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ABSTRACT

Let (M,w,G, u) be a Hamiltonian system where (M,w) is a compact connected sym-
plectic manifold, GG is a compact connected Lie group acting symplectically on M and
p: M — g* is a moment map where g = Lie(G). Fix an Ad-invariant inner product on
g and consider the norm squared of the moment map f = ||u||? : M — R. Kirwan has
proved that the function f is G-equivariantly perfect over the field of rational numbers
and M is G-equivariantly formal. She also gives a recursive formula for the equivariant
rational Betti numbers of the subspace My = 1~1(0).

Suppose that there exists a pair of involutions (¢ : M — M,¢ : G — G) in a
Hamiltonian system such that o is anti-symplectic and they are compatible in a way
that the fixed point set of ¢, denoted by G?, acts on the fixed point set of o, denoted
by M?. If f . M? — R is the restriction of f to the real locus M?, we prove that
under certain conditions, called 2-primitivity and free extension property, the restricted
function f° is equivariantly perfect over the field Z, and the real locus M? is G%-
equivariantly formal over the field Z,. In particular, when G = U(n) or SU(n) and the
group involution is the complex conjugation, we compute the Zo-Betti numbers of the
quotient space Mg /G? where Mg = M° N = 1(0).
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CHAPTER 1

Introduction

“I am not really doing research, just trying to cultivate
myself. "
— Alezander Grothendieck (1928-2014)

1.1 Motivation and Goals

A Hamiltonian system H = (M,w, G, ) consists of a Lie group G acting symplectically
on a symplectic manifold (M,w) governed by a moment map p : M — g* where
g = Lie(G). We will always assume that G and M are compact and connected. If G
acts freely on the zero level set of u, My = u~1(0), there exists a symplectic form wyeq
on the quotient space MG = M,/G such that the pair (M /G, wyq) is a symplectic
manifold, known as the symplectic reduction [19].

A real Hamiltonian system is a tuple RH = (M, w, G, u, 0, ¢) in which (M, w, G, i)
is a Hamiltonian system, ¢ : G — G is a Lie group automorphism of order two and
o : M — M is an anti-symplectic involution (namely, 0? = Id and o*w = —w) satisfying
certain compatible conditions (see Definition such that the ¢-invariant subgroup
G? ={g € G| ¢(9) = g} (the real subgroup) acts on the fixed point set M = {x €
M | o(x) = x} (the real locus) which is a Lagrangian submanifold of M. If G acts freely
on My, the real reduction space M° |G® = Mg /G? embeds as a Lagrangian submanifold
in the symplectic quotient M JG. The goal of this thesis is to develop the Morse theory
techniques to calculate the mode 2 cohomology of the real reduction space M? /G¢
which are analogues of Kirwan’s thorems in [42].

Given an invariant inner product on the Lie algebra g, one can form the norm



CHAPTER 1. INTRODUCTION

squared of the moment map
F=1ulP: M =R, (1.1)

Kirwan [42] showed that the critical set C'y of f is a finite collection of disjoint invariant
closed subsets {Cs | € A} (the critical subsets) and the function f is G-equivariantly
perfect over the field of the rational numbers Q; i.e.,

CﬁCCf

where P (M, t; Q) is the equivariant Poincaré series of M and d(f) is the Morse index
of f along C3. The indexing set A is a subset of the Lie algebra g. As a result of
equivariant perfection, she also showed that the inclusion My C M determines a map
Kk HE(M; Q) — HE(My; Q), known as the Kirwan map, which is surjective. When G
acts freely on the zero level set My, HE:(My; Q) = H* (M) G;Q).

Kirwan also proved that M is G-equivariantly formal over the field of the rational
numbers Q; i.e, the Serre spectral sequence of the fibration M — Mg — BG, induced
by the homotopy quotient space Mg, collapses at page two and thus

Hg(M;Q) = HY(BG; Q) ®q H*(M;Q), (1.3)

where BG is the classifying space of the Lie group G. By using these results, Kirwan
derived a recursive formula for the equivariant rational Betti numbers of the zero level
set u=1(0) = My:

Pe(p(0),6,Q) = P(M,;QP(BG. Q) — > t"IPg(Cs,1:Q),  (1.4)
Cg#Co

where Cy = p~1(0). Kirwan showed that for each 8 € A, there is a Hamiltonian
subsystem Hg = (Zg,w, G, pp) in which Zz C M is a symplectic submanifold, Gz C G
is the stabilizer subgroup of 8 and Cs = G x g, ygl(O) where ugl((}) = ZgNu~*(B). This
reduces the computation of the equivariant Betti numbers of the zero level set p~1(0)
in a Hamiltonian system H to the computation of the equivariant Betti numbers of the
zero level sets ugl(O) of generated Hamiltonian subsystems Hg.

Ananogus of Kirwan’s work have been proven by several people (see [10], [28] or
[56]). The equivariant perfection and Kirwan surjectivity for real abelian Hamiltonian
systems have been investigated by Goldin-Holm in [28]. The equivariant formality for
such systems has been proved by Biss-Guillemin-Holm in [I0].
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1.2 Summary of Results

Consider a real Hamiltonian system RH = (M,w, G, i, 0, ¢). Our first result is about
equivariant perfection for the restricted function f7 : M — R. We first construct a
Morse stratification {S3 } for f¢ with critical subsets CF . Along the way, we get the
following.

(i) A finite family of real Hamiltonian subsystems

{RHBz = (Zﬁwwﬂ Gﬁz‘vuﬂw(j? ¢) | Bl S g—}

where g_ ={X € g | ¢.(X) = =X}, ¢, : g — g is the induced involution on the
Lie algebra and o : Zg, — Zg,, ¢ : Gg, — G, are the restricted maps.

(ii) The critical set of f7 is a finite collection of G’-invariant closed subsets C§ such
that
C = G? x, (ZB N g (0)), (1.5)

where Z§ = Z5, N M? and G = G* N Gy,

(iti) Bach stratum S§ C M? is a G?-invariant locally closed submanifold that defor-
mation retracts onto the critical subset C' of f” and has a constant codimension
d(B;, ) which is the Morse index of f7 along the critical subset Cf .

As expected, the index number d(f3;, o) is half of the Morse index d(3;) of f along Cg,
which is an even number; i.e.,

(6 0) = () (16)

Following Kirwan’s approach, we use the equivariant Thom-Gysin long exact se-
quence to prove equivariant perfection for f?. Using a partial order on the indexing
set, we get the following long exact sequence:

o H 00 (59 7,) sl sg oy sl 85:2:) » - (1)

a<p; a<f;

We show that under hypotheses described below the equivariant top Stiefel-Whitney
class of the G?-equivariant normal bundle of each stratum S§, is not a zero divisor.
This condition forces the map ig, to be 1-1 and breaks the long exact sequence into
short exact sequences:

0= Ho, "S5 25) 2 Heu (| S5:22) 25 Heo(| S3522) =0, (18)

a<pB; a<pB;

which gives equivariant perfection by induction.
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The first condition we consider is called the free extension property and is on the pair
(G, ¢). It states that for any § € g_ and any maximal elementary abelian 2-subgroup
Dj of the real stabilizer subgroup G% = G3NG?, the cohomology ring H*(BDg; Z,) is a

free H *(BG‘;; Zs)-module. Examples of Lie groups with the free extension property are
the product of unitary groups with the complex conjugation as the group involution.

The second required condition is called the 2-primitivity property. This property
is about G-vector bundles V' — X which guarantees the existence of an elementary
abelian 2-subgroup E C G fixing X and no nonzero vectors in V.

By using these two conditions, we formulate a real version of the famous Atiyah-Bott
Lemma ([3], Proposition 13.4) which says that if the pair (G, 1d) has the free extension
property and the vector bundle is 2-primitive, then the equivariant top Stiefel-Whitney
class is not a zero divisor.

To prove the equivariant perfection theorem, we need to generalize the 2-primitivity
property to real Hamiltonian systems which requires that the Ggi—equivariant normal
bundle of each submanifold Zg N g '(0) in the generated real Hamiltonian subsystem

RHMs, = (Zs,,w,Gg,, jis,, 0, ¢) is 2-primitive as a G -vector bundle. These properties

guarantee that the injectivity of each map g, in holds and does not depend on

the choice of a maximal elementary abelian 2-subgroup for each real subgroup Gg
When the injectivity is satisfied, the equivariant Thom-Gysin sequence must break

into short exact sequences. By induction, we show that f¢ is equivariantly perfect over
the field Zs; i.e.,

Poo(M7 6Zs) = > t"0)P oy (CF 1 L), (1.9)
CUZCCfU

This yields a recursive formula for the equivariant Zs-Betti numbers of the real zero
level set M7 = M? N u~(0) as follows:

P (M§ 1 Z2) = Po (M, 6 Z5) — ) | td(ﬁ“")PGg_(Zgimugj(o),t;Zg). (1.10)
Cg #Mg ‘

Thus, computing the Zs-equivariant Betti numbers of M{ reduces to computing the
Zs-equivariant Betti numbers of M7 and Zg M g 1(0).

An immediate consequence of the equlvarlant perfection theorem is that the map
kg @ Hly (M5 Zy) — HYy (Mg, Zy) induced by the inclusion Mg C M? is surjective.
We call this surjection the real Kirwan map. When the action of G on M, is free, we
prove that the real reduction M7 /G? can be considered as a Lagrangian submanifold
of the symplectic reduction M G and since H,,(MJ;Zy) = H*(M? JG?, Z5), the map
H, (M7 Zy) — H*(M° )G?; Zs) is also a surjection. In other words, we have proved
a Kirwan surjectivity for real Hamiltonian systems.

Our next result is about the equivariant formality for real Hamiltonian systems. We
prove this theorem for those real Hamiltonian systems RH = (M, w, G, i, 0, ¢) in which
the pair (G, ¢) has the special free extension property.
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A pair (G, ¢) has the special free extension property if it has the free extension
property and there exists a maximal torus 7" C G such that the restriction of ¢ to
T is the inversion map as well as the real torus 7% is a maximal elementary abelian
2-subgroup of G?. Examples include U(n) and SU(n) with the complex conjugation as
the involution.

To prove our equivariant formality theorem, we first consider the real abelian Hamil-
tonian system (M,w, T, ur, o, ¢) where pur : M — t* is the composition of p with the
orthogonal projection onto t* where t = Lie(7"). By a theorem of Biss-Guillemin-Holm
[T0], the real locus M? of this abelian system is T'%-equivariantly formal over the field
Zso. That is, the Serre spectral sequence of the fibration BT% < M7, — M? collapses
at page 2. By combining this result with the special free extension property and consid-
ering a commutative diagram, we prove that the Serre spectral sequence of the fibration
BG? — M7, — M? also collapses at page 2, and thus

5o (M7 Zo) & H* (BG®; L) ®7, H*(M?; Zs). (1.11)

This is, the real locus M? is G?-equivariantly formal over the field Z.

Finally, we apply our results to specific examples of real Hamiltonian systems and
give explicit formulas for the Z,-Betti numbers of their real reductions. The first ex-
ample we consider is a product of complex projective lines M = (CIP’l)” on which the
unitary group U(2) acts diagonally and the involution is a product of complex conjuga-
tions. In this example, the real locus is a product of real projective lines M7 = (RP')"
and the real group is G¢ = O(2), the orthogonal group of rank 2. We show that the 2-
primitivity and the special free extension properties are satisfied for this system and by
using equivariant perfection and formality theorems, we compute the Z,-Betti numbers
of the real reduction space (RP')"/O(2) as follows:

min{k,n—k—3}

Br= > (”;1> for k= 0,...,n — 3. (1.12)

=0

The other example is a generalization of the first one. We consider the diago-
nal action of the unitary group U(n) on a product of complex Grassmannians M =
Gry, (C") x -+ x Gr;.(C") in which the involution ¢ is again the complex conjugation
and the involution ¢ is induced by the complex conjugation on C". Here, the real
locus is a product of real Grassmannians M7 = Gr;, (R") x - -+ x Gr;, (R™) and the real
subgroup is the orthogonal group O(n). We will see that the equivariant perfection
and formality theorems are satisfied provided that n is odd and numbers Z;Zl [; and
n are coprime. This provides us with a recursive formula for the equivariant Z,-Betti
numbers of the real reduction.

When we compare our computations with Kirwan’s results, we realize that the
following relation is satisfied:

Poo (M G2 1, Zs) = Po(M)G,13; Q). (1.13)
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One may think (1.13) holds in general real Hamiltonian systems but we present a
counterexample in Section 8.2 (see Example [8.6)).
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1.3 Content Outline

The outline of the rest of this thesis is as follows. In chapter 2, we have gathered
the mathematical preliminaries needed for next chapters. It gives theorems and def-
initions that will be used throughout this thesis. It consists of six sections: Linear
Algebra, Algebraic Topology, Differential Topology, Lie Theory, Symplectic Geometry
and Differential Homological Algebra.

Chapter 3 gives the main ideas and definitions of real symplectic geometry. In section
3.1, we introduce the idea of real structures on complex vector spaces. In section 3.2,
we describe the notion of real structures on symplectic manifolds and then define real
Hamiltonian systems. In section 3.3, several examples of real Hamiltonian systems have
been provided. Section 3.4 formulates a real version of the symplectic reduction.

In chapter 4, we show that how to obtain a real Morse stratification for the real
locus of a real Hamiltonian system. Section 4.1 sums up the main results of Kirwan
regarding the Morse stratification induced by the norm squared of the moment map in
a Hamiltonian system. In section 4.2, we use the main ideas of section 4.1 to obtain a
real version of the Morse stratification for a real Hamiltonian system (new results).

In chapter 5, we discuss the idea of free extension property which is one of the most
important tools we need in this thesis. In section 5.1, we first introduce the idea of free
extension in module theory and give some examples. In section 5.2, we extend this idea
to Lie groups with an involutions and give some properties and examples of them (new
results).

Chapter 6 is devoted to the Atiyah-Bott Lemma and describes this notion. In section
6.1, we give the main Atiyah-Bott Lemma. In section 6.2, we state and prove a real
version of the Atiyah-Bot Lemma that we need in our work (new results).

Chapter 7 contains two of our main results. Section 7.1 discusses the property of
2-primitivity in a real Hamiltonian system which we need in proving a real version of
equivariant perfection. Section 7.2 formulates an equivariant formality theorem for a
special class of real Hamiltonian systems (new results).

In chapter 8, we use our results in two examples to show that how they can be applied
in real Hamiltonian systems. In section 8.1, we digress to compute some homotopy
quotients of the action of the orthogonal groups (new results). In section 8.2, we
compute the Zy-Betti numbers of some real reductions (new results).

The final part consists of three appendices. Appendix A gives some basic facts about
the complex projective line and Mobius transformations. Appendix B summarizes some
properties of the Grassmannians. Appendix C is about the linear projective groups and
some of their important properties.
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1.4 Writing Approach

I want to say a few words about the approach I have adopted here to write this thesis.
I believe that learning and teaching mathematics is impossible without using pictures,
specially in Geometry and Topology. I have always preferred using mathematical books
with numerous figures. Pictures help me to imagine the ideas very vividly.

When I quit printing and designing business and came back to mathematical world,
I thought I can use my work experience in this area. I have a very good familiarity
with two great design software: Corel Draw and Adobe [llustrator (Al). I decided to
use them for creating geometric objects in all my mathematical writings since then. I
believe this helps people to understand my ideas better and clearer.

To draw my pictures, I usually use Al and MATLAB together. By using A, one can
create two or three dimensional objects and easily get outputs in EPS formats which
work nicely with Latex files. MATLAB generates fancy surfaces and we can import
those objects in an artboard in AI to customize them based on our needs. Another
benefit of working with Al is that we can use LaTeXiT to type in an Al file easily.
In this case, we are able to label some parts of the figure or even type some formulas
with the same font as in our Latex file. When we insert the figure in our Latex file and
produce a pdf file, the output is excellent and beautiful.



CHAPTER 2

Mathematical Preliminaries

“I know how to control the universe. So tell me, why
should I run for a million?"

—Grigori Perelman (1966-present)

In this chapter, we give all the basic machinery that will be used throughout this the-
sis. The content of the current chapter consists of elementary definitions and theorems
from different areas of mathematics. It contains six sections: Linear Algebra, Algebraic
Topology, Differential Topology, Lie Theory, Symplectic Geometry and Differential Ho-
mological Algebra. In each section, we have listed basic definitions and main theorems
that are needed in the future.



CHAPTER 2. MATHEMATICAL PRELIMINARIES

2.1 Linear Algebra

“Algebra is the offer made by the devil to the
mathematician. All you need to do, is give me your
soul: give up geometry!”

—Sir Michael Atiyah (1929-present)

Definition 2.1. Let T : V — V be a linear operator on an n-dimensional vector space
over the field F = R or C.

1. The characteristic polynomial x7 of T is defined by

Xr(x) = det(T — zId). (2.1)

2. The roots of xr are called the eigenvalues of T. For any eigenvalue A\, E) =
Ker(T—\Id) is called the eigenspace corresponding to A. Elements of eigenspaces
are called eigenvectors.

3. The minimal polynomial my of T is the unique monic polynomial such that
my(T) = 0 and for any other polynomial ¢ with ¢(T") = 0, my divides q.

4. T is diagonalizable if there exists some basis B for V' consisting of eigenvectors
of T; i.e., the matrix of T" with respect to B is a diagonal matrix.

5. A family of operators {T,, : V — V | @ € A} is called simultaneously diago-
nalizable if there exists some basis B for V' such that the matrix of each T, with
respect to B is diagonal.

Proposition 2.1. An operator T : V. — V on an n-vector space V is diagonalizable
if and only if the minimal polynomial my is a product of linear factors; i.e., mp(x) =
(x — A1)+ (x — A\g), where \; are distinct scalars.

Proof. See [36], Chapter 4, Theorem 5. |
Corollary 2.1.1. If T is an involution, i.e., T? = 1d, then T is diagonalizable.

Proof. Since T? = Id, T is a root of the polynomial 22—1. Thus, the minimal polynomial
divides the polynomial 22 — 1 = (x — 1)(z + 1). This implies that my is a product of
linear factors. Proposition 2.1 proves the claim. |

Definition 2.2. A commuting family of operators is a collection {7, : V =V | a €
A} of operators such that 7,73 = 13T, for any «, 3 € A.

10



CHAPTER 2. MATHEMATICAL PRELIMINARIES

Proposition 2.2. A commuting family of diagonalizable operators are simultaneously
diagonalizable.

Proof. See [36], Chapter 6, Theorem 8. |

Corollary 2.2.1. A commuting family of involutions are simultaneously diagonalizable.

Proof. This is a combination of Propositions [2.1] and 2.2 |

Definition 2.3. Let F = R or C and M (n,F) be the set of all n x n matrices with
entries in F. Suppose that A € M (n,F).

1.

2.

3.

A is symmetric (or skew-symmetric) if A" = A (or A' = —A).

A is Hermitian (or skew-Hermitian) if A* = A (or A* = —A), where A* = A’

Ais orthogonal if AA* = A'A = Id. The set of all orthogonal matrices is denoted
by O(n;F).

. A is unitary if A*A = AA* = Id. The set of all unitary matrices is denoted by

U(n).

Remark 2.1. We usually write O(n) for O(n; R).

Proposition 2.3 (Spectral Theorem). Let A € M(n,F). The following are satisfied.

1.

IfF = C and A is Hermitian, then there exist a unitary matrizc U € M(n,C) and
a real diagonal matriz D € M(n,R) such that UAU* = D.

IfF =R and A is symmetric, then there exist an orthogonal matriz QQ € M (n,R)
and a real diagonal matriz D € M (n,R) such that QAQ™' = D.

IfF = C and A is symmetric, then there exist a unitary matriz U € M (n,C) and
a real diagonal matriz D € M(n,R) such that UAU™ = D.

Proof. See [24], Chapter 9, Theorems 9.3 and 9.7 for parts 1,2 and Chapter 10, Theorem
10.6 for part 3. u

11



CHAPTER 2. MATHEMATICAL PRELIMINARIES

2.2 Algebraic Topology

“It was my lot to plant the harpoon of algebraic
topology into the body of the whale of algebraic
geometry. "

—Solomon Lefschetz (1884-1972)

2.2.1 Topological groups and continuous actions

Definition 2.4. A topological group G is a topological space which has a group
structure such that the map G x G — G defined by (g,h) — gh™' is continuous
with respect to the topological structure on G and the product topology on G x G.
A topological subgroup is a subspace which is also a subgroup. A homomorphism
between two topological groups is a group homomorphism which is also a continuous
map. Similarly, an isomorphism between topological groups is a group isomorphism
which is a homeomorphism. The set of all isomorphisms of a topological group G is
a group under composition which is called the group of automorphisms of G and
denoted by Aut(G).

Proposition 2.4. If H is a closed normal subgroup of a topological group G, then the
quotient group G/H is a topological group. In particular, the identity component of G,
denoted by G., is a closed normal subgroup of G and G/G. is a topological group.

Proof. See [41], Chapter 1. |

Definition 2.5. Let X be a topological space and G be a topological group. We say
that G acts on X on the left or X is a left G-space if there exists a continuous map
Y : G x X = X denoted by (g, x) = ¢,4(x) such that the following are satisfied.

1. Ye(z) =z, for all x € X.
2. Yy(Yn(x)) = Ygn(x), for all g,h € G and = € X.

In this case, the map ¢ is called the left action of G on X. We usually write ¢, (x) = gx.
For any point x € X, the orbit of x is the set O, = {gz | ¢ € G} and the stabilizer
subgroup is G, = {g € G | gr = x}. A subset Y C X is called G-invariant if gy € Y,
for any g € G and y € Y. The fixed point set of the action of G on X is the set
X¢={re X |gr=uaVgecqG}

Remark 2.2. Similar to Definition 2.5 we can define the right action of G on X
denoted by ¢ : X x G — X such that ¢(x,g) = xg. In fact, the left and right actions
are equivalent by using the rule gr = xg~! (see [41], Section 2.2).

12
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Definition 2.6. Let a topological group GG act on a topological space X.

1. The action is free if for all x € X, gr = x implies that g = e; or equivalently,
G, = {e}, for all z € X.

2. The action is locally free if the stabilizer subgroups are discrete.

3. The action is transitive if for any =,y € X, there exists some g € GG such that
y = gx; or equivalently, there is only one orbit in X.

4. The action is simply transitive if for any x,y € X, there exists exactly one
g € G such that y = gz.

5. The action is effective if for any g # e in G, there exists some x € X such that
gx # x; or equivalently, ¥, is not the identity map.

Remark 2.3. It is seen from the definitions above that any free action is locally free
and effective. Also, an action is simply transitive if and only if it is transitive and free.

Proposition 2.5. Let X be a G-space and X /G be the set of orbits as well as 7w : X —
X/G be the projection map. If we equip X/G with the quotient topology, then m is an
open map. Moreover, when G is compact, the following are satisfied.

1. 7 is a closed map.
2. If X is Hausdorff, then so is X/G.
3. 7 is a proper map, that is, the inverse image of compact sets are compact.
4. X is compact if and only if X/G is compact.
5. If X is Hausdorff, then for any x € X, G/G, and O, are homeomorphic.
Proof. See [41], Chapter 1. [

Definition 2.7. Let X and Y be a GG-space and H-space respectively and 0 : G — H e
a group homomorphism. A continuous map f: X — Y is called an equivariant map
if f(g.x) =0(g).f(x), for all z € X and g € G. When G = H and 0 = Id, we say f is
a G-map. A G-homeomorphism of (G-spaces is an equivariant map which is also a
homeomorphism.

Proposition 2.6 (Quotient in Stages). Let H be a closed normal subgroup of a
topological group G and X be a G-space. Then the G-action on X induces a G/H -
action on the orbit space X/H and the natural map ¢ : X/G — (X/H)/(G/H) is a
homeomorphism; i.e.,

X/H
G/H’

Proof. See [41], Chapter 1. |

X/G = (2.2)

13
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Proposition 2.7. Let G, K be topological groups such that X is a G-space and 'Y is
a K-space. Then the product space X X Y is a (G x K)-space and there exists the
following homeomorphism between the orbit spaces:

(X x Y)/(G x K) = (X/G) x (Y/K). (2.3)

Proof. For any g € G, k € K, x € X and y € Y, define (¢,k).(x,y) = (g9z, ky).
This makes X x Y into a G x K-space and it is easy to see that the canonical map
Y : Ogy) — (Og, Oy) is a homeomorphism. [

Definition 2.8. Let n > 1 be a natural number, Gy, ..., G,, be topological groups and
Xo, ..., X, be topological spaces. Suppose that X is a right Gy-space, X, is a left G,
space and for any ¢ = 1,...,n — 1, the space X is a left G;-space and right G, -space.
For g; € G; and z; € X;, set

(917 cey gn)-(l’m L1y ey Tn—1, wn) = (xﬂgfla glx19517 ceey gnflxnflgrjlv gnxn)

This defines an action of G; X --- x GG,, on the product space Xy x --- x X,,. The
orbit space of this action is called the twisted product of spaces X; and denoted by
Xo Xg, X1 Xg, -+ X, X, In this case, the orbit of each tuple (zy,...,x,) is denoted
by [zo, ..., z,). In special case, when X is a right G-space and Y is a left G-space, we
denote the twisted product by X x4 Y.

Proposition 2.8 (Associativity of Twisted Product). For any 0 < i < j < n,
consider the following space:

X(Z,j) = Xo ><G1 s ><Gi71 Xifl XG'L (Xl XG¢+1 cee XGj XJ> XGj+1 cee XGn Xn

X,
Proof. See [41], Chapter 1. |

Then X (i,7) is homeomorphic to the twisted product space Xo X, X1 Xa, *** X

Proposition 2.9. Let G be a topological group. Suppose that X s a right G-space and
the action of G on'Y s trivial; that is, gy = vy, for all g € G and y € Y. Then we
have the following homeomorphism:

X xqY =2 (X/G) xY. (2.4)

Proof. Consider the natural map ¢ : X xg Y — (X/G) x Y defined by ¢[z,y|lc =
([*]g,y) for each x € X and y € Y. Define ¢ : (X/G) XY — X xgY by ¢¥([z]g,y) =
[z,y]q. Tt is easy to see that ¢ and ¢ are continuous maps and ¢! = 1. This completes
the proof. |

Proposition 2.10. Let G be a topological group and X be a right G-space. If G acts
on itself by left translations; i.e., L, : G — G where L,(h) = gh, then we have the

following G-homeomorphism:

Proof. See [41], Chapter 1. |

14
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2.2.2 Fibrations, Fiber Bundles and Principal Bundles

Definition 2.9. A map p : £ — B between topological spaces has the homotopy
lifting property with respect to a space X if for any map fo : X — FE and any
homotopy {f; : X — Bliepa) with po fo = fo, there exists a homotopy {f; : X —

E}tejo.) such that po f, = f,, for all £ € [0,1].

)

X 5 B
Diagram 2.1: Homotopy lifting property

Definition 2.10. A map p : E — B between topological spaces is called a fibration if
it has the homotopy lifting property with respect to all topological spaces. In this case,
we call B the base space and E the total space. Also, for any b € B, p~1(b) = E}, is
called the fiber over b.

Proposition 2.11. If the base space B in a fibration p : E — B is path-connected,
then the following are satisfied.

1. All the fibers Ey, have the same homotopy type and there exists an action of the
fundamental group of B on the homology and the cohomology of each fiber Ej.

2. There exists the following long exact sequence of homotopy groups:

- = T (Ey) = 1 (E) = mo(B) = -+ = m(B) = mo(Ep) — mo(E) — mo(B)

Proof. For part 1, see [48], Proposition 4.18 and for part 2 see [52], Theorem 3.10. W
Remark 2.4. By Proposition [2.11] we can talk about the fiber F' of a ﬁbration P

E — B over a path-connected space B. In this case, we use the notation F S EL B

Definition 2.11. A morphism between fibrations F’ <y E 2 Band F <—> E 2 B
is a pair of maps (f : B — B f FE’ — F) such that po f fop'. Moreover, if f, f

are homeomorphisms, then (f, f ) is called an isomorphism of fibrations.

oy

A
B’ — B

Diagram 2.2: Morphism between fibrations

15
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Example 2.1. The projection map p : B x ' — B is a fibration. Any fibration
isomorphic to p: B X F' — B is said to be trivial.

Example 2.2. Let p: E — B be a fibration and f : X — B be a continuous map.
Set f*E = {(z,e) € X x E | f(z) = p(e)}. It is easy to see that the projection map
pr: f*E — X, defined by ps(z,e) = z, is a fibration and p;l(:c) = E4. This fibration
is called the pullback of E by f.

Definition 2.12. Let E, B and F' be topological spaces. A fiber bundle with fiber
F' is a continuous surjection p : E — B satisfying the following conditions.

1. For any b € B, the fiber E, = p~!(b) over b is homeomorphic to F.

2. There exists an open covering {U; | ¢ € I} of B such that for any ¢ € I, we
can find a homeomorphism ; : p~*(U;) — U; x F for which p; o ¢; = p, where
p1 is the projection onto the first component. The pair (U;, ¢;) is called a local
trivialization.

p~ Y (U;) L s U; x F

Diagram 2.3: A local trivialization

3. For any b € U; NU; # 0, there exists a homeomorphism 6;;(b) : F — F such that
o7 H(z,b) = s@}l(ﬁij(b)x, b), for all x € F.

In this case, B, E and p are called the base space, the total space and the projection,
respectively. The map 0;; is called the transition map for the local trivializations

(Us, i) and (Uj, @;).

Remark 2.5. A theorem of Hurewicz says that fiber bundles over paracompact base
spaces are fibrations (see [20], Chapter 4).

Definition 2.13. Let GG be a topological group and p : £ — B be a fiber bundle with
fiber F'. If there exists an effective G-action on the fiber F' such that for any transition
map 6;;, we have 6,;(b) € G, then we call p : E — B a G-fiber bundle with the
structure group G.

Definition 2.14. Two fiber bundles p; : E; — B, i = 1,2, are called isomorphic if
there exists a homeomorphism f : £} — FEs such that pyo f = p;. In this case, we write
E, = E5. A fiber bundle E — B with fiber F' is called trivial if it is isomorphic to the
product space B X F.

16
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Diagram 2.4: Isomorphic fiber bundles

[
Q
<
o
17
[
]

Q

2.9).

see Figure

(

Figure 2.1: A trivial fiber bundle

Example 2.3. The unit 2-sphere without two poles is an example of a trivial fiber
bundle with the unit circle as the base space and the real line as the fiber (see Figurg2.1]).
An example of a nontrivial fiber bundle is the Mobius strip in which the fiber is a line

segment and the base space is the circle

Figure 2.2: Mobius strip as a nontrivial fiber bundle

p(e)}. Similar to fibrations,

: f*F — X is a fiber bundle with fiber F,

Example 2.4. Let p : E — B be a fiber bundle with fiber F" and f : X — B be a

continuous map. Set [*FE = {(e,z) € E x X | f(x)

the projection on the second component py

17
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called the pullback of the fiber bundle p : £ — B. A continuous map s : B — F is
called a section of the fiber bundle p: F — B if po s =1Idg.

fiber

EIIE I R I I N R ]

Figure 2.3: Section of a fiber bundle

Definition 2.15. A principal G-bundle is a G-fiber bundle p : £ — B in which the
fiber is F' = G and G acts on F by left translations.

Proposition 2.12. Ifp: E — B is a principal G-bundle, then there exists a canonical
free G-action on E such that E/G is homeomorphic to B. If a compact group G acts
freely on a completely reqular topological space E, then the quotient map 7 : E — E/G
is a principal G-bundle.

Proof. See [16], Chapter 1. [ |

Proposition 2.13. A principal G-bundle p : E — B is trivial if and only if there exists
a section s : B — E for p.

Proof. See [41], Chapter 2. |

Proposition 2.14 (Existence of Universal Bundles). Let G be a topological group.
Then there exists a principal G-bundle EG — BG with contractible total space EG.
Moreover, for any principal G-bundles E — B over a paracompact space B, there

exists a map f : B — BG such that E is the pullback of EG and if g : B — BG is
another map such that g*(EG) = E, then f and g are homotopic.

Proof. See [38], Chapter 4. |

18
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Corollary 2.14.1. For any topological group G, the base space BG is unique up to
homotopy. In particular, if G is connected, then BG is simply connected.

Proof. First part follows from Proposition For the second part, we consider the
homotopy long exact sequence of the fibration G — EG — BG given in Proposition
211l Since EG is contractible the assertion follows. |

Definition 2.16. Let GG be a topological group and R be a commutative ring with unity.
The principal G-bundle p : EG — BG in which the total space EG is contractible is
called a universal G-bundle for the group G. In this case, BG = EG/G is called
the classifying space associated to this bundle. Also, for any principal G-bundle
p: X — Band map f: B — BG, thering f*(H*(BG; R)) is called the characteristic
ring of the principal bundle and its elements are called characteristic classes of the
principal bundle p : X — B.

Remark 2.6. An explicit choice for EG given in [3§] is called the Milnor Join. It is
defined as follows. Let I2° = €D, . I, where I, = [0, 1] and set

oo = {t = (ti)iz0 € I° Zt—l}

Suppose that G* is the set of all sequences © = (x;);>0 where z; € G and define the
equivalence relation ~ on G* x A, by

(.To,t();l'l,tl; ) ~ (yo, Sos Y1, S1, ) = (Vl, t; = Si) & <1f t; = s; 7é 0= €T, = yz)

Denote the quotient space (G* x Ay)/ ~ by EG and its elements by < z,t >. By
putting the direct limit topology on E'G, one can see that G acts freely on EG by
g. <z, t >=< g.x,t >. If we have a group homomorphism 6 : G — H, the structure on
EG helps us to define an equivariant map F6 : EG — EH by E0 < x,t >=< 0(x),t >
where 6(z) = (6(x;));>0. This also induces a map B : BG — BH on the classifying
spaces.

Example 2.5. Let k& < n be natural numbers. Let V(R") be the set of all k-frames in
R™; i.e., k-tuples of orthonormal vectors, and Grg(R™) be the set of all k-dimensional
subspaces of R™. It is known that V;(R") and Grg(R") are manifolds called Stiefel
manifold and Grassmannian manifold respectively (see Appendix B). Consider the
natural map 7 : Vx(R") — Gri(R") sending each k-frame to the subspace spanned
by it. One can show that this is a principal O(n)-bundle (see [4I], Section 3.9). The
map (21, ...,7;) — (T1,...,7,,0) embeds R" into R"™!. So we can consider k-frames
and k-subspaces of R" as k-frames and k-subspaces of R"*! respectively. Therefore,
we have the inclusions Vj(R™) C Vi (R"™!) and Grg(R") C Grg(R™). Set Vi (R>®) =
U,>1 Va(R™) and Gri(R*) = {J,»; Grg(R") and consider the weak topology on each
of them. The natural map 7 : V,(R®) — Gr,(R>) is also a principal O(n)-bundle
and Vi (R>) is contractible (see [32], Chapter 4). So this is a universal bundle for the
orthogonal group O(n) and thus BO(n) = Gri(R>). Similarly, we can define complex
Grassmannian Gry(C") and show that BU(n) = Gri(C*®) = U,>1Grg(C").
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2.2.3 Equivariant Cohomology

Definition 2.17. Let X be a left G-space and FG — BG be a fixed universal G-
bundle. The twisted product space Xg = EG X X is called the homotopy quotient
or the Borel construction of X with respect to the fixed universal bundle.

