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Abstract

This thesis studies the theories and phenomenology of modified gravity, along with their applications in
cosmology, astrophysics, and effective dark energy. This thesis is organized as follows. Chapter 1 reviews
the fundamentals of relativistic gravity and cosmology, and Chapter 2 provides the required Co-authorship
Statement for Chapters 3 ~ 6. Chapter 3 develops the . = f(R,R2,R2,.%,) class of modified gravity
that allows for nonminimal matter-curvature couplings (R% = R, RN, R,%i = WV[;R”‘”/’)), derives the “co-
herence condition” fr: = fr2 = —fz2/4 for the smooth limit to f(R,G, %) generalized Gauss-Bonnet
gravity, and examines stress-energy-momentum conservation in more generic f(R,Rj,..., Ry, -Z) grav-

ity. Chapter 4 proposes a unified formulation to derive the Friedmann equations from (non)equilibrium

T
T,

Friedman-Robertson-Walker Universe governed by f(R), generalized Brans-Dicke, scalar-tensor-chameleon,

thermodynamics for modified gravities Ry, — Rg;y/2 = 8nGeg and applies this formulation to the
quadratic, f(R, &) generalized Gauss-Bonnet and dynamical Chern-Simons gravities. Chapter 5 systemati-
cally restudies the thermodynamics of the Universe in ACDM and modified gravities by requiring its com-
patibility with the holographic-style gravitational equations, where possible solutions to the long-standing
confusions regarding the temperature of the cosmological apparent horizon and the failure of the second
law of thermodynamics are proposed. Chapter 6 proposes the Lovelock-Brans-Dicke theory of alternative

gravity with A pgp = ﬁ [q) (R + v%*RR + bg) - %V(,q)vaq)], where *RR and G respectively denote the

topological Chern-Pontryagin and Gauss-Bonnet invariants; as a quick application, Chapter 7 looks into

traversable wormholes and energy conditions in Lovelock-Brans-Dicke gravity, along with an extensive
comparison to wormholes in Brans-Dicke gravity. Chapter 8, for a large class of scalar-tensor-like grav-
ity S = f d*x V-8 (XHE + % + e + $¢) + S, whose action contains nonminimal couplings between
a scalar field ¢(x®*) and generic curvature invariants {R} beyond the Ricci scalar, proves the local energy-
momentum conservation and introduces the ‘“Weyl/conformal dark energy”. Chapter 9 investigates the pri-
mordial nucleosynthesis in .& = &2~ 8RP + 16zrm;12$m gravity from the the semianalytical approach for “He,
and from the empirical approach for D, “He, and Li; also, consistency with the gravitational baryogenesis is
estimated. Within the same gravitational framework as in Chapter 9, Chapter 10 continues to study thermal
relics as hot, warm, and cold dark matter, and revises the Lee-Weinberg bound for the mass of speculated
heavy neutrinos.

Kty Worps cosmic acceleration, dark energy, modified gravity, physical cosmology, early Universe
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Chapter 1

Introduction and overview: Physical

cosmology and relativistic gravity

In this chapter, we will prepare for the whole thesis by reviewing the foundations of some necessary topics,
including the standard model of cosmology within the gravitational framework of general relativity (GR),
accelerated expansion of the Universe, dark energy, and modified theories of relativistic gravity beyond GR.

Throughout this chapter, for the spacetime geometry, we adopt the metric signature (—, + + +) along with
the conventions F"‘ = F“ = g®T g, for the Christoffel symbols (i.e. the first index being contravariant),
R 5= 0,5, 651““ 5+ AFgﬁ I'g I}, for the Riemann curvature tensor, and Ry, = R®,, for the Ricci tensor.
Moreover, for the physwal quantities, we primarily use the natural unit system of high energy physics which
sets c = 1 = kg = 1 and is related to le systéme international d’unités by 1 GeV = 1.1604 x 10'3 kelvin =

1.7827 x 1072 kg = (1.9732 x 1076 meters)™' = (6.5820 x 107> seconds)™'.

1.1 Standard cosmology

“My goal is simple. It is complete understanding of the universe: why it is as it is and why it exists at all.”
Stephen Hawking

1.1.1 Einstein’s equation

To look into modern cosmology, firstly let us quickly recall GR. Since gravity dominates at large scales, we
need not concern ourselves with local complexity arising from the electromagnetic and nuclear interactions.
GR, with the equivalence principle and the general principle of relativity as two cornerstones, is the first
established and best accepted theory of relativistic gravity. From the perspective of the action principle, the
field equation of GR can be derived by the stationary variation of the Hilbert-Einstein action

Tug = fd4x\/—_g(R+167rG,,§fm), (1.1)



where G is Newton’s constant, .%;, denotes the matter Lagrangian density, and 167G f d*x\—g Ly = I,y
constitutes the matter action. Extremizing Zyg with respect to the inverse metric, i.e. 6Zyg/0g"” = 0 with
the variational derivative given by

or oz o1 o1 o1
HE ._ Z(—l)"am c+ 0, HE = —HE _ » HE 0p —— 1 > 1.2)
ogh 0(0q, -+ 0a,8") 0" 0(0,8") 0(0,0p8")
one obtains Einstein’s equation [1]
1
Ry = SR g = 81GT. (1.3)
where the stress-energy-momentum tensor T,(]f) for the physical matter is defined via
1 . -2 6 (V -8 Zn)
61y = =5 X 167G f d*x\=g TWsg"™  with T = . (1.4)

V-g  og

Due to the minimal curvature-matter coupling in J g, Tﬁ(ff) is covariant conserved (see Subsection 1.2.9 for
more details),
VT =0, (1.5)

which is consistent with the contracted Bianchi identity V¥ (Rm, - %Rgﬂy) = 0 and supplements Einstein’s
equation.

Einstein’s equation relates the geometry of the spacetime continuum with the physical energy-momentum
distribution. Given T,E’f), one can solve Einstein’s equation for g,,, such as the Schwarzschild solution for
the vacuum exterior of a static spherically symmetric body, and the Kerr solution for the vacuum exterior of
a stationary axially symmetric body. Inversely, one can “design” the spacetime metric with desired geomet-
ric properties, and then reconstruct the matter fields; for example, the Morris-Thorne metric for traversable
Lorentzian wormholes was proposed this way, which requires Tf,';’ ) to violate the standard null energy con-

dition within GR [2].

1.1.2 Friedmann and continuity equations

Modern observations strongly support the traditional cosmological principle: for example, the Sloan Digital
Sky Survey found that the distribution of galaxies in the Universe appears homogeneous at scales > 100
Mpc [3], while the Wilkinson Microwave Anisotropy Probe (WMAP) confirmed that the cosmic microwave
background (CMB) radiation is highly isotropic in the full-sky temperature map [4]. Mathematically, the
most general spacetime for a spatially homogeneous and isotropic universe is described by the Friedman-
Robertson-Walker (FRW) metric. In the (¢, r, 6, ¢) comoving coordinates, its line element reads

()

gudxtdx’ = ds* = —df* + ﬁ dr* + a(t)'r* (d6? + sin*0.dg?), (1.6)
I

where the curvature index k is normalized to one of {+1,0, —1} which correspond to closed, flat and open
universes, respectively. The metric function a(f) refers to the cosmic scale factor, which is a function of the
comoving time and needs to be determined by Einstein’s equation.



At cosmological scale, the matter content of the Universe is usually portrayed by a perfect-fluid type
stress-energy-momentum tensor, which in the metric-independent form reads

T = diag[ — py, Py P Pr] - (1.7)

With this T,fl’vr’) and the FRW metric Eq.(1.6), the r — t component of Einstein’s equation leads to the first
Friedmann equation

k 81G

while the spatial components yield the second Friedmann equation

.k : k
H - — = 471G (py + Pp) or 2H+3H+ — = —87GP,, (1.9)
a a

where H refers to the Hubble parameter

(1.10)

with @/a = H+H? and the overdot denoting the derivative with respect to the comoving time ¢. Practically, H
describes the fractional change of the distance between any pair of galaxies per unit time, and thus measures
the expansion rate of the Universe.

Eqgs.(1.8) and (1.9) jointly govern the the evolution of the generic FRW Unverse. The first and sec-
ond Friedmann equations are just first and second order differential equations for the scale factor a(¢), re-
spectively, as a(f) is the only FRW metric function to be specified. Moreover, Eq.(1.5) for local energy-
momentum conservation' gives rise to the continuity equation

O+ 3H(Op + Pp) = 0. (1.11)

It is actually consistent with the adiabatic cosmic expansion: for the energy U = p,V in the comoving
volume V = a?, the first law of thermodynamics dU = TdS — P,,dV with dQ = TdS = 0 yields [d(pna®) +
P,.da*]/dt = 0, which still expands into Eq.(1.11).

1.1.3 Multiple components in the Universe

The physical content of the observable Universe is quite diverse. Primarily, she contains nonrelativistic
baryonic matter of the SU(3).xSU(2)yxU(1)y minimal standard model, cold/nonrelativistic dark matter
beyond the minimal standard model, photons like the cosmic microwave background (CMB), and neutrinos
like the cosmic neutrino background. Accordingly, it is often useful to decompose the total energy density o,
and pressure P, into different components, say p,, = >, pf,? = pp(baryon) + pgm(dark matter) + p, (photon) +

'As usual, we regard V¥ T/ST) =0 or ¥ (\/—g T/E';”) = 0 as local conservation, and o* [\/—g (TL'V”) + tw)] = 0 as the speculated
global conservation, where t,, denotes an energy-momentum pseudotensor for the gravitational field.



py(neutrino) + - - - , and the same for P, = ), P(i)
Given a type of physical matter, its pressure P() is related to its energy density p by some generic

function PY) = P(’)( (Z)) as the equation of state (EOS) usually, a simplest linear relation P = w? . p{¥

is assumed, where the proportionality coefficient w ) refers to the EoS parameter assoc1ated to each energy
component. This way, the second Friedmann equation (1.9) can be rewritten into H— a—z = —4nG (1 + wy,) P,
where wy, = P,,/pm, and practically w,, can be regarded either as that of the absolutely dominant matter, or
the weighted average for all relatively dominant components

DL

pm

(1.12)

with the weight coefficient given by «; = (‘) o | Pm-

One should note that physically meamngful wy,, cannot take an arbitrary value; instead, w,, for classical
matter fields is constrained by the null, weak, strong, and dominant energy conditions, which are a corner-
stone in many areas of GR, such as the classical black hole thermodynamics [5, 6]. As shown in Table 1.1,
these energy conditions collectively require —1/3 < w,, < 1 or less stringently -1 < w,, < 1, along with
the positivity of the energy density; only a small handful exceptions involving quantum effects are found to
violate these energy conditions, such as the quantum Casimir effect and the semiclassical Hawking radiation.

Table 1.1: Standard energy conditions in GR for classical matter fields, which revise the Table 2.1 in Ref.[6], with {* being an
arbitrary null vector, and v* an arbitrary timelike vector.

energy condition tensorial statement perfect-fluid statement
null TP > 0 Pm (Wi +1) 20
weak T((l’g)v"vﬂ >0 om =0, wy > -1
strong (T(m) — Llpimg )v"vﬁ >0 (w + l) >0 W +1)>0
o "2 of 2 Pm\Wm + 3| 2Y, Pm (Wn 2
dominant —T“fgm)vﬁ future directed om=0, -1 <w, <1

Following Table 1.1, let us illustrate the EoS parameters for some typical matter fields.

e w,, =~ 1/3 for radiation or relativistic matter, nowadays including photons, the three generations of
massless or light neutrinos, and possibly other particles in the hot early Universe (see Chapters 9 and
10). This is because radiation has no intrinsic scale; as such, its stress-energy-momentum tensor must
be conformally invariant with a vanishing trace, i.e. g”VTl(,T) = —pPrad + 3Prag = 0, which implies
w,, = 1/3 for radiation.

e w,, = 0 for nonrelativistic matter, which is dubbed as pressureless “dust” in cosmological literature.
e w,, = —1 for vacuum energy. As a supplement to Eq.(1.7), the complete expression of Tl(l'f) for perfect

fluid reads

T = (O + Po) iyt + Pry v » (1.13)



where u,, is the comoving four-velocity along the cosmic Hubble flow. For pure vacuum energy, Tl(ff)
should be Lorentzian invariant and observer-independent, which requires p,, + P,, = 0 in Eq.(1.13),
and consequently w,, = —1.

e w,, =~ 1 for stiff matter. A typical example is the canonical and homogeneous scalar field ¢(¢) in the
FRW Universe, which is given by the Lagrangian density .Z = —%VQQSV%S — V(¢) and has the EoS
parameter

P¢ 2¢2_V

TR 1.14
ps  L1grev (19

We =

wg can fall into the domain 1/3 < wy < 1 when the scalar field is so fast-rolling that the kinetic-energy
term %(]52 dominates over the potential V. Specifically, one has wy ~ 17 when %(]52 > VorV=0.

Once wy, is known, the spatially decaying rate of p,, with respect to the scale factor can be immediately
determined, as the continuity equation (1.11) or equivalently “dIn p,, = =3(1 + w;,)d In a” integrates to yield

a 3(1+wy,)
Om = P (_) oc g~ 3+wm) (1.15)
ao

Here the integration constants {p,,0, ap} respectively specify the present-day matter density and scale factor
of the Universe. Hence, for the examples of matter fields listed above, we have

Pm X a?t (radiation), p,, a3 (dust), o< a® (stiff), and p,, = contant (vacuum). (1.16)

Considering its sharp decreasing rate, p,, of stiff matter could only, if ever, play important roles in the early
Universe. On the other hand, since p,, for vacuum energy remains constant despite the cosmic expansion,
it will eventually become the dominant component in an always expanding Universe — provided that p,, of
vacuum is nonzero. In addition, when w,, is time-dependent, Eq.(1.11) along with w,, = w,,(¥) = wy(a)

implies
“ .1da
Pm meoexp{—3f [1 +wm(a)]7}, (1.17)
ag a
or equivalently
3 [] +wm(a)]
Pm = Pmo | — with W, (a) = f m(a)—. (1.18)
ap ln(a/a )

1.1.4 Acceleration of the late-time Universe and dark energy

“Observations always involve theory.”
Edwin Powell Hubble

In terms of the scale factor itself rather than the Hubble parameter, the second Friedmann equation (1.9)
can be rewritten into the acceleration equation

(i 4nG 4nG
S =T o +3Pn) = - 3 (14 30f) ol (1.19)



Hence, the Universe would be undergoing decelerated spatial expansion if it were dominated by ordinary
matter with —1/3 < wy,, < 1, as was commonly believed two decades ago. There is a minus sign inside the
so-called “deceleration parameter” ¢ := —aii/a”, which was introduced for the traditional belief of cosmic
deceleration.

However, this old thought of cosmic expansion was revolutionized in the year 1998, when the Supernova
Search Team Collaboration (Adam G. Riess et al.) [7] and the Supernova Cosmology Project Collaboration
(S. Perlmutter et al.) [8] reported their measurements on high-redshift type-Ia supernovae that their peak
luminosities appear dimmer than expected; among the different explanations like changes in the chemical
composition of the progenitor stars, failure of type-la supernovae as standard candles, and absorptions by
intergalactic dust, the most natural possibility is that lights from these supernovae have traveled greater
distances than previously predicted, which implies the Universe undergoing accelerated spatial expansion!
Shortly afterwards, speed-up of the Universe was solidified by other sources of observational data like the
CMB anisotropy [4], Hubble constant [9], and galaxy (super)clusters [10, 11]. There is no doubt that the
cosmic acceleration was of greatest importance and had far-reaching implications in contemporary physics.

According to Eq.(1.19), the spatial acceleration @ > 0 happens for the FRW Universe when p,, +3P,,, < 0
(assuming the positivity of the energy density p, > 0); that is to say, the cosmic perfect-fluid must be
dominated by some exotic component with large negative pressure that satisfies w,(,i,) < —1/3 and thus violates
the standard energy conditions. This component has been dubbed as dark energy.

One might think dark energy to be a bit counter-intuitive, whose large negative pressure produces repul-
sive gravitational effect to accelerate the Universe. Contrarily, in our daily experience, it feels that positive
pressure is repulsive and would push particles away from each other, while negative pressure (i.e. tension)
is attractive and would pull particles together. How to reconcile this conflict? The answer is simple: such
“daily experience” is unreliable. In fact, it is the gradient of the positive pressure that pushes particles away,
and the gradient of negative pressure/tension that pulls particles together; for example, air in the atmosphere
can flow towards lower-pressure regions, while the gas inside a tank has no macroscopic kinetics as there is
no lower-pressure region to expand into. However, the cosmic perfect fluid is homogeneous and isotropic,
and the pressure P, = ), P,(,? has no spatial gradient; instead, similar to the role of p,,, P,, also serves as a
source of gravity that affects the expansion & and acceleration d of the Universe, as shown by the Friedmann
equations (1.8), (1.9) and (1.19).

1.1.5 Cosmological constant and ACDM cosmology

The cosmological constant, which is conventionally denoted by A, was originally introduced as a geometric
term that slightly extends Einstein’s equation (1.3) into the Einstein-A equation

1
Ry = SR gy + A gy = 81GT. . (1.20)

It still satisfies the covariant invariance V# (RW - %Rgﬂv + Agﬂv) = 0 for consistency with the local conser-

vation V¥ T/(l'ff) = 0, and from a variational approach, it arises from the Hilbert-Einstein-A action

Tupn = fd4x\/—_g(R—2A+16ﬂG$m). (1.21)



Historically, Einstein firstly employed A in an attempt to maintain a static universe [12], and abandoned it
after Edwin Hubble’s discovery of extragalactic recession and cosmic expansion.

However, relativists never really forgot A. After the establishment of cosmic acceleration, the cosmolog-
ical constant immediately became the simplest model of dark energy, as A measures the ground-state energy
density of the vacuum and has the EoS parameter wp = —1. Note that nowadays A is generally treated as
an energy component supplementing Tl(jf) rather than a geometric term supplementing the Einstein tensor
Guw =Ry — %Rgﬂv, and the terms “cosmological constant” and “vacuum energy” are used interchangeablely
in cosmology. In this sense, Eq.(1.20) can be rearranged into

1 A
— (m)
R/Jy - ERg#V = 8nG (T/j;l - %gﬂy) . (122)
and thus the energy density and pressure of the vacuum are given by
A
PA=—Pr=c— (1.23)

871G’

In Eq.(1.22), Tl(ff) still collects the cosmic Hubble flow of ordinary and dark matters that are diluted along
spatial expansion, while A plays the role of an unlimited vacuum energy reservoir; this way, A deserves to
be highlighted as an individual term that is unabsorbed by T;(,'f).

Substituting the FRW metric into the Einstein-A equation (1.20) or (1.22), one obtains the expansion
equation with multiple energy components,

87G Ak
H? = = (om +pr)+§—;, (1.24)

where py; = pp(baryon)+pc4m(cold dark matter) for nonrelativistic matter, and p, = p;(radiation) = p,(photon)
+p,(neutrino). Recall that p,, « a3, Pr < a=* and pa = constant, so Eq.(1.24) can be converted into

=7 [pMO (@) +Pr0 (@)
a a

+é—£(a—°)2 1.25

where the “0” in the subscript means “the present-day value”. Define the the fractional densities as

MO 0 A A k
Quo=PM =20 a,=Pr- 2 qp=-—5, (1.26)
Pecr0 Pcr0 Pcr0 3HO aOHO
where p¢ro denotes the critical density of the current Universe,
3H?
—— (1.27)
pCl‘O 87TG )



and Eq.(1.25) becomes

3 4 2
lefﬁ[QMOGQ)-+Qm(@Q +QMY+Qw(ﬂﬁ]. (1.28)
a a a
Moreover, if we introduce the cosmological redshift parameter
L (1.29)
a

which reduces to é = 1+zin the popular convention ag = 1, then Eq.(1.28) further leads to the parameterized
Friedmann equation

H = H(z; Ho, p) = Ho VQuo(1 + 23 + Qo(1 + 2)* + Qpo + Quo(1 + 2)2, (1.30)

where p = (Qu0, Lo, Qao) for the ACDM cosmology? under discussion. In fact, the phase-space vector p
varies for different dark-energy or cosmological models, and typically, the phase space {p} is explored by the
Markov-Chain Monte-Carlo engine CosmoMC [13].

Since Qpr0 + Qo + Qo + Qo = 1 in accordance with Eq.(1.28), one learns that k£ = 0 and the universe
would be spatially flat if Qp0 + Qo + Qa0 = 1; £k = —1 and the universe would be spatially open if
Qo + Qo + Qpo < 1; £ = +1 and the universe would be spatially closed if Qp0 + Q9 + Qa9 > 1. This
agrees with the intuitive expectation that over-dense physical energy wraps and closes the space.

On the other hand, following Eqs.(1.23), (1.26), (1.27) and (1.29), the Friedmann acceleration equation
(1.19) can be parameterized into

a

dnG 0) (i) A
—T (1+3Wm)pm+§

1 (1.31)
= -1 [EQMoa + 2% + Qo1 +2)* - Qo

which does not contain an ;g term as Eq.(1.19) for d/a is independent of the spatial curvature. In cosmology
and astrophysics, there are two principal types of constraints for the viability of A and more complicated
dark-energy models (see Subsection 1.1.8 below): one is related to the cosmic structure growth, while the
other is relevant with the expansion history of the Universe, for which Eq.(1.30) and its modified forms
play a fundamental role. Eq.(1.31) is however not so important as Eq.(1.30) in testing dark energies, and is
mainly used to check the deceleration-acceleration phase transition. In fact, instead of Eq.(1.31), it proves
more convenient to use the dimensionless deceleration parameter ¢ = —ai/(a)’> = —i/(aH?); with H?
parameterized by Eq.(1.30), it follows that g is related to the componential energy densities by

i 3Qm0(1 +2)° + Quo(1 +2)* = Qpo
aH? a QM()(] + Z)3 + .Qr()(l + Z)4 + -QAO + Qko(l + Z)2 '

o= (1.32)

2The full meaning of ACDM is the inflationary and Big Bang cosmology with the present-day Universe dominated by the
cosmological constant and cold dark matter, while cosmic inflation will be partially discussed in Subsection 1.1.9.



1.1.6 Observational data

For the cosmic fluid, how is the total energy allocated to its multiple components? Also, how quickly does
the Universe expand? To answer these questions, in Table 1.2 we collect nine global FRW parameters from
the second Planck data release [14], where {Qp0h?%, Qcamoh?®} are best-fit values in the flat ACDM model,
{h, Qp0, 2M0, Zeq» o} are derived values in flat ACDM, and {Cy, w;,} are derived values in nonflat extended
ACDM. Here & denotes the normalized value of the Hubble constant Hy in the unit of 100 km/s/Mpc, which
is dimensionless and more convenient to use in numerical calculations.

Table 1.2: Nine global FRW parameters based on the 2015 Planck data in Ref.[14] , where {Q0h?, Qcamoh?®, By Qao» L0, 10, Zeq }

come from the “TT,TE,EE+lowP+lensing+ext” column of its Table 4, and {€,w,,} from the “TT, TE, EE+lensing+ext” column
of its Table 5.

symbol meaning value

Quoh? h*-coupled fractional density of baryons 0.02230 + 0.00014
Qcamoh? | h*-coupled fractional density of cold dark matter 0.1188 + 0.0010
h normalized Hubble constant, Hy = 1004 km/s/Mpc 0.6774 + 0.0046
Qao fractional density of A 0.6911 + 0.0062
Qo fractional density of nonrelativistic matter 0.3089 + 0.0062
Zeq redshift of matter-radiation equality 3371 +£23

to age of the observable Universe 13.799 + 0.021 Gyr
Qo fractional density of spatial curvature 0.0008f8:88§8
Wiy EoS parameter of dark energy —1.019f8:8§8

An immediate implication of Table 1.2 is that the Universe is nearly flat: the base ACDM model with a
flatness assumption matches well with the observed expansion history (and structure growth), and the nonflat
extended ACDM turns out to carry a tiny fractional density Qo = 0.0008i8:88‘3‘8 for the spatial curvature.
Besides Table 1.2, the WMAP nine-years data and other sources like the Baryon Acoustic Oscillations (BAO)
yield Qo = —0.0027f8:88§g [15], independently the time-delay measurements of two strong gravitational
lensing systems along with the seven-years WMAP data find Qg = 0.0031“8:882 [16], while recent analyses
based on BAO data give €y = —0.003 = 0.003 [17]. Recall that in Subsection 1.1.2 we started from the
generic FRW metric Eq.(1.6) which allows for a nontrivial spatial curvature; this was mainly for theoretical
generality, and also because the Universe may not be absolutely flat.

With zeq = 3371 + 23 measured for the redshift of matter-radiation equality in the early Universe, we can

find out the present-day fractional density Qg for relativistic matter. The matter-radiation equality ps(¢) =
pr(?) yields

3 4
ao aop o Qumo ao
pMo(—) =pro(—) = PMO_ M0 g, (1.33)
Qeq Qeq Pr0 Qi Qeq
and it follows that o
Qo= —M _ 91607 x 1075 (1.34)
1+ zeq



Hence, it is generally an acceptable approximation to neglect ;o and Q. in the parameterized Friedmann
equations (1.30) and (1.31).

With Qo ~ 0 =~ Q9 and Q0 + Qao = 1 in Eq.(1.32), Table 1.2 gives rise to the present-day (z = 0)
deceleration parameter

1
qo = EQMO - Qupo = -0.5367, (1.35)

which, as expected, corresponds to an accelerated phase. Moreover, numerically the present-day critical
density is [18]

3H?
Der) = ﬁ = 1.8785h% x 107%° g/cm® = 1.0538h% x 10~ GeV/cm?, (1.36)
JT

and with & = 0.6774, one obtains
pero = 0.8620 x 1072 g/em® = 0.4835 x 107> GeV/cm®, (1.37)

from which the current vacuum energy density pp = Qaopcro and dust density pp0 = Qao0c0 can be
immediately determined. In addition, one might have noticed that the quantities {Qoh? , Qcamoh? , b} in
Table 1.2 imply

Qu0 = (0.02230 + 0.00014) =2 = 0.04904 + 0.00111

, (1.38)
Qcamo = (0.1188 + 0.0010) k™2 = 0.2642 = 0.0072,

and the recovered value Qp) + Qcamo = (0.14110 + 0.00114)A2 = 0.31324 + 0.00831 slightly differs from
Qo = 0.3089 + 0.0062. This is because {Qpoh?, Qeamoh®} come directly from the best fitting (i.e. the
maximal-likelihood fitting) of the observational data, while the value Q0 = 0.3089 + 0.0062 is a simple

subtraction Q0 = 1 — Qpg after Qpp = 0.6911 + 0.0062 being derived, and the latter approach carries extra
systematic errors for neglecting {€, 0 }.

1.1.7 Some implications of ACDM

Having introduced the ACDM model, the parameterized Friedmann equations, and the observational data,
we will proceed to investigate some interesting implications.

(1) Dimming of type la supernovae. In Subsection 1.1.4, we emphasized that detections of high-z type Ia
supernovae shed first light on the cosmic acceleration. In fact, the difference between the apparent mj,
and absolute M; magnitudes of luminosity (i.e. the distance modulus yy, := m; — M) for this type of
standard candle is positively related to the luminosity distance dy by [19]

d
my — My, = 5logyg (M_;Lw) +25, (1.39)
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and with Q9 =~ 0 =~ Q9 in Eq.(1.30), d;, is given by [20]

1 a2
dy = —=% < (1.40)

\/QMOU +27 +Qno

which integrates to yield

2
F(l +7- V1 +z) if Quo=1,Q40=0,
dp 0 (1.41)

1 .
—z(1+2) if Qupo=0,Qqep=1.
Hy

Since z(1 + z) > 2(1 +z—-V1+ z) for z > 07, thus a supernova would have a longer luminosity
distance and appear dimmer/reddened in a A-dominated universe.

(2) The cosmological constant problem. In Subsection 1.1.5 we mentioned that the terms “cosmological
constant” and “vacuum energy” can be used interchangeablely in cosmology. However, from the
perspective of quantum field theory or high energy physics, “vacuum energy” becomes a more serious
terminology. Adding up all vacuum modes below the ultraviolet cutoff at the Planck scale, one obtains
the quantum vacuum energy density (i.e. zero-point energy density) ngT ~ m‘Iﬁl /(167%) = 3.7873 x
103GeV~ where mp; = 1/ VG = 1.2209 x 10" GeV denotes the Planck mass [21], while in light of
Eq.(1.37), the cosmological ps has the observed density

oA = Qaopero = 04835 x 107 GeV/em?® = 3.7151 x 10747 GeV*. (1.42)
Thus, pQFT /pa = 1.0194 x 10'?°, with a huge energy discrepancy of 120 orders of magnitude, and this

discrepancy is often called the cosmological constant problem or the vacuum catastrophe.

(3) Deceleration-acceleration transition before A-dominance. With the approximations Qo =~ 0 =~ Qy,
Eq.(1.32) becomes

1 3
L0001 -Q

4(0) = 2 mo(1 +2) A0 (1.43)
Quo(l +2)3 + Qpo

Thus, the Universe transits from the decelerated state to the accelerated state at

(2QA0
7] =

1/3
) 1= 06478, (1.44)
Qo

and at z, the fractional densities for nonrelativistic matter and A are respectively

Q= Qo1 +21)° =0.6667, Qa =1-Qy =0.3333. (1.45)

3 According to the definition ag/a := 1 + z, one has —1 < z < oo, where 7z — oo traces back to the initial Big Bang with a — 0,
and z — —1 corresponds to the distant future of eternal expansion with a > ay. In astronomical observations, the domain of interest
is z > 0, which means “looking into the past”.
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In addition, Q4 begins to dominate over ), at the time

Qno

1/3
/1 -1=0.3080. (1.46)
QMO)

Quo(1 +22)° =Qpo = zZ:(

Comparing z; with 2, one can see that the Universe enters the accelerating phase considerably earlier
than the cosmological constant becomes the dominant component.

1.1.8 wCDM and more complicated examples of dark energy

As reflected by Table 1.2, it is really shocking that ordinary matter only comprises 4% ~ 5% of the total
energy of the Universe, and enormous efforts have been spent to understand dark matter and dark energy. As
an alternative to the cosmological constant, quite a few theories of dark energy have been developed [22].
The simplest extension of ACDM is to consider dark energy with a constant EoS parameter wg. < —1/3; this

=3(1+wge)

way, pde evolves by pge « a , and thus the parameterized Friedmann equations (1.30) and (1.32) are

generalized into

H = Ho VOQuo(1 +2)3 + Quo(1 + 2)* + Qaeo(1 + 23170 + Qy(1 + 2)2, (1.47)

, X
and Z = —H; [EQMo(l +2)° + Qo1 +2)* — Queo(1 +2)° )| (1.48)

This situation is usually called the wCDM model of the Universe, which recovers ACDM for wqe = wp = —1,
and to date, ACDM and wCDM are two best tested models in astrophysics and cosmology.

More generally, dark energy may have a time-dependent EoS parameter wqge = wqe(z) < —1/3, and the
evolution of pg. respects Eq.(1.17). This way, the parameterized wCDM Friedmann equations (1.47) and
(1.48) are further extended into

2 1 5
H = H() \/QM()(I + 2)3 + Qro(l + 2)4 + QdeO exp {3 f %ﬁ@)dﬁ} + Qk()(l + 2)2 . (1.49)
0 Z
i 1 ]+ wae(2
and & = ~H} [—QMO(l + 2% + Qo1 + 2)* — Qaeo exp {3 f —Wdi(Z)dz}] : (1.50)
a 2 0 1+ Z

Some typical examples of dark energy with an evolving wqe are collected as follows.

(1) Scalar fields and $CDM. For a homogeneous scalar field ¢(¢) in the FRW Universe whose kinetics
traces back to the standard Lagrangian density £ = —%vwvw — V(¢), its EoS parameter wy(f)
is still given by Eq.(1.14). One might have noticed that, contrary to stiff matter, wy() behaves like
wg(t) = —17 when ¢(¢) rolls slowly so that the potential V(¢) absolutely dominates over the kinetic-
energy effect %d)z Also, wg(?) can fall into the domain —1 < wg(f) < —1/3 when ¢(7) is suitably
strongly self-interacting with appropriate V(¢)-dominance.

Hence, such a scalar field acts exactly like dark energy, and then leads to the $CDM extension of
ACDM. Typical examples of this class include the canonical quintessence scalar field £ = —%VQ¢V"¢
—V(¢) with =1 < wge < —1/3 [23], and the noncanonical phantom scalar field .2 = %VagbV"qﬁ— V(g)
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with wge < —17 [24]. In addition, the double-scalar-field quintom model .Z; = —%Vazpv% +
%VQQDVQQD — U(¢, ¢) has the EoS parameter

1 ; 1.
quinomy _ 2¢° =3¢ - U (1.51)
d Tl ; ’ .
e %¢2 _ %902 +U

which allows to cross the so-called “phantom divide” wge = —1 when ¢52 = gbz [25]. Moreover, by
generalizing the Lagrangian density into .Z" = — f(%Vad)V“d)) + V(¢) and keeping —1 < wqge < —1/3,
i.e. replacing the kinetic term %V(,qﬁV“qS by some positively defined function f' (%VaqbV“q)), one obtains
the “kinetic quintessence” or k-essence model [26].

(2) Dark energy with nonlinear EoS rather than Pge = Wgepde, Such as the generalized Chaplygin gas
whose pressure and energy density satisfies Pge = —A /pge ({A, a} being positive constants), and this
model has even been used to provide a unified description of dark matter and dark energy [27, 28].

(3) Phenomenological modifications of the GR Friedmann equations (1.8), (1.9) and (1.19), such as the
3¢

8nG
[29], QCD ghost pge = aH? [30], Ricci dark energy Pde x 2H? + H [31], andc Pilgrim dark energy

pde = aH? + BH* models [32]. They can help produce the expected cosmic acceleration, but the

holographic dark energy with pge = RI_RI where ¢ is a constant and RjR is the infrared cut-off scale

physical motivations for these modifications of the standard Friedmann equations are unclear.

However, as we shall shortly see in Section 1.2, dark energy is not the only choice, and relativistic gravities
beyond GR can also provide solutions to the cosmic acceleration problem.

1.1.9 Acceleration of the early Universe: Inflation

“Inflation hasn’t won the race, but so far it’s the only horse.”
Andrei Linde

In Subsections 1.1.4~1.1.8, we have discussed the spatial acceleration of the late-time Universe. In fact,
it is generally believed that acceleration also happens in the very early Universe, i.e. violent inflation right
after the initial Big Bang and before the radiation-dominated era.

Unlike the problem of late-time acceleration which was inspired by astronomical observations, the mo-
tivations behind the cosmic inflation are mainly theoretical. Let’s take anisotropies of the CMB background
as an example. According to the 2015 Planck data [14], the last scattering which is the source of the CMB
photons happens at the redshift z. = 1089.90 + 0.23, or equivalently a. = 1/1090.90. Moreover, with
Qo = 0.3089 = 0.0062, Qpp = 0.6911 £ 0.0062 and Q9 ~ 0 ~ (g in the parameterized Friedmann equa-
tion (1.30), the particle horizon at z, and the angular diameter distance to the last-scattering surface [20] are

respectively
J—a f da 1 ® dz 87561 x107° (152)
)y a®H(@)  1+z. ). H@ Hy ’ ’
Dt - fl da 1 (% dz 2.6550x107? (1.53)
AT ) @®H@)  1+z.Jo HG@) Hy ‘ ‘
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Accordingly, the angular size between causally connected patches on the full-sky CMB map is simply

d -
0. = o= 3.2980 x 1072 rad ~ 1.8896°, (1.54)
A

so regions separated by 6 > 1.8896° should have little heat exchange. However, ever since the discovery of
CMB, it has been long known that the CMB temperature is highly uniform and isotropic, and recent WMAP
and Planck data have shown that the CMB unisotropy exists only at < 107> level [14, 15]. This is completely
unnatural in light of Eq.(1.54), so there must be some mechanism to synchronize the CMB temperature; as a
result, an era of cosmic inflation has been proposed, which supplements the hot Big Bang theory to overcome
its shortcomings [33].

In the simplest model, the inflation era is dominated by the inflaton scalar field ¢#(x*), whose kinetics is
given by the action

1
Iy= f d*x=g (—Eww - V(¢>) . (1.55)

The stress-energy-momentum tensor of 74 is

Fo__ 2 5(\/—_89%)
My \/__g 58/1\/

AR ( VoV + V) 8w > (1.56)
and under the flat FRW metric Eq.(1.6), the perfect inflaton fluid T* 1(,4’) = [ —pg, Py, Py, Py] leads to

1, 1.
p¢=§¢2+V and P¢=§¢2—V. (1.57)

Thus, according to Eqgs.(1.8) and (1.19), in the inflation era the cosmic expansion satisfies the Friedmann

equations
8nG

3

i

H? = (¢ +V) and = = S”G(
a

¢* — V) (1.58)

which indicate that the Universe accelerates when the potential energy V(¢) dominates over the kinetic
energy %qﬁz Clearly the slow-rolling inflaton field does not belong to the stiff matter in Eq.(1.14), which
contrarily requires ¢ to be fast-rolling so that ¢* > V; instead, inflaton behaves pretty like the quintessence
described in the previous subsection, and this similarity had inspired the investigations to unify the early and
the late-time accelerations into a common framework (eg. [34]).

In Chapter 9 we will calculate the “gravitational baryogenesis” that dynamically produces the required
baryon-antibaryon asymmetry for an expanding Universe by violating the combined charge, parity and time
reversal symmetry in thermal equilibrium. The net baryon abundance relies on the upper temperature bound
T, for the tensor-mode fluctuations at the inflationary scale, while the energy scale of inflation is related to
the tensor-to-scalar ratio 7 by [35]

1/4
L) [GeV]. (1.59)

= upper lim (V'/*) = 1.06 x 10'® (0 o

This result is extremely useful as the ratio 7 can be measured in astrophysical observations (for example,
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the observed B-mode power spectrum in inflationary gravitational waves by the BICEP2 experiment gives
7= O.20J_r8:8; [36], and Planck has placed a 95% upper limit on # < 0.113 by the combinations of Planck
power spectra, Planck lensing and external data [14]). However, one should note that Eq.(1.59) is built upon
the standard paradigm of single-field slow-rolling inflation as above, and in the situation of nonstandard
cosmic expansion that modifies Eq.(1.58), the inflation scenario and thus Eq.(1.59) should also be updated

when one looks for T',.

1.2 Modified gravity

“No one will be able to read the great book of the universe if he does not
understand its language which is that of mathematics.”
Galileo Galilei

1.2.1 Lovelock theorem and modifications of GR

As an alternative to the various models of dark energy with large negative pressure that violates the standard
energy conditions, the accelerated expansion of the Universe has inspired the reconsideration of relativistic
gravity and modifications of GR, which can explain the cosmic acceleration and reconstruct the entire ex-
pansion history without dark energy. To date, quite a few alternative or modified theories of gravity have
been developed, and a good way to organize and understand these theories is through the classic Lovelock’s
theorem, as they actually encode the possible ways to go beyond Lovelock’s theorem and its necessary condi-
tions [37] which limit the second-order field equation in four dimensions to R, — Rg,, /2 + Agu, = 87rGTl(1’f),
i.e. Einstein’s equation carrying the cosmological constant A. Note that for brevity, we will use the ter-
minology “modified gravity” to denote both modified and alternative theories of relativistic gravity without
discrimination whenever appropriate.

As shown in Subsection 1.1.1, it is somewhat amazing that although the Ricci scalar R = g"‘ﬁRQIB =
g% &""Rqypy contains up to second-order derivative of g, the Euler-Lagrange-type derivative 6/ yg/6g"” in
Eq.(1.2) leads to a second-order rather than fourth-order field equation. This is because the higher-order
curvature terms turn out to be total derivatives, the integration of which becomes a negligible surface integral
over the boundary (i.e. the well-known Gibbons-Hawking-York boundary term [5]) in light of the Stokes
theorem. In fact, there exist infinitely many algebraic Riemannian invariants R = f{(gp(, , Roypy) as a function
of the products/contractions of the metric tensor g,, and the Riemann tensor R,,s,. In general, the action
f d*x V-8 R leads to fourth-order gravitational field equations by the variational derivative

5(v=gR) 9(V=gR) 5 9 (V=gR) s o (V=gR)
5g g7 U (0ag™) P 80,05

(1.60)

However, remarkably it has been proved that in four dimensions, the following Lanczos-Lovelock action is
the most general one which could yield a second-order gravitational field equation [37]

ILL = fd4X\/—_g . (Cl -R—-2A+b- (SqlBynRyvaﬁRﬂvyn +c- g + 167TG$’") ’ (161)
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where {a = 1,A,b,c} are all constants and we have set a = 1 in £ without any loss of generality, while
G refers to the Gauss-Bonnet invariant:

G = R* = 4R,sRP + Ryyp R . (1.62)

The first two terms in Jyy are just the Hilbert-Einstein-A action as in Eq.(1.21). For the third term,

\—-g 5057,,R“"“BRW7'7 = eaﬁy,]R“"”‘ﬁRw,y77 actually refers to the Chern-Pontryagin density, where €3, =

0123 _ _1_ 04
V=g’

{€apurs €P} can be obtained from each other by raising or lowering the indices with the metric tensor.

\V—80apuy refers to the totally antisymmetric Levi-Civita pseudotensor with €y123 = /~g, €

eaﬁy,,R"mﬁwa is proportional to the divergence of the topological Chern-Simons four-current K* [38]:

1 1
CopurR"” RPV = -89,K* with KM = ey (EfifaﬁF;f + gfiTanrgf), (1.63)

and b f d*x =g Sapy R PR, = b f d*x €apyy R PR, is equivalent to a surface integral in all dimen-
sions [39] with no contribution to the field equation. Similarly for the fourth term, the covariant density
v/—g G has the topological current [40]

. 1 1
V=gG=-8,J* with J*=+—g Euaﬁvep(rfirga 3 R” By~ gl"(ﬂrﬁl"éy) , (1.64)

and ¢ f d*x /=g G reduces to a surface integral in four (and lower-than-four) dimensions* and therefore
makes no difference to the field equation, either; equivalently, the Bach-Lanczos tensor which vanishes
identically in four and lower-than-four dimensions arises from the variational derivative 6G/—g G)/6g"” = 0,

v=gG) 1

e " =G 8w+ 2R Ry = 4R, "Ry, 4R sy R + 2R ,0p R, ™" = 0. (1.66)
Thus, the Lanczos-Lovelock action Eq.(1.61) finally yields the same field equation as the Hilbert-Einstein-

A action Eq.(1.21)). That is to say [37]:

Lovelock theorem: In four dimensions, the Einstein-A equation Ry, — Rg, /2 + Agyy = SHGTl(,'f) is the only
second-order gravitational field equation in pure metric gravities.

Here by metric gravity we mean its mathematical scope is pseudoRiemannian geometry that is equipped
with a metric tensor, a metric-compatible covariant derivative, and a torsion-free Levi-Civita connection.
Hence, according to the Lovelock theorem, we can take the following approaches to develop relativistic
theories of gravity as modifications or alternatives of GR.

*On the other hand, the Euler-Poincaré topological density for a four-dimensional Lorentzian manifold is (with y(S**) normal-
1

ized to 2)
1 G
4 Vpo _q 2 ) aufBy
&b — 8 T €PNR iRy = e (R —4R,sR™ + Ry, R uﬁ) =5

Hence, f d*x /=g G just gives rise to the Euler number y which is a constant characterizing the topology of the spacetime. Hence,
once again we have 6fd4x V-¢G=0.

(1.65)
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(1) Consider fourth- and even higher-order theories of gravity, such as the .Z = f(R)+167G.%,, [41], £ =
R+ f(@)+161G.%), [42] and £ = f(R,G)+ 16nG.%,, [43] models in existing literature®. Fourth-order
gravity focuses on the nine parity-even (thus respect time-reversal and space-reflection symmetries)
invariants out of the 14 independent algebraic Riemannian invariant which are introduced based on
the Petrov and the Segre classifications of a spacetime [44], while higher-than-fourth-order theories
will take differential Riemannian invariants into account. However, since fundamental physical laws
are all expressed as second-order differential equations (like the Maxwell, Schrodinger and Einstein
equations), higher-than-fourth-order theories are generally regarded with skepticism and not favored.
However, fortunately fourth-order gravity is partially acceptable, because most of the results can be
translated into second-order ones in the more general Einstein-Palatini formulation and can be helpful
in quantizing gravity.

(2) Go to higher dimensions. For example, reconsider the Lanczos-Lovelock action Eq.(1.61) (witha = 1)
in five dimensions, collect all terms nontrivially contributing to the field equation, and one obtains the
action of the well-known Einstein-Gauss-Bonnet gravity:

Tece = fd(s)x vV-g- (R —2A+c-G+ 167rG.$m). (1.67)

This time, 6(/—g G)/dg"” will add a nonzero Bach-Lanczos tensor —%g guv + 2R R,y — 4R, "Ry —
4RW[;VR"5 + 2R,0pyR, 3 10 the second-order field equation. More generally, Lovelock gravity arises
as the topological generalizations of the Hilbert-Einstein action to generic N dimensions that still
preserves second-order field equations [45].

(3) Go beyond pure Riemann geometry and metric gravity, and consider more geometric degrees of
freedom (like torsion and independent affine connections) as field quantities, such as the telepar-
allel equivalence of GR in the pure-torsion Weitzenbock spacetime, modified teleparallel gravity
I = f dx* V=g [f(T) + 161G.Z,,] with T being the torsion scalar [46], Einstein-Cartan gravity [47],
and metric-affine gravity [47]. The diagram below quickly illustrates the relations between Rieman-
nian spacetime and some other geometric spacetimes.

‘ Affinely connected metric spacetime ‘

Vagpv=0lmetric compatible

torsion=0

‘ Riemann-Cartan spacetime ‘ ‘ Riemannian spacetime ‘

Levi-Civita connection

Vielbeinlcurvaturezo curvaturezOl

torsion=0
_—

‘ Weitzenbock spacetime ‘ ‘ Flat Minkowski spacetime ‘

Figure 1.1: Relativistic gravities and torsion

(4) Consider extra physical degrees of freedom, most typically an extra scalar field. From the viewpoint
of classical field theory, the field quantity for gravity is the metric g,, (rank-2 tensor), and that for

SWe will deal with total Lagrangian density instead of the full action whenever appropriate for the sake of simplicity.
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electromagnetic interaction is the covector potential A, (rank-1 tensor). Thus, it is natural to assume
the existence of a scalar field (rank-0 tensor) or multi-scalar fields mediating a long-range interac-
tion. Chern-Simons gravity [38], Brans-Dicke theory [48], generic scalar-tensor theories [49], Gauss-
Bonnet effective dark energy [50], Horndeski [51] and Galileon [52] gravities are all fruits of this

type.

(5) Einstein’s equation implies the minimal coupling between the curvature invariants used in Z1 and the
matter Lagrangian density .%,,. Thus, allowing for possibly nonminimal curvature-matter coupling®
[54] opens a new window for modified gravity, and has brought theories like .2 = f(R) + 167G %, +
F(R).Z,, [55], generic .Z = f(R,.%,) [56], and .Z = f(R, g“VT,(]ff)) + 167G.%, [57].

1.2.2 f(R) gravity and construction of effective dark energy

From this subsection on, we will look into the theoretical structures of some specific modified gravities. We
will begin with the minimally coupled f(R) gravity, which is the simplest class of fourth-order gravity. As a
straightforward generalization of the Hilbert-Einstein action Zyg, f(R) gravity is given by [41]

I= f d* V=g |f(R) + 161G %, (1.68)

which replaces the Ricci scalar R in Jyg = f \V-g d*x (R + 161G %) by an arbitrary function f(R).
To find out the covariant field equation, one needs to vary the f(R) action with respect to the inverse
metric, which leads to

5I=fd4x[\/—_g-6f(R)+f(R)-6\/—_g+1671G-6(\/—_g$m)]

fr-6R 1
= fd4x\/—g( o —Egﬂvf—SnGT,(ﬂl))ég”",

(1.69)

where fg = fr(R) := df(R)/dR, and the definition of Tl(]f) in Eq.(1.4) has been used. Here one should note
that total derivatives in the isolated variation dR are not necessarily pure divergences anymore, because the
nontrivial coefficient fz will be absorbed into the nonlinear and higher-order-derivative terms produced by
OR. Based on the Palatini identity 6R”ﬂﬁy = Vgo Zv - Vvél"zﬁ [5], contraction of the indices {a, 8} yields

SRy = V617, = V,617), . (1.70)

Thus, fz - 6R = fr - (8" Ryuy) = fi - (Ru08" + g 6Ryy) = fr - |Ruw0g"” + g (V20T = ¥, )| Recall
that variation of the Christoffel symbol satisfies [5]

1 1
ST, = . 6T g = 5 gm(vﬂagw + Vo 08y = VaOguv) (1.71)

The terms geometry-matter coupling and curvature-matter coupling are both used in this thesis. They are not identical: the
former can be either nonminimal or minimal, while the latter by its name is always nonminimal since a curvature invariant contains at
least second-order derivative of the metric tensor. Here nonminimal coupling happens between algebraic or differential Riemannian
scalar invariants and .}, so we will mainly use curvature-matter coupling.

18



and the the indices of dg,g can be raised by 6g.s = —gap8psr08"" , SO

o 8" (V2017 = V,6T)
—f-“"lmv ) V,62au — Voo —lﬂ“vva V168au — Vob
=JR" & 2g /l( u 8av + Vy Sau a gyv) 28 v( 108a + Va Sau a g/l/l)

(1.72)
1
=fe 588" {(Vavuégav + VaV,88a = VaVa08uv) = (Vs Vudgar + ViV 1080y = Vvvaég@)}

=Jr" (Vyvvégﬂv - #VD(Sgpv) = ( -V Vyfr + g,uvaR) og”.

where O denotes the covariant d’ Alembertian O = g%V, V. Integrating Eq.(1.72) by parts and neglecting
the total-derivative terms, one obtains

fr - R = (frRyy + 8O fx = VuVyfz) - 68, (1.73)

Thus, the extremization 67 /6gt”” = O finally gives rise to the field equation

1
FeRyy = 5 F 8 + (8D = V,uVy) fie = 87GT}5) (1.74)

However, in cosmology it is not so convenient to utilize Eq.(1.74) directly. Instead, it proves much more
enlightening and helpful to rewrite the f(R) field equation into a GR form, which people feel more familiar
to deal with. This way, Eq.(1.74) can be rearranged into

1 A - 1
Ry - ERguv = 8nG fx lT/(ﬁ,) + le . [E(f — fRR)gw + (V.Vy — g O IR |, (1.75)

and it can be compactified into the GR form R, — %ng, = SﬂGefle(f;ﬂ), where G denotes the effective
gravitational coupling strength, and Tfﬁﬁ) represents the effective stress-energy-momentum tensor. From
Eq.(1.75) one can observe that

1
SﬂGeﬁ‘T/Siﬂ) = 871G f7! {T/(I'f) + (87G)™! [ E(f = foR)guy + (V¥ = g“VD)fR]} (1.76)

= 871G fy! [T,S’C) + T{};“G)] ,
so we have G = Gfp! and Ty = T4 + 87G) ™! [ 1 (f = faR) g + (V¥ = 8w 0) fr|- Thus, 75"
contains two parts: T/(jff) for the physical matter content, and the remaining part Tl(},\,/[G) = (87G)™! [%( f-
RRgu + (VN — g,»0) fR] to collect all nonlinear and higher-order terms of modified gravity [hence the
superscript (MG)] so that Tfﬁ,ﬁ) = Tﬁ(]"f) + Tl(}l\,/IG). Eq.(1.75) takes a similar form with the Einstein—A equation
(1.22) of ACDM cosmology, with Tl(}‘\,/IG) plays the role of the cosmological constant A or other candidates of
dark energy. In this spirit, we regard Eq.(1.75) as the form of f(R) field equation that constructs the effective

dark energy.
Generally an effective dark-energy fluid of modified gravity 7" V(MG) = diag[ - PMG)» Pvic), Pvc)s P(MG)]
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is assumed, along with a total effective fluid 7" ,,(em = diag[ — Peft> Pett, Pefts Peﬁ‘] . Then substitute the FRW

metric Eq.(1.6) into the T,(MG) of f(R) gravity, and we obtain the modified Friedmann equations

2 k86 Ll Ly
t = prm+3fR(2fRR 5/ =3H fr), (1.77)
.k G P
H-== _4”JTR(Pm+Pm)— E(fR_HfR), (1.78)

while the density and pressure of the effective dark-energy fluid are respectively

poi6) = g (3 FeR =37 =3Hfz) and Py = ooz (5F — 3 fok + fo+2Hfe). (179)
Note that compact notations have been used in Eqs.(1.77) and (1.78), as fg itself is treated as a function
of the comoving time ¢. Otherwise, one can further write fR into fzg R and fR into frr R + frrr R2, and the
Ricci scalar for the FRW spacetime is already known to be R = R(¢) = 6(H +2H? + a%) This in turn indicates
that second-order and third-order derivative {H, H} (or equivalently third-order and fourth-order derivative
f(R) gravity plays an important role in this thesis. For example, Chapter 4 involves the derivation of
Eqgs.(1.77) and (1.78) from the unified first law of gravitational thermodynamics on the apparent horizon
of the FRW Universe. Chapter 9 will investigate the primordial nucleosynthesis in power-law f(R) gravity
from the the semianalytical approach for “He, and from the empirical approach for {D, “He, "Li}; also,
consistency with the gravitational baryogenesis will be estimated. Still in power-law f(R) gravity, Chapter
10 will study thermal relics as hot, warm, and cold dark matter, and revises the Lee-Weinberg bound for the
mass of speculated heavy neutrinos.

1.2.3 Quadratic gravity

Having seen f(R) gravity, we will continue with modified gravities that depend on curvature invariants
beyond the Ricci scalar, and a simplest example is the quadratic modification of GR. The Lagrangian density
of quadratic gravity is constructed by the linear superposition of GR with some typical quadratic (as opposed
to cubic and quartic) algebraic curvature invariants, such as R?, R R, S S (with Sy, == Ry — %R 8uv
being the traceless part of the Ricci tensor), RWVﬁR“‘”'B, CﬂwﬁC“‘”ﬂ [with Copys = Ropys + %(ga(sR'gy -
8ayRps + gpyRas — gﬁaRw) + %(gaygﬁg - gm;gﬁy)R being the conformal Weyl tensor, which is the totally
traceless part in the Ricci decomposition of Riemann tensor]. This way, generally quadratic gravity can be
given by

% =R+ aR* + bRy R™ + ¢S ;1 S™ + dRuaygR*™ + €CgrpCH™ + 161G %, (1.80)

where the coefficients {a, b, c, d, e} are all constants. However, these quadratic invariants are not completely
independent with each other, as

1 1
S S = R R* — ZRZ s CuavgC' P = RugypR*™P — 2R, R + §R2, (1.81)
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while RWV[;R”“"'B can be absorbed into the Gauss-Bonnet invariant by RWV[;R”“"'B =G-R*+ 4R, R with
G making no contribution to the field equation. Hence, it is sufficient to consider the following form of
quadratic gravity [58]

I= f d*xy=g(R+a-R* +b-RygR + 161G.%,). (1.82)
Variation of this action with respect to the inverse metric yields

SR 2R6R SR.R¥ 1 R .
. B B _ (m) Ny
s T4 ogn +b 5o 2g,w(R+aR + bRogR™) - 87GTy) | 6g",  (1.83)

6I=fd4x\/—_g[

where
6R*/6g" = 2RR,y +2(gwD — V,V,)R, (1.84)

and 6R,,,R"" can be reduced into the variation of the Riemann tensor [59],

OR.R = 6 [Raﬁ-(gapgﬁf’Rpg) = 2R, “Rqy- 6" + 2R"- 6R® ,,, (185
= (2R, "Ray = VaVyR," = VaVuR, " + ORyy + gy VaVR7) 68 .
Thus, the field equation is
1
—~ E(R +a-R* + b-RogR®) g,y + (1 + 2aR) Ryy + 2a (g0 — V,V,) R
(1.86)
+ b-(zRﬂ “Ray = VaVyR," = VoVuR, ™ + ORy, + gﬂvvavﬁR“ﬁ) = 87GTyy .
Considering that the second Bianchi identity V,Ry,8, + V,Roy8 + VaRouy = 0 implies
Bra 1
VPVIR.p = 3 OR and (1.87)
V*VyRoy + VVyRyy = V,V,R - 2R(w/ng“ﬂ +2R, "Ry, (1.88)
Eq.(1.86) can be recast into
1
SR+ a-R* + b-RogR) g,y + (1 + 2aR) Ry + 2a(g,y0 — V,V,) R 159

1
+be| 2Ry R + (5 800 = YY) R + DR,“,] = 8aGT. .

In the spirit of constructing the effective dark energy via R, — %ng = 8nGegr (T,E"f) + T,(}XIG)), one can
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rewrite the field equation (1.89) into

1
T + 87G)™! [E(bRaﬁR"ﬂ — aR?)guy + (2a + b)V,V,R

g

1 8nG {

R — —Rg,, =
W T N T TR (1.90)

b
~(a+ 5) gwDR =2 (2RuavpR + DRW)]} :

From the coefficient of T,f,’f) we learn that the effective gravitational coupling strength for quadratic gravity
is Geg = G/(1 + 2aR), while the modified-gravity effects contribute to the effective total fluid by T,Q,AG) =
(87G) ™! [5(bR? — aR?)gyy + (24 + b)V,V,R — (2a + 5)guyOR — 25(2RyaysR + OR,,, )| Substitute the FRW
metric into Eq.(1.113), we obtain the modified Friedmann equations

k 8nG 1 |a b b .. .
H o+ == —— — | 2R? — ZRysR™® + 2R — (4a + b)HR + 4bR' _,+2b0R,'|} . (1.91
e 3(1+2aR){'0m+87rG[2 FRapR™ + SR = (4a + D)HR + 4bR' ;5 + ' (191
k -8nG 1 . b . . . p , .
- = 20+ 2R {pm + Py + e (2a + b)R - EHR +4b(R' 5~ R, )R + 200(R, ' — R, )] ,
(1.92)
while the density and pressure of the effective dark-energy fluid are respectively
PMG) = 1 p2_ éR R 4+ lzR — (4a + b)HR + 4bR" . + 2b0OR,’ (1.93)
A VI 2 atp c) ‘
Pt = —— (2R R“ﬁ—9R2+(2a+l—’)R+ (4a+é)HR—4bR’ R —2h0R,” (1.94)
MO = grG (27 2 2 2 arp r) ‘

Just like the treatment of f(R) gravity in Subsection 1.2.2, to keep the expressions of pma), Pamc) and
the Friedmann equations (1.91) and (1.92) clear and readable, we continue using compact notations for R,
RQ,BR“B JR,R,R mﬁR“ﬁ, R’ arﬁR“'B , OR, " and OR, ", and one should keep in mind that for the FRW metric
Eq.(1.6), these geometric quantities are already known and can be fully expanded into higher-derivative and
nonlinear terms of H or a.

Quadratic gravity is one of the earliest modified gravities; it dates back to late 1970s and was employed
to help quantize gravity [58]. In this thesis, quadratic gravity will be involved in Chapter 3 as a special
example of f(R, R(,BR“'B , RWIBVRO‘W", %) gravity. Moreover, Chapters 3 and 4 will involve the gravitational
thermodynamics of the FRW Universe governed by quadratic gravity, including the derivation of Eqs.(1.91)
and (1.92) on the cosmological apparent horizon, and proofs of the standard and generalized second laws of
thermodynamics for the Universe enclosed by different horizons.

1.24 f(R,G) gravity

When discussing Lovelock’s theorem in Subsection 1.2.1, we showed that an isolated Gauss-Bonnet in-
variant f d*x+/=g G does not affect the field equation. However, things become different for generalized
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G—dependence. As an example, consider the generalized Gauss-Bonnet gravity given by the action [43]

I= f d*x=g [f(R, G) + 167G.%,) | (1.95)

where f(R, G) is a generic function of the Ricci scalar R and the Gauss-Bonnet invariant G. Variation of the
f(R,G) action leads to

5I:fd4x[\/—_g~6f(R,g)+f(R,§)~6\/—_g+1671G'5(\/—_g§fm)]

Jr-0R  fg-0G 1
) f d4x\/__g[ og T ogr 28wl _SﬂGT’(‘T)]égW’

(1.96)

where fr = fr(R,G) = df(R,G)/dR, and fg = fg(R,G) = df(R,G)/dR.
Following the standard procedures of variational derivative as before, we have ¢ (\/—g fRR) [ogh” =

feRyy + (80 = V,Vy) fr. Moreover, f - 6G = fg - (OR? — 46RpR + R yyp,R*"), with

SR?
Jo Sqmw = 2I6RRw +2 (80 = V¥) (fR) (1.97)
5RQ'BRaﬁ a a a af
fe - 5o = 2fgR, "Ry + O (fQRyv) - VoV, (ngﬂ ) - VoV (fgR,) + 8uVaVp (ng ) . (1.98)
SRy RHPY
) algzuv = 2ng,U0!ﬁ)’RV >y + 4VBVG (ngava) 5 (199)

where total-derivative terms have been removed. Recall that besides Eqs.(1.87) and (1.88), the second
Bianchi identity also has the following implications which transform the derivative of a high-rank curva-
ture tensor into those of lower-rank tensors plus nonlinear algebraic terms:

V(IR(w,BV = V,BR/W - VVR,u,B (1.100)
1
V'Rap = 5 VgR (1.101)
1
VAV Roysy = ORyy — 5 ViVR + RappyR* =R, “Ray . (1.102)

Using Eqgs.(1.87), (1.88) and (1.100)-(1.102) to expand the second-order covariant derivatives in Eqgs.(1.97)-
(1.99), and after some algebra, we finally obtain

oG

—4R,,Ofg + 4R, " VoV, fo + 4R, VoV, fg — 48RPV N g fg + 4Rayyp, VPV f5

where unlike Eqs.(1.97)-(1.99), the second-order derivatives {0, V,V,, etc} now only act on fg. Recall that
the Bach-Lanczos tensor vanishes identically in four dimensions, as in Eq.(1.66), so 2RR,,, — 4Ry YRov —
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4R(W;VR“'3 + 2R, 08y R, By = %ggﬂ,,, which simplifies Eq.(1.103) into

1
HCP = 5J6G8u + 2R (800 = V¥y) fo — 4RO fg + 4R, VoV, f5

(1.104)
+4R, VoV, fo — 48RPV Vg f + 4Rayus VPV f5
whose trace is
¢ HSY = f66 + 2RO f5 — 4RV, Vs f5 . (1.105)
Thus, the field equation of f(R, G) gravity reads
1
Se Ry = 5.f 8o + (80 = Vi¥o) e + HG™ = 821G T, (1.106)

where {f, fr, fg} are all functions of (R, G).

In the extant literature, the effects of the generalized and thus nontrivial Gauss-Bonnet dependence for
the field equations are generally depicted in the form analogous to Eq.(1.103), such as the string-inspired
Gauss-Bonnet effective dark energy [50] with & = ﬁR - %’VﬂtpV“tp - V(p) + f(p)G, as well as the
£ =R+ f(G) + 162G [42], £ = f(R,G) + 16n.%,, [43] and f(R, G, %) [60] generalized Gauss-Bonnet
gravities. Here we emphasize that the Gauss-Bonnet effects therein could all be simplified into similar forms
of Eq.(1.104) via our method.

The generalized G dependence is very important to this thesis. For example, in Chapter 3, .Z =
f(R, G)+161.%,, gravity will be extended into .Z = f(R, G, £, gravity that allows for nonminimal curvature
couplings (see also Subsection 1.2.10), and the smooth transition from . = f(R, RogR%, Rayup R, L)
gravity to .Z = f(R, G, %) gravity will be derived. In Chapters 4 and 5, gravitational thermodynamics of
the Universe governed by . = f(R,G) + 161.%,, gravity will be involved. Moreover, in Chapters 6 and
7, Lovelock-Brans-Dicke gravity will be developed and the applications to traversable wormholes will be
extensively discussed, where the nonminimal coupling between a scalar field and G will play a key role.

1.2.5 Generalized Brans-Dicke gravity with self-interaction potential

So far, we have looked into f(R), quadratic, and f(R, G) gravities, which are all fourth-order theories. In
this subsection, we will consider the modification of GR by a scalar field which serves as an extra physical
degree of freedom. Perhaps the best known theory of this type is Brans-Dicke gravity with action [48]

7= f d*x\=g (¢R - % VooV + 16n$m) : (1.107)

where the constant wpp refers to the Brans-Dicke parameter. However, we choose to move a step further and
consider the following generalized Brans-Dicke gravity,

I = f d*x\—g (¢ - %"5) VooV — V(g) + 167rG.$m) , (1.108)
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which has a Brans-Dicke field w(¢) in place of wgp and a self-interaction potential V(¢). Here Eq.(1.108)
has adopted the convention 167G.%;, with a Newtonian constant G, as opposed to 167.%,, in Eq.(1.107)
which encodes G into ¢~!, so as to facilitate the comparison with f(R) gravity in next subsection. Varying
Eq.(1.108) with respect to the inverse metric, one obtains

4 w 5g% 1 w o m| o v
6T = | d*xv=g|o 5 - ZVQ¢V5¢ S E(¢R - 5Vo,qsv ¢ = V)gu — 82GTS" | g . (1.109)
Thus, the gravitational field equation is
1 1 ,
O(Ruy = 5R8w) - ¢( BV b gw VadV0) + (gD = VuVy)o + 5 Vg = 81Ty (1.110)

In addition to the metric tensor, the scalar field ¢ in Eq.(1.108) serves as a second physical field. Variation
of Eq.(1.108) with respect to ¢ yields the kinematical wave equation

%‘”m =_R—W‘;—Z_w.va¢vw+v¢, (1.111)

with O¢ = gV, Ve = =04 (V=8 87 3p0), s = wp(9) = dw(@)/dp, and Vi = Vy($) := dV(9)/dg. By
the trace of the field equation (1.110), —R = 5(87rT(’") - ZVQQSV"QS -30¢ - 2V), Eq.(1.111) can be recast

into the following dynamical wave equation or Klein-Gordon equation
Qw +3)0¢ = 8aT™ — w4 - VoV — 2V + ¢V, (1.112)

which explicitly relates the propagation of ¢(x?) to the trace T of the matter tensor for the stress-energy-
momentum distribution.

In the spirit of constructing the effective dark energy via R, — Rgﬂv = SﬂGeﬂ‘( T 4 T(MG)) the field
equation (1.110) can be rewritten as

1 G 1 1
R/JV - _ngv = SﬂgT;([;l) + g(vyvv - gva)¢ ¢ ( /1¢VV¢ g,uv (1¢V ¢) 2

5 55 4ms (L113)

s0 Gef = G/¢ in accordance with the coefficient of T,(l'f), and T(MG) (81G)~ 1[(V Vy—8uv )¢+ ( V.oV, p—

%b g,ﬂ,VaqﬁV“qb) - %Vgﬂv]. Substituting the FRW metric into Eq.(1.113), one obtains the modified Friedmann
equations

, k _8G 1 1

TET 3T 3¢( 3H¢ + ¢ +2V) (1.114)
kG Ve
- ——47r$(pm+Pm)—%(¢+5H¢+w¢ —V), (1.115)
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while the density and pressure of the generalized Brans-Dicke effective dark-energy fluid are respectively

2 .
¢ —3H(25+—‘/) with P, = —(
2 ! MG) 8nG

w

2¢

w

.
350 +¢+2H¢—§V). (1.116)

1
poi0 = g

Moreover, the scalar field’s dynamical wave equation (1.112) under the FRW metric becomes
Q2w +3)(¢ + 3HB) = 87(om — 3Pw) — p*wy — ¢V + 2V . (1.117)

Here note that Eq.(1.117) does not mean that ¢ propagates the same way in vacuum (p,, = 0 = P,,) and in
radiation (p,, = 3P,,). H differs for these two situations according to the first Friedmann equation (1.114).

1.2.6 Equivalence between f(R) and nondynamical Brans-Dicke gravity

One might have a feeling of familiarity when going through the generalized Brans-Dicke gravity — yes, its
behaviours are pretty similar to .2 = f(R) + 16nG.%,, gravity as discussed in Subsection 1.2.2. In fact,
removing the kinetic term of ¢ in Eq.(1.108) so that 7 = f d*x+\/=g [¢R - V(¢) + 167G.%,,], and comparing
its field equation with that of f(R) gravity, one has

GR,1y — %((j)R = V(@®))gu + (g0 = V)¢ = 87GT",

| (1.118)
S Ruy = 5.FR) gy + (8 O = VuVy)fz = 82G T .
Clearly, these two equations become identical for the following relations:
fr=¢ and f(R)=¢R-V(p) or frR—-[f(R)=V(¢). (1.119)

More rigourously, introduce an auxiliary field y = y(x%) and consider the following dynamically equivalent
action of f(R) gravity,

I= fd4x\/_—g [f(x)+]f\,-(R—)()+ 167G.%,) . (1.120)
whose variational derivative with respect to y yields the constraint
JoaR—x) =0, (1.121)

with f, = f,(x) = df(x)/dy and f,, = f,,(x) = d>f(x)/dy>. If fyr does not vanish identically, Eq.(1.121)
leads to y = R. Redefining the y field into the scalar field ¢ = f, and introducing the potential V(¢) =
¢ - R(p) — f(R(¢)), then . = f(R) + 16nG.%,, gravity becomes equivalent to .Z = ¢R — V() + 162G %,
gravity.

That is to say, the f(R) fourth-order modified gravity in Subsection 1.2.2 and the generalized Brans-Dicke
alternative gravity in Subsection 1.2.5 are not totally independent. Instead, the former can be regarded as a
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subclass of the latter with a vanishing Brans-Dicke function w(¢) = 0 for the kinetic term V,¢V®¢@, and the
equivalence is realized by Eq.(1.119). For example, applying the replacements fr — ¢ and fr R — f(R) —
V(¢) to Subsection 1.2.2, one obtains the modified Friedmann equations

kK 81G 1 o Lk G 1
H+—===—=p, —(—3H —V) d H-— =—-4n—(pm+ Pn ——( SH —V), 1.122
tE =T gt ag (TR RY) and Ho = dng{on + Pu) =g (64 SHO V), (1122
along with
o T
= — (-3Hp+- d P =_( 2H ——v), 1.123
PaMG) 87rG( o+ 2V) and - Poto) = g g\ 2He =5 (1.123)

which match Eqgs.(1.114)~(1.116) with w(¢) = 0.

