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Abstract

Vector-borne infectious diseases such as malaria, dengue, West Nile fever, Zika fever
and Lyme disease remain a threat to public health and economics. Both vector life
cycle and parasite development are greatly influenced by climatic factors. Under-
standing the role of seasonal climate in vector-borne infectious disease transmission
is particularly important in light of global warming.

This PhD thesis is devoted to the study of global dynamics of four vector-borne in-
fectious disease models. We start with a periodic vector-bias malaria model with con-
stant extrinsic incubation period (EIP). To explore the temperature sensitivity of the
EIP of malaria parasites, we also formulate a functional differential equations model
with a periodic time delay. Moreover, we incorporate the use of insecticide-treated bed
nets (ITNs) into a climate-based mosquito-stage-structured malaria model. Lastly,
we develop a time-delayed Lyme disease model with seasonality. By using the the-
ory of basic reproduction ratio, Ry, and the theory of dynamical systems, we derive
Ry and establish a threshold type result for the global dynamics in terms of Ry for
each model. By conducting numerical simulations of case studies, we propose some

practical strategies for the control of the diseases.
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Chapter 1

Preliminaries

In this chapter, we present some terminologies and known results which will be used
in this thesis. They are involved in chain transitivity and attractivity, uniform persis-
tence and coexistence states, monotone dynamics, and the theory of basic reproduc-

tion ratio.

1.1 Chain transitivity and attractivity

Let X be a metric space with metric d and f : X — X a continuous map. A bounded
set A is said to attract a bounded set B in X if lim,,_,oo sup,cp{d(f"(z),A)} =0. A
subset A C X is said to be an attractor for f if A is nonempty, compact, and invariant
(f(A) = A), and A attracts some open neighborhood U of itself. A global attractor for
f : X — X isan attractor that attracts every point in X. For a nonempty invariant set
M, the set W*(M) := {x € X : lim, o d(f™(z), M) = 0} is called the stable set of M.
The omega limit set of x is defined as w(z) = {y € X : f™(x) — y, for some ny — oo}

[109, Section 1.1].

Definition 1.1.1. Let A C X be a nonempty invariant set (i.e., f(A) = A). We call



A internally chain transitive if for any a,b € A and any € > 0, there is a finite sequence
Ty ooy Ty 0 A with x1 = a, T, = b such that d(f(x;),z41) <€, 1 <i<m—1. The

sequence {x1,...,xy} is called an e-chain in A connecting a and b.

Lemma 1.1.2. [109, Lemma 1.2.1] Let f : X — X be a continuous map. Then the
omega (alpha) limit set of any precompact positive (negative) orbit is internally chain

transitive.

Theorem 1.1.3. [109, Theorem 1.2.1] Let A be an attractor and C' a compact inter-

nally chain transitive set for f: X — X. If CNW?*(A) # 0, then C C A.

Theorem 1.1.4. [109, Theorem 1.2.2] Assume that each fixed point of f is an isolated
wmwvariant set, that there is no cyclic chain of fixed points, and that every precompact
orbit converges to some fixed point of f. Then any compact internally chain transitive

set is a fized point of f.

1.2 Uniform persistence and coexistence states

Let f : X — X be a continuous map and Xy C X an open set. Define 0X, := X \ Xy,

and My :={z € 0X,: f"(z) € 0Xo,n > 0}, which may be empty.
Theorem 1.2.1. [109, Theorem 1.53.1 and Remark 1.53.1] Assume that
(C1) f(Xo) C Xo and f has a global attractor A;

(C2) There exists a finite sequence M = {My,..., My} of disjoint, compact, and
1sloated invariant sets in 0Xq such that
((l) Q(Ma) = UIGMQCU(I') C UleMi,'

(b) no subset of M forms a cycle in 0Xy;



(¢) Each M; is isolated in X;

(d) W5(M;) N Xog =0 for each 1 <i <k.

Then there exists & > 0 such that for any compact internally chain transitive set L

with L ¢ M; for all 1 <i <k, we have inf,ep d(z,0Xo) > 4.

Definition 1.2.2. A function f : X — X is said to be uniformly persistent with
respect to (Xo,0Xo) if there exists n > 0 such that liminf, . d(f"(z),0Xo) > n for

all z € X,.

Recall that the Kuratowski measure of noncompactness, «, is defined by

a(B) = inf{r : B has a finite cover of diameter < r},

for any bounded set B of X. A continuous map f : X — X is said to be compact

(completely continous) is f maps any bounded set to a precompact set in X.

Definition 1.2.3. A continuous mapping f : X — X is said to be point dissipative if
there is a bounded set By in X such that By attracts each point in X; a-condensing
if f takes bounded sets to bounded sets and o f(B)) < a(B) for any nonempty closed

bounded set B C X with a(B) > 0.

Let (M, d) be a complete metric space, and let p : M — [0,+00) be a continuous

function. We define

My :={x € M : p(x) >0} and OMy :={xz € M : p(z) = 0}.

Assume that f: M — M is a continuous map with f(My) C M.

Definition 1.2.4. f is said to be p-uniformly persistent if there exists € > 0 such that

liminf,, o p(f™(x)) > €,Va € M.



For a given open subset My C M, let OMy := M \ My. Then we can use the
continuous function p : M — [0, 00), defined by p(z) = d(x, 0M,),Vx € M, to obtain
the traditional definition of persistence [52].

Next, we assume that M is a closed and convex subset of a Banach space (X, || -|),
that p: M — [0,+00) is a continuous function such that My = {z € M : p(z) > 0} is

nonempty and convex, and that f : M — M is a continuous map with f(My) C M,
[52].

Theorem 1.2.5. [52, Theorem 4.5] Assume that
(1) f: X — X is point dissipative and p-uniformly persistent.
(2) f" is compact for some integer ng > 1.
(3) f is a-condensing.
Then f: Xo — Xo admits a global attractor Ay, and f has a fixed point in Ay.

Suppose T' > 0, a family of mappings ®(¢) : X — X,t > 0, is called a T-periodic

semiflow on X if it possesses the following properties:
(1) ®(0) = I, where I is the identity map on X.
(2) ®(t+T)=P(t) o ®(T), Vt > 0.
(3) ®(t)x is continuous in (t,z) € [0,00) x X.

The mapping ®(7') is called the Poincaré map associated with this periodic semiflow.

In particular, if (2) holds for any 7" > 0, ®(¢) is called an autonomous semiflow.



1.3 Monotone dynamics

1.3.1 The comparison principle

For z,y € R™, we define
r<ysr<yforiec N and z<ysr, <y forie N,

where N = {1,...,n}. The spaces AC(J) and L(J) consist of all functions from J to
R™ that are absolutely continuous or integrable in J, respectively. Here and below,
J = la,b], Jo = (a,b]. A measurable set M C J is said to be dense at a if the set
M N [a,a + €] has positive measure for every ¢ > 0. For measurable vector-valued
functions ¢, 1) we write p < 1 at a+ if the set {t € J : ¢(t) < ¥(t)} is dense at a.

We consider the nonlinear equation
u'(t) = f(t,u(t)) ae. inJ (1.1)

and assume for simplilcity that f(¢, ) is defined in the strip S = J x R™ and satisfies
the following conditions: f(¢,-) is continuous in R™ for almost all (fixed) t € J, f(-, x)
is measurable in J for all (fixed) x € R", f(-,0) € L(R), and for each constant A > 0

there is a function m(-) € L(J) such that
[f(t,2) = f(t,y)l S ma(t)|z —y| fort e Jand [z],[y| < A.
The defect P of a function v € AC(J) with respect to equation (1.1) is defined by

(Po)(t) ='(t) = f(t, v(t).



The function f is said to be quasimonotone increasing in z if f;(¢,z) is (weakly)

increasing in x; for all j # 7, or equivalently, if

r<yx; =y = fi(t,x) < filt,y) ae inJ (i=1,...,n).

Theorem 1.3.1. [91, Theorem 4] Assume that the function f(t,x) satisfies the con-

ditions given above and is quasimonotone inceasing in x, and let v,w € AC(J) satisfy

v(a) <w(a) and Pv < Pw a.e. in J.

Then each of the following conditions is sufficient for the strong inequality v << w in

JO J

(i) v(a) < w(a).
(ii)) Pv < Pw at a+.

(iii) For every pair (o, ) of nonempty, disjoint index sets with oo U B = N, there
are j € B,k € a such that f;(t,x) is strictly increasing in x), fort € M,z € U,

where M C J is dense at a and U is a neighborhood of v(a).

1.3.2 Global attractivity and convergence

Let E be an ordered Banach space with positive cone P such that int(P) # (. For
v,y B, wewritex >yife—yeP,x>yife—ye P\{0}andz >yife—y¢€
int(P). If a < b, we define the order interval [a,b] :={z € E: a <z < b}. The cone
P is said to be normal if there exists a constant M such that 0 < z <y implies that

2]l < M]ly]l.

Definition 1.3.2. Let U be a subset of E, and f : U — U be a continuous map. The



map [ is said to be monotone if x > y implies that f(x) > f(y); strictly monotone if

x >y implies that f(x) > f(y); strongly monotone if x > y implies that f(x) > f(y).

Lemma 1.3.3. [109, Lemma 2.2.1] Let P be normal, and S : E — E a continuous

and monotone map. Assume that S has a fized point x* € E such that
(1) S(z) < o* < S(y) whenever ¥ K z* K y.
(2) x* attracts every point in some open neighborhood W of x*.
Then x* is Liapunov stable for S.

Recall that a continuous mapping f : X — X is said to be asymptotically smooth
if for any nonempty closed bounded set B C X for which f(B) C B, there is a
compact set J C B such that J attracts B. Denote the Fréchet derivative of f at
u = a by Df(a) if it exists, and let r(Df(a)) be the spectral radius of the linear

operator Df(a): E — E.

Theorem 1.3.4. [109, Theorem 2.3.4] Let V = [0,b] with b>> 0, and f:V — V be

a continuous map. Assume that
(1) f:V =V satisfies either

(i) f is monotone and strongly subhomogeneous, or

(11) f is strongly monotone and strictly subhomogeneous.

(2) f 'V — V is asymptotically smooth, and every positive orbit of f in V is
bounded.

(3) f(0) =0, and Df(0) is compact and strongly positive.

Then there exists threshold dynamics:



(a) If r(Df(0)) <1, then every positive orbit in V' converges to 0.

(b) If r(Df(0)) > 1, then there exists a unique fized point u* > 0 in 'V such that

every positive orbit in V' \ {0} converges to u*.

1.4 Basic reproduction ratio

In epidemiology, the basic reproduction number (ratio) Ry is the expected number
of secondary cases produced, in a completely susceptible population, by a typical
infective individual [90]. Ry serves as a threshold value to measure the effort needed
to control the infectious disease. Ever since the celebrated works by Diekmann et al.
[24] and by van den Driessche and Watmough [90], there have been numerous papers
on the analysis of Rj for various autonomous epidemic models. Recently, there are
also quite a few investigations on the theory and applications of Ry for models in
a periodic environment ( see, e.g., [6, 7, 8, 32, 88, 94] and the references therein).
More recently, the theory of basic reproduction ratio Ry has been developed by Zhao
for periodic and time-delayed population models with compartmental structure (see
[110]). In this section, we first present the Ry theory for periodic and time-delayed
models which we will use in chapters 2, 3 and 5. Then we introduce the theory of
Ry for periodic models which we will use in chapter 4. At last, we will introduce the

algorithm for numerical computation of Ry for periodic and time-delayed models.

1.4.1 The theory of R, for periodic and time-delayed models

In this subsection, we introduce the theory of the basic reproduction ratio for peri-
odic and time-delayed models developed by Zhao [110]. Let 7 be a nonnegative real
number and m be a positive integer, C' = C([—7,0],R™), and C* = C([-7,0],RT}).

Then (C,C%) is an ordered Banach space equipped with the maximum norm and the



positive cone C*. Let F': R — L(C,R™) be a map and V(t) be a continuous m x m
matrix function on R. Assume that F'(t) and V(¢) are w-periodic in t for some real
number w > 0. For a continuous function u : [—7,0) — R™ with ¢ > 0, define u; € C
by

u(0) =u(t+46), Voel[-r0

for any t € [0, 0).
We consider a linear and periodic functional differential system on C"

du(t)

7 = F(t)u, — V(t)u(t), t>0. (1.2)

System (1.2) may come from the equations of infectious variables in the linearization of
a given w-periodic and time-delayed compartmental epidemic model at a disease-free
w-periodic solution. As such, m is the total number of the infectious compartments,
and the newly infected individuals at time ¢ depend linearly on the infectious indi-
viduals over the time interval [t — 7,¢], which is described by F(t)u,. Further, the
internal evolution of individuals in the infectious compartments (e.g., natural and
disease-induced deaths, and movements among compartments) is governed by the

linear ordinary differential system:

= —V(t)u(t). (1.3)

Let ®(t,s),t > s, be the evolution matrices associated with system (1.3), that is,

(¢, s) satisfies

%Cb(t, s)=-=V()P(t,s),Vt >s, and P(s,s)=1,VseR,
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and w(®) be the exponential growth bound of ®(t, s), that is,
w(®) = inf{@ : IM > 1 such that ||P(t + s, s)|| < M, Vs € R,t >0} .

We assume that
(H1) Each operator F(t) : C'— R™ is positive in the sense that F(t)C*" C R
(H2) Each matrix —V/(t) is cooperative, and w(®) < 0.

We assume that the w-periodic function v(t) is the initial distribution of infectious
individuals. For any given s > 0, F(t — s)v;_s is the distribution of newly infected
individuals at time ¢ — s, which is produced by the infectious individuals who were
introduced over the time interval [t —s — 7,¢t — s|. Then ®(¢,t — s)F(t — s)v;_s is the
distribution of those infected individuals who were newly infected at time ¢ — s and

remain in the infected compartments at time ¢. It follows that

/OO O(t,t — s)F(t — s)vy_sds = /OO O(t,t —s)F(t —s)v(t — s+ -)ds

is the distribution of accumulative new infections at time ¢ produced by all those
infectious individuals introduced at all previous times to t.

Let C,, be the ordered Banach space of all continuous and w-periodic functions
from R to R™, which is equipped with the maximum norm and the positive cone

Ch:={ved,:v(t) >0,Vt € R}. Define a linear operator L : C,, — C,, by
Lol (1) :/ Bt t— 8)F(t— s)o(t — s+ )ds, VteRveC,. (1.4)
0

We define the spectral radius of L as the basic reproduction ratio Ry = r(L).

Let U(w, 0) be the Poincaré map of system (1.2) on C. The following result shows
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that Ry is a threshold value for the stability of the zero solution for periodic system

(1.2).

Theorem 1.4.1. [110, Theorem 2.1] The following statements are valid:
(i) Ro =1 if and only if r(U(w,0)) = 1.
(ii) Ro > 1 if and only if r(U(w,0)) > 1.

(1ii) Ro < 1 if and only if r(U(w,0)) < 1.

Thus, Ry — 1 has the same sign as r(U(w,0)) — 1.

In the case where 7 = 0, Theorem 1.4.1 reduces to Theorem 2.2 in [94]. Let

W (t,s, A) be the evolution operator of the following system on R™:

dw
dt

Then we have the result
Theorem 1.4.2. [94, Theorem 2.1] The following statements are valid:

(i) If p(W(w,0,))) = 1 has a positive solution Ao, then Ao is an eigenvalue of L,

and hence Ry > 0.
(i1) If Ry > 0, then A = Ry is the unique solution of p(W(w,0,\)) = 1.

(iii) Ro =0 if and only if p(W (w,0,)) <1 for all X > 0.

1.4.2 Numerical computation of R

In this subsection, we introduce the method proposed by Posny and Wang [70] to

numerically calculate the basic reproduction ratio Ry. Let the operator L be defined
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as in (1.4). For any given ¢ € C,,, we have

(L)(t) = /OOO Bkt — 8)F(t — 8)o(t — s+ -)ds

= /000 K(t,s)p(t — s)ds

-> /Ow K(t,s + kw)o(t — s)ds (1.6)

= /w(z K(t, s+ kw))p(t — s)ds
k=0

0

= /OW G(t,s)p(t — s)ds,

where G(t,s) = > ;oo K(t,s + kw). Our aim is to explicitly determine the maximum
eigenvalue A of the operator L such that (L¢)(t) = A¢p(t) for all w-periodic functions
¢ € C,,.

We approximate G' by a finite sum
M
~ > K(t s+ kw), (1.7)
k=0

for some integer M > 0. We find it unnecessary to pick a large value for M, owing to
the exponential decay of the terms in the summation.

Let us partition the interval [0, w] uniformly into n nodes labeled as t; =i - £ for
i =0,...,n—1. Using the trapezoidal rule, we can approximate the integral in (1.6)

with second-order accuracy:

~ % <2 G(t,t)o(t —t:) + %G<t,to)¢(t —to) + %G(t,tn)qﬁ(t - tn)) .



Since ¢(t) is w-periodic, it is clear that ¢(t — to) = ¢(t — t,,). For convenience let

Glt 1) = %[G(t,to) F Gt
Then B
(Lo)(t) ~ % Glt, t0)b(t — to) + ZG(t,tiﬁb(z& - ti)] .

Now (L¢)(t) = Ap(t) can be written as a matrix equation,

o(t — o) -
ot — 1)
%} Gt to) G(t, 1) Gt ts) ... Glt,ta1)| | ot —t3) | = Ao(t).

Ot —tn_1)

Setting ¢t = ¢,;(0 < j <n —1) in the above equation yields

o(t; — to) |
oty — 1)
% é(tj,to) G(tj, t1> G(tj, tg) R G(tj,tn_l) gb(tj — tQ) = )\¢(tj)

¢(t] - tn—l)

Again, by the periodicity of ¢(t), it follows that

oty —to) = d(t;),  o(t; —t1) = d(t;_1), e
Pty —tj1) = d(t1), oty —t;) = dto), Sty —tj41) = d(tn-1),
ey At — tho2) = d(tj42), O(t; —tho1) = d(tjs1),

13

(1.8)
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and we can rearrange the terms in equation (1.8) to obtain

d(to)
o(t1)

SRS

G(tj,t;) Gltj,ti1) ... Gty te) ... Gty tja) Gty tin)| | olt;) | = Ao(t)).

¢(tn*2)
¢(tn—1)

(1.9)
Note that this equation holds for all j = 0,...,n — 1, thus generating a matrix

system. The coefficient matrix, denoted by A, is given by

G(to, to) G(to,tn1) ... ... ... Glto,ta) G(to, t1)
G(t1,t) Glti,to) ... ... ... Gty ts) G(ty, )
A= G(tj,t;) G(tj,ti1) ... Gltjte) ... Gltj,tiya) Gt tj1)
G(tn—Qytn—Q) G(tn—%tn—i’)) é(tn—QatO) (n 27 n— 1)
| Gltntsta1) Gltaistas) oo oo o Gltaa,t)  Gltai,to) |
(1.10)

Therefore, equation (1.9) can be put into a compact form,
Y A = Ao, (1.11)
n

where A, defined in equation (1.10), is a matrix of dimension (nm) x (nm), and
b = [o(to), d(t1), ..., d(ta_1)]" is a vector of dimension (nm) x 1. Hence, to find the

basic reproduction ratio defined by Ry = p(L), it is equivalent to find the maximum
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A such that (1.11) is valid; i.e.,

In the case where 7 = 0, we can use Theorem 1.4.2 (ii) and the standard bisection

method to compute Ry numerically.



Chapter 2

A periodic vector-bias malaria

model with incubation period

2.1 Introduction

Malaria is one of the most common infectious diseases which cause public health
problems and dampen economics [85]. Although the modern world is continuing to
make impressive progress in reducing malaria cases and deaths, an estimated 3.3
billion people in 97 countries and territories are still at risk of being infected with
malaria, and 1.2 billion are at high risk. According to the recent estimates, 198 million
cases of malaria occurred globally in 2013 and the disease led to 584000 deaths, with
90% of deaths occurring in Africa and most cases and deaths occurring in sub-Saharan
Africa [99].

Mathematical models provide powerful tools for explaining and predicting malaria
transmission trend, and also for quantifying the effectiveness of different intervention

and eradication strategies in malaria endemic regions. The first mathematical model
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for malaria transmission was introduced by Ross [76] and later extended by Mac-
Donald [50]. Since then great progress has been made in mathematical modeling of
malaria transmission dynamics; see, e.g., [17, 18, 25, 47, 103], and references therein.

In this chapter we propose a mathematical model which takes into account the
following three aspects:

Climate Factor. Malaria is caused by five species of Plasmodium protozoan par-
asites (vivax, malariae, ovale, knowlesi and falciparum) and is transmitted among
humans by the bites of female Anopheles mosquitoes. Environmental factors, such
as temperature, humidity, rainfall and wind patterns have great impact on mosquito
reproduction, development and longevity and the parasite survival in its life cycle in
mosquito. For example, a change in temperature from 12°C to 31°C reduces the num-
ber of days required for breeding from 65 days to 7.3 days [42]. The sporogony of the
parasites in vector is completed in 55 days at 16°C', which reduces to 7 days at 28°C'
[53]. Thus, it is necessary to incorporate seasonal climate factors into a mathematical
model.

Eztrinsic Incubation Period (EIP). Female Anopheles mosquitoes pick up Plasmod-
1um parasites in a blood meal taken from an infectious human host. The parasites
then go through several developmental stages before they migrate to the mosquito
salivary glands. The time parasites spent in completing its development within the
mosquito and migrating to the salivary glands is known as the extrinsic incubation
period (EIP). Once in the salivary glands the parasites can be transmitted to a suscep-
tible human host when the mosquito takes another blood meal [10, 11]. Transmission
of malaria to such a susceptible human host cannot occur until the EIP is completed
[69]. The longevity of a female adult mosquito ranges from 3 to 100 days and the
EIP takes from 10 to 30 days. For the mosquitoes that live so short that the EIP

cannot be completed before they die, they don’t transmit malaria at all. While for
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those that live long enough to survive the EIP, they will remain infectious for the rest
of their lives. Thus, the EIP directly influence the number of infectious mosquitoes.
An appropriate candidate to depict the EIP in mathematics is time delay.

Vector-bias Effect. According to the experiment result in [39], during their develop-
ment within the human, malaria parasites make infectious humans more attractive to
mosquitoes via chemical substances to enhance their transmission. Another theoreti-
cal analysis of optimal feeding behavior and the mechanics of blood sucking indicates
that mosquitoes may maximize their rates of protein intake during feeding by choos-
ing malaria-infected human hosts [34]. All these results show that mosquitoes may
prefer infectious hosts to susceptible ones. This difference between the probabilities of
picking humans is the so called “vector-bias”. We will incorporate such a vector-bias
term into our model to see what impact it has on the epidemiology of malaria.

The rest of this chapter is organized as follows. In the next section, we present
the model and the hypotheses on which it is formulated. We introduce the basic
reproduction ratio Ry, and prove a threshold result on the global dynamics in terms
of Ry in section 2.3. In section 2.4, we use some monthly reported data to simulate the
malaria transmission trend in Maputo Province, Mozambique. Numerical simulations
on the long term behaviour of the infectious compartments are also carried out to

illustrate our analytic result. A brief discussion is given in section 2.5.

2.2 Model formulation

Our model is motivated by the malaria transmission models in [17, 47, 103]. The
biological interpretations for parameters are listed in Table 2.1. Let the state vari-
ables Ij,(t), Sy (t), I, (t) represent the numbers of infectious humans, susceptible and

infectious female adult mosquitoes at time ¢, respectively. Compared with the life
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span of a mosquito, the longevity of a human is quite long. The climate factor has
little impact on human activities. Thus, we treat all the parameters related to hu-
mans as constants. We suppose that the total number of humans stabilizes at H.
Let p be the rate at which humans remove from the infectious compartment due to
recovery and disease-induced death. We use dj to denote the natural death rate of
humans. Let pu(t) be the recruitment rate at which female adult mosquitoes emerge
from larvae. Vector-bias effect is a phenomenon that vectors show different preference
weights in host selection. To depict such a phenomenon, we introduce the parameters
p and [, which are defined as the probabilities that a mosquito arrives at a human
at random and picks the human if he is infectious and susceptible, respectively [17].
A larger probability corresponds to a higher preference weight. Since infectious hu-
mans are more attractive to mosquitoes, we assume that p > [. The biting rate [(t)
of mosquitoes is the number of bites per mosquito per unit time at time ¢. Then
B(t)I,,(t) is the number of bites by all infectious mosquitoes per unit time at time ¢.
We suppose that the total number of bites made by mosquitoes equals to the number
of bites received by humans. We also assume that a mosquito will not bite the same
person for more than once. Then ((t)I,,(t) is also the number of humans that are bit-
ten by infectious mosquitoes per unit time at time ¢ . Among all the humans that are
bitten by infectious mosquitoes, only those originally susceptible ones may contribute
to the increase of I;(t). Hence, we need to derive the probability that a human is
susceptible under the condition that a mosquito picks him. Obviously, this probability
equals to %, the ratio between the total bitten susceptible humans and
the total bitten humans. We neglect the incubation period within humans which is

short compared to the longevity of a human. Thus, the number of newly occurred
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infectious humans per unit time at time ¢ is

[(H — 1i(1))

PO T T 10H — (D)

L (1),

where ¢ is the probability of transmission of infection from an infectious mosquito to

a susceptible human given that the contact between the two occurs.

pIn(t)

Similarly, —-= Tt

0) is the probability that a human is infectious under the
condition that a mosquito picks him. Then the number of newly occurred infected

mosquitoes per unit time at time ¢ is

pln(t)

Y L D T I = 1)

Sm(t),

where b is the transmission probability per bite from infectious humans to suscepti-
ble mosquitoes. The newly infected mosquitoes need to survive the EIP to become
infectious. Let 7 be the length of the EIP and d,,(t) be the mortality rate for adult
female mosquitoes, then the probability that a mosquito survives the EIP at time ¢
is e Jimr dm(s)ds, Thus, the number of newly occurred infectious mosquitoes per unit

time at time ¢ is

[P dp(s)ds bB(t — T)plp(t — 7)

€ pIn(t— 1)+ 1(H — In(t — 7))

St — 7).

Consequently, we have the following model:

dly(t) _ cBOUH — ()

Tl pIn(t) + I(H —hIh(t))Im<t> = (dn + p)In(),
dS:l;(t) = pult) - pfh(t;)i(?(gh@[h(t)) Son(t) = dn (1) Sin (1), (2.1)
dln(t) = —dp () (t) £ e JE - din(s)ds bo(t — 7)pIp(t — 7)Sm(t — 7)

plp(t —7)+1(H — I(t — 7))’
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where all constant parameters are positive, and 3(t),u(t),d,,(t) are positive, continu-
ous and w-periodic functions for some w > 0 with p(t) > 0 and [J° d,,(t)dt > 0. It is

easy to see that the function

alt) = e firamtlas

is also w-periodic, and hence, model (2.1) is an w-periodic and time-delayed system.

Table 2.1: Biological interpretations for parameters in model (2.1)

Parameter Description

c Probability of transmission of infection from an infectious mosquito to a
susceptible human given that contact between them occurs

B(t) Biting rate of mosquitoes to humans

l Probability that a mosquito arrives at human at random and picks the
human if he is susceptible

P Probability that a mosquito arrives at human at random and picks the
human if he is infectious

H The total number of humans

dp, Human natural death rate

p Rate at which human is removed from the class of infectious (i.e., recovery
and disease-induced death rate)

w(t) Recruitment rate at which female adult mosquitoes emerge from larvae.

b Probability of transmission of infection from an infectious human to a
susceptible mosquito given that contact between them occurs

dpm (1) Mortality rate for female adult mosquitoes

T Extrinsic Incubation Period

2.3 Threshold dynamics

In this section, we will use the theory in section 1.4 to obtain the basic reproduction

ratio for our model. It is easy to see that the scalar linear periodic equation

= N(t) - dm(t)Sm(t) (2'2)
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has a unique positive w-periodic solution

t w Jo dm (s)ds
* _ Jo dm(s)ds fO N(T)e 0 — [ dm(s)ds
Sr(t) {/ﬂ p(r)elo dr + e 1 | ;
which is globally asymptotically stable.
Linearizing system (2.1) at its disease-free periodic solution (0, S (¢),0), we then

obtain the following system of periodic linear equations for the infective variables I},

and I,,:
dI(t) _ — a1y () I (t) + ara(t) I (1),
d]dLEt) (2.3)
gt = 91 (t)[h(t — 'r) — a/22(t)lm(t)’

where a1 (t) = dp + p, a12(t) = cf(t), agn(t) = d,(t), and

bB(t — 7)pSp,(t —7)
IH

a921 (t) = a(t)

Let C = C([-7,0],R?), C* = C([-7,0],R%). Then (C,C") is an ordered Banach
space equipped with the maximum norm and the positive cone C*. For any given

continuous function v = (vy,v9) : [-7,0) — R? with ¢ > 0, we define v; € C' by

0 (0) = (n1(t + 0), va(t +0)), VO € [-,0],

for any t € [0,0). Let F : R — £(C,R?) be a map and V(¢) be a continuous 2 x 2
matrix function on R defined as follows:

Flt)o = a1a(t)p2(0) | V(t) = ann(t) 0

a1 (t)p1 (=) 0 axn(t)

We assume that the w-periodic function v(t) is the initial distribution of infectious

individuals. For any given s > 0, F(t — s)v;_s is the distribution of newly infected
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individuals at time ¢ — s, which is produced by the infectious individuals who were
introduced over the time interval [t —s — 7, — s|. Then ®(¢,t — s)F(t — s)v;_s is the
distribution of those infected individuals who were newly infected at time ¢t — s and

remain in the infected compartments at time ¢. It follows that

/OO B(t,t — $)F(t — 8)vrods = /OO Bt t — $)F(t — $)o(t — 5+ )ds

is the distribution of accumulative new infections at time ¢ produced by all those
infectious individuals introduced at all previous times to t.

Let C,, be the ordered Banach space of all continuous and w-periodic functions
from R to R?, which is equipped with the maximum norm and the positive cone

Ch:={vel,:v(t) >0,Vt € R}. Define a linear operator L : C, — C,, by
[Lo](t) = / O(t,t —s)F(t —s)v(t —s+-)ds, VteR,vedl,,
0

where ®(t,s),t > s, is the evolution matrix associated with the following system

that is, (¢, s) satisfies

%@(zﬁ,s) =-V(@)®(t,s), Vt>s, and P(s,s)=1, VseR.

It then easily follows that

e~ f: a11(r)dr 0
O(t,s) = e )
0 e Js az2(r)dr



and
Lol(t) — / B(t,t — )Pt — $)o(t — s + )ds
o0 a12(t — 8)va(t — s
= / O(t,t —s) 12{ Jval ) ds
0 a1 (t — s)vy(t —s—7)
o | e g syl — )
= / ds
0 e~ Jimsaz(r)dr "ag (t — s)vi(t —s—1)
B oe ~Jison (r)dr "aya(t — s)ve(t — s)ds
[Ze a0 D g1 (t — s+ T)vi(t — 5)ds
o0 /Ul
= K(t,s)v(t —s)ds, VteR, v= e C,,
o)
where
0 e diaemn Mg (¢ — s
K(t,s) = ) 12( ) , if s>,
e~ Jisir “22(")‘”@1(75 —s5+7) 0
and
0 e fisan®drg p g
K(t,s) = ol ) , if s <
0 0
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Following section 1.4, we define Ry = r(L). Let P(t) be the solution maps of system

(2.3), that is, ]5(75)90 = u(p),t > 0, where u(t,¢) is the unique solution of system

(2.3) with ug = ¢ € C([-7,0],R?). Then P := P(w) is the Poincaré map associated

with linear system (2.3). Let r(P) be the spectral radius of P. By Theorem 1.4.1, we

have the following result.

Lemma 2.3.1. Ry — 1 has the same sign as r(P) — 1.
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Let
W = C([-,0],]0, H]) x C([—7,0],R;) x R,.

Then we have the following preliminary result for system (2.1).

Lemma 2.3.2. For any ¢ € W, system (2.1) has a unique nonnegative bounded

solution u(t, @) on [0,00) with ug = ¢, and u () € W for all t > 0.

