamics. Numerical

Mathematics and Scientific Computation. Oxford University Press, Oxford, second
edition, 2014.

F. J. Gaspar, Y. Notay, C. W. QOosterlee, and C. Rodrigo. A simple and efficient
segregated smoother for the discrete Stokes equations. SIAM J. Sci. Comput.,
36(3):A1187-A1206, 2014.



[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

125

B. Gmeiner, M. Huber, L. John, U. Riide, and B. Wohlmuth. A quantitative
performance study for Stokes solvers at the extreme scale. J. Comput. Sci.,
17(part 3):509-521, 2016.

P. M. Gresho and R. L. Sani. On pressure boundary conditions for the incom-
pressible Navier-Stokes equations. International Journal for Numerical Methods

in Fluids, 7(10):1111-1145, 1987.

F. H. Harlow and J. E. Welch. Numerical calculation of time-dependent viscous
incompressible flow of fluid with free surface. Physics of Fluids, 8(12):2182-2189,
1965.

L. John, U. Riide, B. Wohlmuth, and W. Zulehner. On the analysis of block
smoothers for saddle point problems. arXiv preprint arXiv:1612.01333, 2016.

C. Keller, N. I. M. Gould, and A. J. Wathen. Constraint preconditioning for
indefinite linear systems. SIAM J. Matriz Anal. Appl., 21(4):1300-1317, 2000.

M. Larin and A. Reusken. A comparative study of efficient iterative solvers for
generalized Stokes equations. Numer. Linear Algebra Appl., 15(1):13-34, 2008.

P. Luo, C. Rodrigo, F. Gaspar, and C. Oosterlee. On an Uzawa smoother in
multigrid for poroelasticity equations. Numer. Linear Algebra Appl., 24(1), 2017.

S. P. MacLachlan and C. W. Oosterlee. Local Fourier analysis for multigrid with
overlapping smoothers applied to systems of PDEs. Numer. Linear Algebra Appl.,
18(4):751-774, 2011.

J.-F. Maitre, F. Musy, and P. Nigon. A fast solver for the Stokes equations using
multigrid with a Uzawa smoother. In Advances in multigrid methods (Oberwolfach,
1984 ), volume 11 of Notes Numer. Fluid Mech., pages 77-83. Vieweg+Teubner
Verlag, Wiesbaden, 1985.

S. Manservisi. Numerical analysis of Vanka-type solvers for steady Stokes and

Navier-Stokes flows. SIAM J. Numer. Anal., 44(5):2025-2056, 2006.

A. Niestegge and K. Witsch. Analysis of a multigrid Stokes solver. Appl. Math.
Comput., 35(3):291-303, 1990.



[28]

[33]

[34]

[39]

126

M. A. Olshanskii. Multigrid analysis for the time dependent Stokes problem.
Math. Comp., 81(277):57-79, 2012.

C. Oosterlee and F. Gaspar. Multigrid relaxation methods for systems of saddle
point type. Appl. Numer. Math., 58(12):1933-1950, 2008.

C. W. Oosterlee and F. J. Gaspar. Multigrid methods for the Stokes system.
Computing in Science & Engineering, 8(6):34-43, 2006.

C. Rodrigo, F. J. Gaspar, and F. J. Lisbona. On a local Fourier analysis for
overlapping block smoothers on triangular grids. Appl. Numer. Math., 105:96-111,
2016.

J. W. Ruge and K. Stiiben. Algebraic multigrid. Multigrid methods, 3(13):73-130,
1987.

J. Schoberl and W. Zulehner. On Schwarz-type smoothers for saddle point
problems. Numer. Math., 95(2):377-399, 2003.

R. P. Stevenson. On the validity of local mode analysis of multi-grid methods.
PhD thesis, Utrecht University, Utrecht, the Netherlands, 1990.

S. Takacs. A robust multigrid method for the time-dependent Stokes problem.
SIAM J. Numer. Anal., 53(6):2634-2654, 2015.

U. Trottenberg, C. W. Oosterlee, and A. Schiiller. Multigrid. Academic Press,
Inc., San Diego, CA, 2001. With contributions by A. Brandt, P. Oswald and K.
Stiiben.

S. P. Vanka. Block-implicit multigrid solution of Navier-Stokes equations in
primitive variables. J. Comput. Phys., 65(1):138-158, 1986.

M. Wang and L. Chen. Multigrid methods for the Stokes equations using dis-
tributive Gauss-Seidel relaxations based on the least squares commutator. J. Sci.

Comput., 56(2):409-431, 2013.

P. Wesseling. An introduction to multigrid methods. Pure and Applied Mathematics
(New York). John Wiley & Sons, Ltd., Chichester, 1992.



[40]

[41]

[42]

[43]

[44]

127

P. Wesseling and C. W. Qosterlee. Geometric multigrid with applications to
computational fluid dynamics. Journal of Computational and Applied Mathematics,
128(1):311-334, 2001.

G. Wittum. Multi-grid methods for Stokes and Navier-Stokes equations. Numer.
Math., 54(5):543-563, 1989.

G. Wittum. On the robustness of ILU smoothing. STAM Journal on Scientific
and Statistical Computing, 10(4):699-717, 1989.

G. Wittum. On the convergence of multi-grid methods with transforming
smoothers. Numer. Math., 57(1):15-38, 1990.

W. Zulehner. A class of smoothers for saddle point problems. Computing,

65(3):227-246, 2000.



Chapter 5

Two-level Fourier analysis of
multigrid for higher-order

finite-element methods

Abstract

! In this paper, we employ local Fourier analysis (LFA) to analyze the convergence
properties of multigrid methods for higher-order finite-element approximations to
the Laplacian problem. We find that the LFA smoothing factor fails to accurately
predict the observed multigrid performance. This failure of the LFA smoothing factor
is explained, and we propose a modification to the analysis that yields a reasonable
prediction to help choose the correct damping parameters for relaxation. Finally,
we present two-grid and multigrid experiments, and the corrected parameter choice
is shown to yield a significant improvement in the resulting two-grid and multigrid

convergence factors.

Keywords: Finite-element method, higher-order elements, Jacobi iteration, local

Fourier analysis, multigrid
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5.1 Introduction

Multigrid methods [2, 7, 19, 23, 24] are very popular to solve the linear systems that
arise from the discretization of many PDEs. The choice of the multigrid components,
such as grid transfer operators and the relaxation scheme, has a great influence on the

performance of these algorithms. In this paper, we focus on the Laplace problem,

(5.1)

{ —Au(z) = f(z), =€ Q,
u(z) = g(x), =€ 9,

discretized using higher-order finite elements. In the literature, there are many
efficient multigrid methods for problem (5.1), see [9, 21]. It is worthwhile, however, to
understand how these methods work efficiently. LFA [21, 24| has proven a good tool
for theoretical investigation and multigrid method design, including for the curl-curl
equation [1, 15], parabolic partial differential equations [6, 22|, the Stokes equations
[10, 14, 15], and the Poisson equation [8, 17, 21].

Recently, some studies have reported that LFA fails to accurately predict some
multigrid results, see [5, 6]. In [6], LFA does not offer its usual predictivity of the
convergence behavior of the space-time diffusion equation and its generalizations.
However, in [5], the authors develop new tools to make up for the failure of standard
LFA to provide insight into the asymptotic convergence behaviour of multigrid methods
for these problem. In [15], an LFA is presented for general problems, focusing on
analyzing the complementarity between relaxation and coarse-grid correction (CGC)
within multigrid solvers for systems of PDEs with finite-element discretizations. In
that paper, the smoothing factor of LFA overestimates the two-grid convergence factor
for the Taylor-Hood (@2 — Q1) discretization of the Stokes equations. However, no
further explanation is given. We show here that the failure might be related to the )

approximation used for the velocity unknowns.

To our knowledge, the vast majority of existing LFA for the Poisson problem
focuses on discretization using finite differences or linear finite elements [19, 21, 24].
In contrast, [8] studies the convergence of a multigrid method for the solution of a
linear second-order elliptic equation by discontinuous Galerkin methods. In [17], the
cell-centered finite-difference discretization on triangular grids is considered. A variant

of LFA is applied to discretization matrices arising from Galerkin B-spline isogeometric
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analysis in [4], focusing on 2-level analysis in place of classical smoothing analysis. Here,
we focus on standard higher-order finite-element discretizations of Poisson’s equation
with weighted Jacobi relaxation, and use LFA to understand performance. In contrast
to the cases of standard finite-difference or (bi)linear finite-element discretizations, we
will see that the LFA smoothing factor does not offer a good prediction of performance

in the higher-order case.

In the literature, there are many studies about higher-order methods for different
types of PDEs. The spectral element method for second-order problems was studied
both numerically and theoretically in [16, 18], showing good smoothing properties of
simple Jacobi relaxation for the Laplace problem. The impact of different higher-order
finite-element discretizations for the Laplace problem on multigrid convergence, with
Richardson and Jacobi relaxation, was considered in [13]. Comparison of different
multigrid methods for higher-order finite-element discretizations, either as direct solvers
or preconditioners, was reported in [20]. There, the convergence behaviour was seen to
strongly depend on the polynomial order when multigrid is used as a preconditioner, but
not for multigrid as a solver. Other studies of higher-order finite-element methods and
multigrid include those for nonlinear problems [3] and the incompressible Navier-Stokes

equations [11, 12].

Supporting numerical results demonstrate some key conclusions of our analysis.
First, there is a notable gap between the classical LFA smoothing factor and the two-
grid convergence factor for these elements. The standard LFA assumption of an “ideal”
coarse-grid correction operator, which annihilates the low-frequency error components
and leaves the high-frequency components unchanged is not true for higher-order
finite-element discretizations, where our results show that the CGC reduces some
high-frequency error quickly. Furthermore, minimizing the classical smoothing factor

does not minimize the corresponding convergence factor.

The outline of the paper is as follows. In Section 5.2, we recall the standard
definitions of LFA. In Section 5.3, we analyse the weighted Jacobi relaxation scheme
for the ) finite-element approximation in one dimension (1D) and show how to obtain
optimal parameters to minimize the convergence factor. We extend this analysis to
higher-order finite-elements in Section 5.4. In Section 5.5, two-grid LFA is presented for
biquadratic Lagrangian elements in two dimensions (2D), and we discuss the optimal

parameter choice. Conclusions are presented in Section 5.6.
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5.2 Definitions and notations

In order to describe LFA for finite-element methods, we first introduce some terminology.
More details can be found, for example, in [21]. We first consider one-dimensional

infinite uniform grids, Gy,. Let L, be a scalar Toeplitz operator acting on ?(G},)

Ly = [saln (£ € V); Lywp(x) = sewn(z + rh), (5.2)

KkEV

with constant coefficients s, € R (or C), where wy,(z) is a function in [*(G}). Here, V
is taken to be a finite index set of integers, V' C Z. Note that since L, is Toeplitz, it

is diagonalized by the standard Fourier modes (0, z) = e/ where 12 = —1.

Definition 5.2.1. We call Zh(Q) = Z s.€%" the symbol of Ly,.

KEV

Note that for all grid functions, (0, x),

Lhw(ea ZL‘) = Zh(g)quj(e? :L“)

Here, we consider multigrid methods for finite-element discretizations with standard
geometric grid coarsening; that is, we construct a sequence of coarse grids by doubling
the mesh size in each spatial direction. High and low frequencies for standard coarsening

are given by
. 3T T T
4 Tlow — |:_Z E) 0 Thlgh —_ _Z o |:__ _) )
< 272/ < 27 2 \ 272

The error-propagation operator for a relaxation scheme, represented similarly by a

Toeplitz operator M, applied to a finite-element approximation is
Sh(w, 9) =1- wM,;th,

where w is an overall weighting factor.

Definition 5.2.2. The error-propagation symbol, §h(9), for smoother Sy, on the infinite
grid Gy, satisfies
Shw(ewr) = ghw<97x>7 0 e [_ o _)7
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for all (0, x), and the corresponding smoothing factor for Sy, is given by

Hioc := Mioc(Sp) = max {}gh(0)| } (5.3)

peThigh

Definition 5.2.3. Because the smoothing factor is a function of some parameters,
let D be a bounded and closed set of allowable parameters and define the optimal

smoothing factor over D as

Hopt = HBI] Hioc-
In what follows, we consider (¢ X ¢) linear systems of operators, which read

1,1 1l,q
Lyt - Ly
L, — . )

q,1 9,9
Lyt ... LY

The L;;j (1,7 =1,2,...,q) are scalar Toeplitz operators. Each entry in Ly, is computed
as the (scalar) symbol of the corresponding block of LZ’j , following Definition 5.2.1.
For simplicity, we reuse the notation in (5.3) for the case of block symbols as described

in the following.

On a collocated mesh, all blocks in L;, are diagonalized by the same transformation.
However, in our setting, we consider G, = Gy |JGhc, for quadratic Lagrangian

elements, with
Gpn = {%,N =kh,k € Z},and Ghe = {:L‘k,c =kh+h/2,k € Z}. (5.4)

Here G}, contains two types of meshpoints, the nodes of the mesh and the cell centres.
The coarse grid, Gay, is defined similarly. Each block L;L’j in L, for 4,5 = 1,2 is defined
as in (5.2), with V taken to be either a finite index set of integer (Viy) or half-integer
(V) values, with Vy C Z and Vo C {z + 3|z € Z}. The operators discussed later are
naturally treated as block operators, and the Fourier representation of each block can
be calculated based on Definition 5.2.1, with Fourier bases adapted to account for the
staggering of the mesh points. In Definition 5.2.2, the symbol §h(9) will be a matrix,
thus, ‘gh(Q)‘ is replaced by ’)\(gh(ﬁ))‘, the absolute value of the eigenvalues of S, (),
in (5.3).

The resulting Fourier functions are (6, z;) € span{¢n (8, z1), oc (0, zx)} on Gy,
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in which
T T
on(0,0y) = (ePmealh 0) ", pol0,m) = (0 evmelt)

where T' denotes the (non-conjugate) transpose of the row vectors. Because ¢(0, zy,) is

periodic in # with period 27, we consider the domain 6 € [ - 37“)

5.3 LFA for quadratics in 1D

Here, we consider the discretization of problem (5.1) in 1D, using quadratic (Q2) finite
elements, and nodal basis functions defined at the nodes of the mesh and cell centres
(but the analysis could be modified for other bases), and will focus on weighted Jacobi

relaxation.

5.3.1 Quadratic Lagrangian Elements

For these quadratic Lagrangian elements, the elementary contributions to the stiffness

and mass matrices as 3 X 3 symmetric matrices are

1 7 =8 1 " 4 2 -1
EFK =—| - — EM = —
3 8 16 81, 30 2 16 2 |,
1 -8 7 -1 2 4

respectively. We can decompose the resulting stencils into connections among and
between the degrees of freedom (DOFs) located at the nodes of the mesh and those
located at cell centres. The node-to-node connections yield the stencils

%[1 14 1} and%[—l 8 —1].

The node-to-centre stencils are given by

! B 8] and h 2« 2
3h * 30 1© * 2l
with transposed connections between centres and nodes, where x stands for the

degree-of-freedom position in the off-diagonal blocks. The centre-to-centre stencils are
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diagonal,

L 16| and I 16] .

3h 30
On the infinite grid G}, each of these stencils defines a Toeplitz operator on ¢5(Gj, .)
and, so, the block systems can be block diagonalized by considering the invariant
subspace given by linear combinations of ¢x (0, z) and ¢¢(0, x). The resulting block

symbols of the stiffness and mass operators are

~ 1 [14+2cosf —16cos? ~ h (8 —2cosh 4cos?
A (0) = — 21, B,(0) = — 2 5.5
() 3h ( —16cos ¢ 16 >  Bil) 30 ( 4005% 16 ) » (59)

2
respectively. The error-propagation symbol of weighted Jacobi relaxation is given by

Sn(0) = T —wM, ' (0) Ay (0), (5.6)

where M, (6) is the symbol of the diagonal operator,

1 {141 0
M, = — . 5.7
"7 3n ( 0 16[> (57)

Using (5.5) and (5.7), we plot the distribution of eigenvalues of Mgl(ﬁ)gh(Q), at the

left of Figure 5.1. Note that as a block symbol, Mgl(e)ﬁh(e) has 2 eigenvalues, each

of which can be seen to be a continuous function of 0 /7.
2.5 : : ‘ ‘

_ \ ) 1.5
£ 157 7o
S -y
A 1
~< 17 ] %
05 ﬁwﬂxﬁ”%%%%# 051 S~
y =y

)\_L(cos(a‘)

0 %w " M \ 0 e —
-0.5 0 0.5 1 1.5 -1 -0.5 0 0.5 1
Oln cosf

Figure 5.1: At left, the distribution of the two eigenvalues of M, . 1(6)A,(6) as a function

of 0/m. At right, the distribution of the two eigenvalues of M, '(0) A (), as a function
of cosf.
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To derive an analytical expression for the eigenvalues of Mh_ I(H)Zh(ﬁ), we note

that the determinant of Mgl(ﬁ)gh(ﬁ) — Al is

cos 4
- ) — ?(1 + cos 6).

A—1)A—1—

Let A\, and A_ be the eigenvalues of J’\Z,;l(e)ﬁh(e); from above, we have

144 cosf £ y/cos?(0) + 112 cos 0 4 112

At

14
Taking = cos 6, then we can write
14+ z + va? + 1122 + 112 14+ 2 — Va2 + 1122 + 112
A (z) = , A(x) = :
14 14
It is easy to check that
15
At (T)max = A (1) = = A (T)min = A4 (1) =1,
6
A (T)max = A (—1) = - A (2)min = A_(1) = 0.

We plot Ay (x), A_(z) at the right of Figure 5.1.

Throughout this paper, we denote Apaxn and Apinn as the biggest and smallest
eigenvalues over only the high frequency range, respectively. Since A\_(z) < A\;(x), for

high frequencies (z € [—1,0]), we have

2 -2
— 7+Tﬁ’ Aming = A_(0) = 7—7\/7

)\max,H = )\+(0)
Thus, the classical optimal choice of w that minimizes the resulting smoothing

factor for relaxation scheme (5.6) is given by

2
= —1, 5.8
“ )\min,H + )\max,H ( )

and the corresponding smoothing factor is

~ 27
(3 = min max | A(Sy(w,0))| = %_ ~ 0.760.

w  GeThigh
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Note, however, that this choice of w* leads to a diverging relaxation scheme, as
|1 —w*A;+(1)] > 1. While this might be acceptable assuming ideal CGC, it is worrisome
from the perspective of robustness of the resulting multilevel algorithm. Thus, we

consider another relaxation weight,

2 14
w = = ~ 0.838, 2.9
)\:nax + )\min,H 22 - 2ﬁ ( )

*

where X% is the biggest of all eigenvalues; that is \* = A, (1) = 1—75 For this choice,

the corresponding smoothing factor is

*k S [, gk _ 4+ \/7
Ho = gg%%?éh |/\<Sh(w ,0))| = 11_—\/7 ~ 0.795.

To understand and compare these choices, we now consider two-grid LFA and
measured two-grid performance. We use the notation T'G(vy,v5) and V (v, 1) to

indicate the cycle type and the number of pre- and postsmoothing steps employed.

Here, we use the defects dflk)(k =1,2,---, with dgf) =b— Ah:cgk)) to experimentally
(k)

measure the convergence factor as ﬁ,(lk) =y % (see [21]), with k& = 100. We consider
h 2

the homogeneous problem, A,x), = b = 0, with discrete solution z;, = 0, and start with
a random initial guess, 1:20), to test the multigrid convergence factor. The coarsest grid
is a mesh with 4 elements. Rediscretization is used to define the coarse-grid operator
(CGO). For comparison, we present the LFA-predicted convergence factors, py, for
two-grid cycles with v, prerelaxation and v, postrelaxation steps (see (5.18) ). We

consider periodic boundary conditions.

In Table 5.1, we use w* as the weight. Note that the LFA convergence factor is larger
than the smoothing factor. As noted earlier, while we see convergence for vy + vy < 3,
we see divergence when vy + 15 = 3,4 for the two-grid method. Furthermore, even
though the smoothing factor fails to predict the convergence factor, we see that the
measured convergence factor matches well with the LFA-predicted two-grid convergence
factor. For w = w**, Table 5.2 shows a good improvement in the convergence factor
compared with the choice of w*. We again see a good agreement between the measured
convergence factor and the LFA-predicted convergence factor, but now the two-grid
convergence factor is smaller than the smoothing factor, in contrast to the case of w*.

Moreover, while the smoothing factor for the choice of w** is larger than that of w*,
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the two-grid factor is much better.

Table 5.1: Two-grid convergence factors for the ()o approximation with w* in 1D.

Cycl
) Yl r60,1) | TG(1,0) | TG(L,1) | TGA,2) | TG(2,1) | TG(2,2)
ph

w = w* = 1.000, u* = 0.760

Phet /125 0821 | 0821 | 0985 | 1118 | 1119 | 1.279
~(100)
At 0.813 | 0815 | 0974 | 1.096 | 1.102 | 1.255
~(100
P 0.814 | 0814 | 0972 | 1104 | 1.100 | 1.263

Table 5.2: Two-grid convergence factors for the ()o approximation with w** in 1D.

Cycl
) Yl ra0,1) | T7G(1,0) | TG(,1) | TGA,2) | TG(2.1) | TG(2,2)
pn

W= = M~ 0838, = 0.796

Pht/128 0526 | 0526 | 0495 | 0372 | 0372 | 0.302
~(100)
A 0522 | 0521 | 0491 | 0365 | 0.366 | 0.296
~(100)
P 0521 | 0522 | 0491 | 0.366 | 0.366 | 0.208

5.3.2 Two-grid LFA in 1D

Two natural questions are raised by these results. First, why is the LFA smoothing
factor such a bad predictor of performance? Secondly, is w** the best choice for a
weight, in terms of two-grid performance? To answer these questions, we consider

two-grid LFA in more details.

Definition 5.3.1. The 2h-harmonics, Fop(0), are given by

Fon(0) = span{epn(6°, ), on(0', )},

with 6 = 0° € T := Oy, and 0% = 0 + ar, where o = 0, 1.
To apply LFA to the two-grid operator,

MEM = g2 MFECs (5.10)
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we require the representation of the CGC operator,
MFCC =T — PALRA,.

