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Abstract

L e 1 sermigroup. A sing 1 with . direct sum decomposition = @ I, such
that Jt, 1, Ity for clements « and £ in & is called a semigroup graded rin;;,

In this thesis, we develop techniques for studying such rings based on the structure
theory of semigroups. We apply these techniques to investigate various ring theoretic
propertics of semigroup graded rings.

In many cases, we relate a property of # to the components If, indexed by idempo-
tent elements « of the grading semigroup 8. 1f ' is finite, then It is perfect, semilocal,
or semiprimary if and only if the same is true of each such component /f,. We prove
that the nilpotency of the Jacobson radical of cach K, is sufficient for the nilpotency
of the Jucobson radical of /f for rings graded by finite semigroups, and obtain a similar
condition for the Jacobson radical to be locally nilpotent for rings graded by locally
finite semigroups. We also show that J7 is a Jacobson ring if each K, is a Jacobson

ring and S is finite.

We show that ivity is a ne ary condition on a i S in order that

the Jacobson radical of each S-graded ring be homogeneous. With certain restric-

tions on the graded ring, we completely classify i i and regular
semigroups for which the Jacobson radical of each S-graded ring is homogeneous.
A result of Zelmanov that only finite semigroups admit right Artinian semigroup

wlgebras is generalised to show that, under certain conditions, a right Artinian semi-
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Introduction

Let N be a semigroup. A ring /' with a direct sum decomposition 5 (D /L of
the additive structure such that K, 7, B, for all s.0 ¢ S s said to e an S graded

ring or a semigroup graded ring [55].

The notion of graded ring has long been nsed as a tool in a variety of arcas of
mathematics such as algebraic geometry, number theory, topology, and ring theory.
For example, a polynomial ring /f in commuting or non-commuting variables can he
graded by the semigroup of natural numbers N by letting 1, be the homogencons
polynomials of total degree 1. This observation was uscd Lo great effect by Golod
and Shafarevitch [27, Chapter 8] Lo find a connterexample Lo the Burnside problem
Tensor, symmetric, and exterior algebras are all examples of N-graded rings in which
the grading plays an important role [17, chapter XVI], while in topology, the singular
cohomalogy of a space can be given a product called the eup product which makes it
a N-graded ring [66, Chapter 5].

Considerable interest in more general graded rings arose ahout 20 years when group

graded rings began to be studied. Certain group graded rings, the gronp erossed

producs, arise unavoidably in the study of central simple algebras [27] and group

algebras [59], and it is often casier to prove results in the more general setting of

arbitrary group graded rings. For results an polynomial

ample, many cla

rings, skew polynomial rings, and crossed products are simple consequences of graded
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results [48]. In the last 10 years, many questions about group graded rings have

been answered, particularly with the advent of the duality theorems for group graded
rings [16, 61]. A few books dealing largely with group graded rings have appeared
37, 53,54, 5] and material on group graded rings has been included in several rocent
books on general ring theory (38, 48, 63].

Although the study of semigroup graded rings has alinost as long a history, most

i

authors have on certain subcl; of semi, In icular, much

attention has been paid to rings graded by semilattices because such rings play a

uscful role in tackling problems about semigroup rings of
[10, 6,67, 68,70, 71, 73]. Other classes that have been considered are rings graded by
commutative semigroups |1, 2, 18, 19, 32, 33, 40}, bands [39, 43, 44, 52], inverse semi-
gronps [72], and ordered semigroups [34]. Only recently have a few papers appeared

which deal with more general semigroup graded rings [41, 42].

Reasons for studying semigroup graded rings are threefold. Firstly, they are a
natural generalisation of group graded rings on the one hand and semigroup rings on

the other, classes of rings upon which much attention has been lavished.

Secondly, many disparate ring constructions, viewed in the right light, are seen to
be examples of seniigroup graded rings. As examples, we cite polynomial rings and
skew polynomial rings, monomial algebras [55], group and semigroup crossed products

37, 59), generalised matrix rings [9], Morita contexts, structural matrix rings [64],
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generalised Recs rings [15], and Munn algebras [15]. By studying semigroup graded

rings in general, it may be possible to unify results which have been proved separately

for these various ring constructions.

Thirdly, as the roles of semilattice graded rings in the study of semigronp rings
of commutative semigroups and group graded rings in the study of group rings have
shown, more general semigroup graded rings serve as a useful tool in the investigation
of arbitrary semigroup rings. As an cxample of this, we cile Theorem 8.3.8 in which

graded results are used to deduce that certain semigroup algebras are Jacobson rings.

As mentioned ealier, little work has yet been done on rings graded by arbitrary

semigroups. This thesis s an attempt to rectify this sitwation. We develop a gen-

eral f k for the investigation of semi graded rings, and we apply these
‘hniques to study various ring theoretic propertics of such rings. These methods
are particularly suited to rings graded by finite semigronps or scmigroup graded rings

with finite support, on which we concentrate most of our attention. We also «

tained some results for rings graded by infinite semigroups, but generally with some

on the

In the study of group graded rings, a common problem is Lo try to relate the
properties of a graded ting /¢ to the component /) corresponding to the identity |
of the group. For many of the properties considered here, we attempt a similar feat,

except that instead of relating the properties of a scmigroup graded ring 1 Lo a single
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homogencons component, we must consider all the components /7, corresponding to

idempoticat clements of the semigroup.

The techniques used are quite different from those encountered in the group graded

theory. Using the structure theory of semigroups, we combine results for group graded
rings, rings graded by a class of semigroups called the clementary Rees matrix semi-
groups, and ideal extensions Lo obtain the general case. This works particularly well
for rings graded by finite semigroups.

In Chapter 1 we introduce the necessary elements of the theory of semigroups. In
Chapter 2 we explain the basic notions of the theory of graded rings and define some
notation that will be used throughout. In Chapter 3, we give several examples of
semigroup graded rings. These examples will serve o illustrate some later results.

In Chapter 4 we show how the structure theory of semigroups can be used to

tackle semigroup graded rings. The technique is ill d by studying nil

conditions of the Jacohson radical. We show that the Jacobson radical of a ring /?
graded by « finite semigroup is nilpotent provided that the same is true for each
component K,, where ¢ ranges over the set of idempotents of §. We obtain a similar
condition for the Jacobson radical of a ring graded by a locally finite semigroup to
be lacally nilpotent. The auxiliary results proved in this chapter are used throughout

the thesis.

"The remaining chapters are relatively independent.
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The topic of Chapter 5 is the homogencity of the Jacobson radical. Tn particalar,
we show that cancellativity is a necessary condition on a semigroup & in order that

the Jacobson radical of all S-graded rings be homogencous. We also characterise those

and regular semi S for which some large classes of S-graded rings

have homogeneous Jacobson radical.

We study perfect, semilocal, and semiprimary rings in Chapter 6. For & ring If
graded by a finite group, it is known that /7 is perfect if and only if /¢y is perfect [5).
We extend this result tu a ring # graded by a finite semigroup S, obtaining the result
that R is perfect if and only if ¢, is perfect for cach idempotent « of 8. Analogous

results are obtained for semilocal and semiprimary rings.

In Chapter 7, we study ideals and homogeneous ideals of a class of rings, the

contracted graded rings graded by elementary Rees matrix semigroups, These rings

are central to the structure theory developed in Chapter 4. We show that. th

one-to-one correspondence between prime and graded prime ideals of such rings

obtain necessary and sufficient conditions for these rings to be semisimple Artinian.

Jacobson rings are the subject of Chapter 8. We show that a ring I graded by u

finite semigroup is a Jacobson ring if /, is a Jacobson ring for cach idempotent «. We

also apply graded results to deduce that a semigroup algebra satisfying a polynomial
identity is a Jacobson ring provided that the semigroup and all its homomorphic

images have finite rank. ‘This generalises a result of Gilmer for commutative semigeonps
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algebras [24].

In Chapter 9, we generalise a theorem of Zelmanov [74] that a semigroup § must
be finite if the semigroup algebra K[S] is right Artinian. The analogous statement
for graded rings is that a right Artinian semigroup graded ring has finite support.
Although not true in general, we obtain two weaker forms of this statement and as a
consequence, find a new proof for Zelmanov’s theorem.

Finally, in Chapter 10, we try to extend some of our eatlier results to semigroup
graded rings with finite support. In the absence of certain types of principal factors,

we obtain similar results for perfect rings and the nilpotence of the Jacobson radical.



CHAPTER 1

Semigroups

In our investigations of semigroup graded rings we naturally require a great deal of
terminology from the theory of semigroups and we make much use of the structure
theories of various classes of semigroups.

This first chapter is an attempt to bring together the basic definitions and state

the major results that we will need from the theory of semigroups. Other subsidiary

results and inology will be i duced through the work as needed.

The reader who is familiar with semigroups can omit this chapter. Our notation
and terminology follows closely that of Clifford and Preston [15] from which most of
the information conveyed in this chapter is taken.

Those who are less familiar with semigroups should find everything that they need
to know in this chapter. While some notions in semigronp theory derive from group

theory, semigroup theory in many ways resembles ring theory more closely. Fan

concepts such as idempotent elements, ideals, and regularity are defined for se
groups essentially as for rings.
In order to get an intuitive feeling for semigroups, it is useful to picture a semigronp

as a sea in which some groups float as islands. T

ese groups each contain a singl:

id, and each id d

a group. Groups arising from distinet

idempotents are disjoint. The structure theory describes how these islands sit in

the sea. As will become apparent later, our procedure for investigating properties of
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semigronp graded rings often involves transferring the problem from the whole ring

to subrings graded by the sub of the p. Knowing the structure theory

of semigroups is crucial Lo this task.

1.1. Some Basic Definitions

A scmigroup is a non-emply set S with an associative binary operation. We will
usually write the operation by juxtaposition of clements.
We begin by introducing a few names for certain semigroup elements and some

classes of semigroups.

5 be a semigroup. An element u € & is a right identity of S if su = s for
all 5 ¢ 5. We can similarly define feft identity and u is an identily of S ifit is both a
left and right identity. A semigroup & may have multiple right or left identities, but
if it has a right identity and a left identity, they must necessarily coincide and in this
case S has a unique identity.

Let S be a semigroup with an identity 1. Then u is a right unil of S if there s a

o such that ue In a similar way, we can define Icfl unil and  is a wnif if it is

both a left and a right unit. We write (<) for the set of units of .
A semigroup with an identity clement is called a monoid. If we further require that
every element of the semigroup be a unit, then the semigroup is simply & group.

If 5 is a monoid then ¢{(S) is a group.
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1.12. Ancement: € Nisa right zcro of §if sz = = forall s & 5. Similarly, we
can define Itft zeroand = isa sero of S if itis a left and right zero. As for identity
elements, § can have multiple left or right zeros, but if 5 has a left and a right zero,
then they coincide and in fact & has a unique zero clement.

If § has a zero element, it will usually be denoted 0.

A null semigroup is one in which the product of any two clements is the zero
element 0. (So a null semigroup must have a zero.)

A right =m0 semigroup is one in which every dement is a right zero. Such o
semigroup satisfies ry = y for all .r and 4, and any sel can he made into o right zero
semigroup by defining the product that way. Similarly, a /el zcro semigroup satisfies

the identity 1y = .

1.13. If§is a semigroup without an identity, we can adjoin one simply by adding

a new element 1 and extending the multiplication by defining 15 51 s for all

% €SU {1). We denote this new semigroup by 5" If § has an identity already, then

w2 agree that S
In a similar way, we can always adjoin a zero element #, and we write 5% 511 {0}
for this new semigroup.
Although adjoining zeros and identities in this way is casy, it turns out that ad-

joining an identity is often not usefulin our investigation of semiggroup graded rings,

Our approach relies on the structure theory of semigroups and involves reductions o
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and these ps will not have identities in general. On the
other hand, adjoining a zero is harmless and often simplifies arguments. This will

become dlearer as we proceed.

114, The classcs of left and right zero semigroups defined above are examples of

o of semigroups defined by requiring the semigroup to satisfy certain monomial
dentities.

"The most important example of such a cliss is the class of semigroups which satisfy
the identily .y = yr; this is the class of commulalive semigroups. Note that we

will continue to nse mulliplicative (rather than additive) notation for commutative

semiggroups.

115, Anclement ¢ € § which satisfies ¢ = called an idempotent. We write

I(S) for the set of id elements of a semigroup §. The sct £(S) can be

partially ordered by ¢ < [if and only if of = fe =c.

A semigroup in which cvery element is idempotent is called a band. A commutative
band s called a semilattice. Note that if we give a semilattice S the partial ordering
given above and define the infimum of two elements of S to be their product then

this definition agrees with the usual definition of a semilattice.

LLG.  Anclement « € Sis regularif thereis an + € & such thata =

aand bare inverses if @ =aba and b= bab.
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A rrgular semigroup is onein which every clement is regular. An inrv s semigroup

is onein which every clement has a unique inverse. Note that uniqueness of the inverse
is important here. Indeed a regular element « of a semigroup always has at least one
inverse; if @ = ara then a and .rur are casily scen to be inverses. The following

alternative ch: of inverse i is often useful: S is an inverse

semigroup if and only if  is regular and / = fo- for all idempotents ([« E(¥).

1.17. Let A and /# be subsets of a semigronp 5. We shall write AH for the set
of products {ab | « € A, b € B3}. Ifonc of these sels is a singleton, say 8 - (b} we
simply write Ab for the set A1,

1.2. Subsemigroups and Subgroups

1.21. A subscmigmup T of a semigroup S is a non-cmpty subsct which is closed

under multiplication. A submonoid is a subsemi which has an identity clement.
A subgroup G of S is a subsemigroup which is a group. Note that the identity of

G need not be the identity of § (indeed S need not have an identity); it can he

idempotent element of .S

1.22. Letc€ [(S) be anidempotent. Then «S¢ = {ese |5 & 8} is a submonoid

of §. Note that eSe

i €8 | e =we =}, the set of cements of § for which

e is an identity element. Let /1, = U(cS¢), the group of wnits of the monoid ¢St

Then I/, is a subgroup of § and it is the largest subgroup for which ¢ is the identity
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clement. Such subgroups are called the marimal subgroups of S. Since ¢ is the unique

idempotent clement of /1, , there is a one-t, cor d between id,

and maximal subgroups. Distinct maximal subgroups are disjoint.

1.2.8. If A is a non-cmpty subsct of a scmigroup S, we write (A) for the sub-

semigronp generated by A. 16 A is finite, say A = {ay.ay,....a,}, we often write
(i1, ttas- ..y} instead of (41).

A semigroup S is cyelic if § = (r) for some & € S. An element . of a semigroup
Sis a periodic clement i€ (r) is finite. A finite cyclic semigroup always contains an
idempotent.

A semigroup is a periodic semigroup if every cyclic subsemigroup is finite. A semi-
group is locally finile if every finitely generated subsemigroup is finite. Clealy, a

locally finite semigroup is periodic.

1.3. Homomorphisms, Congruences and Ideals

A homomorphism of semigroups is a function [: § — 7' from a semigroup S to a
semigroup 1" such that [(ry) = [(x)[(y) for all .y € S.

In considering homomorphic images of semigroups, congruences fulfill the role
played by novr sl subgroups in the theory of groups. More precisely, the analogue
of congruence in the theory of groups is the equivalence relation that is defined by

the ~asels of a normal subgroup. In another direction, there is also a notion of an
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ideal of a semigroup, analogous to the situation in ring theory, and then of & quoticnt
semigroup which is a homomorphic image of the original semigroup. As we shall sce,

an ideal is really a special case of a congruence.

1.3.1. An cquivalence relation p on a semigroup N is a right congrucuee if v py

implies = p y= for all .y, 2 € S. We define Ieft congrurnce similarly. A congruonee

is an equivalence relation pon & which is both a left and a right congrucnce,
Since it s a relation, we may regard a congrucnce p as asubset of S - 8. This

leads to a natural partial ordering of congrucnces and they form a lattice under this

partial ordering. In particular, the mect of any family of congruences is simply their

intursection (considered as subscts of & x §); this is casily seen Lo he & congrucnee,

If 8 is a group with identity ¢ and p is a congruence on S, it is not diflicnlt to see

that the p-class of ¢ is a normal subgroup N, and that the other p-classes are the

cosets of N. In this case, the congruence is completely determined by the ¢f
More general semigroups do not exhibit this behaviour. Even if a semigroup S has
an identity, the class of the identity may not completely determine a congruence, For
example, if S is a semigroup without an identity, then any congruence on S can he
extended to a congruence on 5! by simply creating a new class containing only the

identity.

1.3.2.  Write S/p for the set of equivalence classes of the congrue: sfer Lo

p. We

$/p as the quolienl of the semigroup S by the congrucnee p. Write s for p-class of s.
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Then S/p is a semigroup with operation 57 = sI, and the map 7,: S — 8/p, s = &
is a homomorphism of & onte §/p.
Conversely, if &2 § — S is a homomorphism of semigroups, define a relation p by
s pyif and only if é(r) = (y). Then p is a congruence and ¢ induces é: S/p — &,
&1 4h(s) s0 that ¢ = dr,. The congruence p is called the kernel of .
If we put 7' = ¢(5), then d: S/p — 7' is an isomorphism and the lattice of
congruences of /' is isomorphic in the obvious way to the sublattice of congruences of

S which contain p.

Just as in group theory, semigroups can be specified by generators and rela-
tions. ‘The fie scrmigroup on a non-empty set X, denoted F, is the set of words in
the alphabet .\ with multiplication by concatenation of words, We write F} for the
semigronp Fy with an identity adjoined; the identity can be represented as the empty
word. We call £y the fiee manoid on X. Given a sct X and a set IV of relations
of the form w; = w0y where w; and w, are words in the alphabet X, the semigroup
generated by N with relations IV is the quotient of Fy by the smallest congruence on
Fy which contains the relations in 1V Similarly we can define the monoid generated
by X with relations 11" (here IV may include relations of the form w = 1 for some

word ) as a suitable quotient of F}.

134, Let [ be a non-empty subset of a semigroup &. Then [ is a right ideal of §

ifrs € [ foralls € Sand & € [. Lefi ideal is defined similarly, and [ is an idcal of
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S ifitis a left and right ideal of 5.

I£ 5 has a zero clement 0, then {0} is always an ideal of 8.

I {l, | a € A} is a family of ideals of a semigroup & then U1, and [}/, are also
ideals of , the latter provided that it is non-empty. The seme is true for familics of
right or left ideals.

Ifa € S then the right ideal generated by « is denoted a8'; clearly a8' w511 {u)
Similarly, the left ideal generated by « is denoted 5. The ideal generated by u is

Sl = SaSUSa Uasu {a}.

1.35. For a non-emply subsct / of ¥, define an equivalence relation g by oy y il
and only if . = y or both .y € /. If  is an ideal then gy is a congrucnce. Similarly,

if [ is a left or right ideal, then p; is a left or right congruence.

For an ideal / of &, write §/1 for the semigroup 5/p;. The semigroup S/1 is called
a Ries faclor of §. 1 we identify the clements of 5 \  with the corzesponding pi-
classes, then the elements of §/1 are just {u |+ € S\ 7}U{1}, and [ is a seros clement
of §/1. Intuitively, when we pass from S to S/1, we have identified all the clements
of / with zero. Note in particular that the non-zero idempotents of S/1 are just the
idempotents of § which are clements of & \ /.

As a special case, it is convenient Lo agree that §/0 = & even though § is nol an

ideal.

There is a lattice isomorphism between the ideals of S containing / and the ideals
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of S/1. Standard isomorphism theorems apply. If / < J are ideals of 5 then J/1 is
an ideal of /1 and (S/1)/(./1) = S/.J. If T is a subsemigroup of & and / is an ideal

of & which intersects ', then 7' [ is an ideal of 7" and T/(T'N 1) = (T'U1)/I.

1.8.6. Let 8 be a semigroup with a zero and let {7, | n & A} be a family of subsets

of S. We say that 7' is a 0-disjoint union of the family if ' = U 7., and 1,07, = {#}
e
for all .3 ¢ A
Suppose that {8, | o € A} are subsemigroups of S and that & = | &, is a
A

0-disjoint union. Suppose also that for a # 4, .5, = {0}. Then each 5, is an ideal

of & and we say that S is a (-dircel union of the semigroups S,,.

1.3.7. We will require the following simple observation about the unit group of a

periodic monoid

LN (55, Lemma 4.12]). Lot S be a periodic monoid and I 17 = U(S) be the

group of units of S U174 8 then S\ U is an ideal of 8.

Proor. Suppose that r.y € 5 and ry is a unit. Then there is a = such that

rus 1. Since S is periodic, there is an n such that (yz)* = ¢ is an idempotent.

Then | = «"(yz)" = a"c and therefore ¢ = +"¢* = +"c = 1. Hence, 1 = a"¢ = '

and . is a wnit. Soif+ € S\ (", then vy € S\ (", Similarly, yr € 5\’ and therefore,

S\ isanideal. 0)
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1.4. Simple and 0-Simple Semigronps

The basic building blocks of the structure theory of semigroups are th

and O-simple semigroups. If one were to extend the definition of

ple group to
semigroups, then it would be natural to require that a simple semigroup have o

non-trivial congruences. On the other hand, mimicking ring theory, one might use

the weaker definition that a simple semigroup have no proper id

This second
approach is the one taken in semigroup theory. It has the drawback that simple

semigroups may have non-trivial homomorphic images, but nevertheless results in

nice structure theory.

1.4.1. Let S be a semigroup. We say that & is a simple s migroup i

it has no ideals
other than & itself.

This definition is not very interesting if & has a zero clement 0, for in that case
{0} is always an ideal of S. So we say that a semigroup & with a zero is a O-simple
semigroup if §* = S and 8 has no ideals other than S and {#}. The condition
S§? = S makes the theory cleancr and excludes only one semigronp, the two element
null semigroup.

In an entirely analogous nanner, we can define right simple scmigronp, vight 0-
simple semigroup and the corresponding versions for loft ideals. Onee again, we
exclude the two-element null semigroup. These are stronger conditions.

Note that if S does not have a zero and S is simple, then 8" is 0-simp]
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that any results about O-simple semigroups can be easily applied to simple semigroups.
For this reason, we will usually restrict our attention to 0-simple semigroups.

Let & be a O-simple semigroup. If « is a non-zero clement of  then the principal

ideal S8 is non-zero so we must have S'aS' In fact it is not difficult to show

that SaS = 5. Since a non-zero ideal always contains principal ideals, the condition

that & = S%S" for all « # 0 characterises 0-simple semigroups.

1.4

Let S be a semigroup with a zero. An ideal M of 5 is a 0-minimal ideal if
there are no non-zero ideals of S properly contained in A/. We will need the following
fact on occasion: if Al is a zero minimal ideal of 5, then considered as a semigroup,
Al is cither null or O-simple.

Similarly, if Ml is a maximal ideal of 5, then S/Al contains no non-zero proper

ideals and therefore, either 5/A is 0-simple, or S/AM is a two-clement null semigroup.

1.4

Let S be a semigroup. Define an equivalence relation J on S by « 7 y if

and only if 581 = SYS1. Note that 7 is not a congruence in general. Write 7(a)
for the J-class of & containing a.

Let S be a semigroup and adjoin a zero to it if it does not already have one.

Consider a principal ideal S§'aS" of S, with a # 0. For convenience, let ./, = S'aS".

Let 1, = {w € J, |1 € J,}, the set of elements of ./, which do not generate J, as an
ideal. It is casy to sec that [, is an ideal of 5. Since each element of J, \ I, = J(«)

generates J, as an ideal there can be no ideal of S strictly between /, and J,. Hence
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J,/1, is a O-minimal ideal of 5//, and so is cither 0O-s

le or null. (If we do ot

assume that  has a zero, then /, may be empty in which case .1, /1, ple rather

than O-simple.) The quotient ./, /1, is called a principal fuctor of .
1.44. Let § be = semigroup with a zero. A strictly decrensing series

S1 D828, D S = {0}

is a principal scrics if each S it an ideal of & and there are no ideals of S strictly
between 5; and iy,

Each factor ;/Sis of a principal series is a 0-minimal ideal of 5/8,, and is
therefore null or O-simple.

Note that our definition of principal scrics differs slightly from that of [15]. Our
series ends with the zero ideal rather than the emply set. Of course, this restricts our
definition to semigroups with zeros, so we will always adjoin a zero before considering

principal series.

If § has a principal series as above then the quotients 8,/5, , are isomorph
some order to the non-zero principal factors of 8. In the notation of §1.4.3, 5,/5,,,
is isomorphic to ./,/ [, where « is any clement of §,\ 5,/

Finite semigroups always have principal serics.

1.4.5. The bieyelic scmigroup C(p.q) is the monoid generated by {p.q} with the

single relation pg = 1. This semigroup plays an important role in the theory of
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O-simple semigroups; see §1.4.6.
The clements of C(p,q) are all words of the form "™ for m.n > 0 (with the

understanding ;) = ¢" = 1). These words are multiplied as follows:

ke i < K,
S =

el itk

It is apparent that C(p.q) is simple, for if ¢*p™ is an element of C(p,q), then
Lo (g p ) and so Syt = .

It is uscful to picture some further properties of (. ¢) by arranging the elements

ina table:

a apoapt at g
U
P

ad'p oa't ot gt

Then the elements below any horizontal line drawn through this table form a right
ideal and the clements to the right of any vertical line form a left ideal. Further, the
clements on the diagonal are all idempotents and the ordering defined in §1.15 is
U gp s gt > gfpt > e

[ is & semigroup with elements ¢ )/, ¢’ satisfying cpf = p'c = !, eq' = q'c = ',



14. SIMPLE AND 0-SIMPLE SEMIGROUPS 2

and ¢’ = ¢, then it is clear that the subsemi (WYisah hic image

of C(p.q) under the map p— Jf. ¢ — i, because these relations are exactly thase

satisfied by the bicyclic semigroup. If further, ¢/)f / ¢, then this homomorphi

actually an isomorphism.

1.4.6. A semigroup N is a complelely O-simple st migroup if it is O-simple and it
contains a primilive idempofenl, that is a minimal non-zero idempotent with respect

to the partial ordering given in §1.1.5.

In fact, if S is completely O-simple, it turns ont that every non-zero idempotent is
primitive. Completely 0-simple semigroups are regular.
In Section 1.5, we shall give a structure theorem for completely O-simple semigroups.

Once this structure is known, it is rather casy to prove many things about these

semigroups.
Since these semigroups are relatively casily handled, it is of some interest to kuow

when a 0-simple semigroup is completely 0-simple. We state two results of this sort.

1.4.7. The first result tells us something about 0-simple semigroups which are not

completely 0-simple.

TueoREM ([15, Theorem 2.54]). Let S be a O-ximple semigroup which s nol com-
pletcly O-simple. If ¢ is a non-zcro idcmpotent of S thew e i the identity o nt of u
subscmigroup T of § which is isomorphic o the bieyelic scmigronp, Conorrsely, o 0-

sinple semigroup which contains a subsimigroup isoworhic 1o the bicgelic s migronp
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w5 nol compelely O-simple.

‘This result is less useful than at first it might appear, for there are classes of
0-simple semigroups which contain no non-zero idempotents.
148, A semigroup 8 is a strongly m-regular scmigroup if for every + € S, there is
an n such that " is contained in some subgroup of 5.

Turonks ([15, Theorem 2.55)). Lit S be a O-simple semigroup, Then S is com-
pletely O-simple if and only if 8 is strongly x-regular.

It is casy to see that periodic semigroups (and hence finite or locally finite semi-
groups) are strongly 7-regular, so in many situations, this theorem will allow us to

assume that 0-simple semigroups are completely 0-simple.

1.5. Rees Matrix Semigroups

Rees matrix semigroups are of fundamental importance because all completely 0-

mple semigroups are of this type (see Theorem 1.5.2 below). They have a very

rigid structure which makes it relatively easy to prove statements about completely
O-simple semigroups.

1.5.1. Let (7 be a group. Recall that (% is the semigroup obtained by adjoining a
sero element 0 40 (i, Let [ and A be indexing sets, and let I’ be a A x / matrix with

entries from (",
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For g € G°, i € I, and \ € A, write (¢),\ for the / \ A matrix with (i, \)-entry ¢

and all other entries 0. For all i and A, (0),. is the zero matrix; we write this matrix
as 0.

Let M(G; 1, A; 1) be the set whose elements are all such (¢);\ and define a multi-

plication on this set by
AB=Aolol}

where A, B € MO(C41,A; 1) and ‘o' denotes ordinary multiplication of matrices.

Note that this multiplication makes sense and gives an | « A wiatrix with al most
one non-zero entry because A and 13 are such matrices. This operation is associative
since ordinary matrix multiplication is associative, so MY(C; 1. A; 1') endowed with
this operation is a semigroup. We call MO(CY; 1. A; ) a Revs malris semigroup. The
matrix P’ is called the sandwich malrir.

Alternatively, we can take the clements (4). as formal symbols and define multi-

plication by
(@Das(h)y = (aprsh)e

where I’ is the matrix with (,i)-entry py, and the product gp, b is taken in (%, 1t
is easy to see that this definition is equivalent to the onc given above.
Sometimes when the indexing sets / and A are finite, we will write (€, s 1');

in this case the indices are 1 < i < mand 1 A< n.
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1.5.2.  Our interest in these scmigroups stems from the following result. The sand-

wich matrix /”is regular if it has non-zero entries in every row and column.

T

onEM (15, Theorem 3.5]). A scmigroup is completely O-simple if and only if

it is isomorphic 1o a Reos malviz semigronp SMO(C; 1A; P) with regular sandwich

malrir I,

We introduce some further notation for Rees matrix semigroups. Let S =

M1 A P). Fori € Land A € A, let

{(9)ar | 9 € (),

=J Sa

\eA

and Sao=

@
The following properties follow ensily from the explicit form of the multiplication

given above,

LEsMAL Lot 8 = MG 1LA; P) be a Rees matrie semigroup.

() An clement () # 0 is idempotent if and only if pyi # 0 and g = py~".

(i) Distinet idempotents commule only if their product is zcro. Hence cvery non-
sero idempolent is primitive,

(iid) Fach st S,y is a subsemigroup of 8. I py = 0 then it is @ null semigroup:

atherwise the map (a)is = gpyi is an isomorphism of Siy onto GO, In the latter
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case, S\ {0} is 1 marimal subgroup of S and these subgroups (logether with
{0}) arc all the mazimal subgroups of 8.

(iv) Each set S is @ vight ideal of S, and 8 is the O-disjoint union of the funly
Sia i € 1. Similarly, cach S\ is a loft ideal of S and S is the 0-disjoint anion
of the family of such Ieft idvals.

(v) Each Sy is a left ideal of S,. and S,.. is the O-disjoint union of all S, X1 A.

Similarly, S.y is the O-disjoint union of right ideals Sy, 0 1.

vt af &

- W/ 40)

vi) Forij € I and \opp € A, we have SpS,, ¢
! I

then (Sis \AOD(S2 \AOY) = (S \ {0}).

vile. Consequently, S is locally

vii) If S is Jinitely genevated, then [ oand A are
LB

Jinite if G is locally finite.

ial

1.5.4. A Rees matrix semigroup of the form M(1;1,A; I’) where 1 is the tri
group is called an clementary Recs malvir scmigronp. Clearly these semigroups have
only trivial subgroups.