Proof. For any ¢ = (1, @2, 3) € W, we define

cB(t)I(H—p1(0
%9@3 — (dn + p)p1(0)

Fte) =1 plt) — G20 02(0) — din(t)a(0)

_ — [ dm(s)ds bB(t=)pp1 (=T)pa(=T)
dn(t)ps + oDr (11T

Since f(t, ) is continuous in (t,¢) € Ry x W, and f(t, ) is Lipschitz in ¢ on each
compact subset of W, it then follows that system (2.1) has a unique solution u(t, ¢)
on its maximal interval [0, o) of existence with ug = ¢ (see, e.g., [29, Theorems 2.2.1
and 2.2.3]).

Let ¢ = (p1,02,03) € W be given. If ¢;(0) = 0 for some i € {1,2}, then
ﬁ-(t,@) > 0. If p3 = 0, then ]?3(25, ) > 0. If p1(0) = H, then fl(t,@) < 0. By [84,
Theorem 5.2.1 and Remark 5.2.1], it follows that for any ¢ € W, the unique solution
u(t, o) of system (2.1) with uy = ¢ satisfies u(¢) € W for all ¢t € [0, 0,).

Clearly, 0 < uy(t,¢) < H for all t € [0,0,). In view of the second and third

equations of system (2.1), we have

dUQ (t)

2 S () = dm(t)ua(t), VE € [0, 0,),
duc:;t(t) < —d (D)us(t) + e Sr OBpE(E — TYuy(t — 1),V € [0, 0,).

Thus, both uy(t) and us(t) are bounded on [0,0,), and hence, [29, Theorem 2.3.1]

implies that o, = oco. [
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For any given ¢ € W, let u(t, ) = (ui(t), ua(t), us(t)) be the unique solution of

system (2.1) satisfying ug = ¢. Let
w(t) = e~ e dmEMs (1 — 1) 4 ug(t).

Then (uy(t),us(t)) can be regarded as a solution of the following nonautonomous

system:

duy(t) — cBE)IH —u(t))
it~ (o=l a2~ o), y

dus(t) bB(t — T)puy(t — 7) (w(t) — ws(t)) (2.4)
dt 0 —Dui(t —7)+ i~

= —dm(t)us(t) +

It easily follows that w(t) satisfies

dz_}(ﬁﬂ — —dp (w(t) + e ir sy 7y, (2.5)

and system (2.5) has a unique positive w-periodic solution

K(t) = e Jirdm@dsge (4 _ 1),

which is globally attractive in R. Thus, system (2.4) has a limiting system:

dvi(t)  eB(t)I(H — Ul(t))v . v
dt (p—Duv(t) +1H 2(f) = (dn + Py (h) (2.6)

dva(t) bB(t — T)pui(t — 7)
o = —dm(t)va(t) + RO 7 (B (8) = va(t)).
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Note that z(t) = (u1(t), us(t),w(t)) satisfies the following w-periodic system:

duy(t) _ cB(IH —u(t))
dt (p—Duy(t) +1H

us(t) — (dn + pua(t),

dus(t) bB(t — T)pua(t — 1)
& = n(Ouslt) + e S ()~ us() (2.7)
dlcuz—it) = —dy(t)w(t) + e Jir iy — ).

Clearly, system (2.1) is equivalent to (2.7). It suffices to study system (2.7). Let
Q = C((=r, 0], [0, H)) x 2.

We then have the following preliminary result for system (2.7).

Lemma 2.3.3. For any ¢ € Q, system (2.7) has a unique solution z(t, @) with zo = ¢,
and z(p) € Q,Vt > 0.

Proof. For any ¢ € €, define

C, H 0

%w — (dn + p)e1(0)
) - N
Je) = —dnltee + %(% ?2)

—do(£)ip3 + € Jer I8 1 )

Since f(t, ) is continuous in (t,¢) € R x Q, and f(¢, @) is Lipschitz in ¢ on each
compact subset of €, it then follows that system (2.7) has a unique solution z(t, ¢)
with zy = ¢ on its maximal interval [0, 0,,) of existence.

Let ¢ = (@1, 2, ¢3) € Q be given. If ¢1(0) = 0, then fl(t, w) > 0. If p; =0 for
some i = 2,3, then fi(t, o) > 0. If ¢1(0) = H, then fi(t, ) < 0. By [84, Theorem
5.2.1 and Remark 5.2.1], it follows that for any ¢ € 2, the unique solution z(¢, ¢) of
system (2.7) with uy = ¢ satisfies z,(¢) € Q for all t € [0,0,).

Since equation (2.5) has a globally attractive periodic solution K(t), it follows



28

that z3(t,¢) = w(t) is bounded on [0,0,), that is, there exists B > 0 such that

w(t) < B,Vt € [0,0,). In view of the second equation of system (2.7), we have

dU3 (t)
dt

< —dp (t)us(t) + bB(t — 7)B.

Hence, 25(t, p) = us(t) is also bounded on [0, 0,). Then [29, Theorem 2.3.1] implies

that o, = oo. O

Let
G(t) :== C([-7,0],[0,H]) x [0, K(t)], t=>0.

Then we have the following result for system (2.6).

Lemma 2.3.4. For any ¢ € G(0), system (2.6) has a unique solution v(t,p) with
vo = ¢, and v(p) € G(t),Vt > 0.

Proof. For any ¢ € G(0), define

cBER)IH—¢1(0))
o Dorom P2 — (dn + p)e1(0)
f(t,QD) _ (p—1)1(0)+1H

- bB(t—7 —T
—d()ip2 + (2R (K (1) — 02)

Since f is continuous in (¢,¢) € R x G(0), and f is Lipschitz in ¢ on each compact
subset of G(0), it then follows that system (2.6) has a unique solution v(t,¢) with
vy = ¢ on its maximal interval [0, 0,,) of existence.

Let ¢ = (1, ¢2) € G(0) be given. If ¢1(0) = 0, then fi(¢,) > 0. If s = 0, then
falt, ) > 0. If ©1(0) = H, then fi(t,) < 0. By [84, Theorem 5.2.1 and Remark
5.2.1], it follows that the unique solution v(t, ¢) of system (2.6) with vy = ¢ satisfies
(@) € C([—7,0],[0,H]) x R,.

It remains to prove that vy(t) < K(t),Vt € [0,0,). Suppose this does not hold.
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Then there exists ¢y € [0,0,) and €, > 0 such that

vo(to) = K(to) and wy(t) > K(t), Vt € (to,to+ €o).

Since

dUg (to)
dt

dK (to)
dat ’

= —d(to)v2(to) = —d,(to) K (o) <

there exists €; € (0, €y) such that vy(t) < K(t), Vt € (to, o+ €1), which is a contradic-
tion. This proves that v,(¢) € G(t),Vt € [0,0,). Clearly, v,(¢) is bounded on [0, 0,,),

and hence, [29, Theorem 2.3.1] implies that o, = . O
Note that the linearized system of (2.6) at (0,0) is

PO n+ pyon(t) + eBlE)en(r),

dup(t) _ bA(t —T)pK (1)
dt lH

(2.8)

vi1(t —7) — dp(t)va(t),

which is the same as system (2.3).
Let P be the Poincaré map of the linear system (2.8) on the space C([—, 0], R) xR,
and r(P) be its spectral radius. Then we have the following threshold type result for

system (2.6).
Lemma 2.3.5. The following statements are valid:

(i) If r(P) <1, then v*(t) = (0,0) is globally asymptotically stable for system (2.6)
in G(0).

(ii) If r(P) > 1, then system (2.6) admits a unique positive w-periodic solution
o(t) = (01(t),v2(t)) which is globally asymptotically stable for system (2.6) in
G(0)\ {0}
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Proof. Let S(t) be the solution maps of system (2.6), that is, S(t)¢ = v(p),t > 0,
where v(t, ¢) is the unique solution of system (2.6) with vy = ¢ € G(0). It follows from
Lemma 2.3.4 that S(¢) maps G(0) into G(t), and S := S(w) : G(0) — G(w) = G(0) is
the Poincaré map associated with system (2.6). By the continuity and differentiability
of solutions with respect to initial values, it follows that S is differentiable at zero and
the Frechét derivative DS(0) = P.

For any given ¢, € G(0) with ¢ > 1), let v(t) = v(t, ¢) and v(t) = v(t, ). Define

bB(t — T)pui(t — 1)
(p—Dvi(t—71)+1H’

bB(t — T)pvy(t — 1)
(p—Dv(t—71)+1H

A(t) == B(t) :=
Since v1(t — 7) = p1(t — 7) and v1(t — 7) = Y1(t — 1), ¥Vt € [0,7], we have A(t) >
B(t), vt € [0,7]. In view of v(0) = ¢(0) > ¥(0) = ©v(0), the comparison theorem
for cooperative ordinary differential systems implies that v(t) > o(t), vVt € [0, 7].
Here we have regarded A(t) and B(t) in system (2.6) as two given functions of ¢
on [0,7]. Repeating this procedure for t € [1,27],[27,37], ..., it then follows that
v(t, o) > v(t,9), ¥t € [0,00). This implies that S(¢) : G(0) — G(t) is monotone for
each t > 0.

Next we show that the solution map S(t) is eventually strongly monotone. Let
p > ¢ and denote v(t, ) = (1(1), 52(1)), v(t, ¥) = (11(2), y2(t)).

Claim 1. There exists to € [0, 7] such that ga(t) > ya(t), Vt > to.

We first prove that gs(to) > ya(to) for some ty € [0,7]. Otherwise, we have

U2(t) = y2(t),Vt € [0, 7], and hence, dﬂ;—t(t) = dy;—t(t),Vt € (0, 7). Thus, we have

bB(t —T)pi(t—7) OBt —T)pya(t —7)
(p—Dn(t—7)+1H (p—Dy(t—7)+1H

(K (t) — ya(t)] = 0, Vt € [0,7]. (2.9)

Since ¢ > 1 and @y = ¥2(0) = y2(0) = 9, ¢1 > 1. Then there exists an open

interval (a,b) C [—7,0] such that ¢1(0) > 1,(6),V0 € (a,b). It follows from equation
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(2.9) that yo(t) = K(t),Vt € (a+ 7,0+ 7), and hence,

dK(t)  dys(?)
dt  dt

=—d,(t)K(t), Vte(a+T1,b+71),

which contradicts with the fact that

P — (K@) + ey (s —
Let
. bB(t — T)py:(t — 7)
gi(t,y) == —dn(t)y + - Dnt—1 7 Tt
Since
dga(t) _ bB(t — 7)pyi(t — 7) _
G = (1) + s S ) — al0)
_ bB(t — T)pys(t — 7) —
> _dm(t)yZ(t) + (p —_ l)yl(t _ 7_) +H [K(t) - yQ(t)]
= g1(t,72(1)),
we have
W) gm0 2 0= 220 (1), ve 1,

Since ¥a(tg) > ya(to), the comparison theorem for ODEs (see Theorem 1.3.1) implies
that go(t) > ya(t),Vt > to.

Claim 2. y1(t) > yi(t), ¥t > 1.

We first prove that for any € > 0, there exists an open interval (¢, d) C [to, to + €]
such that H > #,(t),Vt € (¢,d). Otherwise, there exists g > 0 such that H =
71(t),Vt € (to,to + €). It then follows from the first equation of system (2.6) that

0 = —(dn + p)H, which is a contradiction. Let

BHOUH —y ya(t) = (du + p)y.

filty) == =Dy + 1H"
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Then we have

dycllt(t) - <)ll)[y1() B0 )~ (dn + p)ia(t)
( cB(t >z>[g( )zn( >Jy2< £) = (dn+ P (1)

= [t 5(t), Ve (cd),

and hence,

dyl( ) dyl( )

— ht5(t) > 0=

— filt,yi(t)), ¥t e (e, d).

Since 1 (to) > y1(to), it follows from 1.3.1 that g1 (t) > y1(t), Vt > 1.

In view of Claims 1 and 2, we obtain

(1(8), 92(1)) > (y1(t), v2(t)), VYt > to.

Since ty € [0, 7], it follows that

(T1e, 92(8)) > (y1e,92(1)), Vit > 27,

that is, v(¢) > v(¥),Vt > 27. This shows that S(¢t) : G(0) — G(t) is strongly
monotone for any ¢ > 27.

For any given ¢ € G(0),¢ > 0,0 < X\ <1, let v(t, ») and v(t, Ap) be the solutions
of (2.6) satisfying vg = ¢ and vy = Ay, respectively. Denote x(t) = Av(t,¢) and
z(t) = v(t, A\p). Let f(t,¢) be defined as in the proof of Lemma 2.3.4. Note that for
any ¥ € G(t) and A € [0, 1], we have f(t,A\)) > Af(t,v). Then

dv(t, )

dxdgt) Y o= M (o)) < [t () = f(t,24).

Clearly, d’z(tt) = f(t,z) and zy = Avg(p) = A¢p = 29. By the comparison theorem
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for FDEs (see [84, Theorem 5.1.1]), we have z(t) < z(t),Vt > 0, that is, Av(t,¢) <
v(t, A\p),Vt > 0, and hence, A (@) < vi(Ap),Vt > 7. This shows that the solution
map S(t) : G(0) — G(¢) is subhomogeneous. Next, we prove that S(t) : G(0) — G(t)

is strictly subhomogeneous for any ¢ > 7. For any given ¢ € G(0) with ¢ > 0 and

A€ (0,1), let
_ eBIH 7]
fa(t,r) oD+ lHZQ(t) — (dp + p)r,
_cB)I[H — 7]
galtr) = (p—Ur+1H

Since go(t,r) is strictly decreasing in r and vy (¢, ) > Avi(t, ), Ava(t, ) < va(t, A\p) =
2(t), YA € (0,1),Vt > 0, it follows that

dx;t(t) < go(t,x1(t))22(t) — (dn + p)z1(t) = folt, z1(1)),
and hence,
da, (1) dz (t)
o~ R(ta() <0="—22 = bt a(b), vi>0.

Note that x1(0) = Ap1(0), 21(0) = Ap1(0). By Theorem 1.3.1, we then obtain zy(t) <
z1(t), ¥t > 0. This implies that v, (Ap) > Av(@), ¥Vt > 7.

Now we fix an integer ng such that now > 27. It then follows that S™ =
S(now) : G(0) — G(0) is strongly monotone and strictly subhomogeneous. Note
that DS™(0) = DS(now)(0) = P(now) = P™(w) = P, and r(P™) = (r(P))™. By
Theorem 1.4.1 and Lemma 1.3.3, as applied to S™, we have the following threshold

type result:

(a) If r(P) <1, then v*(t) = (0,0) is globally asymptotically stable for system (2.6)
in G(0).

(b) If r(P) > 1, then there exists a unique positive now-periodic solution v(t) =
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(01(t), v2(t)), which is globally asymptotically stable for system (2.6) in G(0) \

{0}

It remains to prove that (¢) is also an w-periodic solution of system (2.6). Let o(t) =

v(t,1). By the properties of periodic semiflows, we have S™(S(¢)) = S(S™(¢))

S(1), which implies that S(¢)) is also a positive fixed point of S™. By the uniqueness
of the positive fixed point of S™, it follows that S(i) = . So ©(t) is an w-periodic

solution of system (2.6). O

Next, we use the theory of chain transitive sets (see 1.1) to lift the threshold type

result for system (2.6) to system (2.7).
Theorem 2.3.6. The following statements are valid:

(i) If r(P) < 1, then the periodic solution (0,0, K (t)) is globally asymptotically

stable for system (2.7) in €.

(i) If r(P) > 1, then system (2.7) admits a unique positive w-periodic solution
(01(t), vo(t), K(t)), which is globally asymptotically stable for system (2.7) in

O\ {0} x {0} x R,.

Proof. Let P(t) be the solution maps of system (2.7), that is, P(t)p = z(p),t > 0,
where z(t, ) is the unique solution of system (2.7) with zy = ¢ € Q. Then P := P(w)
is the Poincaré map of system (2.7). Then {P"},>o defines a discrete-time dynamical
system on €. For any given ¢ € Q, let z(t) = (uy(t),us(t),w(t)) be the unique
solution of system (2.7) with Zy = ¢ and let w(p) be the omega limit set of the orbit
{P™(?)}nz0 for the discrete-time semiflow P".

Since equation (2.5) has a unique positive w-periodic solution K (t), which is glob-
ally attractive, we have lim,_,o (w(t)— K (t)) = 0, and hence, lim,_,o.(P"(@))3 = K(0).

Thus, there exists a subset @ of C'([—7,0], [0, H]) x R, such that w(p) =@ x {K(0)}.
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For any ¢ = (¢1,da,03) € w(@p), there exists a sequence ny — oo such that
P (@) — ¢, as k — 00. Since uy (mw) < H and ug(npw) < w(ngw), letting ny, — oo,
we obtain 0 < ¢y < H,0 < ¢ < K(0). It then follows that @ C C([—T,0], [0, H]) x
[0, K(0)] = G(0). It is easy to see that

Py (01, 02, K(0)) = S"|o(¢1, d2) x {K(0)}, V(¢1,02) € D,n > 0.

By Lemma 1.1.2, w(p) is an internally chain transitive set for P™ on Q. Tt then easily
follows that @ is an internally chain transitive set for S™ on G(0).

In the case where r(P) < 1, it follows from Lemma 2.3.5 that (0,0) is globally
asymptotically stable for S™ in G(0). By Theorem 1.1.3, we have @ = {(0,0)}, and
hence, w(@) = {(0,0, K(0))}. Then P™(0,0, K(0)) — (0,0, K(0)) as n — oo. Clearly,
(0,0, K(0)) is a fixed point of P. This implies that statement (i) is valid.

In the case where r(P) > 1, by Lemma 2.3.5 (ii) and Theorem 1.1.4, it follows
that either @ = {(0,0)} or @ = {(10, 92(0))}, where v19(0) = v,(6),V0 € [—7,0]. We
further claim that @ # {(0,0)}. Suppose, by contradiction, that @ = {(0,0)}, then
we have w(p) = {(0,0, K(0))}. Thus, limy;_,(u1(t),us(t)) = (0,0), and for any € > 0,
there exists 7' = T'(e) > 0 such that |w(t) — K(t)| < € for all t > T. Then for any

t > T'(e), we have

duy(t) _ eBE)I(H — uy(t))
o > (p—l)ul(t)—i—lHus(t)_<dh+p)u1(t)’
dus(t) bp(t — 7)pua(t —7)
dt (p—Dus(t —7)+1H

(2.10)

> —d,, (t)us(t) + (K(t) — € —us(t)).

Let r. be the spectral radius of the Poincaré map associated with the following periodic



36
linear system:

D) (ot pha(t) + (01,

dus(t) _ bA(t — T)pui(t — 7)
dt [H

(2.11)
(K(t) — €) = dm(t)us(t).

Since lim_,o+ 7. = r(P) > 1, we can fix € small enough such that r. > 1. By similar

result to Lemma 2.3.5 (ii), it follows that the Poincaré map of the following system
dur(t)  cBOUH — w(?))

= t)—(d t
G~ (o D+ g ),

dus(t) bB(t — T)pui(t —7)
d ~dm(B)us(t) + (p—Dw(t—71)+1H

(2.12)

(K(t) — e —us(t)).

admits a globally asymptotically stable fixed point (g, #3(0)) > 0. In the case where
@ € 2\ {0} x {0} x Ry, we have (u;(t),us(t)) > 0 in R? for all ¢ > 0. In view of

(3.17) and (3.19), the comparison principle implies that

lim inf (w1, (@), us(nw, v)) > (t10, u3(0)) > 0,

n—oo

which contradicts lim o (u1(t), ug(t)) = (0,0). It then follows that @ = {(019,02(0))},
and hence, w(@) = {(v10,2(0), K(0))}. This implies that lim, .. (Z(t) — (01(¢), v2(2),
K(1))) = (0,0,0). a

It is easy to see that us(t) = ekt m(&4s(y(¢ + 7) — ug(t + 7)). Then in the case
where r(P) < 1, we have limy_, o (ug(t) — S}, (¢)) = 0, and in the case where r(P) > 1,

we have limy_, o (ug(t) — uo(t)) = 0, where
g (t) := el OB (t 4 1) — By(t + 7)) > 0,

As a straightforward consequence of Theorem 2.3.6, we have the following result for
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system (2.1).
Theorem 2.3.7. The following statements are valid for system (2.1):
(1) If r(P) <1, then limy o0 [[(u(t, 0) = (0, 57,(1),0)]| = 0, Ve € W,

(ii) If r(P) > 1, then limy_,o || (u(t, @) — (01(), u2(t), 02(2)))|| = 0,V € W\ {0} x
C([=7,0[,Ry) x {0}

To describe the global dynamics of system (2.1) in terms of Ry, we need the

following result.
Lemma 2.3.8. r(P) = r(P).

Proof. For any ¢ € Y := CO([-7,0],R) x R, let v(t,s,) = (vV(t,s,9),0® (t,5,9))
be the unique solution of linear system (2.8) with wvs(s,v) = 1, where v(s,v) =
(W (s, ), v@(t, 5,9)),¥t > s. For any ¢ € X := C([-7,0],R2), let u(t,s,¢) be
the unique solution of linear system (2.8) with wus(s, ) = ¢, where u(s, ¢)(0) =
u(t+0,s,¢),¥0 € [—7,0]. Let U(t, s) and ﬁ(t, s) be the evolution operators of system

(2.8) on Y and X, respectively, that is,

U(t7 5)¢ = Ut(sv ID), V¢ S }/7 vt > S,

A

Ult,s)p =u(s, @), Vo€ X, Vt>s.

By the uniqueness of solutions, we have
v(t, s,0) =u(t,s,p), Vt>s,

provided that ¢ = (11,12) € Y and ¢ = (p1, p2) € X satisfy ¢; = 1 and 19 = ¢3(0).

Recall that the exponential growth bound of an evolution family V' (¢,s) (t > s) on a
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Banach space is defined as
w(V)=inf{@:IM >1:Vs € Rt > 0: |V (t +s,5)|| < Me*'}.

Let w(U) and w(U) be the exponential growth bounds of U(t, s) and U(t, s), respec-

tively. Then we have the following two claims.

A~

Claim 1. For any given § > 0, w(U) < w(U) + 6.

Indeed, by the definition of w(U), there exists Ms > 1 such that
Ut + s, 8)plx < Mse“@ o]y, VE>0, VseR, VpeX.
This implies that
[ult + s, 5,0)|ge < Mse@ O |ollx, VE>0, VseR, VoeX.

For any ¢ = (¢1,12) € Y, let 1) = (1, 10), where (0) = ¢ € R,V € [—7,0].
Clearly, ¥ € X. Then v(t, s, ) = u(t, s,zﬁ),Vt > 5,5 € R. Since H”‘;HX = |||y, we

have
[v(t + 5, 8,90)|lrz = [[u(t + s,5,9)]re

< Mge(w(0)+5)t||@z”x

= Mze@ Oyl VE>0, VseR.

It follows that there exists M5 > MSj such that

U+ s,8)0]ly = [[vis(s,0)|ly < Mse Oyl VE>0, VseR, Vyevy,

and hence, ||U(t + s, s)|| < Mge@ @)+t vt > (0. By the definition of w(U), we then

obtain w(U) < w(U) + 6.
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Claim 2. For any given § > 0, w(U) < w(U) + 6.

Indeed, by the definition of w(U), there exists K5 > 1 such that
Ut + s, 8)0|ly < Kse@ O aplly, VE>0, VseR, Yoev.
It then follows that
lot + 5,5, 0)llpe < Kse“ gly, VE20, VseR, VpeY.

For any ¢ = (p1,p2) € X, let ¢ = (¢1,92(0)). Clearly, ¢ € Y. Then u(t,s, ) =

v(t,s, ), vt > s,s € R. Since ||¢]ly < ||¢||x, we have

u(t + 5,8, 0)|lrz = |v(t + 5, 8,0)||r2
< Kpe“ @05y

< Kse@ O 0|, V>0, VscR.

It follows that there exists f((; > K such that
U+ s, 8)pllx = urrs(s, @) |x < Ko gflx, VE>0, VseR, VoeX,

and hence, ||U(t+s, s)|| < Kse@U+t v >0, s € R. By the definition of w(U), we
then have w(U) < w(U) + 6.

In Claims 1 and 2 above, letting  — 0%, we obtain that w(U) < w(U) and
w(U) < w(U), and hence, w(U) = w(U). Note that P = U(w,0) and P = U(w,0). By
88, Proposition A.2], we have w(U) = 2«0 anq o (07) = r(@(w0) g implies

w w

that r(P) = r(P). O

Combining Lemmas 2.3.1 and 2.3.8 and Theorem 2.3.7, we have the following
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threshold type result on the global dynamics of system (2.1).
Theorem 2.3.9. The following statements are valid for system (2.1):

(i) If Ry < 1, then the disease-free periodic solution (0, (t),0) is globally asymp-

totically stable for system (2.1) in W.

(i1) If Ry > 1, then system (2.1) admits a unique positive w-periodic solution (v, (t),
Us(t), U2(t)), which is globally asymptotically stable for system (2.1) in W\{0} x
O([_T7 O]a R-l—) X {0}

2.4 A case study

In this section, we first study the malaria transmission case in Maputo province,
Mozambique. Then we verify our obtained threshold type result in terms of Rj.
We also study how the vector-bias effect and the EIP length influence the disease
transmission. The numerical simulations are done in Matlab by using dde23 and
CFTOOL.

Mozambique is a sub-Saharan African country. Malaria is the primary cause of
mortality in Mozambique, resulting in an estimated 44000 — 67000 malaria-specific
deaths each year for all age groups [60]. The sub-tropical climate of Maputo Province
is favorable for malaria transmission. The summer season lasts from October to
March, while the winter season goes from April to September. To implement simula-
tions on the seasonal transmission pattern in Maputo Province, we need to evaluate

the values of all parameters in our model.
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2.4.1 Parameter estimation

According to Mozambique Population Census in September 2007 (see http://www.geo
hive.com /cntry /mozambique.aspx), Maputo Province has a population of 1205709,
which can be chosen as the value of H. According to the CIA WorldFact Book (see
https://www.cia.gov/library /publications/the-world-factbook /fields/2102.html), the
life expectancy of Mozambique is 52.94 years. Using this number we estimate the
human natural death rate as d;, = m = 0.00157 Month™'. The values of p and !

may vary from 0 to 1 and p > [ [17, 34, 39]. The estimation of parameters is listed in

Table 2.2.
Table 2.2: Parameter values

Parameter Value Dimension Reference
H 1205709 dimensionless  see text
dy, 0.00157 Month~* see text
p 0.0187 Month =1 [18]

c 0.011 dimensionless  [18]

b 0.2 dimensionless  [18]

T [10/30.4,30/30.4] Month [69]

P (0,1) dimensionless  [17]

l (0,1) dimensionless  [17]
B(t) to be evaluated ~ Month™! see text
wu(t) to be evaluated Month~! see text
dm (1) to be evaluated Month~1 see text

The results in [107] show that malaria incidence is strongly and positively cor-
related with temperature of Maputo Province. Thus, we can evaluate the periodic
parameters by using the monthly mean temperatures of Maputo Province from 1990
to 2012 (obtained from Climate Change Knowledge Portal website: http: // sdwebx.

worldbank. org/ climateportal), as shown in Table 2.3.

Table 2.3: Monthly mean temperatures for Maputo Province (in °C)

Month Jul Aug  Sep Oct Nov  Dec
Temperature 19.19 20.77 22.23 23.66 24.57 26.08
Month Jan Feb Mar  Apr May  June

Temperature 26.75 26.65 26.22 24.61 21.94 19.77
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By appealing to the method of estimating the biting rate in [46], the temperature-

dependent contact rate per unit time in Maputo can be expressed as

3(C) = 30.4 Month™!
"~ 107.204 — 13.3523C + 0.677509C2 — 0.0159732C3 + 0.000144876C4’

where C' is the temperature in °C.

The biting rate of mosquitoes in Maputo Province can then be fitted by

B(t) = 6.983 — 1.993 cos(7t/6) — 0.4247 cos(wt/3) — 0.128 cos(7t/2)
— 0.04095 cos(2t/3) + 0.0005486 cos(5mt/6) — 1.459 sin(t/6)
— 0.007642 sin(rt/3) — 0.0709 sin(rt/2) + 0.05452 sin (27t /3)

— 0.06235 sin(57t/6) Month™".
The mortality rate for adult female mosquitoes can be evaluated as

C —278°K

Month™*
2055 ) Momth™,

dn(C) = 3.04 +29.564 exp ( —

(see [80, 87]), where C' is the temperature in degrees Kelvin (K) (The temperature
in K equals to the temperature in °C' plus 273.15) in the range [278,303]. Thus,
the mortality rate for adult female mosquitoes d,,(t) in Maputo Province can be

approximated by

dy (t) = 3.086 4 0.04788 cos(7t/6) + 0.01942 cos(nt/3) + 0.007133 cos(nt/2)
+0.0007665 cos(2mt/3) — 0.001459 cos(57t/6) + 0.02655 sin ('t /6)
+0.01819sin(rt/3) + 0.01135 sin(rt/2) + 0.005687 sin (27t /3)

+0.003198 sin (57t /6) Month™'.

Motivated by [46], we suppose that the recruitment rate of mosquitoes from larvae



43

is proportional to the biting rate, i.e., u(t) = k x f(t) Mosquitoes/Month, where k
is a positive constant number. We estimate £ = 5 x 1205709 to keep the mosquito

population at a relatively reasonable level compared with the human population.

2.4.2 Model validation

In this subsection, we simulate the malaria transmission case in Maputo Province
based on the data from the second picture of Figure 11 in [83]. From that picture
we can observe that the number of monthly malaria cases exhibit an obvious seasonal
fluctuation which is consistent with the seasonal variation of temperature in Maputo
Province. We can also see that the reported cases decrease dramatically in 2007 since
after a series of initiatives in malaria prevention and treatment. However, the cases
rise again in 2011 which may be due to the emergence and spread of drug resistance.

The monthly new cases correspond to the term B (té)l(_%;hl(’ltg?r)lz"(t)

in the first equation
of system (2.1). We choose [ /p = %. Since the period of our system is w = 12 months,
we use the truncation of Fourier series with period 12 to fit the monthly new cases.
The fitted results for the endemic periods from July 2007 to June 2009 and from July
2010 to December 2012 are shown by the dotted green curves in Figures 2.1 and 2.2,
respectively.

For the endemic period from July 2007 to June 2009, to depict the success of
prevention and treatment, we choose the biting rate as (1 — «)3(t), where o = 20%
is the efficiency in reduction of the biting rate, which may be due to the use of
insecticide-treated bed nets. We set the probability of successful transmission from
an infectious mosquito to a susceptible human as 0.75¢ = 0.75 x 0.011 and that
of successful transmission from an infectious human to a susceptible mosquito as
0.8b = 0.8 x 0.2 to estimate the effect of some antimalarial drugs. The EIP is chosen

as 15/30.4 month. The initial functions are chosen as the constant functions I,(0) =
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337598, S,,(0) = 2712343, 1,,(0) = 2000 for all § € [—7,0]. The simulation result is
shown by the blue curve in Figure 2.1. For the endemic period from July 2010 to
December 2012, to simulate the failure of treatment due to drug resistance, we set
the probability of successful transmission from an infectious mosquito to a susceptible
human as ¢ = 0.011 and that of successful transmission from an infectious human to
a susceptible mosquito as b = 0.2. The EIP is chosen as 15/30.4 month. The initial
functions are I, (0) = 361713, S,,,(0) = 2712343, 1,,,(0) = 2000 for all § € [—7,0]. The

simulation result until the year 2020 is shown by the blue curve in Figure 2.2.

18F — — —fitted curve
*  monthly new cases

model simulation

1.6

New cases

ol . . . .
Jul,2007 Jan,2008 Jul,2008 Jan,2009 June,2009

Figure 2.1: The simulation result for the number of new malaria cases from July 2007
to June 2009. The red stars represent data from [83]. The dotted green curve is the
fitted result by using CFTOOL. The blue curve is the simulation result of our model.