1.2.7 Scalar-tensor-chameleon gravity

The generalized Brans-Dicke gravity can be further extended into the scalar-tensor-chameleon gravity, which
is given by the action (e.g. [61], and the usage of “chameleon” will be clarified soon)

7= f d*x\=g [F(¢)R — Z($) - VodV — 2U(¢) + 167GE($).L |, (1.124)

where {F(¢),Z(¢),U(d),E(p)} (and {F,Z,U , E} for brevity) are arbitrary functions of the scalar ¢, and
E(¢) is the “chameleon” function nonminimally coupled to the matter Lagrangian density .%,. Vary the
action with respect to the inverse metric,

OR 1 @
o7 = [ { PO - [FOR- 2000 Vo076 - 20w
(1.125)
55 162GE@) 0 (V=8%n)| .
~ZONatVps o+ = S 5q"

and it is easy to find the gravitational field equation:

1 1
F(Ruy — =Rguw) + (800 = VuV)F = Z(VupVyd — = 8,000 37¢) + Ugy = STGET 0y . (1.126)
2 2

On the other hand, the wave equation 6.J /6¢ = 0 reads
2720¢ =2Uy — FyR = Zy - VoV ¢ — Ey L, (1.127)

where Uy = Ug(¢) = dU(¢)/d¢, and similarly for {Fy ,Zs , E4}. Eqs.(1.126)~(1.127) indicate that due to the
presence of E(¢), the net gravitational effects of Tl(]:’) becomes reliant on the distribution of the scalar field,
while the wave equation explicitly depends on the physical matter .%,, (or T = g“VT,(ﬂf) if one substitutes
the trace of Eq.(1.126) into Eq.(1.127) to replace R). That is to say, both the field and the wave equations
become environment-dependent: they vary among different cosmic epoches as the dominant matter changes
and ¢ evolves, and they alters in different regions of the Universe. This is why the theory under consideration
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is dubbed scalar-tensor-chameleon gravity.
To construct the effective dark energy, we rearrange Eq.(1.126) into the form of R, — %Rgﬂv = SNGCE(TL';’ )

MG
+T;(w )) as

1 E 1 z 1 U
Ryy = SR = SnGFT,S';’) + F( Vv = guD)F + F(V,@Vvqs ) guVadV) - =8 (1.128)

so one can observe that G.g = %G and TSXIG) = ﬁ[(vﬂvy - gw,D)F +Z(V,,¢VV¢ - % gﬂvvaw%) -U gﬂv].
Substitution of the FRW metric into Eq.(1.128) leads to the modified Friedmann equations

k 8tGE | T
L, —(—3HF Sz ) 1.12
+a2 3Fp +3F ¢¢+2¢+U ( 9)
ok GE 1 . S
H- = (pm+Pm)—ﬁ(F¢¢+F¢¢¢2+5HF¢,¢—Z¢2—2U), (1.130)

where we have used F = F, »¢ and F=F 56 + Fpg #?, while the energy density and pressure for 7" ,,(MG) =
diag[-pma), Pova)» Pave), Povc) | are

1 N
p(MG)Z—(—3HF¢¢+—Z¢ +U)
8tG E 2 (1.131)

1 . . A
P :—(F + Fyp §* + 2HF 3 — =Z 2—U).
MG) = o=\ Fod + Fop ¢ o= 529
In the absence of the chameleon function, E(¢) = 1, E4 = 0, and with F(¢) = ¢, Fy — 1, Fgy — O,
Z(¢p) — %, U(p) — %V(cﬁ), we recover the situation of generalized Brans-Dicke gravity in Subsection
1.2.5.

Note that to date it is still not clear whether cosmic acceleration arises from new physical fields or new
laws of gravity, and scalar-tensor theories have the advantage of taking both possibilities into account. To
move one step further, Horndeski [51] or Galileon [52] gravity is the most general scalar-tensor theory that
contains at most second-order derivatives of the scalar field. For cosmological interest, the covariant Galileon
gravity has the action [53]

I= fd4x\/—_g(R - C2—1V(¢>) - %va% - % gci.ﬁ- + 1677G.§fm), (1.132)

where {c;} are constant coeflicients, and
Ly = 20¢V ¢V M, (1.133)
Ly = VoV 0| 2(0¢)* - 2(Vo V) (V' VP ) — %Rvaqﬁvaqﬁ /M°, (1.134)

L5 = VoV <D¢)3—3(D¢>(vavﬁ¢)(V“vﬁ@+2(V(,VB¢><V;;VY¢)<V7V“¢)—6<va¢)(vavﬁ¢>(w¢>cﬁy]/M9,
(1.135)
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with M3 = mleg to balance the dimensions. The full Galileon gravity is however too complicated to deal
with, so in applications like best-fitting or prediction of cosmological parameters, one usually drops {.Z%,
%5} by setting ¢4 = ¢s = 0, and preserves the {c|, c2, c3} terms to constitute the cubic Galileon theory.

1.2.8 A unified form of modified gravity

1.2.8.1 Field equations and modified Friedmann equations

We have looked into f(R), quadratic, f(R, G), generalized Brans-Dicke, scalar-tensor-chameleon gravities,
and derived their field equations. One may have noticed that in the construction of effective dark energy for
the modified Friedmann equations, they follow a similar pattern. More generally, consider modified gravities
with the Lagrangian density

L = LR, RygR, R , 0, V, 0949 - --) + 162G.% (1.136)

where Ri = Ri (84 Ruavg » VyRuavg » - - . ) refers to a generic Riemannian invariant beyond the Ricci scalar
and ) denotes a scalarial extra degree of freedom unabsorbed by %}, . Its field equation takes the form

1 (V=8-%o)
V=g 08"

Hyy = 87GT  with  H,, = , (1.137)

where total-derivative/boundary terms should be removed in the derivation of H,,. In the spirit of con-
structing the effective dark energy from modified-gravity effects, Eq.(1.137) can be intrinsically recast into
a compact GR form by isolating the R, in H,,,:

1 . G
Gu =Ry — ERg’” = SﬂGeffT/(ﬁ,ﬂ) with  H,, = G
€

Gy — 81GTN Y, (1.138)
where T/Sf,ﬁ) = T,(jff) + T/gl\\,/IG), and all terms beyond GR have been packed into TSXIG) and G.g. Here T/(}\\,/IG)
collects the modified-gravity nonlinear and higher-order effects, while G.¢ denotes the effective gravitational
coupling strength which can be directly recognized from the coefficient of the matter tensor T,S’,f’) — for
example, as previously shown, we have G.g = G/fr(R) for f(R), Geg = G/(1 + 2aR) for quadratic, Geg =
G/fr(R,G) for f(R,G) generalized Gauss-Bonnet, G.g = G/¢ for (generalized) Brans-Dicke, and G =
GE(¢)/F(¢) for scalar-tensor-chameleon gravities. Moreover, Tfﬁﬁ) is assumed to be an effective perfect-
fluid content,

7" = diag [~pefr, Peirs Pefrs Peit] ~ With  Pegr/peft = We, (1.139)

along with peg = pp, + P(MG) and Peg = P, + P(MG)-
Substituting the FRW metric Eq.(1.6) and the effective cosmic fluid Eq.(1.139) into the field equation
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(1.138), one could obtain the modified Friedmann equations

k 87TGeff

H* + - = [.Om + p(MG)]
a (1.140)

.k . k
H- ; = —47TGeﬂ‘[pm + Pm +PMG) T P(MG)] or 2H + 3H2 + ; = —87TGeﬁr[pm +,0(MG)] .

Obviously, by setting Gy = G and povg) = 0 = Povg), we immediately recover the standard Friedmann
equations in GR. Here one should note that the FRW metric depicts the observed Universe, so it is indepen-
dent of and a priori applies to all theories of metric gravity. That is to say, we needn’t worry about whether
or not the FRW metric is a solution to the modified field equations when studying the cosmology in modified
gravity; it must be a solution, and if not, it is the gravity theory that fails.

1.2.8.2 Generalized energy conditions

Having derived the modified Friedmann equations, let us go back to the generic field equation (1.138). Recall
that T,S’l” has to respect a set of standard energy conditions to be physically meaningful in GR, so we cannot
help but ask that are there similar restrictions to Tfﬁ,ﬁ)? The answer is yes, and Tfﬁ,ﬂ) has to obey a set of
generalized energy conditions.

In a region of a spacetime, for the expansion rate 6, of a null congruence along its null tangent vector
field ¢#, and the expansion rate 6, of a timelike congruence along its timelike tangent u¥, ) and 6,
respectively satisfy the Raychaudhuri equations [6]

b Lo 0 NG

Y, 00 = — = kobo =500 - w0 gt Wy ) = R (1.141)
de L,

W'V, 0 = © - KOy — 3 0, - (")oﬂv + w(")w’” R’ (1.142)

The inaffinity coeflicients are zero () = 0 = k() under affine parameterizations, the twist vanishes w,,w"” =
0 for hypersurface-orthogonal foliations, and being spatial tensors ( ([)5“ 0= 0'(”)14”) the shears always
satisty o, 0*” > 0. Thus, to guarantee df(;)/dA < 0 and d6,)/dr < 0 under all circumstances — even in
the occasions ) = 0 = 6, so that the congruences focus and gravity is always an attractive force, the
following geometric nonnegativity conditions are expected to hold:

Ry >0 ,  Ryutu > 0. (1.143)

Note that although this is the most popular approach to derive Eq.(1.143) for its straightforwardness and
simplicity, it is not perfect. In general 6, and 6, are nonzero and one could only obtain 29(2{,) +R,, 040" >0
and 30(2) + Ryutu” > 0. Thus, it is only safe to say that Eq.(1.143) provides the sufficient rather than
necessary conditions to ensure df)/dA < 0 and df,/dt < 0. Fortunately, this imperfectness is not a
disaster and does not negate the conditions in Eq.(1.143); for example, one can refer to Ref. [62] for a
rigorous derivation of the first inequality in Eq.(1.143) from the Virasoro constraint in the worldsheet string
theory.

Following Eq.(1.138) along with its trace equation R = —87G.gT" and the equivalent form Ry =

8nGegr (Tfﬁ,ﬁ) - % gﬂyT(eﬂ)), the geometric nonnegativity conditions in Eq.(1.143) can be translated into the
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generalized null and strong energy conditions (GNEC and GSEC for short)

1
GenTjyy (0" 2 0 (GNEC) . Gen|Tj5 i’ + 5TP) 2 0 (GSEC), (1.144)
where ¢, = 0 for the GNEC, and u,u* = -1 in the GSEC for compatibility with the metric signature

(-, + + +). We further supplement Eq.(1.144) by the generalized weak energy condition
Gen T\ uu’ > 0 (GWEC), (1.145)

and the generalized dominant energy condition (GDEC) that GeﬁTl(f;ﬁ)u“uV > 0 with GegT, l(fvﬁ)u“ being a
causal vector.

Note that for the common pattern of field equations in modified gravities, we have chosen to adopt
Eq.(1.138) rather than R, — %Rgﬂv = SNGT:S?,ﬁ), where G is Newton’s constant. That is to say, we do not
absorb G into Tflevﬂ) so that GeffT‘(l?,ﬂ) = Gﬁﬁﬂ); as a consequence, G.g shows up in the generalized energy
conditions as well. This is because the effective matter-gravity coupling strength Geg plays important roles
in many physics problems, such as the Wald entropy of black-hole horizons [63], although the meanings and
applications of G.g have not been fully understood (say the relations between G.g and the weak, Einstein,
and strong equivalence principles).

For the FRW Universe, a unified formulation to derive the Friedmann equations from (non)equilibrium
thermodynamics on the apparent horizon will be developed in Chapter 4, while in Chapter 5, after systematic
restudies of the FRW cosmological thermodynamics by requiring its compatibility with the holographic-style
gravitational equations, possible solutions will be proposed for the confusions regarding the temperature of
the apparent horizon and the failure of the second law of thermodynamics. Both chapters are based on R, —
%Rgﬂv = SHGCETL?,ﬁ), and these unified formulations will be applied to f(R), quadratic, f(R, &) generalized
Gauss-Bonnet, generalized Brans-Dicke, scalar-tensor-chameleon, and dynamical Chern-Simons gravities.

1.2.9 More insights into Tf,’;’) and energy-momentum conservation

In the theoretical structures of modified gravity, a remaining problem of concern is convariance of the field
equations and validity of the local conservation equation V“T,S’f) = 0 for physical matter. We will look into
this problem in this subsection.

1.2.9.1 Some comments on T,S’ff)

Before tackling the conservation problem, we would like to make some quick comments on Tfff) . In fact, the
matter Lagrangian density .%, in the Hilbert-Einstein action 7 g and consequently ngf) can be rescaled into

I :fd4x\/—_g(R+8/l7rG$m), (1.146)

and

T(m) o 4 6( V_gv%n)
v o »\/—_g 58"“/ ’

(1.147)
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where A > 0 is a constant, and one still recovers Einstein’s equation Ry, — %Rgﬂv = 87TGT$,1). It is simply a
convention to set A = 2 in Egs.(1.1), (1.4), and (1.21).

Also, in general .Z;, does not explicitly depend on the derivatives of the metric tensor [1], i.e. £, =
L (gw, 1/ 8”1//,,1) + L (g,n,, 00 8uv> Oa--8uvs Wms 8H1//m) where ¥, collects the matter fields. For example,
L = Lin(8uvs Aas VpAa) = —ﬁF apl B with Fog = VAp—VgA, for source-free electromagnetic field, and
L = Ln(Quv» Vo) = —%g“ﬂvaqbvﬁqﬁ — V(¢) for a massive scalar field. With 6 /—g = —% V=8 808",
TS;’) defined in Eq.(1.4) can be expanded and then recast into

0L
oghv

T = g,y Lon =2 (1.148)

Instead of Eq.(1.4) or (1.148), it had been suggested that T,(f;l) could be derived solely from the equations

of motion % - %
N " Bum)

have shown that this method does not hold a general validity, and Eqgs.(1.4) and (1.148) remain as the most

= 0 for the y,, field in %, (gm,, /. Bﬂl//m) [65]; however, further analyses

reliable approach to T;(l"’f) [66].

1.29.2 V# T;ﬁ') = (0 and generalized contracted Bianchi identity

During the brief review of GR in Subsection 1.1.1, we have seen that in the contravariant derivative of
Einstein’s equation, Bianchi’s identity V¥ (RW - %ng) = 0 immediately guarantees V"Tfff) = 0. Similarly
for f(R) gravity, taking the contravariant derivative of the field equation (1.74), we find

1
VﬂT;(K}) = Vﬂ[fRRyv - Efguv + (g,uvD - Vyvv> fR]
1
=Ry V¥ fr + fRVI'R,, — ingw,V"R +(V,0-0V,)fz (1.149)

1
= R,qu#fR + fRV'u(R,uv - ERgﬂv) - Ryvv'ufR =0,

where we have applied V¥(R,, — Rg,,/2) = 0 and the third-order-derivative commutation relation (V, 0 —
OV,)fx = —Ruw V" fz. Hence, VFT') = 0 holds in % = f(R) + 167G.%,, gravity.

For quadratic and f(R,G) gravities in Subsections 1.2.3 and 1.2.4, direct proofs by the contravariant
derivatives of their field equations (as in GR and f(R)) are hard to establish. Instead, we will move ahead to
the bigger scenario of 7 = f d*x+—g [ SR, R+ 167rG$m] gravity with extended dependence on generic
algebraic or differential Riemannian invariants R = R (g48, Ruavg » VyRuavs s - - -). Formally we write down
the variation as 67 = f d*x~\~g [7—(}59) - SHTﬁT)](Sg”", where 7—(,59) resembles and generalizes the Einstein
tensor by

1 Vg R, R
V=g g '

Due to the coordinate invariance of the gravitational part 7g = f d*x\=gfR,---,R), ‘7{;[9) satisfies the

H = (1.150)
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generalized contracted Bianchi identity [67, 68]

(1.151)
V-8 ogH

1 S V-8fR,---,R)
o[ bl
or just V"W‘(S) = 0 by the definition of 7{,(1(1,}) Similar to the relation G, = Ry, — %Rgﬂv, one can further
expand 7{;59) to rewrite Eq.(1.151) into

1
VH (fRR,uV"'ZfRRyV_ Ef(Ra ,R)g,w) 20, (1.152)

where fr = fr(R,--- ,R) = 0f(R,--- ,R)/OR, fr = fr(R, -+ ,R) = 0f(R,--- ,R)/OR, and R, = (froR) /og"”
—note that in the calculation of R,,,, fg will serve as a nontrivial coeflicient if fg # constant and should be ab-
sorbed into the variation §R when integrated by parts. Specifically, when f (R, --- ,R) = R+a-R? +b-RaﬁR“ﬁ
or f(R,---,R) = f(R,G), Eq.(1.151) becomes the generalized contracted Bianchi identities for quadratic
and generalized Gauss-Bonnet gravities, respectively, which implies V¥ T;(,"’f) =0.

1.293 V# TF(,Z’ ) = 0 in Brans-Dicke and scalar-tensor-like gravity

In modified gravities that contain nonminimal couplings between scalar fields and the curvature invariants,
the generalized contracted Bianchi identity Eq.(1.151) for J = f d4x\/—_g [ fR,---, R+ 1677G.$m] gravity
is no longer valid, and the conservation problem becomes more complicated than for pure tensorial gravity.

For generalized Brans-Dicke gravity in Subsection 1.2.5, let us take contravariant derivative of its field
equation (1.110). With the Bianchi identity V¥ (R,W - %Rgﬂv) = 0 and the third-order-derivative commutator
(V,0-0V,)¢ = -R,, V!¢, it follows that

1 1 1
v [¢ (Ruv - ERg,w) + (gD = VuVy) 6 + EVg#V} =5V (- R+ Vy): (1.153)

moreover,

w 1 1 W — Wy 2w 1
v [_5 (vﬂ¢vy¢ =) gﬂyvaw’(p)] =5V (—¢2 VoV - -0+ V¢) = 5Vub - (R=Vy). (1154)
where the kinematical wave equation (1.111) has been employed for the replacement %V(ﬂﬁv(’qﬁ— %‘” O¢ =

R — V4. Adding up Eqgs.(1.153) and (1.154), one could see that the generalized Brans-Dicke field equation
(1.110) is covariant invariant and V# Tl(]f) =0.

More generic scalar-tensor gravities can involve the nonminimal couplings between scalar fields and
more complicated curvature invariants, which needs more effort to confirm the stress-energy-momentum
conservation. For example, in the construction of Lovelock-Brans-Dicke gravity in Chapter 6, we will
discuss the nonminimal ¢—couplings to Chern-Pontryagin density and Gauss-bonnet invariant, and prove
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V/‘T,(jf) = (0. Moreover, for a large class of scalar-tensor-like gravity
I = fd4x\/—_g[R +fR,--, R+ h(¢)-f(R,--- ,R) — Ap) - VoV — V(9) + 167G L, |,  (1.155)

where h(¢) is an arbitrary function of the scalar field ¢ = ¢(x%), and f(R, -+ ,R) has generic dependence
on curvature invariants R; the covariant invariance of its field equation and V“T,(jf) = 0 will be proved in
Chapter 8.

1.294 VH Tl(ff ) = 0 and minimal geometry-matter coupling

So far we have been establishing the stress-energy-momentum conservation by the covariant invariance of
the field equations, and alternatively, one can look at V¥ T,S’;’ ) = 0 from the perspective of minimal geometry-
matter coupling. For GR, f(R), quadratic, f(R, G) and generalized Brans-Dicke gravities, the matter fields
are always minimally coupled to the spacetime geometry, with an isolated matter density .%, in the total
lagrangian density Lol = Lgavity + 160G, and thus there are no curvature-matter coupling terms like
R - Z,; in other words, the gravity/geometry part and the matter part in the total action are fully separable,
Tiota = 1. gravity T Iy

Consider an arbitrary infinitesimal coordinate transformation x* — x* + ox*, where 6x* = k* is an
infinitesimal vector field that vanishes on the boundary, i.e. k* = 0|sx/, so that the spacetime manifold M
is mapped onto itself. Since .%,, = %, (g,l,,, 1/ 6/,1//,,1) is a scalar invariant that respects the diffeomorphism
invariance under the active transformation x* — x* + k*, Noether’s conservation law directly yields

V“[ ! 5(\/__83'")]:0 (1.156)

V-8 g

1
Comparison with Eq.(1.4) yields that Eq.(1.156) can be rewritten into —EV”T ﬁ’f) = 0. That is to say, under

minimal geometry-matter coupling with an isolated .%,, in the total Lagrangian density, the matter tensor T,S’V" )
in Eq.(1.4) has been defined in a practical way so that Tl(]f) is automatically symmetric, Noether compatible,
and covariant invariant, which naturally guarantees the stress-energy-momentum conservation V“T,(jf) =0.
In this sense, and borrowing H,,, = SRGTLT) in Eq.(1.137) as the generic field equation, one can regard the
vanishing divergence V¥H,,, = 0 to either imply or confirm the conservation V¥ Tﬁ(ff) =0.

1.2.10 Nonminimal curvature-matter couplings: f(R,.Z,) gravity

In this subsection, we will consider an unusual modification of GR: allowing for nonminimal curvature-
matter couplings like R - .Z,,. We will take generic I = f d*x =g f(R, £, gravity as an example, which
was proposed in Ref.[56] and is the maximal extension of GR and Jyg within the dependence of {R, Z,}.
Variation of the action I = f d*x V-8 f(R, %) yields

SR 6L 1 oy
sgn S0 g~ 28w ])08" (1.157)

6T = fd‘*x\/—_g(f,e.
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where fr = fr(R,Zy) = df(R, L) /dR, f¢, = fz,(R, L) = df(R, £)]d-Z,, according to Eq.(1.148),
one has

0L
S

1 m
f, = 5 S, (8wl = T1). (1.158)

With froR/6gt” already calculated in Eq.(1.73) [though now it becomes fr = fr(R,-%,) as opposed to
fr = fR(R)], 61 /6g"” = 0 leads to the field equation

fRR,uv - %fgyv + (gny - Vyvv) fr= %ffm (T;(:;l) - gﬂy.fm) , (1.159)

whose trace is fgRR —2f(R, %) +30/g = % fez, (T(’") - 4$m). Moreover, taking the contravariant derivative

of Eq.(1.159), one can see that V”T,(jf) = 0 no longer holds. Instead, V¥ T;l'f) satisfies the divergence equation
VyT/.(lT) = (Zm Suv — /n/) VH lnfgm . (1.160)

This generalized conservation equation indicates that there would be direct energy exchange between space-
time geometry and the energy-matter content under nonminimal curvature-matter couplings; for example,
Eq.(1.160) has been interpreted as a matter creation process with an irreversible energy flow from the gravi-
tational field to the created matter in accordance with the second law of thermodynamics [69, 70].

Specifically, when the matter content is minimally coupled to the spacetime metric, the coupling coeffi-
cient f reduces to become a constant. In accordance with the gravitational coupling strength in GR, this
constant is necessarily equal to 16xG. That is,

fz, = constant = 162G and f(R,.Z,) = f(R) +16nG.Z, . (1.161)

while the field equation (1.159) becomes (with the tilde on f omitted)

1 m
5 8ur + S Ry + (80 = V,5y) fie = 81GT. (1.162)
which recovers the situation of minimally coupled f(R) gravity in Subsection 1.2.2. Moreover, as an ex-
tension of f(R,.%,,) gravity, in Chapter 3 we will extensively investigate f(R, RaﬁRaﬁ,RayﬁvR"”ﬁ", %) and
f(R,G, %) gravities, including the equations of nongeodesic motion in different matter fields and the gen-
eralized energy-momentum conservation.

1.3 Summary

In this chapter, we have reviewed the fundamentals of GR, physical cosmology, dark energy, and relativistic
gravity. All necessary preparations have been made, and after the Statement of Co-authorship in Chapter 2,
we will begin to investigate the applications of modified gravities from Chapter 3 until Chapter 10.
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1.4 Addendum

1.4.1 Sign conventions

Throughout this thesis, we adopt the geometric conventions R"ﬁy(s = 671“3’[3 - (9(51“;8 -+ and R,y = R,
along with the metric signature (—, + + +). In the literature of relativistic gravity and cosmology, there exists
another set of conventions that uses R“’By 5= a(;rgﬁ - Byl“gﬁ --- and the metric signature (+, — — —), while the
definitions of Christoffel symbols and the contraction R, = R"MW remain the same [1].

The table below shows the changes of signs from the (—, + + +) system into the (+, — — —) system, and

one should bear in mind that the definition of the Riemann tensor differs by an overall minus sign between
the two sets of conventions.

Metric tensor and its inverse 8ap » g Changing sign
1

Christoftel symbols of first kind Copy = 3 (E)ygaﬁ + 088ay — 6Qg/37) Changing sign
1

Christoffel symbols of second kind | I" “ﬂy =3 g* (aygdb + 0pgsy — ('35&37) No change

Riemann tensor (redefined) R = 0y — 05T, + T4, =I5 I'* 5 | Changing sign

Ricci tensor Rop = Ryayﬁ Changing sign

Scalar curvature R= g“'BR(,/; No change

o 1 L
Einstein tensor Gop = Rop — 3 8apR Changing sign
Stress-energy-momentum tensor T((l';) Changing sign
. 1
Cosmological constant Rop — 3 8apR + gap\ = Top No change

1.4.2 Fundamentals of error analysis

Besides the theories and phenomenology, this thesis also investigates the cosmological applications of mod-
ified gravity. Especially, in Chapters 9 and 10 we will deal with observational data, so let us quickly review
the fundamentals of error analyses.

Given a set of discrete measurements {x;} for the observable x, the best estimated value is the average or
mean value

1 &
X = — i 1.163
o o

neyo_ w\2
o= \/leszx) (1.164)
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and the standard deviation of x is given by



while the standard deviation (or standard error) of the mean value X is

o Yhxi — )2

Om

Then the measured value of x can be written as x = X + Ax = X + 0.
For the algebraic combination of multiple and uncorrelated measurements, the propagation of indepen-
dent errors satisfy the following rules.

(1) If two mutually independent quantities are being added or subtracted, i.e. y = x; £ x;, then

Ay = (Ax? + (Ax)) s (1.166)

(2) If two mutually independent quantities are being multiplied or divided, i.e. y = x;xjory = x;/x;(i # j),

then
A Ax;)\>  [Ax;\
Ay _ \/(_x) +(_x,) , (1.167)
y Xi Xj

Particularly, if one takes the power of a quantity, i.e. y = x", Eq.(1.167) implies Ay = vnx""'Ax.

Note that these rules were already used in Eq.(1.38) to derive {Qpg, Qcdmo} from {Qbohz, Qcamoh?, h}.
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Chapter 3. Lessons from f(R, R>, R2, .%,,) gravity: Smooth Gauss-Bonnet

limit, energy-momentum conservation and nonminimal coupling
[Phys. Rev. D 90 (2014), 024059]
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Abstract

This paper studies a generic fourth-order theory of gravity with Lagrangian density f(R, R?, R?, %),
where R? and R?, respectively denote the square of the Ricci and Riemann tensors. By considering ex-
plicit R? dependence and imposing the “coherence condition” fx = Jre, = —fg2/4, the field equations of
f(R, Rz,Rf,an,fm) gravity can be smoothly reduced to that of f(R,G,.%,,) generalized Gauss-Bonnet
gravity with G denoting the Gauss-Bonnet invariant. We use Noether’s conservation law to study the
fR, Ry ..., Ry, L) model with nonminimal coupling between %, and Riemannian invariants R;, and
conjecture that the gradient of nonminimal gravitational coupling strength V¥ fo is the only source for
energy-momentum nonconservation. This conjecture is applied to the f(R, R?, R%,.%,) model, and the
equations of continuity and nongeodesic motion of different matter contents are investigated. Finally, the
field equation for Lagrangians including the traceless-Ricci square and traceless-Riemann (Weyl) square
invariants is derived, the f(R, R, R?, .%,,) model is compared with the f(R, R2, R?, T) + 2k.%,, model, and
consequences of nonminimal coupling for black hole and wormhole physics are considered.

PACS numbers: 04.20.Cv , 04.20.Fy , 04.50.Kd

3.1 Introduction

There are two main proposals to explain the accelerated expansion of the Universe [1]. The first assumes
the existence of negative-pressure dark energy as a dominant component of the cosmos [2, 3]. The second
approach seeks viable modifications of both general relativity (GR) and its alternatives [4, 5].

Focusing on modifications of GR, the original Lagrangian density can be modified in two ways: (1) ex-
tending its dependence on the curvature invariants, and (2) considering nonminimal curvature-matter coupling.
The simplest curvature-invariant modification is f(R) + 2k.%,, gravity [5, 6] (k = 87G/c* = 872G and ¢ = 1
hereafter), where the isolated Ricci scalar R in the Hilbert-Einstein action is replaced by a generic function of
R. In this case standard energy-momentum conservation V¥T,,,, = 0 continues to hold. Further extensions have
introduced dependence on such things as the Gauss-Bonnet invariant G [4, 7] and squares of Ricci and Rie-
mann tensors {Rf, R,zn} [8], leading to models with Lagrangian densities like R+ f(G) + 2%, f(R, G) + 2%,

*Email address: wtian@mun.ca
"Email address: ibooth@mun.ca
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and R + f(R, R%, R2) + 2«.%,,. In all these models, the spacetime geometry remains minimally coupled to the
matter Lagrangian density .Z,,.

On the other hand, following the spirit of nonminimal f(R).Z; coupling in scalar-field dark-energy models
[9], for modified theories of gravity an extra term Af(R).Z,, was respectively added to the standard actions
of GR and f(R)+2«.%,, gravity in [10] and [11], which represents nonminimal curvature-matter coupling
between R and .Z),. These ideas soon attracted a lot of attention in other modifications of GR after the
work in [11], and nonminimal coupling was introduced to other gravity models such as generalized Gauss-
Bonnet gravity [6, 12] with terms like Af(G)-%,,. From these initial models, some general consequences of
nonminimal coupling were revealed. Most significantly, .%, enters the gravitational field equation directly,
nonminimal coupling violates the equivalence principle, and in general, energy-momentum conservation is
violated with nontrivial energy-momentum-curvature transformation. In [13], f(R,.%,,) theory as the most
generic extension of GR within the dependence of {R, .%),} was developed, while another type of nonminimal
coupling, the f(R, T)+2«k.%,, model, was considered in [14].

In this paper, we consider modifications to GR from both invariant-dependence and nonminimal-coupling
aspects, and introduce a new model of generic fourth-order gravity with Lagrangian density f(R, R, R2,, %))
This can be regarded as a generalization of the f(R, .%,,) model [13] by adding R? and R2 dependence, and an
extension of the f(R, R?, R2)+2«k.%,, model [8] by allowing nonminimal curvature-matter coupling. Among
the fourteen independent algebraic invariants which can be constructed from the Riemann tensor and metric
tensor [15, 16], besides R we focus on Ricci square RZ and Riemann square (Kretschmann scalar) Ri, not
only because they are the two simplest square invariants (as opposed to cubic and quartic invariants [16]), but
also because they provide a bridge to generalized Gauss-Bonnet theories of gravity [6] and quadratic gravity
[17, 18]. By studying this model, we hope to get further insights into the effects of nonminimal coupling and
dependence on extra curvature invariants.

This paper is organized as follows. First of all, the field equations for . = f(R, R, R2,, .%,,) gravity are de-
rived and nonminimal couplings with .Z), and T are compared in Sec. 3.2. In Sec. 3.3, we consider an explicit
dependence on R2, and introduce the condition fre= fR,%, =— ng /4 to smoothly transform f(R, R2, Rz, R,zn, L)
gravity to the generalized Gauss-Bonnet gravity . = f(R, G, %,); employing G, quadratic gravity is revis-
ited and traceless models like .Z = f(R, R%,C?%, %, are discussed. In Sec. 3.4, we commit ourselves to

understanding the energy-momentum divergence problem associated with f(R, R?

,R2 . %) gravity and most
generic .2 = f(R1, Rz ..., Ry, L) gravity with nonminimal coupling, as an application of which, the equa-
tions of continuity and nongeodesic motion are derived in Sec. 3.5. Finally, in Sec. 3.6, two implications
of nonminimal coupling for black hole physics and wormholes are discussed. In the Appendix generalized
energy conditions of f(R,R,R>...,Ru L) and f(R, Rg,Rﬁl, %) gravity are considered. Throughout this

paper, we adopt the sign convention R* , . = (%Fgﬁ - 851?}6, -+ - with the metric signature (—, + + +), and follow

Byé
the straightforward metric approach rather than first-order Einstein-Palatini.
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3.2 Field equation and its properties

3.2.1 Action and field equations

The action we propose for a generic fourth-order theory of gravity with possibly nonminimal curvature-matter
coupling is

S = fd“m/—‘gf(R,R%,Ri,Zm), 3.1)

where R? and R?, denote the square of Ricci and Riemann curvature tensor, respectively,
R2 = RogR™ | RZ = Reup R™". 3.2)

Varying the action Eq.(3.1) with respect to the inverse metric g, we get!
1
58S = f d*x\=g {—5 [ 8uv- 08" + fr-OR + fro- R + fra - ORy, + fgm-éfm} , (3.3)

where fr == 0f /OR , fg2 = df|0R? Ir2 = Af|0R%, , and fy = 0f/0.%, . OR? and SR2, can be reduced into
variations of Riemann tensor,

R = 6 [Raﬁ-(g"pgﬂ‘era)] = 2R,“Ryy- 58" + 2R™- 6R" . (3.4)

5R;%1 =0 Raﬁye'(gwpgﬂ (rgy’(ngpff{n)] = 4RuapyRy > ag + 2RPY€. (Rp Pre 08ap + 8ap OR’ ﬁye) N CA))
while 6R . traces back to 6T}, through the Palatini identity

SR 5, = Vp(0T5,) = V, (6T, (3.6)

Also, as is well known, oI’ iﬁ = % g (Vabgop + Vgogra — Vodgap) [19, 20], and we keep in mind that when
raising the indices on dg,g a minus sign appears: 68,z = —gau gpv 08"”. Then, Eqs.(3.4-3.6) yield

fR'éR =

fa Ruy + (gD - V,¥,) fR]- 5g" = HIP- 5¢" (3.7)

R?
fret OR2 = |2 fi0 R, “Rav=VoVul(R,* fr2) = VaVu(R, ® fr2)+ DRy fio) + 8 VaVp(RP fio) | - 68 =t HUS- 5,
(3.8)

- p2
and  frz - OR%, = [2 fre RuapyR, ™ + 4 VPV Ry fr2 )]-6g”" = HO. 5gh”. (3.9)

Here, O = V%V, represents the covariant d’ Alembertian, and the symbol = denotes an effective equivalence
2 2

by neglecting a surface integral after integration by parts twice to extract {HflfVR), Hg:,R"), Hg,R’”)}. Especial-

ly, Eq.(3.9) has utilized the combination 2VAV(Ras, fz2 ) +2VPV (Ravgufz ) = 4VPV* (Raypy fr2 ), where the

symmetry of VEVY(Ry,p, Ir2 ) under the index switch p < v is guaranteed by VAVR,,5, = VAV Ry5, |

'The terms geometry-matter coupling and curvature-matter coupling are both used in this paper. They are not identical: the
former can be either nonminimal or minimal, while the latter by its name is always nonminimal since a curvature invariant contains at
least second-order derivative of the metric tensor. Here nonminimal coupling happens between algebraic or differential Riemannian
scalar invariants and .%},, so we will mainly use curvature-matter coupling.
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vevh fre = AV fr2, as well as the 4 & v symmetry of its remaining expanded terms. Note that in these
equations, total derivatives in individual variations {6R, 5R? , 6R2} are not necessarily pure divergences any-

more, because the nontrivial coefficients {fr, fz2 , fg2 } Will be absorbed by the variations into the nonlinear
3 2 2
and higher-order-derivative terms in {H, gVR), H gVR”), Hg,Rm)}.
In the fy - 6.Z, term in Eq.(3.3), we make use of the standard definition of stress-energy-momentum

m

(SEM) density tensor used in GR (e.g. [10]- [14]), which is introduced in accordance with minimal geometry-

matter coupling and automatic energy-momentum conservation (for further discussion see Sec. 3.4.1),

22 68 L
T, =2 X8 Zn) (3.10)
V-g og"”
5L
=Zm8u — 25_gll" . 3.11)

The equivalence from Eq.(3.10) to Eq.(3.11) is built upon the common assumption that .Z;, does not explicitly
depend on derivatives of the metric, £, = Z5,(8uv> ¥m) # Ln(8uv» Oa8uvs Wm) With ¥, collectively denoting
all relevant matter fields.

After some work, Eqs.(3.3), (3.7), (3.8), (3.9) and (3.11) eventually give rise to the field equation for
f(R, Rg,an,Zm) gravity:

1 (R, R _ 1
_Efg,uv + /r Ryv + (g,uvD - Vuvv) fr+ Hyv + H,uv = 5 f.i”m (T,uv - Zn guv) s (3.12)

2 2
where H,(fVR") and H;(,’CVR’”) were introduced in Eqs.(3.8) and (3.9) to collect all terms arising from R?- and R2 -

dependence in f,

R? R2
HISO + BT =2 fro- R, "Ray + 2 fro ‘Ruapy R, ™ = VoV,(R, fr2)

(3.13)
- VaV/l (Rv afRZ) + D(R,uvfkg) + g,quaV,B(Ra'BfRE) +4 Vﬁva(Rauﬁvaﬁl) .

Note that {f, f, fg2, fz } herein are all functions of (R, R%, Rf,l, %), and Hgf) = frRRuw+ (80 — V,V,) fr has
been written down directly to facilitate comparison with GR and f(R)+2«.%Z), or f(R,.Z,,) gravity. Taking the
trace of Eq.(3.12), the simple algebraic equality R = —T (where T = g""T},,) in GR is now generalized to the

following differential relation,
1
—2f + R R+2fge R:+2 fr2-Roy + O (Bf + f12R) + 2VaVp(RP fro + 2R fr0) = foz, (ET -2.%,). (3.14)

Compared with Einstein’s equation R, —Rg,,,/2 = kT, in GR, nonlinear terms and derivatives of the
metric up to fourth order have come forth and been encoded into {Hﬁ(tva), HgVRE), Hg,R'z")} on the left hand side of
Eq.(3.12). On the right hand side, the matter Lagrangian density .%,, explicitly participates in the field equation
as a consequence of the confrontation between nonminimal curvature-matter coupling in f(R, R, R2,, .%,,) and
the minimal-coupling definition of 7}, in Eq.(3.10). Note that not all matter terms have been moved to the
right hand side, because —% f8guv is still Z;,-dependent before a concrete f(R, R%,R2, %)) model gets specified
and rearranged.

Also, fg, = fz,(R, R%,R2, %) represents the gravitational coupling strength and never vanishes, so in

vacuum one has .Z}, = 0 and T,,, = 0, yet fe,, # 0. Such a generic coupling strength fg, will unavoidably
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violate Einstein’s equivalence principle and the strong equivalence principle unless it reduces to a constant.

3.2.2 Field equation under minimal coupling

When the matter content is minimally coupled to the spacetime metric, the coupling coefficient f¢, reduces to
become a constant. In accordance with the gravitational coupling strength in GR, this constant is necessarily
equal to Einstein’s constant x (and doubled just for scaling tradition). That is,

fz, = constant = 2k, f(R,R*,R%, %) = f(R,R®,R2) +2k.%) . (3.15)

We have neglected the situation when fy, is a pointwise scalar field ¢ = ¢(x*), which should be treated as a
scalar-tensor theory mixed with metric gravity: in fact, ¢(x%) .7}, is also a type of nonminimal coupling, but it
goes beyond the scope of this paper and will not be discussed here. Under minimal coupling as in Eq.(3.15),
the field equation (3.12) becomes (with tildes on f omitted)

1 2 2
=5 8+ S R + (80 = V) fie+ H' + H™ = T (3.16)

which coincides with the result in [8]. The weak field limit of this minimally coupled model has been system-
atically studied in [21].

3.2.3 Two types of nonminimal curvature-matter coupling

Apart from the .2 = f(R, R?, R%,, £,,) model under discussion, another type of curvature-matter coupling was
introduced in [14] by the .Z = f(R, T) + 2k.%,, model, where a curvature invariant was nonminimally coupled
to the trace of the SEM tensor T = g*"T,,, rather than the matter Lagrangian density .Z;,. In this spirit, we

consider the following nonminimally coupled action,
S = fd“xx/_—g{f(R,Rg,R,zn,T)+2/<.,§,”m}. 3.17)
By the standard methods we find that its field equation is:

1 (R | (RS
_Efg’” + R Ry + (gD =V V) fr+ Hyy © + Hyy ™ =~ fr-(Tyy + Opy) + kT, (3.18)

2 2
where {f, fr, fg2, fr} are all functions of (R, R%,R2.T), HF(TVR”) + Hl(lva”’) is given by Eq.(3.13), —fr (Tyy + O,,)
comes from the T-dependence in f(R, R?, R2, T), and

8P 6T 5

O, = T

(3.19)
As will be extensively discussed in Section 5, for some matter sources .%,, cannot be uniquely specified, and
therefore the equations of continuity and motion based on Eq.(3.12) have to rely on the choice of .%,. In
such situations T, is easier to set up than .}, so at first glance, it seems as if the new field equation (3.18)
could avoid the flaws from nonminimal .Z,-coupling, at the cost of employing a supplementary matter tensor
©,,. However, the definition of @,,, is still based on the relation T}, = .Z},8,y — 20.%,,/6g"” in Eq.(3.11), and
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explicit calculations have revealed that [14]

P L

- _ _npaB T ==m
Ou = 2Ty + gL — 28 g 9P

(3.20)
Thus, both .}, and its second-order derivative with respect to the metric are hidden in ®,,, and consequently,
both f(R, R%,R,%v T) + 2%, and f(R,RZ,R,Zn, %) theories are sensitive to the ., in use. The equations of
continuity and nongeodesic motion will differ for different choices of .7, for the same matter source.

The .Z = f(R, R%,an, %) model and the .Z = f(R, RE,R,%W T) + 2«.%,, model are both reasonable real-
izations of nonminimal curvature-matter coupling, and in this paper we have adopted the former case as a
generalization of the existing .Z = f(R,.%,,) [13] and .Z = f(R, R2, R2) + 2«k.%,, [8] theories. Also, it looks
redundant and unnecessary to further consider the superposition of nonminimal .%,- and T-couplings, which

can be depicted by the action

S = f PxNZFR R, R, L, T), (3.21)

whose field equation is

1 2 2 1
_ifg,uv + fR'Ryv + (g,uvD - Vyvv) fR + H;(zli/RC) + Hg/RW) = Efi”m ' (T,uv - c%m g/.tV) - fT'(Tuv + ®ﬂv) . (3-22)

Practically it is implicitly assumed in Eq.(3.21) that nonminimal couplings happen between (R ,R>,R2 , %)

s e sty

and (R,R*,R2,,T) respectively, and there is no matter-matter .%,-T coupling which would cause severe
theoretical complexity and physical ambiguity. In fact, %, and T are not independent, as Eq.(3.11) implies
that

(3.23)

3.3 R’-dependence, smooth transition to generalized Gauss-Bonnet gravity,
and quadratic gravity

Generalized (Einstein-)Gauss-Bonnet gravity is perhaps the most popular and typical situation in which there
is dependence on R and the quadratic invariants {Rg,an} [7, 25]. However, to the best of our knowledge,
there is no demonstration of how generic fourth-order model f(R, Rg, Ri, £ (or f(R, Rg, Ri) +2x.%,, model
if minimally coupled [8]) may be smoothly reduced into generalized Gauss-Bonnet theories. We tackle this

problem by considering an explicit dependence on R? in f(R, R, R, .%,,) gravity.

3.3.1 Two generic R>-dependent models

Based on the f(R, R?, R2,,.%,,) gravity, we consider the following situation with an explicit dependence on R?:

Z = fR,R* . R>,R%. %) (3.24)

Here we have formally split the generic R-dependence of f(R,R2,R2,.%,,) into an R- and R?-dependence,

cr rm>

frOR > frOR + fr2 SR?, to lay the foundation for subsequent discussion. However, this f(R, R?, R2, R%,, %)

2

Lagrangian density is not more generic than f(R, R, R2,.%,,) by one more variable R>. Absorbing fz2 into
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SR?>=2R SR by the replacement fz > 2R fx2 in Eq.(3.7), we learn that R>-dependence would contribute to the
field equation by

fro-OR: = |2R fra-Ruy + 2 (80 — V,5,) (R- fra) | -0 = HIF. 5" (3.25)

and a resubstitution of fx > fr+2R fz: into Eq.(3.12) directly yields the field equation for f(R, R?, R2, R%,, %)
gravity,

1 2 R? R2 1
_Efg,uv + /R Ryv + (g,uvD - V/lVV) fr+ H;(zva ) + ng; 2 + H;(f; w = §f$,1 (T/tv -Zn guv) > (3.26)
(TR L URY) : 2 p2 p2
where {f, fr, fr2} and the {ng, erzn} in {H,, " + H,, "} are all functions of (R, R, R_, R;,, Z).
Here we have assumed no ambiguity between the R-dependence and the R?-dependence in Eq.(3.24). To

explicitly avoid this problem, one could consider a Lagrangian density of the form,
&L = fR) + [(R* .R2. Ry, L) (3.27)

However, potential coupling between R?> and .%,, can still be turned around and retreated as R — .%,, cou-
pling, so this f(R) + f (RZ,RE,R,Z,I,Z,,) model is still equally generic with f(R,R%,R,Zn,Zn) as well as the
f(R,R*,R%,R2, %) just above. Setting f — f + f and fz — fr + 2Rfz in Eq.(3.12), we get the field
equation for Eq.(3.27),

1

1 7 z 2 R? R>
_E(f + f) 8uv t+ fR R/lV + (g/tvD - Vuvv) fR + H;Y:/R ) + H;(Z/ 2 + H;(}; 2 = 5 L (T/IV - gm g/lV) s (3.28)

where fr = fr(R), fr = fre(R%, RZ, Ry, £5), and {frz, f2 } remain dependent on (R, R, RZ, Ry, £,,). More-
over, Eq.(3.28) can instead be obtained from Eq.(3.26) by the replacement fz — fx.
For subsequent investigations, it will be sufficient to just employ the former model % = f(R, R?, R?, R,, Z,)

and its field equation (3.26).

3.3.2 Reduced field equation with fz = fr2 = —fr2 /4

Now recall that the second Bianchi identity V., Ry,8, + V,Rauyp + VaRouyy = 0 implies the following simplifi-
cations, which rewrite the derivative of a high-rank curvature tensor into that of lower-rank curvature tensors

plus nonlinear algebraic terms:

VRaupy = VeRuy — ViRys (3.29)

VoRep = %VﬁR (3.30)

VAV R, = %DR (3.31)
VAVRopy = OR,y — %VMVVR + RaypyR” = R, *Rey (3.32)
VV,Ray + V*VyRay = V,VyR = 2Reyp, R + 2R, "Ra (3.33)
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along with the symmetry VﬂV(’RwBV = V'BV"RWB# and V*V,R,, + V*V,R,, = 2(OR,, — VﬂV"Raﬂﬁv). Ap-

plying these relations to expand all the second-order covariant derivatives in Eq.(3.26), it turns out that:

Theorem: When the coeflicients {fz2 , fz2 , fgz } satisfy the following proportionality conditions,

1
fee = frg, =3l = F. (3.34)
where F = F(R, R?, Rg, an, %), then the field equation (3.26) reduces to
_Efg,uv + /r Ryv + (g,uvD - V/lVV) Jr+ 7{;41/ = Effm (T,uv - Zn g/tv) > (3.35)
where
(F) ._ _ b ' B _ aBy
7'{',1,, = ZRfRz Rﬂv 4fR,2n Rﬂ Rm, + (Zng + 4erzn) RapﬂvR + ZfRyz}1 Rﬂwﬂ),Rv

+ 2R(guyT = Vi) fr2 = R,*VaVy fr2 = R, VoV, fre + Ry O fe
+ 8 RPVoVpfie + 4Ry VPV fro (fie = fre, = ~fre/®)
2RFRyy — 4F R, “Ray — 4F -RaypyR™ + 2F -Ryap, R, ¥

+ 2R(gu0 = V,¥,) F + 4R, "V Y, F + 4R, "V, F

— 4R, OF — 4g,, R*PV V5F + 4 Ryy5,VPVF .

(3.36)

ﬂﬁf)ég’“’ = fr 6F and second-order-derivative operators {J, V,V,, etc} only act on the scalar functions { fz2, fgz,

2 2 2
fre} in contrast to I+ HI' + HI ™ in Bq.(3.24)%,

Note that similar techniques have been employed in [24] to finalize the field equation of the dilaton-Gauss-
Bonnet model. The simplified field equation (3.35) after imposing the proportionality condition Eq.(3.34) to
Eq.(3.26) will serve as a bridge connecting f(R, R?, R2, R%,, .£,,) gravity to generalized Gauss-Bonnet gravity.
We refer to the proportionality condition Eq.(3.34) as the coherence condition to highlight the fact that it

aligns the behaviors of {fr2, fg2, fg2 }, and call F therein the coherence function.

3.3.3 Generalized Gauss-Bonnet gravity with nonminimal coupling
Generic .Z = f(R, G, %) model

A nice way to realize the coherence condition Eq.(3.34) is to let {R?, R2, R2} participate in the action through

>Erer T tm

the well-known Gauss-Bonnet invariant G,
G = R* 4R’ + R, (3.37)

In this case, Eq.(3.24) reduces to become the Lagrangian density of a generalized Gauss-Bonnet gravity model

allowing nonminimal curvature-matter coupling,

Z = fR,G.%n). (3.38)

2This is also why we use the denotation 7-(}55) rather than Hflf)

46



Then the proportionality in Eq.(3.34) is naturally satisfied with the coherence function F recognized as fg =
0f/0G. Given F — fg, Eqs.(3.36) and (3.35) give rise to the field equation for f(R, G, %) gravity right

away,
1 1
_Efguv + fR R,uv + (guvD - V,uvv) fR + 7'[;(493) = E fﬂn (T/IV - gm guv) ’ (3-39)

where

HS® = 2f5-RRyy — 4fg- R, “Rav—4f5 - Raysy R +2f5 - RuapyR, ™ + 2R (g,00 — V,V,) f5

(3.40)
+4R,"VV, fo + 4R, VoV, fg — 4RO fg — 48RPV s fg + 4 Rayp VPV f .

and (f, fx, fg) are all functions of (R, G, %) , and H's'5¢"" = f5 6G.

No contributions from a pure Gauss-Bonnet term

As for the G-dependence, Eqs.(3.39) and (3.40) are best simplified when fg = A =constant; that is to say, G
joins .Z straightforwardly as a pure Gauss-Bonnet term, with Lagrangian density .Z = f(R, %) + AG, for
which Eq.(3.39) gives rise to the field equation (with f = f(R, %), fr = fr(R, Zn)):

1
A-(= G guv + 2R Ryy — 4R, “Ray — 4Reyypy R + 2Ry R, ")
2 (3.41)

1 1
_Efguv + JRRuw + (guVD - V#VV) Jr= Efs%n (TMV - L gﬂv) .

At first glance, it may seem that, after G decouples from f(R, G, .Z),) to form a pure term 1 G, the isolated
covariant density 14/—g G would still make a difference to the field equation by the A-(...) term in Eq.(3.41).
This result conflicts our a priori anticipation that, since G is a topological invariant, variation of the Euler-
Poincaré topological density 4/—g G should not change the gravitational field equation. In fact, by setting
TR = fRE = fR%z =1 in Egs.(3.8), (3.9) and (3.25), one has

6R?/6g" = 2RR,y +2(gwD — V,V,) R, (3.42)
ORZ/68" = 2R, “Ray — VoVyR, ™ = VoVuR, ™ + ORyy + 8y VaVpR™ . and (3.43)
SR% /68" = 2 RuapyR, " + 4VPVOR 5, , (3.44)

which together with the Bianchi implications Eqgs.(3.29)-(3.33) exactly lead to
1
6(\=86)/68" = =G gur + 2R Ry — 4R, "Ray - 4R oy R + 2R 05 R, "7 . (3.45)

Thus one can recover the term A-( ... ) in Eq.(3.41) by directly varying the quadratic invariants comprising G.

However, in four dimensions & is a most special invariant among all algebraic and differential Riemannian
invariants R = R(gas, Raypy> VyRaypys - - -+ V4, Vy, ... V5, Raupy) in the sense that it respects the Bach-Lanczos
identity

6fdx4\/—_gg =0, (3.46)
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which prevents the Gauss-Bonnet covariant density A4/—g G from contributing to the field equation. This
identity can be verified by carrying out the variational derivative [19, 26]

0W=89) _ =2G) , 089 . . I-EG)
s agn “80ag™) P 8(Ba0pg)

0. (3.47)

On the other hand, algebraic identities satisfied by the Riemann tensor also guarantee that —% Gguw +2RRy, —
AR, "Ray = 4Roppy R + 2Ryiapy R, ™ = 0 [19].

Hence, the A- (...) term in Eq.(3.41), as a remnant of degrading the generic f(R, G, %) gravity and all
existing generalized Gauss-Bonnet theories, is removable, and Eq.(3.41) for .Z = f(R,. %) + AG gravity

finally becomes

1 1
_Efguv + /R R,y + (guvD - vav) fr = E I, (T/tv - Zn gpv) s (3.48)

which coincides with the field equation of .Z = f(R,.Z},) gravity [13]. Although a pure Gauss-Bonnet term
in the Lagrangian density cannot change the gravitational field equation 6(y/—g -2’)/dg"” = 0, it does join the
dynamical equation 6(/—g -Z')/6¢ = 0 when G is coupled to a scalar field ¢(x“) (e.g. [24]), and can still cause
nontrivial effects in other aspects (e.g. [17]).

Recovery of some typical models

f(R,G, %) is the maximally generalized Gauss-Bonnet gravity when {R, G, %} are the only scalar invari-
ants taken into account, and all existing (R, G, -Z,,)-dependent models can be recovered as a specialized
f(R, G, Z) gravity. For example,

Reference | Lagrangian density Specialization
[7] R/Q2k)+f(G)+ %L fe= 1263, fo fa, fz,-1

[12] R/2+ %Ly A f(G) ZLin fem 112, fom A%nfs . [z, 1+1f(G)
[12] RI2+f(G)+ L+ AF(G) L | [r—1/2, fg fg+ALnFg, fz,— 1+AF(G)
[25] fR,.G)+2x%,, fem frs foP fo [z, 2«

For a detailed review of generalized Gauss-Bonnet gravity, see [6] in which various types of nonminimal
coupling are also extensively discussed.
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3.3.4 Quadratic gravity

Following the discussion of (generalized) Gauss-Bonnet gravity, we would like to revisit the simplest case
with Rf—dependence (and Rﬁl—dependence), the so-called quadratic gravity (e.g. [17]):

L = R+aR*+b-R+&R:+d R} +&-C*+ 2Ly (3.49)
= R+@—-¢—d/4-2¢/3) R+ (b+4¢+d+28)R> + (T +2)G+2k%Lp
= R+a-R*+b-R>+2%,. (3.50)

The first row is a general linear superposition of some popular quadratic invariants {RZ,RE,R%,,Ré,CZ} with
constant coefficients {@, b, . ..}, where {R: =R? — R?/4 ,C*=R?2, — 2R? + R?/3} respectively denote the square
of traceless Ricci tensor and Weyl tensor (see the next subsection). In Eq.(3.50) the pure Gauss-Bonnet term

(¢ + d)-G has been neglected for reasons indicated above. Substitution of
o l, frvoa, fpo b, frz = 0 and  fg, - 2k 3.51)

into Eq.(3.26) and Eq.(3.13) yields the field equation for the quadratic Lagrangian density Eq.(3.50),

1
—5 R+ a-R? +b-R?) guy + (1 + 2aR) Ry + 2a (8,00 — V,V,) R+ HX = kT, (3.52)
where
HX = b-(ZR# “Ray = VoVyR, ™ = VoVuR,“ + ORyy + g0 VaVsRP ) (3.53)
Moreover, via the Bianchi implications Eq.(3.31) and Eq.(3.33), H/(ERC) can be rewritten as
1
HP = b-(zRWVR“ﬁ + (5 g&v3 -V, V,)R+OR,, ) (3.54)

Using this to rewrite Eq.(3.52), we obtain the commonly used form of the field equation [17, 18].
On the other hand, one can instead drop the Ricci square in favor of the Kretschmann scalar, and accord-

ingly manipulate Eq.(3.49) via

L =R+ @+b/4-¢/6)R*+ (b/4+¢+dj4+28)[2-R2, — (b]4+d|4—¢/2)-G + 2kL),
= R+a-R*+b-R: +2k%,. (3.55)

Now, substitute fg > 1, fre = a, fg2 = 0, fr2 = band fg, — 2« into Eqs.(3.26) and (3.13) to obtain
! 2+ b-R? 1+2 2b (g0 - V¥ QRm) 56
_E(R +aR"+bR,)gu + (1 +2aR)R,, +2b(gy0~V,V,)R+ H,; = KTy, (3.56)

where
HE™ = b-(2RWﬁyRV aBy | 4VﬁV“R(W;V), (3.57)

and H,(SRm) can be recast by the Bianchi property Eq.(3.33) into

HO™ b-(ZRWﬁyRV BY 4 AR 5 R — 4R, "Ry + 40R,yy — ZV#V,,R) . (3.58)
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3.3.5 Field equations with traceless Ricci and Riemann squares

It is worthwhile to mention that, as is well known in Riemann geometry, many other tensors can be built
algebraically out of (R?, Rop, Roypy} With their squares recast into {R, RZ, R,zn}, such as the traceless Ricci tensor,
traceless Riemann tensor (Weyl tensor), Schouten tensor, Plebanski tensor, Bel-Robinson tensor, etc. It can
be convenient or sometimes preferable for specific purposes to employ these tensors in the field equation, so
in this subsection we will take a quick look at how the squares of these tensors in the Lagrangian density
contribute to the gravitational field equation. It is unnecessary to exhaust all these tensors here and we will

just consider the squares of traceless Ricci tensor and Weyl tensor as an example.

Traceless Ricci square

The traceless counterpart of Ricci tensor S 43 (g™s op = 0) and its square (denoted as Ré) is,

1 1
Sep = Raﬂ_ZRg(zﬂ = sz“ = S(lﬁSQﬁZR%——RZ.

1 (3.59)

Consider f(... ,Rg) as a generic function of R2, where ... collects the dependence on all other possible scalar
invariants, and the variation d f(. . . ,Ré) =0f(... ,Rg — R%/4) yields

LR R -
fre-ORS = fro- (8_R% ORZ + —- OR) = fra-(5R: — ER(SR). (3.60)
Absorbing ng into 6R? by replacing frz with ng in Eq.(3.8), merging R ng into dR by replacing fr with
R ng in Eq.(3.7), and finally replacing all Ricci tensors in ng 6R? and R ng OR by their traceless counterparts
Rop=S op + Rgap/4, then ng -((5Rf - %R(SR) = fR§ -(SRLZg becomes

(04 1 (07
fia 0B = |2fie 8, %S = 3 R fig Sy = V¥ (S, fp) e

(fR%)
_Vav,u(SyafRé) + D(S,uvag,) + g,quaV,B(S a,Bng) .6g,uv = H,uv 57 6gﬂv s

which is consistent with the field equation in [22]. Thus, for a Lagrangian density dependent on the traceless
2
Ricci square .Z = f(... ,Ré), the contributions of ng ~6R§ to the field equation is just HX,RS) as in Eq.(3.61).

Weyl square

Being the totally traceless part of the Riemann tensor in the Ricci decomposition, the Weyl conformal tensor
Capys (87787 Cupys = 0) and its square (denoted as C?) are respectively

1 1
Caﬁyé = Raﬁyé + 5 (gozéR,B’y - gayRﬁ6 + gﬁyRaé - g,B(SRay) + 6 (gaygﬁ6 - ngg,By)R , and (362)
2 . auBy 2 2 1 2 2 2 1 2 2 2 2
C* = CoppCW" = Ry —2RI+ SR = R, —2RS — =R = G+ 2R - TR (3.63)
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Given a function f(...,C*) = f(...,R% —=2R2+ R*/3) = f(...,R%, —2R: —R*/6) = f(...,G +2R2 - 2R?*/3),
the variation 6 f(. .., C?) yields

2 1 4
fe2-6C* = feo-(ORY, — 26R? + gRéR) = feo-(ORY, — 26R5 - §R5R) = fe2-(6G + 20R? - gR(SR).
(3.64)

Which of these expressions is most convenient to use will depend on which other Riemann invariants are
2
involved in the Lagrangian density. As such we stop at this stage: the exact expression of Hgyc )6g”" = fr20C?

depends on which expansion we choose for C2.

3.4 Nonminimal coupling and energy-momentum divergence

From this section on, we switch our attention to another important aspect of . = f(R, R?

,R2, %) gravity:
the stress-energy-momentum-conservation problem. Taking the contravariant derivative of the field equation

(3.12), we find
2 2
12, Ty = (Lon 8 —Tyr) V¥ fiz, — [V R— fr2 Vo R2 = fro Vo R, +2VHHUP + 29 HIO + 290 HIS | (3.65)

: : P 2 p2 (R) (RD) (R
where {f, fr, ng’ fRf,L } remain as functions of the invariants (R, RZ, R}, %), and {Huv sHyy ' Hy, } have
already been concretized in Egs.(3.7)-(3.9). However, despite the extended variable-dependence in fz(R, R,
R2. %) as opposed to f(R) + 2k.Z, gravity, we still have’

1

1
3 (— feVyR + 2VﬂH,(fVR)) = —fz v#(E Rgu) + V*(fa-Ryy) + (V0 - 0OV,) fx = 0. (3.66)

It vanishes as a consequence of the contracted Bianchi identity V#(R,, — Rg,,/2) = 0 and the third-order-
derivative commutation relation (OV, — V,0) fg = R, V" fg . Thus, Eq.(3.65) further reduces to

U _ _ " _ 2 2 U (ng) u (fR:Zn)
fe, VT = (Ln 8 — Tw) V' f2, fR%Vch fR,%,Vva +2VEH,, "+ 2VEH ™ 3.67)

2

which constitutes the equation of energy-momentum divergence in f(R, R2, R2,, .%,,) gravity. It can be regard-

ed as a generalization of the following divergence equation in f(R, %) gravity [13],
VAT = (L 8uy — Tywy) V¥ In fg, (3.68)

with V¥1n for = fé’i V¥ f, . which in turn can be recovered from Eq.(3.67) by setting fz2 =0 = fga .

In standard GR, VT, = 0 is the mathematical expression of conservation of stress-energy-momentum.
However for our models it is clear that this does not vanish and so this fundamental conservation law does
not hold in the standard form. Then, how to understand the energy-momentum nonconservation/divergence
equation (3.67)? Is it further reducible and how does it influence the equations of continuity and motion given

concrete matter sources? We will investigate these questions in a more generic framework.

3This is actually the stress-energy-momentum conservation condition of f(R) gravity with Lagrangian density . = f(R) +2«.%,,
and field equation —f(R) g,,/2 + frRy + (8w0 — V,V,) fr = kT, , except that fr = fr(R).
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3.4.1 Automatic energy-momentum conservation under minimal coupling

Consider a generic gravitational Lagrangian %z = f(R) where f(R) is an arbitrary function of an (n+2)-order
algebraic (n = 0) or differential (n > 1) Riemannian invariant R:

R = R(g(zﬁ > R(l/lﬂv > VyRayﬂv seee s Vylvyz ce Vy,lR(zyﬁv) > (3.69)

so that variational derivative of the covariant density /—g.Z will lead to a (2n + 4)-order model of gravity.
Such an %5 = f(R) is still a covariant invariant for which Noether’s conservation law would yield [27]

1 (V=R f0R)
" =0, (3.70)
V-¢g  og"”
which can be expanded into
fRR)-V,R = 2VFHIR  with  HIP- 5" = fr- SR, (3.71)

9 - 2 2
where Hgf ) is defined the same way as {Hgf ),Hg,R"),H;(,fVR’”)} in Egs.(3.7)-(3.9). It absorbs fr into R and
collects all nonlinear and higher-order terms generated by fr: 0R.

These results can be directly generalized to the situation where .7 relies on multiple Riemannian invari-

ants, £ = f(R1, Ra, ..., Rp) = Z5(8aps Raypv> VyRappvs - - - V4 Vy, - .- Vo, Raypy), and we have

DA VR =2 Y VEHIR with  HIS- 69 = fr OR;, (3.72)
i i
where fg, = fr(Ri,R2,...,R,), with each R; given by Eq.(3.69) to certain order derivatives of Riemann
tensor, and Hgf") = Hg,Ri)(Rl ,R2,...,Rp) absorbs fg, into R;.
Since f(Ri,Ro,...,R,) is a purely geometric entity solely dependent on the metric and derivatives of

Riemann tensor, Eqs.(3.71) and (3.72) arising from Noether’s theorem are also called the “generalized (con-
tracted) Bianchi identities” [27, 28]. As the simplest example, when f(R;,R,,...,R,) = R, Eq.(3.71) or
Eq.(3.72) immediately reproduces the standard contracted Bianchi identity V#(R,, — Rg,,/2) = 0 which is
often used in GR.

On the other hand, for the matter Lagrangian density .Z;,, Noether’s conservation law yields

w[ 1 6(v——g$m)] i I N2

, (3.73)

N e e T T g

where T, is the standard stress-energy-momentum (SEM) tensor as in Eq.(3.10). This way of defining 7,
from Noether’s law therefore naturally guarantees energy-momentum conservation V¥T,, = 0. Moreover, in
the case of minimal coupling, it is unnecessary to consider a covariant matter density of the form /=g h(.%,),
since h(.Z,,) can always be treated as a whole, h(.%},) — L.

Hence, for a generic Lagrangian density where .%,, is minimally coupled to the spacetime geometry:

L=2L+2«Ly=fR1,R,...,Rp) + 2L, (3.74)
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1 6(-82) _
V-8 og”

and whose field equation arises from extremizing the action or equivalently

——fgw + Z HYS = KTy, (3.75)

the generalized Bianchi identities Eq.(3.72) for pure geometric .%; together with the Noether-type defi-
nition of T}, in Eq.(3.73) yield that contravariant derivatives of the left (geometry) and right (matter) -
hand side of the field equation (3.75) vanish independently*. This ensures automatic fulfillment of energy-
momentum conservation in any minimally coupled gravity theories of the form Eqs.(3.74) and (3.75), such as
L =f(R, R, R2)+2x.%,, gravity and £ = f(R, G)+2k.%,, gravity.

3.4.2 Divergence of SEM tensor under nonminimal coupling

Now consider a generic Lagrangian density .2 = f(Ri,...,R,, %) which allows nonminimal coupling
between %, and Riemannian invariants R;. Noether’s law yields the following equation for the divergence of

the energy-momentum tensor,

O(-gfRi,....Ry, L
v 1 (\/_gf( 1 4 )) ~0. 3.77)
V-8 ogh

with expansion
12,9 T = (Lo 8w = T) V' fiz, = D VR +2 ) VHLY (3.78)
i i

where { fg,, fr,} are all dependent on (R;...,R,,.Z),), and HLJ;Ri)dg“V = fgr,0R; as usual. Note that, “con-
servation” of /=g f(,...,R,, %) yields an unavoidable “divergence” term (.Z},g,v — Tyv) V¥ f2, essentially
because of how T}, was defined; that is to say, for the nonminimally coupled .2 = f(R, ..., R,, -Z,) under
discussion, we have continued to use the definition of 7, from Eq.(3.73) which was adapted to minimal cou-
pling. Also, for & = f(R,Ry,...,R,, Z,) gravity where the first invariant is identified as the Ricci scalar,
the same argument as Eq.(3.66) yields that — fgV,R + H(fR) 0 for fr=fr(R,R1,....,Rp, ZL).

For the moment, we cannot directly use Eq.(3.72) to eliminate — }’; fg,V,R; by 2 3; VFH,, (f ? in Eq.(3.78)
as they are no longer purely geometric entities. In principle, the coefficient fg, = fg,(R1,...,R,, Z) allows
for arbitrary dependence on .%,,, and this complexity gets even further promoted after taking the contravariant
derivative of the effective tensor H,, IR ‘)( f,)- Also, note that, for the Lagrangian density .Z = f(R, R, R2,, %))
and .Z = f(R, %) , the generic result Eq.(3.78) soon recovers Egs.(3.65) and (3.68), which were obtained in
an alternative way from directly taking contravariant derivatives of their field equation.

As we have already learned, in Eq.(3.78) the term (.£,8,, — Tyy) V¥ f, originates from the contradiction

“Instead of directly starting from Eq.(3.10), one can consider T}, from the perspective of diffeomorphism (or gauge) invariance
by requiring that the total action S¢ + S,, be invariant under an arbitrary and infinitesimal active transformation g,, = g,y + 6,8y =
8w + V&, +V,{,, where ¥ vanishes at the boundary.

58S, = —%5 f d*x =g T, 68" f A xN—gTy V' =6 f d*x =g (V*T,,) . (3.76)

Now the automatic conservation V¥T,,, = 0 would become a consequence of the (generalized) Bianchi identities which arise from the
diffeomorphism invariance of Sg. Both ways trace back to Noether’s law.
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between the nonminimal R;—.%), coupling and the minimal definition of 7,,. However, how can we understand
the other divergence terms — Y; fg,V,R; and 2 }; V“H,(lff")? Fortunately, investigations of .Z = f(R)+2«.%+
f(R) £, gravity shed some light on this question.

3.4.3 Lessons from f(R)+2«%p+ f(R).Z,, model

Now, consider a further specialized model with Lagrangian density
L= f Ry, Ry + 2k L+ fR, ..., RY) Lo - (3.79)

Sec. 3.4.1 has shown us that, energy-momentum conservation (divergence-freeness) is automatically satisfied
for the minimally coupled component f(Ry,..., Rp) + 2%, so we just need to concentrate on the nonmini-
mally coupled term f(Ry,...,R,) -Z,. Following the discussion in Sec. 3.4.2 just above, treat f(Ry,...,R,)"
£, as an invariant, so that Noether conservation of the covariant Lagrangian density =gf(Ry,...,R,) -Zn
yields

VH

| SRS R Ry -.fm)]_ . (3.80)

V-8 ogh

which in turn implies that

Lnfr- OR;
VT = (Lo v = Ti) VHf = Z SRR Ry) VR +2 Z v (’”67) : (3.81)
1 1
Note that in the last term, .7, fg,(R1, . .., Ry)-0R; acts as a unity rather than a triple multiplication and cannot

be expanded via the product rule when acted upon by V¥: In fact, £, fr.(R1, ..., Ry)-0R; = HL}?’” R, oght”
and thus .%, fz, is merged into §R;.