155, Let § = O(G; 1, A; ) and let ¢ ¢ = 1 be a group homomorphism. 11
we define $(0) = 0, then ¢ becomes a semigroup homomorphism ¢: (11", As
before, denote the (A,i)-entry of /* by py,. Let [ he the A~ 1 matrix with (), i)-entry

i = 6(pi). Then & induces a semigroup homomorphism

B2 MO(C4; 1,A; 1) — MO 1A 1)
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defined by

(@) = (D(9))ir-

In parf r, the trivial homomorphism (i — 1 induces a homomorphism of a

Rees matrix semigroup MM"((/; /. A; I’) onto an elementary Rees matrix semigroup

W(1; 1,A; 1), The kernel of this homomorphism is the relation p given by
(D p (), ifandonlyif  g=h=0 or (i.A)=(j.p).

1.5.6. Two other classes of Rees matrix semigroups will be of particular interest.

The first is the class of completely 0-simple inverse semigroups. It is not difficult

to see that the i that id

te (sce §1.1.6) means that the
sandwich matrix of a Rees matrix presentation of such a semigroup must have exactly
one non-zero entry in cach row and column. In fact, up to isomorphism these are the
semigroups of the form MMY((S; 1, /; A) where A is the [ x [ identity matrix.

Let A and /3 be arbitrary sets and define an operation on the product A x 5 by
(ar.by)(waiby) = (uy.by). This forms a semigroup in which every element is idempo-

tent. Such a semigroup is called a rctangular band. 1 we adjoin a zero, the resulting

semigroup is is hic to the el y Rees matrix semigroup 9M°(1; 1. B; )

where I”is a 12 \ A matrix in which every entry is 1.
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1.6. Commutative Semigroups

There is a nice decomposition theorem for commutative semigroups which can
often be applied usefully in the study of rings graded by commutative semigroups,
We present this theory in this section.

1.6.1. Let 5 be a semi| (not ily commutative) and let o he a homo-

7).

morphism of § onto a semilattice I'. For 9 € I' let &,

Note that the sets 5, and S are disjoint if y # 4 and that § - U 8.

I,y € 8, then ¢(ry) = ¢(r)d(s) = 17 = 50y & 5. Hence each st 5, i a
subsemigronp of . Tz €%, and y € 5 forsome . e Pithendlog)  #)bln)
31 s0 that 1y € Sy

In this way, S is a disjoint union of subsemigroups &, indexed by a semilattice 1"
such that 5 C S, for all 4,4 € I Such a decomposition is ealled a seumilultic:

decomposition of S.

the

Let p be the kernel of the homomorphism . Then S/p ' so that p satisf
conditions
o and wypye foralley S,
A congruence p which satisfies these conditions is called a scmilatlicr congrucuce

a one-to-one

and if p is a semilattice congruence then S/p is a semilattice. There

cor dlence between semilattice d itions of & and semilattics congruences

on .
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It is easy Lo sce that the intersection of any family of semilattice congruences on
a semigroup S is again a semilattice congruence so taking the intersection of all

semilattice congruences on § we have:
LEMMA. Every semigroup admils a smallest semilallice congruenee .

1.6.2. Let & be a commutative semigroup. We say that . divides y and write + | y

4. We say that S is an Archimedean scmigroup if

if thereis a = € &' such that

for all .y € 5, there exists an n > 1 such that r | ",

1.6.3. Let 8 bea i i Define a yon Sby.rnyy

if aad only if there exist m,n > 1 such that r | 4" and y | . (Note that we may

always take m = n if desired.)

Turonem ([15, Theorem 4.13)). Let S be a commutative semigroup. Then the con-
grucncey ix the smallest semilattice congruenee on 8. Let T = Sy, and let § = y g
be the semilatlice decomposition of 8 corresponding to the natural map S —=T. Then
cach subscmigroup S, is Archimedean. Furthermore, this is the only decomposition

of 8 as a semilattice of Archimedean subscmigroups.

This d position of a i i Sis called the Archimedean di-

composilion of S.
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1.7. The Group of Fra

tions

One further construction that we shall need is the group of fractions of a cancellative

semigroup. This is analogous to the construction of a ring of quotients for a domain,

1.7.1. A semigroup & is right canccllative i rs = g implies &+ y for any cloments
sy € S Similarly, in a lofl cancellative semigroup, o <y implies .+ y, and a
semigroup is cancellalive if it is both right and left cancellative.

A finite cancellative semigroup is a group.

1.7.2. Let § be a cancellative semigroup. A group of right fractions of S is a group
(i such that & embeds in (7 and every clement of ¢/ can be written in the form of '
with s,/ € §. The group of right fractions is unique up to isomorphism if it exists,
and we write ({ = 5571,

A necessaty and sufficient condition for a cancellative semigroup & Lo have a group

of right fractions is the right Ore condition:
SENLS £ D forall s.0¢ 8.

If S has a group of right fractions, then the product of clements #y ' and we ' in
S87Vis (ru')(ry')™" where o' and y are elements of S satisfying ny’  yu'

Of course, there is also a notion of a left group of fractions. 168 has a left and right
group of fractions then they must coincide and w refer to this group as the gronp of

Jractions of S.
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If 5 is commutative and cancellative, then it clearly satisfies the left and right Ore

conditions. 1L is easy o see that the group of fractions of such a semigroup is Abelian.



CHAPTER 2
Semigroup Graded Rings
Let & be a semigroup. A ring [ with a direct sum decomposition /7 O H, of

additive subgroups such that K./t S Ry is said to be an S-graded ring (see, for

example, [55, Chapter 6]). These rings arc the focus of our study.

In this chapter, we i luce the basic rology and techniques needed to deal
with such rings. Because Rees matrix semigroups are fundamental to the theory of
semigroups, we introduce special notation for rings graded by such semigroups.

2.1, Basic Terminology

Let & be a semigroup. When we say that /¢ is an S-graded ring, it is understood

that we are referrin, to a fixed d position of 17, the I s of which are

written /f, indexed by the elements s & 8. Throughout this section, /2 will e an
S-graded ring.
2.1.1.  The components #, are called hanage nions compone nls and 18, is called the

s-componcut of I,

Every element » € It has a unique decomposition r = 37 r, with r, « i the

element r, is called the s-compone nt of r. If we write “iet r 2 hean clement of

R" it is understood that r, € /f,. An clement .r & K, is called a homoge ncous clemenl

of R.

Let X be a subset of S. We write [ty = 5 /f,; in general Ity is just an additive

Sex
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subgroup of it 1f 1 = is an clement of ¥, then we write ry for the sum

. There is a natural epimorphism of additive groups # — Ry given by

If 7"is & subsemigroup of & then /7 is a subring of K. We may regard ' = Ry as
a T-graded ring by putting 1) = It, for / € 7' or as an S-graded ring by putting
i, ifse.
=
0 ifseS\T.
I 7"is a right, left or two-sided ideal of § then Ry is also a right, left, or two-sided
ideal of 11,
If & is a semigroup with a zero element 0 and 1t is an S-graded ting with Hg =0

then we say that [ is a contractd S-graded ving.

202, et £ = ¥ r, bean clement of K. The set supp(r) = {x & & | r, # 0} i
called the support of r. Of course, supp(r) is a finite set and supp(r) = @ if and only
ifr =0,

16 4 s a subset. of I, then the support of A is the set supp(4) = U supp(a); i
need not be finite.

The support of I itselfis supp(/t) = {s € & | K, # 0}. An S-graded ring / is said

to have finile support if supp( R) is a finite set.
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2.1.3. Let / beanidealof . If I = & [N K, then [ is called a homogenons ideal
=

of 1. This condition is equivalent to the assertion that r = ¥ r. ¢ [ implies r, |

forall s € 5.
Note that if / is any ideal of £, then - /1 [f, is always a homogencous ideal of
s
R and is in fact the largest homogeneous ideal of It contained in /.
Since this definition makes no use of the multiplicative structure of the ring, we
may define homogencous Ieft ideal, homogencous vight ideal, homogencous subring
and even homogencous addilive subgroup in a like manner and similar remarks apply.

If X is a subset of & then [y is clearly a homogencous additive subgroup of /7

2.1.4. Let / be a homogeneous ideal of ¢ and let [~ /1. Write the image

of r € Rin I/l as #. For s € & put Ry = (K, 1)/1. We have 180 I,

Suppose that ., € K, for each s and that 3° 7 = 0; then )2 r, ¢ [ and hecause /s

homogeneous, cach .r, € [ and socach 7 = 0. Hence, It = 32 It is an S-graded ring.
s

7y iy we will normally

Notice that if we write 7, for the s-component of , the
write the former.

In particular, if 7" is an ideal of S, then My is a homogencous ideal of 1t and so the
quotient B = R/Ry is an S-graded ring. Note that /2, = 0if s ¢ . Remembering

that we can identify the non-zero elements of the quoticnt 5/ with the clements

of &\ 7, we see that / can be regarded as a contracted S/7T-graded ring.  The

h of It ding to non-zero elements of /7 are just
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the homogeneous components /#, of i with s € S\ 7.
If S is a semigroup with a zero then /t/ /2, is a contracted S-graded ring.
We single ont, the following obscrvation as a lemma. The proof is straightforward,

bt this result is the key to many of our reductions.

LEMMA. Lt T be an idval of @ semigroup S and let A be a subsemigrowp of § such
that ACVE = 0. Ll B be an S-graded ving. Il R = R{Ry. and denole the image of

1 by i Then the map r v F induecs a ving isomorphism R4 = Ry.

an clement .«

2.1.5. Itisoften convenient to change the grading semigroup. There are two trivial
ways of doing this. Let /f be an S-graded ring. If § embeds in a larger semigroup
I', then we can give /# a T-gradation by setting £, = 0for 1 € T\ . Il §: § = &'
i 2 homomorphism of semigroups, then we obtain a natural 5" gradation on it by
pulting Ry = 5 e

#a
itnation we sometimes say that an ideal is S-homogeneous or -homogen-

In this

cous to indicate which gradation is being considered.

2.2. Rees Matrix Semigroups

As mentioned in §1.5.2, Rees matrix semigroups play an important role in the
structure theory of semigroups. We introduce some special notation for dealing with

rings graded by such semigroups; this notation will be used throughout this work.
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Let S = M(1;1.A; ) be an elementary Rees matrix semigroup and let i
be a contracted S-graded ring. Recall from §1.5.1 that non-zera elements of 8 are
written (1);) for i € [ and \ € A. To avoid cumbersome notation, we shall write the

ho corresponding to (1)1 as . In a like manner, we shall

write the (1)\-homogencous component of an element 1 C Fas ryy, so that N

A

(The 0-component of  is zero because /1 is a contracted N-graded ring).

Remembering the way multipli works in such semigroups, it is immediate
that
Rl € By iy, A0,
and  Hyh,, =0 iy, =0,

Note that if py, = 0 then (/#,1)? = 0 and otherwise (1,\)* © If,\. $o cach component
Riy is actually a subring of /2.

Let Hie = 3= Hix and oy = 3 iy, From the above il is apparent that .. is o
right ideal of £ for each i € / and [t. is a left ideal of ¢ for cach A ¢ A,

Note also that R [{.y C Riy;in fact for any subset A of I, It Alt ¢ Ity

2.2.2. Let & = M(C41,A; P) be an arbitrary Rees matrix semigronp and let
be a contracted S-graded ring. Recall (sce §1.5.5) that the homomorphism (/1
induces a homomorphisi & — S where " is an clementary Rees matrix semigroup

MY(1; 1. A; /). Hence, It can be regarded as a contracted S'-graded ring in the
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mannor of §2.1.5,

I (g)s € S, we write ft,, for the () of It with the S-grad
Since 8" is an clementary Rees matrix semigroup, we follow the notation of §2.2.1 and
write If,y for the homogencous components of /f with respect to the S'-gradation.

Note that for cach  and A,
=3 R
L=

IF py, 7.0, the set Sy \ {0} = {(9)ir | 9 € (¢} is isomorphic to ( by Lemma 1.5.3(ii),

so that f,y is a (/-graded ring. Note that the g-component of /;y with this gradation

s Tather than iy, . Otherwise, if py = 0 then Miy is a ring with zero
multiplication and can still be considered to be a (/-graded sing since it is a direct
sum of components indexed by the elements of (/.

In his way, we consiler /= 3 Iy as a ring graded by the clementary Rees matrix
semigroup 57 in which every col;xponcnt Riy is a G-graded ring.

Our approach Lo such rings will be to consider first rings graded by elementary
Rees matrix semigroups and then to combine results so obtained with results for
group graded rings to deal with rings graded by arbitrary Rees matrix semigroups.

The notation established in this section will be used throughout. In particular,
if & = MO(C 1. A; P) s an arbitrary Rees matrix semigroup and R is a contracted
S-graded ring, then we will write f,y for the components of R with respect to the

gradation by the associated elementary Rees matrix semigroup &',
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2.2.8. The following simple result is extremely important for onr study of rings

graded by elementary Rees matrix semigroups.

LEMMA. Let 8 = 911 A; 1) be an clementary Bees malvie scmigroup and Iel
R be a contracted S-graded ving. If N ix ang subsel of B then RN K is a homogeneons

ideal of R.

Proor. Clearly X R is an ideal of #. For any / and \, note that /1,,.N /.y ¢

RX RO Ry so
RXR =3 R.N Ity
=
C RN KN,
.\

C RXIR

and therefore YR = 5 RX [0 Ity is homogencons.
=

2.3. Group-like Subseniigroups

We present another technique that will be useful at times for transferring problemns

cial subscrigroups.

from a semigroup graded ring to subrings graded by certain sp

2.3.1. Let 7' be a subsemigroup of a semigroup S. 105/ ¢ T and £ ¢ T imply
S € T for all elements s,0 € & then 7" is called a right group-likse subscmigronp of .

Similarly, if £s € T and [ € 7" imply s € 7 then T"is a lefl group-like subscmigionp



23. GROUP-LIKE SUBSEMIGROUPS 38
This terminology is motivated by the observation that a subgroup // of a group i
is both left and right group-like in (i,

Let X be a subset of 5. Definesets X=X and XX ™! by

NN =fxe S|Xe =X and XX ={seS[sX= X}

LEMMA. Let X be a non-conply subsel of a semigroup S.

() UXNTVN AW then X=VX s a left goup-like subsemigronp of §.

(i) N s a bt simple subsemigroup of S then X=VX is @ loft group-like sub-
semigroup of 5 and X is a vight ideal of X=X .

Analogous statements with vight and left inlerehanged hold for X X,

PrOOF. Suppose that Y=' . is not empty. Let 5,0 € X~'X; then Vs = X1 = X

50 N(s/)=(Ns) = N1 =Y and sl € X~'X. So XX is a subsemigroup. If s € §
and £5.0 € X7UN, then N = (Xf)s = X(is) = X and therefore s € X' X, Hence
N7 s aleft group-like subsemigroup. This proves (i).

10N s left simple, then X = Y for alle € X, 50 X C X~'X. By (i), X' X

is a left. group-like subscmigroup of . That X is a right ideal of X=X follows

immediately from the definition. This proves (ii). O
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2.3.2. Left and right group-like subsemigroups are useful because of the following

result.

PROPOSITION. Let T be a subsvmigroup of a scmigroup S and et B be an S-graded

ving. Define @ map wps B = Ry by projection: if = 3> r,¢ 1 then 7 (r)

T s

ight growp-like then wp is a vight By=module homomorphism and Ky is o
dircet summand of ] ax a vight Ry=module. Similarly, if T is It group-like then
i is @ lft Rey-module homomonphisin and Ry is a diveel sunmmand of B as a bt

Rp-modulr.

PROOF. We prove the assertion for a right group-like subsemigroup ‘I of S, Lot
seSandl € Tyond leta, € Mand v, € I, s € 1" then sl ¢ T so (e, )a,
rty = ap(rya,). Otherwise, if s ¢ 7' then s ¢ T and mp(r o 0 wp(r,a).
Because 71 is an additive group homomorphism, we sce that wp-(r)u  y(ra) for all
r€ R.and @ € Iy, Hence, mp is a right fy-module homomorphism.

Because 7 splits the inclusion map Ity — 2, Ry is a direct summand of ¢ as a

right Ry module. O

2.4. Group Graded Rings

We end this chapter with a few rematks about gronp graded rings. We will need

the results of this section in later chapters.
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24,1, Let (! be a group and let # be a (i-graded ring. The grading is said to be

non-dgone rale if it satisfies: for all g € (7 and all . € Ry-1, i o, = 0 or Ryr =0
then = 0. 'This notion was introduced in [17]. For our purposes, it will be useful to

note the following sufficient condition for non-degeneracy:

LinMA (7). Lot G be a group and Il R be o Cgraded ving with finite support.

I 1t has wo won-zero nilpolen! homogencaus ideals then the grading is non-deg nerale.

2.4

Non-degenerate group graded rings are much better behaved than arbitrary
group graded rings. In particular, they have the following properties:

Lensa ([17)). Let ¢ be a group with identity 1 and let R be a non-degenerale
Clegradd ring.

(i) K has an identity if and only if By has an identity, and these identitics neees-
sarily coineide.

(ii) 1 supp(R) is finite and By is

misimple Artinian then ] is vight and lef

Artinian.

In [26], Graeszcank discusses a more general construction than the group
graded ring which he calls a G-system. Let (i be a group. A ring R is a G-system
if as an additive group, I is the sum of components ,, indexed by the clements of
Gy and By Ry € R, for all g.h € G, This definition differs from the definition of

Ci-graded ring only in that the sum f = ¥ R, need not be direct.
it
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It is apparent that a homomorphic image of a (i-graded ring is a ¢

em. Con-

versely, any (‘-system B = ¥ if, is a homomorphic image of the C-graded ring
d

1€

formed by taking the direct sum of the components /7,

We require the following result in Chapter 6.

LEMMA ([26]). Lel G be a finite gronp with identity v and 10 1 be a Gesystem

R has an identity element 1, then 1€ By,



CHAPTER 3
Examples of Semigroup Graded Rings

Before proceeding Lo discuss ring theoretic properties of semigroup graded rings, we
will present a selection of examples of such rings. These serve to illustrate the wide

range of semigroup graded rings and to provide applications for our later results.

3.1. Semigroup Rings
Semigroup rings have been extensively studied. See for example, Gilmer's book (23]
for commutative semigroup rings, and Oknifiski’s book [55] for the non-commutative
cusee,
After giving the construction, we will present a few basic results and some notation

which we will have occasion to usc later.

3.0.1. Let A bearing and let § be a semigroup. The scmigroup ring A[S] is the

ring whose clements are all formal sums

b3

€

with cach cocfficient r, € A and all but finitely many of the coefficients equal to zero.

Addition is defined component-wise so that

PR BEED M (T HEN
acN €N AEN

Multiplication is given by the rule

ael) = (rege’ (1)
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which is extended distributively so that

(E (S ) = S(E ra)s

This is, of course, the natural generalisation of the group ring. 1.1 A is a field,
then K[N]is called a ¢ migroup algcbra.

Semigroup rings are semigroup graded rings in a natural way:  \[8] i an

S-graded ring with 7, for cach s @ 8,

If 5 has a zero dlement 0, we write 4[] for the quotient 1517105 L[] is callod

w contracted semigroup ring. Of course, AyfS] is a contracted S-gradedd ring in the

obvious way.
I 7 is an ideal of &, then A[7] is an ideal of A[S] and the quotient A[S]/A] 7]

LS/ T] (ef §2.1.4).

3.1.2. Suppose that A is a ring with an identity and & is n scmigronp. Lot [ e
an ideal of a semigtoup ring A[S]. Define a relation py on & by < py 1 if and only if
=1 € I. We list some elementary propertics of this congruence whieh can he found
in [55, Chapter 4].

LEMMA. With the nolation above,

(i) The relation p is a congruvnee.

(i) The scmigroup S/p cmbeds in the rlliplicative s migronp of the rg ALS|/ 1.

This e mbedding induees a surje clive ving homomorphism AIS/p] » AIS1/1
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(i) The «pimorphism A[S) =» AS]/T factors through A[S/p). 11 is the composition
of the homomorphismn ALS/p) —» A[S]/1 abare and the natural homomorphism

AlS] - ALS/p].

3.1 Recall from §2.1.5 that an S-graded ring i can be given a new gradation by
i & LS g &

any semigroup S which is a homomorphic image of <.

S -» & is a surjective

In particular, if 1t = A[S] is a semigroup ring and

semigroup homomorphism, then we may give /# an S'-gradation by putting

=y {3

SES Hnr=r

€ .vl}

for cach

This technique has heen exploited with particnlar success in the study of semigroup

rings of commutative semigroups, If we write § = U 8, for the Archimedean de-
A€l

composition of S (¢f §1.6.3), and put /7 = A[S], then It has a T-gradation in this way.

Purthermore, cach I, is the semigroup ring A[S,] of the Archimedean semigroup

Iu this way, problems about i rings of i i can often

be solved by considering first i p rings of Archimed i and then

semilattice graded rings.

3.2. Munn Algebras

In his investigations of semigroup algebras of completely 0-simple semi [50],

Munn introduced what is now termed a Muun algebra.
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3.2.1. The construction of a Munn algebra is rather similar to that of a Rees matrix
semigroup (cf §1.5.1).

Let A be a field and let A be a A-algebra. Let 7 and A he indexing sets, and lot 1’

be a A 5 I matrix with entries in A, We define /=M (A; 1,45 ') to be a A-algebra

as follows. The elements of /* are the 4 ~ A matrices over o1 with finitely

ny

non-zero entries. Addition is the usual addition of matri

5, and scalar multiplication
by elements of A is component-wise. Matrices multiply by insertion of the sandwich
matrix /. Specifically, if X and )" are two clements of 17, then the product of X and
¥is
XV =Xolo)
where ‘o denotes ordinary matrix multiplication.
The K-algebra 1t = M (4; 1, A; 1) is called & Aunn algbra.

If the indexing scts / and A are fnite, we will often write I (A;m. 5 17); in this

case, the row indices are 1,2,...,m and the column indices are 1

3.

2. Munn algebras arise naturally from semigroup algebras in the following way.
Let § = MM(CV; 1. A; I°) bea Rees matrix semigroup and let /2= Ko|S] he a contructed
semigroup algebra for some field K. Then /¢ is isomorphic to the Munn algebra
M(K[G]; 1. A; I’) where we now regard the entrics in I” as clements of the group

algebra K[(]. An element 5= k), (9)is of KylS] corresponds to the matrix whose

(i-A)-entay is the group algebra clement 3> (.9
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IS is a finite semigroup with a zero and S has a principal series

5

1D 8D D8 D S = {0}
then the semigroup algebra K[S] has a series of ideals
K82 K[S) D -2 K[S] D Ko

and cach factor K[S]/N[Sis1] = Ku[Si/Sis] is either a Munn algebra or a nilpotent

algebra. Thus Munn algebras are an important of the study of

algebras of finite semigroups.

1 y Rees matrix semigroups. We

3.23. Munn algebras can be graded by

use the notation of §2.2.1.
Let R = M (A;1,A; ) be o Munn algebra over a A-algebra A. Write the (),i)-

entry of I” as py.. Let 1" be the A x | matrix whose (), i)-entry is

1 ifpy #0
=
0 ifpyi =0
and let 5 be the clementary Rees matrix semigroup § = M°(1; 1, A; ).

Then we may regard R as o contracted “-graded ring by putting Riy to be those
matrices with all entries zero except the (i, A)-entry. Forif X € Riy and ¥ € Rj, then
the only possible non-zero entry of the matrix product X o Po " is the (i, u)-entry,
and furthermore, Noi*0)" = 0if p; = 0. So KiyRj, S Ry, if py = 1 and RiyRj, = 0

if 44, = 0 as required.
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3.3. Generalised Matrix Rings

The class of generalised matrix rings is a well-known class of rings which can be
graded by semigroups in a nice way. This class includes rings which are often studied
in other contexts such as the endomorphism rings of finite direce sums of modules
and the ring of a Morita context.

These rings and some of the results developed in [72] are the starting point for

many of our later results. Generalised matrix rings arc also discussed in (9],

3.3.1. Let / be an indexing set. A ring of I x | gencralisid malvieos is a ring 1

with a decomposition (as an additive group)

B=@ kK,
el
such that RiRy C Ra il j = b and Ryl = 06 j £ k. We write It = (1f,) o
indicate that 1 is a generalised matrix ring.
If 1 is finite, we usually replace it by its cardinal 1 and speak of a ring of u #

n generalised matrices with components K;j for 1 < i,j < u. If we arrange the

components f; as follows:

By By oo

Ry My oo My

My My oo M
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and we write elements of [ in the same fashion, then the multiplication follows the

same pattern as ordinary matrix multiplication.

33.2. Let It = (It,,) beating of [ x [ generalised matrices.
Define a semigroup & as follows. Let the elements of § be the symbals «,,, for

ij & I together with a zero clement 0. Define multiplication by the rule

Cyfu =
0 otherwise
(and, of course, s = s0 = 0 for all x € §). This multiplication is associative, so & is
a semigroup.

If we put 1, = R, for all i,j € I and = 0, then / = @ R, is an S-gradation
SES

of the ring 7. In fact, ¥ is a contracted S-graded ring.
Note that the semigroup & is isomorphic to the elementary Rees matrix semigroup
MO(1; 1.1;A) where A is the [ x | identity matrix: we identify the element ;, with

(1),,. Thus, & is a completely O-simple inverse semigroup (cf §1.5.6).

Following the notation of §2.2.1, we will write K. = 3 Ri, and R.; = 3 i)
€l iel

. There is another well-known (see for example [17]) way of grading generalised

matrices and that is to grade the diagonals by the integers. Specifically, let /f = (/;;)
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be a ring of n x n generalised matrices. For k ¢ %, put

I —ndlsk<n -,

Bl I
0 otherwise.
It is easy to check that this is indeed a Z-gradation of K. O course, i has finite
support. With this gradation, # has identity component By = Hyy s Kegihv- o o,
This Z-gradation of R can be made int» a Z,,-gradation for any m = 1 using the
canonical map Z — Z,, in the manner of§2.1.5. In particular, choosing 20 11, we
obtain a gradation by a finite group in which cach diagonal is a separate homogencous

component.

3.4, Sums of Left and Right Ideals

Our final example is a rather simple one; we show that a ring which is a direct sum

of one-sided ideals can be given a semigroup gradation in a natural way.

3.4.1. Let R be a ring which is a right /-module dircct sum of a faniily of right
ideals; say
=&,
]
where each , is a right ideal of /1.
Suppose that we define a product on A by o/ = o for all o,ff ¢ A, Then A

becomes a left zero semigroup (cf §1.1.2). Since i, [y © I, for all o, /8 ¢ A, we see

that 1 is an A-graded ring.
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Similarly, a ring which is a direct sum of left ideals is graded by a right zero
semigroup,

This example is extremely important. If we hope to prove a general result about
rings graded by finite semigroups, we must be able to prove it for a ring graded by
the two element left zero semigroup, that is a ring which is the direct sum of two right
ideals. In some of onr investigations, for example of perfect rings (sec Chapter 6),
Uhis turns out to he the crucial case; once we have proved our result for such rings,

the general case for rings graded by arbitrary finite semigroups follows rather easily

using the structure theory of semigroups.

3.4.2.

& = {¢,[} be a two element left zero semigroup. Note that S” is com-
pletely O-simple; in fact it is isomorphic to the elementary Rees matrix semigroup
M52, 15(11)) if we identify ¢ with (1), and [ with (1)sr.

Sirmilarly, if 5 is a two clement right zero semigroup, then " is isomorphic to the
completely 0-simple Rees matrix semigroup M(1;1,2(1)).

If 17 is o ring graded by cither of these semigroups (so that it is a sum of two right
o left ideals), then we can tegard it as a contracted graded ting over an elementary

Rees matrix semigroup, that is, a ring of the type discussed in §2.2.1.




CHAPTER 4
Nilpotency of the Jacobson Radical

In this chapter, we investigate the Jacobson radical of semigroup graded rings. In
particular, we study various nilpotency conditions of + . Jacobson radical,

The way we proceed in this chapter is illustrative of a gencral method of at

k-
ing problems about semigroup graded rings, at least for finite semigroups. We first
consider three separate cases: group graded rings (for which most of the results we
need are easily deduced from known results), rings graded by clementary Recs matrix

semigroups, and ideal exte.sions. The results obtained can then he piceed together

using the structure theory of semi to deal with semigroup graded rings. The
techniques developed here will be used in subscquent chapters.

Many of the results obtained in this chapter will appear in |11].

4.1. Radical Properties

We are primarily interested in the Jacobson radical because of its importance in
the structure theory of rings. However, it will be convenient to make use of a conple
of other radical properties in our investigations.

We begin by reviewing the definitions of the three radicals that are of interest Lo

us and introduce a bit of terminology from radical theory.

4.1.1. Let /2 bearing. The Jacobson radical of I, written J(12), is an ideal defined

by the following equivalent properties:
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(i) J(1#) is the interscction of the annihilators of all simple right (or left) /-
modules.
(ii) J(I¢) is the interscction of all maximal regular right (or left) ideals of /2.
(iii) J(1?) is the sum of ll quasi-regular right (or left) ideals of K.
(iv) J(It) is the largest quasi-regular ideal of R.
We will make us of (iii) and (iv) particularly.
Recall that an clement . € # is right quasi-reqular if there is a y € R such that
robybay = 0. Similarly, we can define [eft quasi-regular elements. A onc- or two-sided

ideal is righ! quasi-rcqulur if every clement of the ideal is right quasi-regular. While

an individual element of /# may be right quasi-regular but not left quasi-regular, it

turus out that every element of J( 1) is both left and right quasi-regular. Since every

right (or left) quasi-regular ideal (or one-sided ideal) is contained in J( 1), the same
is truc for such ideals. Hence, we will simply refer to (one- or two-sided) ideals as
being quasi-regular.

An clement & of R is quasi-regular if is both right and left quasi-regular. In this
case, if £+ y .0y = 0= r + 2+ 2 then y = = is unique; this element is called the
quasi-inverse of .

Note also that if a (one- or two-sided) ideal A of  is quasi-regular, then it is easy
to see that the quasi-inverse of each element of A is also in /1. So A is a quasi-regular

ideal of any ring /3 such that A C B C R
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4.1.2. The prime radical of aring K, written B(#) is charactor

sed by the following
equivalent properties:

(i) B(R) is the intersection of all prime idcals of /.

(ii) B(R) is the smallest semiprime ideal of 1.

(iii) B(R) is the set of all . € It such that every sequence

bt

for / > 0 is eventually zero.

The sequences constructed in (iii) are called m-sequences.

4.1.3. The Levitski radical L{It) of a ring R is the largest locally nilpotent ideal of

R. Recall that a subring A of 12is locally nilpolent if every finite subsct of A generates

a nilpotent subring. It is also true that /(1) contains cvery locally nilpotent o

ided

ideal of R.

4.1.4. The three radicals given above are examples of a more general notion of
radical property of  ring. For our purposes, we require a few propertics of general

radicals and a few definitions of propertics that a

ommon Lo the Jacobson, prime,
and Levitzki radicals, although not held by all radicals. ‘The reader is referred to (21]
for details.

Let R be a property of rings which defines a class of rings, the R-rings or R-radical

vings. Then R is a radical properly if it satisfies:

(i) The class of R-rings is closed under homomorphic images.
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(ii) Every ring /f has a largest ideal in the class of R-rings; this ideal is writter

R(1).