Inserting the representations of Sy, Ay, Agp, R, P into (5.10), we obtain the Fourier

representation of two-grid error-propagation operator as

MIEEM(9) = S22(0) (T — P(6)(A2(26)) " R(0) An(6)) 52 (6),

where
An(0) = diag {th(e), An(0 + 7r)} . 5u(0) = diag {S“h(e), Sh(6 + 7r)} ,
Pu0) = (Bu0): Pu0+m), Ru0) = (Bu(0), Ra(0 + 7)) .
and
won =g (" )

in which diag{ A, B} stands for the block diagonal matrix with diagonal blocks, A and
B.

The symbols A,(#) and A, (0 + 7) are as given above, while the symbols for

relaxation are
Sp(0) = I — wM; Y (0)An(0), Su(0+ ) = I — wM; (6 + ) Ap(0 + ).

To derive symbols for the grid-transfer operators, we first consider an arbitrary
restriction operator characterized by a constant coefficient stencil R £ [r,]?*. Then,
an infinite grid function wy, : Gj, — R (or C) is transferred to the coarse grid, Gap, in

the following way:

(Rwp)(z) = Y rawp(z + kh) (z € Gap).

keV

In our case, we have two types of grid points on the fine and coarse grids, so the
restriction operator can also be decomposed based on the partitioning of DOFs

associated with nodes of the mesh and cell centres.
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Let (0%, x) = e°*/". We have the following equality
on(0%,x) = e‘o‘”/hgogh(%o, x), for all x € Gy (5.11)

Note that ¢, (6%, z) coincides on Ggy, y with the respective grid function gy, (26°, ),
since €/*™/" = 1 in (5.11), when z = 2jh for j € Z. However, e**™/" = (—~1)® when

x=2(j+ %)h coincides with a point in Gapc.

Using this for z € Gy, we have

(R@h)(ea, )(.’L’) _ ZrﬁeL(x—i-nh)ea/h _ Z rnebneaebawx/h¢2h(290’ l’)

KEV reV

Definition 5.3.2. We call R(6%) = Z 70" groma/h Z Ty the restriction symbol

KEV KEV
of R.
Remark 5.3.1. If the restriction operator is defined on a collocated mesh, we have
only Gop N, and ele™/h =1 in Definition 5.3.2, which coincides with the definition of

the classical restriction symbol [24, Section 6.2.5].

We consider biquadratic interpolation, and the corresponding adjoint operator for

the restriction of the corrections. In stencil notation, the restriction operators are

given by
RNé[(rN)H]h—[O —10 2 1% 2 0 -1 O]h, (5.12)
and
Roé[(m)n]hz[o 3 1(x) 2 o]h, (5.13)

where N, C stand for the node and centre points, respectively, and the * denotes the
position (on the coarse grid) at which the discrete operator is applied. Note that these
stencils include contributions from both fine-grid nodes and centers to the coarse-grid

quantities. We illustrate these in Figure 5.2.

; i i ——nh | ! h

1 3 3 1
8 SN/ 8 8 i\l i
| | 2% | ' 2h

Figure 5.2: At left, Ry-restriction operator. At right, Ro-restriction operator.
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As with the fine-grid matrix, both Ry and R¢ require values from nodes and centres
on the fine grid. We decompose Ry as [Ry(N), Ry(C)] and R¢ as [Ro(N), Ro(C)]
defined in the following

Rv(N) = (1), Bn(C) =[5 %+ 5 —3) (5.14)
Ro(N) = 1], Re(€) =3 2, (5.15)

then apply Definition 5.3.2 to each piece separately to obtain the symbol of the

restriction operator.

Theorem 5.3.1. Define R as in (5.12) and (5.13). Then the Fourier representation
of R is given by the (2 x 4)-matriz

ko) = (Re) Re)

(1 3cos<%>;cos<%9> 1 —3sin<%i—sin<%) )
- 3cos(2) 3sin( %) .
1 Q) (z

Proof. Let x € Gy, and consider a fine-grid mode ¢(0%,y) = Byen (0%, y)+ Bopc (0%, y)
for y = z + kh € Gj,. Clearly the value of [Rp(6%),-](z) depends on whether z is a
node on the coarse grid (and (5.12) is used) or z is a cell centre on the coarse grid (and
(5.13) is used). From (5.14) and (5.15), we write the symbol for R in matrix form,

) — Rn(N,6%) Ry(C,0%) (5.16)
Ro(N,0%) Reo(C,0%) ) '

T
acting on the vector (61\, 5(;) , where T" denotes the (non-conjugate) transpose of

the row vectors.

From (5.14), (5.15), and Definition 5.3.2, we obtain the symbols

3
Z COS (?) — Z COS (7),

Re(N,0%) = (—1), Bo(C,0%) = gcos ((’;)(—1)%

0 1 30¢

Ry(N,6%) =1, Ry(C,0%) =

Concatenating R(6) = (é(@o) §(91)> gives the symbol in the statement of the

theorem. []
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A similar calculation (see [15]) gives the symbol of biquadratic interpolation as

[

3cos(g) cos(%) 3co

()

|7}

W~

B e (5.17)
2
—3sin(g —sin(%) 3sin(g)
4

1
2
8
1
2
)
8

A

satisfying the usual relationship that ]5(9) = %(R(Q))H , where H denotes the conjugate

transpose.

We again use rediscretization for the CGO, which matches the Galerkin CGO. The

asymptotic two-grid convergence factor, p,sp, is defined as
pasp = SUp{p(M(0)"M) : 0 € O} (5.18)

In what follows, we consider a discrete form of p,s,, denoted by py, resulting from
sampling pasp over only finite set of frequencies. We consider only the case of a single
relaxation; that is 14 + 1, = 1. Without loss of generality, let 14, = 1, giving the

two-grid representation as

~ ~

MEM(0) = (I — P(6)(An(260)) " R(0) An(6)) S (). (5.19)

5.3.3 A lower bound on convergence in 1D

To gain some insight and a lower bound on convergence, we consider now the limiting

behavior when § — 0. When 6 = 0, the two eigenvalues of
Sp(0+7)=1— th_l(Q + 1) AR(6 + 7),

T
are 1 —w, 1 — gw and the eigenvector corresponding to 1 — w is v; = (O 1) .

From (5.17), when 6 = 0, we have the representation of interpolation

11
2 2

) 1o

PO={7 * 1.
5 3
0 0
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T
and vector v, = (0 0 0 1) is not in the range of interpolation. Taken together,

this tells us 97 is an eigenvector of MEGM(G) in the limit as § — 0, allowing us to

establish a lower bound on convergence.
Theorem 5.3.2. For MI™(0) defined as in (5.19),

79

A TGM
trace(él_{r(l) M, M(0) =2 — 25%"
Proof. By standard calculation, we have
7—15w —T+15w —T+6w
14 14 28
~ TGM _7T=1hw _ =T+15w _ =7+6w
: _ 28 28 56
(l;li%Mh (6) = _ 7—15w _ —T+15w _ —T+6w
14 14 28
0 0 0 1 —w
~ 7T—15w —T7T+1bw —T7+ 6w 79
: TGM _ _
Thus, trace((l)lirtl)/\/lh (0)) = 1 2 +1—w—2—%w. O

Note that P(0) is full-rank, so there must be two zero eigenvalues of })in(l) MTFEM (),
—
As 1 — w is also an eigenvalue of éiH(l) M;GM(G), Theorem 5.3.2 tells us that the other
—

eigenvalue is 2 — %w —(l-w)=1- g—éw. In order to minimize the spectral radius of

})in(l) MEM(B), we have the following result.
—

Lemma 5.3.1.
min ¢ max{|]A*|} : \* € A(lim MTGM(Q)) _ B ~ 0.291 (5.20)
w 60" " 79 ’
and only w = w*™** = % achieves the minimum.

Proof. Note that the four eigenvalues of éin(l) MEM(@) are 0,0,1 — w, and 1 — 2w,
H

Setting |1 — w| = |1 — Hw], gives w = 2. O

Corollary 5.3.1. For any w, the optimal two-grid convergence factor for a single

23

relazation (i.e., vy + vy = 1) is not less than =,

and this factor can be achieved if and

only if w = w™*.

Corollary (5.3.1) only tells us that the two-grid convergence factor has a lower

bound, but we do not know whether it can be achieved or not. We show this numerically.
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For the remaining part of this paper, let ; and p be the LFA-predicted smoothing
and two-grid convergence factors, respectively, computed with h = é. For p, we
consider only one step of pre-smoothing (which gives the same results as one step
of post-smoothing). We plot the predicted smoothing and convergence factors as a
function of w in 1D. The left of Figure 5.3 indicates that when the classical smoothing
factor achieves its optimal value, the corresponding w does not minimize the two-grid
convergence factor. The choices of w* and w** in (5.8) and (5.9) both are clearly not
the best choice. The left of Figure 5.3 shows that the optimal w is w*** = % ~ 0.709,

as proposed in Corollary 5.3.1. We explore the reasons for this below.

To see that the prediction of Lemma 5.3.1 is not a coincidence, we plot the two-grid
convergence factor and max {|1 — w|, |1 — 2tw|} as a function of w. Comparing the
left and right of Figure 5.3 indicates that, for all w, the two-grid convergence factor is

given by max {|1 —w|, |1 — Zw|}.

e'()

1.5 —max|\ |

0 0.5 1 1.5 0 0.5 1 1.5

Figure 5.3: At left, LFA-predicted two-grid convergence and smoothing factors as a
function of w. At right, LFA-predicted two-grid convergence factor and max{|\*|} as
a function of w for the Q)5 approximation in 1D.

Two-grid and multigrid performance in 1D

Table 5.3 confirms that w*** provides the best observed convergence factor, compared
with the choices w* and w**, shown in Tables 5.1, 5.2. Table 5.3 also confirms that a
single pre- or post-relaxation offers the most cost-effective cycle. Table 5.4 shows that

similar convergence factors are obtained for full V-cycles.



144

Table 5.3: Two-grid convergence factors for the ()5 approximation with w*** in 1D.

Cycl
) Yl 10,1 | T, 0) | TG, | TG(L,2) | TG2.1) | TG(2,2)
Ph
w=w"* =58 ~0.709, p = 0.822
Ph=1/128 0291 | 0291 | 0249 | 0.090 | 0.090 | 0.064
P s 0289 | 0290 | 0245 | 0.088 | 0.088 | 0.063
P s 0289 | 0289 | 0246 | 0.088 | 0.088 | 0.063

Table 5.4: Multigrid convergence factors for the () approximation with w** in 1D.

Cyel
I v [ vy | v | VL) | Vi) | V)
Ph

w=w"* = 38~ 0.709, u = 0.822
Ph=1/128 0.201 | 0.291 | 0.249 | 0.090 | 0.090 | 0.064
P 0.281 | 0.282 | 0.246 | 0.080 | 0.081 | 0.068
P s 0.284 | 0.280 | 0.246 | 0.083 | 0.082 | 0.068

5.3.4 A modified two-grid analysis

To better understand the failure of classical smoothing analysis for the ()5 approxima-
tion, we first consider why the smoothing factor is a good predictor of performance for
the @)1 approximation. In the ), case, we denote the CGC operator as MCGC( ), and
the symbol of the relaxation scheme as S j,(6), which are both 2 x 2 matrices. Here

we use linear interpolation for P and R = P¥. By standard calculation, we have
MCGC( ) = (SmQ( (5) ‘
i )

sin?(
In the standard LFA smoothing analysis, we assume an “ideal” CGC operator, Qy, in

place of the true CGC, MCGC( ), that annihilates the low-frequency error components

) cos?

2

N NI
—~
N NI

) cos

and leaves the high-frequency components unchanged, see [21]. A natural choice for

o)

@y, is as a projection operator,
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To compute the convergence factor, we replace the CGC operator in (5.18) by Qp,
giving
sup{p(QrS1.4(0)) : 0 € Oy} (5.21)

Remark 5.3.2. Note that (5.21) is equivalent to form (5.3).

From the form of Q, we can consider optimizing the smoothing factor by working
only over the high frequencies as in Definition 5.2.3. In Figure 5.4, we plot the LFA-
predicted two-grid convergence factor (5.18) and the smoothing factor as a function of
w and see that the smoothing factor perfectly captures the LFA-predicted two-grid

convergence behavior.

0 0.5 1 1.5

Figure 5.4: LFA-predicted two-grid convergence and smoothing factors as a function
of w for the @)1 approximation in 1D.

However, as shown above in Subsection 5.3.1, generalizing Qj, to

0000
0000
0010’
0001

does not give a good prediction of the two-grid convergence factor for the ()2 approxi-

mation. Instead, we note that for the )1 case,

R 01
: CGC _
lim M59(6) = (0 1),
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and, if we replace Qy, by this limit, then the eigenvalues of thl,h(é’) do not change.

This suggests that using éir% MEGC(0) as the ideal CGC operator may improve the
4) b

robustness of the smoothing factor. We now extend this approximation for two-grid

analysis of the ()2 approximation.

Define
Qo = lim (I — P(0)(Aon(26)) " R(6) A, (6)). (5.22)

By standard calculation,

N |—=
=

o

I
N[ |
O NI A=
O kel ool
—_ o O O

To see how well Qy works as an idealized CGC operator when predicting the

two-grid convergence factor, let

po = po(w) = sup{p(QuSu(6)) : € Onn}. (5.23)

We plot p as a function of w, compared with the LFA-predicted two-grid convergence
factor p. Figure 5.5 shows that py provides a much better prediction than the classical
smoothing factor. Note that for smaller values of w,pg slightly overpredicts the
convergence factor, as Qg captures poorly the true effects of CGC for values of 6 near
+7. We see that the optimal parameter of pg is very close to the optimal parameter
for the two-grid convergence factor, p. Whether further improvement is possible is an

open question.
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0 0.5 1 1.5

Figure 5.5: p and pyg, as a function of w for the Q)5 approximation in 1D.

In (5.22), we compute the limit of the original CGC. Note that if we replace 22_,11(29)
by (Asn(26))1, the Moore-Penrose pseudoinverse of matrix Ay, (20), in (5.22), we can
recover the same limit, but only indirectly. By a straightforward computation, we can

consider the following operator
Qupp = (I — P(0)(A,(0))TR(0)A,(0)). (5.24)

By standard calculation,

1 000
1 3 3
7 37 3 0
| 2 % 3
Qupp = 111 g
2 2 1
0 0 01

T . .
Note that scalar multiples of (1 10 0) are in the null space of R(0) * A,(0)
and, thus, Qypp indicates that a constant error on the fine grid is not changed by this

idealized CGC. To overcome this deficiency, we note that the singularity of gzh(()) can
. 1 T
be exploited to provide a correction in this direction of P(0) (1 = (1 10 0) .

We find that
Qo = Oupp + Co,

(32=<1 10 o)T(—g 1

where

=

0).
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Note that the ideal CGC, Qy, has rank 2, while Qypp has rank 3. The column vector
in the outer product, Cy, naturally arises as the interpolation of a constant coarse-grid

function, while the row vector is obtained as follows.
Let v.(6) be an eigenvector of Ay, (26) such that Ay, (20)v.(0) = A\.(6)v.(6), and

1
lim A.(6) = 0. Note that limv.(0) = ¢ for arbitrary constant ¢. Now, define D
0—0 0—0 1

such that
P
TN T o P Aoy — i Ve O)RO)AG) g
lim v, () Az, (20) R(0) A(6) = lim ) = —limov, (0)D, (5.25)

where D is a 2 x 4 matrix, with rank one. Noting that D is independent of 6, we find

1
D= (1) (_% —% —1-11 0) giving the row vector in Cy above.

We now consider a modified two-grid error-propagation operator,
MMTEM () .— 0,S(6), 6 € Oy,

which gives a good prediction for the convergence of multigrid for the ()2 approximation.

Now, we consider minimizing the spectral radius of MMTGM(Q); that is, to minimize
Po-

By standard calculation, we have

1—w(l+ <) 8eos()w 0 0
A cos(9)w l—w 0 0
S(Q) = ’ cos(0) 8 (0
0 0 l—w(l—=%>) —=%sin(5)w
0 —sin(f)w l—w

Because Qg has rank 2, MMTGM(Q) has at most rank 2. By a straightforward calculation

(done using a computer algebra system), the four eigenvalues of Q,S (0) are given by
)‘(6) =1- gi<9)w7 07 07

where g4 (0) is

112 + 44 cos(%) + 2 cos(6) £ \/2(1381 + 44(cos(£) + cos(22)) — 412 cos(f) + cos(26))
112 .
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We can check that g (6) is an increasing function over [—~7, 0] and a decreasing function

over [0, 7]. We plot g+(f) as a function of § over [—~7, 7] in Figure 5.6.

1 . adel .
1.8271
0.9571 1 18!
# %

S .0 [/ N S
o b4 b o 1787
# X
¥ *
# ¥ i
0.85¢ *1" \‘- 1.76 "-.
# ¢
I Y
0.8 : ' : 1.74
-1 0 1 1 0 1
[t 0

Figure 5.6: At left, g_(0) as a function of 6. At right, g, () as a function of 6.

The extreme values of g.(6) are obtained at § = 0 and 6 = +7; that is,

51
0) = =, ¢g_(0)=1
@) = 56+11\/§+\/690<51
) = 56 28’
56 + 11v/2 — /690
g_(j:g) _ 0F \gg <1

Thus,

. o1
po = sup{p(QuSp(0)) : 6 € Oy} = max{‘l - %w|, 11— g_(ig)w‘}.

Then, the optimal parameter minimizing py is given by

2

51 56+11v/2—+/690
28 56

Wo,opt = ~ 0760,

and the corresponding predicted smoothing factor is

51 56+11v/2—+/690

— 28 56 ~ 0 385
Po.opt = 51 611142 /690 0o
28 + 56

Recall the optimal parameter and the true two-grid convergence factor are w*** =
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0.709, p = 0.291, respectively. Compared with the true two-grid convergence, pg
overpredicts the convergence factor based on the mode # = +7. However, this
modified MMTGM(H) still offers useful information and a reasonable predictor of
performance. Whether this “ideal” predictor can be used for other higher-order

finite-element approximations will be explored in the following sections.

Remark 5.3.3. Improved two-grid behavior can be achieved by considering different
weights for the DOFs at nodes and those at cell centres for Jacobi relaxation; that is,
putting distinct parameters in each diagonal block in the diagonal operator in (5.7).
Then, the LFA shown above can be extended to this relazation scheme to optimize the

two-grid convergence factor, resulting in somewhat better convergence.

5.4 Higher-order finite-element methods

In this section, we consider the finite-element spaces ), for p = 3,4 and again examine
the relationship between the LFA smoothing and two-grid convergence factors. In order
to distinguish the block symbols for different p, we use superscripts in the matrices

and block symbols in this section.

5.4.1 Cubic Lagrangian Elements

For cubic Lagrangian elements (Q3), using nodal finite-element basis functions de-
fined at the mesh nodes and the 1/3 and 2/3 points of the element, the elementary

contributions to the stiffness matrix can be written as

296 —189 54 13

EK}E?’) _ 1 (=189 432 297 54
40h 54 =297 432 —189

—-13 54 189 296

The corresponding symbol of stiffness operator is

2 1 2 1
148—13 cos 54¢~3Y—189¢3Y 54539 —189¢" 3%
~(3) 1 2.0 —L.0 20 0 1.0
AP)(9) = = | 54e30-189¢75 54 _ 207e3
h h , 40 5, 40 ’
54¢~ 39 _189¢3*¢ _ 297¢ 3% 54

40 40 5



151

ordered as mesh nodes, then the 1/3 points and 2/3 points, respectively. The error-

propagation symbol of weighted Jacobi relaxation is given by

SP(0) =1 —w(MP(6)) " AP (0), (5.26)
where
37
— [T 00
M, (9):5 0 2 0
0 0 %

In Figure 5.7, we plot the eigenvalues of (]f\\/_f/,gg)(ﬁ))flgf’) (#). Considering the high
frequencies, we see Apin,n = 0.085 is obtained at 6 = 7, and Apan = 2.394 is obtained

at 6 = .

2.5

15}
1//\\\

O%Wwwmﬁﬁfﬁ .

-0.5 0 0.5 1 1.5
Ol

-1

Figure 5.7: The distribution of eigenvalues of (]\7}53) (9)) Z,(f)(e) as a function of 0/.

Thus, the classical optimal choice of w for (5.26) is given by

2
ws = = 0.807,
s )\min,H + >\max,H
and
(5 = min max ‘)\(g@) (w,0))] = Amax i~ Amin. ~ 0.931
3 w  QeThigh h 7 )\maX,H + Amin,H ‘ '

Denote the cubic finite-element interpolation operator as R® and the corresponding

symbol as R®. Similarly to Theorem 5.3.1, we can write the symbol of restriction,
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et0” =10 5 1.9 1 —5.62 5 —1,9« 1, 3,0o
B 1 =55 6 16¢° T 1€ ° 16¢ ° T 1€’
3 gy _ 9 L. 15  — 1.9 5 0%
By = | sehe sedrg(-gem)s |,
9 L9 p2 5 —10*\ Q2 15 L.0% 02
T (1—5e" )8 6e3” B

where 8 = (e3™)*. Thus, the symbol of R® is the 3 x 6 matrix
RO(9) = (R9(6°) RO(9")), where 6 = 6° € O,
The Fourier representation of P®) is given by the 6 x 3 matrix,

PO (9) = = (R (9))".

N | —

We plot the smoothing factor and LFA-predicted two-grid convergence factor as a
function of w for cubic elements in 1D. Figure 5.8 indicates that when the smoothing
factor achieves its optimal value, the corresponding w does not minimize the two-grid
convergence factor. From Figure 5.8, note that the optimal convergence factor, p, is
0.491 with w = 0.650, but the corresponding smoothing factor is 0.943, which is larger
than the smoothing factor of 0.931 for wj = 0.807 given above.

As the LFA smoothing factor again fails to predict the convergence factor, we extend
the modification above to yield a new prediction based on MMTGM(H) , calculating
Qo again using the limit in (5.22). We plot pg, compared with the true convergence
factor at the right of Figure 5.8, and see that using Qy accurately predicts the true
convergence factor, except for a small overestimate for w less than 0.65, as Qg captures
poorly the true effects of CGC for values of § near +7. We observe that when 6 = 0, po
underestimates the true two-grid convergence factor. However, the optimal parameter
of MMTGM(Q) is very close to the true optimal parameter for the two-grid convergence

factor.
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1.2+ ——Py / ]

0 02 04 06 08 1

Figure 5.8: At left, the LFA-predicted two-grid convergence and smoothing factors as
a function of w. At right, p and py as a function of w for the )3 approximation in 1D.

