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Abstract

Pyrochlores have the chemical formula A;B>O; with A, B, or both A and B magnetic.
It has corner-sharing tetrahedra in the structure, therefore, frustration phenomena
naturally occurs in these systems. Because of the frustration, pyrochlore have many
interesting properties, including the spin glass in YoMoyO7, spin liquid in ThyTisO7,
disordered spin ice in HoyTisO7, and ordered spin ice in ThySnyO7.

In this thesis we will focus on ThyTisO7. Our goal is to find the spin correlation func-
tions between different sites of Th ions. The Hamiltonian of Tb ions is an anisotropic
nearest neighbour exchange interaction. We apply perturbation theory to the Hamil-
tonian, and it will separate the Hamiltonian into two parts. The unperturbed part
of Hamiltonian is the spin ice Hamiltonian, and other parts of the Hamiltonian are
perturbative. The perturbative parts of Hamiltonian can be written in the local coor-
dinates to give three different terms Xs, X3, X;. In order to find the spin correlation
function, we calculate time dependent spin operators in the interaction picture. Then
we apply them to the unperturbed and perturbed terms of Hamiltonian to calculate
the spin correlation functions. Finally, we discuss the neutron scattering experiment

and how to apply it to test our results.
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Chapter 1

Introduction

1.1 Geometric Frustration

Geometric frustration occurs when a system cannot minimize its total classical
energy by minimizing the interaction energy between each pair of interacting degrees
of freedom pair by pair due to the geometric structure of its lattice [I]. A simple
example of geometric frustration is shown in Figure 1; three spins lie at the vertices
of an equilateral triangle with antiferromagnetic interactions between them. If we
want to minimize the energy of each spin pair, all those spins should be anti-parallel.
However, when we align the first two spins be anti-parallel, the third spin can either
point up or down. Therefore, we say the third spin is frustrated [I].

In three dimensions, geometrical frustration can occur in a tetrahedra. Suppose
we have a tetrahedron which contains four spins on its corners (Figure 1.2). If there
is an antiferromagnetic interaction between spins, then it is not possible to arrange

the spins so that all interactions between spins are antiparallel [2].



Figure 1.1: Geometric frustration on a triangle. It is impossible to align all spins
anti-parallel.

Figure 1.2: Geometric frustration on a tetrahedron (spin ice).
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Figure 1.3: Crystal water ice structure.

1.2 1Ice Rule and Residual Entropy

In 1935, Linus Pauling noted that the structure of water ice (Figure 1.3) exhibits
degrees of freedom that would be expected to remain disordered even at absolute zero.
In his research he used the ice rule to explain the disordered property of crystalline
water ice. The ice rule states that in water ice two protons (H™ ions) are near to and
two are further away from each oxygen ion [5]. It was previously proposed by Bernal
and Fowler [4]. Pauling noted that the number of configurations conforming to this
“two-in and two-out” rule grows exponentially with the system size, and, therefore,
that the zero-temperature entropy of ice was expected to be extensive [5]. Pauling’s
findings were confirmed by specific heat measurements, though pure crystals of water
ice are particularly hard to create.

Pauling also noticed that because of the ice rule, crystal ice has residual entropy
even at zero temperature. Moreover, he calculated the residual entropy of crystal ice

which is R = 1In 3 [].



1.3 Spin Ice

In 1956, Philip Anderson noted that the frustrated Ising ferromagnet on a (py-
rochlore) lattice of corner-sharing tetrahedra is equivalent to Pauling’s water ice prob-
lem [3]. It is called spin ice, and it consists tetrahedra of spins, which must satisfy
the same two-in and two-out ice rule analogous to water ice [3]. We can see the spin
ice structure in Figure 1.2.

Spin ice has many interesting properties, one of which is the residual entropy
as T— 0 [3]. Moreover, recent experiments found the evidence for the existence of
magnetic monopoles in these materials [3]. If one atom flips its spin, we can have
three-in and one-out, or three-out and one-in spin structures on tetrahedra in these

materials which can be treated as magnetic monopoles locally [3].

1.4 Spin Ice Degeneracy: Pauling’s Argument

In water ice, suppose there are N oxygen ions and 2N hydrogen ions in a mole a

ice. There are 22N

configurations of hydrogen bonds between adjacent oxygen atoms,
each hydrogen nucleus having two choices of two positions, either near one oxygen
ion or the other. Now, let us consider a given oxygen atom with four surrounding
hydrogen atoms. Since each hydrogen ion has two possible positions, there are sixteen
arrangements of the four hydrogen nuclei. Among of these 6 satisfy the ice rule.
Hence the total number of configurations satisfies the ice rule is estimated to be
W =22V(6/16) = (3/2)" [2].

Now we apply Pauling’s argument to spin ice. Suppose there are N magnetic
ions each magnetic moment can be in one of two configurations (points into or out of

a tetrahedron), there are 2V configurations. Now let us consider a single tetrahedron:

which has 4 magnetic ions. Thus, there will be 2* = 16 possible configurations for



each tetrahedron, and among these only 6 of them satisfy the spin ice rule, therefore

we have the fraction (%)N /2 for spin ice. Therefore, the total number of configuration

is 2N (SN2 = (3/2)N/2 [2].

1.5 Pyrochlore Lattice

The cubic pyrochlores have the chemical formula A;B,O7, where A is a rare earth
and B is a transition metal [I]. In practice, the formula of cubic pyrochlores can be
expressed as A;B,O7. It has corner-sharing tetrahedra in the structure, therefore,
frustration phenomena naturally occurs in these systems [I].

The pyrochlores have space group Fd3m (No.227). The details of the structure

are listed in Table 1.1 and 1.2 and shown in Figure 1.4.

Table 1.1: Atomic Positions of Pyrochlore

Ions Site Coordinate Position

A 16d (0.5,0.5,0.5)

B 16c (0,0,0)

O 8 (0.375,0.375,0.375)
O 48f  (z,0.125,0.125)

Atom number || Equivalent Position | Local z-axis
1 (5/8,5/8,5/8) (1,1,1)
4 (5/873/873/8) (17_17_1)

Table 1.2: Position of the 16d Wyckoff of origin choice 1

Recently, pyrochlores are well-studied, and many interesting properties have been
revealed. Pyrochlores have residual entropy even at zero temperature [I]. Moreover,
pyrochlore can have spin ice structure, for example, disordered spin ice in HoyTi5O7,

ordered spin ice in ThySny,O7 and quantum spin ice in ThyTiz O, as well as different
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Figure 1.4: Crystal structure of RyTi;O7. The red ions are R3*, the blue ions are
Ti*t, and the yellow and green ions are oxygen.

kinds of magnetic ordering in EryTi,07 and YbyTi507 [I]. Most recently, a spin liquid
state was discovered in pyrochlores such as CeySnyO7 [31]; it is a disordered state in
a system of interacting quantum spins [28]. Spin liquid was first proposed by Philip
Anderson in 1973 as the ground state for a system of spins on a triangular lattice [28].
Moreover, he proposed a theory that described high temperature superconductivity

in terms of a disordered spin-liquid state in 1987 [28].