Remark 2.7. Although for different universal bundles EG — BG we get different
homotopy quotients, they all have the same homotopy types and thus up to homotopy,

our definition is well-defined. In particular, when X is a singleton {x}, it follows from
Proposition 2.9) that X ~ BG.

Proposition 2.15. Let X be a left G-space and EG — BG be a fixed universal G-
bundle. Then we have the following commutative diagram of maps, called Cartan-
Borel diagram:

FG +— FEFGx X —— X

| | |

BG +— X¢ — X/G
Diagram 2.5: Cartan-Borel diagram

Moreover, the map 7 : X — BG is a fiber bundle with fiber X and for the projection
o: Xe¢ — X/G, the fiber over O, is 071(0,) = BG,, the classifying space of the
stabilizer subgroup of x € X. In particular, if X is paracompact and G acts freely on it,
then o is a fibration with contractible fiber EG and therefore a homotopy equivalence.

Proof. See [12], Chapter 4 or [5], Chapter 6. [

Suppose that topological groups G and H act on the left on spaces X, Y respectively.
Let 6 : G — H be a group homomorphism and f : X — Y be a continuous map for
which f(gz) = 6(g)f(z). Then, it is easy to see from Remark [2.6|that f induces a map
frn : Xg — Yy between homotopy quotients such that fyle, z] = [Ff(e), f(z)] and the
following diagram is commutative:

EG « EG x X > X

EH < l FH xY l > Y
BG « Xa » X/G

BH « Y > Y/H

Diagram 2.6: Commutative diagram induced by a group homomorphism
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Proposition 2.16. Let § : G — H and n : H — K be group homomorphisms on
topological groups.

1. If B9 : BG — BH, Bn: BH — BK and B(no#@): BG — BK are the induced
maps on corresponding classifying spaces, then two maps Bno BO and B(n o )
are homotopic.

2. Suppose that X, Y and Z are left G-space, H-space and K -space respectively as
well as for continuous maps f : X — Y andg:Y — Z, we have f(gx) = 0(g) f(z)
and g(hy) = n(h)g(y). If fn: X = Yu, gn : Yu — Zx and (go f)n : Xp —
Zx are the induced maps on homotopy quotients, then g, o f, and (g o f), are
homotopic.

Proof. For part 1, see |2I], Chapter 14. Part 2 follows from Part 1, Proposition
and Diagram ]

XG In >YH o > ZK

.

BG —B% g 5", BK

Diagram 2.7: Commutative diagram induced by a pair of group homomorphisms

Proposition 2.17. Let X be a left G-space and K be a closed subgroup of G. Then X
is a left K-space and we have the following commutative diagram of fibrations.

x M . x

]

G/K » Xk » Xo

of ] ]

G/K BK BG

~

~

Diagram 2.8: Commutative diagram induced by a closed subgroup

Proof. See [37], Chapter 3. |

Proposition 2.18 (Homotopy Quotient Extension). Let K be a closed subgroup of
a topological group G andY be a left K-space. If X = G Xk Y is the twisted product of
G and Y, then the map g.[h,y| = [gh,y] makes X into a left G-space and the homotopy
quotients X and Y are homotopy equivalent.

Proof. See [41], Chapter 1 and [3], Section 13. |
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Proposition 2.19 (Homotopy Quotient in Stages). Let K be a closed normal
subgroup of a topological group G and X be a left G-space. If Y = X is the homotopy
quotient space of X with respect to K-action, then Y is a left G/K-space and the
homotopy quotient spaces Xg and Yg/k are homotopy equivalent; i.e,

Xo ~ (Xx)a/x. (2.6)

Proof. Let F1G — B,G and E(G/K) — B(G/K) be universal bundles for groups G
and G/K respectively and set EG = E(G/K) x E1G. The group G acts on E(G/K)
via the quotient group G/K and EG is contractible, so we can take EG as the total
space of a universal bundle FG — BG of G. The assertion follows from the quotient
in stages (Proposition and the associativity of the twisted product (Proposition

23). _

Proposition 2.20. Let G and K be topological groups such that X is a left G-space
and 'Y s a left K-space. The product space X XY is a (G x K)-space and there exists
the following homotopy equivalence between homotopy quotient spaces:

(X X Y)GXK ~ XG X YK (27)
In particular, two classifying spaces B(G x K) and BG x BK are homotopy equivalent.

Proof. If EG — BG and EH — BH are universal bundles for G and H respectively,
then FG x EH — BG x BH is a universal bundle for the product group G x H.
The first part follows from Propositions 2.7] and 2.8] To prove the second part, set
X =Y = {x}. n

Definition 2.18. Let X be a left G-space, R a commutative ring with unity and
EG — BG be a universal G-bundle. The equivariant cohomology of X is defined
as the ordinary cohomology of the homotopy quotient Xs; i.e.,

He(X; R) = H(Xe; R). (2.8)

Remark 2.8. Corollary guarantees that Definition [2.1§] is well-defined. More-
over, the functorial nature of the construction X —— X enables us to extend all the
concepts of ordinary cohomology to the equivariant cohomology in an essentially routine
manner.

Example 2.6. Consider the compact Lie groups G = (Zy)" or (S*)". It follows from
Example 2.5 and Proposition that BG = (RP>)" or (CP™)", respectively.

2.2.4 Vector Bundles

Definition 2.19. A fiber bundle p : E — B is called a vector bundle if the fiber F
has a vector space structure and each map ¢; : B, — {b} x F' is a linear isomorphism.
In this case, we call the map p: ' — B a real or complex vector bundle provided
that I is a real or complex vector space. The dimension of the vector space F' is called
the rank of the vector bundle.

22



CHAPTER 2. MATHEMATICAL PRELIMINARIES

Example 2.7. Any product space B x R™ with the natural projection m; : BxR" — B
is a real m-vector bundle. Another example of a real vector bundle of rank n is the
tangent bundle of an n-dimensional smooth manifold (see Figure .

Figure 2.4: Tangent bundle of 2-sphere as a 2-vector bundle

Definition 2.20. Two vector bundles p : E — B and p' : ' — B are called isomor-
phic if there exists a homeomorphism f : E — E’ such that p’o f = p and the restriction
map f, : By — Ej is a vector space isomorphism. Any vector bundle isomorphic to the
product bundle B x R™ or B x C" is called a trivial vector bundle.

Example 2.8 (Tautological Bundles). Let Gri(R") be the real Grassmannian. Set
Y ={(L,z) € Gri(R") x R" | z € L}. (2.9)

One can show that the natural projection 7y : 77 — Grg(R™) is a nontrivial k-vector
bundle over the Grassmannian Gri(R™) (see [51], Section 5). Moreover, if we consider
the spaces Gry(R*) = {J,», Grx(R") and ~p° = U,>17; with the weak topology, then
the projection 7y, : ¥2° — Gry(R™) is a real k-vector bundle (see [33], Lemma 1.15).
These vector bundles are called the tautological vector bundles over the real Grass-
mannians. Similarly, we can define the tautological vector bundles over the complex
Grassmannians.

Definition 2.21. A section of a vector bundle p : £ — B is a continuous map
s : B — FE such that po s =1Id. The zero section sy : B — FE is the map sending any
point b € B to the zero vector in the vector space Ej, = F.

Definition 2.22. A metric on a vector bundle p : £ — B is a family of maps {g; :
Ey, x E, — R | b € B such that each g is an inner product on the vector space Ej, and
for any two sections s,s' : B — E, the map g : £ — R by g(e) = gp)(s(p(e)), s'(p(e)))
is continuous.

Proposition 2.21 (Pullback). For any k-vector bundle p : E — B and any continuous
map f : X — B, the set [*E = {(e,z) € E x X | p(e) = f(x)} with the natural
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projection py 1 f*E — X is a k-vector bundle, called the pullback of E by f. In the
special case, the pullback of a subset C' C B by the inclusion map i : C' — B i.e. i*F,
is called the restriction of p: F — B.

Proof. See [51], Section 3. |

Proposition 2.22 (Whitney Sum). Let p: E — B and p' : E' — B’ be two vector
bundles of ranks k and k" respectively. Then the product map pxp' : E X E' — B x B’
is a k + k'-vector bundle. In particular, if B= B’ and A : B — B X B is the diagonal
map, then the pullback vector bundle A*(B x B) is a k+ k'-vector bundle over B which
18 called the Whitney sum of E and E’, denoted by E & E'.

Proof. See [33], Chapter 1. |

Proposition 2.23. Let p : E — B be a k-vector bundle equipped with a metric and
F be a subbundle of rank K'; i.e., each fiber Fy is a k'-subspace of Ey. Let Fj- be
the orthogonal complement of Fy with respect to the inner product on E,. If F* is
the collection of all F;-, for b € B and q : F+ — B is the natural projection, then
q: F+ — B is a (k — k')-vector bundle such that E = F & F*+. This is called the
orthogonal complement bundle of F in E.

Proof. See [51], Section 3. |

Remark 2.9. When we consider a smooth manifold M as a subset of the Euclidean
space R™, then the orthogonal complement of the tangent bundle T'M of M in R" is
called the normal bundle of M, denoted by v(M) (see Figure [2.5)). Clearly, the rank
of v(M) is equal to codim (M).

v, M

/

Figure 2.5: Normal bundle as the orthogonal complement of tangent bundle

Definition 2.23. A real n-vector bundle p : F — B is orientable if there exists
a function assigning an orientation to each fiber in such a way that for each local
trivialization (U, ), the map ¢ : p~*(U) — U x R™ carries the orientations of fibers in
p~1(U) to the standard orientation of R™ in the fibers of U x R".
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2.2.5 Characteristic Classes

Let p: E — B be a real vector bundle of rank £ and Ej be the complement of the zero
section of E. Denote the typical fiber Fj, = R* with F' and let F, = E, N F. Consider
the inclusion of pairs (F, Fy) — (E, Ep).

Proposition 2.24 (Thom Isomorphism for Z,-coefficients). The cohomology group
H™(E, Ey;Zs) is trivial for n < k and there exists a unique cohomology class T €
H*(E, Ey; Zy) such that its restriction to the pair (F, Fy) is the unique nonzero gen-
erator of H*(F, Fy; Zy) = Zy. Moreover, the map T : H"(B;Zy) — HM™(E, Ey; Zs)
defined by T'(a) = p*a U T is an isomorphism.

Proof. See [51], Section 10. |

The unique class 7 is called the fundamental class or the Thom class and the
isomorphism 7 is called the Thom isomorphism. Note that 7 = T'(1).

Proposition 2.25 (Steenrod Squares). For any pair of spaces Y C X and non-
negative integers n,m, there exist homomorphisms

Sq™ : HY(X,Y;Zy) — H"™™(X,Y; Zs)
having the following properties.

1. For any other pair (X', Y") and map f: (X,Y) — (X',Y’), we have Sq" o f* =
f* OS(]m
2. If o € HY(X,Y;Zy), then Sq°(a) = a, Sq*(a) = a U« and Sq™(a) = 0, for all

m>n.

3. Whenever o U (8 is defined, we have

(U B)= > Sq'(a)uSe (). (2.10)

i+j=p

Proof. See [51], Section 8. |

Definition 2.24 (Stiefel-Whitney Classes). For a real k-vector bundle p : £ — B,
its Stiefel-Whitney classes are the cohomology classes w,(E) € H"(B;Zs) defined
by

w,(E) =T (Sq" (7)), Vn > 0. (2.11)

Proposition 2.26 (Properties of Stiefel-Whitney Classes). Let p : E — B be
a real vector bundle of rank k and w,(E) € H"(B;Zsy) be its Stiefel-Whitney classes.
Then the following are satisfied.

1. wo(E) =1 and w,(E) =0 for n > k. In particular, for a trivial vector bundle all
the Stiefel-Whitney classes of positive degrees are trivial.
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2. If f: B' — B is a continuous map, then w,(f*E) = f*w,(E), for alln > 0.

3. If py © E' — B is another real vector bundle over B, then w,(E & E') =
Z:'L:o wi<E)wn—i(E/), for allm > 0.

4. For the tautological line bundle v? over the projective space RP', the first Stiefel-
Whitney class wi(v3) # 0.

5. If the vector bundle possesses a nowhere zero section, then the top Stiefel-Whitney
class is zero.

Proof. See |51], Sections 4 and 8. |

Example 2.9. Let wy, ..., w, be the Stiefel-Whitney classes of the tautological n-vector
bundle 7° — Gr,(R*>) in Example It is known (see [34], Theorem 9.5.8) that the
cohomology of classifying spaces of the orthogonal groups O(n) and SO(n) are the
following polynomial rings:

{H*<Bo<n>; 2) = Zofw, ..., wn, (2.12)

H*(BSO(n); Zs) = Zs|ws, ..., wy].

If D(n) = O(1)" and w is the first Stiefel-Whitney class of the line bundle 7{° —
Gr(R*), then (2.12) and Proposition follow that

H*(BD ®H* (BO(1 ®22 > T2, ..., Zn).-

Therefore,

where each z; is a polynomial of degree 1. In fact, one can show that (see [34], Theorem
9.6.1) if A : D(n) — O(n) is the map (ey, ..., €,) — Diagley, ..., €,], then the induced
map A* : H*(BO(n);Zy) — H*(BD(n);Zs,) is injective and sends each w; to the ™"
symmetric polynomial o; in {z1, ..., 2, }:

Z%
Z Ty (2.14)

1<i<j<n

(On = T1 " Ty

Similar to Proposition [2.24] there is a Thom isomorphism for the cohomology of
oriented real vector bundles with Z-coefficients.
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Proposition 2.27. Let p : E — B be a real oriented k-vector bundle. Then the
cohomology group H"(E, Ey; Z) = (0), for n < k and there exists a unique cohomology
class T € H*(E,Ey;Z) (called the Thom class) such that its restriction to the pair
(F, Fy) is the generator of H*(F, Fy; Z) induced by the orientation. Moreover, the map
T :H"(B;Z) — H" ™ (E, Ey;Z) defined by T(a) = p*(a) U T is an isomorphism.

Proof. See [51], Section 9. |

Definition 2.25 (Euler Class). Let p : E — B be a real oriented k-vector bundle. The
Euler class is the cohomology class Eul(E) € H*(B;Z) such that p*(Eul(E)) = 7|g,
where 7| is the image of the Thom class 7 under the map H*(E, Ey;Z) — H*(E;Z)
induced by the inclusion j : (E,0) < (E, Ep).

Proposition 2.28. The FEuler class of an oriented vector bundle has the following
properties.

1. If f: C'— B is a continuous map and we equip the pullback with the orientation
induced by f, then Eul(f*E) = Eul(E).

2. If the orientation is reversed, then the sign of Eul(E) changes.
3. If the rank of vector bundle is odd, then Eul(E) = 0.

4. The natural homomorphism H*(B;Z) — H*(B;Z,) sends the Euler class Eul(E)
to the top Stiefel-Whitney class wy(E).

5. If the vector bundle possesses a nowhere zero section, then the Fuler class is zero.
Proof. See [51], Section 9. |
Remark 2.10. It follows from Definition and Proposition that

P (wi(E)) = j*(7), (2.15)

where wy(E) the top Stiefel-Whitney class and 7 is the Thom class of the k-vector
bundle p : £ — B.

Proposition 2.29 (Gysin Sequence). To any oriented k-vector bundle p : E — B,
there is associated a long exact sequence of the following form:

o HY(ByZ) & (B, Z) B B (By,Z) — - (2.16)

where (o) = Eul(E) U« and py : Ey — B is the restriction of p to Ey. If the vector
bundle is not oriented and we consider Zy instead of Z, then the same sequence is
associated with the top Stiefel-Whitney class in the place of the Euler class.

Proof. See [51], Section 12. |
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Remark 2.11. Let Y be a manifold and X C Y be a submanifold. For any = € X,
we have the tangent spaces T, X C T,Y. The quotient space N, X = T,Y/T,X gives a
new vector bundle over X, known as the normal bundle v(X) of X in Y. It is easy
to show that in the presence of a Riemannian metric, this normal bundle is isomorphic

to the orthogonal complement bundle defined in Proposition (see Figure .

Figure 2.6: Normal bundle of a submanifold

Proposition 2.30 (Thom-Gysin sequence). Let Y be a manifold and X be a sub-
manifold of Y with codimension d(X). Then there exists a long eract sequence in
Zo-cohomology as follows:

oo HION(X 7)) S BN (Y Ze) S HY (Y — X Z5) — - - (2.17)

Proof. Set W =Y — X. Let v(X) be the normal bundle of X in Y and (X)) =
v(X) — X be the complement of the zero section (see Figure 2.6). Consider the long
exact sequence for the triple (Y, W)Y — v(X)) as follows:

s (Y, WS Z) S HY(Y Z) S HY(W, Z) — - - (2.18)
By using excision for the triple (Y, W)Y — v(X)), we get the following isomorphism:
¢ H'(v(X),n(X); Ze) — H*(Y,W; Zs). (2.19)
By Proposition we have the Thom isomorphism:
T H (X, Zy) — H*(v(X), vo(X); Zy). (2.20)

Set ® = a*opoT and ¥ = (*. By using these maps and the long exact sequence
(2.16)), we obtain the long exact sequence (2.17). This completes the proof. |
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Corollary 2.30.1. If the top Stiefel-Whitney class of the normal bundle of the sub-
manifold X is not a zero divisor, then the long exact sequence breaks into short
exact sequences.

Proof. Let k = d(X),i:v(X) < Y be inclusion map and ¢ : ¥(X) — X be the normal
bundle projection. Suppose that p, : H" *(X;Z,) — H"(X;Zy) be the cup product
with the top Stiefel-Whitney class wi(X); i.e., pu(v) = vy Uwi(X). By and the
definition of the Thom isomorphism (Proposition , we have

F(T(y) = 7 (" (MUT) = ¢ (NUF*(1) = ¢"(7)Uq" (wr(X)) = ¢"(YUwr(X)) = ¢ (pu(7))-

That is, 7* o T = ¢* o p,,. This shows that the following diagram induced by the Gysin
sequence (2.16|) and the long exact sequences for pairs (Y,Y — X)) and (v(X), (X)) is
commutative:

e S H (Y)Y — X:Z) — s H¥(YZ) ——— H(Y — X Zy) — -

b ) !

*

- —— H*(v(X), n(X); Zs) AR H*(v(X);Z9) —— H*(vo(X);Zg) — - -+

b o]

s I N(X Zy) — s HY(X;Z) ——— H* (1(X); Za) —— -
Diagram 2.9: Thom-Gysin sequence of normal bundle

On one hand, we saw in proof of Proposition that ® = a* o o T. On the other
hand, since w(X) is not a zero divisor, p,, is injective and the commutativity implies
that o is injective. Therefore ® must be injective and the long exact sequence
breaks into short exact sequences. This completes the proof. |

2.2.6 Equivariant Vector Bundles and Characteristic Classes

Definition 2.26. Let p: E — X be a vector bundle ¢ of rank n and G be a topological
group. We say ¢ is a G-equivariant vector bundle of rank n if £ and X are G-spaces,
p is a G-map and for any g € G and x € X, the induced map g : B, — E,, is a linear
isomorphism.

Proposition 2.31. Let p: E — X be a G-equivariant vector bundle & of rank n. Then
the induced map pg : Eq — X¢g 1s a vector bundle of rank n, denoted by {c. Moreover,
if p' : E' — X is another G-equivariant vector bundle & of rank m, then their Whitney
sum is a G-equivariant vector bundle of rank n +m and we have

E®E)e =@ (2.21)

Proof. See [34], Chapter 7, Section 5. |
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Definition 2.27. Let p : E — X be a G-equivariant vector bundle ¢ of rank n.
The characteristic classes of the induced vector bundle &5 are called the equivariant
characteristic classes of the vector bundle &.

Remark 2.12. By using Definition [2.26] we can extend all the ideas of vector bun-
dles to the category of equivariant vector bundles. Therefore, we naturally define the
equivariant Thom isomorphism, the equivariant Stiefel-Whitney classes, the equivariant
Euler class and the equivariant Thom-Gysin sequence. In particular, the equivariant
Euler class Eulg(€) and the equivariant Stiefel-Whitney classes w (€) of a G-equivariant
vector bundle £ are defined as follows:

Eulg(§) = Eul($e) € HE(X; Z), (2.22)
wi' () = wi(€e) € He(X;Zo),
Remark 2.13. Let V' be a G-space where V' is a k-dimensional vector space and G is
a topological group. In this case, we can consider the projection map p: V — {x} as a
vector bundle of rank £ over a point. This induces a G-vector bundle pg : Vg — BG of
rank k. The Euler class and the top Stiefel-Whitney class of ps : Vo — BG are denoted
by Eulg(V) and w¢ (V) such that Eulg(V) € H¥(BG;Z) and wS (V) € H¥(BG;Zy)

respectively.
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2.3 Differential Topology

“Milnor’s arguments were breathtaking. He brought
together topology and analysis in a wholly unexpected
way, and in doing so initiated the field of differential
topology. "

—Donal O’Shea (1952-present)

2.3.1 Lie Groups

Definition 2.28. A Lie group G is a topological group with a smooth structure such
that the map G x G — G by (g, h) — gh~! is a smooth map with respect to smooth
structures on G and G x G. A subgroup K C G which is also a submanifold is called
a Lie subgroup.

Example 2.10. The Euclidean space R"™ is a Lie group under addition and Z" is a
normal discrete subgroup. The quotient group T™ = R"/Z" is a Lie group, called the
n-torus. The unit circle S' = {z € C | |2| = 1} is a Lie group under the multiplication.
It is easy to see that T = (S1)™.

Figure 2.7: 2-torus as a Lie group

Definition 2.29. Let X be a smooth manifold and G be a Lie group. We say that
G acts on X smoothly if G acts on X continuously and the action map is smooth.
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A Lie group homomorphism is a group homomorphism which is a smooth map.
Similarly, we can define Lie group isomorphism and automorphism as well as the group
of automorphisms Aut(G) (see Definition [2.4)).

Proposition 2.32 (Semi-direct Product). Let N and G be two Lie groups and
0 : G — Aut(N) by g — 0, be a Lie group homomorphism. For any (n,g),(n',q’) €
N x G, define

(n, ) * (n',g") = (nby(n'), 99')- (2.23)
Then the pair (N X G,x*) is a Lie group with the identity element (en,eq) and the

inverse (n,g)~' = (0-1(n~1),g7'). This group is called the semi-direct product of
N, G with respect to 0 and denoted by N x9 G.

Proof. See [41], chapter 3. |

Let a compact Lie group G act on a manifold M and fix p € M. Suppose that G,
is the stabilizer of p and NV, is the fiber of normal bundle to the submanifold O,. In
this case, for any g € G, since g.p = p, we get an isomorphism dg : T,M — T,M such
that dg(v) = v, for all v € T,0,. This induces an automorphism dg : N, — N,. Now,
consider the map 7 : G x¢, N, = G/G). It is easy to see that this a vector bundle
with fiber N, and its zero section is G/G).

Proposition 2.33 (Equivariant Tubular Neighborhood). Let a compact Lie group
G act on a smooth manifold M and p € M. Then there exists an equivariant diffeo-
morphism ¢ : U — V in which V is an invariant open neighborhood of the orbit O,
in M and U is an open neighborhood of the zero section G /G, in G X¢q, N, such that

©(9G,) = g.p, for all g € G.
Proof. See [5], Theorem 2.1.1, or [4], Chapter 4.. m

Figure 2.8: Equivariant tubular neighborhood

Corollary 2.33.1. The fized point set of the action of a compact Lie group G on a
smooth manifold M is a closed submanifold of M.
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Proof. See [41], Chapter 4. |

Proposition 2.34 (Equivariant Thom-Gysin sequence). Let Y be a G-manifold
and X be an invariant submanifold of Y with codimension d(X).Then there exists a
long exact sequence in Zo-equivariant cohomology as follows:

oo HMOX 7)) B HE(Y  Z) 5 HE(Y — X Zs) — - (2.24)

Moreover, if the equivariant top Stiefel-Whitney class wg'zx)(uX) of the normal bundle
of X Y s not a zero divisor, then this long exact sequence breaks into short evact
sequences.

Proof. See Proposition [2.30] and Corollary 2.30.1] |

2.3.2 Vector Fields on Manifolds

Definition 2.30. A flow on a smooth manifold M is a smooth action ¢ : Rx M — M
of Ron M.

Remark 2.14. It immediately follows from Definition that the map ¢, : M — M
is a diffeomorphism for each t € R.

Proposition 2.35. Let X € X(M) be a smooth vector field on a smooth compact n-
manifold M. Then there exists a flow v : R x M — M by ¥(t,p) = 4(p) on M such
that

d
71l bep) = X(p), ¥p € M. (2.25)
t=0
Proof. See |57, Proposition 1.3. [ |

The map 1 is often called the flow generated by the vector field X. For any
p € M, the induced map v, : R — M defined by ¢,(t) = (¢, p) is called the integral
curve of X through p. The image of 9, is called an orbit or a trajectory of X and
denoted by O, = {x(p) | t € R}.
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]
=

Figure 2.9: Flow of a vector field

Depending on the value of X at each point, we have different types of the orbits
of X. If X(p) = 0, then the orbit of p is a singleton. In this case, we say that p is a
singularity or a zero of X. If X(p) # 0, the orbit O, of p is an immersed submanifold
of M. When the map 1, (¢) is not injective, the orbit of p is diffeomorphic to the circle
St which is called a closed orbit. If ¥, (t) is injective, then the orbit of p is an injective
immersion of the real line R, called a regular orbit (see Figure .

singularity

regular orbit
w closed orbit
Figure 2.10: Orbits of different types

Definition 2.31. Let p € M and 1; be the flow of a vector field X on M. The limit
set of p is the set of those points ¢ € M for which there exists a sequence t, — +oo
such that iy (p) — ¢, as n — +oc.

Proposition 2.36 (Properties of limit sets). Let X be a smooth vector field on a
compact n-manifold M and p € M. Then the limit set is always nonempty, closed,
connected subset which is invariant under the flow generated by X, that is the limit set
is a union of orbits of X.

Proof. See [57], Proposition 1.4. |
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Remark 2.15. The compactness assumption in Proposition [2.36[is essential. In fact,
there exist vector fields on the plane whose limit sets may not be connected. Such an
example is shown in Figure 2.11]

Figure 2.11: A disconnected limit set in the plane

2.3.3 Morse-Bott Theory

Definition 2.32. Let f : M — R be a smooth function on a smooth n-manifold and
p € M. We say that p is a critical point of f if df(p) = 0. In this case, f(p) is called
a critical value of f. The set of all critical points of f is called the critical set of f
and denoted by CY.

Let p € Cyand (U,x = (21, ..., ,)) be a coordinate chart around p. Since df (p) = 0,
we have
of

8x-<p) =0,Vi=1,..,n (2.26)

The Hessian matrix of f at p with respect to the chart (U, ) is the symmetric matrix:
0% f

H :( ) iji=1,..n. 9.97

By using this matrix, we can define a linear operator ﬁp fT,M — T,M by
H,f(v) = (H,f)v, Yv € T,M.

If (V,y= (y1,-..,yn)) is another chart around p, then from last two equations, we can
see that
H,f(y) = J'H,f(x)J, (2.28)

where J = d(y o z7!) is the Jacobian of the coordinate change. Since det J # 0, from
(2.26) and (2.27) it follows that det(H,f(y)) # 0 if and only if det H,f(x) # 0. This

enables us to define:
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Definition 2.33. A critical point p of a smooth function f is nondegenerate if the
Hessian matrix of f at p with respect to a coordinate chart is non-singular. The number
of negative eigenvalues of H,f is called the Morse index of p and denoted by A,(f).

Remark 2.16. Since the Hessian is a real symmetric matrix, all of its eigenvalues are
real numbers and the index is independent of the choice of a coordinate chart.

Definition 2.34. Let f : M — R be a smooth function on a smooth n-manifold M. A
connected submanifold N C M is called a nondegenerate critical manifold for f if
it has the following properties.

1. N C Cy;i.e., elements of N are critical points of f.

2. The linear operator ?[p f is nondegenerate on the normal bundle v(N) of N in M,
or equivalently, the tangent space to N at p is the kernel of the linear operator
H,f;ie., ker(H,f) =T,N.

Since TM = TN @ vN, it follows from the above definition that the restriction
of the linear operator H,f to the normal bundle vV, say HI])V f, is non-singular. The

number of negative eigenvalues of f[év f is called the Morse index of f along N and
denoted by Ay (f).

Definition 2.35. A smooth function f : M — R on a smooth n-manifold M is called
a Morse-Bott function if the critical set of f is a union of nondegenerate critical
manifolds.

Example 2.11. Let f : S? — R be the square of the height function on 2-sphere; i.e.,
f(z,y,2) = z%. Then the critical set of f is Cy = {Cp, C1} in which C; = {N, S}, two
poles, corresponding to the global maximum 1 and Cj is the equator corresponding to
the global minimum 0. It is easy to see that each critical manifold of f is nondegenerate.
So f is a Morse-Bott function. Here, A¢, = 2 and A¢, = 0 (see Figure .

NS

N /4
I\ wugarsr

Figure 2.12: A Morse-Bott function on 2-sphere

V(C()){/
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Remark 2.17. A special kind of Morse-Bott function is the one whose nondegenerate
critical manifolds are singletons. Such a function is called a Morse function.

Example 2.12. Consider the height function A : T? — R on the 2-torus embedded in
R? as in Figure By using a proper local chart, we can see that the critical points of
h are p,q,m,n (the tangent space is perpendicular to the z-axis). These critical points
are all nondegenerate (there is no 'flat’ direction in a neighborhood of these points). So
h is a Morse function and A\, =0, A\, = A, = 1, A, = 2.

/
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Figure 2.13: A Morse function on 2-torus

Proposition 2.37 (Morse-Bott Lemma). Let f : M — R be a Morse-Bott function
on an m-manifold M and N C M be a nondegenerate critical submanifold of f with
dimension n and index 0 < Ay(f) = k < n. Then for any p € N, there exists a
coordinate chart (U, (1, ..., Tpy Y1y ooy Yk, 215 -, 21)) around | with n+k+1 = m such that
in this chart f has the following standard form:

f(xl) oy Ly Y1y oo Ykey 15 40y Zl) - f(p> - y% - yl% + Z% +eet Zl2‘ (229)
Proof. See [§], Chapter 3, Lemma 3.51. [ |

Let f : M — R be a smooth function on a compact n-manifold M. Choose a
Riemannian metric {(, ), | p € M} on M and let Vf : M — TM be the gradient
vector field of f induced by this metric; i.e., for any v € T, M

(VF(p),v)p = dfp(v). (2.30)

It is clear that the critical set of f is the set of singularities (zeros) of the gradient
vector field V f.

Now, consider the negative of gradient vector field —V f. Since M is compact,
Proposition provides us with a global flow ¢; generated by the vector field —V f

(see Figure [2.14)).
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=V f(x)

Figure 2.14: Negative gradient flow of the height function

It is known that the limit sets with respect to the gradient vector field of a smooth
function are singletons (see [57], Chapter 1, Example 3). So limit sets of —V f are also
singletons.

Suppose that f is a Morse-Bott function. Since M is compact, it has a finite number
of nondegenerate critical manifolds, say Ny, ..., N;. Define the stable manifold of ;
as follows:

Sy, ={x e M |3It, — +oo s.t. ngrfm¢t”(x) € N;}. (2.31)

It is known that any stable manifold Sy, is a locally closed submanifold of M with
codimension Ay, (see [57], Theorem 6.2 or [§], Chapter 4). In fact, the collection
{Sn, | i =1,...,k} of stable manifolds has the following properties:

1. M=, Sy,

2. Sy, is alocally closed submanifold of M and its codimension is equal to the Morse
index of the corresponding nondegenerate critical manifold N;.

3. For any 4, we have Sy, C Un,>w, Sn,» where N; < Nj < f(N;) < f(N;).

The collection {Sy, | ¢ = 1,..., k} satisfying properties 1-3 above is called the Morse
stratification of M induced by the Morse-Bott function f. For the Morse-Bott func-
tion in Example the Morse stratification consists of the finite set {/N, S}, and the
2-dimensional submanifold S* — {N, S} (see Figure 2.15).

TN 7RO
gy ity

i, i

R
//l,'

Figure 2.15: Morse stratification of a Morse-Bott function
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Recall that for any locally finite manifold M, we define its Poincaré series relative
to the field F to be the generating function

P(M,t;F) =) [dim H'(M;F)Jt"

>0

Definition 2.36. Let f : M — R be a Morse-Bott function on a compact n-manifold
M. 1If Ni,..., N, are the nondegenerate critical manifolds of f with Morse indices
A1, ...y A, Tespectively, then the Morse-Bott series relative to a field F is defined as
follows:

k
M(f,6F) = 3PN, ), (2.32)
i=1
where P(N;, t; ) is the Poincaré series of N; relative to the field F.

Proposition 2.38 (Morse-Bott Inequality). Let F be a field and P(M,t;F) be the
Poincaré series of a compact manifold M relative to a field F. If M(f,t;F) is the Morse-
Bott series of a Morse-Bott function on M and the normal bundle of nondegenerate
critical manifolds of f are orientable, then

M(f, ;F) — P(M,F) = (1+ ) R(2), (2.33)
where R(t) is a series with non-negative coefficients.

Proof. See [55], Section 2.3. |

Definition 2.37. Let f : M — R be a Morse-Bott function on a compact manifold
M. We say that f is a perfect Morse-Bott function on M relative to a field F if
M(f,t;F) = P(M,t;F).

Remark 2.18. Let M be a compact G-Manifold where G is a compact Lie group
and fix a G-invariant Riemannian metric on M. If we have an equivariant Morse-
Bott function f : M — R on M , then nondegenerate critical manifolds of f are
G-invariant and the strata of the Morse stratification induced by f are G-invariant
locally closed submanifolds. In this case, the Morse stratification induced by f is called
the equivariant Morse stratification. Moreover, if A is the set of nondegenerate
critical manifolds of f, then the equivariant Morse-Bott series of f is defined as
follows:

Mc(f,t:F) = Y "Pg(N,;F), (2.34)

NeA

where Pg (N, t;F) = P(Ng, t; F) is the equivariant Poincaré series of the nondegen-
erate critical manifold N relative to a field F (see [55], Section 2.6 for details).