5.4.2 Quartic Lagrangian Elements

For quartic Lagrangian elements (Q4), using nodal finite-element basis functions defined
at the mesh nodes and the 1/4,1/2, and 3/4 points of the element, the elementary

contributions to the stiffness matrix can be written as

9850 —6848 3048  —1472 347
—6848 16640 —14208 5388  —1472
K,(f):ﬁ 3048 —14208 22320 —14208 3048 |,
—1472 5888 —14208 16640 —6848
347 1472 3048  —6848 9850

and the corresponding symbol of stiffness operator is

9850+347(n"*+nt)  6848n+1472n~3 10165 2+1016n>  6848n~'4+147273

945 945 315 945

B 1l = 68481~ 1+147213 3328 4736 588872
A(4) ) = - 945 189 315 945

h 1016124101612 _ 4736n " 496 47361 )

315 315 21 315
_ 6848n+1472p3 588812 _4736m 1 3328
945 945 315 189

where n = e%, with both ordered as mesh nodes, then the 1/4, 1/2, and 3/4 points of
the mesh (followed by the right-hand node in EK\ V).
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The error-propagation symbol of weighted Jacobi relaxation is

SP0) =1 —w(MP () AP (0),

where
e 00 0
3328
MW@ =1 Y G 00
" hl o o % o |’

3328
0 0 o ¥

Using these symbols, we plot the distribution of eigenvalues of (M ,54)(9))712{24)(0)

in Figure 5.9. From Figure 5.9, we see that the smallest eigenvalue over the high
frequencies, Apin,g = 0.036 is obtained at 6 = 7 or 37“ Similarly, Apaxn = 2.557 is

achieved with 6 = 5 or 37”

0
S
~<
1
0™ * ‘
-0.5 0 0.5 1 1.5
Ol

Figure 5.9: The distribution of eigenvalues of (]\7 }54)(9)) 1224)(9) as a function of 0/.

Thus, the optimal w for the classical smoothing factor and the corresponding

smoothing factor are

2
= 0.772, = 0.973, (5.27)

)\min,H + )\max,H

wy =

respectively.

As in the @), case, the biggest eigenvalue over all frequencies is A} . = 2.789 >
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Amax.H, Obtained at 6 = 0. We, thus, consider the case of

2
= ————— =0.708.
w4 )\min,H + /\Eax

Then, the corresponding smoothing factor is

max

/\;knax + )\min,H

= )\* - )\min
NS (W, 0))| = Smax 2wt

= 0.975. (5.28)

Wy = max
geThigh

Denote the quartic interpolation operator as R™® and the corresponding symbol as

R™. Similarly to Theorem 5.3.1, we can write the symbol of restriction, R® (%), as

35 3 ¢5 5 -7 5 -3 35 ¢—1 3 -5 5 7 5 ¢3
I 3558+ 7388 — 1€ — 88 0 88 +1mé” — €’ — sl
7 (=587 + 57 0 (e — &)

0 (LE5+ 8¢71)y8 ok (—2E3 4+ Bo)y?

0%

where { = e 1,y = (e%”)a. Thus, the symbol of R® is the 4 x 8 matrix
RO(0) = (RWO(67) RO(6Y)), where 6 = 0° € Oy,

The Fourier representation of P is given by the 8 x 4 matrix,

PO(6) =

(RD(9))".
We plot the LFA smoothing and two-grid convergence factors as a function of w for
this algorithm. At the left of Figure 5.10, we see that the LFA smoothing factor again

fails to predict the two-grid convergence factor, and that the optimal convergence
factor p is 0.608 with w = 0.640. The choices of w in (5.27) and (5.28) both fail.

We present the results of the modified prediction using MMTEM(9) here again
defining Q) following (5.22). At the right of Figure 5.10, we compare py with p, as
a function of the relaxation parameter, w, seeing that py matches well with the true
convergence, except for a small overestimation for small w, as Qg captures poorly the
true effects of CGC for values of ¢ near 7. We also observe that when 6 = 0, po is
exactly the true two-grid convergence factor, which is the same as in the case of the

()2 approximation.
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0 02 04 06 08 1

Figure 5.10: At right, LFA-predicted two-grid convergence and smoothing factors as a
function of w. At right, p and py as a function of w for the Q)4 approximation in 1D.

Remark 5.4.1. We find that for the Q3 and Q4 approximations, we can again write
Qo = Qurp +C,

where Qypp is defined using the Moore-Penrose pseudoinverse as in (5.24) and C is a

rank-one matriz. In the Q3 case, C is given as

03:(1 110 0 0)T<—

1 1
3 3

and in the Q4 case,
T
Ci=(11110000) (o o)
where

= (—469/1536 —53/192 —73/512 —53/192),
¢ = (-367/3072 ~35/384(~1)"* 0 —35/384(~1)"/").
The column vector in the outer product, Cx(k = 3,4), naturally arises as the

interpolation of a constant coarse-grid function, while the row vector is obtained again

by solving for a rank-one matrix D following (5.25).
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5.5 LFA for the (), approximation in 2D

In this section, we consider LFA for problem (5.1) in 2D, using biquadratic finite
elements and the nodal basis functions defined at the mesh nodes, edge midpoints
and element centres. We order the DOFs of the ()5 approximation as nodes first, then
midpoints of the edges parallel to the z-axis (the “z-edges”), followed by the midpoints
of the edges parallel to the y-axis (the “y-edges”), and then the element centres. In
this way, the grids in 2D are defined as

Gh =Gn, PGy,

where

x = (z,y) € Gy, if and only if z € G}, and y € G,

where G, and Gy, are defined as in 1D, see (5.4). Here, we consider h, = h, = h.

Thus, G}, can be rewritten as G, = G | G2 |J G |J G with

Q
I

We refer to G,ll, G,%, Gi, and Gi as the NN-, CN-, NC-, and CC-type points on the
grid G, respectively.

5.5.1 Representation of the stiffness and mass operators

It is known that the stiffness and mass matrices for the ()1 approximation in 2D
can be written using tensor products of their 1D analogues. However, for the ),
approximation in 2D, we must carefully consider the ordering of the DOFs and the
block structure of the resulting system. Assume that the stiffness and mass matrices

in 1D are ordered by nodes and centres in 2 x 2-block matrices, given by

.A(2) _ Ann Anc 8(2) _ Bnn Bnc
Acn Acc 7 Bcn BCC ’
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respectively. For the 2D case, we use the Tracy-Singh product to preserve block
structuring in the product. Let A be an (s x t)-block matrix, whose (i, j)-block is
denoted by A;;, and B be a (p x ¢)-block matrix, whose (i, j)-block is denoted by B;;.
The Tracy-Singh product of A and B is defined by the pairwise Kronecker product for

each pair of blocks in matrices A and B, that is,

A11(§_§B AltéB Aij @ By -+ Aij ® By
AoB = : : ,WhereAZ-,jé)B = : : )
Ag®B - A,®B Aij® By -+ Aij @ By

where ® is the standard Kronecker product. Then, the stiffness and mass matrices in

2D are given by
Ay = AP 6 B? 4+ B2 6 AP B, = B? o B,

respectively, and the ordering of the 4 x 4 block system corresponds to the indexing of

the Gfl given above. Similarly, if the biquadratic restriction matrix in 1D is given in

R(Q) _ Rnn Rnc
ch Rcc 7

then the corresponding restriction matrix in 2D is given by

block form as

Ry = R3 o R(2),

with the same block ordering as the blocks in A,.

Using the Tracy-Singh product for the discretized operators allows us to compute
symbols using standard Kronecker products. Given the symbols of the stiffness and
mass operators for the Q; approximation in 1D, gh(ﬁ) and Eh(ﬁ), respectively, the

symbols of the stiffness and mass matrices in 2D are given by

112(91, ) = Zh(92) ® §h(91) + Eh(‘92) ® 2Ih(el),

By(01,65) = By(by) ® Bp(6y),

respectively.

The above discussion is not limited to ()2, and extends to ) as follows.
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Remark 5.5.1. The stiffness and mass matrices for the Q) discretization in 2D can

be written as
A, = AR o BF) 1 Bk A(’f)) B = B*) o B(k),

respectively, where A% and B®) are stiffness and mass matrices for the Qy, discretiza-

tion in 1D, respectively.

Remark 5.5.2. The symbols of the stiffness and mass matrices for the Qi discretiza-

tion in 2D are as follows

Ap(01,6,) = AP(6) ®
Ek(91,92) — E}(lk)(eg)(g

B (6)) + B (6) @ AP (6)),

)

respectively, where g,(f) and E,(lk are the stiffness and mass symbols for the Q) dis-

cretization in 1D, respectively.

Remark 5.5.3. The restriction matrix corresponding to the Q) approximation in 2D
18 given by
Re=RH¥ o RF)

with the same block ordering as Ay, if R%™ is ordered consistently with A®.

5.5.2 Fourier representation of grid transfer operators

Now we turn to the representation of biquadratic interpolation and its adjoint op-
erator, restriction, in 2D. The extension of the restriction operator given in (5.12)
and (5.13) from 1D to 2D with blocks ordered as mesh nodes, z-edge midpoints,
y-edge midpoints, and cell centres can be written as R = {Ryn, Ron, Ryc, Rec},
respectively. Let ﬁNN, fZCN, ﬁNC, and Roc be their Fourier representations. We
show the representation of transfer operators is given by tensor products of their

symbols in 1D.

Let

a = (a,a) € {(0,0),(1,0),(071),(1,1)}7
6% = (9?17932> = (01 +aym, Oy + CY27T), 9 = 900

We use the ordering of a = (0,0), (1,0), (0, 1), (1, 1) for the four harmonics.
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Definition 5.5.1. Assume that T = [t.,| and S = [s.,] are two stencil operators in
1D. The 2D stencil SQT is given by

S®T = [Pw|n, With Ty =ty Sk,, and kK = (Ky, Ka),
so that R is the outer product of S and T

We use this outer-product notation to simplify the computation of the symbol of

the restriction operator in block form. Rewrite (5.12) and (5.13) as
Ry=|-1 02 10 ¢ 0 -1, (5.29)
and
Ro= 3 1(+) 3. (5.30)

respectively, by discarding the points outside the stencil of restriction. Then, the four

restriction stencils in 2D for the ()2 approximation can be denoted by

RIIIy = RIy ®RL~C = I:TH:IIIIy7 (531)
where I, 1, € {N,C}.
We can extend Definition 5.3.2 to a “standard” restriction operator in 2D as follows.

Definition 5.5.2. Let T(0%) = [t.] be a restriction stencil in 2D given as T =
To@Ti. We call

T(0%) =Y toe™em™®m =N "1, = N Lt (5.32)

KEV KEV (k1,k2)EV

the restriction symbol of T'.

Here, by “standard”, we mean the restriction operator is associated with only one

type of meshpoint.

Remark 5.5.4. It is easy to check that in (5.32),

T(ea) = Z %“m%"m = Z thvm%vm = ’7‘1(8?1)7‘2(932%

(k1,k2)EV K1 K2
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where T;(09Y) and T5(052) are the restriction symbols for T, and T3, respectively, due
to the tensor product of To @ Ti.

Note that Ry, draws values from four types of meshpoints on the fine grid.
Similarly to 1D, the stencil Ry,;, can be split into 4 types of substencils, and the

Fourier representation of Ry, ;, can be written as a (1 x 4)-matrix as follows,
ﬁlzly(ea) = (jé]x[y,NN(ea) Elw[y,CN(Oa) Eley,zvc(ea) Elxly,C’C<0a>> : (5-33)

The subscript J,J, of R;, 1,709, (0%) (Jz, J, € {N,C}) denotes the contributions of
the J,J,-type points on the fine grid to the I, 1, points on the coarse grid.

Thus, we can use Definition 5.5.2 to calculate E[m[y7jm(]y(9a).

Theorem 5.5.1. The entries in IN?,My(OO‘) in (5.33) are given by,

where I, I, J,, J, € {N,C}. Note that the notation for the right-hand side of (5.34)
is defined in the proof of Theorem 5.3.1.

Proof. Consider a 2D Fourier mode with frequency with 8¢, restricted to the coarse
grid by the tensor product restriction operators given in (5.31). Because Ry, =
Ri, @ Ry,, Ry,1, can be split into four substencils Ry, z, s, s,, where J,, J, € {N,C},
with corresponding symbol EIZ 1,027, Since the tensor product preserves the stencil
structure, Ry, 1,,5,7, = R1,(Jy) ® Ry, (J,), where Ry (J,) stands for the substencil of
R;, corresponding to the contributions from .J,-type points on the find grid, see (5.14)
and (5.15). Thus, Ry, 1,,J.J, can be calculated based on Definition 5.5.2. According to
Remark 5.5.4, é[zjy’Jsz = Ry, (J,, Qfl)éfy(Jy, 05?). O

Corollary 5.5.1. The symbol of restriction in 2D can be written as a tensor product

of the restriction symbols in 1D, that is, fz(ea) 15 the 4 X 4-matriz given by
R(0%) = R(65%) ® R(6}"),

ordered as mesh nodes, x-edge midpoints, y-edge midpoints, and cell centres.
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Furthermore, the Fourier representation of R is given by the (1 x 4)-block-matriz

R(e):(ﬁ(em) R(6"Y) R(6“V) R(eﬂvl))).

The Fourier representation of P is given by a (16 x 4)-matrix and

This approach can be extended to (), or any other nodal basis for () as long as

the 2D node points are given as a tensor-product of 1D meshes.

Corollary 5.5.2. The restriction symbol for the Q) discretization in 2D can be written
~ (k
as a tensor product of the corresponding restriction symbols in 1D. That is, R( )(00‘)

is the k? x k*>-matriz given by
) oy Bk pazy o Bk) (g
R (6%) = RV (6y%) @ R™(01"),

ordered correspondingly to the order of E(’“)(@?I). Furthermore,

5.5.3 A lower bound on convergence in 2D

Here, we also discuss the weighted Jacobi relaxation for the ()5 approximation in 2D.

The symbol of the two-grid error propagation operator is

MFEM(g) = (1 — P(@)&A%)%(@)Aﬂ@)) S,(0),
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where
AQh(QO) - gzh(%?) ® §2h(291) + §2h(292) ® AVZh(291)>
Ay(0) = diag {ﬁ2(9(0,0))7 A (809, A,(6O1), g2(0(1,1)>} ’
S,(0) = diag {g(g(o,o)% §(9(1,0))7 3'(9(0,1))7 5(0(171))} 7
IA%(O) = (ﬁ(e(o’o))aﬁ(e(l’o)),ﬁ(e(o’l)),fi(@“v”)) 7
PO) = L(R©)",
in which

S(0%) = I — wM; " A5(6%), with

20 0 0
176
-] ® 0 0
0 0 2 0
0o 0 o =8

45

First, we take a look at the eigenvalues of M{ 1;{2(0). Figure 5.11 shows the

eigenvalue distribution of M; ' A5(6) over [—%,3%]2. Note that both the smallest and

the biggest eigenvalues are achieved over the low frequencies, [—7, 5]2. As shown in

Figure 5.11 and discussed in more detail below, the standard smoothing analysis fails

to predict the two-grid convergence factor in this case as well.

Figure 5.11: The distribution of eigenvalues, A, of Mz_ '4,(0) as a function of 6 =
(01,02).
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Motivated by the analysis in Subsection 5.3.3, we consider the limiting behavior of
MTEM(@) when § — 0. We first look at the range of the restriction operator when
6 = (0,0). From Corollary 5.5.1, we can calculate R(O), given by

1 1 21 1 0 1 o0
~ 1 3 L 31 _ -1 0 =1 0
R(0,0) = 2.2 11 R(r,0) = 2 :

1 123 1 0 2 0

RN 10 =30

1 4 00 1 000
-~ 1 2 00| 4 -10 00
R(0,7) = 2 , R(m,m) =

-1 -1 00 -10 00

-1 =200 1 000

Note that the dimensions of the null spaces of ﬁ(ﬂ, 0), 1~2(O, 7) and ﬁ(ﬂ, ) are 2, 2,
and 3, respectively. Because P(0) = %R(O)H , we can easily identify seven vectors that
are not treated by coarse-grid correction, and provide a lower bound on the two-grid

convergence behavior.
To find the seven vectors (and the associated eigenvalues of éiH(l) MIM(B)), we
%

consider the high frequencies corresponding to (69,69) = (0,0). Let Ty = My ' Ay(, 0),
T3 = MQIEQ(O, 7), and Ty = M{lgg(ﬂ', 7). By standard calculation, we have

20 -1 0 2 -1 0 2000

0 1 0o -% - 1 0 0 100
T; = 7 L Ty = > 6 , Ty =

-L 0 1 0 0 -5 0 010

0 -2 0 1 0o -3 1 0 00 1

Standard calculation shows that 75 has two eigenvalues, ;\172 =1+ @/4%, with the

corresponding eigenvectors x; o = (0 1 0 =44/ %) , which are the in the null space
~ T

of R(m,0). Denote ;o = (z T12 7 z) , where z stands for a zero vector with size

1x 4. Similarly, it is easy to check that 5\3,4 =14,/ 4% are the two eigenvalues of T3 cor-
T
responding to eigenvectors xg 4 = (O 0 1 j:,/}—é) . Denote 34 = (z 7 T34 z) :

Finally, the structure of T3 tells us that it has three eigenvalues: 5\5,677 =1 and
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the corresponding eigenvectors are r; = <0 10 O) , Tg = <0 01 0> , Ty =
~ T
(0 00 1) , which are in the null space of R(m, 7)". Denote i5 = (z z 7 x5> ,
T T
£6:<z 7 Z x6> ,i7:<z 7 Z x7> .

The above discussion gives seven eigenvalues of the two-grid operator gin% MEGM(O),
—

leading to the following results.
Lemma 5.5.1.

min { max {[ N[} : A" =1—wh;, 1< < 7} = % ~ 0.453, (5.35)

and only w = w3 =1 achieves the minimum.

Proof. Since the smallest and largest values of S\j (j=1,2,---,7)are 1 — @/4% and

14 /2, respectively, the optimal w for (5.35) is wj = —=>——~ = 1. It follows

9 9
I/ 2414/ 2

* 9 |\ _ 9

Corollary 5.5.3. For any w, the optimal convergence factor for the two-grid algorithm
using a single weighted Jacobi relazation (i.e., vy + vy = 1) on the Qo discretization in

2D, s not less than ﬁ, and this factor can be achieved if and only if w = w3.

Two-grid and multigrid performance in 2D

In order to see how the parameter w; performs in practice in a multigrid method,
we present two-grid and multigrid results. Table 5.5 shows that w; achieves the best
possible results, with measured multigrid convergence factors that coincide with the
LFA-predicted convergence factors. The same convergence factor is also obtained using
full V-cycles, shown in Table 5.6.
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Table 5.5: Two-grid convergence factors for the )5 approximation in 2D.

Cycl
) Yl 10,1 | T, 0) | TG, | TG(L,2) | TG2.1) | TG(2,2)
Ph
w = w3 = 1.000, p = 0.842
Pr=1/128 0452 | 0452 | 0288 | 0123 | 0123 | 0.091
P s 0.442 | 0442 | 0280 | 0.119 | 0119 | 0.088
P s 0442 | 0442 | 0280 | 0119 | 0119 | 0.088

Table 5.6: Multigrid convergence factors for the () approximation in 2D.

Cyel
I v [ vy | v | VL) | Vi) | V)
Ph
w = w5 = 1.000, p = 0.842
Ph=1/128 0.452 | 0452 | 0288 | 0.123 | 0.123 | 0.091
P 0.442 | 0.442 | 0280 | 0.117 | 0.117 | 0.097
P 0.442 | 0.442 | 0281 | 0.116 | 0.117 | 0.097

5.5.4 A modified two-grid analysis for the (), approximation
in 2D

Considering the classical LFA smoothing and convergence factors, Figure 5.12 indicates
that the optimal w minimizing the two-grid convergence factor is 1, and that the
LFA smoothing factor fails to predict the two-grid convergence factor for the @)

finite-element approximation in 2D.

In contrast, we plot the LFA-predicted two-grid convergence factor and max{|\**|}
as defined in (5.35) as a function of w, at the left of Figure 5.13. This shows that for
all w, the two-grid convergence factor is given by max{|\**|}, and that convergence is

dominated by the harmonic space associated with @ = (0, 0).

The modified prediction given by defining Qg using the limit in (5.22) and pyg
as in (5.23) can also be extended to this case. We plot py, compared with the true
convergence factor at the right of Figure 5.13. We see that py again overpredicts the

convergence factor, as Qg captures poorly the true effects of CGC for values of (61, 65)
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near (£7,47%). However, py still offers a reasonable prediction of convergence and of

the optimal relaxation parameter.

1.4

1271

1 "'ev\
0.87¢

06¢

0.4

Figure 5.12: LFA-predicted two-grid convergence and smoothing factors as a function
of w for the ()5 approximation in 2D.

Figure 5.13: At left, LFA-predicted two-grid convergence factor and max{|\**|} as a
function of w. At right, LFA-predicted two-grid convergence factor and pg, for the Qo
approximation in 2D.

Remark 5.5.5. For the QYo approxzimation in 1D, we see a improvement on two-grid
behavior by considering different weights for the DOFs at nodes and those at cell centres
for Jacobi relaxation. However, using different weights for DOF's at nodes, x-edges,
y-edges, and element centres for the Qo approrimation in 2D does not offer a better

two-grid convergence factor.

Remark 5.5.6. We note that, in both 1D and 2D, the two-grid convergence factor

gets worse with increasing polynomial degree of the finite-element approximation. This
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has been observed before in the literature [4, 9], and is commonly resolved by increasing

the work done in the relaxation as the polynomial order is increased.

As before, we can also relate Qg to the Moore-Penrose pseudoinverese considered
in (5.24).

Remark 5.5.7. We find that

Qo = 9urr +C,

where C is a rank-one matrixz given by
T
C= (61 €2 €2 62) (dl dy d3 d4> )
inwhichelz(l 11 1), 62:<0 0 0 0>,and

4 = (—11/48 _13/48 —13/48 —11/48>,d2:(—11/96 0 —13/96 0),
d3

(~11/96 ~13/96 0 0).di=(-5/64 0 0 0).

The column vector in the outer product, C, naturally arises as the interpolation of
a constant coarse-grid function, while the row vector is obtained again by solving for

the rank-one operator D following (5.25).