2.4.3 Long term behaviour

By the w-periodicity of K(t,s) in t, it easily follows that

[Lo|(t) = / K(t,s)o(t — s)ds = / G(t,s)p(t — s)ds, Vt € R, ¢ € C,,
0 0
where G(t,s) = > o, K(t, s + kw). Consequently, we can use the numerical method

in [70] to calculate Ry. Under the same set of parameter values as that of Figure
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Figure 2.2: The simulation result of new malaria cases from July 2010 to December
2020. The red stars represent data from [83]. The dotted green curve is the fitted
result by using CFTOOL. The blue curve is the simulation result of our model.

2.4.2, we get Ry = 2.6854. In this case, a positive periodic solution with period
12 is observed. The periodic fluctuations of the infectious compartments are shown
in Figure 2.3. By employing some measures to fight against malaria such as using
insecticide-treated nets or clearance of mosquito breeding sites, if we can decrease
the biting rate to 0.75(¢), and increase the mosquito mortality rate and the EIP to
1.6d,,(t) and 21/30.4 months, respectively, then Ry = 0.5449. In this case, we observe
that both the infectious human population and the infectious mosquito population
tend to 0, which means that the disease dies out eventually (see Figure 2.4). These

numerical simulation results consist with our analytic results in the previous section.

The impacts of the length of the EIP and the vector-bias level on malaria trans-
mission are shown in Figures 2.5 and 2.6, respectively. Both figures are obtained in
the case of Ry > 1. As can be seen from Figure 2.5, more humans will be infected
if the EIP is shorter. This is consistent with our intuition since shortening the EIP

may lead to greater population of infectious mosquitoes. To explore the vector bias
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effect, we simulate the number of infectious humans for two different EIP values:
7 =15/30.4 and 7 = 21/30.4. For each value of 7, we choose three different values of
[/p. From Figure 2.6, we see that the ignorance of the vector-bias effect (i.e., [/p = 1)
will eventually overestimate and underestimate the number of infectious humans in

the case where 7 = 15/30.4 and 7 = 21/30.4, respectively.
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Figure 2.5: The effect of the Extrinsic Incubation Period.

2.5 Discussion

In this chapter, we have proposed a malaria transmission model including three fac-
tors: seasonality, the EIP and the vector-bias effect. We incorporated seasonality into
the model by assuming that the parameters related to mosquitoes are periodic func-
tions, and employed constant time delay to depict EIP. To investigate the vector-bias
effect, we introduced two parameters p and [, that is, the probabilities that a mosquito
arrives at a human at random and picks the human if he is infectious and susceptible,

respectively. Indeed, letting ¢ := [/p, we can write the model system as the following
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Figure 2.6: The vector-bias effect. (a) 7 = 15/30.4; (b) 7 = 21/30.4.

one:

din®) _ eBOaH = LO) oy )

i U—oh)+eH
T 0

§)ds bB(t — 1) Ip(t — 7)Sy(t — )

= — _ft T
o ()T (8) + Q- Ih(t—7)+qH

where q may be interpreted as the relative attractivity of susceptible host versus
infectious one. By the definition of the operator L, it easily follows that Ry depends
on g rather than the values of p and [. Using the theory of Ry recently developed in
[110], we have successfully obtained Ry for our model. By appealing to the theory of
monotone and subhomogeneous systems and the theory of chain transitive sets, we
have obtained a threshold type result on the global dynamics of the model system in
terms of Ry, that is, the disease will die out if Ry < 1 and will eventually stabilize at
a positive periodic state if Ry > 1.

We have evaluated all parameters by using some published data and simulated the
malaria transmission case in Maputo Province, Mozambique. The simulated curve and

the real-data-fitted curve match well. Our simulation result shows that malaria will
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persist and exhibit seasonal fluctuation in the next few years if no intervention is taken.
By employing the algorithm in [70], we numerically calculated the basic reproduction
ratio Ry. The numerical simulation results in Figures 2.3 and 2.4 about long term
behaviours of the infectious compartments have verified the obtained analytic result.

We have explored the influences of the length of the EIP and the vector-bias effect
on the transmission of malaria. We found that a shorter length of the EIP is related
to a higher number of the infectious humans. Thus, prolonging the length of the EIP
is helpful for the control of the disease. In reality, it is not easy to directly extend the
EIP. Possibly we may develop some drugs with such an effect that once a mosquito
bites a malaria-infected patient who takes the drugs, then the EIP of this mosquito
will be prolonged, that is, the patients who take the drugs serve as a vector to let the
drugs make effect on mosquitoes.

The EIP is strongly temperature sensitive, taking from about 10 days to over 30
days. The higher the temperature, the shorter the EIP [50, 69]. Hence, the EIP delay
in our model may be modified to a temperature-dependent delay, while this would
increase the difficulty of mathematical analysis. We will solve this interesting problem

in the next chapter.



Chapter 3

A malaria transmission model with
temperature-dependent incubation

period

3.1 Introduction

Malaria is the most prevalent human vector-borne disease, with an estimated 214
million malaria cases and about 438 thousand deaths worldwide in 2015 [98]. Both the
mosquito life cycle and the parasite development are strongly influenced by seasonally
varying temperature. Understanding the role of temperature in malaria transmission
is of particular importance in light of climate change [57]. A number of malaria models
have been developed to study the climate effects on malaria transmission (see, e.g.,
[21, 46, 57, 95, 96] and the references therein). Malaria parasites manipulate a host
to be more attractive to mosquitoes via the chemical substances [39]. Kingsolver [36]
proposed the first malaria model to account for the greater attractiveness of infectious

humans to mosquitoes. Chamchod and Britton [17] modeled such vector-bias effect in
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terms of the different probabilities that a mosquito arrives at a human at random and
picks the human if he is infectious or susceptible. Recently, the vector-bias effect has
also been incorporated into some climate-based malaria models(see, e.g., [95, 96]).

In Chapter 2, we developed a periodic vector-bias malaria model with incuba-
tion period and established the global dynamics in terms of the basic reproduction
ratio. We remarked that the constant delay in the model may be modified to a
time-dependent delay since the EIP is highly sensitive to temperature. The aim of
the current chapter is to solve this problem. We develop a delay differential equa-
tions model of malaria transmission in which the delay is periodic in time. To our
knowledge, this is the first mosquito-borne disease model that takes into account the
time-dependent delay. Several population models with time-dependent delays have
been developed (see, e.g., [10, 54, 55, 75, 101]), however, little mathematical analy-
sis is carried out to understand the asymptotic behavior of these models. Recently,
Lou and Zhao [49] studied the global dynamics of a host-macroparasite model with
seasonal developmental durations by introducing a periodic semiflow on a suitably
chosen phase space. We will use the theoretical approach developed in [49] to analyze
our model.

The rest of this chapter is organized as follows. In the next section, we give
the underlying assumptions and formulate the model. In the following section, we
establish the threshold dynamics of the model in terms of the basic reproduction
ratio. In section 3.4, we carry out a case study for Maputo Province, Mozambique. A

brief discussion concludes the chapter.
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3.2 The model

The purpose of this section is to formulate a mathematical model of malaria trans-
mission that incorporates a temperature-dependent delay. The model with a constant

EIP is governed by the following system of delay differential equations:

dly(t) _ cBOUH - In(?))
i = o) i =) O T et ),
dS;,;(t) = plt) - Pfh(t?i(tl)(]gh@[h(t)) Son(t) = dpn()Sin(t), (3.1)
dln(t) = —dp ()L (t) + e JE din(s)ds bB(t — 7)pln(t — 7)Sp(t —7)

p[h(t—T)—i‘l(H—]h(t—T)).

We refer the readers to Chapter 2 of this thesis for more details about the derivation
of model (3.1). To introduce the temperature-dependent incubation period, we use
the arguments similar to those in [62, 68]. We consider the exposed compartment
where mosquitoes are infected but not infectious yet. Let E,,(t) be the number of
the exposed mosquitoes at time ¢, and M (¢) the number of newly occured infectious

mosquitoes per unit time at time t. Then we have the following system:

dlp(t)  cBOIUH — In(t))
dt  pl(t) +1(H — I,(t))

dSm(t) _
y7 _Iu(t) — B(t, Ih(t)a Sm(t)) - dm(t)Sm(t)> (3.2)

In(t) = (dn + p)In(2),

‘”;t(t) —M(t) — dop (D) In(1),

b Sim : :
where B(t, I,(t), Sn(t)) = 1%' Let ¢ be the development level of infection
such that ¢ increases at a temperature-dependent rate y(7'(t)) = v(t), g = qg = 0
at the transition from S,, to FE,,, and ¢ = ¢; at the transition from F,, to I,,.

The variable ¢ describes how complete the parasite developmental stages are in the
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mosquito (in other words, how complete the latency stage is). Let p(q,t) be the
density of mosquitoes with development level ¢ at time ¢. Then M (t) = v(t)p(qr, t).
Let J(q,t) be the flux, in the direction of increasing ¢, of mosquitoes with infection

development level ¢ at time ¢. Then we have the following equation (see, e.g., [38])

dp  9J

Since J(q,t) = v(t)p(g,t), we have

Op(q,t)
ot

For the E,, state, system (3.3) has the boundary condition

o) - ZBO5)

To solve system (3.3) with this boundary condition, we introduce a new variable

n=nh(t):=qg +/O V(s)ds.

Let h~1(n) be the inverse function of h(t), and define

In view of (3.3), we then have

A~

8/3((;7, ) _ _c%éqq, n WES;) a,n). (3.4)

2>

This equation is identical in form to the standard von Foerster equation (see [61]).
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Let V(s) = p(s+ q —mn,s). It follows from (3.4) that

Since n — (¢ — qg) < 71, we have

fim(s) ds

V() =V(n— (g — qp)e -t 56

and hence,

n lim(S)d

ﬁ(qa 7]) = ﬁ(qE,'f] —q+ qE)e_ n—gqtag A(s)

Define 7(q,t) to be the time taken to grow from infection development level g to
level ¢ by a mosquito who arrives at infection development level ¢ at time ¢. Since
‘;—Z = (1), it follows that

q—qe = /t v(s)ds, (3.5)

_T(Q7t)

and hence,

=@, 0) =)~ [ 3oy = ht) ~ (0~ as)

By a change of variable s = h(&), we then see that

! m(5) !
ds = dy, (€)dE.
\/n—q+qE FA}/(S) ’ /t—T(q,t) (6) 6
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It follows that

plq,t) =p(q, h(t))
=p(qg,t —1(q,t))e” S dm (€)dE

B(t - T(Qv t)? Ih(t - T(Q7 t))’ Sm(t - T(Q: t)))e, fttff(q,t) dm (§)dE
vt —7(q,1)) '

Define 7(t) := 7(qr,t). We then obtain
t ot
HE)pla1,8) = Blt = 0) (e = 7(0). St = ()= N s P 0
Letting ¢ = ¢; in (3.5), we have
t
qr — qe = / v(s)ds (3.6)
t—7(t)

Taking the derivative with respect to ¢ on both sides of (3.6), we obtain

7(t)

L=m = a0y

Thus, there holds 1 — 7/(¢t) > 0. In virtue of (3.6), it easily follows that if ~(¢)

is a periodic function, then so is 7(¢) with the same period. Substituting M (t) =
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v(t)p(qr, t) into system (3.2), we arrive at the following model system:
A(0) __eBOIH ~ 1(0)
dt  pIn(t) + I(H — In(t))

dsgf(t) =u(t) — B(t, In(t), Spu(t)) — dim(t)Sim(t),

L (t) = (di + p)In(t),

dt ! - (3.7)
= (1= T O)BL = 7(0), Dt = 7)), St = 7)) Froriot(E%,

=(1—7')B({t —7(t), I(t — 7(t)), S (t — 7(t)))e” S rey dm (€)d€

- dm(t)]m<t>7

where all constant parameters are positive, and u(t), 5(t), d,(t), 7(t) are positive,
continuous and w-periodic functions for some w > 0. The biological interpretations

for parameters of model (3.14) is listed in Table 3.1. It is easy to see that the function

a(t) = e fttff(t) dm (§)dE

is also w-periodic. Thus, model (3.7) can be written as u'(t) = F(t,u;) with F(t +
w, @) = F(t, ¢) (see the proof of Lemma 2.3.2), and hence, it is an w-periodic functional
differential system. Note that the term 1 — 7/(¢) is involved in the development rate
from the F,, state to the I,,, state, which is different from previous works with constant

time delays (see, e.g., system (1) in [95]).

3.3 Global dynamics

In this section we study the global dynamics of system (3.7). We will use the theory
in section 1.4 to derive the basic reproduction ratio Ry. Since the third equation of

system (3.7) is decoupled from the other equations, it suffices to study the following
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Table 3.1: Biological interpretations for parameters of model (3.7)

Parameters Description

7(t) Extrinsic Incubation Period
b transmission probability per bite from infectious humans to mosquitoes
c transmission probability per bite from infectious mosquitoes to humans
B(t) mosquito biting rate
u(t) recruitment rate at which female adult mosquitoes emerge from larvae
dp (1) natural death rate of female adult mosquitoes
dp, natural death rate of humans
P removal rate of humans from the infectious compartment (i.e., recovery
rate and disease-induced death rate)
P probability that a mosquito arrives at a human at random and picks the
human if he is infectious
l probability that a mosquito arrives at a human at random and picks the
human if he is susceptible
H the total number of humans
system
Anlt) SO = 1dD) 4y (@ + p) (1)
dt pIy(t) +1(H — In(t)) ™ ’
dS, ()
dl,(t ot
O~ (1 @) Blt — (1), 1t~ 7(0)). St — (0 o O

—dp () L ().

It is easy to see that the scalar linear periodic equation

= pa(t) = dm(t)Sin(t) (3.9)

has a unique positive w-periodic solution

2 (r)el a0y

t
S:](t) = |:/0 Iu(r)@fo dm(S)der + ef(;u a0 N e~ Jo dm(s)ds

’

which is globally attractive in R.

Linearizing system (3.8) at its disease-free periodic solution (0,.S%,(¢),0), we then
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obtain the following system of periodic linear equations for the infective variables I,

and I,
dfs(t) = —an(t)1n(t) + arz(t) In(1),
al t(t (3.10)
T = (Ot = 7(8) — an(t)In(t),

where ay1(t) = dp, + p, a12(t) = ¢B(t), an(t) = d,(t), and

(1 — T/<t))b6(t - T(t))pS:n(t — T(t))ef ftt—f(z) dm (§)d¢
lH :

921 (t) =

Let 7 = maxo<i<, 7(t), C = C([-7,0],R?), C* = C([-7,0],R2). Then (C,C")
is an ordered Banach space equipped with the maximum norm and the positive cone
C™". For any given continuous function v = (vy,v3) : [—7,0) — R? with ¢ > 0, we

define v; € C' by

v (0) = (n(t+0),v(t +6)), VOel[-T,0],

for any ¢t € [0,0). Let F': R — £(C,R?) be a map and V() be a continuous 2 x 2

matrix function on R defined as follows:

Ft)p = a12(t)p2(0) | Vit) = an(t) 0

az (t)p1(=7(t)) 0 an(t)

Then the internal evolution of the infective compartments I;, and I,,, can be expressed

by

Let ®(t,s),t > s, be the evolution matrix of the above linear system. That is,
(¢, s) satisfies

%@(t,s) =-V(t)®(t,s), Vt>s,
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and

O(s,s) =1, VseR,

where [ is the 2 x 2 identity matrix. It then easily follows that

q)(t7 S) _ o [Laxi(r)dr 0
0 o= Ji aza(r)dr

Let C,, be the ordered Banach space of all continuous and w-periodic functions
from R to R?, which is equipped with the maximum norm and the positive cone
Ch:={vel,:v(t)>0forall t € R}.

Suppose that v € C,, is the initial distribution of infectious individuals. Then for
any given s > 0, F(t — s)v,_, is the distribution of newly infectious individuals at
time ¢t — s, which is produced by the infectious individuals who were introduced over
the time interval [t — s — 7, — s]. Then ®(t,t — s)F(t — s)v;_s is the distribution of
those infectious individuals who newly became infectious at time ¢t — s and remain in

the infectious compartments at time t. It follows that

/00 O(t,t — s)F(t — s)v_sds = /OO O(t,t —s)F(t —s)v(t — s+ -)ds

is the distribution of accumulative new infections at time ¢ produced by all those
infectious individuals introduced at all previous time to t.

Define a linear operator L : C, — C,, by
Lo](t) = / B(t,t — $)F(t— s)o(t — s+ )ds, VieR, veC,
0

Following 1.4, we define Ry = (L), the spectral radius of L. Let P(t) be the solution

maps of system (3.10), that is, ]5(15)30 = w(p),t > 0, where u(t, ) is the unique



60

solution of (3.10) with uy = ¢ € C. Then P := P(w) is the Poincaré map associated
with linear system (3.10). Let r(P) be the spectral radius of P. By Theorem 1.4.1,

we have the following result.
Lemma 3.3.1. Ry — 1 has the same sign as r(P) — 1.

Let

W= C([_%7 0]7 [Oa H]) X O([_%a O]u]R—l-) X R-ﬁ-'
Then we have the following preliminary result for system (3.8).

Lemma 3.3.2. For any ¢ € W, system (3.8) has a unique nonnegative bounded
solution u(t, p) on [0,00) with ug = @, and u() := (u1e(p), use (@), us(t, ) € W for

allt > 0.

Proof. For any ¢ = (1, @92, ¢3) € W, we define

C H 1
—go(t)zfm ffu& @3 — (dn + p)p1(0)
fl = b
Jite) = plt) — L2200 (0) — di(£)0(0)

b _T _T -7 - I} dm d
(s + (1= () Aty O

Since ]?(t, ¢) is continuous in (¢,p) € Ry x W, and f(t, ) is Lipschitz in ¢ on each
compact subset of W, it then follows that system (3.8) has a unique solution u(t, ¢)
on its maximal interval [0, o,,) of existence with ug = ¢ (see, e.g., [29, Theorems 2.2.1
and 2.2.3]).

Let ¢ = (p1,02,03) € W be given. If ¢;(0) = 0 for some i € {1,2}, then
ﬁ(t,@) > 0. If p3 = 0, then fg(lf, ) > 0. If p1(0) = H, then fl(t,w) < 0. By [84,
Theorem 5.2.1 and Remark 5.2.1], it follows that for any ¢ € W, the unique solution

u(t, ) of system (3.1) with uy = ¢ satisfies us() € W for all t € [0,0,,).
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Clearly, 0 < u;(t,¢) < H for all t € [0,0,). In view of the second and third

equations of system (3.8), we have

du;f ) < pu(t) = dpn (t)us(t),
du;t(t) < —dm(t)us(t) + (1 = 7' ()bB(t — 7(t))ua(t — 7(t))e” Sy dm ()€

for all t € [0,0,). Thus, both u,(t) and us(t) are bounded on [0, 0,), and hence, [29,

Theorem 2.3.1] implies that o, = oo. O
For any given ¢ € W, let u(t,p) = (ui(t), ua(t), us(t)) be the unique solution of
system (3.8) satisfying ug = ¢. Let

w(t) = e Jir@ ISy (b (1)) g (E).

Then (uq(t),us(t)) can be regarded as a solution of the following nonautonomous

system:

duy(t)  cBO)IUH —wi(?))
it~ = Du()+ e T AT,

(3.11)
dust) o BB ()
It easily follows that w(t) satisfies
WO~ yule) + e = 7)1~ F () o= (319)

and system (3.12) has a unique positive w-periodic solution

K(t) i= ¢ oo Ot (1 = 7 (1),



62

which is globally attractive in R. Thus, system (3.11) has a limiting system:

dt (p— vy (t) +1H °
d'l}g(t)
dt

dvl(t) . Cﬁ(t)KH — Ul(t))v (t) — (dh + p)Ul(t)

ba(t — 7(t))pui(t — 7(1))
(p—Dv(t—7(t)) +1H

= —dp (Do (t) + (1 = 7'(2)) (K(t) — v2(t)).

Note that z(t) = (u1(t), us(t),w(t)) satisfies the following w-periodic system:

duy(t)  cBE)I(H —ui(t))

it~ = Du(e) + g @~ Aol

d“;t(t) = —dp(t)us(t) + (1 - T’(t))b(f)(:);fz)f u;((;)j%) (w(t) — us(t)), (3.14)
du;—f) = —dp(Ow(t) + pt — 7)1 —7'())e” Jir(ay dm(s)ds

Clearly, system (3.8) is equivalent to (3.14). It suffices to study system (3.14). Let
Q= C([_%70]7 [07 HD X Ri

We then have the following preliminary result for system (3.14).

Lemma 3.3.3. For any ¢ € Q, system (3.14) has a unique solution z(t,p) with

20 =, and z(p) = (z14(p), 22(t, ), 23(t, ) € Q for all t > 0.
Proof. For any ¢ € (), define
PO D) 0y — (dh + p)ep1 (0)

_ R
(0:9) = | —dn(O)pa + (1 = 7/(0) BT (5, — )
()3 + put — T(E))(1 — 7/ (£))e ™ Je-r dm ()5

s>

Since f(t, ) is continuous in (t,¢) € R x Q, and f(¢, ) is Lipschitz in ¢ on each
compact subset of €, it then follows that system (3.14) has a unique solution z(¢, ¢)

with 2y = ¢ on its maximal interval [0, 0,,) of existence.
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Let ¢ = (1, 2, 03) € Q be given. If ;(0) = 0, then fi(¢, ) > 0. If ¢; = 0 for
some ¢ = 2,3, then fi(t, ) > 0. If v1(0) = H, then fl(t, ¢) < 0. By [84, Theorem
5.2.1 and Remark 5.2.1], it follows that for any ¢ € €2, the unique solution z(t, ¢) of
system (3.14) with ug = ¢ satisfies z;(¢) € Q for all t € [0, 0,,).

Since system (3.12) has a globally attractive periodic solution K (t), it follows that
z3(t, ) = w(t) is bounded on [0, 0,), that is, there exists B > 0 such that w(t) < B

for all ¢ € [0,0,). In view of the second equation of system (3.14), we have

dU3 (t)
dt

< —dm(tus(t) +0(1 = 7'())B(t — 7(1))B, Vi€ 0,0,).
Hence, 25(t, p) = us(t) is also bounded on [0, 0,). Then [29, Theorem 2.3.1] implies
that 0, = oco0. [ [

Let
Y(t) :=C([-7,0],[0, H]) x [0, K(t)], t=>0.

Then we have the following result for system (3.13).

Lemma 3.3.4. For any ¢ € Y(0), system (3.13) has a unique solution w(t,p) with

wo = ¢, and w(p) = (wi(p), wa(t,p)) € Y(t) for all t > 0.

Proof. For any ¢ € Y (0), define

eBWI(H—1(0))
-0 ¥2 ~ (A + p)er(0
f(t,p) = (p—1)p1(0)HIH T2 (dp )1(0)

bB(t—1 —T
—d (t)ip2 + (1 = 7/(0)) 22O (K (1) — 0)

Since f is continuous in (¢,¢) € R x Y(0), and f is Lipschitz in ¢ on each compact
subset of Y (0), it then follows that system (3.13) has a unique solution w(t, ¢) with

wy = ¢ on its maximal interval [0, o,,) of existence.
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Let ¢ = (¢1,¢2) € Y(0) be given. If ¢1(0) = 0, then fi(t, ) > 0. If ¢y = 0, then
falt,) > 0. If ©1(0) = H, then fi(t,) < 0. By [84, Theorem 5.2.1 and Remark
5.2.1], it follows that the unique solution w(t, ¢) of system (3.13) with wy = ¢ satisfies
wi(p) € C([—7,0],[0, H]) x R;.

It remains to prove that wq(t) < K(t) for all t € [0,0,). Suppose this does not

hold. Then there exists ty € [0,0,) and ¢ > 0 such that

we(ty) = K(to) and we(t) > K(t), ¥t € (to,to+ €o)-

Since
dwg (to)
dt

dK (o)
dt ’

= —dm(to)wz(to) = _dm(t(])K(tO) <

there exists ¢, € (0,¢) such that wy(t) < K(t) for all ¢t € (to,to + €), which is a
contradiction. This proves that w(¢) € Y (t) for all t € [0,0,). Clearly, w;(p) is

bounded on [0, 0,,), and hence, [29, Theorem 2.3.1] implies that o, = co. O O

Let
G(t) :== C(]-7(0),0],]0, H]) x [0, K(t)], t>0.

Lemma 3.3.5. For any ¢ € G(0), system (3.13) has a unique solution v(t, ) with

vo = @, and vi(p) := (v (@), va(t, ) € G(t) for all t > 0.

Proof. Let T = minyeo) 7(t). For any ¢ € [0, 7], since ¢ — 7(t) is strictly increasing in
t, we have

—7(0)=0—-7(0)<t—7(t) <T—7(7) <T—-7T=0,

and hence,

vt =7(t) =t — 7(1)).
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Therefore, we have the following ordinary differential equations for ¢ € [0, 7|:

dvi(t) _ cBO)IH — (1))

va(t) = (dn + p)ua (1),

dt (p—Dv(t) +1H °
AL

. (K(®) = (1),

Given ¢ € G(0), the solution (vy(t),ve(t)) of the above system exists for ¢ € [0, 7].
In other words, we have obtained values of 1;(8) = v;(0) for § € [-7(0),7] and
a(0) = vo(f) for 0 € [0,7]. It is easy to see that vy(t) < H and vy(t) < K(t) for all
te[0,7].

For any t € [T, 27|, we have
—7(0)=0-700)<T—7(7) <t —7(t) <27 —7(27) <2T - T =T,

and hence, vy(t — 7(t)) = ¥1(t — 7(t)). Solving the following system of ordinary
differential equations for ¢ € [T, 27| with vy (7) = ¥1(7) and vo(T) = 1o(7):

dui(t) _ BUH —u(?)

dt (p—Doi(t)+1H °

d'l)g(t) . !
= —dn(t)oa() + (1= 7(1))

(t) = (dn + p)oi(t),

b(t — () py (t — (1))
(p— Dn(t —7(t) + 1H

(K(t) = va(t)).

We then get the solution (vy(t),v2(t)) on [7,27]. We also have vy (t) < H and vy(t) <
K(t) for all t € [7,27]. Repeating this procedure for ¢t € [27,37], [37,47],..., it then
follows that for any ¢ € G(0), system (3.13) has a unique solution v(t, ¢) with vy = ¢,
and v () = (vi(p), va(t, ) € G(t) for all t > 0. O O

Remark 3.3.6. By the uniqueness of solutions in Lemmas 3.3.4 and 3.5.5, it follows
that for any ¢ € Y(0) and ¢ € G(0) with 11(0) = ¢1(0) for all € [—7(0),0] and

o = ¢Pa, we have w(t,v) = v(t, @) for allt > 0, where w(t, ) and v(t, @) are solutions
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of system (3.13) satisfying wo = ¥ and vy = ¢, respectively. Similarly, we define
IT := C([-7(0),0],[0, H]) x R%,

and

U = C([=7(0), 0], [0, H]) x C([~7(0),0], R} ) x R,

For any v € Q and ¢ € 11 with ¢¥1(0) = ¢1(6) for all 6 € [—7(0),0] and 1y = ¢,
g = ¢3, we have z(t,1)) = Z(t, ¢) for allt > 0, where z(t,v) and Z(t, ¢) are solutions
of system (3.14) satisfying zy = ¥ and Zy = ¢, respectively. It follows that 11 is
positively invariant for system (3.14). For any ¥ € W and ¢ € ¥ with 1(0) =
$1(0),102(0) = ¢2(0) for all 6 € [—7(0),0] and 3 = ¢3, we have u(t,p) = u(t, d) for
allt > 0, where u(t,v) and u(t, ¢) are solutions of system (3.8) satisfying ug = 1 and

Uy = ¢, respectively. It then follows that U is positively invariant for system (3.8).

Let S(t) be the solution maps of system (3.13), that is, S(t)¢ = v(¢), t > 0,
where v(t, ) is the unique solution of system (3.13) with vy = ¢ € G(0). By similar

arguments to those in [49, Lemma 3.5], we have the following result.

Lemma 3.3.7. S(t) : G(0) — G(t) is an w-periodic semiflow in the sense that (i)
S(0) = I; (11) St +w) = S(t) o S(w) for all t > 0; (iii) S(t)e is continuous in
(t,¢) € [0,00) x G(0).

Note that the linearized system of (3.13) at (0,0) is

) _ d+ (1) + eBa),

dva(t) (1 —7'(1)bB(t — 7(¢))pK (1)
e T vt —7(t)) — dpm(t)va(t).

(3.15)

Let P be the Poincaré map of the linear system (3.15) on the space C'([—7(0), 0],

R) x R, and r(P) be its spectral radius. Then we have the following threshold type
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result for system (3.13).
Lemma 3.3.8. The following statements are valid:

(i) If r(P) <1, then v*(t) = (0,0) is globally asymptotically stable for system (3.13)
in G(0).

(ii) If r(P) > 1, then system (3.13) admits a unique positive w-periodic solution
0(t) = (01(t), 02(t)) which is globally asymptotically stable for system (3.13) in

G(0)\ {0}

Proof. 1t follows from Remark 3.3.6 that S(¢) maps G(0) into G(t), and S := S(w) :
G(0) — G(w) = G(0) is the Poincaré map associated with system (3.13). By the
continuity and differentiability of solutions with respect to initial values, it follows
that S is differentiable at zero and the Frechét derivative DS(0) = P.

For any given ¢,¢ € G(0) with ¢ > ¢, let v(t) = v(t,¢) and v(t) = v(t, ) be
the unique solutions of system (3.13) with vy = ¢ and vy = ¥, respectively. Let

T = minyejo 7(t). Define

5y (t — (1)) B(f) = vi(t —7(4)

Aft) = (Dt —7(t) +1H (Dot —7(t) +1H

we have
it —7(t) =it —7()) and v (t—7(t)) =t —7(t), Vte0,7],

and hence, A(t) > B(t) for all t € [0,7]. In view of 5(0) = ¢(0) > ¥(0) = v(0),
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the comparison theorem for cooperative ordinary differential systems implies that
o(t) > v(t) for all t € [0, 7).

Repeating this procedure for ¢ € [T, 27], [27, 37, ..., it follows that v(t, p) > v(t, )
for all ¢t € [0,00). This implies that S(t) : G(0) — G(t) is monotone for each t > 0.
Next we show that the solution map S(t) is eventually strongly monotone. Let ¢ > 1,

and denote v(t, ) = (71(t), J2(t)), v(t, ) = (y1(t), y2(t)).

Claim 1. There exists to € [0, 7] such that 75(t) > ya(t) for all t > .
We first prove that gs(to) > ya(to) for some ty € [0,7]. Otherwise, we have

Uo(t) = yo(t) for all t € [0, 7], and hence, dg;—t(t) = dy;—t(t) for all ¢ € (0,7). Thus, we have

{bﬁ(t —T@M)pyi(t — 7)) Bt —T()py1(t — 7(1))

o T RO Ty 0~ QKO o) —oweRa. @

Since ¢ > ¥ and ¢y = ¥2(0) = y2(0) = 15, we have ¢; > 1. Then there exists

an open interval (a,b) C [—7(0),0] such that ¢1(0) > ¥1(0) for all € (a,b). Let
h(t) =t — 7(t). Since I/(t) > 0, the inverse function h~'(¢) exists. It follows from
(3.16) that yo(t) = K () for all t € (h™'(a), h~1(b)), and hence,

dK(t) _ dys(t)

dt o = —dn(K (), Ve e (i (a), kD)),

which contradicts the fact that

Let

bB(t — 7(t))pyr(t — 7(t))
(p =Dyt —7(t) +1H

(K(t) = y).

91(t,y) == —dm(t)y + (1 = 7'(t))



Since
dgéit) = —dn(t)32(t) + (1 ’(t))bf (:);f(z)f ;((;)_+(l 12; (K(t) — (1))
>~ (B(0) + (1= 7)o TR () - )
(1, (1)
we have
dy;—t(t) —q1(t,72(t)) >0 = dy;f ) _ g1(t, ya(1)), Yt > to.
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Since ya(to) > y2(to), the comparison theorem for ordinary differential equations (see

Theorem 1.3.1) implies that y,(t) > ya(t) for all £ > ¢.