Now recall that, based on the Petrov and Serge classifications, there are fourteen independent algebraic
Riemannian invariants 7 = 7(g,p, Raypv) characterizing a four-dimensional spacetime [15, 16], among which
nine are of even parity and five are of odd parity, though this minimum set can be slightly expanded after

considering the matter content. As a special example of Eq.(3.81), energy-momentum divergence of the

nonminimally coupled Lagrangian f(I,...,19)-.%, was studied in [23], where {I 1, ..., I 9} refer to the nine
parity-even algebraic Riemannian invariants. Explicit calculations of H,(j;f’”f 1D and VA H y‘?”‘f D Show that [23],
for each individual J; in Z = f(Z;, %),
Lnfr,(L1)-601;
—fr.(T) -V, I; + 2VH (M) =0, (3.82)
and most generally for f(7,...,Z9) --Z, with an arbitrary multiple dependence of these nine invariants,
Lnfr.(L1,...,19)-01;
SN RN AR ) ol ) E A CCINSE DT (3.83)
o i o8

Hence, the equation of energy-momentum divergence for & = f(I'1,...,19) + 2k L + f(T1,...,To) - Ln
gravity finally becomes

f(Ila---,I9)'VﬂTyv = (gmguv_ ,uv)'V'uf(Ila---,I9)- (3.84)
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3.4.4 Conjecture for energy-momentum divergence

Now, let’s summarize the facts we have confirmed so far:

1. In the simplest £’ = f(R, .£,) gravity [13], one has —fgV,R + 2V¥H,, (fR) = 0, so R-dependence in .£ = f

makes no contribution and (%}, g,v — Tyy) V¥ fg, is the only energy-momentum divergence term;
2. In L= fR,Ri,Ra, ..., Ry, L) gravity, —fxV,R + 2VFHLY = 0 for fr = fr(R,R1,Ra, ..., Rps Lin);

3. M ZL=FfT1,....,00) + 2L + f(T1,...,To) - %, gravity [23], one has individually —fr,(I)-V,I;+
2V H T = 0 and collectively — 3, fr(Z) -V, I +2 X VEHE T = 0, 50 (L g — Too) VA fiz, i
the only nonconservation term, while 7;-dependence in f-.Z,, makes no contribution;

4. In the case of minimal coupling, all algebraic and differential Riemannian invariants R; act equally and

indiscriminately in front of Noether’s conservation law and generalized Bianchi identities.

Starting with these results, the belief that for the situation of generic nonminimal curvature-matter coupling all
Riemannian invariants continue to play equal roles in energy-momentum nonconservation/divergence leads us

to propose the following:

Weak conjecture: Consider a Lagrangian density allowing generic nonminimal coupling between the matter

density .7, and Riemannian invariants R,
L= fRi. Ry R L) (3.85)

where
R,‘ = Ri (gaﬁ , RQMBV , V),R(wﬂy ey V%Vyz e VymRay,Bv) .

Then contributions from the R;-dependence of . = f in the Noether-induced divergence equation cancel out

collectively,

- Z fr- ViR + 22 VHIR = (3.86)
and the equation of energy-momentum conservation/divergence takes the form>

erH : V/J T/JV = (gm g/JV - T/D/) V/Jf.,%n ’ (387)

(R1s ..., L) OR;
gR) . I% S o= FR R L) and fi, = f, (R R Lo,

Moreover, inspired by the behavior of R in Eq.(3.66) that — fRVVR+2V“H/(fVR) = 0 in spite of fr =
fr(R,R%, R%, Z,), we further promote the weak conjecture to the following:

where H,

SWhen talking about its nontrivial divergence, 7}, can be understood as the Tffjc) which comes from the %, under nonminimal
coupling, because the contribution TSLAC) to the total SEM tensor by an isolated (i.e. minimally coupled) covariant matter density
V—g -Z,, automatically satisfies the standard stress-energy-momentum conservation.
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Strong conjecture: For every invariant R; in .Z = f(R|,R> ..., Ry, Zu), the divergence terms arising from

each R;-dependence in .Z = f cancel out individually,
—fr;- VR + 2VFHIR) = 0, (3.88)
and the equation of energy-momentum conservation/divergence remains the same as in Eq.(3.87),

fi”m : V#Tyv = (gm 8uv — T,uv) Vﬂme .

Specifically, when the possible nonminimal coupling reduces to ordinary minimal coupling, Eq.(3.85) will
be specialized into £ = f(Ry, ..., Ry)+2k%,, as in Eq.(3.74), so Eqs.(3.86) and (3.88) in the weak conjecture
are naturally satisfied because of the generalized Bianchi identities Eqs.(3.71) and (3.72). Also, if the conjec-
ture were correct, then the generalized Bianchi indentities Eqs.(3.71) and (3.72) could be generalized again,
and they cannot serve as a sufficient condition for judging minimal coupling.

Furthermore, reading left to right the nonconservation equation (3.87) clearly shows that the energy-
momentum divergence is transformed into the gradient of nonminimal gravitational coupling strength f .
On the other hand, if the weak or even the strong conjecture were true, does it mean that differences between
the set of Riemannian invariants which the Lagrangian density depends on are trivial? The answer is of course
no, because the gradient V¥ f is superposed by the gradient of %), and the gradients of all characteristic

Riemannian invariants R; used in . = f:
Ftu VT = (o 8=T) 2 V- Lo+ Y, frme V1), (3:89)
i

where fy, o = 0fy, /0Ly , fz,® = 0fz,/0R;. Note that, if we adopt Eq.(3.89) rather than Eq.(3.87) as

the final form of nonconservation equation, the coefficient (%, g4y — Tyy) = 20.25,/08"" associated to the

divergences {V*.Z, , VFR;} helps to clarify that they exclusively come from the .Z),-dependence in .Z = f.
Following the weak conjecture, we now formally rewrite the divergence equation (3.67) for f(R, R, R,

%) gravity into

ff/?n ’ VNT,HV = (gm 8uv — Tpv) Vﬂfffm +&,, (3.90)
where
2 2
& = ~frioVoR2 = fro VyRE + 2V HI + 29I (3.91)

and &, is expected to vanish by the weak conjecture, while &, = 0 trivially holds under minimal coupling
because of generalized Bianchi identities. Since we have not yet proved that &, = 0, we preserve &, in the
divergence equation (3.90) and proceed to use it to check the equations of continuity and motion with different

matter sources.

3.5 Equations of continuity and nongeodesic motion

Once the matter content in the spacetime is known, Eq.(3.90) can be concretized in accordance with the

particular forms of 7, which would imply the equations of continuity of the energy-matter content and the
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equation of (nongeodesic) motion for a test particle®. This topic will be studied in this section, and note that
T,y and .Z,, will be adapted to the (-, + + +) metric signature.

3.5.1 Perfect fluid

The stress-energy-momentum (SEM) tensor of a perfect fluid (no internal viscosity, no shear stresses, and
zero thermal-conductivity coefficients) with mass-energy density p = p(x%), isotropic pressure P = P(x*) and
equation of state P = w p, is given by [20]

TgF) =(p + P)uyu, + P gy
= puyity + P (guy + uyty) (3.92)

= puyity + Phy,,

where 1 is the four-velocity along the worldline, satisfying u,u* = —1 and u,V,u* = 0 ; hy, is the projected
spatial 3-metric, hy, = gy + u,u, with inverse /" = g + v'u” , "’u, = 0, and *"h,, = 3. Substituting
Eq.(3.92) into Eq.(3.90) and multiplying both sides by u”, we get

W Vup + (p + P) VW, = ~(Lop + p) i Vyln fog, — [ 078, (3.93)

which generalizes the original continuity equation of perfect fluid in GR, u*V,p + (o + P)V*u, = 0.
On the other hand, after putting Eq.(3.92) back to Eq.(3.90), use h¢¥ to project the free index v, and it
follows that
(o + P)-t'V it = —h**-V,P + W (L = P)V,In fg, + [ K6, (3.94)

where we have employed the properties 4¢” - u, Vhu, = g u, VFu, = u, V*u. In general, p + P # 0 (in fact
p + P > 0 by all four energy conditions in GR, and equality happens only for matters with large negative

pressure). Thus we obtain the following absolute derivative along u¢ as the equation of motion:

Duf duf
u Ei+r'fu"uﬁ:a

“w ¢ ¢ ¢
Dt dr B ®F) T,y T4 (3.95)

&’

where 7 is an affine parameter (e.g. proper time) for the timelike worldline along which dx® = u®dr, and the
three proper accelerations are given by

A, =% (p+P)'V,P
a(é}zm) = —h#. (p+ Py (P = ) VuIn fy, (3.96)
ab, =-H- o+ Py 1 E,.

Thus, three proper accelerations are responsible for the nongeodesic motion. a(é;F) is the standard acceleration
3

_ . . & .
(fz,) COMES from the curvature-matter coupling, while 4 is a

collaborative effect of the {R?-, R?-}dependence in the action and their generic nonminimal coupling to .Z,.

This is consistent with the result in [11] in the absence of {R2, R2,}. Also, all three accelerations are orthogonal

from the pressure of fluid as in GR [20], a

®The method and discussion in this section are also valid for a generic .Z = f(R, R, ..., Ry, Z,) gravity as in Eq.(3.86), and we
just need to define the effective 1-form &, = = 3; fr (R, ... %) -V, R + 2 3, VVHI in place of the &, for f(R, R2, R%, %) gravity.

Specifically, &, = 0 under minimal coupling, and furthermore &, vanishes universality if the weak conjecture were correct.
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to the worldline with tangent u¢, since
& _ 3 — & —
Appylls = 0o , acp, e = 0o , gt = 0. 3.97)

Both Eq.(3.93) and Eqgs.(3.95) and (3.96) depend on the choice of the perfect-fluid matter Lagrangian
density. If %, = —p [20, 29], the continuity equation (3.93) becomes

WY+ (p+ P)Vul = —f7' 0’8, (3.98)
which is free from the gradient of the geometry-matter coupling strength fi;l 'V, fe,, while aéig ) reduces
to

afy, | = =h*-V,In fz,, (3.99)
which does not rely on the equation of state P = wp.
On the other hand, for the choice .Z;, = P [29, 30], Eq.(3.93) and Eq.(3.96) respectively yields
W Vup + (p + P) V', = ~(p+ P) 'V, In fy, — f7' u'E, (3.100)
and
3 —
alp, y = 0. (3.101)

Although the continuity equation (3.100) looks pretty ordinary, the proper acceleration aéfgm) vanishes iden-
tically for .Z}, = P and consequently the nongeodesic motion in the gravitational field of the perfect fluid
becomes independent of the gradient of the nonminimal coupling strength 'V, fo, .

As shown in [31], both .Z,, = P and .%,, = —p are correct matter densities and both lead to the SEM
tensor given in Eq.(3.92). Differences of physical effects only occur in the situation of nonminimal coupling,
where %, becomes a direct and explicit input in the energy-momentum divergence equation. In fact, as for

the matter Lagrangian density .Z;, for a perfect fluid, one can also adopt the following ansatz,
Zn = (ap + bP)-g"Puqup + (co + dP)-gPgap = (4c—a)p +(4d —b) P. (3.102)

Applying this to Eq.(3.11), the equality with Eq.(3.92) yieldsa =-1/2=band c = -1/4 = —d, so

1 1 1 1 1 3
Ln = (—Ep - EP)-g"'Buauﬁ + (—Zp + ZP)-g"ﬂgaﬁ = 5P EP. (3.103)

This density makes Eqs.(3.93), (3.95) and (3.96) act normally, losing the aforementioned extraordinary prop-
erties associated with .%,, = —p and .%,, = P.

3.5.2 (Timelike) Dust

The (timelike) dust source with mass-energy density p has SEM tensor [20, 30]

TS = pugu,, (3.104)
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where u,, = g,,,u” with u” being the tangent vector field along the worldline of a timelike dust particle. One can
still introduce the spatial metric h,, = g, + u,u, orthogonal to u*, with {u, , h,,} sharing all those properties
as in the case of perfect fluid, so dust acts just like a perfect fluid with zero pressure, P = (0. Substituting
Eq.(3.104) back into Eq.(3.90) and multiplying by u” on both its sides yields

W' Vup +pViu, = (L +p)u’V,In fg, - féri u'sE,, (3.105)

which modifies the continuity equation of dust V,(ou*) = 0 in GR. Meanwhile, projection of the free index v

by A% in V¥ TSBHSO gives rise to the modified equation of motion

Dlxtf du«f a A& NE
D = gt =, v ag,. (3.106)
where ¢ ]
ag, = hp LuVun fg,
: Lo (3.107)
ag, = -hp7 L8,
Being pressureless, the dust inherits just the two extra accelerations &éx ) and ?158), and both remain orthogo-
nal to the worldline with tangent u*,
al, ug =0 , ayue =0 (3.108)
(fezm)"¢ © Y©¢ ‘ '
3.5.3 Null dust
The SEM tensor for null dust with energy density o is (e.g. [30])
5 = 0lut,, (3.109)

where ¢, = g,,{" with {” being the tangent vector field along the worldline of a null dust particle, £,{# = 0.
7 (ND)
nv

together with the energy-momentum divergence equation (3.90) yields
b 0V + 0 Vb + 0 OVl = (Lo gy — 0 Lu6) V' In fiz, + [} &y (3.110)

Multiplying both sides with ¥, £¢, = 0, {,V,£” = 0, we obtain the following constraint:

fz, OV, fg, = =08, . (3.111)

Now, introduce an auxiliary null vector field » as null normal to ¢# such that n*n, = 0, {#n, = —1, which
induces the two-dimensional spatial metric g, = —{,n, — n,f, + q,,,, satisfying the conditions

‘Iuvqﬂv = > qugy =0= qunV > gava%tv =0. (3.112)
Multiplying Eq.(3.110) by n”, and with n"V £, = ="V n,, we get the continuity equation

0,0 + 0Vl + 0l 0V yn, = (Lot + 00V, n fg, — f7 0E, (3.113)
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while projecting Eq.(3.110) with 4% gives rise to the equation of motion along ¢,
Q UV " = o LU Vyn, + b L,V In fiy, + [ E, (3.114)
D5 dEt

DA T dd

where A is an affine parameter for the null worldline along which dx* = £*d¢, and the three proper accelera-

(3.115)

apB _ & ¥
+1"§ﬂ€ * = dipy +d

3 3
Uz T 4&)°

tions are respectively

iy = OOV,
f’ftsfm) = W07\ 2,V In fy, (3.116)
Gy = W0 g8

As we can see, compared with timelike dust, one more proper acceleration aé

(ND) shows up in the case of null

dust, and we will refer to it the affine acceleration or inaffinity acceleration.

3.5.4 Scalar field

The matter Lagrangian density and SEM tensor of a massive scalar field ¢(x®) with mass m in a potential V(¢)

are respectively given by

L = 3 (Va4 ) + V@),

| (3.117)
Ty =VupVvd = 58 (Vad V' + m*¢? = 2V(@)),
thus £, g4y — Ty = —V,u¢V,¢. For the v component, the equations of continuity and motion are both given
by
(D¢ —m¢+ V) Vo = -V Vup V' n fiz, + £ &, . (3.118)
Specifically, by setting V(¢) = 0 and under minimal coupling (f, =constant, &,=0), we get
O¢ —m?¢ = 0, (3.119)

which is the standard covariant Klein-Gordon equation for spin-zero particles in GR.

3.6 Further physical implications of nonminimal coupling

We have seen that under nonminimal curvature-matter coupling, the divergence of the standard SEM density
tensor is equal to the gradient of the coupling strength V¥ foz which, in general, will be nonvanishing. As such,
the usual energy-momentum conservation laws for particular matter fields will be modified as compared to
the corresponding fields in general relativity. At the same time, as is discussed in the Appendix , nonminimal
coupling also affects the energy conditions. The standard energy energy conditions of general relativity are
phrased in terms of the stress-energy tensor and require positive energies (null and strong) and causal flows
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of matter (dominant). However, in applications these conditions are generally used to constrain the Riemann
tensor and so the allowed geometries of spacetime and structures like singularities or horizons. For standard
general relativity the two approaches are essentially equivalent but for modified gravity they are not: if the
Einstein equations are modified then the bounds on the Ricci tensor that achieve the desired effects generally
do not translate into the usual restrictions on the stress-energy-momentum. Thus one is faced with a choice:
either keep the standard GR results and give up the usual energy conditions or keep the usual energy conditions
but lose those results.

In this section we consider some immediate physical consequences of this choice. All of these are con-
sequences of the Raychaudhuri equations for null and timelike geodesic congruences and so the difference
between the standard energy conditions and those needed to enforce the focussing theorems is crucial to these
discussions. These are considered in some detail in the Appendix and in the following Tfﬁ,ﬂ) refers to an ef-
fective stress-energy tensor for which the standard form of the energy conditions will leave those theorems

intact.

3.6.1 Black hole physics

Many results in black hole physics follow from understanding a black hole horizon as a congruence of null

geodesics whose evolution is governed by the (twist-free) Raychaudhuri equation:

6o Lo 0w
W = K(g)@(g) - 5 9(5) - O'Iu,,OJ(Jf) - Rﬂvf#fv s (3.120)
where ¢4 = (%)y is a null tangent to the horizon, and k), 6(¢) and O'L? are respectively the associated acceler-

ation/inaffinity, expansion and shear.

The second law of black hole mechanics follows from this equation along with the requirement that the
congruence of null curves that rules the event horizon have no future endpoints (see, for example, the discus-
sion [20]). Now choosing an affine parameterization for the congruence k) = 0 it is straightforward to see
that the righthand side of (3.120) is nonpositive as long as R,,,¢#¢” > 0. In standard GR this follow from the
null energy condition: 7, ¢#¢” > 0. It then almost immediately follows that 6,y must be everywhere nonneg-
ative. Else 6 — —oo and the congruence focuses. However, for modified gravity we will usually lose the
equivalence 7, t#¢” > 0 & R, (#¢" > 0 and so we will be faced with a modified area increase theorem if we
require the standard energy conditions.

By similar arguments, again involving the null Raychaudhuri equation, the energy conditions play a crucial
role in the theorems that require trapped surfaces to be contained in black holes and singularities to lie in their
causal future [20]. Thus for black hole physics, modifications of the energy conditions are a serious business

which can affect core results and intuitions.

3.6.2 Wormbholes

On the other hand, for those interested in faster-than-light travel changing the energy conditions would be a
boon. Introducing the nonminimal gravitational coupling strength f brings new flexibility and the possibility
of supporting wormholes, as shown in [32] and [33] for a AR- ., coupling term. More generally for the
£ =f(R,Ry,...,Ru, L) gravity, based on the generalized null and weak energy conditions developed in

the Appendix, it proves possible to defocus null and timelike congruences and form wormholes by violating
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these generalized conditions, while having the standard energy conditions in GR [20] maintained to exclude
the need for exotic matters. It also leads to an extra constraint f¢, /fg > 0 as in Eq.(3.138).

From Eq.(3.139) in the Appendix, for a null congruence ¢#, one can maintain the standard null energy
condition 7, £#¢” > 0 while violating Tlgimfﬂfv < 0 (and so evade the focusing theorems) if

0 < Tt <2 fé’i(ZHgRi)fﬂfv—f"f“Vqu fR). (3.121)
i

Similarly for a timelike congruence, one has T, u*u” > 0 while Tff;ff) 'y’ < 0, and Eq.(3.140) leads to

0 < T’ < fz! ( F-Rfg+2 Z HIPw' =2 (w'’'V,§, + D) fR) - L. (3.122)
i

Specifically for .Z = f(R, R2, an, %) gravity, these two conditions are concretized as

C

0 < Tyt <21 (HFpe + HIRD e — v 9, £e) and 3.123
= Luy = L ny ny wvy JR| an ( . )

0 < Tyt < f7) (f — R fi + 2HIR w4 o IR tyy —2 (Y, + ) fR) —F. (3124

(RD) (R o
where {H,,, ", H,, "'} have been given in Egs.(3.8) and (3.9).
Moreover, Eqgs.(3.121)(3.122) indicate that in the case without dependence on Riemannian invariants be-
yond R, i.e. £ = f(R,.%,), a wormhole can be solely supported by the nonminimal-coupling effect if

0 < Ty '€ < =2f' /0V,V, fr and (3.125)

0 < Typt'w” < —Z + f3) (f —Rfg - 2(u"u’V, ¥, + 0O) fR). (3.126)

For example, let .Z = f(R,.%,) = R + 2x.%,, + AR.Z,,, and the field equation (3.48) becomes
1 1
Ry — ERg’” +A- (.ZmR,“, + (gD - V#Vy)fm) =(k+ E/lR)TW (3.127)

To have a quick realization of Eq.(3.125), we further assume 4 = 1, T,,, = diag[—p(r), P(r), P(r), P(r)],
L = P(r) (recall Sec. 3.5.1), and adopt the following simplest wormhole metric,

ds® = —d® +dr* + (7 + L?) - (d6” + sin’0 dg?). (3.128)

with minimum throat scale L and outgoing radial null vector field 49, = (-1,1,0,0). Then the condition

Eq.(3.125) reduces to become
2

0< —p+3P < (1 + %)6,6,1), (3.129)

which clearly shows that the standard null energy condition remains valid while spatial inhomogeneity of the
pressure 0,0, P supports the wormhole.

Finally, note that it remains to be carefully checked whether solutions exist that meet these conditions.
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3.7 Conclusions

In this paper, we have derived the field equation for .Z = f(R,R?,R2, %, fourth-order gravity allowing

m>
2

for participation of the Ricci square R? and Riemann square R2,

in the Lagrangian density and nonminimal
coupling between the curvature invariants and .%), as compared to GR. It turned out that .%}, appears explicitly
in the field equation because of confrontation between the nonminimal coupling and the traditional minimal
definition of the SEM tensor T,,. When fy = constant = 2k, we recover the minimally coupled .Z =
f(R,R%, R2) + 2x.%,, model. Also, we have showed that both the curvature-.%,, nonminimal coupling and the
curvature-7 coupling are sensitive to the concrete forms of .Z,.

Secondly, by considering an explicit R>-dependence, we have found the smooth transition from f(R, R?,
R2, %) gravity to the .Z = f(R, G, %) generalized Gauss-Bonnet gravity by imposing the coherence con-
dition fr = fR,zn =— ng /4. When f(R, G, %) reduces to the case f(R,.Z),) + AG where G appears as a pure
Gauss-Bonnet term, an extra term A (— %Q 8w t2RR,, — 4Ry YRy — 4RaﬂﬁvR"'B + 2RuapyR, ap 7) is left behind
in the field equation representing the contribution from the covariant density 14/—gG. We have shown that this
term actually vanishes and thus 4G makes no difference to the gravitational field equation.

After studying the Gauss-Bonnet limit of f(R, R, R, %,,) gravity, we moved on to more generic theories
focusing on how the the standard stress-energy-momentum conservation equation V#T,, = 0 in GR is violat-
ed. Under minimal coupling with .2 = f(Ry,...,R,) + 2k.Z,,, we commented that the generalized Bianchi
identities and the Noether-induced definition of SEM tensor lead to automatic energy-momentum conserva-
tion. Under nonminimal coupling with . = f(Ry,...,R,, %), we have proposed a weak conjecture and
a strong one which state that the gradient of the nonminimal gravitational coupling strength V¥ fo is the
only divergence term balancing f¢ V#T,,, while contributions from R;-dependence in the divergence equa-
tion all cancel out. Using the energy-momentum nonconservation equation specialized for f(R, R2, R%,, %)
gravity, we have derived the equations of continuity and nongeodesic motion in the matter sources for per-
fect fluids, (timelike) dust, null dust, and massive scalar fields. These equations directly generalize those in
fR1, ..., Rp, L) gravity.

Also, within f(Ry,... ,Rp,.,i”m) gravity, we have considered some implications of nonminimal coupling
and R;-dependence for black hole and wormhole physics. Moreover, it is expected that the . = f(R, R, R,
%) model can provide many more possibilities to realize the late-time phase transition from cosmic deceler-
ation to acceleration, and the energy-momentum nonconservation relation fy, - VT, = (Z8uy — Tuw) V¥ f,
under nonminimal coupling can cause interesting consequences in early-era cosmic evolution and compact as-
trophysical objects if is effective as a high-energy phenomenon. These topics will be extensively investigated

in prospective studies.
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Appendix: Generalized energy conditions for f(R, R,...,R,, Z,,) gravity

For the generic .Z = f(R, Ry, ..., Ru, L) gravity introduced in Section 4, the variational principle or equiv-
1 6(-¢Z
alently N=" ( 5 fv ) = 0 yields the field equation:
-8 8
1 R 1
=5 S8 + SRy + (80 = V) fre+ DV HWS = 5 fit (T = Lo gy). (3.130)
i

where H(f 0. - 0g" = fg,- 6R;. An immediate and very useful implication of this field equation is a group of
generalized null, weak, strong and dominant energy conditions (abbreviated into NEC, WEC, SEC and DEC
respectively), which has been employed in Sec. 3.6.2 in studying effects of nonminimal coupling in supporting
wormbholes.

Recall that in a (region of) spacetime filled by a null or a timelike congruence, the expansion rate along
the null tangent ¢# or the timelike tangent u* is given by the respective Raychaudhuri equation [20]:

b, 1

'V, 00 = d—; = Koo = 5 0 - ooty + wiwly — Ryt and (3.131)
b L,

WV, 00 = d(T) = Kbl = 3 6y = Tl 0l + Wy — Rt (3.132)

Under affine parametrizations one has «¢) = 0 = k¢, for hypersurface-orthogonal congruences the twist
vanishes w,,,w"” = 0, and the shear as a spatial tensor (0'(8)6“ =0, U(”)u“ = 0) always satisfies 0,0 > 0.
Thus, to ensure dfs)/dA < 0 and d6,)/dt < 0 under all conditions so that “gravity always gravitates” and the

congruence focuses, the following geometric nonnegativity conditions should hold:
R, MC" > 0 (NEC) , Ryu'u” > 0 (SEC). (3.133)
On the other hand, the field equation (3.12) can be recast into a compact GR form,
Guy = Ry — %Rgﬂv =kT",  R=-«kTP R, =«(T3" - %gﬂvT(eﬂ)), (3.134)

where all terms beyond GR (G, = «T},,) in Eq.(3.130) have been packed into the effective SEM tensor Tl(ﬁ,ﬂ),

. 1 f 1 f i
T = 2Kff(T,,v—.,2ﬂmgw) P f((f R fR) guv +2(V,V, gwm)fR—zszff)). (3.135)

The purely geometric conditions Eq.(3.133) can be translated into matter nonnegativity conditions through
Eq.(3.134),

1
TSP 60 > 0 (NEC) , Telw'n’ > ET“%,M# (SEC) , T w'u’ >0 (WEC), (3.136)

where u,u" = —1 in SEC for the signature (—,+ + +) used in this paper. Then the generalized NEC in
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Eq.(3.136) is expanded into (as x > 0)

fz 2 (fRi)
Emop e+ = (Nﬂv v, fz — § H M”) >0, (3.137)
Rt Jr Wy Jr - w

which is the simplest one with .Z;, absent. Now, consider a special situation where fg =constant and H/(lffi) =0
(i.e. dropping all dependence on R; in f), so Eq.(3.137) reduces to ( fe,/ fR) Ty, M0 > 05 since Ty, 040" > 0
due to the standard NEC in GR, which continues to hold here as exotic matters are unfavored, we obtain an

extra constraint

L (3.138)
Jr
with which Eq.(3.137) becomes
Ty 00 +2 f7) (Mﬂvﬂvv fe=Y ng’;Ri)fﬂfy) >0, (3.139)
and the WEC in Eq.(3.136) can be expanded into
Tyt + L + f7! (R fo = f+2'w’V,V, +0) fr -2 Z H,Sff")uﬂw) > 0. (3.140)
i

In general, the pointwise nonminimal coupling strength fe can take either positive or negative values. How-
ever, recall that within f(R) + 2x.%, gravity, physically viable models specializing f(R) should satisfy fgx > 0
and fgg > 0 [5]; if this were still true in f(R, Ry, ..., Ry, Z,) gravity, we would get f > 0 by the extra con-
straint Eq.(3.138), which would be in strong agreement with the case of minimal coupling when fy =2« > 0.

Applying Eqgs.(3.135), (3.139) and (3.140) to the Lagrangian density . = f(R, R2, R%,, £,,), we immedi-

ately obtain

1 fo 1 fg 2 2
(eff)y _ m m (fR?) (FRw)
T'u?, = Z( %(Tluy_gm gluy)‘i' Z( E ((f_RfR)g,uV+2(Vﬂvv_g/1VD)fR_2H,uv _2H,uv . (3141)

as the effective SEM tensor for for f(R, R%,R2, %,,) gravity. Then relative to the standard SEM tensor the

s ey By

generalized null and weak energy conditions respectively become

U pv —1{ pv pu _ (ng)yv_ (fR%.),uv
T 00 +2 £ (O0°V,N, fr — HYO 00 — HLW0¢) > 0 and (3.142)

2 2
Tyt + Ly + f! (R o= F+20 w0V, + 0) fr — 2Ho wtu? — 2Hfffm>uﬂuV) >0,  (3.143)
where {Hgi,R‘z' ), Hfﬁ,R’%’)} have been given in Eqs.(3.8) and (3.9).

Also, with Eq.(3.135) one can directly obtain the concrete forms SEC and DEC for .Z = f(R, Ry, ..., Ry,

%) gravity, which however will not be listed here.
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Chapter 4. Friedmann equations from nonequilibrium thermodynamics of

the Universe: A unified formulation for modified gravity
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Abstract

Inspired by the Wald-Kodama entropy S = A/(4Geqx) where A is the horizon area and Gy is the ef-

TSP,

we develop a unified and compact formulation in which the Friedmann equations can be derived from

fective gravitational coupling strength in modified gravity with field equation R,,, — Rg,,/2 = 8nGeg

thermodynamics of the Universe. The Hawking and Misner-Sharp masses are generalized by replacing
Newton’s constant G with G.g, and the unified first law of equilibrium thermodynamics is supplemented
by a nonequilibrium energy dissipation term & which arises from the revised continuity equation of the
perfect-fluid effective matter content and is related to the evolution of Geg. By identifying the mass as
the total internal energy, the unified first law for the interior and its smooth transit to the apparent horizon
yield both Friedmann equations, while the nonequilibrium Clausius relation with entropy production for
an isochoric process provides an alternative derivation on the horizon. We also analyze the equilibrium
situation Gy = G = constant, provide a viability test of the generalized geometric masses, and discuss
the continuity/conservation equation. Finally, the general formulation is applied to the FRW cosmol-
ogy of minimally coupled f(R), generalized Brans-Dicke, scalar-tensor-chameleon, quadratic, f(R,G)
generalized Gauss-Bonnet and dynamical Chern-Simons gravity. In these theories we also analyze the
f(R)-Brans-Dicke equivalence, find that the chameleon effect causes extra energy dissipation and entropy
production, geometrically reconstruct the mass p,,V for the physical matter content, and show the self-
inconsistency of f(R, G) gravity in problems involving Gg.

PACS numbers: 04.20.Cv , 04.50.Kd , 98.80.Jk

4.1 Introduction

Ever since the discovery of black hole thermodynamics [1], physicists have been searching for more and
deeper connections between relativistic gravity and fundamental laws of thermodynamics. One avenue of
investigation by Gibbons and Hawking [2] found that the event horizon with radius ¢ for the de Sitter space-

time also produces Hawking radiation of temperature 1/(27¢). Jacobson [3] further showed within general

*Email address: wtian@mun.ca
"Email address: ibooth@mun.ca
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relativity (GR) that on any local Rindler horizon, the entropy S = A/4G and the Clausius relation 7dS = 6Q
could reproduce Einstein’s field equation, with 6Q and T being the energy flux and the Unruh temperature
[4].

Besides global and quasilocal black-hole horizons [5, 6] and the local Rindler horizon, another familiar
class of horizons are the various cosmological horizons. Frolov and Kofman [7] showed that for the flat
quasi-de Sitter inflationary universe, dE = TdS yields the Friedmann equation for the rolling inflaton field,
and with metric and entropy perturbations it reproduces the linearized Einstein equations. By studying
the heat flow during an infinitesimal time interval on the apparent horizon of the FRW universe within
GR, Cai and Kim [8] showed that the Clausius thermal relation 7dS = 6Q = —Ay yields the second
Friedmann gravitational equation with any spatial curvature, from which the first Friedmann equation can
be directly recovered via the continuity/conservation equation of the perfect-fluid matter content. This work
soon attracted much interest, and cosmology in different dark-energy content and gravity theories came into
attention.

In [9] it was found that extensions of this formulation from GR to f(R) and scalar-tensor theories are
quite nontrivial, and the entropy formulas S = Afg/4G and S = Af(¢)/4G for black-hole horizons prove in-
consistent in recovering Friedmann equations. In the meantime, Eling et al. [10] studied nonequilibrium ther-
modynamics of spacetime and found that f(R) gravity indeed corresponds to a nonequilibrium description
and therefore needs an entropy production term to balance the energy supply; the nonequilibrium Clausius
relation 6Q = T(dS + d,S) with § = Afr/(4G) then recovers the Friedmann equations. This nonequilib-
rium picture has been widely accepted, and relativistic gravity theories with nontrivial coefficient for R,
or equivalently T,(ff) (hence nontrivial gravitational coupling strength G.g) in their field equations always re-
quire a nonequilibrium description. Following [10], Friedmann equations are recovered from nonequilibrium
thermodynamics within scalar-tensor gravity with horizon entropy S = Af(¢$)/(4G) [11]. Besides the most
typical f(R) [9, 10] and scalar-tensor [9, 11] gravity, Friedmann equations from the Clausius relation are also
studied in higher-dimensional gravity models like Lovelock gravity [8, 11] and Gauss-Bonnet gravity [8].

In the early investigations within modified and alternative theories of gravity, the standard definition of
the Misner-Sharp mass [12] was used. However, the interesting fact that higher-order geometrical term or
extra physical degrees of freedom beyond GR act like an effective matter content encourages the attempts to
generalize such geometric definitions of mass in modified gravity. [13] generalized the Misner-Sharp mass in
f(R) gravity, and also for the FRW universe in the scalar-tensor gravity. In [14], a masslike function was em-
ployed in place of the standard Misner-Sharp mass, so that for f(R) and scalar-tensor gravity the Friedmann
equations on the apparent horizon could be recovered from the equilibrium Clausius relation 7dS = 6Q
without the nonequilibrium correction of [10]. Moreover, the opposite process of [8] to inversely rewrite
the Friedmann equations into the thermodynamic relations has been investigated as well. For example, [15]
studies such reverse process for GR, Lovelock and Gauss-Bonnet gravity, [16] for f(R) gravity, [17] for the
braneworld scenario, and [18] for generic f(R,$,V,dV?¥d) gravity. Also, the field equations of various
modified gravity are recast into the form of the Clausius relation in [19]. One should carefully distinguish
the problem of “thermodynamics to Friedmann equations” with “Friedmann equations to thermodynamics”,
to avoid falling into the trap of cyclic logic.

Considering the discreteness of these works following [8] and the not-so-consistent setups of thermo-
dynamic quantities therein, we are pursuing a simpler and more concordant mechanism hiding behind
them: the purpose of this paper is to develop a unified formulation which derives the Friedmann equa-

69



tions from the (non)equilibrium thermodynamics of the FRW universe within all relativistic gravity with
field equation Ry, — Rg,,/2 = 8nGenT, ,(f;ﬂ) with a possibly dynamical Geg. These theories include fourth-
order modified theories of gravity in the metric approach (as opposed to Palatini) (eg. [20, 21]) with
Lagrangian densities like . = f(R) + 16nG.%,, [22], Z = f(R,G) + 16nG.%, [23] (G denoting the
Gauss-Bonnet invariant), .Z = f(R, R#VR””,R#(WﬁRW"ﬁ) + 16nG.Z,, [24] and quadratic gravity [25]; al-
ternative theories of gravityl like Brans-Dicke [26] and scalar-tensor-chameleon [27] in the Jordan frame;
typical dark-energy models .Z = R + f(¢,V,dpV¥d) + 167G.Z, [28], and even generic mixed models like
2 = f(R,$,V,dV¥®) + 161G.%, (eg. [18]). All have minimal geometry-matter coupling with isolated
matter Lagrangian density .%;,. The situation with nonminimal curvature-matter coupling terms [29, 30] like
R.Z,, will not be considered in this paper, although the nonminimal chameleon coupling ¢.Z, [27, 31] in
scalar-tensor gravity is still analyzed.

This paper is organized as follows. Sec. 4.2 makes necessary preparations by locating the marginally
inner trapped horizon as the apparent horizon of the FRW universe, revising the continuity equation for ef-
fective perfect fluids, and introducing the energy dissipation term & for modified gravity with field equation
Ry — Rguy/2 = 87rGefle(,iﬁ). In Sec. 4.3, we generalize the geometric definitions of mass using Gg, sup-
plement the unified first law of thermodynamics into dE = Ay + WdV + &€ by &, and match the transverse
gradient of the geometric mass with the change of total internal energy to directly obtain both Friedmann e-
quations. We continue to study the thermodynamics of the apparent horizon by taking the smooth limit from
the interior to the horizon in Sec. 4.4, and alternatively obtain the Friedmann equation from the nonequilib-
rium Clausius relation 7(dS +d,S) = 6Q = —(Ay; + &), where d,,S represents entropy production which is
generally nontrivial unless G g = constant . After developing the generic theories, Sec. 4.5 provides a viabil-
ity test for the generalized geometric masses, discusses the continuity equation, and analyzes the equilibrium
case of Geg = G = constant with vanishing dissipation & = 0 and entropy production d,S = 0. Finally in
Sec. 4.6, the theory is applied to f(R), generalized Brans-Dicke, scalar-tensor-chameleon, quadratic, f(R, G)
generalized Gauss-Bonnet and dynamical Chern-Simons gravity, with comments on existing treatment in
f(R) and scalar-tensor theories. Throughout this paper, especially for Sec. 4.6, we adopt the sign convention

g, =T¢ — 9,T?

VR and R, = R“,, with the metric signature (—, + + +).

pav

5B’ Raﬁyé = 87r§/3

4.2 Preparations and setups

4.2.1 FRW cosmology and location of the apparent horizon

The Friedman-Robertson-Walker (FRW) metric provides the most general solution describing a spatially
homogeneous and isotropic Universe. It is not just a theoretical construct: it matches with observations. As
such it must, a priori, be a solution of any aspiring modified or alternative theory of gravity [20]. In the
comoving coordinates (¢, r, 6, ) the line element reads (eg. [8])
2 », aw® o, 22 (102 o il g2
ds® = —di* + —=— dr* + a(t)’r* (d6” + sin®0 dy”)
1 —kr?

(4.1)
= hapdxdxP +Y* (d6” + sin*0 dg?) ,

"For brevity, we will use the terminology “modified gravity” to denote both modified and alternative theories of relativistic
gravity without discrimination whenever appropriate.

70



where the curvature index k is normalized to one of {—1,0, +1} which correspond to closed, flat and open

universes, respectively; the metric function a(¢) is the scale factor, which is an arbitrary function of the
a(f)? ]

> 1—kr?
is the transverse two-metric spanned by x* = (¢, r), and T := a(¢) r is the astrophysical circumference/areal

comoving time and is to be determined by the particular gravitational field equations. h,g = diag[-1

radius. Although observations currently support a flat universe with & = 0, we will allow for all three
situations k = {0, =1} of spatial homogeneity and isotropy throughout this paper.
This solution is spherically symmetric and so in studying its physical and geometric properties it is
convenient to work with a null tetrad® adapted to this symmetry:
o {1 VIZ &2 1 ( VT2

’an ) M= — = —F .
a } " V2 sind

where the null vectors ¢# and n* have respectively been adapted to the outgoing and ingoing null directions.

2

y ,0,0] . m : (o,o,l,L), (4.2)

The tetrad obeys the cross normalization £,n* = —1 and m,m® = 1, and thus the inverse metric satisfies
gt = —t'n¥ — 'l + m*im” + m*m”. In this tetrad, the outward and inward expansions of radial null flow are
found to be
_ 2ra +2 V1 — kr? [, kY2
8([) = —(pr +pr) = =2H+27 ! 1- — (43)
ar a
and
ra— V1 —kr? _ kY2
Q(n):MNP+ﬁNP=—:H—T1 l-—, (4.4)
ar a
where pnp = -mf'm"V, €, and unp = m*m"V,n, are two Newman-Penrose spin coefficients, and H is
Hubble’s parameter
H=2, 4.5)
a

with the overdot denoting the derivative with respect to the comoving time ¢. In our universe in which @ > 0
and H > 0 the outward expansion 6y is always positive while 6, can easily be seen to vanish when
1 1
rA = —— o Th = ——. (4.6)
at+k k

2,
H+a2

On this surface
Oy = 4H >0, 4.7)

and thus T = T, is a marginally inner trapped horizon [5] with 6, < 0 for T < T and 6, > 0 for

T > Ta. It is identified as the apparent horizon of the FRW universe®. Unlike the cosmological event

horizon Vg = a ft “aldt [33], which is the horizon of absolute causality and relies on the entire future

2The null tetrad formalism and all Newman-Penrose quantities in use here are adapted to the metric signature (-, + + +), which
is the preferred convention for quasilocal black hole horizons (see eg. the Appendix B of [6]). Also, the tetrad can be rescaled by
> e/ ¢ and n* — e /n* for an arbitrary function f, and consequently 6 — e/ and 6,y — e /.

3By the original definition [32] an apparent horizon is always marginally outer trapped with 6, = 0. However in this paper
we follow the more general cosmological vernacular convention which defines an apparent horizon to be either a marginally outer
trapped or marginally inner trapped surface. In a contracting universe with @ < 0 and H < 0, however, we would have a more
standard marginally outer trapped horizon with 6 = 0 and 6,y = 2H < 0 at T = T,.
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history of the universe, the geometrically defined apparent horizon Y4 is the horizon of relative causality
and is observer-dependent: if we center our coordinate system on any observer comoving with the universe,
then ra is the coordinate location of the apparent horizon relative to that observer. T is practically more
useful and realistic in observational cosmology as it can be identified by local observations in short duration.
In fact, it has been found that [34] for an accelerating universe driven by scalarial dark energy with a possibly
varying equation of state, the first and second laws of thermodynamics hold on Y5 but break down on Y.
Moreover for black holes, Hajicek [35] has argued that Hawking radiation happens on the apparent horizon
rather than the event horizon. Hence in this paper we will focus on the cosmological apparent horizon T a.
Note that in spherical symmetry 1o can equivalently be specified by setting g"’d,70d, = h"[”aaTQgT =0,
which locates the hypersurface on which 9,7 becomes a null vector. Hereafter, quantities related to or
evaluated on the apparent horizon T = T4 will be highlighted by the subscript A.

In some calculations we will find it useful to work with the metric with radial coordinate Y rather than r.

To that end note that the total derivative of the physical radius T = a(f)r yields
adr = dY — HYdt (4.8)

so the FRW metric Eq.(4.1) can be rewritten into

K2\~ 12

ds® = (1 - —2) ( — (1= —5)dr* = 2HY did + de) +1%(d6” + sin*0.dg?) . (4.9)
a ‘Y’i

For Eqs.(4.1) and (4.9), the coordinate singularity 7> = 1/k or (2> = a?/k can be removed in the isotropic

radial coordinate 7 with r := 7 (1 + %)‘1. Following Eq.(4.9) and keeping in mind that # is not orthogonal to

T in the (¢, , 6, ¢) coordinates, the transverse component of the tetrad can be rebuilt as as

/ T2 1 T2
M =11,HY + l—k— ,0,0 , n*==|1,HY - l—k—,0,0 s 4.10)
a’ 2 a?

with which we obtain the same expansion rates {6, 6, } and the horizon location Y4 as from the previous
tetrad Eq.(4.2).

4.2.2 Modified gravity and energy dissipation

For modified theories of relativistic gravity such as f(R), f(R,G) and f(R, R“VR’”,RWV[;R“‘”'B) classes of
fourth-order gravity, and alternative theories such as Brans-Dicke and generic scalar-tensor-chameleon grav-

ity, the field equations can be recast into the following compact GR form,
1
Gy = Ruy = 5Rguy = 87Ger 7Y with TSP = Tw + TN, 4.11)

where the effective gravitational coupling strength G.g relies on the specific gravity model and can be directly
recognized from the coefficient of the stress-energy-momentum (SEM) density tensor Tl(]f) for the physical
matter content, which is defined from extremizing the matter action functional 6.7, = —% f d*x =8T 08" .
For example, as will be extensively discussed later in Sec. 4.6, we have G.g = G/ fg for f(R) gravity, Geg =

G/ ¢ for Brans-Dicke, Ger = G/(1 +2aR) for quadratic gravity, Geg = G/(fg +2R fg) for f(R, G) generalized
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Gauss-Bonnet gravity, and Geg = G for dynamical Chern-Simons gravity. All terms beyond GR (G,, =
87rGT$l)) have been packed into G g and T/(}‘\,/IG), which together with T/(l'f) comprises the total effective SEM
tensor Tf,iﬁ). Furthermore, we assume a perfect-fluid-type content, which in the metric-independent form is

Tﬂv(eﬂ) = diag [ — pefr, Peft, Peft> Pet] > Peft = Pm +PMG) > Pet = P + PovG) » (4.12)

so that 7" f,m) = diag[—pm, Pms Pm, Pm] and " ,,(MG) = diag[-pwma). Pva), Pova), Pove)l- Here py, and Py,
respectively collect the energy densities and pressures of all matter components in the universe, say p,, =
pm(baryon dust) + p,,(radiation) + p,,(dark energy) + p,,(dark matter) + - -- and the same for P,,, while the
effects of modified gravity have been encoded into Gesr, pomc) and Povg). For the spatially homogeneous
and isotropic FRW universe of maximal spatial symmetry, the coupling strength G.g, the energy densities
{peft » Pm » vy} and the pressures {Pegr, Py, , Povic)}, are all functions of the comoving time ¢ only.

If we take the covariant derivative of the field equation (4.11), then it follows from the contracted Bianchi
identities that the generalized stress-energy-momentum conservation V,G", = 0 = 87V, (Geff T V(eﬂ)) holds
for all modified gravity. With respect to the FRW metric Eq.(4.1), only the -component of this conservation
equation is nontrivial and leads to the universal relation
Gefr
Geft

pett + 3H (pett + Pesr) = — = petr » (4.13)
which serves as the generalized continuity equation for the perfect fluid of Eq.(4.12). Compared with
the continuity equation of a cosmological perfect fluid p,, + 3H(0,;, + Pn) = 0 within GR, the extra term
—(Geft/Geft) peft Shows up in Eq.(4.13) to balance the energy flow. Since it has the same dimension as the
effective density flow pegr, we introduce the following differential energy by multiplying Vdt = %n Y3 dt to
it, )

4 Getr

E=—n7
3" G

and call it the term of nonequilibrium energy dissipation. Note that at this stage in Eq.(4.14) for &, the

Pert d1 . (4.14)

‘3—‘7r Y3 per should not be combined into some kind of physically defined mass Vpes = Mg as its meaning is
not clear yet (this is just an issue for security to avoid cyclic logic).

& is related to the temporal evolution of G.g and its coupling to p.g. Whether & drives the evolution of
G or contrarily is produced by the evolution of G.g is however not yet certain. Also, as will be seen later,
& plays an important role below in supplementing the unified first law of equilibrium thermodynamics and

calculating the entropy production. .

4.3 Thermodynamics inside the apparent horizon

For the FRW universe as a solution to the generic field equation (4.11), we substitute the effective gravita-

tional coupling strength G.g for Newton’s constant G and thus generalize the Hawking mass My [39] for
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twist-free spacetimes into

1
1 dA\?
My = (f ) f(—q’z—O'Np/le-i-(D]] +ANp)dA

4nGeg \J 4m l @15
= 47;;6& (f Z_ﬁ)z (27T— fPNP/JNP dA) .
Since we are dealing with spherical symmetry, My can equivalently be written as
Mys = — (1= W0, TapT), (4.16)
2Gefy

which similarly generalizes the Misner-Sharp mass Mys [12]. As will be shown later in Sec. 4.5.1, the
geometric definitions Eqs.(4.15) and (4.16) fully reflect the spirit of geometrodynamics that the effective
matter content peg = pm +pMaG) curves the space homogeneously and isotropically through the field equation
(4.11) to form the FRW universe. Moreover, the Misner-Sharp mass of black holes in Brans-Dicke gravity
with Geg = 1/¢ has been found to satisfy Eq.(4.16) [36], which also encourages us to make the extensions in
Eqgs.(4.15) and (4.16). Note that the Hawking and Misner-Sharp masses restrict their attentions to the mass
of the matter content and do not include the energy of gravitational field.

With ¥ = onp = Anp = 0, @1y = —(H - £)/4, Axp = (H +2H? + £)/4 or pxp ixe = 000 /4 in
the tetrad Eq.(4.2), and h®= diag[-1, 1_“—;2] for the transverse two-metric in Eq.(4.1), either Eq.(4.15) and
Eq.(4.16) yield that the mass enveloped by a standard sphere of physical radius T’ in the FRW universe is

3
M = r (H2+ 5) ) 4.17)

Immediately, the total derivative or the transverse gradient of M = M(¢,r) is

Y3H (. k 372 k 3G k
dM = 2H +3H?> + — | dt + —— (H? + = | adr - CNH? + = dt 4.18
2Gur ( a2) 2Gur ( a2) “T 6 ( 2 (4.18)
Y3H (. k 372 k 3Gt k
= H- —|dt+ H?> + = | dT - CNH? + = dr, 4.19
Geft ( az) 2G.f ( 612) 2G2; ( a? (-19)

where Eq.(4.8) has been used to reexpress Eq.(4.18) into Eq.(4.19) in terms of the (¢, ') normal coordinates.

Hayward derived a unified first law of equilibrium thermodynamics [37, 38] for the differential element
of energy change within GR under spherical symmetry, which however will be taken as a first principle
in our work. For modified gravity of the form Eq.(4.11), we supplement Hayward’s result by the energy
dissipation term & introduced in Eq.(4.14), so that the change of energy along the outgoing null normal ¢*
across a sphere of radius T’ with surface area A = 477> and volume V = 4773/3 is

dE = Ay + WdV + &, (4.20)

where the covector invariant ¥ is the energy/heat flux density, the scalar invariant W is the work density, and
WdV = WAdY. We formally inherit the original definitions of {y , W} [37] but make use of the total effective
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SEM tensor T,(f;m rather than just T,S’? as in GR:

1
T B ; — ap
Yo =T, 0T+ Wo,T with W = =5 T eqp) hap » 4.21)
where Tg;ﬂ) denote the components of Tfﬁﬂ) along the transverse directions. Note that the definitions of ¢
and W also guarantee that they are independent of the coordinate systems or observers and the choice of
metric signature. Moreover, with the matter content of effective perfect fluid assumed in Eq.(4.12), ¥ and W

explicitly become

W= % (per = Per)  and (4.22)

_% (Peff + Peﬂ‘) HY dt + % (peff + Peff)adl”

~ (e + Pea) H'T di + 3 (per + Pen) Y.

<
I

(4.23)

where W no longer preserves the generalized energy conditions* as opposed to the situation of GR [37]

unless G is positive definite. Hence, the unified first law Eq.(4.20) leads to

4 .G
—AYH Pegdt + A pegr adr — —n 13 =8

dE = dt 4.24
3 Geff Peff ( )

_ 4 3 Geff
= —A(pesr + Per) HY dt + A per Y — 37 perdt . (4.25)

eff

Hence, by identifying the geometrically defined mass M as the total internal energy, matching the co-
efficients of dr and dr in Eqgs.(4.18) and (4.24) or the coefficients of df and dT in Eqgs.(4.19) and (4.25), we
obtain

k  8rG

H 4 = = %Peﬁ and (4.26)
.k . , k
H - — = ~4Gen (oer + Pe)  or  2H +3H”+ — = ~87GerPerr , (4.27)

where we have recognized the last term in Eqs.(4.18) and (4.19) for dM equal to the dissipation & in dE as
they are both relevant to the evolution of Geg.

In fact, by substituting the FRW metric Eq.(4.1) into the field equation (4.11), it can be verified that
Eqs.(4.26) and (4.27) are exactly the first and the second Friedmann equations governing the dynamics of
the scale factor a(¢) for the FRW cosmology. Hence, the gravitational equations (4.26) and (4.27) have been
derived from the unified first law of nonequilibrium thermodynamics dE = Ay + WdV + & instead of the field
equation (4.11), and this is not a result of cyclic logic as Eqs.(4.26) and (4.27) are preassumed as unknown.

“For the field equation (4.11) along with R = —87G; T and Ry, = 8nGeg (Tffym - % gWT(Cﬁ)) , the Raychaudhuri equations
([32] or the appendix of [21]) imply the following null, weak and strong energy conditions (abbreviated into NEC, WEC and SEC
respectively):

1
Gea TSP /0 > 0 (NEC) , GegToPu'u’ > 0 (WEC) , GegToPu'u’ > 5 Ger T"u, " (SEC) ,
where u,u* = —1 in the SEC for the metric signature (—, + + +) used in this paper. All energy conditions require Geg (Oefr — Per) = 0

for the effective matter content Eq.(4.12).
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By the way, for the two versions of the second Friedmann equation in Eq.(4.27), the former is generally
more preferred than the latter, because the former directly reflects the evolution of the Hubble parameter H
(especially for k = 0 of the observed universe), and in numerical simulations the values of H and H> can
differ dramatically (eg. [7] with H? > H) and thus be problematic to work with when put together.

Once one of the Friedmann equations is known, the other one can be obtained using the continuity equa-
tion (4.13). For example, taking the time derivative of the first Friedmann equation H? +k/a®> = 871G pei/ 3,

2H (H - ﬁ) = %ﬂ (G fFeff + Geffpeff) , (4.28)

and applying the continuity equation
Geffpeff + Geff Peff + 3GeffH(peff + Peff) =0,

one recovers the second Friedmann equation H — k/ a* = —4nGeg (0eft + Pegr). Inversely, integration of the
second Friedmann equation with the continuity equation leads to the first Friedmann equation by neglecting

an integration constant or otherwise treat it as a cosmological constant [8] and incorporate it into peg.

4.4 Thermodynamics On the apparent horizon

Having derived the Friedmann equations from the thermodynamics of the FRW universe inside the apparent
horizon T < T, we will continue to study this thermodynamics-gravity correspondence on the horizon
T = Ta, and in the meantime require consistency between the interior and the horizon. In fact, existing
papers about this problem almost exclusively focus on the horizon alone [8, 9, 11, 14], as a companion
to the thermodynamics of black-hole and Rindler horizons. In this section, the apparent horizon YT = Yy
will be studied via two methods: (1) Following Sec.4.3, applying the nonequilibrium unified first law dE =
Ay + WAV + & and dE = dM in the smooth limit Y — Y; (2) Using the nonequilibrium Clausius relation
T(dS +d,S) =60 = —(A¢y + &) with entropy production d),S and the continuity equation (4.13).

4.4.1 Method 1: Unified first law and dE£dM

As shown by Eq.(4.6) in Sec.4.2, the cosmological apparent horizon, in this case a marginally inner trapped
horizon of the expanding FRW universe locates at Yo = 1/+vH? + k/a?, and according to Eq.(4.17), the
mass within the horizon is Mp = YA /(2G.g). Following Sec. 4.2.2 and taking the smooth limit T — T
from the interior to the horizon, Eqgs.(4.18) and (4.24) yield in the (¢, r) comoving transverse coordinates that

3

H [ . k 3 TAG
aM = -4 (2H +3H? + —2) dt + —L gr - A 2‘*“ dt (4.29)
off a 2G et ZGeff
A 4 3 Geff
dE = —AATAHPeﬁ‘dt + AApeﬁadl” - §71' TAG—peffdf ) (430)
eff
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while Eqs.(4.19) and (4.25) in the (¢, T) coordinates give rise to

Y3H (. &k TAG
aM & 2 (H - —2) dr + ay - A ;‘f dt 4.31)
Geff a 2Geff 2Geff
A 4 3 Geff
dE 2 — A (pet + Pe) HY p dt + Ap peg dT — T pedr (4.32)
eff

where the symbol = will be employed hereafter to denote “equality on the apparent horizon”, a standard
denotation widely used for equality on quasilocal black-hole horizons (eg. [6]). Note that for the dr com-
ponents in Eqs.(4.29) and (4.30) as well as the T’ components in Eqgs.(4.31) and (4.32), one just needs to
evaluate their coefficients in the limit Y — Y4; although both horizon radii ro = ra(¢) and Ta = Ya(r) are
functions of ¢ according to Eq.(4.6), the differentials dr and d should not be replaced by i-adt and Y sdt for
T — Ta, because the horizon is not treated as a thermodynamical system alone by itself. As expected, in

the limit ¥ — Y4 the equality dM = dE recovers the Friedmann equations again,

H? +

k . 871G , kK - k
;3 ﬂ3eﬁpeﬂf and H—a—2£—47TGeff(Perf+Peff) or 2H+3H2+;£—8ﬂGeﬁPeﬁ“-

Specifically note note from Eqs.(4.31) and (4.32) that on the horizon the dissipation term satisfies

4 G F 1 Geff
s == = =Tpr— 4.33
37 VAg P = 3 TA 2 (4.33)

which, without being further simplified, will be used in the next subsection to reduce the expression of the
on-horizon entropy production.

4.4.2 Method 2: Nonequilibrium Clausius relation

The modified theories of gravity under our consideration with the field equation (4.11) are all diffeomorphism
invariant, and therefore we can obtain the Wald-Kodama dynamical entropy of the FRW apparent horizon by
Wald’s Noether-charge method [41, 42, 38] as

_ [dA . Ay 7TR

S = f = = s 4.34
4Geff 4Geff Geff ( )

with Geg = Geg(?). In fact, the field equations of modified and alternative gravity have been deliberately
rearranged into the form of Eq.(4.11) with an effective gravitational coupling strength G.g to facilitate the
definition of the horizon entropy Eq.(4.34). Moreover, the absolute temperature of the horizon is assumed to

be [8]
1

27Z'TA ’

which agrees with the temperature of the semiclassical thermal spectrum [40] for the matter tunneling into

(4.35)

the region Y < T, from the exterior T > T, as measured by a Kodama observer using the line element
Eq.(4.9). In fact, if the dynamical surface gravity [43] for the FRW spacetime is defined as « := —%6TE
with 2 := h%0,YdpY = 1 — TX(H? + %) = 1 - 1?/7%, then x = T/YT3 21/Tx and the temperature
ansatz Eq.(4.35) satisfies T = «/(2r). This formally matches the Hawking temperature of (quasi-)stationary
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black holes in terms of the traditional definition of surface gravity [1] based on Killing vectors and Killing
horizons. Hence it follows from Eqs.(4.34) and (4.35) that

T 1. G , . .k
A dr - —TAG—gﬁdz with  Ta = —HY3 (H— ;) : (4.36)

TdsS =
Geff 2 eff

Assuming that at the moment ¢ = fy the apparent horizon locates at Y49, then during the infinitesimal
time interval df the horizon will move to° Y'ag + Y aodt. In the meantime, for the isochoric process (dT = 0)
for the volume of constant radius Y g, the amount of energy across the horizon I’ = T’ 5¢ during this dt is just
dE = ApY; + Ea evaluated at t = 1y, as has been calculated in Eq.(4.32) with the dT component removed.

Compare dE = Apl, + Ep with Eq.(4.36), and it turns out the Clausius relation 7dS =5Q = — dE for
equilibrium thermodynamics does not hold. To balance the energy change, we have to introduce an extra
entropy production term d,S [10] (subscript p being short for “production”) so that

TdS +Td,S 2 —dE 2 — (Axg; +En) . 4.37)

Hence, it follows from Eqgs.(4.32) and (4.36) that

Td,S 2 —TdS - Angs; -
1 Geff
2 di + App |+ S Ta 2Lt - &
(Geff A'ﬁ) 2 hq (4.38)
. Ta 1 Geff 4 3 Gefr
2 (=2 = Ap (peir + Pe) HYA | df + =T Znrd dt .
(Geff A (peﬂ + eff) A) + ) AG2 3 G ~ Peft

We have combined the s component of 7dS in Eq.(4.36) with Aoy, , which reproduces the second Fried-

mann equation

T . k
G/:f ~Ax(per + Pap) HYA 20 = H-—2- 47G(pefr + Per) - (4.39)
€

while the G component of 7dS in Eq.(4.36) and the energy dissipation Ex add up together and give rise to
the entropy production

1 Geft 4 Geft R Geft 8 Gett

TdyS = = > Y T3 = Peft dt and dpS = ﬂ‘Y’i G; dr+ = ‘Y’4

2
2 Geff 3 G eff 3

(4.40)

Hence, for the Wald-Kodama dynamical entropy Eq.(4.34), TdS manifests its effects in two aspects: the
o bulk term is the equilibrium part related to the expansion of the universe and the apparent horizon, while
the G term is the nonequilibrium part associated to the evolution of the coupling strength. The former
balances the energy flux Ay, and leads to the Friedmann equation (4.39), while the latter, together with the
generic energy dissipation & evaluated on the horizon, constitute the two sources shown up in Eq.(4.40)

The second Friedmann equation (4.27) can be rewritten into the evolution equation for the apparent-horizon radius Ys:
Ta = 47 HY}Gegt (Oett + Pest) »

which shows that for an expanding universe (H > 0), T4 can be either expanding, contracting or even static, depending on the values
of Gy and the effective equation of state parameter Weg = Per/pPefr-
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responsible for the entropy production.

As discussed before in Sec. 4.3, the first Friedmann equation H? + k/a* 2 87Gog Peft/3 can be obtained
from Eq.(4.39) with the help of the continuity equation (4.13). For the consistency between the horizon and
the interior in the relation dE =dM = - T(dS + d,S), we have adjusted the thermodynamic sign convention
into T'(dS +dpS) =60 = —dE= — (ApY; + Ep).

In this paper, following the spirit of [10], primarily we call the modified gravity an equilibrium or
nonequilibrium theory from the thermodynamic point of view depending on whether the equilibrium Clau-
sius relation TdS =6Q = — dE = — AaY, or its nonequilibrium extension with entropy production 7dS +
Td,S = - dE = — (AaY; + Ep) works on the apparent horizon. Moreover, Eq.(4.40) clearly shows that both
sources for the nonequilibrium entropy-production d,S trace back to the dynamics/evolution of Geg. Hence,
we further regard all those quantities containing Geg as nonequilibrium, such as the energy dissipation el-
ement introduced in Eq.(4.14). In the same sense, TdS itself in Eq.(4.36) is no longer a thermodynamical
quasistationary expression, and we regard its (s bulk component as equilibrium, while its Geg component
as nonequilibrium. This way, the thermodynamic terminology “nonequilibrium” and “equilibrium” in our
usage throughout this paper have been clarified.

Eq.(4.40) demonstrates that the entropy production effect is generally unavoidable in modified gravity
unless G.g = constant . An increasing coupling strength G.g leads to an entropy increment, while more
interestingly, a decreasing G.g would produce negative entropy for the universe. Yet Eq.(4.40) only reflects
the entropy production d,S on the horizon, and the total entropy change of the horizon as well as the entire
universe needs further clarification within the generalized second law of thermodynamics within modified
gravity. This problem is not tackled in this paper as we concentrate on the (unified) first law of thermody-
namics. In addition, note that the dynamics of G is different from the idea of varying gravitational constant
in Dirac’s “large numbers hypothesis” [44], which means nonconstancy of Newton’s constant G over the
cosmic time scale within GR.

If we take advantage of the on-horizon dissipation equation (4.33) in dM = dE, that is to say, with the
assistance of the first method in Sec. 4.4.1, the entropy production equation (4.40) can be much simplified
into . .

Td,S = Ta % dt  and  d,S 2 2ﬂ§% dr . (4.41)

eff eff
It can reduce the calculations in specifying the amount of entropy production, when we need not distinguish
the two sources represented by the two terms in Eq.(4.40). This simplification also indicates the dM = dE

method nicely complements the Clausius method.

4.5 Further discussion on the unified formulation

So far a unified formulation has been developed to derive the Friedmann equations from nonequilibrium

T(eﬂ)

u > and the whole operation is:

thermodynamics within generic metric gravity Ry, — Rg;,/2 = 8nGeg

(1) Inside the apparent horizon " < Y4, the total derivative dM of the geometric mass and the unified first
law of nonequilibrium thermodynamics dE = Ay + WdV + & yield Friedmann equations via dE = dM.
This method also applies to the horizon by taking the smooth limit T — T4.

(2) Alternatively, consider the change of total internal energy during the time interval dr. When evaluated
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on the horizon T = T4, the extended nonequilibrium Clausius relation 7dS + Td,S =6Q yields the

second Friedmann equation, which can reproduce the first one with the continuity equation.

(3) Derivations for the interior ¥ < YA and the horizon T should be consistent, which sets up the
thermodynamic sign convention T(dS + d,S) =60 = —dE = — (AaY; + Ea) .

In this section we will further investigate some problems involved in the unified formulation.

4.5.1 A viability test of the extended Hawking and Misner-Sharp masses

We have replaced G with G.g to generalize the Hawking mass and the Misner-Sharp mass into Eqs.(4.15)
and (4.16), respectively. Such geometric mass worked well in deriving the Friedmann equations in the
unified formulation for the correctness of this extension. Here we provide another piece of evidence by
demonstrating that equality between the physical effective mass M = pegV and the generalized geometric
masses automatically reproduces the Friedmann equations.

The total derivative of the physically defined eftfective mass M = pegV = (om + povc)) V reads

dM = d(pegV) = perdV +V perrdt

G -
= peffAdY — V(3H(Peff + Pefr) + Gei Peff) dt (4.42)
€
2 3 4 3Geg
= 402 per dY — 470 H (per + Pert) G pendr
€

where we have used the continuity equation (4.13) to replace p.g. Compare Eq.(4.42) with Eq.(4.19),

372
2Gf

Y3H (. k
dM = H-—|dt+
Gefr ( az)

(H2 + 52) dy —
a

2

T3Geﬁ (
eff

k
H 2 + —2) dt ,
a
and straightforwardly, by assuming the physically defined effective mass M = p.gV equal to the geomet-
ric effective mass in Eq.(4.17), which comes from Eqs.(4.15) and (4.16) that are defined solely out of the
spacetime metric, we will automatically recover the two Friedmann equations from d M = dM:

k  87Gen

H*+ —
a? 3

. k
Pef , H- 6? = —4nGeg (peff + Peff) .

In this sense we argue that the generalized definitions in Eqs.(4.15) and (4.16) for the Hawking and the
Misner-Sharp masses are intuitive. Also, the equality to M = p.gV indicates that Eqgs.(4.15) and (4.16) only
refer to the effective matter content and do not include the energy of gravitational field.

Having obtained the first Friedmann equation (4.26), we can now combine Eqs.(4.17) and (4.26) to

eventually see that

4
pet = =72 per = Vper = M, (4.43)

M _
MS G 3 3

_ T3 . K 1 81Gep
2G.of a?
so the geometric effective mass Eq.(4.17) is really equal to the physically defined mass V peg with the effec-

tive density determined by Eqs.(4.11) and (4.12). Note that [13] has generalized the Misner-Sharp masses
for the f(R) gravity with G.g = G/ fr and the scalar-tensor gravity with G.g = G/f(¢), and their results
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actually refer to the pure mass Vp,, of the physical matter content compared with our generalizations, as will
be clearly shown in Sec. 4.6.1 and Sec. 4.6.4 later. Also, the following masslike function was assumed in
[14]

T (2 Tz)A Ta

T
Masslike := 3 (1 + h® aafra,;‘r) = oo - - = (4.44)

eff ZGeﬁ' ’

in an attempt to recover the Friedmann equations on the horizon itself from the equilibrium Clausius relation
without the entropy-production correction d,S. However, it is not suitable in our more general formulation
in Sec. 4.3 and Sec. 4.4, especially in the dM = dE approach for the whole region T < T, and it does not
pass the test just above as in Eq.(4.42).

On the other hand, recall that in recent studies on the interesting idea of “chemistry” of anti-de Sitter
black holes [45], the mass M has been treated as the enthalpy H rather than total internal energy E, i.e.
M = H = E + PV where the pressure P is proportional to the cosmological constant A. Since A the the
simplest modified-gravity term, similarly, is it possible to identify the mass M in a sphere of radius T < Yp
in the FRW universe as the enthalpy H = E + PV for some kind of pressure P (it can be Pe, Pma),
etc.)? We find that the answer seems to be negative. The equality between Eqs.(4.18)(4.19) for dM and
Eqs.(4.24)(4.25) for dE, as well as the consistency among Eqs.(4.19), (4.25) and (4.42) clearly shows that
the mass M should be identified as the total internal energy E. Moreover, if forcing the equality M = H,
then dM = dH = d(E + PV) implies that necessarily that P =0and P = 0 and thus we still have M = E.

4.5.2 The continuity/conservation equation

As emphasized before in Sec. 4.1, we are considering ordinary modified gravity under minimal geometry-
matter coupling, Lol = Loraviy + 1671G.Z,,, with an isolated matter density .7, in the total lagrangian
density and thus no curvature-matter coupling terms like R.%,,; or equivalently, the gravity/geometry part
and the matter part in the total action are fully separable, 7o = Zgraviy + L. For the matter action
I, = f d*x V—8-%, itself, the SEM tensor Tl(ff) is defined by the following stationary variation (eg. [21]),

1 . -2 6(V_g$m)
6T =6 f d*x\=g %L = -5 f d*x\g T 6g"  with T = = (4.45)

On the other hand, since .%), is a scalar invariant, Noether’s conservation law yields

V“[ ! 5(\/__g$m)]:0

4.46
V=g  og" (4.46)

1
Comparison with Eq.(4.45) yields that Eq.(4.46) can be rewritten into _EVH Tl(l’ﬁ) = 0. Hence, the definition
of the SEM tensor T,S’,’f) as in Eq.(4.45) is Noether-compatible, and the definition of T}E'f) by itself automati-

cally guarantees stress-energy-momentum conservation

VT = 0. (4.47)
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For a time-dependent perfect-fluid matter content T* V(m) = diag [—on(t) , Pu(t) , Pn(t), Pp(2)] (say for the
FRW universe), V¥ Tl(ff) = ( gives rise to the continuity equation

P+ 3H (o + Pp) = 0. (4.48)
Hence, the total continuity equation (4.13) can be reduced into

. Gefr
pmc) +3H (,O(MG) + P(MG)) = - Ge

(o + Povic) - (4.49)

€

Also, note that p,, collects the energy density of all possible physical material content,
Pm = Z Pm(iy = pm(baryon dust) + p,,(radiation) + p,,(dark energy) + p,,(dark matter) +--- ,  (4.50)

and for each type of component p,,;), by decomposing Eq.(4.48) we have individually

pmy + 3H (Pt + Pry) = Oy With  >" Oy = 0, (4.51)

where Q,;) denotes the energy exchange due to the possible self- and cross-interactions among different
matter components.