5.6 Conclusions

In this paper, we apply LFA to analyse and optimize the two-grid convergence factor
for multigrid methods with higher-order finite-element approximations, especially
focusing on optimal parameter choice for quadratic Lagrange elements in 1D and 2D.
We find that minimizing the classical LFA smoothing factor fails to accurately predict
the two-grid convergence factor. Ideal CGC operators are provided to overcome this
failure, and optimal parameters that minimize the two-grid convergence factor are
chosen based on the LFA results. With these parameters, we see good agreement
between the measured convergence factor and predicted LFA convergence factor with

periodic boundary conditions. Compared with the traditional parameter choice, based
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on minimizing the smoothing factor, we note a big improvement in performance with
the corrected parameters. This may also explain why the LFA smoothing factor cannot
predict the two-grid convergence factor for higher-order finite-element approximations
to other types of PDEs, such as the ()2 — ()1 approximation to the Stokes equations,

which was observed in [10].

5.7 Appendix

It is clear that the above analysis can be extended to many relaxation schemes. Here,
we consider a slightly generalized form of Richardson relaxation that leads to improved

results.

5.7.1 Richardson relaxation

The standard Richardson relaxation is given by S, = I — 7A;,. Noting that we have
node- and centre-type degrees of freedom, we consider a “generalized” Richardson
relaxation with differening weights on the nodes and centres. The symbol for this

relaxation is given by

Sa(6) = I — M, A4(6),

1 (L 0
M, =— |« .
3h<0 —)

Similarly to Jacobi relaxation, we first look at the limiting behavior of the two-grid

where

error-propagation operator M?GM(Q) when 6 goes to zero. By standard calculation,

we have
% — 8(w1 + w2) —% + 8(wp +wp)  Bwy — i 0
lim M TGM(O) | it et wn) A twn)  —fwitg 0
6—0 r —% + 8(W1 + CUQ) % — 8(w1 + wg) —3(,01 + i 0
0 O 0 ]. - 16(4}2
Thus,

trace( éim M?GM(H)) =2 — 15wy — 28ws.

—0
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We know éiII(l) MTTGM(G) has two zero eigenvalues, and that \.; = 1 — 16ws. Thus, the
—

other nonzero eigenvalue is Ao = 2 — 15wy — 28wy — (1 — 16ws) = 1 — 15wy — 12ws.

5.7.2 Standard Richardson relaxation

Now, we consider the special case when w; = ws.

Lemma 5.7.1. When w; = wsy, the Richardson relaxation has a lower bound p, =

2

1 . - - ~ o, =
13 ~ 0.256, achieved if and only if wy = w, = 3.

Proof. Setting |1 — 16w | = |1 — 15w; — 12ws|, gives wy = %. Then, p, =1 — 16w, =

11 o
1~ 0.256. O

Following this, we define py as in (5.23) and pgo = sup{p(QoSx(0))}, and present
the LFA-predicted two-grid convergence factor as a function of w for Richardson
relaxation. The left of Figure 5.14 indicates that the ideal (CGC) prediction, py,
offers a good approximation in this case. The right of Figure 5.14, shows that the
convergence behavior is dominated by the harmonics at zero frequency, as measured by
poo, which offers a perfect prediction. Recall the optimal convergence factor for Jacobi

relaxation is 0.291; thus, Richardson relaxation is competitive with Jacobi relaxation.

W w

Figure 5.14: At left, LFA-predicted two-grid convergence factor and pg as a function
of w. At right, LFA-predicted two-grid convergence factor and pgg as a function of w
with Richardson relaxation for the )5 approximation in 1D.

In Table 5.7, we report the measured V-cycles multigrid convergence factor for

Richardson relaxation with parameters w; = ws = w, obtained in Lemma 5.7.1.
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Good agreement between the measured convergence factor with the LFA-predicted
convergence factor is seen; however, little improvement occurs when adding relaxation
to the V-cycle.

Table 5.7: Multigrid convergence factors for the () approximation with Richardson
relaxation in 1D.

Cycl
I Vo) | Vo) | VL) | VL) | V) | Ve2)
Ph

wy = 75,1 =0.825
Ph=1/128 0.256 | 0.256 | 0.233 | 0.066 | 0.066 | 0.058
P 0.252 | 0.251 | 0.231 | 0.068 | 0.069 | 0.061
P 0.261 | 0.260 | 0.230 | 0.070 | 0.069 | 0.061

5.7.3 Generalized Richardson relaxation

To potentially obtain better performance, we now consider when w; # ws. To choose
these weights, we seek to balance convergence for the harmonics at frequency zero

with those at frequency 7. By standard calculation,

TGM

M’r (77-/2) = (MT17M7”2)7

where
3/8 — 4wy — 21 /4w, 3v2w; + V2(16wy — 1) /4
Mo — 5v/2ws 4 11v/2(14w; —1)/32 5/8 — 10wy — 11/2w;
e 21 /4wy + 4wy — 3/8 —3v2w; — v2(16ws — 1)/4
—3v2wy — 5v/2(14w; — 1)/32 5/2w; + 16wy — 3/8
and
21 /4w, + 4wy — 3/8 3v2w; + V2(16wy — 1) /4
Mo 3v/2wy + 5v/2(14w; — 1)/32 5/2w; + 6wy — 3/8
" 3/8 — dw, — 21 /4w, —3v2w; — V2(16ws — 1)/4 |

—5v2wy — 113/2(14w; — 1)/32 5/8 — 10wy — 11/2w;

and, the four eigenvalues of ./\;ITTGM(W/ 2) are
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27
O, O, )\rg =1- ?wl — 12002, )\r4 =1- 8W1 — 16&)2.
Now, combining \.3 and A4 with the two nonzero eigenvalues \,; and A, from zero
frequency, we can calculate a lower bound on the convergence factor of generalized

Richardson relaxation over the modes 8 = 0 and 0 = g

Lemma 5.7.2.
* - . 2
pr = min { max{| A} : A € { N\, i = 1,2,3,4}} =55 ~ 0.069, (5.36)
w1,w2
and only w, = w)y = % ~ 0.0172 and wy = wyy = 4%74 ~ 0.0582 achieve the minimum.

Proof. Let ¢ = 16ws, ¢ = 15w; + 12wy, g3 = %wl + 12wy and ¢4 = 8w + 16ws.
Thus, p} = min {max|1 -Gl i = 1,2,3,4}. Note that ¢ < ¢, < ¢, and that
w1,w2

(62 — 3) < (s4 —¢1). The minimum is obtained if and only if

S =3 Ar1 = — A (5.37)
From (5.37), we have wy = w}; = &, wy = Zw; = wjy = =, and A,y = %. Under this
condition, [A3| =1 — 154 — 1220 = 2= < 2. It follows p} = . O

Can we achieve the bound from (5.36)? The answer is yes! Using w,; and w9 in the
LFA code, we see that the convergence factor is p! over all low frequencies. Recall the
optimal convergence factor, 0.291, for Jacobi relaxation, and note that p* a2 (0.291).

Thus, generalized Richardson relaxation improves the convergence factor substantially.

We now exhibit the LFA-predicted two-grid convergence factor numerically as a
function of w; and wy, at the left of Figure 5.15. This shows the optimal convergence
factor is

Propt = 0.072, with w; = 0.0170,w, = 0.0585, = 0.910,

consistent with Lemma 5.7.2, up to rounding errors. The right of Figure 5.15 presents
the prediction pg as a function of w; and wy. We find that the optimal convergence
factor from this data is pgept = 0.217 with w; = 0.014 and we = 0.0705. Even though
Po.opt Overestimates the true optimal convergence factor, it still can be treated as a

good prediction, particularly in contrast to the smoothing factor p = 0.910.
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Figure 5.15: At left, p as a function of w; and wy. At right, py as a function of w; and
wsy with generalized Richardson relaxation for the () approximation in 1D.

Table 5.8 presents W-cycle performance using generalized Richardson relaxation
with the parameters defined in Lemma 5.7.2. We see the measured multigrid conver-
gence factor matches well with the LFA-predicted two-grid convergence factor, except
for vy + 1, = 1 with a slightly larger measured convergence factor. It shows that
V1 + 15 = 1 is the most cost-effective cycle, compared with different numbers of pre-

and postsmoothing steps.

Table 5.8: Multigrid convergence factors for the )2 approximation with generalized
Richardson relaxation in 1D.

) Cycle W(,1) | W(L,0) | W, 1) | w(1,2) | W, 1) | w(2,2)

Ph

1 27
Wrl = 5g,Wr2 = 257, 4 = 0.909

Ph=1/128 0.069 0.069 0.189 0.120 0.120 0.106

P 0.076 | 0.076 | 0.187 | 0.118 | 0.118 | 0.104
P 0.076 | 0.076 | 0.188 | 0.118 | 0.118 | 0.104

Remark 5.7.1. While the V-cycle convergence factor for the generalized Richardson
relaxation does not match with the LFA-predicted convergence factor, the measured

convergence factors are similar to the V-cycles results in Table 5.7.

Remark 5.7.2. We can also optimize the two-grid convergence factor with (v, ;) =
(1,1). Howewver, the LEA-prediction shows that the optimal result of p*2) is larger

than (p:)?. Thus, optimizing with a single relaxation is the best choice.
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Chapter 6

Local Fourier analysis for mixed
finite-element methods for the

Stokes equations

Abstract

1 We develop a local Fourier analysis of multigrid methods based on block-structured
relaxation schemes for stable and stabilized mixed finite-element discretizations of the
Stokes equations, to analyze their convergence behavior. Three relaxation schemes are
considered: distributive, Braess-Sarazin, and Uzawa relaxation. From this analysis,
parameters that minimize the local Fourier analysis smoothing factor are proposed for
the stabilized methods with distributive and Braess-Sarazin relaxation. Considering
the failure of the local Fourier analysis smoothing factor in predicting the true two-grid
convergence factor for the stable discretization, we numerically optimize the two-grid
convergence predicted by local Fourier analysis in this case. We also compare the
efficiency of the presented algorithms with variants using inexact solvers. Finally,
some numerical experiments are presented to validate the two-grid and multigrid

convergence factors.

! Authors: Y. He and S. P. MacLachlan
This work is submitted as Local Fourier analysis for mized finite-element methods for the Stokes
equations, to the Journal of Computational and Applied Mathematics, 2018.
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6.1 Introduction

In recent years, substantial research has been devoted to efficient numerical solution
of the Stokes and Navier-Stokes equations, due both to their utility as models of
(viscous) fluids and their commonalities with many other physical problems that lead
to saddle-point systems (see, for example [14], and many of the other references cited
here). In the linear (or linearized) case, solution of the resulting matrix equations is
seen to be difficult, due to indefiniteness and the usual ill-conditioning of discretized
PDEs. In the literature, block preconditioners (cf. [14] and the references therein) are
widely used, due to their easy construction from standard multigrid algorithms for
scalar elliptic PDEs, such as algebraic multigrid [30]. However, monolithic multigrid
approaches [1, 3, 8, 26, 31| have been shown to outperform these preconditioners when
relaxation parameters are properly chosen [2]. The focus of this work is on the analysis
of such monolithic multigrid methods in the case of stable and stabilized finite-element

discretizations of the Stokes equations.

Local Fourier analysis (LFA) [36, 41] has been widely used to predict the convergence
behavior of multigrid methods, to help design relaxation schemes and choose algorithmic
parameters. In general, the LFA smoothing factor provides a sharp prediction of
actual multigrid convergence, see [36], under the assumption of an “ideal” coarse-grid
correction scheme (CGC) that annihilates low-frequency error components and leaves
high-frequency components unchanged. In practice, the LFA smoothing and two-grid
convergence factors often exactly match the true convergence factor of multigrid applied
to a problem with periodic boundary conditions [7, 34, 36]. Recently, the validity of
LFA has been further analysed [29], extending this exact prediction to a wider class of
problems. However, the LFA smoothing factor is also known to lose its predictivity of
the true convergence in some cases [15, 19, 21]. In particular, the smoothing factor
of LFA overestimates the two-grid convergence factor for the Taylor-Hood (@ — @)
discretization of the Stokes equations with Vanka relaxation [21]. Even for the scalar

Laplace operator, the LFA smoothing factor fails to predict the observed multigrid
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convergence factor for higher-order finite-element methods [19].

Two main questions interest us here. First, we look to extend the study of [21] to
consider LFA of block-structured relaxation schemes for finite-element discretizations
of the Stokes equations. Secondly, we consider if the LFA smoothing factor can predict
the convergence factors for these relaxation schemes. Recently, LFA for multigrid based
on block-structured relaxation schemes applied to the marker-and-cell (MAC) finite-
difference discretization of the Stokes equations was shown to give a good prediction
of convergence [18], in contrast to the results of [21]. Thus, a natural question to
investigate is whether the contrasting results between [18] and [21] is due to the
differences in discretization or those in the relaxation schemes considered. Here, we
apply the relaxation schemes of [18] to the Q3 — @); discretization from [21], as well as

an “intermediate” discretization using stabilized ()1 — ()1 approaches.

In recent decades, many block relaxation schemes have been studied and applied
to many problems, including Braess-Sarazin-type relaxation schemes [1, 3, 5, 6, 43],
Vanka-type relaxation schemes [1, 3, 21, 23, 28, 31, 37|, Uzawa-type relaxation schemes
[16, 17, 20, 22, 26|, distributive relaxation schemes [4, 8, 27, 38, 42] and other types
of methods [11, 35]. Even though LFA has been applied to distributive relaxation
25, 41], Vanka relaxation [21, 24, 28, 33], and Uzawa-type schemes [16] for the Stokes
equations, most of the existing LFA has been for relaxation schemes using (symmetric)
Gauss-Seidel (GS) approaches, and for simple finite-difference and finite-element
discretizations. Considering modern multicore and accelerated parallel architectures,
we focus on schemes based on weighted Jacobi relaxation with distributive, Braess-
Sarazin, and Uzawa relaxation for common finite-element discretizations of the Stokes

equations.

Some key conclusions of this analysis are as follows. First, while the LFA smooth-
ing factor gives a good prediction of the true convergence factor for the stabilized
discretizations with distributive weighted Jacobi and Braess-Sarazin relaxation, it does
not for the Uzawa relaxation (in contrast to what is seen for the MAC discretization
[18, 25]). For no cases, does the LFA smoothing factor offer a good prediction of the
true convergence behaviour for the (stable) Q2 — @1 discretization, suggesting that
the discretization is responsible for the lack of predictivity, consistent with the results
in [19, 21]. For both stable and stabilized discretizations, we see that distributive

weighted Jacobi relaxation loses its high efficiency, in contrast to what is seen for
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the MAC scheme [18, 25]. Exact Braess-Sarazin relaxation is highly effective, with
LFA-predicted W(1,1) convergence factors of % in the stabilized cases and i in the
stable case. To realize these rates with inexact cycles, however, requires nested W-
cycles to solve the approximate Schur complement equation accurately enough in the
stabilized case, although simple weighted Jacobi on the approximate Schur comple-
ment is observed to be sufficient in the stable case. For Uzawa-type relaxation, we
see a notable gap between predicted convergence with exact inversion of the resulting
Schur complement, versus inexact inversion, although some improvement is seen when
replacing the approximate Schur complement with a mass matrix approximation, as is
commonly used in block-diagonal preconditioners [32, 39, 40]. Overall, however, we
see that Braess-Sarazin relaxation outperforms both distributive weighted Jacobi and

Uzawa relaxation, for both stabilized and stable discretizations.

We organize this paper as follows. In Section 6.2, we introduce two stabilized Q)1 — Q1
and the stable ()2 — )1 mixed finite-element discretizations of the Stokes equations in
two dimensions (2D). In Section 6.3, we first review the LFA approach, then discuss the
Fourier representation for these discretizations. In Section 6.4, LFA is developed for
DWJ, BSR, and Uzawa-type relaxation, and optimal LFA smoothing factors are derived
for the two stabilized )1 — Q1 methods with DWJ and BSR. Multigrid performance is
presented to validate the theoretical results. Section 6.5 exhibits optimized LFA two-
grid convergence factors and measured multigrid convergence factors for the ()2 — Q)1
discretization. Furthermore, a comparison of the cost and effectiveness of the relaxation

schemes is given. Conclusions are presented in Section 6.6.

6.2 Discretizations

In this paper, we consider the Stokes equations,

—Ai+Vp = f, (6.1)
V.i = 0,

where w is the velocity vector, p is the a scalar pressure of a viscous fluid, and f
represents a (known) forcing term, together with suitable boundary conditions. Because
of the nature of LFA, we validate our predictions against the problem with periodic

boundary conditions on both @ and p. Discretizations of (6.1) typically lead to a linear



181

system of the following form:

ROSIOROR

where A corresponds to the discretized vector Laplacian, and B is the negative of the
discrete divergence operator. If the discretization is naturally unstable, then C' # 0
is the stabilization matrix, otherwise C' = 0. In this paper, we discuss two stabilized
()1 — Q1 and the stable Q3 — @) finite-element discretizations.

Remark 6.2.1. Here, we consider the vector Laplacian of the velocity in the Stokes
equations, as is standard. For more general models, the divergence of the symmetric

part of the gradient could be considered, affecting only the symbol of A in what follows.

The natural finite-element approximation of Problem (6.1) is: Find i}, € X" and
pn, € H" such that

aliy, ) + b(pn, Un) + b(qn, i) = g(th), for all@, € X and ¢, € H", (6.3)

where

a(ﬁhﬂ?h) - / Vﬁh : V’l_)'h, b(ph,ﬁh) = — / phV . {)”“
Q

Q
9(th) = ﬁz * Up,
Q
and X" C HY(Q), H" C Ly(Q) are finite-element spaces. Here, X' C X" satisfies
homogeneous Dirichlet boundary conditions in place of any non-homogenous essential
boundary conditions on X”. Problem (6.3) has a unique solution only when X" and
H" satisfy an inf-sup condition (see [9, 10, 13, 14]).

6.2.1 Stabilized () — ), discretizations

The standard equal-order approximation of (6.3) is well-known to be unstable [10, 14].
To circumvent this, a scaled pressure Laplacian term can be added to (6.3); for a

uniform mesh with square elements of size h, we subtract

C(ph, Qh) = ﬁhz(vpm V%);
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for § > 0. With this, the resulting linear system is given by

(o) (- ()

where A, is the Q; Laplacian operator for the pressure. Denote S = BA™'B”, and
Sg = BA™'BT + BC, where C' = h?A,. From [14], the red-black unstable mode
p = +1, can be moved from a zero eigenvalue to a unit eigenvalue ( giving stability

without loss of accuracy) by choosing § so that

p'Ssp _ P Cp _
P Qp P Qp

1, (6.4)

where () is the mass matrix. Substituting the bilinear stiffness and mass matrices into
(6.4), we find 8 = ;. We refer to this method as the Poisson-stabilized discretization
(PoSD).

An L, projection to stabilize the Q1 — @)1 discretization, proposed in [13], stabilizes
with
C(pr, qn) = (pn — Hopn, gn — Togn), (6.5)

where Il is the L, projection from H” into the space of piecewise constant functions
on the mesh. We refer to this method as the projection stabilized discretization (PrSD).
The 4 x 4 element matrix Cy of (6.5) is given by

Cy = Q4 —qq' h?,

where ()4 is the 4 X 4 element mass matrix for the bilinear discretization and q =

T
[i : 1 %] . In the projection stabilized method, we can write C = Q — h?P, where

P is given by the 9-point stencil

1 1 1
4 2 4

1
— - |1 1
P_4212
1 1 1
4 2 4

Applying (6.4) to C' = Q — h?>P, we find that 8 = 1 is the optimal choice.
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6.2.2 Stable (); — (); discretizations

In order to guarantee the well-posedness of the discrete system (6.2) with C' = 0,
the discretization of the velocity and pressure unknowns should satisfy an inf-sup

COHditiOﬂ,
b
inf s | (Qh7vh)|

0 >T >0,
a0 5 g 101/l gn lo

where I' is a constant. Taylor-Hood (Q; — ()1) elements are well known to be stable
[9, 14], where the basis functions associated with these elements are biquadratic for

each component of the velocity field and bilinear for the pressure.

6.3 LFA preliminaries

6.3.1 Definitions and notations

In many cases, the LFA smoothing factor offers a good prediction of multigrid perfor-
mance. Thus, we will explore the LFA smoothing factor and true (measured) multigrid
convergence for the three types of relaxations considered here. We first introduce some
terminology of LFA, following [36, 41]. We consider the following two-dimensional

infinite uniform grids,
th_ {33] = $1,I2> (klqu)h+6 (k17k2) 62’2})

with
)

0) if j=1,
0,h/2) if j=2
h/2,0) if j=3,

(2
5=
(
(h/2,h)2) if j=4.

\
The coarse grids, Géh, are defined similarly.

Let L;, be a scalar Toeplitz operator defined by its stencil acting on ZQ(GfL) as

follows:

Ly = [seln (k= (k1. k2) € V); Lywp(a!) = Y sewp(a? + kh),  (6.6)

KeEV
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with constant coefficients s,, € R (or C), where wy, (/) is a function in >(G7). Here,

V C Z2 is a finite index set. Because Ly, is formally diagonalized by the Fourier modes

0(0,07) = 0@ /h = cit1ai/heifari/h where @ = (0,,0,) and i2 = —1, we use ¢(8, @)
as a Fourier basis with 8 € [ -5 37“)2 (or any interval with length 27). High and low

frequencies for standard coarsening (as considered here) are given by

06T10w_|:_z E)Z g chien — | _T 3T i [_Z f)Q
L o272/ 7 Sl 272 2'2/)

Definition 6.3.1. We call Zh(O) = Z $€"%% the symbol of Ly,.

KEV

Note that for all functions (6, x7),

Lnp(0,27) = L,,(0)(0, x7).

In what follows, we consider (3 x 3) linear systems of operators, which read

Lt L L? Ay, 0 (Du)n
L,=|Ly L L] = 0 ~An (O | (6.7)
R

3,3 . . . .
where L, depends on which discretization we use.

For the stabilized @)1 — @)1 approximations, the degrees of freedom for both velocity
and pressure are only located on G}. In this setting, the Ly“(k,¢ = 1,2,3) in (6.7)
are scalar Toeplitz operators. Denote Zh as the symbol of £;,. Each entry in Zh is
computed as the (scalar) symbol of the corresponding block of LIZ’Z, following Definition
6.3.1. Thus, Eh is a 3 x 3 matrix. All blocks in £; are diagonalized by the same

transformation on a collocated mesh.