) ROK/R(IF)) = 0.
The ideal R(/¢) is called the R-radical of K. A ring is R-radical if R(R) = It and is
R-semisimple if R(K) = 0.

It is not difficult to scc that the class of R-radical rings is closed under ideal

extensions; that is, if / <1/ and 1, /2/] are R-radical then R is also R-radical.

4.1.5. A radical R is said to be supernilpolent if /R(I) is semiprime, or equiva-
lently, R(/?) contains all nilpotent ideals of /2.

Note that to show that an element r € /f belongs to a supernilpotent radical
R(R), it suffices to show that Krlt C R(R), even if K does not have an identity. For
if Krlt C R(I) and [ is the ideal of R generated by r, then I* C Rek C R(R),
and since [f/R( 1) is semiprime, + € I € R(R). We will frequently make use of this

remark.

4.1.6. A radical R is said to be hercailary if every ideal of an R-radical ring is
R-radical, or cquivalently, if R(/) N/ = R(/) for every ideal / of /.

The J.wobson, prime, and Levitzki radicals are all hereditary and supernilpotent
(see [21]). In fact, the prime radical is the smallest supernilpotent radical and for any

ring I we have B(R) C L(I) C J(R).
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4.1.7.  One further property of these radicals is worth mentioning.
Suppose that R is a ring without an identity. There is a standard way of cmbedding
R in a slightly larger ring with an identity. Put &' = #f  Z, and define operations

on l' by

[EXTDERVAD]

s i)

and

Cosm)(y.n)

b gk ).

Then /" is a ring and the map . - (r,0) embeds 17 as an ideal of /',
For R = J, B, or L, it is true that R(R) = R(A"). "This enables us to extend

many results that are known for rings with identity to rings without identity.

4.1.8. TFor a given radical property, il is often possible to construct a graded radi-

cal for group graded rings by a suitable modification of the definition of the radical

property. This is done by choosing a suitable definition of the radical property and
replacing ‘ideal’ with ‘homogeneous ideal’ and ‘module’ with ‘graded module’. ‘Fhe

drawback of this approach is that different characterisations of the ungraded radical

might lead to inequivalent definitions of the graded radical. Nevertheless, for the

common radicals, graded versions have been defined in this way and the relation-

ships between the graded and ungraded versions have been extensively investigated,

particularly in the case of the Jacobson radical.
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We will need graded versions of the Levitzki and Jacobson radicals in this chapter.

The graded Jacobson radical ./,, of a group graded ring /f is defined to be the

interscs

on of the annihilators of the graded simple right (or left) #-modules. Equiv-

alently, J,,(?) is the largest homogeneous ideal / of I such that / N Ity C J(I)

(where 1 € (7 is the identity) [8]. Note that ./,.(#) behaves in a similar way to the
ordinary Jacobson radical. For example, if N is a homogeneous nil ideal of f, then
NS () and so N C (7).

The graded Levitzki radical L, (/) is the largest homogeneous locally nilpotent
ideal of £ [6]. 1t is easy to see that Ly,(K) is just the homogeneous part ¥ L(F) N R,
of L(I1).

Beattic and Stewart [6] have developed a theory of reflected radicals which provides
a genceal method for const ructing a graded radical R,y for group graded rings from
an ordinary radical R. The details of this theory need not concern us here; however,

we will use some of their results in §4.2.4 to characterise the graded Levitzki radical.

4.2. The Jacobson Radical of Group Graded Rings

In this section, we deal with the case of group graded rings. The questions in which
we are interested are easily answered for group graded rings using known results. Here
we summarise the answers and record a few standard results that will be useful later.

‘Throughout this section, the identity element of a group will always be denoted by
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4.2.1. One slight difficulty that we must overcome is that many authors who have
investigated group graded rings assume that their rings have identities. Fortunately,
it is usually not difficult to extend results about radicals to rings without identity.
‘We will explain how this works; in cases where this method works we will simply refer

back to this explanation.

Let K be a ring graded by a gronp (£, and suppose that 2 does not have an identity.
The usual method of adjoining an identity (sce §4.1.7) works especially well here in
that the resulting ring /' can be given a (/-gradation by putting (/') (/)" and
(R"Y), = R, for g # 1. In other words, adding an identity to I ouly changes the

1-component R, to ()",

As mentioned in §4.1.4, the Jacobson, prime, and Levitzki radicals are unchanged
by the adjunction of an identity and the same is true for the graded versions of these

radicals.

Suppose then that we have a theorem about group graded rings that has heen
proved for rings with an identity. To extend the theorem Lo rings without. identity,
proceed as follows. Let i be a gronp graded ring without identity which otherwise
satisfies the hypotheses of the theorem. Adjoin an identity to /f and check that the
hypotheses are still satisfied. If 5o, apply the theorem to ', We conclurde that 1

satisfies some property. Finally, check whether we can restrict our attention o /f and

conclude that it too satisfies the property.
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For example, suppose that we know the following for rings with identity: if 1 is

graded by a finite group then J(/f,) nilpotent implies that /(1) is nilpotent. Let

I# be ring without identity graded by a finite group and suppose ./( ¢, ) is nilpotent.
Then J((I)) - J((B1)') = J(#) is nilpotent, so J(/f) = (1"} s nilpotent.

Of course, this method does not always work. Sometimes theorems cannot be

extended to rings without identity and sometimes another approach is needed.
4.2.2. We record a few hasic facts about the Jacobson radical of group graded rings.

Lussia. L G b a group and 1l 12 e a C-graded ving.
() I 11 s o subgrowp of G then J(R)O Ry © J(Ry).
(i) J(R) 1 Ry S I ().
(iii) S, (R) NIy == I (1),
Suppose further thal u = |supp(R)| is finite. Then
(iv) oy (B) S I (8).
(V) J(IRY" € (7).

(i) JORY N Iy == A ().

Proor. All these statements can be extended to rings without identity using the
method of §4.2.1. We give references to proofs for rings with identity. Statement
(i) i well-known; it follows immediately from [58, Lemma 7.1.3]. Statement (ii) is a

special case of (i), Statement (i) is 4, Corollary 3.3]. Statements (iv) and (v) follow
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from [49, Proposition 4.6] and [49, Corollary 4.4] respectively, and in the case of Gnite

groups from (16, Theorem 4.4, Finally, (vi) is an inmediate consequence of (i), (ii

and (iv). O

4.2.3. In order to prove the result that we are aiming for on the nilpotence of the
Jacobson radical for rings graded hy finite semigroups, we first need the corresponding
result for group graded rings. The proof of the following proposition uses the argument
of [17, Lemma 1.1]. We prove this for graded rings with inite support. bhecause we

will need this full generality later.

Proroserion ((11)). Let ¢ be a growp and Il 18 be o Cegraded ving with o
|supp(/f)| finile. Supposc that J(Ry) is nilpotent with inder of wilpolcney o, Then

JORY™M = 0. Convcrsily, if J(R) is wilpolint, so is J(Ry).

Proor. The last statement follows immediately from Lemma 4.2.2(vi).

Suppose then that J(H,)! = 0. We first show that .1, (/) is nilpotent. Let
1o ees. i be homogencous clements of . (1) with «, ¢ Ity for | < 0w,
Let hy = 1and hy = giga...m for 1= b < w17 some by of supp(l) then

wwq = 0. Suppose then that /iy & supp(/t) for 0 < k< wd. Among the

nd + 1 elements hy. hy.....hq of (/) there must be o 1 1 with the sime value, say

Dy =hy == by with O 2 jy 2 jy <eee o g T For 077 ke 1w hive

Duergvae -ty =Y
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and so by Lemma 4.2.2(iii),

Futityaz ey @ d(RYD By = J(R)).

Henee ., 10y q2eeor,y € ()" = 0. Because every element in J,(K) is a sum
of homogencous clements in (/) we have shown that the product of 1 clements
of J,, (1) is zero; in other words, that ./,.(R)*" = 0. Finally, by Lemma 4.2.2(v),

(Y, (1) = 0 and the result is proved. O

4.2.4.  We now turn our attention to local nilpotence, beginning with a lemma
relating the graded Levitzki radical to the identity component of a graded ring. This
is analogous Lo the alternative characterisation of the graded Jacobson radical given

in §4.1.8.

LENMMA. Let 1t e a ring graded by o locally finite group ¢ Then Ly (R) is the

largest homoge ncous ideal | of | such that 10 Ry C L(Ry).

ProoF, The lemma just requires a combination of results about reflected radicals.
Firstly, [6, Theorem 3.3] states that L,,;(R) = L,.(K) provided that (i is locally
finite. Secondly, [7, Corollary 2.6] says that Ly.;(?) is the largest homogeneous ideal

Lof 7 such that 108y C L(I). O

5o require a simple result about powers of finitely generated subrings.

LENSA. Lot T b finitely generated subring of a ving B, Then T is also finitely

aencrated for any n.
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PROOF. Let {ryorye...ory

} be a finite sel of generators of . It is casily verified

that A" is generated by the finite set of words in the », of length hetween n and

2n—-1. O

4.2.6. Our next result is similar to Proposition 4.2.3, except that we consider local
nilpotence rather than nilpotence. In this case, the grading group ean e loeally

finite.

PROPOSITION ([11]). Let ( be a locally finile group and Wl B e a ti-gradid vy

such that J(Ry) is locally wilpotent. Then () is locally wilpoleut.

Proo¥. That J(R) is locally nilpotent implis that J(/))  L(HK,). Let 1 he a
subgroup of (/. We know that J,..( i) is the largest homogencous ideal [ of £y such
that 10 By C J(I) 50 by Lemma 4.2.4, J,, () = Ly (1) and theeefore 1, (K1)
is locally nilpotent.

Let A be a finite subset of J(/f) and let ' be the subring of /f generated by A

Let /1 be the subgroup generated by the support of A; then n | 11]is finite hecanse:

(¢ is locally finite. By Lemma 4.2.2(1), J(R) (1 Ky © J(Hy), s0 0 JCley). By
Lemma 4.2.2(v), 1" C Jy(Iy). But 7 is fnitely genorated by Lemma 425, and
Jye(It1y) is locally nilpotent. Hence 7% and therefore 1" are nilpotent subrings of /.

So J( 1) is locally nilpotent as claimed. [J
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4

Elementary Rees Matrix Semigroups

Our next task is Lo develop similar results for rings graded by clementary Rees

matrix semigroups, or more precisely, contracted graded rings.

4.8.1. We hegin with a characterisation of various radicals for these rings. We give
a general result that characterises radicals satisfying certain conditions which we then

show are satisfied by the Jacobson, prime, and Levitzki radicals. Note that the first

characlerisation given in the Proposition below was obtained by Kelarev [42] for the
Jacobson, Levitzki, and prime radicals in the case of rings graded by rectangular

bands; the second characterisation was obtained for these radicals in [11].

PROPOSITION (11, 42]). Lot R b a hereditary supemilpolent radical which salis-
Jics the following conditions:

(A) I A s vaght (or 1o ft) ideal of B then R(R) 0 A C R(A).

(B) 1 A and 13 are vight (or lft) idvals of B and A CR(BY then A CR(IR).
Let S = O LAY b an dlementary Rees matvie scmigroup and Il B b a
contracted S-graded ring. Phen:

(1) ROR) is the lamgest idval 1 of B such that [0 By © R(Riy) for all i and A,

() R = r € K] Reli € SR(RW)).
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Proor. We use the notation and observations of Section 2.2. Applying property

(A) twice, we sce that for any i and \,

R(R)O Koy = (R OVEL) 0
SR O Hy
€ R(KN).
Suppose that / is an ideal of 2 and /01 /f,y € R(/1,) for all i and \. Becanse R
is supernilpotent, to prove (i) it suflices to show that K1« R().
Note that
RIR =3 RR
i
For any 7 and A,
R d R S IO G R(BN) K,
But .1 K.y and H,y are left ideals of /f,., hence [f,. [ 1.y« R(I..) by property (13)

This holds for any ), so

R dlp =Y R Al RO,
E;

But /2,11 and 11, are right ideals of #, so by property (13) again, It,. 11« R(If)
and therefore

RIR =31t 01 CR(I)

as desired. This proves (i).
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let K — {re It| Belt  .R(K,s)}; then K is an ideal of /. Now for any s and

KRR Iy © R(R) N I © R(Rin)
by (i). Since R(If)I1 is a homogencous ideal by Lemma 2.2.3,

RR(EYIE =Y BR(R)KO K,y
Y

C S R(R)-
&
Henee, by the definition of K, R(K) C K.
Conversely, 1Nl € S R(Ky) and RK R is homogeneous by Lemma 2.2.3, so
=
WK R Iy © RRA). Therefore, BK # € R(17) by (i) and so k' € R(R) because R
is supernilpotent. This proves (ii). 0
4.3.2. We now demonstrate that the Jacobson, prime and Levitzki radicals satisfy

conditions (A) and (B) of Proposition 4.3.1.

COROLLARY. Let S b an clementary Rees malriz scmigroup and lel B be a con-
tracted S-graded rving. The Jacobson. prime. and Levilski madicals salisfy properlics
(A) and (1) of Proposition 43.1. Henee, these radicals of B are characterisd by
statements (i) and (i) of Proposition 4.3.1.

Prook. We need only show that these radicals satisfy properties (A) and (B) of
the proposition. We will use right ideals; the proofs for left ideals are analogous.

‘Throughout this proof, let /? be a ring and let A C /3 be right ideals of /7.
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Note that /(R) A is a quasi-regular ideal of A, so J(K)N1.A (A EAC(R),
then A is a quasi-regular right ideal of 1. But - 1sa right ideal of i, so Vis actually

a quasi-regular tight ideal of B, Hence 4 C J(K). This proves

At satisties (A)
and (B).

Similarly, L(R) N :Ais a locally nilpotent ideal of A so L(K) 11 A ¢ L(A). If
A C I(B), then A is locally nilpotent, and since A is aright ideal of £, 4« L(K).
Hence L satisfies (A) and (B).

Leta € B(R)N A. Let {}s0 be an m-sequence in A with «y a. Then A ¢ K
and « € B(I) implies that ¢ = 0 for some k. So a ¢ B(A). This shows that
satisfies (A).

Suppose that A € B(B). Let a € A, and let iy == a,r, o yry oy g for s D
be an m-sequence with cach r; € /7. Let yo = rorq and g, - g, praryy, o for o -0
Since ror, € B for all i, the sequence {y,},5y is an mesequence in /3 starting with
Yo = dorg = ary € A C B(13). Hence, there is a k such that g 0. Bul it is casy
to prove by induction that iy = yury for all i and sowpy 0. Soa o H(H).

Therefore, 3 satisfies (B). 0O

We remark that the chasacterisation (ii) of the Jacobson radical of such rings is
a generalisation of similar results for Munn algebras (see, for cxample, [55, Corl-
laty 5.18]) and for a certain class of rings graded by rectangular bands obtained ly

Munn [52, Corollary 32].
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Note that the fact that the Jacobson radical satisfies property (A) of Proposi-

tion 4.3.1 is well-known and we shall frequently use this without explicit reference.

4.8.3. We prove a result on the nilpotence of the Jacobson radical for rings graded

by elementary Rees matrix somigroups. This is similar to Proposition 4.2.3 except

that all idempotents of the semigroup must be considered.

Prorosimon ([N)). Lot Sbeoa finile clemntary Bos matrie scmigronp and let
W a contraeted S-graded ving. Thon JORY is nilpotol if J(R) is ilpolent for all

sdvmpolents € S,

PHoor. We may sippose that S = MO(1;1,A; 1) where [ and A are finite sets

sinee s finite,
Note that with the given hypothesis, we may sssutne that /() is nilpotent for all
and A, e rif iy doesnot correspond to an idempotent clement of & then (,4)? = 0.
Letn - |8]= 1 = []A] and let d be the maximum index of nilpotency of all the
rings (1),
Letm = nd 2 and let .0y . ...r, be a sequence of homogeneous elements of
J(H) with , € [\, for all j. Consider the nd+ 1 pairs (N, 1)y 1<) < nd 4 1.
Sinee there are only n = | /7]|A] possible distinct pairs, one such pair must occur at

least d | 1 times, say
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and

Iyl = g = '

=

for some indices ji with 1< jy < jy<

<y sond b Then for e 1, we

have

Figr €0 iy = B
and

T €M = B
so that

T

But each r, € .J( 1) so
Pyttt € JIR) OV B C ().

the last inclusion coming from Proposition 4.3.1 and Corollary 4.3.2. Hence,
T SRR S /09 L |

and 50 .ryry..ry, =0,

We have shown that any product of 1 homogencous clements of J(1) is zero. Iy

Lemma 2.2.3, [#.J(K)/t is a homogeneous ideal of /f that is contained in J(If), sn

(RI(RYR)"™ = 0. Finally, J(R)* C(BJCI) )™ —=0. 1]

Combining this result with group-graded results we easily prove a similar result for

atbitrary finite Rees matrix smigroups.
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Conottany ([11]). Let S be a finite Recs malviz scmigroup and Il B be a con-

tractid S-graded ring. 1 J(R, ) is nilpolcnl for cach won-zcro idempotent ¢ of S then

J(I) is wilpotet.

Proor. Write S = 9(C5 1,A; 1?) and let §' be the homomorphic image of §
induced by the trivial homomorphism (7 — 1 as in §1.5.5. We usc the notation of

f
¥

Leti ¢ [and A € A. If py = 0 then (K\)* = 0 and J(/f,) is nilpotent.
Otherwise Ity is a (i-graded subring the identity component of which is /, for some
idempotent « € S in which case J(/;y) is nilpotent by Proposition 4.2.3. Then,
regarding It as an §'-graded ring, its homogeneous components /;y all have nilpotent
Jacobson radical. Since S'is a finite elementary Rees matrix semigroup, that .J(17)

is nilpotent follows from Proposition 4.3.3. )

4.3

Note that the converse of Corollary 4.3.3 is true. This follows easily from

the following lemma,

LENNA. Let A b a vight (or lft) ideal of a ving R, 1f J(R) is nilpotent then J(A)

is wilpolont.

Proor. Assume that A is a right ideal; the other case being similar. Notice that
J(:A)A s & right ideal of I and /()A€ (). By Corollary 4.3.2, the Jacobson
radical satisfies property (B) of Proposition 4.3.1 and so J(s)A C J(R). Hence,

J(A)FCI(R) and so () is nilpotent if J(R)is. O
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PROPOSITION. Ll S be a finite Rees matviz semigroup and il B be a contracted S-
gruded ving. 1f J(RY is nilpolent then J(R,) is nilpotent for cach non-sco idempolonl

Cof S,

PROOF, Suppose that J(R) is nilpotent. Let § = MO(G51LA; ). Let « he an
idempotent element of 5, then ¢ = (y),\ for some y ¢ (/, 7 « [yand N A Now, K,
is a right ideal of # and My is a left ideal of K;., so that applying the lemma twice,

we see that /() is nilpotent. But I, is graded by a finite group isomorphic o (¢

and ¢ is the identity of this group. So J(/1,) is nilpotent by Proposition 4.2.3. 11

ill true if 1 and A arc infinite, since the proof

We remark that this proposition i

makes no use of their finitencss.

4.3.5. We prove a result similar to Proposition 4.3.3 for local nilpolence of the
Jacobson radical. In this case there is no need for the semigroup to he finite. Note

however that an clementary Rees matrix semigroup is locally finite.

PrROPOSITION ([11]). Let S be an clementary Recs mal vir sonigroup and I 1F b
a contracted S-graded ving. If J) is locally wilpolent for all idcmpolents o o S

then J(R) is locally nilpolcal,

PROOF. Let § =MO(1;1,A; 1°).
Once again note that we may assume that J(/,,) is locally nilpotent for all + and

A for if the element (1);, is not idempotent, then the correspondi | I
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satisfies ()¢ = 0. Then we have J(/t) = L(R,y) forall 7 and X. Since ./ and L
Loth satisfy the properties (A) and (B) of Proposition 4.3.1 by Corollary 4.3.2, we
see immediately using cither characterisation of Proposition 4.3.1 that J(R) = L(R).

tence J(12) is locally nilpotent as climed. 0

Onee again, we can easily extend this result to a mor- general class of Rees matrix

semigronps.

CororLary ([11)). Let S be a locolly finite Rees matvie se migroup and let 1 be a
contwacted S-graded ving. [f J(R.) is locally nilpotent for cach non-zero idempolent ¢

of S then J(R) is locally nilpotent.

Proot. The proof is essentially the same as that of Corollary 4.3.3. We may

uine that § contains at. least one non-zero idempotent ¢, for otherwise 9 is a null

semigroup and then = 0. 1 we write § = MO(¢/; ,A; ) then (7 is locally finite

because it is isomorphic to the maximal subgroup /1, of § determined by any non-zero

idempotent (. So the result follows by Proposition 4.2.6 and Proposition 4.3.5. O

We do not know if the converse is true, for we do not know if the converse is true
in the case of a ring graded by a locally finite group. However, if we restrict our
sewigroups fo be those Rees matrix semigroups which have only finite subgroups,
then the converse to the corollary does hold. For in this case, the result is true for

the group graded subrings /2, by virtue of Lemma 4.2.2(vi), and we can prove the
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converse in the same m* nner as Proposition 4.3,

4.4. Ideal Extensions

One final step is needed to complete the set of tools that will enable ws to prove
results about rings graded by general semigroups. We must show that nilpotence and

local nilpotence of the Jacobson radical are preserved by ideal e xtensions.

4.4.1. We first prove a general result about radicals of ideal extensions. This is a

generalisation of a result of Wauters [70, Lemma 1.3] for rings gracled by a two-clement

semilattice and the proof is essentially (|

Luemma ([11)). Let L be an ideal of a ving 1B oand IR be e ve ditary supeendpolent

radical. Then R(R) = {r€ R | (1 4+ r) € R(R/1) and r1 ¢ R(I)}.

Prook. Let K = {r € I | (1) & R(R/)and vl © RN} Note that if
r € Rand vl € R(I) then ol vl & R(I)and wrl © #R(1) ¢ R(1) becanse

R(1) = I N R(R) is an ideal of /. It then follows casily that A" is an ideal of 1, the

other verifications being straightforward.

Because (1 + R(I))/1 C R(I/1) and RO € L OvR(R)  R(I) it follows that
R(R)C .

For the converse, consider the homomorphism iz K - It/ 1 which is the composi-

tion of the projection /t — [2/] with the inclusion A —+ It. "T'he image of 1 is the



4.4. IDEAL EXTENSIONS T2
ideal (11 K)/1 of It/ and it is contained in R(/2/1) by definition of A" Since R is
hereditary, the ideal (14 K)/1 is Reradical.

“The kernel of g is the idead K1/ = {r € 1|+l € R(J)}. Clearly, R(/)is contained
in this sel. We write /' for the right ideal of / generated by an element r € /. 1f
rl R(I) then (71')* < rl ©R(1); 50 r & rl' © R(I) because R is supernilpotent.
Henee kees R(1).

So v induces an isomorphism K /R(1) = (/I + K)/1 and therefore h/R(/)is R-
radical. Because radical casses are closed under ideal extensions A is R-radical.

Henee N CR(I). 101

Since the Jacohson, Levitzki, and prime radicals are hereditry and supcrnilpotent,

we may apply this result to them,

4.4.2. The following results are well-known.

Lessas Lat Ll an ideal of a ving K.

(i) 1 01) and J(RJTY ave nilpotent then J(RY is wilpotcnt.

(i8) 17 I(1) and (1] 1) are locally wilpolent then J(R) is locally nilpolcnt.

PrOOE. Suppose that (1) = 0 and J(R/1)" = 0. Then J(R)" C I 0.J(I) =
A1) so J(H)™ <0, This proves (i).
For (ii), note that the hypotheses say that J(/) = L(1) and J(1#/1) = L(}t]1). So

by Lemma 44,1, we have J(1) = L(I) and hence .J(1?) is locally nilpotent. O
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‘We remark that the converse fails in cach part of the lemma. This will be demon-

strated by an example in

Semigroup Graded Rings

We are now in a position to combine the results of the previous seetions Lo oblain

nilpotency results for the Jacobson radical of rings graded by general semigroups

4.5.1.  We first deal with the nilpotence of the Jacobson radical for rings praded hy

finite semigroups.

TueOREN ([11]). Lt S be a finile scoigroup and It 18 be an S-graded ving. 1f

JOR) i nilpolent for all idempotents ¢ € S thin J(RY is nilpolinl.

Proor. If 8 does not have a zero then adjoin one and pul ft, 0. Otherwise,

since 0 is an idempotent, we are given tiat J(/) is nilpotent and it suflices Lo srove

that J(/#/Ro) is nilpotent by Lemma 4.4.2(3). $o we may assume that S has a
and /? is a contracted S-graded ring.

Since S is finite, it has a principal series

w8 e W

Furthermore, by Theorem 1.4.8, cach G-simple factor 5,/5, is completely O-simple-

We will proceed by induction on the length u of this series.
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If 0 1 then S is nll or completely O-simple. In the former case, /t* C iy = 0

so (1) is nilpotent. In the latter case, S can be assumed to be a unite Rees matrix
semigroup by Thearem 1.5.2 and so J(J7) is nilpotent by Corollary 4.3.3.

Supposc then that we have proved the result for semigroups with principal series of

length less than n. Consider the contracted

-graded ring R = It/ s, (cf§2.1.4).
The non-zero idempotents of 575, are those idempotents ¢ € S\ 8, (see §1.3.5)

and the cor ding b of /7 arc just the components /f, of

K. Sinee 578, has a prinicpal serics of length » — 1, it follows from the induction
hypothesis that ./(?) is nilpotent. Since S, is completely 0-simple or null, J( /s, ) is
nilpotent by the previous paragraph. Hence /() is nilpotent by Lemma 4.4.2(ii).

This completes the proof. [

4.5.2. We prove a similar theorem about the local nilpotence of the Jacobson radical

for rings graded by locally finite semigroups.

Turores ([U)). Let 8 be a locally finite semigroup and el B be an S-graded ring.
Suppos that J(R,) is locally nilpolent for all idempolents ¢ € S. Then J(R) is locally

wilpotnt.

ROOE. Just as in the proof of Theorem 4.5.1, we may assume that  has a zero

and A is a contracted S-graded ring.
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Let {aictaeeeeia,} be a finite subset of J(#) and let A he the subring of J(H)
generated by {uy.a . oa, ). Let 2= () supp(a,) U {0} and et 7' he the subsemi
=

group of N generated by /3. Since ¥ is locally finite, 1" is finite. Note that /['is also

generated by the support of A and 0.

We proceed by induction on [1]. If [/ | = 1, then 7' - {0} and therefore .\ 0

because Ity = 0.

Suppose then that. we have shown that all finitely generated subrings of J(/7) whose
supports generate a subsemigroup strictly smaller than 7" are nilpotent. We shall
find a & > 1 such that the support of A¥ generates a strictly smaller subsemigroup.
By Lemma 4.2.5, A* is a finitely gencrated subring of J(/f). Hence the induction

hypothesis says that A*, and so also /A, is a nilpotent subring of /2.

Let [ be the ideal of S generated by /3. So 1" [. Since [ is finitely generated,
the set of ideals strictly contained in / contains maximal clements; this follows casily
from Zorn’s Lemma. Let A be a maximal such ideal. Then [/M is a 0-minimal ideal

of §/AI and as such is null or O-simple by §1.4.2.

Now, A C Iy C Ity and A C J(It) so A C Ity ri (1) © (1), the last inclusion
holding because ./ is hereditary and /2, is an ideal of It. Let A be the image of Ain
the contracted //M-graded ring /7 = I,/ Ry Since A € J(1t)), it follows that A is

a finitely generated subring of J(F7).
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Note that the h of i ding to non-zero idempo-

ding to id e\

tents are precisely those I, of I

So the contracted //M-graded ring R inherits the hypothesis of the theorem.

1T 1/M s a null semigroup, then #* = 0 so J(R) = i is nilpotent.

It 1/A1 is & 0-simple semigroup then it is completely 0-simple by Theorem 1.4.8.
Furthermore, /A1 is isomorphic to a locally finite Rees matrix semigroup by Theo-
rem 1.5.2, so J( ) is locally nilpotent by Corollary 4.3.5.

In cither case, since A is a finitely generated subring of J(R7), thereis a k > 1 such
that A% == 0. So AF C iy, But A% € Ry so A% C Ry, Since [ is generated as
an ideal by 7" and Al G I we cannot have 7' C M and so 7'0 Al € 7. Then M N T'

conlains the support of A* so the subsemigroup generated by the support of A* is

strictly smaller than 7" as desired. [

4.5.3.  We draw some corollaries from this theorem.
Recall that a band is a semigroup of idempotents. It is known that bands are
locaily finite; this follows from the fact that finitely generated free bands are finite

(see for example [15, Exercise 4.2.9(d)]). So the following corollary is immediate.

conotrany ([1]). Let 8 be a band and let B be an S-graded ring. If J(R,) is

focally wilpolent for all s € § then J(RY is locally nilpotent.

Munn has studied similar properties of the Jacobson radical for semigroup rings

over bands [51] and o class of band-graded rings called special band graded rings
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[52). In particular, he shows that for such rings, if the Jacobson radical is nil for cach

homogeneous component, then the Jacobson radical of the ring itself is nil. OF course,

the homogeneous components of a band ring AA[3] arc all isomorphic to 1.

4.5.4. For band rings, Munn also obtains a converse. The key to the converse is

the following lemma which is obtained from [51].

LEMMA. Let S be o band and A be a ving. Then J(A) is isomorphe to a subring

of J(ALS]).

Proor. Let ¢ € S. Suppose first that the ring /1 has an identity. It follows from
[51, Theorem 1] that the map o — uc embeds J(A) into J(A[S]). 1F A does not
have an identity, then adjoin one in the manner of $4.1.7. Then A[S] is an ideal of
A1[S] because A is an ideal of A'. So, the map a - ar embeds J(A) J(A') into

J(AS) N ALS] = J(A[SD). O

If, for example, J(A[S]) were locally nilpotent, then it would follow immediately

that J(A) were locally nilpotent. We abtain:

COROLLARY ([L1]). Let S be o band and let A be a ving. Then JCAS]) v locally

wilpotent if and only if J(A) is locally nilpolenl.

4.5.5. We remark that we cannot obtain a theorem similar to ‘Theorem 4.5.1 fur

the Jacobson radical to be nil. The impediment is the unknown status of the Kiethe
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conjecture: that the sum of two nil one-sided ideals is nil. Indeed, we can be more

precise:

Provosriion. The following are cquivalen?:

(i) The sum of two onc-sided nil ideals is nil.

(i) For cocry finite dementary Rees matvie semigroup S and cocry contracted S-
graded ving 18, J(R) is wil provided thal J(R,) is nil for cvery idempolent
(e N,

Proor. We will sketch the proof. Suppose first that the Kéethe conjecture (i) is

true. Let A = A, + A, be a ring which is the sum of two right ideals, cach of which
has nil Jacobson radical. Consider
1= A () + Ay 0I(ALY;
Iis casily seen to be an ideal of A. But A; N.J(A) S J(A) for i = 1,2, so by (i), |
s a nil ideal. Then
SV S AS(A) = A (A) 4 Ad(A) € A AS(A) + AN () € 1

so that J(A) is nil. The same is truc if A is a sum of two left ideals.