These results are applicable to the situation of minimal geometry-matter couplings. The thermodynam-
ics of nonminimally coupled theories like . = f(R,T™) + 167G.%, [46] (where T = g,“,Tg;’ )) and
£ = f(R, T™ ,RWT(“W:)) + 161nG.%,, [47] have been attempted using the traditional formulation as in [9]
for f(R) gravity. However, more profound thermodynamic properties may hide in these theories, as there
is direct energy exchange between spacetime geometry and the energy-matter content under nonminimal
curvature-matter couplings [29, 30, 21]. For example, very recently Harko [48] has interpreted the general-
ized conservation equations in . = f(R,.%,) and .Z = f(R,T"™) + 167G.%,, gravity as a matter creation
process with an irreversible energy flow from the gravitational field to the created matter in accordance with
the second law of thermodynamics. The unusual thermodynamic effects in these theories go beyond the
scope of this paper, but for the chameleon effect [27, 31] which is another type of nonminimal coupling
in scalar-tensor alternative gravity, we manage to find the extra energy dissipation and entropy production

caused by the chameleon field, as will be shown later in Sec. 4.6.4.

4.5.3 “Negative temperature’ on the horizon could remove the entropy production d,S

In Sec. 4.4.2, by studying the energy change during dt across the horizon we have derived the second Fried-
mann equation from the nonequilibrium Clausius relation T(dS + d,S)= — (Aa¥; + Ea) with a necessary
entropy-production element d,S . However, we also observe that if the geometric temperature of the horizon

were to be defined by the following “negative temperature”

1
= — 4.52
T 2ﬂ,Y,A<0, (4.52)
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which is the opposite to Eq.(4.35), then it is easily seen from Sec. 4.4.2 that

T 1
A di - AA'P:) - (_TA
eff

—Asth — Ex 2
TdS — Ay — En ( c YA

(4.53)
HYS

Geff

. k 1 Geﬁ 4 3
(H - a_2) + Ap (et + Pefp) HTA] di— [ETAG_ZI_}. - 37 TAapeﬂ dr .

€

In the last row of Eq.(4.53), the vanishing of the former parentheses leads to the second Friedmann equation,
while in the second parentheses, the Geg component of 7°dS and the overall energy dissipation term Ea
cancel out each other to yield the first Friedmann equation. Hence, with the negative horizon temperature

Eq.(4.52), both Friedmann equations could be obtained from the standard equilibrium Clausius relation
TdS =dE = ApY; + En (4.54)

without employing an entropy-production term d,S .

However, the negative temperature ansatz Eq.(4.52) is problematic in various aspects. For example, neg-
ative absolute temperature is forbidden by the third law of thermodynamics (as is well known, the so-called
“negative temperature” state in atomic physics actually occurs at a unusual phase of very high temperature
where the entropy decreases with increasing internal energy, 7~ := S /0E < 0). Also, if tracing back
to the past history of the expanding Universe, one will find the horizon carrying a more and more negative
temperature 7~ while enclosing a more and more (positively) hot interior. From these perspectives, the obser-
vation from Eq.(4.52) that 7 = —1/(27( 4) could provide a most economical way to recover the Friedmann

equations on the apparent horizon from equilibrium thermodynamics may just be an interesting coincidence.

4.5.4 Equilibrium situations with G4 = G = constant and thus & =0

When the effective gravitational coupling strength G.g reduces to become Newton’s constant G, the field

equation (4.11) reduces to

1
Ry = 5Rgu = 81G TS0 = 821G (1) + T'Y). (4.55)

For theories in this situation, the Lagrangian density generally takes the form
L = R+ f(RwR" ,RyqygR* ,Ri ) + 0 (¢, V$VF) + 167G.%, (4.56)

where R; denotes an arbitrary algebraic or differential Riemannian invariant R; = R; (8o , Ruavg » VyRuavg » - - -
V4 Vy, ... Vy, Ryap) which is beyond the Ricci scalar R and makes no contribution to the coefficient of R, in
the field equation.  is a generic function of the scalar field ¢ = ¢(x*) and its kinetic term V,$pVH¢. For ex-
ample, the .Z = R+ f(R,,R", RW,,BRWVB) + 167G %, fourth-order gravity and typical scalarial dark-energy
models [28] (like quintessence, phantom, k-essence) all belong to this class.

To apply the unified formulation developed in Sec. 4.3 and Sec. 4.4 for this situation, we just need to
replace Geg by G, set Gegr = 0, and remove the energy dissipation term &. Hence, the Hawking or Misner-

Sharp mass enclosed by a sphere of radius (' is M = ((*/2G)(H? + k/a*). Compare the transverse gradient
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dM of the mass with the change of internal energy dE = Ay + WdV, and by matching the coefficients of

T°H (. k 37?2 k
dM = —— |2H +3H?> + = | dt + =— |H?* + = | adr
2G a? 2G a? (4.57)
dE = —4nY> H Peg dt + 47°C? pegy adr
in the comoving coordinates (¢, r), or
TH (. &k 372 k
dM = —— |H - = | dt + =— |H?* + = | dY
G a? 2G a? (4.58)
dE = 473 H (pet + Pet) dt + 4702 peg dY
in the astrophysical areal coordinates (7, Y'), one obtains the Friedmann equations with Ge¢ = G:
k G .k i k
B+ = o and H-= =—4nG (et + Peir) or 2H +3H*+ — = —87GPer. (4.59)
a? 3 a? a?

Moreover, in the smooth limit ' — Y Eqs. (4.57) and (4.58) recover the complete set of Friedmann
equations on the apparent horizon T = Y5 by dM =dE. Alternatively, with the absolute temperature 7 and
the entropy S of the horizon being

1 Aa i N
T2 d sz2—=2—2 4.60
T o G~ G (460
we have )
Ta A
T7dS = E dt and Apy, = —Aa (peﬂ‘ + Peﬁ‘) HY dt . 4.61)

Thus, the equilibrium Clausius relation 7dS =060 = — AaY; with Eq.(4.61) for an isochoric process leads to
the second Friedmann equation H — k/a® 2 — 4nG(pefr + Pesr) . Taking into account the continuity equation
with vanishing dissipation & = 0:

Peft + 3H (pert + Pegr) = 0, (4.62)

integration of the second Friedmann equation leads to the first equation H 2+ k/a* = 871G Pett/3, where the
integration constant has been neglected or absorbed into p.g. Moreover, the continuity/conservation equation
(4.62) together with conservation of T;(,T) in Eq.(4.48) lead to

p(MG) +3H (p(MG) + P(MG)) =0. (463)

For the componential convariant Lagrangian density +/—g f(R.,R"" ,Rﬂm,ﬁR"“"ﬁ ,Ri--+) in Eq.(4.56), this
is actually the “generalized contracted Bianchi identities” [21] in perfect-fluid form under the FRW back-

ground.

4.6 Examples

In this section, we will apply the unified formulation in Sec. 4.3 and Sec. 4.4 to some concrete theories of
modified gravity. Compatible with the FRW metric Eq.(4.1) in the signature (—, + + +), we will adopt the
geometric sign convention I'fy = I'* ., R 5 = 0,155 — 05175 -~ and R,y = R%,,,.
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4.6.1 f(R) gravity

The f(R) gravity [22] is the simplest class of fourth-order gravity, which straightforwardly generalizes the
Hilbert-Einstein Lagrangian density Zug = R + 161G.%,, into .£ = f(R) + 162G.%,, by replacing the Ricci
scalar R with its arbitrary function f(R). The field equation in the form of Eq.(4.11) is

1 G
5 Rew = St—T + ( =(f = frR) guv + (V¥ guvD)fR), (4.64)

Rr = Rt

where fg := df(R)/OR and O = V*V,, denotes the covariant d’ Alembertian. From the coefficient of Tl(ff) we
learn that the effective gravitational coupling strength for f(R) gravity is

G
Get = ]TR , (4.65)
and thus the modified-gravity SEM tensor is
T = g G( (f = >R + (Vs g,wD)fR) : (4.66)

which has collected the contributions from nonlinear and fourth-order curvature terms. Substituting the FRW
metric Eq.(4.26) into this TSXIG) T V(MG) = diag[-pma), Pova), Py, Pavc)l, the energy

density and pressure from the f(R) modified-gravity effect are found to be

and keeping in mind

1 . 1 1 1 .. .
poviG) = g ( fzR - f ~3Hfr) and P = T (E f = 5feR+ fr+2H fr) . @67
Given Ge¢ = G/ fr, the Hawking or Misner-Sharp mass in a sphere of radius Y in the universe is

fRT ~ JR A

k
2 .
M = > (H az) with My = e (4.68)

Also, the geometric nonequilibrium energy dissipation term associated with Geg and the geometric Wald-
Kodama entropy of the horizon T 4
4 f ApfR
&= dt d S = —. 4.69
fR T Peft an G (4.69)
Note that in & the term %n 3 Peft should not be combined into the mass Vpes = M at this stage for the
reason stressed after Eq.(4.14). Applying the unified formulation developed in Sec. 4.3 and Sec. 4.4 to
the FRW universe governed by f(R) gravity, for the interior and the horizon Y < Y, the unified first law
dE = Ay + WdV + & = dM of nonequilibrium thermodynamics and the nonequilibrium Clausius relation
T(dS +dpS)=8Q=— (AaY + Ep) give rise to

2+:2 _ 8;? 3; ( fRR__f 3HfR) 4.70)
H_a% =_47T]%(pm+Pm) f (fR_HfR) 4.71)
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In the meantime, the nonequilibrium entropy production d,S on the horizon turns out to be

d,S 2 —2ﬂ‘i%d: : 4.72)

Substituting the FRW metric Eq.(4.1) into Eq.(4.64), we have verified that, Eqs.(4.70) and (4.71) are
exactly the Friedmann equations of the FRW universe in f(R) gravity. Such thermodynamics-gravity corre-
spondence within f(R) gravity has been investigated before in [9, 10] with different setups for the quantities
{M ,pmc) , Povig) - -+ } and thus {, W - - - }; compared with these earlier works, we have revised the thermo-
dynamic setups and improved the result of entropy production.

Also note that, compact notations have been used in Eqgs.(4.70) and (4.71), and f itself is treated as a
function of the comoving time ¢. Otherwise, one can further write fz into frg R and fx into frr R + frrr R*
as in [9, 15], and for the FRW spacetime with metric Eq.(4.1), we have already known the Ricci scalar that

R = R() = 6(H +2H? + 52) , (4.73)
a

which in turn indicates the third-derivative H and thus fourth-derivative ‘@" get involved in Eqgs.(4.70) and
(4.71), and these terms are gone once we return to GR with fz = 1.

In [13], Cai et al. have generalized the Misner-Sharp energy/(mass) to f(R) gravity by the integration and
the conserved-charge methods. Specifically for the FRW universe, they found that the energy/mass within a
sphere of radius T is

T 1
Eet = 5= ((1 — W9, TR + c T2 (f = fxR) = T h® 3, fr aﬁT)
4.74
X (2 e 2 (= k) ) o
G ‘Y’/i Rt R R
with Yo = 1/ H? + k/a? . What are the differences between this E.¢ and our extended Misner-Sharp mass
in Eqgs.(4.16) and (4.17) in this paper? In the first and second row of Eq.(4.74), the first terms therein are
respectively the definition Eq.(4.16) and the concrete mass Eq.(4.17) in our usage. To further understand the
remaining terms in Eq.(4.74), one can manipulate it into

3 3
Eeg = fgz (H2+§)—§—G(é(fRR—f)—HfR)
SR 0 ky 4 5 1] 1 ; )
= S (H + =) = 3nT - o (SeR = 57 = 3H fr ) .

Recall that in Eq.(4.43), we have already proved the geometric mass Eq.(4.17) with which we start our
formulation is equal to the physically defined mass peg V = (0 + pomG)) V - Then from the density povc) in
Eq.(4.67) and the mass M in Eq.(4.68) for f(R) gravity in our unified formulation, it turns out that the E.g in
Eq.(4.75) is actually

Eet = M —pmc)V = (,Dm +P(MG)) V-pmc)V = pmV . (4.76)

Hence, the “generalized Misner-Sharp energy E.q” in [13] for the FRW universe within f(R) gravity exactly
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match the pure mass of the physical matter content in our formulation of f(R) cosmology.

4.6.2 Generalized Brans-Dicke gravity with self-interaction potential

Now, consider a generalized Brans-Dicke gravity with self-interaction potential in the Jordan frame given by
the following Lagrangian density,

ZGBp = ¢R - % VodV — V() + 167G %, , 4.77)

where, to facilitate the comparison with the proceeding case of f(R) gravity, we have adopted the convention
with an explicit G in 1671G.%, , rather than just 167.%,, which encodes G into qu [26]. The gravitational
field equation 6(1/—g -ZGBp)/0g"” = 0 is

1 G 1
Ryv - _Rg,uv = 87T$T;(4’11/1) + 5 (VMV g/JVD) ¢+

w(@)
2 (v

1
—Veguw., 478)

0910 = 3 VodT0) = 5 )

from which we directly read that the effective coupling strength and the modified-gravity SEM tensor are

Gerr = % and (4.79)
TV = (V,.Vy 0) ¢ + (q>)( OV, — OV ) - Ly (4.80)
8 G gIJV q) /1 v g[lV (04 2 g/.lV > .

where T,E?,AG) encodes the gravitational effects of the scalar field ¢. Put the FRW metric Eq.(4.26) back
to TSXIG) with T#MP = diag[—pma), Pavc) Pvc) Pavc)l, and the energy density and pressure from ¢ are
found to be

1 1 1
PMG) = (1)+—(1) + 2V) with P(M(}) (¢+2H(I)+—(I) _EV) 4.81)

871(;( 2¢ 2¢

since Ger = G/, the geometric mass enveloped in a sphere of radius T is

91>
2G

@Ta

M = )
2G

k
(H2 2) with M, 2 (4.82)
a
which in fact matches the Misner-Sharp mass of black holes in standard Brans-Dicke gravity in [36]. Also
the nonequilibrium energy dissipation term & associated with the evolution of G.g and the Wald-Kodama

entropy S of the horizon are

4 i A
E = —7r°I’3$,0eﬂf dt and S = Lq)

3 s G (4.83)

Following the unified formulation developed in Sec. 4.3 and Sec. 4.4 to study dM = dE = Ay + WdV + &
for the region Y < Yo and T(dS + dpS) =060 = — (Aay + E,) for the horizon itself, we find
1

( 3H¢+—¢ + 2V) (4.84)

, k &G 1
+
2¢

2 3735
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k G
H-— =—-47— (o + P ——(q> H + q>) (4.85)

a2 ¢ ( n ) 2¢ ¢
where as we can see, the scalar kinetics w(q>) V.»V*¢ and the potential V(¢) does not influence the evolution
of the Hubble parameter H, and meanwhlle the dynamics of ¢ and its nonminimal coupling to R in Eq.(4.149)

leads to the entropy production

d,S 2 - 2nﬁg dt (4.86)

for the horizon. We have already verified that Eqs.(4.84) and (4.85) are just the Friedmann equations of the
FRW universe in the generalized Brans-Dicke gravity by directly applying the FRW metric Eq.(4.1) to the
gravitational field equation (4.78). Specifically when w(¢) = wpp=constant and V(¢) = 0 (and erase G as
G — 1/¢ in standard Brans-Dicke), the thermodynamics-gravity correspondence just above reduces to the
situation for the standard Brans-Dicke gravity [26] and its FRW cosmology. Moreover, our results improves
the setups of {omc) , Povc) > ¥, W - - - } and the entropy production in [9] and [11] for a similar scalar-tensor
theory with .Z = f(¢p)R/(167G) — %Vaq)V"q) - V() + L.

4.6.3 Equivalence between f(R) and modified Brans-Dicke without kinetic term

The two models analyzed just above have exhibited pretty similar behaviors. Next we consider a modified
Brans-Dicke gravity . = ¢ R — V(¢) + 162G %, which is just the Lagrangian density Eq.(4.149) in
Sec. 4.6.2 without the kinetic term — w(q)) V,$V®. Compare its field equation with that of the .Z = f(R) +
167G £, gravity in Sec. 4.6.1:

O Ry — %(q)R = V() g+ (8 O = Vo) ¢ = 82G T

1 (4.87)
Je Ry = 5 S (R) 8+ (80 O = V¥ )fie = 821G T,
Clearly, these two field equations become identical with the following relations:
fr=¢ and  f(R)=¢R-V(}) = JrRR—f(R) = V(¢). (4.88)

That is to say, the f(R) fourth-order modified gravity in Sec. 4.6.1 and the generalized Brans-Dicke alterna-
tive gravity in Sec. 4.6.2 are not totally independent. Instead, the former can be regarded as a subclass of
the latter with vanishing coefficient w(¢p) = 0 for the kinematic term V,¢pV?, and the equivalence is built
upon Eq.(4.88). Applying the replacements fz — ¢ and fr R — f(R) — V(¢) to Sec. 4.6.1, we obtain the
modified-gravity SEM tensor as

1
TV = < G((V V, - gn0) - Vg,w), (4.89)

the energy density and pressure in 7" V(MG)z diag[—pma), Pvac), Pavc), Povc)] as

1 o1 1 . o1
PMG) = %(—31‘1(1)4‘5‘/) and P(MG) = %(¢+2H¢—§V), (490)

88



as well as the geometric mass M, nonequilibrium energy dissipation term &, horizon entropy S and the

nonequilibrium entropy production d,S to be

o1°
2G

k 4 i A i
(H2 ) , 8=—nT39peﬁdt , Séﬂ and d,,Sé—zn‘rigdt. (4.91)

M =
a? 3 ¢ 4G

Finally the following equations are obtained from thermodynamics-gravity correspondence

kG ok G
2

LI 3HO + = v) d  H-5 =47~ (pp+Pn
2" 3 3q>( ¢ an 2 ”cp(p’ )- 20

It is easy to verify that, these thermodynamics quantities and equations precisely match the generalized
Brans-Dicke in Sec. 4.6.2 with w(¢p) =0

Conversely, if start from these setups just above or those in Sec. 4.6.2 with w(¢p) = 0, the formulation in

(q> H¢) (4.92)

Sec. 4.6.1 can be recovered by applying the replacements ¢ — fr and V(¢) = fr R — f(R).

4.6.4 Scalar-tensor-chameleon gravity

Consider the following Lagrangian density for the generic scalar-tensor-chameleon gravity [27] in the Jordan
frame ,
Zstc = F(Q)R = Z(P)VadpV ¢ = 2U(¢) + 167GE(P) L (4.93)

where {F(d),Z($), E(d)} are arbitrary functions of the scalar field ¢, and E(¢) is the chameleon function
describing the coupling between ¢ and the matter Lagrangian density .%,,. The name “chameleon” comes
from the fact that in the presence of E(¢), the wave equation 6(1/—g Lstc)/d¢ = 0 of ¢ becomes explicitly
dependent on the matter content of the universe (eg. .%;, or Tm = g”VTl(jf)), which makes the wave equation

change among different cosmic epoches as the dominant matter content varies [31]. The gravitational field
equation 6(\/—g Lstc)/6g"” = 0 is

1 _ (q)) (m) . _ ﬂ _l a) _ @
Ry 2Rg,uv 8 GF((])) w F(q))(vyvv 8uv ) (¢) + F(q))( ,uq)vvq) 28/11/ V. $V ) F(q))gpv >
(4.94)
so from the coefficient of Tl(ff) we recognize
E@) -
Ger = 7 (d)) and (4.95)
1 (0%
T = 87GED) ((V,NV — guwD)F(9) + Z(9) (V47,0 - g,w Vo Vo) - U<q>)gw) . (496

Note that [27] however adopted Geg = G/F(}) to study the second law of thermodynamics for the flat

FRW universe, the chameleon function E(¢) excluded from Geg. Substituting the FRW metric Eq.(4.26)

(MG) MG) _

into T, ", the energy density and pressure for T, = diag[—pwna), Poma), Povc), Pavc)] are found to be

o1 . .. | .
—3HF+§Z(q))q)2+U) and Py = F+2HF+§Z(¢)¢2—U),

| 1
PMO) = 516G E(¢)( 87G E(q>)(

4.97)
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where the compact notations F and F can be replaced by F ® ¢ and F ® ¢+ F oo ¢?, respectively. As Geg =
GE(¢)/F(d), the Hawking or Misner-Sharp geometric mass becomes

_F@Y (o, Kk . . F(®)Ya
= 2GE(¢)( a2) with - Ma = G e

(4.98)

while the nonequilibrium energy dissipation & in the conservation equation and the Wald-Kodama entropy

of the horizon S are respectively

_ AAF(d)
~ 4GE(¢)’

3
3" Fr

(E@)F - F(§)E)per dt and (4.99)

where in & the compact notation E(¢p)F — F(¢)E can be expanded into (EF. o~ FEgy) ¢. Moreover, using the
unified formulation developed in Sec. 4.3 and Sec. 4.4, for the interior and the horizon we obtain

2,k _ 8TGE@) | S

H” + 2 =3 F(q>) m + 3F(¢)( 3HF + 2Z(<1>)<1> + U), (4.100)
k _ GE@) R

- = o) (om + Pu) ) (F HF+Z(¢)¢) (4.101)

With F = Fod and F = Fyd + Foq 2, they can be recast into

sk UBRGEQ) L (L
M2 =53 TFe * 3F(¢)( 3HFy b+ 52() ¢ +U), (4.102)
k__, GE@® 1

= e (o Pu) = s (Fab + Fogd? ~HEyb + Z@00?) @109

At the same time, the nonequilibrium entropy production turns out to be

d,S = 2773 GE1¢)2 (FEo— EFy) . (4.104)
We have verified by direct substitution of the FRW metric Eq.(4.1) into Eq.(4.94) that Eqs.(4.102) and (4.102)
are indeed the Friedmann equations of the FRW universe in the scalar-tensor-chameleon gravity.

Compare the scalar-tensor-chameleon theory with the generalized Brans-Dicke gravity in Sec. 4.6.2,
and we find that besides the nonminimal coupling F(¢)R in the Lagrangian density, the chameleon field
E(¢) coupled to .7, causes extra nonequilibrium energy dissipation and entropy production, as shown by
Egs.(4.99) and (4.104). On the other hand, in the absence of the chameleon function, E(¢) = 1, Ey = 0, and
with F($) = ¢, Fy = 1, Fpe = 0, Z(§) = w(P)/¢, U = %V, we recover the generalized Brans-Dicke in
Sec. 4.6.2.

n [13], for the scalar-tensor gravity .2 = F($)R/(167G) — %Vaq)vaq) - V() + L, the generalized
Misner-Sharp mass/energy in the FRW universe is found to be

3
Ber = i (P (2 + ) 17 = 5

T (5 %+ v)) . (4.105)

2

(Note: A typo in Eq.(A8) of [13] is corrected here by either checking the derivation of Eq.(AS8), or by refer-
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ring to Eq.(4.74) with the correspondence fg = ¢ and fr R — f(R) = V as in Eq.(4.88), despite the nonzero
kinetic term —%Vaq)V“q).) Compared with Eq.(4.93), [13] actually adopts a different scaling convention for
the Lagrangian density; in accordance with Eq.(4.93), we rescale [13] by

£ =F($)R - %Vaqw"q) - V(¢) + 167G.%,, , (4.106)
and consequently
= 2 F(¢)(H2+£)+HF—1(1¢2+V) (4.107)
T~ 26 a? 6\2 ’ '

which can be expanded into

FO)Y3, , ky 4 .5 1 o1, 1
Eeg = H+—=)-=aY"-—| -3HF+-¢p"+=V|. 4.108
o = =g (H+ 5) =37 5 3% "3 (4.108)
As a subclass of the generic scalar-tensor-chameleon gravity Eq.(4.93) with E($) — 1, Z($p) — % and
U %V for the Lagrangian density Eq.(4.106), the energy density paic) in Eq.(4.97) and the mass M in

Eq.(4.98) reduce to become

1 A FOT3 (., k
= (-3HF+-¢? —) M = B+ = 4.109
PaMG) 87TG( SHE+ 3¢+ 5V) and 2G ( a2l (4109)

which finally recast Eq.(4.110) into
Eeg = M =pc)V = (pm +pono)) V = pic)V = puV - (4.110)

Hence, the “generalized Misner-Sharp energy E.g” for the FRW universe within the scalar-tensor gravity in
[13] is in fact the pure Misner-Sharp mass of physical matter for the same gravity in our work, just like the

case of f(R) gravity in Sec. 4.6.1.

4.6.5 Reconstruction of the physical mass p,,V in generic modified gravity

Before proceeding to analyze more examples, we would like to give some remarks on the problem of recon-
structing physical mass. Recall that in GR the mass p,,V of the physical matter (like baryon dust, radiation)
can be geometrically recovered by the Hawking mass for twist-free spacetimes [39] and the Misner-Sharp
mass for spherically symmetric spacetimes [12]. In modified gravity, the physical matter content determines
the FRW spacetime geometry Eq.(4.1) through more generic field equations which usually contain nonlinear
and higher-order curvature terms beyond GR. Thus, how to reconstruct the mass of the physical matter from
the spacetime geometry?

In [13], Cai el al. generalized the Misner-Sharp mass of GR into higher-dimensional Gauss-Bonnet
gravity and the f(R) (plus the scalar-tensor FRW) gravity in four dimensions. As just shown in Sec.4.6.1 and
Sec. 4.6.4, for the FRW universe the results in [13] do match the physical material mass p,,V in our unified
formulation. In fact, for the FRW universe governed by generic modified gravity with the field equation

Ry — Rguy/2 = 87TGe(-le(l?,ﬂ), the mass M = pmV of the physical matter content can be reconstructed from
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an geometric approach by

M

T, k) 473
s )

UL 4111
Gon 3 PMG) ( )

a

where pave) is the density of modified-gravity effects collecting the nonlinear and higher-order geometric
terms and joining T V(MG) = diag[—pma), Poma) Pivc), Pova)l, as concretely shown just before for f(R),
generalized Brans-Dicke and scalar-tensor-chameleon gravity. When going beyond the FRW geometry in

modified gravity, however, the validity of

1
1 dA\? 4773
(m)
= = -y, - Oy + A A —
M AnGeg (f 47T) f( 2= ONedne + @i NP) d 3 PMO)

1
1 dA\? 43
= — | 27 - dA| -
47G ot ( f 47r) (ﬂ f PNP MNP ) 3 PMG)

to recover the physical mass p,,V for an arbitrary twist-free spacetime based on the effective Hawking mass

4.112)

Eq.(4.15) in our unified formulation, and the feasibility of

4rY3
3 PG » (4.113)

(m)  _ B
Mis = 36 (1= h0,70p) -
for generic spherically symmetric spacetimes based on the effective Misner-Sharp mass Eq.(4.16), remain to

be examined.

4.6.6 Quadratic gravity

For quadratic gravity [25], the Lagrangian density is constructed by combining the Hilbert-Einstein density
of GR with the linear superposition of some well-known quadratic (as opposed to cubic and quartic) algebraic
curvature invariants such as R2, R,RY, S SH (with Sy, = Ry, — %R Suv)» RﬂaVﬂRﬂ‘“’ﬁ, c,mﬁcwvﬁ (Weyl
tensor square), say - = R + aR> + bR ,R* + ¢S ;,S* + d RuaygR*P + € CpuorgCHP + 167G%,, where
{a,b,c,d, e} are real-valued constants. However, these quadratic invariants are not totally independent of
each other, as S ;,S*” = Ry, R* — % R?, CliavgCHP = Ryj0,sRF™P —2R,,,R* + R? /3, and moreover Ry qsR*P
can be absorbed into the Gauss-Bonnet invariant G = R? — 4R, R + RWV/;RW"B which does not contribute
to the field equation since 6 f d*x =g G/5g"" = 0 (eg. [21]). Hence, it is sufficient to consider the following

Lagrangian density for quadratic gravity
ZoG = R+aR* + bR R" +167G.%,, (4.114)

and the field equation is [21]

1
—§(R+a-R2+b-R§)gW+(1 +2aR) Ry +2a (g0~ V,V,) R+ b-HS® = 82G Ty, (4.115)

where R? is the straightforward abbreviation for the Ricci tensor square R, R*" to shorten some upcoming

expressions below, and

1
Hf}g@ = 2R,0pR™ + (E 8w -V, V,)R+OR,, . (4.116)
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It can be rewritten into

1
_ (m) MG)
Ry = 5Rgu = 8n——— (T + T3 (4.117)
where

e = —2 and (4.118)

T~ 1+24R '

e L l(b-R2 — aR?) guy + 2a+b) V,V,R — 2a + é)g OR = 2b (2RuanpR™ + ORyy )| -

g 817G \2 c uy IAS% 5/ Suy e N

(4.119)

Substitute the FRW metric Eq.(4.1) into TS‘\,/IG), and with 7" V(MG) = diag[—pma), Pma) Pova), Povc)] we get

1 b b .. .
pPOMG) = o (gR2 - ERE +5R- (4a+Db)HR +4bR' 5+ 2bOR, ’) , (4.120)
1 (b, a b . b . . ,
Poe) = g (ERE - ERz +Qa+ )R+ (4a+ ) HR-4bR wpR? —2bOR, ) : (4.121)

where we have used R’ wp = —Riap and OR," = —ORy in povcy under the FRW metric Eq.(4.1). Also, since
Gerr = G/, the geometric mass enclosed in a sphere of radius T is

(1 +2aR) Y3
M=——"_
2G

(1 +2aR)Ya

4.122
Te ; ( )

k
(H2 + —2) with ~ Mj 2
a
while the nonequilibrium energy dissipation & associated with the evolution of G and the Wald-Kodama
entropy E of the horizon are respectively

4 o3 2aR _ Aa(1 +2aR)

&= g perdt and S 4G

(4.123)

Following the unified formulation developed in Sec. 4.3 and Sec. 4.4 to study dM = dE = Ay + WdV + &
for the region Y < Y4 and 7(dS + dpS) =60 = — (AaY + Ex) for the horizon itself, we find

k 8t G 1 a, b, b, .
H2+; = TR 3w (§R2—§R§+ER—(4a+b)HR+4bemﬁ+2bDR, f) (4.124)

.k G 1 . b .
H- a—2 = —4ﬂm(pm +Pm)_ m ((2a+b) R—- E HR+4b (Rt aiB _R’arﬁ)Ra’ﬁ +2b D(Rt t—R,r)) ,
(4.125)
while the nonequilibrium entropy production on the horizon is
R
d,S = —4nY2 % dt . (4.126)
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We have verified that the thermodynamic relations Eqs.(4.124) and (4.125) are equivalent to the gravitational
Friedmann equations by substituting the FRW metric Eq.(4.1) into the quadratic field equations (4.117) and
(4.119).

Just like the treatment of f(R) gravity in Sec. 4.6.1, to keep the expressions of pmg), Pivc) and the
Friedmann equations (4.124) and (4.125) clear and readable, we continue using compact notations for R,
R>,R,R, R mﬁRaﬁ, R’MﬁR"ﬁ, OR, " and OR, ", and one should keep in mind that for the FRW metric
Eq.(4.1), these quantities are already known and can be fully expanded into higher-derivative and nonlinear
terms of H or a.

4.6.7 f(R,G) generalized Gauss-Bonnet gravity

The generalized Gauss-Bonnet gravity under discussion is given by the Lagrangian density Zgg = f(R,G) +
167G.%,, [23] where G = R2—4RWR/“’+RW,,ﬁR““Vﬁ is the Gauss-Bonnet invariant. This is in fact a subclass of
the Z = f(R, R, R", Rﬂm,ﬁR"“"ﬁ )+ 161G.%,, gravity [24] with explicit dependence on R? and satisfying the
“coherence condition” fr2 = fr2 = —fg2/4 [21] (R2, and R? are the intuitive abbreviations for the Riemann
tensor square Rﬂm,ﬁR"“"ﬁ and the Ricci tensor square R, R", respectively). The field equation for f(R, G)

gravity reads

1 B (m) 11

R,uv - ERg;zv = SﬂfR T 2ng Tpv + (fR + 2Rf§) E (f_ (fr+ 2ng)R)g”V
4.127)

(GB)

+(V/1Vv - gva) fR +2R (V#Vv - gva) fg + 4R,uva§ + Hyv ) ’
where
HS® = 4f5R,“Roy + 415 RuarpR™ — 25 RuapyR, ™ — 4R,V Y

= fg u Rav + fg uavp fg uaBy Iy u Ve vfg (4.128)

—4R,“V NV, fo + 48RPV Vg fo — 4 Roys, VPV f5

and {f, fr, fg = 0f/0G} are all functions of (R, G). Note that in Hng) the second-order-derivative operators

{0, VoV, etc} only act on the scalar functions fg. Hence,

G

Geg = ————
eff fR + 2ng

and (4.129)

1 (1
T/(111\//[G) = % (E (f - (fR + Zng)R)g/Jv + (V/JVV - g,uvD) fR +2R (V/JVV - g,uvD)fQ + 4R,uVDf§ + H;(SB)) .

(4.130)

Substitute the FRW metric Eq.(4.1) into Tl(}l\,/[G) with TIJV(MG) = diag[—p(MG),P(MG), P(MG)’ P(MG)]’ and in

compact notations we obtain

1 (1 1 . . . .
PMG) = o= (5 (fr +2Rfg)R - 3 f—3Hfr—6RHfg +4R,'(fg + 3Hfg) - Ht(tGB)) , (4.131)
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1 {1 1 . . . : .. .
Py = e (Ef -3 (fr +2Rfg)R + fr + 2Hfr + 2R(fg + 2H fg) — 4R,  (fg + 3H fg) + Hr(’GB)) .

(4.132)
where we have used the properties R," = —R;; and H, (’GB) = —H,(,G B)in PGy under the FRW metric Eq.(4.1).

Since Ger = G/(fr + 2R fg), the geometric mass within a sphere of radius Y is

+2Rfg) 13 k +2Rfg) T
mo= BRI (1o KN i gy 2 BRI (4.133)
2G a? 2G

while the nonequilibrium energy dissipation & associated with the evolution of G and the Wald-Kodama

entropy S of the horizon are respectively

4 o+ 2R fo + 2R, A +2R
4 3R+ 2Rfg +2Rfg perdt  and S = A (fr +2Rfg)

& =
3" fx+ 2Rfg 4G

(4.134)

Following the unified formulation developed in Sec. 4.3 and Sec. 4.4 to study dM = dE = Ay + WdV + &
for the region ¥ < Yo and T(dS + dpS) =60 = — (Aay + E,) for the horizon itself, we find

k 8 G 1 1 1 . :
H>+ = = — m + —(fr +2Rfg)R— =f —3H (fr + 2R
S T |3 U R R= 3 3H s 2Rfy) -
L LA (W —(f;e _ Hfx + 2Rf; — 2RH
a Jr +2Rfg 2(fr + 2Rfg) (4.136)
+4(R," = R,") (f + 3H fg) - Ht(’GB) + H,(’GB)) ,
while the nonequilibrium entropy production on the horizon is
% + 2Rfg + 2Rf,
d,s = —opy2 JRF2RIg +2R]g (4.137)

G

We have verified that the thermodynamic relations Eqs.(4.135) and (4.136) are really the gravitational Fried-
mann equations by substituting the FRW metric Eq.(4.1) into the generalized Gauss-Bonnet field equations
(4.127) and (4.128). Moreover, by setting fz = 0 and thus fg = fg = 0, the situation of the f(R,G)
generalized Gauss-Bonnet gravity reduces to become the case of f(R) gravity in Sec. 4.6.1.

4.6.8 Self-inconsistency of f(R, G) gravity

The f(R, G) example just above is based on Eqs.(4.127) and (4.128), which together with their contravariant
forms constitute the standard field equations of the f(R, G) gravity that are proposed in [23] and adopted in
existing papers related to generic dependence on G. On the other hand, recall that in four dimensions the
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Gauss-Bonnet invariant G is proportional to the Euler-Poincaré topological density as

1 1 * *

where €43, refers to the totally antisymmetric Levi-Civita (pseudo)tensor with €123 = +/—g. The integral
f dx* \/=g G is equal to the Euler characteristic number ¥ (just a constant) of the spacetime, and thus

5o dx*\=gG = 0. (4.139)

By explicitly carrying out this variational derivative, one could find the following Bach-Lanczos identity
[49]:
1
2RR,y — 4R, “Ray — 4Ruys R + 2Ry R, 7 = 56 8ur (4.140)

with which the standard field equations (4.127) and (4.128) of the f(R, G) gravity can be simplified into

1 G _,
Ruv = 5Rg = 81Ty + —( (f = 166 — [eR)guwr + (V¥ = gD e
(4.141)
+2R(V,V, — g0 f5 + 4R Ofg + 7{,&9‘3)),
where
H®D = —4R, VY, fg — 4R, VoV i fg + 48y RV Vs f5 — 4 Raysy VPV f. (4.142)
This way, the effective gravitational coupling strength is recognized to be
G
Get = —, (4.143)
Ir

as opposed to the Ger = G/(fg + 2Rfg) in Eq.(4.129); this is because the 2fgRR,,, term directly joining
Eq.(4.127) is now absorbed by the % f6G g term in Eq.(4.141) due to the Bach-Lanczos identity and thus
no longer shows up in Eq.(4.141). The SEM tensor from modified-gravity effects becomes

1
T = o (50~ oG~ iR+ (V7. = e+ 2R (T, g D)+ 4R +HE™). (41440

which with the FRW metric Eq.(4.1) gives rise to

1
PMG) = 3G ( (frR+ f6G) — = f 3Hfr — 6RHfg + 4R, (fg + 3H fg) — 7—(t(’GB)) (4.145)

and
1 (1 1 .. , .. . .. .
Py = 3G (5 f- 3 (frR+ f6G) + fr+2Hfr + 2R(fg + 2H fg) — 4R, (fg + 3H fg) + W,(’GB)) . (4.146)

Since the Ger = G/ fr coincides with that of f(R) gravity, the Hawking or Misner-Sharp geometric mass

M, the nonequilibrium energy dissipation &, the horizon entropy S and the entropy production element d,S
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are all the same with those of f(R) gravity, as derived before in Eqs.(4.68), (4.69) and (4.72) in Sec. 4.6.1,
respectively. Then the thermodynamical approach of Sec. 4.3 and Sec. 4.4 yields

k 811G 1
24 5= ;f 7 ( (&R + f6G) - —f 3H (fr + 2Rfg) + 4R, (fg + 3H fg) - Wam) (4.147)
and
.k . .
H-o5=—dne (pm +Pp)— ( Ji—Hfr+2Rj5 —2RH f5 + 4(R," = R.")(Jg + 3H f5) — H, (o, ”{r(rGB))’

(4.148)
which match the Friedmann equations obtained from substituting the FRW metric Eq.(4.1) into the simplified
f(R, G) field equation (4.141).

However, these thermodynamical quantities and relations of f(R,G) gravity differ dramatically with
those in the previous Sec. 4.6.7. The contrast may be seen even more evidently in the .Z = R + f(G) +
167G, modified Gauss-Bonnet gravity [5S0] which is a special subclass of the f(R, G) theory. It follows
from Sec. 4.6.7 that Geg = G/(1 + 2R fg) for f(R,G) = R + f(G), and it is a nonequilibrium scenario with
nonvanishing energy dissipation & and entropy production d,S on the apparent horizon. On the contrary, we
have G.g = G in accordance with Eq.(4.141) as fg = 1, which corresponds to an equilibrium gravitational
thermodynamics with & = 0 = d,,S .

Note that the existence of the two distinct formulations for the thermodynamics of f(R, G) gravity does
not indicate a failure of our unified formulation. Instead, it reveals a self-inconsistency feature of the f(R, G)
theory itself. Although the simplified field equations (4.141) and (4.142) are equivalent to Eqs.(4.127) and
(4.128) in Sec. 4.6.7 via the identity Eq.(4.140), practically they will behave differently with each other in
any problems relying on the input of the effective coupling strength G.s. Moreover, we also expect this

self-inconsistency of f(R, G) gravity to arise in other problems such as the black-hole thermodynamics.

4.6.9 Dynamical Chern-Simons gravity

So far we have applied our unified formulation to the f(R), generalized Brans-Dicke, scalar-tensor-chameleon,
quadratic and f(R, G) gravity; they are all nonequilibrium theories with nontrivial G.g in the coefficient of
T,(ff). As a final example we will continue to consider the (dynamical) Chern-Simons modification of GR

[51], which is a thermodynamically equilibrium theory with G = G. Its Lagrangian density reads

)
gcs=R+2a

*RR— b vV, 9VHY = V() + 160G.Z,,, (4.149)
-8

where ¢ = J(x") is a scalar field, {a, b} are constants, and *RR denotes the parity-violating Pontryagin
invariant |

DD * o 0

RR = *Ropys R = (EeaﬁwR“Vya) R, (4.150)

“RR is proportional to the divergence of the Chern-Simons topological current K* [51]:

1
- _ - 7 i
=28,K" and KM =2¢&" 7( rﬁTaﬁr 3r‘fmr[;,]ry‘f) (4.151)
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with €12 = 1/ /=g, hence the name Chern-Simons gravity. Variational derivative of /—g.%cs with respect

to the inverse metric g"” yields the field equation

1 a 1 1
Ryy = SR8 = 8GT. — = Cuv + b (V09,9 - ngvaﬁvwﬁ) = 5V (4.152)

where
Cuv = VO (€apyu V'R, + €apyy V'RL) + VIVPI - (*Raya + "Rpypa) - (4.153)

Eq.(4.152) directly shows that the Chern-Simons gravitational coupling strength is just Newton’s constant,
Ger = G, and
1 1
T Y = —a Cpy + b (V, 9,8 - 3 VoV ) - V)8 (4.154)

With the FRW metric Eq.(4.26), this Ty leads to

o Lo
PMG) = @(MZ + V(ﬁ)) and P = %(mﬁ - V(ﬁ)). (4.155)

Since G.g = G = constant, we can make use of the reduced formulation in Sec.4.5.4 for equilibrium situa-
tions. The geometric mass and the horizon entropy are respectively

T3 k Ta
M= —|H+= ith My 2= 4.156
2G( +a2) Wit MA= a6 (4.156)
and )
Ay Tl
=—==—, 4.157
4G G ( )
which are the same with those of GR [8]. Also, there are no energy dissipation & and the on-horizon entropy
production d,,S,
E=0 and d,S =0. (4.158)
Following the procedures in Sec.4.5.4, for the interior and the horizon we obtain from the thermodynamical
approach that
k  8nG 1/, .
L —(b P + V(ﬂ)) (4.159)
a? 3 6
and
-k -y G| +P)—13i92 (4.160)
2 = 4G \pm + Pn) = 50 .

By substituting the FRW metric Eq.(4.1) into the field equation (4.152), we have confirmed that Eqs.(4.159)
and (4.160) are really the Friedmann equations of the FRW universe governed by the Chern-Simons gravity.

4.7 Conclusions

In this paper, we have developed a unified formulation to derive the Friedmann equations from (non)equilibrium
thermodynamics within modified gravity with field equations of the form R,;, — Rg,;,/2 = SHGeﬁT,SeVm. We
firstly made the necessary preparations by locating the marginally inner trapped horizon T'a of the expanding
FRW universe as the apparent horizon of relative causality, and then rewrote the continuity equation from
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VH (GeﬁTfﬁ,ﬂ)) = 0 to introduce the energy dissipation element & which is related with the evolution of Gg.

With these preparations, we began to study the thermodynamics of the FRW universe. We have gener-
alized the Hawking and Misner-Sharp geometric definitions of mass by replacing Newton’s constant G with
G.f, and calculated the total derivative of M in the comoving (z, ) and the areal (z, ) transverse coordinates.
Also, we have supplemented Hayward’s unified first law of thermodynamics into dE = Ay + WdV + &
with the dissipation term &, where the work density W and the heat flux covector ¢ are computed using the
effective matter content T,S?,m By identifying the geometric mass M enveloped by a sphere of radius T < Tp
as the total internal energy E, the Friedmann equations have been derived from the thermodynamic equality
dM = dE.

On the horizon T = T,, besides the smooth limit T — T of dM = dE from the untrapped interior
T < Ya to the horizon, we have employed an alternative Clausius method. By considering the heat flow
during the infinitesimal time interval dt for an isochoric process using the unified first law dE = Apy; + Ea
and the generic nonequilibrium Clausius relation T'(dS +d,S ) = 6 Q respectively, we have obtained the second
Friedmann equation H-kla* 2 - 4nGefi(pefr + Perr) from the thermodynamics equality 7(dS +d,S) =60 =—
dE = — (AaY; + Ep), while the first Friedmann equation H? + kja* = 8nGefperr/3 can be recovered using
the generalized continuity equation Gefipeft + Gefipett + 3GeH (0eff + Per) = 0. Here we have taken the
temperature ansatz 7 = 1/(2aYa) in [8] and the Wald-Kodama dynamical entropy S = A /(4Geg) for the
horizon, and the equality 7(dS + d,S)= — (AaY; + Ea) has also determined the entropy production d,S
which is generally nonzero unless G.¢ = constant . In the meantime, we have adjusted the thermodynamic
sign convention by the consistency between the thermodynamics of the horizon and the interior.

After developing the unified formulation for generic relativistic gravity, we have extensively discussed
some important problems related to the formulation. A viability test of the generalized effective mass has
been proposed, which shows that the equality between the physically defined effective mass M = pegV =
(om +pG))V and the geometric effective mass automatically yields the Friedmann equations. Also, we have
argued that for the modified-gravity theories under discussion with minimal geometry-matter coupling, the
continuity equation can be further simplified due to the Noether-compatible definition of Tl(jff). Furthermore,
we have discussed the reduced situation of the unified formulation for Geg = G = constant with vanishing
dissipation & = 0 and entropy production d,S = 0, which is of particular importance for typical scalarial
dark-energy models and some fourth-order gravity.

Finally, we have applied our unified formulation to the f(R), generalized Brans-Dicke, scalar-tensor-
chameleon, quadratic, f(R, G) generalized Gauss-Bonnet and dynamical Chern-Simons gravity, to derive the
Friedmann equations from thermodynamics-gravity correspondence, where compact notations have been
employed to simplify the thermodynamic quantities {pwc) . Pivc)). In addition, we have verified that, the
“generalized Misner-Sharp energy” for f(R) and scalar-tensor gravity FRW cosmology in [13] matches the
pure mass p,,V of the physical matter content in our formulation, and then continued to reconstruct the
physical mass p,,V from the spacetime geometry for generic modified gravity. We also found the self-
inconsistency of f(R, G) gravity in such problems which require to specify the G.g.

In our prospective studies, we will apply the unified formulation developed in this paper to the gener-
alized second law of thermodynamics for the FRW universe, and extend our formulation to more generic
theories of modified gravity which allow for nonminimal curvature-matter couplings. Moreover, we will
try to loosen the restriction of spherical symmetry and look into the problem of thermodynamics-gravity

correspondence in the Bianchi classes of cosmological solutions.
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Abstract

The thermodynamics of the Universe is restudied by requiring its compatibility with the holographic-
style gravitational equations which govern the dynamics of both the cosmological apparent horizon and
the entire Universe, and possible solutions are proposed to the existent confusions regarding the apparent-
horizon temperature and the cosmic entropy evolution. We start from the generic Lambda Cold Dark
Matter (ACDM) cosmology of general relativity (GR) to establish a framework for the gravitational ther-
modynamics. The Cai—Kim Clausius equation 6Q = TadS o = —dEa = —AaY; for the isochoric process
of an instantaneous apparent horizon indicates that, the Universe and its horizon entropies encode the
positive heat out thermodynamic sign convention, which encourages us to adjust the traditional positive-
heat-in Gibbs equation into the positive-heat-out version dE,, = —T,,,dS,, — P,dV. It turns out that the
standard and the generalized second laws (GSLs) of nondecreasing entropies are always respected by the
event-horizon system as long as the expanding Universe is dominated by nonexotic matter —1 < w,, < 1,
while for the apparent-horizon simple open system the two second laws hold if -1 < w,, < —1/3; also,
the artificial local equilibrium assumption is abandoned in the GSL. All constraints regarding entropy
evolution are expressed by the equation of state parameter, which show that from a thermodynamic per-
spective the phantom dark energy is less favored than the cosmological constant and the quintessence.
Finally, the whole framework is extended from GR and ACDM to modified gravities with field equations
Ry — Rgu/2 = 87rGefleseyﬁ). Furthermore, this paper argues that the Cai—Kim temperature is more suit-
able than Hayward, both temperatures are independent of the inner or outer trappedness of the apparent
horizon, and the Bekenstein—-Hawking and Wald entropies cannot unconditionally apply to the event and
particle horizons.

PACS numbers: 04.20.Cv , 04.50.Kd , 98.80.Jk

5.1 Introduction

The thermodynamics of the Universe is quite an interesting problem and has attracted a lot of discussion.
Pioneering work dates back to the investigations of cosmic entropy evolutions for the spatially flat de Sitter

Universe [1] dominated by a positive cosmological constant, while recent studies have covered both the first
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"Email address: ibooth@mun.ca
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and second laws of thermodynamics for the Friedmann-Robertson-Walker (FRW) Universe with a generic
spatial curvature.

Recent interest on the first law of thermodynamics for the Universe was initiated by Cai and Kim’s deriva-
tion of the Friedmann equations from a thermodynamic approach [2]: this is actually a continuation of Jacob-
son’s work to recover Einstein’s equation from the equilibrium Clausius relation on local Rindler horizons
[3], and also a part of the effort to seek the connections between thermodynamics and gravity [4] following
the discovery of black hole thermodynamics [5]. For general relativity (GR), Gauss-Bonnet and Lovelock
gravities, Akbar and Cai reversed the formulation in [2] by rewriting the Friedmann equations into the heat
balance equation and the unified first law of thermodynamics at the cosmological apparent horizon [6]. The
method of [6] was soon generalized to other theories of gravity to construct the effective total energy dif-
ferentials by the corresponding modified Friedmann equations, such as the scalar-tensor gravity in [7], f(R)
gravity in [8], braneworld scenarios in [9, 10], generic f(R, ¢, V¢V @) gravity in [11], and Horava-Lifshitz
gravity in [12]. Also, at a more fundamental level, the generic field equations of F(R, ¢, —%VLNSV%S, G)
gravity are recast into the form of Clausius relation in [13].

Besides the first laws on the construction of various energy-conservation and heat-transfer equations,
the entropy evolution of the Universe has also drawn plenty of attention. However, the cosmic entropies
are almost exclusively studied in the generalized rather than the standard second laws [14-25]. In fact,
investigations via the traditional Gibbs equation dE,, = T,dS,, — P,dV show that in GR and modified
gravities, the evolution of the physical entropy S, for the matter inside the apparent and the event horizons
departs dramatically from the desired nondecreasing behaviors; especially that S, inside the future-pointed
event horizon always decreases under the dominance of nonexotic matter above the phantom divide. Thus
the generalized second law (GSL) has been employed, which adds up §,, with the geometrically defined
entropy of the cosmological causal boundaries and anticipates the total entropy to be nondecreasing so that
the standard second law could be rescued. For example, GSL has been studied in [14] for a flat Universe
with multiple entropy sources (thermal, geometric, quantum etc.) by the entropy ansatz S = |H|* (@ > -3),
in [15] for the event-horizon system of a quintom-dominated flat Universe, and [16] for various interacting
dark energy models.

Moreover, the GSL has also been used as a validity constraint on modified and alternative theories of
gravity. For instance, the GSL has been imposed on the event-horizon system of the flat Universe of f(R)
gravity in [17], tentatively to the flat apparent-horizon system of generic modified gravities in [18], to the
higher-dimensional Gauss-Bonnet and Lovelock gravities in [19], to the Gauss-Bonnet, Randall-Sundrum
and Dvali-Gabadadze-Porrati braneworlds in [20], the Horava-Lifshitz gravity in [21], F(R, G) generalized
Gauss-Bonnet gravity in [22], f(T') generalized teleparallel gravity in [23], scalar-tensor-chameleon gravity
in [24], and the self-interacting f(R) gravity in [25]. Note that in the studies of GSLs, the debatable “local
equilibrium assumption” has been widely adopted which supposes that the matter content and the causal
boundary in use (mainly the apparent or the event horizon) would have the same temperature [16, 19—
22,24, 25].

Unlike laboratory thermodynamics which is a well-developed self-consistent framework, the thermody-
namics of the Universe is practically a mixture of ordinary thermodynamics with analogous gravitational
quantities, for which the consistency between the first and second laws and among the setups of thermody-
namic functions are not yet verified. For example, the Hayward temperature /27 [7, 9] or |x|/2x [8, 10]
which formally resembles the Hawking temperature of (quasi)stationary black holes [5] has been adopted in
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the first laws, while in GSLs both [k|/27 [18-20, 24, 25] and the Cai—Kim temperature [16, 21, 22] are used.
Moreover, in existent literature we have noticed six questions regarding the gravitational thermodynamics of
the Universe:

(1) For the Cai—Kim and the Hayward temperatures, which one is more appropriate for the cosmological
boundaries? By solving this temperature confusion, the equations of total energy differential at the

horizons could also be determined;

(2) For the Bekenstein—Hawking entropy in GR and the Wald entropy in modified gravities, are they

unconditionally applicable to both the cosmological apparent and the event horizons?

(3) Is the standard second law for the physical matter really ill-behaved and thus needs to be saved by the
GSL? This constitutes the cosmological entropy confusion;

(4) Is the artificial local equilibrium assumption really necessary for the GSL?

(5) The region enveloped by the apparent horizon is actually a thermodynamically open system with the
absolute cosmic Hubble flow crossing the horizon; how will this fact influence the entropy evolution?

(6) Are the thermodynamic quantities fully consistent with each other when the cosmic gravitational ther-

modynamics is systemized?

In this paper, we will try to answer these questions.

This paper is organized as follows. Starting with GR and the ACDM Universe (where A denotes generic
dark energy), in Sec. 5.2 we derive the holographic-style dynamical equations governing the apparent-
horizon dynamics and the cosmic spatial expansion, which yield the constraints from the EoS parameter
wy, on the evolution and metric signature of the apparent horizon. Section 5.3 demonstrates how these
holographic-style gravitational equations imply the unified first law of thermodynamics and the Clausius
equation, and shows the latter encodes the positive-heat-out sign convention for the horizon entropy. In
Sec. 5.4 the Cai—Kim temperature is extensively compared with Hayward, with the former chosen for fur-
ther usage in Sec. 5.5, where we adjust the traditional Gibbs equation into the Positive Out convention to
investigate the entropy evolution for the simple open systems enveloped by the apparent and event horizons.
Finally the whole framework of gravitational thermodynamics is extended from ACDM model and GR to
generic modified gravity in Sec. 5.6. Throughout this paper, we adopt the sign convention ng =TI¢ By’
R“/M = ayrgﬁ - (951"% -+ and R, = R*

v With the metric signature (—, + + +).

5.2 Dynamics of the cosmological apparent horizon

5.2.1 Apparent horizon and observable Universe

The FRW metric provides the most general description for the spatially homogeneous and isotropic Universe.
In the (¢, 1, 0, ¢) coordinates for an observer comoving with the cosmic Hubble flow, it has the line element
(e.g. [2, 26])
2 2, a® 22000 20 2
ds® = —dt* + ———dr° + a(t)“r*(d6” + sin“0dy~)
1 —kr? G.D
= hapdx®dx + Y*(d6* + sin*0dy?),
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where a(t) refers to the scale factor to be specified by the gravitational field equations, and the index k denotes

the normalized spatial curvature, with k£ = {+1,0, —1} corresponding to closed, flat and open Universes, re-

a(f)?
> 1—kr?
stands for the astronomical circumference/areal radius. Based on Eq.(5.1), one can establish the following

spectively. hqp = diag[—1 ] represents the transverse two-metric spanned by x* = (¢,r), and Y == a(t) r

null tetrad adapted to the spherical symmetry and the null radial flow,

V1 — kr? 1 V1 — kr?
—70a0)a n#:_(_ly—
a a

= (1
w=(r 2

1 i
’030)3 #:—(0,0,1,,_), 52
" V2 sinf ©-2)
which has been adjusted to be compatible with the metric signature (—, + + +) (e.g. Appendix B in [27]). By
calculating the Newman-Penrose spin coefficients pnp = —m*m"V,{, and unp = m*m"V,n,, the outward
expansion rate 8¢y = —(onp + pnp) and the inward expansion 6,y = unp + finp are respectively found to be
kY2 kY2

O =2H+2Y" \[1-—, Ou=-H+T"y/1-—, (5.3)
a a

where H refers to the time-dependent Hubble parameter of cosmic spatial expansion, and H = 9 With the
a
overdot denoting the derivative with respect to the comoving time ¢. For the expanding (H > 0) Universe,
0y and 6, locate the apparent horizon Y = Y4 by the unique marginally inner trapped horizon [28] at
1
Ta = —k , 54
a2

with 6 = 4H > 0, 6, = 0, and also d,T becomes a null vector with gV9,,7d,T = 0 at (5. Immediately
the temporal derivative of Eq.(5.4) yields the kinematic equation

Ta = —HT) (H— aﬁz) (5.5)
Just like Yo and T, hereafter quantities evaluated on or related to the apparent horizon will be highlighted
by the subscript A.

{¢#, n*} in Eq.(5.2) coincide with the outgoing and ingoing tangent vector fields of the null radial congru-
ence that is sent towards infinity by the comoving observer at » = 0, and ingoing signals from the antitrapped
region T > T (where 6 > 0, 6,y > 0) can no longer cross the marginally inner trapped T's and return to
the observer. However, the region I < Y is not necessarily the standard observable Universe in astronomy
where ultrahigh redshift and visually superluminal recession can be detected [29, 30]: Y4 is a future-pointed
horizon determined in active measurement by the observer, while the observable Universe is the past-pointed
region measured by passive reception of distant signals and thus more related to the past particle horizon.

Note that we are working with the generic FRW metric Eq.(5.1) which allows for a nontrivial spatial
curvature. This is not just for theoretical generality: in fact, astronomical observations indicate that the
Universe may not be perfectly flat. For example, in the oACDM sub-model with a strict vacuum-energy
condition wa = —1, the nine-years data from the Wilkinson Microwave Anisotropy Probe (WMAP) and other
sources like the Baryon Acoustic Oscillations (BAO) yield the fractional energy density €; = —0.0027+0-0939

-0.0038
[31] for the spatial curvature, independently the time-delay measurements of two strong gravitational lensing
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systems along with the seven-years WMAP data find Q; = 0.003f8:882 [32], while most recently analyses
based on BAO data give ; = —0.003 = 0.003 [33].

5.2.2 Holographic-style dynamical equations

The matter content of the Universe is usually portrayed by a perfect-fluid type stress-energy-momentum

tensor, and in the metric-independent form it reads
T = diag[ = pys Ppss Py ] With  Ppu/pm = Wi, (5.6)

where wy, refers to the equation of state (EoS) parameter. Substituting this Tl(]f) and the metric Eq.(5.1) into

Einstein’s equation R, — %Rg,l,, = 87rGT,(ff), one obtains the first and the second Friedmann equations
k  8nG
H2 + ; = Tpm and
.k
a

. k
or 2H +3H*+ — = —-81GP,,,
a

where h,, = py + P = (1 + Wy, )pp, refers to the enthalpy density.

Primarily, the first and second Friedmann equations are respectively the first and second order differential
equations of the scale factor a(f), which is the only unspecified function in the metric Eq.(5.1). On the other
hand, recall the location and the time-derivative of the cosmological apparent horizon in Egs. (5.4) and (5.5),

and thus Eq.(5.7) can be rewritten into

B 81G
T = = Pm (5.8)

Ta = 42GHYY(1 +wp) pm = 42GH3 (5.9)

which manifest themselves as the dynamical equations of the apparent horizon. However, they also describe
the dynamics of spatial expansion for the entire Universe, so for this usage we will dub Eqs.(5.8) and (5.9) the
“holographic-style” dynamical equations since they reflect the spirit of holography [we are using the word
“holographic” in a generic sense as opposed to the standard terminology holographic principle in quantum
gravity and string theory [34] or the holographic gravity method [35]].

Eq.(5.8) immediately implies that, for the late-time Universe dominated by dark energy p,, = pa, the
apparent horizon serves as the natural infrared cutoff for the holographic dark energy model [36], in which
the dark-energy density pfc') relies on the scale of the infrared cutoff Y'r by p(HG) = 3‘Y'I‘R2 /(8nG).

A
Moreover, with the apparent-horizon area Ap = 471‘1’%, it follows from Eq.(5.8) that

3
pmAA = % y (510)
so Eq.(5.9) can be further simplified into
. 3
Ta = EHTA (1 +wp). (5.11)
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With the help of Egs.(5.8) and (5.11), for completeness the third member (the P,, one) in Eq.(5.7) can be

directly translated into
3

T (Ta - 5mrA) = 47GHP,,, (5.12)
and we keep it in this form without further manipulations for later use in Sec. 5.3.1.

From a mathematical point of view, it might seem trivial to rewrite the Friedmann equations (5.7) into
the holographic-style gravitational equations (5.8)-(5.12). However, considering that existent studies on the
gravitational thermodynamics of the cosmological apparent horizon always start from the relevant Fried-
mann equations [6—12, 14-25], we wish that the manipulations of Eq.(7) into Eqgs.(8)-(12) could make the
formulations physically more meaningful and more concentrative on the horizon Ty itself. Also, we will pro-
ceed to investigate some useful properties of the apparent horizon as necessary preparations for the horizon
thermodynamics.

Eq.(5.11) clearly shows that, for an expanding Universe (H > 0) the apparent-horizon radius Ya can
be either expanding, contracting or even static, depending on the domain of the EoS parameter w,, or
equivalently the sign of the enthalpy density /,,. In the ACDM cosmology, p,, could be decomposed into
all possible components, p,, = 2, pg,? = pm(baryon) + p,(radiation) + p,(neutrino) + p,,(dark matter) +
pm(dark energy) + - - - , and the same for P,,. In principle there should be an EoS parameter w,(,? = P,(q? /p,(q?
associated to each energy component. However, practically we can regard w,, either as that of the absolutely
dominating matter, or the weighted average for all relatively dominating components

m

pd @) () )
_ 2 P, _ 2 Wi P _ Za’iwfylz), (5.13)
Pm Pm

with the weight coefficient given by a; = pﬁ,? /pm» and thus wy, varies over cosmic time scale. Then it follows
from Eq.(5.11) that:

Wi dominating matter enthalpy density Ta
-1/3 <wy(<1)and ordinary matter, and . .
hy >0 Ta > 0, expanding
-1 <w,<-1/3 quintessence [37]

cosmological constant or . _
Wy = —1 hyp =0 T = 0, static
vacuum energy [38]

Wiy < —1 phantom [39] h, <0 T <0, contracting

The dominant energy condition [40] p,,, > |P,,| imposes the constraint —1 < w,, < 1 for nonexotic matter.
Here we retain the upper limit w,, < 1 but loosen the lower limit, allowing wy, to cross the barrier w,, = —1
into the exotic phantom domain w,, < —1. The upper limit however is bracketed as (< 1) to indicate that it is
a physical rather than mathematical constraint.
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5.2.3 Induced metric of the apparent horizon

The total derivative of ' = Y(¢, r) yields adr = dT' — HY'dt, which recasts the FRW line element Eq.(5.1)
into the (z, Y, 0, ¢) coordinates as

K2\ 2
ds® = (1 - —) ( - (1 - T—z)dt2 — 2HYdtdY + d‘Y’z) +1*(d6” + sin®0d?). (5.14)
A

Although the comoving transverse coordinates (z,r) are easier to work with, we will switch to the more
physical coordinates (z, T) whenever necessary. The metric Eq.(5.14) reduces to become a three-dimensional
hypersurface in the (¢, 8, ¢) coordinates at the apparent horizon Yo = T (), and with Eq.(5.11), the induced
horizon metric turns out to be

ds®

(HYA) X(Ta — 2HY 7)Y ad? + Y% (d6? + sin’0de?)

1
%(wm + 1) (W — 3)dr2 + T3 (d6* + sin®6d?). (5.15)

Here w,, shows up in the coefficients of df*, and indeed the spirit of geometrodynamics allows and encour-
ages physical parameters to directly participate in the spacetime metric, just like the mass, electric charge
and angular momentum parameters in the Kerr-Newmann solution. It is easily seen that the signature of the

apparent horizon solely relies on the domain of w,, regardless of the Universe being expanding or contracting.

(1) For -1 < w,, < 1/3, the apparent horizon Y4 has the signature (—, ++) and is timelike, which shares
the signature of a quasilocal timelike membrane in black-hole physics [28, 41].

(2) For w,, < —1or 1/3 < w,, (< 1), the signature is (+, ++) and thus Y is spacelike. This situation has
the same signature with the dynamical black-hole horizons [42].

(3) For w,, = =1 or w,, = 1/3, T4 is a null surface with the signature (0, ++), so it coincides with the
cosmological event horizon Tg = a ft * a~df 26, 43] which by definition is a future-pointed null

causal boundary, and it shares the signature of isolated black-hole horizons [27].

Note that these analogies between T 5 and black-hole horizons are limited to the metric signature, while the
behaviors of their expansions {6¢), 6, } and the horizon trappedness are entirely different. Among the two
critical values, w,, = —1 corresponds to the de Sitter Universe dominated by a positive cosmological constant
(or vacuum energy) [1], while w,,, = 1/3 refers to the highly relativistic limit of w,, and the EoS of radiation,
with the trace of the the stress-energy-momentum tensor g’“’TS{,’) = 3wy, — 1)p,, vanishing at wy,, = 1/3. As
will be shown later in Sec. 5.4, w,, = 1/3 also serves as the “zero temperature divide” if the apparent-horizon
temperature were measured by /2 in terms of the Hayward surface gravity «.

5.2.4 Relative evolution equations

The nontrivial ~component of V, T ™ — () with respect to the metric Eq.(5.1) leads to the continuity equa-
tion for the cosmic perfect fluid

Pm+3H( +wy)pm = 0. (5.16)

Thus for the relative evolution rate of the energy density p,,/pm, its ratio over that of the cosmic scale

factor a/a = H synchronizes with the instantaneous value of the EoS parameter, Zﬂ / g = =3(1 + wp).
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This relation is not alone, as one could easily observe from Eq.(5.11) that the relative evolution rate of the

apparent-horizon radius Yo/ is normalized by a/a into % / g = %(1 + wy,). These two equations reveal
the interesting result that throughout the history of the Universe, the relative evolution rate of the energy

density is always proportional to that of the apparent-horizon radius:

.’ T
‘ﬁ/—A = 2. (5.17)
Pm !l YA

In fact, integration of Eq.(5.17) yields In p,, o —21n Y4 and thus p,, « ‘Y‘;z, which matches the holographic-

style dynamical equation (5.8) with the proportionality constant identified as %.

5.3 Thermodynamic implications of the holographic-style dynamical equa-

tions

In Sec. 5.2, based on Eqgs.(5.8)-(5.12) we have analyzed some properties of the cosmological apparent hori-
zon T4 to facilitate the subsequent discussion; one can refer to [43] for more discussion of the horizon T4.
From this section on, we will continue to investigate the thermodynamic implications of the holographic-

style gravitational equations (5.8)-(5.12).

5.3.1 Unified first law of thermodynamics

The mass M = p,V of cosmic fluid within a sphere of radius Y, surface area A = 4n? and volume
V = %ﬂ'YG, can be geometrically recovered from the spacetime metric and we will identify it as the total
internal energy E. With the Misner-Sharp mass/energy [44] Envs = %(1 - haﬂaamﬂ) for spherically
symmetric spacetimes, Eq.(5.1) with h%= diag[-1, l_a—lfrz] for the Universe yields

T3

E=—>, (5.18)
2G4

and its equivalence with the physically defined mass £ = M = p,,V is guaranteed by Eq.(5.8). Equation
. . 1/2
(5.18) can also be reconstructed in the tetrad Eq.(5.2) from the Hawking energy [45] Eyy = # ( f %) f (-
1/2
Y, — onpAnp + D11 + Anp)dA = 4;—(; ( f %) / (27r - f pr,udiA) for twist-free spacetimes. Immediately,
the total derivative or transverse gradient of E = E(t,r) is

173 . 3 3 72

dE = ——— (Ta — =HYA)dt + — — ad 5.19
GTi( AT Ny +2Grg“ " -19)

Ty Y3 3 72
=——2__dt+ ——dY, 5.20
G ‘rg 2G 1% (5-20)

where the relation adr = dY — HY'dt has been employed to rewrite Eq.(5.19) into Eq.(5.20), with the trans-
verse coordinates from (¢, r) to (¢, T). According to the holographic-style dynamical equations (5.8), (5.9)
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and (5.12), the energy differentials Eqs.(5.19) and (5.20) can be rewritten into

dE = —AYHP,, dt + A py adr (5.21)
=-A(l+wp)om HX dt + Ap,, dY . (5.22)

Eqgs.(5.21) and (5.22) can be formally compactified into
dE = Ay + WdV , (5.23)

where i and W are respectively the energy supply covector

1 1
VEE —Epm(l + wp) HY dt + Epm(l + W) adr (5.24)
1
= — pu(l +wy)HY dt + zpm(l + Wp)dY, (5.25)
and the work density
1
W = 5(1 - W) Prm - (5.26)

Eq.(5.23) is exactly the unified first law of (equilibrium) thermodynamics proposed by Hayward [46], and
one can see from the derivation process that it applies to a volume of arbitrary areal radius T, no matter
T < YTa, ¥ =T orT > Ta. Moreover, W and ¢ can respectively be traced back to the scalar invariant
W = —%T(C:f)haﬁ and the covector invariant i, =T wﬁ n)&ﬂ'l’ + Wd,T [46], which are valid for all spherically
symmetric spacetimes besides FRW, and have Eqs.(5.24), (5.25) and (5.26) as their concrete components
with respect to the metric Eq.(5.1).