1.6 Tb,Ti,O-

In the past few years, many experiment has been achieved to reveal the physical
properties of ThyTisO7. Muon spin relaxation measurements show that at low tem-
perature ThyTi,07 has paramagnetic behaviour [6]. High-resolution neutron powder-
diffraction showed that the crystal structure of ThyTisO7 is the pyrochlore structure
without disorder [8]. The diffuse neutron scattering is used to examine correlations

in ThyTisO7. It showed at 9 K, ThyTi,07 has only short range correlations [5]. The



neutron spin echo experiment is used to study the dynamics of the magnetic state of
ThoTisO7. From the experiment, it shows the magnetic state of ThyoTi,O7 appears to
be freezing close to 200 mK, however, the majority of spins have dynamic fluctuations
down to below 50 mK [I0]. Moreover, ultrasonic measurements show that ThyTi,07
exhibits strong softening effects [11].

Recently, ThyTi,O; was treated as a quantum mechanical version of the classical
spin ice [6]. Therefore, it can be used to explain some properties of ThoTiyO7. For
example, diffuse neutron scattering patterns cannot be explained by a classical spin
ice model [I7]. Moreover, we can treat ThoTi,07 as effective spin 1/2 system [17].
Hence, we can write down the Hamiltonian as effective spin 1/2 system to find the spin
correlations. The Hamiltonian of ThyTi,O7 is a spin ice Hamiltonian with additional
spin flip terms, which lift the macroscopic degeneracy of the classical 2-in and 2-out

ground state [7].

1.7 Outline of Thesis

In this chapter we introduced the pyrochlores. Because of the corner-shared
tetrahedron structure in pyrochlores, the geometric frustration phenomenon occurs.
More particularly, we will focus on one of the pyrochlores: ThyTi,O7, a quantum spin
ice material. We treat ThyTi;O7 using perturbation theory, by considering 3 of the 4
terms in the Hamitonian as small [32].

In the following chapter, we will introduce the perturbation theory on Tb ions
in ThyTisO7 and do the first order perturbation to calculate the spin correlation of
Tb ions. In Chapter 3, we will use it on the Hamiltonian of Tb ions to find the spin
correlations between different sites of Th ions. In Chapter 4, I will summarize the

work I did in this thesis, as well as the results I got. Moreover, I will suggest what



work can be done in the future.



Chapter 2

Spin Correlations using

Perturbation Theory

In this chapter we will use perturbation theory to find the spin correlation func-
tion between different sites of Th ions in ThyTisO;. Therefore, we will discuss why

can we use perturbation theory and how to use it.

2.1 Spin Correlation

In statistical mechanics, the correlation function is a measure of the order in a
system. Correlation functions describe how microscopic variables, such as spin and
density, at different positions are related. Therefore, the spin correlation function can
be used to find the relationship between spins. More specifically, if we know the spin
for one atom, then based on the spin correlation function we can find the spin for
another atom [2I]. We can use neutron scattering to measure the spin correlation

21].
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2.2 Perturbation Theory

Perturbation theory is a mathematical method for finding an approximate so-
lution to a problem, by starting from the exact solution of a related problem. By
using perturbation theory, we can break the problem into “solvable” and “pertur-
bation” parts. Perturbation theory is applicable if the problem at hand cannot be
solved exactly, but can be formulated by adding a “small” term to the mathematical
description of the exactly solvable problem [21].

By using perturbation theory, we can express the the problem as a power series
in some “small” parameter which is known as a perturbation series. The leading term
in this power series is the solution of the exactly solvable problem, while further terms
describe the deviation in the solution, due to the deviation from the initial problem

[21]. For example, if we use the perturbation theory on A, we have
A:A0+61A1+62A2+63A3+...

where € is a small quantity, Ay is the known solution to the exactly solvable ini-
tial problem and A;, As, ... represent the higher-order terms which may be found
iteratively by some systematic procedure.

An approximate “perturbative solution” is obtained by truncating the series,
usually by keeping only the first two terms, the initial solution and the “first-order”

perturbation correction

A%AO—FEAl
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2.3 Hamiltonian of Tb ions

In quantum mechanics, Kramers theorem states that the energy levels of a system
with an odd total number of fermions remain at least doubly degenerate in the absence
of a magnetic field [20]. In ThyTi,O7, the 13-fold degeneracy of the J =6 Tb ions is
liftted by the local crystal electric field into singlets and doublets. The ground state
doublet of Th?* is a non-Kramers doublet. However, on a tetrahedron, which has
point group symmetry Ty, the symmetry classification of the 4 Th3* ions is A; 3L, P
271 & T, which happens to be isomorphic to a tetrahedron of 4 spin 1/2 spins. Hence,
there is a map from the Th non-Kramers doublet to a spin 1/2 spinor. Therefore, one
can treat Tb ions in TheTisO7 as a spin 1/2 problem [17].

The Hamiltonian of the Th ions can be expressed by

H = Hy+ H, (2.1)
Hy = 71X, (2.2)
Hy = [JoXo + T3 X3 + T X4)e(t) (2.3)

where the J; are the anisotropic exchange constants for the effective spin 1/2 model,
X; are the anisotropic exchange interaction terms, and e(t¢) is a function which is
approximately 1 for finite times, and that vanishes as t — £o00. In TbyTisO7, Ja34 <K
i [17].
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Figure 2.2: The structure of Th ions, it has the corner-shared tetrahedron structure.

Th ions located at the 16d position have a site symmetry D34, where the 3-fold
axes point in the [111] direction. For convenience we will use local coordinates for
the Hamiltonian. The local coordinates are locally rotated so that the local z-axis is
the 3-fold axis, while the local x and y axes are chosen such that they obey the right
hand rule [32]. This is convenient because the spin quantisation axis is the z-axis by
convention, and this choice allows the spin states to be written in a symmetrical form
that maps to effective spin 1/2 states. We will discuss the transformation relations in
detail in Appendix.

In the following we will write down the angular momentum operators in local
coordinates in terms of global coordinates (superscripts are the global coordinates
and subscripts are the local coordinates) [17].

for ion 1, at (5/8,5/8,5/8) we have the local coordinates

Jie = JE N6 + T N6 — 27 /6
Jy = —JP N2+ TV V2
Ji. = JENB+ TV VB 4 T V3



for ion 2, at (3/8,3/8,5/8) we have the local coordinates

Jog = —J3 N6 — JY V6 — 2J5/V6
Joy = J3 /N2 — T V2
Jo = —J3 VB — Y N3+ J5 V3

for ion 3, at (3/8,5/8,3/8) we have the local coordinates

= —JF/V6 + JY /N6 + 22 /6
by = J5 N2+ T4 V2
Js. = —J§ |3+ T4 V3B — J5 /V/3;

for ion 4, at (5/8,3/8,3/8) we have the local coordinates

Jiw = JE N6 — TV N6 + 2J7/V/6
Ty = —JT /N2 = JY V2
Ju. = JE N3 — TV /N3 — T2 /V3.