Claim 2. y1(t) > yi(¢t) for all t > t.

We first prove that for any € > 0, there exists an open interval (c,d) C [to, to + €]

such that H > g,(t) for all ¢t € (c¢,d). Otherwise, there exists ¢y > 0 such that

H = y(t) for all t € (to,to + €o). It then follows from the first equation of system

(3.13) that 0 = —(dj, + p)H, which is a contradiction. Let

cBIH —y)

==y

Y2(t) — (dn + p)y.

Then we have P - t
y;i ) - C(ﬁ(_)lggl@)?ﬁ(u){) g2(t) - (dh + P)gl(t)
(
)

and hence,

_fl(tvyl(t))’ Vt € (Cvd)'
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Since 71 (to) > yi(to), it follows from Theorem 1.3.1 that g1 (¢) > yy(t) for all ¢ > ¢.

In view of Claims 1 and 2, we obtain

(1(1), J2(t)) > (1 (), 9a(t)), Yt > to.

Since ty € [0, 7], it follows that

(16, 2(t)) > (Y16, 92(t)),  VE > 7 +7(0),

that is, v;(p) > v(¢) for all ¢ > 7 + 7(0). This shows that S(¢t) : G(0) — G(¢t) is
strongly monotone for any ¢ > 7 + 7(0).

For any given ¢ > 01in G(0) and A € (0, 1), let v(¢, ¢) and v(t, Ap) be the solutions
of system (3.13) satisfying vy = ¢ and vy = Ay, respectively. Denote z(t) = Av(t, )
and z(t) = v(t, \¢). As in the proof of Lemma 3.3.5, by the comparison theorem for
ordinary differential equations, we have z(t) > 0 and z(¢t) > 0 for all ¢ > 0. Moreover,

for all € [—7(0), 0], we have

21(0) = Ap1(0) = z1(0), 22(0) = Apa = 22(0).

For any t € [0, 7], we have —7(0) <t —7(t) <7 —7 = 0, and hence, z,(t — 7(t)) =

x1(t —7(t)) = Ap1(t — 7(t)). Thus, x(t) satisfies the following differential inequality:

durlt) _ BOUH —21(8) oy (4, + p)a(h),

dt (p— Dy (t) +1H?
bB(t — 7(t))p=1(t — 7(1))

dIEQ(t) /
— < —dn(t)xa(t) + (1= 7'(2) (p— Dt — (D) + 1H

(K(t) = za(1)),

for all t € [0,7]. Since z(0) = z(0), it follows from the comparison theorem for

ordinary differential systems (see Theorem 1.3.1) that z1(t) < z1(¢) and z5(t) < 22(t)
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for all t € (0,7]. By similar arguments for any interval (n7, (n + 1)7], n =1,2,3,---,
we can get z1(t) < 2z1(t) and xo(t) < zo(t) for all £ > 0, that is, v(¢, \p) > Av(t, @)
for all ¢ > 0. Therefore, v;(Ap) > Avi(p) for all t > 7(0).

Now we fix an integer ng such that now > 7 + 7(0). It then follows that S™ =
S(now) : G(0) — G(0) is strongly monotone and strictly subhomogeneous. Note that
DS™(0) = DS(now)(0) = P(nyw) = P™(w) = P™, and r(P™) = (r(P))". By
Theorem 1.3.4 and Lemma 1.3.3 as applied to 5™, we have the following threshold

type result:

(a) If r(P) < 1, then v*(t) = (0,0) is globally asymptotically stable for system
(3.13) in G(0).

(b) If »(P) > 1, then there exists a unique positive now-periodic solution v(t) =
(01(¢), v2(t)), which is globally asymptotically stable for system (3.13) in G(0) \

{0}.

It remains to prove that 9(t) is also an w-periodic solution of system (3.13). Let 0(t) =

v(t,v). By the properties of periodic semiflows, we have 5™ (S(¢)) = S(S™(¢))
S(1), which implies that S(¢)) is also a positive fixed point of S™. By the uniqueness
of the positive fixed point of S™, it follows that S(1) = 1. So ©(t) is an w-periodic

solution of system (3.13). O O

Next, we use the theory of chain transitive sets (see section 1.1) to lift the threshold

type result for system (3.13) to system (3.14).
Theorem 3.3.9. The following statements are valid:

(i) If r(P) < 1, then the periodic solution (0,0, K (t)) is globally asymptotically

stable for system (3.14) in I1;
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(ii) If r(P) > 1, then system (3.14) admits a unique positive w-periodic solution
(01(t), D2(t), K(t)), which is globally asymptotically stable for system (3.14) in
I\ ({0} x {0} x Ry).

Proof. Let P(t) be the solution maps of system (3.14), that is, P(t)o = z(p),t > 0,
where z(t, ¢) is the unique solution of system (3.14) with zy = ¢ € IL. Then P := P(w)
is the Poincaré map of system (3.14). Then { P"},>¢ defines a discrete-time dynamical
system on II. For any given ¢ € II, let 2Z(¢) = (uy(t),us(t), w(t)) be the unique
solution of system (3.14) with zy = @ and let w(®) be the omega limit set of the orbit
{P"(#)}nz0 for the discrete-time semiflow P".

Since equation (3.12) has a unique positive w-periodic solution K(t), which is
globally attractive, we have lim,_,o(w(t) — K(t)) = 0, and hence, lim,_,oc (P"())s
= K(0). Thus, there exists a subset @ of C'([—7(0),0], [0, H]) x R such that w(p) =
o x {K(0)}.

For any ¢ = (¢1,da,03) € w(@), there exists a sequence ny — oo such that
P (@) = ¢, as k — 00. Since U, < H and us(nyw) < w(ngw), letting ny, — oo, we
obtain 0 < ¢ < H,0 < ¢ < K(0). It then follows that © C C([—7(0),0], [0, H]) x
[0, K(0)] = G(0). It is easy to see that

Py (61, b2, K(0)) = S"|5(h1, 02) x {K(0)}, Y(b1,0) €D, n >0,

where S is the Poincaré map associated with system (3.13). By Lemma 1.1.2, w(9) is
an internally chain transitive set for P on II. It then follows that & is an internally
chain transitive set for S™ on G(0).

In the case where r(P) < 1, it follows from Lemma 3.3.8 (i) that (0,0) is globally
asymptotically stable for S in G(0). By Theorem 1.1.3, we have w = {(0,0)},
and hence, w(@) = {(0,0, K(0))}. Then P*(¢) — (0,0,K(0)) as n — oo. Clearly,
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(0,0, K(0)) is a fixed point of P. This implies that statement (i) is valid.

In the case where r(P) > 1, by Lemma 3.3.8 (ii) and Theorem 1.1.4, it follows that
either @ = {(0,0)} or @ = {(010,02(0))}, where 019(0) = v1(0) for all § € [—7(0),0].
We further claim that @ # {(0,0)}. Suppose, by contradiction, that @ = {(0,0)},
then we have w(p) = {(0,0, K(0))}. Thus, lim; . (u1(t),us(t)) = (0,0), and for any
€ > 0, there exists T'= T'(¢) > 0 such that |w(t) — K(t)| < € for all ¢ > T". Then for
any t > T, we have

duy (t) > cB()I(H — ul(t))u3

dt (p—Dus(t) +1H

D) > —dltyus(t) + (1~ 7(0)

() — (dn + p)ua (1),

ba(t — 7(t))pus(t — 7(t))
(p—Dus(t —7(t)) +1H

Let r. be the spectral radius of the Poincaré map associated with the following periodic

linear system:

duy(t) _ —(dp + p)us(t) + cB(t)us(t),
dudt(t) bB(t — 7(t))pus (t — 7(1)) (3.18)
U O) 0T (K(t) - €) — du(t)us(2).

Since lim,_,o+ r. = r(P) > 1, we can fix e small enough such that r. > 1. By similar
result to Lemma 3.3.8 (ii), it follows that the Poincaré map of the following system
duy(t) _ cB(t)I(H — ul(t))u

dt (p—Duy(t) +1H

dus(t) !
=~ (us(t) + (1= 7'(2)

(t) — (dn + pua (t),

b3(t — 7(t))pua (t — 7(2))
(p—Dui(t —7(t)) +1H

(K(t) — e — us(t))
(3.19)

admits a globally asymptotically stable fixed point (o, #3(0)) > 0. In the case where
p eI\ ({0} x {0} x R,), we have (uy(t),us(t)) > 0 in R? for all ¢ > 0. In view of
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(3.17) and (3.19), the comparison principle implies that

lim inf (w1, (), us(nw, @) > (t10, u3(0)) > 0,

n—oo

which contradicts limy e (u1(t), uz(t)) = (0,0). It then follows that @ = {(019,02(0))},
and hence, w(p) = {(010,02(0), K(0))}. This implies that lim; o (2(¢) — (01(t), D2(2),
K(t))) = (0,0,0). 0O i

By the definition of w(t), we have us(t — 7(t)) = (w(t) — u;»,(t))ef:—ﬂt) dm()ds 1

the case where r(P) < 1, we have

Jim (ua(t = (1)) = S (t = (1))
= lim (w(t) — Ug(t) . K(t))efttfr(t) dm(s)ds

t—o00

=0.

It follows that lim; oo (ua(t) — Sk (t)) = 0. In the case where r(P) > 1, we have
lim (ug(t — 7(t)) — uo(t)) =0,
t—o00

where 1y(t) := edir dm($)ds([C(£) — B(t)) is a positive w-periodic function. Let z =
h(t) := t — 7(t). Then we have lim, .o (us(x) — Go(h™'(2))) = 0 and z + w =
t+w—7(t) =t+w—7(t+w) = h(t+w). It follows that Gy (h ™ (z+w)) = Ga(t+w) =
Gia(t) = tg(h~*(z)). Replacing = by t, we have

lim (UQ(t) - ag(h_l(t))) = 0,

t—o00

where y(h1(t)) is a positive w-periodic function.

As a straightforward consequence of Theorem 3.3.9, we have the following result
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for system (3.8).
Theorem 3.3.10. The following statements are valid for system (3.8):

(i) Ifr(P) < 1, then the disease-free periodic solution (0, S¥ (t),0) is globally asymp-

totically stable for system (3.8) in V;

(i) If r(P) > 1, then system (3.8) admits a positive w-periodic solution (0(t),
ta(h7Y(t)), 2(t)), which is globally asymptotically stable for system (3.8) in
WA ({0} x C([=7(0), 0], Ry) x {0}).

By the same arguments as in [49, Lemma 3.8], we have r(P) = r(P). Combining

Lemma 3.3.1 and Theorem 3.3.10 we have the following result on the global dynamics

of system (3.8).
Theorem 3.3.11. The following statements are valid for system (3.8):

(i) If Ry < 1, then the disease-free periodic solution (0,55 (t),0) is globally asymp-

totically stable for system (3.8) in V;

(11) If Ry > 1, then system (3.8) admits a positive w-periodic solution (01(t), ta(h™1(t)),
Uo(t)), which is globally asymptotically stable for system (3.8) in W\ ({0} x

C([=7(0),0),Ry) x {0}).

In the rest of this section, we derive the dynamics for the variable E,,(t) in system

(3.7). It is easy to see that
¢ t
Eo(t) = / B, I (€), Sun(€))e™ Je n ()5 g (3.20)
t—7(t)
In the case where Ry < 1, we have

lim [(7(t), Sim(t)) = (0, 5,,(1))] = 0.

t—o00
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It then follows from (3.20) that

lim E,,(t) = 0.

t—o00

In the case where Ry > 1, we have

lim [(74(t), Sm(t)) — (91(8), a2(h~(1)))] = 0.

t—o00

By using the integral form (3.20), we obtain

i Ba(t) = [ BE T, inlh (@) =0

t—o00

Let £ =n+ w. It then follows that

ttw o
[ B n. @

Fw—T(t+w)

t+w t+w
B(&, 51 (€), g (A (€)))e S~ dmMdsge

|
"

t+w—7(t)
t

B(77 + w, U1 (77 + CU), ag(hil(n —+ w)))e* f;j__s Ulm(S)dsd77

|
~—

t—7(t)

B(n, #1(n), dia(h ™" (n)))e™ Jr 4% ap
B(&,1(8), n (7 (€)))e e tm()ds g
Thus,
Ei(t) = / B(E, 51 (€), aia(h™(€)))e ™ Je 4 ()dsqe
t—7(t)

is a positive w-periodic function. Consequently, we have the following result on the

global dynamics of system (3.7).

Theorem 3.3.12. The following statements are valid for system (3.7):
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(1) If Ry < 1, then the disease-free periodic solution (0, S, (t),0,0) is globally asymp-

totically stable;

(ii) If Ry > 1, then system (3.7) admits a unique positive w-periodic solution (01(t),
Ua(h=1(t)), EX (t), 02(t)), which is globally asymptotically stable for all nontrivial

solutions.

3.4 A case study

In this section, we study the malaria transmission case in Maputo Province, Mozam-
bique. We will use the same values as those in section 2.4.1 for all the constant and
the periodic parameters except 7(¢). The values of p and [ may vary from 0 to 1 and
p > 1 (see [17, 34, 39]). In the following simulations, we take p = 0.8 and [ = 0.6.

According to [21], the relationship between the EIP and the temperature is given
by

where T is temperature in °C, 111 is the total degree days required for parasite
development, and 16 is the temperature at which the parasite development ceases.
We take July 1 as the starting point. By using the monthly mean temperatures
of Maputo Province (see Table 2.3), we obtain the following approximation for the

periodic time delay 7(¢) in CFTOOL (see Figure 3.1):

7(t) =1/30.4(17.25 4 8.369 cos(nt/6) + 4.806 sin(7t/6) + 3.27 cos(nt/3)
+ 2.857sin(7t/3) + 1.197 cos(nt /2) + 1.963 sin(7t/2)
+ 0.03578 cos(27t/3) + 1.035sin(27t/3) — 0.3505 cos (b7t /6)

+ 0.6354 sin(57t /6) — 0.3257 cos(mt) + 0sin(7t))Month.
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Figure 3.1: The fitted curve of EIP.

To compute Ry numerically, we first write the operator L into the integral form of

[70] by using the similar method to that in [49]. Since

Flt— s)p— a12(t — s)p2(0) |

as (t — s)p1(—7(t — s))

[Lv](t) = /00 O(t,t —s)F(t — s)v(t — s+ +)ds
0
o0 6_ fttfsall(r)dr 0 (]/12(1: - S)UQ(t - 3)
= / , ds
0 0 e Jims anz(n)dr ag (t — s)vi(t —s —7(t — s))

fooo e~ S a“(T)dTalg(t — 8)vg(t — 8)ds

I e Ji-s a22(Mdr oo (£ — s)uy(t— s — 7(t — 5))ds

Let t — s —7(t —s) =t — s;. Since the function y = h(z) =  — 7(z) is strictly
increasing, the inverse function z = h™!(y) exists. Solving t —s; = h(t —s), we obtain

s=1t—h"1(t—s1),ds; = d(s+7(t—s)) = (1-7'(t—s))ds and ds= m%l.



79

Therefore,
/ e ftt—s“QQ(T)dTa21(t —s)vi(t —s—71(t—s))ds
0
/oo e f;_l(t—sl) QQQ(T)dTagl(h_l(t — 81>)U1 (t — Sl)d
— s
~(t) 1—7/(h=(t = 51)) '
_/OO e~ Ii-1(i—sy az2()dr o1 (W1 (t — 8))vy (t — S)ds
(1) 1L—7/(h(t - s)) '
Define
Kon(t. ) 0, s < 7(t),
21 t? S) = —ft agg(r)dr
e Jh1l(t—s) 422 ao1 (h=1(t—s
1—7’(h*1(t—2;)() sz m(®),
and Ki5(t,s) = e —Jia alg(t— s), K11(t,s) = Kas(t,s) = 0. Then we can rewrite

[Lo](t) = / K(t,s)v(t — s)ds
G+Dw
_ Z/ K(t, s)o(t — 5)ds

= Z/:K(t,jw—i—s)v(t—s—jw)ds
= /w G(t,s)v(t — s)ds,

0

where G(t, s) = Z;io K(t, jw+s). Consequently, we can use the numerical method in
[70] to compute Rg. We set w = 12 months. By using the obtained parameter values
above, together with initial functions I;(0) = 337598, S,.(0) = 2712343, E,,(0) =
1000, I,(0) = 2000 for all # € [—7,0], we get Ry = 3.1471 > 1. In this case,
the disease will persist and exhibit periodic fluctuation eventually (see Figure 3.2).
By employing some malaria control measures such as using insecticide-treated nets,
spraying or clearance of mosquito breeding sites, if we can decrease the biting rate to
0.75(t), and increase the mosquito mortality rate to 1.5d,,(t), then Ry = 0.6591 < 1.

In this case, we observe that the infectious human population, the exposed and the
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infectious mosquito populations tend to 0, which means that the disease is eliminated
from this area eventually (see Figure 3.3). These numerical simulation results consist
with the analytic results in the previous section.

x10° (a) x10° (b)

Infectious humans
Susceptible mosquitoes

0 50 160 150 200 0 5‘0 160 1 éo 200
Time (month) Time (month)

5><105 (c) 25><1o6 (d)

Exposed mosquitoes
Infectious mosquitoes

T

0 50 160 150 200 0 E;O 160 150 200
Time (month) Time (month)

Figure 3.2: Long term behaviour of the solution of system (3.7) when Ry = 3.1471 > 1.

We define the time-averaged EIP duration as

It follows that [7] = 17.2500/30.4 month. By using this time-averaged EIP duration
and keeping all the other parameter values the same as those in Figure 3.2, we obtain
Ry = 1.8540, which is less than 3.1471 in Figure 3.2. Figure 3.4 compares the long

term behaviour of the infectious compartments of model (3.7) under two different



81

55

Infectious humans
Susceptible mosquitoes

0 160 260 300 400 500 600 0 50 160 . 1£L>0 260
Time (month) Time (month)

5 10° (c) o 10° (d)

250

300

Exposed mosquitoes
Infectious mosquitoes

0.5 4

A 0 MAAAAAAA
0 100 200 300 400 500 600 0 100 200 300
Time (month) Time (month)

400

500

Figure 3.3: Long term behaviour of the solution of system (3.7) when Ry = 0.6591 < 1.
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Figure 3.4: Comparison of the long term behaviour of the infectious compartments
of model (3.7) under two different EIP durations (red curve: temperature-dependent
EIP; blue curve: time-averaged EIP).

values of the EIP durations: the periodic 7(¢) and the constant [r]. Figure 4(a)
indicates that the use of the time-averaged EIP [7] may underestimate the number
of infectious humans in Maputo. In Figure 4(b), we see that the amplitude of the
periodic fluctuation of infectious mosquitoes is obviously smaller when [7] is used. In
addition, the peak and the nadir of the periodic fluctuation of I,, are underestimated

and overestimated, respectively.

3.5 Discussion

Malaria is strongly linked to climate conditions through the impact of climate on
the vector and the parasite ecology. Of all the environmental conditions, temper-
ature plays the most important role in malaria transmission. Both the mosquito
Anopheles and the parasite Plasmodium are extremely sensitive to temperature. In
particular, the duration of the EIP of Plasmodium is determined by temperature (see,
e.g., [10, 57]). An increasing number of malaria models have incorporated the effects

of temperature on mosquito life cycle. However, none of the existing deterministic
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malaria transmission models has taken into account the dependence of the EIP on
temperature.

In this chapter, we developed a malaria transmission model that, for the first time,
incorporates a temperature-dependent EIP. The model is a system of delay differential
equations with a periodic time delay. By using the theory recently developed by Zhao
[110], we derived the basic reproduction ratio Ry. Incorporation of the periodic delay
increases challenges for theoretical analysis. Fortunately, the work by Lou and Zhao
[49] throws light on mathematical analysis of delay differential system with periodic
delays. Following the theoretical approach in [49] we defined a phase space on which
the limiting system generates an eventually strongly monotone periodic semiflow. By
employing the theory of monotone and subhomogeneous systems and the theory of
chain transitive sets, we established a threshold type result on the global dynamics in
terms of the basic reproduction ratio Ry: if Ry < 1, then malaria will be eliminated;
if Ry > 1, then the disease will persist and exhibit seasonal fluctuation.

Using some published data from Maputo Province, Mozambique and formula re-
lated to mosquito life cycle, we obtained estimations for all the constant and periodic
parameters. We fitted the curve of the EIP for Maputo Province by appealing to the
Detinova prediction curve. With the algorithm proposed by Posny and Wang [70],
we numerically calculated the basic reproduction ratio Ry. The numerical simulation
about the long term behaviour of solutions is consistent with the obtained analytic
result. To compare our results with those for the constant EIP case, we also con-
ducted numerical simulations for the long term behaviour of infectious compartments
by using the time-averaged EIP. It turns out that the adoption of the time-averaged
EIP may underestimate both the number of infectious humans and the basic repro-
duction ratio. Thus, the models incorporating the temperature-dependent EIP are

more helpful for the control of the malaria transmission.



Chapter 4

A climate-based malaria model

with the use of bed nets

4.1 Introduction

Malaria remains the most severe and complex health challenge facing the vast ma-
jority of the countries in the sub-Saharan Africa [89]. The World Health Organiza-
tion estimated that there were 214 million malaria cases in 2015, resulting in about
438 thousand deaths [98]. Some commonly used strategies in combatting malaria
include antimalarial drugs, larvicides, insecticides and intermittent preventive treat-
ment. Insecticide-treated bed nets (ITNs) is the preferred tool for reducing malaria
transmission and alleviating disease burden [22, 41]. In addition to providing a phys-
ical barrier between humans and mosquitoes, the insecticide used to treat the bed
nets repels mosquitoes, and if a mosquito fails to be repelled, it will often rest on
the bed net, and may then be killed by contacting the insecticide [12]. A number of
studies in Africa have demonstrated that high coverage of ITNs benefits not only the

users but also the whole local community. Since the pioneering work of Ronald Ross
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[76], who proved that malaria is transmitted by mosquitoes and proposed the first
malaria model, much modeling work has been done to study malaria transmission
dynamics (see, e.g., [4, 5, 37, 46, 50, 92] and the references therein). In recent years,
several models have been proposed to investigate the impact of bed net use (see, e.g.,
2, 19, 35, 58, 59] and the references therein).

As mentioned in [1], most of the existing malaria models include only adult
mosquitoes. Indeed, mosquitoes undergo four distinct development stages during
a lifetime: egg, larva, pupa, and adult. Quite a few researchers have incorporated
the different stages of mosquitoes into their models (see, e.g., [1, 43, 48, 57, 97]).
While it is appropriate to assume that only adult mosquitoes are involved in the
malaria transmission, the dynamics of the juvenile stage have significant effects on
the dynamics of the mosquito population, and hence the disease transmission dynam-
ics [1]. In particular, since larval control is a hot recommended strategy in fighting
against malaria, it is necessary to develop a mathematical model which includes the
two key stages of mosquitoes (juvenile and adult) so that we can better understand
the mosquito population dynamics and gain some insights into the design of disease
control strategies.

Recent experimental and field study results indicate that malaria parasites manip-
ulate a host to be more attractive to mosquitoes via chemical substances. (see, e.g.,
[39]). Only a few mathematical models have accounted for the greater attractiveness
of infectious humans to mosquitoes (see, e.g., [17, 36, 59, 95, 103] and the references
therein). Incorporating such vector-bias effect in malaria models will give us a better
description and a more accurate quantification of the disease dynamics.

The purpose of this chapter is to develop an ordinary differential equations model

that, for the first time, incorporates the juvenile mosquito stage, the impact of I'TNs
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use, the vector-bias effect and seasonality simultaneously. This work uses the dy-
namical systems theory to obtain the qualitative properties of human and mosquito
population sizes.

The rest of this chapter is organized as follows. In the next section, we formulate
the model and give the underlying assumptions. In section 4.3, we establish the
threshold dynamics of the model via the vector reproduction ratio and the basic
reproduction ratio. In section 4.4, we do a case study for Port Harcourt, Nigeria. A

brief discussion concludes the chapter.

4.2 Model formulation

In order to formulate the model, we consider two stages of mosquitoes: the juvenile
stage and the adult one. By juvenile, we mean any of the three aquatic stages:
egg, larva and pupa. Let L,(t) be the number of juvenile mosquitoes at time ¢.
The adult mosquito population is grouped into two compartments, susceptible and
infectious, the numbers of which at time ¢ are denoted by S, (t) and I,(t), respectively.
Letting N,(t) be the number of all adult mosquitoes at time ¢, we have N,(t) =
Sy(t)+ 1,(t). Let I,(t) be the number of infectious humans at time ¢. We assume that
the total human population size N, remains constant for a specified region. Then the
number of susceptible humans at time t is N, — I1,(t). To study the human population
dynamics we only need to know how I, (t) changes with time ¢. Thus, for the human
population we only consider the equation for Ij,(t) in our model. Let dj be the human
natural death rate. We use p to denote the recovery and disease-induced death rate of
humans. Let A (t) and pp(t) be the birth rate and the natural death rate of juvenile
mosquitoes, respectively. According to [43] and [72], larval crowding and competition

for limited resources are quite common in some breeding sites. To account for such
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a phenomenon, we also incorporate the density-dependent mortality rate of juvenile
mosquitoes, denoted by a.. We use A, (t) to denote the birth rate of adult mosquitoes.
Following [2], we model the biting rate of mosquitoes by the linearly decreasing

function of the proportion of ITNs use k:

6@7 k) = 5v(t> - k(ﬁv(t) - ﬁr(t))a 0<k< 17

where (3,(t) is the natural biting rate of mosquitoes, and f,(t) is the reduced biting
rate of mosquitoes due to the physical barrier provided by ITNs between the human
and the mosquito. If £ = 0, which means that no one uses ITNs, then the biting rate
would remain at its natural level 3,(t). The biting rate will be reduced to a minimum
value B,(t) if £ = 1, when everyone uses ITNs. We model the death rate of adult

mosquitoes by the following linearly increasing function of k:

where 1, (t) is the natural death rate of adult mosquitoes and ik is mosquitoes’ death
rate due to their contact with the insecticide on bed nets.

Let p and [ be the probabilities that a mosquito arrives at a human at random
and picks the human if he is infectious and susceptible, respectively. Since infectious
humans are more attractive to mosquitoes, we assume that p > [. We denote the biting
rate of mosquitoes by (3(t, k), which is the number of bites per mosquito per unit time
at time t. Then S(t, k)I,(t) is the number of bites by all infectious mosquitoes per unit
time at time t. We assume that a mosquito does not bite the same person for more
than once. Since the total number of bites made by mosquitoes equals to the number of
bites received by humans [13], 5(t, k) I, (t) is also the number of humans that are bitten

by infectious mosquitoes per unit time at time ¢ . Among all the humans that are
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bitten by infectious mosquitoes, only those originally susceptible ones may contribute
to the increase of I;(t). Hence, we need to derive the probability that a human is

susceptible under the condition that a mosquito picks him. Obviously, this probability

I(Np,—In(t))
pIn (£)+H(Np—1In(t))’

equals to the ratio between the total bitten susceptible humans and
the total bitten humans. For simplicity, we neglect both the intrinsic incubation
period within humans and the extrinsic incubation period within mosquitoes. Thus,

the number of newly occurred infectious humans per unit time at time ¢ is

I(Np — In(t))

cO(t, k)plh(t) + (N — In(t))

L,(t),

where ¢ is the probability of transmission of infection from an infectious mosquito

to a susceptible human given that the contact between the two occurs. Similarly,

pln(t)
pIn () +H(Np—1Ip,

0) is the probability that a human is infectious under the condition that
a mosquito picks him. Then the number of newly occurred infectious mosquitoes per

unit time at time t is

pIn(t)

R R 1N, = )

Su(t),

where b is the transmission probability per bite from infectious humans to susceptible

mosquitoes. The model system is governed by

dL;t(t) = AL(8)(S,y(t) + I,(1)) — pr () Lo(t) — aLy(£)? — Ay (t) Lo(t),

dS;t(t) = Mo()La(t) = BBt ) s flf(f}éi)_ TS0 — Rl RS0,

ALt) _ o g pIi(t) Su(8) — e, B0 (4.1)
dt (t pLn(t) + 1Ny — I(t) " — pu(t, k)L (¢),

dlgt(t) = Bt R) tlsjihl(_z\rih(_t);h(t)) L(t) = (dn + p)T1(t),
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where all constant parameters are positive, and Ap(t), up(t), A\ (t), B(t, k), u(t, k)

are positive, continuous functions w-periodic in time ¢ for some w > 0. For reader’s

convenience, we list all the parameters and their biological interpretations in Table

4.1.

Table 4.1: Biological interpretations for parameters of model (4.1)

Parameters Description

L,(t) the number of juvenile mosquitoes (eggs, larvae and pupae)

Sy (t) the number of susceptible adult mosquitoes

I,(t) the number of infectious adult mosquitoes

I, (¢) the number of infectious humans

AL(t) birth rate of juvenile mosquitoes

wr () natural death rate of juvenile mosquitoes

@ density-dependent death rate of junenile mosquitoes

Ao (t) birth rate of adult mosquitoes

b transmission probability per bite from infectious humans to mosquitoes

c transmission probability per bite from infectious mosquitoes to humans

k proportion of effective ITNs use (0 < k < 1)

Bu(t) mosquito biting rate

Br(t) reduced mosquito biting rate due to ITNs

ty () natural death rate of adult mosquitoes

ik death rate of adult mosquitoes due to contact with insecticide on bed nets

dp, natural death rate of humans

p removal rate of humans from the infectious compartment (i.e., recovery
rate and disease-induced death rate)

P probability that a mosquito arrives at a human at random and picks the
human if he is infectious

l probability that a mosquito arrives at a human at random and picks the
human if he is susceptible

Ny, the total number of humans

4.3 Global stability analysis

In what follows, we use the theory developed in [94] to derive two threshold parameters

for the model: the vector reproduction ratio R, and the basic reproduction ratio R.
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Note that system (4.1) is equivalent to the following one:

P AL ON) — 1) L0l0) — ALyt ~ MOLD),

dt
)\ (L0 — e BN,
(4.2)
d]c,;t(t) = bR s fl]('}\([?_ iy Nelt) = Fo(0) = st B 1),
dI,(t) I(N), — I,(t)) L) — (d + AIn(E).

dt At k)pfh(t) + (N, — In(t))

Then the mosquito population is described by

Lolt) _ 5L (ON(1) — pa (D) L(t) — aLu(t)? — ML),
dt

AN, (1) )
o = MO L) = plt, KN (D).

dLv(t) _ )\L(t)Nv(t) — (pL(t) + )\v(t))L’U(t)’
i (4.4)

We rewrite system (4.4) as & = (F(t) — V(t))v, where

QRYIO] I pnt) + () 0
0 0 =A(t)  plt k)

Let f/(t, s),t > s, be the evolution operator of the linear periodic system

dy ~
— ==V (t)y.
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That is, for each s € R, the 2 x 2 matrix Y (¢, s) satisfies

%f/(t,s) = -V@)Y(ts), Vt>s, Y(ss) =1,

where [ is the 2 x 2 identity matrix.

Let C,, be the ordered Banach space of all w-periodic functions from R to R2,
equipped with the maximum norm and the positive cone C7 := {¢ € C,, : ¢(t) >
0,Vt € R}. According to [94, Section 2], we assume that ¢(s) € C, is the initial
distribution of adult mosquitoes. Then F(s)¢(s) is the distribution of new juvenile
mosquitoes produced by the adult ones who were introduced at time s. Given t > s,
then Y (t,s)F(s)¢(s) gives the distribution of those mosquitoes who were newly born
into the juvenile mosquito compartment at time s and remain alive (either as juvenile

mosquitoes or as adult ones) at time ¢. It follows that

W(t) = / Y (t,s)F(s)¢(s)ds = /000 Y(t,t —a)F(t —a)p(t — a)da

— 00

is the distribution of accumulative new juvenile and adult mosquitoes at time t pro-
duced by all those adult mosquitoes ¢(s) introduced at previous time to t.

We define a linear operator L : C,, — C,, by

(Lo)(t) = /OOO Y(t,t —a)F(t —a)p(t —a)da, YteR, ¢eC,.