Note that the “unified” first law Eq.(5.23) for the gravitational thermodynamics of the Universe is totally
different from the first laws in black-hole thermodynamics which balance the energy differential with the
first-order variations of the Arnowitt-Deser-Misner type quantities (such as mass, electric charge, and angular
momentum). Instead, Eq.(5.23) is more related to the geometrical aspects of the thermodynamics-gravity

correspondence.

5.3.2 Clausius equation on the apparent horizon for an isochoric process

Having seen that the full set of holographic-style dynamical equations (5.8), (5.9) and (5.12) yield the unified
first law dE = Ay + WdV for an arbitrary region in the FRW Universe, we will focus on the volume enclosed
by the apparent horizon Y. Firstly, Eq.(5.9) leads to

T
EAdt = Aa (1 + Wp) pm HY A dt , (5.27)
and the left hand side can be manipulated into

L (2m0aTa )\ _ 1 d 7y
20a\ G '

G (5.28)

Ta
—dt = =
G 21 p dt
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Applying the geometrically defined Hawking-Bekenstein entropy [5] (in the units % = ¢ = k[Boltzmann] =
1) to the apparent horizon

Y2 A
Sp=—=2 =22, 5.29
ATTG T 4G (5:29)
then employing the Cai—Kim temperature [2, 47]
Tp = ! (5.30)
Y S N '

thus TadS o = Ta/Gdt and Eq.(5.28) can be rewritten into

TadSa =00a = —AaY; = —dEA (5.31)

dr=0’

where ¥, is the t-component of the energy supply covector ¥ = ¥, + ¥y = Y, dx® in Eq.(5.25). This basically
reverses Cai and Kim’s formulation in [2], and differs from [6] by the setup of the horizon temperature.
Eq.(5.31) is actually the Clausius equation for equilibrium and reversible thermodynamic processes, and
the meaning of reversibility compatible with the cosmic dynamics is clarified in Appendix 5.7. Comparing
Eq.(5.31) with the unified first law Eq.(5.23), one could find that Eq.(5.31) is just Eq.(5.23) with the two
df components removed and then evaluated at Ts. Assuming that the apparent horizon locates at Y50 =
Ta(t = tp) at an arbitrary moment g, then during the infinitesimal time interval dt the horizon will move to
Y a0 + Taodt; meanwhile, for the isochoric process of the volume V(o) (i.e. a “controlled volume”), the
amount of energy across the horizon T g is just dEp = AaoY; evaluated at ¢y, and for brevity we will drop
the subscript “0” whenever possible as #; is arbitrary.

The energy-balance equation (5.31) implies that the region T < Y, enveloped by the cosmological
apparent horizon is thermodynamically an open system which exchanges both heat and matter (condensed
components in the Hubble flow) with its surroundings/reservoir T > Y. Here we emphasize again that
T4 is simply a visual boundary preventing ingoing null radial signals from reaching the comoving observer,
and the absolute cosmic Hubble flow can still cross Ta. Also, unlike nonrelativistic thermodynamics in
which 6Q exclusively refers to the heat transfer (i.e. electromagnetic flow), the §Qa in Eq.(5.31) is used
in a mass-energy-equivalence sense and denotes the Hubble energy flow which generally contains different
matter components.

Finally, for the open system enveloped by T s, we combine the Clausius equation (5.31) and the unified
first law Eq.(5.23) into the total energy differential

dEx = ApY, dt + AA(I,DT + W) dla
= - TAdSA + Pm AAdTA (532)

—TadS A +pdeA .

In fact, by the continuity equation (5.16) one can verify —TadS o = Vadp,,, which agrees with the thermo-
dynamic connotation that the heat —TadS o = 60 measures the loss of internal energy that can no longer
be used to do work. In this sense, one may further regard dEa + TadS 4 to play the role of the relativistic
differential Helmholtz free energy dFa for the instantaneous Y s of temperature T ag,

dEs = dEA+TAdS A = Pm dVa = Wy + W) dVy, (5.33)
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which represents the maximal work element that can be extracted from the interior of Y sg; one could also

identify the relativistic differential Gibbs free energy dGa, which means the “useful” work element, as
dGp = dEA + TpadS A + PpdVa = pm (1 + wy) dVa . (5.34)

Note that dFa and dGx contain +7AdS o with a plus instead of a minus sign, because the Cai—Kim Clausius
relation dEa = —TadS A encodes that the horizon entropy S 4 is defined in a “positive heat out” rather than
the traditional positive-heat-in thermodynamic sign convention, as will be extensively discussed in Sec. 5.5.1.

5.4 Solution to the horizon-temperature confusion

5.4.1 The horizon-temperature confusion

In the thermodynamics of (quasi)stationary black holes [5], the Hawking temperature satisfies 7 = &/(2x)
based on the traditional Killing surface gravity & and the Killing generators of the horizon. For the FRW
Universe, one has the Hayward inaffinity parameter k [46] in place of the Killing inaffinity, which yields the

Hayward surface gravity on the apparent horizon,

1 1
= —h®BY, VY = ———08,(V-h h*PozT
K > aVp 2\/_—/1 a/( B )

T | Ta _ 1 1 Ta
12 2HYA]  Ta 2HY A

where h,p = diag[-1, l_"—;rz] refers to the transverse two-metric in Eq.(5.1). Then formally following the

(5.35)

Ta’

Hawking temperature, the Hayward temperature of the apparent horizon Y is defined either by [7, 9]

K 1 TA
o= & _ 1 5.36
AT o ZnTA( ZHTA) (5.36)
or [8, 10, 18-20, 24, 25] '
(x| 1 Ta
7'(+) = 2 1 - , 5.37
A 2r 2ﬂ’A( ZHTA) (5.37)

where we use the symbol (k| to denote the partial absolute value of x, because existing papers have a priori
abandoned the possibility of T /(2HY4) > 1 for TIS). Equation (5.37) is always supplemented by the
assumption [8, 10, 18-20, 24, 25] _
Ta
2HY p

<1 (5.38)

to guarantee a positive 7~ /(;) which is required by the third law of thermodynamics, and even the condition
[18] _
Ta
2HY p

<< 1 (5.39)

so that 7, /(;) can be approximated into the Cai—Kim temperature [2, 47]

TW » — =T, (5.40)



Historically the inverse problem “from thermodynamics to gravitational equations for the Universe” [2]
was formulated earlier, in which the Cai—Kim temperature works perfectly for all theories of gravity. Later
on, the problem “from FRW gravitational equations to thermodynamics” [6—8] (as the logic in this paper)
came into attention in which the Hayward temperature seems to become effective. Considering that two
different temperatures make the two mutually inverse problems asymmetric, attempts have been made to
reduce the differences between them, mainly the assumptions Eqgs.(5.38) and (5.39).

Note that when the conditions Eqs.(5.39) and (5.40) are applied to Eq.(5.36), 7a would become a nega-
tive temperature. [7] has suggested that it might be possible to understand this phenomenon as a consequence
of the cosmological apparent horizon being inner trapped [6(¢) > 0, 6,y = 0], as opposed to the positive tem-
peratures of black-hole apparent horizons which are always marginally outer trapped [6) = 0, 6, < 0O].
However, this proposal turns out to be inappropriate; as will be shown at the end of Sec. 5.4.3, the signs of

T A actually keep pace with the metric signatures rather than the inner/outer trappedness of the horizon T4 .

54.2 Effects of 75dS s and 7,"”dS s

In Sec. 5.3.2, we have seen TxdS s = AaY; for the Cai—-Kim T4 = 1/(27Y4), and now let’s examine the

effects of 74 and 7'/(:). Given the Bekenstein-Hawking entropy S o = A /4G, the dynamical equation T =

AAHYAG(1+wy,)p, and the energy supply covector ¥ = ¥, + ¢y = —(1+wy,)omHY adt + %(1 + Wi )Pm dY A,

one has

_Xa, _Ta
G 2GHYp

TadS A Yadt

1
_AAHTA(I + Wm)pmdt + EAA(1 + Wm)pdeA
AAY; + AaYy = ApYr . (5.41)

Similarly, for the ‘TXr) defined in Eq.(5.37),

TPdSa = —(Aa: + Aathr) = AW (5.42)

Hence, for the two terms comprising 74 and 7'(+), the iﬁdS A is balanced by FAa Y, while the izg—QAdS A

is equal to £AAY. As obtained in e.g. [6]-[12], for the open system enveloped by the cosmological appar-
ent horizon, combining Eqs.(5.41) and (5.42) with the unified first law Eq.(5.23) leads to the total energy
differential

dEA = TAdSA + WdVA

o (5.43)
= _TA dSA + WdVA,

as opposed to dEx = —TadS a + pndVa for the Cai—Kim T'a.
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5.4.3 ‘“Zero temperature divide” w,, = 1/3 and preference of Cai—Kim temperature

Now apply the dynamical equation (5.11) to {7 A, T, 1(;)} and the assumptions in Egs.(5.38) and (5.39). With
Tp = %H Ta (1 +wy,), the Hayward surface gravity becomes

1 Ta 3 1
= ——|1- = —— (= - 5.44
* ‘I’A( ZHTA) T ) 49
so it follows that
> L. k>0, |x|= 3 ( 1)
Ym =3 ’ A7, T3
1
Wm=§Z k=|x|=0 . (5.45)
1 3 1
Wm<§Z K<0, |K|:m(§—wm)

The Hayward temperature 7 in Eq.(5.36) and its partially absolute value 7'/§+) in Eq.(5.37) become

31 1
=~ = = W) = == Ta(l = 3wy,
Ta = g3 ~wm) = —7Ta(l = 3wn) 546
3.1 1 '
(+)
= 5 e \5 " Wn))= =Ta(l - m) -
Ta' = Gera(z ~wm) = gTall=3wn)

Fortunately 7o and 7 /(;) remain as state functions, although Eqs.(5.36) and (5.37) carry {Ta, H} and look

like process quantities (see Appendix 5.7 for more discussion). Moreover, the supplementary assumption

Eq.(5.38) for 7”/(;) > ( turns out to be
Ta

2HYp

3
= 4_1(1 +wp) <1l = w,<1/3. (5.47)

Thus the condition ZZI'QA < 1 1in Eq.(5.39) could be directly translated into w,, < 1/3, which is however

inaccurate: in fact, if directly starting from Eq.(5.46), the approximation 7~ /(:) ~ Ta = 1/2nr7 s) will require

Wy — —1. (5.48)

It is neither mathematically nor physically identical with w,, < 1/3 which could only be perfectly satisfied
for w,, = —oo in the extreme phantom domain.

Eqgs.(5.44) — (5.48) have rewritten and simplified the original expressions of the Hayward temperatures
{Ta, TXr)} in Eqgs.(5.36, 5.37) and their supplementary conditions Eqs.(5.38, 5.39). Based on these results
we realize that it becomes possible to make an extensive comparison between {7, , TE)} and the Cai—Kim
Ta = 1/(27 5), which reveals the following facts.

(1) T4 is negative definite for 1/3 < w,, (< 1), positive definite for w,, < 1/3, and 75 = 0 for w,, = 1/3.
We will dub the special value w,, = 1/3 as the Hayward “zero temperature divide”, which is inspired
by the terminology “phantom divide” for w,, = —1 in dark-energy physics [38]. Hence, 7 does not
respect the third law of thermodynamics. Moreover, one has 75 = 0 at w,, = 1/3 and thus 72dS o = 0;
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2)

3)

4)

(&)

following Eq.(5.41), this can be verified by

1
ANy _AAHTA(l + Wm)pmdt + EAA(l + Wm)pdeA

1.
= AApm(l + Wm)(ETA - HTA)dl‘

9 1
= HYA( + W) (W — = )dt. 4
3G Al +wy,)(w 3)dt (5.49)

The condition w,, < 1/3 for the validity of 7 /(;) is too restrictive and unnatural, because w,, = 1/3
serves as the EoS of radiation and (1 >) w,,, > 1/3 represents all highly relativistic energy components.
For example, it is well known that a canonical and homogeneous scalar field ¢(¢) in the FRW Universe
has the EoS (e.g. [2])

w® = Py = —%(;52 _ V(¢). (5.50)
"o L2+ vig)

w,(,‘f) can fall into the domain 1/3 < w,(f ) < 1 when the dynamical term %qbz dominates over the potential

V(¢), and we donot see any physical reason to a priori rule out this kind of fast-rolling scalar field.

The equality TadSa = Aa(Y: + Yy) = —T.dS » implies that TadS o and 7."”dS 5 need to be
balanced by dt and also the d(’'s component of ¥, and thus the other dT's component from WdV, =
WAAdY s should be nonvanishing as well. Hence, 7AdS s and 7 Xr)dS A always live together with
WdV, to form the total energy differential Eq.(5.43) rather than some Clausius-type equation §0 =
T ﬁds A = —TadS A = —AaY, and there exists no isochoric process (dY = 0) for {74 , TX')}.

The “highly relativistic limit” w,, = 1/3 is more than the divide for negative, zero or positive Hay-
ward temperature 7 4; it is also the exact divide for the induced metric of the apparent horizon to be
spacelike, null or timelike, as discussed before in Sec. 5.2.3. That is to say, the sign of the temperature
synchronizes with the signature of the horizon metric. However, there are no such behaviors for analo-
gies in black-hole physics: for example, a slowly-evolving quasilocal black-hole horizon [41, 50] can
be either spacelike, null or timelike, but the horizon temperature is always positive definite regardless

of the horizon signature.

Unlike the Cai—Kim temperature Ta, the Hayward {7, 7, [(;)} used for the problem “from gravita-
tional equations to thermodynamic relations for the Universe” do not work for the problem “from
thermodynamic relations to gravitational equations”. That is to say, {74 , T /(:)} break the symmetry
between the formulations of these two mutually inverse problems.

On the other hand, the Cai—Kim temperature Tx = 1/(27Y4) is positive definite throughout the history

of the Universe, it provides symmetric formulations of the conjugate problems “gravity to thermodynamics”

and “thermodynamics to gravity”, and it is the Hawking-like temperature measured by a Kodama observer

for the matter tunneling into the untrapped interior T < Y4 from the antitrapped exterior Y > Y4 [47]. In

fact, besides the assumption Eq.(5.39) for the approximation 7, Xr) ~ Ta in Eq.(5.40), there have been efforts

to redefine the dynamical surface gravity in place of Eq.(5.35) for the dynamical apparent horizon Y ; for

example, inspired by the thermodynamics of dynamical black-hole horizons [42], the inaffinity Kk := —%GTE
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with 2 = haﬂaa‘raﬂ =1-7% Ti has been employed for the FRW Universe in [48], with which the
Cai—Kim temperature satisfies Ta = % at the horizon T = Y4 and thus absorbs the Hayward temperature
Ta =x/2n).

With these considerations, we adopt the Cai—Kim T for the absolute temperature of the cosmological
apparent horizon. This way, we believe that the temperature confusion is solved as the Cai—Kim T is
favored.

Furthermore, imagine a contracting Universe with @ < 0 and H < 0, and one would have a marginally
outer trapped apparent horizon with ) = 0 and 6,) = 2H < 0 at T = TA. Hence, whether T = Ty is
outer or inner trapped only relies on the Hubble parameter to be negative or positive. In Sec. 5.2.3 we have
seen that the induced-metric signature of T4 is independent of H, and neither will the Hayward {74 , ‘7'/(:) }.
Also, Egs.(5.52) and (5.53) clearly show that, the equality —7TadSa = AaY; = dEA of the Cai—-Kim T'o

validates for either H > 0 or H < 0. Hence, we further conclude that:

Corollary 1 Neither the sign of the Hayward nor the Cai—Kim temperature is related to the inner or

outer trappedness of the cosmological apparent horizon.

5.4.4 A quick note on the QCD ghost dark energy

Among the various types of quantum chromodynamics (QCD) ghost dark energy in existent literature, the

following version was introduced in [51] and further discussed in [52],

T
(QCD) 1 A
e , 5.51
Jo, a A( HT ) ( )

where « is a positive constant with the dimension of [energy]?. It is based on the idea that the vacuum energy
density is proportional to the temperature of the apparent horizon (', which was chosen as the Hayward {74

, ‘T/(;)} in [51]. Following the discussion just above, we can see that Eq.(5.51) turns out to be problematic

CD) (QCD)
A

matter 1/3 < w,, (< 1). In fact, more viable forms of the QCD ghost dark energy can be found in e.g. [53].

because pf? is not positive definite, with p < 0 when the Universe is dominated by superrelativistic

5.5 The (generalized) second laws of thermodynamics

Having studied the differential forms of the energy conservation and heat transfer and distinguished the
temperature of of the apparent horizon, we will proceed to investigate the entropy evolution for the Universe.

5.5.1 Positive heat out thermodynamic sign convention

As a corner stone for our formulation of the second laws and solution to the entropy confusion, we will match
the thermodynamic sign convention encoded in the Cai—Kim Clausius equation TadS s = 60a = —AaY,.
Following Secs. 5.3.1 and 5.3.2, we first check whether the heat flow element §Q4 and the isochoric energy
differential dEag = d(p,, Vo) take positive or negative values. dQa will be calculated by TadS a, while dE o
is to be evaluated independently via Apy; = —Aa(1 + wy,)p HYC adt. Hence, in the isochoric process for an
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instantaneous apparent horizon Y,

Ta 3

TadS A = Edl‘ = ﬁHTA(l + Wm)dl‘, (552)
3
dE|, = =Anpm(l +wan)HYadt = —5gHTAC + W), (5.53)

where Eqgs. (5.10) and (5.11) have been used to replace Axp,, and T, respectively. For an expanding
Universe (H > 0), this clearly shows that:

(1) If the Universe is dominated by ordinary matter or quintessence, —1 < w,, (< 1), the internal energy is
decreasing dE5 = AaY; < 0, with a positive Hubble energy flow 6Qa = TadS o > 0 going outside to

the surroundings;

(2) Under the dominance of the cosmological constant, w,, = —1 and {p;;, Ta,Ta,S A} = constant; the
internal energy is unchanging, dEa = AaY; = 0 and 6Qa = TadS 4 = 0;

(3) When the Universe enters the phantom-dominated state, w,, < —1, the internal energy increases dEa =
AA!/It > (0 while 5QA = TAdSA < 0.

Hence, based on the intuitive behaviors at the domain —1 < w,, (< 1) for nonexotic matter, we set up the
positive heat out thermodynamic sign convention for the right hand side of dEs = —6Qa. That is to say,
heat emitted by the system takes positive values (6Qa = (SQ‘Am > (), while heat absorbed by the system takes
negative values. Obviously, this setup is totally consistent with the situations of w,, < —1. Also, because
of the counterintuitive behaviors under phantom dominance, one should not take it for granted that, for a
spatially expanding Universe the cosmic fluid would always flow out of the isochoric volume V(T = Yy)

with dE = Vaodp, < 0.

5.5.2 Positive heat out Gibbs equation

In existent papers, the cosmic entropy is generally studied independently of the first laws, and the entropy
S of the cosmic energy-matter content (with temperature 7',) is always determined by the traditional Gibbs
equation dE = de:S‘\m - P,dV (e.g. [14]-[24]). This way, §m departs dramatically from the expected non-
decreasing behaviors, so people turn to the generalized version of the second law for help, which works with
the sum of S, and the geometric entropy of the cosmological apparent or event horizons.

This popular treatment is very problematic. In fact, the equation dE,, = TpdSu — PpudV encodes the
“positive heat in, positive work out” convention for the physical entropy S, and the heat transfer T,,dS .
However, as extensively discussed just above, the geometric Bekenstein—Hawking entropy S o = Aa /4G for
the cosmological apparent horizon is compatible with the positive-heat-out convention. One cannot add the
traditional positive-heat-in §m with the positive-heat-out S 4, and this conflict! leads us to adjust the Gibbs
equation into

dE, = =T, dS,, — P,dV, (5.54)

"Note that there is no such conflict for black holes, because both the black-hole horizon entropy and the matter entropy are
defined in the positive-heat-in convention.
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where S, is defined in the positive-heat-out convention favored by the Universe for consistency with the
holographic-style gravitational equations (5.8), (5.9) and (5.12). This way, one can feel free and safe to
superpose or compare the matter entropy S, and the horizon entropy {S A, etc.}, and even more pleasantly,
it turns out that this S, is very well behaved.

Moreover, note that although the Gibbs equation is usually derived from a reversible process in a closed
system (“‘controlled mass”), Eq.(5.54) actually applies to either reversible or irreversible processes, and either
closed or open systems, because it only contains state quantities which are independent of thermodynamic
processes.

For the energy E = M = p,,V in an arbitrary volume V = %n‘l’3 = %AT, Eq.(5.54) yields T,,dS,, =
—-d(,V) — P,dV = —Vdp,, — (om + Py)dV, and thus

T,,dS

3H(pm + Po)Vdt — (pm + Pw)AdY
omAl + wy)(HYdt — dY),

(5.55)

where the continuity equation (5.16) has been used. Based on Eq.(5.55), we can analyze the entropy evo-
lution S, for the matter inside some special radii such as the apparent and event horizons. Note that these
regions are generally open thermodynamic systems with the Hubble energy flow crossing the apparent and
possibly the event horizons, so one should not a priori anticipate S, > 0; instead, we will look for the
circumstances where S, > 0 conditionally holds.

5.5.3 The second law for the interior of the apparent horizon

For the matter inside the apparent horizon Y = TA(¢), Eq.(5.55) along with the holographic-style dynamical
equations (5.10) and (5.11) yield

deS§nA) = pmAa(l + Wm)(HTA - TA)dt
3 3
= %(l + wm)HTA(l - 5(1 + wm))dt (5.56)
9

1
= —Z_HYA(w,, + 1)(w,, + =)dr.
= HTAG + Dvn + 3)

Obviously the second law of thermodynamics S E,’?) > 0 holds for -1 < w,,, < —1/3. Moreover, recall that the

spatial expansion of the generic FRW Unverse satisfies

i 4G
4 4 3w om s (5.57)
a 3

with a > 0 for w,, < —1/3. Hence, within GR and the ACDM model, we have:
Theorem 1 The physical entropy S ,(,’?) inside the cosmological apparent horizon satisfies S 5,?) = 0 when

Wi = —1/3 or under the dominance of the cosmological constant w,, = —1, while S ,(,’?) > 0 for the stage of

accelerated expansion (4 > 0) dominated by quintessence —1 < w,, < —1/3.
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5.5.4 The second law for the interior of the event and particle horizons

Consider the future-pointed cosmological event horizon Tg = a ft * a~'df which measures the distance that
light signals will travel over the entire future history from 7y = ¢. Vg satisfies

Yg=HYg -1, (5.58)
so for the cosmic fluid inside Vg, Eq.(5.55) leads to

TwdSE = pnAe(l + w,)(HYE — Tg)dt 5.59)
= pmAE(] + wy)dt . '

Hence, we are very happy to see that:

Theorem 2 The physical entropy S ,(,f) inside the cosmological event horizon satisfies S ,(nE) = 0 if the
Universe is dominated by the cosmological constant w,, = —1, while S E,fj > 0 for all nonexotic matter

-1 <wy,; (£ 1) above the phantom divide.

The importance of this result can be best seen for a closed (k = 1) Universe, when the event horizon
TE has a finite radius and bounds the entire spacetime. Then the physical entropy of the whole Universe is
nondecreasing as long as the dominant energy condition holds —1 < w,, (< 1).

Similarly for the past particle horizon Tp = a fol a~'df (e.g. [26, 43, 54]), which supplements the
event horizon Tg and measures the distance that light has already traveled from the beginning of time (or
equivalently the most distant objects one could currently observe), it satisfies Tp = HYp + 1 and thus
Eq.(5.55) yields

TdSY = puAp(l +w,)(HYp — Tp)dt 5.60)
= —pmAp(1 + Wy )dt . '

Besides S ,(,f) =0forw, =-1,8 ,(,l:) < 0 always holds at the domain —1 < w,, (< 1), which means that the
physical entropy is always decreasing when we trace back to the earlier age for the younger Universe that
has a larger particle horizon radius Yp or horizon area Ap.

Note that with the traditional Gibbs equation dE,, = de’S\m — P,,dV where §m is defined in the positive-

heat-in convention, for the interiors of the future Yg and the past Tp one would always obtain

TwdS® = dE® + P,dVe = —pnAr(l + wy)dt sol
TwdS® = dE®) + PdVe = pnAp(l + wy)dt . o0
It would imply that in the future §$) > ( would never be realized and a younger Universe (larger Ap) would
however carry a larger internal entropy :S‘\,(qf), unless the Universe were in an exotically phantom-dominated
(wm < —1) state in her history. We believe that Eqgs.(5.59, 5.60) provide a more reasonable description for
the cosmic entropy evolution than Eq.(5.61), regard this result as a support to the positive-heat-out Gibbs
equation (5.54), and argue that Eqs.(5.54), (5.59) and (5.60) have solved the cosmological entropy confusion
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caused by Eq.(5.61) in traditional studies.

5.5.5 GSL for the apparent-horizon system

Historically, to rescue the disastrous result of the traditional Eq.(5.61), the generalized second law (GSL)
for the thermodynamics of the Universe was developed, which adds up the geometrically defined entropy
of the cosmological boundaries (mainly S s, SEg) to the physical entropy of the matter-energy content S,
aiming to make the total entropy nondecreasing under certain conditions. This idea is inspired by the GSL of
black-hole thermodynamics [49], for which Bekenstein postulated that the black-hole horizon entropy plus
the external matter entropy never decrease (for a thermodynamic closed system).

Eq.(5.59) clearly indicates that the second law S, > 0 is well respected in our formulation, but for com-
pleteness we will still re-investigate the GSLs. For the simple open system consisting of the cosmological
apparent horizon Y4 and its interior, Eqs.(5.29) and (5.56) yields

o 1 1. 27TAT
SO LS p = — L YA (o + 1) + ) 4 A TA
T, 4G 3 G (5.62
19 .13 ‘
o HY AW+ D + =) + — — HTA (W + 1),
Tm 4G A(Wm )(Wm 3) TA G A(Wm )

In existing papers it is generally assumed that the apparent horizon would be in thermal equilibrium with
the matter content and thus To = T, [16, 19-22, 24, 25], or occasionally less restrictively T,, = bTa (b =
constant) [17, 18]. However, such assumptions are essentially mathematical tricks to simplify Eq.(5.62),
while physically they are too problematic, so we directly move ahead from Eq.(5.62) without any artificial
speculations relating 74 and T,.

The GSL §§;" + $ 4 2 0 could hold when 7= 2 HYa(wy + 1) 2
{H,Ya,Ta, Ty} > 0itleads to

TLM%HTA(W,” + D(wy, + %), and with

T

(W + 1)(T_Z - 3

2 o + 1)) >0, (5.63)

or equivalently (w,, + 1)(T,, — %(wm + %)TA) > 0. Hence, for the apparent-horizon system the GSL trivially

validates with S, + S o = 0 under the dominance of the cosmological constant w,, = —1, and:

(1) For -1 < wy, < —1/3 which corresponds to an accelerated Universe dominated by quintessence,
Sm+Sa>0 always holds, because T,,,/Ta > 0 and %(wm + %) < 0 [or because both S,, > 0 and
S A > O];

(2) For —1/3 < wy, (< 1) which corresponds to ordinary-matter dominance respecting the strong energy
condition p,, + 3P,, > 0 [40], the GSL S, + S o > 0 conditionally holds when
Tw _ 3 1
mos Z +2): 5.64
Th = 2 (Wm 3) 5 ( )

(3) For the phantom domain w,, < —1, the GSL never validates because it requires 7,,,/Ta < %(wm + %) <0

which violates the the third law of thermodynamics.
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5.5.6 GSL for the event-horizon system

Now consider the system made up of the cosmological event horizon and its interior. Unlike the apparent
horizon, the entropy Sg and temperature T of the event horizon Vg are unknown yet; one should not take
it for granted that Ty would still carry the Bekenstein—Hawking entropy Sg = Ag/4G and further assume a
Cai—Kim temperature Tg = 1/(27Yg) to it.

Considering that Sg would reflect the amount of Hubble-flow energy crossing an instantaneous event

horizon Tg = YRy, it is still safe to make use of the unified first law Eq.(5.22) and thus
TgdSg = 6Qg = —dE Yo = Ag (1 + Wm)pm HYgdt. (5.65)

Hence for the event horizon system we have

. . 1 1
S+ Sk 7 wadonAg + - Ag(L + wa)onH

m

IE)

Te T (5.66)

1
omAs(1 + wm)(T—m +
where Ty = 1/H refers to the radius of the Hubble horizon [30, 43], an auxiliary scale where the recession
speed would reach that of light (¢ = 1 in our units) by Hubble’s law, and it is more instructive to write H as
1/Yy when compared with Vg and Y. Since {Ta, Tg, H, Tg} > 0, we pleasantly conclude from Eq.(5.66)
without any unnatural assumption on {7, Tg} that:

Theorem 3 The GSL S ,(f) +S £ > 0 for the event horizon system always holds for an expanding Universe

dominated by nonexotic matter —1 < wy, (< 1).

Note that Mazumder and Chakraborty have discussed GSLs for the event-horizon system in various
dark-energy (and modified-gravity) models in [55, 56], where Sg is calculated by the unified first law and
the importance of wy, is fully realized, although it is the weak rather than the dominant energy condition that
is emphasized therein and the possibility of a Bekenstein—Hawking entropy for Yk is not analyzed.

So far we have seen that though the apparent horizon Y4 is more compatible with the unified first law
and the Clausius equation, the second law is better respected by the cosmic fluid inside the event horizon Yg
— this is because Vg better captures the philosophical concept of “the whole Universe”. For both horizons Y'a
and Tg, the second law is better formulated than the GSL. Moreover, from the standpoint of the second laws
and the GSLs, the phantom (w,, < —1) dark energy is definitely less favored than the cosmological constant
(W = —1) and the quintessence (—1 < w,, < —1/3).

5.5.7 Bekenstein—-Hawking entropy and Cai-Kim temperature for the event horizon?

The entropy of the event horizon g has just been calculated from the unified fist law. Now let’s return to
the question: Can the Bekenstein—Hawking entropy and/or the Cai—Kim temperature be applied to T'g? With
the assumption Sg = Ag/4G, Eq.(5.65) yields

ZHTETE 27TTE(HTE - 1)
Tg =Tg G

- = Ae(1 + Wi )omHYE, (5.67)
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which further leads to G
(Te—Yu)TE = EpmAE(l + W) . (5.68)

An expanding FRW Universe always satisfies Tg > Ty, so the third law of thermodynamics T > 0 requires
-1 < w, (£ 1); also, Tg = Ty when w,, = —1 and Tg becomes unspecifiable from Eq.(5.68). Moreover, if
Te = Th. thena [~ a”'di = ¢, thus

© A a a
af aldi=1 = ---=0 = ai=d*, (5.69)
p a a
where we have taken the time derivative of the left-most integral expression. In the meantime, when wy,, = —1
we have )
1 +k 8 a 8
L 2 nGom L= nGow = ai=d®+k. (5.70)
a? 3 a 3

Comparison of Egs.(5.69) and (5.70) shows that in addition to w,, = —1, Yg = Yy also requires k = 0; note
that in case of the flat Universe, the apparent and the Hubble horizons coincide, Yo = Yy, so Tg=T which
remedies the failure of Eq.(5.68) at w,, = —1. Hence,

Corollary 2 The validation of a Bekenstein—-Hawking entropy on the cosmological event horizon requires
that (i) the scale factor a(t) satisfies the constraint Eq.(5.68), (ii) the dominant energy condition always holds,
(iii) the event and Hubble horizons would coincide and the spatial curvature vanishes under the dominance

of the cosmological constant.

If one further assumes a Cai—Kim-like 7 = 1/(2n(g) for the event horizon, Eq.(5.68) would tell us that

GomAg (1 +wy,) + % =1. (5.71)
Does this constraint always hold? Since Tg > T4, thus p,,Ag > p,AA = %, with which Eq.(5.71) yields
%(1 + W) + % <1. (5.72)
This result can be rearranged into
Wy < —% - T—I; < —%, (5.73)

which, together with the requirement —1 < w,, (< 1) from Eq.(5.68) for a generic positive Tg, give rise to
the condition —1 < w,, < —1/3. Hence,

Corollary 3 In addition to a Bekenstein—Hawking entropy, the validation of a Cai—Kim temperature on
the cosmological event horizon further requires the scale factor to satisfy Eq.(5.71), and restricts the FRW

Universe to be dominated by the cosmological constant w,, = —1 or quintessence —1 < w,, < —1/3.
Similar conditions hold for the past particle horizon as well. [54] has derived the GSL inequalities for the

Hubble-, apparent-, particle- and event-horizon systems with the logamediate and intermediate scale factors

by both the first law and the Bekenstein—-Hawking formula, in which one could clearly observe that these
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two methods yield different results in the case of the event (and particle, Hubble) horizons.

Based on these considerations we argue that for consistency with the cosmic gravitational dynamics, the
geometrically defined A/4G only unconditionally holds on the apparent horizon T s, which does not support
the belief that the Bekenstein—Hawking entropy could validate for all horizons in GR (e.g. [14, 43]).

5.6 Gravitational thermodynamics in ordinary modified gravities

For the ACDM Universe within GR, we have re-studied the first and second laws of thermodynamics by
requiring the consistency with the holographic-style dynamical equations (5.8), (5.9) and (5.11), which pro-
vides possible solutions to the long-standing temperature and entropy confusions. Following the clarification
of the Cai—Kim temperature and the positive-heat-out sign convention, we will take this opportunity to ex-
tend the whole framework of gravitational thermodynamics to modified and alternative theories of relativistic
gravity [57, 58]; also, this is partly a continuation of our earlier work in [64] where a unified formulation has
been developed to derive the cosmological dynamical equations in modified gravities from (non)equilibrium
thermodynamics.

For the generic Lagrangian density Ziow = Z6(R, R RY, R, 9, V,9VFY, - - ) + 160G L, where R; =
Ri (8ap » Ruavp » VyRuavg » - - . ) refers to a generic Riemannian invariant beyond the Ricci scalar and ¢ denotes

a scalarial extra degree of freedom unabsorbed by %, , the field equation reads

1 5VE L)
V=g o8

where total-derivative/boundary terms should be removed in the derivation of Hy,. In the spirit of recon-

H,, = 87GT) with H,, = , (5.74)

structing the effective dark energy [63], Eq.(5.74) can be intrinsically recast into a compact GR form by
isolating the R, in Hy,:

1 . G

Gy = Ryy = 5Rgus = 87GeaTyy” with H,, = o

eff

Guv — 81GTNY (5.75)

where Tfﬁ,ﬁ) = Tl(ff) + T,(};“G), and all terms beyond GR have been packed into T,(}XIG) and G.g. Here TSXIG)
collects the modified-gravity nonlinear and higher-order effects, while G.g denotes the effective gravitational
coupling strength which can be directly recognized from the coefficient of the matter tensor Tff;’) — for
example, as will be shown in Sec.5.6.8, we have G.g = G/ fg for f(R), Geg = GE(¢)/F(¢) for scalar-tensor-
chameleon, G.g = G/¢ for Brans-Dicke, Geg = G/(1 + 2aR) for quadratic, and G.g = G for dynamical
Chern-Simons gravities. Moreover, T,Sevﬁ) is assumed to be an effective perfect-fluid content,

T = diag [—pefr, Pefrs Peirs Pei] ~ With  Pet/pesr = We» (5.76)

along with pefr = pp + povc) and Peg = Py, + Povic).

Modified gravities aim to explain the cosmic acceleration without dark-energy components, so in this
section we will assume the physical matter to respect the null, weak, strong and dominant energy conditions
[40], which yield p,, > 0 and —1/3 < w,, < 1. This way, the quintessence (-1 < w,, < —1/3), the

cosmological constant (w,, = —1) and the most exotic phantom (w,, < —1) are ruled out.
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5.6.1 Holographic-style dynamical equations in modified gravities

Substituting the FRW metric Eq.(5.1) and the effective cosmic fluid Eq.(5.76) into the field equation (5.75),
one could obtain the modified Friedmann equations
k 871G
H? + ol %peﬂ and

.k
H- a2 = — 4nGe(1 + We)pefr = —4nGefthest 5.77)

. k
or 2H+3H> + — = —87GefiPefr,
a
where heg := (1 + wesr)pesr denotes the effective enthalpy density. With Egs. (5.4) and (5.5), substituting the

apparent-horizon radius Y and its kinematic time-derivative T4 into Eq.(5.77), the Friedmann equations

can be rewritten into

_ 8nG
T = =5 e (5.78)
Ta =4nHY3Ger(1 + Wert)pett (5.79)
3
=§HTA(1 + Weff) (5.80)
.3
TR(Ta - 5mrA) = 4nGetH Pesr, (5.81)

along with Appeg = ﬁ Similar to Eqs.(5.8)-(5.12) for ACDM of GR, Eqs.(5.78)-(5.81) constitute the full
set of FRW holographic-style gravitational equations for modified gravities of the form Eq.(5.75).

5.6.2 Unified first law of nonequilibrium thermodynamics

Following our previous work [64], to geometrically reconstruct the effective total internal energy E.g, one
just needs to replace Newton’s constant G by Geg in the standard Misner-Sharp or Hawking mass used in

Sec. 5.3.1, which yields
1 T

Eeff = ———.
T 26w

(5.82)

The total derivative of E.g = E.g(t, r) along with the holographic-style dynamical equations (5.78), (5.79)
and (5.81) yield

N I 3 3 7?2 Gegg Y3
dEei = ————(Ta - 2HYA)dt + —— —adr — —dt 5.83
o Ger Ti( A= HTANI 56 2% T 262 2 689
G
= —ATHPegdt + Apeadr — VGeffpeﬁdz. (5.84)
eff
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By the replacement adr = dY' — HY'dt, Eqs.(5.83) and (5.84) can be recast into the (¢, 1) transverse coordi-
nates as

Ta T3 3 72 Gegr T3
dEey = ——>—dt+ ———d¥ — —2 g 5.85
o Ger 13 2612 263,12 -89
G
= —A(l + wem)pet HYdt + Aped — VGeﬁpeffdt. (5.86)
eff

Both Eqgs.(5.84) and (5.86) can be compactified into the thermodynamic equation
dEg = AY + WdV + &, (5.87)

where W and Y respectively refer to the effective work density and the effective energy supply covector,

1
W= 5(1_Weff)peﬂ“v (5.88)
1 1
Y= —5(1 + Wer)petHYdt + 5(1 + Wefr)Peradr
1
= (L +wemperHYdr + S(1 + we)perd T, (5.89)
and similar to Sec. 5.3.1, ‘W and ¥ can trace back to the Hayward-type invariants W := —%T(Z fﬂhaﬁ and

Y, = Tafi ﬁ)c?/ﬂ' + W3, under spherical symmetry. The & in Eq.(5.87) is an extensive energy term

E=-V

Ot o (5.90)
Geff

As will be shown in the next subsection, & contributes to the irreversible extra entropy production, so we
regard Eq.(5.87) as the unified first law of nonequilibrium thermodynamics [64], which is an extension of
the equilibrium version Eq.(5.23) in GR. Moreover, it follows from the contracted Bianchi identities and
Eq.(5.75) that V,G", = 0 = 87V, (GesT" (¢} and for the FRW metric Eq.(5.1) it leads to

8 Geff

©__ , 591
% Geffpeff ( )

peff + 3H(peff + Peff) =

so & also shows up in the generalized continuity equation as a density dissipation effect.

5.6.3 Nonequilibrium Clausius equation on the horizon

The holographic-style dynamical equation (5.79) can be slightly rearranged into g—;dt = Ap(1+weg)pegHY Adt,

so we have
1 TA 1 Geﬂ 1 1 Geff Geff
2nY dt— =" dr |+ 21 YAl =0 at+V, dt
a0ta MGt 2 MG, ] s A[z A T A G

(5.92)

Geff
dt.
Geffpeﬂ'"

= AA(I + Weff)peffHTAdl‘ + Va
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It can be formally compactified into the thermodynamic relation

Ta(dSa +dpS™) = ~(AxY, + Ep) = ~dEly; (5.93)

ar=0’

where YV, is just the r-component of the covector ¥ in Eq.(5.89), E4 is the energy dissipation term Eq.(5.90)
evaluated at Yo, and T = ﬁ denotes the Cai—Kim temperature on Y. Here S a refers to the geometrically
defined Wald entropy [65] for the dynamical apparent horizon,

Y2 A dA
A A f A (5.94)

S = = = N
A7 G 4G 4Gt

where S5 takes such a compact form due to Ty = Ya(f) and Geg = Geg(f) under the maximal spatial

symmetry of the Universe, while d,S (A) represents the irreversible entropy production within 'z

1. G G
dpS™ =210 5| 5Ca 5 di + VA—effpeffdt)
Geff Gefr
o (5.95)
= 2773~ dr,
Geff
where we have applied the following replacement

1 Geff Geﬁ
—TA— = VA—= et 5.96
5 LA G AGe e (5.96)

whose validity is guaranteed by Eq.(5.78). Due to the extra entropy production element d,S (A we regard
Eq.(5.93) as the nonequilibrium Clausius equation, which depicts the heat transfer plus the extensive energy
dissipation for the isochoric process of an arbitrary instantaneous Y’ ». With the nonequilibrium unified first
law Eq.(5.87), Eq.(5.93) can be completed into the total energy differential

dES; = AaY.dt + Ax (Py + W)dTa +En

(5.97)
= —TA(dS A +dpS™) + pegrdVa.

5.6.4 The second law for the interiors of the apparent and the event horizons

For the cosmic entropy evolution, the second law of thermodynamics should still apply to the physical
matter content {p,,, Py} rather than the mathematically effective {pcf, Pegr}. Under minimal geometry-matter
couplings, the Noether compatible definition of Tfl’f) automatically guarantees V“ngf) = 0, so the total
continuity equation (5.91) can be decomposed into the ordinary one for the physical matter and the remaining

part for the modified-gravity effect [64]:

Oom +3H(Qpm + Pyp) =0
Geft (5.98)

poic) + 3H(povie) + Poviay) = —G—eﬁ(/?m + PG )-

For the physical energy E,, = p,,V = Eef — pouc)V within an arbitrary volume, the positive-heat-out Gibbs
equation (5.54) still yields 7,,dS,, = —d(p,,V) — PndV = —Vdp,, — (om + Pn)dV, which together with
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Eq.(5.98) leads to

TpndS = 3H(pm + Pp)Vdt — (o + Pp)AdY

(5.99)
= pnAl + wy,)(HYdt — dY).

Hence, for the physical entropy Sf,‘f) inside the apparent horizon Tz (¢), Eq.(5.99) and the holographic-style
dynamical equation (5.80) yield

TndSy) = pnAa(l+wy)(TAH = Ta)dt
3 1
= —EpmAA(l + wm)H‘Y'A(§ + Wefr)dt (5.100)

9 1
= _EpmVAH(l + Wm)(§ + Werr)dt.

where p,,Aa cannot be simplified by Eq.(5.10) of GR. Recall that —1/3 < w,, < 1 in modified gravities, thus:

Theorem 4 The physical entropy S ,(f,\) inside the cosmological apparent horizon satisfies S Ef,‘) > 0 only
when weg < —1/3.

Moreover, inside the event horizon Yg(f), Eq.(5.99) along with Tg = HYg — 1 give rise to

TudSY = pmAg(l +w)(H'YE — Tg)dt
= pmAE(1 + wy)dt.

(5.101)

Hence, for the FRW Universe governed by modified gravities and filled with ordinary matter —1/3 < w,, < 1:

Theorem 5 The physical entropy S ,(f) inside the cosmological event horizon always satisfies S ,(f) >0

regardless of the modified-gravity theories in use.

5.6.5 GSL for the apparent-horizon system

Unlike the standard second law for the matter content {p,,, P,,}, GSLs further involve the modified-gravity
effects {pma), Povc)} which influence the horizon entropy. Compared with the ACDM situation in Sec. 5.5.5,
there are three types of entropy for the apparent-horizon system in modified gravities: the physical S ,(,/f ) for
the internal matter content, the Wald entropy S 4 of the horizon T s, and the nonequilibrium extensive entropy
production. From Egs.(5.93) and (5.100), we have

S LS +S'§,A)

13 1 27T AY A 5 Gef
= 25, Ax(1 4w, )HYA(= + g A CA | e el
T, me A( Wm) A(3 Weff) Gurr Tha gﬂ (5.102)
37, 1 1 1 1 1 Geg
==—|—=—pmAar(l + =+ Weff) + — 1+ +——
27q | T, AU+ wn)(3+ werr) Ta Geﬁ( Weir) TA3HGY )

where S (pA) = d,SM/dt, Ta = 1/(2nTa), and Ta = 2HYA(] + weq). Generally the GSL for the apparent-
horizon system does not hold because the region T < Yo only comprises a finite portion of the Universe
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and is thermodynamically open with the absolute Hubble flow crossing Y’ a. However, Eq.(5.102) shows that
S ﬁf) +8A+S E,A) > 0 could validate when

Tm(1+weﬁc 1 Geg
—+_

-m 1
= 2 .
Ta Gegt 3H Ggﬁ) > pmAa(l + Wm)(3 + Weft), (5.103)

where Ap cannot be further replaced by 1/ (ﬂTi) to nonlinearize Tp since T is not an extensive quantity.
Specifically for equilibrium theories with G = constant, like the dynamical Chern-Simons gravity [61, 64],
Eq.(5.103) reduces to become

T, 1
(1 + Weff)T_A 2 pmAAG(1 + Wm)(§ + Weff)a (5.104)

which appears analogous to Eq.(5.63) of ACDM.

For the apparent-horizon GSL, these results have matured the pioneering investigations in [18] for
generic modified gravities and other earlier results in e.g. [22, 24] for specific gravity theories by the nonequi-
librium revision of the unified first law, selection of the Cai—Kim temperature, dropping of the artificial

assumption 75, = 7'/(;) , and discovery of the explicit expression for the entropy production d,$ (A),

5.6.6 GSL for the event-horizon system

For the event-horizon system, dSg +d,S () should be directly determined by the nonequilibrium unified first
law Eq.(5.86),

Tg (dSg + d,S®)

=60m = —dEP|, = —(Ap¥; + &)

| Tgo

(5.105)
GeIT
=AE(1 + Weﬁ‘)peﬂ-‘H Yedt + Vg peﬂ-‘dt.
GeIT
Then Eqgs.(5.101) and (5.105) yield
S +SE+S,” = —pnAe(l + wp) + — Ag(1 + weg)perHYE + Vi Oeft | - (5.106)
Tm TE Geff

Inspired by the validity of the event-horizon GSL for Sec. 5.5.6 and the standard second law Eq.(5.101), we
a priori anticipate S ,(,]f) +Sg+S E,E) > 0 to hold, which imposes the following viability constraint to modified
gravities

T Gesr
— (1 + H +
TE (( Weff) G

)Peff > —pm(1 +wy)Tg' (5.107)

eff

Considering that —1/3 < w,, < 1, its right hand side is negative definite, so a sufficient (yet not necessary)

condition to validate the GSL is .
G

((1 + Wefr)H + Geﬁ

)Peff > 0. (5.108)

eff
These results improve the earlier investigations in e.g. [56] for the event-horizon GSL in modified gravities.
Note that the discussion in Sec. 5.6.3 is based on the holographic-style gravitational equations and only

applies to the apparent-horizon system; if presuming a Wald entropy Ag/4G.s and employing the entropy
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production to balance all differential terms involving the evolution effect G.g, one would obtain

27YET G
Tg (dSg +d,S®) = (TE TEE Vg eﬁpeff)dz, (5.109)
eff Geff
with d,§ E) specified as
45® = 104, C Ly, %pﬂr dt (5.110)

Comparison of Eqs.(5.105) and (5.109) yields the condition

T 27TTE(HTE - 1)

E = Ag(1 + west)pet H T, (5.111)
Geff

and thus the whole discussion in Sec. 5.5.7 for ACDM can be parallelly applied to modified gravities with
G — Gefr, pm P pef and wy, — weg, Which again implies that the entropy A/4Ges and the Cai—Kim
temperature 1/(27T) only unconditionally hold on the cosmological event horizon.

5.6.7 A note on existing methods of GSL

Existent papers on GSL of modified gravities (in the traditional positive-heat-in Gibbs equation TdSm =
dE + P,dV) usually replace p,, + P, by 5(1\/[(3) + F(MG) in Eq.(5.99), with {E(MG)’ F(MG)} set up in the field
equation involving both Newton’s constant G and the dynamic Geg:

1 — — —
Ryy = 5 Rguy = 87GT" = 87G(TS + Ti' ), (5.112)

where ’f,u‘(/eﬁ) = diag [—,Beff, ﬁeff, Feﬂ‘, Feﬁ], ;5eff = ﬁm + E(MG)’ Feff = Fm + ﬁ(MG)y and the tilde ~ means
that the possibly dynamical aspect of G in Eq.(5.75) has been absorbed into Tfﬁ,ﬁ) to formally maintain a
constant coupling strength G; also note that for these tilded quantities the conservation equation becomes
Deft + 3H (f)eﬂr + Peff) = 0and p,, + 3H(p,, + P;») = 0 under minimal coupling (an energy exchange term be-
tween p,, and povic) was analyzed for minimal f(R) gravity in [25], WhiC.h however should be a feature of non-
minimal coupling). This way, for the apparent-horizon system with Tmfm = 471‘Y’i(pm +P,) (TA - HY A) dt,
one would have the GSL (e.g. [22, 24, 25] for the F (R, G), scalar-tensor-chameleon and interacting f(R)

gravities)

~(A)

m

ZHTATA

+8Sa= ,
A Geff

G ( Ta (5.113)

1 ~ .
— — 472 (Povic) + P Ta—TaH)+
T, G \GHY A T A(P(MG) (MG)))( A A )

where Gg is recognized from the coefficient of Gp,, = Gegpn to utilize the Wald entropy Sa = Aa/4Geg.
In Eq.(5.113) we have incorporated the holographic-style gravitational equations [simply Eqgs.(5.78)-(5.81)

with Geg — G and pef — Deft Peff Feff] for compactness, as well as the relation

Om + P = GG (P + Pun). (5.114)

eff

However, Eq.(5.113) is not self-consistent, not just for the conflicting sign conventions encoded in 3\5,?) and

S A, but also because it uses two different coupling strength for {3’\5,‘?), Sa}, and fails to capture the extra
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entropy production d,S (A) which arises in all modified gravities with nontrivial G.g [64, 67]. To overcome
these flaws in this popular method, the adjusted Gibbs equation (5.54) along with the setups in Eqgs.(5.75,
5.76) and the holographic-style Eqs.(5.78)-(5.81) lead to

. 1 { Ta 2 Y
TS m = _Geﬁ»(HTA — 47T, Gei(ovc) + P (MG>))(TA ~YaH )
5 (5.115)
HY, (. &k ] 2
- _ - H - -+ 4nGer(pmo) + Povc)) (H +H )
eff a

which together with Eq.(5.93) yields

HY (. &k . 27TAY Gefr
S(A) | ¢ S (A) _ A 2 Ala 2 Geft
S+ Sa+8PY = _G_eIT(H = — +47Genlpovc) + P(MG)))(H +H?) + Gt nTA—Ggﬁ. (5.116)

Eq.(5.116) improves Eq.(5.113) into a totally self-consistent and more natural method that employs a single
gravitational coupling strength G.g in accordance with the standard entropy As/4Ges. The approach by
Eq.(5.116) looks more concentrative on {pwma), Povc)} of the modified-gravity effects; however, it has im-
plicitly ignored the nonexotic character of the cosmic fluid p,, + 3P,, > 0, and complicated the mathematical
calculations. Hence, in this paper we have chosen to work with Eqgs.(5.100, 5.102) rather than Eqs.(5.115,
5.116 ) for the apparent-horizon system, and similarly Eq.(5.101, 5.106) for the event-horizon system.

5.6.8 Applications to concrete modified gravities

The formulation of gravitational thermodynamics in this section applies to all ordinary modified gravities of
the form Eq.(5.75). One can just reverse the process and logic in [64] to see the detailed applications of the
first laws for different gravity theories, and in this paper we will focus on the concretization of the second
laws, for which we have drawn the following generic conclusions:

(1) $'® > 0 always holds, while $ > 0 when weg < —1/3;

2) S 5,],5) +Sg+S E,E) > 0 should hold with Eq.(5.107) as a validity constraint for modified gravities, while
S 5,?) +SA+S E,A) > 0 could conditionally hold only when Eq.(5.103) is satisfied.

To concretize these conditions, one just needs to find out the effective gravitational coupling strength G,

the effective EoS parameter

_ (Peft + Peff) — Peft

- Peff

- (1 + wi)pm + (ovc) + P(MG)),
Pm t PMG)

eff

(5.117)

the “modified-gravity energy density” pomc), and povG) + Pma)-
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f(R) gravity

For the FRW Universe governed by the .2 = f(R) + 162G.Z,, gravity [59], we have G.g = G/ fr and [64]

1,1 1 .
PMG) = %(EfRR_Ef_:)’HfR) (5.118)
1. .
PG + Paie) = %(fR_HfR) (5.119)
87G(1 + +fr—Hf
war=— 1 4 nG(1 + wp)pm + fr — Hfr (5.120)

87Gpm + 3 /xR = 3f = 3Hfr

The GSL for the event-horizon system requires f(R) gravity to respect the following viability condition

&[ 8aG(1 + wi)pm + fr — H R H— E] X (5.121)

Te \87Gpy + 3 frR — 3f — 3H fr Ir

1 1 .
(SnGpm *3 frR - 3 f-3H fR) > —81Gpm(1 + wy) T35,

while for the apparent-horizon open system, the second law and the GSL respectively hold in the situations

87G(1 + vlvm)pm +1fR —Hir _ _%, (5.122)
8n1Gpm + 5 fRR — 5f — 3H fg 3

T [, 87G(1 +ww)pm + JR—Hfr _ fr

87G(1 + wp)om + fr —Hfr 2
Ta\""82Gp, + LfxR- L —3Hfy 3H

87Gpm + 3feR—3f = 3Hfx  3)
(5.123)

) > GonAa(l + wm)[

Scalar-tensor-chameleon gravity

For the scalar-tensor-chameleon gravity [24] with the Lagrangian density -Zstc = F(¢)R — Z(Pp)V, V¥ —

2U(¢) + 16nGE(¢).%Ly, we have Geg = %G and [64]

1 . 1 -2
=— | -3HF + -7 124
poicy = 5=~ 3HF + 32 + U) (5.124)

8TGE(1 + wy)om + F — HF + Z¢?
87GEp,, —3HF + 1z¢2 + U

Weg = =1 + , (5.125)

where in this subsection we temporarily adopt the abbreviations £ = E(¢), F = F(¢), U = U(¢) and
Z = Z(¢). Eq.(5.107) for the GSL of the event-horizon system imposes the constraint

T (87rGE(1 twalow + F—HE +2¢?  FEy - EF¢¢

Te\  82GEp, —3HF + 12> + U EF (5.126)

F zZ., U _
X (877Gpm ~3HE + E¢2 + E) > —87Gpu(1 +wp) Y5,
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while weg < —% and the apparent-horizon GSL Eq.(5.107) can be directly realized with Eq.(5.129) and
pmG) + Py = ﬁ (F — HF +Z¢'52). Moreover, in the specifications £ — 1, F — ¢, Z — w/¢,
U %V, we recover the generalized Brans-Dicke gravity [62] with a self-interacting potential, Zgpp =
¢R — %V(@V“(/} - V(¢) + 16nG.%,,, and Eq.(5.130) reduces to become

T
Tg

— (5.127)
8nGp,, — 3Ho + %rpz +5V ¢

8G(1 + wp)pm + ¢ — Ho + gq'ﬂ ¢]
H

. . 1%
(SﬂGpm _3H¢ + %& + E) > —87Gpm(1 + W) T5".

Scalar-tensor-chameleon gravity

For the scalar-tensor-chameleon gravity [24] with the Lagrangian density Zstc = F(¢)R — Z(¢)VodV¥h —

2U(¢) + 16nGE(¢).%,, in the Jordan conformal frame, which generalizes the Brans-Dicke gravity, we have

Geff = %G and [64]

1 o1
= ——(-3HF + =z¢* U) 5.128
pM0) 87TGE( TRt (5.128)
N 8TGE(1 + wp)om + E — HF + Z¢?
8nGEpy, — 3HF + 1Z¢* + U
where in this subsection we temporarily adopt the abbreviations £ = E(¢), F = F(¢), U = U(¢) and

Z = Z(¢), while H is still the Hubble parameter. Eq.(5.107) for the GSL of the event-horizon system
imposes the constraint

Wef = —1

(5.129)

Zz
2E

¥+ )
E]  (5.130)

> —87Gpm(1 + wp) Y5,

Ty (87GE(l + wy)pm + F — HF + z¢2H , FEs—EFy
T\ 8nGEp, —3HF + 3Z§* + U EF

. F
¢] X (SﬂGpm - 3HE +

while weg < —% and the apparent-horizon GSL Eq.(5.107) can be directly realized with Eq.(5.129) and
oG + Pve) = ﬁ (F - HF +Zq32). Moreover, in the specifications £ — 1, F — ¢, Z — /¢,
U %V, we recover the generalized Brans-Dicke gravity [62] with a self-interacting potential, ZGpp =
OR — %VagbV"qﬁ - V(¢) + 161G %, and Eq.(5.130) reduces to become

87G(1 + Wy )pm + ¢ — Hp + 2> j
T | 2% ko + ¢~ HY ¢¢H—?]X(SﬂGpm—3H¢+£¢.§2+lV)

Te | 8nGpn - 3H$ + 542 + 1V ¢ 20" 2 (5.131)

> —87Gpm(1 +wy)Tg' .

Quadratic gravity

For the quadratic gravity o6 = R + aR* + bR, R* + 16nG.Z,, whose Lagrangian density is an effective
linear superposition of the quadratic independent Riemannian invariants [58, 60], with {a, b} being constants,
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we have Geff = ﬁ and [64]

Cdfa, b, b, o ,
PMG) = %(ER - ERC + ER - (461 + b)HR + 4bR i + ZbDRt y (5132)

87G(1 + wy)pm + (2a + b)R — HR + 4b(R'  , - R", )R(’B +2b0(R," —R,")

atf

87Gpy + §R? — §RZ + SR — (4a + D)HR + 4bR'  ; + 2b0R,

Wer = —1 + , (5.133)

where Rz = R,R", 0 = g"V,V,, and we have used the compact geometric notations [64]. Hence, GSL of

the event-horizon system requires

T,, (87G( + wy)pm + (2a + bR = §HR + 4b(R' , , — K", IR + 2b0(R," = R,") 2aR
Tg 87Gpm + SR> — 5R? + LR — (4a + b)HR + 4bR' , 5+ 2b0OR, 1 +2aR (5.134)
b b.
X (87erm + 2R2 - ERE + >R - (4a + b)HR + 4bR' 5 + 2bOR, ) > —87Gpm(1 +wp)TE',
while weg < -3 ! and Eq.(5.107) can be directly concretized with Eq.(5.133) and
1 . b . . .
PMa) + Pove) = %((20 +D)R - FHR + 4b(R' 5~ R, )R +2b0(R," - R, ))' (5.135)

Chern-Simons gravity

Finally let’s analyze the dynamical Chern-Simons gravity .Zcs = R+ \‘;%*I’?-I\? -bV, 9VFI - V(3 + 167nG.Z,

[61] which has a constant gravitational coupling strength Geg = G, where *RR = ”‘RQ/,:y@RC’ﬁV‘S denotes the

Chern-Pontryagin invariant and {a, b} are constants. We have [64]

1 2
PMG) e — (b* + V(9)) (5.136)
87Gpm(1 + + bd?
Werr = -1 7P+ ) DY (5.137)
87TGpm + zbﬁz + jV(ﬂ)
and thus Eq.(5.107) leads to the viability condition
T 2
- = (87Gpm(1 + wp) + b9?) 2 ~87Gpm(1 + wm) (5.138)
E
which, for & # 0, yields a constraint for b,
H T _

For the FRW cosmology, *RR makes no contribution to the gravitational equations, so Z¢s effectively acts
as £ = R - bV, 9V*Y — V() + 16nG.Z,,, which formally resembles the scalarial dark energy [37, 39]. On
the other hand, note that although Eqs.(5.138) and (5.139) are always satisfied for » > 0, which corresponds
to a canonical kinetic ¥-field that is quintessence-like (£ = —%VugbV“(p - V(¢)), ¥ is allowed to be slightly
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phantom-like (.Z = %Vu(bvf‘(b — V(¢)) for some b < 0 by Eq.(5.139). Hence, Eq.(5.139) does not coincide
with the situation of ACDM in Sec. 5.5.6, where S ,(,]f) + SE > 0 holds if and only if w,, > —1.

5.7 Conclusions and discussion

In this paper the thermodynamic implications of the holographic-style dynamical equations for the FRW
Universe have been studied. We started from the ACDM model of GR to clearly build the whole framework
of gravitational thermodynamics, and eventually extended it to modified gravities. A great advantage of our
formulation is all constraints are expressed by the EoS parameters.

The holographic-style gravitational equations govern both the apparent-horizon dynamics and the cosmic
spatial expansion. We have shown how they imply Hayward’s unified first law of equilibrium thermodynam-
ics dE = Ay + WdV [46] and the isochoric-process Cai—Kim Clausius equation T4dS o = 60a = —AaY;
[2, 8, 47]. The derivations of the Clausius equation in Sec. 5.3.2 actually involves a long standing confusion
regarding the setup of the apparent-horizon temperature, and extensive comparisons in Sec. 5.4 have led to
the argument that the Cai—-Kim 74 = 1/(2nY4) is more appropriate than the Hayward 7o = x/2r and its
partial absolute value 7'/(:). Meanwhile, we have also introduced the “zero temperature divide” w,, = 1/3
for 7o = K/2n, and proved the signs of both temperatures are independent of the inner or outer trappedness
of the apparent horizon.

The “positive heat out” sign convention for the heat transfer and the horizon entropy has been decoded
from ThdS o = —dE, provided that the third law of thermodynamics holds with a positive T4. With the
horizon temperature and entropy clarified, the cosmic entropy evolution has been investigated. We have
adjusted the traditional matter entropy and Gibbs equation into dE,, = —T,,dS ,, — P,,dV s in accordance with
the positive heat out convention of the horizon entropy. It turns out that the cosmic entropy is well behaved,
specially for the event-horizon system, where both the second law and the GSL hold for nonexotic matter
(-1 < wy, < 1). Also, we have clarified that the regions {T < T, T < Tg} enveloped by the apparent and
even horizons are simple open thermodynamic systems” so that one should not a priori expect the validity
of nondecreasing entropy, and abandoned the local equilibrium assumptions restricting the interior and the
boundary temperatures.

Finally we have generalized the whole formulations from the ACDM model to ordinary modified gravi-
ties whose field equations have been intrinsically compactified into the GR form R,;, — Rg,,,/2 = 87TGe(-le(t?,ﬂ).
To our particular interest, we found that inside the apparent horizon the second law $,, > 0 nontrivially
holds if we < —1/3, while inside the event horizon S, > 0 always validates regardless of the gravity the-
ories in use. These generic conclusions have been concretized in f(R), scalar-tensor-chameleon, quadratic
and dynamical Chern-Simons gravities.

Note that the volume V and surface area A used throughout this paper are interpreted as flat-space quan-
tities in [26]. However, Y and A are the proper radius and area for the standard sphere S? in the 2 + 2 (rather
than 3 + 1) decomposition ds” = hopdx®dxP + S? of Eq.(5.1), while the role of V as a proper quantity is still
not clear.

There are still some interesting problems arising in this paper and yet unsolved. For example, the dis-
cussion in Sec. 5.5.7 further raises the question that, what is the temperature 7 for the event horizon? Note

2Even the philosophical “whole Universe” would be an open system if there were matter creations which would cause irre-
versible extra entropy production, and one typical mechanism triggering this effect is nonminimal curvature-matter coupling [66].
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that if Tg # Ta, there would be a spontaneous heat flow between Y5 and Y — would it affect the cosmic
expansion? On the other hand, it is not clear whether or not the apparent and the event horizons could be
heated by the absolute Hubble energy flow and consequently g = T,, and Tx = T),: this would avoid the
temperature gradient between Yo and Tg, but throughout this paper we have not yet seen any evidence for
T A to be heated into 7,,.

Moreover, besides the traditional GSLs, the “cosmic holographic principle” in [26] which argues that the
physical entropy §,§f> inside the apparent horizon Y’z could never exceed the apparent-horizon entropy S a,
is also problematic in comparing 3\%\) with S o — this principle should be restudied in the unified positive-
heat-out sign convention. Moreover, is Y4 the only hologram membrane for the FRW Universe? Can the
relative evolution equation (5.17) be used in astrophysical and cosmological simulations? Also, how would

the cosmic entropy evolve in a contracting Universe? We hope to find out the answers in prospective studies.
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Appendix: The minimum set of state functions and reversibility

Eqgs.(5.29) and (5.30) clearly indicate that just like ordinary thermodynamics, the geometrically defined
horizon temperature 7'a and horizon entropy S o remain as state functions, which are independent of thermo-
dynamic processes that indeed correspond to the details of cosmic expansion a(f) and the apparent-horizon
evolution Y. Just like the regular temperatures of thermodynamic systems, the Cai—-Kim T, remains as
an intensive property with T4 = Ta(t) = 1/217a(¢); one should not treat it as an extensive property by
Ta = Ta(Vpa) = 1/Q2n ﬂ%rVA). Some other state functions involved here include the apparent-horizon
radius Y4, the energy density p,,(¢), the pressure P, () and thus the EoS parameter w,, = p,,/P,,. These
state quantities are not totally independent as they are related with one another by the Friedmann equations
(5.7), the holographic-style dynamical equation (5.8), and the thermodynamic relations in Secs. 5.3.1 and
5.3.2. Here we select the following quantities to comprise a minimum set of independent state functions for
Secs. 5.2 and 5.3:

Minimum set = { o, Wi, Ta}. (5.140)

Based on this set, the product of p,, and w,, yields the pressure P,. Through Eq.(5.10) p,, recovers the
horizon area A and thus determines the entropy S o. Treating T as an intensive property, we do not take
the approach from Eq.(5.8) or Eq.(5.10) for the recovery p,, = Aa — Ya — Ta, and instead let Tx enter
the minimum set directly as the Cai—Kim temperature ansatz. Similarly, for modified gravities with the
dynamical equations (5.78)-(5.81), we choose the minimum set to be {pef, Weff, Gefr, TA}-

The fact that Eq.(5.31) is the Clausius equation for (quasi)equilibrium or reversible thermodynamic pro-
cesses without extra entropy production raises the question that, what does reversibility mean from the
perspective of cosmic and apparent-horizon dynamics? From the explicit expression of the heat transfer
00 = TadS o = AA(1 + wy,)pmHY adt where the state quantity TadS A is balanced by the process quantity
00, we naturally identify H as a process quantity; moreover, if one reverses the initial and final states of

TadS a, the state quantities {0,,(¢),w,,, Ta ,Aa} can be automatically reversed. Hence, by reversibility we
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mean an imaginary negation —H of the Hubble parameter that results in a spatial contraction process which
directly evolves the Universe from a later state back to the earlier state of TxadS o without reversing the time
arrow and causing energy dissipation.

[68] suggests that since the energy-matter crossing the apparent horizon for the (accelerated) expand-
ing Universe will not come back in the future, it should cause extra entropy production, and [68] further
introduced the entropy flow vector and the entropy production density for it. In fact, the reversibility of
TadS A = 0Qa simply allows for such a possibility in principle, rather than the realistic occurrence of the
reverse process, so we believe that the entropy-production treatment in [68] is inappropriate. As shown in
Sec. 5.6.3, irreversibility and entropy production is a common feature for such (minimally coupled) modified

gravities with a nontrivial effective gravitational coupling strength (G.g # constant) when their field equa-

TS,

energy dissipation and constitutes the only source of entropy production.

tions are cast into the GR form R, — Rg,y/2 = 8nGef and the time evolution of G causes irreversible

139



Bibliography

(1]

(2]

(3]

(4]

(3]

(6]

(7]

(8]

(9]

[10]

(11]

(12]

G W Gibbons, S W Hawking. Cosmological event horizons, thermodynamics, and particle creation. Phys. Rev. D 15, 2738
(1977).

Emil Mottola. Thermodynamic instability of de Sitter space. Phys. Rev. D 33, 1616 (1986).

P C W Davies. Cosmological horizons and the generalized second law of thermodynamics. Class. Quant. Grav. 4, L225-1.228
(1987).

P C W Davies. Cosmological horizons and entropy. Class. Quant. Grav. 5, 1349 (1988).

Rong-Gen Cai, Sang Pyo Kim. First law of thermodynamics and Friedmann Equations of Friedmann-Robertson-Walker
universe. Journal of High Energy Physics 2005, 050 (2005). hep-th/0501055

Ted Jacobson. Thermodynamics of spacetime: The Einstein equation of state. Phys. Rev. Lett. 75, 1260-1263 (1995). gr-
qc/9504004

T. Padmanabhan. Thermodynamical aspects of gravity: New insights. Rept. Prog. Phys. 73, 046901 (2010). arXiv:0911.5004

J.M. Bardeen, B. Carter, S.W. Hawking. The four laws of black hole mechanics. Commun. Math. Phys. 31, 161-170 (1973).
Jacob D Bekenstein. Black holes and entropy. Phys. Rev. D 7, 2333-2346 (1973).
S.W. Hawking. Black hole explosions? Nature 248, 30-31 (1974).