The exchange interaction terms can be expressed in local coordinates as

=75 Z Jzz']jz

<l]>

= 5 Z 5;8; JZZJ++JJZ‘]1+)+hC]

<i3>

1
Xg = g Z [A:isjji+Jj+ —|— hC]

<ij>

1
Xy === 3 (Jud; + he)

6 <ij>

13

(2.4)

(2.5)

(2.6)

(2.7)
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where h.c. stands for Hermitian conjugate, ¢ and j are sites on the lattice while .S;

and S; are the corresponding Wyckoff positions (5;,5; = 1,2,3,4). Ajp = A3y =1
and A1z = Agy = Aj, = A3 = ¢ = exp(3), and (i, j) are nearest neighbours. These

terms are written explicitly in Table 2.1 for a single tetrahedron.

Term X3 X, X3 Xy

J:I . J:z LT, — L1 (Jos + Jo) + (Jig + J12) T Whidoy + hodas) | =b(Jipdoe + JiJoy)
{3 : J} —%J:szJ4z _Q[Jiiz(J4+ + Jam) + (Jag + J3-) Ju2] 3(J3+J4+ + 5 Js) %(JHJA;, + J3-Juy)
{}J: —%leg]gz —g[J12(5J5++5 J; )+(5J1++5 Jl )J;z] %(6 J1+J3++5J1 J; ) é(JH,J;;f“rJl,Jng)
{’2 . J:l —%J22J4Z —g[JQZ(EJALJF +e€ J4 ) + ( JQJr +e€ J2 )J4z] %(6 J2+J4+ + EJQ 4— ) %(J2+J47 + J27J4+)
{’1 . J:l —%J12J4Z —@[le( 2J4+ + CJ47) + (E J1+ + EJl )J4z] %(€J1+J4+ +e Jl 4— ) %(J1+J47 + J17J4+)
Jy - Js —%Jzz«]:&z —g[«]h( 2 sy +edso) 4 (€2 oy + edo)Js,] %( eJorJyy + %0 J5) %(J2+J37 + Jo_Jsy)

Table 2.1: The exchange interaction over a single tetrahedron expressed in terms of

local coordinates for each Thb ion.

2.4 Interaction Picture and Perturbative Expan-
sion

If we want to calculate (J(t )J (t')) in TheTisO7, we can express it in the Heisen-

berg representation as
Telps J5y:(t) T (1)
Tr[pn] 7

where the time ¢t = 0 will be used as the reference time. Here H = Hy + H;, where
Hy = J1X; and H; contains the other exchange terms [2I]. When [7; < 0, the ground

state of Hy is the spin ice manifold, which can be described as a density matrix

1

po = —>_ |spin ice)(spin ice|
g

where |spin ice) is any configuration constrained by the spin ice rule, g = (3/2)"/? is

the spin ice degeneracy and Tr[py| = 1.
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In the interaction picture, we need to introduce a time-dependent Hamiltonian
H = Hy + €(t)H, ()

When t — 400, the Hamiltonian is Hy [21]. If |®g) is the ground state at t = 0 then
the ground state at different times is |®;(¢)) = U;(t,0)|Py). As t — —oo, the “in”
state is

|@o) = Ur(—00,0)|¥o) = U (0, —c0)| o)

since we assume that the interaction H; is turned off at ¢ — —oo and |Wy) is the
ground state of Hy. Using density operators instead of pure states, we have the

Schrodinger density at this time

po = ps(—00)

is the spin ice manifold, and

pi1(t) = U{(t,0)ps(t)Us(t,0)

p1(—00) = Uj (=00, 0)ps(—00)Un(—00,0) = ps(—o0)
since Uy commutes with Hy. At the reference time ¢t = 0, we have

prr = ps(0) = U(0, —00)ps(—00)U" (0, —o0)

= pr(0) = Ur(0, —00) ps(—00) U} (0, —00)

where U(t,t') satisfies

LOU(LY)

TR H(t)U(t,t)



Ui(t, ') = US(0)U(¢, ) Uy

0
zhan(t,to) = Hy(t)Uo(t, to),

and U; can be solved perturbatively [21] to give

) t
Uyt to) =1 — % Hy(t)dt' + ...

to

From this point forward, we set set A = 1 in our expressions. Therefore, we have

Tr[pn] = Te[U(0, —00)ps(00)UT (0, —o0]
= Tr[p(c0)]
= Tr[po]

=1.
For operators in the different pictures, we have the following relationships

O1(t) = U§(t,0)05Us(t, 0)
Oy(t) = U'(t,0)05U(t,0)
= UT(t,0)Uy(t,0)0; () U (t,0)U (¢, 0)

= U}(t,0)0,(t)Us(t,0)
This yields

Tr[pHJﬁq(t)JfH(t/)]

= Tr[poUs(—00, ) J5(£)Ur(t, ') J} () Ur(t', —o0)]

16
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We will calculate this using the perturbative expansion for U;, to first order in per-

turbation theory [I7]. There will be three terms to calculate, which take the form

TepuJos (£) Jor ()] = Tr[po s (£)Jos ()] — iTr [,00 ( /t - H1<t")dt"> JH(t)JQI(t’)]

—Ir [pOJII<t> (/t/t H1(t”)dt//> le(t/)] —iTr lpoj11(t)J21(t/> (/_t;o H, (t//)dt”ﬂ :
(2.8)

Here we are using the interaction picture operators. The interaction picture operators

satisfy
00¢(t)

i
o

= U (1)[Os, Ho)Us(t)

Using the commutation relations [Jiq, J;g] = 0 for i # j and [J;y, Ji| = Fhdix,

we have the following

[Ji27 HO] - 0
Jiz1(t) = J;
Jh
[Jiv, Hol = El‘]’i-‘r Z Jj2
J
Jh
[Jis Hol = =205 3 i
J

O0Jier(t) T
1 5t = 6Ji+[(t)2j:sz

Jisr(t) = Je V02 e

Jig(t) = e /02 e

where in each exponent the sum over j is the sum over nearest neighbours of 7. For
each time dependent operator J;1;(t), the summation in the exponent depends on j
which is the nearest neighbour of 7. Therefore, when we apply the time dependent

operator on spin states, we need to know the states of its nearest neighbours based
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on the spin ice rule.

In this chapter we introduced the Hamiltonian of Tb ions and expressed the
Hamiltonian in interaction picture. Moreover, we described how to use perturbation
theory to find the spin correlation between different sites of Tb ions.

In next chapter we will do the calculation and find the spin correlation between
site 1 and site 2. We can find the spin correlations on other sites by applying symmetry

transformations on the spin correlation of site 1 and site 2.



Chapter 3

Calculation

In this chapter, we will calculate the spin correlation function using perturbation
theory. For simplicity, we only consider about the spin correlations between site 1

and site 2, the same procedure can be performed when we change the sites.

3.1 Spin Ice States

First, let us define the spin ice states based on the ice rule. If we only consider
one tetrahedron, based on the two in and two out states, we can have six possible

spin ice states,

where the index 1 refers to 1 tetrahedron.