Let § = MO(1; 7. A; ) be a finite elementary Rees matrix semigroup and let /f be

o contracted S-graded ring such that J(, ) is nil for all idempotents ¢ € §. Then It

is a sum of finitely many right ideals /7;,, and each #,. is a sum of finitely many left
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ideals R;y. Each 1, is cither nilpotent or has nil Jacobson radical by hypothesis, so
we conclude that /() is nil. Hence (ii) is true.

Conversely, suppose that (ii) holds. Let A and /3 be nil right ideals of a ring ",
Let 5 = {c. [} be a two clement left zero semigroup, so that S is an clewentary Rees
matrix semigroup by §3.4.2. Consider the subring ' = e | 3] of the semigroup
ring C'[S]. Then K is an S-graded ring and so a contracted S%-graded ring, with
R = Acand Ry = Bf. Then J(R) = K = Ac and J(R)) Ky, B[ are
both nil. By Corollary 4.3.2, it is easy to sce that J(/) - /. So by (i), I is nil.
Let @ € A and b € B. Then there is an # such that (e | /)" 0. However,
(ae +b1)" = a(u+ b)"~"e 4 bla + b)"~' [ so that a(a 1 by " bla 1 b)" " Oin
and therefore (¢« + b)* = 0 in (!. This shows that A - /3 is a nil right ideal of €', A

similar argument holds for left idcals, and thercfore (i) is true. [

4.5.6. We give an example to show that the converses of both ‘Theorems 4.5.1
and 4.5.2 are false. The example is so constructed that the converse of Lemmi 4.4.2
fails: we provide a ring It with J(/?) = 0 but with a homomorphic image which has
non-nil Jacobson radical.

Let I beafield and let A = K[[X]], the ring of power serics

L, X i one varinble

X over IV It is well-known that .J(A) consists of those power series which have zero
constant term, and that such power series are not nilpotent (see [63, Fxample 2.5.11])

So (1) is not, nil and indeed A contains no nil-ideals, Lot /t - A[V], the polynomial
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ring over /A in one variable V. By a theorem of Amitsur 63, Theorem 2.5.3], .J(1) = 0
because A has no nil ideals.

Let § = {o. 8} be a two-clement semilattice with o > . If we put #, = A and
Iy~ Y AIY), then It = If, 4 Ky and it is easy to see this is an S-gradation because
Ais a subring of # and V' A[Y] is an ideal of K.

So J(I) = 0 but J(1,) = J(A) is not nil.

Hence, the converses of Theorems 4.5.1 and 4.5.2 fail. Since K, = [t/1,, this

example is also a counter example fo the converse of each statement of Lemuma 4.4.2.

4.5.7. One might ask whether the nilpotence result, Proposition 4.5.1, holds for
infinite semigroups. In general, the answer is no, as the next example, of a ring
graded by a locally finite semigroup shows. This example is [21, Example 3].

Let § = {# | 0 <.r < L. + a real number} U {0} be a semigroup with operation

ity Mr#0,y#0,and r+y<l,
=

0 otherwise.
Then & is a locally finite semigroup, for if r is the smallest real number iz a finite
subset A of S, then A" = {0}, where n is chosen so that 1 < r. Notice that §
contains no idempotents except 0.
Let 1 = Ky[S] be a contracted semigroup algebra of & over a field i, and regard

It as an S-graded ring in the obvious way. Then /# has no non-zero homogeneous

T ding to id Notice that /7 is nil. For if r is the
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smallest element in the support of an element r = B ¥ gy of By then " 0, where
again & < . Hence, J(R) = R. But /f is not nilpotent, for the product 1. L in
& is never zero for any n.

Of course,  is locally nilpotent, as Proposition 4.5.2 says it should be: if i is the
smallest element of the support of finite set {r{.ry.....r,} of clements of £, then it

is casy to sec that (ri.ry,..., )" =0, where L < o,

4.6. The Jacobson Radical and Subrings

Before finishing this chapter we will prove a proposition relating the Jacohson
radical of a semigroup graded ring to the radical f subrings graded by cerlain sub-

semigroups.

4.6.1. In the first instance, these subscimigroups arc left or right group-like (cf

$2.3.1).

LEMMA. Let T be a vight (or Ieft) group-like subsemigronp of S aud el It he an

S-graded ving. Then J(R)O By C J(1y).

PROOF. Suppose that 7" is tight group-like; the other case is similar. Let nys It
Ity be the projection map. By Proposition 2.3.2, 7y is a right Itz-module: homomor.
phism.

Note that J(/) N fty is an ideal of Iy, so we need only show that an chement

€ J(R)N Iy is left quasi-regular in Ity Since.r & J(R), thereis a g ¢ ¢ such that
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w4y by =0 Hence,

0=mp(e+y+ye)= o +ap(y) +mr(y)e

and since 7(y) € Ity « is indeed left quasi-regular in fp. 01
4.6.2. We extend this lemma to any left or right simple subsemigroup 7' of S.
PROPOSIHON. Lol T bi @ subscinigroup of § which is It or right simple. Then

SOy CI(Ry). In particular, ifc is an idempotent of S, then J(RNR, S J(R,).

ProoF. Assume that 7'is right simple. By Lemma 2.3.1(ii), 7'~ is a right group-
)

by Lenima 4.6.1 and therefore J(R) 0 Ity © J(yp=1) A Ry © J(It). Since {c} is a

1. So J(I) N Rypes € I (Ryy

like subsemigroup of S and 7'is a left ideal of 7"

right simple subsemigroup for any idempotent ¢, the last t is a special case

of the general statement. O]
Note that we have already proved this for a contracted elementary Rees semigroup
graded ring (Proposition 4.3.1 and Corollary 4.3.2), and for group graded rings, this

2(i). "This result was also proved in [41] in the case 7' is & subgroup

is Lemma

using a different method.



CHAPTER 5
H geneity of the Jacol Radical

Let S be a semigroup. 1€ /() is homogencous for all S-graded rings, then we say
that the Jacobson radical is S-homogenious. In this chapter, we investigate which
semigroups have this property, obtaining a necessary condition that & be caneellative,
We also introduce some related but weaker homogencity conditions. We are able to
completely determine which semigroups satisfy these weaker conditions, at least. for
the classes of commutative and regular semigroups.

The S-homogeneity of the Jacobson radical has reccived much attention. Fven
in the case that & is a group, the problem has not been completely solved. It is

not difficult to see that a group (/ must be torsion free if the Jacobson ra

cal is
(/-homogeneous. For if 1] is a cyclic subgroup of (i of prime order p and K is
field of characteristic p, then 1 = K|/I] is (i-graded by putting I,  Kyif g« Il
and ft, = 0 otherwise. But J(K[I]) is the augmentation ideal of K[I] (cf |58,
Lemma 3.1.6]) which is not homogencons. On the other hand, it is not known if the
Jacobson radical is (-homogeneous for all Lorsion free groups (£ or even for ordered

or up. groups. The first positive result was obtained by Ecrgman [8] who showed

that the Jacobson radical is homogencous for cach Z-graded ring. This was extended

by Jespers and Pucaylowski [35] 1o free groups and torsion free nilpotent gronps.
lowsh

In [34], Jespers, Krempa, and P i studied the b ity of various rad-

icals for -..p. and t.u.p. semigroups; affirmative results we

shtained for the Levitzki



[HOMOGENEITY CONDITIONS 84

and prime radicals, but the problem for the Jacobson radical was not solved. More

letely for

recently, Kelarev [40] solved the problem

the Jacobson radical is 5- for a ive semi *if and only if

Sis Lorsion free and cancellative.

1t was conjectured in [£0] that in general, if the Jacobson radical is $-homoger.cous,
then 8 is embeddable in a group. Our result that such semigroups are cancellative
adds credence to this conjecture. There are, however, examples of cancellative semi-
groups which are not embeddable in o group (see 15, §12.6]).

The results of this chapter were obtained in collaboration with Andrei Kelarev and

can be found in [14].

5.1. Homogeneity Conditions

‘The condition that the Jacobson radical is S-homogeneous defines a class of semi-

groups. Il we restrict the clas [ S-graded rings for which we require homogeneity of

the radical, we include more semigroups. In this section we will define a few related

s of semigroups in this way, and give some elementary closure properties of these

£ 8 be a semigroup. We say that 8 s a Jll-se migroup if for each S-graded
ving . J(/) is homogencous. 1f § is a group which is a Jll-semigroup, we will call

it -group.,
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Let 5 be a semigroup with a zero. Then & is a Hy-semigroup if for each contracted
S-graded ring 1%, J( ) is homogencous. We introduce this definition for two reasons
Firstly, as we have already scen, we often use chains of ideals of a semigronp to
reduce a problem about a semigronp graded ring to contracted semigronp graded
rings. Secondly, some well-known ring constructions, for example generalised matrix
rings, can be regarded as contracted semigroup graded rings. Indewd, the Jacohson

radical of a i

| matrix ring is | s 19, 72].
As mentioned above, which groups are J1lgroups has not heen completely deter

mined. For this reason, it is jent, when ing the homogencity of J(17)

for an |

graded ring K, to assume that /( H;;) is homogencous for cach subygranp ¢/

of §. This makes the results easier to state, and results without this assumption can
casily be recovered (cf §5.1.4). In addition, for some ring constructions, for exam

ple semigroup algebras over the complex numbers, we may know a priore that the

subrings .J(I#r;) are homogeneous. Accordingly, we say that § is a JC1 s migroup if

() is homogeneous for each S-graded ring It such that J( /) is homogeneous for

all subgroups ¢/ of . Similarly, if & has a zero, then S is a JOHy-somugronp if J(17)
is homogeneous for each contracted S-graded ring /f such that J(/¢:;) is homogeneous

for all subgroups (/ of 5.

5.1.2. It is easy to see that a subscmigroup of a Jll-semigronp is w Jl-scimig onp,

For the other classes of semigroups, we must be a bit careful about which subsemi
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groups we take.

Following [41]. we say that a subsemigroup /" of & is group ctosed if for o

subgroup (7 of 5, either 711 ¢/ = 0 or 7'0 (/i a group.

LEMMA.L Let S e a scmigronp and 1ot T be o subscmigroup of S, 0[S has @ oro,

denote il by 0.

(i) 17 S i a Hlescmigroup then 1 is a J-se migroup.

s a Hly-scmigroup and 0 T thon T 1 a dhy-sc wgroup.

(i) 17 s

(i) 175 is @ Hlgescmigroup and 0 ¢ 1 then 1" is o H-scmigronp
Suppose further that T is group-closed.

(iv) IS is a JCH-scmigronp thon T is a G H-scmigronp.

(V) IS i a JCHyse migroup and 0 ¢ T then T is a JGly-semigroup.

(i) I S is o JGlysemigroup and 0.4 T then T is a JCGH-se migronp.

PrOOF. Let I be a T-graded ring; then [t can be graded by S by putting /f, 0

for s € S\ 7. So (i), (ii), and (i) follow immediately from the definitions. For (iv),

(v), and (vi), we need only note additionally that the condition that 7" b group-closed
ensures that .J(Re;) = J(Hee) is homogencous for each subgroup (7 of S, provided

that the same is true for every subgroup of 7. [

In a similar way, we can pass o Rees factors.
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LAIAAL Lol S b semigroup with a zoro aud 10 1 be an el of S Af S is

Mly-smigroup (resp. o JGlg-semigronp). then ST is also a Hiy-scmigroup (resp.

0 JC st migroup).

100K, IF I s a contracted §//-graded ring, then [ hecomes a contracted §-
graded ring by putting K, = 0 for s € 1. Furthermore, if (/ is a subgroup of & such

that If,; / 0, the

/€ 5\ 1 and we may identify ¢/ with a subgroup of 5//. O

504, The next lemma relates Jill-semigroups to Jl-semigronps and 1G1l-sewmi-

wroups to J1-semigroups.

LEMMAL Lot S he oo semigroup.

() S is a Jl-scmigroup if and only if S is @ JGH-scmigroup and coery subgroup
Gaf § s a Hl-group

(i) & is a Hlyese migronp if and only if 8 is @ JCy-semigroup and ¢ very subgroup

G af S is a H-group..

Praor. We prove only (i), the proof of (ii) being similar.
Suppose that § is a Jll-semigroup. 1t is clear from the definitions that heing a

JHl-semigroup is stronger that being a J(i1l-semigroup. 1f (7 is a subgroup of § and

It

1 (-graded ring, then ./(/7) must be homogeneous because /f can be considered

to he an S-graded ring. Hence (7 is a Jl]-group.
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of N s

Conversely, suppose that ¥ is a J(ill-semigroup and every subgroup
a Jll-group. If I is an S-graded ring. then for cach subgroup €7 of 8. J(k,.) is
homogencous because (7 is a Jll-group. Then J( /) is homogencous hecause N is a

JGl-scmigroup. [0

5.2. A Necessary Cond
In this section, we prove that Jll-semigroups are cancellative. In fact, we prove
the stronger result that J(l-semigroups are cancellative, We also doduee a more

technical result for J(1]-semigroups; this will he needed in Seetions 5.4 and 5.5,

5.2.1. The first results on the homogencity of the Jacohson radical for group graded

tings were obtained by Bergman [8].
TueOREN ([8]). Torsion frie Alulian groups are -groups.

5.2.2. For a semigroup ring A[S], the angmentation homomorphism is defined to
bew: A[S] = A, T a3,
€N €N
We single out the following trivial observation hecanse we shall wse it twi « in this

section.

LENMMA. Supposc that It is o subring of a scmigroup ving A|S| sueh that w(1) A,

I J(AY =0 and .+ € J(R). thew w(r) = 0.
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We first establish a necessary condition somewhat weaker than cancellativity.

LEMMAL Led S be a JGH-scmigroup, Then S docs nol have lwo distinel clemenls

and fo = [?).

o and [ such that « [ = [* and fo = % (or o f

Proor. We will prove the first case; the other following by symmetry. Suppose
that & does contain two such clements. We must construct an $-graded ring i which
docs not. have homogencous Jacobson radical.

Let V" be the subsemigroup generated by « and /. Clealy,

v ey o g

Let I be afield of characteristic zero, and consider the semigroup ring # = K[\].

Then # is an S-graded ring if we put R, = Kx for s € " and R, =0 fors € S\ 1",

Now take any subgroup (i of S, We will show that ./(/c;) is homogencous. If
€0V @, then Iy = 0 and J(H;) is certainly homogeneous.

Otherwise, let ' = (0 V. Since V' = supp(K), He: = Rp. Choose ; to be the
smallest power of ¢ or [ in ; without loss of generality we may assume that p = ¢
for some m 3 1. Denote by F the subsemigroup generated by . We claim that
17 C. I, For suppose that f* € 1. Then k > m by choice of p. Let 1; be the identity
of the group (i, Since ¢ € P C (i, there is a u € (i such that ("u = 1. Also,

= " and [¥1; = [* because ™, f¥ € (5 the former implies that 1. = &
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since 4 > . But o =

implics (X" =[50 Hence,
T o LR S Ml oS
so that [* € I.
If ¢ is not periodic, then [ is an infinite eyclic semigroup, and oo 17« 1 s
isomorphic to a subsemigroup of Z. By Theorem 5.2.1 and Lemma 5.1.2(i), J(/4.;)
A(I#p) is homogenvous.

If ¢ is periodic, then P = N (; is a finite group since

s finite and (7 is

cancellative, But fte; = Ry = K[P’], and by Maschke's Theorem |58, Theoren 2

I( ) =0.

So J(He;) is homogencous for all subgronps (7 of 5.

Putd =« = [ € R Then for any v & V", the equality (o [0 holds, implying
A1 =0 and hence d € J(R). But by Lemma 522, ¢ f J(R), sinee 10 K[| and
« has augmentation 1. Hence, J(If) is not homogencous and therefore  is not o

JGlisemigroup. O
5.2.4. As a trivial conscquence of Lemma 5.2.3 we have:

Lesya. Let 8 he o JGH-scmigroup. If w,oom & S and w /v, the oqualilns

ww = o and wa = wn oy cquivaly ol

Proo¥r. Suppose that ww = vw, Pul e = wuand [ - wo. Then ¢ [ wuwr

wowe = [*and fe = wowu = wuwu = 2. By Lemma 5.2.3, we must have ¢ [
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larly, wu = woimplies uw = . 0

5.2.5.  With this last lemma, we are ready to prove that JGll-semigroups are can-
cellative. Notice that this lemma says that left and right cancellativity are equivalent

for JC-semigroups.
Tukones ([14]). JCGHesemigroups are canedllative.

Proor. Suppose that S is a JG1I i and Sis not. llative, Then there

exist clements v oo @ N such that w # ¢ but wwe = v, We will construct an
S-graded ring such that J(#;) is homogencous for all subgroups (7 of S, but J(1?) is

not homog % dicting our

Denote by M the ring of 2 % 2 matrices over the complex numbers C. Let ¢y = ()

be the standard matrix unit and put ¥ = Cryy; then V2 = 0.

Let 11" = S'wS' be the ideal of S generated by w. Define a subring /7 of the

gronp ring M[S] by
R=NS+MW ={Y aseM[S][a,€ Nifsg W)
=
this is a subring because 11" is an ideal of S. Since /f is a homogencous subring of
M|S), it inherits the usual S-gradation from A/[S].
Let (i be a subgroup of 8. Since W' is an ideal of S, either (/N IV = or (i C W,
In the former case, ly; = N[(J], so l;* = 0 and therefore J(R¢;) = He. In the latter

case, Hy;is the group ring M[(/] which is isomorphic to the ring of 2 x 2 matrices over
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the group algebra C[(:). But J(C[(]) = 0 (by |58, Theorem 7.1.1)) and therefore

)

J(Re) = J(MACIC])) = 0 (by [58, Theorem 7.268]). So J(He;) is homogeneous for
all subgroups (7 of 5.

Consider the element d = ¢,3(u — r) of the ring 1. Take any <« 1 say «  awh,

where «.b € S'. Since wih = rwh, Lemma 5.2.4 yields wha  whe, so su wwbu

awhe = v, and then ux = rs by Lemma 5.2.4 again. Therefore,
Ay = el = 0)Ms = cpM{u 1)y 0
because (1 — #)s = 0. If x € §\ 1", then
A, = el = ))Ns = N 0)s 0

because (12 € N? = 0. So dt = 0 and therefore d ¢ J(It).

I£ J(I?) were homogencous, we would have ¢ jgu ¢ J(I). Lot w: M[S] + A be the
augmentation homomorphism. Then w(k) = M, and w(eyoun)  «i2tf J(AI) 0. So
by Lemma 5.2.2, c,u ¢ J(I#) and we conclude that /(1) is not homogencons. Henee

S cannot be a J(ill-semigroup. [}

5.2.6. We can immediately deduce necessary conditions for S to be a S -scmigronp,

a JIly-semi or a JG1y

COROLLARY ([14]). Lel S be o scmigroup.

() IS is a JH-scmigronp thin S is caneellative .
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(if) 1] S is a0 Hly-semigroup and T is a subscwigroup of S nol containing 0. lhen

T is canedllative,

(i) I & 1 a JGHy-semigroup and T is a growp-closed subscmigroup of S not

containing 0, then 1" is canecllativ.

Pioor. These statements follow easily from Theorem 5.2.5 using Lemma 5.1.4(i),

Lemma 5.1.2(vi), and Lemma 5.1.2(iii) respectively. 0

The Jacol Radical of ilattice Graded Rings

ding to discuss the h ity of the Jacobson radical for rings

Before
graded by commutative semigroups, we pause to give a characterisation of the radical

for semilattice graded rings. We shall need this in Section 5.4.

5.3.1. We begin with an elementary lemma about semilattices. Recall from §1.1.5

that a semilattice is a i igroup in which every element is idempotent
and that the clements of a semilattice are partially ordered by o > 4 if and only if

ad A
LeMMA. Lot T be a semilaltioc and let 4 € T. Define
N()={a €T a7}

Thew N(3) is an ideal of T and (N(3)U{2})/N(3) is an ideal of T/N (7).
( ) 7
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Proor. Ifad 2 5, then 0 > a3 > 3. Soa ¥ 3 implics a.d 7 3 and therefore
N(7) is an ideal.

If 3 € T. then 43 < 7 50 that J3 € N(3)U {3 }. Henee, N(3) 1 {3} is an ideal of

Tand (N(3)U§2})/N(3) is an ideal of F/N(3). T1
5.3.2. The following theorem is actually « speciai case of [11, Theorem 1].

TUEOREM. Let T be a scmilattice and et 18 be a Pegraded ving. The Jacobson
vadical of B is the largest ideal 1 of I satisfying the following property: for all o 1

and cach 5 €T which is o marimal dement of supp(r). we bave e, I,

Proo¥. First we show that /(1) satisfies the given property. Let oo (1) and

let 4 be a maximal clement of supp(r). Let N(3) he the ideal of Lemmia 5.3.1, let

R = i/ Ry and write 7 for the image in 7 of an clement r ¢ If. By choice of 4, the
ideal N(7) includes every clement of supp(.r) except 7. Also, by Lemma 5:3.1, I, is

an ideal of . So

F,=FeR)NR, T I(R,).
But by Lemma 2.1.4, the map r — 7 induces an isomorphism It ~* It,. We conclude
that r, & J(1,).

Suppose now that / is an ideal of If satisfying the given property and that » ¢ /.

We must show that  is quasi-regular in /f.
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let A . (supp(r)) be the subsemigroup generated by supp(r). Then A is finite
because semilattices are easily scen to be Incally finite. Since R,y C [, the it rmer
satisfies the property of the theorem in the A-graded ring Ra. If we show that
Iarlty € J(124), it will follow that ris quasi-regular in /2. Replacing A by T, R,
by It and [l by |, we may assume that T' is a finite semilattice.

We proceed by induction on [T[. 10 [P = 1, say T' = {3}, then » =, € J(R.) is
quasi-regular,

Suppose that the result is true for all rings graded by smaller semilattices. Let 5
be a m- ximal clement of T. Then N(y) = T'\ {7} is an ideal of .

Let

it=

) (lrﬂm,\-m)”
By Ry -

and let 11 1 be the projection It — R. Since r, € J(11,), we see that 7 = ., € J(R).
Since /0 Ky = 1, it satisfis the property of the theorem in the N(1)-graded
ring fngy). So by induction, + Ry € 10 Ry € J(Ryn)-

By Lemma 4.4.1, we conclude that » € /(#) as required. O

We deduce a much simpler criterion for a homogeneous ideal to be contained

in the Jacobson radical of a semilattice graded ring.

COROLLARY. Let T be o semilalticc and Iet R be a D-graded ring. Let [ be a
homagencous ideal of B Then 1 J(R) if and only if 10 Ry C J(R,) for cach

T
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PROOF. Suppose that / € J(K). Let 3 € I Then iV KL« J(R) 1 Lo I(1)
by Proposition 4.6.2.

Conversely, suppose that /1, C J(#.) for cach 3 ¢ I Lot o« T and let y he

maximal element of supp(x). Since / is homogencous, ., ¢ 1. Wence, .« 1117«

J(R,). We conclude by Theorem 5.3.2 that / C J(R). [}

5.4. Commutative S

Our goal in this section is to completely describe ive Jhysemigroups and
JGlysemigroups.
5.4.1. The question of which i i are JH-semigroups has al-

ready becn answered by Kelarey in [10. We will deduce this result from Theo-

rem 5.2.5.

A commutative semigroup & is forsion frre if for all £,y ¢ S, il 2" y* for son
>0, then + = y. If & is an Abclian group, this coincides with the usual definition

of torsion free for groups.

TUEOREM ([40]). Let S be o commulative semigroup. Then S is a JHesemigroup

if and only if S is lorsion free and cancellalio.

PROOF. Suppose that & # yin S but " = y* for some least 1 0. By replacing
« and y by a suitable power, we may assume that u is prime. Let K b a field

of characteristic », and let /¢ = K[S]; then /f is a commutative ring. Sinee A
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has characteristic n, (r — y)" = " — 4" = 0. Hence, + —y € J(I). But clearly
4 J(It) because it has angmentation 1. Therefore, ¢ does not have homogencous

Jacohson radical. Combining this with Corollary 5.2.6(i) shows that commutative

Jll-semigroups are torsion free and cancellative.

Conversely, let § be a torsion free semigroup. Since &
is commutative and cancellative, it has an Abelian group of fractions (¢ (cf §1.7.2).
Furthermore, if ¢ = /=" is an clement of ¢/ with s,/ € § and 4" = 0 for some 1 > 0,

then s = 1" in & so 5 = and g = 1. Hence, (/ is a torsion frce Abelian group. It
follows that  is a JIl-semigroup by Theorem 5.2.1 and Lemma 5.1.2(1). O
5.4.2. Our first task is to extend this last result to .J(i/l-semigroups. As one might
expect, the only change is to include all Abelian groups in addition to the cancellative
torsion free semigroups.

Provosirion ([14]). Let 8 be a commultalive scmigroup. Then S is a JGH-scani-
group if and only if S is canecllative and lorsion free or S is a group.

Proor. The sufliciency of these conditions follows at once from Theorem 5.4.1 for

cancellative torsion free semi and from the definition of J(i1l-semigroup for the

group case,
Suppose that § is a J(Il-semigroup. By Theorem 5.2.5, & is cancellative.
If all subgroups of & are torsion free, then it follows from Theorem 5.2.1 and

Lemma 5.1.4(i) that S is a JIl-semigroup and from Theorem 5.4.1 that S is cancella-
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tive and torsion free.
Otherwise, there is an clement . € & such that () is a non-trivial finite subgroup,

and sos s

say of order n. Let ¢ be the identity of (#). If s 8, then cx o

because 5 is cancellative. So ¢ is an identity clement for 8. Let ¢/ 2{(~) be the

group of units of 5. Then as we showed above for ¢, an idempuotent element of S must

be the identity of &. So (¢ contains all subgroups of 5. We will show that & ¢/
I 5 # (i, there is an clement y ¢ (. Leb = = oy, then = f (7, hecause otherwise

and y would be units. Note that y # = since /7 . But =% "y oy

Let 7' = (y,2). 17000 # W, then g*:Uis w unit for some b and 1, whenee

least one of y and = is a unit, a contradiction. So 7'11 ¢/ @, and therefore '
group-closed subsemigroup of 8. By Lemma 5.1.2(iv), 1" s a 01 Lscmigroup. Bt 1
contains no subgroups, so 1" is actually a Jll-semigronp, and 1* must he torsion free

by Theorem 5.4.1. This contradicts the assertion that y* " while y / I

5.4.3.  We begin our investigations of JC!fy-semigronps with torsion free commn

tative semigroups. This is perhaps the most intercsting case, and, as we hali

it is not difficult to proceed from this case to the case of arbitrary commulative
semigroups.

Let S be a seraigroup with a zero, We say that S is f-conccllation if the set
of non-zero clements forms a cancellative subsemigronp. W say that & is alios!
=€ 8, if

canecllative if for all elements r. /0 then g Clealy,
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G-cancellative semigroups are almost cancellative.

Turowes ([14]). Lot S be a commutative lorsion frie scmigroup with a zcro. Lot

S U S, b the Avchimedean decomposition of S then T has a =cro dement 5 and

{0}, The following are «quivalnl:

(i) & i u JCHyest migroup.
(ii) S is a Jy-se migroup.

(iii) Foro 7 & I the subsemigroup U S, is canedllalive.

(iv) S is almost cancllative.

Proor. If we let 44 be the element of T' such that 0 € 5., then it is clear that 4

s an Archimedean semigroup, 0 | &

. Since S,

is a zero element of T'. Let s €

=) = ", Since N is torsion free, we conclude that

for some > 0 and therefore,

s+ 0. 80 8, = {0} as claimed.
The equivalence of (i) and (ii) follows at once from Lemma 5.1.4(ii) since every

subgroup of & is torsion free and is therefore a Jll-group by Theorem 5.2.1.

4z # 0 with r € S,,,

Suppose that S satisfies (iii). Let r.y. = € 5 such that

€ S. Then 0,49 > 8 # 30, and s0

s ¢S, and r z € U S, which is
By

cancellative. Hence o2 = y= implies . = y. So & is almost cancellative. Conversely,
suppose that & is almost cancellative. If 3 # q9 end r.y.z € U 5, are elements
s

uz, then we cannot have

such that rs

0since 0¢ U 8,. Hence, r =y
55
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and U %, is cancellative. We have shown that (i) and (iv) are cquivalea.

Let 30 # 5 € T Then U S, is & subscmigroup of & not containing 0. Ny
Corollary 5.26(i). we sce that (i) impiies (ii).

It remains to show that (iii) implics (ii). Suppose that § satisfies (iii). Let /i he
a contracted S-graded ring and let » € J(/). We must show that for £« supp(r),
1 € J(R). Let [ = Riry s it suffices to show that [ < J(K). Let o he the eloment of
T such that € S,

There is a homomorphism S — I' coming from the Archimedean decomposition of
S (ef1.6.1) and this gives Ko P-gradation (€ 2,05 @ K, where i, @) .
To avoid confusion, we shall use the terms I-homagencons and supp when n'fvr‘nuu

to the T-gradation of /.

Now, / is a P-homogencous ideal of I because r, + I, ¢ I, is cortainly a I'

homogencous element. So by Corollary 5.

3.3, it suffices to show that Jok,« (1)

forall 5 €T.

Note that if 7 € T-supp(/), then 5 < o because r, ¢ [l,. Soif 5 7 o, then
10 R, =0CJ(HR,).

Supposc that 4 < o. We may assume that 4 7 5 sinee /., I 0. et
A={A142 )i N() is *he ideal defined in Lemma 5.35.1, then I' 411N (5) i

a disjoint union. So
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and the map r - r4 is a ring homomorphism of /# onto /4. In particular, ry €
() Let T = U 8y Then 7 is a commutative cancelltive torsion free semigrotp
by (iii). But -

Ha=EDHs=EPH,
azy sel

is I'-graded, so by Theorem 5.4.1, J(/1,) is homogencous for the 7-gradation. Since
ra € J{I4), we conclude that r, € J(/2,).

Note that [0/, = Re K0, = Rardia O R, since dac = = implies 8.c > 7.
Hence,

10 B, = Rty 0 Ry CJ(Ra) N R, = (1)

becanse It is an ideal of 1 y.

We conclude by Corollary 5.3.3, that / C J(R) and therefore r, € J(I?), so J(R)

is Tomogencous, Hence ¥ is a Jlly-semigroup and (ii) holds. 01

5.4.4. Note that a O-dicect union (cf §1.3.6) of almost cancellative semigroups is

almost cancellative. In particular, a semi & which is a 0-direct union of a family

{8 [icl}of tative 0- llative torsion free is almost can-

cellative. In this case, a contracted N-graded ring /¥ can be written as a direct sum

It = @ Iy, of subrings graded by the subsemi S, and the b ity of J(}t)
wl

follows immediately from the fact that J(Rs,) is homogeneous for each i by Theo-

rem 5.4.1. (Since each Ry, is contracted S-graded, it is graded by the cancellative

SA{0))

semigroup 7,
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We give an example of an almost torsion frec ive semigrony
which does not decompose trivially in this way.
Let  be the commutative semigroup generated by elements r, y, and = satisfying

relations y= = s . Then 0 = 4= is a zero clement of 8. Furthermore,

b 0ifand only if b~ 0 and ¢ = 0. So elements

an element .r"y*=" of  satisfies """

solou € S can only satisfy s/ = su # 0 if in fact x./,u are contained in ane of the

subsemigroups (r.y) or (r. =) generated by . and y or ¢ and = respectively. These

L are free i and are therefore cancellative,

Suppose 5 has a O-direct union decomposition AU 2. We may assume without loss
of generality that + € A. Since +y and .r= are both non-zero, we must have y. =« A
and so § = A. Hence, B = {0}. So & does not admit such a decompasition in

non-trivial way.