Definition 2.38. If the equivariant Morse-Bott series Mq(f,¢;F) of an equivariant
Morse-Bott function f: M — R is equal to the equivariant Poincaré series Po (M, t; F)
of M, then we say that f is equivariantly perfect over the field F.
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2.3.4 Morse-Kirwan Functions

Definition 2.39 (Minimal Degeneracy Property). A smooth function f : M — R

on a compact manifold M has the minimal degeneracy property if the following
hold.

1. The critical set of f is a finite union of disjoint closed subsets {C; };?:1 on each of
which f takes a constant value f(C}).

2. For any j = 1,..., k, there exists a locally closed submanifold ¥; containing C}
with orientable normal bundle in M such that

(i) the restriction of f to X; takes its minimum value on Cj.

(ii) For any p € Cj, the tangent space 7,%; is maximal among all the subspaces
of T, M on which the Hessian H,f is positive-semidefinite.

In this case, the submanifold ¥; is called a minimizing manifold for f along the
critical subset C}.

Definition 2.40 (Morse-Kirwan Function). A smooth function f : M — R on a
compact manifold M is called a Morse-Kirwan function if it has the minimal degen-
eracy property.

Example 2.13. Let g : M — R be a Morse-Bott function on a compact manifold M
and define f: M — R by

fp) = (9(p) — a)*,
for some a € R. Then f is a Morse-Kirwan function (see [43] for details). More examples
and some properties of Morse-Kirwan functions are given in [43] and [35].

It follows from part (2-ii) of Definition that the index of the Hessian of f is
equal to the codimension of each minimizing submanifold ¥¢,. We call this constant
number the index of Morse-Kirwan map f along the critical subset C; and denote
it by Ac;. In this case, the Morse series of f is defined as by replacing N; by
C;. Now we choose a metric on M and consider the negative gradient vector field —V f
on M. If ¥, is the flow, then for each critical set C;, we can define the corresponding
stratum by

So;, ={pe M |3 t, = +oo s.t. nJlrlgloo U, (p) € Cj}.

Kirwan showed the following (see [43], Theorems 10.2 and 10.4):
(MK1) If the gradient vector field V f is tangent to the minimizing submanifold X¢,,
then the collection {Sc,} form a Morse stratification for f such that each stratum Sc,

is coincide with Yo, in a neighborhood of Cj.

(MK2) The Morse inequality is satisfied for the Morse-Kirwan map f.
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(MK3) If a compact Lie group G acts on M such that [ is G-equivariant and the
metric is G-invariant, then f induces a G-invariant Morse stratification and satisfies
the G-equivariant Morse inequality.
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2.4 Lie Theory

“I am certain, absolutely certain that these theories
will be recognized as fundamental at some point in the
future.”

—Sophus Lie (1842-1899)

2.4.1 Compact Lie Groups

Definition 2.41 (Lie Algebra of a Lie Group). A vector field X on a Lie group G
is called a left invariant vector field if for any g,h € G, X(Lsh) = dL,X (h), where
L, : G — G is defined by Lyh = gh. The set of all left invariant vector fields on G with
the Lie bracket form a Lie algebra, denoted by Lie(G) = g and called the Lie algebra
of G.

Proposition 2.39. The Lie algebra g of a Lie group G is isomorphic to the tangent
space T,G at the identity element as a vector space.

Proof. See [19], Section 21.5. [

Proposition 2.40 (Exponential Map). Let G be a compact Lie group with Lie algebra
g ="T.G. Then there exists a smooth map exp : g — G having the following properties.

1. exp(0) = e, the identity element of G.

2. exp(t + s)X = exp(tX)exp(sX), for any X € g and s,t € R. In particular,
exp(—X) = exp(X) ™"

The image of exp is contained in G, the identity component.
exp s a local diffeomorphism at 0.

If G is an abelian group, then exp is a homomorphism.

S v S

If G is connected, then exp is surjective.
Proof. See |25], Chapters 3,4. [

Proposition 2.41 (Cartan). Let G be a compact Lie group and H be a subgroup of
G. Then H 1is a Lie subgroup of G if and only if H is a closed subspace of G.

Proof. See [25], Chapter 4. |
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Proposition 2.42. If G is an abelian connected Lie group, then G = T™ x R™, where
T = (R/Z)" is the n-torus. In particular, if G is an abelian compact connected Lie
group, then G is isomorphic to a torus.

Proof. See [25], Chapter 4. [ |

Definition 2.42. A Lie subgroup T of a compact Lie group G is called a maximal
torus if 7" is a torus and if U is another torus such that 7' C U, then T' = U.

Proposition 2.43. Let G' be a compact Lie group. The following are satisfied.
1. Any connected abelian subgroup of G is contained in a mazrimal torus.
2. Any two maximal tori in G are conjugate.

3. If G is connected and T is a mazimal torus in G, then Z(G) C T, where Z(QG) is
the center of G and Zg(T) =T, where Zg(T) is the centralizer of T.

Proof. For (1) and (2), see [25], Theorem 6.18 and for (3), see [62], Theorems 5.12 and
5.13. u

Definition 2.43. The dimension of a maximal torus of a Lie group G is called the
rank of G.

Definition 2.44. Let p be a prime number. An abelian group all of whose non-trivial
elements have order p is called an elementary abelian p-group.

Remark 2.19. One can show that an elementary abelian p-group F can be treated as
a Z,-vector space. In this case, subgroups of F can be regarded as subspaces. Thus
any subgroup is also an elementary abelian p-group. In particular, when E is finite,
E = (Z,)" for some n known as the rank of E (see [61], Chapter 4).

Example 2.14. Let E be an elementary abelian p-group of rank n and Ey C E be a
subgroup of rank m. We can choose a basis B, for Ey as a Z,-vector space and extend
it to a basis B for E. If E; is the subgroup spanned by the set B — By, it is clear that
the rank of £; isn —m and F = Ey x Fy.

Definition 2.45. Let G be a compact Lie group and p be a prime number. A Lie
subgroup E of G which is an elementary abelian p-group is called an elementary
abelian p-subgroup. An elementary abelian p-subgroup D of G is maximal if there
is no elementary abelian p-subgroup containing D other than D.

Example 2.15. Consider the Lie group T" = (S')". For any prime number p, let H,

27ki

be{@k:ep

k =0,..,p— 1} It is clear that H, x --- x H, is the only maximal
—_——

elementary abelian p-subgroup of T".
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Example 2.16. Let O(n) be the orthogonal group of order n and D(n) be the subgroup
of diagonal matrices in O(n). Then

A€ D(n) & A = Diaglay, ...,a,) & AA" =1d.

This implies that a; = £1 for each ¢« = 1, ..., n. Therefore,

e - 0
D(n):{ SN |5Z~€{i—1}}, (2.35)

o --- En

which implies that D(n) = (Z,)™. That is, D(n) is an elementary abelian 2-subgroup.
In addition, since the rank of D(n) is equal to the rank of O(n), then D(n) is maximal.
Now, let D’ be another maximal abelian 2-subgroup of O(n). Since D’ is abelian
and all of its elements have order two, then it follows from Proposition that they
are simultaneously diagonalizable. That is, there exists a matrix A such that D' =
AD(n)A~!. This shows that O(n) has a unique conjugacy class of maximal elementary
abelian 2-subgroups.

Example 2.17. Let SO(n) be the special orthogonal group and D4(n) be the subgroup
of diagonal matrices in SO(n). Define f : D(n) — Zs by f(A) = det A, determinant
of A. Clearly, f is a surjective group homomorphism and Ker (f) = Dgs(n). Therefore,
Dy(n) = (Zy)™ ' i.e., it is an elementary abelian 2-subgroup. Since D(n) is maximal in
O(n), so Dy(n) is a maximal elementary abelian 2-subgroup. A similar argument to the
one in Example shows that SO(n) also has a unique conjugacy class of maximal
elementary abelian 2-subgroups.

Example 2.18. Let G = G} x -+ X G} where G; = O(n;) or SO(n;) and D; be the
maximal elementary abelian 2-subgroup in G; consisting of diagonal matrices. Clearly,
D = Dy x---x Dy is a maximal elementary abelian 2-subgroup of GG. If we consider any
other maximal elementary abelian 2-subgroup D’ of G, then they are simultaneously
diagonalizable and thus D’ is conjugate to D. Hence, D determines a unique conjugacy
class of maximal elementary abelian 2-subgroups.

2.4.2 Representation Theory

Definition 2.46. Let G be a compact Lie group. A real (complex) representation
of G is a continuous homomorphism 7 : G — GL(V'), where V is a finite dimensional
real (complex) vector space. In this case, we denote each isomorphism 7n(g) : V — V
by mg: V=V or simply g : V. — V.

Definition 2.47. Let G be a compact Lie group and 7 : G — GL(V') be a representa-
tion. We say a subspace W of V' is invariant if g\IW C W, for all g € G.
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Definition 2.48. Let G be a compact Lie group and 7 : G — GL(V) be a represen-
tation. We say that the representation is irreducible if V' has no non-trivial invariant
subspace.

Proposition 2.44. Any representation of a compact Lie group is a direct sum of irre-
ducible representations.

Proof. See [25], Chapter 7. |

Proposition 2.45. Let G be an abelian compact Lie group and m : G — GL(V) be an
wrreducible complex representation. Then V' is one-dimensional.

Proof. See [25], Chapter 7. |

Example 2.19 (Real Representations of 2-group (Z,)"). Let 7 : G — GL(V) be
an irreducible real representation of G = (Z3)™ where V is a real vector space. Since
any element of G has order two, any linear isomorphism m, : V' — V' is an involution;
Le., 7T§ = Id. On the other hand, they all commute, so Corollary El implies that the
operators 7, are simultaneously diagonalizable. Since V' is irreducible, we must have
dim V' = 1. That is, any irreducible real representation of G is one-dimensional. On the
other hand, since G is a compact Lie group, it follows from Proposition [2.44] that any
real representation of G is a direct sum of irreducible representations. In conclusion,
any real representation of (Zy)" is a direct sum of one-dimensional real representations.

Definition 2.49. Let G be a compact Lie group, 7 : G — GL(V') be a representation
of Gand F=R or C.

1. A Hermitian inner product (, ) : V xV — F is called invariant if for any g € G
and u,v € V', we have (gu, gv) = (u,v).

2. A representation m : G — GL(V) of G is called unitary if there exists an invariant
Hermitian inner product on V.

Proposition 2.46. Let G be a compact Lie group. Then the following are satisfied.

1. Any representation of G is unitary.

2. G is isomorphic to a closed subgroup of the unitary group U(n), for some n.
Proof. See [62], Chapters 2 and 3. |

Let G be a compact Lie group and g = 7.G be its Lie algebra. For any g € G,
the conjugate map is the diffeomorphism ¢, : G — G defined by ¢,(h) = ghg™?, for all
h € G. Since t4(e) = e, we get an isomorphism deg(e) : g — g. We denote this map by
Ad,. These diffeomorphisms define a new action of GG on the Lie algebra g as follows:

Ad: G xg—g, Ad(g,X) =Ad,(X), Vg € G, X € g. (2.36)
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This action is called the adjoint action of Lie group G on its Lie algebra g. Similarly,
we can define the coadjoint action of GG on the dual of Lie algebra g*

Ad": G x g — g, Ad'(g,¢) = Ady(§), Vg € G, £ € g7

. (2.37)
AdZ(€)(X) = §<Adgfl(X)>, VX € g.

Definition 2.50. Let G be a compact Lie group. The adjoint representation of G
over the Lie algebra g is the map Ad : G — Aut(g) with Ad(g) = Ad,, for all g € G.

Definition 2.51. Let G be a compact Lie group and g be its Lie algebra. The adjoint
representation of g on itself is the map ad : g — End(g) defined by X —— ady, for
all X € g, where adx : g — g is given by adxY = [X, Y], the Lie bracket of X and Y,
for all Y € g. Similarly, we can define the coadjoint representation of g on dual Lie
algebra g*:

(2.38)

ad®: g x g —g", ad"(X,{) = adx(§), VX € g, € g7
ady (§)(Y) =&Y, X], VXY € g.

Proposition 2.47. Let G be a compact Lie group with Lie algebra g. Then For any
Xegandt e R,

A = expo
e
Moreover, for any B € g*, if Op is the coadjoint orbit of 5 and o € Op, then
1,05 ={adka | X € g}. (2.40)
Proof. See [25], Chapter 5. |

Definition 2.52. Let G be a compact Lie group, T" be a maximal torus and C* =
C — {0}. Any continuous homomorphism « : T'— C* is called a character. The set
of all characters is called the character group of 7" and denoted by 7'

Now, let GG be a compact Lie group with Lie algebra g. Fix a maximal torus 7" with
Lie algebra t. Let gc = g ®&r C and t¢ = t ®g C be the complexifications of g and t,
respectively. The adjoint representation induces a representation of G on g¢, denoted
by Ad® I : G — Aut(gc). Consider the restricted representation ¥V = Ad® I|r: T —
Aut(gc). Since T is abelian, all the operators ¥(¢) are simultaneously diagonalizable
and therefore there are nonzero homomorphism «; : ' — C*, for j = 1, ..., k such that

U(t) = Diag[l, ..., 1, a1 (£), .., aw(t)],

where the number of 1 is equal to dimT". The above homomorphisms «; are called the
roots of the compact Lie group G and the set of roots is denoted by A(gc). They

46



CHAPTER 2. MATHEMATICAL PRELIMINARIES

form a finite subset of the character group T. In this case, for each root o, we have
ida; € t*, the dual Lie algebra of t, and

afexp X) = ) vX et (2.41)

Let Ar be the lattice generated by the roots; i.e., Ay = @
called the root lattice of G.

a€A(ge) Za.. This lattice is

Proposition 2.48. Let G be a compact Lie group with a maximal torus T'. The root
lattice Ar is isomorphic to a sublattice of the character group T.

Proof. See [62], Chapter 6. |

Definition 2.53. Let G be a compact Lie group with maximal torus 7. The Weyl
group of G is W = N(T')/T, where N(T) is the normalizer of 7" in G. For any root
a € t¥, let L, be the kernel of a. The connected components of t — U, L, are called the
Weyl chambers.

Proposition 2.49. The Weyl group W of a compact Lie group G acts transitively and
simply on the set of the Weyl chambers.

Proof. See |25], Chapter 8. [

Definition 2.54. Fix a Weyl chamber C' C t of a compact Lie group G. We say that
an element « € t* is positive with respect to C' if a(X) > 0, for all X € C. In this
case, C is called a positive Weyl chamber and denoted by t..
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2.5 Symplectic Geometry

“Proofs are to mathematics what spelling (or even
calligraphy) is to poetry. Mathematical works do
consist of proofs, just as poems do consist of words."

— Vladimir Arnold (1937-2010)

2.5.1 Symplectic Vector Spaces

Definition 2.55. Let V' be a real n-vector space. A bilinear map €2 : V xV — R is
called a symplectic form if it has the following properties.

1. Qis alternating: Q(u,v) = —Q(v,u), for all u,v € V.
2. Q is nondegenerate: if Q(u,v) =0 for all v € V, then u = 0.
In this case, the pair (V) is called a symplectic vector space.

Example 2.20. Let V be a complex vector space of dimension n and consider a Her-
mitian structure (, ): V xV — C on it; i.e., for any A\, u € C and u,v,w € V, we
have

1. (Au+ pv,w) = Mu, w) + p{v, w);

.
2. {w, M+ ) = Mw, u) + f(w,v);
3

~—

u,v) = (v, u);
4. (u,u)y > 0.

It is known that (see [I], Appendix 3) the real part of this form is an inner product on

V and its imaginary part is a symplectic form on V' such that

Re(u,v) = Im(u, iv), Yu,v € V, (2.42)

where ¢ = v/—1. Therefore, any Hermitian structure on a complex vector space gives
rise to a symplectic structure.

Example 2.21. Let C" be the standard complex n-vector space. The canonical
Hermitian structure on C" is defined by

(z,w) =w'z = sz@j, Vz,we C". (2.43)

J=1

By Example the imaginary part w(z,w) = Im(z, w) defines a symplectic form on
C", called the standard symplectic form.
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Proposition 2.50. Let (V,Q) be a symplectic n-vector space. Then n = 2m for some
m and there exists a basis B = {eq, ..., em, f1, ..., fm} such that Qe;,e;) = Q(fi, f;) =0
and Q(e;, f;) = i, for all i,5 = 1,...,m. In particular, for any u,v € V, we have

Qu,v) = u'Jv, (2.44)

where J is the following square matrix of order 2m:
J = . (2.45)

Proof. See [19], Chapter 1. |

Proposition 2.51. Let (V,Q) be a symplectic 2n-vector space and W be a subspace of
V. Suppose that W = {v € V | Q(v,w) = 0, Yw € W}. Then W% is a subspace of
V', known as the symplectic complement of W and has the following properties.

1. dimV = dim W + dim W*.
2. (WHR =Ww.
3. For two subspaces U, W, we have U C W < W@ c U
Proof. See [19], Chapter 1. |

Definition 2.56. Let (V,(2) be a symplectic 2m-vector space and W be a subspace of
V.

1. W is a symplectic subspace if Q| : W x W — R is nondegenerate; or equiv-
alently, V =W @ W

2. W is an isotropic subspace if Q(u,v) = 0, for all u,v € W; or equivalently,
W c we,

3. W is a Lagrangian subspace if IV is isotropic and dim W = m; or equivalently,
W =W

Example 2.22. Consider 2n-dimensional Euclidean space R** = {(z,y) | =,y € R"}.
Define the map € : R?" x R?*" — R as follows:

n
i Yi

Qo((x, W), (@, y,)> = det = (xy — 2ys), (2.46)

Ty i=1
In differential forms language, we usually write Qo = Y | dz; A dy;. 1t is easy to see
that (R?,€)) is a symplectic vector space, known as the standard symplectic 2n-
vector space. It is also clear that n-dimensional subspace L = {(z,0) | z € R"} is
Lagrangian, because 2(x,0) = 0.
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Definition 2.57. A linear isomorphism ¢ : (V,Q) — (V',Q) between symplectic
vector spaces is called a symplectomorphism if ¢*(2' = Q, where ¢*(Q)(u,v) =
(p(u), p(v))), for all u,v € V.

Definition 2.58. Let V' be a real vector space.
1. A complex structure on V is a linear map J : V — V such that J? = —Id.

2. Let €2 be a symplectic form on V. A complex structure J on V is said to be
compatible with 2 if the map Gy : V x V — R defined by G;(u,v) = Q(u, Jv)

is an inner product on V.

Proposition 2.52. Any symplectic vector space has a compatible complex structure.

Proof. See [19], Chapter 12. |

2.5.2 Symplectic Manifolds

Definition 2.59. Let M be a 2n-dimensional smooth manifold. A differential 2-form
w € Q*(M) is called a symplectic form if the following are satisfied.

1. For each p € M, w, is a symplectic form on the tangent space T),M.
2. w is a closed de Rham form: dw = 0.
In this case, the pair (M,w) is called a symplectic manifold.

Definition 2.60. Let (M,w) be a symplectic 2n-manifold. A submanifold L of M is
called a Lagrangian submanifold if for each p € L, T,,L is a Lagrangian subspace of
T,M.

Remark 2.20. It is easy to see that a submanifold L of M is Lagrangian if and only
if dim L = %dimM and *w = 0, where 7 : L — M is the inclusion map.

Example 2.23. Let S? be the unit sphere in 3-space. For each p € S?, we can use the
standard inner product in R? to define the tangent space of S? at p as T,5? = {u €
R3 | (p,u) = 0}. Define a 2-form w,, : T,5% x T,,5% — R as follows:

wy(u,v) = (p,u x v), Yu,v € T,5% (2.47)

Clearly, w is a bilinear form and closed because it is of top degree on S?. In addition,
if for any u # 0, we choose v = u X p, then w,(u,v) # 0. That is, w is nondegenerate.
In this case, the equator E = {(x,,0) | 2> + y* = 1}, is a Lagrangian submanifold of
S2. The form w is usually called the area form on the 2-sphere and denoted by wg

(see Figure [2.16]).
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Figure 2.16: Area form on 2-sphere

Example 2.24. Let C"™! be the complex vector space. Define an equivalence relation

~ in C"*1 — {0} by
(20, ooy 2n) ~ (W0, ..., wy) < IXN € C* 8.t 2z, = Aw;, Vi=0,...,n. (2.48)

The quotient space C"*1—{0}/ ~ is called the complex projective space and denoted
by CP". Tt is known that CP" is a complex manifold of complex dimension n (see [19],
Section 15). Now, let ¢ : C**1 — {0} — CP" be the quotient map and z € C"™! — {0}.
In this case, any tangent vector & € T,y CP" has the form dg(z)&, for some £ € T,C™*1.
For & = dq(2)&1 and & = dq(z)&2, define Q : T),,yCP" x T},,,)CP" — C by

Q(ﬁi? é-é) _ <§17 §2><Z7 Z>|Z_|4<§17 Z> <Z7 §2> ) (249)

One can show (see [I], Appendix 3) that this is a Hermitian structure on Tj.,CP"
whose imaginary part Im(Q2) defines a symplectic form on CP". Define

wrs((2) = —~Tm()(g(2)). (2.50)

™

This is also a symplectic form, known as the Fubini-Study form and denoted by wgs.
We usually use this symplectic structure on the complex projective space, (CP", wrs).

Proposition 2.53 (Darboux Theorem). Let (M,w) be a symplectic 2n-manifold and
p € M. Then there exists a coordinate chart (U, (z,y) = (21, ..., Tn, Y1, .-, Yn)) centered
at p such that in U, we have

w(z,y) = dei A dy;. (2.51)
i=1

Proof. See [19], Chapter 8. |
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Definition 2.61. Let M be a smooth manifold.

1. An almost complex structure on M is a smooth field J on M such that for
any x € M, J, is a complex structure on the tangent space T, M.

2. Let (M,w) be a symplectic manifold. An almost complex structure J on M is

said to be compatible with w if the assignment = 2 G, is a Riemannian metric
on M where

Gy ToM x T,M — R
(u,v) = wy(u, Jyv).

In this case, the triple (w, g, J) is called a compatible triple .

Proposition 2.54. Let (M,w) be a symplectic manifold and g be a Riemannian met-
ric on M. Then there exists a canonical almost complex structure J on M which s
compatible: g(u,v) = w(u, Jv). In particular, any symplectic manifold has a compatible
almost complex structure.

Proof. See [19], Chapter 12. [

Definition 2.62. A complex manifold of complex dimension n is a smooth manifold
equipped with an atlas whose coordinate charts take values in C™ and have holomorphic
transition maps. An almost complex structure J on a manifold M is called integrable
if it is induced by a structure of a complex manifold on M.

Proposition 2.55. Any complex manifold M has a canonical almost complex structure
Jo.

Proof. See [19], Proposition 15.2. |

Definition 2.63. An almost complex structure J on a manifold M is called integrable
if it is induced by a structure of a complex manifold on M. A Kéihler manifold is
a symplectic manifold (M,w) equipped with an integrable compatible almost complex
structure. In this case, the symplectic form w is called a Kdhler form.

Example 2.25. The complex projective space CP" with the Fubini-Study form wgg is
a Kéhler manifold.

2.5.3 Moment Maps and Hamiltonians

Definition 2.64. Let a Lie group G act on a symplectic manifold (M, w). We say that
the action is a symplectic action if for each g € GG, g*w = w, where g* is the pullback
induced by the diffeomorphism g : M — M.

Example 2.26. Let the Lie group S! act on the 2-sphere by rotations around the
z-axis. If we consider the area form wg on 2-sphere, it is clear that the action preserves
wg. In fact, the rotation doesn’t change the area of any region on 2-sphere (see Figure
. Hence, this action is symplectic.
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Figure 2.17: Rotations preserve the area form on 2-sphere

Definition 2.65. Let G be a Lie group with Lie algebra g. Suppose that G acts on
a symplectic manifold (M,w) symplectically. A map pu: M — g* is called a moment
map if the following are satisfied.

1. For any X € g, we have
dp™ = Lysw, (2.52)

where the component function pX : M — R is defined by the natural pairing
X (p) = (u(p), X), for all p € M and X7 is the vector field on M generated by
the action of G; i.e.,

d
# = —
X7 (p) o tzo(exp(tX).p). (2.53)
2. p is an equivariant map; i.e.,
n(g.p) = Ad, (u(p)), Vg € G,Vp e M. (2.54)

In this case, the tuple (M,w, G, 1) is called a Hamiltonian G-system or a Hamilto-
nian (G-space.

Example 2.27. Consider the tuple (5% wg, S, h), where S acts on S? by rotations
and h : S? — R is the height function on the 2-sphere. If we identify the Lie algebra of
St with the real line R, then it is easy to see that h is a moment map (see [19], Chapter
21) and thus the tuple (S? wg, S*, h) is a Hamiltonian system.

Example 2.28. Consider the symplectic manifold (C",w), where w is the standard
symplectic form on C" as in Example 2.24] First, note that the standard action of
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U(n) on C™ is symplectic. In fact, since w(z, w) = Im(w*z), then for any A € U(n) and
z,w € C", we have

w(Az, Aw) = Im((Aw)*Az) =Im(w*A*Az) = Im(w*z) = w(z,w).

Let u(n) be the Lie algebra of U(n), the space of all skew-Hermitian matrices (that is
X* = —X) and consider the standard inner product (A, B) = —Tr(AB) on u(n). By
using the identification u(n)* = u(n), we define p : C* — u(n) by

wu(z) = %zz*, Vz e C". (2.55)

We show that p is a moment map. First, it is an equivariant map because
u(Az) = %AZ(AZ)* - %Azz*A* - A(%zz*)A* - A(%zz*)/rl = Adap(2).

On the other hand, for any X € u(n) and z € C", we have
p¥(2) = (p(2), X)

= (522*,X>
= —ETr(X*zz*)
2
i - * %
D) (X"22")5
j=1
i n n i}
=52 (X Xie=)
j=1 k=1
R
== 5 Z Xk]ZkZJ
jk=1
e &
2
Thus, _
wr(z) = %z*X*z, Vz e C". (2.56)
Suppose that w € C™. It is clear from ([2.56] that
du™ =— ( Xz +t )
) = ()
L (2 + tw) X" (2 + tw))
=-— z+tw z+ tw
2dt =0
= (5 )X+ )| () X[ )
— o\l TR e T\ R g )
= %w*X*z—I— %Z*X*w.
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Hence, we get . .
dp (2)(w) = %w*X*z + %z*X*w, Vz,w e C". (2.57)

For any fixed X € u(n), the generated vector field X* on C" is as follows:
X¥2) =Xz, VzeC" (2.58)
So for any z,w € C", from (2.58]) and X* = — X, we have

Lxew] (w) = w(XH(2), w)

=w(Xz,w)

= Im(w*Xz2)
1

= Z(w*XZ — (w*X2z)")
1

= Q—i(—w*X*z — 2" X" w)
—1

= g(w*X*z + 2" X w)

= %(w*X*z + 2" X*w).

That is, |
Lxiw|, (w) = z(w*X*z + 2" X w), Vz € C". (2.59)

2

It follows from (2.57) and (2.59) that du = ty:w, VX € u(n), which implies that p is
a moment map for the action of U(n) on the symplectic manifold (C",w). Therefore,
(C*,w,U(n), u) is a Hamiltonian system.

Remark 2.21. Throughout this thesis, we use the standard inner product (A, B) =
—Tr(AB) to identify u(n) with its dual u(n)*.

Proposition 2.56. Let yn : M — g* be a moment map for the symplectic action of a
Lie group G on a symplectic manifold (M,w). If G, is the stabilizer subgroup of p € M
and g, 1s its Lie algebra, then the following are satisfied.

1. Ker (dp,) = (1,0,)“?, the symplectic complement of T,0,. In particular, if G
acts freely on My, then Ker (du,) = T,M,.

2. Im (dp,) = @), the annihilator of g, in the dual of Lie algebra.
3. The action is locally free at p if and only if p is a regular point of .

4. If [g,9] is the commutator ideal of the Lie algebra g, then for any c € [g,g]°,
the map pe. = p+ c is also a moment map for the system. In particular, if g is
commutative, then for any c € g*, the map p. = p + ¢ is a moment map.
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Proof. See [19], Chapters 23 and 26. |

Proposition 2.57. Let (M,w, T", i) be a Hamiltonian system in which T™ is the real n-
torus and M is a compact connected 2m-manifold. Then for any X € t, the Lie algebra
of T", the component function X : M — R is a Morse-Bott function. Moreover, each
non-degenerate critical manifold of i is an even-dimensional submanifold with even
index.

Proof. See [19], Chapter 27. |

Proposition 2.58. Let (M;,w;, G, i;), i = 1,...,n, be Hamiltonian G-systems. Suppose
that M = M; x --- x M, and m; : M — M; is the projection on i*" component. Set
w = miwy + -+ miwy (called the product form) and pn = pyomy + -+ i om,. Then
the tuple (M,w, G, ) is a Hamiltonian G-system.

Proof. See [19], Chapter 3. |

Example 2.29. Let n,k > 1 be natural numbers and M = My, (C) = (C)**", the
space of complex matrices of order £ x n. Consider the diagonal action of the unitary
group U(k) on M. Let m; : M — C* be the projection onto the j* component and
w = Z?Zl m;w; be the product form, where w; is the standard symplectic form on
C*. Then by Example m and Proposition m it is clear that (M,w, U(k), ux) is a

Hamiltonian system such that for any (z1, ..., 2,) € M, we have

..on
1

pr (215 ooy 2n) = 5 Z 2§25 (2.60)
j=1
Any n-tuple z = (21, ..., 2,) forms a k x n matrix whose columns are k-vectors z;. In
this case, the moment map py, : M — u(k) has the following matrix form:
i *

pr(z) = 2% (2.61)
where z* is the complex conjugate of the matrix z. Therefore, (Myx,(C),w, U(k), ) is
a Hamiltonian system with moment map p. According to Proposition [2.50] by adding
the central element %Idk to ug, we obtain a new moment map

7 1
= —zz" + —1d;. 2.62
:uk(z) 2ZZ + 2 k ( )
Example 2.30. Let M = M;,(C) be the space of complex matrices of order k x n
and w be the standard symplectic form on M. The product group U(k) x U(n) acts
symplectically on M by
(A,B).z = AzB™'.

We can define a map pu: M — u(k) x u(n) by

p() = (), mn(2)) = (5227 + o, 52°2). (2.63)
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Let B € U(n) and z € M. Since BB* = Id, from (2.62)) we have

_ 1 _ T | 1 w1 1 t o, 1 _
fp(B.z) = é(zB DB + 2_2'Idk = éz(BB )l + 2_2'Idk = 5%% + 2_2'Idk = 71;,(2).

That is, @, is U(n)-invariant. Similarly, p, is U(k)-invariant. These two facts and
Example show that p is a moment map for the action of U(k) x U(n) on M and
therefore (M, ,(C),w,U(k) x U(n), ) is a Hamiltonian system.

2.5.4 Symplectic Reduction

Let (M,w, G, 1) be a Hamiltonian G-system where G is a compact Lie group. Suppose
that My = p~1(0) is the zero level set of  and i : My < M is the inclusion map. Since
My is G-invariant, G acts on M. Denote the orbit space My/G by M //G.

Proposition 2.59. If M, is nonempty and G acts freely on My, then the orbit space
MG is a smooth manifold with dim M /G = dim M — 2dim G. Moreover, there exists
a symplectic form wieq on M |G such that i*w = ¢*wyeq, where q : My — My/G is the
quotient map.

Proof. See [19], Chapter 23 or [51]], Section 5.4. |

Definition 2.66. The symplectic form w,.q is called the reduction form and the pair
(Myea = M /G, wreq) is called the symplectic reduction or symplectic quotient of
the Hamiltonian system (M, w, G, ).

Example 2.31. Let S! act on the symplectic manifold (C"*!, w) by

0

e (29, ..y 2) = (€

20,0 €92,). (2.64)
This action is symplectic because

(e)V'w(z,w) = w(iz,iw) = Im[(iz)(iw)*] = Im(zw*) = w(z, w).
Define p : C**' — R by
1
5.
It is easy to see that this is a moment map for this action (see [19], Chapter 26). The
zero level set 1 ~1(0) is the unit sphere S?"*! = {z € C"*! | |z| = 1}. Therefore, the
symplectic quotient ~1(0)/S! is the usual orbit space S?"*1 /St which is the complex

projective space CP". In this case, the quotient form w4 is equal to the standard
Fubini-Study form wgg; i.e., ¢*'w = wrg, where ¢ : My — My/G is the quotient map.

u(z) = —5lef* + (2.65)

Example 2.32. Let n > k be natural numbers and M be the space of k X n complex
matrices My, (C). As we saw in Example (M,w,U(k), i) is a Hamiltonian system
with the moment map p : M — u(k) defined by
) 1
p(z) = %zz* + gldk, Vz e M. (2.66)
i
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In this case, p='(0) = {z € M | 22* = Id,} which is diffeomorphic to the Stiefel
manifold V;(C™). Since the action of U(k) on Vi (C") is free, the symplectic quotient
1~ 1(0)/U(k) exists and the orbit space is the complex Grassmanian Gry(C"), k-planes
in C". Therefore, we can equip the complex Grassmannian Gry(C™) with the quotient
form wyeq. We denote this symplectic form by wy,,,. So (Gry(C"),wy,) is a symplectic
manifold.

Let G; and G5 be two compact connected Lie groups with Lie algebras g; and
go. Set G = G X Gy and Lie(G) = g = g1 @ go. Suppose that (M,w,G,u) is a
Hamiltonian G-system with the moment map p : M — g*. In this case, u = (u1, p2)
where p; : M — g; for i =1, 2.

Proposition 2.60 (Reduction in Stages). Let (M,w,G,pn) be a Hamiltonian G-
system where G = G1 X G and G1, G5 are compact connected Lie groups. If G acts
freely on pu;H(0), Mieq = p71(0)/G1 and wyeq is the reduction form for this action, then
Go acts symplectically on the reduction space (Mieq,wreqa) and there exists a moment
map fired : Mrea — @5 for this action such that pieq © g1 = g 0 i where q; : py ' (0) —
M,eq is the projection map and i = pu;'(0) < M is the inclusion map. In particular,
(Mireas Wred, G2, firea) 18 a Hamiltonian Go-system.