19
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If there is a spin “+” on site 1, we have a restriction to the kets

4 )
Wih =] |+—+-) (3.2)
)

Moreover, if there is a spin "-" on site 1, we have

|——++)
W= |—+—-4) (3.3)

= ++-)

wo»

with the same analogy we can also define the subspace for spin “+” or on site two,
three and four.

If we only consider three sites in a tetrahedron, we can define the following kets:

[+ )
[ P11 =| |—+-)

- —+)

the subscript “1+” indicates the spin ice kets with spin “+” on site one, but in |®4 ),

we does not include site one. Similarly, we also define the kets

| = ++)
D1 )= | +—-)
|+ —=)

the subscript "1—" indicates the spin ice kets with spin “+” on site one, but in |®1, ),

we does not include site one.
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Now, let us consider two tetrahedra that are joined by site number one. We
define additional states satisfying the spin ice rule as:

W), = [W14)1 @ | P11 (3.4)

W1 )1 ® [P )1
where the subscript “1” in |Wy), indicates the two tetrahedra are joined by site one.

Here |Uy); is a column vector containing 18 spin ice kets on two corner shared tetra-

hedra.

|
| '
IL IB:=;:::::'.'.'.'.'_'_1':._-—---"""'""
il X

¥

Figure 3.1: Two corner shared tetrahedra.

We will also need to consider states on three tetrahedra that satisfy the ice rule.
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Here the tetrahedra are joined by site one and two.

|——+4+) @ |P1_)1 ® [P )y

|+ —+—
® |P14)1 @ [Po_)y
|+ —-—+
|W19)3 =

X |‘I>1—>1 ® |‘I)2+>1

|—++—

)
)
|—+—+)
)
[+ 4+ = =) @ [P )1 @ [ Pas )

Here |Wy5)3 is a column vector containing 54 spin ice kets.

e ______IO/'

Figure 3.2: Three corner shared tetrahedra.

3.2 Lattice of Tetrahedra

The Tb ions define a corner shared tetrahedron structure. We define the tetra-
hedra in the middle as the A type tetrahedra, and each of the four surrounding

tetrahedrons as B type tetrahedra (see Figure 3.3), type A and B tetrahedra differ
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by their orientation. The Tb lattice has an overall face-centered cubic (fcc) structure,

hence, we also define the fcc lattice vectors. We have

f12:(1/271/270) f13:(1/270’1/2)
fie=10,1/2,1/2) fos = (0,-1/2,1/2)
Jos = (—1/2,07 1/2) faa = (—1/2, 1/2, 0)

Also, fij = —fji and fi; + fir = fir [L7]. The set of all type A (or type B) tetrahedra
forms an fcc lattice. Hence f;; connect neighbouring type A tetrahedra on the line

defined by the Wyckoff positions (3, 7).

Figure 3.3: Th lattice. The tetrahedron in the middle is type A, the surrounding

tetrahedra are type B.

3.3 Spin Correlation Functions

From Chapter 2 we know the Hamiltonian can be expressed by the unperturbed

term H, and perturbed term H;. Recall Hy and H; from Chapter 2

H=Hy+ H,
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Hy=7X,

Hy = [TXs + T3 X3+ TuXale(t)

We begin by calculating the spin correlation function (Ji,a(t)Jjwp(t')), where i, j =
1,2,3,4 are the Wychoff sites, n,n’ are fcc lattice vectors, which label the A-type
tetrahedra, «, [ refer to the local coordinate system. (Note that sometimes the
notation J;,(t) is used, where i represents any site on the lattice.) When «a, 8 = z,
the operators J, acting on the spin ice manifold simply measure spins to be in or out,
while J, raise or lower spins. In general, the action of J. takes a state that is in the
spin ice manifold to a state that is outside the manifold, so in order to get a non-zero
expectation values, each J, must appear with a J_ and vice versa. Hence, the spin
correlation (J;,,Jj/—) will be non-zero with a Xy perturbation, (Ji,+(t)Jjn 1 (t')) needs
a X3 perturbation and (Ji,+(t)Jj—(t')) needs a Xy perturbation. (Ji,,(t)Jjw.(t))

has no first order correlations.

3.4 Spin correlation (Jy,.(t)Jy.(t'))

From the above we know that the only non-zero unperturbed spin correlation

term of site 1 and site 2 is the unperturbed contribution,

<J1nZ(t)J2n’Z(t/>> = Tr[pOJITLZ(t)J2n’Z<t/>] = Tr[pOJanJan] (3~6)

We know that Ji.|+) = j|+) and Ji,|—) = —j|+) where j = 1/2 for spin 1/2 system.

Moreover, from Chapter 2 we know J,(t) = J,. If site 1 and site 2 are both in the
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same tetrahedron, we can get

Tr[p0J1n2<t>J2n’z(t,)] = 1<\II|J1an2n/z|\Ij>1
= (P45 =3 =57 =5 = 3 O + ] (3.7)

- _2j2[5ml’ + (Snm/—fm]

Here 6, means both site 1 and site 2 are in the same A tetrahedron, o, ,/_f,, means
both site 1 and site 2 are in the same B tetrahedron which corresponds to adjacent
A tetrahedra (n = n’ — f12). When site 1 and site 2 are on different tetrahedra the

correlation function vanishes.

3.5 Spin correlation (Jy,.(t)Jo(t))

We now consider (Jy,,(t) Jon+(t')). The first order correction comes from Xo.

ins (O (£)) = =0T [0 ([ Xal)e(t")dt") T (8) T (F)
T s 0) ([ Xl 00") T )] =T [po e 00 ([ ettt

Po ( /t V2 SIA (sz(t”)Jjn/_(t”)]e(t”)dt”) Jlnz(t)Jgn,+(t’)]

(i5)
— ZTI‘ pOJInz (/ —7\72 z (Jinz(t”)Jjn/_(t”)]ﬁ(t”)dt//) Jgn/+(t,)]

—iTr poJW<t>J2n/+<t’>( ) —ijzz[ A mz<t“>Jjn/_<t“>]e<t”>dt")]

-~ 3 G

Here (ij) is all pairs of nearest neighbours. In order to get a non-zero expectation
value of the (Jy,,(t)Jon 4 ('), we must have that j = 2n’ and 1n and i in the same

tetrahedron, or adjoining ones. Considering that ¢ and j are nearest neighbours, we
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Figure 3.4: Two tetrahedron joined by site 2.
have

i=1n" and n=n
i=3n" and n=n" orn=n"+ f5
i=4n' and n=n" or n=n"+ fg

i=1n"+for and n=n"+ fy
i=3n" 4 fo3 and n=n'4 fo3 or n=n"+ fn

i=4n" 4+ for and n=n'4 fog or n=n"+ fn

In the following, we will calculate the spin correlation functions from these different

contributions.

3.5.1 First three contributions

We begin with the following 3 contributions:

/ !/

i=1n" and n=n

/

i1=3n" and n=n'



27

" and n=n

1 =4n
In each case, there are three first order terms that involve different ordering of the
operators. We use the set of spin ice states on two tetrahedra joined by site number
two: |Ws)s, to compute the trace.