M. Akbar, Rong-Gen Cai. Thermodynamic behavior of Friedmann equations at apparent horizon of FRW universe. Phys.
Rev. D 75, 084003 (2007). hep-th/0609128

Rong-Gen Cai, Li-Ming Cao. Unified first law and the thermodynamics of the apparent horizon in the FRW universe. Phys.
Rev. D 75, 064008 (2007). gr-qc/0611071

M Akbar, Rong-Gen Cai. Thermodynamic behavior of field equations for f(R) gravity. Phys. Lett. B 648, 243-248 (2007).
gr-qc/0612089

Rong-Gen Cai, Li-Ming Cao. Thermodynamics of apparent horizon in brane world scenario. Nucl. Phys. B 785, 135-148
(2007). hep-th/0612144

Ahmad Sheykhi, Bin Wang, Rong-Gen Cai. Thermodynamical properties of apparent horizon in warped DGP braneworld.
Nucl. Phys. B 779, 1-12 (2007). hep-th/0701198

Ahmad Sheykhi, Bin Wang, Rong-Gen Cai. Deep connection between thermodynamics and gravity in Gauss-Bonnet
braneworlds. Phys. Rev. D 76, 023515 (2007). hep-th/0701261

Kazuharu Bamba, Chao-Qiang Geng, Shinji Tsujikawa. Equilibrium thermodynamics in modified gravitational theories.
Phys. Lett. B 688, 101-109 (2010). arXiv:0909.2159

Rong-Gen Cai, Nobuyoshi Ohta. Horizon thermodynamics and gravitational field equations in Horava-Lifshitz gravity. Phys.
Rev. D 81, 084061 (2010) arXiv:0910.2307

Qiao-Jun Cao, Yi-Xin Chen, Kai-Nan Shao. Clausius relation and Friedmann equation in FRW universe model. Journal of
Cosmology and Astroparticle Physics 1005, 030 (2010). arXiv:1001.2597

140



[13]

[14]

[15]

[16]

(17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

Kazuharu Bamba, Chao-Qiang Geng, Shin’ichi Nojiri, Sergei D Odintsov. Equivalence of modified gravity equation to the
Clausius relation. Europhys. Lett. 89, 50003 (2010). arXiv:0909.4397

Ram Brustein. Generalized second law in cosmology from causal boundary entropy. Phys. Rev. Lett. 84, 2072 (2000). gr-
qc/9904061

M.R. Setare. Generalized second law of thermodynamics in quintom dominated universe. Phys. Lett. B 641, 130-133 (2006)
hep-th/0611165

M.R. Setare. Interacting holographic dark energy model and generalized second law of thermodynamics in non-flat universe.
Journal of Cosmology and Astroparticle Physics 2007, 023 (2007). hep-th/0701242

K. Karami, A. Abdolmaleki. The generalized second law for the interacting new agegraphic dark energy in a non-flat FRW
universe enclosed by the apparent horizon. Int. J. Theor. Phys. 50, 1656-1663 (2011). arXiv:0909.2427

Mubasher Jamil, Emmanuel N. Saridakis, M. R. Setare. Thermodynamics of dark energy interacting with dark matter and
radiation. Phys. Rev. D 81, 023007 (2010). arXiv:0910.0822

K. Karami, S. Ghaftari. The generalized second law in irreversible thermodynamics for the interacting dark energy in a non-
flat FRW universe enclosed by the apparent horizon. Phys. Lett. B 685, 115-119 (2010). arXiv:0912.0363

Surajit Chattopadhyay, Ujjal Debnath. Generalized second law of thermodynamics in presence of interacting DBI essence
and other dark energies. Int. J. Mod. Phys. A25, 5557-5566 (2010). arXiv:1008.1722

Surajit Chattopadhyay, Ujjal Debnath. Generalized second law of thermodynamics in presence of interacting tachyonic field
and scalar(phantom)field. Can. J. Phys. 88, 933-938 (2010). arXiv:1012.1784

H. Mohseni Sadjadi. Generalized second law in modified theory of gravity. Phys. Rev. D 76, 104024 (2007). arXiv:0709.2435

Shao-Feng Wu, Bin Wang, Guo-Hong Yang, Peng-Ming Zhang. The generalized second law of thermodynamics in general-
ized gravity theories. Class. Quant. Grav. 25, 235018 (2008). arXiv:0801.2688

M. Akbar. Generalized second law of thermodynamics in extended theories of gravity. Int. J. Theor. Phys. 48, 2672-2678
(2009). arXiv:0808.3308

Ahmad Sheykhi, Bin Wang. The Generalized second law of thermodynamics in Gauss-Bonnet braneworld. Phys. Lett. B 678,
434-437 (2009). arXiv:0811.4478

Ahmad Sheykhi, Bin Wang. Generalized second law of thermodynamics in warped DGP braneworld. Mod. Phys. Lett. A 25,
1199-1210 (2010). arXiv:0811.4477

Mubasher Jamil, Emmanuel N Saridakis, M R Setare. The generalized second law of thermodynamics in Horava-Lifshitz
cosmology. Journal of Cosmology and Astroparticle Physics 2010, 032 (2010). arXiv:1003.0876

H. Mohseni Sadjadi. Cosmological entropy and generalized second law of thermodynamics in F(R, G) theory of gravity.
Europhys. Lett. 92, 50014 (2010). arXiv:1009.2941

K. Karami, A. Abdolmaleki. Generalized second law of thermodynamics in f(T)-gravity. JCAP 1204, 007 (2012).
arXiv:1201.2511

A. Abdolmaleki, T. Najafi, K. Karami. Generalized second law of thermodynamics in scalar-tensor gravity. Phys. Rev. D 89,
104041 (2014). arXiv:1401.7549

Ramon Herrera, Nelson Videla. The generalized second law of thermodynamics for interacting f(R) gravity. Int. J. Mod.
Phys. D 23, 1450071 (2014). arXiv:1406.6305

Dongsu Bak, Soo-Jong Rey. Cosmic holography. Class. Quant. Grav. 17, L83 (2000). hep-th/9902173

Abhay Ashtekar, Stephen Fairhurst, Badri Krishnan. Isolated horizons: Hamiltonian evolution and the first law. Phys. Rev.
D 62, 104025 (2000). gr-qc/0005083

Sean A Hayward. General laws of black-hole dynamics. Phys. Rev. D 49, 6467-6474 (1994). gr-qc/9303006v3

141



[29]

[30]

[31]

(32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]
[40]
[41]

[42]

[43]

[44]

[45]

[46]

[47]

Tamara M Davis, Charles H Lineweaver. Expanding confusion: common misconceptions of cosmological horizons and the
superluminal expansion of the universe. Publ. Astron. Soc. Austral. 21, 97-109 (2004). astro-ph/0310808

Richard J Cook, M Shane Burns. Interpretation of the cosmological metric. Am. J. Phys. 77, 59-66 (2009). arXiv:0803.2701

G Hinshaw, D Larson, E Komatsu, D N Spergel, C L Bennett, et al. Nine-year Wilkinson Microwave Anisotropy Probe
(WMAP) observations: Cosmological parameter results . Astrophys. J. Suppl. 208, 19 (2013). arXiv:1212.5225

S H Suyu, M W Auger, S Hilbert, P J] Marshall, M Tewes, et al. Two accurate time-delay distances from strong lensing:
Implications for cosmology. Astrophys. J. 766,70 (2013). arXiv:1208.6010

Eric Aubourg, Stephen Bailey, Julian E. Bautista, Florian Beutler, Vaishali Bhardwaj, et al. Cosmological implications of

baryon acoustic oscillation (BAO) measurements. arXiv:1411.1074

G. 't Hooft. Dimensional reduction in quantum gravity. gr-qc/9310026
Leonard Susskind. The World as a Hologram. J. Math. Phys. 36, 6377-6396 (1995). hep-th/9409089
Raphael Bousso. The holographic principle. Rev. Mod. Phys. 74, 825-874 (2002). hep-th/0203101

T. Padmanabhan. The Holography of Gravity encoded in a relation between Entropy, Horizon area and Action for gravity.
Gen. Rel. Grav. 34: 2029-2035 (2002). [gr-qc/0205090]
T. Padmanabhan. General relativity from a thermodynamic perspective. Gen. Rel. Grav. 46, 1673 (2014). [arXiv:1312.3253]

Miao Li. A Model of holographic dark energy. Phys. Lett. B 603, 1 (2004). hep-th/0403127

R.R. Caldwell, Rahul Dave, Paul J. Steinhardt. Cosmological imprint of an energy component with general equation of state.
Phys. Rev. Lett. 80, 1582-1585 (1998). astro-ph/9708069

P. J. E. Peebles, Bharat Ratra. The cosmological constant and dark energy. Rev. Mod. Phys. 75, 559-606 (2003). astro-
ph/0207347

T. Padmanabhan. Cosmological constant: The Weight of the vacuum. Phys. Rept. 380, 235-320 (2003) hep-th/0212290
Edmund J Copeland, M Sami, Shinji Tsujikawa. Dynamics of dark energy. International Int. J. Mod. Phys. D 15, 1753-1936
(2006). hep-th/0603057

Miao Li, Xiao-Dong Li, Shuang Wang, Yi Wang. Dark Energy. Commun. Theor. Phys. 56 525-604 (2011). arXiv:1103.5870

R.R. Caldwell. A Phantom menace? Phys. Lett. B 545, 23-29 (2002). astro-ph/9908168
Stephen W. Hawking, G.F.R. Ellis. The Large Scale Structure of Space-Time. Cambridge: Cambridge University Press, 1973.
Ivan Booth. Black hole boundaries. Can. J. Phys. 83, 1073-1099 (2005). gr-qc/0508107v2

Abhay Ashtekar, Badri Krishnan. Dynamical horizons: Energy, angular momentum, fluxes and balance laws. Phys. Rev.
Lett. 89, 261101 (2002). gr-qc/0207080

Valerio Faraoni. Cosmological apparent and trapping horizons. Phys. Rev. D 84, 024003 (2011). arXiv:1106.4427

Charles W Misner, David H Sharp. Relativistic equations for adiabatic, spherically symmetric gravitational collapse. Phys.
Rev. 136, B571-576 (1964).
Sean A Hayward. Gravitational energy in spherical symmetry. Phys. Rev. D 53, 1938-1949 (1996). gr-qc/9408002

Stephen W Hawking . Gravitational radiation in an expanding universe. J. Math. Phys. 9, 598-604 (1968).

Sean A Hayward. Unified first law of black-hole dynamics and relativistic thermodynamics. Class. Quant. Grav. 15, 3147-
3162 (1998). gr-qc/9710089

Rong-Gen Cai, Li-Ming Cao, Ya-Peng Hu. Hawking radiation of apparent horizon in a FRW universe. Class. Quant. Grav.
26, 155018 (2009). arXiv:0809.1554

142



[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

Yungui Gong, Bin Wang, Anzhong Wang. Thermodynamical properties of the Universe with dark energy. Journal of Cos-
mology and Astroparticle Physics (2007), 2007: 024. [gr-qc/0610151]

Jacob D Bekenstein. Generalized second law of thermodynamics in black-hole physics. Phys. Rev. D 9, 3292-3300 (1974).

Ivan Booth, Stephen Fairhurst. The first law for slowly evolving horizons. Phys. Rev. Lett. 92, 011102 (2004). gr-qc/0307087
Ivan Booth, Stephen Fairhurst. Isolated, slowly evolving, and dynamical trapping horizons: Geometry and mechanics from
surface deformations. Phys. Rev. D 75, 084019 (2007). gr-qc/0610032

Chao-Jun Feng, Xin-Zhou Li, Ping Xi. Global behavior of cosmological dynamics with interacting Veneziano ghost. JHEP
1205, 046 (2012). arXiv:1204.4055

Ricardo Garcia-Salcedo, Tame Gonzalez, Israel Quiros, Michael Thompson-Montero. QCD ghost dark energy cannot (even
roughly) explain the main features of the accepted cosmological paradigm. Phys. Rev. D 88, 043008 (2013). arXiv:1301.6832
Surajit Chattopadhyay. Generalized second law of thermodynamics in QCD ghost f(G) gravity. Astrophys. Space Sci. 352,
937-942 (2014). arXiv:1406.5142

Rong-Gen Cai, Zhong-Liang Tuo, Hong-Bo Zhang, Qiping Su. Notes on ghost dark energy. Phys. Rev. D 84, 123501 (2011).
arXiv:1011.3212

Arundhati Das, Surajit Chattopadhyay, Ujjal Debnath. Validity of generalized second law of thermodynamics in the logame-
diate and intermediate scenarios of the Universe. Found. Phys. 42, 266-283 (2012). arXiv:1104.2378

Nairwita Mazumder, Subenoy Chakraborty. Does the validity of the first law of thermodynamics imply that the generalized
second law of thermodynamics of the universe is bounded by the event horizon? Class. Quant. Grav. 26, 195016 (2009).
Nairwita Mazumder, Subenoy Chakraborty. Validity of the generalized second law of thermodynamics of the universe
bounded by the event horizon in holographic dark energy model. Gen. Rel. Grav. 42, 8§13-820 (2010). arXiv:1005.3403

Nairwita Mazumder, Subenoy Chakraborty. The Generalized second law of thermodynamics of the universe bounded by the
event horizon and modified gravity theories. Int. J. Theor. Phys. 50, 251-259 (2011). arXiv:1005.5215

Nairwita Mazumder, Subenoy Chakraborty. Scalar-Tensor Theory of Gravity and Generalized Second Law of Thermodynam-
ics on the Event Horizon. Astrophys. Space Sci. 332, 509-513 (2011). arXiv:1005.5217

Shin’ichi Nojiri, Sergei D Odintsov. Introduction to modified gravity and gravitational alternative for dark energy. Int. J.
Geom. Meth. Mod. Phys. 04, 115-146 (2007). hep-th/0601213

Shin’ichi Nojiri, Sergei D Odintsov. Unified cosmic history in modified gravity: from F(R) theory to Lorentz non-invariant
models. Phys. Rept. 505 59-144 (2011). arXiv:1011.0544

Timothy Clifton, Pedro G. Ferreira, Antonio Padilla, Constantinos Skordis. Modified gravity and cosmology. Phys. Rept. 513,
1-189 (2012). arXiv:1106.2476

Salvatore Capozziello, Mariafelicia De Laurentis. Extended Theories of Gravity. Phys. Rept. 509, 167-321 (2011).
arXiv:1108.6266

Kazuharu Bamba, Salvatore Capozziello, Shin’ichi Nojiri, Sergei D. Odintsov. Dark energy cosmology: the equiva-
lent description via different theoretical models and cosmography tests. Astrophys. Space Sci. 342, 155-228 (2012).
arXiv:1205.3421

David W Tian, Ivan Booth. Lessons from f(R,R?, R?,.%,,) gravity: Smooth Gauss-Bonnet limit, energy-momentum conser-

vation, and nonminimal coupling. Phys. Rev. D 90, 024059 (2014). arXiv:1404.7823

Antonio De Felice, Shinji Tsujikawa. f(R) theories. Living Rev. Rel. 13, 3 (2010). arXiv:1002.4928
Salvatore Capozziello, Valerio Faraoni. Beyond Einstein Gravity: A Survey of Gravitational Theories for Cosmology and
Astrophysics. Dordrecht: Springer, 2011.

K S Stelle. Classical gravity with higher derivatives. Gen. Rel. Grav. 9, 353-371 (1978).

R Jackiw, S Y Pi. Chern-Simons modification of general relativity. Phys. Rev. D 68, 104012 (2003). gr-qc/0308071

143



[62] C Brans, R H Dicke. Mach’s principle and a relativistic theory of gravitation. Phys. Rev. 124, 925-935 (1961).
[63] Varun Sahni, Alexei Starobinsky. Reconstructing dark energy. Int. J. Mod. Phys. D 15, 2105-2132 (2006). astro-ph/0610026

[64] David Wenjie Tian, Ivan Booth. Friedmann equations from nonequilibrium thermodynamics of the Universe: A unified
Sformulation for modified gravity. Phys. Rev. D 90, 104042 (2014). arXiv:1409.4278

[65] Robert M Wald. Black hole entropy is the Noether charge. Phys. Rev. D 48, R3427-R3431 (1993). gr-qc/9307038
Ted Jacobson, Gungwon Kang, Robert C Myers. On black hole entropy. Phys. Rev. D 49, 6587-6598 (1994). gr-qc/9312023
Vivek Iyer, Robert M Wald. Some properties of the Noether charge and a proposal for dynamical black hole entropy. Phys.
Rev. D 50, 846-864 (1994). gr-qc/9403028

[66] Tiberiu Harko. Thermodynamic interpretation of the generalized gravity models with geometry-matter coupling. Phys. Rev.
D 90, 044067 (2014). arXiv:1408.3465

[67] Christopher Eling, Raf Guedens, Ted Jacobson. Nonequilibrium thermodynamics of spacetime. Phys. Rev. Lett. 96, 121301
(2006). arXiv:gr-qc/0602001

[68] Wang Gang, Liu Wen-Biao. Nonequilibrium thermodynamics of dark energy on cosmic apparent horizon. Commun. Theor.
Phys. 52, 383-384 (2009).

144



Chapter 6. Lovelock-Brans-Dicke gravity [Class. Quantum Grav. 33 (2016), 045001]

David Wenjie Tian*! and Ivan Booth'?

! Faculty of Science, Memorial University, St. John’s, NL, Canada, AI1C 557
2 Department of Mathematics and Statistics, Memorial University, St. John’s, NL, Canada, AIC 557

Abstract

According to Lovelock’s theorem, the Hilbert-Einstein and the Lovelock actions are indistinguish-
able from their field equations. However, they have different scalar-tensor counterparts, which correspond
to the Brans-Dicke and the Lovelock-Brans-Dicke (LBD) gravities, respectively. In this paper the LBD
model of alternative gravity with the Lagrangian density £ gp = ﬁ [q>(R + \/“_fg*RR + bg) - %Vaqwaq)]
is developed, where *RR and G respectively denote the topological Chern-Pontryagin and Gauss-Bonnet

invariants. The field equation, the kinematical and dynamical wave equations, and the constraint from
energy-momentum conservation are all derived. It is shown that, the LBD gravity reduces to general
relativity in the limit wy, — oo unless the “topological balance condition” holds, and in vacuum it can be
conformally transformed into the dynamical Chern-Simons gravity and the generalized Gauss-Bonnet dark
energy with Horndeski-like or Galileon-like kinetics. Moreover, the LBD gravity allows for the late-time
cosmic acceleration without dark energy. Finally, the LBD gravity is generalized into the Lovelock-scalar-
tensor gravity, and its equivalence to fourth-order modified gravities is established. It is also emphasized
that the standard expressions for the contributions of generalized Gauss-Bonnet dependence can be further
simplified.

KEey worps: Lovelock’s theorem, topological effects, modified gravity
PACS numbers: 04.20.Cv , 04.20.Fy , 04.50.Kd

6.1 Introduction

As an alternative to the various models of dark energy with large negative pressure that violates the standard
energy conditions, the accelerated expansion of the Universe has inspired the reconsideration of relativistic
gravity and modifications of general relativity (GR), which can explain the cosmic acceleration and reconstruct
the entire expansion history without dark energy.

Such alternative and modified gravities actually encode the possible ways to go beyond Lovelock’s the-
orem and its necessary conditions [1], which limit the second-order field equation in four dimensions to
Ruy—Rguy 2+ Aguy = 87rGT,(f§), i.e. Einstein’s equation supplemented by the cosmological constant A. These
directions can allow for, for example, fourth and even higher order gravitational field equations [2-5], more
than four spacetime dimensions [6, 7], extensions of pure pseudo-Riemannian geometry and metric gravity

[7, 8], extra physical degrees of freedom [9-12], and nonminimal curvature-matter couplings [13, 14]. From

“*Email address: wtian@mun.ca
"Email address: ibooth@mun.ca
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a variational approach, these violations manifest themselves as different modifications of the Hilbert-Einstein
action, such as extra curvature invariants, scalar fields, and non-Riemannian geometric variables.

For the Lovelock action in Lovelock’s theorem and the Hilbert-Einstein-A action, it is well known that they
yield the same field equation and thus are indistinguishable by their gravitational effects. When reconsidering
Lovelock’s theorem, we cannot help but ask whether the effects of these two actions are really the same in all
possible aspects. Is there any way for the two topological sources in the Lovelock action to show nontrivial
consequences? As a possible answer to this question, we propose the Lovelock-Brans-Dicke gravity.

This paper is organized as follows. In Sec. 6.2, the Lovelock-Brans-Dicke gravity is introduced based
on Lovelock’s theorem, and its gravitational and wave equations are derived in Sec. 6.3. Section 6.4 studies
the behaviors at the infinite-Lovelock-parameter limit w;, — oo, and Sec. 6.5 derives the constraint from
energy-momentum conservation. Section 6.6 shows that in vacuum the Lovelock-Brans-Dicke gravity can
be conformally transformed into the dynamical Chern-Simon gravity and the generalized Gauss-Bonnet dark
energy with Horndeski-like or Galileon-like kinetics. Then the possibility of realizing the acceleration phase
for the late-time Universe is discussed in Sec. 6.7. Finally, in Sec. 6.8 the Lovelock-Brans-Dicke theory
is extended to the Lovelock-scalar-tensor gravity, and its equivalence to fourth-order modified gravities is
= 0,I ‘gﬁ - 851“% .-+ and

analyzed. Throughout this paper, we adopt the sign conventions ng =TI By’ R"ﬁy s

Ry = R"WV with the metric signature (—, + + +).

6.2 Lovelock-Brans-Dicke action

An algebraic Riemannian invariant R =R (g(,ﬁ ,R(wﬁv) in the action f d*x w/—gﬁ generally leads to fourth-
order gravitational field equations by the variational derivative
W) o) ) (TR

— Ua aa n o 6.1
55" o5 900 " 50,059 ©-1)

Lovelock found out that in four dimensions the most general action leading to second-order field equations is

(11

S=fd4x\/—_g,,§f+8m with

1
L =
167G

(6.2)

a Y ,B S
(R —-2A + mEQﬁMVR yéRa YO 4 bg y
where A is the cosmological constant, {a,b} are dimensional coupling constants, and without any loss of
generality we have set the coeflicient of R equal to one. Also, €, refers to the totally antisymmetric Levi-
Civita pseudotensor with €123 = +/—g, 0123 = \/;—73’ and {€ypuys €} can be obtained from each other by
raising or lowering the indices with the metric tensor. In Eq.(6.2), €,5,,R"” ” 6R“ﬁ75 and G respectively refer to

the Chern-Pontryagin density and the Gauss-Bonnet invariant, with
G = R* — 4R, R" + RyopR*"P. (6.3)

The variational derivatives 6(EQB#VR” v N (SR"M‘S )/6g" and 6(1/—gG)/ogt” yield total derivatives which serve
as boundary terms in varying the full action Eq.(6.2). The Chern-Pontryagin scalar €q,, R N (SR”M‘S is propor-

146



tional to the divergence of the topological Chern-Simons four-current K* [11],

€aprR” ;R = ~83,K"  with
(6.4)

1 1
u _ paBy | — T 16 T 1N
K+ = ¢ ( 2r‘fmaﬁrﬁﬁu 3r§,rﬂnr7§),

and similarly, the topological current for the Gauss-Bonnet invariant is (see Refs.[15, 16] for earlier discussion
and Ref.[17] for further clarification)

V-¢G =-0,J" with
1 1 (6.5)
(L apy,. e [Zpoc _ lyogad

S =g e, Uy (2R By 3l“ﬂﬁl“{y).
Hence, the covariant densities EaﬁWR” v ) (SRC"BV(S and 4/—g@G in Eq.(6.2) make no contribution to the field equa-
tion 6S/dg"” = 0.

According to Lovelock’s theorem, one cannot tell whether Einstein’s equation R, — %Rg,u, = 87rGT,ST)
comes from the customary Hilbert-Einstein action

_ 1 4
Sue = 167G dX\/_gR+Sm, (6.6)

or from the induced Lovelock action'

Sszd4X\/—_g$L+Sm with

| 4 (6.7)
S = R+ *RR + bG |,
"7 16nG ( N= G )
where for simplicity we switch to the denotation
* 1 0
RR := 5eaﬁ,wzfe*” LR (6.8)

for the Chern-Pontryagin density, as the symbol *RR has been widely used in the literature of Chern-Simons
gravity [11, 18, 19]. In Egs.(6.2), (6.6) and (6.7), the matter action S,, is given in terms of the matter La-
grangian density .Z, by S,, = f d*x /=g £, and the stress-energy-momentum density tensor TSf) is defined
in the usual way by [20]

_2 6(V=E L)
V=g o8

The indistinguishability between Sy, and Syg from their field equations begs the question: Does Einstein’s

(6.9)

1 .
08 = _E fd4x V—8 Tl(lr,fl)6gﬂv with Tl(lr‘l,1> =

equation come from Sy, or Syg? Is there any way to discriminate them?

"Note that not to confuse with the more common “Lovelock action” for the topological generalizations of the Hilbert-Einstein
action to generic N dimensions that still preserves second-order field equations, as in Ref.[6].
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Recall that GR from Syg has a fundamental scalar-tensor counterpart, the Brans-Dicke gravity [9],

Sgp = fd4x Vv—g Zp +S,, with

6.10
o (6.10)

¢

which proves to be a successful alternative to GR that passes all typical GR tests [21], and it is related to GR
by

1 a
LBp = Ton (q)R - V9V ¢) ,

R
e = 161G -
1 WEBD a ( )
=>»3”BD—Er ¢R—?V0¢V¢ :

That is to say, Brans-Dicke firstly replaces the matter-gravity coupling constant G with a pointwise scalar field
(x?) in accordance with the spirit of Mach’s principle, G + ¢!, and further adds to the action a formally
canonical kinetic term ——22 Vo®V¥P governing the kinetics of ¢p(x*). Applying this prescription to the

Lovelock action Eq.(6.7), we obtain

P (R + 2 _“RR+ bg)

1167TG V=g (6.12)
- _4 - _wL @
= gLBD = 1671'[(1) (R + \/__g RR + bg) q) VQQ)V (1):|,

where the Lovelock parameter wy, is a dimensionless constant. Based on Eq.(6.12), we obtain what we dub as
the Lovelock-Brans-Dicke (henceforth LBD) gravity with the action

Sisp = f P XNTE Lonp + S ©.13)

or the Lanczos-Lovelock-Brans-Dicke gravity, as Lovelock’s theorem is based on Lanczos’ discovery that an
isolated *RR or G in the action does not affect the field equation [22].

Unlike the 6("RR)/6g"” and 6(y/=gG)/6g"" in 6SL/6g"', the [¢5(*RR)] /5g*” and |po(v=gG)| /6gH for
0S1pp/0gt” are no longer pure divergences, because the scalar field ¢(x®) as a nontrivial coefficient will be
absorbed into the variations of *RR and +/—gG when integrating by parts. Hence, although Sy and Syg are
indistinguishable, their respective scalar-tensor counterparts St gp and Sgp are different.

Note that the cosmological-constant term —2A in Eq.(6.2) is temporarily abandoned in .77 ; otherwise, it
would add an extra term —2A¢ to Z1gp, Which serves as a simplest linear potential. This is primarily for
a better analogy between the LBD and the Brans-Dicke gravities, as the latter in its standard form does not
contain a potential term V(¢), and an unspecified potential V(¢) would cause too much arbitrariness to %] gp.

Also, Lovelock’s original action Eq.(6.2) concentrates on the algebraic curvature invariants; in fact, one
can further add to Eq.(6.2) the relevant differential terms OR, O*RR, and OG (O = gaﬁVaVﬁ denoting the

covariant d’ Alembertian), while the field equation will remain unchanged. This way, the gravitational La-
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grangian density in Eq.(6.7) is enriched into

1 “RR
L= (R+ “\/__g +bg+cDR+dm*RR+eDg), (6.14)

with {c, d, e} being constants, and its Brans-Dicke-type counterpart extends Eq.(6.12) into

1 a
16ﬂ[q> (R+ = kR bg)— EV OV q>+q>(cDR+dD RR+eDg) 6.15)

where ¢ - (cOR + dO*RR + e0G) have nontrivial contributions to the field equation. However, unlike *RR and
4/—gG which are divergences of their respective topological current as in Eqgs.(6.4) and (6.5), {OR, O*RR,
OG} are total derivatives simply because the d’Alembertian O satisfies 1/—-g0® = 9, ( V-8 g“ﬁ(')ﬁ®) when
acting on an arbitrary scalar field ®; in this sense, these differential boundary terms which contain fourth-order
derivatives of the metric are less interesting than *RR and G. In this paper, we will focus on the LBD gravity
£ .8p Eq.(6.12) built upon the original Lovelock action and Lovelock’s theorem, rather than Eq.(6.15) out of
the modified action Eq.(6.14).

6.3 Gravitational and wave equations

In this section we will work out the gravitational field equation 6Sygp/dgt” = O and the wave equation
681ep/3¢ = 0 for the LBD gravity. First of all, with 6gas = —2augs,08", ST = 8" (Vad8op + VpOgoa —
V.o gaﬁ), and the Palatini identity 6Rﬁaﬁy = Vg (6FW) -V, (6Fga) [23], for the ﬁrst term ¢R in £ gp it is easy
to work out that

1 6(v=g¢R)
V=g og”

where = means equality by neglecting all total-derivative terms which are boundary terms for the action.

= ——¢ng + Ry + (80 = VuVy) &, (6.16)

6.3.1 Coupling to the Chern-Pontryagin invariant

The Chern-Pontryagin density *RR in %] gp measures the gravitational effects of parity violation through
f d*x ¢*RR for its dependence on the Levi-Civita pseudotensor. In addition to Eq.(6.8), *RR is related to the
left dual of the Riemann tensor via

"RR = = (€apuR"” 5) R = *RopysR™P. (6.17)

1
2
Applying the Ricci decomposition Rygys = Copys + %(gm,Rﬁ(; —8asRpy +8p5Ray — gﬁ,,Rag) - %(gaygg(g - ga5gﬁy)R
to Eq.(6.17) and using the cyclic identity Copys + Coysp + Caspy = 0O for the traceless Weyl tensor, one could

find the equivalence
1
'RR="CC = 5 (€aprC™ ;) C7° = *CoppysCP°, (6.18)

which indicates that the Chern-Pontryagin density is conformally invariant [15] under a rescaling g,, +—
Q(x®)? - g,y of the metric tensor.

With the Chern-Simons topological current K* in Eq.(6.4), one can integrate by parts and obtain f d*x o*RR
=-4 fd4x¢ (0#K”) =-4 fd4x 0, (OKH) + 4 fd“x (aﬂq)) K*. Hence, instead of directly varying ¢*RR with
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respect to the inverse metric, we firstly vary the four-current K* by the Levi-Civita connection. It follows that
) f d*x$*RR = 4 f d*x (9,%) OK*
= 2 f d*x (0,9) PR, o1,
= 2 f d*x (0,9) PR ; (Ve0gav — Vy8ae)
2 f d*x [(0.0) € PVR | +(0,0e0) PR 5 | 6ga

4 f d*x [(040) PYVgR,” + (u0¢0) "R**” | 5ga (6.19)

IR

4 f &*x [(30) uapy VPR, + (0,0¢0) "R £, | 6™, (6.20)

where, in the third row we expanded 51"‘2 ¢ and made use of the cancelation R*” ﬁyVaéggv = 0 due to the skew-
symmetry for the indices £ < v; in the fourth row, we applied the replacement VgR‘fV By = VgR," — VyRﬁ" in
accordance with the relation

VRoupy = VaRyuy — Vo Ry, (6.21)

which is an implication of the second Bianchi identity V, Ry, +V,Rouyp + VaRawy = 0; in the last step,
we raised the indices of 6g,, to 6g*” and thus had the overall minus sign dropped. In Eq.(6.20) we adopted
the usual notation *¢ = g9, and note that (a,,agq>) *RN a‘fv + (6“(’)54)) *R,0év since in general the metric
tensor does not commute with partial derivatives and thus #3¢ = g”ﬁ(')ﬁ (g‘féaéq)) * g/‘ﬁg'fﬁ2 930z¢. Relabel
the indices of Eq.(6.19) and we obtain the variational derivative

_L J(@'RR) = HS” and

V=g g .

V=g Hy," = 20°¢ - (€cuapVRE, + €6vap VR, + 200050 - ('R*F, + "R*,P). (6.22)

Compared with Eq.(6.16), Hfﬁp) does not contain a —%q)*RRgW term, because *RR by itself already serves as
a covariant density as opposed to the usual form +/—g R for other curvature invariants.
Note that the nonminimal coupling between a scalar field and *RR is crucial to the Chern-Simons gravity;

however, its original proposal Ref. [11] had adopted the opposite geometric system which uses the metric

signature (+, — — —), the conventions {R” By = 65Fo‘yﬁ e Ry = R(’WV}, Einstein’s equation R, — %Rgﬂv =
—87rGT,(1T), and the definition *RR = —"Rgys RBY = —%(Ealgnyﬂ Vyé) R This has caused quite a few

mistakes in the subsequent Chern-Simons literature that adopt different conventions, and we hope the details
in this subsection could correct these misunderstandings. Also, in Eq. (6.22), the quantities {€zgq0p, K¥,
*RR, R v» Rguav} have the same values in both sets of sign conventions. See our note Ref.[24] for further
clarification of this issue.
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6.3.2 Coupling to the Gauss-Bonnet invariant

The third term ¢G in 4 pp represents the nonminimal coupling between the scalar field and the Gauss-Bonnet
invariant G = R? — 4R? + R2,, where we have employed the straightforward abbreviations R := R,sR% and
R% = RaﬂﬁVR“"BV to denote the Ricci and Riemann tensor squares. Following the standard procedures of

variational derivative as before in 0 ( \/—gq)R) /ogt”, we have

6(V=896) _ s0RY) _ 5@RD)  O@R:) 1

\/__g 5g,uv - 5g/,tv (5g”v 6gﬂv - Eq)ggpv’ (623)
with
5 (dR?
Egg,uv ) = 2¢RRIW +2 (gllVD - VﬂVV) (q)R) (624)
5(oR?
gguv ) ~ 2q>RN “Ryy + 0 (qaRw,) -V, (q)Rlua)
~Va¥, (OR,") + 8 VoV (R™) (6.25)
5 (PR2,
(5(2;11/ ) = zq)R#Q,BVRV >y + 4Vﬁva (q)Ra,uﬁv) 5 (626)

where total-derivative terms have been removed. Recall that besides Eq.(6.21), the second Bianchi identity
also has the following implications which transform the derivative of a high-rank curvature tensor into that of

lower-rank tensors plus nonlinear algebraic terms:

1
V'Rap = 5 VpR (6.27)

1
VAVRy = 5 OR (6.28)

1
VAVRuupy = OR,y  — 5 ViV R + RopsyR® — R, “Ray (6.29)
V'VuRay + V'VyRey = VR = 2Rayp, R + 2R, "Ry (6.30)

Using Eq.(6.21) and Eqgs.(6.27)-(6.30) to expand the second-order covariant derivatives in Eqs.(6.24)-(6.26),
and putting them back into Eq.(6.23), we obtain

1 6(v-899)
v-§ 68"

. GB .
= HI(W ) with

HS® =¢ (2RRW — 4R, “Ray — 4Ry R + 2Ry R, “57)
+ 2R (8y0 = V¥, ) & + 4R, VoV, + 4R, VoV, 631)

1
— 4Ry, 0 — 4, RPV Vb + 4Ry, VPV — 760G

where the second-order derivatives {O, V,V,, etc} only act on the scalar field ¢.
However, we realize that Eq.(6.31) is still not the ultimate expression. In four dimensions, 1/—g@G is
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: : 4 : : _ (1 1 _ % S % B
proportional to the Euler-Poincaré topological density, G = (Eeaﬁng%”f )-(jeﬂgpng‘mﬁ) = Raﬁn . Rnf % and
the integral ﬁ f dx* \/=g G equates the Euler characteristic (M) of the spacetime. Thus 6;,” f dx*\—gG =

3272 ég,v x(M) = 0. Based on Eqs.(6.24)-(6.26), one could easily obtain the Bach-Lanczos identity from the

explicit variational derivative 6 ( \-¢g Q) Joght,

1
2RR,y — 4R, “Ray = 4Raypo R + 2R, apyR, " = 5 G8u- (6.32)
with which Eq.(6.31) can be best simplified into

HSY =2R (8,00 = V,9,) ¢ + 4R, “VoV, 0 + 4R, " VoV 10

(6.33)
— 4R, 0b — 48, - RPV N0 + 4R, VPV 0,
whose trace is
gHSY = 2RO — 4RV, V0. (6.34)

In the existent literature, the effects of the generalized and thus nontrivial Gauss-Bonnet dependence for
the field equations are generally depicted in the form analogous to Eq.(6.31), such as the string-inspired Gauss-
Bonnet effective dark energy [12] with & = ﬁR - %@,gp@”gp - V(p) + f(¢)G, as well as the R + f(G) [3],
the f(R,G) [4] and the f(R,G,.%,) [14] generalized Gauss-Bonnet gravities. Here we emphasize that the
Gauss-Bonnet effects therein could all be simplified into the form of Eq.(6.33).

6.3.3 Gravitational field equation

Collecting the results in Eqs.(6.16), (6.22), and (6.33), we finally obtain the gravitational field equation

wL

1 1
) (R,uv - ERg/,tv) - " (qu)vvfi) - Eguvvaq)vaq))

+ (800 = VuVy) ¢ + aHY" + bHG® = 82T,

(6.35)

where Hfﬁp) vanishes for all spherically symmetric or conformal flat spacetimes. Eq.(6.35) yields the trace
equation
—OR + %Vaq)vaq) + (3 +2bR) O¢ — 4bR*PV Vo = 8aT™, (6.36)

where Hl(fvjp) is always traceless, g/‘VH,(fV:P) = 0 — this is not a surprise because it equivalently traces back to the
effects of the dual square *CC of the traceless Weyl tensor.

Note that in existent studies the invariants *RR and G have demonstrated their importance in various
aspects. For example, as shown by Eq.(6) of Ref.[25] [recall the equivalence *RR = *CC in Eq.(6.18)], in the
effective field theory for the initial cosmic inflation, the only leading-order fluctuations to the standard inflation
action in the tensor modes are the parity-violation Chern-Pontryagin and the topological Gauss-Bonnet effects.
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6.3.4 Wave equations

Straightforward extremization of Spgp with respect to the scalar field yields the kinematical wave equation

2
g =R w;

a
—VoopVd — | —"RR + bG|, 6.37
S 9 A ( = R+ Q) (6.37)

with O¢ = %ga(, ( V—g g"ﬁ(')ﬁ(i)). We regard Eq.(6.37) as “kinematical” because it does not explicitly relate
the propagation of ¢ to the matter distribution %, or T™ = g®' T,
Combine Eq.(6.37) with the gravitational trace equation (6.36), and it follows that
Quwp +3+2bR)0O¢p = — (L*RR + bg) & + 8aT™ + 4bRPV V50, (6.38)
=
which serves as the generalized Klein-Gordon equation that governs the dynamics of the scalar field.
6.4 The w;, — oo limit and GR

From the dynamical equation (6.38), we obtain

99 = 50— ; — bR{ - ( \/a__g*RR + bg) & + 8T™ 4 4bR“BVaVﬁq>}. (6.39)
The topology-gravity coupling strengths {a, b} should take finite values — just like the Newtonian constant G
for matter-gravity coupling. Similarly the curvature invariants {R, *RR, G} for a physical spacetime should be
finite, and we further assume the scalar field ¢ to be nonsingular. Thus, in the limit w;, — oo, Eq.(6.39) yields
Op=0 (wiL) and

¢=<¢>+@(i)= l+@(i), (6.40)

wL, G wL,

where (¢) denotes the expectation value of the scalar field and we expect it to be the inverse of the Newtonian
constant 1/G. Under the behaviors Eq.(6.40) in the infinite wy, limit, we have H ff;") =0= Hng) , and the field
equation (6.35) reduces to become Einstein’s equation R, — %Rgm, = 87rGT}(1T) .

On the other hand, from Eq.(6.39) we can also observe that O¢ = 0 in the special situation
a
—4bRPY Vs + (—*RR + bg)q> = 8aT™, (6.41)
aV¥p ,—_g

and the scalar field becomes undeterminable from the dynamical equation (6.39).

The term —4bR“ﬂVaV,gq) comes from the trace g“VHl(f;’B), while *RR and G are respectively related to
the topological instanton number [15] and the Euler characteristic. Thus, all terms on the left hand side of
Eq.(6.41) are related to topological effects nonminimally coupled with ¢, and they cancel out the trace of the
matter tensor. In this sense, we call Eq.(6.41) the fopological balance condition.
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Putting O¢ = 0 and the condition Eq.(6.41) back into the trace equation (6.36), we obtain

(o1 a
¢2 VodVi = R+ = RR + bG (6.42)
= —wr0In¢, (6.43)

where in the second step we further made use of the expansion OIn ¢ = V¢ (évaq)) = —évaqﬁ% + %D(j) =
#Vaq)V“q) for O¢ = 0. Thus it follows that

wLVa (IN$) Ve (In ) = R + \/L__g*RR +bG. (6.44)

For wy, — oo, this equation gives the estimate

\/ F="RR+bG |
Vo(no) || ~ ~ (O)( ) , (6.45)
[Satmo] =
which integrates to yield In ¢ = constant + O (\/%T) Hence, ¢ satisfies
G~Po+0O L (6.46)
O M b .

where the constant ¢g is the average value of ¢. In accordance with Eq.(6.42) and the estimate Eq.(6.46), the
term —=- ( VoV o — 5 g,NVaq)V" q)) in the field equation (6.35), which arises from the source —%Vaq)V" ¢ in
SiBD, w1ll not vanish. This way, the w;, — oo limit could not recover Einstein’s equation and GR in situations
where the topological balance condition Eq.(6.41) holds, although the existence of such solutions remains to
be carefully checked.

This is similar to the Brans-Dicke theory given by the action Eq.(6.10), which recovers GR in the limit
wpp — oo, unless the stress-energy-momentum tensor has a vanishing trace 7™ = 0 [26], such as the matter

content being radiation with Pp,q = %prad and Tr(d d) = —Prad + 3Prag = 0.

6.5 Energy-momentum conservation

In modified gravities with the generic Lagrangian density .2 = f(R,R;,---), where R; = R;(gap: Roysvs VyRaupy»
-, V)V, ...V, Reupy) and the “-- -7 in .2 = frefer to arbitrary curvature invariants beyond the Ricci scalar,
the energy-momentum conservation is naturally guaranteed by Noether’s law or the generalized contracted
Bianchi identities [27]
5 V=g fR. R )]
V=g g

" (6.47)

which can be expanded into

h 1
SRy + 3 Sr Rty = S FRRiv ) g = 0, (6.48)
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where fz = 0f(R,Ri,---)/0R, fr, = Of(R,Ri,---)/OR;, and ng = (frO0R;) /6g"". However, in the more
generic situations of scalar-tensor-type gravities with .Z = f(¢,R, R;,--+) +@ (¢, Vo dV¥$) where nonmin-
imal couplings between the scalar fields and the curvature invariants are involved, such as the LBD proposal
under discussion, the conservation problem is more complicated than pure tensorial gravity.

Now let’s get back to the LBD field equation (6.35). By the coordinate invariance or the diffeomorphism
invariance of the matter action S,, in which .%, is neither coupled with the curvature invariants nor the
scalar field ¢, naturally we have the energy-momentum conservation V”T,S‘f,]) = 0 for the matter content.
Thus, the covariant derivative of the left hand side of Eq.(6.35) should also vanish. With the Bianchi identity
VH (Rm, - %ng,) = 0 and the third-order-derivative commutator (V,0 — OV,)) ¢ = —R,,, V¥, it follows that

1 1
v [4) (Rw - Eng) + (g0 - VuV,) ¢] =RV (6.49)
Moreover, for the scalar field, we have

2
e

- Equ> : (R + L RR + bg),

\a [_E( ;lq)vvq) g,uv (PVQ(P)} = _Vvq> (
(6.50)

where the kinematical wave equation (6.37) has been employed.

For the Chern-Pontryagin and the Gauss-Bonnet parts in Eq.(6.35), consider the componential actions
Scp = f d*x ¢*RR and Sgp = f d*x v/—g®G. Under an arbitrary infinitesimal coordinate transformation
X X+ 6xM, where 0x* = & is an infinitesimal vector field which vanishes on the boundary, so that the
spacetime manifold is mapped onto itself. Then Scp and Sgg vary by

6Scp = — f d*x $ 8, (£°RR) = f d*x*RR (9,$) &, (6.51)
6Sce = — f d*x 0, (¢ V=gG) = f d*x\=gG (9.0) &". (6.52)

For the first step in Egs.(6.51) and Eqs.(6.52), one should note that x* — x* + & is a particle/active trans-
formation, under which the dynamical tensor fields transform, while the background scalar field ¢p(x*) and
the coordinate system parameterizing the spacetime manifold remain unchanged [28]. On the other hand, the
inverse metric transforms by gt +— g’ + dg"” with 6gt"” = —£5g/“’ = VHE + VVEH | and thus we have

5Scp =2 f d*x g HD Vre = 2 f d'xy=g (V*H,") &, (6.53)
5Sgp =2 f d*x g HGPVHE = -2 f d*xy=g (V' H, )& (6.54)
Comparing Eqs.(6.51) with (6.53), and Eqs.(6.52) with (6.54), we obtain the relations
1 *RR
(CP) _
ViH,, = =3 \/_ 0,0, (6.55)
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1
VEHSD = ~3G 0,0 (6.56)

Adding up Egs.(6.49), (6.50), (6.55), and (6.56), one could find that the covariance divergence for the left
hand side of the field equation (6.35) vanishes, which confirms the energy-momentum conservation in the
LBD gravity.

Eqs.(6.55) and (6.56) for the nontrivial divergences of H,SEP) and HL?B), by their derivation process, reflect
the breakdown of diffeomorphism invariance for Scp and Sgp in Sypp. They have clearly shown the influ-
ences of nonminimal ¢-topology couplings to the covariant conservation, as opposed to the straightforward

generalized Bianchi identities

I_&"RR) _ 1 6(\=86)\
Vﬂ( =R ) =0 and VWV (\/_—_gW) =0. (6.57)

6.6 Conformal transformations

The standard LBD action Sy gp in Eq.(6.12) can be transformed into different representations by conformal
rescaling of the spacetime line element, which geometrically preserves the angles between spacetime vectors
and physically retains local causality structures.

6.6.1 Dynamical Chern-Simons gravity

As a simplest example, consider the specialized Sy gp in vacuum and for spacetimes of negligible gravitational
effects from the nonminimally ¢—coupled Gauss-Bonnet term. With S,, = 0 and b = 0, Eq.(6.12) reduces to
become

1
S = o f d*x [ \/—_g(¢R - %Vaqw“q)) + aq)*RR} . (6.58)

For a pointwise scaling field Q = Q(x®) > 0, we can rescale the metric g,, of the original frame into g,, via
Buv = Q%g,,y; it follows that g, = Q72 g = Q28" =g = Q~* V=§, and” [10]

R = QR+ 60(InQ) - 6370,(In Q) dp(In Q)| (6.59)

Hence, for the reduced LBD action Eq.(6.58), the conformal transformation

1

=g (6.60)

8u
along with the redefinition of the scalar field {¢} = #(x%), ¢ = ¢(F)} lead to

o1 o | =5 20043 (doV < <, .
5= 167G d'x [\/_g[R 2¢()? (dﬂ) VoV ﬂ) +a () RR], (6.61)

2Compared with R = Q? [R +60Q/Q — 123%9,Q05Q/ QZ], Eq.(6.59) best isolates pure-divergence terms and thus most simpli-

fies the action once the coefficient of R is reset into unity. Moreover, by employing In Q instead of Q, the transformations R — R
becomes skew-symmetric to R — R.
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where the scalar field © no longer directly couples to the Ricci scalar R, and thus the 60(In ) component
in Eq.(6.59) has been removed as it simply yields a boundary term 6 f Oy [\/—_g(?"(ln Q)] d*x for the action.
Also, Eq.(6.61) has utilized the fact that the (1, 3)-type Weyl tensor C"ﬁy(5 and thus *RR = *CC = *CC = *RR
are conformally invariant. It is straightforward to observe from Eq.(6.61) that the kinetics of ¢ is canonical
for wp, > —3/2, noncanonical for wy, < —3/2, and nondynamical for wy, = —3/2; here we are interested in the
canonical case. For the specialization

d
dd = 2w +3 Eq)’ (6.62)
which integrates to yield
¥ ==++y2w,, +3 In 3 (6.63)
$o
where ¢ is an integration constant, or inversely
b =¢oe (+ 2 ) (6.64)
= Xp |t ———], .
0 CXP VZU)L +3

the action Eq.(6.65) finally becomes

| il o= le .o
S= 1671Gfd x[\/—g(R—EVwﬁV 19)+aq)oexp(i

i —
\/ﬁ) RR]. (6.65)
Hence, the conformal rescaling g,,, = g,,/G¢ along with the new scalar field #(x®) recast the reduced LBD
action Eq.(6.58) into Eq.(6.65), which is an action for the dynamical Chern-Simons gravity [19], though the
nonminimal ¥—*RR coupling is slightly more complicated than the straightforward 9*RR as in the popular
Chern-Simons literature. Moreover, the conformal invariance of *RR guarantees that the effect of f d*x d*RR
could never be removed by conformal transformations.

Note that the matter action S,,(guy, ¥») would be transformed into S,,(2,,,/G®, ¥,,) (in general S, does
not contain derivatives of the metric tensor [20]), which are different in the $—S,, or $p—.%,, couplings; conse-
quently Tfff) fails to be conformally invariant unless it is traceless 7™ = 0 [10]. This is why we focus on the

vacuum situation.

6.6.2 Generalized Gauss-Bonnet dark energy

Similarly, in vacuum and for spacetimes of negligible Chern-Simons parity-violation effect, S pp reduces into

1
S=1e f d*x [ V=g (¢R + boG — %qu)va(p)] . (6.66)
T
Under the local rescaling g,y = &uv = ngﬂv for the metric, the Gauss-Bonnet scalar satisfies [29]
G= Q“{é — 8RPV,Vs(In Q) — 8R*V,(In Q)V(In Q) + 4R C(In Q) — 8C1(In Q) - V,(In Q)V*(In Q)

(6.67)
+8[O(InQ)1* - 8V, V5(InQ) - VEVA(In Q) — 16V, V(In Q) - V¥(In Q)VA(In Q)}.
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Set the factor of conformal transformation to be Q2 = /G so that the Ricci scalar decouples from the scalar

field, and redefine the scalar field via ¢p(x?) — ¢(x*) = V2wr + 3 In % or equivalently ¢ = ¢g exp(
then it follows that

14 .
V2wL+3 )’

1 1
mQ=§m¢+§mG

6.68)
1 1 1 (
=—————+=-In¢pg+ =InG.
Y A R
With {In ¢, In G} being constants, substitution of Eq.(6.68) into Eq.(6.67) yields
— (5. K(Ve) )
— = +/— +——"" | and (6.69)
V-G =+ g(g o 13
K(Ve) = = 2R (29, V0 + VapVpe) + Do - (2R + 200 — V,oV7p)
(6.70)

— 2V, Vs - (ﬁaﬁﬂgo + ﬁacpﬁﬂcp) .

Here one can observe that since the coefficient Q™* in /=g = Q~* /=g exactly neutralizes the Q* in Eq.(6.67),
the nonminimally ¢-coupled Gauss-Bonnet effect f d*x+/=g$G could never be canceled by a conformal
rescaling g,,, = Q—Zg,w. Hence, the reduced LBD action Eq.(6.66) is finally transformed into

— 1 4 —slp_ l"’ o 14 5 =
S=re fd x\/_g{R S VoV + boo exp(—m)[gm«w)] } 6.71)

which generalizes the canonical Gauss-Bonnet dark energy in vacuum S = 5 6}16 f d*x =g (R - %Vagovago +

f ((p)g) [12] by the Horndeski-like [30] or Galileon-like [31] kinetics in ‘K(@gp) for the scalar field.

Note that in the two examples just above, because of the nonminimal coupling to the scalar field ¢p(x%),
negligible Gauss-Bonnet effect does not imply a zero Euler characteristic y(M) = ﬁ f V=g Gd*x = 0 for
the spacetime, and similarly, negligibility of the Chern-Simons effect does not indicate a vanishing instanton
number f *RR d*x = 0, either.

Also, for the actions of the Chern-Simons gravity and the Gauss-Bonnet dark energy in the Jordan frame,
in which a scalar field is respectively coupled to *RR and G, we cannot help but ask that why the scalar field is
not simultaneously coupled to the Ricci scalar? We have previously seen from Eq.(6.47) that all algebraic and
differential Riemannian invariants stand equal in front of the generalized Bianchi identities, so are there any
good reasons for the scalar field to discriminate among different curvature invariants? We hope that the LBD
gravity help release this tension (at least in empty spacetimes), as the scalar field ¢ indiscriminately couples to
all the LBD invariants {R, *RR, G}, and the LBD gravity takes the Chern-Simons gravity and the Gauss-Bonnet
dark energy as its reduced representations in the Einstein frame.

6.7 Cosmological applications

Having extensively discussed the theoretical structures of the LBD gravity, in this section we will apply this
theory to the Friedman-Robertson-Walker (FRW) Universe and investigate the possibility to realize the late-
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time cosmic acceleration.

6.7.1 Generalized Friedmann and Klein-Gordon equations

The field equation (6.35) can be recast into a GR form,
1
Ryy = SR = KGe (T + Ty + T3 + T™) (6.72)

where x> = 87, and Geg = 1/¢ denotes the effective gravitational coupling strength. Tg‘fl) + T,(ff) + T,EEP) +

T/ECV;B) = Tfﬁ,ﬂ) compromises the total effective stress-energy-momentum tensor, with
TS = —aHSY TSP = -bHSY, and (6.73)

wr, 1
T = (VY - gD+ ry (V#q>vvq> - 5gﬂvv(,A)vaq)).

Note that besides the effects of the source term —%V‘@V% in Zpp via o (— \V-g %V(@V“q)) [ogt”, the
(V#VV - gWD) ¢ part from ¢ ( \/—_gq)R) /6g"” is also packed into Tl(lqv’). Moreover, with the four distinct com-
ponents of T,Eevﬂ) sharing the same gravitational strength 1/¢, Eq.(6.72) implicitly respects the equivalence
principle that the gravitational interaction is independent of the internal structures and compositions of a test
body or self-gravitating object [21].

For the FRW metric of the flat Universe with a vanishing spatial curvature index,

3
ds> = —di* + a0 Y (dx')’ (6.74)
i=1

*RR = 0 due to the maximal spatial symmetry, while the Ricci and Gauss-Bonnet scalars are respectively

R:6aa+a2

5 = 6(H+2H2)

. (6.75)
asa 2 [ ”

G = 24— =24H" (H + H’),
a

where overdot denotes the derivative over the cosmic comoving time, and H := &/a represents the time-
dependent Hubble parameter. Thus, an accelerated/decelerated flat Universe has a positive/negative Euler-
Poincaré topological density. With a perfect-fluid form 7%, = diag [-p, P, P, P] assumed for each component
in T/Siﬁ) [in consistency with the metric signature (—, + + +)], the cosmic expansion satisfies the generalized

Friedmann equations

a\? B L 2 L WLy 3

(;) =3 (K pn = 3HG + 504~ 126H q>) : (6.76)
a_ _L{Kz (o + 3Py) + 36 + 3Hb + 2CL 62 + 126H26 + 12b (2# + H?) Hd)}, 6.77)
a 6 ¢
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7€P)

where T, * = 0 for FRW. Moreover, the kinematical wave equation (6.37) and the dynamical wave equation

(6.38) respectively lead to

aa+a2

2w w .. a
=X (¢ +3H$) = 6——+ CTE +é+ 24bH25, (6.78)

aii + > aa+2a

(2wL £3412b )(¢ + 3H$) = 24bH? 2 ¢ — 87 (3P, — pu) + 12 (5’45 Hq)) (6.79)
a a

In principle, one could understand the evolutions of the scale factor a(¢) and the homogeneous scalar field ¢(r)

by (probably numerically) solving Eqs.(6.76)-(6.79). However the solutions will be complicated, so we will

start with some solution ansatz for {a(f), ¢(¢)}, which are easier to work with.

6.7.2 Cosmic acceleration in the late-time approximation

The physical matter satisfies the continuity equation
Pom+3H (o + Py) =0, (6.80)

and for pressureless dust P, = 0, it integrates to yield

p(m)

[

Pm Pém) ?t 3P, (6.81)
0

where we have assumed a power-law scale factor
a=ap® with p>1. (6.82)

Here {ap, P} are constants, and 3 > 1 so that & > 0. Similarly, we also take a power-law ansatz for the scalar
field,

o = Pot’. (6.83)
Based on Eqs.(6.81)-(6.83), the dynamical wave equation (6.38) with T = —p,, for dust yields

2 (m) 3
v QL +3)(Bp—1+7) = % 2361 4 pgpP B =D (B ~1pp2y CP t3 ), (6.84)
0o

and in the late-time (large ¢) approximation it reduces to

2 (m)

L Kp 2-3p-
+3p-1)= — ! v (6.85)
vr+3p-1= do aO Quwy. +3)

which can be satisfied by
2 P(()m)

v=2-3p and ¢o= @ Qwi.+3)(2-3p)

(6.86)

160



Moreover, the first Friedmann equation (6.76) leads to
p(m) ﬁ3
3p2 = 2LL 231 _3py 4 & y 124 (6.87)
ao¢o

and with Eq.(6.86), in the late-time approximation it becomes
2 wL 2
33 =2 -3B) Qur +3)—3p2 -3p) + 7(2 -3p)". (6.88)

For = 2, Eq.(6.88) trivially holds for an arbitrary wy,, while for f # 2, we have 3 in terms of wr, via

_ 2(a)L + 1)
b= 1 (6.89)

Note that Eqs.(6.86) and (6.89) reuire wr, # —4/3, wr # —3/2 (B # 2), and 8 # 2/3; they are simply conse-
quences of the power-law-solution ansatz and the late-time approximations rather than universal constraints
on wr,, and according to Eq.(6.89), the last condition S # 2/3 trivially holds with 8 — 2/3 for wp, — c0. As a

consistency test, the kinematical equation (6.37) yields

35—
wL(%“yz —y+ 3ﬁ7) = 3808 - 1)+ 1202 L0 (ﬂt 2 (6.90)

with the late-time approximation

1
wL (Eyz —y+ 337) = 38028 - 1), (6.91)

which holds for Egs.(6.86) and (6.89). Substituting Eqgs.(6.81), (6.82), (6.83), (6.86) and (6.89) into the second
Friedmann equation (6.77), we obtain

a 2(a)L + l)(a)L + 2) )

- _ e, 6.92
a Guwy, + 4)? (6.92)
and the deceleration parameter reads
aa 1 Peg wL +2
=—-===(143—|=—"""—. 6.93
g a2 2 ( peff) 2(wr, + 1) ( )

Egs.(6.92) and (6.93) clearly indicate that the late-time acceleration could be realized for -2 < wp < -1
(wL, # —4/3, wp # —3/2), although this domain of w, makes the kinetics of the scalar field noncanonical.
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6.8 Lovelock-scalar-tensor gravity

6.8.1 From LBD to Lovelock-scalar-tensor gravity

The LBD gravity can be generalized into the Lovelock-scalar-tensor (LST) gravity with the action

Sist = fd4X\/—_g$LST +S8, and

w(P)
V_ ¢

where {fi(¢), w(¢p)} are generic functions of the scalar field, and V(¢) is the self-interaction potential. Note

(6.94)

Ast = SIPR + fo(P

— ( RAKE V<¢>) ,

that this time Newton’s constant G is included in the overall coefficient 1/167G of ‘4 s, as is the case of the
ordinary scalar-tensor gravity. The gravitational field equation is

1
f1(¢)( ng) (800 = V¥, /i (@) - “’(q’)( VoV - 58 Va0V q>)
| ¢ (6.95)
+ V(g + HSD + HY® = 8aT,

where HIS(SP) denotes the contribution from f>(¢$)*RR,

V=8 Hy” =20 12(9) - (€uap VR, + €vap VR, + 20,05 5(0) - ("R, +"R*,P)) (6.96)
and HLE,}B) attributes to the effect of /—gf3($)G,

Hiy® = 2R (8,00 = V,9,) f5(9) = 4Ry D f5(9) + 4R, VoV, f3(0) + 4R, "V Vi f3(6) 697

— 48RPV N5 f5(9) + 4Rayusy VPV f3(0).

It is straightforward to derive the kinematical wave equation by 6Srst/d¢ = 0, which along with the trace of
Eq.(6.95) could yield the dynamical wave equation, and they generalize the wave equations (6.37, 6.38) in the
LBD gravity. The wave equations however will not be listed here as the interest of this section is only the field
equation 6S/6g*” = 0.

6.8.2 Equivalence of LST with fourth-order gravities

It is well known that the f(R) gravity is equivalent to the nondynamical (i.e. wgp = 0) Brans-Dicke gravity
[27], and such equivalence holds for the LBD gravity as well. Consider the fourth-order modified gravity

*RR
f(R,G) + h( )] (6.98)
~ 161G [ V-8
for which the field equation is
fiy + (8300 = V) e~ 5.1(R, G + HS™ + HT® = 8T D), (6.99)
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where
V=8 H" = 26°h-gr - (€uap VR, + €0vapVRE, ) + 200 0phpr - ('R P, + RS, (6.100)

and

Hio™ = 2R (8y0 = V¥ ) fg — 4Ry Dfg + 4R, "VaVyfg + 4R, VoV, fg

(6.101)
— 48RPV Vg fg + 4Rays VPV f5,

with fr = fr(R,G) = 0f(R,G)/0R, fg = f6(R,G) = 0f(R,G)/0G, and h-gg = dh(*RR/ \/=8)/d("RR/ v/=g).
For the nondynamical LST gravity with w(¢) = 0 in Eq.(6.95), compare it with Eq.(6.99) and at the level of
the gravitational equation, one could find the equivalence

Ji@) =1z o [5(P)=fg . f2(P) = hegr,
V($) = —f(R.G) + frR.

(6.102)

In the V(¢) relation we have applied the replacement fi(¢) = fg, and note that V(¢) does not contain a fgG
term which has been removed from 7—(,(19]3) because of the Bach-Lanczos identity Eq.(6.32).

6.8.3 Partial equivalence for “multi-scalar LBD gravity”

Removing the wy term in Eq.(6.35) and then comparing it with Eq.(6.99), one could find that an equivalence
between the nondynamical LBD gravity (now equipped with an extra potential —U(¢) in £1gp) and the

fR,G)+h (if;_ﬁg) gravity would require fr = fg = ¢ = h«gg, and U(¢) = —f(R,G) +frR. These conditions

are so restrictive that the f(R,G) + h (%) gravity would totally lose its generality. Instead, introduce three
auxiliary fields {y1, x2, x3} and consider the dynamically equivalent action

1
S=rc fd4xx/—_g[f()(1,)(z) o Rex) + - (G —x2)

RR
+ h(X3) + h)(3 . (\/_—_g

its variation with respect to y1, 2, and y3 separately yields the constraints

—m)] +Sn; (6.103)

“RR
—= X3
V=8

where fy; = f(x1.X2)/0X js fep; = P FO1, X)X, hys = Oh(x3)/dx3 and By = 8 F(x3) /x5 I fryps
fyax» and h,,,, do not vanish identically, Eq.(6.104) leads to y1 = R, x> = G and x3 = %ﬁg. Redefining the

fields {x1,x2,x3} by

f)\(le(R_Xl):O’ f/.\/z/\/z(g_)(2)zo9 and h/\/3/\/3( ):0’ (6104)

P=rfus V=Sn, @=hy, (6.105)

163



and setting

“RR
=

“RR
=

V(. v, @) = ¢ - R, ¥) + v - G, W) + ¢ - —=(¢) — F(R($, W), G(¢, W) - h( (cp)), (6.106)

then the f(R,G) +h (%) gravity is partially equivalent to the following “multi-scalar LBD gravity” carrying

three nondynamical scalar fields

*

R
- V 9 b b 6-107
N=1 +yG - V(p, v (P)) ( )

where the coupling coefficients {a, b} appearing in .#1 gp have been absorbed into the scalar fields {¢, v}. Also,

1
Z—E(¢R+(p

by “partially equivalent” we mean that Eq.(6.106) as is stands is only partially on-shell; to recover Eq.(6.98)
from the multi-field action of Eq.(6.107), one would have to add extra Lagrange multipliers identifying the
different fields, but this would break the exact equivalence between such modified Eq.(6.107) and Eq.(6.98).

6.9 Conclusions and discussion

The Hilbert-Einstein action Syg and the Lovelock action St yield identical field equations and thus are ob-
servationally indistinguishable. However, the former takes the Brans-Dicke gravity as its scalar-tensor coun-
terpart, while the latter’s companion is the LBD gravity, and these two theories are different.

We have extensively studied the theoretical structures of the LBD gravity, including the gravitational and
wave equations, the ordinary wy, — oo limit that recovers GR, the unusual w;, — oo limit satisfying the
topology balance condition Eq.(6.41) and thus departing from GR, the energy-momentum conservation, the
conformal transformations into the dynamical Chern-Simons gravity and the generalized Gauss-Bonnet dark
energy, as well as the extensions to LST gravity with its equivalence to fourth-order modified gravity.

We have taken the opportunity of deriving the field equation to look deeper into the properties of the
Chern-Pontryagin and Gauss-Bonnet topological invariants. Especially, for the f(¢)G Gauss-Bonnet dark
energy as well as the f(R,G) and f(R,G,-%,,) gravities, the contributions of the generalized Gauss-Bonnet
dependence could be simplified from the popular form like Eq.(6.31) into our form like Eq.(6.33).

An important goal of alternative and modified gravities is to explain the accelerated expansion of the
Universe, and we have applied the LBD theory to this problem, too. It turned out that the acceleration could be
realized for —2 < wy, < —1 under our solution ansatz. Note that our estimate of cosmic acceleration in Sec. 6.7
is not satisfactory. For example, the kinematical equation (6.90) clearly shows that because of the higher-order
time derivative terms arising from the $G dependence, the simplest solution ansatz {¢ = ¢ot’, a = aotP} with
{ p=constant, y=constant} are not compatible with each other unless the late-time approximation is imposed,
while such approximations further lead to the behaviors analogous to the Brans-Dicke cosmology [32].

Section 6.7 has shown that, the effects from the parity-violating Chern-Pontryagin term ¢*RR are inef-
fective for the FRW cosmology because of its spatial homogeneity and isotropy. However, it is believed that
®*RR could have detectable consequences on leptogenesis and gravitational waves in the initial inflation epoch
[33] where ¢ acts as the inflaton field. The inflation problem usually works with the slow-roll approximations

¢ < ¢ < H and requires the existence of a potential well V(¢); thus, at least for the description of the initial
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inflation, the LBD gravity should be generalized to carry a potential:

*

— 1 RR
gLBD = E[¢(R+a

+ bg) - %Vaqw“q) - V)|, (6.108)
with V(¢) = 2A¢ being the simplest possibility.

Our prospective studies aim to construct the complete history of cosmic expansion in LBD gravity [prob-
ably equipped with V(¢)], throughout the dominance of radiation, dust, and effective dark energy. Moreover,
it is well known that primordial gravitational waves can trace back to the Planck era of the Universe and serve
as one of the most practical and efficient tests for modified gravities, so it is very useful to find out whether the
gravitational-wave polarizations carry different intensities in this gravity. There are also some other problems
from the LBD gravity attracting our attention, such as its relation to the low-energy effective string theory. We

will look for the answers in future.
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Abstract

This paper studies traversable wormholes and the states of energy conditions in Lovelock-Brans-
Dicke gravity, which involves the nonminimal couplings of a background scalar field with the Chern-
Pontryagin density and the Gauss-Bonnet invariant. The flaring-out condition indicates that a Morris-
Thorne-type wormhole can be maintained by violating the generalized null energy condition, and thus
also breaking down the generalized weak, strong, and dominant energy conditions; meanwhile, analyses
of the zero-tidal-force solution show that the standard null energy condition in general relativity can still
be respected by the physical matter threading the wormhole. This way, the topological sources of gravity
have to dominate over the effects of ordinary matter, and the scalar field is preferred to be noncanonical.
By treating Brans-Dicke gravity as a reduced situation of Lovelock-Brans-Dicke gravity, we also exam-
ine the Brans-Dicke wormholes and energy conditions.

PACS numbers: 04.50.Kd, 04.20.Cv, 04.90.+¢
Key words: traversable wormhole; Lovelock-Brans-Dicke gravity; Chern-Pontryagin density; Gauss-
Bonnet invariant; flaring-out condition; generalized and standard energy conditions

7.1 Introduction

A wormbhole is a fascinating passage as a shortcut connecting two distant regions in a spacetime or bridging
two distinct universes. Pioneering investigations of wormholes can date back to the Einstein-Rosen bridge
[1] in general relativity (GR), and earlier constructions of wormholes, such as those converted from the Kerr-
Newman family of black holes, suffer from severe instability against small perturbations and immediate
collapse of the throat after formation [2].

Modern interest in wormholes are mainly based on the seminal work of Morris and Thorne on traversable
Lorentzian wormholes [3], and the way to convert them into time machines [4]. Morris and Thorne firstly
designed the metric with the desired structures of a traversable wormhole, and then recovered the matter
fields through Einstein’s equation. It turns out that the energy-momentum tensor has to violate the null
energy condition, and thus it needs exotic matter to maintain the wormhole tunnel [3]. The standard energy
conditions, however, are a cornerstone in many areas in GR, such as the classical black hole thermodynamics
[5, 6]. Thus, much effort has been made to minimize the violation of the energy conditions and reduce the
encounter of exotic matter at the throat (e.g. [3, 7, 8]).

“*Email address: wtian@mun.ca
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The search for promising candidates of exotic matter is not an easy job, and only a small handful situa-
tions are recognized, such as the quantum Casimir effect and the semiclassical Hawking radiation, while all
classical matter fields obey the standard energy conditions. With the development of precision cosmology
and the discovery of cosmic acceleration, various models of dark energy with exotic equations of state have
been proposed, which provide new possibilities to support wormholes, such as those supported by the cos-
mological constant [9], phantom- or quintom-type energy [10, 11], generalized or modified Chaplygin gas
[12, 13], and interacting dark sectors [14].

On the other hand, as an alternative to the mysterious dark energy, modified and alternative theories of
relativistic gravity beyond GR have been greatly developed to explain the accelerated expansion of the Uni-
verse. The higher order terms or extra degrees of freedom in these theories yield antigravity effects, which
overtake the gravitational attraction of ordinary matter at the cosmic scale. Lobo took Weyl conformal gravity
as an example and suggested that modified gravities provide another possibility to support traversable worm-
holes [15]: it is the generalized energy conditions that are violated, while the standard energy conditions
as in GR may remain valid. To date, this proposal has been applied to exact solutions of Morris-Thorne-
type wormholes in various modified gravities, such as the metric f(R) [16], nonminimal curvature-matter
coupling [17], braneworld scenario [18], Brans-Dicke [19], modified teleparallel [20], metric-Palatini hybrid
f(R) [21], and Einstein-Gauss-Bonnet gravities [22].