However, for the ()o — ) discretization, the degrees of freedom for velocity are
located on Gy, = Ujle G{L, containing four types of meshpoints. The Laplace operator
in (6.7) is defined by extending (6.6), with V' taken to be a finite index set of
values, V. = Vy UVx UV U Ve with Viy € Z2, Vx C {(2s + 3, 2))|(20, 7)) € 27},
Vs C {(20, 2y + 3)|(20,2y) € Z*}, and Vo C {(20 + 3,2y + 3)| (22, 2y) € ZQ}. With

this, the (scalar) Q)2 Laplace operator is naturally treated as a block operator, and



185

the Fourier representation of each block can be calculated based on Definition 6.3.1,
with the Fourier bases adapted to account for the staggering of the mesh points. Thus,
the symbols of Li’l and LZ’Q are 4 x 4 matrices. For more details of LFA for the
Laplace operator using higher-order finite-element methods, refer to [19]. Similarly
to the Laplace operator, both terms in the gradient, (0,), and (9,)s, can be treated
as (4 x 1)-block operators. Then, the symbols of L%L’S and Li’g are 4 x 1 matrices,
calculated based on Definition 6.3.1 adapted for the mesh staggering. The symbols
of L;Q’l’l and Li’Q are the conjugate transposes of those of L,ll’?’ and Li’?’, respectively.

Finally, Li’?’ = 0. Accordingly, Ly, is a 9 x 9 matrix for Q2 — @ discretization.
Definition 6.3.2. The error-propagation symbol, gh(H), for a block smoother S;, on

the infinite grid Gy, satisfies

2
Shp(0, ) = Spp(0,x), 0 € [_ g%) 7

for all (8, x), and the corresponding smoothing factor for Sy is given by

Hloc = Mloc(sh) = max {})\(gh(e))l }7

@cThish

where X\ is an eigenvalue of gh(O).

In Definition 6.3.2, G, = G1 for the stabilized case (and S,(6) is a 3 x 3 matrix)
and Gy, = U?:1 G for the stable case (where Su(0) is a 9 x 9 matrix).

The error-propagation symbol for a relaxation scheme, represented by matrix My,

applied to either the stabilized or stable scheme is written as
Sn(p,w,8) = I —wM,  (8)L,(6),

where p represents parameters within My, the block approximation to £, w is an
overall weighting factor, and Mh and Eh are the symbols for Mj, and L, respectively.
Note that p, is a function of some parameters in Definition 6.3.2. In this paper, we
focus on minimizing p,. with respect to these parameters, to obtain the optimal LFA

smoothing factor.

Definition 6.3.3. Let D be a bounded and closed set of allowable parameters and
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define the optimal smoothing factor over D as
Hopt = HlDiH Hioc-

If the standard LFA assumption of an “ideal” CGC holds, then the two-grid
convergence factor can be estimated by the smoothing factor, which is easy to compute.
However, as expected, we will see that this idealized CGC does not lead to a good
prediction for some cases we consider below. When the LFA smoothing factor fails
to predict the true two-grid convergence factor, the LFA two-grid convergence factor
can still be used. Thus, we give a brief introduction to the LFA two-grid convergence

factor in the following.

Let

a = (a1,a2) € {(0,0),(1,0),(0,1),(1,1)},
6% = (07,605°)=0+m-a, 6:=0% T

We use the ordering of a = (0,0),(1,0),(0,1),(1,1) for the four harmonics. To apply
LFA to the two-grid operator,

MM = 82 MEes, (6.8)
we require the representation of the CGC operator,
MG =1 = Pu(L3) " BuLn,

where P, is the multigrid interpolation operator and Ry, is the restriction operator.

The coarse-grid operator, £3,, can be either the Galerkin or rediscretization operator.

Inserting the representations of Sy, L, L3, Pr, Ry, into (6.8), we obtain the Fourier

representation of two-grid error-propagation operator as

—~ TGM ~Vi

M, " (0) =S, (0)(I - Py(0)(L5,(20))" R,,(6)L4(0)) S, (8),
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where
) = diag{Zh(eoo),Eh(Om),Eh(Om),Eh(O“)},
Su(0) = diag{5,(6"),5,(6").5.(6").8.(6™) },
(6) = (Pu(6"): Pu(0"): Pu(6"): Pi(6"))
(8) = (Ra(6™), Ra(6"), Ra(6”). Rn(6")) |

in which diag{Ty, T,, T3, T, } stands for the block diagonal matrix with diagonal blocks,
Tla TQ, T3, and T4.

Here, we use the standard finite-element interpolation operators and their transposes
for restriction. For @), the symbol is well-known [36] while, for the nodal basis for @,

the symbol is given in [19].

Definition 6.3.4. The asymptotic two-grid convergence factor, pasp, is defined as

pasp = sup{p(M,(0)"M) : 0 € T}

In what follows, we consider a discrete form of p,sp, denoted by py, resulting from
sampling p,s, over only a finite set of frequencies. For simplicity, we drop the subscript
h throughout the rest of this paper, unless necessary for clarity.

6.3.2 Fourier representation of discretization operators

Fourier representation of the stabilized (); — (); discretization

By standard calculation, the symbols of the ), stiffness and mass stencils are

~ 2
Ag,(61,6,) = §(4 — cos )y — cos by — 2 cos by cosbsy),

— B2
Mg, (61,6,) = 3(4 + 2cos 0y + 2 cos By + cos By cos ),
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respectively. The stencils of the partial derivative operators (0,), and (9,) are

Lot R
By =5 |-4 04, By=7510 0 0,
-1 0 1 -1 —4 -1

respectively, and the corresponding symbols are
nT ih . ST ih .
B, (01,0,) = 3 sin 01(2 + costy), B, (01,02) = 5(2 + cos 61) sin 6,

where T denotes the conjugate transpose. Thus, the symbols of the stabilized finite-

element discretizations of the Stokes equations are given by

ng 0 ég a 0 bl
£(91,02) = 0 ZQl Eg = 0 a bQ
B/;r Ey Zi,?, —b1 —bg —C

For the Poisson-stabilized discretization, the symbol of —L:;’L’?’ is ¢ = ¢; = afSh?. For

the projection stabilized method, following (6.5), the symbol of —Li’?’ is

(4 +2cosb + 2cosby + cos by cosfy (1 + cosby)(1+ cosby)
Cy =
9 4

— )hQ. (6.9)

For convenience, we write —C' for the last block of Equation (6.2), and its symbol as

—c in the rest of this paper.

Fourier representation of stable (), — (); discretizations

The symbols of the stiffness and mass stencils for the Q)5 discretization using nodal

basis functions in 1D are

~ 1 (14+2cosf —16cos? —~ h (8 —2cosh 4cos?
Ag,(0) = — 2], Mg,(0) = — 2.
@ (%) 3h<—16(:osg 16 > @ (6) 30( 4COS% 16 )

respectively [19]. Then, the Fourier representation of —Ay in 2D, can be written as a

tensor product,

As(01,05) = Ag,(02) ® Mg, (61) + Mo,(62) ® Ag, (61).
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The tensor product preserves block structuring; that is, gg((%, 0;) is a 4 x 4 matrix,
ordered as mesh nodes, x-edge midpoints, y-edge midpoints, and cell centres. Each
row of gg(Ql, 05) reflects the connections between one of the four types of degrees of
freedom with each of these four types. Similarly, there are four types of stencils for
(O0x)r, and (Oy)p.

The stencils and the symbols of (0, ), for the nodal, z-edge, y-edge, and cell-centre

degrees of freedom are

h 0O 00
BN = 1_8 —1 0 1 ,BN(91702)__Sin01a
0 00
h [0 0 2ih 0
_ h > s v
Bx = 12 4 4|, Bx(01,02) g S5
0O O
hl-1 0 - %ih 0
By = = 1o ,By(el,eg)z%sinﬁlcosé,
h[-4 4 - 8ih . 0, 0Oy
c 18 | -4 4]’ c(0h,0) = —g=sin 5 cos =,

respectively. Denote EQN(Ql, 0,)" = [By; By; By; Bel.

Similarly to Bg,4(01,6)T, the symbol of the stencil of (Oy)n can be written as
EQg,y(QMHQ)T = [EN(Q%HI); EY(02;91)§ EX(92,91); §0(92,91)]-

Thus, the Fourier representation of the () — )1 finite-element discretization of the

Stokes equations can be written as

N Ay(61,02) 0 EQQ,I(Ql,Qz)T
L(61,02) = 0 As(01,02)  Bg,y(6h,602)T
B, 2(0h,02) Bq,y(01,02) 0

Note that the Fourier symbol for the () — )1 discretization is a 9 x 9 matrix, and
that the LFA smoothing factor for the () approximation generally fails to predict the
true two-grid convergence factor [19, 21]. The same behavior is seen for the relaxation

schemes considered here. Therefore, we do not present smoothing factor analysis for
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this case and only optimize two-grid LFA predictions numerically.

6.4 Relaxation for (); — (); discretizations

6.4.1 DWJ relaxation

Distributive GS (DGS) relaxation [8, 27] is well known to be highly efficient for
the MAC finite-difference discretization [36], and other discretizations [11, 12]. Its
sequential nature is often seen as a significant drawback. However, Distributive
weighted Jacobi (DWJ) relaxation was recently shown to achieve good performance
for the MAC discretization [18]. Thus, we consider DWJ relaxation for the finite-
element discretizations considered here. The discretized distribution operator can be

represented by the preconditioner

I 0 (Ou)n
P=10 I, (0)n
0 0 Ay

Then, we apply blockwise weighted-Jacobi relaxation to the distributed operator

Ay 0 0
LP~ L= 0 —Ap 0 , (6.10)
—(@a)n —@)n —(0a)i, — (Oy)i, + LA

where we note that the operators (9,)7 and (9,); are formed by taking products of
the gradient operators and, thus, do not satisfy the identity (9,)7 + (9,)7 = Ay,.

The discrete matrix form of P is

I BT
P = :
0 —A,

where A, is the Laplacian operator discretized at the pressure points. For distributive

weighted-Jacobi relaxation (with weights aq, ag), we need to solve a system of the form

. A >
Mbi — apdiag(A) 0 5LA{ _("u | (6.11)
B ash?l op Tp
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then distribute the updates as dz = Pdz. We use h? in the (2,2) block of (6.11),
because the diagonal entries of the (2,2) block will be of the form of a constant times
h? (up to boundary conditions), for both stabilization terms. The error propagation

operator for the scheme is, then, I — wPMBlﬁ.

The symbol of the blockwise weighted-Jacobi operator, Mp, is

%C(l 0 0
MD(91,92) = 0 %Ozl 0
—bl —bQ hQOéQ

By standard calculation, the eigenvalues of the error-propagation symbol, S, pla1, as,w,0) =
I — w75]T/[/512, are
w w w
1— —Y1, 1-— — Y, 11— — Y2, (612)
aq (07] (6%)

—b% —b% +ac
12

where y; = 3¢ and y, =

Noting that y; = %“ is very simple, we first consider a lower bound on the optimal

LFA smoothing factor corresponding to .

Lemma 6.4.1.
* . w 1
Q= min max {‘1——y1}} = -,
(0%} 3

(ov1,w) @eThigh

and this value is achieved if and only if o= S.

Proof. Tt is easy to check that q = 2t4=cosfi—cos 9;_2C0501 cosbe) ¢ [2,4] for @ € T™e" The

minimum of ¥ i Y1 min = % with (cosfq,cosfy) = (0,1) or (1,0) and the maximum is

* yl,max+yl,min . l
(1,—1) or (—1,1). Thus, p* = ey = 3 under

1,—
8
9 -

Y1,max = 5 with (cos @y, cos 0)
-2
yl,min+y1,max

the condition = =
Remark 6.4.1. The optimal smoothing factor for damped Jacobi relaxation for the
Q)1 finite-element discretization of the Laplacian is % with € = %. Thus, this offers
an intuitive lower bound on the possible performance of block relaxation schemes that

include this as a piece of the overall relaxation.

From (6.12), we see that the only difference between the eigenvalues of DWJ
relaxation for the Poisson-stabilized and projection stabilized methods is in the third

eigenvalue, which depends on ys and, consequently, on the stabilization term.
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Poisson-stabilized discretization with DWJ relaxation
For the Poisson-stabilized case, y, = % with ¢ = fah® and 8 = 5;. By
64

27, with (COSQl,cosﬁg) = (—1,-1), and Yo max = 51

with (cosfy,cos6) = (£,0) or (0, %) .

standard calculation, ya min =

Theorem 6.4.1. The optimal smoothing factor for the Poisson-stabilized discretization

with DWJ relazation is 89, that is,

~ %)
Hopt = min max {‘A(S((Xl,a27w70))’} = @ ~ 0618,

(a1,w,02) BT high

and 1s achieved if and only if

w 459 136 96
— — < 6.13
as 356 267 - 89 ( )

max ~ min 55 . ..
} _ Y2max = Yomin 99 with the condition that

Proof. min max {‘1 — iyz‘

(a2,w) @eThish (8% y2 max T Y2 min 89
W 2 __ 459 5
@ m 356 Because 22 > 2, WE need to requu“e |]. - _y1| S fOI' all Y1
to achieve this factor. It follows that 136 <<% n

267 = 1—89

Projection stabilized discretization with DWJ relaxation

For the projection stabilized discretization, y, depends on ¢y given in (6.9), and
standard calculation gives ¥2 min = 2% with (Cos 01, cos 92) = (—1,-1) and Ya max = 3

2
with (cos 6y, cosb) = (—3,1) or (1,—3).

Theorem 6.4.2. The optz'mal smoothing factor for the projection stabilized discretiza-

tion with DWJ relazation is that s,

977

~ 65
Hopt = mMmin max {‘)\(8(0[1,062,&),0))’} =5 = 0.670,

(a1,w,02) BT high
and is achieved if and only if

w 108 128 w 108
— = — < —. 6.14
Qo 97"’ 291 T a9 ( )

w max min 65 . ..
Proof. min max ’1 — —yg‘ — P2mex ~ Pomin _ 29 with the condition that
(a2,w) @Thish (&%) Y2, max + Y2, min 97
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w _ 2 _ 108 Ginee 85 < 1 - _w 65
o e ot Since g > 3, we need to require |1 a1y1| < & forall y; to
achieve this factor, which leads to % < o% < 19%8. O

Comparing the Poisson-stabilized and projection stabilized discretizations using
DWJ, we see that the optimal LFA smoothing factor for the Poisson-stabilized dis-
cretization slightly outperforms that of the projection stabilized discretization. In
both cases, a stronger relaxation on the (3, 3) block of (6.10) would be needed in order

to improve performance to match the lower bound on the convergence factor of %

6.4.2 Braess-Sarazin relaxation

Y

Although DWJ relaxation is efficient, we see clearly in the above that it “underpeforms’
in relaxation to weighted Jacobi relaxation for the scalar Poisson problem. Furthermore,
proper construction of the preconditioner, P, is not always possible or straightforward,
especially for other types of saddle-point problems. Considering these obstacles, we
also analyse other block-structured relaxation schemes. Braess-Sarazin-type algorithms
were originally developed as a relaxation scheme for the Stokes equations [6], requiring
the solution of a greatly simplified but global saddle-point system. The (exact) BSR
approach was first introduced in [6], where it was shown that a multigrid convergence
rate of O(k™!) can be achieved, where k denotes the number of smoothing steps on

each level. As a relaxation scheme for the system in (6.2), one solves a system of the

M (aD BT> <5u> _ (ru> | (6.15)
B —C) \dp Tp

where D is an approximation to A, the inverse of which is easy to apply, for example

form

I, or diag(A). Solutions of (6.15) are computed in two stages as

1

Sop = EBD_lru—rp,
1

U = =D '(ry — B"dp),
«

where S = éBD_lBT + (', and a > 0 is a chosen weight for D to obtain a better
approximation to A. We consider an additional weight, w, for the global update, dz, to

improve the effectiveness of the correction to both the velocity and pressure unknowns.

There is a significant difficulty in practical use of exact BSR because it requires
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an exact inversion of the approximate Schur complement, S, which is typically very
expensive. A broader class of iterative methods for the Stokes problem is discussed in
[43], which demonstrated that the same O(k™') performance can be achieved as with
exact BSR when the pressure correction equation is not solved exactly. In practice,
an approximate solve is sufficient for the Schur complement system, such as with a
few sweeps of weighted Jacobi relaxation or a few multigrid cycles. In what follows,
we take D = diag(A) and analyze exact BSR; to see what convergence factor can be
achieved. In numerical experiments, we then consider whether it is possible to achieve

the same convergence factor using an inexact solver. The symbol of Mg is given by

%Oé 0 bl
ME(Gl, 92) - 0 % bg
—bl —b2 —C

The symbol of the error-propagation matrix for weighted exact BSR is S, rla,w,0) =
I—wM £ 17, A standard calculation shows that the determinant of £ — AM, g 18

(A a)=(1—-N)(a— ga/\) (1= +b3) + (ga/\ —a)c|. (6.16)

We first establish a lower bound on the LFA smoothing factor for the stabilized method
with BSR.

Theorem 6.4.3. The optimal LFA smoothing factor for the Poisson-stabilized and

projection stabilized discretizations with exact BSR is not less than %

Proof. From (6.16), two eigenvalues of M, = 1L are given by

3a

AM=1, A= —,

! >7 8a
which are independent of the stabilization term, ¢. From Lemma 6.4.1, we know that
for Ay, the optimal smoothing factor is %, under the condition that £ = g. Note that
if |1 —wh| < %, then % <w< %. Because there is another eigenvalue, A3, the optimal

LFA smoothing factor is not less than % O]

Similarly to DWJ, we see that the Jacobi relaxation for the Laplacian discretization

places a limit on the overall performance of BSR. From (6.16), the third eigenvalue of
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ME?IZ is A3 = ;;;bb, where b = —(b% 4 b3) > 0 (because both b; and by are imaginary).
3
Thus, we only need to check whether we can choose o and w so that |1 — wAz| < %

over all high frequencies, while also ensuring |1 — w);| < % and |1 —wly| < % .

Theorem 6.4.4. The optimal smoothing factor for both the Poisson-stabilized and

projection stabilized discretizations with exact BSR is

- 3 1
Hopt = min max [A(S(a,w,0))] = 3,
if and only if
w 8 3 3
— =5 S o S =
a 9 4 2

Proof. Note that a € [2,4], and choose « such that 2 = @y, < %a < Qpax = 4. If ¢ is

positive, the following always holds

3 Amin . QminC + b ac+b OmaxC+ 0 Gmax 3
4. 8. =78 =7 =g =g T 5
4o 0 sac+b sac+b sac+b JQ 2c0
Furthermore, if £ = g, we have
2 3 8 3 8 4
o g <ionm< —. . Za=—. 6.17
3 4o 90T =0547973 (6.17)

For both discretizations, we can check that ¢ > 0 over the high frequencies. From
(6.17), it is easy to see that |1 — w3 < 3, with o = 2w € [3, 3], O

6.4.3 Numerical experiments for stabilized discretizations

We now present LFA predictions, validating DWJ, (inexact) BSR, and the related
Uzawa iteration against measured multigrid performance for these schemes. We
consider the homogeneous problem in (6.1), with periodic boundary conditions, and a

e e 0
random initial guess, xfm ),

(k)
. . A(k d
Convergence is measured using the averaged convergence factor p( ) = gy ll2
o lay 2"

with £ = 100, and d;lk) =b— Kxgk). The LFA predictions are made with h = 1/128, for

both the smoothing factor, u, and two-grid convergence factor, p;. For testing, we use

standard W (v, 1) cycles with bilinear interpolation for () variables and biquadratic
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interpolation for (), variables, and their adjoints for restriction. We consider both
rediscretization and Galerkin coarsening, noting that they coincide for all terms except
the stabilization terms that include a scaling of h2. The coarsest grid is a mesh with 4

elements.

PoSD with DWJ

From the range of parameters allowed in (6.13), we select a; = 1.451, ay = 1.000,
and w = 1.290 (for convenience, satisfying the equality in (6.13)) to compute the
LFA predictions. Figure 6.1 shows the spectrum of the two-grid error-propagation
operators for DWJ relaxation with rediscretization and Galerkin coarsening. Note
that the two-grid convergence factor is the same as the optimal smoothing factor for

rediscretization, but not for Galerkin coarsening.

o5 0 05 1 o5 o o5 ¢

Figure 6.1: The spectrum of the two-grid error-propagation operator using DWJ
for PoSD. Results with rediscretization are shown at left, while those with Galerkin
coarsening are at right. In both figures, the inner circle has radius equal to the LFA
smoothing factor.

In order to see the sensitivity of performance to parameter choice, we consider the
two-grid LFA convergence factor with rediscretization coarsening. From (6.13), we
know that there are many optimal parameters. To fix a single parameter for DWJ, we

consider the case of w = 432 and, at the left of Figure 6.2, we present the LFA-predicted

356
two-grid convergence factors for DWJ with variation in a; and ay. Here, we see strong
sensitivity to “too small” values of both parameters, for a; < 1 and ay < 0.9, including

a notable portion of the optimal range of values predicted by the LFA smoothing
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factor. At the right of Figure 6.2, we fix ap = %w and vary w and «;. The two lines
are the lower and upper bounds from (6.13), between which LFA predicts the optimal
convergence factor should be achieved. Note that not all of the allowed parameters
obtain the optimal convergence factor. Here, we see great sensitivity for large values
of w, but a large range with generally similar performance as in the optimal parameter

case.

Figure 6.2: The two-grid LFA convergence factor for the PoSD using DWJ and

rediscretization. At left, we fix w = 252 and vary oy and ay. At right, we fix ap = 320w

356
and vary w and a.

In Table 6.1, we present the multigrid performance of DWJ with W-cycles for
rediscretization coarsening. These results show measured multigrid convergence factors
that coincide with the LFA-predicted two-grid convergence factors. Similar results
are seen for V-cycles with rediscretization. For Galerkin coarsening, nearly identical
W-cycle results are seen when vy 4+ v, > 2, but divergence is seen for W-cycles with

v + 15 =1 or 2, and for all V-cycles tested.

Table 6.1: W-cycle convergence factors for DWJ with rediscretization for PoSD.

Cycl
T w0, | w(L0) | WL | W(L2) | W(2,1) | (2,2)
Pn
o1 = 1.451, ap = 1.000, w = 1.290, p = 0.618
Ph=1/128 0.618 | 0.618 | 0382 | 0236 | 0236 | 0.146
0 0.564 | 0.568 | 0.349 | 0.215 | 0214 | 0.133
P 0.561 | 0.568 | 0.348 | 0215 | 0214 | 0.132
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PrSD with DWJ

From the range of parameters allowed in (6.14), we choose oy =1, ap =1, w = %.

Figure 6.3 shows that the smoothing factor provides a good prediction for the two-grid

convergence factor with rediscretization, but not with Galerkin coarsening.