The first contribution:

Agi—T /ti dt" e(t")o (U | Jrns 2 Jan— (") Jins o Jopr - (E) [ W1) 200 s

= A /700 e TRt )dt" s 296,
/

oit" T12j/3

i7127/3

— Ay 99, .6i(t—t/)2jj1/35n’n/

Vo

2 i 0 :
— A12i\é_%982j26—1t /372 [ E(tl/)|t—oo - / elt j12]/361(t//)dt/l 6n7n’
t

where s is the matrix elements of the J. operators, s = (+|J,|—) = (—|J_|+). Please
see the detail of how to apply the time dependent operator J;1(¢) on states in the

Appendix. The second contribution:

V2 —00
A13Z\é_\72/t dt"e(t") o (V1| J3nr s Jons — (") Jinz Jon + ()| V1) 200
2 o0 Sl 1\o
= AlBi\/g_j2 /t eI (1YL 12 5236,

— A 3T 82j€i(t—t/)2jj1/36n7n/

Vad,
The third contribution:
@ T " /
Ayt 3 T ) dt"e(t") o (U1 | Japr s Jon— (") Jinr s Jonr+ (8) [ V1) 2000

= Ayi-—Ts / T (1) A2 235,
t

~ Ay 3T .ei(t—t/)2jjl/3é‘n’n/

NoX



The sum of the above 3 terms is

oY
—6\/_j2 2 i(t—t)2j71/3

]ei(t*t/)2j&71/3(—3/\12 + Az + A14)5n,n’

The second term in the perturbation is as follows:

The first contribution:

5 ¢
A12l’\é_g72 /t, dt"e(t") o (U1 | Jins s Jins s Jom— (") A" Jopr - () [ V1) 207 1

2 t S (4! 1 :
= AIQi\é_jg / ettt )2]‘71/36(t//)dt,/82j29(5n,n/
t/

9 (112
S )

The second contribution:

D) t
A13i\g\7z /t, dt"e(t")o (V1| Jinsz 3wz o — (U dL" T (E)[ V1) 200 0
2 t S 4! 1 :
_ Algi\/_jg/ et —t )2Jj1/3€(t//)dt//52j23(5n,n/

3 \72 2 i(t—t'
=—A e t=t2NL/3

The third contribution:

B ¢
A14Z'\é_Jz /t’ dt"e(t")o (V1 | Jinsz Jansz Jop— (") dt" Jops 1 () [ V1) 20

2 t S(4! 1 :
= A14’i\/—.72/ e WIS () dt" 5 1236

3 T 2 i(t—t'
— _A 2j11/3 _q
14\/_j1 ( )

28



The sum of the above 3 terms is

3\/—u72 2
25"

:_6\/_é32j< i(t— t)2]j11/3 1)

(2N 1) (3N, — Ayy — Apy)

The third term in the perturbation is as follows:

The first contribution:

t/
A12@£j2 dtﬁﬁ(t”)Q (U | sz Jons o (8) Jrnr e Jogr— (87 dt" | U1 )28

t/ S(4+! 1 :
_ Angf@/ efz(t —t )QJJI/SE(t”)dt”SQjQQ]5n7n/

i J12j/3 / t/ 11 .
= AlQZ\é_j e~ 1'2171/3 jj12]/3 - /_Oo ot j12]/3€/(t//)dt// Ot
9\72 2 .
=ANo——s5
VoA

The second contribution:

2 ¢
Mt L2 [ )01 o (8 o0,

t/ s (4! 1 N
= —Algl\/_jg/ e_z(t -t )2jjl/3€(t/,)dt”32j235n7n/

o0

3;72 9.
B P
13\/§j18 J

The third contribution:

\/_ t/ 1 !/ / /! /)
A14z—j2 dt e(t")o (V1| J1nz Jonr+ (V) Japr s Jonr— (") dE" 01 )20

t/ Sl 1N
= —A14Z\/—j2/ e ¥t )2J‘71/BE(t//)dt”82j23(5n’n/

o0

3j2 2 .
= A2
14ﬂ$8 /

29
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The sum of the above 3 terms is

3\/5\72 2 .
s“7(3A1 — A3 — A
27 j( 12 13 14)

j2 92 .
=6vV2—
V2T

The sum of all three contributions is:

o 6\/§§2$2j6i(t_t/)2jj1/3
1
J> 2 -0 i(t—t)25T1/3
+ 6\/575 j(e 12 —1)
1
T2 5.
+6v22 57
7"
=0

Hence, the sum of all three contributions vanishes. In fact, each contribution vanishes

by itself.

3.5.2 Next three contributions

We will now consider the contributions coming from:

i=1n"+for and n=n"+ fo
i:3n/+f23 and n:n/—i—f23

i:4n’+f24 and n:n’+f24

These contributions are similar to the first three, because each contribution can be

calculated using two tetrahedra. Therefore, they also vanish.
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Figure 3.5: Three tetrahedrons joined by site 1 and 2.

3.5.3 Last four contributions

Finally, we consider the contributions:

/!

i=3n" and n=n"+ f5

i =4n/

and n=n"+ fu
i=23n"+ fos and n=n"+ fu

i=4n" 4+ fou and n=n'+ fo

To compute these we need spin ice states on three tetrahedra (see Figure 3.5). For

the first contribution, the first term in perturbation,

RN
Ass /t dt”ijzﬁ(t”)s (Was| Jsns Jon — (") Jinr+ for )2 Jonr+ () [W23) 30n 4 fir

:A13/t ije( ) _Z»(t/_t//)ijll/Z&dt//gs .]25nn+f31

9j2 (44! .
= A3 2jeilt t)2]J11/35n,n’+f31
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The first contribution, second term in perturbation is:

L
A3 / dt”fjﬁ(t”):s (Wos| J1(nrt fir)s JanrzJon— (") Jonr o () [ Wa3) 30n 1 fir

Alg/ 7‘726 —i(t’—t”)2j711/3dt/’98 j25nn+f31

9]2 §2j(eH-12 /3

=Mt

- 1>6n7n/+f31

The first contribution, third term in perturbation is:

t \/§
A3 /_ dt"ijzdt”)s (Wos|Jint far )z onr+ () J3nr s Jom— (1) Wa3) 30004 £,
t \/§

= Nig [ Jac(t")e I 9526, 0 g,

9

The sum of all these contributions gives an zero value, hence, the spin correla-
tion function vanishes. The other contributions are also zero. Hence we find that

(J1nz(t) Jon 4 (")) vanishes to first order in perturbation theory.