Thus  is an almost cancellative semigroup which is not a non-trivial 0-
of 0-cancellative semigroups.
5.4.5. Now we relax the restriction that & be torsion free. Our next result shows
that in this case, the bottom piece of t'.= Archimedean decomposition of 5 may e
nil.

LML Lel S be o commulative scuigroup with a zovo, aud Id N -obe the ideal
of nilpolent clewents of S, Then S is a JGlHy-semigronp if and only if SIN s a

JGlly-scmigroup.
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Proor. Note that the set of nilpotent elements does form an ideal because S is
commutative.

Suppose that /N is a J(ill,-semi Let # be a | S-graded ring

such that /(If;) is homogeneous for all subgroups (/ of S. Let R be the contracted
S/N-graded ring f#/Ity. 1f we identify a (non-zero) subgroup (i of S/N with the
corresponding subgroup of 5, then Re; & f;; and thercfore /(Re;) is homogeneous.
So .I([?) is homogencous.

We claim that Iy is a nil ideal of 1. Let X = {s),2.....5,} be a finite subset of

N with ' = 0 for integers ki, kz.... k.. Then because the 5; commute, it is easy

to sce that \* S k.. In particular, if we take X = supp(r) for an

{0} where k

clement & fy, then supp(r¥) € X* = {0} for some k and therefore r* = 0 because
Ry = 0.
Hence, Ky C (1), so that J(R) = J(R)/Ry. Since J(R) is homogeneous,
_ — () + By
A=Y ARnk= UCLIDELN

SES\N SES\Y

and so J(I) = 5> (J(H)OR,) + Hy is homogeneous.
SES\N

The converse follows from Lemma 5.1.3. O
5.4.6.  We are now in a position to describe all commutative .J(iIly-semigroups.

Tueores ([14)). let 8 be a commutative semigroup with a zcro. Let N be the

idval of wilpotent dements of 8. Then S is a JGlly-semigroup if and only if S|N
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is a O-dircet union of Abclian groups with zcros and almost canecllative torsion free

commulalive scmigroups.

PrOOF. \ mentioned in §5.4.4, a 0-direct union of almost cancellative semigroups
is almost cancellative. This s also true for torsien free semigroups. So we may assume

that there is only one almost caucellative torsion free picce in the decomyposition of

SIN.

By Lemma 5.4.5, we may assume that N = {0},

16§ = U7, is o O-direct.union, then a contracted Srudend ring is sinply o
direct sum of a family of contracted 7,-graded rings. So the sufliciency of the given
condition follows from Theorem 5.4.3 for the almost cancellative picces and trivially
for the group picces.

To prove necessity, consider the Archimedean decomposition U &, of S, As
in the proof of Theorem 5.4.3, T has a zero clement 7. ILis casy to see that &,

consists of all the nilpotent clements of  and so 5, = {0}.

Note that groups are Archimed i So n sul (i of § is entirely
contained within one of the components ,. Hence any subscmigronp of 5 which is

a union of some of the Archimedean components of S must be gronp-closed.

Supposc that some S, is not torsion free, o £ o Since U S, is a gronp closed sub-
“

semigroup of 5 not containing 0, it follows from Lemma 5.1.2(vi) and Proposition 5.4.2

L, and o is a4 maxima

P

I element. of

that J S, is in fact a group. Thercfore U S.
2So o
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ilarly, if 70 # # < o, then ,U., &, is a group and therefore [)JN S, =
. Swwe ot e LT andsntaial nonserolenent o T:
Let A = {a | S, is not lorsion free} and let 7' = Y S 1Ay ¢ Abut gy =
e
o A, then by the maximality of o, we get # = 7 = a, a contradiction. So 7' is
a subsemigroup of 5. 1f v ¢ A and o € A, then 7o = 74 by the maximality and
minimality of . Hence (“151” 0) UT'is a O-direct union.
For cach o & A, the above remarks show that 2 is a group with a zero adjoined.
We claim that /' is torsion frec. 1{ 4" = y in 7', then | y" and y | +" so that
and y belong o the same Archimedean component S, € 7. But S, must be torsion

free since 7 ¢ A. Tence, & = y. Since 7' is also group-closed, we conclude from
Lemma 5.12(v) and Theorem 5.4.3 that 7" is almost cancellative.

So & has a O-direct union of the required form. [
5.4.7.  As a corollary, we describe the commutative .JIly-semigroups.

COROLLARY ([L4]). Let S be a commutalive semigroup with a zero and let N be
the ideal of vilpotent cements of S Then S is a JHo-semigronp if and only if SIN

is an almost cancellative torsion free commulative semigroup.

Proor. Suppose that S is a .Jlly-semigroup. By Lemma 5.1.4(ii) and Theo-
rem 5.2.1 the groups appearing in the decomposition of Theorem 5.4.6 must be torsion
free. Since the 0-direct union of almost cancellative torsion free semigroups remains

almost cancellative and torsion free, S/N has the desired form. Conversely, S is at
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least a J(illy-semigroup by Theorem 54.6. Since .\ has no non-trivial subgrouns
and S/ can only have torsion free Abelian subgroups, & is a /ly-semigroup by

Lemma 5.1.4(ii) and Theorem 5.2.1. 0

5.5. Regular Senigroups

We now turn our attention to regular semigroups. Note that a cancdllative reg-

ular semigroup is a group, so Theorem 5.

yields immediately that regular G-
semigroups arejust groups. The class of regular J(i1 Ly-semigroups is more interesting.

It turns out that these are just O-direct unions of completely O-simple inverse semi-

groups (cf §1.56). Because all groups are regular, we cannot obtain any further

ation on regular Jily-semi cxcept to say that they have the form above

and that their subgroups must be .JI1-groups.

5.5.1. The basis for the work of this section is the observation in [9] and [72] that
the Jacobson radical of a generalised matrix ringis homogencous, We refer o 3.1

for the definition and notation for generaiised matrix rings. As pointed ot in 3.

2,
aring of / x I generalised matrices can he graded by the completely O-simple: inverse
semigroup ON(1; 7, /;A) where A is the [ [ identity matrix. Homogencity is with

tespect to this gradation.

Lensa ([9,72]). Lot R = () be aving of [« 1 generalised mat pics, Then J(1¢)

is homogen cous.
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¥y € J(It). Recall that /2,,/ty = O unless j = k. Fixi,j € I.
ed

PrOOF. Let r =

Then

Rl = Riey Ry = Ruge i, © J(R),

o, (). 0

and therefo

5.5.2.  There is a nice relationship between ./( /2) and the Jacobson radicals of the

dingonal components ,,.

LEMMA ([72]). Lot 18 = (R,) be a ving of T x [ genemlised matriecs. For cach

FCLI(RN Ry = ().
ProoE, For each i € 1,
SO0 = (RN RL) 0 Ry © J(I) 0 R © (i)

since I7,. is a right ideal of I and My is a left ideal of ;..

Conversely, we must show that J(Hi;) C J(R). Tt suffices to show that J(H;) 2 is

a right quasi-regular right ideal of . Let = 5= sy € J(H)H. Then sy € J(Ry)
JE.

and so has a quasi inverse y;, € ;. Let

Tk gk = Y g Wi iy = Y L.
€l i

Then =¥ = 0 and a calculation shows that y; — = — yi;= is a right quasi-inverse for

xo 0l
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5.

We use this last result to get some information ahout the ol-diagonal cle-
ments of J( /).

LeMMA. Let B = (1) be a ving of 151 genevalised mateiees, Lol Ry Thon
&€ J(R) if and only if +R,; C J(R,).

Proor. If .« € J(R) then
R S A(RYA Iy = J( 1)

by Lemma 5.5.2. If &R, C J(Hy), then
(eR) = rRyue R S IR IS I(1)

by Lemma 5.5.2 and so .+ € J(/). O

5.5.4. Using thesc lemmas, we quickly conclude that completely O-simple inverse

semigroups are ./({/l,-semigroups.

LEMMA. Let S = M5 1,158) be a complelely O-simple invcrse scmigronp. Then

is @ JGllg-scmigroup.

ProoF. Let 1 be a contracted S-graded ring such that J( /) is homogencons for
each subgroup /I of S.

We will follow the notation of §2.2.2, so that the (g),-component of I is written
R, 0d It = @ iy, Because A s the [ [ identity matrix, /1 (1t,)is a ring

of I % I generalised matrices. For an element . € /¢, we will also write ry,, for the
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S-homogeneous components of « and r,, for the generalised matrix ring components
of r.

Recall from Lemma 1.5.3(iii) that the maximal subgroups of S are the sets I/ =
{(4)u | 4 & (i}, for i € I, and these are isomorphic to (i. So regarding i;; = g; Ry,
as a (i-graded ring, J(I?,,) is homogeneous.

Let o @ J(It). We must show that each S-homogencous component of r is also in
J(18). By Lemma 5.5.1, we have .rj; € J(R) forall . € /. Fix elements /,j € / and
gc .

17 = j, then .,y € J(R)O Ry © J(It;) by Lemma 5.5.2. Then (), € J(R;;) since
J(11,,) is homogencous and so r(,y,, € J(/) by Lemma 5.5.2.

Otherwise, choose h € (7 and an element y € K(),,. By Lemma 5.5.3, r;;y € J(Hi).
Since J(H,,) is homogeneous for the (igradation and y is a homogeneous element,
we sec that r(,), y € J(R,;). But h and y are arbitrary, so £, R;; C J(K;). We
conclude by Lemma 5.5.3 once more that (g, € J{R).

Hence .J(R) is k and Sis a JGII, i o

5 Of course, O-direct unions of completely 0-simple invese semigroups are also

JGHy-semigroups. The next theorem shows that these are the only regular .JGlly-

semigroups.

Turores ([14)). Let 8 be a regular semigroup. Then S is a JGHy-semigroup if

and only if §

i a O-dircet wnion of completely G-simple inverse scmigroups.
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ProoF. That the given condition is { and the

flicient follows from Lemma
argument used in the proof of Theorem 5.4.6.

Suppose then that & is a JGillysemigronp. We fist show that & must be an
inverse semigroup. Let « € . Then u has at least one inverse; we must show that

this element is unique (cf §1.16). Suppose that b and ¢ are inverses of u. Then

a=abu=uca, b=bab, and - cac.

Ifa = 0, then b = ¢ = 0. Assume that a # 0; then bhoe / 0 also. Let ¢ ab and

[ =ac. Then® = fc=cand [* = of = [. Let I = {¢.[}; then T'is a subscmigronp

of § which is group-closed because ¢ and [ arc idempotents. By Corollary 5.2.6(iii),
T'is cancellative, so that « = [, that is ub = ac. Similarly, be  cu and therefore

b= bab=bae= cac=rc.

For . € S, we denote by J(r) the T-class of & containing . (ef 1.4.3). Write +*

for the inverse of . Let €, = () U {0}, We claim that cach (', is a subscmigroup
and that § is the 0-direct union of the distinct subsemigroups (',. Suppose that
ry€ Sanday £ 0. Lebd = oo and ¢ = gy’ Sinee ol erle o oand

ey = yy'y =y, we seethat J () = J(d) and T(y) = T(¢). Notealso that de — r'eyy’

rdey so that T (de) = J(ry); in particular, this means that de / 0. But

d and similarly, * = . Since idempotents in an inverse

semigroup commute (cf §1.1.6), we sce that 7'

ey de ) is a subsemigroup of S ol

containing 0, and it is group-closed hecause cach element of 7' is an idempotent. By
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=de. Hence J(r) = T(y) = T(ry).

Corollary 5.2.6(iii), 7" is cancellative, so d

means that if ¢/, £ €, then ('.(5, = {0} and (7,(, € (', so that S is a 0-

disjoint union of the subsemigroups (/. Since J(+) = 7 (') we sce that «' € (', and
50 cach semigroup (£, is an invetse semigroup.
It remains to show that each (', is completely O-simple. Let 0 # y € (. Then

J(r) = T(y) which is to say that S8 = §'§. Bul because S is a 0-direct

union of the sets (1., we see that y € (,Y(7," = §'yS" = Sl e Since

y is arbitrary, this means that (,'(,' = (% forall 0 # y € (', Hence, (', is
O-simple. Furthermore, (', contains the idempotent . If (', is not completely 0-
simple, then it must. contain an idempotent which is not primitive (cf §1.4.6), that

is it must contain distinct non-zero idempotents  and [ such that ¢f = f¢ = [.

But then {¢,[,¢[} is a group-closed subsemi of S not ining 0 which is

not. cancellative. This contradicts Corollary 5.2.6(iii). So (', must be a completely

O-simple inverse semigroup. [l



CHAPTER 6

Perfect, Semiprimary, and Semilocal Semigroup Graded

Rings — Finite Semigroups

In this chapter, we prove necessary and sufficient conditions for a ring graded by a

finite semigroup to be perfect, semiprimary, or semilocal.

Th ditions that btain are a g lisation of those obtained for rings graded
by finite groups by Beattic and Jespers [5] (scc also [31, 62, 65]): a ring graded by
a finite group is right perfect if and only if the identity component is right perfect.
AL the same time, our result also generalises one obtained hy Wauters [70], that o
ring graded by a finite semilattice is right perfect if and only if vach homogencous
component is right perfect.

These two results are in some sense the extreme cases of our result. On the one

hand, a group has but a single idempotent, the identity clement, while on the other,

every element of a semilattice is idempotent. Our result is Theorem 6.7.1 1

:a
ring graded by a finite semigroup is right perfect if and anly if each homogencons

P g to an id of the i is right perfect. We

also obtain analogous results for left perfect, semiprimary, and semilocal semigroup

graded rings.

To prove our desired result, we follow the method developed in Chapter 4, combin-

ing results for group graded rings, rings graded by elementary Rees matrix semigronps,
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and ideal extensions,

Moast of the results in this chapter will appear in [12].

6.1. Perfect, Semilocal, and Semiprimary Rings

We define: the conditions semiprimary, semilocal, and left and right perfect.

G.1.1. Recall that a ring /f is righ! T-nilpolent if for every sequence
of elements of 17, there exists an o such that wa,_y ..., = 0. Similarly, 1 is I/t
Tenilpolnl if for every such sequence there exists an n such that ryry ....r, = 0.

A ring 7 is scmilocal if the quotient 17/.1() is Artinian. f is scmiprimary if It is
semilocal and (1) is nilpotent. i right porfict (or left perfeet) if R is semilocal
and (1) is right T-nilpotent (or left T-nilpotent).

Note that for a ring 1 with an identity, /f is right perfect if and only if /# has the
descending chain condition on principal left ideals [3, Theorem P]. For rings without

not truc. For example, if 17 is a ring with additive group Z but with

identity, this is
zero-multiplication (the product of every two elements is zero), then /7 is nilpotent
and therefore perfect. But /7 does not satisfy the descending chain condition on
principal left ideals.

We have the following relations hetween these properties:

right or left Artinian = semiptimary = right or left perfect = semilocal
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6.2. Ideal Extensions
We show that the properties semilocal. semipriniary, and loft and right perfect are
inherited by ideals, homomorphic images and are preserved under ideal extensions.

These results are well-known although we cannot find references for all of them in the

literature,

Note that ideals and homomorphic images of semisimple Artinian rings ar isim-

ple Artinian and that an cxtension of a semisimple Artinian ring by a semisimple

Artinian ideal is semisimple Artinian.
6.2.1.  We first prove a simple result ahout semilocal rings.

LEMMA. Lot B b a ving and Lol A be an idval of B osuel that Ao J(R). Then I

i scmilacal if and only if ])A is somilocal.

Proot. Since A C J(17), we have J(It/A) = J(I)/A avd therefore

A
AT Ay

The result is now immediate from the definition of semilocal. |

6.2.2. Let ¢ be an idempotent of a ring /# not ne

ily with an identity, 174 s

a subset of /#, we shall write

(I=)A=fr—erleed)  and AL~ ) fr oweoe A
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I 1t does not have an identity, then these are formal notations. If # duvs have an

identity, then these definitions agree with the usual products of the element (1 = )
with the set A in the ring /.

These notations hehave much as one would want them to. For example, if A is a

right ideal then sois (1 = ¢).A. We also have a decomposition f# = ¢ i (1 — )t of

the sum of two right ideals, or as the sum of two ideals if ¢ is central.

We shall make much use of this notation in this chapter.

We will also need the following remark. If /A is an ideal of a ring / and A

n identity clement ¢ (regarding A as a ring) then « is a central idempotent of

. Vor il ¢ I, then crore € A and since ¢ is an identity element of A, we see that

s

6.2.4. We prove the desired result for semilocal rings.

LEMMAL Lt [ b an ideal of a ving . Then R is somilacal if and only if I and

B/ are somilocal,

PROOF. Suppose first that 17 is semilocal,

Note that
[T )

!
T T ImwyNT T I(R)

and the ltter is an ideal of //.J(1#) so is semisimple Artinian. Hence / is semilocal.
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For /1, note that

The former is a homomarphic image of #2/.J() and (#/1)/.J(/i/1) is a homomor-
phic image of the latter because (J(R) + 1)/1 € J(K/1). So (B/1D/J(B/1) is
homomorphic image of /£/./(/?) and is therefore semisimple Artinian. Wence /1 is
semilocal.

Now suppose that / and #/1 are semilocal. Because J(1) ~ J(R)11 1 is an ideal of

R it suffices by Lemma 6.2.1 Lo prove that 1i/.(1) is semilocal. So we miay

e
that /(1) = 0. Then / is a semisimple Artinian ring and therefore has an identity

element . As noted in &

3, ¢ is a central idempotent of /, so hy §6.2.2, we may

decompose It = He () B(1 — () as a sum of ideals. Note that Ite [ and there

R(1 =) = /1. Factoring out .J(/f) it is evident that

and therefore /#/.J(K) is semisimple Artinian and It is semilocal. ||

6.2.5. It is easy now to extend the last lemma to perfect and semiprimary rings.

LeMMAL Lt 1 beoan ideal of a ving 1. Thew 1t is vight peefeel (rsp. I ft perfeel,
semiprimary) if and only if 1 and ]]1 are vight peefeet (resp 1o pefert, sompre

mary).
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Proor. Because of Lemma 6.2, we need only prove that the Jacobson radicals

have the desired nilpotency properties.

Suppose first that 7 is right perfect, so that J(If) is right T-nilpotent. Then /(1) =
S0 is also right T-nilpotent, so / is right perfect. Now, 1/1 = (R/J(1))/(1/J(1))
s0 we may assume that J(/) = 0 and thercfore that / is semisimple Artinian. As in
the proof of Lemma 6.2.4, we obtain i 2 111 /¢/1 and therefore J(/2/1) is isomorphic
to a subring of J(/f) and is right T-nilpotent. Hence R/I is right perfect. The same

argument holds if /¢ is left perfect or semiprimary.

If 1t/1 and | are semiprimary, then J(/) is nilpotent by Lemma 4.4.2(i) and in

view of Lemma 6.2.4, 7 is semiprimary.

To deal with perfect rings, we need a result analogous to Lemma 4.4.2(i) for T-
nilpatence of the Jacobson radical. This, together with Lemma 6.2.4 will complete
the proof. We present the argument for right T-nilpotence, the left handed version

being entirely similar.

Accordingly, suppose that /() and J(It/1) are right T-nilpotent and consider a

sequence ... of clements of J(). Write y; for the image of the clement
i Bi/1; and note that y, € J(/i/1) for each i. Given a non-negative integer k,
the right T-nilpotence of J(/¢/1) implies that there must be an [ > k such that

iy -+ iegy = 0. Hence, starting with ky = 0, we construct a sequence of integers
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ko < ky < ky <o such that
Bglltg=r oo Wy 1 = 0

for [ > 0. Then = = gy «ootiyq1 € J(B) AL = J(1) for 1~ 0 and the right

T-nilpotence of ./(/) gives an n such that . <t et 0 Henee

J(R) is right T-nilpotent as desired. [

We remark that we may deduce results similar to Lemma 6.2.1 for perfect and
semiprimary rings from this lemma. For example, if / is a right T-nilpotent ideal

an immediate

of R then  is right perfect if and only if /t// is right perfec

consequence of Lemma 6.2.5 because the ideal 7 is trivially a right perfoct ring. We

will use this lemma in this way without further comment.

6.3. Group Graded Rings

As mentioned above, several authors have obtained the group-graded version of our
result, at least for right and left perfect and semiprimary rings. The most general
result is perhaps that of Beattic and Jespers [5] who treated not just finite growps
but rings with finite support graded by atbitrary groups. Our task in this section
is to extend this result to rings without identity and to deduce a similar result for
semilocal rings.

Throughout this section, the identity element of a group will be denoted by 1.
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G.3.1.  Westate the result of Beattic and Jespers [5, Theorem 1.4].

TuEOREM ([5]). Let € be a group and let B be a Cl-graded ring with an idenlily

sueh that supp(18) is finile. Then 1 is vight perfeet (esp. 1eft perfeet, scmiprimary)

if and only if 1y is vight pecfiel (resp. Ift perfeet, somiprimary).

6.3.2. Our first task is to prove a similar result for semilocal rings. This can be
deduced from Theorem 6.3.1 and in one direction we are able to prove it for rings not

nec

wrily having identities.

PROPOSITION. Lt ( be o group and lel B be a G-graded ving such that supp(lt)
is finite. Then R is somilocal if By is semilocal. Conversely, if G is locally finite or

tolally ordercd or if [ has an identity, then By s semilocal if R is semilocal,

PROOE. Let /f = 1t/J,.(It). Since J,.(R)N Ry = J(1,) by Lemma 4.2.2(iii), we sce
that i) = I,/ (11,). Note that /7 has no non-zero homogeneous nilpotent ideals and
therefore the grading is non-degencrate by Lemma 2.4.1. In particular, this implies
that i has an identity if and only if R; has an identity (and these identities necessarily
coincide) by Lemma 2.4.2(i).

Suppose that [y is semilocal. Then f is semisimple Artinian and therefore
semiprimary. Furthermore, /f) has an identity, being semisimple Artinian, and there-
fore It has an identity. We conclude by Theorem 6.3.1 that /7 is semiprimary. Since

Jye(R) € () by Lemma 4.2.2(iv), it follows that /2/./() = R/J(R) is semisimple
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Artinian and therefore / is semilocal as desired.

Conversely, suppose that ? is semilocal. Then i7, being a homomorphic image of i
is also semilocal. But J(R) = J(/)/.J,.(1?) by Lemma 4.2.2(iv) and this is wilpotent
by Lemma 4.2.2(v) so /? is in fact semiprimary.

We claim that 7 has an identity if (7 is locally finite or totally ordered. IF (1 is
ordured, it follows fron 49, Proposition 4.8(3)] that ./, (/) ~ J(/f) (finite support
is needed here) and therefore i = R/./(I¢) is semisimple Artinian whenee it has an

identity.

I£ (7 is locally finite, we may replace it by the subgroup gencrated by supp(/f) and

assume that (7 is finite. Note that /¢/./(1¢) has an identity because it is semisimple

Artinian. But /7/J(R) is a (i-system because it is a homomorphic image of the /-

graded ring R (cf §24.3), and we conclude from Lemma 2.4.8 that the ring (K, |
J(R))/J(F) bas an identity. Since J(/) 01 1ty = J(Ity) by Lemma 4.2.2(vi), we see
that

PR o

T T anan

(1)
a(iy

so that R, has an identity. By our carlier remarks 7 has an identity.
So in all cases covered by the statement of the converse, the ring It has an identity,
Tt now follows from Theorem 6.3.1 that 2 is semiprimary and since Ity 1, /J( 1))

that 1, is semilocal. O
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6.3.3.  Weextend the last result to perfect and semiprimary rings so that (with some

additional hypotheses in one direction) Theorem 6.3.1 also holds for rings without

identities. This requires a result I to Proposition 4.2.3 for T-nil

which was essentially obtained in [5].

LESMMAL Let (G be a group and et B be a G-graded ving with finile support. Then

JIRY s vight (or Left) T-nilpotent if and only if J(Ry) is right (or left) T-nilpotent.

ProOF. Let n = |supp( )] We prove the result for right T-nilpotence. It follows
from [5, Lemma 1.1] that J,,(K) is right T-nilpotent if and only if J(R,) is right
"T-nilpotent (for rings with or without identity by the methods of §4.2.1). Since
Jye(1) € J(IR) and J(RY" C Jy,(F) by Lemma 4.2.2, we see that J(R) is right

‘T-nilpotent if and only if .J,,(/?) is right T-nilpotent. O

COROLLARY. Let G be a group and It B be a G-graded ring sucl that supp(R) is

ht perfect

Jintde. Then B is vight perfeel (resp. left perfeel, semiprimary) if By i
(resp. Ieft perfiet, semiprimary). Conversely, if (¢ is locally finite or totally ordered
oraf 1 has an identity then B vight poifeet (resp. lfl perfeet. semiprimary) implics

that By is vight perfect (resp. left perfeel, semiprimary).

PProor. The assertions of the corollary for the case of semiprimary rings follow at

ance from Proposition 6.3.2 and Proposition 4.2.3 and for perfect rings from Propo-

sition 6.3.2 and Lemma 6.
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6.4. Rees Matrix Semigroups
Our approach to rings graded by Rees matrix semigronps is somewhat different

than that of Section 4.3. Rather than dealing at once with the general cas

L we prove.
results for rings which are sums of right (or left) ideals and then combine these results

to handle Rees matrix semigronps.

6.4.1. We statc the result that we are aiming for on rings which are sums of
one-sided ideals. This result is reminiscent of those for two-sided ideals given by

Lemma 6.2.4 and Lemma 6.2.5.

PROPOSITION. Let Ay Ag....y

be vight (or ft) ideals of a ving K suc® that

]

A+t

Then R is scmiloral (resp. vight perfeet, It perfeel, somiprimary) if and ouly of cach

A; (regarded as a ring) i scmilocal (resp. right peefeet, Ieft porfeel, se mipramary).

Note that if /# were actually a direct sum of n right ideals, then we: conld regard
I# as a ring graded by an n-element left zero semigroup (sce §3.4.1). So in this case,
the proposition is a special case of the general result Theorem 6.7.1 below,

We shall prove this result in Scction 6.6.

6.4.2.  We first show how Proposition 6.4.1 can be nsed to prove Theorem 6.7.1 in

the case of contracted graded rings graded by finite Rees matrix semigronps.



6.4. REES MATRIX SEMIGROUPS 123

Provostrion ([12]). Let S be a finile Rees matriz scmigroup and let R be a con-
tructed S-graded ving. Then R is semilocal (resp. right perfeet, lft perfect, semipri-
mary) if and ouly if cach ccmponcul R, corresponding to a non-scro idempotent ¢ € §

i semilocal (resp. vight pefeet, Ieft perfeet, semiprimary).

ProoF. We may take § = D(C; 1, A; ) where G is a finite group and / and A
wre finite indexing sets. We use the notation of §1.5.3 and §2.2.2. We will give the
proof for right perfect rings; the other cases are dealt with in an identical manner.

Since It = ¥ H,. and each .. is a right ideal of K, Proposition 641 tells us
that 11 is right perfect if and only if each K., is right perfect. But for each i, we
have I = 3% My and each I,y s a left ideal of .. So by another application of
Proposition 64,1 we deduce that I is right perfect if and only if cach Riy is right
perfect.

Fixie land \e A

If pv = 0 then (f\)* = 0 and [\ is certainly right perfect. In this case, the
support of I,y is the set S,y \ {0} which contains no idempotents because S, is a null
semigroup.

Otherwise, gy, # 0 and the corresponding subsemigroup iy contains exactly one
non-zero idempotent by Lemma 1.5.3(i); we shall denote this idempotent by /. As
explained in §2.2.2, Riy is a (-graded ring with identity component /#;. By Corol-

lary 6.3.3, K,y is right perfect if and only if Ity is perfect.
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Since all the non-zero idempotents of & arisc in this way, we may combine these
remarks to conclude that 7 is right perfect if and only if for each non-zero idempotent

¢ of 8, I, is right perfect. 0

6.5. Generalised Matrix Pings

Before proceeding with the proof of Proposition 6.4.1, we present a result about
generalised matrix rings which will be needed in the proof. We also show how a ring
containing an idempotent can be written as generalised matrix ring in a nice way, We

refer to §3.3.1 for definitions and notations concerning generalised matrix rings.

6.5.1. The first result gives a sufficient condition for a generalised matrix ring to

be semisimple Artinian. This is part of

72, Proposition 2.10] which gives necessary
and sufficient conditions for a generalised matrix ring to he semisimple Artinian.

For our immediate purposes, however, we require only a suflicient condition, and
we provide a simple proof, which is somewhat diffrent from that. of [72].

We will return to 72, Proposition 2.10] in Chapter 7 at which point a complete

proof will be furnished.

LEMMA. Let B=(1,) be o rving of n 20 generaliscd malviecs, A 18 s somep e

and cach Ry, is scmisimple Avtinian, thow I is scwisimple Artinian.

Proot. It suffices to show that /tis right Artinian, since a right Artinian semiprime

ring is semisimple Artinian.
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Regard [t ws a Zegraded ring in the manner of §3.3.3, Then ¥ has finite support
and the grading is non-degenerate by Lemma 2.4.1 because a semiprime ring has
1o non-zero nilpotent ideals. The identity component for the Z-gradation is Ky =
Iy i By -1l 1, which is semisimple Artinian. Hence, by Lemma 2.4.2(ii), /7 is

right Artinian. [

2. Let /f he a ring and let « be an idempotent of /. Now, I has a Peirce

decomposition

B= R B(1 =)

(L= )Reb (1= OR(L=0)
with respect to the idempotent «. Tere, we use the notation of £6.2.2. This decom-
position allows us to write /# as a ring of 2 x 2 generalised matrices as follows:

«fie k(1 =)

03

(=R (1= =0)
It is casy to cheek that these components do indeed multiply in the manner required
for a ring of generalised matrices.
6.6. Sums of One-sided Ideals

In this section, we prove Proposition 6.4.1.

We begin by establishing the necessity of the condition of Proposition 6.4.1.

In fact, we prove a stronger result.
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Lesya. Let A be a rvight (or 1Jt) ideal of a ring B A B s scmalocal (vesp viht

perfeel, 1ft perfeel. semiprimary) then s loo is \.

PrOOF. We will suppose that A is a right ideal, the left-handed case being similar.
We may assume that I is at least semilocal, that heing a weaker condition than each
of the nthers.

Consider the ideal /(1) N A of :4; it is contained in /(1) and so 1 is semilocal if
A/(J() N A) is semilocal by Lemma 6.2.1, 1 /s, for example, right perfoct, then
J(R)N A is right T-nilpotent, and so -1 is right perfoct i 1/(J(F)01.1) is right perfoct
by Lemma 6.2.5 and the remarks following it. Similar statements apply in the other
cases.