Proof. See [19], Section 24. |

Example 2.33. Consider the Hamiltonian system (M, (C),w, U(k) x U(n), u) in Ex-
ample :2.30 Since U(k) acts freely on p;'(0) 2 V;(C"), the reduction space in this
case is (Gry(C"),wy,) where wy, is the reduction form (see Example 2.32). It follows
from Proposition that there exists a moment map i, : Gri(C") — u(n)* for the
action of U(n) on the symplectic manifold (Gry(C"), wy. ) such that py ,(q(2)) = pn(2)
for any z € Vi (C"), where ¢ : Vi(C") — Grp(C") is the quotient map. Therefore,
(Gri(C"™), win, U(n), g ) is a Hamiltonian system. Let L € Gry(C") and Pry : C,, —
C" be the orthogonal projection onto L. Choose an orthonormal basis {b1, ..., by} for L
and suppose that B is the matrix whose columns are vectors b;. It is easy to see that

7 7
(L) = LBB* = Lpr,.
(L) 5 5PIL

We may also consider the following moment map for this Hamiltonian system:

i k
W(L) = =Pr, + —1Id,,. 2.
fkn (L) S (2.67)

2.5.5 Equivariant Perfection and Kirwan Surjectivity

Let (M,w, G, ) be a Hamiltonian system in which M is a compact connected manifold
and G is a compact Lie group. Fix an Ad-invariant inner product on Lie(G) = g.
Consider the function f : M — R defined by f(z) = ||u(z)||?, where the norm is induced
by the inner product. Kirwan has investigated the Morse theory of this function in [42].
She has proved the following:
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EP1. The norm squared of the moment map f = ||u(x)||*> has the minimal degeneracy

property; i.e., it is a Morse-Kirwan map (see Proposition 4.15 in [42]).

EP2. The map f = ||u()||* is G-equivariantly perfect over the field Q (see Theorem
4.16 in [72]).
Now, suppose that My = p~1(0) and ¢ : My < M is the inclusion. An immediate

consequence of EP2 shows that the induced map i* : H5(M; Q) — HE(Mp; Q) is a
surjection. We call this surjective map the Kirwan map and denote it by

ki H5(M; Q) — H(Mo; Q). (2.68)

When the action of G on M, is free, Proposition provides us with an isomor-
phism ¢ : H:(Mo; Q) — H*(My/G; Q). Therefore, the composite map 1 o i* is also a
surjection. Many people call this composite map as the Kirwan map.

In her thesis, Kirwan proves that the limit set of any point under the gradient flow
of a Morse-Kirwan map is a subset of the corresponding critical subset. She mentions
that although the limit set is not a singleton for a general Morse-Kirwan set, it is
unlikely that this happens for the norm squared of a moment map. In fact, this has
been proved by Duistermaat [22]. Let (M,w, G, 1) be a Hamiltonian G-system in which
G is a compact Lie group and M is a compact connected manifold. Choose an invariant
metric on M and let ¥, be the flow of —V f.

Proposition 2.61 (Duistermaat). If C is a critical set of the norm squared of moment
map and S¢ 1s the corresponding stratum induced by the flow Uy, then

1. for any p € M, the limit set of the trajectory of p is a singleton V. (p) € M.

2. The map V : [0,00] x S¢ — S¢ defined by

) U(p) if 0<t<oo
U(t,p) = {\Ijm(p) F s (2.69)

induces a deformation retraction of S¢ onto C.

A detailed proof for this theorem has been provided by Lerman in [46].
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Figure 2.18: Stratum S¢ corresponding to a critical subset C'

Remark 2.22. Note that part 1 of Proposition [2.61] is not true for general gradient
flows. For example, the unit circle in the plane is a limit set for the gradient vector
filed of the following function f : R?* — R (see [57], Chapter 1, Example 3, for details):

= if0<r<l,
Fr,0) =0 if r=1, (2.70)
1 1
i —O)e P, 1.
sm(r_1 0e . aifr>

In Figure [2.19] we have pictured a trajectory of the vector field Vf at some point p
whose limit set is the unit circle.

limit set

Figure 2.19: A nontrivial limit set of a trajectory

Remark 2.23. It is known from the dynamical system theory that for a real analytic
function f : M — R on a compact manifold, the limit sets of the gradient flow are
single points. Here, f being real analytic means that it is a smooth function and for
each p € M, there exists an open set U around it on which f converges to its Taylor
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series. The key point in Lerman’s proof for Proposition [2.61] is that he shows that the
norm squared of a moment map in a Hamiltonian system with a compact Lie group is
a locally real analytic function and for such functions the limit sets are still singletons.
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2.6 Differential Homological Algebra

“The application to topology of homological algebra
leads to somewhat different developments which may be
included under the heading of differential homological
algebra.”

—John C. Moore (1923-2016)

2.6.1 Tor Functor

Definition 2.67. Let R be a commutative ring with unity.

1. A graded (or bigraded) R-module M is a collection of R-modules {M,, | n €
Z} (or {M,;,m | n,m € Z}). lf x € M,, (or z € M,,,), we say the degree (or
bidegree) of z isn ( or (n,m)) and write deg(x) = k (or bideg(z) = (n,m)).

2. A homomorphism of graded R-modules M and N of degree n is a family of
R-module homomorphisms {fi : My — Niiy, | kK € Z}. Similarly, a homomor-
phism of bigraded R-modules M and N of bidegree (s,t) is a collection of
homomorphisms {f,, : My — Npisgit}-

3. A graded R-submodule of a graded R-module M is a graded R-module N such
that Ny is a submodule of M, for each k. A bigraded submodule of a bigraded
module is defined similarly.

4. If M is a graded R-module and N is a graded R-submodule of M, then the
quotient graded R-module M/N is a graded R-module for which (M/N); =
M. /Ny, for each k. The quotient bigraded module is defined similarly.

5. The tensor product of graded R-modules M and N is the graded R-module
M ®pgr N such that

(M@ N)= P (M, ®r N,).
p+q=k

The tensor product of bigraded R-modules M and N is a bigraded R-module
M ®pr N such that

(M ®rN)py = @ @ (M, s ®r Niw).

r+s=pt+u=q

Definition 2.68. Let R be a commutative ring with unity and M be a graded R-
module. A filtration for M is a family F*(M) = {F™"(M) | n € Z} of submodules such
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that FP(M) C FI(M) if p > ¢. In this case, we say (M, F*(M)) is a filtered graded
module. A filtration F*(M) for M is bounded if for each n, there exist numbers s(n)
and t(n) such that

(0) = F*™(M,) C --- € F'™(M,) = M,.
A filtration is called exhaustive if U,z F™"(M) = M.

Definition 2.69. Let R be a commutative ring with unity and (M, F*(M)) be a filtered
graded R-module. The associated graded module of M is defined by AG(M) =
DnezAG(M)™ where

satary - 0D

Remark 2.24. The associated graded module of a filtered graded module (M, F*(M))
is actually bigraded. For each p, q, we set

FP(M) O M,
Pa p+q
AGMI™ = B A My,

In this case, AG(M)" = Bpt+q=nAG(M)P1.
Definition 2.70. Let R be a commutative ring with unity.

1. A graded R-algebra A is a graded R-module with an associative multiplication
such that A,A, C A,1, and there exists an element 14, € Ay with 14.a =a.14 =a
for any a € A,. The graded algebra A is graded commutative if for any z,y € A

Ty = (_1)degxdegyyx‘

2. The tensor product of graded R-algebras A; and A, is the tensor product
of graded R-modules A; ®r As with the multiplication

(a1 ® az).(b1 ® ba) = (a1by) ® (azby),
and the unit is defined by 14,04, = 14, ® 14,.

3. A homomorphism between graded R-algebras A; and A, is a homomor-
phism f : A; — A, of graded R-modules such that deg f =0, f(14,) = 14, and

flaraz) = f(a1) f(a2).
Definition 2.71. Let R be a commutative ring with unity.

1. A differential graded module or DG-module (M, d),) is a graded R-module
M with a homomorphism dy; : M — M of graded R-modules such that deg(dys) =
1 and d3; = 0. Similarly, a differential bigraded R-module (M, d,;) is a bi-
graded R-module M with a homomorphism d,; : M — M of bidegree (s,t) such
that s +¢ =1 and d3, = 0.
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2. A homomorphism of DG-modules of degree p between (M, dy;) and (N, dy)
is a homomorphism f : M — N of graded R-modules such that deg(f) = p and

deM:dNOf.

3. The tensor product of DG-modules (M, d,,) and (N, dy) is the usual tensor
product M ®r N with the differential map dy; ® dy defined by

dy ® dy(m®n) = dy(m) @n+ (=1)%"m @ dy(n).

4. A filtration for a differential graded module (M,dy,) is a filtration F*(M) for
the graded module M such that dy (FP(M)) C FP(M).

5. The homology H (M, dys) of a DG-module (M, dy,) is defined by

Ker (dY, : M, = M,+1)
Im (d%," 2 M,y — M,)

HP(M,dy) =

Remark 2.25. Let R be a commutative ring with unity and (M, dy, F*(M)) be a
filtered differential graded R-module. Each inclusion i, : FP(M) < M induces a map
in homology H?(i,) : H(FP(M),dn) — H(M, dyr). If we set

FPH(M, dy) = Im HP(iy),
then it is easy to see that {FPH(M,dy,)} is a filtration for the homology H (M, dyy).

To formulate a proper version of Tor functor, we need to define the category of
modules over a graded algebra.

Definition 2.72. Let R be a commutative ring with unity and fix a graded R-algebra
A.

1. A left module over a graded R-algebra A is a DG-module (M, d,;) with a
bilinear map A x M — M such that for any a,b € A and m € M, we have

(i) ApMy C Myq;
(i) a.(b.m) = (a.b).m;
(ifi) 14.m = m.
A right module over A is defined in a similar way.

2. A homomorphism of left modules over a graded algebra is a homomor-
phism f: M — N of DG-modules which is compatible with the multiplication.

3. Let M be a right module over A and N be a left module over A. The tensor
product M ®4 N of M and N is the quotient space (M ®g N)/I where M @r N
is the the usual tensor product of DG-modules M, N and [ is generated by the
elements (m.a) ® n —m ® (a.n) form € M, n € N and a € A.
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Definition 2.73. Consider a sequence of left modules over a graded algebra A:

On— On,
s (Mnfhdnfl) —1> (Mnudn) — (Mn+17dn+1) —
We say this sequence is exact if Ker §,, = Im 6,,_1, for any n.

Definition 2.74. Let M be a left module over a graded algebra A. A resolution for
M is a exact sequence like the following:

PP P N B S M (0). (2.71)

Definition 2.75. Let A be a graded R-algebra.

1. A left module P over A is projective if for any homomorphism f : P — N
and any surjective homomorphism g : M — N, there exists a homomorphism
f: P — M such that go f = f.

2

Diagram 2.10: Projective module

2. A projective resolution of a left module M over a graded algebra is an exact
sequence like (2.71]) in which all the modules P_,, are projective for all n > 0.

Proposition 2.62. Fvery left module over a graded algebra has a projective resolution.
Proof. See [48], Chapter 7. |

Now, consider a left module (N,dy) and a right module (M,dy;) over a graded
algebra A. Fix a projective resolution P(N) for N like (2.71). In this case, P_, =
@D,z P and -, = B, 0™, where 6™, : P — P, "+ If we apply the functor
M ® 4 — to this projective resolution, we get a sequence S = M ®4 P(N) of differential
graded modules. If we delete the last term of the sequence S, we get the following

sequemnce:

Idpr®6—n Id]\/l®6—n+1\ Idar®6-1

o= M ®y P, M ®4 P_jq

>y M ®a P, (2.72)

where Idy ® 6, = D (D=, Idm, ® 67,). Form the bigraded differential module
(L, D) such that

Lyg=(M®4aF,)q= @ Mi®Pga

i+j=q

Dyy = €P (dy, ® 5).

i+j=q

(2.73)
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Remark 2.26. The differential graded module (L, D) can be filtered as follows. Let
F' = (0) and for any n > 0, set

F, = EB P}

Then F* = {M ®4 F~™ | n > —1} is a filtration for the differential bigraded module
(L, D).

It is know that the homology of the differential bigraded module (L, D) is indepen-
dent of the choice of the projective resolution P(N) (see [48|, Chapter 7 or [9], Section
2). This enables us to define the following.

Definition 2.76 (Tor Functor). The bigraded module Tor4 (M, N) is defined as the
homology of the differential bigraded module (L, D) defined by (2.73); i.e.,

Ker (D_pq:L_pq— L_
Tor;7(M, N) = er (D_pq P.a p+lg) ' (2.74)
Im (D_p-1,q 0 Lp-14 = Lpg)

In this case, we call Tor (M, N) the torsion product of A-modules M and N.

p=-2 ° p=-1 p=0

Figure 2.20: Differential bigraded module (L, D)

Remark 2.27. The filtration F* = {M ®4 F~™ | n > —1} for the graded differential
module (L, D) induces a filtration F for the torsion product Tor (M, N). In particular,
when N is a projective A-module, we can take Py = N and P_,, = (0) for n > 0 in
which implies that F~™ = N for n > 0 and F' = (0). This follows that the
induced filtration of Tors(M, N) is F! = (0) and F~" = M ®4 N for any n > 0.

In the following proposition, we list the most important properties of the Tor functor
which will be used throughout this exposition.

Proposition 2.63. Let M and N be right and left modules over a graded algebra A
respectively. Then the following are satisfied.
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1. If p > 0, then for any q € Z

Tor} (M, N) = (0). (2.75)
2. If p=0, then
P Tor’y (M, N) = M @4 N. (2.76)
qE€Z
3. If M or N is a free A-module, then for any p <0 and q € Z
Tor?(M, N) = (0). (2.77)
In particular, Torga(M,N) = M ®4 N.
Proof. See [48], Chapter 7 and [9], Section 2. |

2.6.2 Spectral Sequences

Definition 2.77. Let R be a commutative ring with unity. A cohomology spectral
sequence is a sequence of pairs {(E,, d,)},>1 such that the following are satisfied.

1. Each pair (E,, d,) consists of a differential bigraded R-module E, with differential
map d, of bidegree (r,1 —r); i.e.,

E. =& B,

P.aEL (2.78)
d, : BP9 — pptrartl

2. For each r > 1, E,.; = H(F,,d,), the homology of the chain complex (E,,d,).
The bigraded R-module F, is called the E,-term or E,.-page of the spectral sequence.

Remark 2.28. One can show that (see [48], Section 2.1) a spectral sequence {(E,, d;)},>1
provides us with an infinite tower of bigraded submodules {B,} and {Z,} of E, satis-
fying the following;:

BQCBgC"'CBnC"'CZnC"'C23CZ2CE2,

and for each n, F,,1 = Z,/B, as well as the differential map d,,,; can be taken as a
map Z,/B, — Z,/B, whose kernel is Z,,1/B,, and whose image is B,,,1/B,. If we set
Zoo =\, Zn and B,, = |J,, By, then By, C Z4 and the quotient E,, = Zo/B is a
bigraded module which is called the limit term of the spectral sequence.

Remark 2.29. There are two special classes of spectral sequences. A spectral sequence
{(Ey,d,)}r>1 is called first quadrant if for all » > 1, E?? = (0) when p < 0 or ¢ < 0.
It is called second quadrant if for all » > 1, EP? = (0) when p > 0 or ¢ < 0. One
can show that in a first quadrant spectral sequence, for each fixed p, g, there is always

r(p,q) > 1 such that EP? = qu  forall r > r(p,q). This implies that the sequence is
stationary after a finite number of steps and the limit page F., exists.
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Definition 2.78. A spectral sequence {(E,,d,)},>1 is said to collapse at the N'-
term if d, = 0, for all » > N. In this case, EX? = EX for all p,q € Z; i.e., the limit
page is the same as the Ey-page.

Definition 2.79. A spectral sequence {(E,,d,)},>1 of R-modules is said to converge
to a graded R-module M if there exists a filtration F'(M) for M such that its associated
graded module AG(M) is isomorphic to the limit term F., of the spectral sequence;
ie.,

ERS 2 AGPU (M) = F* Mo/ F'™ My, (2.79)
In this case, we use the notation F, = M for the convergence.

Proposition 2.64. Each filtered differential graded module (M, dy;, F*(M)) determines
a spectral sequence {(E,,d,)},>1 such that each differential d,. has bidegree (r,1—r) and

Ezl%q o Hp-l—q(Fp/Fp-l-l)'

Moreover, if the filtration is bounded, then the spectral sequence converges to H(M,dyy);
that 1s,
EP9 = FPIHPT(M, dp)]/FPHHPT(M, dyy )], (2.80)
where F*(H(M,d)) is the induced filtration for H(M,dyy).
Definition 2.80. Let V = @, ., V,, be a graded vector space over a field F. We say
that V is locally finite if dimg V,, < oo for any n > 0. The Poincaré series of V is
defined to be
P(V,t;F) = (dimg V;, )" (2.81)
n>0
It is clear from the above definition that for two locally finite graded vector spaces
V and W, the tensor product is also a locally finite bigraded vector space and

PV oW t,F)=PV,t;F)P(W,t;TF), (2.82)
where multiplication on the right-hand side is the Cauchy product of power series.

Proposition 2.65. Let {(E,,d,)},>1 be a first quadrant spectral sequence of vector
spaces converging to a graded vector space V' such that Fsy is locally finite over a field
F. Then V is locally finite over F and P(V,t;F) = P(Es, t;F) if and only if the spectral
sequence collapses at FEs-page.

Proof. See [48], Chapter 1. |

Remark 2.30. If V' is a locally finite graded vector space and F' is a filtration for
V', then the associated graded vector space AG(V') induced by F' is isomorphic to V'
because they have the same dimensions. Thus in this case we can recover V' from its
associated graved vector space AG(V) up to isomorphism.

Now, we state two of the most important spectral sequences which are needed in
what follows: Leray-Serre spectral sequence and Filenberg-Moore spectral sequence. We
formulate the versions that meet our needs here.
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I. Leray-Serre Spectral Sequence

Consider a fibration F' <> E = B where F is connected and B is path-connected. One
might ask how to compute the cohomology of the total space F with respect to the
cohomologies of F' and B. An answer to this question is provided by the Leray-Serre
spectral sequence in the following proposition.

Proposition 2.66 (Leray-Serre Cohomology Spectral Sequence). Let F N
B be a fibration where the base space B is path-connected and the fiber F' is connected.
If m(B) acts trivially on H*(F;F) for a field F, then there exists a first quadrant
cohomology spectral sequence {(E,,d,)}r>1 with the following properties.

1. EY" >~ HP(B;F)®p HY(F;F), for all p,q > 0;
2. E, = H*(E;F).
Proof. See [48], Chapter 5. [ |

Definition 2.81. A topological space X is of finite type over a field F if all the
cohomology groups of X are finite dimensional vector spaces: dim HY(X,F) < oo, for
all ¢ > 0.

Proposition 2.67 (Leray-Hirsch Theorem). Let F S ES Bbea fibration with

F' connected, B of finite type over a field F and path-connected. Then the induced

map i* 1 H*(E;F) — H*(F;TF) is surjective if and only if the Serre spectral sequence

corresponding to this fibration collapses at the Eo-term. In such a case, we have
H*(E;F)= H*(B;F) ®p H*(F;F), (2.83)

as vector spaces.

Proof. See [48], Chapter 5. |

II. Eilenberg-Moore Spectral Sequence

Let R be a commutative ring with unity and F' <y E'Z B be a fibration where F' is
connected and B is path connected. For any continuous map f : X — B, let E; = f*E

be the pullback and consider the pullback fibration F N Ey s X as in the following
commutative diagram:

F
7N
Ey 2 » B
| l
X 7 > B

Diagram 2.11: A pullback diagram
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Let C*(X; R) denote the cochain complex with coefficients in R. The cup product struc-
tures on C*(X; R) and C*(B; R) together with the induced maps f* and 7* make each
of them into a differential graded module over the graded algebra C*(B; R). Similarly,
we can define H*(B; R)-module structures on H*(X; R) and H*(B; R). The question
of how to compute the cohomology of F¢ with respect to the cohomologies of B, X and
F' is answered by the following Eilenberg-Moore spectral sequence.

Proposition 2.68 (Eilenberg-Moore Spectral Sequence). Let F be a field and

FSES Bbea fibration with F connected and B path-connected. If the fundamental
group m1(B) acts trivially on H*(F;F) and f : X — B is a continuous map with pullback
Ey, then there exists a second quadrant cohomology spectral sequence {(E,,d,)},>1 with
the following properties.

1. EJ" = Torhd o (H*(X;IF), H*(E;IF)), for all p < 0 and g > 0.
2. B, = H*(E;F).
Proof. See [48], Chapter 7. |

Remark 2.31. In fact, there exists an exhaustive filtration F*(H*(Ey;F)) such that
its associated graded module is isomorphic to the limit term E.,. That is,

B2 = Fo(HYM(Ey; F)) /PP (HY9(By F)).
Corollary 2.68.1. If H*(E;F) is a free H*(B;F)-module, then
H*(E;F) = H*(B;F) @ H*(F;F), (2.84)
as H*(B;F)-modules.

Proof. See [48], Chapter 7. |

70



CHAPTER 3

Real Symplectic Geometry

“One geometry cannot be more true than another; it
can only be more convenient.”

—Henri Poincaré (1854-1912)

In this chapter, we start with the idea of real structures on complex vector spaces and
use them to define a real structure on a symplectic manifold. Then we introduce the
notion of a real pair in a Hamiltonian system to define a special class of Hamiltonians
known as real Hamiltonian systems. The idea of real pair is due to O’Shea and Sjamaar
[56], [63]. After introducing the main properties, we give several examples of real
Hamiltonian systems which mostly have been constructed based on the examples in
Chapter 2. Finally, we define the real reduction space for real Hamiltonian systems and
prove a real version of the reduction in stages for the real Hamiltonian systems whose
group is a product of two Lie groups.
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3.1 Real Structures on Complex Vector Spaces

In this section, we define the notion of a real structure on a complex vector space and
give some of its basic ideas.

Definition 3.1. Let V' be a complex n-vector space. A real structure on V is a map
oV — V having the following properties.

1. o is antilinear: o(Av + pw) = Ao (v) + fio(w), for all A\, x € C and v, w € V.
2. o is an involution: o2 = Id.

Definition 3.2. Let V be a complex n-vector space and o : V- — V be a real structure
on it. The real locus Vi of V is the fixed point set of o; i.e.,

Ve={veV|ol)=nuv} (3.1)
Also, for any subspace W of V', we set Wr = W N Vk.

Proposition 3.1. Let (V,0) be a complex n-vector space with a real structure o. Then
the following are satisfied.

1. The real locus Vg is a real n-vector space and

V =Vr ®1Vk. (32)

2. The complezification of Vg is isomorphic to V' ; i.e.,

Ve @ C 2 V. (3.3)

Proof. Straightforward. |

Remark 3.1. Because of Proposition [3.1] the real locus Vi of V' is also called the real
subspace of V.

Example 3.1. Consider the standard complex n-vector space C". Define ¢ : C* — C"
by o(z1,....2,) = (%1, ..., Zn), where Z; means the complex conjugate of z;. It is easily
seen that o is a real structure on C" and its real subspace is R™. In this case, we have
C" = R" @ iR"™. Also, for any complex subspace V' of C", we have Vg = V N R".

Proposition 3.2. Let n > k be natural numbers and consider the complex conjugation
as a real structure on C*. If V.C C" is a complez k-subspace, then V ={v | v € V'} is
a complex k-subspace and the following are equivalent.

1. V=V.
2. dlm(c V= dlIIlR VR.
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Proof. See [18], Theorem 4.12. |

Example 3.2. By Example [3.1] and Proposition [3.2] the complex conjugation map
o : C* — C" induces an involution on the complex Grassmannian oy, : Gry(C") —
Gry(C™) such that o4,,(V) = V. Let F be the fixed point set of o, and define a map
U F — Grp(R") by ¥(V) = Vg. It follows from part 1 of Proposition that W is
1-1. Let V € Gri(R") and set Ve = V ®g C. Since V¢ = V¢, we have Vg € F. On the
other hand, by we have ¥(V¢) = V which proves the surjectivity. Therefore, ¥
is a bijection. By using this bijection, we can identify the real locus F' with the real
Grassmannian Gry(R™).
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3.2 Real Structures on Symplectic Manifolds

In this section, we define the notion of a real structure on a symplectic manifold and
generalize it to the class of Hamiltonian systems.

Definition 3.3. Let (M,w) be a symplectic manifold. An anti-symplectic involu-
tion on M is a diffeomorphism o : M — M having the following properties.

1. o2 =1d.

2. cfw = —w.

In this case, the triple (M, w, o) is called a real symplectic manifold.

Example 3.3. Define 0 : C* — C" by o(z1, ..., 2,) = (Z1, ..., Zn), Where bar denotes the
complex conjugate. Clearly, 02 = Id. Let w : C* x C* — R be the standard symplectic
form on C™; i.e., w(z,w) = Im(w*z), Vz,w € C", where w* is the transpose of complex
conjugate of w. A simple calculation shows that d,o(w) = w, for any z,w € C". Hence,
we have

Therefore, o is an anti-symplectic involution and (C", w, o) is a real symplectic manifold.

Example 3.4. Consider the symplectic manifold (S?, wg), where S? is the unit sphere
in R? and wg is the area form (see Example 2.23). Let o : S? — S? be the reflection
with respect to the zz-plane. If we use the cylindrical coordinates (6, z) on S?, then
the area form wg and the involution o have the following forms:

0,z) = (-0
7(0,2) = (~6,2), o
ws(0,z) = di N dz.
It is clear from that
o*ws(0,2) = ws(—0,2) = —do Ndz = —wg(0, 2).

That is, o is an anti-symplectic involution on the 2-sphere and thus (5% wg, o) is a real
symplectic manifold.
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Figure 3.1: Reflection relative to xz-plane

Example 3.5. Consider the complex projective space CP" with Fubini-Study form
wrs. Let & be the map induced by the anti-symplectic involution ¢ : C**1 — C"! in
Example If g : C*! — {0} — CP" is the quotient map, then qo o = 7 o ¢ and
¢*wrs = w, where w is the standard form on C"*!. In this case, we have

¢ (6" wrs) = 0 (qwrs) = 0" (W) = —w = —q"wps.

Since ¢* is injective, we get 0*wpg = —wrg. Thus, ¢ is an anti-symplectic involution
and therefore (CP",wpg, ) is a real symplectic manifold.

Definition 3.4. Let (M,w, o) be a real symplectic manifold. The fixed point set of o,
M ={x € M | o(x) =z}, is called the real locus.

Example 3.6. The real loci of the real symplectic manifolds in Examples and
m are R", S1 and RP" respectively.

One of the most interesting properties of real loci of real symplectic manifolds is
given in the following proposition due to Duistermaat [22].

Proposition 3.3. If the real locus M° of a real symplectic manifold (M,w, o) is non-
empty, then M7 is a Lagrangian submanifold of M and T,M° = Ker(Id — doy,), for all
pe M.

Proof. Consider G = {Id, c}. Since 0% = 1d, G = Z, is a compact Lie group acting on
M by o. In this case, the fixed point set of the action is exactly the real locus M?. So
by Corollary M? is a closed submanifold of M.
Let p € M° and D = do(p) : T,M — T,M. Since D? = 1d, it has two eigenvalues
1 and —1 with corresponding eigenspaces £y = Ker(Id — D) and E_; = Ker(Id + D)
such that
T,M =FE, & E_,. (3.5)
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If u,v € Ey, then D(u) = u, D(v) = v and
wy(u,v) = wy(D(u), D(v)) = c*wy(u,v) = —w,(u,v).

That is, w,(u,v) = 0 and thus, £ is isotropic. Similarly, £_; is isotropic and hence
dim F; <n and dim F_; < n. Since dim E; + dim F_; = n, we must have

dim By =dim E_; = n, (3.6)

which shows that E; and E_; are both Lagrangian subspaces of 7T,/ . On the other
hand, an easy computation shows that

T,M° = E,. (3.7)

Therefore, M? is a Lagrangian submanifold of M and the proof is complete. |

|

NN\
RS
TN

7 ln{
/ //,,Illlml

Figure 3.2: Tangent space of the real locus

The next definition is due to Sjamaar [63].

Definition 3.5. A real structure on a Hamiltonian G-system (M,w, G, ) is a pair
of smooth maps 0 : M — M and ¢ : G — G such that the following are satisfied.

1. ¢ is a Lie group involution; i.e., a Lie group automorphism of order two.
2. o is an anti-symplectic involution.

3. o and ¢ satisfy the following compatibility conditions:

{aog=¢(9)007 Vg € G, (3.8)

poo=—¢" opu.

Here, ¢* : g* — g* is the dual of the involution ¢, = d¢ : g — g induced by ¢.
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In this case, the pair (o, ¢) is called a real pair and the tuple RH = (M, w, G, y1, 0, ¢)
is called a real Hamiltonian system.

Remark 3.2. Since ¢ : G — (G is a group involution, it induces two involutions
¢s g — g and ¢, : g° — g* where g = Lie(G). In this case, we get the following direct
sum decompositions:

=g, Bg_,
A (39)
g =9,9g.,
where “+7 and “—" denote the eigenspaces corresponding to eigenvalues +1 and —1.

It is also clear that g, = Lie(G?).

Remark 3.3. It follows from the compatibility conditions that if p € M7, then

u(p) = p(o(p)) = —¢" (u(p))-

This means p(p) € g*. Therefore the image of the real locus M“ under the moment
map is contained g* and we have pu: M7 — g*.

The next lemma shows that the Lie subalgebra g* is invariant under the action of
real subgroup. We will use this in Chapter 4.

Lemma 3.4. The subspace g* = {£ € g* | ¢*(§) = =&} is invariant under the restricted
G?-coadjoint action.

Proof. Let g € G and X € g. If 1, : G — G is the inner automorphism, then a simple
computation shows that ¢ o1y = 14(4) © ¢. This follows that

{Adj;(g) o ¢* = ¢* o Ad (3.10)

adj, x) 0 ¢" = ¢* o ady.
If g€ G? and ¢ € g* , then implies that
¢"(Ady(£)) = Adyy (¢7(8)) = —Adg(S).
Thus, Ady(§) € g* which completes the proof. |
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3.3 Examples of Real Hamiltonians

This section gives several examples regarding real Hamiltonian systems some of which
will be used in next sections.

Example 3.7. Let S = U(1) act on the sphere S =2 CP' by rotations around z-axis
and consider the Hamiltonian system (52, wg, S, 1), where wg is the area form and
p is the height function. In the cylindrical coordinates (6, z) on S?, the area form
is wg = df A dz. Define o : S* — S? by 0(0,2) = (—0,2) and ¢ : S' — S! by
¢(a) = —a. It is evident that o and ¢ are involutions and we saw in Example that
o is anti-symplectic. Now, let a € S* and (0, z) € S?. Then

o(a.(0,2)) =c(la+0,z) = (—a—10,2)) = ¢(a).(—0,2) = ¢(a).(0(0, 2)).

That is, the first condition in (3.8]) holds. Since ¢, = —Id, we have ¢* = —Id. On the
other hand, since u(0, z) = z, we can write

poa(l,z) =pu(—0,2z) =z = u0,z) = —¢"(u(0, 2)).
Thus, oo = —¢* o u and the second condition in (3.8) is satisfied. This proves that
the pair (o, ¢) is a real structure and the tuple (52, wg, S', 11, 0, ¢) is a real Hamiltonian
system. Moreover, the real locus of this system is the great circle M7 = {(x,0, 2)" | 2%+
22 = 1} = RP' and the real subgroup is O(1) & Z,, which acts on the real locus by
reflection with respect to the z-axis in the xz-plane (see Figure .

real locus

Figure 3.3: Action of Zs on the real locus
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Example 3.8. Consider the Hamiltonian system (C",w,U(n),u) in Example [2.28
Define two maps o : C* — C" and ¢ : U(n) — U(n) as follows:

o(z) =%, Vz € C",

(3.11)
&(A) VA € U(n).

Clearly, o and ¢ are involutions and we saw in Example [3.3] that ¢ is anti-symplectic.
Also, o

0(Az) =Az=AZ=¢(A)o(2).
So the first condition in (3.8)) holds. On the other hand, if ¢, = d¢(I), then ¢,(A) = A,
for all A € u(n), because

_ i tAN) _ i tA\ _ A
b4(4) = dt lt=0 <¢(e )) Cdt t:O( )=4
This follows that for any z € C", we have
plo(2) =p(m) = - = ~(5n) = p(e) = —ou(u(z). (312)

That is, p oo = —¢* o u and the second condition in holds. Thus the pair (o, ¢)
is a real structure on the Hamiltonian system (C",w,U(n), ). In this case, the real
locus is the n-real subspace R™ and the real subgroup is the real orthogonal group O(n),
which acts on R™ in the standard way.

Example 3.9. Consider the Hamiltonian system (Myx,(C),w, U(k) x U(n), 1) in Ex-
ample [2.30] Let 0 : My (C) = Myxn(C), ¢ : U(k) — U(k) and ¢, : U(n) — U(n) be
the corresponding complex conjugations. If ¢ = ¢, X ¢,,, then a similar calculation as in
Example shows that (o, ¢) is a real pair and (Myx,(C),w, U(k) x U(n), u, 0, ¢) is a
real Hamiltonian system. In this case, the real locus is My, (R) and the real subgroup
is the product of orthogonal groups G? = O(k) x O(n).

Example 3.10. Consider the symplectic manifold (CP", wpg), where wpg is the Fubini-
Study form. By Example the induced action of unitary group U(n + 1) on CP" is
symplectic. Now, for any z € C"*! — {0}, denote its class in CP" by ¢(z) = [z], where
q is the quotient map and define the map p : CP" — u(n + 1) by

*

ple = 5= (3.13)

2mi|z|?

We show that this is a moment map. First, note that for any A € U(n + 1) and
[2] € CP", since A* = A™!, we have

= T S St

79



CHAPTER 3. REAL SYMPLECTIC GEOMETRY

Thus, p is equivariant. Moreover, we can write

z] = (ulz], A) = Tr((u[z])*A) Tr(zz"A) = WZ*AZ. (3.14)

h 2mi|z|?