In this paper, we will look into traversable wormholes and the standard energy conditions in Lovelock-
Brans-Dicke gravity [23], which takes into account the gravitational effects of spacetime parity and topology
by the nonminimal couplings of a background scalar field to the Chern-Pontryagin density and the Gauss-
Bonnet invariant. This paper is organized as follows. We firstly review the gravity theory in Sec. 7.2, and
derive its generalized energy conditions in Sec. 7.3. Then the conditions to support Morris-Thorne-type
wormholes are investigated in Sec. 7.4, which are extensively examined by a zero-tidal-force solution in
Sec. 7.5. Also, comparison with wormholes in Brans-Dicke gravity is studied in Sec. 7.6. Throughout this

paper, we adopt the geometric conventions ng =I° = 67F‘gﬁ - 851"% -+ and Ry, = R, with the

104
By’ R Byé
metric signature (—, + + +).

7.2 Lovelock-Brans-Dicke gravity

Recently we have discussed a new theory of alternative gravity which has been dubbed as Lovelock-Brans-
Dicke (LBD) gravity [23]. This theory is given by the action

Sipp = fd4x V=g %Ep+S, with

1 a w 7.1
- _* = Pl YL @y

gLBD = Ton [¢ (R + \/—_g RR + bg) s VQ(Z)V [0} 2V(¢) .

where ¢ = ¢(x%) is a background scalar field, {a, 13} are dimensional coupling constants (note: b is hatted to
be distinguished from b = b(r) in Secs. 7.4, 7.5 and 7.6, which is a standard denotation for the shape function
in wormhole physics), wr, denotes the dimensionless Lovelock parameter tuning the kinetics of ¢(x%), V(¢)
refers to a self-interaction potential, and as usual the matter action is given by the matter Lagrangian density
viaS,, = f d*x —g %,. InEq.(7.1), "RR and G denote the Chern-Pontryagin density and the Gauss-Bonnet
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invariant, respectively,

1
“RR = *RopysRPY = = 56 o R R

G:

(7.2)

— 4R, R* + RyaypR' ™"

where “Ryg,s ‘= %EaﬁpvR# Vy s 18 the left dual of Riemann tensor, and €,,,, represents the totally antisymmetric
Levi-Civita pseudotensor with €23 = +/—g and 123 =1y 4/—g. Note that unlike the other two curvature
invariants {R, G}, the term *RR in %1 pp is divided by +/—g; this is because *RR itself already serves as a
covariant density for Sppp, as opposed to 4/—g R and 1/—g G therein.

Sip is inspired by the connection between GR and Brans-Dicke gravity, and proposed as the Brans-

Dicke-type counterpart for the classic Lovelock action in Lovelock’s theorem [24], i.e. S = eer f d*x+~g
(R —2A + VL_?*RR + bg) + S S is the most general action made up of algebraic curvature invariants that
yields second-order field equations in four dimensions, and limits the field equation to be Einstein’s equation
equipped with a cosmological constant A. The Chern-Pontryagin and the Gauss-Bonnet invariants in Sy
do not influence the field equation, because “RR and /—g G are equal to the divergences of their respective
topological currents (see Ref.[23] and the relevant references therein); instead, the nonminimally ¢—coupled
covariant densities ¢*RR and +/—g ¢G in the LBD action Eq.(7.1) will have nontrivial contributions to the
field equation. Recall that for the two invariants *RR and G, the former is related to the spacetime parity with
f d*x*RR proportional to the instanton number of the spacetime, while the latter’s integral 32 >3 f dx* \V-8G
equates the Euler characteristic of the spacetime. Hence, LBD gravity has taken into account the gravitational
effects of the spacetime parity and the Euler topology.
The extremized variational derivative 6Sygp/dgt” = 0 yields the gravitational field equation

1 CP) | 7 14(GB
¢ (RW - 5ng) + (ng = VuVy) ¢+ aHy"” + bHY,Y
(7.3)

- ( V.4V, — gm ¢V”¢)+V<¢)gw=8ﬂ,§?,

where Hfﬁp) = \/%? 6(§;§R) collects the contributions from the Chern-Pontryagin density with nonminimal
coupling to ¢(x%),
V=8 H = 2650 - (€quapV R, + €6vap VR, ) + 200059 - ("R*,E, + "R*,P)) (7.4)

HGB) ._ 1 (V296
v T =g og”
Gauss-Bonnet invariant,

and refers to the effect of extra degrees of freedom from the nonminimally ¢—coupled

HY® =2R (g0 = V,¥,) ¢ + 4R, "V oV, + 4R, “VoV i

(7.5)
— 4R, 0 — 48,y - RV Vpd + 4R0y5, VPV,

with O = g% V.V denoting the covariant d’ Alembertian. Compared to the field equations of the f(R, &) and
f(R, G, %) generalized Gauss-Bonnet gravities with generic G—dependence [25, 26], we have removed the
algebraic terms in HI(SB) by the Bach-Lanczos identity 2RR,,, ~4R, * Roy ~4Ray5,R” B+2R 0p R R, = = 1Ggu.
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Immediately, the trace of the field equation (7.3) is found to be

—¢R + %V(,qw“q) +(3+2bR) Op — 4bR™V N + 4V () = 82T ™, (7.6)

where g“"Hl(gB) = 2R0O¢ — 4RV, Vo, T™ = g/“’TlET), and H/S(V:P) is always traceless.
On the other hand, for the scalar field ¢(x%), the extremization 6Sygp/d¢ = 0 directly leads to the

kinematical wave equation
20, 0¢ (R+ a *RR+Bg)¢+“’LV VB + 2V (1.7)
LU¢ = — — - ) .
V=8 6 ¢ ’

with O¢ = g"'BVQVﬁqﬁ = \/%Tgﬁa ( \-g gaﬁaﬁqﬁ), and Vy := dV(¢)/d¢. Along with the trace equation (7.6), it

yields the dynamical wave equation
(ZwL +3+ 213R)D¢ =— (\/L_*RR + Bg) ¢ + 8aT™ + 4bRPV N + 2V — 4V(9), (7.8)
-8

which explicitly relates the propagation of ¢(x?) to the trace T™ of the matter tensor for the energy-
momentum distribution.

In this paper, we will work out the conditions to support traversable wormholes and examine the energy
conditions in LBD gravity; especially, we will pay attention to the gravitational effects of the scalar field and
H/(ls’B), while HL?P) does not influence Morris-Thorne-type wormholes. To begin with, we firstly derive the

generalized energy conditions for LBD gravity.

7.3 Generalized LBD energy conditions

In a region of a spacetime, for the expansion rate 6 of a null congruence along its null tangent vector field
¢, and the expansion rate 6, of a timelike congruence along its timelike tangent u*, 6,y and 6, respectively

satisfy the Raychaudhuri equations [6]

dbo) 1 ¢ ¢
0Vl = — = = koo~ 5 Opy = Tyl + Wiy oy = Ry '€, (7.9)
000 = S0 B = S R — e+ Dt Ryt (7.10)
uYw) = dr K@) 3 W) Oy Ty T Wy W U .

The inaffinity coefficients are zero () = 0 = k() under affine parameterizations, the twist vanishes w,,w"” =

Jri%
satisfy o, 0" > 0. Thus, to guarantee df(;)/dA < 0 and d6)/dr < 0 under all circumstances — even in

0 for hypersurface-orthogonal foliations, and being spatial tensors (O'ffv)t’” =0= 0'(”)14") the shears always

the occasions 6y = 0 = 6, so that the congruences focus and gravity is always an attractive force, the
following geometric nonnegativity conditions are expected to hold:

Ry0'¢ >0 , Ry >0. (7.11)

Note that although this is the most popular approach to derive Eq.(7.11) for its straightforwardness and

simplicity, it is not perfect. In general 6, and 6, are nonzero and one could only obtain %9(25) +R, 040" >0

172



and %6(214) +R,,,u'u” > 0. Thus, it is only safe to say that Eq.(7.11) provides the sufficient rather than necessary
conditions to ensure df()/dA < 0 and df,)/dt < 0. Fortunately, this imperfectness is not a disaster and does
not negate the conditions in Eq.(7.11); for example, one can refer to Ref. [27] for a rigorous derivation of
the first inequality in Eq.(7.11) from the Virasoro constraint in the worldsheet string theory.

On the other hand, consider generic relativistic gravities with the Lagrangian density Lo = ﬁfg
(R, R, R, R, -, 0, V,0VFI)+ L, where Ri = R; (808 » Ruavg » VyRuavg » - - - ) refers to a generic curvature
invariant beyond the Ricci scalar, and ¢ denotes a scalarial extra degree of freedom unabsorbed by .%;,. The
field equation reads

1 6(V-8%
Hyy = 87GT  with  H,, = ( . ) (7.12)
V=g og

where total-derivative terms should be removed in the derivation of H,,,. In the spirit of reconstructing an

effective dark energy, Eq.(7.12) can be intrinsically recast into a compact GR form by isolating the Ricci

tensor Ry, out of H,,,:

1 G
R SRep = 85t it 94, = CG, - seGTR a1
e

where G g denotes the effective gravitational coupling strength, and it is recognized from the coefficient of

TISI;]) b

with TSXIG) collecting all the modified-gravity nonlinear and higher-order effects. Thus, all terms beyond GR

the matter tensor T,(f;]). T,(fjﬁ) refers to the total effective energy-momentum tensor, and TSZIG) = T,f;ﬂ) -

have been packed into T,(},\,/IG) and Gg.

Following Eq.(7.13) along with its trace equation R = —87G.5T" and the equivalent form R, =
8nGegr (T/S?,ﬁ) - %gﬂyT(eﬂ)), the geometric nonnegativity conditions in Eq.(7.11) can be translated into the
generalized null and strong energy conditions (GNEC and GSEC for short)

1
GeaT\S" ¢ > 0 (GNEC) , Geg|To u'u? + §T<eff> >0 (GSEQ), (7.14)
where ¢, = 0 for the GNEC, and u,u* = -1 in the GSEC for compatibility with the metric signature

(—, + + +). We further supplement Eq.(7.14) by the generalized weak energy condition
Gen T\ uu’ > 0 (GWEC), (7.15)

and the generalized dominant energy condition (GDEC) that GeffT,(f;ﬂ)u“u" > 0 with GeffT,(f;ﬂ)u“ being a
causal vector.

Note that for the common pattern of the field equations in modified gravities, we have chosen to adopt
Eq.(7.13) rather than R, — %ng = 87rGT,56Vﬁ), where G is Newton’s constant. That is to say, we do not
absorb Geg into Tfﬁ,ﬁ) so that GeﬁT,(fvﬂ) = Gﬁﬁm; as a consequence, G.g shows up in the generalized energy
conditions as well. This is because the effective matter-gravity coupling strength Geg plays important roles
in many physics problems, such as the Wald entropy of black-hole horizons [28] and the cosmological
gravitational thermodynamics (e.g.[29]), although the meanings and applications of G.g have not been fully
understood (say the relations between Geg and the weak, Einstein, and strong equivalence principles).

Ger and Tﬁ(ﬁ,ﬂ) vary among different theories of modified gravity, which concretize Eqs.(7.14) and (7.15)
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into different sets of generalized energy conditions. For LBD gravity summarized in Sec. 7.2, we have
Ger=¢' and TSV =TW +T0 + TSV + TSP, (7.16)

with the components of T/(f;m given by

C (e G 2 (G
8xTP = —aHP | 87 = _pHCP)
w 1 (7.17)
SﬂT;(jﬁ) = (Vyvv - g,uvD) ¢+ ?L (V,u¢vv¢ - Egyvva(bva(b) - Vguv .
Hence, for LBD gravity, the GNEC, GWEC and GSEC are respectively
¢—1£#£V(8nrj,‘3> +V, V.0 + %vﬂqsvvqs —aH" - BHL€B>) >0, (7.18)

¢~ uu’ (snTlﬂfvf” +V, V.0 + %VWV,@) —aH" - lA)Hng)) +¢7! (D¢ + ‘;—;VWV% + V) >0, (7.19)

and T (sanj;“ F YV + %Vﬂwyd) —aHSP - EHLCV}B))
1 R ~
+5¢7" (87rT(m) +4bRPV Vs — (1 + 2bR)Dp — 2V) >0, (7.20)

while the GDEC can be concretized in the same way. Among all generalized energy conditions, Eq.(7.18)
clearly shows that the GNEC is not influenced by the background potential V = V(¢) of the scalar field.

Particularly, LBD gravity reduces to become GR for the situation ¢(x%) = G~ = constant and V(¢) = 0,
as “RR and 4/—g@G in Lovelock’s action S, do not affect the field equation. Then Eqs.(7.14) and (7.15)
reduce to become the standard energy conditions for classical matter fields [5]:

1
TS ¢ >0 (NEC) , Talu'u’ >0 (WEC) , Tauuw > 5 TPuad (SEC).  (7.21)

7.4 Conditions to support wormholes in LBD graity
7.4.1 Generic conditions supporting static, spherically symmetric wormholes

It has been nearly three decades since the classical work of Morris and Thorne, and nowadays the Morris-
Thorne metric for static spherically symmetric wormholes is still the most useful and popular ansatz to study

traversable wormholes. The metric reads [3]

-1
ds* = ~*0ap + (1 - @)
p

dr* + r* (d¢” + sin” 6dg?) , (7.22)

where ®(r) and b(r) are the redshift and the shape functions, respectively, and the radial coordinate r > rg

ranges from a minimum value ry at the wormhole throat to infinity. ®(r) is related to the gravitational redshift
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of an infalling body, and it must be finite everywhere to avoid the behavior ¢**") — 0 and consequently the
existence of an event horizon. b(r) determines the shape of the 2-slice {f = constant, = x/2} in the
embedding diagram; it satisfies b(r) < r to keep the wormhole Lorentzian, b(rg) = rg at the throat, and
b(r)/r — 0 at r — oo if asymptotically flat. Moreover, the embedding of the 2-slice ds* = (1 - @)_1 dr* +
r2d902 yields the geometrical “flaring-out condition” (b — b'r) /b* > 0, which reduces to become b’(rg) < 1 at
the throat r = ry with b(rg) = ro [3]. Here and hereafter the prime denotes the derivative with respect to the
radial coordinate r.

Following the metric Eq.(7.22), in the null tetrad adapted to the spherical symmetry and the null radial

congruence,

1 1 j
M= (e—q’“), 1- b ,0, o] , nt == (e—“’(’),— 1- b ,0, 0) , o mt = (0, 0,1, L) (7.23)
r 2 r V2r sinf

one could find the outgoing expansion rate 6;, and the ingoing expansion rate 6, to be

_ 2 b(r) _ 1 b(r)
a1y = — (onp + PNp) = - \!- — Oy = pnp + fixp = = — [ 1 = —=, (7.24)

where pnp = —m*m’V,{, and unp = m*m”V,n, are two Newman-Penrose spin coefficients. Thus the
metric ansatz Eq.(7.22) guarantees that the spacetime is everywhere untrapped as 6(;) = 26(,) > 0, which is
a characteristic property of traversable wormholes [30]. Also, Eq.(7.24) shows that the expansion rates are
independent of the redshift function ®(r), and the spacetime is free of apparent horizons for r > ry.

Since the outward-flaring constraint (b — b’r) /b* > 0 solely comes from the embedding geometry, it
is independent of and applicable to all gravity theories. In GR through Einstein’s equation, this condition
implies that all infalling observers threading a Morris-Thorne wormhole will experience the violation of the
standard null energy condition Tffvn)ff‘f" > 0 [3, 4]. Similarly, according to the GR form of the field equation
(7.13), the flaring-out condition implies that wormholes in LBD gravity are supported by the breakdown
of the LBD generalized energy conditions as in Eqgs.(7.18) and (7.19). On the other hand, in principle it
may still be possible to preserve the standard energy conditions in Eq.(7.21). Thus, to fulfill the constraint
(b — b'r)/b> > 0 in LBD gravity, a possible way to violate the GNEC while keeping the standard NEC, i.e.
¢~ TP 00" < 0 and T0 ¢ > 0, can be

0 < 8allOTS < f”fv(aHffV:P) +bHS® ~V,V,¢ — %V,,(pvvqs). (7.25)

As another example, violation of the GWEC and preservation of the WEC, i.e. ¢‘1Tl(f;ﬁ)u/‘u" < 0 and

T l(ff)u“uv > 0, can be realized if

0 < 82T W u'n” < u'n’ (aH,SSP) +bHS® ~V,V,¢ — %vﬂwy(p) - (‘;—;Vaw% + O¢ + V). (7.26)
Eqgs.(7.25) and (7.26) indicate that Hfﬁp) and HL?B), which represent the effects of the spacetime parity and
topology, jointly with T,(jz) should dominate over the material source of gravity. Also, a noncanonical scalar

field (wr < 0) is preferred than a canonical one (wr, > 0) to help support the wormhole.
Note that in Eqgs.(7.25) and (7.26) we have assumed ¢‘1 = Geg > 0. This is inspired by the fact in f(R)
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gravity that the effective coupling strength Ge = df(R)/dR =: fr has to satisfy fz > 0 to guarantee that in
the particle content via the spin projectors, the graviton itself and the induced scalar particle are not ghosts
[31]. Similarly, in scalar-tensor gravity .Z = ﬁ [f(@)R — h(p)V V¢ — 2U(¢)]| + -4, in the Jordan frame,
Gt = f(¢)~! should also be positive definite so that the graviton is not a ghost [32]. More generally, for
modified gravities of the field equation (7.13), an assumption G.g > 0 can not only simplify the generalized
energy conditions Eqgs.(7.14) and (7.15), but also help reduce the violation of these conditions.

In Sec. 7.5, we will demonstrate by a zero-tidal-force solution that Eq.(7.25) can really be satisfied
while Eq.(7.26) is partially falsified for the same numerical setups. To facilitate the discussion, we further
concretize the tensorial inequalities Eqs.(7.25) and (7.26) into an anisotropic perfect fluid form.

7.4.2 Supporting conditions in anisotropic fluid scenario

In accordance with the nonzero and unequal components of the Einstein tensor G¥,, one can assume an
anisotropic perfect-fluid form 7%, = diag [—p(r), P’(r), PT(r), PT(r)] for TV ,,(eff) and each of its components.
Here T*, is adapted to the metric signature (—, ++ +), with p standing for the energy density, P" for the radial
pressure, and P’ for the transverse pressure orthogonal to the radial direction. In wormhole physics, it is P"
that helps to open and maintain the wormhole tunnel, so in the context below we will be more concentrative
on P’ rather than PT. Then the generalized energy conditions in Sec. 7.3 imply Geg(oesr + Pgﬁ) > 0 for the
GNEC, Gefiper > 0 and Gegi(pefi + Plg) > 0 for the GWEC, Gefr(peft + Prg + 2PeTﬁ) > 0 and Gefr(per + Plg) > 0
for the GSEC, as well as Gegper = 0 and Gegpe > |Geﬁ‘Pgﬂ:’ for the GDEC, with G removable when
Gegr > 0.

In fact, the perfect-fluid form of T#, clearly shows that violation of the null energy condition — that is to
say, giving up the dominance of the energy density over the pressure, will imply the simultaneous violations
of the weak, strong, and dominant energy conditions. This chain of violation happens for both the standard
and the generalized energy conditions, and in this sense, it is sufficient to consider the violation of the null

energy condition. According to the GNEC in LBD gravity, it requires ¢~ (oef + P ) < 0 to make wormholes

r

flare outward, with peg = pp, +pg +apcp + lAypGB and Pl = P, + P; +aPip+ lAyPGB; under the Morris-Thorne

r

metric, we have pcp = 0 = P,

1Y g 2 )
87Tp¢—(1—;)(q)¢ +¢ +T+7?)+2r2(b—br)+v, (727)
r b " ¢’2
87TP¢ =(1- ; o+ a)L? — 87Tp¢, (728)

1
87pGe = [ — 4brg (b - r) = 2¢/(2r = 3b)(b — b'r) + 402§ 1 (bb'r + 2 — b'r* + b? — 3br)
+ 207 ¢/r? (bb'r — b'r? = b7 + br) + 40 Q"¢ (b — 1) + O (¥ = 8br + 4b7)

+ O r (81 = 16br + 461 + br = 6bb'r + 957) ] . and (7.29)
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2
8nPip = = ¢ (b-b'r)(Bb—4r+b'r)+2¢"br(r —b) + 40’ ¢'r (O'r +2)(b—r? | - 8npge . (7.30)

7.5 Zero-tidal-force solution

In this section we will continue to work out an exact solution of Morris-Thorne wormholes in LBD gravity,
so as to better analyze the flaring-out condition for the wormhole throat, and examine the states of the
generalized and standard energy conditions.

There are two functions to be specified in the Morris-Thorne metric Eq.(7.22). To be more concentrative
on the wormhole throat and the embedding geometry, we will consider a zero redshift function ®(r) = 0 or
¢?®" = 1, which corresponds to vanishing tidal force and stationary observers [3]. In this situation, the LBD

curvature invariants and the Einstein tensor read

2y

R="7.

‘RR=0=G, G',=r7 diag|-b'r, =b, b—b'r, b=b'r|, (7.31)

and thus the componential field equations G*, = 8z¢~ ! T* ,,(eﬁ) directly illustrate the influences of the flaring-

out condition (b — b'r)/b* > 0 to T = diag [—peff, P, Pl PeTﬂ.].

To simplify the dynamical wave equation (7.8), we assume the potential V(¢) to satisfy the condition
V¢ = 2V, which integrates to yield
V(9) = Vog’, (7.32)

where V) is an integration constant. Moreover, we adopt the following power-law ansatz for the static and

spherically symmetric scalar field,

¢(r) = ¢o (%O)A , (7.33)

where ¢g and the power index A are constants, and ry is the throat radius ro = min(r).

With these setups, the kinematical wave equation (7.7) leads to
’ ro A 3
Q2+ wLA)rb" — wA(A — Db + w A(A — 2)r — 4Vy¢g (—) rr=0. (7.34)
r

Solving this equation for b(r) with the boundary condition b(r = ry) = ry, we obtain the shape function

2V, 31(ro w]:;i,(Al;zA) ro A-3 w A(1-A)
. 00Ty (7) B (7) wLA(A=2)r—2rg (%") LA+ (7.35)
= —+ .
" WA — 2 A+A-3 WL A2 — 2anA—2
and thus

Woord (1 + AL () AT (4 g () i

b-b 0 W A+2 r r N 21 ("0 ) ‘lriLA” (736)
-b'r= — .
WA =20 A+A-3 wA+2\r
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At the throat r = ry, the flaring-out constraint (b — b'r)/b? is evaluated as

4V()¢()I’(% + wLA

(7.37)
wWLA+2

b'(ro) =
There are five parameters in b(r), among which {rg, ¢g, A, Vp} attribute to our solution ansatz for the
homogeneous scalar field ¢(r) and the potential V(¢), while wy, comes from LBD gravity. To illustrate the

wormhole geometry, we will adopt the following setups for these parameters.

(1) Without any loss of generality, let ro = 1 for the throat radius, and ¢ = 1.

(2) According to Eq.(7.33), asymptotic flatness of the spacetime requires A > 0 so that the scalar field
monotonically falls off as r — co; moreover, ¢(r) is positive definite and meets the expectation Geg =
¢~! > 0 for the effective gravitational coupling strength, so that the graviton of LBD gravity is non-

ghost for the sake of quantum stability.

(3) A repulsive potential hill V(¢) > 0 tends to open and maintain the wormhole tunnel, while a trapping
potential well V(¢) < 0 would collapse the wormhole tunnel. Thus, in our numerical modelings, let
Vo = 1 > 0 so that V(¢) serves as a potential hill.

(4) Furthermore, it follows from Eq.(7.37) that the Lovelock parameter satisfies
2
wL<_Z<0 forr0:¢0=Vo:landA>0. (7-38)

This agrees with the indication of Eqgs.(7.25) and (7.26) that a noncanonical (wr. < 0) scalar field could
best help support the wormhole.

With the numerical setups in Eq.(7.38), only two parameters wy, and A remain flexible in determining the
behaviors of b(r) and (b — b'r)/b*, where A tunes the spatially decaying rate of the scalar field; appropriate
values of wy, and A should validate b(r) < r, b — b'r > 0, and wy, < —% < 0. In Fig. 7.1, b(r) is plotted at the
domain r > rp = 1, and the wormhole solution Eq.(7.35) is confirmed to be Lorentzian. In Fig. 7.2, we plot
b — b'r and equivalently verify the flaring-out condition (b — b’r)/b*> > 0. In both figures, we fix A = 2.3 and
illustrate the dependence on wy. (note that inside Figs. 7.1 ~ 7.4, wy, is temporarily written as w for the sake

of greater clarity).
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Figure 7.1: With ry = ¢9 = Vp = 1, A = 2.3 and in the domain r > ry = 1, b(r) is plotted as the solid curves for various w,

along with the dotted diagonal for the auxiliary function b(r) = r. For wp, = {-2,-4,-6,-8,-10---} < -2/A = -2/2.3 in light

of the numerical setups in Eq.(7.38), b(r) always falls below the auxiliary diagonal b(r) = r. Thus, 1 — b(r)/r is positive definite

and the wormbhole solution Eq.(7.35) is Lorentzian. Moreover, the curve b(r) approaches the dotted line when w; goes to —oo, i.e.
lim b(r)/r=1.

wp ——00

w=-4

w=-6

w=-8
o=-10

Figure 7.2: With ry = ¢9 = Vp = 1, A = 2.3 and in the domain r > ry = 1, b — b’r is plotted for w = {-2,-4,-6,-8,-10---} <
—2/A = -2/2.3 and manifests itself to be positive definite. This equivalently confirms the outward-flaring condition (b —b'r)/b* > 0
of the embedding geometry. Moreover, the curve b — b’r tends to coincide with the horizontal r—axis when w approaches —oo, i.e.
lim b —b'r = 0, which is consistent with the tendency lim b(r)/r = 1 in Fig. 7.1.
wp ——00

With the Einstein tensor G, given by Eq.(7.31) and ¢! > 0, adding up the componential field equations
G', = —8n¢ "' pert and G”, = 8¢~ P, one could obtain b — b'r = —r - 87¢~ (pefr + P). Thus, for the
numerical setups summarized by Eq.(7.38), Fig. 7.2 not only verifies the positive definiteness of b — b’r, but
also implies the violation of the GNEC ¢~ (pefr + P) < 0—and consequently the GWEC, GSEC and GDEC
in LBD gravity. On the other hand, can the standard energy conditions in Eq.(7.21) still hold along the radial
direction for the matter threading the wormhole? The energy density p,, and the radial pressure P!, vary for
different types of physical matter, and p,, + P}, relies on the the equation of state P, = P} (o,,). Thus, we

m
choose to calculate p,, + P/, from an indirect approach. Considering that S%G’ ;= —(om +pg + apcp + bogr)
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Figure 7.3: Withry = ¢ = Vp = 1, A = 2.3, b = —1 and in the domain r > ry = 1, 8n(p,, + Py,) is plotted as the solid curves,
while the dotted horizontal depicts the zero reference level. The first subfigure shows that for w;, = {—4, -6, -8, 10}, 8 (p,, + P,,)
is positive definite with the expected asymptote lim 87(p,, + P,) = 0%, so the standard NEC is respected. However, as wy, further

decreases, 8m(p,, + P),) gradually falls below the dotted horizontal near the throat r X ry = 1, which has been illustrated for

wr = {-30,-40,-50,---,—-1000} in the second subfigure by magnifying the region ry = 1 < r < 1.0006. Thus, large negative
values of wr, (numerical analysis gives wy, < —12.9) are unfavored in light of 87(p,, + P},) > 0.

and E%Gr, =P, + Py +aPq, + IQPEB, pm and P}, can be recovered by
87pm = b'r¢ — 8npy — 8nbpe . 8nP), = —bp — 87 P, — 8nbPy . (7.39)

where, according to Eqs.(7.27)-(7.30) with ®(r) = 0, we have

’ 7”2 /
87py = (1 - ’;)(qy' + 2% + %‘%) + % (b-br)+V (7.40)
I
sap = (1-2) (4 - 8 7.41
Ty = —;¢+wL?—7TP¢ (7.41)
87mpGe = 35[(/5 (b= b'r)(3b = 2r) + 2br¢” (r - b)] (7.42)
r
and 87Pl;, = Zr;f:/(b B R -2). (7.43)

In Fig. 7.3, 8n(p, + PJ,) is plotted as the solid curves, where we let b = -1 < 0 for the Gauss-Bonnet
matter-topology coupling strength so that the Gauss-Bonnet part of LBD gravity could yield antigravitational
effect to help maintain the wormhole tunnel. p,, + P;, is positive definite for wy, = {—4,—-6,-8,-10} < -2/A
and thus the standard NEC p,, + P;, > 0 is respected by the physical matter, despite the violation of the
GNEC due to ¢~ (pef + Pl) < 05 in fact, this has realized the null-energy supporting condition of Eq.(7.25)
in an anisotropic perfect fluid form. However, large negative values of wy, is unfavored: careful numerical
analysis finds that the standard NEC becomes slightly violated, i.e. p,, + P, < 0 for wp < —12.9 in the very
close vicinity of the wormhole throat.

Validity of the standard weak, strong and dominant energy conditions requires us to check the positivity
of the physical matter density p,,. Plotting 8mp,, for wy, = {-4,—-6,-8,-10---} in Fig. 7.4, we find p,, < 0
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Figure 7.4: Withry = ¢9 = Vo = 1, A = 2.3, b = -1 and in the domain r > ry = 1, 8mp,, is plotted as the solid curves for
wp, = {-4,-6,-8,—-10}. Although p,, > 0 in the distance, one always observes p,, < 0 near the throat r, = 1, and thus the
violation of the standard WEC, SEC and DEC. Moreover, as shown in the second subfigure for w;, = {-13,-23,-33,---,-1003},
the intersection point between 87p,, and the dotted zero reference level moves leftwards when wy. decreases, so the violation of
Pm = 0 gradually reduces.

Figure 7.5: With ry = ¢p = Vo = 1, wp, = =6, A = 2.3 and in the domain r > ry = 1, we plot 8x(p,, + P},) and 8rp,, for different
Gauss-Bonnet topology-gravity coupling strength, as is given the decreasing series b = {—2, -4, -6, -8, —10}. The standard NEC
always holds with p,, + P}, > 0. Moreover, the intersection point between 87p,, and the dotted reference level moves leftwards when
b < 0 increases from b = —10 to —2,, so the violation of p,, > 0 gradually reduces.
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Figure 7.6: Withry = ¢9 = Vp = 1, wL = -6, b = -4 and in the domain r > ry = 1, we plot 8x(p,, + P.,) and 87p,, for different

m

decaying rate of the scalar field, as is given by the increasing series A = {1.3,2.3,3.3,4.3}. The standard NEC always holds with
pm + P}, > 0. Moreover, the intersection point between 8mp,, and the dotted reference level moves leftwards when A > 0 increases
from A = 1.3 to 4.3, so the violation of p,, > 0 gradually reduces.

near the wormhole throat, and the violation of p,, > 0 can be reduced with the decrement of wr, in the domain
wr < —2/A; actually, this has negated the weak-energy supporting condition of Eq.(7.26) in the anisotropic
perfect fluid form, despite the validity of the null-energy Eq.(7.25). As expected, when one goes way from
the wormhole throat, the normal behaviors p,, > 0 and lim p,, = 0" are recovered, and thus the standard
WEC becomes valid as py + P/, > 0 for r > ro = 1 in light of Fig. 7.3.

Having seen from Fig. 7.4 that the decrement of the noncanonical wy could reduce the violation of
Pm = 0, we cannot help but ask are there any other factors that could help protect the standard WEC? The
answer is yes. In Figs. 7.5 and 7.6, we respectively fix {wp, = —6,A = 2.3} and {wL, = -6, b= —4} to plot
{8n(om + PJ,),8mp,}. It turns out that when the standard NEC is obeyed, i.e. p, + P}, > 0, the increment
of b (Gauss-Bonnet topology-gravity coupling strength) in the repulsive domain b < 0 and the increment of
A (decaying-rate index of the scalar field) in the domain A > 0 could both help minimize the violation of

Pm = 0 near the wormhole throat.

7.6 Implication: Wormholes in Brans-Dicke gravity

In the limits @ — 0 and b — 0 for the parity-gravity and the topology-gravity coupling coefficients in
S1BD, and in the absence of the potential V(¢), LBD gravity reduces to become Brans-Dicke gravity with
the standard action [33]

Spp = L d*x~=g (¢R - Qva¢va¢) +Sm, (7.44)
167 ¢

where @ refers to the Brans-Dicke parameter (in distinction with wr for the Lovelock parameter). The
gravitational field equation 6Sgp/dg"” = 0 and the kinematical wave equation 6Sgp/d¢ = 0 are respectively

1 ) 1 N
¢ (R,w - ERgW) + (80 = VuV) 6 - s (wvvqﬁ = 58w VadV ¢) = 8T, , (7.45)
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and 20 -0¢ = —¢R + %Vagbvaq’). (7.46)

With the trace of the field equation —¢R + %VagbV“(p +30¢ = 82T™, Eq.(7.46) leads to the dynamical wave
equation (20 + 3)0¢ = 87T ™; however, the kinematical equation (7.46) is preferred so that temporarily we

need not worry about 7™ for the physical matter.

b-b'r

T T T T T T T T T T T T T T T
1 2 3 4 5 6 7 1 5 10 50 100 500 1000 5000
r r

Figure 7.7: With ry = ¢9 = 1 and A = 1.3, we plot b(r) and b — b’r as the solid curves. The first subfigure shows that
for o = {-1,0,1,2,3---} > -2/A = -2/1.3, b(r) always falls below the dotted diagonal of the auxiliary function b(r) = r,
and thus guarantees the Lorentzian signature as 1 — b(r)/r > 0. Moreover, the second subfigure verifies b — b'r > 0 for
& =1{-1,0,1,2,3,4---} > —1/1.3, so the flaring-out condition (b — b'r)/b> > 0 of the embedding geometry is satisfied.

For Morris-Thorne wormholes in Brans-Dicke gravity, consider a zero-tidal-force solution ®(r) = 0,
and inherit the ansatz ¢(r) = ¢o (%")A (¢o > 0, A = constant) of Eq.(7.33) for the scalar field. Directly
solving Eq.(7.46) for b(r) with the boundary condition b(rg) = rg, or just substituting {Vy = 0, wp — @} into
Eqgs.(7.35) and (7.36), we obtain

HA(1-A)

2r = 2n () 7 2ry (o) S
b(r)=r+ . d b-br= —) 7.47
D =r+ S oA=& " oA+ 2\ 7 (7.47)

In light of the flaring-out condition at the wormhole throat, the parameters {A, @} have to meet the require-

ment
2

WA +2

Note that this condition does not conflict with the wp A < -2 in Eq.(7.38): Eq.(7.48) comes from Eq.(7.37)
with {Vy = 0, wp — @}, while Eq.(7.38) specifies Eq.(7.37) by ryp = ¢9 = Vy = 1; the choices Vy = 0 and
Vo = 1 (and also V = —1, if one would like to check it), i.e. the potential being vanishing, repulsive or

b(rg)=1- <l = G6A>-2. (7.48)

attractive, lead Eq.(7.37) to totally different situations.
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Figure 7.8: With ry, = ¢9 = 1 and A = 1.3, we plot 87(p,, + P},) for & = {-1,0, 1,2, 3,4} as the solid curves, which always fall

m

below the dotted horizontal for the zero reference level. Thus, the standard NEC is always violated. As & grows from -1 to 4, the
curve of 87(p,, + P! ) gradually moves upward, so in a sense the violation of 87(p,, + P/ ) > 0 can be reduced for greater values of

m m
@ in the domain @ > -2/A.
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0.24
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Figure 7.9: With ry = ¢9 = 1 and A = 1.3, we plot 87p,, for & = {—1,0, 1,2, 3,4} as the solid curves. These curves stay above the
zero reference level for © = {0, 1,2, 3,4} and coincide with it for &® = —1; since the curves for ©® = {0, 1,2, 3,4} are stickily close
to each other in the first subfigure, we magnify them at 1.2 < r < 1.45 for greater clarity in the second subfigure, which shows that
from bottom to top or from left to right, the curves correspond to @ = 0, ...4 in sequence. Although the energy density is nonnegative
for @ > —1, the standard WEC, SEC and DEC still fail as 8p,, + P;, < 0 for all ® > —2/A by Fig. 7.8.

Among the three parameters in b(r), {&, A} jointly determine the wormhole structure, while r( acts as
an auxiliary parameter; for the same reasons indicated in the proceeding section, we inherit the numerical
setups {ro = ¢9 = 1, A > 0} to illustrate the Brans-Dicke wormhole Eq.(7.47), which implies @ > —2/A from

Eq.(7.48). To start with, the Lorentzian-signature condition r > b(r) and the outward-flaring constraints
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b — b’'r > 0 are confirmed in Fig. 7.7.

Next, let’s check the states of the standard energy conditions in Eq.(7.21). For the matter threading the
wormbhole, the energy density and radial pressure can be indirectly reconstructed from the field equations
8mpm = b'r¢ — 8mpy and 87 P;, = —bgp — 8n P, where

y, 200 w¢ ¢’ /
871p¢=(1— )(¢ + — p 5?) ﬁ(b_b”)’ (7.49)

b . 72
8Py = (1 - ;) (gb + w%) 87pg . (7.50)

A
With ¢g = 1 = rg in ¢(r) = ¢o (’70) and the zero-tidal-force solution Eq.(7.47), it follows that

2OADA + A2 +4A - 2) + HA2 + A — 1) o 2AGA+A+1) -

8 +P)= - ’ (7:51)
. . 30AA-1)] . @44-D
1 r@+6)- [w +3+ S| e ' (7.52)

8om = -+ P(OA? — 204 - 2)

Based on Eqs.(7.51) and (7.52), the behaviors of 8n(p,, + P,,) and 8np,, are illustrated in Figs. 7.8 and 7.9
with the numerical setups {rop = ¢9 = 1,A = 1.3 > 0, > —2/A}. Unfortunately, despite the nonnegative
energy density, the standard null — and thus weak, strong and dominant energy conditions are always violated
along the radial direction as p,, + P}, < 0 for r > ro; to make matters slightly better, Fig. 7.8 indicates that
in a sense such violation could be reduced for greater values of & in the domain @ > —2/A. Moreover, as
shown in Fig. 7.10 which fixes & = 1 and studies the influences of A instead, we notice that even p,, > 0 no
longer holds throughout r > rg for a spatially quickly decaying (A > 2) scalar field.

Comparing Figs. 7.8 ~ 7.10 of Brans-Dicke gravity with Fig. 7.3, one could find that due to the presence
of the potential hill V(¢) > 0 and the possibly antigravitational Gauss-Bonnet effect, LBD gravity could “bet-
ter” protect the standard NEC when supporting wormholes. The results in this section supplement the earlier
investigations in Ref.[19]. Moreover, recall that in scalar-tensor theory with the total Lagrangian density
£ = 16”6 [f(P)R — h(¢) - Vod V¥ — 2U(p)] + %y, in the Jordan frame, we have the following conditions for
the sake of ghost-freeness and quantum stability [32]: the graviton is non-ghost if f(¢) > 0 (as mentioned
before in Sec. 7.4.1), while the scalar field ¢(x®) itself is non-ghost if

2

%(%ﬁ;@) + f()h(¢p) > 0. (7.53)

For Brans-Dicke gravity with f(¢) = ¢ and h(¢) = ©/¢, it requires ¢ > 0 and & > —3/2 to be totally

ghost-free. Thus, the lessons from Figs. 7.8 ~ 7.10 are consistent with the argument of Ref.[32] that in

scalar-tensor gravity, there exists no static, spherically symmetric wormholes that are both ghost-free and
obeying the standard NEC.
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(¢) From top to bottom, A =1.1,0.9, ---, 0.1. (d) From top to bottom, A =2, 3, ---, 8.

Figure 7.10: With ry = ¢p = 1 and @ = 1, we plot 8n(p,, + P},) and 8np,, for different values of A which governs the spatially
decaying rate of the scalar field. Figs. 7.10a and 7.10b, with a similar appearance to Fig. 7.8, show p,, + P}, < 0 for A > 0 so that
the standard NEC is violated; moreover, with Fig. 7.10c in an analogous pattern to Fig. 7.9, one finds p,, > O for slow decaying rate

A =1{0.1,0.3,--- , 1.1}. As the most interesting observation, Fig. 7.10d shows that p,, is no longer positive definite throughout r > ry
for high decaying rate A 2 2.
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7.7 Discussion and conclusions

In Secs. 7.4 and 7.5, we have seen that pcp and P, did not help in supporting Morris-Thorne wormholes;
this is because HL(V:P) identically vanishes for all spherically symmetric spacetimes (no matter static or dy-
namical). In fact, it can be directly verified that the spacetime parity will come into effect via nonzero Hl(fyjp)
in generic axially symmetric spacetimes, say the metric below that generalizes Morris-Thorne into rotating
wormbholes [7]:

b(r, 0)

ds* = =*"0dr* + (1 -
r

-1
) dr’ + P|de? + sin® 0.(dt - wdg)” |, (7.54)
where, as in the Kerr or Papapetrou metric, w = w(r,6) is the angular velocity de/dt acquired by a test
particle falling to the point (r, #) from infinity.

Also, the wormhole geometry is not only related to the energy-momentum distribution of the physical
matter through the gravitational field equation, but also to the propagation of the scalar field through the
kinematical wave equation. Hence, in Secs. 7.5 and 7.6, for the sake of simplicity, we have chosen to
“recover” the shape function b(r) and thus the wormhole geometry from the kinematics of ¢(r), i.e. Eqs.(7.7)
and (7.46), while the field equations were employed to analyze the energy conditions. When seeking for zero-
tidal-force solutions with a vanishing redshift function @(r) = 0, this provides a simpler method than that
in Ref.[19] for Brans-Dicke gravity, or Ref.[21] for hybrid metric-Palatini f(R) gravity which is equivalent
to the mixture of GR and the @ = —3/2 Brans-Dicke gravity; they solve for b(r) from the dynamical wave
equation (i.e. Klein-Gordon equation) rather than the kinematical wave equation, and thus have to involve
the trace of the matter tensor 7™ = —p,, + P" + 2P! right from the beginning. However, when looking
for more general solutions with ®(r) # 0, one should still turn to the method in Refs.[19] and [21], as it
becomes insufficient to determine the two Morris-Thorne functions {®(r), b(r)} from a single kinematical
wave equation.

To sum up, in this paper we have investigated the conditions to support traversable wormholes in LBD
gravity. The flaring-out condition, which arises from the wormholes’ embedding geometry and thus applies
to all metric gravities, requires the violation of the standard NEC in GR and the GNEC in modified grav-
ities. Moreover, the breakdown of the null energy condition simultaneously violates the weak, strong and
dominant energy conditions. With these considerations, we have derived the generalized energy conditions
Eqgs.(7.14), (7.15), (7.18) and (7.19) for LBD gravity in the form that explicitly contains the effective grav-
itational coupling strength G.g = ¢~'. These energy conditions have been used to construct the conditions
supporting Morris-Thorne-type wormholes, including the tensorial expressions Eqgs.(7.25) and (7.26), and
their anisotropic-perfect-fluid forms in Sec. 7.4.2. Moreover, in Sec. 7.5 we have obtained an exact solution
of the Morris-Thorne wormhole with a vanishing redshift function and the shape function Eq.(7.35), which
is supplemented by the homogeneous scalar field ¢(x*) = ¢(r) in Eq.(7.33) and the potential V(¢) = Vod?.
With the flexible parameters in Eq.(7.35) for b(r) specified by {¢g9 =ro = Vo = 1,A > 0,wp, < —2/A}, we
have further confirmed the Lorentzian signature, the flaring-out condition, breakdown of the GNEC, and va-
lidity of the standard NEC. Finally, we also investigated zero-tidal-force wormholes in Brans-Dicke gravity,
and have shown that the condition p,, + P}, > 0 is not so well protected as in LBD gravity.

Note that natural existence of dark energy becomes effective only at scales greater than 1Mpc [35].

Similarly in modified gravties, the higher-order terms or extra degrees of freedom are astrophysically recog-
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nizable only at galactic and cosmic levels. Hence, supporting wormholes by dark energy requires to mine
and condense dark energy, while supporting wormholes by modified gravity requires unusual distributions
of ordinary matter. For example, in LBD gravity, the joint effects of H,(fvjp), HISSB) and T,fff) have to become
T, l(ff) and the scalar field is preferred to be noncanonical. As a

closing remark, we have to admit that wormholes in existing studies are mainly theoretical exercises and

dominant over the physical matter source

hypothetical objects, and there seems a long way ahead before wormholes can be artificially constructed and

put to astronomical use.
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gravity with generic curvature invariants
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Abstract

For a large class of scalar-tensor-like gravity whose action contains nonminimal couplings between
a scalar field ¢(x“) and generic curvature invariants {R} beyond the Ricci scalar R = R?,, we prove the
covariant invariance of its field equation and confirm/prove the local energy-momentum conservation.
These ¢(x*) — R coupling terms break the symmetry of diffeomorphism invariance under a particle trans-
formation, which implies that the solutions to the field equation should satisfy the consistency condition
R = 0 when ¢(x*) is nondynamical and massless. Following this fact and based on the accelerated
expansion of the observable Universe, we propose a primary test to check the viability of the modified
gravity to be an effective dark energy, and a simplest example passing the test is the “Weyl/conformal
dark energy”.

PACS numbers: 04.20.Cv , 04.20.Fy , 04.50.Kd
Key words: energy-momentum conservation, diffeomorphism invariance, effective dark energy

8.1 Introduction

An important problem in relativistic theories of gravity is the divergence-freeness of the field equation and
the covariant conservation of the energy-momentum tensor. In general relativity (GR), Einstein’s equation
Guw =R, - %Rgﬂy = 87rGT,S'f,1) has a vanishing covariant divergence due to the contracted Bianchi identities
VEG,, = 0, which guarantees the local energy-momentum conservation V”T,S’ff) = 0or 0"(v-g T/(j,’f)) =0
for the matter tensor ngf)
problem becomes more complicated and has attracted a lot of interest.

. In modified gravities beyond GR and its Hilbert-Einstein action, the conservation

In Ref.[1], the generalized Bianchi identities were derived for the Palatini formulation of the nonlinear
f(R) gravity, and its local energy-momentum conservation was further confirmed in Ref.[2] by the equiva-
lence between Palatini f(R) and the w = —3/2 Brans-Dicke gravity. Ref.[3] investigated a mixture of f(R)
and the generalized Brans-Dicke gravity, and proved the covariant conservation from both the metric and
the Palatini variational approaches. For Einstein-Cartan gravity which allows for spacetime torsion, both

the energy-momentum and the angular momentum conservation were studied in Ref.[4] by decomposing the

“*Email address: wtian@mun.ca

192



Bianchi identities in Riemann-Cartan spacetimes. In Refs.[3, 5-7], the nontrivial divergences V“T,(jf) were
analyzed for the situations where the matter Lagrangian density is multiplied by different types of curvature
invariants in the action. Also, interestingly in Ref.[8], the possible consequences after dropping the energy-
momentum conservation in GR, such as the modified evolution equation for the Hubble parameter, were
investigated.

Besides the covariant invariance V¥ T,(f;q) = 0 for the matter tensor T,E'f) that has been standardly defined
in GR and modified gravities (cf. Eq.(8.20) below), the conservation problem has also been studied for more
fundamental definitions of energy-momentum tensors from a wider perspective, i.e. from a first-principle
approach making use of Noether’s theorem and the classical field theory. For example, the Noether-induced
canonical energy-momentum conservation for the translational invariance of the Lagrangian was studied in
Ref.[9] for general spacetimes with torsion and nonmetricity. The conservation equations and the Noether
currents for the Poincaré-transformation invariance were studied in Ref.[10] for the 3+1 and 2+1 dimensional
Einstein gravity and the 141 dimensional string-inspired gravity. Also, Refs.[11] and [12] extensively dis-
cussed the diffeomorphically invariant metric-torsion gravity whose action contains first- and second-order
derives of the torsion tensor, and derived the full set of Klein-Noether differential identities and various types
of conserved currents.

In this paper, our interest is the covariant invariance of such modified gravities whose actions involve
nonminimal couplings between arbitrary curvature invariants {R} and a background scalar field ¢(x*). For
example, ¢(x¥) is coupled to the Ricci scalar R = R?, in Brans-Dicke and scalar-tensor gravity in the Jordan
frame [13], to the Chern-Pontryagin topological density in the Chern-Simons modification of GR [14], and
to the Gauss-Bonnet invariant G = R? — 4RQI3R"3 + R(Z,JﬁVR“”ﬁ" in the Gauss-Bonnet effective dark energy
[15]. In theory, one could consider the nonminimal coupling of ¢(x*) to an arbitrarily complicated curvature
invariant beyond the Ricci scalar. In such situations, however, the covariant invariance of the field equation
has not been well understood, so we aim to carefully look into this problem by this work. Note that it
might sound more complete to analyze the global conservation 6“[\/—_g(T/S'Z,1) + t,)] = 0, where 1, refers
to the energy-momentum pseudotensor for the gravitational field, but to make this paper more clear and
readable, we choose to concentrate on the local conservation V# Tfl';’) = 0, while the incorporation of #,, will
be discussed separately.

This paper is organized as follows. In Sec. 8.2, we introduce the generic class of modified gravity with
the nonminimal ¢(x*)—couplings to arbitrary Riemannian invariants {R}, calculate the divergence for dif-
ferent parts of the total action, prove the covariant invariance of the field equation, and confirm the local
energy-momentum conservation. Section 8.3 investigates the reduced situations that the scalar field is non-
dynamical and massless, and derives the consistency constraint R = 0 which suppresses the breakdown
of diffeomorphism invariance. Finally, applications of the theories in Secs. 8.2 and 8.3 are considered in
Sec. 8.4. Throughout this paper, we adopt the geometric conventions F’gy =1 By’ R%, = ﬁyl“gﬁ - 651";’[3 e

By
and R, = R“WV with the metric signature (—, + + +).

193



8.2 General theory

8.2.1 Scalar-tensor-like gravity

Consider a theory of modified gravity or effective dark energy given by the following action,

S=fd4X\/—_g($HE+fg+$Nc+$¢)+Sm, (8.1)
where A refers to the customary Hilbert-Einstein Lagrangian density as in GR,
ZE =R, 8.2)
while %5 denotes the extended dependence on generic curvature invariants R,
ZLo=fR,---,R) . (8.3)

Here R = R(gap > Ruavg > VyRuavp s - - -) is an arbitrary invariant function of the metric as well as the Rie-
mann tensor and its derivatives up to any order. For example, R can come from the fourteen' algebraically
independent real invariants of the Riemann tensor [16] and their combinations, say RaﬂRaﬁ + Raﬂlng“/‘B" +
R(wﬂvR"ﬁRﬂv, which will yield fourth—order field equations; or differential Riemannian invariants that will
lead to sixth— or even higher—order field equations, like RV*V,R + R“#Rﬂ yVa VR,

In the total Lagrangian density, -£nc represents the nonminimal coupling effects,
Sc=h@)- R, R, (84)

where h(¢) is an arbitrary function of the scalar field ¢ = ¢(x%), and f(R, ---,R) has generic dependence
on curvature invariants, with the dots “---” in f(R, .-+ ,R) and the f(R,---,R) above denoting different
choices of R. Moreover, the kinetics of ¢(x%) is governed by

Ly =—AP) - VsV - V(9). 8.5)

In the (-, + + +) system of conventions, ¢(x®) is canonical if A(¢) > 0, noncanonical if A(¢) < 0, and
nondynamical if A(¢) = 0.

Finally, as usual, the matter action S,, in Eq.(8.1) is given by the matter Lagrangian density via

where the variable ¢, collectively describes the matter fields, and i, is minimally coupled to the metric
tensor g,,. Unlike the usual dependence on d,4, in its standard form, .7}, = £, (g,w, 1/ (9,1;0,,1) does not
contain derivatives of the metric tensor — such as Christoffel symbols or curvature invariants, in light of the
minimal gravity-matter coupling and Einstein’s equivalence principle; physically, this means %, reduces to
the matter Lagrangian density for the flat spacetime in a freely falling local reference frame (i.e. a locally

"When one combines the spacetime geometry with matter fields in the framework of GR, the amount of independent algebraic
invariants will be extended to sixteen in the presence of electromagnetic or perfect-fluid fields [17].
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geodesic coordinate system).

To sum up, we are considering the modifications of GR into the total Lagrangian density . = R +
fR,---,R) + h(p) - f(R, -, R) = AP) - Voo V¥ — V() + 161G %, which has been rescaled so that the
numerical coefficient 167G is associated to .%;,. It can be regarded as a mixture of the nonlinear higher-order
gravity .Z = R+ f(R,--- ,R) + 161G.Z,, in the metric formulation for the curvature invariants, and the
generalized scalar-tensor gravity .2 = h(¢) - f(R, -, R) = AP) - VooVl — V(¢) + 161G, in the Jordan
frame for the scalar field. Hereafter we will mainly work with actions, and for simplicity we will sometimes
adopt the total Lagrangian density in place of the corresponding action in full integral form.

8.2.2 Divergence-freeness of gravitational field equation
Pure curvature parts

For the Hilbert-Einstein part of the total action, i.e. Syg = f d*x V-8 “ZuE, its variation with respect to
the inverse metric yields the well-known result 0Syg = f d*x+—g G,0g". By the symbol = we mean the
equality after neglecting all total derivatives in the integrand or equivalently boundary terms of the action
when integrating by parts, and the Einstein tensor G, = R,y — %ng respects the twice-contracted Bianchi
identity V¥G,,, = 0.

For the gravitational action Sg = f d*x =g £ for the extended dependence on generic Riemannian
invariants, formally we write down the variation as 6Sg = f d*x+\—g Hl(lcv})égf‘v, where H,(S) resembles and
generalizes the Einstein tensor by

1 O NVZfR - R
V=g g '

HY) = (8.7)

Due to the coordinate invariance of Sg, Hl(lcv;) satisfies the generalized contracted Bianchi identities [18, 19]

Vﬂ( 1§ VRS R R i 88

V-8 ogh

or just V”H/(ﬁ,") = 0 by the definition of H,(S’). Similar to the relation G, = R,y — SRguy, one can further
expand H,(ff) to rewrite Eq.(8.8) into

1
\a (fRR/w + Z fRR,uv - Ef(R’ R gyv) =0, (8.9)
where fg == 0f(R, - ,R)/OR, fr = 0f(R,--- ,R)/OR, and R, = (froR) /6g"” — note that in the calculation

of R,,y, fr will serve as a nontrivial coefficient if fg # constant and should be absorbed into the variation 6R
when integrated by parts.
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Nonminimal ¢(x*)-curvature coupling part

For the componential action Syc = f d*x \J=g Lc for the nonminimal coupling effect, formally we have
the variation §Snc = f d*x+—g H/(}jc) o0gh”, where

1 O[VEofR- R
V=g ogh '

HYO = (8.10)
Unlike H,(ﬁ’) with Eq.(8.8), HS;IC) does not respect some straightforward generalized Bianchi identities; this
is because Sy involves the coupling with the background scalar field ¢(x®) and is no longer purely tensorial
gravity. Thus, we will analyze the divergence of H,(}jc) by the diffeomorphism of Snc.

Consider an arbitrary infinitesimal coordinate transformation x* +— x* + ox*, where ox* = k* is an
infinitesimal vector field that vanishes on the boundary, k# = 0|q, so that the spacetime manifold is mapped
onto itself. Snc responds to this transformation by

8Snc = fd“xh(q))-&,l [ V=8 F (R, . R) (8.11)

13

- fd4x\/—_gf(R, 2 R) - (hodud) K, (8.12)

where hy = dh(¢)/d¢$. For Eq.(8.11), one should note that ¢(x®) acts as a fixed background, as it only relies
on the coordinates (i.e. spatial location and time) and is independent of the spacetime metric; moreover, the
coordinate shift x — x*+k* is an active transformation, under which the dynamical tensor field g,,, and thus
V-8 f(R, -+, R) transform, while the background field ¢(x®) and the coordinate system parameterizing the
spacetime remain unaffected [20].

Under the active transformation x* — x* + k¥, the metric tensor varies by g,,, = gy + 08,y With g, =
£28uv = Vyuky + Vyky, and therefore g - gt + 6gt"" with 6gt"" = —£,¢"" = —VHEK” — V'K, Recalling the

definition of H, S:,IC) with H S,\,IC) being symmetric for the index switch u < v, one has
6Snc = 2 f d*x =g HaOVHE = 2 f d*x =g (V*H )k, (8.13)

Comparing Eq.(8.12) with Eq.(8.13), we conclude that Hf}jc) has a nontrivial divergence for ¢(x®) # constant,
and .
VEHGD = =S TR+ R) - hydy. (8.14)

In fact, Eq.(8.14) reflects the breakdown of diffeomorphism invariance in the presence of a fixed background
scalar field. As a comparison, it is worthwhile to mention that under an observer/passive transformation
where the observer or equivalently the coordinate system transforms, both the tensor fields and the back-
ground scalar field will be left unchanged, so the symmetry of observer-transformation invariance continues
to hold [20].
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Purely scalar-field part

Next, for the purely scalar-field part Sy = f d*x =g £y with the variation 0S4 = f d*x\—g H/(f,)ég”",
explicit calculations find

1
HLY) = =@ VudV + 5 (D) - Va7 + V(D)) - (8.15)
Taking its contravariant derivative, we immediately obtain the nontrivial divergence
VH = _L (4 V0V6 + 200) - D6 - V,) -V (8.16)
i = =5 (o VoV +249) - O = Vy) - Vr0, :

where A4 = dA(p)/d¢, Vy = dV(¢)/d¢, and O denotes the covariant d’ Alembertian with O¢ = g"ﬂV(,V/ggb =

%gaa(\/—g g‘*ﬁc')ﬁ@. On the other hand, extremizing the entire action Eq.(8.1) with respect to the scalar
field, i.e. 65 /¢ = 0, one could obtain the kinematical wave equation

20(¢) -0 = —F R+ ,R) - hy— s - VoV + Vs . (8.17)

We regard it as “kinematical” because it does not explicitly relate the propagation of ¢(x?) to T™ = g“VTLT)
for the matter distribution, while the “dynamical” wave equation can be obtained after combing Eq.(8.17)
with the trace of the gravitational field equation. Substitute Eq.(8.17) into the right hand side of Eq.(8.16),
and it follows that

1~
VUH = SR R) Vg, (8.18)
which exactly cancels out the divergence of ngc) in Eq.(8.14) for the nonminimal-coupling part Snc.

Covariant invariance of field equation and local energy-momentum conservation

To sum up, for the modified gravity or effective dark energy given by Eq.(8.1), its field equation reads

G + H + HN + HY) = 87GT (8.19)

where, unlike G,, and H,f,‘f,), the exact forms of {H,(lcv}), ngc)} will not be determined until the concrete

expressions of { %G, A} or {f(R, e ,R),f(R, e ,R)} are set up. In Eq.(8.19), the energy-momentum
tensor Tl(f‘fl) is defined as in GR via [21]

2 0 (\/ -8 fm)
V=g o
with S, rescaled by 167G in Eq.(8.6). Instead of the variational definition Eq.(8.20), it had been suggested

Zﬂ a-i/ﬂm
-V = 0 for the ,, field
Wm Ot v

in .%, (g,lv, 1/ 8ﬂzpm) [22]; however, further analyses have shown that this method does not hold a general

(8.20)

1
0SS, = —5 X 16ﬂGfd4x\/—_ng(,?)6g“" with Tff‘fl) =

that T;trf) could be derived solely from the equations of motion

validity, and Eq.(8.20) remains as the most reliable approach to T,(ff) [23].
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Adding up the (generalized) contracted Bianchi identities V¥G,, = 0 and Eq.(8.8), and the nontrivial
divergences Eqs.(8.14) and (8.18), eventually we conclude that the left hand side of the field equation (8.19)
is divergence free, the local energy-momentum conservation V# T,f,’v") = 0 holds, and the tensorial equations
of motion for test particles remain the same as in GR.

In fact, the matter Lagrangian density .%,, = %, (g,w, Ui, (9,Jlﬁm) is a scalar invariant that respects the
diffeomorphism invariance under the active transformation x* — x* + k*, and Noether’s conservation law

directly yields

V“[ ! 6(\/—_g$m)]:0’ (8.21)

V=g 0g”

uw = 0. That is to say, under minimal geometry-matter coupling with

which can be recast into —%V“T(’;’)
an isolated .7, in the total Lagrangian density, the matter tensor Tfff) in Eq.(8.20) has been defined in a
practical way so that TS‘?) is automatically symmetric, Noether compatible, and covariant invariant, which
naturally guarantees the local conservation V¥ Tﬁ(f"f) = 0. In this sense, one can regard the vanishing divergence
VH (Guv + Hl(f,:’) + H/(}jc) + Hfﬁ)) = 0 for Eq.(8.19) to either imply or confirm the conservation V“Tl(]ff) =0.

One should be aware that in the presence of nonminimal gravity-matter couplings, like R - %), or more

generally F (R, --- ,R) - £, in the total Lagrangian density, the divergence V* T/(]ff) becomes nonzero as well
and obeys the relation VAT = F(R,--- ,R)™" - (L g — T{s') - VVF (R, -+ ,R) instead [5-7], which
recovers the local conservation V“T,(jf) =0for F(R,---,R) = constant.

Also, at a more fundamental level, the T,(fvn in Eq.(8.20) for GR and modified gravities, though practical
with all desired properties, is not defined from the first-principle approach, i.e. directly from symmetry
and Noether’s theorem in the classical field theory. In this larger framework, the Tffvn) in Eq.(8.20) is often
referred to as the Hilbert energy-momentum tensor: it symmetrizes the canonical energy-momentum tensor
of translational invariance by adding a superpotential term, and it is a special case of the Belinfante energy-
momentum tensor that minimally couples to gravity [24].

8.3 Nondynamical massless scalar field
8.3.1 Nondynamical massive scalar field

Due to the A(¢)-dependence in Sy, its Lagrangian density becomes £ = —V(¢) when A(¢) = 0; considering
that V(¢) is usually related to the mass of the scalar field in cosmology and high energy physics, we will call
#(x*) nondynamical and massive for the situation A(¢) = 0 and V(¢) # 0. As such, instead of producing
a propagation equation ¢, the extremization 65 /¢ = 0 leads to the following constraint for the potential

V(¢):
Vo=FfR, - ,R)-hy. (8.22)
In the meantime, Eqs.(8.15), (8.16), and (8.17) reduce to become

1 1 1~
HY) = V@ g and VH) = SVaVud = ST R R) 1y (8.23)
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Thus, for a nondynamical yet massive scalar field, V“H,(f,) can still balance the nontrivial divergence V“H,(}:,IC)
of the nonminimal ¢(x*)-curvature coupling effect, while the potential or the mass of the scalar field is
restricted by the condition Eq.(8.22).

8.3.2 Nondynamical massless scalar field

Within the situation A(¢) = 0, it becomes even more interesting when the potential vanishes as well in
Eqs.(8.5), (8.15), (8.16), and (8.17); we will call the scalar field nondynamical and massless® for A(¢) = 0 =
V(¢). With £ = 0, the total action simplifies into

S= f d*x V=g (R+ Lo+ L + 16nG.Ly,). (8.24)

Since H,(f;) =0and V“Hfﬁ) = 0, the divergence V“HS;IC) for the nonminimal coupling part as in Eq.(8.14) can
no longer be neutralized. Instead, with VG, = 0, the generalized contracted Bianchi identities Eq.(8.8), and
the covariant conservation V¥ T}E'f) = 0 under minimal geometry-mater coupling, the contravariant derivative
of the field equation G, + H/(ff) + H/(},\,IC) = 87rGT/§’Z,1) forces V“HSEC) to vanish. Together with Eq.(8.14), this
implies that to be a solution to the gravity of Eq.(8.24), the metric tensor g,,, must satisfy the constraint

FQR,---, R =0 for ¢(x*) # constant. (8.25)

Since the nonzero divergence V"Hﬁfc) = —%f(R, -+, R) - hy0,¢ measures the failure of diffeomorphism
invariance in the componential action Snc, the consistency condition Eq.(8.25) indicates that the symmetry
breaking of diffeomorphism invariance is suppressed in gravitational dynamics of Eq.(8.24).

Here one should note that the variation 65 /d¢ = 0 yields the condition ]?(R, -+, R) - hy = 0, which also
leads to f(R, -+, R) = 0 if the scalar field is nonconstant. In addition, the constraint f(R, -+ ,R) = 0does
not mean H/(,ch) = 0 or the removal of “\c from the action Eq.(8.24). This can be seen by an analogous
situation in GR: all vacuum solutions of Einstein’s equation have to satisfy the condition R = 0, but the GR
action S = f d*x V—¢ (R + 161G .Z,,) still holds in its standard form.

After £ and Ac get specified in Eq.(8.24), how can we know whether it yields a viable theory or not?
In accordance with Eq.(8.25), we adopt the following basic assessment.

Primary test: For the action Eq.(8.24) to be a viable modified gravity or effective dark energy carrying
a nondynamical and massless scalar field, an elementary requirement is that the function f(R, -+, R) in
ZNc vanishes identically for the flat and accelerating Friedmann-Robertson-Walker (FRW) Universe with

the metric
3

ds® = —di* + a(r)? Z (dx")2 and a(r) > 0, (8.26)
i=1

where a(t) is the cosmic scale factor and the overdot means derivative with respect to the comoving time.

This primary test is inspired by the fact that the observable Universe is homogeneous and isotropic at

2We simply use “massive” and “massless” to distinguish the situation V(¢) # 0 from V(¢) = O when the scalar field is
nondynamical. However, we do not follow this usage to call ¢(x*) “dynamical and massless” when {A(¢) # 0, V(¢) = 0}, as it
sounds inappropriate to from the spirit of relativity.
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the largest cosmological scale, and the discovery that the Universe is nearly perfectly flat and currently
undergoing accelerated spatial expansion. These features have been extensively examined and received
strong support from the surveys on the large scale structures, the expansion history, and the structure-growth
rate of the Universe, such as the measurements of the distance modulus of Type Ia supernovae, peaks of the
baryon acoustic oscillation, and temperature polarizations of the cosmic microwave background. Clearly,
the primary test is updatable and subject to the progress in observational cosmology.

8.3.3 Weyl dark energy

Following the primary test above, one can start to explore possible modifications of GR into the total La-
grangian density .Z = R+f(R,-- -, R)+h(¢)]?(R, -+, R)+16nG %, and then check the consistency condition
]?(R, -+ ,R) = 0 under the flat FRW metric Eq.(8.26). In the integrand of the Hilbert-Einstein action for GR,
the Ricci scalar R is the simplest curvature invariant formed by second-order derivatives of the metric; sim-
ilarly, we can start with the simplest situation that f(R, -++,R) is some quadratic Riemannian scalar. One

possible example is the square of the conformal Weyl tensor Cyg,5 = Rogys + %(gm;R/gy — 8ayRps + gpyRas —

gﬁ(;Ray) + % (g(,,,gﬁ(s - g(,(;gﬁy) R, which is the totally traceless part in the Ricci decomposition of the Riemann

tensor. In this case, we consider the action
Scr = f d*x =g (R+vpC* + 161G.%,,) , (8.27)
where y # 0 is a coupling constant, and
C? = Coppy C™P" = %Rz — 2R,y R*™ + RyjarpRM™P . (8.28)

It is straightforward to verify that C? = 0 for arbitrary forms of the scale factor a(f) in the flat FRW metric.
We would like to dub Eq.(8.27) as the “Weyl dark energy” or “conformal dark energy”. The field equation

2
is R, — 1Rg,, + nyﬁ ) = 87rGTfl'ff), where

2 1 1 2
HS) = - §¢ngw, +2¢ (gRRW = 2R, "Ray + RyuapyR, “57) +3 (80 = V,¥y) (#R) — 20 (¢Ry)

+2Va9, (¢R,%) + 2VaV, (9R,") = 28,V aV 5 (9RP) + 4VPV" (6Rayipy) (8.29)
and according to Eq.(8.14), its covariant divergence is
2 Y
V' HS) = —5C*Vyd. (8.30)

The Weyl dark energy Sz, where the scalar field is nondynamical and massless, can be generalized into the

dynamical case
S = f d*x\=g (R + h(@)C? — AP) - VoV — V(§) + 167rG.$m), (8.31)

for which the constraint C? = 0 is no longer necessary and should be removed.

The complete validity of the Weyl dark energy Sc2 or its extension Eq.(8.31), including the value of
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the coupling strength v in Sz, should be carefully constrained by the observational data from astronomical
surveys. Following the field equation of Sz, consider a C*CDM model (i.e. C? cold dark matter) for the
Universe instead of ACDM. Then the first Friedmann equation under the flat FRW metric reads

) (8.32)

8 ap\3 ap \*

H* = ZnG [pMO (—) + 050 (—) +pc2
3 a a

where the densities of nonrelativistic matter py;(¢) and relativistic matter p,(¢) have been related to their

present-day values pp0 and p,o via by the continuity equation p + 3Hp(1 +w) = 0, with the equation of state

parameters being wy; = 0 and w, = 1/3, respectively. Also, H := a/a is the evolutionary Hubble parameter,

and p2 denotes the effective energy density of the Weyl dark energy,

aa .a@ _.d da a
pPcr = Y[5¢———2¢———¢ 2¢—+5¢——+2¢—
8.33
4aa2 4aaa 4 2a2 6'él4 3 ( )
4055 49— S5 4SS —69° +¢6].

Employing the cosmological redshift z := ag/a — 1 as well as the replacements d/a = H + H> and @ /a =
H +3HH + H?, Eq.(8.32) can be parameterized into

H(z: Ho. p) = Ho\|@uo(1 + 2P + Qo(1 +2* + Qca. (8.34)
where Hj represents the Hubble constant H(z = 0), Qu0 = 87Gppo/ (3H§), Q0 = 87Gp,o/ (3H§), and

3 27rG

Qc: = {¢H[5 (F+ H?) = 2(H + H?)' — H> —2H*| + 9H (5 — 4H - 4H?) (H + 3HH + H’)

0

+8¢H® + ¢ (H + H?) [ (2H + 2H* + 4H”) (H + H*) - 4H” - 6H4]} . (8.35)

Typically, we can use the Markov-Chain Monte-Carlo engine CosmoMC [25] to explore the parameter space
p = (Qumo,Q0,7v) for the Weyl dark energy Sc2, and find out how well it matches the various sets of

observational data. This goes beyond the scope of this paper and will be analyzed separately.