3.6 Spin correlation (Jy,. Jo,/)

For (JiniJon 1), the X3 term in the perturbation gives the non-zero spin corre-

lations

<Amwkmﬁw=—ﬂﬂm([wxwwwwwﬁawwbmﬁv
—iTr [p0J1n+(t) ( /t /t Xg(t")e(t")dt”> Jonr 4 (t)| —iTr [poJanr(t)Jgnur(t') ( /_t OO Xg(t")e(t")dt”>]

There are three tetrahedra involved for (Jy,, 4 Jo,+) (see Figure 3.6). Only nearest

neighbours will give non-zero spin correlation function, hence site 1 and site 2 need
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Figure 3.6: Three tetrahedrons joined by site 1 and 2..

to be in the same tetrahedron i.e. n =n' or n = n' + f15. Therefore, we have

<hm®bmﬁ%Z—fftﬁM(KWAWWNM4deﬁﬂAM@bmﬁU

—4Tr {pOJWF(t) ( /t /t Jin— (t”)Jgn/_(t”)e(t”)dt”) Jonr 1 (1)

t/
T o O 0 ([ o) OVl )| G+

(3.8)
Now we will calculate the above term by term, using the same methods as in section

3.5. The first term in perturbation is

7001
oWl ([ 50 () o (V")) i (1) o ()] 1)

_ 3T ai-t50/3

- 571 n' 571 n/
4]j1 ( ) + 5 +f21)

The second term in perturbation is

t1
s Wral i (8) ([ 550 () T (£l )" ) o () W)

— 6Tt — tl)84ei(t—t’)2jjl/3(61%”, + Onn/tfor)
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The third term in perturbation is

t/

1
3 (W12 J1pg (8) o4 (1) ( gj?)t]lnf (t//)J2n'(t//)G(t”)dt”> (Wis)3

_ 3T3 A ilt—)2)71/3

— 5n n/ 5n n'
4]\71 ( 5 + 5 +f21)

Now let us consider the number of configurations. For (Jy.,Jo1,), there are three
tetrahedron involved and for each tetrahedron we have 6 possible spin ice configura-

tions, hence we have 3 x 3 x 6 = 54 configurations. Hence we have

Tasteit-t)71/3

<J1n+ (t)JQn’-i-(t,» = 54 <6Z<t - t/) +

) (3.9)

3.7 Spin correlation (Jy, (t)Jy ()

For (Ji,—(t)Jon+(t')), the X4 term of the perturbation gives the non-zero spin

correlations

(Jin—(t) Jon 4 (t')) = —iTr [Po (/t OOX4(t”)€(t”)dt”> Jin—(t) Jon 1 (1)

Ty [poJln_(t) ( /; X4(t”)e(t”)dt") Jgn,+<t’)} — {Tr [poJln_(t)Jgn/+(t’) ( /

t/

There are three tetrahedra involved for (Jy,—Jo,4) (see Figure 3.6). Only the

nearest neighbour will give non-zero spin correlation function, hence site 1 and site 2

X, (t")e(t")dt”

)
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Figure 3.7: Three tetrahedra joined by site 1 and 2..

need to be in the same tetrahedron i.e. n =n' or n = n’ + fi Therefore, we have

MW@&HW»Z—(HM(KW%MWth%WWOhwﬁka)
T [0 (0) ([ s ) T () ()" ) o (1)

Jin+ (t”)Jzn'— (t”)E(t//)dt”> ] ) (Onr + 5n,n’+f12)
(3.10)

t/

T [pojm<t)J2n/+(t’> (

—0o0

Now we will calculate the above term by term, using the same methods as before.

The first term in perturbation is

> //1 7 " Z /
|t Tl ) Wizl i () o (1) T () T (1) 12}

_ 37~741 Al —0)2)71/3

— (Sn n’ 671 n/
4]\.71 ( ; + ) +f21)

The second term in perturbation is

t 1
/t, dt’/gﬂﬁ(t")3<‘1’12\Jlfn(t)c]un(t”)t]%n'(t")J2+n'(t/)!‘1’12>3

= 3iJy(t — t)s*e BN Gy )
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The third term in perturbation is

t/ //]' i ! 1 i
dt 6j4€(t/ )3 (W] Jign (t) Jogns () J1—n (t") Jo—ns (£7) | W12) 3

_ 3 et —6)2j.711/3

e 671 n’ 5n n'
4]j]_ ( ; + y +f21)

For (J1_,Jorn), there are three tetrahedron involved and for each tetrahedron we
have 6 possible spin ice configurations, hence we have 3 x 3 x 6 = 54 configurations.

Hence we have

3%846i(t/_t)j11/3 1

(Jing () Jon 4 (') = 54 (it 1) + 450

) (3.11)

where N is the number of total ions in the lattice.

3.8 Spin Correlation in Global Coordinates

In this section we express our results in global coordinates using the relations
between local and global coordinates described in the Appendix. We use symmetry
arguments to generalise our results for site 1 and 2 correlations to other sites. Since

Jy = J.+iJ,and J_ = J, —iJ,, hence J, = (J_)'. Therefore, we have the following

(oo} = ((J12d24))]
(Jipdor) = ((J1oJo))f

(Siedam) = ((Jidoy))]

There are 4 independent correlation functions out of 54. As we shall show, the rest

are related by symmetry. By using the group theory, we can do the transformation
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between local coordinates with global coordinates which is provided in Appendix. Let
us define J{Jy = a, JfJY = b, JiJ3 = ¢, JfJ; = d, we have the relationship between
local coordinates with global coordinates in table 3.1. In the following section, we will

write the global spin correlation functions using the local spin correlation functions.

JEJE | JEJY | JEJE | JYIE | JYIY | JYJE | JEIE | JRJY | JRJA
J1Js a b —c b a c c —c d
J1J3 a —c b c d —c b c d
Ji1Jy d c —c —c a b c b a
JoJs d c c —c a —b —c —b d
JoJy a —c b c d c b c a
JaJy a —b c —b a c —c —c d

Table 3.1: Equivalent spin correlations between different sites.

(JiJ5)

For ion 1 and 2, the global spin correlation function of J;.J can be expressed by

é(<J1+J2+> + (Jixdos) + (JimJog) + (J1—Jo2))

1
3\/—(<le<]2 )+ (Jizdoy)) + (Jimdaz) + (Jigpdaz)) + §<J1ZJ2,Z>

(JTJ3) =

(J7J5)

For ion 1 and 2, the global spin correlation function of J{J3 can be expressed by

(2 J5) = (W) + () + () + ()

4\/—(<J1 Jao) + (Jipo-) = (Ji-day) = (JigJoy)

e () + (D)) +

63 ({(Srzd2-) = (Nrzda))

i
216
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1

+ L(<J17J2z> + (it J22)) 3

3\/§ <J1z=]2z>

T 7Y
(J1'J2)
For ion 1 and 2, the global spin correlation function of J{Jj can be expressed by

1
12

(Jrgo) — (Ir_do)) — 63§<<JIZJQ> T du) + (D)

((JizSo) = (JizJog) — (Jiodoz) + (J14J22))

(JIJ3) = —é(<J1—J2—> + (Jirdog) + 5 ((Jiedo=) + (J1- a4 )

43
+ (JitJ22))

1
3

1
— 2\/6
<J12J2z>

T
(J1J3)
For ion 1 and 2, the global spin correlation function of Jy.J3 can be expressed by
o

43
1

1
~ (el (N Dan)) = SR (N hon) 4 (D Tos) 4 (Do)

((JizJo—) = (JizJog) + (J1-Jaz) — (J14J22))

(JTJ3) = 112(<J1—J2—> + (Jirdor)) + ((S1-Jo=) = (Ji+ 1))

?