Let w € T,C™™ = C**!. Since dg(z)w € Ty CP, (3.14) follows that

du?lE)(dg(2)w) = =| (1] +tu])
_—1(d (2" + tw*)A(z + tw)
T 2mi %t:a( |z + tw]|? )
- #ﬁd‘l ((w*Az + 2* Aw)|z|* — (2*w + w*z)z*Az).
So
A —1 * * 2 * * ) ok
dp’[2](dg(z)w) = W((w Az + 2" Aw)|z]* — (Z"w + w*z2)z Az). (3.15)

On the other hand, for any A € u(n + 1) and [2] € CP", we have A#[z] = dq(z)(Az).
Hence, by the definition of the Fubini-Study form wgg, for any w € T,C"*! = C**!, we
can write

i prs (da(2)(w) ) = wrs (dg(=)(A2), dg(=) (w))

—1

= T (Im((Az,w>|z|2 — <Az,z>(z,w)>>
—1 2 * * A% * * * * Ak

:W<|Z| (W*Az — 2" A"w) — 2" Azw*z + Z"wz" A z>
_]' * * 2 * * *

Thus
—1 * * 2 * *\ %
LA#[WFS <dq(z)(w)) = W((w Az + 2" Aw)|z]* — (w'z + wz")z Az). (3.16)

It follows from and that du? = t4#wrg. That is, p is a moment map.
Now, define ¢ : U(n + 1) — U(n + 1) by ¢(A) = A, for all A € U(n + 1) and
o : CP" — CP" by o|z] = [z], for all z € C""!. Clearly, ¢ and o are involutions and by
Example the map o is anti-symplectic.
For any A € U(n+ 1) and [z] € CP", since A[z] = [Az], we have

0(Al]) = o([A2]) = [Az] = [A Z] = A[z] = ¢(A)ol2].
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So the first condition in (3.8 holds. Also, since ¢,(A) = A, a similar argument as in
Example shows that poo = —¢* o u. Thus (CP",wpg, U(n + 1), u, 0, ¢) is a real
Hamiltonian system. In this case, the real locus is the real projective space RP" and
the real subgroup is the orthogonal group O(n + 1) which acts on the real locus in the
standard way.

Example 3.11. Consider the real Hamiltonian system in Example If we add the
central element ﬁld to the moment map, by Proposition we get a new moment

map as follows:
1 * 1
ul?] ——-(ZZ ————Id). (3.17)

T omi 2|2 2n

Similar to computation in Example it is easy to see that (CP", wrg, U(n+1), u, o, ¢)
is a real Hamiltonian system where p is defined by (3.17)).

Example 3.12. Consider the special case n = 1 in Example We get the real
Hamiltonian system (CP',wgg, U(2), 1, 0,¢). In this case, for z = (21, 2,)t € C? —
{(0,0)}, the moment map has the following form:

|21]* — | 22]? 2122
21

5| 2milz o+ z?)

i (3.18)

Z9Z1 |22|* — |21]?

By Proposition in Appendix A, we know that the space CP' is diffeomorphic to
the unit sphere S? by a diffeomorphism ® such that

) _ -
1+ 2
Q)($7y72)t = ) Zf < 7& _17
T — Yyt
(3.19)
1—=2
(I)(QT’y,Z)t = ) Zf z 7& I
T+ Yyt
\ A J
It is easy to see that
ci —b+1a
Mm:{ ]maqdeR} (3.20)
b+ia di
Define a map ¥ : u(2) — R?* by
¢t —b+ia
v = (a,b,c,d)". (3.21)
b+ia di

81



CHAPTER 3. REAL SYMPLECTIC GEOMETRY

By using this map, we can identify the unitary group u(2) with the Euclidean space

R*. Let (z,y,2)" € S%. Then by (3.18), (3.19) and (3.21)), we get

-1
Wopod(x,y,2) = E(Z‘, y, 2z, —22)". (3.22)

By using these identifications, we can consider the moment map u : S? — R?* defined
by (3.22). On the other hand, for any A € u(2) and (x, vy, 2)" € S?, by using (3.18)) and

a routine calculation, we see that

-1

i (x,y, 2) = 4—<2ax~|—26y+ (c—d)z+c—|—d). (3.23)
0

Also, the corresponding anti-symplectic involution o : S? — S? is the reflection with

respect to the xz-plane in the 3-space; i.e.,

O'(J,’, Y, Z)t - (I7 -Y, Z)t' (324)

The real subgroup is O(2) and the real locus is M° = {(z,0, )" | 2% + 2% = 1} which is
diffeomorphic to RP'. In this case, the real subgroup O(2) acts on the real locus RP!
in the standard way.

Example 3.13. Let n > 1 be a natural number and set M = (CP')". Consider
the diagonal action of U(2) on M. By using the construction in Example and
projections ; : M — CP!, we can define the product form w = TWps + -+ T wrs On
M (see Proposition . It follows from Example that this action is symplectic.
If we identify CP' with S? and the Lie algebra u(2) with R* as in Example then
the moment map pu : M — R* is as follows:

(X, ., Xn) = E(;%;%ﬂ;%—?;zj) , VX; €5 (3.25)

¢t —b+ia )
Also, for any A = € u(2), the component of moment map is
b+ia di

_1 n n n
p (X, ., X,) = E(mij + Qbej +(c—d) sz +nc + nd). (3.26)
j=1 j=1

j=1

Let ¢ and o be the same involutions as in Example [3.10] Set 0,, = 0 X - -+ X 0, n times.
By doing an argument similar to the one in Example |[3.10, we can see that the pair
(0n, @) is a real pair. In this case, the real subgroup is O(2) and the real locus is the
n-torus S* x - -+ x S = (RP')" on which O(2) acts diagonally.
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Remark 3.4. It is worth noting that the zero level set My = p~1(0) in Example
can be identified with the set of n points on the 2-sphere whose center of gravity is the

origin (see Figure [3.4)).

Figure 3.4: Center of gravity of three points on the 2-sphere

In this case, if n is an odd number, one can show that the action of O(2) on the zero
level set M, is locally free. To see that, let X = (X3,...,X,,) € My and AX = X for
A € 0(2) and f4 : S? = S?be the corresponding Mobius transformation (see Appendix
A). Clearly, fa(X;) = X for j =1,...,n. Since X;+---+ X,, = 0 and n is odd, at least
three of X; must be different. Thus f4 has more than two fixed points and it follows
from Proposition [A.1] that f4 is the identity. That is, A is a diagonal matrix. Since A
is orthogonal, we have A = {£Id} and hence the stabilizer of any point in M, is the
subgroup {£Id}. Since the central subgroup {£+Id} acts trivially on My, it follows that
the projective group PO(2) = O(2)/{xId} acts freely. We will use this observation in
chapter 8.
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3.4 Real Symplectic Reduction

In this section, we describe the idea of symplectic reduction in real symplectic geometry.
In particular, we prove a real version of symplectic reduction in stages.

Let RH = (M,w,G,pu,0,¢) be a real Hamiltonian system where G is a com-
pact Lie group and M is a compact connected manifold. Let M? be the real locus,
Mg = M? N p~(0) and G be the real subgroup which acts on the real locus M°. The
inclusion map 4o : M§ < M? induces a map iy : Hge(M?; Zy) — H},,(Mg;Zs) in the
G%-equivariant cohomology with coefficients in Z,. Clearly, the real subgroup G¢ acts
on the real zero level set M.

Definition 3.6. Let RH = (M,w, G, i, 0, ¢) be a real Hamiltonian system where G is
a compact Lie group and M is a compact connected manifold. The orbit space Mg /G?
is called the real reduction and denoted it by M JG?.

We know that when G acts freely on M, the reduction space My/G is a symplectic
manifold (see Propositions and [3.3)). In this case, we will see that the real reduction
Mg /G embeds as a Lagrangian submanifold of the reduction M,/G (Proposition [3.6).
Foth [20] has investigated real reductions and characterized them based on certain
conjugacy classes of involutions on G.

Lemma 3.5. The anti-symplectic involution o : M — M descents to an anti-symplectic
involution oreq : Myeqa — Mieq 0on the symplectic reduction manifold (Meq, Wred)-

Proof. Tt follows from u(o(x)) = —¢*(u(x)) that if u(x) = 0, then u(o(z)) = 0. So we
can define a map 0yeq : Mrea — M,eq by using the following commutative diagram:

M(]%Mo

| lo

Mred Ted> Mred
Diagram 3.1: Commutative diagram induced by an involution

where q : My — M,eq is the quotient map. That o,.q is an involution is clear. Since
¢ wreqa = *w and o*w = —w, by using the commutativity of Diagram we can write
¢ (Trqred) = (Ored © ) Wred
= (q00) Wrea
= 0"(¢" Wred)
=o"(i"'w)

= —"w

*
—( Wred

- q*(_wred)'
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Therefore, ¢* (0 qwred) = ¢*(—wrea). The injectivity of ¢* implies that 07 wred = —Wred-
That is, 0,4 is anti-symplectic and the proof is complete. |

Proposition 3.6. Let (M,w,G, u,0,¢) be a real Hamiltonian system where G is a
compact Lie group and M 1is a compact connected manifold. If G acts freely on My =
p=1(0), then the real reduction M° |G® embeds as a Lagrangian submanifold of the real
symplectic manifold (Myeq, Wred, Ored) contained in the real locus (Meq)7r?.

Proof. First, we see from Lemma that the induced map oreq : Mrea — M;eq is an
anti-symplectic involution. Hence, by Proposition the real locus (Meq)7d is a
Lagrangian submanifold of M,.q.

The inclusion map i : Mg — My descents to a map ¢ : MJ/G® — My/G which
commutes the following diagram:

Mg —2— My

| |

Mg/Gd) T> Mo/G
Diagram 3.2: Commutative diagram induced by the inclusion

In this diagram, two maps ¢ : My — M,y/G and q, : MJ — Mg /G are quotient maps.
It follows from commutative Diagrams [3.1 and [3.2] that Im(¢)) C (Myeq)?? and

dq o dig = di) o dq,. (3.27)
Because the action of G' on M, is free, it easy to see that for any x € M{, we have
Ker (dq,) = Ker (dq) N T, Mg. (3.28)

If v e T,M§ and di(dg,(v)) = 0, then it follows from (3.27)) that

0 = dip(dg(v)) = d(¢p 0 g5 )(v) = d(q o) (v) = dq(v).
Thus dgq(v) = 0 and implies that dg,(v) = 0. This means that di is 1-1 and 9 is
an immersion.

Suppose that z,y € M§ and 1(q,(z)) = 1(¢s(y)). The commutativity of Diagram
shows that ¢(z) = ¢(y) and thus there exists some g € G for which y = gx. This
implies that

gr =y =o(y) = olgr) = d(g)o(z) = ¢(g).
But the action of G on M is free, so g = ¢(g); or equivalently, g € G®. It follows
that ¢,(z) = ¢,(y) which shows that 1) is injective. Since domain and codomain are
compact manifolds, then v is a closed map and therefore 1) must be an embedding.
This implies that ¢ embeds the real reduction M? /G into the real locus (Myeq)%red of
the symplectic reduction M,eq. Therefore the image of M° /G? under v is isotropic.
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It remains to show that
1
dim(M° JG?) = 3 dim M,eq. (3.29)

We saw in Remark that the restriction of the moment map to the real locus is
: M? — g* . Denote the differential map of this restricted map by ® : T, M7 — g*;
ie., ®(v) = du,(v). Since G acts freely on My, 0 is a regular value of p and thus
the map d,p : T, M — g* is onto for any x € M,. This implies that ¢ is surjective.
On the other hand, be Proposition v € Ker (®) if and only if v € T, M° and
v € Ker (du,) = T, My. Therefore, Ker (&) = T, MJ. By the rank-nullity theorem for
the linear transformation ® and Propositions and we can write

dim(M? JG?) = dim M{ — dim G*

= dim T, Mg§ — dim g,

= dim Ker (®) — dim g’

= dim 7T, M? — dimg* — dimg’,
1

= é(dimTzM — 2dim g*)
1

= E(dim]\/[ —2dimG)

_ 1 dim M,

= 5 1M Vlyeq-

This proves (3.29). Therefore, we can consider the real reduction M?/G? as a La-
grangian submanifold of the symplectic reduction (M,eq, wreq) and the proof is complete.
|

Definition 3.7. Let ¢y : MJ — M? be the inclusion map. The induced map 7 :
H\y (M7 Zy) — HY\y(Mg; Zy) is called the real Kirwan map.

When the action of G on Mj is free, the projection map mgs : EG? Xgo MJ —
Mg /G? induces the following natural isomorphism (see Proposition [2.15)):

o+ Ho (MG Z) = H* (Mg |G Zs). (3.30)

By composing two maps 7y, and iy : HY, (M7 Zy) — H}, (Mg Zs), we get a map
T 0 dp « Hio (M5 Zo) — H*(M? JG?; Zy). (3.31)

In this case, we usually consider this composite map as the real Kirwan map.

Now, we formulate a real version of the reduction in stages for the product of Lie
groups. Suppose that G = G; x Gy where G; is a compact connected Lie group with
Lie algebra gf. Let (M,w,G,u,0,¢) be a real Hamiltonian system. In this case, we
can assume ¢ = (¢1, ¢2) and p = (ug, pio) in which ¢; : G; — G; and p; : M — gf. Set
Z1 = ;1 (0), Myea = Z1/G1, qu 2 Zy — Myeq and i : Zy < M.
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Proposition 3.7 (Real Reduction in Stages). If Gy acts freely on Z,, then the
action of Gy on the reduction space (Myeq,wreq) @5 symplectic and there exist two maps
tred © Miea = 85 and oveq © Myed — Miea such that jiyea©qn = f20% and 0rea0 @1 = q100.
In particular, (Med, Wreds G2, fired; Ored, $2) S a real Hamiltonian system.

Proof. Since p is equivariant, the map piyeq : Mrea — @5 defined by fireq(q1(2)) = po(z) is
well-defined. By Proposition m (Mea, Wred, G2, firea) is @ Hamiltonian system. Since
poo = —¢*op, it follows that yu; o 0 = —¢f o 0. Thus, the map oreq : Mied = Miea
defined by 0yeq(q1(x)) = q1(o(x)) is also well-defined. We show that (0yeq, ¢2) is a real
pair. Since Gi-action and Gs-action on M commute, we have g, 0 ¢; = q1 0 g5 for any
go € G5 and thus

Ored (9241 (7)) = 0rea(q1(922)) = q1(0(g27)) = q1(d2(g2)0(x)) = P2(g2)orea(qu(z)).
On the other hand,

pired (Orea(q1 (%)) = frea(q1(0(2))) = pa(0(2)) = =5 (p2(w)) = =5 © pirealqr (¥)).

Therefore, the compatibility conditions in (3.8]) are satisfied and (oyeq, ¢2) is a real
pair. Thus the tuple (M;ed, Wred; G2, fired; Ored, $2) is a real Hamiltonian system. This
completes the proof. |

Example 3.14. Consider the real Hamiltonian system in Example [3.9
(Man(C>,CL), U<k) X U(Tl), Ui X iy, O, (bk X (bn)

Since U(k) acts freely on g ' (0) = V4(C"), the symplectic reduction of the U(k)-action
on 1;,1(0) is (Gr(C"), wk.n) (see Example. Thus Proposition |3.7|follows that there
exist a moment map p,, : Gri(C") — u(n)* and an anti-symplectic involution oy, :
Grg(C™) — Gri(C") such that (Gri(C"), wk.n, U(n), ttkn, Okn, ¢n) is a real Hamiltonian
system. In this case, the moment map is defined by and the induced involution
Op.n is defined by oy,,,(V) =V for any V € G(C"), where V is the complex conjugate
of subspace V. Moreover, the real subgroup is the orthogonal group O(n) and the real
locus is the real Grassmanian Grgx(R") (see Example [3.2).

Example 3.15. Let r,n > 1 be natural numbers and M = Gr;, (C") x - - - x Gr;, (C") be
a product of complex Grassmannians where 1 <[y < --- <[, < n are positive integers.
Consider the diagonal action of the unitary group U(n) on M. As we saw in Example
for any 7 =1, ...,r, we have a real Hamiltonian system

(G, (€)1, U ), 1,0, ).

So by Proposition the diagonal action of U(n) on M is symplectic and the map
p: M — u(n) defined by

Z;:l l]
ny —1

n(Vi, ..., V,) = \/Ziprvj + ( )1d,, (3.32)
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is a moment map. In this case, the zero level set My = p=1(0) is

My = {(Vl, V) eM| iPer - (Z;n1 lj)Idn}. (3.33)

Let ¢ : U(n) — U(n) be the complex conjugation and o : M — M be defined as follows:

o(Vi,.. V)= (Vi,..,V,), V(W1,...,V,) € M, (3.34)

where Vj is the complex conjugate of V;. An easy computation shows that (o, ¢) is a
real pair and the tuple

(M = Gry (C") x -+ x G, (C"),w, U(n), u, o, gz5>

is a real Hamiltonian system. In this case, the real subgroup is the orthogonal group
O(n) and the real locus M7 is a product of real Grassmannians:

M = Gry, (R?) x --- x Gry, (R?). (3.35)

Remark 3.5. Suppose that the numbers 25:1 l; and n are coprime in Example
Let A € U(n) be an element of the stabilizer subgroup of an element V' = (V4, ..., V) in
the zero level set M, and E be the eigenspace of an eigenvalue A of A. Since AV, =V;
and A is unitary, we have AV;- = V-, This follows that APry, = Pry, A which implies
that Pry, (Ey) C Ey. As a result of this, we see that

PI‘E'].PI"VJ. = PrEAﬁVj- (336)

By (3.33) and (3.36]), we get

- 2=l
7j=1

J

)Pr, . (3.37)

Let dim E\ = my and dim E) N'V; = m, ;. By taking trace of (3.37)), we get

S = (ZF1 l )My (3.38)

n

Since 25:1 l; and n are coprime and my < n, it follows from (3.38) that the only
possible value for my is n; i.e., all vectors in C" are eigenvectors of A. This means A
is a scalar matrix. Thus we have shown that the stabilizer subgroup of any element
V € My is the central subgroup DU(n) = {AId | A € S'}, and therefore the action of
the projective unitary group PU(n) = U(n)/DU(n) on the zero level set M, is free. We
will use this observation in Chapter 8.
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CHAPTER 4

Morse stratification for Real Hamiltonians

“Fvery mathematician has a secret weapon. Mine is
Morse theory. "

—Raoul Bott (1923-2005)

In this chapter, we construct a real Morse stratification for a real Hamiltonian system.
To do so, we adapt Kirwan’s approach which concerns the norm squared of the moment
map as a Morse function. In the real case, besides the invariance, we need to impose
extra conditions on involutions and metrics. Here, we prove several technical lemmas
and propositions which are needed for our main theorem in this chapter (Theorem
4.6). This theorem is our first goal in this thesis and is the first step to prove a real
equivariant perfection theorem.
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4.1 Morse Stratification for Hamiltonians

This section summarizes the main results of Kirwan’s work on the Morse stratification
induced by the norm squared of the moment map in a Hamiltonian system. We will
use these ideas to get a real Morse stratification for a real Hamiltonian system.

Let H = (M,w, G, i) be a Hamiltonian G-system in which G is a compact connected
Lie group and M is a compact connected 2n-manifold. Choose an Ad-invariant inner
product on the Lie algebra g and a G-invariant Riemannian metric on M compatible

with w. Let ||.|| be the norm induced by the inner product and define the norm squared
of the moment map f: M — R by
fp) =1llup)Il*, Vp e M. (4.1)

Also for any X € g, define the component of the moment map along X, u* : M — R,
by
X (p) = (ulp), X), Yp e M. (4.2)

Here, (, ) : g* x g — R is the natural pairing between the Lie algebra and its dual.

Kirwan [42] showed that the function f = ||ul||*> is a Morse-Kirwan function and
generates a smooth Morse stratification for M (see [42], Theorem 10.4). Here, we list
Kirwan’s main results about the norm squared of a moment map f = ||u||? that will
be used throughout this chapter.

Let T C G be a maximal torus and 5 € t = Lie(7"). By using our invariant inner
product on G, we can identify the Lie algebra g with the dual Lie algebra g*. By
Proposition the component map u® : M — R is a Morse-Bott function whose
nondegenerate critical manifolds are even dimensional with even indices. Let C, s be
the critical set of ;” and Zg (possibly disconnected) be the union of those nondegenerate
critical manifolds of p# on each of which ;” takes the value ||8][?; i.e.,

Zs = Coo 1 () (1BIP)]. (4.3)

For any m = 0,..,2n = dim M, set Zs,, = {x € Zs | Ind,(¢*) = m} and let
Gg = {9 € G| Ad,f = B} be the stabilizer subgroup of G induced by /S under
the Ad-action. It is easy to see that Zgz,, is Gg-invariant. Denote the Lie algebra of G
by gs and consider the orthogonal projection Prg : g* — gj. Kirwan has proved the
following results in her doctoral thesis [42].

K1. The critical set Cy of f is a finite collection of disjoint invariant closed (possibly
disconnected) subsets {Cp, | B € A, 0 <m < dim M} such that the indexing set A is
a finite subset of a positive Weyl chamber in the Lie algebra of the mazximal torus T':

Cr =1 Com: (4.4)
Bm
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In this case, f takes a constant value on each critical subset Cg,, and the Morse index
of f along Cgy, is a constant number d(5,m). Also the image of Cs,,, under the mo-
ment map p is the coadjoint orbit of B in g*, denoted by Og.

K2. Forany B andm, there exists a Hamiltonian subsystem Hg m = (Zgm,w, Gg, [tg,m)
where pgm : Zgm — G is defined by pgm = Prgop— B. In this case, pg, (0) =
Zgm N p~'(B) and

Com = Goti,(0) = G-[Zgn O 17 (B)]: (4.5)

K3. Suppose that the collection of diffeomorphisms {1y : M — M|t € R} is the
negative gradient flow of f with respect to the G-invariant metric. For each B and m,

set
Sgm={xeM|3It, — +o0 s.t. tliin P, () € Cam} (4.6)
— 400

Then {Sgm} is a G-invariant Morse stratification of M such that each Sg.m, is a locally
closed invariant submanifold of M whose codimension is equal to the Morse index of f
along Cg . In addition, there exists a partial order on the indexing set A such that

B < B f(C,Bl) < f<0,32)> (47)
where Cg = 12" Com -

m=0

K. For any critical subset Cg,y,, there exists a symplectic invariant submanifold
Ygm © M with orientable normal bundle which contains Cg,, and coincides with the
stratum Sgm in an open neighborhood of Cg . In particular, the restriction of f to
Yam takes its minimum along Cg p,.

Kb5. For any € A and m € {0,...,dim M}, the index of f along the critical subset
ngm 18
d(B,m) =m — dim G + dim Gg. (4.8)

Moreover, there exists an isomorphism in G-equivariant cohomology with rational coef-
ficients:

He (S5, Q) = Ho(Com; Q). (4.9)

In fact, by the Duistermaat theorem (see Proposition M), each Sg ., deformation re-
tracts onto corresponding critical subset Cg,.

K6. There exists a recursive formula for the rational equivariant Betti numbers of the
submanifold My = p=1(0) as follows:
Pa(u'(0),t;Q) = P(M,1;QP(BG, t; Q)
- > PG (u50,(0),1Q), (4.10)

B#0
0<m<dim M
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where d(3,m) is the Morse index of f along Cg,., and pg., is the moment map of the
Hamiltonian subsystem Hg.m = (Zsm,w, Ga, ig.m) defined in K2.

Remark 4.1. The great advantage of the recursive formula (4.10)) is that to compute
the equivariant Betti numbers of the zero level set of the moment map in a Hamiltonian
system, we just need to compute the equivariant Betti numbers of the zero level sets of
the moment maps of a finite number of Hamiltonian subsystems.
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4.2 Morse Stratification for Real Hamiltonians

In this section, we use the results in the previous section and give a Morse stratification
for a real Hamiltonian system.

Consider a real Hamiltonian G-system H = (M, w, G, i, o, ¢) where M is a compact
connected 2n-manifold and G is a compact connected Lie group. In this case, we have
compatible conditions in (3.8)).

Lemma 4.1. There exist a G-invariant Riemannian metric on M compatible with w
and an Ad-invariant inner product on g which make o and ¢ into isometries respectively.

Proof. Define the group homomorphism @ : Zy — Aut(G) by ®(1) = Idg and ¢(—1) =
¢. Set K = Zy x4 G, the semi-direct product with respect to ®. By Proposition [2.32
K is a compact Lie group. This group acts on G and M via ¢ and o respectively:

{(Lg).h = gh and (—1,9).h = ¢(gh), Vg,h € G, (4.11)

(1,9).p =gp and (—1,9).p =o(gp), Vg€ G, Vp € M.

Clearly, ¢(g9) = (—1,€).g and o(p) = (—1,€).p. Since K is compact, by Proposition [2.46]
there exists an Ad-invariant inner product on ¢ and a K-invariant Riemannian metric
{(, )p: T,M xT,M — R | pe M} on M which is compatible with w. Clearly, the
inner product and the metric are invariant under ¢ and o respectively. This proves the
lemma. |

From now on, we fix a G-invariant metric {( , ), : T,M x T,M — R | p € M}
compatible with w and an Ad-invariant inner product ( , ) : g x g — R as in Lemma
4.1l Denote the induced norm on g by || ||. We identify the Lie algebra with its dual
by using this inner product, g = g*.

Let M° be the real locus and G? be the real subgroup. It easily follows from (|3.8)
that M¢ is invariant under the action of the real subgroup G®. Let p € M. Since ¢* is
an isometry, it preserves the norm. Thus it follows from that

foolp)=lluoo®Il’ =1l = ¢" () = llu®)II* = /().

Hence, we get

foo=f. (4.12)

Denote the restriction of f to the real locus M? by f° : M? — R and let ¢; be the
negative gradient flow of f. We denote the critical sets of f and f? by C; and Cfo
respectively.

Proposition 4.2. Let f, M°, f°, Cy and Cyo be as above. Then the following are
satisfied.
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1. For any critical subset Cg ., of f, defined in K1, if Cs,, NM? # 0, then 0(Cps.p) =
Cgm- In particular, the critical set Cy is preserved by o.

2. For the critical set Cyo, we have Cro = Cy N M.

3. Cyo is a finite union of disjoint G®-invariant closed subsets of M° on each of
which f7 takes a constant value.

4. M? is invariant under the flow 1, of the negative gradient —V f. In particular, if
p € M?, then the limit point of p is in M?.

9. Let S5, = SpmNM? and Scq = be the stratum of f7 induced by CF = CgmN M.
IfCg,, # (0, then SGm = ch 5 i.e., the strata of f7 are the intersection of the
strata of f with the real locus M?.

Proof. By , df = df odo. Since do(p) is an isomorphism, then df, = 0 if and only
if df, () o dop, = 0. Since o sends path-components to path-components, it follows that
Csm = 0(Cg,m). This clearly follows that C; is preserved by ¢ which proves part 1.
Since f? is the restriction of f to M7, Cy N M? C Cp.. Conversely, let p € Cyo and
v € T,M. Then Proposition and the fact that v+do,(v) € T,M? imply that

df,(v) = df, <v + doy(v) — dap(v)>

)
= df, (v -+ doy(v)) = dfy (doy(v) )
—0—d(f o 0),(v)
)
Therefore df,, = 0 which follows that C't» C Cy N M. This proves part 2.

Since CF,, = Cgm N M # 0, each Cg is a closed G?-invariant subset of M? and
from part 2 and (4.4)), it follows that

Cpo =1 Com: (4.13)
B,m

also f7 takes the same constant value f(Cp,,) on Cg . This proves part 3.
Let p € M. Since df, = df,( o do,, do, o do, ) = Id and o is an isometry, a simple
calculation shows that

doyp(V f(p)) = Vf(o(p)), (4.14)

which implies that
o(1i(p)) = ¢u(o(p)), Vt € R. (4.15)

If p e M7, then (4.14) follows that V f(p) = do,(V f(p)) which implies that —V f(p) €
T,M?. Therefore, M7 is invariant under the flow ¢, of =V f. But M? is closed, so the
limit point of p is also in M?. This proves part 4.
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By the definition, it is clear that chm C S§,,- Conversely, let p € S3 .. So
p € M7 and there exists a sequence t,, — 400 such that lim,,_, . ¢y, (p) € Cgn. Since

o(p) = p, it follows from (4.15)) that lim,, 1. ¥, (p) € M7, and thus lim,,, - ¥, (p) €
Com MM =C3 . That is, p € ch _which implies that S5, C ch _. Therefore, we
have chm = 5% ,,- This proves part 5 and the proof is complete. ]

Proposition 4.3. The collection {S§,, | B,m} is an invariant Morse stratification
Jor the restricted function f° and each stratum Sg,, deformation retracts onto CF .
Moreover, the codimension of each stratum S7 ., is a constant number and equals to

1
codim S, = 3 codim Sg . (4.16)

In particular, if d(Cpm) and d(Cg,,) are the indices of functions f and f7 along Cg,,
and C%, respectively, then

,m

A(C5,) = 5(Ca). (4.17)

Proof. By part 3 of Proposition@ p € 5%, if and only if for some sequence ¢,, — +o0,
lim,, 4 o0 ¥1, (p) € CF,,- On the other hand, since M7 is closed and {Sgm | B, m} is a
G-invariant Morse stratification for M, we have

gg’m Cc M?nN gg’m
c M°nN ( U ng,m/)
(B \m")=(B,m)
C U (Ma N Sg/7m/)
(B"\m")=(B8,m)
c U Sia
(B';m)>(8,m)

It follows from the definition that {Sg,, | 8,m} is a G’-invariant Morse stratification
for M?. By Proposition [2.61| and part 1 of Proposition the restriction of the flow
¥, to the real locus M7 induces a deformation retraction of 5§, onto CF, .

According to K4, Ss,, coincides with a symplectic manifold g ,, in an open neigh-
borhood of Cg ,,. So for any p € Cg, ., the triple (7,,Sp m,w,, dop) is an anti-symplectic
vector space. Let (7,53,,)7 be the real locus of 7,53 ,,. It is easy to see that

(TpS8.m)” = Tp(SEm)- (4.18)

By Proposition (T,S3,m)° is a Lagrangian subspace of 7,53, and (4.18]) implies
that

dim g, = dim T,Sp,, = 2dim (T},S5,,)" = 2dim T},(5%,,) = 2dim S5,,.

This proves (4.16|).
Since the indices of f and f” along Cs,, and CF , are the codimensions of Sg ,,, and

S§ > respectively, (4.16) implies (4.17) and the prdof is complete. |
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Let g* = {£ € g* | ¢*(§) = —&} be the —1-cigenspace. For any g € g*, let
Oz = {Ad;f | g € G*} and O = {Ad;$ | g € G} be the orbits of 3 with respect to
the coadjoint actions of G and G, respectively.

Proposition 4.4. If § € g* and Oz N g* # (0), then the following statements are
satisfied.

1. There exist By, ..., Br, € §° N Op such that

ks
Osng” =]]0;. (4.19)
=1

where B; = Ady, B8, for some g; € G.

2. If for each B; and m we set

Z'm: zZm: i L l'EZm,
s — 9 {ag | o (4.20)
Zgm = ZLpm NV M,
then for the critical subset Cg,, we have
pH05)NCE = GP(Z5, N i (B1)), (4.21)
and 1 particular
kc
Cm = 11 G (25, 1™ (B))- (4.22)
i=1
Proof. Choose o € O N g*. We claim that
1.0, = (T.0) Ng~. (4.23)

Suppose that £ € (T,,03) Ng*. Then ¢ € g* and it follows from Proposition that
¢ = adk«, for some X € g. Since g =g, ®g_, we have X = X, + X_ where X, € g,
and X € g_. Thus { = ady,a +ady a. Since ady o € g* and ady a € g7, it
follows that ady a = 0 and thus £ € T, 0, . Therefore, we have (T7,,05) Ng* C 7,0, .
Conversely, let ¢ € T,0,. So for some X € g, we have £ = ady(«). It follows from

that
¢7(€) = ¢" oady(a) = ady, (x)(¢7(a)) = —adx(a) = —¢.

This implies that 7,05 C (T.,Op) N g* which proves (4.23) (see Figure .
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Figure 4.1: Tangent space of coadjoint orbit

On one hand, says that O, is open in Og N g*. On the other hand, O is
a closed subset because it is an orbit of a compact Lie group. Thus O is a union of
connected components of Oz N g*. Since Op is compact so Og N g* is also compact.
Therefore, the number of connected components of Oz N g* must be finite. So we can
choose a finite number of elements fi, ..., B, in OgNg* such that OsNg* = Hfﬁl O,
Since f3; € Opg, there exists some g; € G for which Ad;, £ = B;. This proves part 1.

Since p : M° :— g* is G?®-equivariant, we can easily see that u=1(8;) = g;u=(8)
and (O3 ) = G?.u~(B;). Thus

A

G#.(25, O 1 (B)) € G () = ™ (O5). (424)
Also
GO(Z5, O (Bi) G2 (Zp,m N ™ (B))] N M7
C [G-(Zom 1 ()] N M7
=Cgm N M°
= CF -
So
G225, 1N (B)) € O (4.25)

It follows from (4.24) and (4.25)) that G*.(Zg ,, N u~'(8:) € u " (O5) N CG,,..

For the other inclusion, we can write

(05N CG,, =[G (B:)] N C3,,
(GO (8] N (G (Zgn N 1M (B))] N M7
(GO (B N G(Zg,m N ™ (B3))] N M

C G (Zgm N (Bi)) N M
= G2, N (B1)
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This proves (4.21)). Since p(Cp,m) € Op and (M) C g*, it follows that
ke ke

C8n = CpmNM’ C = (Op) ™ (g2) = p~H(OpNg™) = ™" ( I 0@) =1~ ")
i=1 i=1

Thus, CF,, C 115, 11~ (Oz) which implies that

ko
| </fl((’)/§i )N Cg}m). (4.26)
i=1
From (4.21)) and (4.26)), it follows that (4.22)) is satisfied. This proves part 2 and the

proof is complete. u

As we saw in Kirwan’s result K2 (see Section 4.1), for each § and m, there ex-
ists a Hamiltonian subsystem Hg,, = (Zgm,w, Ga, fig.m). It is easy to see that these
Hamiltonian subsystems induce real Hamiltonian subsystems.