It then follows from [94] that the vector reproduction ratio is R, := p(L), the spectral
radius of L. Let r1 be the principal Floquét multiplier of system (4.4), that is, the
spectral radius of the Poincaré map associated with system (4.4). By [94, Theorem
2.2], R, — 1 has the same sign as r; — 1. As a straightforward consequence of [109,

Theorem 3.1.2], we have the following result.
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Lemma 4.3.1. The following statements are valid:
(i) If R, <1, then (0,0) is globally attractive for system (4.3) in R%.

(ii) If R, > 1, then system (4.3) admits a unique positive w-periodic solution (L (t),
N (t)), which is globally attractive for system (4.3) in R2 \ {(0,0)}.

Let W :=R3 x [0, N;]. We then have the following result for system (4.2).

Lemma 4.3.2. For any ¢ € W, system (4.2) has a unique nonnegative bounded

solution u(t, @) on [0,00) with u(0) = ¢, and u(t,p) € W for all t > 0.

Proof. For any ¢ = (91, 92, 3, 04) € W, we define

AL(t)p2 — ()1 — apt — A (t)er
Ao(t)pr — p(t, K)o
bﬁ(t k)M (tv k)903

post(N—pa) M
¢B(t, k) l(Nh,_SO4)SO3) — (dp, + p)pa

Ppa+l(Np—p4

Since f(t,¢) is continuous in (¢,¢) € Ry x W, and f(t, ) is Lipschitz in ¢ on each
compact subset of W, it follows that system (4.2) has a unique solution u(t, ¢) on its
maximal interval [0, 0,,) of existence with u(0) = ¢ (see, e.g., [29, Theorems 2.2.1 and
2.2.3] ).

Let ¢ = (o1, P2, ¢3,04) € W be given. If ¢; = 0 for some i € {1,2,3,4}, then
filt,) > 0. If o = Ny, then fy(t, ) < 0. By [84, Theorem 5.2.1 and Remark
5.2.1], it follows that for any ¢ € W, the unique solution u(t, ) of system (4.2) with
u(0) = ¢ satisfies u(t, ) € W for all t € [0,0,,).

Clearly, 0 < uy(t,¢) < N, for all t € [0,0,). It follows from Lemma 4.3.1 that

there exists By > 0 and By > 0 such that u;(t,p) < By, ua(t, ) < By, Vt € [0,0,).
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In view of the third equation of system (4.2), we have

dU3 (tv (10)

7 < bB(t, k)By — (bB(t, k) + u(t, k))us(t, ).

Hence, us(t, ) is also bounded on [0,0,). Then [29, Theorem 2.3.1] implies that
o, = oo. [ ]

If limy oo (Ly(t) — LE(t)) = limy—yoo (N, () — N(£)) = 0, the last two equations in

system (4.2) give rise to the following limiting system:

d[:lzft) = bB(t, k)p[h(t) +plj(}}\</'i>_ IAG) (Ny (t) = Lo(t)) — plt, k) 1o (1), s
dlglft) = ¢t k)pIh(z)(]J\:hl(—]\ih(_t)I)h@))[v(t) — (d + p)In(2).

The following result implies that the domain G(t) := [0, N;(¢)] x [0, N] is positively

invariant for system (4.5).

Lemma 4.3.3. For any ¢ = (p1,92) € G(0), system (4.5) has a unique solution
v(t, @) with v(0) = ¢ and (1,(t,¢), In(t,»)) € G(t),Vt > 0.

Proof. For any ¢ € G(0), define

pe2(N; (H)—¢1)
Ft. ) = bB(t, k) ot oy — Mt k)@

I(Np—
cB(t, k) e s — (dh + p)pa

Since f is continuous in (t,¢) € R x G(0) and f is Lipschitz in ¢ on each compact
subset of G(0), it follows that system (4.5) has a unique solution v(t, ¢) with v(0) = ¢
on its maximal interval [0, 0,,) of existence.

Let ¢ = (¢1,03) € G(0) be given. If ¢; = 0, then fi(t,¢) > 0. If ¢, = 0,
then fy(t, ) > 0. If oy = Ny, then fo(t,¢) < 0. By [84, Theorem 5.2.1 and Remark
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5.2.1], it follows that the unique solution v(t, ¢) of system (4.5) with v(0) = ¢ satisfies
U(t>(10> € R+ X [OaNh]
It remains to prove that v (t) < Nj(t),Vt € [0,0,). Suppose this does not hold.

Then there exists ¢y € [0,0,) and € > 0 such that

V1 (to) = N: (t()) and Ul(t) > N,: (t), vVt € (to, t() + 60).

Since
dUl (to)
dt

dN;(to)
dt

= —u(to, K)vi(to) = —p(to, k) Ny (to) <

there exists €; € (0,¢g) such that vi(t) < N (t),Vt € (to,to + €1), which is a contra-
diction. This proves that v(t,p) € G(t),Vt € [0,0,). Clearly, v(t, ) is bounded on

[0,0,), and hence, [29, Theorem 2.3.1] implies that o, = co. O ]

Linearizing system (4.5) at (0,0), we get the following linear system

dl;it) = —u(t, k) L,(t) + bB(t, k)p]lvait) L(®), »
dlgt(t) = cf(t, k) 1,(t) — (dn + p)In(t).

We rewrite system (4.6) as % = (F(t) — V/(t))u, where

PN (1)
Pl - 0 bB(t k)L v utk) 0

cB(t, k) 0 0 dn+p
Let Y(t,s),t > s, be the evolution operator of the linear periodic system

dy

o= =V (t)y.
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That is, for each s € R, the 2 x 2 matrix Y (¢, s) satisfies

%Y(t,s) =-V()Y(ts), Vit>s, Y(ss)=1I,

where [ is the 2 x 2 identity matrix.

We assume that ¢(s) € C, is the initial distribution of infectious mosquitoes and
infectious humans. Then F(s)g(s) is the distribution of new infections produced by
the infectious mosquitoes and infectious humans who were introduced at time s. Given
t > s, then Y(¢,$)F(s)p(s) gives the distribution of those infectious mosquitoes and
infectious humans who were newly infected at time s and remain in the infectious

compartments at time ¢. It follows that

/_ Y (£, 5)F(s)p(s)ds = /0 TVt — a)F(t— a)p(t — a)da

is the distribution of accumulative new infections at time ¢ produced by all those
infectious mosquitoes and infectious humans ¢(s) introduced at previous time to ¢.

We define a linear operator L : C, — C,, by
(Lp)(t) = / Y(t,t—a)F(t—a)p(t —a)da, VteR, ¢eC,.
0

It then follows from [94] that the basic reproduction ratio is Ry := p(L), the spectral
radius of L. The following lemma gives a threshold type result for the limiting system

(2.6).
Lemma 4.3.4. The following statements are valid:
(i) If Ry <1, then (0,0) is globally attractive for system (4.5) in G(0).

(i1) If Ry > 1, then system (4.5) admits a unique positive w-periodic solution (I%(t),
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Ix(t)), which is globally attractive for system (4.5) in G(0) \ {(0,0)}.

Proof. Let S(t) be the solution maps of system (4.5), that is, S(t)(1,(0), [,(0)) =
(I1,(t), In(t)),t > 0, where (I,(t),I,(t)) is the unique solution of system (4.5) with
(1,(0), I(0)) € G(0). It follows from Lemma 4.3.3 that S(¢) maps G(0) into G(t), and
S = S(w): G(0) - G(w) = G(0) is the Poincaré map associated with system (4.5).

Let (7:(0), 52(0)) > (11(0),42(0). Let (7a(#), 7a(t)) and (s (), yo(£)) be the solu-
tions of system (4.5) with initial values (1(0), 72(0)) and (y1(0),y=2(0)), respectively.
Then the comparison theorem for cooperative ordinary differential systems implies
that (g1(t),92(t)) > (y1(t), y2(t)), ¥t > 0, that is, S(¢) : G(0) — G(¢) is monotone for
each ¢t > 0.

Next, we show that S(t) : G(0) — G(¢) is strongly monotone for each ¢t > 0.
Suppose (91(0),92(0)) > (y1(0),y2(0)). Then the comparison theorem for cooperative

ordinary differential systems implies that

We proceed with two cases.

Case 1. 41(0) > 41 (0).

Let
1(0) = 0300, D) (N30 ) = Rl
Since . -,
B — 03, ) g (N0 — ) = sl 1)
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we have

W) g ey = 0= 220 g ). v =0

Since 41 (0) > y1(0), Theorem 1.3.1 implies that g, () > yi(¢), vt > 0.

To prove ya(t) > ya(t), vt > 0, we first prove that for any € > 0, there exists an
open interval (a,b) C [0, €] such that N, > 3,(t),Vt € (a,b). Otherwise, there exists
€0 > 0 such that N, = 92(t),Vt € (0,€p). It then follows from the second equation of

system (2.6) that 0 = —(dj, + p) Ny, which is a contradiction. Let

I(Ny, —y)

yi(t) — (dn + p)y.

Then we have

dya(t) I(Nn = 32(1) _
i = BN R ) = (@ + PR()
[N, = 9a(1)) .
> cB(t, k) b — D) + lNhyl(t) — (dn + p)ya(t)
= fl(gQ(t))7 vt € (aa b)>
and hence,
WD) oty > 0= 220 pg), e (ab).

Since 92(0) > y4(0), it follows from Theorem 1.3.1 that g2(t) > y2(t), Vt > 0.
Case 2. 51(0) = y1(0).
Since (41(0),72(0)) > (y1(0),42(0)) and 7;(0) = y1(0), we must have 75(0) > y2(0).

By similar arguments to those in Case 1, we see that for any € > 0, there exists an
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open interval (a,b) C [0, €] such that N, > 4,(t),Vt € (a,b). Then we have

dys(t) [(Nn = 3a(t) .
i = O R s () = (@ + )0
U(Nh — (1)) ;
> cB(t, k)(p “Da(t) + lNhyl(t) — (dn + p)ya(t)
= h((1). V€ (a.b),
and hence,
PO i =0= 220 p00), vie @)

Since 92(0) > y2(0), it follows from Theorem 1.3.1 that g2(t) > y2(t), Vt > 0.

To prove 1(t) > y1(t),Vt > 0, we first prove that for any ¢ > 0, there exists
(ay,b1) C [0, €] such that g,(t) < Nj(t),Vt € (ay,b1). Otherwise, there exists €; > 0
such that g, (t) = N (t),Vt € (0,€;). By the first equation of system (4.5), we have

dpn(t) _ dN; ()
dt dt

= —u(t, k)N;(t), te(0,€),

which contradicts the fact that

dN;(t)
dt

— M(OLY(E) — ult, k)N (D).

Let

Py (t) (v
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Since
yi(t) Py (t) . _ )
> b3(t, ) e (N0 = (0 — ()
= q1(5:(1)), Vt e (ar,b),
we have
B g mut) > 0= T80 g0, Vi (b

Since 1(0) = y1(0), Theorem 1.3.1 implies that g (¢) > y;(t),Vt > 0.

Consequently, S(t) : G(0) — G(t) is strongly monotone for each t > 0.

For any given x = (x1,22) € G(0), A € [0, 1], let v(¢, ) and v(t, Az) be the solutions
of system (4.5) satisfying v(0) = z and v(0) = Az, respectively. Denote u(t) = Av(t, x)
and z(t) = v(t, Ax). Define f by

flt,z) = B, k) s i, (Vo (8) — @1) — pu(t, k)

I(Np—x
Bt F) Gttt 11 — (dn + p)s

Note that for any ¢y € G(t) and X € [0, 1], we have f(t, \}) > Af(t,¢). Then

du(t) B B
T A T M (t,o(t,x)) < f(t, Mt z)) = f(t, u(t)).

Clearly, dfi—(tt) = f(t,2(t)) and u(0) = Mv(0,2) = Az = z(0). By the comparison
principle we have u(t) < z(t),Vt > 0, that is, Av(t,z) < v(t, Az), ¥t > 0. This shows
that the solution map S(t) : G(0) — G(t) is subhomogeneous.

Next, we prove that for any ¢t > 0, S(t) : G(0) — G(¢) is strictly subhomogeneous.



100

For any given x € G(0) with 2 > 0 and A € (0,1), let

o (N, —71)

fo(r) == cB(t, k) = l;r TN (t) — (dy + p)r,
o Z(Nh — ’l")

g2(r) == cB(t, k) TR

Since go(r) is strictly decreasing in r and \vy (¢, x) < vq(t, Az), va(t, ) > Avg(t, x), VA €

(0,1),¥t > 0, it follows that

dus(t) )\dvg(t,x)
da dt
= )‘Cﬁ(ta k)

[(Ny, — va(t, x))
(p — l)UQ(t, CC) + lNh

LNy, — \us(t, 2))
(p— l)h)\v2(t, z) + LN, 21(t) — (dp, + p)Ava(t, x)

(N, — us()
= Dua@) 1, A~ [ p)xealts )

= g(ua(t))21(t) — (dn + p)ua(?)

vi(t, x) — (dn + p)Ava(t, z)

< cf(t, k)

= cf(t, k)

= fa(ua(t)),
and hence,
dus(t) (1)
2 = Run(t) <0=—2 = fi(a(t), V>0

Note that us(0) = Avg(0,2) = Az = v9(0, Ax) = 22(0). By Theorem 1.3.1, we then
obtain us(t) < z9(t),Vt > 0. Thus, \v(t,z) < v(t, \x),Vt > 0.

Let P be the Poincaré map associated with system (4.6) on R? and r(P) be its
spectral radius. By the continuity and differentiability of solutions with respect to
initial values, it follows that S is differentiable at zero and the Frechét derivative

DS(0) = P. By Theorem 1.3.4, as applied to S, we have the following result:
(a) If r(P) <1, then (0,0) is globally attractive for (4.5) in G(0).

(b) If »(P) > 1, then system (4.5) admits a unique positive w-periodic solution
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(I:(t), I;(t)), which is globally attractive for system (4.5) in G(0) \ {(0,0)}.

By [94, Theorem 2.2], Ry — 1 has the same sign as r(P) — 1. Therefore, we have the

desired threshold type result in terms of Ry. [J O

Next, we use the theory of chain transitive sets (see section 1.1) to lift the threshold

type result for system (4.5) to system (4.2).
Theorem 4.3.5. The following statements are valid:
(i) If R, <1, then (0,0,0,0) is globally attractive for system (4.2) in W.

(i) If R, > 1 and Ry < 1, then (L:(t), N} (t),0,0) is globally attractive for system
(4.2) in W\ {(0,0,0,0)},

(iii) If R, > 1 and Ry > 1, then (L:(t), Ni(t), (1), I;:(t)) is globally attractive for
system (4.2) in W\ RZ x {(0,0)}.

Proof. Let {U(t)}+>0 be the periodic semiflow associated with system (4.2) on W,
that is,

\If(t)({lf) = (Lv(ta ZL‘), Nv(t> $)a Iv<t7 $>, Ih(tv QZ))

is the unique solution of system (4.2) with initial value x € W. Then ¥ := ¥(w) is the
Poincaré map of system (4.2), and {¥"},>o defines a discrete-time dynamical system
on W. For any given x € W, let £ be the omega limit set of the discrete-time orbit
{U"™(z)}n>0. It follows from Lemma 1.1.2 that £ is an internally chain transitive set
for ¥ on W.

In the case where R, < 1, by Lemma 4.3.1(i), we have

lim (U ()1, (W"(x))2, (¥ (2))3) = (0,0,0).

n—o0
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Then there exists a subset £; of R such that

£ =1{(0,0,0)} x L.

For any given y = (y1,v2,¥y3,v1) € L, there exists a sequence n; — oo such that
Uk () — y as k — oco. Since 0 < (U™ (x))y = I (ngw, x) < Ny, for all z € W, letting
ng — 0o, we obtain 0 < y; < N,. It then follows that £; C [0, N,]. It is easy to see

that

\Ifnfﬁ(O, Oa 07 y4) = {(07 07 0)} X \Ij?lﬁl (y4)’

where {W;(t)}+>0 is the solution semiflow associated with the following system:

dIn(t)
dt

= —(dp + p)In(t). (4.7)

Since L is an internally chain transitive set for W", it follows that £, is an internally
chain transitive set for U}. Since 0 is globally attractive for system (4.7) in R, it
follows from Theorem 1.1.3 that £; = {0}, and hence, £ = {(0,0,0,0)}. This implies
that statement (i) is valid.

In the case where R, > 1, by Lemma 4.3.1(ii), we have

lim (" ()1, (9" (2))) = (L5(0), N (0)).

n—oo
Then there exists a subset £y of R? such that
L ={(L;(0),N;(0))} x Ls.

For any given z = (21, 22, 23,24) € L, there exists a sequence n; — oo such that

Uni(x) = z as j — oo. Since 0 < (U™ (x))3 = [,(nw,x) < Ny(n;w,z) and 0 <
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(W (x))s = In(njw,x) < N for all z € W, letting n; — oo, we obtain 0 < z3 <
N (0), 0 < z4 < Nj. It then follows that £o C [0, N(0)] x [0, N,] = G(0). It is easy

to see that

O"|(L(0), Ny (0), 23, 2) = {(Ly,(0), NJ(0))} X 5", (23, 24).

Since L is an internally chain transitive set for U™, it follows that £, is an internally
chain transitive set for S™.

In the case where R, > 1 and Ry < 1, by Lemma 4.3.4 (i), we have

lim ((W"(x))s, (V"(x))s) = (0,0), V€ G(0).

n—oo

It then follows from Theorem 1.1.3 that £, = {(0,0)}, and hence, £ = {(L}(0), N;(0),
0, 0)}. This implies that statement (ii) is valid.

In the case where R, > 1 and Ry > 1, by Lemma 4.3.4 (ii), we have

lim (U ()3, (V"(x))a) = (15(0), [;(0)), Yz € G(0)\ {(0,0)}.

n—00

It follows from Theorem 1.1.4 that

either Lo ={(0,0)} or Lo={(1;(0),1;(0))}.

We further claim that Lo # {(0,0)}. Suppose, by contradiction, that £, = {(0,0)}.
Then we have lim;_, (1, (t, x), I5(t,z)) = (0,0) uniformly for z € G(0), and for any

€ > 0, there exists 7' = T'(¢) > 0 such that

|(Lo(t, ), No(L, ) = (L,(0), Ny (0))] < e
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for all ¢ > T and = € G(0). Then for any ¢t > T', we have

T 2 bk v - zflih((t?+ A (4.8)
dn, (1) I(N, — (1)) |
a PR (p = D)In(t) + LN PO = e (1),

Let r. be the spectral radius of the Poincaré map associated with the following linear

system: ) )
d]vit) — bﬁ(t, k>pl]hT<;)(N;(t) — 5) _ /vb(t; k)jv(t),
d]c,;;w = cB(t, k)L,(t) — (dn + p)In(t).

Since lim,_,g+ r. = r(P) > 1, we can fix ¢ small enough such that r. > 1 and € <
minejo.) V; (). By similar result to Lemma 4.3.2 (ii), it follows that the Poincaré

map of the following system

dlzh@ = bB(t, k) o zﬁh((tt))+ i (N*(t) — e — I,(t)) — p(t, k)L, (2), "
dI,(t) I(N, —I,(t) - . '
# - Cﬁ(tv k) (p _ l;llh(t)h—l— lNh [v<t) - (dh + p>Ih(t)

admits a globally attractive fixed point (£;(0), ;(0)) > 0. Since x € W\R2 x{(0,0)},
(I,(t,x), In(t,x)) > 0 forall t > 0. In view of (4.8) and (4.9), the comparison principle
implies that

lim inf (1, (nw, z), I, (nw, z)) > (I;(0), I;(0)) > 0,

n—o0

which contradicts lim; (1, (£, z), In(t, z)) = (0,0). It then follows that Ly = {(I;(0),
1;(0))}, and hence, £ = {(L:(0), N;(0),1*(0),7;:(0))}. This implies that statement
(iii) is valid. O O

Since system (4.1) is equivalent to (4.2), we have the following result on the global

dynamics of our model system.
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Theorem 4.3.6. The following statements are valid:
(i) If R, <1, then (0,0,0,0) is globally attractive for system (4.1) in W.

(i) If R, > 1 and Ry < 1, then (Li(t), N;(t),0,0) is globally attractive for system

(4.1) in W\ {(0,0,0,0)}.

(i1i) If R, > 1 and Ry > 1, then (Li(t), N}(t), I:(t), I;:(t)) is globally attractive for
system (4.1) in W\ RZ x {(0,0)}.

To finish this section, we remark that when all coefficients are constants, the model

system (4.1) reduces to the following autonomous system:

%t(t) = ANy (t) = prLo(t) — aLy(t)* = XL (2),

dS;Z,t(t) = AoLo(t) = bB(K)Z D) f;{}\(,:)_ T t))Sv(t) — (k) S, (),

dlf;ft) =WWn® +pl?}\(fi)— Ty 0 — #k)L), 1
dl;—ft) = cBlk) Ih(f)(]ihl(_N]h "(_t)])h 7o) = @+ D T(0),

where
6(k):5v_k<5v_ﬁr)a ngfl,
p(k) = pp + gk, 0<k<1

Then the matrices F(t), V(t), F(t) and V(t), respectively, become

~ 0 )\L ~ nr + )\v 0
F= . V= ,
0 bB(k)Ngp k 0
P we |y p(k)
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For any given w > 0, we can regard system (4.10) as an w-periodic system. By [94,
Lemma 2.2 (ii)], we obtain the vector reproduction ratio R, and the basic reproduction

ratio Ry for system (4.10) as follows:

. A
k) (e + )’

_ -1y _ cB(k)  bB(k)p Ay ALy B
Fo=plFV™) = \/u(k) INW(dn + p) (k) (u(k) (i + A”))' 41

By the global attractivity in Theorem 4.3.6, we can easily obtain its analog for au-

tonomous system (4.10), where the w-periodic solutions are replaced by the corre-

sponding equilibria.

4.4 A case study

In this section, we study the malaria transmission case in Port Harcourt, Nigeria.
Nigeria accounts for a quarter of all malaria cases in the 45 malaria endemic countries
in Africa [98]. Port Harcourt is the capital and largest city of Rivers State, Nigeria.
The topography of Port Harcourt is that of flat plains with a network of rivers,
tributaries and creeks which have a high potential for breeding of mosquitoes. Malaria
transmission is intense year round with a peak during months of March to November
and a nadir during months of December to February [26].

We do the numerical simulations by using ode45 and CFTOOL in Matlab. First,
we need to estimate the constant and periodic parameter values. Port Harcourt has a
population of 1230000 (see https://en.wikipedia.org/wiki/ List _of_metropolitan_areas_
in_Africa), which can be chosen as the value of Nj. The life expectancy of Nigeria
is 52.11 years (see http://data.worldbank.org). Using this number we estimate the

human natural death rate as dj, = m = 0.0016 month™!. The values of p and
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[ may vary from 0 to 1 and p > [ [17, 34, 39]. Unless otherwise stated, we use the

values listed in Table 4.2 for constant parameters in the simulation.

Table 4.2: Parameter values

Parameter Value Dimension Reference
b 0.2 dimensionless  [18]

c 0.011 dimensionless  [18]

p 0.0187 month~! [18]

P (0,1) dimensionless  [17, 34, 39]
l (0,1) dimensionless  [17, 34, 39]
o 0.000001 dimensionless  estimated
k [0,1] dimensionless

dp, 0.0016 month ™! see text
Ny, 1230000 dimensionless  see text

i 0.01 month 1 estimated
Bu(t) to be evaluated month™? see text

Br (1) 0.18,() month~! estimated
Ly (%) to be evaluated month~! see text
AL(t) to be evaluated month~! see text
pr(t) to be evaluated month~? see text

Ao (t) to be evaluated month~? see text

Since temperature plays a major role in the life cycle of mosquitoes, we evalu-

ate the periodic parameters by using the monthly mean temperatures of Port Har-

court from 1990 to 2012 (obtained from Climate Change Knowledge Portal website:

http://sdwebx.worldbank.org /climateportal), as shown in Table 4.3.

Table 4.3: Monthly mean temperatures for Port Harcourt (in °C)

Month Jan Feb Mar  Apr May  June
Temperature 26.52 28 28.38 27.92 27.18 26.1
Month Jul Aug  Sep Oct Nov  Dec
Temperature 25.34 25.27 25.49 2591 26.79 26.34

According to [69], the temperature-dependent mosquito biting rate can be ex-

pressed as

By(T) = 30.4 x 0.0002037(T — 11.7)/42.3 — T Month™",
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where and hereinafter 7T is the temperature in °C. The biting rate of mosquitoes in

Port Harcourt can then be fitted by

Bu(t) =0.1554 cos(mt/6) + 0.9065 sin(7t/6) — 0.2284 cos(27t/6)
— 0.2764sin(27¢/6) — 0.0578 cos(3mt/6) — 0.1473 sin(3mt/6)
— 0.0208 cos(47t/6) — 0.1573 sin(dnt/6) — 0.0118 cos(5rt /6)

— 0.0510sin(57t/6) + 9.6794 Month™".

Since I'TNs are only used at night, even if the entire human population uses I'TNs,

they can still be bitten by mosquitoes at daytime. We assume that

Pe(t) = £Pu(t), €€ (0,1),

and we take £ = 0.1 in the simulation.
It follows from [79] that the birth rates of juvenile and adult mosquitoes and the

death rate of juvenile mosquitoes can be respectively given by

(D)

and

pr(T) = 30.4 x (0.00257% — 0.094T + 1.0257) Month™".

Then the birth rates of juvenile and adult mosquitoes and the death rate of juvenile

mosquitoes in Port Harcourt can be fitted respectively by

A(t) = 2.3256,(8), Ao(t) = Aié’f),
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and
pr(t) =0.2240 cos(mt/6) + 1.5699 sin(7t/6) — 0.4849 cos(27t/6)

— 0.4268 sin(27t/6) — 0.0835 cos(37t/6) — 0.3016 sin(37t/6)
— 0.0210 cos(47t/6) — 0.2684 sin(47t/6) — 0.0051 cos(57t/6)
— 0.0845 sin(57t/6) + 9.0288 Month ™.

According to [53, 57|, the death rate of adult mosquitoes is evaluated as

B 30.4
- —0.0372+1.31T — 44

o (T) Month ™.

Then the death rate of adult mosquitoes in Port Harcourt can be approximated by

p,(t) =0.0168 cos(7t/6) + 0.1406 sin(7t/6) — 0.0503 cos(27t/6)
— 0.0343 sin(27t/6) — 0.0064 cos(37t/6) — 0.0307 sin(37t/6)
— 0.0003 cos(47t/6) — 0.0235 sin(47t /6) + 0.0007 cos(57t/6)

— 0.0070sin(57t/6) + 3.3136 Month ™.

The long term behaviors of solutions of system (4.1) are shown in Figures 4.1,
4.2 and 4.3. Based on Theorem 1.4.2 (ii), we can numerically calculate the vector
reproduction ratio R, and the basic reproduction ratio Ry. Larval source deduction
will reduce the rate at which gravid female mosquitoes encounter oviposition sites
[104], leading to a decrease in the recruitment rate of larval mosquitoes. In Figure 4.1,
we suppose the birth rate of juvenile mosquitoes to be 0.8 A1 (t), which can be achieved
by spraying or eliminating mosquito breeding sites. We also assume that 50% of the
humans use I'TNs effectively. In this case, R, = 0.9041 < 1 and all compartments
converge to 0 eventually meaning that mosquitoes are eliminated from this region. In

Figure 4.2, we keep the birth rate of juvenile mosquitoes as A () and suppose that
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Figure 4.1: Long term behaviour of the solutions of system (4.1). Here the birthrate
of juvenile mosquitoes is set to be 0.8\ (t), k = 0.5. In this case, R, = 0.9041 < 1.

80% of the humans use ITNs. We calculate R, = 1.3549 > 1 and Ry = 0.8620 <
1. In this case, the juvenile mosquito and susceptible adult mosquito populations
exhibit periodic fluctuations. And both the infectious mosquito and infectious human
populations converge to 0, which means that malaria is eliminated from this area. In
Figure 4.3, we suppose that 50% of the humans use ITNs and keep other parameter
values the same as those in Figure 4.2. In this case, we obtain R, = 1.3561 > 1
and Ry = 1.6979 > 1. All compartments fluctuate periodically, which means that
the disease will persist. The simulation results shown in Figures 4.1, 4.2 and 4.3
are consistent with the conclusion of Theorem 2. Figure 4.4 shows the relationship

between Ry and k. Clearly, Ry is a decreasing function of k. We also see that if over
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Figure 4.2: Long term behaviour of the solutions of system (4.1). Here £ = 0.8 and
R, =1.3549 > 1, Ry = 0.8620 < 1.
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Figure 4.3: Long term behaviour of the solutions of system (4.1). Here k = 0.5 and
R, =1.3561 > 1, Ry = 1.6979 > 1.
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Figure 4.4: The basic reproduction ratio Ry versus the proportion of bed net use k.

75% of the humans use ITNs in Port Harcourt, then Ry can be reduced to less than
1, and hence, malaria can be eliminated from this area.

To study the impact of the vector-bias effect, we simulate the relationships between
Ry and k under three different vector-bias levels. As shown in Figure 4.5, for each
vector-bias level, Ry is a decreasing function of k. It is worthwhile to note that the

ignorance of the vector-bias effect (i.e., p = [) underestimates Rj.

——— p=0.8,=0.6
—— p=0.7,1=0.4
—— p=0.7,1=0.7

Figure 4.5: Ry versus k under different vector-bias levels.

Following [94], given a continuous periodic function g(¢) with the period w, we
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define its average as

Then the time-averaged parameter values of system (4.1) are [5,] = 9.6794, [3,] =
0.1[8,], [y = 3.3136, [ur] = 9.0288, [\r] = 2.325[3,], [\] = [A£]/10. Using these
parameter values and formula (4.11), we can calculate the basic reproduction ratio
[Rp] of the time-averaged autonomous system (4.10). As can be seen from Figure 4.6,
compared with Ry, the basic reproduction ratio [Ry] of the time-averaged autonomous
system underestimates the infection risk a little bit. Although the difference between
the values of Ry and [Ry] in Figure 4.6 seems little, sometimes it may lead to great
difference in designing disease control strategies, especially when applied to a large

community of people.

I I I I I I I
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9

k

Figure 4.6: R, versus k and [Ry] versus k.

4.5 Discussion

An important issue in developing mathematical models is to identify which biological

factors are necessary to include and which can be omitted. Usually this is determined
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by the purpose of a study. Considering that climate factors have a great impact on
the mosquito life cycle and the parasite survival in mosquitoes, we incorporated sea-
sonality by developing an ordinary differential equations model with some parameters
being periodic functions. In our model, we considered the juvenile stage of mosquitoes
in addition to the adult one. This enables us to better understand the mosquito pop-
ulation dynamics, and hence, the malaria transmission dynamics. The incorporation
of such juvenile stage may also provide some insights into designing larval control
strategies. Insecticide-treated bed net use is one of the effective measures in malaria
control. To investigate the effect of I'TNs, we modeled the biting rate and the death
rate of mosquitoes as functions of the proportion of bed net use. To better under-
stand malaria transmission dynamics and to provide more accurate information for
the design of control measures, we also incorporated the effects of different feeding
biases by mosquitoes towards humans.

By using the theory of monotone and subhomogeneous systems and the theory of
chain transitive sets, we have obtained a complete classification of global dynamics
of the model in terms of the vector reproduction ratio R, and the basic reproduction
ratio Ry: (i) If R, < 1, then mosquitoes will die out eventually; (i) If R, > 1 and
Ry < 1, then malaria will be eliminated; (iii) If R, > 1 and Ry > 1, then the disease
will persist and exhibit seasonal fluctuation.

By using some published data about Port Harcourt, Nigeria and formula related
to mosquito life cycle, we estimated all the constant and periodic parameters. The
analytic results are well verified by numerical simulations. Our findings show that if
75% of the human population in Port Harcourt were to use ITNs, then malaria could
be eliminated from this area. We have also found that the basic reproduction ratio
may be underestimated if we ignore the vector-bias effect. Compared with Ry, the

basic reproduction ratio [Ry] of the time-averaged autonomous system underestimates
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the risk of infection, which confirms the necessity of incorporating seasonality.