+ (JixJa)) + NG

1
- §<J12J2z>

3.9 Neutron Scattering

Neutron scattering is an experiment which is sensitive to the spin correlation

function. The neutron cross-section for the scattering by identical magnetic ions
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situated at the sites R;, of a crystal is

d*c ok 1
[ 9F(8)]* Y (00, — Kakip) D pa Y D (A exp(—ir - Rin Ji|N)
deEl O k2 a,f AN i,n i’ n’

x (N exp(ir - RinJhs | N0(Aw + Exy — Ey)

-

where k is variable in the momentum space, kK = ﬁ

is the unit vector of /;, g is a
constant which can be determined by experiment, R;, is the position vector, J} is
the spin function, 7 is the site number and n is the Wyckoff position of Tb atoms, |\)
is a state, and FE) is the energy of the state.

The partial differential cross-section is

2 / 0

dgdUE” = r%i[;gF(m)]Q %(50{75 - /-@a/ig);:h [m dt / drexp(ik - r —iwt)Lop(r, t)
(3.12)

where N is the number of unit cells in the crystal, and

Fos(r,t) = ij/m (r+ Rin — )J58(7 — R (D)5, (D) (3.13)

ZTLZ’H

Because the spin-dependent forces are small, therefore, we can approximate the motion

of an ion as independent of its spin orientation. Then the above equation becomes

Tos(r,t) = Zzﬁmznﬂwm+mﬁmmummmy (3.14)

znzn

and (J%Jf (1)) are the spin correlation functions between different sites. Essentially,
in order to calculate the neutron scattering intensity, we need to convert the spin
correlation function into k space, which is the Fourier transformation of the spin

correlation function with position.

By substituting the spin correlation functions into the above equation and setting
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J=17 =TJ3 =7, =0.1 and setting w = 0 for the elastic neutron scattering. By
using equation 3.12, we can plot the neutron scattering intensity as a function of k,

as shown in Figure 3.8.

[0,kZ,0]

0] 10 20 30 40 50
[k1,0,0]

Figure 3.8: The neutron scattering intensity along (k1, k2, 0) plane.

Figure 3.8 is a contour plot in &y and ky plane with k3 = 0. Figure 3.8 was
obtained using Mathematica. We plot (3.12) in Mathematica and for simplicity set
ks = 0. From the plot we can find the partial cross-section by substituting & and ko
into (3.12). The dark colour in the plot indicates the higher intensity and the light
colour indicates the lower intensity. From Fig 3.8 we can see that the spin correlation
function is periodic in k-space. These results are preliminary; further studies are
needed to compare with experiment.

In this chapter, we used the first order perturbation theory on the interaction
Hamiltonian to find the spin correlations between site 1 and 2. We found the spin
correlation of (J;,.J;4) vanishes to the nearest and next nearest neighbours, the spin
correlations of (J;1J;+) and (J;4J;—) will give non-zero results only to the nearest
neighbour. We also converted the spin correlation from local coordinates to global

coordinates and used group generator of space group to find the spin correlations on
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different sites. Finally, we discussed about the neutron scattering experiment and
how to find the scattering intensity by using the spin correlation functions. Moreover,

we did a plot of the scattering intensity along the &y and ks plane.



Chapter 4

Conclusion

In this thesis, we use the perturbation theory to find the spin correlations on Th
ions in ThyTi3O7.

In the first chapter, we discussed the structure of pyrochlores. We also talked
about geometric frustration in the tetrahedron structure in pryochlores. We reviewed
the ice rule and residual entropy on crystal ice and applied it to spin ice materials.
Particularly, we focused our interest on one of the pryochlores, ThyTisO7, which is
believed to be a quantum spin ice material. ThyTi;O7 has many interesting properties
such as residual entropy and elastic softening effects.

In Chapter 2, we described the spin 1/2 exchange Hamiltonian for ThyTi,O5.
The largest term in H has a spin ice ground state. We use perturbation theory on the
rest of the terms in the Hamiltonian to find the spin correlations between different
sites of Th ions. In order to use perturbation theory, we found the interaction picture
representation of our operators.

In Chapter 3, we did the calculation to find the spin correlation function. From
our calculation, we found that the spin correlation (J;,(t)J;4(t')) vanishes not only

on the nearest neighbours, but also on the next nearest neighbours. (J;4(t).J;4(t))

42
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and (J;4(t)J;—(t')) only give spin correlations between nearest neighbours. From our
calculation we find that there are only short range spin correlation of Tb ions. After
the calculation, we discussed the neutron scattering theory which is one method to
test our result experimentally. Although neutron scattering is the typical method to
find the spin correlation function, there are also other experiment methods such as
muon spin relaxation and dc susceptibility can be used to text the spin correlation
function [29].

Experiments reveal that the correlations are mainly short-range, but there are
longer range correlation seen as “pinch points” in neutron scattering patterns [31].
From higher order perturbation theory, we can reveal more details of spin correlation
function and find the spin correlation function in longer range [24]. Therefore, in the
future, we can apply higher order perturbation theory to the interaction Hamiltonian.
Recently, neutron scattering experiment shows that spin correlations in ThyTisO5
extend over larger distances near 20 K [30]. Therefore, in the mean time, we can also

use neutron scattering experiments to test our theoretical calculations.



Chapter 5

Appendix

In this thesis, we use the angular momentum operators: J, and Ji. In the
interaction picture, the operator J, is time independent, and the operator J. is time
dependent. From Chapter two we know J;i(t) = JiiejFitjl/ 63 iz where the sum
over j means we need to apply the operator J, to all the nearest neighbours of site .

In this appendix we will discuss how to apply J, and Ji on the spin ice states.
First, let us consider the operator .J,. Because J, is time independent, therefore, when
we apply it on the spin ice state it will give the eigenvalue of the state but will not
change the state. For example, if we have a spin ice state | + + — —), then we apply
Ji. on it, it will give a eigenvalue of site 1, i.e. Ji,|++ ——) = j|++— —). Therefore,

when Ji, acts on the states
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It will produce the eigenvalue of site 1. Therefore, we have

++--) i+ + =)
|+ —+-) I+ =+ =)
P B B I R RSy
[——++) —jl——++)
e I I e s
—++-) )\ =il—+4o)

[++=) Jgl++——)
[+=+- G+ =+ )
Jgnlu, = | 1T o A
== ++) —j(=) = —++)
=+ =) —jjl —+—+)
[=++-) —jjl —++-)

Therefore, we have

(O Tl Uy = 2 = % = 4 1 = 52 = 7 = =2

Now let us consider the time dependent angular momentum operator Ji(t). We
know that when J, act on a state |+), it will eliminate it, and when J, act on a state
|—), it will raise it to |+). Therefore, when we apply J;. on the spin ice state, the

only non-zero result is contributed by the site ¢ with spin "—". The exponent part of
Ji+(t) has the summation part >°;.J;., hence we need to apply J. to all the nearest

neighbour of site i. For example, if we apply Ji,(¢) on spin ice state | — — + + >,
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we need to find out the nearest neighbour of site 1. By applying the spin ice rule, we
know that the nearest neighbours of site 1 have spin state "-", "4+", "+" "-" "4" "+".