Proposition 4.5. Let Cg,, be a critical subset of f and 5; € g* be as in Proposition
. Suppose that Gs, = ¢:Gpg;', g = Lie(Gp,) and g, m © Zs,m — @ is defined by
g, m = Pra,op—pB; where Prg, is the orthogonal projection onto g;. If 0 : Zg, y — Zp,m
and ¢ : Gg, — Gg, denote the restrictions of o and ¢ respectively, then the tuple
RHp,m = (Zs;m-w, Gg,, 18, m, 0, @) is a real Hamiltonian subsystem such that its real
subgroup is G‘i = G’ NGy, and its real locus is Z5 m- In particular,

Hem(0) = Zgim O 11 (B1). (4.27)
Proof. We first show that the restricted maps o : Zg, ,, = Z3,m and ¢ : G, — G, are
well-defined involutions and also o is anti-symplectic. Since ¢*(3;) = —f; and u is an

equivariant map, a simple computation shows that

= oo (4.28)

Now, let X € gand ¢t € R. Since ¢poexp(tX) = exp(tp.X), again a simple computation
shows that ¢, o Ady, = Adg(,) o ¢, which follows that

6" o Adl = Ady,) 06" (4.29)
Suppose that z € Zs, ,,, so du’i(z) = 0 and 1’ (z) = ||3i]|*. Since do(z) is an isomor-
phism, it follows from (4.28) that dp’(o(x)) = 0, Ind, ) (1*) = m and p%(o(z)) =

||8:]|>. That is, o(z) € Zg, ,n which implies that o(Zg, ,n) C Zs, m. Now, let g € Gg;;
i.e., Ad;B; = B;. Since, ¢*(8;) = —f3;, it follows from (4.29)) that

Ady,)Bi = —Adj (07(8i) = —¢"(AdyBi) = —¢"(B:) = Bi-
That is, ¢(g) € G, which proves the claim.
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Clearly, for any g € Gg, and = € Zg, ,,,, we have o(gz) = ¢(g)o(x). Let Prg, : g* —
g; be the orthogonal projection onto g}. Since Prg, o ¢* = ¢* o Prg, and ¢*(5;) = —fi,
we can write

p.m(0(x)) = Prg, (pu(o(x))) — i

= —¢" (up.m () + Bi) — Bi
m (T )) + 6 = B

This shows that the conditions in (3.8)) are satisfied and thus (o, ¢) is a real pair.
Obviously, the real locus is Z§ | = Zg, ,, N M? and the real subgroup is Gq5 = Gg,NG?.
Finally, - ) follows from the definition of jug, . This completes the proof ]

Now, we have all the necessary ingredients to state our first main theorem concerning
the existence of a real Morse stratification for the restriction of the norm squared of
the moment map to the real locus.

Theorem 4.6 (Real Morse Stratification). Let (M,w, G, u,0,¢) be a real Hamilto-
nian G-system where G is a compact connected Lie group and M is a compact connected
manifold. Choose a G-invariant metric on M and an Ad-invariant inner product on
Lie algebra g such that involutions o and ¢ are isometries. Let M? be the real locus,
G? be the real subgroup, f = ||u||* : M — R and f° = f|ape. Then the following are
satisfied.

1. The critical set Cyo of f7 is a finite collection of disjoint G®-invariant closed
subsets {Cg. . | Bi € Ag,m = 0,...,dim M7} on each of which f7 takes a constant
value. Moreover, the indexing set A, is a subset of g* and the Morse index of f°
along each C§_ is a constant number d(C§, ).

2. If S5, . is the stratum of f7 corresponding to CF, . under the flow of =V f7, then
the collection {Sg, ., | Bi € Ao, m =0, ...,dim M7} is a smooth G?-invariant Morse
stratification of M? such thal each stratum Sg, .. has the constant codimension
d(Cg. ,,) and deformation retracts onto the corresponding critical subset CF. . In
addition, there exists a partial order < on A, such that C3, , < CF ., if and only
if (O m) < F7(CT, )

3. For each 5; € A, and m € {0, ...,dim M}, there exist a symplectic submanifold
Zg,m of M such that RHg, m = (Zs,m,w, Gp,, lg;m. 0, @) is a real Hamiltonian
subsystem where o, ¢ are the restricted maps onto Zg, ,, and Gpg, respectively and
Waim © Lg.m — O; 15 defined by pg, m = Prg, o — B; in which Prg, : g* — g
is the orthogonal projection on g;. In particular, the real subgroup of RHg, m 15
Ggi = G? N Gy, and the real locus is Z§, ,, = M N Zg, p such that

Chm = >~ ¢ X (Zﬂ m Vg, L (0)). (4.30)

551
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Proof. Part 1 follows from Proposition 4.2] and Part 2 follows from Propositions 4.3|and
On the other hand, Proposition [£.5] implies the existence of the real Hamiltonian
subsystems
RHBZ,m = (Zﬂi,mn W, G,Bq’ Ka;m, 0, ¢)

To prove, 1) consider the map H; : G¢1>< (Z5,.m 0 ,ugllm(O)) — C§.m d(leﬁned by
H(g,p) = gp, for g € G® and p € Z§ , N 15,0, (0). Let G? xcgi’m (Z8, i M 113, (0)) be
the twisted product of G* and Zg , N ugﬁlm(O) where Ggi is the stabilizer of §; in the
real subgroup G®. Clearly, H; descends to a map H; : G x e (25, Nz (0)) = CF
such that R

Hilg.p] = gp. Vg € G®,p € Z§ , Nz}, (0), (4.31)
where [g,p] is the Ggi—orbit of (9,p). Let p,q € Z3 ,, N ,u/g:,m(O) and g,h € G®. If
gp = hq, then (h~1g)p = q. Since u(p) = u(q) = B;, for g1 = h=tg € G?, we have

Ad; B; = Ad; pu(p) = u(gip) = 1lq) = Bs.

Thus, g, € Ggi which follows that

91-(9,p) = (991" 1p) = (h, q).

Namely, [g,p] = [h, q] and therefore H; is 1-1. The surjectivity is obvious. Since, the
spaces are compact and Hausdorff, H; is a homeomorphism. This prove 1} and
completes the proof of the theorem. |

4.3 Examples

In this section, we find the critical subsets of the restricted map f? for two real Hamil-
tonian systems which we will use in the next chapters.

Example 4.1. Let n > 1 be a natural number and M = (CP")". Consider the real
Hamiltonian system (M, w,U(2), u,0,¢) in Example m We saw in Examples
and that by identifying M with (5?)", the moment map u : M — R?* is defined by
(3.25) and thus the norm squared of the moment map f: M — R is

F(X1so X)) = # [(Zn:%)? n (zn:yj)2 n 8(zn:zj)2

j=1 Jj=1 Jj=1

(4.32)

Let T' be the maximal torus of U(2) consisting of diagonal matrices. The Lie algebra
of T is

0 0
- { 1 6,,0, € R}. (4.33)
0 i,
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We can identify t with R? by using the identification in Example m

0
e s (61, 0). (4.34)
0 ifh

The action of any diagonal matrix Diag[e®®?, ¢?2] on M is the rotation around the z-axis
with angle 65 — 6. Thus, the fixed point set of the T-action is

MT ={(X1,...,X,) | Xj € {S,N}}, (4.35)

where S = (0,0,—1) and N = (0,0, 1).
Following Kirwan’s approach [42], we can see that the indexing set A of the critical
subsets of f is as follows:

n (PO 2] o

By using the identification in (4.34)), to any 5 = 2r — n # 0, we can correspond the
element Ag € t such that

B .
——1 0

Ag=| 27 5 | (4.37)

o 2

27rZ

The norm squared of Ag with respect to the inner product (A, B) = —Tr(AB) is
ﬁQ

Agl)? = —. 4.38
P =2 (4.38)

Let T be the subtorus of 7" generated by Ag. It is easily seen that the fixed point set
of Ts-action on M is equal to M7, i.e.,

M" = {(Xy,....,X,) | X; € {S,N}}. (4.39)

By using the identifications in Example if we denote the component map p?# by
13, then we have

WXL, X)) = %(i%) (4.40)

Jj=1

where X; = (z;,y;,2;)". Hence, (4.38)) and (4.40) imply that

W) AP = {(X1, s Xa) € M | 21+ - + 20 = B} (4.41)

Since the critical set of p” is equal to M7, it follows from (4.40) and (4.41) that the
corresponding symplectic submanifold Z5 = (p*)~1(||4g||?) N M has the form

Zg={(X1,...X,) e M | X; € {N,S}, #(N)=rand #(S) =n—r}, (4.42)
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where #(N) = r means the number of north pole NV in the tuple (X7, ..., X,,) is equal
to r. Clearly, Z3 is a finite set with cardinality mg = ("). So Zs =[], Zs, a union
of singletons Zs . As the index of the height function on the 2-sphere S? at N and S
is 2 and 0 respectively, then by the definition of ;®, we can see that the index of p? is
2r at each point of Zg. Thus in this example Zg,,, = 0) for m # 2r and Zg = Z3 5.
The critical subsets of the function f = ||u||* are Cs = U(2).(Zs N u~*(Ap)), so by

and , we have
(Xq,.,.Xn)€Zg=> 2+ +2z,=2r—n=0.
That is, Zsz C = '(Ap) and thus
Cs =U(2).Zs. (4.43)
Since the action of U(2) on S? is transitive, and follow that
Cs={(X1,...., Xn) € M| X; € {£Xo}, Xo € S%,#(Xo) =7, #(—Xo) =n—r}. (4.44)
Also since Zg o, = Z3, follows that the index of f along Cjs is 2r — 2; i.e.,
d(Cy) = 2r — 2. (4.45)
In this example, the real subgroup is G¢ = O(2) and the real locus is
M ={(Xy,...,X,) € M | X; = (z;,0,2)"} = (RP")". (4.46)
Therefore the restricted function f7 = f: M? — R is

f"(Xl,...,Xn)z#[(i%)ﬂs(i@ﬂ. (4.47)

7j=1 7=1
We know from Proposition that the critical subsets of f7 are C§ = Cs N M?. Thus,
[.44) and [£.46] imply that
Cg = {(Xb ,Xn) e M°? ‘ X_y € {:EXo},XO € E, #(Xo) = T,#(—Xo) = TL—T‘}, (448>
where E = {(z,y,2)" € S* | y = 0}.
It is easy to see that C'§ is a disjoint union of finite number of subsets C'g, each of

which is isomorphic to S!. In Figure we have shown the case in which n = 3, r = 2,
8 =1and k=1. Here Z@k = {(N, N, S)} and Cg,k = {(Xo,Xo, —Xo) | Xp € E}

Figure 4.2: Elements of the critical subset CF
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Thus, we have C§ = [, C3,. Since the action of O(2) on S! is transitive and

Zg) C M7, we have C§, = O(2).Zg, which implies that
C5 = 0(2).Zs. (4.49)

This follows that
C7 = O(2> XO(2)5 Zﬁ, (450)

where O(2)3 is the stabilizer of § (actually Ag) in O(2). Finally, by (4.45)) and Propo-
sition the index of f7: M7 — R along Cf is

d(C3) =r—1. (4.51)

Example 4.2. Consider the real Hamiltonian system
(M = Gr, (€) x -+ x G, (€)@, U(n), 0,0

in Example where the real subgroup G¢ is the orthogonal group O(n) and the real
locus M7 is a product of real Grassmannians:

M = Gy, (R") x - - x Gry, (R"). (4.52)

Let k = Z;Zl l;. For any 1 < s <n, set

P’(n,s) = {(mz)le €Z' | 0<m; <nand Zmz = n}, (4.53)
i=1
and
P(n,s) = {(mi)le e P(n, s) ‘ m; > o}. (4.54)
Define
k k ks ks
A = { (—1, UL A —) eR" | (my);_, € P(n,s),
\7’)7,1 mll mg mSJ
m ms (4.55)
k1 k
k)i, € Pk, d—>...> 23
(R)E_s € (i) and - m}
For any (8 = (:1—11, s %, s :TSS? s T’;’L—SS) € A®, set
[} = {l = (lij)llgéi € M;,(Z) ’ ;lij = l; and ;lia’ = kl} (4.56)
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We can think of [ = (I;;) as a matrix of order s x r such that the entries of i""-row are
partitions of k; and the entries of j"-column are the partitions of I;. Let {ey, ...,e,} be
the standard basis of the complex n-vector space C" and consider the standard inner
product (z,w) = w*z on it. For each 5 € A% define

"= {(Ll, s Ly) € Grpn (C™) X -+ % Gy, (CM) | Ly L Ly for i 2} (4.57)

where L; 1 L; means that for any z € L; and 2’ € Ly, we have (z,z') = 0.
It follows from (3.32) that the norm squared of moment map f = ||u|[* : M — R
has the following form:

k— k?
FVin Vi) =2 3" Ta(PryPry,) + : (4.58)

- n
1<i<y’<r

where Pry, : C" — C" is the orthogonal projection onto the complex subspace Vj. Let
T be the maximal torus of U(n) consisting of the diagonal matrices. The Lie algebra
of the maximal torus 7 is

t— {Diag[&l\/—_l,--- ,en\/—_@ ‘ 0, R}. (4.59)

According to Kirwan (see [42]), the indexing set A for the critical subsets of f is

A:U{(B,ZHBGAS&ZEF;}. (4.60)
s=1
For any element § = (T’;—ll, e :1—11, . :;‘S,..., T’f;) in A%, set
k ks
Dj = Diag [—11dm1, —Idms}, (4.61)
my mg

so v/ —1Dg is an element in the Lie algebra t.
Suppose that E; = Ker(Dg — £11d) is the eigenspace of Dy corresponding to the

m;

eigenvalue 7’;— It is clear that C" = E; & - - - @ E, and also
Ey = Spang({eq, ..., emy )y -y Bs = Spang{€m,, 111, vy Em, )- (4.62)
Let E; g be the real subspace of L; i.e.,
Ei1r = Spang (e, ..., €my )y -y Bsr = Spang(€m, 41, s €m,)- (4.63)

If T is the subtorus generated by Dg, Proposition in Appendix B follows that
the critical set of the Morse-Bott function p? = pvV=15 : M — R is equal to

O = (Vi Vo) € M|V, = @EAV)) (4.64)

i=1
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For any (V4,...,V,) € M, we have

T k2
pP (Vi ., V) = § 1 Tr(Pry, Dg) — — (4.65)
j:
Also by (4.61)
k? k2
Dg|lP= 2+ +- .-+ =, 4.66
IDs]f* = o (4:66)

In this case, the symplectic manifold Zs = C,s N (1”)~*(||Dg||?) has the following
form:

Zy = {(Vl, V) eM |V =@(ENY), Y dime(EnV;) = k} (4.67)
i=1 =1

and the index of 4 along Zj is a constant number.
If for any [ = (I;;) € A}, we set

Zg) = {(vl, V) EM |V =EPENY), dime(E;NV;) = zij}, (4.68)
=1
then it follows from (4.67) and (4.68]) that
Zg =[] Zau- (4.69)
lEAS

Let Z§, = Zg, N M? and Z§ = Zg N M°. 1t is implied from (4.68)) and (4.69) that

s

73, = {(vl, V) €M7 | Vig = @(Eig NVig), dimg(Eig N Vi) = zij}, (4.70)

i=1

and
zg =11 23, (4.71)
leAg
For each [ € A3, let
Cpa=U(n).(Zsy N1~ (B))- (4.72)

We know that the critical subset corresponding to Zz is Cs = U(n).(Zs N p1(B)). So

(4.72) follows that

Cs =[] Cou- (4.73)
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We can see from ) and ) that
Coui= U {m, Vi) €M |V = @@Ly,

i=1

(4.74)
. - ki
dime(L; NV;) = 1;; and ZPT(LmVj) = (E

j=1 '

where Fj3 is defined by (4.57). If CF, = Cg; N M?, (4.74) implies that

s

Wiz = P(Lir N W;r),

c= U {(Wl,...,Wr)eM”

dimg(L;g N W;g) = l;; and ZPr (Losewyz) = (- )Idmi},

where L; g = L; N R" is the real subspace of L;. We claim that

C5.=0(n).(Zg, N u'(B)). (4.76)

To prove this, we first note that O(n).(Z3, N u~'(8)) C Cg,. Conversely, let W =
(Wi, ..., W,) € C§,. So there exists (L1, ..., Ls) € Fj such that conditions in (4.75] hold.
Since E;r and L;r are mutually orthogonal subspaces with the same real dimension
m;, we can choose orthogonal matrices A; € O(m;) such that L;g = A;E;g. Set
A = Diag[Ay, ..., As] € O(n) and V; = A~'W;. Since A™! is an orthogonal matrix, we
can see from above relations that V; = @;_; E;g N'V; and dimg(E;g N'V;) = l;;. This
means V' = (Vi, ..., V) € Z§,. On the other hand, since Prg, ;nv, ) = Prr, cow, ), We
have p(V') = Ds which 1mphes that V' € Z5, N p~'(B8). Since W = AV, we see that
W e O(n).(Z5, N u (5)) which completes the proof of (4.76 -
It follows from ) that

Cq,=0(n) Xom, (Z5,Np~ '(8)), (4.77)

where O(n)g is the stabilizer of Dg in O(n). Finally, from Kirwan [42], we know that
the index of f along Cjg is

d(B) = Z 2(ki — mg)myr. (4.78)

1<i<i’<s

So (4.78) and Proposition imply that the index of f7: M? — R along Cf is

d(B,0) =Y (ki —mi)my. (4.79)

1<i<i’<s
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Remark 4.2. We can see from our computation that the generated real Hamiltonian
subsystems in this example are tuples (Zg;,w, U(n)g, sy, o, ¢) such that ug; : Zg; —
Lie(U(n)g) is defined by ug; = Prgou — Dg as well as the involutions o and ¢ are
the usual complex conjugation. Clearly the real locus is Z§, and the real subgroup is
O(n)g. If for any i =1, ..., s, we define

Zﬁ,l,i - {(‘/1 N Eia sy ‘/;‘ N Ez) | (‘/17 7‘/;“) € Zﬁ,l}’ (480)

then it follows from (4.68) that each Zg,, is a product of Grassmannians and

Zg1 = [ Zsus (4.81)

In this case, if we consider the real Hamiltonian subsystems (Z3 ., w, U(m;), ug i, 0, ¢)
in which the moment maps g, : Zs;; — U(m;) are given by

1 ko k
=

Mﬁ,l,i(Wla ceey \% ZPIWJ \/—1 m. + E

)d,., (4.82)

then we have

ng Hﬂg 1 (4.83)

As we will see, it is better to work with these new real Hamiltonian subsystems
(Zgi,w, U(my), psai, 0, ¢) in computations, because the generated real Hamiltonian
subsystems (Zg;,w, U(n)g, pg,, 0, ¢) decomposes as the product of these new ones. We
will use this in Chapter 8.

Remark 4.3. In particular, one can see that when s = 1, we have A' = {5, =
(5, 5}, 1L ={lo= (I, ....I)} and thus by (4.68)
Z/BOJO = Grll (Cn) X X Grlr((cn) =M. (484)

That is, My = p~1(0) = “Eol,lo(o)' Thus the singleton set {(fy,lo)} is corresponding to
the zero level set M, which is the critical subset consisting of the points on which f
takes its global minimum.
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CHAPTER b

Free Extension Property

“Obvious is the most dangerous word in mathematics. "
—Eric Temple Bell (1883-1960)

In this chapter, we introduce the notion of free extension for the category of modules
and then apply it to the class of real Hamiltonian systems. This property is one of
the main conditions we need to consider in order to give a real version of Atiyah-Bott
Lemma in the next chapter.
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5.1 Definition and Examples
This section gives the definition and some examples of the free extension property.

Proposition 5.1 (Restriction of Scalars). Let ¢ : R — S be a homomorphism
between commutative rings with unity and M be a left S-module. Then the map R X
M — M defined by (r,m) = @(r)m defines a left R-module structure on M. In
particular, S itself has a left R-module structure.

Proof. Straightforward. |

Example 5.1. Let X be a G-space and R be a commutative ring with unity. The
projection map p : X — {x} induces a ring homomorphism in equivariant cohomology
p*: H*(BG; R) — H:(X; R). By using p*, we can make H}(X; R) into a H*(BG; R)-
module.

Example 5.2. Let G be a compact Lie group and K be a closed subgroup. The
inclusion map ¢ : K — G induces a map Bi : BK — BG between classifying spaces. So
we get a ring homomorphism Bi* : H*(BG; R) — H*(BK; R). This gives H*(BK; R)
a H*(BG; R)-module structure.

Proposition 5.2 (Extension of Scalars). Let ¢ : R — S be a homomorphism between
commutative rings with unity and M be a left R-module. Then the map Sx (S®@rM) —
S ®r M induced by (s,8' ® m) — ss’ @ m gives the abelian group S ®r M a unique
left S-module structure which is compatible with the left R-module structure induced by
@; i.e., foranyr € R and x € S ®g M, we have rx = p(r)x. Moreover, if M is a free
left R-module, then S @r M s a free left S-module.

Proof. See [17], Theorems 6.4 and 6.6. |

Definition 5.1. A ring homomorphism ¢ : R — S is called a free extension if S is
a free left R-module with respect to the left module structure induced by .

Remark 5.1. One can easily see that if ¢ : R — S and ¢ : S — T are two free
extensions, then the composite map ¢ o : R — T is also a free extension.

Example 5.3. Consider the Lie group U(1) = S! and its subgroup O(1) & Z,. Let
Bi* : H*(BU(1);Zy) — H*(BO(1);Zy) be the map induced by the inclusion map. We
know that H*(BU(1)) = Zs[u] with degu = 2 and H*(BO(1)) = Zs[v] with degv = 1
such that Bi*(u) = v? (see [52], Chapter 3, Theorem 5.11). Tt is easy to see that for
any polynomial f € Zy[v], there are two polynomials fi(u), fo(u) € Zs[u] such that

F(v) = Bi*(fi(w)).1 + Bi*(fa(u)).v.

This implies that the set {1,v} is a basis for the H*(BO(1);Zs) as a H*(BU(1); Z,)-
module. Therefore, Bi* is a free extension.
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Example 5.4. Let G be a compact connected Lie group with the maximal torus T’
such that the integral cohomology of G has no 2-torsion. The inclusion map i : T — G
induces a ring homomorphism in cohomology Bi* : H*(BG;Zy) — H*(BT;Zs). 1t is
known that H*(BT;Zy) = H*(BG; Zy) ®z, H*(G/T; Zs) (see [48], Theorem 8.3). Since
H*(G/T;Zsy) is a Zo-free module (vector space), it follows from Proposition that
H*(BT;Zs) is a free H*(BG}; Zs)-module. Therefore, Bi* is a free extension.

Example 5.5. Let G be the orthogonal group O(n) or the special orthogonal group
SO(n). Suppose that D(n) is the subgroup of diagonal matrices in G. The inclusion
map i : D(n) < G induces a homomorphism Bi* : H*(BG;Zy) — H*(BD(n);Zs). A
theorem of Borel (see [13], Theorem 22.7) says that H*(BD(n); Zy) = H*(BG; Zs) ®z,
H*(F,;Zs) where F,, = G/D(n). Since H*(F,;Zs) is a vector space, Proposition
implies that Bi* is a free extension.

Suppose that a compact Lie group G acts on a compact connected manifold X. Let
K be a closed subgroup of G with the inclusion map ¢ : K — (. Denote the corre-
sponding universal bundles of G and K by EG — BG and EK — BK, respectively
(since K is a subgroup of G, we can take EK = EG). Let X and X be the homotopy
quotients with respect to G-action and K-action, respectively. In this case, we have
the following commutative diagram:

X —2X5 Xo

o | Joo

BK —— BG

Diagram 5.1: Pullback diagram of homotopy quotients

Here, maps 1x and B7 are induced by the inclusion map ¢ and maps qx and ¢ are the
projections in the relative fiber bundles. The following proposition is a generalization
of Proposition 1 in [37] in which K is a maximal torus and the coefficient ring is the
set of rational numbers.

Proposition 5.3. Let IF be a field and X be a connected G-space where G is a compact
Lie group. Suppose that K is a closed subgroup with the inclusion map i : K — G.
If the induced map Bi* : H*(BG;F) — H*(BK;F) is a free extension and the action
of m(BG) on H*(X;F) is trivial, then the map i% : HL(X;F) — Hj(X;F) is a free
extension. In particular, 1% is injective.

Proof. Since the action of m1(BG) on H*(X;TF) is trivial, the Eilenberg-Moore spectral
sequence can be applied to Diagram and Proposition [2.68[ implies that there exists
a second quadrant spectral sequence {E,, d, },>1 converging to Hj.(X;F) such that

H*(BG;F)

BP9 = Tor”? <H*(BK%F% HE(X?E)’ =0 v =0 (5-1)
EP9 = AGPI(HE (X F)), |
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where AG(Hj(X;F)) is the associated graded module induced by an exhaustive filtra-
tion of Hj;(X;F). Since Bi* : H*(BG;F) — H*(BK;F) is a free extension, Definition
follows that H*(BK;F) is a free H*(BG; F)-module and therefore, by Proposition

[2:63] we get
EY* =(0), Vp <0, (5.2)
Ey* = H*(BK;F) @+ par) He(X;TF). '
This implies that all the negative columns in the Fs-term of the second quadrant spec-
tral sequence are trivial and thus the page E5 reduces to the zeroth column. This
follows that all the differentials dy on the page F, are trivial. So d, = dy = 0, for all

r > 2 and therefore the spectral sequence collapses at page FEs; that is,

EX = Ey". (5.3)
Let F ={F™" | n > —1} be the exhaustive filtration of Hj (X;F) for which (5.1]) holds.
It follows from and ( . ) that

(O)a Zf n 7é 0,

. (5.4)
H*<BK,F) ®H*(BG;IF) Hé(X,IF), zfn:O

AG™(HE (X3 F)) = {

This implies that

1
H*(BK;F) ®u+ay) HE(XF), if n>0.

Since the filtration is exhaustive, (5.5]) follows that

Hi(X;F) = | J F" =F" = H"(BE;F) @u+scw) Ho(X;F).
n>—1
Therefore, Hy(X;F) = H*(BK;F) @u~cr HE(X;F). Since H*(BK;F) is a free
H*(BG;F)-module, it follows from Proposition [5.2| that i% : H5(X;F) — Hj.(X;F) is
a free extension. This completes the proof. [ |

Example 5.6. Let the special orthogonal group SO(n) act on a space X and consider
the subgroup D(n) of the diagonal matrices in SO(n). On one hand, by Example[5.5] the
induced map H*(BSO(n); Zs) — H*(BD(n);Zs) is a free extension. On the other hand,
BSO(n) is simply connected, so the action of m1(BSO(n)) = (0) on H.(X;Z,) is clearly
trivial. Therefore, Proposition implies that the induced map Hgg, (X;Zs) —
H}y (X Zo) is a free extension.

Example 5.7. Let M be a compact connected G-space where G = U(n) or SU(n).
Consider the subgroup K = O(n) or SO(n) and let N C M be a K-invariant subspace.
Suppose that D is the subgroup of diagonal matrices in K. We saw in Example
that the induced map H*(BK;Zy) — H*(BD;Zs) is a free extension. On the other
hand, BG is simply connected and thus the action of m (BG) on H*(M;Z,) is trivial.
Hence the action of w1 (BK) on H*(N;Zs) is also trivial. Now, Proposition [5.3| follows
that the induced map Hj.(N;Zs) — H},(N;Zs) is a free extension.

111



CHAPTER 5. FREE EXTENSION PROPERTY

5.2 Free Extension Property for Involutive Lie
Groups

This section deals with a specific property for a Lie group with an involution. This
property is one of the main conditions which plays a key role in proving our main
theorems in the subsequent chapters.

Definition 5.2. An involutive Lie group is a pair (G, ¢) in which G is a Lie group
and ¢ : G — G is a Lie group involution (an automorphism of order 2). The fixed point
set of the involution is denoted by G¢ = {g € G | ¢(g) = g}.

Let (G, ¢) be an involution Lie group. In this case, the involution ¢ induces an
involution on the Lie algebra ¢, : g — g with two eigenvalues 1 and —1. Denote the
corresponding eigenspaces with g, and g_. Clearly, g = g, ® g_ where g_ = {X €
g | ¢.(X)=—X}. For any 8 € g_, the real stabilizer subgroup G’g is

G ={9€G” | Ad,p = B}. (5.6)

Definition 5.3. Let (G, ) be an involutive Lie group. We say the pair (G, ¢) has
the free extension property if for any 5 € g_ and any maximal elementary abelian
2-subgroup (see Definition [2.45) Dz C Gg, the induced morphism H *(BG“;;ZQ) —
H*(BDg;Zs) is a free extension in the sense of Definition 5.1 We also say that a
compact Lie group G has the free extension property if the pair (G,1d) has the free
extension property.

Remark 5.2. Let G be a compact Lie group and consider the identity map Id : G — G
as the trivial involution on G. It is clear from the above definition that g_ = (0) and
the pair (G, Id) has the free extension property if and only if for any maximal elementary
abelian 2-subgroup D C G, the induced morphism H*(BG;Zy) — H*(BD;Z,) is a free
extension. Note that by Example [5.5] the compact Lie groups U(1), O(n) and SO(n)
have the free extension property.

Remark 5.3. Let an involutive Lie group (G, ¢) have the free extension property. It
follows from the definition that (G, ¢) has the free extension property if and only if
for any 5 € g_, the subgroup Gg has the free extension property as a Lie group. In

particular, G¢ = Gg has the free extension property as a Lie group.

Proposition 5.4. If two involutive Lie groups (G, ¢1) and (G, ¢2) have the free ex-
tension property, then the involutive Lie group (G1 X Ga,d1 X ¢9) has also the free
extension property.

Proof. Let G = G; X Go and ¢ = ¢; X ¢o. Clearly, the pair (G, ¢) is an involutive Lie
group, g = g1 ® g2 and G? = G‘fl X Gg’?. Let 6 = 31+ B2 € g_. A simple calculation
shows that

Gf =Gy x GY (5.7)
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where Gf)ﬁ is the stabilizer of 3; € g,_ in the real subgroup G? Let D C G? be a
maximal elementary abelian 2-subgroup. So there are maximal elementary abelian 2-
subgroups D; in G¢% such that the induced morphism H*(BGYY ; Zs) — H*(BDy; Zs)

is a free extension. Therefore, it follows from Corollary that

H*(BD;; Zy) = H*(BG?,Z@; L) @z, H*(Fy; L), (5.8)

where F; = Gf’B/DZ Let F' = F} x F5. By Proposition [2.20] and 1) we have

H*(BD;Z,) = H*(BD;; Zy) @z, H (BDs; Zs)
> H*(BGY'; ) @z, H*(Fy; L) @z, H*(BGY?; L2) @z, H* (Fy; 7o)
> [H*(BGY'; L) @z, H*(BGY*; L) @z, [H*(Fy; Zo) @z, H* (Fy; Zo)]
>~ H*(B(G?' x GP): Zy) @z, H*(Fy X Fy;Zs)
~ H*(BG?; Zy) @z, H*(F; Zy).

That is, H*(BD;Zs,) is a free H*(BG?; Zy)-module which implies that the induced map
H*(BG?;Zy) — H*(BD;Zs,) is a free extension. Thus, the pair (G; x Ga, ¢; X ¢) has
the free extension property and the proof is complete. |

Example 5.8. Let T" = U(1) x --- x U(1), n-times, be the n-torus and D(n) =
O(1) x - -+ x O(1), n-times. Clearly, D(n) is a maximal elementary abelian 2-subgroup
of T" that determines a unique conjugacy class. By Example [5.3] and Proposition [5.4]
we see that H*(BT";Zy) — H*(BD(n);Zs) is a free extension. Thus the n-torus T"
has the free extension property. Also, it follows from Remark and Example that
the map H*(BU(n);Zy) — H*(BD(n);Zs) is a free extension. This implies that the
Lie group U(n) has the free extension property.

Let G = U(n) and ¢(A) = A be the complex conjugation. So the real subgroup is
the real orthogonal group O(n) and an easy calculation shows that ¢.(B) = B, for all
B € u(n). It is clear that

u(n)_ ={B=+v—1By | By € M(n;R) & Bl = By}. (5.9)

For any element B € u(n)_, let U(n)p be the usual stabilizer subgroup and O(n)p be
the real stabilizer subgroup; i.e.,

O(n)s = {A€On) | AB = BA}. (5.10)

Lemma 5.5. If B € u(n)_, then there exist natural numbers ki, ..., k, with ky+- - -+k, =
n such that
O(n)p = O(ky) x -+ x O(ky). (5.11)

Proof. Since B € u(n)_, we have B = y/—1By, where By is a real symmetric matrix.
By part 2 of the spectral theorem (Proposition [2.3)), there exist a real orthogonal matrix
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D € O(n), distinct real numbers Ay, ..., A, and natural numbers £y, ..., k, with &y +-- -+
k, = n such that
DByD™"' = Diag[A1dy, , Aaldy,, ..., \pIdy, ], (5.12)

where Idy; is the identity matrix of order k;. It is easy to see that the map ¥ : O(n)p —
O(n)pp,p-1 defined by W(A) = DAD™! is an isomorphism. So

O(n)g = O(n)pp,p-1- (5.13)

It follows easily from that
O(n)ppyp-1 = O(k1) x -+ x O(kyp), (5.14)
where ki + - -+ + k, = n. This completes the proof. |

Let SU(n) = {A € U(n) | det A = 1} be the special unitary group with the skew-
Hermitian traceless matrices su(n) as its Lie algebra. The restriction of ¢ : SU(n) —
SU(n) is a group involution. Here, again ¢,(A) = A, the real subgroup is SO(n), the
real special orthogonal group, and

su(n)_ = {B €su(n) | B=—B}. (5.15)

Lemma 5.6. For any B € su(n)_, there exist natural numbers ki, ..., k, with ky+- - -+
k, = n such that

SO(n)p ={A € O(ky) x--- xO(kp) | det A=1}. (5.16)
In particular, if one of k; (say ki) is an odd number, then
SO(n)p = SO(k1) X O(ka) x -+ x O(ky). (5.17)

Proof. Suppose that B € su(n)_. Equation ([5.16)) is a direct consequence of ({5.11]).
Let k; be odd and define ¥ : SO(n)g — SO(ky) x O(ka) x --- x O(k,) by

\II(A) = ((detA1>A1,A2,...,Ap>. (518)

A simple argument shows that ¥ is an isomorphism. This proves (5.17)) and completes
the proof. ]

Proposition 5.7. Let ¢ : M(n;C) — M(n;C) be the complex conjugation. Then the
involutive Lie groups (U(n), ¢) and (SU(n), ) have the free extension property.

Proof. Consider ¢ : U(n) — U(n). So the real subgroup is U(n)? = O(n). Let D(n) be
the subgroup of diagonal matrices in O(n). We know from Example that D(n) is
a maximal elementary abelian 2-subgroup of O(n) that determines a unique conjugacy
class. On the other hand, for any C' € u(n)_, Lemma implies that

U(n)g = O(ny) x --- x O(ng),
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where ny + - -+ +ni = n. Set
D = D(ny) x --- x D(ng),

in which each D(n;) is a maximal elementary abelian 2-subgroup of each O(n;) that
determines a unique conjugacy class. So D is also a maximal elementary abelian 2-
subgroup that determines a unique conjugacy class. By Proposition and Remark
the map H*(BU(n)%; Zy) — H*(BD;Zs) is a free extension. This shows that the
involutive Lie group (U(n), ¢) has the free extension property.

Now consider ¢ : SU(n) — SU(n) and let C' € su(n)_, then Lemma 5.6 implies that

SU(n)% ={A € O(n)c | det A=1}.