In our model, we neglected both the extrinsic incubation period in mosquitoes and
the intrinsic incubation period in human hosts. Upon infection, human individuals
will move to the exposed compartment, where parasites in their bodies are still in
the asexual stages. Since individuals in the exposed class do not have gametocytes in
their blood, they are not able to transmit the disease to susceptible mosquitoes until
they enter into the infectious class. Susceptible mosquitoes that feed on infectious
humans will take gametocytes in blood meals and enter into the exposed class. After
fertilisation, sporozoites are produced and migrate to the salivary glands ready to
infect any susceptible host, the mosquito is then considered as infectious [57]. It
would be interesting to modify our model by incorporating such exposed classes of

human hosts and mosquitoes. We leave this as a future work.



Chapter 5

Dynamics of a time-delayed Lyme

disease model with seasonality

5.1 Introduction

Lyme disease is one of the most common vector-borne diseases in North America,
Europe, and parts of Asia, with thousands of cases reported annually [9, 40]. The
disease is caused by the spirochete bacterium Borrelia burgdorfer:i and is transmitted
by ticks. Izodes scapularis ticks (also known as black-legged ticks) are the principal
vectors of Lyme disease in North America and exhibit a two-year life cycle with four
life stages: eggs, larvae, nymphs and adults. Larvae and nymphs mainly attack white-
footed mice [86]. Larvae that obtain a blood meal drop off their hosts and then molt
into nymphs. At the beginning of the second year, nymphs quest for a second host.
After a blood meal, they drop off their hosts and may mature to the adult stage.
Adults feed almost exclusively on white-tailed deer, and all mating occurs there.
Females eventually drop off the deer they have parasitized, lay their eggs nearby, and

die. A female that has engorged and subsequently mated produces around 2000 fertile
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eggs, and nearly all hatch [81].

There have been a range of modeling works in the study of different aspects of Lyme
disease transmission. Some researchers proposed reaction-diffusion models to explore
the effect of vectors’ stage structure and spatial heterogeneity on the transmission
dynamics (see [16, 93, 105, 108, 112]). The models developed in [15, 27, 31, 45, 63, 77|
revealed the dilution effects of host population. As mentioned in [3], seasonal vari-
ations in temperature, humidity and resource availability have strong effect on tick
population dynamics. Climate impacts tick survival mostly during non-parasitic pe-
riods of the life cycle: outside certain ranges of temperature and rainfall tick popu-
lations cannot survive, because these conditions directly kill the ticks [66] or inhibit
host-seeking activity [71]. Within these limits, temperature may also determine de-
velopment rates [66]. Ogden et. al. [65, 64] proposed simulation models to investigate
climate change effects on tick dynamics. Zhang and Zhao [108] developed a reaction-
diffusion Lyme disease model with seasonality and studied its global dynamics. Wu
et al. [100] established a temperature-driven map of the basic reproduction number
of I. Scapularis ticks for Canada east of the Rocky Mountains.

The purpose of this chapter is to propose and analyze a time-delayed Lyme disease
model with seasonality. Our model is motivated by the Lyme disease models in
[93, 108]. We consider three different life stages of tick population: larvae, nymphs,
adults, and two host populations: mice and deer. Let M(t) and m(¢) be the densities
of susceptible and infected mice at time ¢, respectively. Let L(t), N(t), n(t), A(t),
a(t) be the densities of tick larvae, susceptible tick nymphs, infectious tick nymphs,
uninfected adult ticks, infected adult ticks at time ¢, respectively. Let H(t) be the
density of deer at time t. Let r, be the birth rate of deer. Let uns, pr, pn, fa, pn
be the mortality rates per mouse, per tick larva, per tick nymph, per adult tick, and

per deer, respectively. Let 7; be the feeding duration of tick larvae on mice, 7,, be the
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feeding duration of tick nymphs on mice, and 7, be the feeding duration of adult ticks
on deer. Let 8 be a mouse’s susceptibility to infection when bitten by an infectious
tick nymph. Let Sr be a tick’s susceptibility to infection when feeding on an infected
mouse. Let aq(t) and as(t) be the individual biting rates of tick larvae and nymphs
on mice, respectively. Then the drop-off rate of susceptible tick larvae from a mouse,

i.e., the recruitment rate of susceptible questing tick nymphs, can be described as

ety (t— ) [M(t —7) + (1 — Br)m(t — )] L(t — 7).

The drop-off rate of infectious tick larvae from a mouse, i.e., the recruitment rate of

infectious questing tick nymphs, is

e’(“”“”’)”al(t — Tl)ﬁTm@ — T1>L(t — Tl).

The drop-off rate of susceptible tick nymphs from a mouse, i.e., the recruitment rate

of susceptible questing adult ticks, is

e~ g (¢ — 7)) [M(E — ) + (1 — Br)m(t — T)|N(t — 7).

The drop-off rate of infectious tick nymphs from a mouse, i.e., the recruitment rate

of infected questing adult ticks, is

e~ NI, (b — ) (M (t = 7)) +m(t — 7))n(t — 1) + Brm(t — 7)) N(t — 7,)].

Since it is more reasonable to consider the birth rates of mice and ticks as density

dependent, following [77], we suppose that the per capita birth rate of mice is given
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M—l—m)
Ky 7

By (M +m) = ryrexp(—

where 7, is the maximal individual birth rate of mice, K, is the carrying capacity for
mice. Let 7(¢) be the maximal birth rate of ticks and ¢(¢) be the strength of density
dependence for adult ticks. We suppose that the per capita birth rate of ticks is given
by

Br(t,Ty) = r(t) exp(—c(t)T}),

where T}, is the density of egg-laying adults, which are exactly those that fall off from

deer after blood meals, and it is given by
T, = e~ Bt g [ A(t — 7,) + a(t — 7,)|H(t — 72),

where £ is the individual biting rate of adult ticks on deer. In the case where there is
no competition among ticks, we have ¢(t) = 0, and hence, Br(t,T,) = r(t).

Consequently, we have the following model:

aM
dt
dm
7 az(t)BMn — pym,
dL

E = TbBT<t, Tb) - ,uLL - Oél(t>L<M + m),

N
O = e (1 — ) — [y o) (M 4 m) + ],
(5.1)

d
d_Ttl = e Wt (t— 7)) — [y + ag(t) (M +m) + uy]n,

A
(il_t — e—(NN-HLM)TnKA(t _ Tn) _ (/vLA + 5H)A7
d

= U IOT R (¢ — 7)) — (a4 §H)a,
dH

S L H
dt Tn M il

= (M—i—m)BM(M—i-m) - ,UMM - a2<t)BMn7
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Figure 5.1: The schematic diagram for ticks. Here Ky = e~ (etmin K (t — 7)), K, =
e~ (t — ), Ky = e NI EK \(t — 7)), K, = e”WWTI™E (t — 71,).
Notation is defined in Table 5.1.

where

Kx(t) = aa(®)[M(t) + (1 = Br)m(t)]L(),
Kn(t) = on(t)Brm(t)L(2),
Ka(t) = ax(®)[M(t) + (1= Br)m(H)IN (),

Kot) = aa(t)[(M(t) +m(t))n(t) + Brm(t)N (t)].

We incorporate the seasonality into our model by assuming that the birth rate
and the biting rate of ticks are time-dependent. More precisely, we suppose that
ay(t), as(t), r(t) and c(t) are positive, continuous and w-periodic functions for some
w > 0, and that all the other parameters are positive constants. Here we do not take

into account the case where ¢(t) = 0 because we may use a positive but sufficiently
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small periodic function to approximate it from the viewpoint of mathematical mod-
eling. Hence, model (5.1) is an w-periodic and time-delayed system. The biological

interpretations for all variables and parameters are also listed in Table 5.1.

Table 5.1: Biological interpretations for variables and parameters in model (5.1)

Parameter Description

M the density of susceptible mice

m the density of infected mice

L the density of questing tick larvae

N the density of susceptible questing tick nymphs
n the density of infectious questing tick nymphs
A the density of uninfected questing adult ticks

a the density of infected questing adult ticks

H the density of deer

by the feeding duration of tick larvae on mice

Tn the feeding duration of tick nymphs on mice

Ta the feeding duration of adult ticks on deer

By (M +m)  the per capita birth rate of mice

A the maximal individual birth rate of mice

Ky the carrying capacity for mice

Br(t,Tp) the per capita birth rate of ticks

r(t) the maximal birth rate of ticks

c(t) the strength of density dependence for adult ticks
Ty the density of egg-laying adult ticks

B a mouse’s susceptibility to infection when bitten by an infectious tick nymph
Br a tick’s susceptibility to infection when feeding on an infected mouse
a1 (t) individual biting rate of tick larvae on mice
as(t) individual biting rate of tick nymphs on mice
~ biting rate per tick nymph to humans

I3 individual biting rate of adult ticks on deer
I3, mortality rate per mouse

1155 mortality rate per questing tick larva

LN mortality rate per questing tick nymph

LA mortality rate per questing adult tick

W mortality rate per deer

Th birth rate of deer

The rest of this chapter is organized as follows.

In the next section, we first

discuss the disease-free dynamics and then introduce the basic reproduction ratio Ry.
In section 5.3, we establish the global dynamics for the model system in terms of Rj.
In section 5.4, we do a case study for the Lyme disease transmission in Long Point,

Ontario. A brief discussion completes the chapter.
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5.2 Basic reproduction ratio

In this section, we study the disease-free periodic solution and derive the basic repro-
duction ratio for the model. We start with a preliminary result on a system of linear
delay differential equations.

Let r = (r1,72,...,mn) € R%. Define
C.=[[C(-r,0.R), CF=T[C(-r,0.Ry).
=1

i=1

Then (C,, C:F) is an ordered Banach space. For o, ¢ € C,., we write p < if p —p €

Chio<vif—peCF\{0}; o<y if —peint(Ch).

Consider the linear periodic system

where u(t) = (u1(t),us(t), ..., un(t)), uy = (u},u?, ..., ul) and ui(s) = u;(t + s) for
s € [—7r4,0],1 <i <n. Assume that L : R — £(C,, R") is continuous, L(t+7') = L(t),
Vt € R, for some constant T' > 0, and L;(t)¢ > 0 whenever ¢ > 0 and ¢;(0) = 0.

Let uy () be the solution semiflow associated with system (5.2), that is,

[ur()]i(s) = wi(t +s,), Vse[-r;,0, 1<i<n,

where u(t, @) = (u1(t, @), ua(t, @), ..., un(t,)) is the unique solution of (5.2) with
up = ¢ € C,. It follows from [84, Theorem 5.2.1] that us(p) € Cf forallp € CF ¢t > 0.
Define the Poincaré map P : C, — C, by P(¢) = up(p). Then P"(p) = u,r(p) for

any integer n > 0. Motivated by [102, Proposition 2.1], we have the following result.

Lemma 5.2.1. Assume that 11 is a positive eigenvalue of P having a strongly positive
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eigenvector ¢*, that is, Po* = pp*, ;> 0,0* > 0. Then there exists a positive T-
periodic function 5(t) = (01(t), Ua(t), ..., Un(t)) such that @(t) = e'v(t) is a positive

In

solution of system (5.2), where \g = .

Proof. Let u(t) = eMuv(t). Let Ey be a map from C, to C, defined by

[Ex(@)]i(s) = e™¢is), Vs € [-r,0], 1<i<n.
Then (u)i(s) = ui(t + 5) = Ayt + 5) = eMe(vy)i(s) = eM[Ex(v,)]i(s),Vs €
[—7;,0],1 <i < n. Hence, uy = e Ey(v;). It follows that

du(t) - ,\tdv<t) At - At
o = ¢ o HAeTu(t) = Lt)e T Ea(u).

We then obtain a system of linear periodic equations with parameter \:

du(t)
dt

— —(t) + L(t) Bx(vy). (5-3)

Define Q) : C, — C, by Qx(¢) = vr(p, \), where v(t, p, \) is the unique solution

of system (5.3) through ¢. Then

[QA(@)]i(s) = [vr(e, Vi(s) = v:i(T + 5,0, ) = e T (T + 5, Ex(9))

for all s € [—r;,0],1 <i <mn, and hence,

[@x(@))i = e [E_A(ur(Ex(9))i = e M [EA(P(EA(@)))i; 1<i<n.

Thus,
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Letting A = A\ = lnT“, we get

that is, Qx,(E_x, (")) = E_x,(*). Thus, E_,,(¢*) is a positive fixed point of Q,,.
It follows that o(t) := v(t, E_,(¢*), Ao) is a positive T-periodic solution of (5.3) with

A =)o, and hence, i(t) = e*'5(t) is a positive solution of system (5.2). O

Recently, the theory of basic reproduction ratio has been developed by Zhao [110]
for periodic and time-delayed population models with compartmental structure. In
what follows, we use this theory to obtain the basic reproduction ratio for our model.
We first consider the disease-free periodic solution of (5.1). Letting m = 0,n = 0,a =

0 in (5.1), we then get the following system of delay differential equations:

dM
L
08 et At — 7, (L~ 7a)r(t) exp(—e(t)e~ P4+ At — 1) H(t — 7,)
— prL — ay(t)LM,
dN —(pr+prm)m
% =€ Oél<t—Tl>M<t—Tl>L(t—7'l) — (’Y+C¥2(t>M+MN)N,
A
C;—t —e~IVFER)Tn ) (t — 7 YM(t — 70 )N(t — 7,) — (g + EH)A,
dH
% =ry, — pupH.

(5.4)
In order to avoid the extinction of the mice population, we further assume that
(A1) rar > pg-
It then easily follows that the ordinary differential system % = MBy (M) — py M

admits a globally stable positive steady state M* := K, In % Since limy_,, H(t) =

o= H* and limy_,oc M(t) = M* if M(0) > 0, we focus on the following limiting
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system:
dL * _—(atin) * —(patpn)
pr =H"e  WATEMTa e A(t — 1,)r(t) exp(—c(t) H* e WATHTa L A(t — 1,))
— (b + a1 (t)M")L,
IN (5.5)
E 267(ML+NM)TZOQ(TS — TZ)M*L(t — 7'[) — (")/ + ag(t)M* + MN)N,
A
C;—t :e_(“N+“A/f)T”a2(t — 7)) M*N(t —1,) — (ua + EH")A.

Let Z; = C([-7,0], R), Zy = C([-7,0], R), Z3 = C([-7.,0], R), Z{ =
C([-7,0], Ry), Z = C([-m,0], Ry), Z5 = C([-74,0], Ry), Z = Z, x Zy X Z3,
Z+ = ZlJr X Z2+ X Zgr Define f<t790> = (f17f27f~3)7 where

fi = Hre Watmmago (—7)r(t) exp(—c(t) H e~ Watinmag oy (—1,))
— (e + a1 (t)M")1(0),
fo = e Wt (t — 1) M o1 (—7) — (7 + ao(t) M* + un)p2(0),

f3 — 6—(#N+#M)Tna2(t _ Tn)M*§02(_7—n) — (NA -+ fH*)@g(O)

It is easy to see that for any ¢ € Z, with ¢;(0) = 0 for some i, we have f;(t, ) > 0. It
then follows from [84, Theorem 5.2.1] that w,(y) € Z for all ¢ € Z, and t € [0, 0,),
where [0,0,) is the maximal interval of existence for the solution w(t,¢) of (5.5)
satisfying wg = .

Let Pi(t) be the solution maps of system (5.5), that is, Pi(t)Y = wi(v),t > 0,
where w(t, 1)) is the unique solution of system (5.5) satisfying wg = ¢» € Z,. Then

P; := Pj(w) is the Poincaré map associated with system (5.5) on Z,. Let p(DP;(0))
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be the spectral radius of the Frechét derivative of P, at 0. Since

dL

= = H*e~matnn)rag A(t — 7,)r(t) exp(—c(t)H e~ Hatrmmag A(t — 7.))

—(pr + ar(t)M*)L,

< —fe ' — (up + o (t)M*)L,

system (5.5) is dominated by the following cooperative system:

dL r(t) -
— =——e t)M*)L
dt C(t) e (:u’L + 061( ) ) )
dN _ _
o —e~(tmnno, (t — )MAL(t — 1) — (7 + on()M* + py)N,  (5:6)
dA _ _
E :ei(uNJruM)TnOéQ(t — Tn)M*N(t — Tn) — ([LA =+ gH*)A

It is easy to see that the linear inhomogeneous equation

C;f = %6_1 — (,UL + Oél(t)M*)E

has a globally attractive positive w-periodic solution L*(t), that is, lim;_,e(L(t) —
L*(t)) = 0. Thus, solutions of (5.6) are bounded and ultimately bounded. By the
comparison principle ([84, Theorem 5.1.1]), solutions of system (5.5) exist globally
on [0,00) and are ultimately bounded. This implies that the discrete-time semiflow
{P]'}>2, is point dissipative on Z,.

Note that the linearized system of (5.5) at (0,0,0) is

d

% - T(t)H*ef(#A+#h)Tagvs(t . Ta) . (NL + Oél(t)M*)Ul (L‘),

d

% = 6_(ML+NA1)Tla1(t — Tl)M*Ul(t — Tl) — ('}/ + OéQ(t)M* + ,UN)UQ('[I), (57)
dUg

— = e~ INFITn o0 (t — 7 )M ¥ 0y (t — 7)) — (pa + EH)vs(t).
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Let P be the Poincaré map associated with system (5.7) on Z. By the continuity and
differentiability of solutions with respect to initial values, it follows that P; is differ-
entiable at zero and the Frechét derivative DP;(0) = P. Denote 7 = max{7, 7n, 7o }.
Assume that

(A2) 7(P) > 1, where r(P) is the spectral radius of P.

Let (L*(t), N*(t), A*(t)) be the unique positive w-periodic solution of system (5.6).
To obtain the global dynamics of system (5.5), we need the following additional as-
sumption:

(A3) Hre~ratmn)mag A*(t — 1,) < % for all ¢ € [0,w].

Theorem 5.2.2. Let (A1), (A2) and (A3) hold. Then system (5.5) admits a unique
positive w-periodic solution (L*(t), N*(t), A*(t)) which is globally attractive in Z. \
{0}, and hence, system (5.1) admits a unique disease-free periodic solution (M*, 0,

L*(t), N*(t), 0, A*(t), 0, H*).

Proof. Define
Y = [07 Z_—’2{)]21 X [OaNg]Zz X [OaAS]Zsa

where L € Zy,Ni € Zy, A} € Zs, and Lj(0) = L*(0) for all 0 € [—7;,0], N;(0) =
N*(0) for all § € [~7,,0], A5(0) = A*(0) for all § € [~7,,0]. Recall that P; is the

Poincaré map associated with system (5.5) on Z,. For any ¢ € Z,, we have

Then
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Letting ¢t = nw, we have

0 S (LTZ(U(w)’ an(w)’ Anw(qu))) S (LTZ(U(w)’ an(w)7 Anw(¢))7 vn Z 07

that is,

0 < Pi(y) < PP(), Vn>0, (5.8)

where P; is the Poincaré map associated with (5.6) on Z,.

Note that limy o ((L(t, %), N(t,v), A(t,)) — (L*(t), N*(t), A*(t))) = 0. Then
lim ||(Ls(0), No(@), A () — (L7, Ny, A7)|| = 0.

Letting t = nw, we then have (L?_, N

nw?’ nw?

Ar )= (L, N§, Ag), and hence,

limn[[(Ees(), Noo(), Au)) — (L, N3, A5)| = Timn [P () — (L, N, Ag)]| = 0.

n—oo

This, together with (5.8), implies that w(y) C Y, Vi € Z,.

For any given € € (0,1), let P.(t) be the solution maps of the following system on

Z+:
d
L = r(t)(1 = ) H e oyt — 7,) — (i + ()Mo 1)
d
(;f = e~ etmn o, (t — )Moy (t — ) — (7 + () M* + pun )a(t), (5.9)
d
S = T (1 — 1) M0l = 72) — i+ EHYos(1).

Let P. := P.(w). For any given ¢, € Z, with ¢ > 9, let v(t, ) and v(t,9) be
the unique solutions of system (5.9) satisfying vy = ¢ and vy = 1), respectively. By
(84, Theorem 5.1.1], we have v(t, ) > v(t, ), Vt > 0, that is, P.(t) : Z, — Z, is

monotone. Next we prove that 155(?5) : Zy — Z, is eventually strongly monotone.
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Let ¢,10 € Z satisfy ¢ > 1. Denote v(t,¢) = (4:1(t),72(t),y3(t)) and v(t, ) =
(y1(t), y2(t), y3(t)). Without loss of generality, we assume that p; > ;.
Claim 1. There exists tg € [0, 7] such that ga(t) > y2(t), Vt > to.

We first prove that 72(tg) > ya2(to) for some ty € [0,7]. Otherwise, we have

U2(t) = y2(t), Vt € [0, 7], and hence, dﬂ;—t(t) = dy;t(t),Vt € (0,7). Thus, we have

6_(’uL+MM)TlOél(t _ Tl)]\/[*(gl(t — Tl) — yl(t — ’l'l)) =0, vVt € [Oa Tl]'

It follows that ¢y (t — 1) = y1(t — 7),Vt € [0, 7], that is, p1(0) = ¢1(0),V0 € [—7,0],
which contradicts the assumption that ¢, > /5.

Let

gi(t,y) = e~ Wetmng (¢ — )My (t — 1) — (7 + () M* + pn)y.

Since
dys(t
y;t( ) _ ef(MLJrUM)TlOél(t — )My (t —7) — (v + a2(t) M™ + pun)ya(t)
> 6_(NL+#M)TlQ1(t — )My (t — 1) — (v + a(t) M™ + pun)ya(t)
— u(t.Ta(8).
we have
dii (1 dyo(t

Since ¥a(to) > ya(to), the comparison theorem for ordinary differential equations
(see Theorem 1.3.1) implies that ga(t) > y2(t), Vt > to.

Claim 2. y3(t) > ys(t),Vt > to + 7.

Let

92(t> y) = e_(MN-HlM)TnaQ(t - Tn)M*y2<t - Tn) - (:uA + €H*)y
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Then we have

dys(t)
dt

= et 0 (f — 1 )Mo (t — T) — (pa + EH)gs(t)
> e—(HN+MNI)Tna2(t — To) M yo(t — 7,) — (ua + EH)ys(t)

292(t7g3(t))7 vt > t0+Tna
and hence,

_dgj;t(t) — ga(t, y3(t)) >0 =

dt _92(t7y3(t))a vt > t0+7-n~

Since y3(to+7n) > y3(to+7,), it follows from Theorem 1.3.1 that y3(t) > ys(t), Vt >
to + Th-

Claim 3. y1(t) > y1(t), ¥t > to + 7, + Ta-

Let

gs(ty) = r(t) (L — e)H e WatmTegyy (t — 1) — (ug + ar () M")y.

Then we have

diji (1)

P r(t)(1 — e) H*e WatrmTeggs(t — 1.} — (ug, + ay ()M )G (¢)

> r(t)(1 — e)H*e_(“AJr“h)Taﬁyg(t — Ta) — (pr + a1 () M*)y, (t)

=gs(t,p1(t)), Vt>to+ 7, + T,

and hence,

dyy(t
MO gt > 0= 00 ). vistot

Since 41 (to + T + Ta) = wi(to + T + Ta), it follows from Theorem 1.3.1 that
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1(t) > yi(t),Vt > to + T + Ta.

In view of the above three claims, we obtain

(T (1), 72(t), y3(t) > (ya(t), y2(t), ys(t)), VYt >to+ 7 + Ta

Since to € [0, 7], it follows that

(U1t, Yor, Use) > (Yae, You, Yse), VE > 41,

that is, v;(¢) > v,(1)), ¥t > 47. This shows that P.(t) : Z, — Z, is strongly monotone
for any t > 4. It follows from [29, Theorem 3.6.1] that the linear operator P.(t) is
compact on Z,. Choose an integer ng > 0 such that now > 47. Since 156"0 = pe(now),
[44, Lemma 3.1] implies that r(P,) is a simple eigenvalue of P. having a strongly
positive eigenvector, and the modulus of any other eigenvalue is less than T(f’g). It
then follows from Lemma 5.2.1 that there is a positive w-periodic function v(t) =
(01(t),D2(t), v3(t))T such that v*(t) = e%t@(t) is a positive solution of system
(5.9).

Since lim,_o+ (P.) = r(P) > 1, we can fix an ¢ € (0,1) such that 7(P.,,) > 1.

Futher, we choose a sufficiently small positive number 9y such that

rt)e O > r(t)(1 —¢), VE>0, 0<wv<dy.

Since limy o P (t)(¢) = 0 uniformly for ¢ € [0,w], there exists §; > 0 such that

|H*geWatme Py () ()] < &, VE€ [0,0],  [|gll < O

Claim 4. limsup,,_, . || Ply|| > 6, for all ¢ € Z, \ {0}.
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Suppose, by contradiction, that limsup,,_,.. ||P{'¢|| < d; for some ¢ € Z, \ {0}.
Then there exists an integer Ny > 1 such that || P]'¢|| < d1,Vn > Ny. For any t > Nyw,

we have t = nw + t' with n > Ny, t' € [0,w] and

|Hgematmm A ()| < | Hgem At Py(t)(9)]|

= |[Hgem matmmepy (1) (PR

IN

.

Then for all t > 7,4+ Now we have 0 < H*Ee~WatmnTa A(t — 1, ¢) < &. It then follows

that

dLEltt’ 9) = H*e_(“A+“h)T“§A(t — 7a)7r(t) exp(—c(t)H*e_(“A+“h)T“§A(t —T,))

—(pr +ar(t)M*)L

v

r(t)(1 — eg)H*e~Watmn)tag A(t — 7,) — (g, + aq (£)M*) L

for all t > 7, + Nogw. Since ¢ > 0, there exists ¢y € [0, 7] such that at least one of
L(to, ) > 0, N(to,d) > 0, A(to, ) > 0 holds. Without loss of generality, we assume
that L(tg,¢) > 0. It then follows that L(t,¢) > 0 for all ¢ > ¢, that there exists
ty € [, 7 + 7] such that N(t1,¢) > 0, and hence, N(t,¢) > 0 for all ¢ > ¢;, and that
there exists to € [+ 7, 71 + T + 7] such that A(ts, ¢) > 0, and hence, A(t, ) > 0 for
all t > ty. Hence, L(t,¢) > 0, N(t,¢) > 0, A(t,¢) > 0 for all t > 37. We can choose

a sufficiently small real number k& > 0 such that

(L(t,0), N(t,0), A(t, 9)) > k(vi(t), v3(t),v3(t)), V¥t € [Nw, Nw+ 7],

where Nw > max{7, + Now,37}. By [84, Theorem 5.1.1], we have (L(t, $), N(t, ¢),
A(t, 9)) > k(vi(t), vi(t), vi(t)), Vt > Nw + 7. Thus, limy o L(t, ¢) = lim;_,o N(¢, ¢)
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= lim;_,, A(t, ¢) = 00, a contradiction.
For any ¢ € Y, we have ¢ < (L, N, A%). Since system (5.5) is dominated by the

cooperative system (5.6), it follows from [84, Theorem 5.1.1] that
(L(t,0), N(t, ), A(t,¢)) < (L*(t), N*(t), A*(t)), Vt>0, ¢€eY.

For any given ¢, 9 € Y with ¢ > 1, let w(t, ¢) and w(t, ) be the unique solutions

of system (5.5) satisfying wg = ¢ and wy = 1, respectively. Define
E(t,x) := r(t)ze c®r,

By virtue of (A3), we see that for any ¢ € Y,

aa_f(t, Hem Batm)e At — 7,,9))

— [1 — C(t)H*ef(NA‘H/fh)TafA(t — T, ¢)]r(t)efc(t)H*e_(MA+Mh)Ta§A(t*T,1,¢)

2 [1 — C(t)H*e*(UA‘H/'h)TagA* (t . Ta)]’)"(t)eic(t)H*ei(MAjLMh)TagA(t*Ta,l]s)

> 0.

It then follows that f;(t,¢) > fi(t,¢) whenever ¢ > v and ¢;(0) = v;(0) holds for
some i € {1,2,3}. By [84, Theorem 5.1.1], we have w(t, ¢) > w(t, ), Vt > 0, that is,
Pi(t) : Y — Y is monotone. Next we prove that P;(t) : Y — Y is eventually strongly
monotone. Let p,1 € Y satisfy ¢ > 1. Denote w(t,p) = (wy(t), ws(t), ws(t)),
w(t, ) = (wi(t), wa(t),ws(t)). By similar arguments to those in the proof of Claims
1 and 2, we have

Claim 5. There exists tg € [0, 7] such that ws(t) > wsy(t), Vt > .

Claim 6. ws(t) > ws(t),Vt > to + 7p.

Now we prove the following claim.
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Claim 7. wy(t) > wi(t),Vt > to + T + Ta.
Let

filt,y) == B(t, Hre™ WatinTecug(t — 1)) — (g, + aa () M*)y.
Since %—f(t, H*e~matmm)tag A(t — 1, ¢)) > 0, we have

dwy (t)

dt E(t, H*emWatmmTegg, (t — 7,)) — (ur, + on (t) M*)iw (¢)

> B(t, H*e~Watrmmagya(t — 1,)) — (g, + ay (t) M*)w, (t)

:fl(t,’u_Jl(t)), Vt>t0+7'n+7'a,
and hence,

dwn (t)
dt

o dt

— fl(t, U_Jl(t)) >0 — fl(t, U)l(t)), VYt > to+ 7 + Ta-

Since w1 (tg + Tn + 7a) = w1 (to + o + 7a), it follows from Theorem 1.3.1 that w;(t) >

wi(t),Vt >ty + 7, + 7, In view of the above three claims, we obtain

(w1 (t), wa(t), w3(t)) > (wi(t), wa(t), ws(t)), Vt>to+ Ty + Ta

Since ty € [0, 7], it follows that

(W1, Wayp, War) > (Wry, Wop, war), VE > 4T,

that is, u(¢) > w(¢0), vt > 47. This shows that P* : Y — Y is strongly monotone
for nw > 4t.

Since f (t,¢) is strictly subhomogeneous in ¢, by the same argument as in the
proof of [111, Theorem 3.3], we can deduce that P; is strictly subhomogeneous on Y.

Thus, Py is also strictly subhomogeneous on Y for any integer n > 0.
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We fix an integer ng such that now > 47. It then follows that P/ = Pj(now) :
Y — Y is strongly monotone and strictly subhomogeneous. Let 15(15) be the solution
map of linear system (5.7) on Z. Note that DP(0) = DPi(now)(0) = P(new) =
(P(w))™ = P™ and r(P™) = (r(P))™. Since (A2) holds, Theorem 1.3.4, as ap-
plied to P[", implies that there exists a unique positive now-periodic solution w(t) =
(L*(t), N*(t), A*(t)) which is globally attractive for system (5.5) in Y\ {0}.

Now we prove that w(t) is also an w-periodic solution of system (5.5). Let w(t) =
w(t,¥*). By the properties of periodic semiflows, we have P (P (¢*)) = Py (P ("))
= P (¢*), which implies that P;(¢*) is also a positive fixed point of P". By the
uniqueness of the positive fixed point of P/, it follows that P;(¢*) = ¢*. So w(t) =
(L*(t), N*(t), A*(t)) is an w-periodic solution of system (5.5).

By Lemma 1.1.2, for any ¢ € Z,, w(¢) is an internally chain transitive set for
P 7, — Z,. Since w(v)) C Y, it follows from Theorem 1.1.4 that either w(v)) =0
or w(y) = ¢¥*, Yy € Z,. Claim 4 implies that w(y) # 0,V € Z, \ {0}. Hence,
w) = ¥*, Y € Z, \ {0}. Thus, system (5.5) admits a unique positive w-periodic
solution w(t,y*) = (L*(t), N*(t), A*(t)) which is globally attractive in Z, \ {0}. O

Linearizing system (5.1) at its disease-free periodic solution (M*, 0, L*(t), N*(t),
0, A*(t), 0, H*), we then obtain the following system of periodic linear equations for

the infective variables m, n and a:

d

d_T = — upym + as(t) M n,

d

o =en g, (4 — ) By (t = (s — ) — (1 + as(t)M° + ),

d

S ety (¢ — ) (MPn(t = 7) + BN (¢ = m)m(t = 7)) = (a + EH)a.