But A/(J(H)NA

(A1) /(1) is aright ideal of 12/.0( 1) which is semisinple
Artinian. So it suffices to prove that a right ideal of a semisimple Artiman ring is
semiprimary, since semiprimary is stronger than cach of the other conditions
Accingly, let /3 be a semisimple Artinian ring and let () he s right ideal of 11
Then there is an idempotent ¢ of () such that /8. Then () e 131 1)
as an additive group. But « /3¢ is semisimple Artinian and « 81 ) 15 a nilpotent
ideal of ). Hence J((Q) = « [3(1 — ) is nilpotent and (J/J(0)) " ¢ e is semsimple

Artinian. Therefore () is semiprimary as desired. [ |

6.6.2. In order to prove the sufliciency of the condition of Proposition 6.4.1 we lirst

handle the case of a ring which is the sum of only two semilocal one-sided ideals
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LEMSAL Lot Ay and Ay be ovight (or 1 ft) ideals of B such that 1 = Ay + Ay,

Suppost thal Ay and Ay are semilocal. Then i is somilocal.

Proor, We must show that /¢/J(1) is semisimple Artinian. First note that
BRI A Ay where A7 = (A, 4 J(R)/J(R) for i = 1.2. But each ., is
semilocal by Lemma 6.2.4 heing a homomorphic image of A, Hence it suffices to
prove that f = A, 4 A, is semisimple Artinian when /() = 0 and A, and A, are
semilocal. We assume these hypotheses until the end of the proof.

Note that J(:,)4, € J(:A,), so J(A;)A, is a quasi-regular right ideal of 7. Then
J(H) = 0 implies that J(A,)A, = 0 for i = 1.2, In particular, J(A,)? = 0 so A, and
Ay are in fact semiprimary.

Now, :Ay/J() is semisimple Artinian, so it has an identity. But J(:,) is a
nilpotent ideal and therefore we may lift this identity to an idempotent « of A, (see,
for example, [63, Corollary 1.1.28], the proof of which does not require rings with
identities). Then (1 )4y € (A1), 50 (1= ):4; = 0 since it is a quasi-regular right
ideal of K. This means that ¢ is a left identity clement for A,.

Using this idempotent « we express 1 as a ring of 2 x 2 generalised matrices as in
2. Lot

6

B = He Rz = R(1=0).

= (1= )l and Ray = (1= )i(1 =)
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so that

M B

=
Ry I

Since « is a left identity for 4, we see that K C Ay~ cRand so Y,

Also (1= )4y =050 (1= ) = (1 = )As. We have:
= Ay Rigesal( s

Ry = (1) and Ry = (1 a1 )

We claim that 1, and Iy, arc semisimple Artinian. [y Ayeis a left ideal of
2y, so is semilocal by Lemma 6.6.1. Similarly, 5(1 - ¢} is semilocal heing aleft ideal

of Ay and therefore /fyy = (1 = ()Ay(1 = 1) is semilocal as it is the homomorphic

image of A,(1 — ¢) under the map .+ o — c.r, which is casily seen Lo he a ring

homomorphism. But by Lemuma 5.5.2, J(li,) < J(f) 0 for i 1.2 and therefore
Ity and Ry are semisimple Artinian as climed.

Since J(/t) = 0, It is certainly semiprime. From the above and Lemma 6.5.1, it

follows that /# is semisimple Artinian as desired. [

6.6, In order to extend the last lemma to perfect and semiprimary rings we require

that the sum of nilpotent or T-nilpotent one-sided ideals is again nilpotent or T
nilpotent. This is the content of the next lemma. The first statement is well-known;

however we will give a brief proof.

LEMMA. Lot Ay and Ay be vight (o left) deals of a ring It
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(i) If Ay and Ay are nilpotent then Ay + Ay is wilpolent.
(i) If Ay awd Ay are vight (vesp. 1eft) Tnilpolent then Ay 4 Ay is vight (vesp.

Ieft) T=nilpolent,

PPrOOF. Suppose that A} = Ay = 0. We will show that the product of any m + n

elements of A, 1 A, is zero; since elements of A, + A, are sums of such elements this

suffices 1o show that (A, + /,)"*" = 0. Lel y,05,... 4 be elements of A, U Ay,

Either at least 1 of these elements are in A; ¢ at least 1 of these elements are in A,.
Without loss of generality, assume the former, so that ., ri,.... 0,

are elements of

Ay where 150y <

e <iy <m+n For1<j<n,let

Ui

Tyt Trgr-13

then y, &

Ay because r;, € Ay and A, is a right ideal of #. But A} = 0 so that

Ml eyt = 0 and therefore ryrz .. 1y gy = 0. This proves (i).
Suppose now that A, and A, are right T-nilpotent but A, + A, is not right T-

nilpotent. Then there is a sequence =, = .. of elements of A, + /A, such that for

ri+ yi where r; € Ay and y; € Ay, Then

all i, we have 2,500 51 # 0. Write 5
there must be a sequence w; € {r,, i} such that for all 1, we have w,t_ ... w; # 0.
Now, one of the two right ideals A, and /A, must contain infinitely many of the
clements w,; without loss of generality assume that /A, contains the subsequence

Wyttt where By < iy < iy < -

Let uj = wy,, i, -1...w;, 4 for each

Jo Then w, € Ay since Ay is a right ideal of R and w;,, € A;. But the sequence

i
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Uy ttz. tg. ... violates the right T-nilpotency of Ay because i, y-..uy - 0 for some

n would imply that w,,, w,,, _y...w, = 0. This contradiction shows that 4, | .1,

must be right T-nilpotent. A similar argument deals with the left T-nilpotent case.

This proves (ii). O

6.6.4. Itis now a simple matter to prove a version of Lemma 6.6.2 for perfect and

semiprimary rings.

LEMMA. Let Ay and Ay be vight (or Ieft) ideals of I such that & = A, 1 Ay
Suppose that Ay and Ay arc vight perfeet (msp. I fl peefect, scmiprimarg). Theu 1f

i right perfect (resp. left perfect, scmiprimary).

PROOF. In view of Lemma 6.6.2 we need only show that J(/7) inherits the necessary
nilpotency conditions.
Suppose that A, and A, are right perfect right ideals so that J(A,) and J(1;) are

right T-nilpotent. For i =1 or 2, we have A,J(/f) C A, (1./([f) because A, is a right

ideal of . But A,N.J(/f) is a quasi-regular ideal of A, so that A,J(/t)* J(A,), and

therefore A,./(/2) is a right T-nilpotent right ideal of /t. Note that,
JORYEC II(R) = (A + A)I(R) = ALY | A ().

By Lemma 6.6.3(ii), Ay./() + AyJ(1t) is right T-nilpotent and so therefore is J(1¢).

The proof in the other cases is similar. 0
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6.6.5. Finally, we prove Proposition 6.4.1 which we restate for the reader’s conve-

nience:

Prore

10N ([12]). Lel Ay Ay, Ay b vight (or left) ideals of a ring It such
that

R=A+ M+ 4 A
Then It is semilocal (resp. right perefeet, left perfeel, semiprimary) if and only if cach

A, (rngarded as a ving) is somilocal (resp. vight perfeel, Ieft peefeel, semiprimary).

PrOOE. Suppose that B = Ay Ay -4 A, is a sum of one-sided ideals. That each
A, inherits the semilocal, semiprimary and perfect properties from /1 is the content of
Lemma 6.6.1. The converse statement, that /2 is semilocal, right perfect, left perfect
or semiprimary if each /1, is semilocal, right perfect, loft perfect or semiprimary follows

by induction from Lemma 6.6.2 and Lemma 6.6.4, 0
6.7. Finite Semigroups
6.7.1. We now have all the necessary picces to deal with rings graded by finite
semigroups.
Tugones ((12]). Lt S be a finite scmigroup and It & be an S-graded ving. Then
1t is semitocal (resp. vight poefeel, left perfeet, semiprimary) if and only if for cach
idempotent ¢ of S, the component R, is semilocal (resp. vight pevfeet, left perfeet,

semipronary).
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Prook. We will give the proof for the right perfect case only. The proofs in the

other cases follow in the same way.

If 5 does not have a zcro, adjoin one and put /i, = 0. Otherwise, #is an idempotent
of S and R, is an ideal of /7, and by Lemma 6.2.5, /¥ is right perfeet if and only if

I and R/ Ry are right perfect. So we may assume that  has a zero and that /7 is o

contracted S-graded ring.

I£ § is a null semigroup, then it has only one idempotent, the zero clement . Sinee

It is a contracted S-graded ring, [y = 0 which is trivially right perfect. Furthermore,
It* C Ry = 0 s0 that /t is a nilpotent ring and is therefore right perfect. So the

theorem holds in this case.

If § is a O-simple semigroup, then it is completely O-simple by Theorem 14K, In

this case, we may take § Lo be a Rees matrix semigroup hy Theorem 152 and the

assertions of the theorem follow at once from Proposition 6.

For general finite semigroups, we proceed by ind o [SLOIEIS] 1, then
§ = {0} and & is a null semigroup so the theorem holds. Suppose then that the
tesult is known for semigroups which are strictly smaller than 8. I § is 0-simple

or null, we have already demonstrated the result. So assume that S is not of these

types. Then § has a proper non-zero ideal 7', and [1'|,[S/1] < |S]. By ind

Iy is right perfect if and only if 77, is right perfect for each idempotent « © 7' In

addition, /7 = iy,

/1y is a contracted S/T-graded ring and so 1 is right perfict if and
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only if ¢, is right perfect for all non-zero idempotents « € S/7" (we need not consider
Ity since It is a contracted §/7"-graded ring). But the non-zero idempotents of /7"
are just the idempotents of § which are not in 7' (see §1.3.5) and the corresponding
components of ft are just the components K, of If where ¢ is an idempotent in 5\ 7'
(sce fi2.1.4). So, ftis right perfect if and only if /2, is right petfect for each idempotent
¢ in the set S\ 7. Finally, by Lemma 6,2.5, / is right perfect if and only if Ry and

1t are right perfect, which yiclds the result. O
6.8. Corollaries

6.8.1. As mentioned previously, Wauters obtained our result for semilattices in [70].
Since every element of a semilattice is idempotent, the result becomes:

CoroLLAry ([70]). Let T be a finite semilattioe and Il 1 be a T-graded ving.
Then I is scmilocal (resp. right perfect, Ieft perfeet. scmiprimary) if and only if cach
component 1y, 4 € T is wmilocal (resp. vight perfeet, left perfeel, scmiprimary).

In fact Wauters proved more: with the additional assumption that J(H,) # I,
for cach component, he showed that if a semilattice graded ring is semilocal then the

semilattice must be finite.
6.8.2. We apply the theorem to finite generalised matrix rings.

ConoLLary (120). Lot 18 = (Ry,) be a ring of n xn gencralised matrices, Then R

is semilocal (resp. right perfect, left pevfeet, semiprimary) if and only if for 1 < i < .
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the subving R, is scmilocal (sp. vight perfect, left porfiet. semiprimary).

PROOF. As explained in 3.3.2,

, we may regard A oas a contracted S-graded ring
where § = M(1;1.n;A) is a completely O-simple inverse semigroup. The compo-

nents of ding to non-zero i of §are the diagonal components

1i;. So this result is a special case of Theorem 6.7.1. 1

6.8.3. For certain generalised matrix rings we can oblain a rather stronger result.,

at least for right and left perfect rings.

Recall (see, for example, [63, §4.1]) that a ring of 2 « 2 generalised matrices
AP
QB

is called a Morita context. If A and /3 are rings with identities and furthermore,

AP = 1= PB, QA = Q = BQ, PQ = A, and QI - 1, then by Mori

Theorem (for example, (63, Theorem 4.1.17]), the categorics Mod-

and Mod-18 of

right A-modules and right -modules respectively are equivalent. This means that
any property of the ring A which can be defined in terms of right A-modules in 2
categorical way can be transferred to the ring /3, and vice versa. Such rings are said
to be Morita cquivalent.

Now, for rings with identity, there is a categorical way of defining perfectness,
namely a ring /2 is right perfect if and only if cach right F-module has a projective:

cover (see, for example, [3]). So in the example above, A is right perfect if and only
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if 13 is right perfect.

We: can extend this Lo larger generalised matrix rings as follows:

. Supposc that

COROLLARY. Lel 2= (1R,) bea ring of v sn generalised malri
B lt e = B for all i, j. and b, and that the subrings Ri; cach have an identily.
Thew I is right (or e ft) perfeet if and only if any owe of the subrings R is vight (or
1) perfoet

Pioor. OF course, if It is right perfect cach of the components H;; is right perfect
by Corollary 6.8.2.

Conversely, suppose thal 7, is right perfect. For each j # i, the components K,
Iy 1%, and 12, form a subring of 2 x % reneralised matrices:

Ry R,

R R,
which defines a Morita equivalence between the rings #; and K,,. By the remarks
ahove, right perfectness is preserved by Morita equivalences, so that /; is right
perfect. In this way, we see that all the diagonal components ft;; are right perfect.

Hence I is right perfect by Corollary 6.8.2. O



CIIAPTER T
Semisimple Artinian Rings Graded by Elementary Rees

Matrix Semigroups

In this chapter, we give necessary and sufficient conditions for a coutracted graded

ring graded by an y Rees matrix semi to be semisimple Artinian.
This result generalises both Munn's result on Munn algebras |15, 50] and a result of
Wauters and Jespers on gencralised matrix rings [72].
We first investigate the relationship between ideals and homogencons ideals of such
rings. This enables us to relate semiprime rings to graded semiprime rings.
Throughout this chapter, unless stated otherwise, § = M(1; 1. A; 7} is an clemen-
wary Rees matrix semigroup and If is a contracted S-graded ring, We will use the

notation of §2.2.2.

The results of this chapter will appear in [11].

7.1, Ideals and Iomogencous Ideals

We will investigate the relationship between ideals of It and homogencous ide-

als of /. In particular, there is a one-to-one cor lence between prime (resp
semiprime) ideals of /2 and graded prime (resp. graded semiprime) ideals of If (se:

§7.2.1 for definitions of these terms). The work of this section and the next is a

generalisation of a siwilar analysis of ideals of Munn algebras in [55, Chapter 5],
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7.1.1.  Recall that the set of ideals of / forms a lattice which we will write as
L(1t). Furthermore, the set of homogeneous ideals of /? forms a sublattice (since the

and sum of homog ideals is a h ideal) denoted L,.(R).

We will relate homogeneous ideals and ideals by means of a pair of maps between
these lattices. Tn one direction, we use the map which takes an arbitrary ideal to its
homogeneous part. Defin

(=)t L(R) — Lye(R)
N Ny =T NN Ry
n
Au obvious choice for the other map is the inclusion £,,(/) — L([) which maps
homogencons ideal to itself. However, this map does not have the propertics that we

want; for example, a graded prime ideal is not necessarily prime. Instead, define
(=) Lyr(B) — L)

rER| ReRC ALY

Mr—s M=

7.1.2. We list some basic properties of the maps defined above.

LEMMA. For all N € L(R) and all M € L,,(R)
(§) The maps (Yo and () are order prescrving.
(i) M € V.

(i) RMRC M C .

(iv) My = M. Henee () is surjeetive,
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(V) N (V)

(W) M € (A1)

PROOE. Statements (i), (ii). (iii), and (iv) follow immediately from the definitions.

By Lemma 2.2.3, #N I? is a homogeneous ideal of , so KN K < N, and therefore
N C (M), Hence (v). By (iii), M € M. Applying (i) and (iv), we see that
M= A, € (A7), Hence (vi). 0

In fact, it is true that the maps (=), and (-)* are A-complete semilattice homo-

morphisms (that is, they preserve arbitrary intersections), but the assertions of the

lemma suffice for our purposes.

7.2. Prime and Graded Prime Ideals

We will be mainly interested in applying the maps introduced above to prime and

semiprime ideals of /£. To do this, we must introduce the corresponding notie

graded prime ideals and graded semiprime ideals.

7.2.1.  Although we will only make use of these concepts in the: present sitnation of a

ting 7 graded by an y Rees matrix semigroup 5, the definitions introduced
here (and the statements made about them) are all valid for a ring It graded by any
semigroup .

The ring # is said to be a graded prime ring if for all homogeneons ideals A and

Bof B,if AB=0then A=0or /#=0. The ring It is a graded scmiprime ving if it
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has 1o mon-zera nilpotent homogeneous ideals. Note that we may replace ideal with
right ideal or left ideal ard obtain cquivalent definitions. Of course, a graded prime
ring is graded semiprime.

Anideal I of Itis called a gradid primi ideal (sesp. graded semiprime idral) it
it is o homogeneous ideal and /2/1is a graded prime ring (resp. graded semiprime
ring).

“There are several other equivalent ways of defining graded prime and graded semi-

prime ideals just as there are for the ungraded versions. For example, ” is a graded

prime ideal if and only if it is h and for all | elements + and y
of Byif.rlty € 1 then & € Por y € P. Similarly, an ideal is graded semiprime if and
only if it is an interscction of graded prime ideals. The proofs of these equivalences are
essentially the same as for their corresponding ungraded versions, using homogeneous
clements and homogencous ideals throughout.

The gradid prime radical of R, written B,,(R), is defined to be the intersection of
all the graded prime ideals of i, or equivalently, the smallest graded semiprime ideal

of A

7.22. We first show that the composition of the two maps of §7.1.1 in either order
is the identity when restricted to the set of semiprime or graded semiprime ideals as

appropriate.

LEMMA.L Let M€ L, (R) and N € L(R).
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() If R is a gradid se miprivnc ving and  is 0 won-ze o homogenons < dment of
R then ReR 40
(i) 1 M is @ groded e miprime ideal then (A7), = M.

(i) F N is a scmiprime ideal then (N;) = N

Proor. Suppose that /7 is graded semiprime, & is a homogencons clement of Y,
and Rrf? = 0. Then ('rB') C Kelt = 0. Since Bl is a homageneons ideal,
R\ = 0 and therefore . = 0. This proves (i).

For (ii), let &+ € (M), be @ homogencons clement.  Since (M), « M* by
Lemma 7.1.2(ii), it follows from the definition of A/, that Kel' o« M. Applying
(i) to the graded semiprime ring /#/Al, we conclude that -« M. Henee, (M), 0 AL
The reverse inclusion is Lemma 7.1.2(vi).

For (iii), note that (V4 )Y BN I¢ C Ny © N by Lemma 7.1.2i),(ii). Sinee

N is semiprime, (V)" € V. The reverse inclusion is Lemma 7.1.2(v). 11

7.2.3. Now we prove the desired one-to-one correspondence hetween prime (resp.

semiprime) ideals of /f and graded prime (resp. graded scmniprime) ideals of /r

Prorvosrrion ([11]). The maps ()i and ()7 stablish o one-to-one correspon
denee between the prime (vesp. scmiprinme ) ideals of € and th gradid peom (6sp,

graded semiprime) ideals of I,
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Proor. Let N he a prime ideal of /# and let V/ be a graded prime ideal of /f. We
first show that N is graded prime and that 1/* is prime.

Suppose that A and [§ are ideals of /f such that A C M*. Let » € /A, and
g+ 13 be homogeneous elements. Then .y is a homogeneous clement of (173, that is
ry o (Al),. Henee

A C(AB) S (M) =M
(by Lemma 7.2.2(ii)). Since Al is graded prime, it follows that one of A, and /3, is

contained in A/, say A, C Al Then

AC )y c M

by Lemma 7.1.2(1),(v). This proves that Al is a prime ideal. 1f instead, A/ were
merely graded semiprime, then putting A = /3 in the above argument, M/~ would be
a semiprime ideal.

Suppose that (*and 1) are graded ideals of i such that (') € Ny, Let ey €

and dy.dy ¢ D, Then

Redieads i C (Bey R)(Rda 1) € D C N

Henee ((*D°)F C (),

= X\ (by Lemma 7.2.2(iii). Since N is prime, it follows
that cither (* or D* is contained in N, say (" € N. By Lemma 7.1.2(i),(vi),
€0 (€ € Npe So Ny is graded prime. Similarly, taking (' = ) in the above

argument would prove that ' is semiprime implies V) is graded semiprime.
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Because (V)" =\ and (°), = Al by Lemma 7.2.2, it now follows that the maps

(=) and (-)" are surjective and injective when restricted to the sets of semiprime and

graded semiprime ideals (or prime and graded prime ideals) respectively, 11

7.2.4. As an immediate corollary, we have

aded ring.

COROLLARY ([11]). Let R be a contracted S-4

(i) K is a prime (esp. semiprime) ving if and only if 1 is a graded prowe (resp.
graded scwiprime ) ving and ReR =0 implees e 0 for s« K.

(i) BRY = By(R) and By (R) = B(K).

Proo¥. Write 0 for the zero ideal of /. The condition Krli O implics » 0is

cquivalent to the assertion that 0* =

We will prove (i) in the prime case; the semiprime case is proved in the same way.

B0, Oisa

If It is a prime ring, then 0 is a prime ideal, and by Proposition 7.
graded prime ideal, so /2 is a graded prime ring. By Lemma 7.22(ii), 0° (0,)7 0
Conversely, if /1 is a graded prime ring and 0° = 0, then by Proposition 7.2.8, 0 is a
prime ideal of ? and /? is a prime ring. This proves (i)

$ (i) follows i ey from Proposition 7.2.3, Lemma 7.1.2(1), and

the fact that 3(/t) and 13,,(1?) are respectively the smallest semiprime and graded

semiprime ideals of #. O
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We remark that the fact that /7 is a contracted S-graded ring where S is an ele-
mentary Rees matrix semigroup enters into the results of this section only through

jon that /2X 1 is a homogeneous ideal for any subset .\,

Lemma 2.2.3, the asso
which is used to prove Lemma 7.1.2(v). However, Lemma 2.2.3 is a strong result
which does not hold for general semigroups. Indeed, it can be shown that the only
O-simple semigroups for which a result like Lemma 7.1.2 holds are elementary Rees

miatrix semigroups.

7.3. Semisimple Artinian Rings

Let & = MO(1;1.A; ’) be an elementary Rees matrix semigroup and let i be a
contracted S-graded ring. In this section we obtain necessary and sufficient condi-
tions for ¢ to he semisimple Artinian. In some sense, the conditions we obtain are
disappointing, but the class of rings graded by elementary Rees matrix semigroups
iis large and we give examples to show that none of the conditions can be dispensed

with.

7.3.1. The result we obtain follows easily from the work of the previous section and

Chapter 6.

Prorosirion ([11]). Let S be a finile ddementary Rees matviz scmigroup and It
b a contracted S-graded ring.  Then B is scmisimple Artinian if and only if it

satisfics the following conditions:
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(i) R ix graded scmiprime.

(ii) For anyr € R. if Reli =0 then r = 0.

s scmipris

(

Each component R, corrcsponding to a non-zcr ide mpotent o

mary.

PROOF. A ring is semisimple Artinian if and only if it is semiprime and semi
primary. By Corollary 7.2.4(i), conditions (i) and (ii) are cquivalent to 1? heing semi-

prime. By Theorem 6.7.1, condition (iii) is equivalent to /¥ being semiprimary. 1|

7.3.2.  We remark that the iction to finite semij in the proposition is not

really a restriction.
For suppose & = M(1;/,A; I’) is an clementary Rees matrix scmigronp and ¢

is a contracted S-graded ring which is semisimple Artinian. Then [ must have an

e the

identity element 1. Write 1 = ¥ 1,y as a sum of homogeneons components. Sin
P

support of 1 is finite, there are finite sets [y © [ and Ay © A such that 1,,  0if

iglyor g A,
Suppose j ¢ Iy and choose an element 1, & It,,, for some ji ¢ A. We: require that

P =1 = 32Vt
"

Taking homogeneous components in /7, on cach side, we gt

=Lt
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But 1,4 = 0 for all A by choice of j, so we conclude that r,, = 0. Since i was arbitrary,

we s

e that 17, = 0. A similar argument shows that ., = 0 for all i ¢ Ay.

Let % be the Aq # l, matrix obtained from /* by deleting all rows and columns
except those indexed by clements of Ay and fy. Then 7' = 9°(1; . Ao; 1) is a
subsemigroup of 5 if we identify elements in the obvious way. Since /o and Ay are
finite, 7' is finite. But we have shown that supp(/?) C 7' so we may consider /# to be

a T-graded ring.

We give an example to show that we cannot improve condition (iii) of Propo-

sition 7.3.1 Lo say that cach id be semisimple Artinian.

Let K he a field and let B = Aly(K) be the ring of 3 x 3 matrices over A Let
1= (1) and let § = M(1;2,2;P). We will express I as an S-graded ring by

partitioning /f as follows:

R Hiy

Ity By

so that, for instance, /1y is the set of matrices with the only non-zero entry in the
(. 1)-position. It is casy to verify that these components /;, multiply in the manner
e fonlie eél Byt biseontiasted S:geaded sing.

Then /7 is a semisimple Artinian ring, but the components /2;, each have non-zero

Jacobson radical.
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7.34. Let S = {r.[} be a semigroup with ¢* = =cand [* «f [ Then

Y is isomorphic to an elementary Rees matrix semigroup (cf §3.4.2). Let # Q]
the semigroup algebra over ¥ with rational coellicients. Putting i, Qe K¢ QJ,
and Iy = 0, we see that 17 is a contracted S-graded ring.

We claim that /7 is graded semiprime. Suppose that / is a nilpolent homogeneous

ideal of /2. Then /N 11, is a nilpotent ideal of K. so /N K, = 0 sin

B, s isomorphic
to Q. Similatly, 7N}y = 0 and therefore / = 0.

Since /, and /7, are isomorphic to Q, they are certainly semiprimary.

But K is not semisimple Artinian. Indeed, it is neither semisimple nor Artinian,

For J(H) = Q(c - /) and

Zc—[)D22(c=[) D 22U = [)- -+

is a strictly descending chain of right ideals of /; both of these claims follow casily
once it is noted that (¢ — [)/t = 0.

So condition (i) of Proposition 7.3.1 is required.

7.4. Munn Algebras and Generalised Matrix Rings

We show how Proposition 7.3.1 generalises Munn's characterisation of semisimple
Artinian Munn algebras and the work of Wauters and Jespers on generalised matrix

rings.
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7.4.1. We refer to §3.2.1 for the definition of a Munn algebra and recall from §3.2.3
that a Munn algebra can be graded by an clementary Rees matrix semigroup. In [50],
Munn proved the following theorem giving necessary and sufficient conditions for a

finite dimensional Munn algebra to be semisimple Artinian. We will briefly indicate

how this theorem can he derived from Proposition 7.3.1.

Tukowss ([50)). Let K be a field and et A be a finite dimensional K-algebra, Let
1t = M (A0 1) be a Munn algebra aver A, Then R is semisimple Atinian if and
anly if the following are satisficd:

(i) A i semisimple Artinian.

(i) 1= 0 and 17 is an invertible matrie in My(A).

Proor. We will use the notation of §3.2.1. In particular, for matrices .X" and Y,
the product X'} is their product in a Munn algebra and .X 0} is their ordinary matrix
product.

To demonstrate the necessity of conditions (i) and (ii), we will show that they

follow from conditions (i), (ii), and (iii) of Proposition 7.3.1. Accordingly, suppose
that i satisfies conditions (i), (ii), and (iii) of Proposition 7.3.1.

Let N be an ideal of /A and suppose that N2 = 0. Then the set

={r€R|ry€N forall i)}
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is a homogeneous ideal of . If \.}" € .V then N} = Y a2} = 0 since vy, iy, ¢

N?=0foralli, j, \, and . So . (i) N o

= 0 and therefore by Proposition

Hence N' = 0. So A is semiprime. But . is semiprimary by Proj TRA), w0
Ais in fact semisimple Artinian, and (i) holds.

If % n or P is not invertible, then there xists an .~ n matrix X over A such
that cither 0. = 0 or X o/’ = 0 (sce [15, Corollary 5.10 and Theorem 5.11]). Then

regarding X as an element of 7, we sce that for any V.7 ¢ K,
YXZ=YoloXNaoPoZ=0.
Hence X is a non-zero clement of i satisfying X 2 = 0. So Proposition 7.3.1(ii)
implies (ii).
Conversely, suppose that ¢ satisfies (i) and (ii). Then A has an identity hecause it
is semisimple Artinian. Let () be the inverse of I in M, (A) sothat PoQ  Qul* 1,
the n x 1 identity matrix over A. Of course, () may be regarded as an clement of /7.
Rather than demonstrating that i satishies conditions (i), (ii), and (iii) of Propo-
sition 7.3.1, it is casier to show that I is semisimple Artinian dircctly. For the map
M (An,m5 ) = My(A), X = X o 17 s easily scen to he an algebra homomorphism
and it is an isomorphism because it has inverse ¥ 1= ¥ 0 Q). But A, (A) is semisimple

Artinian because A is semisimple Artinian. Hence /t is semisimple Artinian, (]

7.4.2. Another related result of which Proposition 7.3.1 is a gencralisation is the

characterisation due to Wauters and Jespers of semisimple Artinian generalised mi-



7.4. MUNN ALGEBRAS AND GENERALISED MATRIX RINGS 149
trix rings. We will show how this characterisation can be derived from Proposi-
tion 7.3.1.

Note that the implication (ii) implies (i) of the theorem was proved ealier as
Lemma 6.5.1 and this lemma was used to prove Theorem 6.7.1 which was in turn
used Lo prove Proposition 7.3.1.

Let It = (t;,) be a ring of 1 % n generalised matrices. Following [72], we will say

that /¢ satisfies the annihilalor condilion if it satisfies:

(ANN) Ifr € Ry and Ryr = 0 then
Turorem ([72]). Let B = (Ry;) be a ving of n x w gencralised matvices. The
Lollowing are cquivalent

(i) 1 i semisimple Artinian.

(ii) R is semiprime and all i are semisimple Arvtinian.

i) 1 salisfics the annihilator condition (ANN) and all Ry are semisimple Ar-

tinian.

Prook. We introduce two more conditions and show that all five conditions are
equivalent.

(iv) 1 is graded semiprime, each R, is semiprimary, and if ReR = 0 for some

o€ I then 0.

(v) R is semiprime and cach R, is semiprimary.
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First note that (i) and (iv) ate equivalent by Proposition 7.3.1 and (iv) and (v) are
equivalent by Corollary 7.2.4(i).

Suppose that i satisfies (v). Fix 1 <i < u and suppose that /(/,)" - 0. Note

that
SR RI(R) = J(R) R (R S IR

because for elements .+ and y of My, we have +lyy = 0if j £ or k7 i. Applying
this result several times we get (IJ(Fi))" © MJ(Ha)™ = 0. Since It is semiprime,
this implies 1./(1;}) = 0 and hence J( ;1) = 0. So I, is semisimple Artinian., Thus
(v) and (ii) are equivalent, the other implication being trivial.

We will show now that (iv) and (i) imply (iii). Clearly, we need ouly verify that
I satisfies (ANN). Suppose that . € It;, and ftyyr = 0. Then cltr - cliye 0o
that » = 0 because /f is graded semiprime. lence (ANN) holds.

Finally, suppose that A satisfies (iii). We will show that (iv) hold.. Clearly, each
Ry is semiprimary since it is semisimple Artinian.

Let / be a nilpotent homogeneous ideal of t. Then for each i, 1111, is a nilpotent
ideal of Ry so that /N My = 0. Fix 1 <ij < . Then (101 I,)It, < T(1 1, 0
and therefore / N /i, = 0 by (ANN). Because / is homogencous, [ = 0. Hence If is
graded semiprime.