If Dy is the subgroup of diagonal matrices in SU(n % then Dy = DN SU(n )¢. In this
case, we can easily see that the quotient groups U(n)g /D and SU(n ) /Ds are the same,
say F'. So we have the following commutative dlagram of classifying spaces:

BD /F\BD
| |

BSU(n), » BU(n)%

Diagram 5.2: Commutative diagram of classifying spaces

Here, F' is a product of quotient groups. By first part, the right hand side fibration is
multiplicative in cohomology, so the induced map ¢* is surjective. The commutativity
implies that j* is also surjective. Thus the Leray-Hirsch theorem shows that

H*(BDy; Zy) = H*(BSU(n)%; Zy) ®g, H*(F; Zy),

which means the induced map H*(BSU(n)%;Zy) — H*(BDy;Zs) is a free extension.
Thus the involutive Lie group (SU(n), ¢) has the free extension property and the proof
is complete. |

Proposition 5.8. Let G = Gy X -+ X Gy, where G; = U(n;) or SU(n;) and ¢ =
O1 X - X ¢ where ¢; : Gy — Gy is the complex conjugation. Then (G, ) has the free
extension property.

Proof. By Proposition each pair (G, ¢;) has the free extension property. Proposi-
tion follows that (G, ¢) has the free extension property. |

Example 5.9. Let G = U(n) x U(n) and ¢ : G — G be defined by ¢(A, B) = (B, A).
Clearly (G, ¢) is an involutive Lie group and

G = {(A,A) | AeUn)} = Uln). (5.19)
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Since g = u(n)xu(n), an easy computation shows that the induced involution ¢, : g — g
is defined by ¢.(X,Y) = (Y, X). Therefore,

g ={(vV-1X,V-1X) | X € M(m;R) & X' = X}. (5.20)

Let 8 = (vV—1X,v/—1X) € g_. Since X" = X, the spectral theorem for real symmetric
matrices shows that X is a block diagonal matrix. A similar argument as in Lemma
[b.5 implies that there are natural numbers ny, ..., ng with nq + - -+ 4+ ngx = n such that

G52 U(ny) x -+ x Ulng). (5.21)

That is, the real subgroup is a product of unitary groups. If D(n;) C U(n;) is the
subgroup of elements of order two and D = D(n;) X --- x D(ng), then it is easy to see
that each D(n;) is a maximal elementary abelian 2-subgroup that determines a unique

conjugacy class (see example|2.16)). Thus D C Gg is also a maximal elementary abelian
2-subgroup that determines a conjugacy class. On the other hand, by Example [5.8
each map H*(BU(n;); Zy) — H*(BD(n;);Zs) is a free extension. So Proposition
shows that the map H*(Gg; Zs) — H*(BD;Zs) is also a free extension. Therefore the
involutive Lie group (U(n) x U(n), ¢) has the free extension property.
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Atiyah-Bott Argument

“Perfect spheres do not exist in the real world, but they
do have reality. They exist in the human imagination
—and that’s the most important world there is.”

—Sir Michael Atiyah (1929-present)

In this chapter, we discuss the Atiyah-Bott Lemma. This lemma is of crucial importance
in proving equivariant perfection. It gives some sufficient conditions guaranteeing that
the equivariant Euler class of an equivariant vector bundle is not a zero divisor. To
prove the real equivariant perfection theorem, we need to formulate a real version of
the Atiyah-Bott Lemma which gives the conditions guaranteeing that the equivariant
top Stiefel-Whitney class of an equivariant vector bundle is not a zero divisor.
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6.1 Atiyah-Bott Lemma for Hamiltonians
This section summarizes the main ideas of the Atiyah-Bott argument from [42].

Consider a Hamiltonian system H = (M, w, G, 1) and fix an invariant inner product
on the Lie algebra. Let {Ss} be the G-invariant stratification for the norm squared of
the moment map p described in Section 4.1. We can use the equivariant Thom-Gysin
long exact sequence for the strata. Apply Proposition W to the pair Y = Uag 55

and X =, 59, we get the following long exact sequence:

oo HE P (55Q) D By S @ B H(|J S @ = -+ (6.1)
a<p a<p
where dg = codim Sg, the codimension of the stratum Sz. An interesting property of
sequence is that if the equivariant Euler class of the normal bundle of the stratum
Sp is not a zero divisor in the G-equivariant cohomology with rational coefficients, then
a similar argument as in Proposition shows that is is an injection and the long
exact sequence breaks into short exact sequences as follows:

0 — Hy " (S5,Q) 2 Hy(| 8a: @) 2 He (| Sa;@) = 0 (6.2)

asp a<fB

The exactness of sequence implies that each map jz is a surjection. This is
the key point in the proof of equivariant perfection and Kirwan surjectivity which is
based on the condition that the equivariant Euler class of the normal bundle is not a
zero divisor. In general, the conditions for having a nonzero divisor equivariant Euler
class for equivariant vector bundles are provided by a Lemma due to Atiyah and Bott
(]3], Proposition 13.4). We state it here:

Proposition 6.1 (Atiyah-Bott Lemma for Q-cohomology). Let 7 : E — X be a
G-equivariant vector bundle where G is a compact Lie group and X is a connected space.
If there exists a subtorus Ty of G that acts trivially on X and fizes no nonzero vectors,
then the equivariant Euler class Eulg(E) of E is not a zero divisor in the equivariant
cohomology ring HE:(X;Q).

An important part of the proof of Proposition[6.1]is that the natural map Hj(X;Q) —
H}(X; Q) is always injective, for any maximal torus 7' C G which contains the subtorus
Th. Since all maximal tori are conjugate, this injectivity doesn’t depend on the choice
of a maximal torus. In the real version, we use the coefficient field Z, instead of the
rational numbers and this makes things more complicated. The role of the equivariant
Euler class is played by the equivariant top Stiefel-Whitney class of the equivariant
vector bundle. In order to formulate a real version of this lemma we need two things.
Firstly, instead of a subtorus, we demand an elementary abelian 2-subgroup Dy C G
that acts trivially on X and fixes no non-zero vectors in the normal bundle. Secondly,
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we have to find a maximal elementary abelian 2-subgroup D containing Dy the natural
map H(X;7Zy) — Hj(X;Zsy) is injective and the injectivity doesn’t depend on the
choice of D. The injectivity property does not hold for compact Lie groups in general.
Because of these conditions, we have to consider two properties. The first one is called
the 2-primitivity which guarantees the existence of an elementary abelian 2-subgroup
Dy C GG and the second one is the very free extension property which provides us with
maximal elementary abelian 2-subgroups implying injectivity. We will discuss these
properties in the next section.
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6.2 Atiyah-Bott Lemma for Real Hamiltonians

Our goal in this section is to prove a version of Atiyah-Bott Lemma for Z,-cohomology.
Here, the role of a subtorus is played by an elementary abelian 2-subgroup.

Definition 6.1. Let GG be a compact Lie group. An equivariant G-vector bundle £ — X
over a connected space X is called 2-primitive if the action of m (BG) on H*(X;Zs)
is trivial and there exists an elementary abelian 2-subgroup Dy of GG that acts trivially
on X and fixes no nonzero vectors in F.

Example 6.1. Consider the subgroup
A0
G:{ |Aesc)(2)} c SO(3).
0 1

The standard action of SO(3) on S? induces an action of G on S? (see Figure .
Let X = {N, S}, two poles and consider the normal bundle v(X) of X which is an
equivariant G-vector bundle. Let J = Diag[—1, —1,1] € G and consider the 2-subgroup
Dy ={ld,J} C G. It is clear that Juv = —v for any v € v(X). Thus the elementary
abelian 2-subgroup Dy fixes X and no nonzero vectors in the normal bundle v(X).
Since G is connected, the action of m(BG) = (0) on H*(X;Z,) is trivial and thus the
equivariant vector bundle v(X) — X is 2-primitive.

Figure 6.1: 2-primitive vector bundle

Proposition 6.2 (Atiyah-Bott Lemma for Z,-cohomology). Let G be a compact
Lie group and 7 : E — X be a G-vector bundle of rank m over a connected manifold
X. If G has the free extension property and the G-vector bundle is 2-primitive, then
the equivariant top Stiefel-Whitney class wS (E) is not a zero-divisor in HY(X;Zs).

Proof. By the assumptions, the vector bundle £ — X is 2-primitive, so m(BG) acts
trivially on H*(X;Z,) and there exists an elementary abelian 2-subgroup Dy & (Zy)P
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of G that acts trivially on X and fixes no nonzero vectors in . Choose a maximal
elementary abelian 2-subgroup D = (Zy)" containing Dy. The inclusion map i : D — G
induces the following commutative diagram of homotopy quotients:

Xp —2 5 Xg

w e

BD —— BG
Diagram 6.1: Commutative diagram of homotopy quotients

By functorial properties of Stiefel-Whitney classes, it follows from Diagram that
wP (E) =it (ws (E)). (6.3)

m m

Since G has the free extension property and D is a maximal elementary abelian 2-
subgroup of G, it follows from Remark that the map H*(BG;Zs) — H*(BD;Zs)
is a free extension. Since 7 (BG) acts trivially on H*(X;Zs), Proposition implies
that i, : H5(X;Zs) — H}(X;Zy) is injective. Thus, if we show that the equivariant
top Stiefel-Whitney class w?(E) is not a zero divisor, then the equivariant top Stiefel-
Whitney class w& (E) is not a zero divisor too.

Since Dy C D, there exists a subgroup D; C D such that D = Dy x D; where
Dy = (Z5)? and p+ ¢ = n (see Example . The action of Dy on X is trivial, so by
Proposition we have

Xp = BDy x Xp,. (6.4)

By the Kunneth formula, it follows from ([6.4)) that
H3)(X;Z5) = H*(BDy; Zy) @, Hpy (X Z), (6.5)

where H*(BDy; Zy) = Zs[o1, ..., 0] (see Example [2.9). This formula makes H},(X;Zs)
into a bigraded ring. Since w2 (E) € H%(X;Z,), (6.5) implies that there exist some

o € H™(BDy; Zs) and o € @, H"*(BDy; Zs) ®z, Hy, (X; Zy) such that

1

wP(E)=ay®1+d. (6.6)

m

We claim that if o is nonzero, then wl(F) is not a zero divisor in Hj(X;Zs).
Assume that this is the case and without loss of generality choose a nonzero homoge-
neous element (3 in [H*(BDy; Zs) ®z, Hp (X;Zs)]*. So by there exist elements
B;j € HY(BDy; Zy) @z, H}, (X;Zy) with i + j = k such that

itj=k
Let (4o, jo) be such that 3;, j, # 0 and ig > i for all 4. If 8’ = 8 — f3;, ,, then and
imply that

Wi (B)U B = (ag @ 1) U iy jo + (@ 1) U +a' U (6.8)
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Since H*(BDy;Zy) = Zs[o4, ..., 0] is an integral domain and oy is a nonzero element,
then the product map oy U (=) : H*(BDy;Zy) — H*(BDy;Zs) is 1-1. Therefore, the
tensor product map (g ® 1)U (=) : H5(X;Zs) — H},(X;7Zy) is also 1-1. This implies
that the term (ap ® 1) U §;, 4, in is nonzero. On the other hand, since

(a0 ® 1) U i g € H™(BDy; Zs) @z, Hy, (X; Zo)

(0@ DU +a'Ue D  H(BDyZ) s, Hh(X:Zy), (09
i+ j=k+m,itig+m

it is clear that the component (g ®1)UBy, j, of w2 (E)US is always nonzero. Thus
follows that w?”(E) U B # 0 and therefore w?(E) is not a zero-divisor in Hj(X;Zy).
This proves the first part.

It remains to show that oy # 0. Choose a point x € X. The inclusion maps
iy - {z} — X and ig : Dy < D induce the following pullback diagram:

(Ex)DO > EDO > ED
BDO Bi. > XDO Dy > XD

Diagram 6.2: Commutative diagram of vector bundles

where FE, is the fiber over x. Since ayg is the component of w2 (E) in H*(BDy; Zs), it
follows from Diagram [6.2] that

o = (ip, 0 Bz’x)*<w,g(E)). (6.10)

Thus, g is the top Stiefel-Whitney class of the vector bundle (E,)p, — BDy. Since Dy
fixes X, we see that E, is a representation of Dy. But the subgroup Dy is a finite product
of Z,, so Example .19 implies that £, is a direct sum of 1-dimensional representations;
ie.,

(EZ')DO = (Ei)Do ©---D (E;n)Dm (6'11)

where we can consider each of these 1-dimensional representations as an equivariant

line bundle. Proposition and (6.11)) imply that

ap = w(E,) = wao(E;), (6.12)

i=1

where each w(E?) is the top Stiefel-Whitney class of the corresponding line bundle
(Ei)p, — BDy ~ (RP>®)P. Let m; : (RP®)? — RP* be the projection on the i
component and 7{° — RP* be the tautological line bundle (see Example[2.8)). Consider
the pullback diagram

122



CHAPTER 6. ATIYAH-BOTT ARGUMENT

(E;)Do _— Vfo

| |

(RP®)? — RP™

Diagram 6.3: Commutative diagram of line bundles

It follows from the last diagram that
wy " (Ey) = 7} (w1 (779)).

Since wy(75°) # 0 (see Proposition2.26|) and 7 is injective, we see that each Stiefel-
Whitney class w(E?) is nonzero; i.e,
wi®(EL) #0, Vi=1,...,m. (6.13)

Since H*(BDy;Zs) = Zs|oy, ...,0p) is an integral domain, it follows from (6.12) and
(6.13) that ag # 0. This completes the proof. [ |
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Real Equivariant Perfection and Formality

“If one must choose between rigor and meaning, I shall
unhesitatingly choose the latter."

—Rene Thom (1923-2002)

In this chapter, we formulate and prove our real equivariant perfection and formality
theorems. After defining some specific properties, we use our previous results about the
real Morse stratification to prove the equivariant perfection theorem (Theorem[7.1)). At
the end, we prove the equivariant formality for real Hamiltonians which we use mostly
in our computations (Theorem [7.3)).
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7.1 Real Equivariant Perfection

In this section, we prove a real version of equivariant perfection for the restriction of
the norm squared of the moment map to the real locus in a real Hamiltonian system.

Let RH = (M,w,G, u,0,$) be a real Hamiltonian system where G is a compact
connected Lie group and M is a compact connected manifold. Fix an Ad-invariant inner
product on the Lie algebra g and suppose that f7 : M — R is the restriction of the
norm squared of the moment map to the real locus M?. By Theorem there exist a
finite number of real Hamiltonian subsystems RH g, m = (Z5,,m,w, Ga,, [48;,m, 7, ) such
that

e f;eg’ and m € {0,...,dim M},

e the real locus is Z§ ,, and the real subgroup is G¢i;

e the critical set of f7 is

Cpe = [T G g (28, N 1155 (0)). (7.1)
Bi,m

%

Definition 7.1. Consider a real Hamiltonian system RH = (M,w, G, u, 0, ¢). We call
the finite family {RHg, ,, } induced by Theorem the generated real Hamiltonian
subsystems of RH. A real Hamiltonian system RH is 2-primitive if for any gener-
ated real Hamiltonian subsystem RHg, ., of RH, the Ggﬁ-equivariant normal bundle of

the real zero level set Zg , N ,u/gim([)) is a 2-primitive equivariant vector bundle in the
sense of Definition 6.

Example 7.1. Consider the real Hamiltonian system (M = (CP')", w,U(2), u,0, )
in Example with the Ad-invariant inner product (A, B) = —Tr(AB) on the Lie
algebra u(2). Let f7: M — R be defined by f7(p) = ||u(p)||>. We saw in Example [4.1]
that the real locus of each generated real Hamiltonian subsystem Z§ = Zj is a finite
set which is defined by (4.42)). Also the real stabilizer subgroup O(2)s = Zy X Z is the
real stabilizer of matrix Ag defined by (4.37). Let

Js = . (7.2)
0 —1

It is easy to see that Jz € O(2)s and it fixes Z5. In addition, for any X = (z,y,2)" €
S? — {N, S}, we have

J5($7yaz)t = (—l', _y7z)t (73)
Since z # %1, neither x nor y is zero and thus (7.3|) implies that J3X # X. This means

that the elementary abelian 2-subgroup Ez = {Id, Js} fixes no nonzero vectors in the
normal bundle of Z§. On the other hand, the action of mo(O(2)s) on the cohomology of
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finite space Z§ is clearly trivial. Therefore each equivariant vector bundle V(Zg) — Z3
is 2-primitive. That is, the real Hamiltonian system in this example is 2-primitive.

Example 7.2. Consider the real Hamiltonian system
(M = Gr, (C") x -+ x G, (C"),w, U(n), u, o, ¢)

in Example Fix the Ad-invariant inner product (A, B) = —Tr(AB) on the Lie
algebra u(n) and consider the restricted function f7 : M? — R where M is the real
locus Gry, (R") x --- x Gr; (R"). As we saw in Example the real locus of each
generated real Hamiltonian subsystem Z7, defined by is compact. The real
stabilizer subgroup in this example is O(n)s = O(my) X --- x O(ms) which is the real
stabilizer of the matrix Dg defined by (4.61). It is easy to see that m(O(n)s) acts
trivially on H*(Zg, N ,u;}(()); Zs) (see [7], Proposition 6).

For g = (& . B ke k) e Asand | = (I;;) € '3, consider the subgroup

mi ceey m17“.7m57 aey M

Hj of the real stabilizer group O(n)s as follows:

Hs = {Diag [glldml, ...,gsldms} ) g € {il}}. (7.4)

Fix V.= (V1,..,V;) € Z§,. Since the normal bundle Ny (Z3,) is the quotient space
Ty (M?)/Ty(Z5,), it follows from Proposition in Appendix B that

Nv(Z5) = @D Hom(Ei NV, By /(BN v;-)). (7.5)
1<j<r
1<iFi<s
It is clear from (7.4]), (7.5) and part 3 of Proposition in Appendix B that each
element .Js € Hp acts on each element T' = P Tj;» € Ny(Z5,) in such a way that

Tg“/ — (Eiei’)Tj,i,i/-

Therefore, for any T' € Ny (Z3;), we can always find an element Js € Hpg for which
JgT # T'. This says that the action of the elementary abelian 2-subgroup Hg of O(n)gs
on the normal bundle of ZF, fixes no nonzero vectors. Therefore the equivariant normal
bundle of each real locus Z§; is 2-primitive. This means that the real Hamiltonian
system in this example is 2-primitive.

Now, we state and prove our second main theorem which is a real version of the
equivariant perfection theorem. We consider two main conditions regarding the group
action (free extension property) and the manifold (2-primitivity).

Theorem 7.1 (Real Equivariant Perfection). Let (M,w, G, u, 0, $) be a real Hamil-
tonian system where G is a compact Lie group and M 1is a compact connected manifold.
Fiz an Ad-invariant inner product on g = Lie(G) and let f7 : M — R be the restric-
tion of the norm squared of the moment map to the real locus M?. If the pair (G, )
has the free extension property and the real Hamiltonian system is 2-primitive, then the
function f? is equivariantly perfect over the field Zs.
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Proof. By parts 1 and 2 of Theorem the critical set of f? is a finite collection
{C3, .} of disjoint closed G®-invariant subsets and there exists a smooth invariant
Morse stratification {Sg , } such that each stratum Sg . has a constant codimension
d(f;,m) and deformation retracts onto the corresponding critical set Cg . Consider
the generated real Hamiltonian subsystems (Zg, ., w, Gg,, ftg,m, 0, ¢). By part 3 of

Theorem we have
Cqm=G? Xgs (Z5m 115",(0)), (7.6)

where Z§ = M? N Zg, », and G‘bi =G’ NGy,
Apply the equivariant Thom-Gysin sequence to the invariant Morse stratification
{55, m} regarding the partial order: CF < C7 ., if f7(CF ) < f7(C], ). For any

’Yj 7m
Bi,m> set

Yﬂivm = U S%wm’? Xﬁiym = S,gi,ma Wﬁi,m = U S’Yj,m" (7'7)

o o o o
Cﬁiymgc’yj,m’ Cﬁiqm<c'yj,m’

By applying Proposition to the pair (Y3, m, Xp,.m), we get the following long exact
sequence in the equivariant cohomology with Zs-coefficients:

*—d(Bi,m o ®p;,m * Ya;m *
o H PSS o) s H (Vaymi L) — Hiyo (Wi Zo) — -+ (7.8)

On one hand, by Proposition m the map ®g, ,, is injective if the G?-equivariant top
Stiefel-Whitney class w®” ( 5.m) of the normal bundle of the stratum S3 . in M7 is

not a zero divisor. On the other hand, since S, ,, deformation retracts onto Cg, ,, from

(7.6) and Proposition it follows that

é¢ (S,gi,m; ZQ) = é¢(Cgi,m; ZQ) = ég (Zgi,m n NE},m(O% ZQ) (79)

Thus, the equivariant top Stiefel-Whitney class wa* (ng) can be identified with the
o

Ggi—equivariant top Stiefel-Whitney class w: (Z5,.m N ,ugzlm(O)) If we show that this

class is not a zero divisor, then 1) implies that wG¢(Sgi7m) is not a zero divisor.

By the assumptions, the real Hamiltonian is 2-primitive, so the equivariant normal
bundle V(Zghm N ,ugllm(O)) = Zg N ,ugllm(O) is 2-primitive. On the other hand, (G, ¢)
has the free extension property, hence each real subgroup Ggi has the free extension
property. 2-primitivity implies that the action of 7 (B Gg) on H*(Z§ Nz, (0); Zo) is
trivial. Therefore, the conditions of the real Atiyah-Bott Lemma (Proposition are
satisfied for each Ggi—equivariant vector bundle v(Z5, ,, N uglm(O)) = 28 N ,u/gllm(O)
This means the equivariant top Stiefel-Whitney class of this normal bundle is not a
zero divisor in H}, (2§ ,, N ,ugilm(O); Zs). Proposition [2.30| now follows that each map

Bi '

®p, , is an injection. Since the sequence in ([7.8) is exact and ®g, ,, is injective, the
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sequence breaks into short exact sequences and thus we get a finite number of direct
sums as follows:

G (Voumi L) = Hiyy (W, i Za) © Hy "™ (S5, 13 Z), (7.10)
Since M7 = USG ,, it follows by induction from that

dim H, (M Zy) = ZdlmH* W) (S i L), (7.11)

From (7.9) and (7.11)), it is implied that

Po (M t;Z5) = > t"mPo(CF, 0 1 o) = Mo (7,15 Zo).
Bi,m

This means that 7 is G®-equivariantly perfect over the field Z, and the proof is com-
plete. ]

Corollary 7.1.1 (Real Surjectivity). The real Kirwan map kg : H},(M;Zy) —
HE,, (MG; Za) induced by the inclusion ig : M§ — M€ is a surjection.

Proof. Let C§ < C7 < --- < CY be the critical subsets of f. On one hand, we saw in
the proof of Theoremthat for any critical subset CY of f?, the map ®co in sequence
is injective. It follows from exactness that Wco is surjective. On the other hand,
we have the following sequence of inclusions:

Mg = Sog 25 Sce USar &+ 25 Soe U U Ser = M, (7.12)

such that ig = j, o --- 0 j;. Since Weo = j, the induced map iy : Hf,,(M7;Zs) —
H{.,(Mg;Zs) is the composition of maps Wce; ie.,

18 = \chfn O---O‘;[/Cf. (713)

Since each Wee is surjective, (7.13)) follows that kg = iy : Hf.y (M5 Zg) — H{.y (Mg Zs)
is a surjection which completes the proof. |

Remark 7.1. In the proof of Theorem we saw that

Poo(M,t;Z,) = th BP0 (CF st Lo), (7.14)

and by (|7.11]) we have

Po(C s 72) = P (28, 01 1310 (0), 1 7). (7.15)

128



CHAPTER 7. REAL EQUIVARIANT PERFECTION AND FORMALITY

If CF, is the critical set corresponding to the global minimum 0 of f7, then from (7.14])
and ([7.15)), it follows that

Peo(M7 0 =1 (0), 8 Zo) = Peo (M7, t; Zs)
_ Z td(ﬁhm)PGgi (Z5 0 M/g:m(o)7 t; Zo). (7.16)

Cgi,m#cg,o

Therefore, gives us a recursive formula by which we can compute the Zs- equiv-
ariant Betti numbers of the real zero level set MJ = M?Nu~'(0) provided that we know
the equivariant Poincaré series of the real locus M7 and the equivariant Poincaré series
of all real zero level sets Zg | N ,uglm(O) of the generated real Hamiltonian subsystems.
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7.2 Real Equivariant Formality

In this section, we state and prove equivariant formality for the real locus in a real
Hamiltonian system. To do so, we need a special kind of the free extension property
and a result due to Biss-Guillemin-Holm [I0] regarding the equivariant formality for
abelian real Hamiltonians whose group involution is the inversion map.

We know that a compact G-space X is equivariantly formal over a field F if the
Serre spectral sequence of the fibration X — X — BG collapses at the Fs-term; i.e.,

H:(X:F) = H*(BG:F) @p H*(X;F). (7.17)

By Proposition this is equivalent to saying that the corresponding Poincaré series
over the field F satisfies the following equality:

P (X, t:F) = P(BG, t:F)P(X, t; F). (7.18)

A theorem of Kirwan (see [42], Theorem 5.8) shows that a compact Hamiltonian
G-system is always equivariantly formal over the field Q if G is a compact connected Lie
group. For a real Hamiltonian system in which the group is a torus and the group invo-
lution is the inversion map, equivariant perfection has been proved by Biss-Guillemin-
Holm (see [10], Theorem B). They have proved the following;:

Proposition 7.2 (Biss-Guillemin-Holm). Let (M,w, T, i, 0,¢) be a real Hamilto-
nian system in which M is a compact connected manifold, T is a torus and ¢(g) = g *
for any g € T. If M is the real locus and T? is the real subgroup, then

2o(M7; Zy) = H*(BT?; Zy) @z, H*(M7; Zs) (7.19)
as graded modules over H*(BT?; Z,).

We use this result to prove a real version of equivariant perfection for nonabelian
real Hamiltonian systems. First, we have the following definition.

Definition 7.2. We say that a compact connected involutive Lie group (G, ¢) has the
special free extension property if the following hold.

1. The pair (G, ¢) has the free extension property.

2. There exists a maximal torus T' C G such that ¢(g) = g~ for all g € T and T¢
is a maximal elementary abelian 2-subgroup of G?.

Example 7.3. Consider the involutive compact connected Lie group (G, ¢) where
G = U(n) or SU(n) and ¢ : G — G is the complex conjugation. First note that
by Proposition (G, ¢) has the free extension property. Let ' C G and D C G¢
be the subgroups of diagonal matrices respectively. We can easily see that T' C G is
a maximal torus and D = T is a maximal elementary abelian 2-subgroup. Also, we
have ¢(A) = A™! for any A € T. Thus the pair (G, @) has the special free extension

property.
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Theorem 7.3 (Real Equivariant Formality). Let (M,w, G, i, 0, ¢) be a real Hamil-
tonian system where G is a compact connected Lie group and M is a compact connected
manifold. If (G, @) has the special free extension property, then the real locus M7 is
G?-equivariantly formal over the field Z,.

Proof. Since (G, ¢) has the special free extension property, there exists a maximal
torus T' C G such that ¢(g) = g~' for any g € T. Let ur : M — t* be the composi-
tion of p with the orthogonal projection Pry : g* — t* onto t*. It is easy to see that
(M,w, T, ur,o,¢r) is a real Hamiltonian system such that ¢ : T — T is the inversion
map. Thus by the Biss-Guillemin-Holm theorem, holds for the real locus M7 of
this real Hamiltonian system. Since (G, ¢) has the free extension property, by Remark
the real subgroup G has the free extension property. But 7% is a maximal elemen-
tary abelian 2-subgroup of G, thus the induced map H*(BG?;Zy) — H*(BT?;Zs,) is
a free extension and we have

H*(BT?;7y) = H*(BG?; Zy) ®z, H*(G?/T?; Z,), (7.20)

as graded H*(BG?; Zy)-modules. Consider the following commutative diagram:

MO‘
M;¢ s M 9
%

G¢ /T¢

BT? > BG?

Diagram 7.1: Commutative diagram of fibrations

It follows from that the Serre spectral sequence of the fibration G¢/T¢ —
BT? — BG? collapses at page 2. So by Proposition the induced map j; is
surjective. The commutativity of Diagram implies that the induced map jj is also
surjective and thus by Proposition the Serre spectral sequence of the fibration
G?/T® — MZ, — Mg, must collapse at page two; i.e.,

76 (M%;Zs) =2 Hiy (M3 Zs) @y, H*(G?/T? L), (7.21)

as graded Hp,,(M?; Zy)-modules. By ([7.19)), (7.20) and (7.21)), we have
P(MZy,t; Zo)P(G?/T? t; Zy) = P(M?,t; Zo)P(BG?, t; Zo)P(G? /T t; L), (7.22)
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which implies that P(Mg,,t; Zy) = P(M?,t; Z>)P(BG?,t;Zs). Now, Proposition
follows that the Serre spectral sequence of the fibration M — M7, — BG? collapses
at page 2 and thus

5o (M7 Zy) =2 H*(BG?; Zy) @z, H (M3 Zy), (7.23)

as graded H*(BG?;Zy)-modules. This means that M7 is G®-equivariantly formal over
the field Z, and the proof is complete. |
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Computation of Mod Two Betti Numbers

“Throughout my whole life as a mathematician, the
possibility of making explicit, elegant computations has
always come out by itself, as a byproduct of a thorough
conceptual understanding of what was going on."

—Alezander Grothendieck (1928-2014)

In this chapter, by using our results, we compute the Z,-Betti numbers of the real
reduction of two real Hamiltonian systems. The first one is a real Hamiltonian system
in which the unitary group U(2) acts on a product of complex projective lines with
complex conjugation as the group involution and the involution on the space is induced
by the complex conjugation on 2-complex vector space. The real locus in this system is a
product of real projective lines and the real subgroup is the orthogonal group O(2). The
other example is a generalization of the first one. We consider the action of the unitary
group U(n) on a product of complex Grasmannians. By using complex conjugation
as involutions, the real subgroup is O(n) acting on a product of real Grassmannians.
In both examples, we give an explicit formula for the Z,-Betti numbers of the real
reductions.
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8.1 Technical Lemmas

To consider our examples in next section, we need to compute the cohomology of some
homotopy quotients whose action groups are orthogonal projective groups.

Let O(n) and SO(n) be the orthogonal and the special orthogonal groups respec-
tively and denote their central subgroups consisting of diagonal matrices by DO(n) and
DSO(n) respectively. By the definition (see Appendix C), the corresponding projective
groups are PO(n) = O(n)/DO(n) and PSO(n) = SO(n)/DSO(n) respectively.

Lemma 8.1. Let n be an odd number and the orthogonal group O(n) act on a smooth
manifold X such that the subgroup Dy = {£Id} acts trivially and the projective group
PO(n) acts freely. Then the homotopy quotient space Xo( is homotopy equivalent to
the product space BDy x (X/O(n)); i.e.,

Proof. Since n is odd, PSO(n) = SO(n) and by Propositions and in Appendix
C, we have O(n) = Dy x SO(n) and thus PO(n) = SO(n) as Lie groups. Fix universal
bundles EDy — BDy and ESO(n) — BSO(n) for Lie groups Dy and SO(n) respec-
tively. Consider the universal bundle £ Dy x ESO(n) — BDy x BSO(n) for the product
group Dy x SO(n). In this case, since Dy acts trivially on X, by Proposition we
have

~ [(X x ESO(n))/SO(n)] x (EDs/D,)
~ XSO(n) X BDg.

That is,
XO(n) ~ BD2 X XSO(n)- (82)

By the assumptions, PO(n) = SO(n) acts freely on X, so we have the homotopy
equivalence Xgo(m) =~ X/SO(n). On the other hand, since D, acts trivially on X, we
have

X/0(n) ~ X/PO(n) = X/SO(n) ~ Xso(m)- (8.3)
Equations (8.2)) and (8.3)) follow (8.1) which completes the proof. |

Example 8.1. Consider the real Hamiltonian system
(M = Gr, (C") x -+ x Gr; (C"),w, U(n), u, o, ¢)

in Example and suppose that n is an odd number and numbers 22:1 l; and n are
coprime. The real subgroup O(n) acts on the real locus

M = GrI'l1 (Rn) X o X Gl"lr (Rn)
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such that the action of subgroup {£Id} on M? is trivial. Let M{ = M? Np~'(0) which
is invariant under the action of O(n). By Remark the projective group PO(n) acts

freely on Mg, so Lemma follows that (M§)om) = RP™ x <Mg/0(n)) and therefore
P(Mg /O(n),t; Z2) = (1 = )Poem) (Mg, t; Z). (8.4)

Lemma 8.2. Let n be an even number and X be a compact O(n)-manifold such that the
subgroup Dy = {£Id} acts trivially and the projective group PO(n) acts freely. Suppose
that there exist a section s : X/PSO(n) — X for the principal bundle PSO(n) — X =

X/PSO(n) and an element A € O(n) — SO(n) such that A* = 1d and s[Az] = As|x]
where w(x) = [x]. Then we have the following homotopy equivalence:

Xom ~ RP® x (X/O(n)). (8.5)

Proof. Since n is even, the central subgroups DO(n) and DSO(n) are D, and thus
PO(n) = O(n)/Dy and PSO(n) = SO(n)/Ds. Set Hy = PO(n)/PSO(n). It is clear
that Hy = (A), the cyclic subgroup generated by A. Suppose that Y = X/PSO(n) is
the orbit space. Since As[z] = s[Az], it is easy to see that for any B € O(n) — SO(n)

7(Bs[z]) = [Ax]. (8.6)

The product group Dy x (A) acts on the product space O(n) x Y as follows:

{tﬂdJ@(BJﬂ):(iBJﬂL

(41d, A).(B, [2]) = (=BA, [Az]). (8.7)

Denote the orbit of any (B, [z]) € O(n) x Y under this action by [B,[z]] and define
the following map:

(n)XD2xH2)Y—>X (88)
‘I’HB [z]] = Bslx].

Note that for any orbit [B, [z]] € O(n) X (p,x#,) Y, we have

B, 12]] = { (B, [+]), (~ B, [z]), (BA, [Ax]), (- BA, [Az]) }, (8.9)
which implies that

[B, 2] = [=B, [z]]. (8.10)
We claim that ¥ is an O(n)-equivariant homeomorphism. By the assumptions, since
s[Ax] = As[z] and A? = Id, we can easily see that ¥ is well-defined and continuous.

Since O(n) acts on the product space O(n) X (g,xm,) Y by
C.[B,[«]] = [CB,[z]], VCe€O(n),
it follows from (8.8)) that ¥ is an O(n)-equivariant map.
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Let U[By, [z1]] = Y[Ba,[z2]]. So Bis[zi1] = Bas[zs]. It follows from that
[Az1] = [Axs]. Since s is 1-1, the last equality implies that [z;] = [z2]. So, we get
B; ' Bys[x1] = s[x]. Since the action of PS(O)(n) on X is free, we must have B, = +B.
Therefore, implies that [By, [x1]] = [Ba, [z2]] which means ¥ is 1-1.