(5.10)
Since the third equation of system (5.10) is decoupled from the first two equations of

system (5.10), it suffices to use the following system to define the basic reproduction
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ratio:
d
== = —pm -+ ax()BM*n,
dfl (5.11)
i e~ mtmnng, (t — 1) BpL*(t — 7)m(t — 1) — (v + aa(t) M* + py)n.

Denote a11(t) = par, a12(t) = ag(t)BM*, ax(t) = v+ az(t) M* + uy, and

ag (t) = e_(“LJr“M)”ozl(t —7)BrL*(t — 7).

Let C = C([-7,0],R?), C* = C([-7,0],R%). Then (C,C") is an ordered Banach
space equipped with the maximum norm and the positive cone C*. For any given

continuous function v = (vy,v9) : [=7,0) — R? with o > 0, we define v; € C' by

v(0) = (v1(t +0),v2(t +0)), VO e [—7,0],

for any ¢t € [0,0). Let F : R — £(C,R?) be a map and V(¢) be a continuous m x m

matrix function on R defined as follows:

F(t)p = ara(t)p2(0) | V(t) = ann(t) 0

az1(t)p1(—T1) 0 ax(t)

Let ®(t,s),t > s, be the evolution matrix associated with the following system:

that is, (¢, s) satisfies

%Cb(t,s) =-V(t)®(t,s), Vt>s, and P(s,s)=1, VseR.
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It then easily follows that

( ) e~ f: a11(r)dr 0
d(t,s) =
O e~ fst a22(7‘)dT

According to section 1.4, we assume that the w-periodic function v(¢) is the ini-
tial distribution of infectious individuals. For any given s > 0, F(t — s)v;_g is the
distribution of newly infected individuals at time ¢t — s, which is produced by the
infectious individuals who were introduced over the time interval [t — s — 7, — s].
Then ®(t,t — s)F(t — s)v;_s is the distribution of those infected individuals who were
newly infected at time ¢t — s and remain in the infected compartments at time ¢. It

follows that

/OO O(t,t — s)F(t — s)vy_sds = /00 O(t,t —s)F(t —s)v(t — s+ -)ds

is the distribution of accumulative new infections at time ¢ produced by all those
infectious individuals introduced at all previous times to t.

Let C,, be the ordered Banach space of all continuous and w-periodic functions
from R to R?, which is equipped with the maximum norm and the positive cone

Ch:.:={ved,:v(t) >0,Vt € R}. Define a linear operator L : C, — C,, by

(Lo (t) = /Ooo Bt t — s)F(t — )o(t — s +-)ds, VteRve .
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It follows that

Lol(t) — / B(t,t— )Pt — $)o(t — s + )ds
0
o0 a12(t — s)va(t — s
= / O(t,t —s) 12{ Jual ) ds
0 as (t — s)vi(t — s — 7))
o0 e fttfs““(r)dram(t — s)va(t — s)
= / . ds
0 e~ JisaMdrg ) (4 — Sy (t — s —7)
B I e Jis an(Mdr g (t — s)vug(t — s)ds
o 00 ,ftt_s . ag(r)dr . .
fﬂ e +71 ag (t — s+ 7)vi(t — s)ds
= / K(t,s)v(t —s)ds, VteR, v= € Cy,
where
0 e~ s an(mdry o (t — s
K(t,s) = , 12{ ) , i s>,
e ft’5+"l a22(r)dra21 (t — S+ Tl) 0
and
0 e Jisan@idry 4 g
K(t,s) = tl ) , if s <.

0 0

Following section 1.4, we define Ry = r(L). Let P(t) be the solution maps of system
(5.11), that is, P(t) = us(p),t > 0, where u(t, @) is the unique solution of (5.11)
with ug = ¢ € C([—7,0],R?). Then P := P(w) is the Poincaré map associated with
linear system (5.11) on C([—7,0],R?). Let r(P) be the spectral radius of P. By

Theorem 1.4.1, we have the following result.

A

Lemma 5.2.3. Ry — 1 has the same sign as r(P) — 1.
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This result shows that the sign of Ry — 1 determines the stability of the zero
solution of linear periodic system (5.11), and hence, Ry is a threshold value for the

local invasion of the disease.

5.3 Threshold dynamics

In this section, we study the global dynamics of system (5.1) in terms of Ry. We first

present the following preliminary result.

Lemma 5.3.1. For any ¢ € C([—7,0],R%), system (5.1) has a unique nonnegative

solution through @, and solutions are ultimately bounded.

Proof. For any ¢ € C([—,0],R%), we define

[t o) = (f1, f2, f3, fa, f5, fo, fa: [),
where

Jr =(©1(0) +¢2(0)) Bar (¢1(0) + ¢2(0)) — parp1(0) — aa(t) Bep1(0)p5(0),

Jo =0a(t)Be1(0)05(0) — pare2(0),

f =em At g (og(—7,) + 1(=T7a)) s (—Ta)r (1) exp(—c(t)e” FatiTeg (g (—1,)
+07(=7a))ps(=7a)) — 112p3(0) — a1 (t)03(0)(¢1(0) + 2(0)),

fa=em Wm0y (t — 1)1 (=71) + (1= Br)ea(—n)]ps(—7) — [y + aa(t)(01(0)
+ ©2(0)) + pn]epa(0),

f5 =e”WEtmT o (£ — 1) Broa (—71)ps(—T1)

— [v + @2(t)(¢1(0) + 2(0)) + un]ps(0),
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fo =em ™ o (t — 1)1 (=) + (1 = Br)pa(=Ta))pa(—Tn)
— (pa + §¢s(0))6(0),
fr=em T as (t — 1) [(01(=Tn) + 02(=T0))5(=Ta) + Brepa(=Tn)pa(=T0)]
— (pa + &ps(0))7(0),
fs =rn — pnes(0).
Since f(t, ) is continuous in (¢, p) € Ry x C([—7,0],RY), and f(¢,¢) is Lipschitz in
¢ on each compact subset of C'([—7, 0],]1%3), it then follows that system (5.1) has a

unique solution u(t, ) on its maximal interval [0, 0,,) of existence with ug = ¢ (see,

e.g., [29, Theorem 2.2.1 and 2.2.3]).

Let ¢ = (01,2, 03, 1, %5, P6, 7, 08) € C([=7,0],R}) be given. If ¢;(0) = 0 for
some i € {1,2,3,4,5,6,7,8}, then fi(t,) > 0. By [84, Theorem 5.2.1 and Remark
5.2.1], it follows that for any ¢ € C([—7,0],R%), the unique solution u(t, ) of system
(5.1) with ug = ¢ satisfies u(p) € C([—7,0],R%) for all ¢ € [0, 0,).

For the mice population M (t) + m(t), we have

d(M +m M+m
% = (M + m)ry exp(— ey

) — s (M +m).
It follows that for any M (0) + m(0) > 0, there holds

lim (M (t) + m(t)) = M*,

t—o0
For the larval tick population L(t), we have

% = Tyr(t)exp(—c(t)Ty) — prL — aq (t) L(M + m)
r(t)

c(t)

IN

6_1 — ,ULL



142

It is easy to see that the linear inhomogeneous equation

=Tt il

has a globally attractive positive w-periodic solution L*(¢). Then, by the comparison
principle, we have

lim sup(L(t) — L*(t)) < 0.

t—o0

It follows that there exists B; > 0 such that

d(N +n)

7 = e WtmnOng, (t — 7)[M(t —7) +m(t — )Lt — 1)

—[y + aa()(M +m) + pun](N +n)

< Biag(t—m) — (v + pun)(N +n)

for sufficiently large t. Note that the linear inhomogeneous equation

au

o = Bt =n) = (v + un)U

has a globally attractive positive w-periodic solution U*(t). By the comparison prin-
ciple, we obtain

limsup(N(t) + n(t) — U*(t)) < 0.

t—o00

Thus, there exists By > 0 such that

d(A+a)

b7 = e wEmOT g, (t— 7 ) [M(t —7,) + m(t — 1) [N(t — 1) + n(t — 7))

—(pa +EH)(A+a)

< Bsas(t —7,) — a(A+a)
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for sufficiently large ¢. Since the linear inhomogeneous equation

av

E = Bgag(t — Tn) — ,MAV

has a globally attractive positive w-periodic solution V*(¢), the comparison theorem
implies that
lim sup(A(t) + a(t) — V*(t)) < 0.

t—00

For the deer population H(t), it is easy to see that

lim H(t) = H".
t—00
Consequently, solutions of system (5.1) are ultimately bounded. O]

Let

X = (=701, R2) x C([=7,0,Ry) x C([—7n, 0], R2) x C(|—7a, 0], ),

Xo = {¢ = (1,02, 03,04, 05, b6, 07, 0s) € X : ¢;(0) > 0,i = 2,5, T}

Let P(t) be the solution maps of system (5.11) on the space C([—m,0],Ry) x R,.
Then P := P(w) is the Poincaré map of system (5.11) on the space C([—7;,0],R) x R.
Let 7(P) be the spectral radius of P. Then we have the following threshold type result

for system (5.1).

Theorem 5.3.2. Let (A1), (A2) and (A3) hold. Then the following statements are

valid:

(i) If r(P) < 1, then the disease-free periodic solution (M*, 0, L*(t), N*(t), 0,

A*(t), 0, H*) is globally attractive for system (5.1) in X.
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(i1) If r(P) > 1, then system (5.1) admits a positive w-periodic solution and there
exists a real number n > 0 such that any solution (M(t,p), m(t,¢), L(t,¢),
N(t, @), n(t,p), A(t, @), al(t, ), H(t,p)) of system (5.1) with p € Xy satisfies

liminfy o0 (m(t), n(t), a(t)) = (1,7, 1)

Proof. We first consider the case where r(P) < 1. By arguments similar to those in
proving that P.(t) is eventually strongly monotone, we can show that P(t) is strongly
positive on C([—7;,0],R) x R for each ¢t > 27;. It follows from [29, Theorem 3.6.1]
that the linear operator P(t) is compact on C'([—7, 0], R) X R for each ¢ > 27;. Choose
an integer ng > 0 such that now > 27. Since P™ = P(now), [44, Lemma 3.1]
implies that r(P) is a simple eigenvalue of P having a strongly positive eigenvector,
and the modulus of any other eigenvalue is less than r(P). Let p = @. By
Lemma 5.2.1, there exists a positive w-periodic function v(t) = (vy(t),vo(t))" such
that u(t) = e*v(t) is a positive solution of system (5.11).

Let P.(t) be the solution maps of the following perturbed linear periodic system

on the space C([—7,0],R) x R:

d

=F = — mam+ ax(D)B(M" + e)n,

dn

= Ty (£ — ) Bp(L7(t = ) + ymit =) = [y + agt)(M” =€) + pnn,

(5.12)

and P. := P.(w). Since lim.,o7(P.) = r(P) < 1, we can fix a sufficiently small ¢ > 0

such that r(P.) < 1. It is easy to verify that P.(t) is also compact and eventually

strongly monotone on C([—7;,0],R) x R for each ¢t > 27;. As discussed above, there

is a positive w-periodic function v (t) = (v (t), vea(t)) such that u(t) = et (t) is a
Inr(P.)

positive solution of (5.12), where y, = =/~ < 0. Clearly, lim;_,, u.(t) = 0.

w
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Let M =M +m,N =N +n, A= A+ a, then we have

% — MByy (M) — i M,

A ot At — 7, H(t = m,)r(0) expl—elt)e P4 At — ) H (1~ 7))
L — oy (LM,

%/ —e~WetmOng, (t — )Mt — 1)Lt — 7)) — (7 + aa ()M + )N,

028 ettt — )Mt~ 7N (= 72) — (14 + EH)A

% =rp — ppH.

(5.13)

Since (M*, L*(t), N*(t), A*(t), H*) is globally attractive for the solutions of system
(5.4) in (C([=7, 01, R1)\{0}) x (Z\{0}) x C([=7a, O], Ry), (M™, L*(t), N*(t), A*(¢),
H*) is also globally attractive for the solutions of system (5.13) in (C'([—7,, 0], R4) \
{0}) x(Z\{0})xC([—7a, 0], R,). Tt follows that there exists a sufficiently large integer
ny > 0 such that nyw > 7 and M* —e < M(t) < M* +¢€, L(t —7) < L*(t — 1) + ¢,

Vt > nyw. We then have

dm
- = as(t)BMn — pym
t
< t)B(M*+e)n — pym,
d
d_:f = e Ty (t —7)Brm(t — 1) L(t — 1) — (v + @z () (M + m) + juy)n

< emWwtmnno (t— ) Brm(t — 1) (L*(t — 1) + €) — (7 + aa(t)(M* — €) + pn)n

IA

for all ¢ > njw. Choose a sufficiently large number K > 0 such that (m(t),n(t))"
Ku(t),Vt € [nyw,nw + 7). Then [84, Theorem 5.1.1] implies that (m(t),n(t))T <
Ku(t), ¥t > nyw + 7. Hence, lim;_,o, m(t) = lim;_,,, n(t) = 0. By using the chain
transitive sets arguments (see, e.g., section 1.1), it follows that lim; . a(t) = 0,

lim oo M(t) = M*, lim,_o H(t) = H*, lim, oo (L(t) — L*(t)) = lim,_oo(N(t) —
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N*(t)) = lim; 00 (A(t) — A*(t)) = 0. This proves statement (i).

In the case where r(P) > 1, we appeal to the persistence theory for periodic
semiflows. Let 0Xy:= X\ Xo={¢p € X : ¢;(0) =0 for some i€ {2,57}}. Let
Q(t) be the solution maps of system (5.1) on X, that is, Q(t)y = uy(¢),t > 0, where
u(t, 1) is the unique solution of system (5.1) satisfying up = ¢ € X. Then @ = Q(w)
is the Poincaré map associated with system (5.1).

From the second, fifth and seventh equations of system (5.1) it is easy to see
that Q(t)Xo C Xy for all £ > 0. Lemma 5.3.1 implies that the discrete-time system
{Q" : X — X},>0 is point dissipative and Q" is compact for sufficiently large n. It
then follows from [52, Theorem 2.9] that () admits a global attractor in X. Now we
prove that () is uniformly persistent with respect to Xj.

Let M, = (0,0,0,0,0,0,0, H*), My = (M*,0,0,0,0,0,0, H*), My = (M?*, 0, L,
N§, 0, A5, 0, H*), where Lj(0) = L*(0) for all § € [—7,0], Ni(0) = N*(#) for all
0 € [—1,,0], A5(6) = A*(0) for all § € [—7,,0]. Choose a small positive integer Jy
such that M* > 26y. Since limy,p;, (Q(t)¢ — M;) = 0 uniformly for ¢ € [0,w], there
exists d; > 0 such that for any ¢ € X, with ||¢ — M;|| < 01, we have |Q(t)p — M| <
o, Vt € [0, w].

Claim 1. limsup,,_, [|Q(nw)p — M,|| > 6, for all ¢ € X,.

Suppose, by contradiction, that lim sup,, . ||Q(nw)y— M| < d; for some ¥ € X,.
Then there exists an integer N7 > 1 such that ||Q(nw)y — M;|| < 67 for all n > Nj.
For any t > Nyw, we have t = nw + t' with n > N; and ¢ € [0,w], and hence,
Q) — M, || = [|Q(t)Q(nw) — My || < do. It follows that M (¢,1) < oy, m(t, 1) < o
for all ¢ > Nyjw. Since ¥ € Xy, 15(0) > 0, and hence, lim;_,o (M (t, 1) + m(t,¢)) =
M* > 24y, a contradiction.

Since L*(t) is a positive w-periodic solution, we can choose 79 > 0 such that

inf;>0 L*(t) > 0. Since limy_,py, [|Q(t)p — Ms|| = 0 uniformly for ¢ € [0,w], there



147

exists 71 > 0 such that for any ¢ € X with ||¢ — Ms|| < 71, we have ||Q(t)¢p — Ma|| <
Y0, Vt € [0,w]. By similar arguments, we can prove the following claim:

Claim 2. limsup,, . ||Q(nw)p — Ms|| > ~; for all ¢ € X,.

Since limy_, s, ||Q(8)¢ — Q(t)Ms|| = 0 uniformly for ¢ € [0,w], for any given € >
0, there exists 17, > 0 such that for any ¢ € X, with ||¢ — M| < m, we have
Q)¢ — Q(t)Ms]| <€Vt € [0,w].

Claim 3. limsup,,_, . [|Q(nw)p — Ms|| > n; for all ¢ € X,.

Suppose, by contradiction, that lim sup,, . [|Q(nw)y— Ms|| < n; for some ¢ € Xj.
Then there exists N3 > 1 such that ||Q(nw)y — Ms|| < n for all n > Nj. For any
t > Nsw, we have t = nw + t' with n > N3, t' € [0,w] and ||Q(t)Y — Q(t)Ms]|| =
1Q()Q(nw)y — Q()Q(nw) Ms|| = [[Q)Q(nw)d — Q') Ms|| < € for all ¢ > Naw.
Therefore, M(t) > M* — e, M(t) + m(t) < M*+ e and L(t — ;) > L*(t — ;) — € for
all t > Niyw + 7;. Let r. be the spectral radius of the Poincaré map associated with

the following system:

dm

o + aa(t)B(M™ — €)n,

dn "

—p =e Ty (1 — ) Br(L(t = ) = eym(t —m) = (3 + aa()(M” + ) + ).

(5.14)
Then lim, ,o+ 7. = 7(P) > 1. Fix a sufficiently small € such that r. > 1, M* —€e > 0
and L*(t — 1) —e > 0 for all £ > 0. By Lemma 5.2.1, system (5.14) has a solution

w(t) = eMu(t), where v(t) = (vi(t),vs(t)) is positive and w-periodic, A = 2= > 0.
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Clearly, lim; o, w(t) = oo. For all t > Nsw + 7, we have

dm
P az(t)BMn — pym
> a(t)B(M* —€e)n — pym,
dn
o = e~ ety (t — 1) Bpm(t — 1) L(t — 1) — (7 + ao(t)(M +m) + un)n

> e tmong, (t — 1) Brm(t — 1) (L*(t — 7)) — €) — (v + aa(t)(M* + €) + pn)n,

Since m(t,¢) > 0, n(t,¢) > 0 for all ¢ > 0, we can choose a sufficiently small £ > 0
such that

(m(t,),n(t, ) > kw(t), ¥Vt [Nsw+ 7, Nsw + 27].

By [84, Theorem 5.1.1], it follows that
(m(t,),n(t, 1)) > kw(t) forall t> Nsw+ 27.

Hence, lim; o m(t,¢) = lim;_,o, n(t, 1) = 00, a contradiction.
Define
My = {¢p € 0Xo: Q"(¢) € 0X,,Vn > 0}.

For any given ¢ € 90Xy, we have 15(0) = 0 or ¢5(0) = 0 or ¥7(0) = 0.

If 45(0) = 0, we have the following two cases:

Case 1. 11(0) = 0.

Since MM — (M 4 m) By (M + m) — puar(M + m) and 1, (0) + 5(0) = 0,

M(t,vp) = m(t,v)) = 0, Vt > 0. Then from the fourth, fifth, sixth and seventh

equations of (5.1) we have N(t,¢) — 0, n(t,v) — 0, A(t,) — 0, a(t,v)) — 0 as
t — oo. In view of the third equation of (5.1), we have L(t,v¢) — 0 as t — oo. In this

case, Q"(¢) — My as n — 0.
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Case 2. 11(0) > 0.

Since 1 (0) > 0, from the first equation of (5.1) we have M (t,1) > 0, Vt > 0. We
proceed with the following two subcases:

Subcase 1. m(t, ) = 0,Vt > 0.

From the second equation of (5.1) we get n(t,¢) = 0, V& > 0. Then from the
seventh equation of (5.1), we have a(t,v) — 0 as ¢ — oco. In this subcase, Q™ (¢)) —
Ms or Mz as n — oo.

Subcase 2. m(to, ) > 0 for some t5 > 0.

From the second equation of (5.1) we have m(t,¢) > 0, ¥Vt > t;. We have two

possibilities:

(i) L(t, ) =0, V¢ > 0.

From the fourth and fifth equations of (5.1) we get N(t,¢) — 0, n(t,v) — 0 as
t — oo. Then from the sixth and seventh equations of (5.1), we have A(t, 1) — 0
and a(t,) — 0 as t — oo. From the second equation of (5.1) we obtain

m(t,v) — 0 as t — oo. Thus, Q"(¢) — My as n — oo.

(ii) L(t1,v) > 0 for some t; > 0.

From the third equation of (5.1) we have L(t,¢) > 0, V& > t;. By the fifth
equation of (5.1), it follows that n(t,) > 0 for ¢ > max{to,¢;} + 7. Then from
the seventh equation of (5.1), we have a(t, 1) > 0 for ¢t > max{to,t1} + 7 + 7.

Thus, Q"(¢) € Xy for nw > max{ty,t1} + 7 + Tp.

For the case where 15(0) = 0 or ¢7(0) = 0, we can do similar analysis. Finally, we
see that for any given ¢ € My, Q"(¢)) — M; asn — 0o, or Q"(¢)) — Ms asn — 00, or
Q" (1) = Mz as n — oo. Thus, Uyep, w(®) € {Mi, My, M3}. Further, no subset of
{My, My, M3} forms a cycle in 0X,. With the above three claims, we see that My, M,
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and M3 are isolated invariant sets for @ in X, and W*(M;)N Xy = 0,7 = 1,2, 3, where
W*(M;) is the stable set of M; for Q). By the acyclicity theorem on uniform persistence
for maps (see, e.g., Theorem 1.2.1), it follows that @ : X — X is uniformly persistent
with respect to Xj. Note that there exists an equivalent norm for C([—7, 0], R®) such
that for each ¢t > 0, the solution map Q(t¢) of system (5.1) is an k-contraction on
C([-,0],R%), where & is the Kuratowski measure of noncompactness (see, e.g., [29,
Theorem 3.6.1]). It then follows from Theorem 1.2.5 that system (5.1) admits an w-
periodic solution Q(t)¢* with ¢* € Xy. Then M (t, ¢*) > 0, m(t, ¢*) > 0, L(t, ¢*) > 0,
N(t,¢*) > 0, n(t,¢*) > 0, A(t,¢*) > 0, a(t,¢*) > 0, H(t,¢*) = > 0. We claim
that there exists some ¢ € [0,w] such that M(¢,¢*) > 0. If it is not the case, then
M(t,¢*) =0 for all t > 0, due to the periodicity of M (¢, ¢*). From the first equation
of system (5.1) we get 0 = m(t, ¢*) By (m(t, ¢*)) > 0, which is a contradiction. Since
dM(t, ¢*)

a2 (et aa(t)B max n(t, ¢7)M(t, 7).

it follows that M(t,¢*) > 0 for all ¢ > . Now the periodicity of M (¢, ¢*) implies that
M(t,¢*) > 0 for all t > 0. By similar arguments, we can show that L(¢,¢*) > 0,
N(t,¢*) > 0, A(t,¢*) > 0 for all ¢ > 0. Therefore, (M(t,d*), m(t,d*), L(t,d*),
N(t,¢*), n(t, %), A(t, ¢*), a(t, ¢*), H(t, ¢*)) is a positive w-periodic solution of system
(5.1).

By Theorem 1.2.5 with p(z) = d(z,0Xj), it then follows that Q : Xy — X, has a
compact global attractor Ag. For any ¢ € Ay, we have ¢;(0) > 0 for all i = 2,5,7. Let
By = Ute[O,w] Q(t)Ag. Then ¢;(0) > 0,7 = 2,5,7 for all ¥ € By. Moreover, By C X
and limy_,, d(Q(t)¢, By) = 0 for all ¢ € X;. Define a continuous function p : X — R,
by

p(¢) = min {6:,(0)}, Vo€ X.
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Since By is a compact subset of Xy, we have inf e g, p(¢) = mingep, p(¢) > 0. Conse-
quently, there exists n > 0 such that

lim inf min(m(t, 6), n(t, 6). a(t, 6)) = liminf p(Q(£)¢) > 1.

t—o00

This completes the proof. n

By the same arguments as in Lemma 2.3.8, we have r(P) = r(P). Combining

Lemma 5.2.3 and Theorem 5.3.2, we have the following result.

Theorem 5.3.3. Let (A1), (A2) and (AS3) hold. Then the following statements are

valid:

(i) If Ry < 1, then the disease-free periodic solution (M*, 0, L*(t), N*(t), 0, A*(t),

0, H*) is globally attractive for system (5.1) in X.

(i) If Ry > 1, then system (5.1) admits a positive w-periodic solution and there
exists a real number n > 0 such that any solution (M (t,¢), m(t,¢), L(t,p),
N(t, ), n(t, @), Alt,¢), alt,¢), H(t,p)) of system (5.1) with ¢ € Xy satisfies

lim inf o (m(t), n(1), a(t) = (0,9, 7).

5.4 A case study

In this section, we investigate the Lyme disease transmission in Long Point, Ontario,
which is one of the endemic areas for Lyme disease in Canada.

Values for constant parameters in model (5.1) are obtained and estimated from
[15, 16, 51, 64, 65]. We list them in Table 5.2. According to [64, 65, 66|, the dura-
tion of development and activity of ticks are mainly affected by temperatures. Thus,
we evaluate the periodic parameters in model (5.1) by using the monthly mean tem-

perature data from 1981 to 2010 (obtained from the Environment Canada website:
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http://www.climate.weatheroffice.gc.ca, see Table 5.3) of Delhi CDA station which is,

among all the currently functioning weather stations, the closest to Long Point.

Table 5.2: Values for constant parameters in model (5.1)

Parameter Value Dimension Reference

T 3 day [64]

Tn 5 day [64]

Ta 10 day [64]

T 2 day~—! [15]

K 3000 dimensionless  [51]

B 1 dimensionless  [64]

Br 0.9 dimensionless  [16]

vy 0.005 day—! [16]

3 0.1/30.4  day~! Estimated from [64]
Y 0.012 day~! [64]

Lr 0.006 day~! [64]

LN 0.006 day—! [64]

A 0.006 day~—! [64]

U 0.01/30.4 day~! Estimated from [65]
Th 0.2/30.4  day™! Estimated from [65]

Table 5.3: Monthly mean temperatures for Delhi CDA (in °C)

Month Jan Feb  Mar Apr May June
Temperature —54 —4.7 0 6.9 132 185
Month Jul Aug Sep Oct Nov Dec
Temperature 21.1 20 155 94 3.5 —2.2

It follows from Figure 1 in [66] that the preoviposition period of female adults and

the preeclosion period for egg masses are given in days, respectively, by
Y =1300C~ 12, Y = 342340277,

where C' > 0 is the temperature in °C. We assume that 5% of adult ticks are pregnant

females and the maximum number of eggs produced by each pregnant tick is 3000



153

[64]. Then the maximal birth rate of ticks per day can be expressed as

3000

0.05 .
* 1300C 142 1 34234C 227

Substituting the temperatures in Table 5.3 into the above formula we can get 12
values, each of which represents the mean maximal birth rate for the corresponding
month. For simplicity, we assume that the mean maximal birth rate for a month is
also the mean maximal birth rate for each day in that month. Thus, we obtain a
vector with 365 elements. After we put this vector into CFTOOL, we can get the

following fitted function for the temperature-dependent maximal birth rate of ticks:

B ! 2nmt b s 2nmt
r(t) —C—FZ Gn COS — oo + b, sin 365 )
n=1

where a; = —41.05,b; = —13.6,a9 = 15.3,by = 12.5,a3 = 0.6696,b3 = —1.877,a4 =
—1.76,by, = —3.236,a5 = —0.9198,b5 = —0.03388,a¢ = 0.3419,bs = 2.435,a; =
0.3846, b; = 0.04198, ¢ = 27.04.

According to [64, 65], the biting rates of larvae and nymphs to mice depend on the
mice-finding probability and the activity proportion of immature ticks. The activity
proportion of immature ticks is temperature-dependent. The relationship between
the activity proportion and temperature is shown in Figure 3 of [65]. By the same
method as in getting r(t), we obtain the following fitted function for the temperature-

dependent activity proportion of immature ticks:

7
2nmt 2nmt
e(t):c+2(ancos 567; + by, sin mr)’
n=1

where a; = —0.1057, by = —0.0374, ay = 0.0481, by = 0.04018, a3 = —0.009363,
bs = —0.01734, a4 = 0.001915, by = 0.001805, a5 = —0.004033, b5 = —0.003589,
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ag = 0.001028, bg = 0.006714, a; = 0.001692, by = —0.002853, ¢ = 0.06712. In
[64], the daily mice-finding probabilities of questing tick larvae and nymphs are given,

respectively, by
A = 0.0013m°*® and Agn = 0.002m%315

where m is the total number of mice. Then the daily biting rate of larvae and nymphs

to one mouse can be given, respectively, by

~0.0013M*0-515 0.002M*0-515

ay(t) Vi O(t) and ax(t) = e o(t).

Note that for any given ¢ € C,,, we have

(L) (1) = / K (t,$)(t — s)ds

= /Ow K(t, s + kw)p(t — s)ds

_ /w<i K(t, s + ko)) d(t — )ds

0

- /Ow G(t, 5)o(t — 5)ds,

where G(t,s) =Y ;- K(t,s + kw). Then we can use the method in [70] to calculate
Ry. Setting the initial function values as M (6) = 200, m(0) = 0, L(8) = 100, N(0) =
60,n(0) = 25, A(0) = 50,a(0) = 20, H(§) = 20 for 6 € [—7,0]. With the above
obtained constant and periodic parameter values, we obtain Ry = 2.5530 > 1. In this
case, the solution converges to a positive periodic solution eventually. The time series
of n(t) and a(t) are shown in Figure 5.2. If we decrease the maximal birth rate of ticks
to 0.17(t), then the solution converges to a disease-free periodic solution, which means
that the disease dies out eventually. In this case, we calculate Ry = 0.7980 < 1. The

long term behaviour of the questing nymph and adult tick populations are shown in
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Figure 5.3 and Figure 5.4, respectively.
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Figure 5.2: Long term behaviour of the solution, where Ry = 2.5530. (a) Time series
of n(t); (b) Time series of a(t).

5.5 Discussion

In this project, we have proposed a periodic and time-delayed Lyme disease model.
By using the theory developed in [110], we have derived the basic reproduction ratio
Ry for our model. By appealing to the theory of monotone and subhomogeneous
systems, the theory of uniform persistence for periodic semiflows and the theory of
chain transitive sets, we have obtained a threshold type result on the global dynamics
of the model in terms of Ry under some additional conditions, that is, the disease will

die out if Ry < 1 and will persist if Ry > 1.
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Figure 5.3: Long term behaviour of the solution, where Ry = 0.7980. (a) Time series

of N(t); (b) Time series of n(t).
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0 1000 2000 3000 4000 5000 6000 7000 8000

Time (days)
P (b)
9 20 T T T T
3 15 -
©
2 10 -
D
S 5 :
(o
©
o Of
°©
()
-..E _5 1 1 1 1
= 0 200 400 600 800 1000
Time (days)

Figure 5.4: Long term behaviour of the solution, where Ry = 0.7980. (a) Time series
of A(t); (b) Time series of a(t).
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In the case where ¢(t) = 0, the limiting system (5.5) is exactly the linear system
(5.7). By the same arguments as those for linear system (5.9) in the proof of Theorem
5.2.2 (just letting € = 0 there), it follows that there is a positive w-periodic function

o(t) such that v*(t) = emw(P)tTJ(t) is a positive solution of linear system (5.7). Note

that for any real number § > 0, 6v*(¢) is also a solution of system (5.7). Then the
standard comparison arguments imply that every positive solution of system (5.7)

tends to zero if r(P) < 1, and to infinity if (P) > 1, as t — oco. Thus, under the
assumption (A2) (that is, 7(P) > 1), the tick population grows without bound in
the absence of the disease. This also explains why we need to use a positive but
sufficiently small periodic function to deal with the case where ¢(t) = 0.
Numerically, we have evaluated all the parameters by using some published data
and simulated the Lyme disease transmission case in Long Point, Ontario, Canada.
The simulation results show that Lyme disease will persist and exhibit periodic fluctu-
ation in Long Point in the next few years if no further intervention is taken (see Figure
5.2). By employing the algorithm in [70], we numerically calculated the basic repro-
duction ratio for our model. By using the monthly mean temperatures from 1981 to
2010 in Long Point, we obtain Ry = 2.5530 > 1. After we decrease the maximal birth
rate of tick larvae by 90%, we get Ry = 0.7980 < 1. The long term behaviour of the
solution in Figures 5.3 and 5.4 indicates that the solution converges to a disease-free
periodic solution. This implies that we may eliminate Lyme disease in Long Point by
reducing the recruitment rate of tick larvae. Therefore, it may be helpful to regularly
search for the spots where adult ticks usually lay eggs, like in sheds, in woodpiles,
under rocks and in the crevices of walls. Since tick eggs are static, it is more feasible
to focus on the clearance of eggs than to think about killing ticks of the other three

life stages.