Suppose that R/t = 0 for some & = .J'y‘:lx,, €I Fix 12 ij < n Then 0

Rige R = Rige;iRig. But Rijey; © Ry and I, is semisimple Artinian, so /f,,r, /6, 0

< s
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implics that #,,.,, = 0. Then ,; = 0 by (ANN). Since i and j were arbitrary, it

follows that . = 0. So /# satisfies (iv) as claimed. O



CHAPTER 8

Jacobson Rings

Our goal in this chapter is to prove that a ring graded by a finite semigroup is a Jacoh-

son ring provided that all the h ling to idemp

are Jacobson rings. Once again, we follow the method of Chapter 4, combining results

for group graded rings, ideal extensions, and rings graded by clementary Rees matrix
semigroups.
We apply this result to find a sufficient condition for n seui aligehra satisfying

a polynomial identity to be a Jacobson ring.
These results will appear in [11].
8.1. Ideal Extensions

After briefly reviewing the definition of Jacobson ring, we begin as usual with ideal

extensions.
8.1.1. Aring Ris called a Jacobson ring if it satisfies one of the following cquivalent
conditions:
(i) The prime and Jacobson radicals of every homomorphic image of it coincide.
(ii) Every prime homomorphic image of I is Jacobson semisimple.
Historically, interest in Jacobson rings arose in commutative algebra. I /¢

K[#1,#2... ] is a polynomial ring over an algebraicall

closed field A, then the

assertion that /2 is a Jacobson ring is equivalent to the strong form of Hilbert's Null-
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stellensatz (sce [25]). For this reason, commutative Jacobson rings are often called

Hilbe ! rings.

8.1.2. Note that nilpotent rings are Jacobson rings since such rings have no non-

trivial prime homomorphic images.

8.1.3. The following lemma is due to Watters [69); we will provide a short proof

since we have obtained the essential ingredients in Chapter 4.

Limma ([69]). Let 1 be aw ideal of a ring R. Then R is a Jacobson rving if and

only if both 1 and B]1 are Jacobson rings.

Pioor. Suppose first that K is a Jacobson ring. Since any homomorphic image
of /1 is a homomorphic image of 1¢, it follows from the definition that /2// is a
Jacobson ring,

Let P be a prime ideal of /. We claim that P is also an ideal of K. For if r € I,
then P € I 5o that +Prl” C P. But rF is a right ideal of /, and so P’ C P.
Similarly, '+ C I". So I’ is indeed an ideal of R.

Since If is a Jacobson ring, we have J(R/P) = B(R/P). But both J and B are

hereditary radicals (cf §4.1.6) so

JU/PY = J(RIPYALP = BRI PYA TP = B(I /P

Hence 1 is a Jacobson ring.
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Conversely, suppose that [ and [{/I are Jacobson rings. Let A be an ideal of 1,
let R = R/ and T = (oA 4 [)/.A. We must show that J(R) = B(H).

Since [ is a homomorphic image of the Jacobson ring /, we have (1) I(/).

Note that /7 % /(I + A) which is a homomorphic image of the Jacohson ring 1/1,

so that J(R/T) = B(R/I). Since Lemma 4.4.1 upplies to J and /3, we conclude that

J(R)=B(R). O

8.1.4. As an immediate corollary, we deduce that the adjunction of an identity in

the manner of §4.1.7 preserves the property of heing a Jacobson ring.

COROLLARY. Let R be a ring without an identity. Then B is o Jacobson ving if

and only if R is a Jacobson ring.

Proor. This follows from the lemma, noting that /tis an ideal of /i and It/ 1

which is easily seen to be a Jacobson ring. [J

8.2. Graded Rings

Once again, we combine results for group graded rings, rings graded by cle

sentary
Rees matrix semigroups, and ideal cxtensions to obtain a theorem abont rings graded

by arbitrary finite semigroups.

8.2.1. For rings graded by finite groups, the result we requirc is known, at

for rings with identities. There is a complete proof in [59]; sec also [32]. By Corol-
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lary 8.1.4, we may extend this to rings without identity in the manner outlined in

420,

Trkonnst ([59)). Lot € be a finite group with identity \and It I b a Gegraded

rang. Then 1 s a Jacobson ving of and only if 1ty is a Jacobson ring.
Y i y ' 2

R.2

The next step is to prove the result we are aiming for for elementary Rees

matrix semigroups.

Prorosrios ([1]). Let S

MO(L; LA P) b an clementary Rees malvis somi-
graup and 10 1 b a contracted S-graded ving. If B, is a Jacobson ving for cach

won-zer wdempolenl « € S, then B is @ Jacabson ving.

Proor. We adopt the notation of §2.2.1. Write I’ = (py). If py, = 0 for some

rand ), then Jf,

= 0 and therefore R, is a Jacobson ring by %.1.2. So we may
assume that #,\ is a Jacobson ring for all 7 and \.

Let () he a prime ideal of /2 and let ), be the homogeneous part of () (cf §7.1.1).

By Lemma 2.2.3, Q* € Q) so that Q/Q, € B(R/Qu) € J(R/Q)). Hence,

o BN _ IRQn)
JRIQ) = d (m) = Q0

and a similar statement holds for B(17/()). So to prove that J(17/Q) = B(H/Q) =0,
it sullices to show that J(R/Qy) = B(R/G).
Let f - 1/(Q; then [ is also a contracted S-graded ring because (), is a homoge-

neons ideal. Note that By = 17,,/(Q N K,\). Since /#,, is a Jacobson ring, we see that
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J(R.\) = B(R,\). This is true for all / and \. so by Corallary 4.3.2. /(F)  B(K) as
desired. O

8.2.3. Combining Theorem 8.2.1 and Proposition 8

& the technignes of

§2.2.2, the following is immediate.

COROLLARY ([11]). Let S be a Bees malrie scmigronp with no omfinide subgroups.
Lit B bea contracted S-graded ving. If B, is o Jacobson rving for cocry won--cro

idimpotnt € S, then B is o Jacobson ring.
8.2.4. Itis now asimple matter to obtain:

Tueoren ([11]). Let S be a finite scmigroup and It 1 be an S-graded ring. 1] K,

i a Jacobson ving for cach idempotent « & S, then K is  Jacobson g

ProOE. The proof proceeds in the same way as the proofs of The

Theorem 6.7.1. so we will omiiv many of the details.

By adjoining a zero if necessary or appealing to Lemma 8,13, we may assume that
S has a zero and [ is a contracted S-graded ring.

If 5 s null, then /f is a nilpotent ring and is therefore a Jacobson ring. 1f 5 is

0-simple, it is completely O-simple by Theorem 148, and therefore 17 s a Jacolson
ting by Corollary 8.2.3.

Otherwise, S has a non-zero proper ideal 7. By induction on the size of the rading

semigroup, /- and [t/ 1y are Jacobson rings, and therefore It is a Jacoluon ting by
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Lemma 8.1.3. 1]
8.2.5. We do not know if the converse of Theorem 8.2.4 is true. The obstacle

Lo proving the converse is the case of a ring graded by an elementary Rees matrix

semigronp; we do not know if the converse of Proposition 8.2.2 is true.
Note that it would suffice, to prove the converse, to show that a right (or left) ideal
of  Jacobson ring is a Jacobson ring. In fact, the truth of the convarse depends
entirely on this statement as the next result shows.
PROPOSITION. The fallowing are cquivalent;

(i) The converse of Proposilion 8.2.2 is truc.

(ii) 1 A is a vight (or 1 ft) ideal of a Jacobson ving then A is a Jacobson ving.

IPROOF. I s casy Lo sce that (ii) implies (i). For if § = MO(1; 1. A; I’) is « Rees

matrix semigroup and 1 is a contracted S-graded ring, then for each i and A, I,y is
aleft ideal of B, and [,. is a right ideal of /.

For the other implication, we will show how to construct a counter example to (i)
given a counter example to (if). Suppose then that K is a Jacobson ring and 1 is a
right ideal of /f which is not a Jacobson ring.

Let S == {e. [} be a two element semigroup with «* = ¢/ = c and [? = [c = [.

Then 8

isomorphic to an clementary Rees matrix semigroup (cf §3.4.2).
Consider the subring B = Ac -+ [f of the semigroup ting #[S]. Then B is a

contracted S%graded ring, putting B, = Ac and 3 = Rf. Working in /#'[5] for the
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monment, note that «( = f) = f(c = [Y=0and (¢« ~ /N~ [ (¢ . Henee,
A(c = f) is a nilpotent ideal of /.

TFurther, the map 1

R[S] =+ B ogiven by wc S b s aring homomorphism,

forif.r.y.z.w € R, then

(et gzt ) = e(Grs 4 o) oz ae)f)

R R W
= (oA )z ow).

If we restrict v to 3, then the kernel is clearly the ideal A(c  f) and the image is f7

We have shown that 3/A(c = [) = I, and therefore conclude that 14 is a Jacahson

ring by Lemma 8.1.3.

But 3, = Ac = A s not a Jacobson ring. [

8.3. PI Semigroup Algebras

In this section we use results for graded rings to derive a theorem showing that

certain

algebras satisfying polynomial identities are Jacobson rings. This
theorem extends a result of Gilmer for commutative semigroup algchras.

This theorem requires rather more technical results from the theory of semigronp
algebras than clsewhere in this thesis. We will endeavour to explain the results used

as we go. We refer the reader to [55] in which all the required results can be found
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K.3.1. Let K beafield and let It be a K-algebra. Write N {rj.ry.. ... r,,} for the al-

..r,, with coefficients in K.

gebra of polynomials in non-commuting variables ..,
Itis a Pl-algchra if it satisfies a polynomial identity, that is, there is a non-zero poly-

womial [(rrors. o) € K (o such that for all n-tuples (ry.rs.....1,)

0.

of elements of 1, we have [(ri.ry....

"The theory of Plalgebras is well developed (see, for example, [60]). Many results

have been 1 from ive rings to Pl-algebras. This is what we will

doin this section.

Clearly sublgebras and quotients of Pl-algebras are also Pl-algebras. One other
fuct that we shall need is that the class of Pl-algebras is closed under ideal exten-
sions. Indeed, if /1 satisfies a polynomial identity f(ry.ry.....r,) and I satisfics a

polynomial identity g(ay.a.....0) then It satisfies the identity

oot S ez Tt e o))

a(se

8.8.2. The following theorem about prime Pl-algebras is crucial; it is a simple

consequence of Postier’s Theorem [58, Theorem 5.4.10]

TUEOREN (55, Theorem 18.1]). Lol i be a prime Pl-algibra overa ficld K. Then
i isa fichd crtension 1oof K and an integer n such that B cmbeds in the malrie

ring M, (1)
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8.3.3. Following Okniiiski [55], we define the runk of a semigronp 8. written rk(~)

to be

sup{# | & contains a frec

LrOup on 1 gener I

Here, a free i i on g s N e wr ) is the free

; alle

semigroup on ' with relations W' = {r.r, = ror, | i / j} (e § tively,

it’s the set of monomials +§'.rk? .5 with at least one k, non-zero.

If  has free commutative subsemigroups of all finite ranks, then, of course, th(~)

0.

Note that if (/' is an Abelian group, then thi

definition of the rank of ¢/

with the usual torsion frec rank of an Abelian group.

Rank has the following clementary properties:

LEMMA. Lt S be a scmigroup with subsemigroup 1" and ideal 1.
(i) k() < ck(S).
(ii) rk(S/ 1) < rk(S).
Proor. Property (i) is immediate from the definition of rank. For (i), note that

a free commutative subsemigroup of 5// does not contain the zero clement and can

therefore be regarded as a subsemigroup of 5. (]

However, the rank of a homomorphic image S/p where pis a congruence may he

larger than the rank of 8. For cxample, le

S he afree (non-commutative) semigronp
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on aset of gencrators {a, | i € /). Then it is true that tk(S) = 1. Butif p is the
congruence gencrated by the relations i, = ., for all i.j € I, then S/p is a frec

p with .| i € I} and tk(S) may even be infinite

if [ is infinite.

8.3.4. Let 8 be the multiplicative semigroup of the ring A1, (') of n x n matrices
aver u ficld i, Regarding an clement o = § as a matrix, we may speak of the “rank
of ", meaning the dimension of the image of the linear transformation corresponding
to r. (This has nothing to do with the rank of a semigroup introduced in 8.3.3.)

Such semigroups have a nice principal series.

TiroREM (155, Theorem 1.6]). Let K be a field and Il S be the multiplicative

semigroup of the ving My(K). Then S has a principal serics
S=0,2hg D2 Dh={0}

where Iy is the sel of matriecs of rank k or less, Each quotient I/ iy is completely

O-simple..

8.8.5. The problem of which semigroups have PI semigroup algebras has been ex-

tensively investigated, but not completely solved. However, this question has been

answered by Passman and Isaacs [30, 57] for group algebras, and by Zelmanov [74]
for cancellative semigroups.

We state these results and a related result below.
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The commutator subgroup of a group - is denoted A"

PROPOSITION. Lel I be a ficld and It S bea canedlative sonigroup such that
K{S] i a Plalgcbra. Then

(i) & has o group of fractions ¢ and K¢ is a £-algebra.

(i) G has a normal subgroup A of finite inder such that ' is a finite p-group of

char(K) = p>0 and A' =1 if char( K) = 0.

(i) th() = vk(C7) = tk(A/A).

Proor. Statement (i) is [55, Theorem 20.1}. The condition in (ii) is actually
necessary and sufficient for K[(/] to be a Pl-algebra, sce [55, Theorem 18.3]. Finally,

(iii) follows from [55, Propositions 19.1 and 232}, [
8.3.6. The result that we want to improve is due to Gilmer [21].

TuroreM ([24]). Let K be a ficld and et S be o commutalion menoid of ranko.
(i) I o is finite, then K[S] is a Jacobson ring.

(i) If o is infinite, then K[S) is a Jucobson ring if and anly if o = |K|.

Note that Gilmer allows the rank to be any cardinal number, bul we are only

interested in whether or not the rank is finite.

8.3.7. We hegin by extending Theorem 8.36(i) to Pl scmigroup algebras of can-

cellative semigroups.
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Turowes ([11]). Led K b field and 1ed S be a canecllative semigroup of finite

rauk sueh thal K1S) is a Plgebra, Then K[S] is o Jacobson ring.

PrOot. Let o = char( ). By Proposition 8.3.5, we know that S has a group of
fractions ¢/ and that (i has a normal subgroup A of finite index such that A’ is a
finite pgroup if p > 0 or is trivial if p=0.

Write w( K[H]) for the augmentation ideal of a group algebra A [//] (cf [58, §1.1]).
Lot [ = w(K[AM)K[G] = K[GJw(K[A]), the kernel of the canonical map K] =
K|GN). 1f p= 0, then / =0. Otherwise, A'is a finite p-group and so w(K[A1]) is
nilpotent by [38, Lemma 3.1.6) and hence / is nilpotent, Then /0 A'[S]is & nilpotent
ideal of I [S].

Lt pp == panejagy be the congruenceof §3.1.2. By Lemma 3.12(ii), K[5]/(/0K[S])
is a homomorphic image of K[S/p;]. llence to prove that K[¥] is a Jacobson ring,
it suffices (by Lemmma 8.1.3 and the fact that nilpotent rings are Jacobson rings) to

prove that. K[$/p1] is a Jacobson ring.

Write & = §/py, (= Ci/.¥, and /]

A/A. Because [ is the kernel of the map
K{G] - K[GH], wesee that for 5./ € S, sA'= (A" implies s— £ € [ and therefore
~ I Hence § embeds in (7. Furthermore, A is an Abelian normal subgroup of ¢

of finite index, and by Proposition 8.3.5(iii), tk(-1) is finite.

Now S ndis a i llative i of finite rank. By Theo-

rem 83.6(i), K[S N .A]is a Jacobson ring. (If 7" = SN .1 does not have an identity,
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adjoin one. Then K'[7"]still satisfies the hypothesis of Theorem

and K[1]is

an ideal of A'[7"] 50 is a Jacobson ring.)

The canonical map (i — (7/ gives K[(] a (i/.1-gradation (¢f§2.1.5). Since K[5]

is a homogeneous subring with respect to this gradation, we may regard K

a (7/A-graded ring. The identity component for this gradation is K|S 1) Al By

Theorem 8.2.1, we conclude that A'[S] is a Jacobson ring. [}

8.3.8. Now we extend this result furiher to general semigroups.

Let & be a semigroup of finite rank and let & be a homomorphic image of 5. As
pointed out in §8.3.3, & might have larger rank than S, and il rk(5") ., then
Theorem 8.3.6(ii) shows that K[S’] might not be a Jacobson ring. So in order that

K[S] be a Jacobson ring, we will require that § and all homomorph xof §

have finite rank.

Turorem ((11]). Ll K be a ficld and le1 S be a semigroup such that K|S| o o
Pl-algebra. Suppose thal ¢very homomorphic image of 8 has finite vank. Thew K|S|

is @ Jacobson ring.

PRroor. Let I be a prime ideal of /[S] and let . he the corresponding congruene
on & defined in §3.1.2. By Lemma 3.1.2(ii), K[S)// is & homomorphic image of
K[S/pp), so it suffices to prove that K[S/pp| is a Jacobson ring. By assumption,

S/pp bas finite rank, and A[$/pp] is a Pl-algebra since it is a homomorphic imuge
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of K[S]. Further, $/p. embeds in K[S)// by Lemma 3.1.2(ii) and K[$]/ 7 embeds
in a matrix ring M, (L) for some field /. by Theorem 8.3.2.

So replacing 5 by §/pye, it suffices to show that A'[S]is a Jacobson ring when K[S]

is a Pl-algebra, § is a subsemigroup of the multiplicati i ML), and &
has finite rank. 17 S does not contain the zero matrix 0, then adjoin it. Then S still
has finite rank and K[S"]/K0 2 K[S] so that K[] s an extension of K0 = K by
K[5] and is still a Pl-algebra, So we may assume that 0 € 5.

Define ideals /5 of A1,( L) for 0 < k < n as in Theorem 8.3.4. Then $ has a chain

of ideals

25 2%=10)
where Si = S0 [y and each quotient S/ S, embeds in /x/lx-y. Now, N'[S] has a
corresponding chain of ideals

KN = K[S]2 K5

D K[ 2 K[ K.

We need only show that each quotient K [Si)/ K]S, WolSi/Sk_] is a Jacobson

ring by Lewnma 8.1.3. Note that each ring Ko /] is still a PL-algebra and that

rk(S/Si-1) is finite by Lemma 8.3.3.

b ofa letely 0-simple

8o we may assume that §is a
I', that the rank of & is finite, and that Ay[S] is a Pl-algebra. Also we may assume
by Theorem 1.6 that 7" is a Rees matrix semigroup. Let 1" be the elementary

Rees matrix semigroup which is a homomorphic image of 7' in the manner described
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e 17 s

in §1.5.5. Because § C 77, Nu[] is a contracted T-graded ring. and b

as a contracted T7-graded ring.

a homomorphic image of /', we may regard K

With respect to the T"-gradation, the homogencous comy corresponding (o

non-zero idempotents are the rings K|S N (/] where (7 is a maximal subgroup of I'

RS0 6] are

By Proposition 8.2.2, it sullices to prove that these rin

rings. But ¥ N (/ is a cancellative semigroup of finite rank and K|S 1G] ¢ A[S] is

a Plalgebra so the rings K[ N (7] are indzed Jacobson rings by Theorem §.



CHAPTER 9
Artinian Semigroup Graded Rings

Iaving considered several finiteness conditions in Chapter 6, we turn our attention
to the most basic finitencss condition, the Artinian condition. However, we cannot
expect to obtain a result similar to those of Chapter 6 for Artinian rings; for instance,

the example of §7.3.4 is not Artinian, yet cach homogencous component is a field.

Instead, we consiuer the following question: If B is a right A rtinian ring graded by

a somigroup 8. is supp(I) finite?

“Ihis question has been answered positively for semigroup algebras by Zelmanov
[74], and for band graded rings by Kelarev [44].

Unfortunately, the gencral answer is no. There is an exsmple due to Passman [56]
of a twisted group ring over an infinite group which is artually a field. This raises
the interesting question of what additional assumptions are required for the Artinian
condition on a group graded ring to imply that the group is finite; in the cited paper,

Passman gives some sullicient conditions for twisted group rings, and more recently,

Saorin [65] has addressed this question for strongly graded rings. However, we shall
wot pursue this further here.
Instend we shall show that the existence of infinite subgroups is the major obstacle

to an allirmative answer to our question. We offer two results.

THEOREM. Lel S be a scimiaroup thal has no infinile subgroups and in which cvery
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O-simple principal factor is completely O-simple. et 1 be an S-graded vog. If K o

right Arvtinian. then the support of R is fimte .

Out proof of this theorem relies on the structure theory of semigronps, and

on Kelarev's proof for the hand case [44]. Unfortunately, these methods do not s

sufficient to deal with O-simple factors which are not completely O-simple, since the
structure of such semigroups is much less well understood,

However, if we require that all but finitely many components /2, are non-zero, then
we can show that all 0-simple factors must be completely O-simple. Henee we ohtain

our second result.

THEOREM. Lol S b a semigroup with vo infinile subgroaps. Lel B be an S gradel
ring such thal B, 0 for all but finilely mang cdowe nls < ¢ S. 1f B s voght Artimoan,

then S is finilr.
Using this second theorem, we obtain an independent proof of Zelmanov's result
for semigroup algebras [74].

This work was completed jointly with Eric Jespers and Andrei Kelare |1

9.1. Preliminaries

We begin with a couple of preliminary lenmmas.

9.1.1. The first lemma was originally stated for bund graded rings in (4], The

proof is essentially unchanged. The lemma states the: intuitively ohbvious result that
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an Artinian ring cannot have an infinite family of small right ideals whose sum is very
Jarge. Recall that the support of a not necessarily homogencous ideal of a graded ring

is the union of the supports of its clements (cf §2.1.2).

Liststa ([44]). Lot S be a scmigronp and I R be an S-graded rving. Supposc F is
a fumily of right idvals of 1t satisfying the following:

(i) Ther is a watural wumber ke sueh that |supp(D)] < b for all 1 € F.

(i) U supp(1) i infimits.

Theu It is wol vight Artinian.

Proor, It suflices to find a sequence /. [y l5. ... of right ideals in F such that

supp(L,) /U supp(L, ) for all u; then

Yoh 3 L 331, s
= = =
is an infinite strictly descending chain of right ideals.
So the argument is purely set-theoretic. We give an inductive construction of such

a sequence, at the heart of which is the following: given a family F, satisfying (i)

and (i), we find an £, € F, and a subfamily F,.4, C F, satislying (i) and (i
suck that supp(Lon) & U supp(/).
1eluyn
Sinee U supp(/) is infinite, there is a finite set { /). y..... 11} € F, such that
Ioh,

: f
| U supp(/4)] > k. Let X = U supp(/],); then X is finite. For + € ', let & be
X l

the subfamily of 7, consisting of all / such that o ¢ supp(/). Note that for any
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I € F,, we have X' € supp(/) because [supp(/)] ~ k. so [« &, for some . Henee,

F. = U &, and there must he an . such that {J
sEX 1

supp(/) is infinite. Choose i such

that . € supp(//,). Then [,4, = II, and F, 4y = &, have the required propertics.
To begin the induction, put 7y = F. Itis easy to see thai the sequence £y 1 Ly

so constructed has the desired propertics. [

9.1.2. The second lemma is also from [44]. In this case, we give a different prool
because the proof in [44] made use of the fact that bands are locally finite which is,

of course, not true of a general semigroup.

LMt ([44]). Let S bea semigroup and Iel 18 bea vight Avtiian S -graded ring.
Let 1 be a nilpolent homogencous ideal of 18 such thal there arc only finitly many
S €S with B, & 1. Then supp(1) and henee supp(I) an finils.

ProOF. Let n be the index of nilpotency of /. We proceed by induction on 1,

Suppose 1 = 2. For € supp(1), let A, be the right ideal of If generated by 11118,

so that A, = (/0 R,)+ (/0 1,)K. Leb i be the number of s« 8 with I, ¢/ 1.
Because /% = 0, it follows that |supp(/1,)| < 4 1. Now each A, is u right ideal of If
and € supp(A,). 1f supp(/) were infinite, then applying Lemma 9. 1.1 to the fmily
{A, | r < supp(/)} yields that /f is not right Artinian, a contradiction. S supp(/)
and hence supp(/?) are finitc.

Suppose now that the nilpotency index of £ is i - 2 and the result holds for sualer

nilpotency index. Consider the ring ft = [t/ I* with ideal I /1% It and [ satisfy
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the hypotheses of the lemma and T* = 0. Hence, by the 1 = 2 case, supp(R) is finite.
But this implics that there are only finitely many « € § such that R, ¢ /%, Since
I* has nilpotency index less than n, we conclude by the inductior hypothesis that

supp(/f) is finite, 0

0-minimal Ideals

on, we prove a rather technical result which is the key step in the

reduction of the general case. This result concerns 0-minimal completely 0-simple

iddeals of a semigroup.

9.2.1. Let S be a semigroup and let A = MMY(C; 1. A; ) be a 0-minimal ideal of §

which s completely O-simple. As in §1.5.3, we put

Miy = {{n)ar [y € ("}

M= U M,
sen

and M=) M.
i€l

We begin with a lemma which shows that we can reduce the subgroups of M/ to
the trivial group.

Lessa. Let S and M be as abore. Define a relation poon S by s pt if and only if
s hoorad € Ma\ {0} for some i€ 1 and N € A.

(i) Each M,. is a vight ideal of S and cach M.y is a loft ideal of 8.
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(i) The relation p ix a congruence on . Furthermor, the image M of M m S/p
ix still a completely O-simple O-minimal idval of S/p. and foric 1 and \« A.

the image iy of My has cractly two clements: 0 and a won-=cro clomnt

(1)ir-

se M s

Proo¥. Let | = (y)in € M, for some i and \ and let » in 5. B

completely 0-simple, the matrix ” has a non-zera entry in cach row and column, by

Theorem 1.5.2. Tn particular, thercis a j @ / such that the (X, j)-cntry of 1*is b / 0.

Let ¢ = (h7"),s. Then /¢ = . Now, ¢s & M because M is an ideal of 8. Henee

Is = les € M. since | € M;. which is a right ideal of M by Lemma 1.5.3(iv). This

proves that Al;. is a right ideal of 5. Similarly, AL is a left ideal, demonstrating (i).

It is clear that p is an equivalence relation. Suppose that ./« Al \ {0 for some

iand A. Let ¢ be the clement constructed above; since ¢ depends only on the choice
of A, we have sc = s and Ic = 1. Let r € 5. Since M is an ideal, cr « Al We may
suppose that cr € A}, for some j and pr. By Lemma 1.5.3(vi), cither ser Jer 1)

or ser,ler € My, \ {0). Since sr = scr aund Lr = ler, we conclude that sr p Lr.

Similacly, . p.rl and p is a congruence.

Since the restriction of p to Al £ Al is exactly the kernel of the homomorphisim

of M onto the associated el y Rees P O 1A 1) s explained in

§1.5.5, the other assertions of (ii) follow. [1
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Since we will be much concerned with the complement of the support of an

ideal of a graded ring, it is useful to introduce some notation. Specifically, if / is an

ideal of an S-graded ring I?, we will write supp(/) = supp(/?) \ supp(/). Note that

i7" is an ideal of S, then SWPP( /) = supp(#) N (S\ 7). Of course, this notation
applies equally well if / is a one-sided ideal of /1.

The assertion we require for 0-minimal ideals of the type introduced in §9.2.1 is

the following:

PROVOSITION. Ll S b a scmigroup and et Al be a G-minimal ideal of 8 which is
complelely O-simple and has wo infinite subgroups. Let ] be a right Arfinian S-graded

ving such thal SSR(Hy) is finite. Then supp() is finile.

The rest of this section consists of the proof of this proposition. The proof is by
contradiction, so we start by assuming that supp(R) is infinite. As we proceed, we

will introduce further ions in each subsection until a final diction is

reached. Tt is implicit that at each stage, all the extra assumptions introduced thus

far still hold. We will use the notation introduced in §9.2.1.

0.2.8. We may assume that B is a confracled S-graded ring.
T do so, we replace i by 1/, which is right Artinian being a homomorphic

image of /. OF course, supp( 1t/ Ifg) is infinite.

0.2.4. Ve may assume that all subgroups of M are rivial,
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Applying Lemma 9.2.1(ii), we may regrade /7 by the homomorphic image 8/ of S,

Since M has no infinite subgroups, cach p-class is finite, and the support of 1 with
the 5/p-gradation is still infinite. Replace & by /.

Fori€ /and \ €A, put

Ry = R = B,

K=Y B= By,

&
and =3 M B
el
9.2.5. There i an integer Lsueh tha |supp(i.\)| = 1 for all Xo A,
Since M is the O-disjoint union of the M, and /¥y = 0 by 9.2.3, we see thal /¥
contin the direct sum My = @ .. Bu cach I, is w right ideal of I since 1,
is a right ideal of § by Lemma 9.2.1(i). Because /¢ is right Artinian, #,. 0 for al

but finitely many, say I, of the clements i € 1. So for A ¢ A, we

that supp( /i)

includes at most those elements (1);y for which /f,. # 0.

9.2.6. Ry #0 for infinitely many A € A.

s inte:

Since § = (5\ M) U (U M.,) and each of these « supp(1) finitely,
AEA

there must be an infinite number of A € A such that Al interscets supp(If).
9.2.7. J(RYN Riy =0 for all i € [ and A € A.
Let K = ¥J(1) N R,y Then K is the homogencons part. of the ideal J(16) (1 lty
=

and is therefore a homogeneous ideal. Since N € .J(/t) and It is right Artinian, A is
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nilpotent. By Lemma 9.1.2, there must be infinitely many s € S such that £, ¢ K.
So I?/ K is a right Artinian S-graded ring with infinite support. Replacing /2 by #/K,
we have J(1f) (1 i = 0 as claimed. Note that 9.2.5 still holds and thercfore 9.2.6 is
also still true
9.2.8. Ny d(Hy) ity =0,

“This follows at once from Proposition 4.3.1(ii) and Corollary 4.3.2.

9.2.9. There is an infinile subscl {A, Ay Na,... } of A sucl that K.y, & J(If).

Suppose that F.y < J(H). Then for each i € 1, Fiy € J(I)N Ry =0 by 9.2.7.

Henee, By = ¥ Iy = 0. By 9.2.6, it follows that there is an inifinite number of
€l

\ - A such that Ry Z J(R).

9.2.10. There exists a p such thal for all ¢ > p.
oy 4ot B, +J(RY = Roy 4 By, + J(R).

By Lemma 9.2.1(3), each K.y is a left ideal of . But /2/.J( /) is semisimple Artinian

and henee left Noctherian, so the chain of left ideals
Hoy FI(R) € Ry 4 Buyg + J(R) © Ry + By, + By +J(R) € o
must stabilise.

9.2.11. With these assumptions in hand, we can obtain a contradiction. Let L =

Ny, 4 oy, 4 oo B, a left ideal of 7 and note that |supp(L)| < pl.
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Let ¢ > p. Since K.y, £ J(R) and K., is aleft ideal of itis not nil. In particular,
there exists r, € R.\, such that r,” # 0. By 9.2.10, we may write r, ., | 5, for some

iy € Land y, € J(R)N(L+R.,). Note that [supp(r,)| = land [supp(u,)| - (p 1 V).