0.5 ] 0.5/
0 0
05 1 -0.5¢
=% 0 05 1 o5 o 05 1

Figure 6.3: The spectrum of the two-grid error-propagation operator using DWJ
for PrSD. Results with rediscretization are shown at left, while those with Galerkin
coarsening are at right. In both figures, the inner circle has radius equal to the LFA
smoothing factor.

Similarly to the discussion above, we consider the sensitivity to parameter choice
for DWJ applied to PrSD. To fix a single parameter for DWJ, we consider the case of
w = 190—78. At the left of Figure 6.4, we present the LFA-predicted convergence factors
for DWJ with variation in oy and as, again seeing a strong sensitivity to “too small”
values of the parameters. At the right of Figure 6.4, we fix ay = %w. The two
lines are the lower and upper bounds from (6.14), between which LFA predicts the
optimal convergence factor should be achieved. Note that not all of the parameters
in this range obtain the optimal convergence factor. We see that, for small a4, the

convergence factor is very sensitive to large values of w.
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Figure 6.4: The two-grid LFA convergence factor for the PrSD using DWJ and

rediscretization. At left, we fix w = 1% and vary a; and as. At right, we fix ap = %w

97
and vary w and «;.

In Table 6.2, we present the multigrid performance of DWJ relaxation with W-
cycles for rediscretization coarsening. We see that the measured multigrid convergence
factors match well with the LFA-predicted two-grid convergence factors. For Galerkin
coarsening, as in the case of PoSD, we see divergence when vy +v5 < 2, but performance
matching that of rediscretization for 14 + v > 2. Here, V-cycle results are similar to

the W-cycle results for both rediscretization and Galerkin coarsening approaches.

Table 6.2: W-cycle convergence factors for DWJ with rediscretization for PrSD.

Cycl
T wen | wao) | wi | w2 | e | wee)
Ph
a1 =1, ag =1, w=108/97, u = 0.670
Ph=1/128 0.670 | 0.670 | 0.449 | 0.300 | 0.300 | 0.201
0 0.652 | 0.652 | 0436 | 0.291 | 0292 | 0.196
P 0.651 | 0.652 | 0435 | 0.291 | 0291 | 0.195

PoSD with BSR

Next, we consider BSR, for PoSD, first displaying the two-grid LFA convergence factor
8
9
the convergence factor with u2, for v; = vy = 1, we see a good match over the interior

as a function of « for rediscretization coarsening with w = S« in Figure 6.5. Comparing

of the interval % <a< % predicted by Theorem 6.4.4. For larger values of vy + 15,
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this agreement deteriorates as is typical when the behavior of coarse-grid correction
becomes dominant.

At the right of Figure 6.5, we see good agreement between p and p when vy +v5 = 1

with fixed & = 1. In both cases, similar behaviour is seen with Galerkin coarsening.

Figure 6.5: Two-grid and smoothing factors for BSR with rediscretization for PoSD.
At left, comparing p with p? for vy = v, = 1 with w = %a. At right, comparing p with
u for vy + vy =1 with a = 1.

Motivated by the above, we use @« = 1 and w = g for multigrid experiments with
rediscretization, solving the Schur complement equation exactly. Table 6.3 shows
that the measured multigrid convergence factors match well with the LFA-predicted
two-grid convergence factors for W-cycles with rediscretization coarsening, and similar

results are seen for Galerkin coarsening.

Table 6.3: W-cycle convergence factors for BSR with rediscretization for PoSD.

Cycl
T w0, | wo) | WL | W(L,2) | W2,1) | W(22)
Ph
Ph=1/128 0.333 | 0333 | 0.111 | 0.079 | 0.079 | 0.062
Pt 0324 | 0323 | 0.112 | 0.075 | 0.075 | 0.058
P 0323 | 0323 | 0.112 | 0.075 | 0.075 | 0.058

For practical use, we consider solving the Schur complement system inexactly,
using a few sweeps of Jacobi. For a two-grid method, similar performance to Table
6.3 can be obtained with only 2 sweeps of relaxation per Schur complement solve, but

degradation is seen for W-cycles, particularly as 14y + 15 increases.
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To maintain the performance observed for exact BSR, we could simply use more
Jacobi iterations on the Schur complement system; however, experiments showed that
this did not lead to a scalable algorithm. Instead, we consider solving the Schur
complement system by applying a multigrid W (1, 1)-cycle using weighted relaxation
with weight w;, shown in Table 6.4. Following [43], we refer to this as inexact
Braess-Sarazin relaxation (IBSR). From Table 6.4, we observe that using only 1 or
2 W (1, 1)-cycles on the approximate Schur complement achieves convergence factors
matching those in Table 6.3, and that the W (1, 1) cycle is the most cost effective.

Table 6.4: W-cycle convergence factor for IBSR with inner W (1, 1)-cycle for the PoSD.
In brackets, minimum value of the number of inner W (1, 1)-cycles that achieves the
same convergence factors as those of LFA predictions for exact BSR.

) Cycle W(,1) | W(1,0) | W(1,1) | W(,2) | w(2.1) | w(2,2)

Ph

(a,w,wr) = (1,8/9,1)
ph:1/128(LFA) 0.333 0.333 0.111 0.079 0.079 0.062

0 0.368(2) | 0.346(2) | 0.131(2) | 0.075(2) | 0.075(2) | 0.059(1)
P 0.343(2) | 0.351(2) | 0.111(2) | 0.075(2) | 0.075(2) | 0.063(1)

PrSD with BSR

We now consider BSR for the PrSD. At the left of Figure 6.6, we see a good agreement
between the two-grid convergence factor and p? for v; = v, = 1 for some parameters
in the range defined in Theorem 6.4.4 when using rediscretization. A larger interval of
agreement is seen for the corresponding results for Galerkin coarsening. In both cases,
agreement between the two-grid convergence factor and p"***2 degrades as vy + v

increases, as expected.

Note that Theorem 6.4.4 demonstrates that the smoothing factor for BSR is a
function of £ (but the same is not necessarily true for the convergence factor). In Figure
6.6, we plot the LFA smoothing and convergence factors for BSR with rediscretization
as a function of w, with a = 0.8 and see that these factors generally agree, although
the smoothing factor slightly underestimates the convergence factor. As two-grid
convergence is, however, sensitive to the choice of «, the smoothing factor generally

underestimates the convergence factor for other values of «.
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Figure 6.6: Two-grid and smoothing factors for BSR with rediscretization for PrSD.
At left, comparing p with p? for vy = 1, = 1 with w = %oz. At right, comparing p with
,uforz/l—i—z/g:lwitha:‘é.

Fixing w = S with a = 1.2 (as suggested by Figure 6.6 for v, = v, = 1), Table 6.5
shows that the measured multigrid convergence factors again match well with the LFA-
predicted two-grid convergence factors for W-cycles with rediscretization coarsening.
Note, however, the degradation for v 4+ v, = 1, where the smoothing factor analysis
predicts a convergence factor of % that is not realized. However, the convergence

factor of % can be achieved by choosing @ = % and w = $a in the BSR scheme with

5 9
either W(1,0) or W (0,1) cycles, but these choices lead to a slight degradation with
vy + 5 > 1. Similar results are seen for Galerkin coarsening with o =1 and w = %a

with the notable exception that the smoothing factor prediction was matched by both
the two-grid LFA convergence factor and true W-cycle convergence in this case for all

experiments.

Table 6.5: W-cycle convergence factors for BSR with rediscretization for PrSD.

Cycl
T w0, | wL0) | WL | W(L2) | W(2,1) | (2,2)
Pn
Ph=1/128 0.673 | 0.673 | 0.111 | 0.079 | 0.079 | 0.062
Pl 0.585 | 0.585 | 0.112 | 0.075 | 0.075 | 0.058
P s 0.584 | 0584 | 0.112 | 0.075 | 0.075 | 0.058

For practical use, we again consider solving the Schur complement system inexactly,

using the Jacobi iteration. As was the case for PoSD, we can recover performance
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consistent with the exact BSR results in Table 6.5 only for the case of two-grid cycles

with 14 4+ 5 = 1 when using 3 Jacobi iterations on the Schur complement.

Again we consider solving the Schur complement system by applying a multigrid
W (1,1)-cycle. Table 6.6 shows that this IBSR is seen to be effective, requiring 1 to
4 W(1,1) cycles on the Schur complement system to math the convergence seen in

Table 6.5. Again, W (1,1) cycles are seem to be most cost effective.

Table 6.6: W-cycle convergence factor for IBSR with inner W (1, 1)-cycle for the PrSD.
In brackets, minimum value of the number of inner W (1, 1)-cycles that achieves the
same convergence factors as those of LFA predictions for exact BSR.

) Cycle W(0,1) | W(1,0) | W@,1) | w(,2) | w(2,1) | W(2,2)

Ph

(o,w,wr) = (6/5,16/15,1.1)
pr=1/128 (LFA) | 0.673 0.673 0.111 0.079 0.079 0.062

o 0.680(4) | 0.677(1) | 0.112(3) | 0.075(2) | 0.075(2) | 0.059(1)
P 0.659(1) | 0.662(1) | 0.112(3) | 0.075(2) | 0.075(2) | 0.067(1)

6.4.4 Stabilized discretizations with Uzawa relaxation

Multigrid methods using Uzawa relaxation schemes [16, 17, 26| are popular approaches
due to their low cost per iteration. We consider Uzawa relaxation as a simplification

of BSR, determining the update as the (weighted) solution of

Mow — aD OA ou _(Tu |
B =5) \op Tp

where oD is an approximation to A and —S is an approximation of the Schur comple-
ment, —BA~'BT — C.

Here, we consider an analogue to exact BSR with D = diag(A). The choice of S
is discussed later. In this setting, we observe that minimizing the LFA smoothing
factor does not minimize the LFA convergence factor. Thus, we consider minimizing
the two-grid convergence factor numerically for v; + 1, = 1 and v; = v, = 1 with

rediscretization coarsening, and compare with measured multigrid performance.

We consider three approximations to the Schur complement, starting from the
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true approximate Schur complement, C' + B(adiag(A))~'BT. Motivated by the stable
finite-element case, we also consider replacing B(adiag(A))~'B? in this matrix by a
weighted mass matrix, yielding S=0C+ 0@). Finally, motivated by the finite-difference
case and efficiency of implementation, we consider taking S = oh?l , for a scalar weight,
o, to be optimized by the LFA. Note that, due to the constant-coefficient stencils
assumed by LFA, this corresponds to using a single sweep of Jacobi to approximate

solution of either of the two above approximations.

For the case of C' + B(adiag(A))~' BT, the optimized LFA two-grid convergence
factors for 14 + 15 = 1 with rediscretization coarsening are 0.428 for PoSD and 0.436
for PrSD. These are notably worse than the BSR smoothing factor of %, which is
achieved for W (1,0) or W(0,1) cycles. Here, W(1,0) cycles reflect this convergence,
achieving measured convergence factor rates of 0.417 for PoSD and 0.526 for PrSD.
Increasing the number of relaxation sweeps per iteration yields some improvement in
the predicted LFA convergence factors when optimizing parameters again, but not

enough to outperform repeated W (1,0) cycles.

For the mass-matrix-based approximation, S=C+ 0@, the optimized two-grid
convergence factors for 141 + v, = 1 with rediscretization coarsening are 0.5 for PoSD
and 0.417 for PrSD. While poorer convergence might be expected in both cases,
the addition of an extra parameter, d, allows the (slight) improvement for PrSD. In
both cases, we observe consistent performance with numerical experiments, achieving
convergence factors of 0.493 for PoSD and 0.392 for PrSD using W (0,1) or W(1,0)

cycles.

Finally, for the diagonal approximation S = oh?I , we achieve notably better
performance optimizing with vy = v = 1 than for v; + v, = 1. For PoSD, the
optimized two-grid LFA convergence factor is 0.382, while it is 0.497 for PrSD. In
practice, we achieve slightly worse convergence factors using W(1,1) cycles with
rediscretization coarsening, of 0.531 for PoSD and 0.543 for PrSD. These are both
significantly worse than the convergence factors of % observed using inexact BSR;
however, it must be noted that W-cycles on the Schur complement system were
needed in that case. A better approximation to inverting the true approximate Schur
complement would be to apply multigrid to it, just as was done for IBSR above. Here,
we observe that significant work may be needed to achieve convergence similar to that

of Uzawa where the Schur complement is exactly inverted, requiring 10 W (1, 1)-cycles
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on the approximate Schur complement to achieve a convergence factor of 0.416 for
PoSD and 0.522 for PrSD, suggesting that the Jacobi version of Uzawa is ultimately

more efficient.

6.4.5 Comparing cost and performance

As discussed in [18], the costs per iteration of DWJ and inexact BSR are roughly equal,
so long as the cost of iteration on the BSR approximate Schur complement is close
to that of a single Jacobi step. In contrast, 2 sweeps of Uzawa, with S = oh?I, have

cost comparable to a single sweep of inexact BSR. Thus, for both PoSD and PrSD,

1
9

compared to about 0.25 for 2 W(1, 1) cycles of Uzawa and 0.35 or 0.44 for a single
W(1,1) cycle of DWJ. While the added cost of W-cycles on the Schur complement

are significant, they clearly pay off in this case.

inexact BSR is seen to be most cost effective, with W (1, 1) convergence factors of

6.5 Relaxation for (), — (); discretization

As explored in [19], classical LFA smoothing factor analysis is unreliable for @
discretizations, making it unsuitable for analysis of the standard stable ()2 — Q)
discretization of the Stokes equations. Thus, we consider only numerical (“brute

force”) optimization of two-grid LFA convergence factors in this setting.

For DWJ, we find optimal convergence factors of 0.619 for v; 4+ v, = 1 and 0.558
for 1y = v, = 1. While the former is quite comparable to convergence predicted and
achieved for both stabilized discretizations with vy + 15 = 1, we see a significant lack of
improvement with increased relaxation, in contrast to the equal-order case. The same
is observed for multigrid W-cycle performance, with W (1,0) convergence measured at
0.620 and W (1,1) convergence measured at 0.510.

For exact BSR, we find optimal convergence factors of 0.551 for v; + 15 = 1 and
0.250 for 14 = 1, = 1. While these are slightly larger than the comparable factors of %
and %, respectively, for the stabilized discretizations, they still reflect good performance

of the underlying method.

At left of Figure 6.7, we show the spectral radius of the error-propagation symbol for
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exact BSR as a function of Fourier frequency, @, noting that predicted reduction over
the high frequencies is not as good as would be needed to equal two-grid convergence
in the equal-order case. In order to see how the convergence factor changes with the
parameters a and w, we display the convergence factor as a function of o and w at the
right of Figure 6.7. The optimal choice, of & = 1.1 and w = 1.05, occurs in a narrow

band of w values, but larger range of a values lead to reasonable results.

6
o
o
O
\-’0
/ l
<
0

Figure 6.7: At left, the spectral radius of the error-propagation symbol for exact
BSR applied to the Q)3 — () discretization, as a function of the Fourier mode, 8. At
right, the LFA-predicted two-grid convergence factor for BSR applied to the Q5 — Q4
discretization as a function of a and w, with (v1,15) = (1,1).

As always, an inexact solve of the Schur complement system is needed to yield a
practical variant of BSR. While 2 sweeps of Jacobi appears sufficient to achieve scalable
W-cycle convergence when vy + 15 > 2, we find 3 sweeps are needed to achieve W (1, 1)
convergence factors of 0.240, in contrast to results in [43] and for the equal-order
discretizations considered here, where a much stronger iteration was needed. Similar
results were seen for V(1,1) cycles when 3 sweeps of Jacobi were used for the Schur

complement system.

Finally, we consider the same three variants of Uzawa relaxation as examined above
for the equal-order case. For S = B(adiag(A)) 'BT, the best convergence factor found
for 11 + 15, = 1 was 0.729, while better convergence was predicted for S = 0Q, with
factor 0.554. This is to be expected, perhaps, since the (); mass matrix is well-known
to be a better approximation of the true Schur complement than the classical BSR
approximate Schur complement. However, approximating either by a single sweep of

Jacobi, yielding S =oh?l, gives a convergence factor 0.717. While 2-grid cycles with
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v1 + 5 = 1 match the predicted convergence factor, W-cycles did not converge for

these parameters.

Comparing, then, the efficiency of inexact BSR and DWJ for the @) — @); dis-
cretization, we see that inexact BSR, where W (1, 1) cycles achieve a convergence factor
of 0.24 provides roughly the same reduction as 3 cycles with 1 DWJ sweep per cycle,
where LFA predicts p = 0.619. Noting that inexact BSR is relatively more expensive
in this case, with cost dominated by the two diagonal scalings per sweep on the ()9
velocity degrees of freedom, we suggest a proper implementation study is needed to

determine which, if either, provides best performance in practice.

6.6 Conclusions

In this paper, LFA is presented for block-structured relaxation schemes for stabilized
and stable finite-element discretizations of the Stokes equations. The convergence and
smoothing factors exhibited here provide optimized parameters for DWJ and BSR for
the stabilized discretizations. The convergence of (inexact) BSR clearly outperforms
multigrid with both DWJ and Uzawa relaxation. While the LFA smoothing factor loses
its predictivity of the two-grid convergence factor for the stable ()s — ()1 discretization
and for Uzawa relaxation for both stabilized and stable discretizations, the two-grid
LFA convergence factor can still provide useful predictions. We consider as well the
inexact case for BSR, with Jacobi iterations or multigrid cycles used to approximate
solution of the Schur complement system, as is suitable for use on modern parallel and
graphics processing unit (GPU) architectures. From numerical experiments, we see
that inexact BSR can be as good as the exact iteration for solving the Stokes equations,
with the same choices of parameters and, hence, generally recommend this as the most
efficient and robust of the approaches considered. The analysis and LFA predictions
demonstrated here offer good insight into the use of block-structured relaxation for

other types of saddle-point problems, which will be considered in future work.
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Chapter 7

Local Fourier analysis of
BDDC-like algorithms

Abstract

! Local Fourier analysis is a commonly used tool for the analysis of multigrid and
other multilevel algorithms, providing both insight into observed convergence rates and
predictive analysis of the performance of many algorithms. In this paper, we adapt
local Fourier analysis to examine variants of two- and three-level BDDC algorithms,
to better understand the eigenvalue distributions and condition number bounds on
these preconditioned operators. This adaptation is based on a new choice of basis for
the space of Fourier harmonics that greatly simplifies the application of local Fourier
analysis in this setting. The local Fourier analysis is validated by considering the two
dimensional Laplacian and predicting the condition numbers of the preconditioned
operators with different sizes of subdomains. Several variants are analyzed, showing the
two- and three-level performance of the “lumped” variant can be greatly improved when
used in multiplicative combination with a weighted diagonal scaling preconditioner,
with weight optimized through the use of LFA.

Keywords: BDDC, domain decomposition, local Fourier analysis, multiplicative
methods

L Authors: J. Brown, Y. He and S. P. MacLachlan
This work is submitted as Local Fourier analysis of BDDC-Like Algorithms, to STAM Journal on
Scientific Computing, 2018.




213

AMS subject classification: 65N22, 656N55, 65F08

7.1 Introduction

Domain decomposition methods are well-studied approaches for the numerical solution
of partial differential equations both experimentally and theoretically [1, 10, 12, 27],
due to their efficiency and robustness for many large-scale problems, and the need for
parallel algorithms. Among the main families of domain decomposition algorithms
are Neumann-Neumann [27], FETI [13], Schwarz [12, 27], and Optimized Schwarz
[10, 15]. Balancing domain decomposition by constraints (BDDC) is one family of
non-overlapping domain decomposition method. While BDDC was first introduced by
Dohrmann in [6], several variants have recently been proposed. BDDC-like methods
have been successfully applied to many PDEs, including elliptic problems [18, 22|, the
incompressible Stokes equations [17, 19], H(curl) problems [9], flow in porous media
[29], and the incompressible elasticity problem [7, 8]. Theoretical analysis of BDDC
has primarily been based on finite-element approximation theory [4, 7, 11, 23, 24].
It has been shown that the condition number of the preconditioned BDDC operator
can be bounded by a function of %(where h is the meshsize, and H is the subdomain
size), independent of the number of subdomains [29]. A nonoverlapping domain
decomposition method for discontinuous Galerkin based on the BDDC algorithm is
presented in [3], and the condition number of the preconditioned system is shown to be
bounded by similar estimates as those for conforming finite element methods. BDDC

methods in three- or multilevel forms have also been developed [25, 30, 31].

Since BDDC algorithms are widely used to solve many problems with high efficiency
and parallelism, better understanding of how this methodology works is useful in the
design of new algorithms. Local Fourier analysis (LFA), first introduced by Brandt [2]
and well-studied for multigrid methods [5, 26, 28, 32, 33], is an analysis framework
that provides predictive performance estimates for many multilevel iterations and
preconditioners. However, to our knowledge, there has been no research applying local
Fourier analysis to BDDC-like algorithms. The same is true of the closely related
finite element tearing and interconnect (FETI) methodology [13, 14, 16]. Because
LFA can reflect both the distribution of eigenvalues and associated eigenvectors of

a preconditioned operator, here, we adopt LFA to analyze variants of the common
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“lumped” and “Dirichlet” BDDC algorithms, based on [20], to guide construction of
these methods. To do this, we introduce a novel basis for the Fourier analysis that is

well-suited for application to domain decomposition preconditioners.

Applying the two-level BDDC algorithm requires the solution of a Schur complement
equation (coarse problem), which usually poses some difficulty with increasing problem
size. Two- and three-level variants are, thus, considered in this paper. However, as is
well-known in the literature, the performance of BDDC degrades sharply from two-level
to three-level methods, particularly for large values of H/h. Since our analysis shows
that the largest eigenvalues of the preconditioned operator for the lumped BDDC
algorithm are associated with oscillatory modes, we propose variants of BDDC based
on multiplicative preconditioning and multigrid ideas. From the condition numbers
offered by LFA, we can easily compare the efficiency of these variants. Furthermore,
LFA can provide optimal parameters for these multiplicative methods, helping tune

and understand sensitivity to the parameter choice.

This paper is organized as follows. In Section 7.2, we introduce the finite element
discretization of the Laplace problem in two dimensions and the lumped and Dirichlet
preconditioners. Two- and three-level preconditioned operators are developed in
Section 7.3. In Section 7.4, we discuss the Fourier representation of the preconditioned
operators. Section 7.5 reports LFA-predicted condition numbers of the BDDC variants

considered here. Conclusions are presented in Section 7.6.