Chapter 6

Conclusions and future work

In this chapter, we briefly summarize the results of this thesis and present some

possible projects as future work.

6.1 Research summary

This PhD thesis is devoted to the study of global dynamics of some climate-based
vector-borne infectious disease models. In chapter 2, we proposed a periodic vector-
bias malaria model with incubation period. A constant delay is employed to depict the
extrinsic incubation period (EIP) in that model. We modified the model by changing
the constant delay into a temperature-dependent delay in chapter 3. In chapter 4,
we incorporated the control measure of bed net use into a simple mosquito-stage-
structured malaria model. In chapter 5, we developed a time-delayed Lyme disease
model with seasonality.

By using the recently developed R, theory for periodic and time-delayed models
by Zhao [110] and the theory of Ry for periodic models by Wang and Zhao [94], we
derived the basic reproduction ratios for these models. By appealing to the theory of

monotone and subhomogeneous systems, the theory of chain transitive sets and the
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theory of uniform persistence (see, e.g., [109]), we obtained the threshold dynamics of
these models. For the malaria models in chapters 2 and 3, we proved that the disease-
free periodic solution is globally asymptotically stable if Ry < 1 and the positive
periodic solution is globally asymptotically stable if Ry > 1. For the malaria model in
chapter 4, we obtained the threshold type result in terms of the vector reproduction
ratio R, and the basic reproduction ratio Ry, that is, the mosquito-free equilibrium is
globally attractive is R, < 1; the disease-free periodic solution is globally attractive
if R, > 1 and Ry < 1; the positive periodic solution is globally attractive if R, > 1
and Ry > 1. For the Lyme disease model in chapter 5, we showed that the disease-
free periodic solution is gloablly attractive if Ry < 1; the model system is uniformly
persistent and admits a positive periodic solution if Rg > 1.

By conducting case studies, we proposed some practical strategies for the control
of the diseases. For the models in chapters 2 and 3, based on data from Maputo
Province, we find that prolonging the length of the EIP is helpful for the control of
malaria, and the basic reproduction ratio may be underestimated if the time-averaged
EIP is used. For the model in chapter 4, we parameterized the model with data from
Port Harcourt, Nigeria. The simulation results suggest that the use of ITNs has a
positive effect on reducing Ry, and that malaria may be eliminated from this area if
over 75% of the human population were to use ITNs. In addition, we find that the
ignorance of the vector-bias effect may underestimate the basic reproduction ratio
Ry. Another notable result is that the infection risk would be underestimated if the
basic reproduction ratio [Ry] of the time-averaged autonomous system were used. In
chapter 5, we studied the Lyme disease transmission in Long Point, Ontario, Canada.
The simulation result indicates that Lyme disease is endemic in this region. We find
that Lyme disease will be eliminated from this area if we decrease the recruitment

rate of larvae, which implies that we may control Lyme disease by preventing tick
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eggs from hatching into larvae.

6.2 Future work

6.2.1 The comprehensive effects of multiple measures in the

control of malaria

In recent years, emphasis has been put on integrating multiple strategies for malaria
control. However, most mathematical models consider only one control measure (e.g.,
the bed net use or the vaccine). It is necessary to develop mathematical models
which take into account multiple malaria control measures so that we can provide

more realistic suggestions for the disease control.

6.2.2 A malaria transmission model with heterogeneous host
mixing
The heterogeneity of the population has gained some attention in infectious disease
transmission dynamics, that is, a discrete number of types of individuals are dis-
tinguished by some epidemiologically significant characteristics such as age groups,
species, or routes by which they were infected (see, e.g., [14, 30, 56, 106] and the
references therein). Rowe et al. proposed that blood group O protects against se-
vere Plasmodium falciparum malaria through the mechanism of reduced resetting.
Their findings provide insights into malaria pathogenesis and suggest that the selec-
tive pressure imposed by malaria may contribute to the variable global distribution

of ABO blood groups in the human population [78]. We may consider developing a

mathematical model for malaria involving different human host blood groups.
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6.2.3 Modelling the effect of a double-edged drug on preven-

tion of malaria transmission

At the end of chapter 2, we pointed out that prolonging the length of the EIP is
helpful for the control of malaria transmission and we may develop some drugs for
malaria-infected people so that once a mosquito bites an infected person who takes
the drugs, then the EIP of malaria parasites in that mosquito will be prolonged, that
is, the patients who take the drugs serve as a vector to let the drugs make effect on
mosquitoes. This kind of drug is double-edged since it can not only alleviate symptoms
of patients but also extend the EIP of malaria parasites in mosquitoes. It is interesting
to develop a mathematical model to predict the effect of human individuals taking
such EIP-extending drugs in a real malaria endemic region, like in a Sub-Saharan

African country.

6.2.4 The effects of migratory birds on Lyme disease trans-
mission

In recent years, northward invasive spread of the tick vectors from the United States
endemic foci to non-endemic Canadian habitats is a public health concern [23, 67].
Migratory songbirds play an integral role in the wide spread of ticks, especially during
northward spring migration [82]. The data reveal that 35% of 1. scapularis nymphs
removed from northward-migrating birds were infected with B. burgdorferi [82]. We
can develop mathematical models to study the roles that the bird migration plays
in the geographic distribution of I. scapularis, and hopefully, we may propose some

strategies for Lyme disease control.
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6.2.5 Dynamics of a sea lice model in a seasonally changing

environment

Sea lice cause substantial economic losses on salmon farms [20]. Due to the eco-
nomic importance of salmons, control of sea lice on salmon farms has been named
one of the top priorities in aquaculture research by both scientists and aquaculture
practitioners [33]. Sea lice exhibit temperature-dependent development rates and
salinity-dependent mortality [74]. A variety of deterministic and stochastic models
have been proposed to predict sea lice dynamics (see, e.g., [28, 73| and the references
therein). However, little mathematical analysis has been carried out to understand
the dynamical behaviors of the solutions. We propose to derive and analyze a sea lice
model of functional differential equations with time-periodic delays. We can further

consider models involving control measures for sea lice on salmon farms.

6.2.6 Summary

Since the life cycles of mosquitoes, ticks and sea lice are all strongly affected by the
seasonally varying temperatures, we can develop non-autonomous ordinary differential
equations models with periodic coefficients. Infected mosquitoes will undergo the EIP
before they are able to transmit malaria. Larvae, nymphs and adult ticks have different
feeding durations on mice and deer. The salmon louse, Lepeophtheirus salmonis,
exhibit 8 distinct life stages, consisting of nauplius I/II, coopepodid, chalimus I/11,
pre-adult I/11, and adult. The length of time that a nauplius or chalimus requires to
mature to their respective next life stages depends on water temperature [74]. One
way to depict the EIP of mosquitoes, the feeding duration of ticks, the waiting period
of nauplius and chalimus is by time delays. Therefore, we can also develop delay

differential equations models for the above projects. To be more realistic, we can even
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let the delays be periodic in time. The basic reproduction ratio is a key threshold
parameter providing information for disease risk and control [90]. We need to derive
the basic reproduction ratio and try to obtain the asymptotic behaviour of the model
or some bifurcation results. To illustrate the analytic results and to provide insightful
suggestions for the disease control, we will also collect some related data and conduct

numerical simulations of case studies.



Bibliography

[1] S. Ai, J. Li and J. Lu, Mosquito-stage-structured malaria models and their global
dynamics, STAM J. Appl. Math., 72(4) (2012), 1213-1237.

[2] F. B. Agusto, S. Y. Del Valle, K. W. Blayneh, C. N. Ngonghala, M. J. Goncalves,
N. Li, R. Zhao and H. Gong, The impact of bed-net use on malaria prevalence, J.
Theor. Biol., 320 (2013), 58-65.

[3] S. Altizer, A. Dobson, P. Hosseini, P. Hudson, M. Pascual and P. Rohani, Season-
ality and dynamics of infectious disease, Ecology Letters, 9 (2006), 467-484.

[4] J. Arino, A. Ducrot and P. Zongo, A metapopulation model for malaria with
transmission-blocking partial immunity in hosts, J. Math. Biol., 64 (2012), 423-
448.

[5] J. L. Aron and R. M. May, The population dynamics of malaria, in The Population
Dynamics of Infectious Disease: Theory and Applications, R. M. Anderson, ed.,
Chapman and Hall, London, (1982) 139-179.

[6] N. Bacaér and E. H. Ait Dads, Genealogy with seasonality, the basic reproduction
number, and the influenza pandemic, J. Math. Biol., 62 (2011), 741-762.

[7] N. Bacaér and E. H. Ait Dads, On the biological interpretation of a definition for
the parameter Ry in periodic population models, J. Math. Biol. 65 (2012), 601-621.

[8] N. Bacaér and S. Guernaoui, The epidemic threshold of vector-borne diseases with
seasonality, J. Math. Biol., 53 (2006), 421-436.

[9] A. G. Barbour and D. Fish, The biological and social phenomenon of Lyme disease,
Science (Washington, D. C.), 260 (1993), 1610-1616.

[10] L. M. Beck-Johnson, W. A. Nelson, K. P. Paaijmans, A. F. Read, M. B. Thomas
and O. N. Bjornstad, The effects of temperature on Anopheles mosquito population
dynamics and the potential for malaria transmission, PLoS ONE, 8(11) (2013):
e79276.

[11] J. C. Beier, Malaria parasite development in mosquitoes, Annu. Rev. Entomol.,
43 (1998), 519-543.



166

[12] P. L. G. Birget and J. C. Koella, An epidemiological model of the effects of
insecticide-treated bed nets on malaria transmission, PLoS ONE, 10(12) (2015),
e(0144173.

[13] C. Bowman, A. B. Gumel, P. van den Driessche, J. Wu and H. Zhu, A mathe-
matical model for assessing control strategies against West Nile virus, Bull. Math.
Biol., 67 (2005), 1107-1133.

[14] F. Brauer, J. Watmough, Age of infection epidemic models with heterogeneous
mixing, Journal of Biological Dynamics, 3 (2009), 324-330.

[15] T. Caraco, G. Gardner, W. Maniatty, E. Deelman and B. K. Szymanski, Lyme
disease: Self-regulation and pathogen invasion, J. Theoret. Biol., 193 (1998), 561-
575.

[16] T. Caraco, S. Glavanakov, G. Chen, J. E. Flaherty, T. K. Ohsumi and B. K. Szy-
manski, Stage-structured infection transmission and a spatial epidemic: A model
for Lyme disease, The American Naturalist, 160 (2002), 348-359.

[17] F. Chamchod and N. F. Britton, Analysis of a vector-bias model on malaria
transmission, Bull. Math. Biol., 73 (2011), 639-657.

[18] N. Chitnis, J. M. Hyman and J. M. Cushing, Determining important parameters
in the spread of malaria through the sensitivity anaysis of a mathematical model,
Bull. Math. Biol., 70 (2008), 1272-1296.

[19] N. Chitnis, A. Schapira, T. Smith and R. Steketee, Comparing the effectiveness of
malaria vector-control interventions through a mathematical model, Am. J. Trop.
Med. Hyg., 83(2) (2010), 230-240.

[20] M. J. Costello, The global economic cost of sea lice to the salmonid farming
industry, J. Fish Dis., 32 (2009), 115-118.

[21] M. H. Craig, R. W. Snow, and D. le Sueur, A climate-based distribution model
of malaria transmission in sub-Saharan Africa, Parasitology Today, 15(3) (1999),
105-111.

[22] U. D’Alessandro, B. O. LOlaleye, W. McGuire, P. Langercock and S. Bennet,
Mortality and morbidity from malaria in Gambian children after introduction of an
impregnated bednet programme, The Lancet, 345(8948) (1995), 479-483.

[23] D. T. Dennis, T. S. Nekomoto, J. C. Victor, W. S. Paul and J. Piesman, Re-
ported distribution of Ixodes scapularis and Ixodes pacificus (Acari: Ixodidae) in
the United States, J. Med. Entomol, 35 (1998), 629-638.

[24] O. Diekmann, J. A. P. Heesterbeek and J. A. J. Metz, On the definition and the
computation of the basic reproduction ratio Ry in the models for infectious disease
in heterogeneous populations, J. Math. Biol., 28 (1990), 365-382.



167

[25] Z. Feng, D. L. Smith, F. E. Mckenzie and S. A. Levin, Coupling ecology and
evolution: malaria and the S-gene across time scales, Math. Biosci., 189 (2004),
1-19.

[26] 1. O. George, I. Jeremiah and T. Kasso, Prevalence of congenital malaria in Port
Harcourt, Nigeria, British Journal of Medicine & Medical Research, 3(2) (2013),
398-406.

[27] M. Ghosh and A. Pugliese, Seasonal population dynamics of ticks, and its in-
fluence on infection transmission: A semi-discrete approach, Bull. Math. Biol., 66
(2004), 1659-1684.

[28] M. L. Groner, G. Gettinby, M. Stormoen, C. W. Revie, R. Cox and E. Sotka,
Modeling the impact of temperature-induced life history plasticity and mate lim-
itation on the epidemic potential of a marine ectoparasite, PLoS ONE, 9 (2014),
e88465.

[29] J. K. Hale and S. M. Verduyn Lunel, Introduction to functional differential equa-
tions, Springer-Verlag, New York, 1993.

[30] J. A. P. Heesterbeek, M. G. Roberts, The type-reproduction number T in models
for infectious disease control, Mathematical Biosciences, 206 (2007), 3-10.

[31] P. J. Hudson, R. Norman, M. K. Laurenson, D. Newborn, M. Gaunt, L. Jones,
H. Reid, E. Gould, R. Bowers and A. P. Dobson, Persistence and transmission of

tick-borne viruses: Ixodes ricinus and louping-ill virus in red grouse populations,
Parasitology, 111 (1995), (Suppl.) 49-58.

[32] H. Inaba, On a new perspective of the basic reproduction number in heteroge-
neous environments, J. Math. Biol., 22 (2012), 113-128.

[33] A. C. Jones, A. Mead, M. J. Kaiser, M. C. V. Austen, A. W. Adrian, N. A.
Auchterlonie, K. D. Black, L. R. Blow, C. Bury, J. H. Brown, G. M. Burnell, E.
Connolly, A. Dingwall, S. Derrick, N. C. Eno, D. J. H. Gautier, K. A. Green, M.
Gubbins, P. R. Hart, J. M. Holmyard, A. J. Immink, D. L. Jarrad, E. Katoh, J. C. R.
Langley, D. O. Lee, L. Le Vay, C. P. Leftwich, M. Mitchell, A. Moore, A. G. Murray,
E. M. R. McLaren, H. Norbury, D. Parker, S. O. Parry, D. Purchase, A. Rahman,
F. Sanver, M. Siggs, S. D. Simpson, R. J. Slaski, K. Smith, M. L. Q. Syvret, C.
Tibbott, P. C.Thomas, J. Turnbull, R. Whiteley, M. Whittles, M. J. Wilcockson,
J. Wilson, L. V. Dicks and W. J. Sutherland, Prioritization of knowledge needs for
sustainable aquaculture: a national and global perspective, Fish Fish., 16 (2015),
668683.

[34] S. K. Kesavan and N. P. Reddy, On the feeding strategy and the mechanics of
blood sucking in insects, J. Theoret. Biol., 113 (1985): 781-783.



168

[35] G. F. Killeen and T. A. Smith, Exploring the contributions of bed nets, cat-
tle, insecticides and excitorepellency to malaria control: a deterministic model of

mosquito host-seeking behaviour and mortality, Trans. R. Soc. Trop. Med. Hyg.,
101(9) (2007), 867-880.

[36] J. G. Kingsolver, Mosquito host choice and the epidemiology of malaria, Am.
Nat., 130 (1987), 811-827.

[37] J. C. Koella, On the use of mathematical models of malaria transmission, Acta
Trop, 49 (1991), 1-25.

[38] M. Kot, Elements of mathematical ecology. Cambridge University Press, Cam-
bridge, 2001.

[39] R. Lacroix, W. R. Mukabana, L. C. Gouagna and J. C. Koella, Malaria infection

increases attractiveness of humans to mosquitoes, PLoS Biol., 3 (2005), e298.

[40] R. S. Lane, J. Piesman and W. Burgdorfer, Lyme borreliosis: relation of its
causative agent to its vectors and hosts in North America and Europe, Annu. Rev.
Entomol., 36 (1991), 587-609.

[41] C. Lengeler, Insecticide-treated nets for malaria control: real gains, Bull. W. H.
0., 82(2) (2004), 84.

[42] J. Li, R. M. Welch, U. S. Nair, T. L. Sever, D. E. Irwin, C. Cordon-Rosales
and N. Padilla, Dynamic malaria models with environmental changes, Proceedings
of the Thirty-Fourth Southeastern Symposium on System Theory Huntsville, AL.,
(2002), 396-400.

[43] J. Li, Simple stage-structured models for wild and transgenic mosquito popula-
tions, J. Differ. Equ. Appl., 15 (2009), 327-247.

[44] X. Liang and X.-Q. Zhao, Asymptotic speeds of spread and traveling waves for
monotone semiflows with applications, Commun. Pure Appl. Math., 60 (2007), 1-
40.

[45] Y. Lou and J. Wu, Tick seeking assumptions and their implications for Lyme
disease predictions, Ecol. Complexity, 17 (2014), 99-106.

[46] Y. Lou and X.-Q). Zhao, A climate-based malaria transmission model with struc-
tured vector population, STAM J. Appl. Math., 70(6) (2010), 2023-2044.

[47] Y. Lou and X.-Q. Zhao, A reaction-diffusion malaria model with incubation pe-
riod in the vector population, J. Math. Biol., 62 (2011), 543-568.

[48] Y. Lou and X.-Q. Zhao, Modelling malaria control by introduction of larvivorous
fish, Bull. Math. Biol., 73 (2011), 2384-2407.



169

[49] Y. Lou and X.-Q. Zhao, A theoretical approach to understanding population
dynamics with seasonal developmental durations, J. Nonlinear Science., 27 (2017),

573-603.

[50] G. Macdonald, The epidemiology and control of malaria, Oxford University Press,
London, 1957.

[51] N. K. Madhav, J. S. Brownstein, J. I. Tsao and D. Fish, A dispersal model for
the range expansion of blacklegged tick (Acari: Ixodidae), J. Med. Entomol., 41
(2004), 842-852.

[52] P. Magal and X.-Q. Zhao, Global attractors and steady states for uniformly
persistent dynamical systems, STAM. J. Math. Anal., 37 (2005), 251-275.

[53] P. Martens, L. W. Niessen, J. Rotmans, T. H. Jetten and A. J. McMichael,
Potential impact of global climate change on malaria risk, Environ. Health Perspect,

103(5) (1995), 458-464.
[54] E. McCauley, R. M. Nisbet, A. M. De Roos, W. W. Murdoch and W. S. C.

Gurney, Structured population models of herbivorous zooplankton, Ecol. Monog.,

66 (1996), 479-501.

[55] P. K. Molnéar, S. J. Kutz, B. M. Hoar and A. P. Dobson, Metabolic approaches
to understanding climate change impacts on seasonal host-macroparasite dynamics,
Ecol. Lett., 16 (2013), 9-21.

[56] B. M. Murphy, B. H. Singer, D. Kirschner, On treatment of tuberculosis in
heterogeneous populations, Journal of Theoretical Biology, 223 (2003), 391-404.

[57] E. T. Ngarakana-Gwasira, C. P. Bhunu and E. Mashonjowa, Assessing the impact
of temperature on malaria transmission dynamics, Afr. Mat., 25 (2014), 1095-1112.

[58] C. N. Ngonghala, S. Y. Del Valle, R. Zhao and J. Mohammed-Awel, Quantifying
the impact of decay in bed-net efficacy on malaria transmission, J. Theor. Biol.,
363 (2014), 247-261.

[59] C. N. Ngonghala, J. Mohammed-Awel, R. Zhao and O. Prosper, Interplay be-
tween insecticide-treated bed-nets and mosquito demography: implications for
malaria control, J. Theor. Biol., 397 (2016), 179-192.

[60] National Malaria Control Programme, Ministry of Health, Maputo, Mozambique,
2003.

[61] R. M. Nisbet and W. S. Gurney, Modelling fluctuating populations, The Black-
burn Press, Newark, 1982.



170

[62] R. M. Nisbet and W. S. Gurney, The systematic formulation of population models
for insects with dynamically varying instar duration, Theoret. Pop. Biol., 23 (1983),
114-135.

[63] R. Norman, B. G. Bowers, M. Begon and P. J. Hudson, Persistence of tick-borne
virus in the presence of multiple host species: tick reservoirs and parasite mediated
competition, J. Theoret. Biol., 200 (1999), 111-118.

[64] N. H. Ogden, M. Bigras-Poulin, C. J. O’Callaghan, I. K. Barker, K. Kurtenbach,
L. R. Lindsay and F. Charron, Vector seasonality, host infection dynamics and

fitness of pathogens transmitted by the tick Ixodes scapularis, Parasitology, 134
(2007), 209-227.

[65] N. H. Ogden, M. Bigras-Poulin, C. J. O’Callaghan, I. K. Barker, L. R. Lindsay,
A. Maarouf, K. E. Smoyer-Tomic, D. Waltner-Toews and D. Charron, A dynamic
population model to investigate effects of climate on geographic range and season-
ality of tick Ixodes scapularis, Int. J. Parasitol., 35 (2005) 375-389.

[66] N. H. Ogden, L. R. Lindsay, G. Beauchamp, D. Charron, A. Maarouf, C. J.
O’Callaghan, D. Waltner-Toews and 1. K. Barker, Investigation of relationships be-
tween temperature and developmental rates of tick Ixodes scapularis (Acari: Ixo-
didae) in the laboratory and field, J. Med. Entomol., 41 (2004), 622-633.

[67] N. H. Ogden, L. R. Lindsay, M. Morshed, P. N. Sockett and H. Artsob, The
emergence of Lyme disease in Canada, Can. Med. Assoc. J., 180 (2009), 1221-1224.

[68] R. Omori and B. Adams, Disrupting seasonality to control disease outbreaks:
The case of koi herpes virus, J. Theoret. Biol., 271 (2011), 159-165.

[69] K. P. Paaijmans, L. J. Cator and M. B. Thomas, Temperature-dependent pre-
bloodmeal period and temperature-driven asynchrony between parasite develop-
ment and mosquito biting rate reduce malaria transmission intensity, PLoS ONE,

8(1) (2013), e55777.

[70] D. Posny and J. Wang, Computing the basic reproductive numbers for epidemio-
logical models in nonhomogeneous environments, Appl. Math. Comput., 242 (2014),
473-490.

[71] S. E. Randolph, Abiotic and biotic determinants of the seasonal dynamics of the
tick Rhipicephalus appendiculatus in South Africa, Med. Vet. Entomol., 11 (1997)
25-37.

[72] M. H. Reiskind and L. P. Lounibos, Effects of intraspecific larval competition on
adult longevity in the mosquitoes Aedes aegypti and Aedes albopictus, Med. Vet.
Entomol., 23 (2009), 62-68.



171

[73] C. W. Revie, C. Robbins, G. Gettinby, L. Kelly and J. W. Treasurer, A mathe-
matical model of the growth of sea lice, Lepeophtheirus salmonis, populations on
farmed Atlantic salmon, Salmo salar L., in Scotland and its use in the assessment
of treatment strategies, J. Fish Dis., 28 (2005), 603-613.

[74] M. A. Rittenhouse, Effects of seasonally varying temperature and salinity on the
dynamics of sea lice (Lepeophtheirus salmonis), Master Thesis, Memorial University
of Newfoundland, 2015.

[75] M. A. Rittenhouse, C. W. Revie and A. Hurford, A model for sea lice (Lepeoph-
theirus salmonis) dynamics in a seasonally changing environment, Epidemics, 16
(2016), 8-16.

[76] R. Ross, The prevention of malaria, 2nd edition, Murray, London, 1911.

[77] R. Rosa and A. Pugliese, Effects of tick population dynamics and host densities
on the persistence of tick-borne infections, Math. Biosci., 208 (2007), 216-240.

(78] J. A. Rowe, I. G. Handel, M. A. Thera, A.-M. Deans, K. E. Lyke, A. Koné, D. A.
Diallo, A. Raza, O. Kai, K. Marsh, C. V. Plowe, O. K. Doumbo and J. M. Moulds,
Blood group O protects against severe Plasmodium falciparum malaria through the
mechanism of reduced rosetting, PNAS, 104 (2007), 17471-17476.

[79] F. Rubel, K. Brugger, M. Hantel, S. Chvala-Mannsberger, T. Bakonyi, H. Weis-
senbo, N. Nowotny, Explaining Usutu virus dynamics in Austria: Model develop-
ment and calibration, Preventive Veterinary Medicine, 85 (2008), 166186.

[80] L. M. Rueda, D. J. Patel, R. C. Axtell and R. E. Stinner, Temperature-
dependent development and survival rates of Culex quinquefasciatus and Aedes
aegypti (Diptera: Culicidae), J. Med. Entomol., 27 (1990), 892-898.

[81] S. Sandberg, T. E. Awerbuch and A. Spielman, A comprehensive multiple matrix
model representing the life cycle of the tick that transmits the agent of Lyme disease,
J. Theor. Biol., 157 (1992) 203-220.

[82] J. D. Scott and L. A. Durden, New records of the Lyme disease bacterium in
ticks collected from songbirds in central and eastern Canada, International Journal
of Acarology, 41 (2015), 241-249.

[83] S. P. Silal, K. I. Barnes, G. Kok, A. Mabuza and F. Little, Exploring the season-
ality of reported treated malaria cases in Mpumalanga, South Africa, PLoS ONE;,
8 (10) (2013), e76640.

[84] H. L. Smith, Monotone dynamical systems: an introduction to the theory of
competitive and cooperative systems, American Mathematical Society, Providence,
1995.



172

[85] R. W. Snow, C. A. Guerra, A. M. Noor, H. Y. Myint and S. I. Hay, The global
distribution of clinical episodes of Plasmodium falciparum malaria, Nature, 434
(2005), 214-217.

[86] A. Spielman, Ecology of Izodes-borne human babesiosis and Lyme disease, Ann.
Rev. Entomol., 30 (1985), 439-460.

[87] K. B. Tan, H. L. Koh, A. I. Md Ismail and S. Y. Teh, Modeling mosquito popu-
lation with temperature effects, in Proceedings of the International Conference on
Environmental Research and Technology, Penang, Malaysia, 2008, 536-540.

[88] H. R. Thieme, Spectral bound and reproduction number for infinite-dimensional
population structure and time heterogeneity, STAM J. Appl. Math., 70 (2009), 188-
211.

[89] C. J. Uneke, Impact of home management of Plasmodium falciparum malaria on
childhood malaria control in sub-Saharan Africa, Tropical Biomedicine, 26 (2009),
182-199.

[90] P.van den Driessche and J. Watmough, Reproduction numbers and sub-threshold
endemic equilibria for compartmental models of disease transmission, Math. Biosci.,
180 (2002), 29-48.

[91] W. Walter, On strongly monotone flows, ANNALES POLONICI MATHE-
MATICI LXVI, (1997), 269-274.

[92] C. Wang, S. A. Gourley and R. Liu, Delayed action insecticides and their role in
mosquito and malaria control, J. Math. Biol., 68 (2014), 417-451.

[93] W. Wang and X.-Q. Zhao, Spatial invasion threshold of Lyme disease, STAM J.
Appl. Math., 75 (2015), 1142-1170.

[94] W. Wang and X.-Q. Zhao, Threshold Dynamics for Compartmental Epidemic
Models in Periodic Environments, J. Dynam. Differential Equations, 20 (2008),
699-717.

[95] X. Wang and X.-Q. Zhao, A periodic vector-bias malaria model with incubation
period, STAM J. Appl. Math., 77(1) (2017), 181-201.

[96] X. Wang and X.-Q. Zhao, A climate-based malaria model with the use of bed
nets, in review.

[97] M. J. Wonham, T. de Camino-Beck, M. A. Lewis, An epidemiological model for
West Nile Virus: Invasion analysis and control applications, ProcR. Soc. Lond. B,
Biol. Sci., 271 (2004), 501-507.

[98] World Health Organisation Global Malaria Programme, World Malaria Report,
2015.



173

[99] World Malaria Report, http://www.who.int/malaria/publications, 2014.

[100] X. Wu, V. R. Duvvuri, Y. Lou, N. H. Ogden, Y. Pelcat and J. Wu, Developing
a temperature-driven map of the basic reproductive number of the emerging tick
vector of Lyme disease Ixodes scapularis in Canada, J. Theor. Biol., 319 (2013),
50-61.

[101] X. Wu, F. M. G. Magpantay, J. Wu and X. Zou, Stage-structured population
systems with temporally periodic delay, Math. Meth. Appl. Sci., 38 (2015), 3464-
3481.

[102] D. Xu and X.-Q. Zhao, Dynamics in a periodic competitive model with stage
structure, J. Math. Anal. Appl., 311 (2005), 417-438.

[103] Z. Xu and X.-Q. Zhao, A vector-bias malaria model with incubation period
and diffusion, Discrete and Continuous Dynamical Systems Series B, 17(7) (2012),
2615-2634.

[104] L. Yakob and G. Yan, Modeling the effects of integrating larval habitat source
reduction and insecticide treated nets for malaria control, PLoS ONE, 4(9) (2009),
€6921.

[105] X. Yu and X.-Q. Zhao, A nonlocal spatial model for Lyme disease, J. Differential
Equations, 261 (2016), 340-372.

[106] Z. Yuan, L. Wang, Global stability of epidemiological models with group mixing
and nonlinear incidence rates, Nonlinear Analysis: Real World Applications, 11
(2010), 995-1004.

[107] O. P. Zacarias and M. Andersson, Mapping malaria incidence distribution that
accounts for environmental factors in Maputo Province-Mozambique, Malar. J., 9

(2010), 79.

[108] Y. Zhang and X.-Q). Zhao, A reaction-diffusion Lyme disease model with sea-
sonality, STAM J. Appl. Math., 73 (2013), 2077-2099.

[109] X.-Q. Zhao, Dynamical Systems in Population Biology, Springer-Verlag, New
York, 2003.

[110] X.-Q. Zhao, Basic reproduction ratios for periodic compartmental models with
time delay, J Dynam. Differential Equations, 69 (2017), 67-82.

[111] X.-Q. Zhao, Global attractivity in monotone and subhomogeneous almost peri-
odic systems, J. Differential Equations, 187 (2003), 494-509.

[112] X.-Q. Zhao, Global dynamics of a reaction and diffusion model for Lyme disease,
J. Math. Biol., 65 (2012), 787-808.



	Title page
	Abstract
	Acknowledgements
	Statement of contribution
	Table of contents
	List of tables
	List of figures
	Chapter 1 Preliminaries
	Chapter 2 A periodic vector-bias malaria model with incubation period
	Chapter 3 A malaria transmission model with temperature-dependent incubation period
	Chapter 4 A climate-based malaria model with the use of bed nets
	Chapter 5 Dynamics of a time-delayed Lyme disease model with seasonality
	Chapter 6 Conclusions and future work
	Bibliography