Now, let € X and [z] € Y. Since n(s[z]) = 7(z), there exists some C' € SO(n)
such that s[x] = Cx. Thus

Ve [2]] = C's[z] = C'Cx =z,

which says that & is onto. Since spaces are compact and Hausdorff, & must be a
homeomorphism and thus we get the following O(n)-homeomorphism:

X%JO(TL) X(DQXHQ)Y (811)

Since PO(n) acts freely on X, then Hs acts freely on Y and thus by quotient in
stages we have Yy, ~ Y/H; ~ X/O(n). On the other hand, by the homotopy quotient

in stages (Proposition [2.19) and homotopy quotient extension (Proposition , it
follows from (8.11)) that

Xo(n) =~ ( n) X (Dyx Hy) Y) o

| l

D2><H2)

Vie),,

(i),
~ (X/O(n))

12
/\

12

Do

Since Dy acts trivially on X and BD, ~ RP™, the last equality implies that
Xowm) = BDy x (X/O(n)) ~ RP* x (X/O(n)).
This proves (8.5) and the proof is complete. |

Example 8.2. Let (M = (CP")",w,U(2), 1,0, ¢) be the real Hamiltonian system in
Example m The real subgroup O(2) acts on the real locus M? = (RPY)" such
that the action of the subgroup {#Id} on M? is trivial. We saw in Remark that
when n is an odd number, the projective group PO(2) act freely on the zero level set
Mg = M? N p~1(0). Since the action of SO(2) = PSO(2) on the real locus M? is free,
we have the following pullback diagram of principal bundles:
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PSO(2)
e
Mg /PSO(2) s M? /PSO(2)

Diagram 8.1: Pullback diagram of principal bundles

Suppose that N = {[1: 0]} x RP' x - -- x RP* ¢ M7 and define a map s : M?/S' —
M? as follows. Let x € M? with the orbit O,. The intersection O, N N contains
a unique point T (see Figure . Set s(O,) = Z. Clearly, s is a continuous map
and 7(s(0;)) = 7n(z) = Oz = O,. That is, s is a section for the principal bundle
SO(2) < M? — M?/SO(2). On the other hand, let

1 0
A= . (8.12)
0 —1

=)

Q/

x

Figure 8.1: A trivial principal bundle

Clearly, A € O(2) —SO(2) and A(}) = (}). This implies that s(An(z)) = As(m(z)).
The same is also true for the induced section s : MJ/PSO(2) — Mg of the principal
subbundle PSO(2) — M§ — MJ/PSO(2) and thus the assumptions of Lemma
are satisfied for the action of O(2) on the space M{. Therefore, we get the following
homotopy equivalence:

(Mg)o@) =~ RP™ x (M7 /0(2)), (8.13)
which implies that

P(MZ/O(2), £ Zy) = (1 — )P oy (MZ £ ). (8.14)
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8.2 Betti Numbers of Real Reductions

In this section, we compute the Zs-Betti numbers of the real reductions in two real
Hamiltonian systems: a product of projective lines and a product of Grassmannians.

Example 8.3. Let n > 1 be a natural number and consider the real Hamiltonian system
(M = (CPY",w,U(2), 4,0, ¢) in Example m In this case, the real locus is the real
Grassmannian M? = (RP')" and the real subgroup is O(2). Let f7 : M° — R be the
restriction of the norm squared of the moment map induced by the standard invariant
inner product on the Lie algebra u(2). By Proposition the pair (U(2),¢) has the
special free extension property and by Example|7.1]the real locus M7 is 2-primitive. So
we can apply Theorems [7.1] and [7.3] to this system. We also saw in Example [£.1] that
each Zs is a finite set with (7) elements, Z§ = Zg, ugl(O) C Zgand d(f) =r—1. It

follows from ([7.16)) that
Po(g)(Mg, t, Zg) = P(MU, t, ZQ)P(BO(2), t, Zg)

— > P (Z, 1, Z5)P(BO(2) 5, 1 Zo). (8.15)
B#0

where M = M? N p~1(0) and each §3 is in the indexing set A defined by . As we
saw in Example to each f3 it is associated a diagonal matrix Ag defined by .

Since Ap has two eigenvalues, O(2)s = Zy X Zy and thus BO(2)z ~ BZy x BZs.
Since P(BZsy,t;Z,) = =, we obtain

1-t?

P(Zs, : Zo)P(BO(2) . t: Z) = <Z) ﬁ (8.16)

On the other hand, BO(2) = G3(R*), the infinite real Grassmanian and by Proposition
in Appendix B, P(BO(2),t;Z,) = (1 —t)~*(1 — t*)~'. Since P((RP")",t;7Z,y) =
(1+1t)", we get

(141"
P(M?,t;Z:)P(BO(2),t;Zs) = . 1
( o4 2) ( O( )7ta 2) (1—t)(1—t2) (8 7)
By (8.16]) and (8.17)), we can rewrite (8.15) as follows:
(1+1t)" "L n\ !
P MG, t;Zs) = — —_— 1
oM ) = g 2 T &1

or

1 = n—1 — [ n t
PO(Q)(M(()Ty t; Z2) = B ( )tr — ( ) m (819)
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Suppose that m is the biggest natural number less than or equal to 5. Then by simpli-
fying the last equation, we get

m—1 n—1
1 n—1 n—1
P MS t; 7o) = ——— t" — t" 8.20
w767 = s | - (M )2 (0) (8.20)

By Example when n is odd, P(M{/O(2),t; Zs) = (1 — t)Po2) (Mg, t; Zs). So (8.20)

becomes

m—1 n—1
n—1 n—1
P(MS/O(2),t;Z5) t". 8.21
(M5 /0(2),1:2) = [( )= (000 (821
We know that ]
ﬁ:1+t+1t2+t3+--~ (8.22)
and since n = 2m + 1, we have
—1 -1
(” ):(" ),forpzo,...,m. (8.23)
m-—p m—+p

By using (8.22) and (8.23), we can simplify (8.21) to see that P(M?JO(2),t;Zs) is

a polynomial in ¢ of degree n — 3 and the Zj-Betti numbers ;. of the real reduction

(RPY)" JO(2) are as follows:

min{k,n—k—3} ]
n —
B = ( . ), for k=0,...,n — 3. 8.24
;:0: j (8.24)

Example 8.4. Consider the real Hamiltonian system in Example
<M = Gr,, (C") x -+ x Gr;.(C"),w, U(n), u, o, gb)

Fix the Ad-invariant inner product (A4, B) = —Tr(AB) on the Lie algebra u(n) and
consider the restriction of the norm squared of the moment map f? : M? — R, where
= Gr;, (R™) x -+ x Gr, (R") is the real locus. We saw in Example [4.2] and Remark
-that the generated real Hamiltonian subsystems are tuples (Zs1,U(n)g, ,LLB 1,081, 03)
and the zero level set My = pg ', (0) where By = (£, %), k =L+ 41, and
lo=(l1,...,1.).
By Example , the real Hamiltonian is 2-primitive and by proposition we
know that (U(n), ¢) has the special free extension property. Therefore, it follows from

(7.16) that
Pom) (MG, t; Zy) = Powy (M, t; Zsy)
— Y tMIPoy (25,0 g (0), 6 Zs), (8.25)
2<s<n
5€As,l€Fg
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where the sum is taking over s = 2,...,n, 8 € A® and [ € I'} as well as d(3,0) is the
index of the restricted map f” along C:

d(B,o) = > (ki—mi)my. (8.26)
1<i<i’'<s

By Theorem (7.3} we know that M? is O(n)-equivariantly formal over the field Z, and

therefore
H(*)(n)(M"; Zs) = H*(BO(n); Zs) ®z, H*(M?;7Z5). (8.27)

It follows from ([8.25) and ([8.27)) that
Po) (Mg, t; Zs) = P(BO(n), t; Z)P(M?, t; Zs)
— Y Pow), (28,0 153(0), 8 Zs). (8.28)

2<s<n
BeA® leTy
By Remark [£.2} there are a finite family of real Hamiltonian subsystems RHg;; =
(Zgi,w, U(my), pai, o, ) such that that
Zﬁ,l,i = H;:l Grlij (El)
Zgr = 1liz1 Zsui (8.29)
51(0) = TLizs 145.4(0)-
By Lemma , we know that O(n)Dﬁ >~ O(my) x --- x O(m,). Thus, by Proposition
[2.20) we have

Poo, (251015300, Z2) = [T Potm (2., 0 451,(0), 1522 ). (8.30)
=1

Since M7 = Gr, (R™) x - -+ x Gr;.(R™), by Proposition we have

- (1 — 17
P(M7,t:Z:) =[] (thz_lju(—tp) )>. (8.31)

By using (8.29), (8.30) and (8.31)), we can simplify (8.28]) to get

1 . HZ:n—j (1 —17)
poutoi %) = () | 1T (T ).

Jj=

j=1

5 (8.32)
2<s<n =
BeA® €T
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This recursive formula provides us with the O(n)-equivariant Zy-Betti numbers of the
zero level set Mg = M7 N p~1(0).

Now, suppose that n is an odd number and numbers Z;Zl l; and n are coprime.
We saw in Example that

P(Mg /O(n),t;Zs) = (1 — )Pogw) (Mg, t; Zs). (8.33)
It follows from (8.32)) and (8.33) that

P JO(n) 1:22) = () T (H‘Z:"ljﬂ(l - tp))

HZ=2(1 — ) j= H;jzl(l —tr)
— E (1 — t)td(ﬁﬁ) H PO(m,) <Zg,l,i N ME}J(O)’ t; ZQ)] .
2<s<n, =1
BeASJng

(8.34)

Formula (8.34)) gives us a recursive formula for the Z,-Betti numbers of the real reduc-
tion M7 /O(n) when n is odd.

Example 8.5. As a special case of Example consider the action of U(3) on the
space M = (CP*)°, son =3,r =5,1; = --- =[5 = 1. In this case, the real subgroup is
O(3) and the real locus is M? = (RP?)°. By using the formulas in Example we can
see that the indices 5 corresponding to the critical subsets C of the restricted function
f7, their Morse indices d(3, ) and the real stabilizer subgroups O(3)s are given in the
following table:

s | (my,...omg) | (K1, ..., k) I6; d(B,0) O(3)s
1 3 5 (5,2,2) 0 0(3)
oy |0 |GRO| s 0(2) x O(1)
(4,1) (2,2,1) 2 0(2) x O(1)
) (5,0) (5,0,0) 8 0(1) x O(2)
L9 (4D [453))| 6 O(1) x 0(2)
(3,2) (3,1,1) 4 O(1) x O(2)
(2,3) (2,3,3) 2 0(1) x 0O(2)
3| @ (4,1,0) | (4,1,0) 6 | O(1)x0(1) x 0(1)
(3,2,0) | (3,2,0) 5 O(1) x O(1) x O(1)

Table 8.1: Critical subsets and their indexes
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5 5 5

Here the vector (5, 3.3

) is correspondence to the global minimum of the function f¢
and the stabilizer subgroups are product of orthogonal groups with smaller ranks.

By using the information in Table B.I] and formulas in Example [8.3] we can find
the generated real Hamiltonian subsystems in this example. To do so, we first compute
the corresponding sequences | = (I;;) satisfying and then find the real loci of the
corresponding real Hamiltonian subsystems Zg;,;. By using and , we list

the real locus of each real Hamiltonian subsystem Z3 as in the following table:

5| =) | Zu Z5, z3

GiH| =5 |®PP| ®RPY (RP2)?

(g’ g’o) E?‘)zl lj=5 (RP ) (R]P’l)5 % {*} (RP1)5 > {*}
Dol =01 {x}

1) P S ey | I (@) x ()
Ej:l lyj = {*}

G.0,0) 2 =0 BE b (5} x {2}
D=l =01 {x}

aip =t B gare | I () xR
S0 lj=1| RP

> llj = * 1 10 1

ey P2 Y meye | (0 x REY)
Do le =2 | (RP)?

(2,33 Zf,;l i {*f P ®PY) | T2 () x (RPY)?)
Zj:l lyj =3 (RP )3
Sohi=4| {x

(41,00 [ S0ty =1 (=} | ehx D (s} | IDs (£d x £ x {)
S0y =0 )
S hy= {*}

(32,00 [ S0 ;=2 (=} | {shx Db (o} | ID20 (£6d x £ x {3)
Sy =0 )

Table 8.2: Real loci of the generated real Hamiltonian subsystems

Now, we can use data in two previous tables and calculate the equivariant Poincaré
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series of the real zero level set of each real Hamiltonian subsystems. Next, by applying
our formulas, we also can compute the contribution of each real zero level set of Hamil-
tonian subsystem to the Poincaré series of the main real zero level set MJ. We have
given all the related information in the following table:

o] Po),(Z5 N ,u/gj(O), t;Zy) | Contribution to Pos) (M7, t; Zs)
(2,5,3) Pos) (Mg, t; Zs) Pos) (Mg, t; Zs)
(3,500 #+5t+1)(1—¢t)? (5 + 5t +£3)(1 —t) 2
(2,2,1) | (=*+3t+1)(1—1¢)3 (=5t* + 15¢% + 5¢%)(1 — t) 3
(5,0,0) (1—¢)71(1—¢*)~! 31 —¢)72(1 — ¢?)~!
(4,3, 5) 0 0
(3,1,1) (11—t 10t4(1—¢t)~3
(2,8, (1—1)? 10£2(1 — t)~2
(4,1,0) (1—-1¢t)73 5t5(1 — )3
(3,2,0) (1—1¢)3 10£5(1 — )3

Table 8.3: Contribution of real Hamiltonian subsystems to the Poincaré series of Mg

By using data in Table and formula (8.32), we can find the O(3)-equivariant

Poincaré series of M as follows:

2\5 5 4 3
Poco (M. 1:22) = 7410 a7~ <t<+15+t>+t
—5t* + 15t% + 5t? 8
(I E ) )
Lo e s 108 )
(L=t (=02 ([@1-1tP ([1-¢)°

By simplifying these fractions, we get the following formula:

” t2+5t+1
Pog) (Mg, t;Zs) = 1= (8.35)
Since n = 3 is odd and numbers 25:1 [; = 5 and 3 are coprime, it follows from (8.33)),
(8-34) and (8.35) that
P (M7 )O(3),t;Zy) = t* + 5t + 1, (8.36)

which gives the Zy-Betti numbers of the real reduction space M? JO(3) = (RP?)®JO(3).
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Remark 8.1. It is interesting that the Zj,-Poincaré series of the real reduction in both
Examples 8.3 and 8.4 as well as the Q-Poincaré series of symplectic reduction computed
by Kirwan in [42] satisfy the following relation:

P(M° )G?,t;7,) = P(M /G, t2; Q). (8.37)

One may guess that this holds for real Hamiltonian systems in general. In fact, this is
not true in general by the following counterexample.

Example 8.6. Consider the real Hamiltonian system (CP',wpg, U(1),h, 0, ¢) in Ex-
ample and the real Hamiltonian system (T? wg, U(1), i, o', ¢) where wg is the area
form and U(1) acts trivially on the 2-torus T? with the trivial moment map o = 0 as
well as the involution o’ is the reflection with respect to the zz-plane (see Figure .
The product of these two real Hamiltonian systems generates a new real Hamiltonian
system (T? x CP*,w, U(1), t, 0 x 0, ¢) where w is the product symplectic form and the
moment map s : T? x CP' — R is pu(z,y) = h(y).

An easy computation shows that the symplectic reduction space is M JU(1) = T
and the real reduction space is M7 JO(1) = S* ][ S*'. Therefore

2

P(MJU(1),t;Q) = (1+t)* and P(M°JO(1),t;Zy) = 2(1 + 1),

which clearly shows that the equality (8.37)) is not satisfied.

M\
R

S
< mimi

Figure 8.2: A real Hamiltonian system on 2-torus with trivial S!-action
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Complex Projective Line

Let C be the set of complex numbers. By using the natural map z + iy — (z,vy),
we can give C a smooth structure and make it into a 2-dimensional manifold. The
one-point compactification of this space is denoted by C,, and called the extended
plane. By using the stereographic projection, it is easy to see that C., is a compact
connected 2-dimensional manifold diffeomorphic to the unit sphere S? (see Figure.
Because of this, the space C,, is also called the Riemann sphere.

Figure A.1: Stereographic projection

Let GL(2;C) be the general linear group of order 2; i.e., the group of non-singular
complex 2 X 2-matrices. Suppose that A € GL(2;C). So for complex numbers a, b, ¢, d,
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we have

a b
A= , ad —bc # 0. (A.1)
d

C

We define a map f4 : C,, — C as follows:

(az+b )
P if c#£0, z# o0
a
- ifc#0, z=00
faz)=q ¢ ) (A.2)
az;— ifc=0, 2z# o0
L 00 ifc=0, z2=00

The map f4 is called the Mobius transformation induced by the matrix A and we

az+0b

11 it = .

usually write f4(2) e
If b=c=0 and a = d, then we get f4 = Id, the identity map. Thus, the only

matrices that induces the identity Mobius transformation are the diagonal matrices AId
for A € C — {0}. We have the following property for the Mobius transformations:

Proposition A.1. Any Mobius transformation with more than two distinct fixed points
must be the identity map.

Proof. See [27], Section 3.4. |

Let CP! be the one dimensional complex projective space; i.e., the set of all complex
lines passing through the origin in the complex plane C2. Any vector (z,w) € C* —
{(0,0)} defines a unique line in the complex plane, denoted by [z : w].

Proposition A.2. The complex projective line CP' as a 2-real manifold is diffeomor-
phic to the unit 2-sphere S?.

Proof. Set U; = CP' — {[0: 1]} and Uy = CP* — {[1 : 0]}. Define

o1: U1 = R? @[l @+ iy] = (z,y), (A3)
2 : Uy = R?, 1]z +iy : 1] = (z,y). .
It is clear that gOl(Ul N Ug) = (,02<U1 N UQ) = RQ - {(0,0)} and
_ x -y
w2097 (x,y) = ( ). (A.4)

I2+y2’x2+y2

This defines a 2-dimensional smooth structure on CP'. Now, let N = (0,0,1),S =
(0,0,—1) and set
Vi=5%—{N}, Vb =8*-{S}. (A.5)
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Consider the corresponding stereographic projections

T
¢1 : VY1 _>R27 ng(ZE,y,Z) :( ) Y )7
1—2"1—-z2 (A.6)
Yot Vo B2, n(e,y,2) = (e, ) |
2 V2 ) 2\ Yy 1+Z71+Z

In this case, for any z = x + iy # 0, we have

@3 oty ot o[l 2] =@yt oo ([l : 2))
= 5t oy 0 (2, y)

o uin( 2x 2y —1—|—a:2+y2)
? T+a2+ 92 1+a2+ 92 14 a2+ ¢2

S —Y

= %2 (a:2+y2’:1:2+y2)
T — 1y

= 01
o a)

=[1:2+ iy

=[1:z2].

Therefore,
it opi(p) =yt o wa(p), Vp e R? —{(0,0)}. (A7)

Now, define f: CP* — S? and ¢ : S — CP' by

it opi(p), if pelh,
_ A8
Tw {w; oealp), if pe i, (48)
and X
901_ 0%(?): iprVi,
_ A.
" {90210¢2(P)> if pe v, A9

By , it is clear that f, g are well-defined smooth functions and g = f~!. Therefore,
f is a diffeomorphism. |

Consider a Mobius transformation f4 where A € GL(2,C). The natural action of
A on C? induces an action of A on CP" as follows:

Alz rw] = [az + bw : cz + dw]. (A.10)

By using the above identifications, we can see that the map A : CP* — CP' can be
identified with the Mobius transformation f4 : Co. — C.. Therefore, they have the
same number of fixed points.

147



APPENDIX B

Grassmannians

Let V be an n-dimensional vector space over the field ', where F = R or C. The
Grassmannian Gry (V') is the set of all k-dimensional subspaces of V. It is known that
this space is a compact manifold of dimension k(n — k) (see [45] or [51]).

Let F* be the space of all sequences {\;,}m>1 such that for some mgy, A\, = 0,
VYm > myg. This is clearly a vector space over F. Suppose that Gry(F>) is the set of all
k-dimensional subspaces. We can equip this set with a CW structure such that each
Grassmannian Gr(F™) can be regarded as a subcomplex (see [51]).

Proposition B.1. For the cohomology with Zs-coefficients, the Poincaré series of com-
plex Grassmannians are as follows:

HZ:n—k+1 (1 - tQp)

P(Gry(C"),t;Zs) = B.1
(Gr(C7).t:2a) = (B.1)
and 1
P(Gri(C>),t;Zy) = —/———. B.2
(Gr(C) 52 = (B:2)
For the real Grasmannians, we have
" 1—tP
P(Gru(R"), 1:2;) — ezt = 1) B.3)
[[-.(1—1)
and )
P(Gri(R™),t; Zy) = ———. (B.4)
[T, (1 — )
Proof. See [15], [51] and [34]. |
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APPENDIX B. GRASSMANNIANS

Now, consider the natural action of U(n) on the complex Grassmannian Grg(C");
i.e., for any unitary matrix A and k-dimensional subspace V' of C", the image of V'
under the operator A : C" — C" is defined as the action of A on V. It is easy to
see that this action is transitive and the Grassmannian Grg(C") is isomorphic to the
adjoint orbit of the subspace V' spanned by the first k basis vectors {ey, ..., e;} of the
standard basis of C" (see [66] for details). In this case, the stabilizer subgroup of V' is
isomorphic to U(n — k) x U(k) and therefore

U(n)
U(k) x U(n — k)

Gr(C") = (B.5)

Similarly, the real Grassmannian Gri(R") is an adjoint orbit of the natural action of
SO(n) on the real Grassmannian Gry(R™). Thus,

SO(n)
S(O(k) x O(n — k)) ’

I

Gry(R™) (B.6)

where S<O(k:) x O(n — k)) =SO(n) N <O(k) x O(n — k)) Since U(n) and SO(n) are

compact and connected, we have the following

Proposition B.2. The real and complex Grassmannians Gri(R™) and Gri(C") are
compact and connected manifolds.

Let V and W be vector spaces over a field IF. The set of all linear maps between V'
and W is a vector space and denoted by Homg(V, W).

Proposition B.3. Let Grg(E) be the Grassmannian of k-dimensional subspaces of E
where E = R™ or C"™ and consider the natural action of the general linear group GL(n;TF)
on Gri(E) where F =R or C.

1. If Ty (Grg(E)) is the tangent space of Gr(E) at V, then
Ty (Grp(E)) = Homg(V, B/V), (B.7)
where E)V ={u+V | u € E} is the quotient space.

2. Let B € GL(n;F) and Y : Grip(E) — Gri(E) be the diffeomorphism induced
by the action. Then the derivative of Vg at V is dVp : Homp(V,E/V) —
Homp(BV, E/BV) such that for any T € Homg(V, E/V), we have

dV5(T) = BTB;", (B.8)

where By : V. — BV is the restricted isomorphism and B:E/V — E/BV is
defined by B(u+ V) = Bu+ BV.

Proof. See [59], Chapter 2. |
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Let D be a real matrix. For any V' € Gri(C"), denote by Py, : C* — C" the
orthogonal projection onto V. Define the function fp : Gry(C") — R by

fo(V)==Tr(PyD). (B.9)

Let D = Diag|[by, ..., b1, ..., by, ..., b] such that by > --- > b > 0 and multiplicity of
each bj is n; with ny +---+n; =n. Let C" = E; @ - - - © E;, where Ej; is the eigenspace
of D corresponding to the eigenvalue b;. Clearly, dim F; = n;, for j =1, ..., [.

Proposition B.4. The function fp : Grp(C") — R is a Morse-Bott function whose
critical set 1s

Cpy = {V eC(C) |V =WVNE)® & (VNE), (B.10)

that is, the set of all k-dimensional complex subspaces V' of C" spanned by the eigen-
vectors of D. Moreover, if My s the nondegenerate critical manifold containing V,
then

My = Gry, (C™") x - -+ x Gry, (C™), (B.11)

where k; = dim(V N Ej), forj=1,...,L

Proof. See |29]. |
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APPENDIX C

Projective Linear Groups

Let GL(n;C) be the complex general linear group of order n. The center of GL(n;C)
is the subgroup of all nonzero scalar matrices AId denoted by D(n;C).

Definition C.1. Let K be a linear group of order n; i.e., a subgroup of GL(n;C) and
DK = KND(n;C). The quotient group PK = K/DK is called the projective linear
group of K.

Example C.1. For the unitary group U(n), we have DU(n) = {\Id | |A\| = 1} = S! and
for special unitary group we have DSU(n) = {Ald | |A\| = 1,\" = 1} = Z,,. Similarly,
for orthogonal group O(n), we have DO(n) = {£Id} = Z,. For the special orthogonal
group SO(n), DSO(n) = {Id}, if n is odd and DSO(n) = {£Id} = Z, if n is even.

Proposition C.1. For O(n) and SO(n), the following are satisfied.
1. If nis odd, then O(n) and Zy x SO(n) are isomorphic as Lie groups.
2. If n is even, then O(n) and Zs x SO(n) are homeomorphic as topological spaces.
Proof. Let D : Zy x SO(n) — O(n) be defined by
D(e,A) = €A

where € = +1. It is easy to see that D is a Lie group isomorphism when 7 is odd. This
proves case 1. Define o : Zy — O(n) by o(1) = Id and o(—1) = Diag[—1, 1, ...,1]. Now
consider a map ¢ : O(n) — Zy x SO(n) defined by ¥(A) = (det A,o(det A)A). It is
easily seen that v is a homeomorphism. This proves case 2. |

Proposition C.2. For O(n) and SO(n) the following are satisfied.
1. If n is odd, then SO(n) = PSO(n) = PO(n).
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APPENDIX C. PROJECTIVE LINEAR GROUPS

2. If n = 2m is even, then we have the following commutative diagram:

Lo
SO(2m) 7 > O(2m)
X
92 @ Zo
2
PSO(2m) &l » PO(2m)

Diagram C.1: Commutative diagram induced by projective groups

where 1,7 are natural inclusions, q1,qs are quotient maps, D 1is the determinant
map and Pj, PD are induced maps.

3. For special case n = 2, the projective group PSO(2) is isomorphic to the circle
group S*.

Proof. Parts 1,2 follow easily from Proposition For part 3, we note that SO(2) & S*
and the map ¢ : S — S! by p(2) = 2% is a surjective homomorphism with Ker ¢ =
{#1}. This induces an isomorphism S'/Z, = S'. Therefore, PSO(2) = SO(2)/Z, = S*.
This completes the proof. [ |
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List of Notations

m(X) fundamental group of a space X

v(N) normal bundle of a submanifold N

Vio tautological k-vector bundle

X(T) characteristic polynomial of a linear operator T'
Vf(p) gradient of a function f at a point p

WFS Fubini-Study symplectic form

K Kirwan map

KR real Kirwan map

wX component of a moment map along X

At transpose of a matrix

A complex conjugate of a complex matrix A

A* conjugate transpose of a complex matrix A
Ad, Adjoint action

AG(M) associated graded module of a filtered module M
Aut(V) automorphisms of a linear space V'

BG classifying space of a group G

C set of complex numbers

C* set of nonzero complex numbers

cr n-dimensional Hermitian vector space
codim(V) codimension of a submanifold N

det(A) determinant of a matrix A

Diaglay, ..., ay) diagonal matrix with entries aq, ..., a,

dimgV dimension of a linear space V over a field F
dimM dimension of a manifold M

EG total space of the universal bundle for a group G
Eul(FE) Euler class of a vector bundle

Eulg(FE) equivariant Euler class of a G-vector bundle
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exp(X)

F

F(M)
Flxy, ..., 2]
[*E

Gp

GL(n; F)
Gry(V)

H

Hp
H*(M; R)
Hg(M; R)
H,(f)

HOIII]F (V, W)

Id

Id,

Im(f)
Im(z)
Ind,(f)
Ker(T)
M(f, t;F)
Me(f,t;F)
Lie(G)
M, (F)
M;eq
M/G
M) G

exponential of X
a field of scalars

filtration of a module M

polynomial ring in variables x1, ..., x,, with coefficients in a field F

pullback of a bundle by a map f

stabilizer subgroup of a point p in a G-space

general linear group of non-singular matrices with entries in a field F

Grassmannian of k-subspaces of a linear space V

a Hamiltonian system

Hamiltonian subsystem of a Hamiltonian H

ordinary cohomology of a space M relative to a ring R
equivariant cohomology of a space M relative to a ring R
Hessian of a function f at a point p

homomorphisms between F-linear spaces V' and W
identity map

identity matrix of order n

image of a map f

imaginary part of a complex number z

Morse index of a function f at a point p

kernel of a linear map T

Morse series of a function f relative to a field F
equivariant Morse series of a G-function f relative to a field F
Lie algebra of a Lie group G

matrices of order n x k with entries in a field F
reduction space of a symplectic manifold M

orbit space of a G-action on a space M

symplectic quotient in a Hamiltonian G-system
minimal polynomial of a linear operator T’

set of natural numbers

159



BIBLIOGRAPHY

Re(z)
RH

RHsg

gn

SO(n)
Spang(B)
SU(n)

™

T,M
Tor%(M, N)
Tr(A)
U(n)
U(n; )
w;(E)

w (E)
X6

Xa

normal bundle of a submanifold () at a point p

orbit of a point p

real orthogonal group of order n

orthogonal group of order n with entries in a field F
Poincaré series of a space M relative to a field [F
equivariant Poincaré series of a G-space M relative to a field F
Poincaré series of a graded F-vector space V
projective orthogonal group of order n

orthogonal projection onto a linear subspace V'

set of rational numbers

set of real numbers

n-dimensional Euclidean space

real part of a complex number 2

a real Hamiltonian system

real Hamiltonian subsystem of a real Hamiltonian RH
unit n-sphere in R**!

real special orthogonal group of order n

F-linear span of a subset B in a linear F-space

special unitary group of order n

n-dimensional torus

tangent space of a manifold M at a point p

torsion product of R-modules M and N

trace of a matrix A

unitary group of order n

unitary group of order n with entries in a field F

the i*"-Stiefel-Whitney class of a vector bundle £

the equivariant i*"-Stiefel-Whitney class of a G-vector bundle E
fixed point set of a G-action on a space X

homotopy quotient of a G-space X
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X ng
X (M)

twisted product of G-spaces X and Y
vector fields on a manifold M

set of integer numbers

cyclic group of order k

center of a group G
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G-fiber bundle, [I6]
G-homeomorphism,
G-map, [13]

2-primitive real Hamiltonian, [125

adjoint action, [46]

adjoint representation,

almost complex structure,

alternating form, [Ag|

anti-symplectic involution, [74]

area form,

associated graded module,

Atiyah-Bott Lemma for hamiltonians,
11

base space, [15] [L6]

bidegree,

bigraded module, [62]
Borel construction,
bounded filtration,

canonical Hermitian structure,
Cartan Theorem,
Cartan-Borel Diagram,
character, [46]

character group, [46]
characteristic classes,
characteristic polynomial,
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characteristic ring, [19]

classifying space,

closed orbit, [34]

coadjoint action, [46]

coadjoint representation,

cohomology spectral sequence, [67]

collapsing of a spectral sequence,

compatibility conditions, [76]

compatible almost complex structure,
D2

compatible complex structure,

compatible triple,

complex projective space,

complex structure,

component of moment map, [53]

continuous action, [I2]

convergence of a spectral sequence,

critical point,

critical set,

critical value,

Darboux Theorem, [5]]

degree,

DG-module,

diagonalizable operator,
differential bigraded module,
differential graded module, [63]
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effective action,

eigenspace, [I0]

eigenvalue,

eigenvector, [I0]

Eilenberg-Moore spectral sequence,

elementary abelian groups,

equivariant characteristic class,

equivariant cohomology, [22]

equivariant Euler class, 30]

equivariant map, [I3]

equivariant Morse stratification,

equivariant Morse-Bott series,

equivariant Poincaré series, [39]

equivariant Stiefel-Whitney class,

equivariant Thom isomorphism,

equivariant Thom-Gysin sequence,
59

Equivariant Tubular Neighborhood , 32

equivariant vector bundle, 29

equivariantly perfect Morse-Bott
function, [39]

Euler class,

exact sequence, [69]

exhaustive,

Existence of Universal Bundles,

exponential map, 2]

extended plane, {145

extension of scalar, [109]

fiber,
fiber bundle,

fiber bundle isomorphism,
fibration, [I5]

filtered graded nodule,

filtration of a graded module,
finite type,

first quadrant spectral sequence, [67]
fixed point set,

flow,

free action,

free extension, (109

free extension property for involutive

Lie groups,

free extension property for Lie groups,
Fubini-Study form,
fundamental class,

generated real Hamiltonian subsystem,
129

graded algebra, [63]

graded commutative algebra,

graded module, [62]

graded submodule,

Grassmannian, [148

Grassmannian manifold,

group homomorphism,

group isomorphism,

Gysin sequence,

Hamiltonian system,

Hermitian matrix,

Hermitian Structure,

homology of a DG-module,

homomorphism between graded
algebras,

homomorphism of bigraded modules,

homomorphism of DG-modules, [64]

homomorphism of graded modules,

homomorphism of modules over a
graded algebra, [64]

homotopy lifting property, [I]

homotopy quotient,

homotopy quotient in stages,

integrable almost complex structure,
integral curve,

invariant inner product,

invariant subset,

invariant subspace, @

involution,

involutive Lie group,

irreducible representation,

isotropic subspace, [i9]

Kahler form,
Kahler manifold,
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Kirwan map,

Lagrangian submanifold,
Lagrangian subspace, [49]

left invariant vector field,

left translation,

Leray-Hirsch Theorem, [69]
Leray-Serre spectral sequence, [69]
Lie algebra, 2]

Lie group,

Lie group homomorphism, 32|

Lie subgroup, [31]

limit set, [34]

limit term of a spectral sequence, [67]
linear projective group,

local trivialization,

locally finite graded vector space, [68]
locally free action, [13]

maximal elementary abelian subgroup,
40!

maximal torus,

metric on a vector bundle,

Milnor Join,

minimal degeneracy property, [A0]

minimizing manifold,

Mobius strip,

module over a graded algebra,

moment map, [53|

morphism of fibrations,

Morse function,

Morse index,

Morse stratification,

Morse-Bott function,

Morse-Bott inequality,

Morse-Bott lemma,

Morse-Bott series,

Morse-Kirwan function, [40]

nondegenerate critical manifold,
nondegenerate critical point, [36]

nondegenerate from, [i§]
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