7.2 Discretization

We consider the two-dimensional Laplace problem in weak form: Find v € H}(Q) :=V
such that
a(u,v)—/Vu~Vde—(f,v),VUEV, (7.1)
Q

where Q0 C R? is a bounded domain with Lipschitz boundary ). Here, we consider
the Ritz-Galerkin approximation over V}, the space of piecewise bilinear functions on a
uniform rectangular mesh of © = [0,1]?. The corresponding linear system of equations
is given as

Az =b. (7.2)
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We partition the domain, €2, into N nonoverlapping subdomains, §2;,2 =1,2,--- | N,
where each subdomain is a union of shape regular elements and the nodes on the
boundaries of neighboring subdomains match across the interface I' = ([ J 9€;\09Q. The
interface of subdomain €; is defined by T'; = 92; (. Here, we consider Q = [0, 1]?,
with both a discretization mesh (with meshsize h) and subdomain mesh (with meshsize
H = ph) given by uniform grids with square elements or subdomains.

The finite-element space V}, can be rewritten as Vi, = Vi, @ Vi, where V7, is the
sum of the subdomain interior variable spaces Vl(l,z Functions in VI(Q are supported in
the subdomain €2; and vanish on the subdomain interface I';. Vr, is the space of traces
on I' of functions in V},. Then, we can write the subdomain problem with Neumann

boundary conditions on I'; as

i i)T i i
A4 _ <A52 Ary ) (x?’) _ (b?) 73
Al ) \a?) o
(4)

where ) = (z} ,x(ri)) € Vh(i) = (VI(,iin VF(ZQL), and 7" denotes the conjugate transpose.

~

Then, the global problem (7.2) can be assembled from the subdomain problems (7.3)

as
N

N
A=Y ROTADRD and b= RO,
i=1 =1
where R is the restriction operator from a global vector to a subdomain vector on
Q;.

7.2.1 A partially subassembled problem

In order to describe variants of the BDDC methods, we first introduce a partially
subassembled problem, following [20], and the corresponding space of partially sub-

assembled variables,
Vi = Vin @ Vi, (7.4)

where Viy, is spanned by the subdomain vertex nodal basis functions (the coarse degrees
of freedom). The complementary space, V, 5, is the sum of the subdomain spaces VT(Z),
which correspond to the subdomain interior and interface degrees of freedom and are
spanned by the basis functions which vanish at the coarse-grid degrees of freedom. For

a 4 x 4 mesh, the degrees of freedom in Vi, are those corresponding to the circled
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nodes at the left of Figure 7.1, while the degrees of freedom in V, j correspond to all

interior nodes, plus duplicated (broken) degrees freedom along subdomain boundaries.

Figure 7.1: At left, the partially broken decomposition given in Equation (7.4), with
circled degrees of freedom corresponding to Vii; and all others corresponding to
Vi.n. This matches the periodic array of subdomains induced by the subsets &7 ;
introduced in Equation (7.23) for p = 4. At right, a non-overlapping decomposition
into subdomains of size p X p for p = 4, corresponding to the subsets &; ; introduced
in Equation (7.19), where LFA works on an infinite grid and characterizes operators
by their action in terms of the non-overlapping partition denoted in green.

The partially subassembled problem matrix, corresponding to the variables in the
space Vi, is obtained by assembling the subdomain matrices (7.3) only with respect to

the coarse-level variables; that is,
N
A=Y (R"TAVR (7.5)
=1

where R is a restriction from space Vi, to Vh(i).

7.2.2 Lumped and Dirichlet preconditioners

In order to define the preconditioners under consideration for (7.2), we introduce a
positive scaling factor, 6;(x), for each node @ on the interface I'; of subdomain €;. Let
N be the set of indices of the subdomains that have & on their boundaries. Define
0i(x) = 1/|Ng|, where |N| is the cardinality of N,. The scaled injection operator, R,

is defined so that each column of R; corresponds to a degree of freedom of the global



217

problem (7.2). For subdomain interior and coarse-level variables, the corresponding
column of R, has a single entry with value 1. Columns that correspond to an interface

degree of freedom @ € T';;, (the set of nodes in I';) have |Ng| non-zero entries each of

Based on the partially subassembled problem, the first preconditioner introduced
for solving (7.2) is
Mt =RTATIR,.

The preconditioned operator M; ' A has the same eigenvalues as the preconditioned
FETI-DP operator with a lumped preconditioner, except for some eigenvalues equal
to 0 and 1 [14, 20]. We refer to M; as the lumped preconditioner.

A similar preconditioner for A augments this using discrete harmonic extensions in

the restriction and interpolation operators [20], giving

My' = (R = HJIp)A™" (Ry — JTHHT), (7.6)
—_—
:=Ro
where 7 is the direct sum of H® = —(AY)"1(AYNT | which maps the jump over

a subdomain interface (given by Jp) to the interior of the subdomain by solving a
local Dirichlet problem, and gives zero for other values. For any given v € V,,, the

component of Jv on subdomain €; is given by

(JEo(@)” = 3 (8@ (@) - 6,(x)o) (@), V& € Ty (7.7)
JENz

Extending the interface values using the discrete harmonic extension minimizes the
energy norm of the resulting vector [27], giving a better stability bound. Furthermore,
the preconditioned operator M, ' A has the same eigenvalues as the BDDC operator
[18], except for some eigenvalues equal to 1 [20]. We refer to M, as the Dirichlet

preconditioner.

Standard bounds (see, e.g., [20]) on the condition numbers of the preconditioned
operators are that, for M; 'A, there exists €; o > 0 such that xk < Cl,o%(l + log%)
and, for ]\/[2_1147 there exists €59 > 0 such that K < € 0(1 + log%)Q.
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7.3 Two- and three-level variants

In both of the above preconditioned operators, we need to solve the following partially

subassembled problem, now written in block form

dp [ A AL\ [ i, A 0\ (I AJAL N (i, d, g
xr = A — ~ ~ = ~ = s
AHr AHH i'H AHr SH 0 I iH dH
(7.8)

where St = Ay — A AZPAT 7, contains the subdomain interior and interface
degrees of freedom, and 21y corresponds to the coarse-level degrees of freedom, which
are located at the corners of the subdomains. We write A in (7.8) in factorization
form to easily separate the action on the coarse degrees of freedom, and to find the

corresponding symbol of AL, If we define

2. - Ar_rl Aﬁr
I )

then the Schur complement is the Galerkin coarse operator, Sy = PTAP , and block-
factorization solve for A can be seen to be equivalent to a two-level additive multigrid

method with exact F-relaxation using

A7 0
Se=1{"" "],

In the partially subassembled problem (7.8), we need to solve a coarse problem
related to Si. We can either solve this coarse problem exactly (corresponding to a
two-level method, where the Schur complement is inverted exactly) or inexactly (as a
three-level method), where the lumped and Dirichlet preconditioners defined above

are used recursively to solve this problem.

7.3.1 Exact and inexact solve for the Schur complement

Ay 0 I AAL
ICl — . . 7 ]C2 — rr < lr 7
An, Si 0 I

Let
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and note that the product of K; and &, is A. For i = 1,2,7=0,1,2, let G;; denote
the preconditioned operators for two- and three-level variants of BDDC, where ¢ and j
denote using M; and M, ; (with M, := SH) as preconditioners for the fine and coarse
problems, respectively, where M- jl stands for applying the preconditioner M; to the

Schur complement problem. By standard calculation, we can write

Gij = RIK;'P KT RA,

I 0
P, = RSN E
0 M Sy

Remark 7.3.1. When j =0, G;; is a two-level method, solving the Schur complement

with

problem ezxactly, as Py = I. Note that, for the three-level variants (j = 1,2),

(10 A 0 A 0
Pk = —14 _g-14 -1 &1 T\ A —1 A
0 Ms,j SH SH AHTATT SH MSJ AHTA”” Ms,j

Thus, G;; can be applied without directly applying the inverse of Sir.

Standard bounds (see, e.g., [31]) on the condition numbers of the three-level
preconditioned operators are that there exists €; ; such that (G, ;) < &;;T,Y;, where
T, = (1 +1ogk) and Ty = (1 4 logZ)2.

7.3.2 Multiplicative preconditioners

As we shall see, the bounds above are relatively sharp and the performance of both
preconditioners degrades with subdomain size and number of levels. To attempt to
counteract this, we consider multiplicative combinations of these preconditioners with
a simple diagonal scaling operator, mimicking the use of weighted Jacobi relaxation in
classical multigrid methods. We use Gi ; to denote the multiplicative preconditioned

operator based on G, ; with diagonal scaling on the fine level. Here,

Glf,j = Gi,j + (AJDilA(I — Gi,j); 7 = 172’ j — O’ 172, (79)

where D is the diagonal of A and w is a chosen relaxation parameter.
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Another variant is the use of multiplicative preconditioning on the coarse level
with a similar diagonal scaling. We use G7; to denote the resulting multiplicative

preconditioner. Here,

G, = RIK PRI RA, i) = 1,2, (7.10)

I 0
Pl = ,
0 G,

Gej = M, } Sy +wD; " Su(I — M} Sn),

where

in which

where D, is the diagonal of Sp.

Instead of using a single sweep of Jacobi in G.;, we can consider a symmetrized
Jacobi operator G? ;, where I — G¢; = (I — wi D71SE) (I — M;;S'H)(I — wyD;1Sn);
that is,

GS = Gej+wa(l — G.;) D715,

then G, changes to

Gy =RIK'PKI RA, 0,5 =1,2. (7.11)
When wy = ws, Gf]c is a symmetric preconditioner for A, although we note that our
LFA predicts a positive real spectrum for the nonsymmetric forms, G{ ;and GY ;, as
well.

Finally, we can also apply the multiplicative operators based on diagonal scaling

on both the fine and coarse levels. We denote this as
Gl =G +wD TA(I -GS, i=1,2, j=1,2, (7.12)

where D is the diagonal of A and w, is a chosen relaxation parameter.

In the following, we focus on analyzing the spectral properties of the above precon-
ditioned operators by local Fourier analysis [28]. The main focus of this work is on
the operators K1, Ky, and P;, because the Fourier representations of other operators

are just combinations of these three and some simple additional terms.
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7.4 Local Fourier analysis

To apply LFA to the BDDC-like methods proposed here, we first review some ter-
minology of classical LFA. We consider a two-dimensional infinite uniform grid, Gy,
with

Gy, = {i; = (w;,2;) = (ih, jh), (i,5) € 2}, (7.13)

and Fourier functions ¢(0, z; ;) = €%ui/" on G, where 12 = —1 and 0 = (6, 6,).

Let Ly, be a Toeplitz operator acting on [*(Gy,) as

Ly, 2 [seln (K = (K1, ko) € Z*); Lywy(x) = Z sgwp(x + Kh),

KEV

with constant coefficients s,, € R (or C), where wy, () is a function in [*(Gy,). Here,
V is taken to be a finite index set. Note that since L is Toeplitz, it is diagonalized
by the Fourier modes ¢ (8, x).

Definition 7.4.1. We call Zh(e) = Z $,.€%% the symbol of L.

KEV

Note that for all grid functions, (0, x),
Lip(0, ) = Li(0)1(0, ).

Remark 7.4.1. In Definition 7.4.1, the operator L; acts on a single function on Gy,
50 Zh 1s a scalar. For an operator mapping vectors on Gy, to vectors on Gy, the symbol

will be extended to be a matriz.

7.4.1 Change of Fourier basis

Here, we discuss domain decomposition methods. While the classical basis set for LFA,
denoted Ej; below, could be used, we find it is substantially more convenient to make
use of a transformed “sparse” basis, introduced here as F . This basis allows a natural
expression of the periodic structures in domain decomposition preconditioners. We
treat each subdomain problem as one macroelement patch, and each subdomain block
in the global problem is diagonalized by a coupled set of Fourier modes introduced in

the following. Because each subdomain has the same size, p X p, we consider the high
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and low frequencies for coarsening by factor p, given by

low T\’ high ™ (2p—1)7r ? T\
OET = |7 70€Tg S [ Ty
pp p p pp

Let 8@ = 0\ 6), where 61 = 6 + % and 65 = 0 + 2 for 0 < g7 < p.

For any given 8°% € T'% we define the p>--dimensional space
Eh(O(O’O)) = span{w(e(q’r), Tst) = 0 s/ qgr=0,1,--- p—1}, (7.14)

as the classical space of Fourier harmonics for factor p coarsening.

For any x,; € Gy, we consider a grid function defined as a linear combination

of the p? basis functions for Ej,(8°%) with frequencies {811 ~and coefficients

q?T:
{5q,r}p;1:0 as

p—1
st "= Z 5q,r¢(0(q’r)a Tst)-

q,r=0
We note that any index (s,t) has a unique representation as (pm + k, pn + ¢) where
(m,n) € Z* and k,¢ € {0,1,--- ,p— 1}. From (7.14), we have

p—1
(0) 4 27mq (0) 4 27r
Epmtkpntl = E 5q,r€L(91 5 Jms gt By T T e/

q,r=0

p—1
0 2mq(pm—+k) 0 2nr(pn+4)
o 2 ﬁq T€L9§ )xs/heL%eLﬂg )xt/h€+

q,r=0
s ( )
2mqk 0 2mrd 0
_ § : ﬁq r@L%eLel )xs/hewTreLeé zt/h
q,r=0
p—1
2wqk 27wre (0,0),
- ( E ﬁq,r@L P e P ) (€L0 ws’t/h).
q,r=0
Thus, we can write
2 10-xs ¢+ /H
Cpmtkpnit = Pree® T/ (7.15)

with

p—1
0 = po®  and Bk,f = Z queﬂ%ke%%. (7.16)

q,r=0
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Thus, for any point (s,t) with mod(s,p) = k and mod(¢,p) = ¢, es; can be recon-
structed from a single Fourier mode with coefficient Bk’g. Thus, on the mesh Gy, defined
in (7.13), the periodicity of the basis functions in Eh(G(O’O)) can also be represented by

a pointwise basis on each p x p-block.

Based on (7.15), we consider a “sparse” p?-dimensional space as follows
Fy(0) = span{p; (0, ;) = ebg'ch’t/ka’g(ms’t) ck,0=0,1,--- ,p—1}, (7.17)
where 8 € [—7, ) and

1, if mod(s,p) =k, and mod(¢,p) = ¢,
Xk,é(a:s,t =

0, otherwise.
Note that, with this notation, (7.15) can be rewritten as

Cpmtkpntt = Bripro(0, o). (7.18)
Theorem 7.4.1. E,(8°%) and Fy(p8'*") are the same.

Proof. While the derivation above shows directly that E,(8*%) ¢ Fp(p8®?), we
revisit this calculation now to show that the mapping {/,,} — { BH} is invertible and,
hence, Fy (p8%Y) € E,(0Y) as well.

Let X be an arbitrary vector with size p? x 1, denoted as
T
X - (XO Xl te Xp_Q Xp—l) )
where
Xr = <5077‘ 51,7‘ e Bp—Z,r Bp—l,r) ) r= 07 17 L, P L.
Then, we define a p? x 1 vector, X, based on (7.16), as follows

. . R " R T
X == <Xo Xl Xp_g Xp—l) 5
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where
Xf = (60,@ 51,@ e Bp—Q,Z 6}7—1,[) ) = 07 17 L, P 17
in which
~ p_l p_l 2mgk 2nrl
ﬁk,EZZ(Zﬁq,TeLT)e L Q7T20717“'7p_1'
r=0 ¢=0

Let 7 be the matrix of this transformation, X = 7X, and

(eb%’O)() (el/%l)o (eb%r?)O .. (é%’(p—l))()
V250 W27 1279 W2 (p—1
(e (e v o (e v o (e v =iy
B G N G G (7 )2
1 pr—
(eF0p2 (T2 (T (¢"7 P~ Dyp=2
(TPt (T (T (e
p—1
Note that 71X, defines a vector whose (k + 1)-th entry is Z que%qk/ P and, thus, we
q=0

see that 7 =T, ® T;.

Note that 77 is a p X p Vandermonde matrix based on values dj, = eLQLPk, where

k=0,1,2,--- ,p— 1. It is obvious that d; # dj, if j # k. Consequently, det(7;) # 0.
Thus, 77 is invertible, and so is 7. It follows that E,(8®%) and Fy(p8°?) are

equivalent. n

Remark 7.4.2. Let z = ¢®™/?, be the primitive p-th root of unity, and note that
(Th)i; = 29D6D Thys, T, = \/%7'1 is the unitary discrete Fourier transform (DFT)
_ 1
=T
Sitmilarly, T is a scaled version of the two-dimensional unitary Fourier transform
matriz, and T 1 = Z%TT.

~—1 ~T
matriz with T, =T, , where T denotes the conjugate transpose. Thus, T, *

In the rest of this paper, we use the basis of Fy; as the foundation for local Fourier
analysis on the p x p periodic structures of the BDDC operators. The “sparse” (or
“pointwise” ) nature of the basis in Fy allows a natural expression of the operators in

BDDC and, as such, is more convenient than the equivalent “global” basis in Ej.

Note that the presentation above assumes that the original Fourier space, E;,, is
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. . . .. . 2p—1
considered with harmonic frequencies in domain [—Z, %)2

, and the sparse basis in
Fy considers a single mode, @ € [—7,7)2. In both cases, it is clear that any frequency

set covering an interval of length 27 in both x and y components can be used instead.

7.4.2 Representation of the original problem

On Gy, we call each node, (I, J), where mod(/,p) = 0 and mod(.J,p) = 0 a coarse-
level point index. We construct a collective grid set associated with (/,.J) for each

subdomain as
Srg={®rsnsse  k,(=0,1,--- p—1}. (7.19)

The degrees of freedom in A can be divided into subsets, &1 ;, whose union provides a
disjoint cover for the set of degrees of freedom on the infinite mesh Gy,. Throughout
the rest of this paper, the index (I, J) corresponds to the coarse point at the lower-left
corner of the subdomain under consideration, unless stated otherwise. The left of

Figure 7.2 shows the meshpoints for this decomposition for p = 4.

....... >< >< X . X X ><
X X X * X X
. P . e K S

RN . (.J)

Figure 7.2: At left, the location of degrees of freedom in &; ; defined in Equation
(7.19) for one subdomain with p = 4. At right, the location of degrees of freedom in
7.7 defined in Equation (7.23) for one subdomain with p = 4.

For each &y, we use a row-wise ordering of the grid points (lexicographical
ordering). This will fix the ordering of the symbols in the following; for any other
ordering, a permutation operator would need to be applied. In the following, we do
not show the specific position of each element in a vector or matrix, and they are

assumed to be consistent with the ordering of the grid points. Based on the set &; 5,
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we define the p?>-dimensional space

£(9) :span{gok,e(a) ck(=0,1,--- ,p—l}, (7.20)
where @ ,(0) = (¢r(6, w[+S’J+t))§;i0 is a p? x 1 vector with only one nonzero element,
defined in (7.17), in the position corresponding to (I + k, J + ¢). For both £(6) and
#1.4(0), we have simply taken the infinite mesh representation of Fp and truncated it
to a single p x p block of the mesh, which is sufficient to define the symbol of A in
this basis. Let @), be a p? x p? diagonal matrix, whose diagonal elements are functions
0(0, ) = e?*/H where x € &; 5, so £(0) = Range(®},).

Note that each subdomain contains p? degrees of freedom, and that the correspond-
ing symbol is not a scalar due to the definition of the Fourier basis in (7.20). We treat
the block symbol as a system, presented as a p? x p* matrix. Let A; ; be the periodic

Laplace operator on &; ;. Then, its symbol A satisfies
Arsp(6,x) = A(0)¢(8. ), Yp(6,x) € £(6), (7.21)
where A is a p? X p? matrix. Equation (7.21) is equivalent to

AI:J Z &k75¢k’€ = q)hA/Ot, (722)

0<k,f<p—1

for any vector a, whose elements are denoted as oy, . Since (7.22) holds for any oy,
we have A = ®TA; ;®),, where T is the (conjugate) transpose. Note that ;' = &7

and the entries in these matrices have the same form, e**¢-®1.//H

We consider the action of AV(O) on a vector in terms of the coefficients of the
Fourier basis functions. Considering a point in &y ;, if the values of a function at
neighbouring points are expressed by ay ¢y, 4, the entries in 2(0)04 give the coefficients
of the Fourier expansion of the original operator A on G}, acting on the function in
£(0) with coefficient a. We note that a similar approach was employed for LFA for

vector finite-element discretizations in [21].
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7.4.3 Representation of preconditioned operators

Now we turn to calculating the Fourier representations of M; ' and M, '. First, we
define a collective grid set associated with (I, J) for the partially subassembled problem

for each subdomain as

Sy ={zursre k=01, DI \AZ11p.0) T2 I1p) T11pT40) (7.23)

see the right of Figure 7.2. We first consider the stencil of M; ! acting on one subdomain,

*
&7

Recall the scaling operator, R, where each column of R; corresponding to a degree
of freedom of the global problem in the interiors and at the coarse-grid points has a
single nonzero entry with value 1, and each column of R; corresponding to an interface
degree of freedom has two nonzero entries, each with value % Since we consider
periodic Fourier modes on each subdomain, the interface degrees of freedom share the
same values scaled by an exponential shift. For example, at the left of Figure 7.2, the
degrees of freedom located at the left boundary and the right boundary have the same
coefficient of the (shifted) exponential, as do the degrees of freedom located at the
bottom and top. Thus, R, is its own Fourier representation, since the neighborhoods
do not contribute to each other. Note that R; maps the p*-dimensional Fourier basis
from £(0), used to express A() onto a (p + 1) — 3 dimensional space with similar

sparse basis on &7 ; that is suitable for expressing the symbol of A and its inverse.