Therefore, 3, J;. = —j+j+Jj—j+j+J=2j. Hence,

()] — — ++) = J1+67it\71/62j sz| e+ ) = 6—it2jjl/6| )

Moreover, in order to have a non-zero result for (— — + + |J| — — + +) we need to

pair the operator J;_(t)J;4(t"). Therefore, we have

(= =+ + |- ()] = =+ +)

= (= = [T () S e TR e g
= (= =+ | S ()R gy

= (— — + + @6 mICNET/6| _ _ 4 4y

_ i) 71 /6

Therefore, we can apply the above argument to other spin ice state in our calcu-

lation to give the results in Chapter 3.

Here we will present some examples of calculation detail in Chapter 3. First, in
the spin correlation functions contain Xy, if we want to find o (Vo |15, (1) Jon— (") J1nz Jon 1 [Wa)a,

we can start by computing the following:



[++--)
|—+—4) | ©]P24)
| —++-)
JinzJo (") Jinz Jo g () On,n'n/+ f1
|——++)
|+ —+-) | ®P2-)
[+—=+)
0
= JinzJont (") Jipse 2T =+ O

|+ +—+)

0

_ 6—i(t’—t”)2j.711/3s2j2 | == ++)
|+ —+-) | ®D2))

+—— )

where s is the matrix elements of the J. operators, s

Therefore, we have

2( Vo | Jinz (") Jowr— (") Jinz Jowr | W2)2 = €_i(t/_t“)2j‘711/352j2

In the spin correlation functions contain X3, if we want to find

3(Uo| Jin— (t") Jon— (t") Jiny Jon 1 |P12) 3

we need to compute the following:
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= (+J4]=) = (=J-[+).



Jin— (") Jon(8) i (8) Jom 4 ()

= Jin- (") Jow - (") Jiny ()€ 2113

= Jip_ (") Jop_ (")~ HD2T11/3 g2

|+ 4+ — =) ® P2 )1 ® P14 )
| —+—+)
® |®2+ ® |®1_>1
| —++-)
|~ =+ 1) @ [P )1 @ D),
|+ —+-)
® [P )1 ® P11
|+ ——+)
0
0

|+ ++-)
| ++—+)
0
0
0

|+ ++4+) Q|Py )y ® |B1_)1

|—+++) @ |[P2-)1 ® |P1-)
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((5n,n’ + 5n,n’+f21)

(5n’”/ + 5”:”'+f21 )

(5n7n’ + 5"7"'+f21 )

0
0
0
0
il -20")2i11/3 4 0 (O + Onnr s f21)
| ——4++) @ Vo)1 ® V)
0
0



Hence,

3<\II12|J1n7 (t”)Jznr,(t//)J1n+J2nf+’\I/12>3 _ 8467i(t/+t72t//)2jJ11/3

In the spin correlation functions contain X, if we want to find

3(Wia| Jint (8) Jon— (") Jin— Jon | W12)3

, we need to compute the following:

) ®
> )
[ =4+ )
Jin+ (t”) Jons— (t”) Jin— (t) Jon 4 (t/)
) ®
)
)

| ——++ |y )1 @ [P1-)1
|+ -+ -
® |Po_)1 @ [ P14 )1
|+ ——+
0
0
0

= Jing (") Jopr— (") Ji— (t)e #2113
| =+ 1) @Dy ) @D )

|+ ++-)

|+ 4+ —+)

R |Po_)1 @ | P14 )1
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(5n,n’ + 5n,n’+f21 )

(5n,n’ + 5n,n’+f21>




20

0
0
o A 0
_ Jln-i— (t//>J2nl_(t//)e—l(t —t)2]J11/382 (571,”, + 5n,n’+f21)
0
=+ +-)
® [Py )1 @ [Pry )1
= +—4)
0
0
o 4 0
— it -D)2j11/3 4 (Opr + 5n7n/+f21)
0
[+ =+
® |Po_)1 @ [ P14 )1
[+==+)

Hence,

3<\I/12|J1n+<t,,)<]2n’—(t//)Jln—J2n’+|\I/12>3 _ 84e—i(t’—t)2jj11/3

Now let us find the spin correlation function of other sites by applying symmetry
transformations. We will use generators of the space group: CZ, C7, Cfiy), Cfiyq)-

By applying C?, we will have the following:

12

34



hence we have:

e —X
y | 7| —vy
zZ zZ

JET = JVTE
JiJ; = —J J
Vi
JETE = J3 T
JETY = J3TY
JiJ; = T3
TVJE = JYTE
T = J4T
T =T
JiJE = J5TE
JiJY = —J3 Y
JiJ; = J3J;
JEIE = I3
T = J3 Y
JiT; = —J3 T
TVIE = JYTE
T = JLT

JVJ; = —JYJE
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JiJE = —JiJ3
JiJl = —J; Y
JiJ; = J3J;
JiTL = JYTE
J3J; = —J I

JLTE = —J T

By applying C?, we will have the following:

14

23
X x
y |7 v
z —Zz

hence we have:

JEJE = JE
JEJY = —JE T
JEJE = —JE T
JUJE = —JUJ
JUTY = JY Y
JVJ; = JUJ

JiJ§ = —Ji T



JiJy = T T
JiJ; = JiJ;
JETE = J3 T
JET = Ty
JiJ; = T3 T
TV = T3 T
JUTY = JUJY
Tz = T3 T
JiJE = T3
JiJY = T4
JiJ; = JiJ;
T = TV
JiT; = —Ji T
TV = T3 T
TiT = T
T3T; = T30

TJE = i J

By apply Cf,,;, we will have the following:

11

3—42—4—->3
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hence we have:

x y
y | 7| =
VA X

JIE = VT
JLTY = JVJ;
JET; = JVJ3
TV = JE Y
T = JEJ;
TV = JEE
Ji I = J T
JiJ = J
JiJ; = JEIE
T8 = LT
T = JJ
TeT; = JJ
T =TT
T =
TeT; = U
JEIE = J4 T
JETY = T

JeJE = JYJY

o4



By apply C7,;, we will have the following:

142

33

44
T Yy
y | 7| =
z —Z

hence we have:

JETE = VT
TETY = V3
TET; = —JYJ;
JiJE = —JiTY
JETE = LT
TETY = T
JET; = —JYJ;
TVE = J§ T
TV = J3 3
JVI; = 3T
JiJE = —Ji T

JEJY = —JJE
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T3 J; = 5T
JETE = T
JETY = JY 3
JEJE = —JYJ;
JVIE = J5 T
T = J3 3
TVI; = 3T}
JiJE = —Ji T}
Tl = 3 JE
T3 = J5 T
JETE = LT
TET = LT
JET; = —JYJ;

JiJg = —Ji Y

o6
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