Consider 0 # r,* = rur, + rg,. We have r,* ¢ K.y, and ror, o L. Sinee
R.\,N L =0, we must have r,y, # 0 and therefore M.y, 11supp(r,u,) / 0.
Let 1, be the right ideal of /f gencrated by r,5,. Then
by = Ly A vy B b vy -

By 9.2.8, r,y, v € liagd(lai) iy = 0. So

|supp(ly)] < [supp(ry,)| A+ [supplrm Rl
< P(p+ 1)+ Pp + )n.
Since ALy, Nsupp(r,y,) # 0, the union U supp(/,} is infinite. But this contradicts
r

Lemma 9.1.1.

pleting

Hence our initial assumption that supp(/?) is infinite must be incorrect,

the proof of Proposition 9.2.2.

9.3. Main Theorem

In this section we will prove the first main theorem of this chapter.

9.3.1. Let  be a semigroup. Following the notation of {143 we will writ

18" for the principal ideal generated by a, and 1, = {o ¢, | J, 5 L} for the
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ideal of non-generators of J,. Recall that the relation 7 is defined on S by « J b

if and only if J, = Ji, and the equivalence class of  under this relation is denoted
(). Recall that J(u) = J, \ 1.

Note that we can partially order the J-classes of § by inclusion of the corresponding

principal ideals. Specifically, for clements a,b € §, we will write 7(a) < J(b) if

date s

0.8.2. Our aim is to prove that, with certain restrictions on the grading semigroup
S, a right Artinian S-graded ring i must have finite support. With the technical
results of Sections 9.1 and 9.2 at our disposal, we will only need to consider ideals of

the form I 4 for ideals A of 5. The next lemma allows us in certain circumstances to

wiake A smaller while retaining the property that SWpp(/7,) is finite.

LEMMA. Lel S be a scmigroup wilh no infinite subgroups and such thal cvcry 0-
simple principal factor is completely O-simple. Let I be a right Artinian S-gded
ring. Let T be an ideal of S and lel a be an clement of SGpp(Ry) with J(a) minimal
among the T-classes weeling SGpp(Rr). 1f STB(Ryas,) is finite, then STHp(Ry) s

Jiuite.

Prook. By choice of u, we see that /, cannot contain clements of supp(/t) \ 7'
Henee supp(R) 0 1, € supp(K) A T Let 77 = T'U I,; then by the previous inclusion

we have R = 1.
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Note that I, € 770 .J, C J,, for a ¢ i by choice of u. Since there are no ideals

strictly between /, and /,, we have 1, = 1" 0.J,. Then M = (1" U.L)/ 1" ~ L /1,.
By the hypothescs on , A/ is cither completely O-simpl or null.

Let § = S/T". Then R = I/Iy is a contracted S-graded ring with ideal Ky

Ry, | Ry From the hypothesis STRP(fr r,.1,) i finite, we conclude that supp(/iy)
is finite.
If M is completely O-simple, then supp( /) is finite by Proposition 9.2.2. 17 1/ i

null, then (Ry)? = 0, and by Levuma 9.1.2, supp( /1) is finite.

By definition of /7, we conclude that SEpp(/ty) = supp( /) is finite. |1

9.3.3.  We restale the first theorem for convenience.

TueoreM ([13])). Let S be a scmigroup that has wo infinite subgroups awd in which
cocry O-simple principal factor is complelely D-simple. Lol 18 b an S-groded ring. 1f

R is right Artinian, then the support of It is finie.

Proo¥. By factoring out s or adjoining a zero to S, we may assume that S has
a zero and R is a contracted S-graded ring.

Suppose to the contrary that /# has infinite support. Consider the fumily of ideals
L= { My |7 is an ideal of S and supp( /) is infinite}.

Then Ry € I so that I is non-empty.
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Now, 1¢/.J(1t) is semisimple Artinian and therefore is right Noctherian. So F*
contains maximal clements modulo J(1); let Ity be such a maximal element.

Suppose that (/ is another idcal of S with 7' C {/ and that iy +J(R) =

A J(R).
We claim that §pp( /i) is infinite also. For intersecting each side of the above
cquality with Ky we obtain

o= (R + J(R)) O Ry = By + (J(RY O Bis),
the seeond equality holding since iy C Ry, Hence Rui/Hy is a homomorphic image

of J(I)N Ky which is nilpotent because K is right Artinian. So in the S/7-graded

ring 1t/ Iy, K/ Ry is & nilpotent ideal. But supp(R/Hy) is infinite since STPB( 1)
is infinite. By Lemma 9.1.2, SUpp( Ko/ ftr) must be infinite and therefore SUBp( A1)
is also infinite as claimed.

In particular, if we take {/ to be the union of all ideals 7" of S such that 7' C 7"

and Ryt J(R) = Ry -+ J(R), then R +J(R) = Ry+J(I?) and 5upp( Hy) is infinite.

Now, 1 is right Artinian so we can choose « € SPp(/ir) such that Ruyy, is

al. Then 7 () is minimal among the J-classes intersecting SWpp( /). For if

Bi( /) and J(b) < T(a), then J, C J, and by choice of a, Ryuy, = Ry,

Since u & supp(Hinua,) = supp(Riuy,) and o ¢ U, we must have « € J, and hence
T(u) = ().
1 SWT( Hiuy,) were infinite, then Ky, € I and by choice of 7, Rirgy, + /(1) =

Ny J(R). But then {7U.J, € U/ by definition of I/, a contradiction, since a ¢ 7. So
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5app(iiu,) is finite. By Lemma 9.3.2, we conclude that swpp( /) is finite. But it

was earlier stated that supp( /) is infinite. This contradiction means that our initial

assumption that supp(/?) is infinite is false, so supp(/7) must be finite. (1

9.4. Second Theorem

In this section, we deduce a second theorem from Theorem 9.3.3 which allows us
to dispense with the assumption that all 0-simple principal factors arc completely
0-simple at the expense of requiring that the support of the ring is almost the whole

semigroup. We will see that in this circumstance, the semigroup is in fact. periodic,

9.4.1.  We begin with a ¢

implies nilpotent” result concerning cortain subrings of

Artinian rings.
LEMMA. Lel U be a nil subscmigroup of the multiplicalive scmigroup of a right

Avlinian ving R, Then the subring generated by (1 is nilpotent.

PROOF. Let [ be the image of [/ in /2/.J(R); the latter is a semisimple Artinian
ring, s0 /4 (1) = @ M,,(1);) for some ; and division rings 1),. 1f {1, is the: projection
=

ch il subsemigronp 1/, of

of I/ onto the component M,,(1;), then 1 € [] 11,. B
0

M,,(D5) is nilpotent of index at most w; (sce [22, 17.20]) s0 {7 is nilpotent of index

at most the maximum of the n;. Since /f is tight Artinian, J(1¢) is nilpotent and 1/

is nilpotent. If A is the subring of /# gencrated by 1/ then A = {3 .

foe U is

nilpotent of the same index of nilpotency as (/. [}
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9.4.2. Wei igate the | coming from periodic semi-

group clements.

LEMMA. Lot S b o scmigronp and Iel B be a right Arlinian S-graded ring. Let s

be @ won-prriodic doment of 8. Thew i, consists of nilpalent clemints.

IPROOF. Let §' be the semigroup with an identity 1 adjoined. Denote by K' the
ring obtained by adjoining an identity 1 to ¥ in the usual way. If we let 4, be the
subting gernerated by ) (so that /= Z), then /t' = @ s an S'-graded ring.

Suppose to the contrary that there exists an r € [, which is not a nilpotent
clement. For any non-negative integer m, denote by /,, the right ideal of ' generated
by T =", Then f,, 2 hy4t because 1 — r2™*' = (1= 92")(1 4+ r?"). Given that

It is right Artinian, there is some k > 0 such that L N R = Ly N R = ---. But

n

G W=l k B=---. Soform >n> ~, we sece that

b= (la +B)0 L= L, + (R0 1)

=h (RO L) = b

Ulenesliist Tjpy miness

and r by r* we may

2

Since r is not nilpotent, neither is i

. Replacing « by «*

assume that & = 0 and that /y =/, =

Since L—r* . Iy = I, there exists an element w € R such that 1—r = (1 —r?)u.

Denate by 12 the subsemigroup generated in §' by 1 and s, and let (= §'\ . Note
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that /' = Ry R, so for any & € R', we can write =y | o uniquely with
ry € Ry and e € K. Consider the equation 1 —r - (I r¥)(wy 1w Sinee
1, r, and wp are elements of the subring /75, if we take components in -, we see
that we = (rfwe)e. But #? is a homogeneous element of 1, so [supp(ri:)e|
|supp rtwe| < |supp el This and the previous cquality imply that w. rie and
s01—r=(1-r)m.

Now write 1y = oy + wy + 1y

« where wy ¢ By oand e, o B for w00

C ing the h ds in the equation.

T—r=(1=r)wg by byt --)

we see that wy = 1 and i, = & 1" for n > 0. Since w, - 0 for n sufliciently large,

this contradicts the assumption that r was not nilpotent. ||

9.4.3. We expand upon the last lemma to show that cach cyclic subsemigroup

intersects the support of a right Artinian graded ring finitely.

LuEMMA. Lel S be a semigroup and Iel Is be a rvight Avtonian S-graded vong. Lot

S € 8. Then only a finite wumber of the componcnts Wy By, ... are won-. o

PROOF. Suppose to the contrary that there arc infinitely many distinct non-zero

components Hy, 2, Ry,.... Then « is a non-periadic element of &

Denote by 7' the set of all £ € S such that 5" "1 = 3" for some positive integers

mand n. It is easy to sce that 7" is a subsemigroup of S. If <™ 1* 5" then for
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any p.g > 0 we get A" HUAHIIN o omoapd PR L e PV 5 g7

because s # "#"7. So I'is a sernigroup of non-periodic elements. By Lemma 4.2
the union M = U H, is a nil subscmigronp of the multiplicative semigroup of £, By
er

Letnma 9.4.1, 1/ generates a nilpotent subring \ of /. Note that X' N7 Ky: letting
“

P= ¥ R,wehave #=N\ 4/
€T

For a positive integer i, put .

bt M@ By and denote
by 1, the right ideal of It gencrated by M,. Since infinitely many of the components

R, are non-zero, it follows that each A, is non-zero.

We claim that there arc infinitely many integers i such that ff, is not contained in
Ls1. Ifnot, let n be an integer greater than all such 1. Let i = . Then How Ly

by choice of 1. Now, fyy = Mgy -+ My /. Since B (0 AL,y 0 by definition

of M,y and since M,qy and AL, arc homog (as additive subgronps of

1), we must have Mo C A ailf = Mo N A4 M,y P By del

jon of T, we s

that ffem N Al /? = 0. Hence by homogencity of AL, N and AL, 1", we get

Hyn © Mgy N C M, N. (We remark that these inclusions hold trivially if /.. 1)

This holds for all 1 > n, so that A, Z AL N. Then AL, ¢ M, N* forall I - 0. Si

it holds,

N is a nilpotent subring, it follows that M, = 0, a contradiction. So the

Now, the right ideals /; 2 /; 2 Iy 2 -+ form an infinite descending chain. We have

shown that there are infinitely many 7 such that /t, / 1,y while It © 1, always.

So this chain cannot be ily constant, licting the plion that /fis
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right Artinian. {1

9.4.4. Itis now easy to prove the second result.

Turores ([18]). Lot S be o scwigroup with no infinite subgroups. Lot K be an
S-gradd ving sucl that B, 70 for all but finitely many cloments s € S, Af 18 is vight

Artinan. then S is finite.

IPrOOF. Since only finitely many components 7, can be zero, Lemma 9.4.3 tells

us that & must be periodic. Hence every 0-simple principal factor of  is completely
esimple by Theorem 1.4.8, and the hypotheses of Theorem 9.3.3 are satisfied. So

supp( /1) and also § are finite. (3

9.5. Corollaries

We conclude this chapter with a couple of known results which follow easily from

onr work.

9.5.1. Since bands are periodic and have only trivial subgroups, right Artinian band

graded rings satisfy the hypotheses of Theorem 9.3.3,

COROLLARY ([M]). Lot B b a band and 0 B be a vight Artinian B-graded ving.

Then the support of i is finite.
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9.5.2. Finally we deduce a well-known result for semigroup algebras ([55, 74]). Our
proof is independent of that of Zelmanov and also of the alternative proof, essetially

at the semigroup level, which is furnished by a deep result of Hotzel [20].

ConoLLary ([f4]). Let KS] be a scmigroup algebia orcr a fid K. 1] K[S]

vight Artinian then 8 is finite.

Proor. By Theorem 9.4.4, it suflices to show that S cannot have infinite subgroups
in this situation. Note that & is periodic by Lemma 0.4.3.

Let ( be a maximal subgroup of 5 with identity «. ‘Flien the semigronp algebra
K[eSe] is right Artinian becanse N[eSe] - K|S]e, and ¢ is an idempotent. 17
(i = ¢S, then N[(/] is right Artinian. Otherwise, I «Se \ (s ancideal of o5
by Lemma 1.3.7 and therefore «5¢ /1 2 (. Hence, Ko S|/ K]~ KaJe] == K]ed|
and therefore K[(3] is right Artinian. But this implies that ¢/ is finite (see |55,

Theorem 10.1.1)). O



CHAPTER 10

Semigroup Graded Rings With Finite Support

I this chapter we attempt to extend some of our carlier results from rings graded by
finite semigroups to rings graded by arbitrary semigroups with finite support.

“Ihe chief diflieulty here is dealing with semigroups which have 0-simple principal
factors which are not completely 0-simple. We demonstrate that in the absence of
such fuctors, our earlier proofs in many cases go through with little modification. In

particular, thi

is the case for nilpotency of the Jacobson radical and perfeciness.
We also obtain one result without this restriction: that a semigroup graded ring

ding to an id

with finite support is nilpotent if cach
semigroup element is nilpotent

OF course, this ey

he question of whether we could somehow regrade an S-graded
ring with finite support by another scmigroup 5 which is finite or at least has only
completel, O-simple principal factors. We provide examples in Section 10.1 to show
that this is not possible in general.

The results of this chapter were obtained in collaboration with Eric Jcspers and

Aungel del Rio.

10.1. Rings Which Cannot be Regraded

10.1.1. Let S be a semigroup and let /f be an S-graded ring. As we have seen car-

lier, there are many ways of looking at f as a ring graded by some other semigroup
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7. For example, if 7" is a homomorphic image of . then &7 can be regarded as a

graded ring using the method of §2.1.5. However, this process may involve amalga

mating several h h s for the S-gradation into one compouent for

the T-gradation. Since we want to sce whether the homagencous components for the

Adatice d

certain properties of the ring, we are interested in 2 more re
stricted form of changing the grading semigronp — one which leaves the homogencous
components unchanged.

Let 7' be another semigroup. We say that. /£ can e rgradid fuithfully by 1" if there
is an injective map 1 supp(K) — 7' such that /' Kisa I-graded ring if we put

1y = Ry for 1€ (supp(11) and Ky = 0 otherwise.

entinlly, we relabel the

non-zero homogencous components of /f by some clements of 7 in such a way that

the multiplication of homogencous clements of I is compatible with the semigroup
multiplication in 7',

We must examine more closely this process (o see when it is possible. Suppose
then that we are in the situation outlined above, and s,/ ¢ S are elements such that

3l # 0. Then [, 18, C Ry Uence in the ring It we require that 16, KL, 0 1

o) o

and because Ky, Rl # 0, we must have il = ¥ s that 4()i(1)

.
oyt

10.1.2.  The first example is  ring graded by an infinite scmigroup, with finite sup-

port, which cannot be regraded by a finite semigroup. In f

, the grading semigroup

is a group, so this example solves the corresponding question for group graded rings
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at the same time.

“This

xumple is essentially due to del Rio, Discilescu, Nistisescu, and Van Oys-
tacyen [20), who found a finite subset of an infinite group which could not be embed-
ded i a finite group in such a way that all products were preserved. They did not

however, provide an example of a graded ring for which this set was the support.

19,18, Let ¢ be an infinite simple gronp which is finitely presented. Such groups
exist, see for example [28). Specifically, let N be a finite set of symbols, let I be
the free group on X, let f be a finite set of words in F, and let N be the normal

2 (/. For an element w € [ we will

subgroup of I generated by I such that F
write o for the image of w in (/.

Define a set A of 17 by

A = {w | is a subword of an element of #}U N U N™'U{1}.

where, as usual, we denote the identity element of a group by 1, and X' {1
a ¢ N}, Note that we include the elements of  itself in A. Because R and X are

finite, A is finite. Write A for the image of A in (/.

10.1.4. We claim that there is no injective map ¢*: A — ¥ into a finite semigroup
& such that (@) (7) = (7 F) whenever u, v un € A.

Suppose there is such a map. We first claim that we can replace & by a group

. Vorif ¢y & A, then y = g1 = 1y s0 that ©'(y) = v(y)*(1) = &(1)e(y), and
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also (1)eo(1) = (1), So o

iz contained in the monoid c(1)Se(1). Let w be
an element of A. If w is a subword of an clement of £, then there are elements
u.rr € A such that wwr is an element of K and so aee 110w XX Yofa),
then take # = 1 and ¢ = w™" (which are elements of 1) and we also have wwee 1

Furthermore, we have un € -\ in cach case. Hence,

w(1) = w@is) = e(am)e (i) - el)e(e)e(e).

But (1)S1(1) is a finite monoid, so left units are also right units and 1t follows that
() is a unit. So ¢(A) is contained in the group /1 2 (c(1)50(1)). Henceforth
we shall write (1) = 1.

Now, the restriction ']y induces a group homomorphism vz + 11, sinee [ is a

free group generated by .X'. We clain that for w ¢

|, #(w)  (w). This is cortainly

trucifwe Norw=1.Ifw=r"¢c X', then

1= (1) = @(@377") = $(F)(F") = dlr)lr ')

so that (') = é(r)~" = p(r~"). For the other «

lements of A, we pro

1y
induction on the length of the word. We have already proved the statement for words
of length one. Suppose then that w is a subword of an clement of /f and that w  nr
where . € X UX~"is the last symbol in the word w. If the result holds for words

shorter than i, then

A(w) = du)ifc) = e(@)o(x) = dlar) = i(w)
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sinee u ot A
In particular, since [t © A, we sce that ¢(w) = (i) = (1) = 1 for all v € R.

Hence, 4(N) = 1 and ¢ induces a homomorphism ©: (/ — //. But A certainly has

wore than two clements and 4 is injective, so the image of i and hence the image of
o are non-trivial. This is not possible, since (¢ is an infinite simple group and /I is

finite.

‘This final contradiction shows that there is no such map 4.

10.1.5. We now construct a (i-graded ring with finite support which cannot be
faithfully regraded by a finite semigroup

Lot be the maximum length of a word in /7 and let I’ be a ring with an ideal
() such that Q' = 0 but Q¥ # 0. (For example, take ” to be the ring of upper
triangular 200 1 % 20 4+ 1 matrices over a field and let () be the ideal of strictly upper
triangular matrices.)

liet R be the subring of the group ring I’[(/] generated by the set

riu (LEJ\ Q.i-) u (,-;L\'Jﬂ ().?) 3

Since 1 is g 1 by | lements, it is a b subring of P[(4].

For ¢ € G, the g-component of R is I, = KN Py.

Let g € (. 10 k is the length of the shortest product of elements Ty

with cach r, € N U N~ such that g = ...7i, then R, = Q*g. This means
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that supp(#) is finite, since Q**' = 0 and only finitely many clements of ¢ can he
written as such products of length less than 2i 4 1.

Lot we A Ifwe NuN~! then Fyo= Qe 1w - 1, then B, 11 Otherwise,
u is a subword of length k of some clement of 17, and by choice of 1, 0 7 (Fur e 1,
Hence .1 C supp(#). Furthermore, if u. e ue € A, then Q*u < 1, and Qv o I8, for

some .0 < n, so that 0 # Q¥'ar C R,

If /¢ can be faithfuily regraded by a finite semigroup S, then there is an injective
map o: supp(/t) — & such that a(g)a(h) = o(yh) whenever 1,08, /0 (ef §10.1.1).
But by the above, the restriction of & to A satisfies the properties of the map ¢ of
§10.1.4. Since such a map 4 does not exist, we conclude that i cannob he faithfully

regraded by a finite semigroup.

10.1.6.  Our second example, of a ring graded by a O-simple semigroup which cannot

be regraded by a

ly 0-simple p is somewhat simpler.

Let S = C(p.q) be a bicyclic semigroup (cf §1.4.5). Let 1 be an ideal of a ring A
with 12 # 0 but I* = 0. Let /2 be the subring of A[S] gencrated by the homagencous
elements AL U IpU fg, and let [# inherit the S-gradation of A[S]. Suppose that
i supp(/f) — T'is a map that faithfully regrades /f. Then it is casy to soe, by

ideting products of h ponents of I, that the following identities
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hold in 7%
w(1)* = (1)
F1)E() = (1) = i)
(1)t} = 9(a)i(1) = 0(a)
(p)ik(q) = (1)
()ip) = (qp).
Write 1= (1), o/ = i(p), and ' = 4(q) and let 7" = (o/,¢). Because we require
i 1o be injective, we have 'y’ # 1. But this means that 7" is actually a bicyclic
semigroup (cf §1.4.5). Therefore, 7' cannot be completely 0-simple by Theorem 1.4.7.
We may even say more: ' must have a principal factor which is 0-simple but not
completely 0-simple, For if ./ is an ideal of 7', and 7" N.J # 0, then 7" C ./ because
1" is simple. Hence, using the notation of §1.4.3, 7" C J/I, for an element { € T
and therefore, the principal factor J,/ 1, contains a subsemigroup isomorphic to 7"
So in considering general semigroup graded rings with finite support, we will en-

counter principal factors which are 0-simple but not completely 0-simple.

10.2. Nilpotent Rings

Let 8 be a semigroup and let i be an S-graded ring with finite support. In this
seetion, we show that if /, is a nilpotent ring for each idempotent ¢ € S, then R is

also nilpotent.
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10.2.1.  The proof of the first result is essentially ¢ natorial in nature. 10 we

multiply a large number of homogencous elements together, we must somehow hracket
the product so that several successive subproducts fall into the same homogencons

toani

In the picture helow, given homogencons
elements r,, we hope to somehow bracket them such that the products y, are all
elements of some K, for an idempotent r, and of course, r exceeds the index of

nifpotency of K,.

L R B T R e R L LN R TR TR
—— —

Pt P
This process does not really depend upon the specific ring clements; only on their

supporting elements in the semigroup.

10.2.2. The combinatorial theory that we need for the proof is the theory of repet-
itive mappings [46, Chapter 4].

Let X be a non-empty set and let Fx be the free sen

roup with generators X
(cf §1.3.3). Let ¢: Fx — [ be a map of Fy toaset /5. A word w ¢ Fy is said Lo

contain a k-th powe r modulo & (for k> 1) if there are words wy, g, ... wy ¢ Fy and

u,v € F) such that wwywy...mpe = wand p(im) = plwy) = -+ G{w). We say
that ¢ is repelilive if for each k > 1, there is an [ = 1 such that every word w ¢ Fy

of length at least [ contains a k-th power modulo .

The result we require is the following:
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Turoriat (46, Theorem A.1.1]). Let X b a non=cmply sel and lel oz Fy = E b

amap loa finile scl £ Then 6 s ropetitive,

We apply this theorem to semigroup graded rings.

THEOREN. Lol S b o scmigronp and ! ] be an S-graded ving with sapp(1) finile.

Suppost that B, is wilpolent for cach idempotent « € supp(R). Then R is nilpolent.

PROOF. Let s & supp(f). 16 & ¢ supp(R) for some p, then (K,)' © Ky = 0.
Otherwise, the eyclie semigroup (s) is finite since it is entirely contained in supp(/?).

Hence, there is an idempotent « such that «" = ¢ for some p. But (/1,) = 0 for some

150 that (1,)"

0. Since supp( /) is finite, there is an 1 such that (17,)" = 0 for all
< ¢ supp(H).

Let X - supp(K) and extend the inclusion ¥ < S to a homomorphism 1': Fy —
. Let % he some symbol not in 5, and define a map ¢: Fy — supp(/#) U {%} by
) i () € supp( 7).

o) =

* otherwise.
By Theorem 10.2.2, & is repetitive, so there exists an m such that every word
w ¢ Fy of length at least i contains an n-th power modulo 6.

Let ryorye. .. ry, be homogeneous elements « f /7 with r; € I, for elements r; €

supp(H). Then the word iy r,, in Fy contains an n-th power modulo ¢; that is
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there arcindices 1< 7y < iy voe iy s~ m | Land anelement ¢ supp(i)1 k)

such that o

e

If

= %, then the product 1,2y ..., 3 in S is not in supp( i) and therefore

PPt e Pyer = 0and ey r, = 0,

16 = € supp(17), then we have oy 1oty iS5 S r

Refor 1< k< . Hence <y 1 ryyyon € (R 0 and soryr

Since the product of i homogencons elements of 17 is zero, it follows that H™

0. O

10.2.4.  As an immediate consequence of Theorem 10.2.3 we have the following

interesting result.

COROLLARY . Led B be a ving graded by a scwigroup S, If e support of 18 s finide

and contains wo idempolonts, thew I8 is a milpotenl ving.

We remark that for group graded rings, the analogous statement is thi

W proup
graded ring with finite support not containing the identity of the group is nilpotent;

this was proved by Cohen and Rowen (17, Proposition 1.2(1)]

10.3. Perfect Rings and Nilpotence of the Radieal Rovisited

In this final section, we show how some of our carlier re alts can be extended 1o

graded rings with finite support, with certain restrictions on the grading se

ironp
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Our aim is to extend results such as Theorem 4.5.1 on the nilpotence of the Ja-
cobson radical, or Theorem 6.7.1 for perfect rings to semigroup graded rings with
fimte support. However, we are unable to prove these results in full generality, the

al factors which are 0-simple but not complotely 0-simple.

inpediment being prin
In fact, we are able to weaken this restriction slightly, for Corollary 10.24 enables us

to handle 0-simple principal factors which contain no non-zero idempotents.
10.3.1. For nilpotence of the radical, we obtain the following result.

THROREN. Lot S b a semigroup which has no subscmigronps isomorphic to the
bieyelic somigroup. Lol 18 be an S-graded ring with supp(R) finile and with J(R,)

wilpolcnt for cach mpotent « € swpp(Ie). Thew J(2) is nilpolnt.

Proor. As in the proof of Theorem 4.5.1 we may assume that S has a zero and
It s contracted S-graded ring. Write supp(1t)! for supp(1)U {0} We may replace
S by (supp(f1)"), the subsemigeoup generated by supp(K)".

We proceed by induction on [supp(#)[. Tf {supp( /)] = 1, then It = K, for some.r €
S. 1 isidempotent, then /(1) = J(It,) is nilpotent by hypothesis. Otherwise, there
are no idempotents in the support of 1t and I itself is nilpotent by Corollary 10.2.4.

Suppaose that the result is true for rings with support smaller than supp(/?). Since
s finitely generated, it contains a maximal ideal M by a standard argument using
Zorw's lemma. 1§ supp( RN # 0 and supp(K)NS\ M # 0, then both the M-graded

ring v and the contracted S/M-graded ring /s have smaller support than i and
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by induction, J(#y;) and J(K/Hy) are nilpotent. By Lemma 4.4.2(1). we conclude
that /(1) is nilpotent. Otherwise, we must have supp(# ¢ M orsupp(/) v S\ M.
But the former is not possible since M is a proper ideal of S, 0 ¢ M, and S is
generated by supp(K)". In the latter case, 1 = 1/ Ky is o contracted 87 M gradal
ring. Note that 5/ is either O-simple or null (ef §1.4.2).

Replacing & by 5/ we may assume that & is 0-simple or null. In the latter case,
R* = 0 because [y = 0. So assume that & is O-simple. If S contains no non-zero
idempotents, ? is nilpotent by Corollary 10.2.4. Otherwise, since we are assuming
that ¥ does not contain a bicyclic subsemigroup, S must he completely O-simple by
Theorem 1.47. We may take § = M((/; 1. A; 1) by Theorem 1.5.2 and [ and A
must be finite by Lemma 1.5.3(vii) since § is finitely gencrated

With the notation of §2.2.2. cach /¢,y is cither nilpotent or a (graded ring with

finite support. Hence J(/t;y) is nilpotent for all i ¢ [ and A ¢ A by Proposition 4.2,

Using Proposition 4.3.3, we conclude that J( ) is nilpotent. (]

10.3.2. We next turn our attention to right perfect rings, obtaining a similar the
orem. We will not give the proof, since the method is the same as that of the proof
of Theorem 10.3.1, requiring Lemma 6.25 to handle ideal extensions and Proposi-
tion 6.4.2 and Corollaty 6.3.3 to deal with the completely 0-simple principal factors
that arise. Of courre, similar results hold for left perfect, semocal, and semiprimary

rings.
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Turonez. Lt S be a sewigre op which has no subscmigroups isomorphic lo the
bicyelie scmagronp. Lel 18 be an S-graded ving with supp(R) finite and with B, vight

pfeel for cach idempotent ¢ & supp(R). Then It is vight perfect.
Note that we do not obtain the converse statement in this instance since we were
unable to prove it in the group graded case (cf Corollary 6.3.3).

10.4 ic to the bicyclic semigroup are the prob-

Althongh sul

lem case in Theorem 10.3.1 and Theorem 10.3.2, the case that S is itself the bicyclic

semigroup is surprisingly easy to handle,

PROPOSUTION. Lot B be a ving graded by the hieyelie scmigroup C(p.q). Suppose
that supp(1?) is finitc .
(i) fJ(R,) is nilpoleut for cach idempotent ¢ € supp(R). then J(RY is nilpotent.

(ii) If 1, is vight perfeet for cach idempotent ¢ € supp(R), then R is right perfeel.

PROOY. We use the notation of §1.4.5. Note that the map é: ¢"p* - 1 — n is a
semigroup homomorphism of C(p. g) onto the additive group Z (if we regard 1 = ).
$o we may give K a Z-gradation using this map (cf §2.1.5).

The clements of C(p.q) which 6 maps to 0 ate the elements 1,qp, ¢%?,... which
are precisely the idempotents of C(p, ¢). Since /# has finite support, there is a largest
wsuch that ¢p" € supp(R). Let T = {L.gp.g*p’.....q"p"}; then T is a finite

subsemigroup of C(p. ).
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If we write K, for the n-component of i with the Z-gradation, then i, 1, «

Rypviveeesit Rynyo is & T-graded ring.

Suppose then that each /(I7,4,) is nilpotent. By Theo

AL J(B) s nilpotent.

Since I# has finite support for the Z-gradation, it follows from Proposition 1.2.3 that

J(R) is nilpotent. This proves (i)

Similarly, (ii) follows from Theorem 6.7.1 and Corollary 6

B}

In spite of this result, we are unable to handle the case of a general O-simple

semigroup with non-zero idempotents which is not completely O-simple. Althongh

Theorem 1.4.7 tells us that such semi contain bicyclic i s, we do not

know enough about the structure of such semigroups to exploit this fact.
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