We now focus on A presented on one subdomain. Let AZ7) be a (p+1)%x (p+1)?
matrix, which is the partially subassembled problem on one subdomain including its

four neighbouring coarse-grid degrees of freedom, as

AE (AR (W 0 ) ro(agn) " (A’

ATI) = AL &)
AL AU A S 0 I

Y
IIr

(7.24)
where AL is a ((p+1)2—4) x ((p+ 1)* — 4) matrix corresponding to the interior
and interface degrees of freedom on the subdomain and A(Hlﬁj) corresponds to the
four coarse-level variables on one subdomain. Note that AgﬁJ) = 2] and S}‘{ N =
Agﬁ]) — A(HI;,J)(A%J))A(A%;J))T. We use index (I, J) as a superscript in order to

distinguish this from the matrix in (7.8), but note that it is independent of the
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particular subdomain, (7, .J), under consideration. Let A be the Fourier representation
of the partially subassembled problem with the corresponding symbol being a ((p +
1)2 = 3) x ((p+ 1)* — 3) matrix,

= fzirr f grr _11/4/T >
A — . 9 ( )~ IIr — ’CllCQ,
An, S 0 I

where A,, is a ((p+1)> —4) x ((p+1)? —4) Fourier representation of AL computed
as was done for A above and §H is the representation of the global Schur complement,
Sp. Let Sy = Ag;J)(A,(n,{’J))_l(Ag;J))T be a 4 x 4 matrix corresponding to the vertices
adjacent to one subdomain, representing one macroelement of the coarse-level variables.
Direct calculation shows this matrix has the same nonzero structure as the element
stiffness matrix for a symmetric second-order differential operator on a uniform square
mesh, with equal values for the connections from each node to itself (denoted s;), its
adjacent vertices (s9), and its opposite corner (s3). Since SI(TI’J) = 2] — Sy gives the
macroelement stiffness contribution, assembling the coarse-level stiffness matrix over

2 x 2 macroelement patches yields Sqr as the symbol of the 9-point stencil given by

—S83 —282 —S83
—282 %—481 —282 ,

—S3 —282 —S3

acting on the coarse points.

Ap, is the representation of the contribution from interior and interface degrees
of freedom to the coarse degrees of freedom, and has only 12-nonzero elements per
subdomain, with 3 contributing to each corner of the subdomain. We take the coarse-
level point x; ; as an example. At the right of Figure 7.2, & ; obtains contributions

from the points ®r41 7, 141,741, T1,s+1 and the corresponding stencils are

T

where * denotes the position on the grid at which the discrete operator is applied,
namely @7 ;. The symbols of these three stencils are given by —te!1/P, —1e!(0r+02)/p,
—%6‘92/7), respectively. Since xy ; is adjacent to three other subdomains, the coarse

degree of freedom at x; ; also obtains contributions from those subdomains, and the
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other 9 contributing stencils are computed similarly. Finally, the representation of

M;'A is given by
Gr0(0) = RT(A)'R1A = RIK; KT RAA.

For the Dirichlet preconditioner in (7.6), we also need to know the LFA representa-
tion of the operators Jp and H. Since Jp is a pointwise scaling operator, its symbol
in the pointwise basis of Fy is itself. According to the definition of H, the symbol

1—1

of H is given by H=A

to the interior degrees of freedom, and ﬁ% ; 1s the submatrix of A corresponding to

o Iglf 7, Where 121“7% 7 1s the submatrix of grr corresponding
the contribution of the interface degrees of freedom to the interior degrees of freedom.
Both of these are computed in a similar manner to A and A as described above. Thus,

the LFA representation of My 'A can be written as
G20(0) = (R] — HJp)K; 'K Y (Ry — JHHT)A.

The details of the 3-level variants of LFA are similar to those given above. We now
consider a segment of the infinite mesh given, on the fine level, by a p x p array of
subdomains, with each subdomain of size p X p elements. On the first coarse level
(corresponding to the Schur complement Sp in (7.8)), we then consider a single p X p
subdomain of the infinite coarse mesh, and apply the same technique recursively. To
accommodate this, we adapt the fine-level Fourier modes to be ¢*(0,x) := et0e/H'
where H' = p*h. The coarse-level Fourier modes are then the same as (7.20). Thus,

é;(@) is a p* x p* matrix for the three-level variants.

7.5 Numerical results

7.5.1 Condition numbers of two-level variants

In the LFA setting, @ = (6,6,) € [—7,7)?. Here we take df = 7/n as the discrete
stepsize and sample the Fourier space at 2n evenly distributed frequencies in 6; and
0y with offset £df/2 from 6, = 0, = 0 to avoid the singularity at zero frequency. For
each frequency on the mesh, we compute the eigenvalues of the two-level operators,

and define k := Z:ﬁ, where e, and e, are the smallest and biggest eigenvalues over
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all frequencies.

Table 7.1 shows the condition numbers for the two-level preconditioners with
variation in both subdomain size, p, and sampling frequency, n. When n = 2, the
condition number prediction is notably inaccurate, but we obtain a consistent prediction
for n > 4 (and very consistent for n > 8). For 61,0, the condition number increases
quickly with p as expected. Compared with 5170, 6270 has a much smaller condition
number that grows more slowly with p. For CNJLO, we know there exists €; o such that
the true condition number of the preconditioned system (on a finite grid) is bounded
by @170%(1 + log%) [20]; from this data, we see that our LFA prediction is consistent
with this, with constant €; ¢ ~ 0.6. For 6270, we know there exists € such that the
true condition number of the preconditioned system (on a finite grid) is bounded by
Coo(l+ log%)2 [20]; from this data, again we see that our LFA prediction is consistent
with this, with constant € ~ 0.4.

Table 7.1: LFA-predicted condition numbers of two-level preconditions as a function
of subdomain size, p, and sampling frequency, n.

51,0 éz,o

Plog | s | 16| 32| 4| 8 | 16] 32
n
2 414 | 1111 | 27.95 | 67.55 | 2.23 [ 3.02 | 3.94 | 5.01
4 436 | 11.94 | 30.27 | 73.44 | 2.32 | 3.15 | 4.13 | 5.26
8 442 [ 12.18 | 30.94 | 75.16 | 2.34 | 3.19 | 4.17 | 5.32
16 444 [ 12.25 | 31.12 | 75.61 | 2.35 | 3.19 | 4.19 | 5.33
32 444 [ 12.26 | 31.16 | 75.72 || 2.35 | 3.20 | 4.19 | 5.34
64 444 [ 1227 | 3117 | 7575 || 2.35 | 3.20 | 4.19 | 5.34
128 4.44 | 12.27 | 3118 | 75.76 || 2.35 | 3.20 | 4.19 | 5.34
Coo(n=32) | 047 | 050 | 0.52 | 0.53 | 0.41 | 0.34 | 0.29 | 0.27

Optimizing the weight parameters for 6{70 and é£70 by systematic search with
different n and p, we see that the optimal parameter w is dependent on p, but largely
independent of n. Table 7.2 shows that significant improvement can be had for the
M preconditioner, but not for Ms, see Table 7.3. We again see small n (e.g., n =4 or

8) is enough to obtain a consistent prediction for these condition numbers.
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Table 7.2: Condition numbers for two-level lumped preconditioner with fine-grid
multiplicative combination with diagonal scaling, G{,O. In brackets, value of weight
parameter, w, that minimizes condition number.

i p 4 8 16 39

2 2.06(2.1) | 3.18(2.3) | 5.43(2.5) | 9.71(2.6)
4 2.17(1.5) | 3.20(2.3) | 5.64(2.5) | 9.99(2.6)
8 2.18(1.4) | 3.32(2.3) | 5.70(2.5) | 10.08(2.6)
16 2.18(1.4) | 3.32(2.3) | 5.72(2.5) | 10.10(2.6)
32 2.18(1.4) | 3.33(2.3) | 5.72(2.5) | 10.10(2.6)
64 2.18(1.4) | 3.33(2.3) | 5.72(2.5) | 10.10(2.6)

Table 7.3: Condition numbers for two-level Dirichlet preconditioner with fine-grid
multiplicative combination with diagonal scaling, G;O. In brackets, value of weight
parameter, w, that minimizes condition number.

i b 4 8 16 39

2 1.82(2.2) | 2.36(1.7) | 3.12(2.0) | 4.20(1.8)
4 2.03(1.1) | 2.54(1.6) | 3.33(2.0) | 4.44(1.8)
8 2.07(1.1) | 2.59(1.6) | 3.39(2.0) | 4.50(1.8)
16 2.08(1.1) | 2.60(1.6) | 3.40(2.0) | 4.52(1.8)
39 2.08(1.1) | 2.60(1.6) | 3.40(2.0) | 4.52(1.8)
64 2.08(1.1) | 2.61(1.6) | 3.40(2.0) | 4.52(1.8)

In order to see the sensitivity of performance to parameter choice, we consider
the condition numbers for the two-level lumped and Dirichlet preconditioners in
multiplicative combination with diagonal scaling on the fine grid with p = 8, as a
function of w, in Figure 7.3. We see that the condition number of 6{70 shows strong
sensitivity to small values of w. For CNJQO, however, many allowable parameters obtain

a good condition number.



232

10
*_ _
‘*\K ——nr(GY,)
—e—u(Gay)
L *
8 %
\&~
*
et
6 N
\*\\
*\*\*\
L
4 *\*\\V P,

Figure 7.3: Condition numbers for two-level lumped and Dirichlet preconditioners in
multiplicative combination with diagonal scaling on the fine grid with p = 8, as a
function of relaxation parameter, w.

7.5.2 Eigenvalue distribution of two-level variants

In this section, we take n = 32, yielding 2n points in each dimension and (2n)? = 4096
values of 0, although similar results are seen for smaller values of n. We also consider
only p = 8, although similar results are seen for other values of p. For 6{70 and é;o,
we use the optimal values of w, shown in the tables above. The histograms in Figure
7.4 show the density of eigenvalues for the two-level preconditioned operators. For
these values of n and p, our LFA computes a total of 262144 eigenvalues, giving 64
eigenvalues for each of 4096 sampling points. For all cases, the eigenvalues around
1 (represented in two bins in the histogram, covering the interval from 0.9 to 1.1)
appear with dominating multiplicity, accounting for about 200,000 of the computed

eigenvalues.

Note that there is a gap in the spectrum of 51,0 that increases in size with p (not
shown here). A notable difference between 6170 and 62,0 is that, while there is still
a small gap in the spectrum of 52,0, it is not very prominent. Note also that the
spectra are real-valued, with only roundoff-level errors in the imaginary component.
Comparing the eigenvalues for éfo and 6’570 with those for 61,0 and 62,0, we see that
the eigenvalues are much more tightly clustered for é{yo, but still exhibit a gap in the
spectrum. The eigenvalues of (NJQO, in contrast, appear to lie in a continuous interval.
We note that little improvement is seen in the spectrum of G’;O, in comparison with

6270. Also interesting to note is that, in contrast to all other cases, the smallest
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eigenvalue of G 10 18 less than 1.

Remark 7.5.1. As the LFA predicts both eigenvectors and eigenvalues, we can examine
the frequency composition of the eigenvectors associated with these eigenvalues. The
largest eigenvalue of 6170 is found to be dominated by oscillatory modes, but this is
not true for 6270. This motivates the proposed multiplicative method based on simple
diagonal scaling, which is well known to effectively damp oscillatory errors in the

classical multigrid setting.

001 2 3 4 65 6 7 8 9 10 11 12 13 01 2 3 4 5 6 7 8 9 10 11 12 13
A A

LM L

01 2 3 4 5 6 7 8 9 10 11 12 13 01 2 3 4 5 6 7 8 9 10 11 12 13
A A

Figure 7.4: Histograms showing density of eigenvalues for two-level preconditioned
operators with p = 8. Top left: G, Top right: G50, Bottom left: G1 0> Bottom right:

G

7.5.3 Condition numbers of three-level variants

For the three-level preconditioned operators, we need to find all the eigenvalues of

a p* x p* matrix for each sampled value of 8. For the two-level variants, we saw
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that sampling with n = 4 is sufficient to give useful accuracy of the LFA predictions.
Here, we also see similar behavior in Table 7.4, which shows the condition numbers of
ém’ (1,7 = 1,2) for varying p an n. We see that, as expected from the theory, these
condition numbers show degradation from the two-level case. It is not surprising that
52,2 has the smallest condition number of these variants, since M is applied to both

fine and coarse levels.

and CNJZ?J-, based on the

multiplicative combination with diagonal scaling on the fine level and coarse level,

Table 7.5 presents the condition number of variants CNJ{ j

respectively, and some improvement is offered. For fixed p, the optimal w is found to
be robust to n (not shown here). In general, we see better performance for é{ ; in

comparison to G¢ ., and GJ | offers significant improvement over G1,.1. For other values

Z?J’
of i, j, however, only small improvements are seen.

Table 7.4: Condition numbers of three-level preconditioners with no multiplicative
relaxation.

p él,l 6’1,2 62,1 62,2
4(n = 2) 9.18 | 543 | 7.27 | 4.24
4(n =4) 9.65 | 5.68 | 7.63 | 4.47
4(n = 8) 9.79 | 5.74 | 7.73 | 4.53
4(n=16) | 9.82 | 5.76 | 7.76 | 4.54
4(n=232) | 9.83 | 5.76 | 7.77 | 4.55
8(n = 2) 46.66 | 15.46 | 24.73 | 7.55
8(n =4) 50.00 | 16.15 | 26.53 | 7.94
8(n =18) 50.96 | 16.33 | 27.05 | 8.04
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Table 7.5: Condition numbers of three-level preconditioners with fine-scale or coarse-
scale multiplicative preconditioning. All results were computed with n = 4, and the
experimentally optimized weight, w, is shown in brackets.

p 6{1 é{Q 651 652
6.80(1.4) | 4.28(1.4) | 6.14(1.6) | 4.04(1.1)
28.75(1.7) | 9.16(1.7) | 20.94(1.6) | 6.73(1.5)

p ~{f,1 ~(1:,2 ~§,1 ~§,2
6.04(1.6) | 5.47(1.1) | 4.67(1.6) | 4.30(1.0)
8 || 31.91(2.0) | 15.17(1.4) | 15.57(2.1) | 7.46(1.2)

In order to see the sensitivity of performance to parameter choice, we consider
three-level preconditioners with weighted multiplicative preconditioning on both fine
and coarse scales, é{f and é;‘;, with p = 4 and n = 4. At the left of Figure 7.5,
we present the LFA-predicted condition number for CNJ{T with variation in w; and
wy. Here, we see strong sensitivity to “small” values of w;, for example w; < 1.5,
and also to large values of w; with small values of wy. We note general improvement,
though, in the optimal performance for large w; with suitably chosen w,, albeit with
diminishing returns as w; continues to increase. Fixing w; = 4, we find wy = 1.7 offers
best performance, with optimal condition number of 2.66. At the right of Figure
7.5, we consider égg as a function of w; and wy. Here, we see stronger sensitivity to
large values of wy, and to large values of w; and small values of wy, but a large range
of parameters that give generally similar performance. Fixing w; = 4, we find that
wy = 1.2 achieves the optimal condition number of 3.72. Similar performance was seen
for é{;, ég“;, and éf; Slight improvements can be seen by allowing even larger values
of wy, giving an LFA-predicted condition number for é{f of 2.25 with wy; = 5.0 and
wy = 2.0, but a much smaller band of values of ws leads to near-optimal performance
as wj increases. For é§§ , this sensitivity does not arise, but the improvements are
even more marginal, achieving an LFA-predicted condition number of 3.63 for w; = 5.8

and wy = 1.3.

Motivated by Figure 7.5, we fix w; = 4 with n = 4, and optimize the condition

numbers for the three-level preconditioners with two multiplicative preconditioning

e

s,C

;;» or one on each level, G

steps per iteration, either both on the coarse level, G



236

with respect to wo. From Table 7.6, notable improvement is seen for all 7, 7 with Gf i
particularly for é{f and égf We also note that there is little variation in the optimal
parameter for each preconditioner between the p = 4 and p = 8 cases. It is notable that
we are able to achieve similar performance for the multiplicative preconditioner based
on M as seen for My, and that both show significant improvement from the classical
three-level results shown in Table 7.4, when used in combination with multiplicative

preconditioning on both fine and coarse levels.

6
5.5
5
45 i
4
a8 ’
3

15 2 25 3 25 4

®1

Figure 7.5: Condition number of three-level preconditioners with multiplicative pre-
conditioning on both the fine and coarse scales as a function of w; and wy, with p 4
and n = 4. At left, condition number for Gl 1; at right, condition number for G

Table 7.6: Condition numbers of three-level preconditioners with symmetric weighting
of multiplicative preconditioning on the coarse scale, G:’ "> and weighting of multiplica-
tive preconditioning on both fine and coarse scales, sz, . All results were computed

with n = 4, and the experimentally optimized weight, w,, is shown in brackets.

p| G e G35 G5
5.43(1.4) 5.34(0.9) 422(1 ) 4.18(0.9)
17.45(1.2) | 14.13(1.0) | 8.31(1.1) | 6.88(0.9)
p| Gl G175 Gl Gls
4] 2.66(1.7) | 3.85(1.3) | 3.24(1.8) | 3.72(1.2)
5.16(1.8) | 7.59(1.7) | 4.88(1.8) | 5.70(1.5)
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7.6 Conclusions

In this paper, we quantitatively estimate the condition numbers of variants of BDDC
algorithms, using local Fourier analysis. A new choice of basis is proposed to simplify
the LFA, and we believe this choice will prove useful in analysing many domain
decomposition algorithms in the style used here. Multiplicative preconditioners with
these two domain decomposition methods are discussed briefly, and both lumped and
Dirichlet variants can be improved in this way. The coarse problem involved in these
domain decomposition methods can be solved by similar methods. LFA analysis of
three-level variants is also considered. Degradation in convergence is well known when
moving from two-level to three-level variants of these algorithms. We show that the
LFA presented above, in combination with the use of multiplicative preconditioners
on the coarse and fine levels provide ways to mitigate this performance loss. Future
work includes extending these variants of the preconditioned operators, using LFA
to optimize the resulting algorithms, and considering other types of problems with

similar preconditioners.
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Chapter 8
Conclusions and future work

In this thesis, to address the lack of existing research on analysis of vector potential
formulations of MHD, we have provided a theoretical analysis for the existence and
uniqueness of solutions of both the continuum two-dimensional resistive magnetohy-
drodynamics model and its discretization, closing the open question of existence and
uniqueness of solutions. Furthermore, under moderate conditions, we have proved that
Newton’s method yields well-posed linearizations and converges to the solution of the

weak formulation.

To better understand the performance of monolithic multigrid methods for solving
saddle-point problems, we have employed LFA to analyze common block-structured
relaxation schemes, including Braess-Sarazin, Uzawa, and distributive Jacobi relax-
ation, for the Stokes equations. Both the Marker-and-Cell (MAC), and finite-element
discretizations (stable and stabilized) have been discussed. LFA helps us understand
and optimise these relaxations when solving such saddle-point system with multigrid
methods. Comparisons have been made among these relaxations. All in all, inexact
Braess-Sarazin relaxation generally outperforms both Uzawa and distributive weighted

Jacobi relaxations for the discretizations considered here.

To improve the validity of LFA smoothing analysis, we have designed a modified
two-grid LFA for higher-order finite-element discretizations of the Laplace problem,
remedying the failure of classical smoothing analysis. Proper parameters have been
proposed for the Jacobi relaxation scheme in this setting. This study has shown how
coarse-grid correction works for these discretizations, not only reducing low-frequency

error components, but also some of those with high-frequency. These findings add
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to our understanding of the poor predictivity of smoothing analysis for Taylor-Hood
elements for the Stokes equations as well, and might be useful for other types of
relaxation schemes. We note that this work has some limitations. This study has
only examined the weighted Jacobi relaxation, and further investigation into general

relaxation schemes for higher-order finite-element discretizations needs to be performed.

To enrich the applicability of extant LFA, we have developed LFA for BDDC, one
of the nonoverlapping domain decomposition methods, to close a gap where there is no
such LFA research. Our study has provided a framework for LFA with an innovative
Fourier basis, which greatly simplifies the analysis. Quantitative estimates of the
condition number of the preconditioned systems have been presented. From this LFA,

improved performance has been achieved for some two- and three-level variants of
BDDC.

The results presented here show that LFA could be applied to other problems to
develop efficient algorithms of both multigrid and domain decomposition type. Further

research is proposed in the following areas:

1. Many types of problems lead to saddle-point structure. Thus, possible extensions

of our LFA work include:

e The same approach used to analyse the MAC scheme for the Stokes equations
can be adapted to analyze many optimal control problems. The construction
and analysis of fast numerical methods for control problems governed by
PDEs are in urgent demand. Often, the discretization of control problems
leads to saddle-point systems, and analyzing this type of problem using

LFA has potential to yield value insight.

e In some approaches to the eigenvalue problem, for example, using Newton’s
method, saddle-point systems naturally arise. Thus, it is likely that these

tools can be effectively applied to eigenvalue problems.

e Not much research on all-at-once solution of time-dependent problems with
LFA exists. However, time-dependent problems commonly arise in science
and engineering applications, and receive much attention. Extending the
application of LFA to this field offers promise, particularly for “parallel
in time” approaches, such as parareal and multigrid reduction in time

(MGRIT).
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e We are confident that our analysis of BDDC using LFA, especially the use
of a “sparse” Fourier basis, will serve as a fundamental tool for analysis
of other types of domain decomposition methods, as well as for other
approaches such as the classical nested dissection factorization algorithm.
Note that there is no existing LFA research for such direct solvers, which
we view through the lens of inexact solution of the subdomain problems.
We hope that LFA will be valuable in constructing and analysing good

preconditioners from many classes of algorithms.

2. Existing work on the analysis of higher-order finite-element methods using LFA
mostly focuses on pointwise relaxation. However, in practical use, collective
relaxation has been developed for many PDEs. There is a need to understand
the solution of these discretizations using collective relaxation, especially for
multivariate problems. Furthermore, nowadays, modern parallelism is a trend
within scientific computing. Thus, a natural addition to the work presented here
is the solution of higher-order finite-element discretizations with multiplicative
and additive Schwarz smoothers, including () and P, elements for the Laplace
problem, and P, — P; elements for the Stokes equations, with Vanka-type relax-
ation. These discretizations are tractable with a combination of existing LFA
tools and the extensions presented here. It would be interesting to better under-
stand additive Schwarz smoothers in particular to develop efficient algorithms

for modern parallel architectures.

3. Another interesting direction for future work is the design of efficient LFA
algorithms. In practical use of LFA, we sample in both frequency, 8, and over
parameters to optimize eigenvalues of the two-grid error-propagation operator.
Note that this needs much computational work; for example, for three-level
BDDC, for each frequency and set of parameters, we solve an eigenvalue problem
of dimension p*. The same will be true for other types of domain decomposition
methods. Thus, a more efficient LFA strategy is needed. One approach is to
use gradient-based optimization (suggested by Jed Brown), based on smoothed
approximations of the condition number to isolate the dominant modes that
are responsible for the smallest and largest eigenvalues of the operators in the
LFA framework. This should reduce the number of frequencies needing to be
sampled while optimizing the parameters, as well as the work needed for this

optimization, while preserving the accuracy of the algorithm.
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