8.4 Applications

8.4.1 Chern-Simons gravity

The four-dimensional Chern-Simons modification of GR was proposed by the action [14] (note that not to
confuse with the traditional gauge gravity carrying a three-dimensional Chern-Simons term [26])

Scs = fd“x\/—_g(

m) . (8.36)
The scalar field ¢ = ¢(x) is nonminimally coupled to the Chern-Pontryagin density *RR := *R,p,sR¥?"° =

%e(,BWR’“‘V .y 6R“ﬁ75 , where *Rgpys = %eaﬂway 5 is the left dual of the Riemann tensor, and €4, represents
the totally antisymmetric Levi-Civita pseudotensor with €123 = /=g and €123 = 1/ \/=g. The field equation
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reads R, — %Rgﬂv + nyﬁP) = SHGT;T), where Hffjp) = \/%? 6(?(251?)

coupled Chern-Pontryagin density,

collects the contributions from the ¢(x)-

V=g Hy = 2650 - (€quapV R, + €6vap VR ,) + 200050 - ("R*,F, +"R%.P) . (8.37)

According to the general theory in Secs. 8.2.2 and 8.3.2, the Chern-Simons gravity Eq.(8.36) involves

a nondynamical and massless scalar field. Identifying ]?(R, -+ ,R) as *RR/ y/—g and with h(¢) = y¢ in
Eqgs.(8.14) and (8.25), we obtain the divergence

Y*RR

28

as well as the constraint *RR = 0 for nontrivial ¢(x*). It can be easily verified that *RR vanishes for the

VHSY = 0,0, (8.38)

flat and accelerating FRW Universe, and thus passes the primary test in Sec. 8.3.2. Also the condition
*RR = 0 only applies to the action Eq.(8.36), and is invalid for the massive Chern-Simons gravity .Z =
R+ yq&% — V(¢) + 161G.Z,, or the dynamical case .Z = R + y¢3‘;_£g — @) - VotV + 167G %,

8.4.2 Reduced Gauss-Bonnet dark energy

The Gauss-Bonnet dark energy was introduced by the action 88])3 = f d*x+\—g (R + h($)G — MV, V¢ —

V(o) + 167rG$m) [15], where A € {1, 0}, and the scalar field is nonminimally coupled to the Gauss-Bonnet
invariant G = (%eaﬁngﬂ”f ) . (%e,]ngRp‘mﬁ) =R?- 4R(,BR0‘ﬁ + RC,MBVR‘W;". If #(x%) is nondynamical with
A = 0, the action 381)3 reduces to become Sg])a = f d*x\=g (R + h(P)G — V(o) + 167rG$m), and according

to Eq.(8.22) with ]?(R, .-+ ,R) identified as the Gauss-Bonnet invariant, V(¢) has to satisfy the constraint
Vs = G hg. Moreover, the nonminimally coupled h(¢)G part in 881)3 and Sg]; contributes to the field equation
by

H® =2R (800 = V.5, ) h + 4R, *VV,h + 4R, "V, h
— 4R, Oh — 4g,, - RV Vgh + 4R 5, VPV h (8.39)
where, compared with the original field equation in Ref.[15], we have removed the algebraic terms in HL?B)

by the Bach-Lanczos identity %ggw = 2RR,,, — 4R# YRoy — 4RaﬂﬁVR"ﬁ + 2R,0pyR, aBy [27]. The divergence
of HL(V}B), in accordance with Eq.(8.14), reads

1
VHSY = ~5 G hydhd. (8.40)
However, it would be problematic if one further reduces Sgl)B into
8% = f dx\"g (R + h(B)G + 16nG$m), (8.41)

where ¢(x%) is both nondynamical and massless. The metric tensor has to satisfy G = 0 to be a solution to
the field equation R, — %Rg,n, + HL(V}B) = 87rGT/ET) for the reduced Gauss-Bonnet dark energy S g])a For the
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flat FRW Universe with the metric Eq.(8.26), the Gauss-Bonnet invariant is

aca

G= 24? , (8.42)

and thus G vanishes only if the Universe were of static state (@ = 0) or constant acceleration (& = 0). Hence,

the constraint G = 0 for 581)3 is inconsistent with the cosmic acceleration, which indicates that unlike 581)3

@

G S g])a is oversimplified and can not be a viable candidate of effective dark energy.

and

8.4.3 Generalized scalar-tensor theory

Since Syg and Sg in Eq.(8.1) respect the diffeomorphism invariance and the (generalized) contracted Bianchi
identities, in this subsection we will ignore them and focus on the following scalar-tensor-type gravity in the

Jordan frame:

Sst = fd4x\/—_g(f(R, )+ Lc+ Ly + 1677G.Zm)
(8.43)

= fd4x\/—_g(f(R, )+ h(@)- (R, R) = AP) - VoV — V(¢) + 167TGa5fm),

where f(R, ¢) is a hybrid function of the Ricci scalar and the scalar field. f(R, ¢) contributes to the field
equation by
sSV=sfR.®) 1
fRe) 1 _
Hyv = \/_—g 5g”v - _Ef(R’ ¢) - 8uy + fRRyv + (g,uvD - Vyvv) fR s (844)
where fr = fr(R,$) = Jf(R,$)/OR. With the Bianchi identity V¥ (R;w - %Rgﬂv) = 0 and the third-order-

derivative commutator (V, 00 — OV,) fg = —R,,, V¥ fg, explicit calculations yield

VEHL = —%ﬁp V.0, (8.45)

where f5 = fs(R,$) = 0f(R, $)/0¢. On the other hand, the kinematical wave equation 6Sst/6¢ = 0 reads
2A(¢9)-0¢ = — f¢—]’”\-h¢—/l¢-Va¢V"¢+ Vs, which recasts the divergence V“H,(f;) = —%(/l¢-Va¢V"¢+2/l(¢)- O¢
V) - Vy¢p as in Eq.(8.16) into

Hence, with Eqs.(8.14), (8.45) and(8.46), we immediately learn that the field equation H[l',(,R"p) +H, S:,IC) +H, fl'f,) =
SHGTLT) for the scalar-tensor-type gravity Ssr is divergence free. By the total Lagrangian density for the
sake of simplicity, the concretization of Eq.(8.43) includes, for example, standard Brans-Dicke gravity .Z =
¢R— % Vo¢pV9h+167.%,, (where Newton’s constant G is encoded into ¢! in the spirit of Mach’s principle)
[13], generalized Brans-Dicke gravity . = ¢R — %@ VoV — V(¢p) + 161G.%,, with a self-interaction

potential, Lovelock-Brans-Dicke gravity . = ¢ (R + \/L_fg*RR + bg) - %V(ﬂﬁV“(/) - V(¢) + 160G %L, [27],
Lovelock-scalar-tensor gravity £ = fi(#)R + %*RR + ()G — w(@) - Vod V9 — V(§) + 167G.%, [27],

minimal dilatonic gravity .2 = ¢R—2AU(¢) [28], Gauss-Bonnet dilatonic gravity .2 = R— V¢V + e "G
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or & = e "R - V,¢V? + G) motivated by the low-energy heterotic string theory [29], and the standard
scalar-tensor gravity .Z = F(¢)R — Z(¢) - Vo dV?* — V(¢) + 161G L, [30]; all these examples satisfy the local

energy-momentum conservation V# Tfl’f) = 0 and have divergence-free field equations.

8.4.4 Hybrid metric-Palatini f(R) gravity

So far we have been using the metric formulation for the curvature invariants; however, the local conser-
vation can be proved for the Palatini or hybrid metric-Palatini f(R) gravity without referring to the Palatini
formulation of the (generalized) Bianchi identities. Consider the following hybrid metric-Palatini f(R) action

s = f dx\=g (R+ FR) + 167rG,$m), (8.47)

where R is the usual Ricci scalar for the metric g,,, while R = IAQ(g, f‘) = g“VIA?W(f') denotes the Palatini
Ricci scalar, with the Palatini Ricci tensor given by Ry,,(I') = I?“#(W(f‘) = 6af$’# - ayfgﬂ + fg gfiv - fg{fgv.
Variation of Sy with respect to the independent connection fﬁv yields Vo ( V-8 fpg") = 0, where V is the
covariant derivative of the connection and f; = df(R)/dR. Thus, V is compatible with the auxiliary metric
Sr8uv = 8uv» a8 \/——g 8" = +[—g frg" . Relating g,, to g,, by the conformal transformation g,, > §,,, and
accordingly rewriting IAQW and R in the metric formulation, one could find that SS} is equivalent to [31]

S = [ VTR (R+ oR+ VL0770 - Vi) + 16762, (8:48)

where ¢(x*) = f3(R) and V(¢) = frR— f(R). sg; is just the mixture of GR and the wpp = —3/2 Brans-Dicke
gravity. Recall that Eq.(8.43) has employed the generic function f(R, ¢) for Sst, which includes the hybrid
situations like f(R, ) = R + ¢R. Hence, following Sec. 8.4.3, it is clear that the hybrid scalar-tensor gravity
S(}?} and thus the hybrid metric-Palatini f(R) gravity S(}};

the local energy-mentum conservation.

have divergence-free field equations and respect

8.5 Conclusions

In this paper, we have investigated the covariant invariance of the field equation for a large class of hybrid
modified gravity .Z = R+ f (R, -+ ,R) + h(¢) 'f(R, -, R)—A(P) - Vo d V¥ — V(9) + 167G L, For the four
components Zk = R, %6 = f (R . R), L = h(@)- [ (R, . R), and Ly = —A(@)- VadVd— V(¢). we

have calculated their contributions {G/m H,(g), HSEC), H/(fi) } to the gravitational field equation along with the

respective divergences, which proves the divergence-freeness of the field equation (8.19) and confirms/proves

the local energy-momentum conservation under minimal gravity-matter coupling.

NC
HYO

background scalar field ¢(x®), but fortunately, the two nontrivial divergences V"HS:,IC) and V"Hl(f,) exactly

and H/(f,) fail to obey the generalized contracted Bianchi identities due to the presence of the

cancel out each other. When ¢(x%) is nondynamical and massless, i.e. A(¢) = 0 = V(¢), the divergence
V“H,(}‘\,IC) = —%f(R, -+ ,R) - hyd,¢ is forced to vanish, which implies the constraint f(R, -+, R) = 0 for
nonconstant ¢(x*). We have suggested a primary viability test for the gravity . =R+ f (R, - ,R) + h(¢) -
]?(R, -+, R) + 161G %, by requiring that f(R, .-+, R) vanishes identically for the flat and accelerating FRW
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Universe, and a simplest example is the Weyl dark energy .Z = R + y$ C* + 167G.%,,.

With the general theory developed in Secs. 8.2.2 and 8.3.2, we have considered the applications to the
Chern-Simons gravity, Gauss-Bonnet dark energy, and various (generalized) scalar-tensor gravities. In fact,
the theory Zst = f(R, ¢) + h(¢) - f(R, -, R) = A(P) - Voo V¥ — V(@) + 167G L, in Sec. 8.4.3 can be further
extended into Zgst = f (R, -+ , R, @) — A) - VooV — V(@) + 161G %, for which we conjecture that the
covariant conservation still holds, with

V=g o8

However, this divergence relation has not yet been proved in this paper, and we hope it could be solved in

;o
HY) = and  VOH = =3 fo(R, R ) Vo (8.49)

future.

In prospective studies, we will take into account the existent candidates of the energy-momentum pseu-
dotensor #,,, for the gravitation field (cf. Ref.[32] for a review), and discuss the global conservation 6”[\/—_g(Tl(,'ff)
+1,,)] = 0. Also, we will make use of more fundamental definitions of the energy-momentum tensor, and
look deeper into the conservation problem in modified gravities from the perspective of Noether’s theorem
and the classical field theory.
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Chapter 9. Big Bang nucleosynthesis in power-law f(R) gravity: Corrected
constraints from the semianalytical approach [arXiv:1511.03258]

David Wenjie Tian"

Faculty of Science, Memorial University, St. John’s, NL, Canada, AI1C 557

Abstract

In this paper we investigate the primordial nucleosynthesis in . = &> 2R + 167rm;12$m gravity,
where ¢ is a constant balancing the dimension of the field equation, and 1 < 8 < (4 + V6)/5 for the
positivity of energy density and temperature. From the semianalytical approach, the influences of 8
to the decoupling of neutrinos, the freeze-out temperature and concentration of nucleons, the opening
of deuterium bottleneck, and the “He abundance are all extensively analyzed; then 3 is constrained to
1 <B<105fore=1[s"and 1 < B < 1.001 for & = mp; (Planck mass), which correspond to the
extra number of neutrino species 0 < ANT < 0.6296 and 0 < AN®T < 0.0123, respectively. Supple-
mentarily from the empirical approach, abundances of the lightest elements (D, *He, "Li) are computed
by the model-independent best-fit formulae for nonstandard primordial nucleosynthesis, and we find the
constraint 1 < 8 < 1.0505 and equivalently 0 < ANST < 0.6365; also, the "Li abundance problem cannot
be solved by . = &> #RF + 16xm, %, gravity within this domain of 3.

PACS numbers 26.35.+c, 98.80.Ft, 04.50.Kd
Key words Big Bang nucleosynthesis, power-law f(R) gravity, thermal history

9.1 Introduction

In the past few decades, the increasingly precise measurements for the cosmic abundances of the lightest
elements have imposed stringent constraints to the thermal history of the very early Universe. The observed
protium, deuterium (D) and “He abundances prove to agree well with those predicted by the standard Big
Bang nucleosynthesis (BBN) in general relativity (GR).

As is well known, any modification to the Hubble expansion rate and the time-temperature correspon-
dence would affect the decoupling of neutrinos, the freeze-out of nucleons, the time elapsed to open the
deuterium bottleneck, and the abundances of “He along with other lightest elements. To better meet the ob-
servations regarding the very early Universe, nonstandard BBN beyond the SU(3)xSU(2)wxU(1)y minimal
standard model [1] or beyond the standard gravitational framework of GR have received a lot of attention,
such as nonstandard BBN in scalar-tensor gravity [2-5], Brans-Dicke gravity with a varying energy term
related to the cosmic radiation background [6], f(R) gravity [7-9], and f(G&) generalized Gauss-Bonnet
gravity [10]. Also, Ref.[11] tried to recover the standard BBN within Brans-Dicke gravity under the unusual
assumption that the BBN era were dominated by the Brans-Dicke scalar field rather than the standard-model

“*Email address: wtian@mun.ca
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radiation. Nonstandard BBN helps constrain these modified gravities from the properties of the very early
Universe, which supplements the more popular constraints from the accelerated expansion of the late-time
Universe.
To our interest, nonstandard BBN in .Z = m2 P RB + 1671mP]2.$ gravity has been involved in Ref.[7] and
studied in Refs.[8, 9], where mp refers to the Planck mass. Ref. [7] proposed the power-law f(R) gravity .Z =
2 PRB + 167rmpl2.$ with the dimension of R? balanced by m # and checked the decoupling temperature
of nucleons, however, the BBN energy scale was extended to T < 100 MeV, and in the “interaction rate
= expansion rate” criterion, the interconversion rate I',;, between neutrons and protons was inappropriately
approximated by that at the high-temperature domain 7' > m,, — m, ~ 1.2933 MeV. Ref.[8] endeavored
to complete the BBN research of Ref.[7], and calculated the primordial “He synthesis in % = mlz,l_zﬁ RP +
167tm1312$m gravity from the semianalytical approach; however, we noticed that it still faces the following

problems:
(1) The decoupling of neutrinos, which is the initial event towards BBN, was not analyzed.

(2) For the concentration of free neutrons, its evolution was numerically calculated using the standard
Hubble expansion rate of GR rather than the generalized f(R) Hubble rate.

(3) The temperature at the opening of the deuterium bottleneck relies on the time-temperature relation and
varies for different value of S, but it was manually fixed at 1/25 of the deuteron binding energy.

(4) Due to the inconsistent setups of the geometric conventions, the domain of 8 was incorrectly set to be
4 - V6)/5 < B < 1, which had led to quite abnormal behaviors for 5 ~ (4 — \/6) /5 (this is a common
mistake in Refs.[7, 8]).

(5) With the dimension of R? balanced by m2 b g = m2 PR + 16nmz2.%, gravity is mathematically
and gravitationally equivalent to

7= f d*xy=g (R + 16nmyy " %,) = f d*xy=g (R + 16nG** .2,) . ©.1)

and thus the deviation between f(R) = R and RP (ie. the non-unity of §) would indicate a change
of the matter-gravity coupling strength from Newton’s contant G to G>#. Consequently, if aiming
to constrain the parameter 8 for .Z = mlz)l_zﬁ RS+ 167rml§12.,§,”m gravity, one just needs to examine the
measurements of Newton’s constant rather than recalculate testable processes like BBN.

Ref.[9] solved the problem (4) by correcting the domain of Sinto 1 < 8 < (4 + \/6)/ 5, and re-constrained
the parameter 3 by the abundances of both deuterium and “He. However, the computations were carried out
using the public BBN code, and the details regarding the influences of 8 to the BBN procedures were not
brought to light. In addition, the problem (5) still exists in Ref.[9].

In this work, we aim to overcome the problems (1)-(5) above, and reveal every detail of the BBN process
in f(R) o R? gravity. This paper is analyzed as follows. Section 9.2 introduces the generalized Friedmann
equations for the radiation-dominated Universe in generic f(R) gravity, sets up the power-law f(R) gravity
with the total Lagrangian density . = &2~ #RF + 167rm_2,,2” (e being some constant balancing the dimen-
sions of the field equation), with the nonstandard Hubble expansion and the generalized time-temperature
relation derived. The decoupling of neutrinos is studied in Sec. 9.3, while the freeze-out temperature T,{
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and concentration X',’; for free neutrons are computed in Sec. 9.4. In Sec. 9.5, the opening of the deuterium
bottleneck and the primordial *“He abundance are found out, which exerts constraints to the parameter 8 com-
pared with the “He abundance in astronomical measurement. The semianalytical discussion in Secs. 9.3~9.5
for £ = & PRP + 16mmy?. %, gravity is taken the GR limit 8 — 1% in Sec. 9.7 to recover the standard
BBN. Moreover, the primordial abundances of deuterium, “He and "Li are calculated in Sec. 9.8 from the
empirical approach using the model-independent best-fit formulae, which supplements the results from the
semianalytical approach.

Throughout this paper, for the physical quantities involved in the thermal history of the early Universe,
we use the natural unit system of particle physics which sets ¢ = i = kg = 1 and is related to le systeéme
international d’unités by 1 MeV = 1.1604 x 10'° kelvin = 1.7827 x 1073% kg = (1.9732 x 10™!3 meters)™! =
(6.5820 x 10722 seconds)~!. On the other hand, for the spacetime geometry, we adopt the conventions
ng =I® By’ R‘Yﬁy(S = éyl"gﬁ - 851"% --- and R,y = R, with the metric signature (—, + + +).

9.2 Gravitational framework: from generic to power-law f(R) gravity

As astraightforward generalization of GR with the Hilbert-Einstein action Iyg = f \=gd*x (R+167rml;12$m),
f(R) gravity is given by the action I = f d4xﬁ [ f(R,e) + 167rml§12,,2”m], where £ is some constant (not an
independent variable) balancing the dimensions of the field equation (see Ref.[12] for comprehensive re-
views of f(R) gravity in mathematical relativity without the ¢ term), and the Planck mass mp takes the value
mp = 1/ VG ~ 1.2209 x 10*2 MeV. Variation of the f(R) action with respect to the inverse metric, i.e.
01 /6gt” = 0 yields the field equation

1 _
SeRuy = 5 + (800 = Vu¥y) fie = 8rmpl Ty 9.2)

where fr = df(R,&)/dR, O := g“ﬁVaVB denotes the covariant d’Alembertian, and the stress-energy-

momentum tensor 775':1) of the physical matter is defined by the matter Lagrangian density .Z;, via 775'31) =
=2 S(V=8Zn)
V=g g

This paper considers the spatially flat, homogeneous and isotropic Universe, which, in the (z,r, 6, )

comoving coordinates, is depicted by the Friedmann-Robertson-Walker (FRW) line element ds> = —df* +
a()?dr? + a(r)? rz(dQ2 + sinzedgoz), where a(t) denotes the cosmic scale factor. Assume a perfect-fluid content
7#"™ = diag[—p, P, P, P], where the energy density p and the pressure P satisfy the equation of state p = 3P
around BBN that is absolutely radiation-dominated (with negligible contaminations from baryons). Then
Eq.(9.2) under the flat FRW metric yields the modified Friedmann equations

a 1 a . _
3= fr = 5f =3~ frrR = —8ampip, 9.3)
a 2 a

i  _a* 1 ) : a, . _
(_ + 2_2)fR — = f = frrR — frrr(R)* = 3= frgR = 8amp[ P, ©4)
a a 2 a

where overdot denotes the time derivative, frg = d? f(R, &) /dR?, and frRR = & f(R, &) /dR3. Moreover, the
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equation of covariant conservation V“‘T,ET) = 0 leads to
a
p+3—-(+P)=0, 9.5)
a

4
which integrates to yield p = pg ("a—") o« a~* under radiation dominance, with {pg, ag} being the present-
day values of {p,a}. Near the BBN era, p attributes to the energy densities of all relativistic species,
p = Y pi(boson) + %Z pj(fermion) = > % ggb)T;‘(boson) + %Z %gif )T;}(fermion), where {ggb) , gif )

the numbers of intrinsic degrees of freedom (mainly spin and color) for bosons and fermions, respectively.

} are

Thus, one has the generalized Stefan-Boltzmann law

_7 h — o (Ti\', 7 o (T 96
P =358 wit g*-—zgi (7)+§Zgj AR (9.6)

boson fermion

where, T = T, refers to photons’ temperature, which is the common temperature of all relativistic species in
thermal equilibrium.

This paper works with the specific power-law f(R) gravity
I= f d*xy=g (&R + 167m} 2, . 9.7)

where 8 = constant > 0, and & has the unit of [s™!] or [MeV]. Among Eqs.(9.3), (9.4) and (9.5), only
ag

4
two equations are independent, and we choose to work with Eqs.(9.3) and (9.5). With p = pg (;) and
f(R) = £>7%R5, the generalized first Friedmann equation (9.3) yields

a=ay? < P?, H::E:E, and (9.8)
a 2t

= 32718 _zmljlzp , 9.9)

[uw— 1)H2r(—5/5’2+8/3—2)
B B-1
where H refers to the cosmic Hubble parameter. Note that unlike the approximated power-law ansatz a =
aot® (a = constant > 0) for generic f(R) gravity, a = ao’/? is an exact solution to £ = >~ PRP + 167rm§12.$m
gravity for the radiation-dominated Universe; for GR with 8 — 1%, Eq.(9.8) recovers the behavior a o t!/2
which respects the GR Friedmann equation 342 /a* = —87rm1;12p0 (‘2—0)4.

Moreover, the weak, strong and dominant energy conditions for classical matter fields require the energy
density p to be positive definite. As a consequence, the positivity of the left hand side of Eq.(9.9) limits S to

4+ V6
5

the domain

1<B< < 1.2899; (9.10)

note that the Ricci scalar for the flat FRW metric with a = a¢#*/? reads' R = 6 (g + i) = w SOR >0

a2

and R” is always well defined in the domain Eq.(9.10).
Eqgs.(9.6) and (9.9) imply that the expansion rate of the Universe is related to the radiation temperature

'With d/a = H + H?, 4/a = R/6 — H? and d/a + 24*/a® = R/2 — 2H — 3H?, the Friedmann equations (9.3) and (9.4) can also
be written into
1 Rfr — .
H? = — (8mmplp + Rie=f _ 3HfwR|, ©.11)
3fr 2
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/B 1/8
\/ B [\/ B-1)a. ] ( [3273 T2 ) .
H= X = | £
126-1) —532 + 882 30 mp|

1/B
- B B-1)g- o B 1h
- \/12(3—1)X[\/—5/32+8/3—2] (07164 - T3 y) " &5 ” [s7'1.

where Tyev refers to the pure value of temperature in the unit of MeV, T = Tey X [1 MeV], g; is the value
of & in the unit of [s™'], and numerically 7%/mp = Tg,,/8.0276 [s™'].

Moreover, as time elapses after the Big Bang, the space expands and the Universe cools. Eq.(9.13) along

(9.13)

with H = 8/(2t) leads to the time-temperature relation

1/ 1/8
_ = —5,32 +86—-2 30 mp 19
1= VB 1)[ B-1Dag. ] (V32n3 TZ) e

lig g
:m[ —5/32+8/3—2] [1.3959] .

- 2
B-Ds. Thtev

9.14)

Egs.(9.13) and (9.14) play important roles in studying the primordial nucleosynthesis and the gravitational
baryogenesis. The candidate of & is not unique, and for the calculations in the subsequent sections, we will
utilize two choices of ¢ to balance the dimensions:

() € = mpHoQuo. mp is the energy scale of the Planck era, the Hubble constant Hy represents the
present-day energy scale, while the fractional density Q9 emphasizes the effect of physical mat-
ter in modified gravity. Numerically, following the 2015 PDG and Planck data [23, 24], one has
mpy [MeV— 1/s] =~ 0.1854 x 10* [s7!], Qpo = 0.3089, and Hy = 67.74 km/s/Mpc = 2.1954 x
10718 51 (with 1 Mpc= 3.0856 x 10'° km), so

& = \mpHoQuo = 3.5459 x 102 [s7'] = 2.3344 x 10™° MeV . (9.15)

(i) € = 1[s7!] = 6.5820 x 10722 MeV. This choice can best respect and preserve existent investigations
in mathematical relativity for the f(R) class of modified gravity, which have been analyzed for .Z =

f(R) + 167Tm1212.$m without caring the physical dimensions. Supplementarily, we have g, = 1.

9.3 Weak freeze-out of neutrinos

According to the SU(3)¢xSU(2)wxU(1)y minimal standard model, primordial nucleosynthesis is prepared
after the temperature drops below 7 ~ 10 MeV, when all mesons have decayed into more stable stable nucle-
ons. The electron-positron annihilation has not occurred at 7 < 10 MeV, and e* are far more abundant than

) 1
2H +3H* = —— 8nmz2P +
fR Pl

-R . . .
! ) Jr + frrR + frrr(R)* + 3H frrR)| . 9.12)

which are often used in the construction of effective dark energy for the late-time Universe.
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nucleons; e*, photons, neutrinos and nucleons are kept in thermal equilibrium by electromagnetic reactions
like the elastic scattering e* + v, — e* + v, and e* + p — ¢* + p, and by the prototype weak interactions
for the neutron-proton transition. To the interest of BBN, neutrons and protons are interconverted by the
two-body reactions

n+ve=p+e , n+e =p+v,, (9.16)

as well as the neutron decay/fusion
n=ap+e +7,. 9.17)

When the reaction rate I'(n = p) is faster than the Hubble expansion rate H, the interconversions in
Egs.(9.16) and (9.17) are fast enough to maintain neutrons and protons in weak-interaction and thermal
equilibrium, until neutrinos decouple when the temperature drops to T{,‘..

Let X, (X)) be the number concentration of free neutrons (protons) among all nucleons, including those
possibly entering unstable baryons or complex nuclei. Initially in equilibrium for 7 > T{ , we have X, =
X,1 = n,/(n, + np) and thus X, = X,
states of nucleons, and approximating the Fermi-Dirac and the Bose-Einstein energy distribution functions

= np/(n, + np). Regarding neutrons and protons as the two energy

by the Maxwell-Boltzmann function, one has

qu 0 U — My, 0
X exp (-7 + 57 = w7 O19
or .
X9 (9.19)
1+ exp(%)

where Q = m, —m, = 1.2933 MeV denotes the neutron-proton mass difference (with m, = 939.5654
MeV, m;, = 938.2721 MeV), u. / py, is the chemical potential (i.e. energy associated to particle number) of
electrons/neutrinos, and we have applied the standard-model assumption y,, = 0 and the fact that y, < T
for T 2 0.03 MeV. Eq.(9.19) implies that X, — 1/2 = X, for T > 1.2933 MeV, and as the temperature
drops along the cosmic spatial expansion, X,,? gradually decreases in favor of the lower-energy proton state.

Neutrinos are in equilibrium with photons, nucleons and electrons via weak interactions and elastic
scattering. The dominant reaction that keeps the neutrino numbers in equilibrium at this pre-BBN era is

Ve + v, < e~ + €%, for which the interaction rate is [13]
T, = 1.3G3T° = 0.2688 Ty,.y [s7'1, (9.20)

where Gy = 1.1664x10""MeV~2 is Fermi’s constant in beta decay and generic weak interactions. Neutrinos
decouple when I',, = H, and according to Eqs.(9.13) and (9.20), the weak freeze-out temperature Tf is the

solution to

B g1\ "
5-2/8 - 8 1-1/8
TSP 21,0741 x | -2—x[23577- || —2——— | x[{/=_ . 9.21
MeV B-1 [ ~Sp+ 86 -2 } ( 10.8305 ) & ©-21)

After the weak freeze-out,neutrinos effectively stopped interacting, and the two-body reactions {n + v, —
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(a) (b)

Figure 9.1: Decoupling temperature T{ (in MeV) for neutrinos. Fig.(9.1a) is for & = VmpHoQpo = 6.58 x 10722 MeV, Fig.(9.1a)
is for & = 1 sec™! = 6.58 x 10722 MeV, and the dotted vertical line represents the asymptote 8 = (4 + V6)/5.

p+e,p+7v, > n+e}in Eq.(9.16) and the three-body fusion p + ¢~ + ¥, — n in Eq.(9.17) cease; the
reactions following T{ are
p+e —>n+v,, n+e" —>p+v,, (9.22)

as well as the beta decay of neutrons
n—-p+e +9,. (9.23)

Figs. (9.1a) and (9.1b) illustrate the dependence of Tf on S for both choices of &, and some typical
values of T{ for a discrete set of 5 have been collected in Tables 9.1 and 9.2. In the calculation of T,{I, we
have used g. = g.(T = T), g» = 2 (photon), g; = 2 X 2 (¢*) + 2 x 3.046 (neutrino) = 10.092, and thus the
effective number of degree of freedom g. = g, + % gr = 10.8305, with all these relativistic species in thermal
equilibrium at the same temperature. Here for the effective number of species for massless/light neutrinos
during BBN, we adopt Neg = 3.046 rather than N.g = 3; this correction attributes to the fact that the
neutrino decoupling during BBN is a thermal process of finite time rather than an instantaneous event [25],
and in other processes like baryogenesis, decoupling of dark matter and hydrogen recombination, one should
return to Neg = 3. Also, although the detected oscillation phenomenon requires neutrinos to carry nonzero
mass [15-17], the mass is negligible during BBN and neutrinos remain relativistic. For example, the latest
cosmological data on the large scale structure and the anisotropies of the cosmic microwave background
imply >, m, = 0.320 £ 0.081 eV for the summed mass of three known neutrino flavors [26], while the Planck
data has placed an tighter constraint ), m, < 0.194 eV in the 95 % limit [24].

From Figs. (9.1a), (9.1b) and the “Tf [MeV]” columns in Tables 9.1 and 9.2, one can clearly ob-
serve that Tf goes higher when g increases, and T{ is minimized in the GR limit 8 — 1, with min(Tf ) =
él_l)l} T{ =1.3630 MeV. Thus, as expected, neutrinos still decouple before the electron-positron annihilation

in # = g2PRP + l6nml§12,2”m gravity. Since ¢ o T~2/8 in light of Eq.(9.14), the time t,’f elapsed from Big
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Bang to the weak freeze-out shortens when S increases, and r{ is maximized in the GR limit 8 — 1, with
max(t) = lim t =0.3955s.

9.4 Freeze-out of free neutrons

9.4.1 Temperature at the freeze-out of neutrons
After the decoupling of neutrinos, the neutron concentration X,, deviates from the equilibrium value X,," in
Eq.(9.19), and the evolution of X, satisfies

X,
dt

= X+ Ty (1= X = Ty (1467 (%, - X39). (9.24)

where I',,_,, (/I',—,,) denotes the reaction rate to convert neutrons (/protons) into protons (/neutrons). When
nucleons and leptons are carried apart by the Hubble expansion faster than their collisions, the reactions in
Eq.(9.22) cease, and the only reaction alive is the beta decay of free neutrons in Eq.(9.23).

To find out the resultant reaction rate I',_,, for the two-body reactions in Eq.(9.22), one can apply the
Bernstein-Brown-Feinberg approximations in the early BBN era [20]: (i) Neglect the recoil energy of nu-
cleons; this way, let {p., p,,} be the momenta of electrons and electron neutrinos, with the corresponding
energies {E, = +/p? + m2, E,, = p,,}, and then the energy conservation yields E, = E,, + Q. (ii) Nucleons
freeze out before the e~ — ¢™ annihilation, so that photons are not yet reheated and 7 = T, = T, = T,=;
as will be verified a posteriori in the “T,{ [MeV]” columns of Tables 9.1 and 9.2, this assumption holds
in both GR and . = &> Rf + 167rm1§12§fm gravity. (iii) Approximate the Fermi-Dirac energy distribu-

tion function by the Boltzmann function, and neglect the blocking effect due to Pauli’s exclusion princi-

ple. As a result, the reaction rates can be computed by I'(nv, — pe™) = A fooo dpy, p,z,g peE. exp( - ETVE ),
I'(ne* - pv,) = A fooo dpe.p*p,.E,, exp( - %) and thus

Tnosp = 20(nve — pe”) = 4AT* (1277 + 6T Q + Q7). (9.25)

while the decaying rate of free neutrons is

V Q*—m;
T(n— peve) = A f dpepepr.Ey,
0
A 1 3 2 A
=3 \ 0% — m? (gQ2 - Zszg - gmi) + ZmﬁQ . arcosh(n%) (9.26)

B

=1.5752x 1072AQ° = s
Tn

where m, = 0.5110 MeV= 0.3951Q, p, takes the upper limit 4/Q? — m2 in accordance with the energy

conservation E,, = Q — E,, and 7, denotes the mean lifetime of free neutrons. Eq.(9.26) implies that the

effective coupling constant A satisfies
2539332

4A = 227007
7, Q

9.27)
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which, along with Eq.(9.25), leads to

(x2 +6x + 12) [s7'] with x:= % (9.28)

253.9332

) = -
Tp X

Here the dimensionless variable x has been employed, which will considerably facilitate the subsequent
calculations.

We will adopt Eq.(9.28) as the neutron-proton reaction rates, which neglects the beta-decay rate of free
neutrons. This approximation is acceptable: the free-out of neutrons closely follows the weak freeze-out of
neutrinos, whose decoupling time satisfies max(t{f) = li_r}r} rf = 0.3955 s << 1, = 880.0 = 0.9 [s], where
we adopt the PDG recommended value for the mean fime of neutron decay [23]; this will become more
clear after the computation of r,’; (the time elapsed from Big Bang to neutrons’ decoupling) below, as will

be collected in the “r,’: [s]” columns of Tables 9.1 and 9.2. Also, for the sake of higher precision, we have

255
updated the original formula I',_,, ~ P (x2 +6x + 12) [s™1] by Bernstein et al. [20] into Eq.(9.28).
The concentration X, freezes out atn I p(x) = H(x), where the Hubble parameter is recast into
B B-1) Y11 1983\ 18 H(Q)
— 18« . 1-1/8 y ~1 -1
H(x) = X - = = , (9.29)
@ \/12(/3 —D [\/—552 +85-2 ] ( 2 ) e = s

with the constant H(Q) := H(T = Q) = H(x = 1) being -dependent. Hence, I';,_, ,(x) = H(x) yields

253.9332x2+6x+12:\/ B X(\/ (B-Ds. } (@) eV (930)

Ty x° 12(6-1) -5B2+8B8-2 x?
so the freeze-out temperature T,{ = 1'%3-33 [MeV] can be found out by solving x = x,’: from
LB 1/
2
x?+6x+ 12 T B B-1 | & 1-1/8
————7— = 1.0004 X —— X x[3.8613 - \|[——F— —_— . (931
x~2/P 880.0 B-1 —-58% + 8B -2 10.3835 Es ©-31)

An exact and generic solution to Eq.(9.31) with 1 < 8 < (4 + \/5) /5 is difficult (if not impossible) to work
out, so we numerically solve Eq.(9.31) for a series of 3, as shown in the “T,{ [MeV]” columns of Tables 9.1
and 9.2, where x,’: has been transformed back into T,{'. One can clearly observe that T,{' increases along with
the increment of 8.

9.4.2 Freeze-out concentration of free neutrons

To figure out the concentration of free neutrons at the freeze-out temperature T,{ , firstly rewrite Eq.(9.24)

into

dX, _dX,dxdT _ dX,
dt ~ dx dT dt = dx

T
X5 = —Tsp(l+e™) (Xn - qu) . (9.32)
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Egs.(9.6) and (9.13) imply that

; ( 30 )1/4 { 308> ml (-56% + 88 - 2)
= p =

1/4
Frpar T ki 1)]ﬂ} P, (9.33)

nlg,

so Ta = constant and T/T = —a/a = —B/(2t) = —H(Q)x %P which recast Eq.(9.32) into

dX, xl%_l eq
= F,H,,H(Q)(He ) (X0 - X37) . (9.34)

Define a new function F(x) = X,(x) — X.3(x) to measure the departure of X, from the ideal equilibrium

concentration X,0 = 1/(1 + ¢¥), and transform dX,,/dx into the evolution equation of F(x):

2]
dF(x) XA e*
I l+eF _ 9.35
dx + pH(Q) ( te ) (X) (l +€x)2 ( )
Its general solution can be written as F(x) = Fi (x)E(x), where
X /%—1
Fx)=exp|- | Thop=—xo(l+e?)d 9.36
and E(x) satisfies
dE 1 x
w__1_¢ | (9.37)
dx F(x) (1 +¢e%)?
Integrating F (x)E(x), we obtain
X X X 21
F(x)=fdfce—ex —fr Y (+e)d (9.38)
T+ |7 )i "THQ) g ‘
and the reverse of F(x) = X,(x) — X;(x) leads to
X X X Z—1
| = €
Xn(X) = Xn ()C) + f de eXp I:—jx; F,Hp H(Q) (1 +e ))dy (939)

which satisfies the initial condition X,,(T > Q) = X,(x — 0) = X;. Without beta decay of free neutrons, X,

would eventually freeze out to some fixed value after T; or xf,, Effectively setting x = oo in Eq.(9.39), we

obtain the freeze-out concentration X,{ = X,(x = 00)
f 00 e)"c 00 y%—l
X, = dX————exp |- [hopy——(0+e7)d
" fo T+ e P f g T y}

0 x 253.9332 16 12
=f di— exp __f y+—y+ (1+e)dy| |
0 (1 +e% HQ) 1w Jx y6 B

(9.40)

where X, (x = co) = 0. Similar to the treatment to Eq.(9.31), we have numerically integrated X,{ for the
same set of 3, as collected in the “X,{ ” columns of Tables 9.1 and 9.2, which show that X,{ considerably
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grows with the increment of (.

9.5 Opening of deuterium bottleneck and helium synthesis

The number densities of neutrons, protons and deuterons (D), which are very nonrelativistic particles at the
energy scale T < T,{ < 10 MeV, are separately [13, 19]

T 32 n—n m,T 3/2 -m, T 3/2 —m
n, = 2(";—”) i 2(—2’; ) T np=3 (—mz’jr ) ST (9.41)
so the equilibrium of chemical potentials up = u, + u, leads to
3/2
XD = 27’[D :E nnl’lp 2_7T mp e(anrmp*mD)/T
ng+n, 2n,+n,\ T mym,
3 5 32 (9.42)
= _XnXpnb _7T mD €BD/T ,
2 T m,m,

where n, = n, + ny, and Bp = m, + m, —mp = 2.2246 MeV refers to the deuteron binding energy (with

mp = 1875.6129 MeV, m,, = 939.5654 MeV, and m,, = 938.2721 MeV [23]). Moreover, n, is related to the

photon number density by n, = 119 X 10710 x ny = 1o X 10710 x %T% where 119 = 1010 x np/n, rescales

the photon-to-baryon ratio. Then Eq.(9.42) becomes

3/2
3703 2
Xp =101 x _{(2 )'hoXnXp (—ﬂ e ) eBoTT3
T T mymy, 9.43)
~5.6474 x 107 x 110X, X B0/ MV 32
Note that the value of 1719 can be determined through
10 PeritQpo/myp 2
no = 10 X ——— = 273.4604 Q1" = 6.0982, (9.44)
ny

where we have i for the normalized Hubble constant in the unit of 100 km/s/Mpc, n, = 410.7/cm?> for
the cosmic background photons, peric = 1.8785h% x 1072 g/em? for the critical density of the Universe,
m, = 1.6726 x 10~2*g for the proton mass, and Quph? = 0.02230 + 0.00014 [23, 24].

After the freeze-out of free neutrons, the Universe further expands and cools. Finally the high-energy
photons at the Planck distribution tail are no longer energetic enough to photodissociate a deuteron, and the
deuterium bottleneck opens. Taking the logarithm of Eq.(9.43), one obtains

BD 3 BD XD

—— ——In =In
Tvev 2 Twvev 5.6474 x 10714 x Xy, (1 - X3 ) By

(9.45)

=27.4976 —In[X; (1- X} | +lnm.
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Solve it by iteration, and the deuteron concentration at the temperature Ty can be approximated by

Xp

Bp (1 x/
~27.4976 — In [} (1 - x}) | + In — 2+

oy [ ( )] 7710/60982
3 i ) (9.46)
Z1n{27.4976 - In|X. (1 - X I 6.0982 | °
2 n{ 7.4976 n[ n( n)]+ nn10/60982}

50 X
L ) Fl1_ vf b
Tyey = 12.3607 — 0.4495In [X" (1 ")] +0.4495In 110/6.0982 (9.47)

. . XD
+0.67431n {27.4976 —In[X) (1-X/)]+In m} .

On the other hand, the evolution of X satisfies the Boltzmann equation

dX 1
2D _ -3 (ov) XDy (9.48)

dt
2

dXp/dt becomes visible when it is comparable to Xp, and | dXp/dt| ~ Xp yields Xp =~ o t% (oV) X%nb =~
agv)ny,

Xp, which can be regarded as the opening of the deuterium bottleneck. Recall that

203
=m0 X 107105 DT = 02346 X 10700 T = 30536 X 10°! 1oy fem ™. (9.49)
T
and
1 1 B—1 1/8 2 1/8 s 1k
I - - 1.3177 T2 i (9.50)
! 3BE-1) ( _Sﬁz + 88— 2] ( 3,3835) ( MeV) gy " [s],
SO Xg’p en) o ot expands into
- g 1-p 1/8
ylopen) _ 62009 x 1072 (6-0982) (\/T) T PO B ek
D (ov) 1n10 3.3835 BB-1) CSpr 1852 osh)

3_2
X B
% {12.3607 ~0.44951n [X; (1 - X[) | +0.4495In m} '
1710/06.

Solving this equation by iteration, one obtains

1-1

1/p
openy _ 62000 107 (6.0982) ( o )”ﬁ & (1 3178, B-1 ]
b \ 3.3835 — ' —582+88-2
(ov) 1m0 VBB 1) B+ 8B 9.52)

3-3 e
x{12.3607 ~0.4495In|X] (1 - X]) ]} +0.4495In - ks -
1710/0.

where --- denotes the repeating iteration terms. Here g. =~ 3.3835; this because around the temperature

Tg)pen) < m, = 0.5110 MeV after the electron-positron annihilation, only photons and neutrinos remain
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as relativistic species with 7,/T, = T,/T = (4/1 1)1/3 (this ratio is independent of the number of neutrino
species), hence g.(T < me) = 2+ 1 x 3.046 x 2 x (&) ~ 3.3835.

At Tgpn, Xp peaks and X;, drops below the concentration predicted by beta decay. The deuterium
bottleneck has broken and the remaining free neutrons are quickly fused into “He via the strong interaction

through the sequence of reactions [13]

n+p—-D,
D+n—°H +p—>4He, (9.53)

D+p—>3He+n—>4He.

Following the time-temperature relation Eq.(9.14) with Tviey = TBBN, nucleosythesis occurs at

/B 1/p
-5682+88-2 3.3835 =2/p 1y
BN = V3BB - 1) [0.7589- %] ( g—] (Tl(\fg,N)) gl [s]. (9.54)
while the neutron concentration at BBN is
BBN _ v/ Iy = tBBN
X, =X, exp| ——— |, (9.55)

and the primordial 4He abundance is Y, ~ 2X,]?BN. For different values of 8, fgpn, X,]?BN and Y, have been

numerically calculated, and the results have been collected in Tables 9.1 and 9.2.

9.6 Comparison with & = mp

To facilitate the comparison with Refs.[7-9], we will also consider the situation of & = mp; = 1.2209 X 10722
MeV 0.1854 x 10* [s~!], or 1/¢p; where €p; = VG refers to Planck length. As emphasized in problem (5) of
the Introduction, this choice of ¢ suffers from the ambiguity with the change of Newton’s constant. To make
matters worse, the weak freeze-out temperature of neutrinos is depicted in Fig. 9.2, and the relevant energy
scales have been collected in Table 9.3; they clearly show that the process of nucleosynthesis breaks down for
1.06 s B < 4+ V6)/3, as the interactions of muons, tauons, their associated neutrinos, and unstable hadrons
beyond nucleons are all involved, which make it impossible to examine the full domain 1 < 8 < (4 + V6)/5.

For completeness, we calculate the full set of nucleosynthesis parameters in Table 9.4.
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Table 9.3: g, for the Ty in Fig. 9.2, based on the data of Particle Data Group. where m, = mf(electron) = 0.5110 MeV,
m, = m(muon) = 105.6584 MeV, m, = m(pion®) = 139.5702 MeV, T, = T(quark-hadron phase transition) ~ 150 MeV,
m, = m(charm quark) = 1275 MeV, m, = m(tauon) = 1776.82 MeV, and we have taken m,= = 139.5702 > m, = 134.9766
MeV. Note that between 100~200 MeV, g., is also subject to the phase transition of quantum chromodynamics for strange quarks.

Temperature | Temperature new particles | g. —0.0805 | g.
me, <T <my, | 05110 <T < 105.6584 - 10.75 10.8305
my <T <my | 105.6584 < T < 139.5702 | u* 14.25 14.3305
me<T <T. | 1395702 < T < T, 70, n* 17.25 17.3305
T.<T<me | T.<T <1275 u,it,d,d, 61.75 | 61.8305
s, §, gluon
me.<T <m; | 1275 <T < 1776.82 ¢, C 72.25 72.3305
m;<T <my | 1776.82 < T < 4180 T* 75.75 75.8305
1000
5004
1004
7
! 50-
[MeV]
10
5,

100 105 110 115 120 125

B

Figure 9.2: T/ (in MeV) for & = mp = 1.2209 x 10722 MeV, with g, fixed to 10.8305.

9.7 GRlimit

When f(R, €) = Rin Egs.(9.2), (9.3) and (9.4), one recovers Einstein’s equation R, — %Rgﬂv = 87rm§127' IET)
) ..

as well as the standard Friedmann equations 3a_2 = —87rm§12p and 3g = —47rm1§12(p + 3P). For the specific
a a

power-law f(R) gravity under discussion, it reduces from .Z = &2~ %#RF + 16nml§12,,§fm to GR in the limit
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B — 17, with

/B
. B B-1 B
Am, \/ﬁ—l X(\/—5B2+8/3—2] =1 (©-56)
and 1
5/3%85—2?_ _ 562 +8B8-2
ﬁllnll+ Vﬂ(ﬂ - 1 (T) = ﬂllnll+ [ﬁ(ﬁ - 1)] (ﬁ—l) s (957)

so from Eqs.(9.13), (9.14) and (9.33) one recovers the standard Hubble expansion [note: by “standard” we
mean the standard Big Bang cosmology of GR]
T? T?

1 (82 \'?
=5; _:1 2 * = 2 * _1 . .
H = (90 ) = 16602 Vg - = 0.2068 g T2y [s7'] (9.58)

as well as the the standard time-temperature relation

%0 _ 24177 24177
r= 2R [s] or (T4~ —tn. (9.59)

8+
e CIN Ve
Equating H to the neutrino reaction rate I',, in Eq.(9.20), i.e. 0.2688 T ey = 02068 \/g Mev» One can find

that neutrinos decouple at 7 = 1.3630 MeV and ¢ = 0.3955 [s]. Furthermore, equating H to the combined
two-body reaction rate I',,_, , in Eq.(9.28),

ﬂ(Q) 253.9332 X2 + 6x + 12
5 9

H(x) =

(9.60)

Tn X

where H(Q) = 0.3459 /g, it turns out that nucleons freeze out at x = 1.9020, T,{ = 0.6800 MeV, and
z‘,’f = 1.5889 [s]. According to Eq.(9.39) with 8 — 1%, the neutron concentration after the weak freeze-out of
neutrinos is determined by

X

_ e x e ~ X .
X, (x) = X, +f dx—(1+ef‘)2 exp[ L n_)pW(Q) (1+e?)dy

. 9.61
X°q+fxd~ ¢ 255 fx (4 16y +12) (1 +e?)d o
= — - e 5
" A+e? Pl HQ S T VT g
and thus in the absence of neutron decay X,, would freeze out to the concentration X,(x — o)
p © e 255 B +3x+4+eF(X+4)
X, = di—— - =0.1480. 9.62
" fo T+ ey eXp[ H(O) 1, 2 (9.62)

Nucleosynthesis begins at 7 ~ 0.079 MeV, which corresponds to fggn = 210.6045 [s]. Hence, the neutron

IBBN — l‘z{

Tn

concentration at BBN is

XBBN — x/ exp( ] =0.1167. (9.63)

and the primordial helium abundance is

Y, = 2XpBN = 0.2334. (9.64)
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These numerical results are also collected in Tables 9.1 and 9.2 in the bottom row.

Big Bang nucleosynthesis could not progress further in producing heavier elements with mass number
A > 7 due to the Coulomb barrier and the lack of stable A = 8 nuclei. In the semianalytical approach, our
discussion will end with the primordial helium synthesis. The title of this paper emphasizes “Big Bang nucle-
osynthesis” rather than the narrower “primordial helium synthesis”, because we will proceed to investigate
the synthesis of {D, *He, "Li} from the empirical approach.

9.8 Empirical constraints from D and “He abundances

So far we have calculated the primordial nucleosynthesis in . = £~ ’RF + 167rm1312.$m gravity and GR from
the semianalytical approach. We have seen that primordial synthesis and abundances of the lightest elements
(D, “He, and also *H, 3He, Li) rely on the baryon-to-photon ratio 1719 = 10'% x n,, /ny and the expansion
rate H of the Universe. In addition to the semianalytical approach, the abundances can be also be estimated
in an empirical way at high accuracy [27, 28]. For modified gravity with a nonstandard Hubble expansion
H, introduce the nonstandard-expansion parameter S as the ratio of H to the standard expansion H = 1/(21)
in GR, and this ratio varies among different gravity theories. In . = &2~ %#RP + 167rml§12$m gravity under

discussion, one has

S:=% = §=5, (9.65)

and S takes such a concise form thanks to the exact solution a « #/?> and H = /(2t) for the radiation-
dominated FRW Universe. It has been found that, for the priors 4 < 719 < 8 and 0.85 < S < 1.15, the

primordial deuterium and *He abundances satisfy the best-fit formulae [27, 28]

s D -16
¥ = 107X 7 = 465 x (1+ 0.03) X [0 —6(5 - 1) (9.66)
and
Y, = (0.2386 + 0.0006) + 2 X 107* x (r,, — 885.7) + 10 5-1 , (9.67)
P 625 6.25

the reverse of which respectively yield

1[46.5% (1 +0.03)]"/°
g=To_2 x(d£003)17 (9.68)
6 6 YD
and
S =6.25x% [Y,, — (0.2386 + 0.0006) + 2 x 10~* x (885.7 — Tn)] - % +1. (9.69)

Recall that we have the baryon-to-photon ratio 7719 = 6.0352 + 0.0739 for Q% = 0.02207 + 0.00027 as
in Eq.(9.44), the neutron half life 7, = 880.0 + 0.9 [s], and the recommended values of the D and “He
abundances from the Particle Data Group [23],

yp =2.53+£0.04 , Y,=0.2465=+0.0097. (9.70)
Thus, Eqgs.(9.68) and (9.69) lead to
S =0.9777 £0.0708 or 09069 <S§ =8<1.0485 (D), 9.71)
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S =0.9961 +0.1035 or 0.8926 <S =B <1.0997 (*He). (9.72)
Here for the errors of mutually independent quantities in {x; + Ax;, x; + Ax;} = y + Ay, we have applied the

propagation rules that Ay = +/(Ax;)* + (ij)2 fory = x; £ xj, and % = (%)2 + (Ax—);j)z fory = x;x; or
v =xi/x;(i # J).

Combining Eq.(9.71) with Eq.(9.72), we find 0.8926 < S = < 1.0485, which satisfies the prior 0.85 <
S < 1.15; taking into account the positive energy density/positive temperature condition 1 < 8 < (4 + V6)/5
in Eq.(9.10), we further obtain 1 < § = g < 1.0485. Since S is related to the extra number of effective

neutrino species by

12 43
S = (1 + EANV) = AN, = 7(/32 -1, (9.73)
thus for 1 < S = < 1.0485, ANST := N — 3 is constrained by
0 < ANST < 0.6107. (9.74)

Note that the theoretically predicted primordial abundance for ’Li is found to respect the best-fit formula

Li (1+0.1) 2
o 1nlo M _ _
i = 1010 % o = S [mo-3(s -], (9.75)
which, for the domain 1 < S = g < 1.0485, gives rise to
yri = 4.0892 +0.0012 (8 = 1.0485) to 4.3022 +0.0012 (B=1). (9.76)
Hence,
4.0880 < y1; < 4.3034, 9.77)

which is much greater than the observed abundance y;; = 1.6 £ 0.3 [23]. This indicates that the lithium

problem remains unsolved in . = £~ RF + 167rm1§12.,2”m gravity.

9.9 Consistency with gravitational baryogenesis

We just investigated the primordial nucleosynthesis in . = £2"%#R8 + 167rm;2.$m gravity from the semiana-
lytical and the empirical approaches. The nucleons building the lightest nuclei come from the net baryons left
after baryogenesis, and in this section we will quickly check the consistency of . = £2"#RF + 167rm;2.$m
gravity with the baryon-antibaryon asymmetry using the framework of gravitational baryogenesis [30],
which, compared with traditional Sakharov-type mechanisms, dynamically produces the required baryon
asymmetry for an expanding Universe by violating the combined symmetry of charge conjugation, parity
transformation and time reversal (CPT) while being in thermal equilibrium. In this mechanism, the domi-
nance of baryons over antibaryons attribute to the coupling between the gradient of the Ricci curvature scalar
R and some current J’é leading to net baryon-lepton charges:

fd4X\/—_gM:fd4x\/—_g

M:

R(ng —np)

e , (9.78)
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where M. refers to the cutoff scale of the effective theory, and is estimated to take the value of the reduced
Plank mass M, ~ mp/ V8n.

The baryon asymmetry can be depicted by the dimensionless baryon-to-entropy ratio ng/ s of the radiation-
dominated Universe, with

1 2n?
np = coupT® and 5= =g T, 9.79)
where g, = 28 = 2 (photon) + 2 x 8 (gluon) + 3 x 3 (W*, Z%) + 1 (Higgs) for T > m(top quark) =~ 1.733 x 10°
MeV, and pp := —R/M? acts as the effective chemical potential. Also, g., denotes the entropic effective

number of degree of freedom, and is defined like g. by

_ o (LY 7 o (T
gs= 2 80 (F) vz 2 &P F) 9.:80)
boson fermion

one has g.;, = g. at the baryogenesis era when all standard-model particles are relativistic and in equilibrium,
gr = 2% 3 (neutrino) +2 x 6 (charged lepton) + 12 X 6 (quark) = 90, and g.; = g. = g, + %gf = 106.75 (Note
that when calculating g¢, we use N¢T = 3 rather than N = 3.046, because baryogenesis happens before
primordial nucleosythesis and it’s unnecessary to consider the “non-instantaneity” of neutrinos’ decoupling.).
In . = &¥PRP + 16nm >4, gravity for which 8,R or R is nontrivial, Egs.(9.14) and (9.79) lead to

I’lB_ 15 8b R

s 4n? g MPT
3/B 3/B
5V3g 1 B-1)g. [3273 T} &
C2m g \BB-D | V5B +88-2 30 emp) MT,’
where T; ~ 3.3 x 10! MeV is the upper bound on the tensor-mode fluctuations at the inflationary scale [31].
Following the observational value Q,4? = 0.02207 + 0.00027 [24], we have the net-baryon-to-entropy

ratio np/s = 72/7.04 = 3.8920 x 10°Q,h* = (8.5897 + 0.1051) x 107!, which remains constant during
the expansion of the early Universe and imposes a constraint to ng/s. For e = [s™'] = 6.58 x 10722 MeV,

_ 45 g BB-1)

T, B 272 8xs I3M$Td

(9.81)

Eq.(9.81) respects this constraint forall 1 < 8 < (4 + \/6) /5, as shown in Fig. 9.3a, with minor violation for
1.001426 < B < 1.007925, as magnified in Fig. 9.3b; however, this minor violation can be easily removed
by a fluctuation of M, and T,. For &€ = mpy, this constraints is satisfied for 1 < 8 < 1.04255, as shown in Fig.
9.4.
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Figure 9.3: np/sfore = 1 [s™'] = 6.58 x 10722 MeV.

Figure 9.4: np/s for &€ = mp
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9.10 Conclusions

In this paper, we have reinvestigated the nonstandard BBN in . = £>"ARF + 167rm1§12.$m gravity, which has
overcome the inappropriateness in Refs.[8] and [9]. The main results, compared with the standard BBN or
the GR limit in Sec. 9.7, manifest themselves as Eq.(9.13) for the nonstandard Hubble expansion, Eq.(9.14)
for the generalized time-temperature correspondence, Eq.(9.21) for the neutrino decoupling temperature T,f ,
Eq.(9.31) for the freeze-out temperature T,{ of nucleons, Eq.(9.39) for the out-of-equilibrium concentration
X, and Eq.(9.40) for the freeze-out concentration X,{ . As reflected by the data points in Tables 9.1 and 9.2,
we have shown that every step of BBN is considerably f—dependent when running over the entire domain
l<p<@+ \/6)/5.

On the other hand, for the constants used in this paper, mpi, m,, m,, mp, mg, my,, myo, me, m, mp, and
G, their values are all taken from the latest recommended values from Particle Data Group [23]. In the
semianalytical approach, § is constrained to 1 < 8 < 1.05 fore = 1 [s"']and 1 < B < 1.001 for & = mpy. In
the empirical approach, we have found 1 < g8 < 1.0505 which corresponds to an extra number of neutrino
species by 0 < ANST < 0.6365. In theory, it might be possible for modified gravities to severely rescale
the thermal history of the early Universe without changing the state of the current Universe. This requires
a careful examination of the joint influences to BBN, cosmic radiation background and structure formation,

and we will look into the possibility of such strongly modified gravities in our prospective studies.

Acknowledgement

This work was supported by NSERC grant 261429-2013.

230



Bibliography

(1]

(2]

(3]

(4]

(3]

(6]

(7]
(8]

(9]

[10]

(11]

[12]

[13]

[14]

[15]

Y. L Izotov, T. X. Thuan The primordial abundance of *He: evidence for non-standard big bang nucleosynthesis. Astrophys.
J. Lett. 710 (2010), L67-L71. [arXiv:1001.4440]

Thibault Damour, Bernard Pichon. Big Bang nucleosynthesis and tensor-scalar gravity. Phys. Rev. D 59 (1999), 123502.
[astro-ph/9807176]

Julien Larena, Jean-Michel Alimi, Arturo Serna. Big Bang nucleosynthesis in scalar tensor gravity: The key problem of the
primordial "Li abundance. Astrophys. J. 658 (2007), 1-10. [astro-ph/0511693]

Alain Coc, Keith A. Olive, Jean-Philippe Uzan, Elisabeth Vangioni. Big bang nucleosynthesis constraints on scalar-tensor
theories of gravity. Phys. Rev. D 73 (2006), 083525. [astro-ph/0601299]

Alain Coc, Keith A. Olive, Jean-Philippe Uzan, Elisabeth Vangioni. Non-universal scalar-tensor theories and big bang nucle-
osynthesis. Phys. Rev. D 79 (2009), 103512. [arXiv:0811.1845]

R. Nakamura, M. Hashimoto, S. Gamow, K. Arai. Big-bang nucleosynthesis in Brans-Dicke cosmology with a varying A
term related to WMARP. Astron. Astrophys. 448 (2006), 23. [astro-ph/0509076]

G. Lambiase, G. Scarpetta. Baryogenesis in f(R) theories of gravity. Phys. Rev. D 74 (2006), 087504. [astro-ph/0610367]

Jin U Kang, Grigoris Panotopoulos. Big-Bang Nucleosynthesis and neutralino dark matter in modified gravity. Phys. Lett. B
677 (2009), 6-11 [arXiv:0806.1493]

Motohiko Kusakabe, Seoktaec Koh, K. S. Kim, Myung-Ki Cheoun. Corrected constraints on big bang nucleosynthesis in a
modified gravity model of f(R) o< R". Phys. Rev. D 91 (2015), 104023. [arXiv:1506.08859].

Motohiko Kusakabe, Seoktae Koh, K. S. Kim, Myung-Ki Cheoun. Constraints on modified Gauss-Bonnet gravity during big
bang nucleosynthesis. [arXiv:1507.05565]

Antonio De Felice, Gianpiero Mangano, Pasquale D. Serpico, and Mark Trodden. Relaxing nucleosynthesis constraints on
Brans-Dicke theories. Phys. Rev. D 74 (2006), 103005. [astro-ph/0510359]

Antonio De Felice, Shinji Tsujikawa. f(R) theories. Living Rev. Rel. 13 (2010), 3. [arXiv:1002.4928]

Shin’ichi Nojiri, Sergei D. Odintsov. Unified cosmic history in modified gravity: from F(R) theory to Lorentz non-invariant
models. Phys. Rept. 505 (2011), 59-144. [arXiv:1011.0544]

Salvatore Capozziello, Valerio Faraoni. Beyond Einstein Gravity: A Survey of Gravitational Theories for Cosmology and
Astrophysics. Dordrecht: Springer, 2011.

Edward W. Kolb, Michael S. Turner. The Early universe. Addison-Wesley: Redwood City, USA, 1990.

F. Iocco, G. Mangano, G. Miele, O. Pisanti, P.D. Serpico. Primordial Nucleosynthesis: from precision cosmology to funda-
mental physics. Phys. Rept. 472 (2009), 1-76. [arXiv:0809.0631]

Super-Kamiokande Collaboration (Y. Fukuda et al.). Evidence for oscillation of atmospheric neutrinos. Phys. Rev. Lett. 81
(1998) 1562-1567. [hep-ex/9807003]

231


http://dx.doi.org/10.1088/2041-8205/710/1/L67
http://arxiv.org/abs/1001.4440
http://dx.doi.org/10.1103/PhysRevD.59.123502
http://arxiv.org/abs/astro-ph/9807176
http://dx.doi.org/10.1086/511028
http://arxiv.org/abs/astro-ph/0511693
http://dx.doi.org/10.1103/PhysRevD.73.083525
http://arxiv.org/abs/astro-ph/0601299
http://dx.doi.org/10.1103/PhysRevD.79.103512
http://arxiv.org/abs/0811.1845
http://dx.doi.org/10.1051/0004-6361:20042618
http://arxiv.org/abs/astro-ph/0509076
http://dx.doi.org/10.1103/PhysRevD.74.087504
http://arxiv.org/abs/astro-ph/0610367
http://arxiv.org/abs/0806.1493
http://arxiv.org/abs/1506.08859
http://arxiv.org/abs/1507.05565
http://dx.doi.org/10.1103/PhysRevD.74.103005
http://arxiv.org/abs/astro-ph/0510359
http://arxiv.org/abs/arXiv:1002.4928
http://arxiv.org/abs/1002.4928
http://dx.doi.org/10.1016/j.physrep.2011.04.001
http://arxiv.org/abs/1011.0544
http://dx.doi.org/10.1016/j.physrep.2009.02.002
http://arxiv.org/abs/0809.0631
http://dx.doi.org/10.1103/PhysRevLett.81.1562
http://arxiv.org/abs/hep-ex/9807003

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]
(32]
[33]

[34]

SNO Collaboration (Q.R. Ahmed ef al.). Measurement of the rate of v, + d — p + p + e~ interactions produced by 3B solar
neutrinos at the Sudbury Neutrino Observatory. Phys. Rev. Lett. 87 (2001) 071301. [nucl-ex/0106015]

RENO Collaboration (J.K. Ahn et al.). Observation of Reactor Electron Antineutrino Disappearance in the RENO Experi-
ment. Phys. Rev. Lett. 108 (2012) 191802. [arXiv:1204.0626]

PJ.E. Peebles. Primordial helium abundance and the primordial fireball. II. Astrophys.J. 146 (1966), 542-552.

Steven Weinberg. Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity. John Wiley
& Sons: New York, USA, 1972.

Jeremy Bernstein, Lowell S. Brown, Gerald Feinberg. Cosmological helium production simplified. Rev. Mod. Phys. 61
(1989), 25.

Rahim Esmailzadeh, Glenn D. Starkman, Savas Dimopoulos. Primordial nucleosynthesis without a computer. Astrophys. J.
378 (1991), 504-518.

V. Mukhanov. Nucleosynthesis without a Computer. Int. J. Theor. Phys. 43 (2004), 669-693. [astro-ph/0303073]

Particle Data Group (K.A. Olive et al). Review of Particle Physics. Chin. Phys. C 38 (2014), 090001. Online updates:
http://pdg.Ibl.gov.

Planck Collaboration (P.A.R. Ade et al.). Planck 2015 results. XIII. Cosmological parameters. [arXiv:1502.01589]

Gianpiero Mangano, Gennaro Miele, Sergio Pastor, Teguayco Pinto, Ofelia Pisanti, Pasquale D. Serpico. Relic neutrino
decoupling including flavour oscillations. Nucl. Phys. B 729 (2005), 221-234. [hep-ph/0506164]

Richard A. Battye, Adam Moss. Evidence for massive neutrinos from cosmic microwave background and lensing observa-
tions. Phys. Rev. Lett. 112 (2014), 051303. [arXiv:1308.5870]

James P. Kneller, Gary Steigman. BBN for pedestrians. New J. Phys. 6 (2004), 117. [astro-ph/0406320]

Gary Steigman. Primordial nucleosynthesis in the precision cosmology era. Ann. Rev. Nucl. Part. Sci. 57 (2007), 463-491.
[arXiv:0712.1100]

A.D. Sakharov. Violation of CP invariance, C asymmetry, and baryon asymmetry of the Universe. JETP Lett. 5 (1967),
24-27. Reprinterd at: Soviet Physics Uspekhi (1991), 34(5): 392.

Hooman Davoudiasl, Ryuichiro Kitano, Graham D. Kribs, Hitoshi Murayama, Paul J. Steinhardt. Gravitational Baryogenesis.
Phys. Rev. Lett. 93 (2004), 201301. [hep-ph/0403019]

G. Lambiase, G. Scarpetta. f(R) theories of gravity and gravitational baryogenesis. J. Phys.: Conf. Ser. 67 (2007), 012055.
Andrew G. Cohen, David B. Kaplan. Thermodynamic generation of the baryon asymmetry. Phys. Lett. B 199 (1987), 251.
Sean M. Carroll. Spacetime and Geometry: An Introduction to General Relativity. Addison Wesley, 2004, USA.

Timothy Clifton, John D. Barrow. The Power of General Relativity. Phys. Rev. D 72 (2005), 103005. Erratum: Phys. Rev. D
90 (2014), 029902. [gr-qc/0509059]

232


http://dx.doi.org/10.1103/PhysRevLett.87.071301
http://arxiv.org/abs/nucl-ex/0106015
http://dx.doi.org/10.1103/PhysRevLett.108.191802
http://arxiv.org/abs/1204.0626
http://dx.doi.org/10.1086/148918
http://dx.doi.org/10.1103/RevModPhys.61.25
http://dx.doi.org/10.1086/170452
http://dx.doi.org/10.1023/B:IJTP.0000048169.69609.77
http://arxiv.org/abs/astro-ph/0303073
http://dx.doi.org/10.1088/1674-1137/38/9/090001
http://pdg.lbl.gov
http://arxiv.org/abs/1502.01589
http://dx.doi.org/10.1016/j.nuclphysb.2005.09.041
http://arxiv.org/abs/hep-ph/0506164
http://dx.doi.org/10.1103/PhysRevLett.112.051303
http://arxiv.org/abs/1308.5870
http://dx.doi.org/10.1088/1367-2630/6/1/117
http://arxiv.org/abs/astro-ph/0406320
http://arxiv.org/abs/0712.1100
http://dx.doi.org/10.1070/PU1991v034n05ABEH002497
http://arxiv.org/abs/hep-ph/0403019
http://dx.doi.org/10.1088/1742-6596/67/1/012055
http://dx.doi.org/10.1016/0370-2693(87)91369-4
http://dx.doi.org/10.1103/PhysRevD.90.029902
http://dx.doi.org/10.1103/PhysRevD.90.029902
http://arxiv.org/abs/gr-qc/0509059

Chapter 10. Hot, warm and cold dark matter as thermal relics in power-law
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Abstract

We investigate the thermal relics as hot, warm and cold dark matter in . = &> #RF + 167m,2.%,,
gravity, where ¢ is a constant balancing the dimension of the field equation, and 1 < 8 < (4 + V6)/5 for
the positivity of energy density and temperature. If light neutrinos serve as hot/warm relics, the entropic
number of statistical degrees of freedom g., at freeze-out and thus the predicted fractional energy density
Qwh2 are S—dependent, which relaxes the standard mass bound Zm,. For cold relics, by exactly solve
the simplified Boltzmann equation in both relativistic and nonrelativistic regimes, we show that the Lee-
Weinberg bound for the mass of heavy neutrinos can be considerably relaxed, and the “WIMP miracle”
for weakly interacting massive particles (WIMPs) gradually invalidates as 8 deviates from 8 = 1*. The
whole framework reduces to become that of GR in the limit 8 — 17.

PACS numbers 26.35.+c, 95.35.+d, 04.50.Kd
Key words thermal relics, dark matter, f(R) gravity

10.1 Introduction

With the development of observational astrophysics and cosmology, the investigations of galaxy rotation
curves, gravitational lensing and large scale structures have provided strong evidences for the existence
and importance of dark matter. The abundance of dark matter has been measured with increasingly high
precision, such as Qamh? = 0.1198 £0.0026 by the latest Planck data (Planck Collaboration, 2015); however,
since our knowledge of dark matter exclusively comes from the gravitational effects, the physical nature of
dark-matter particles remain mysterious.

Nowadays it becomes a common view that to account for the observed dark matter, one needs to go
beyond the SU(3).xSU2)wxU(1)y minimal standard model. There are mainly two leading classes of dark-
matter candidates: axions that are non-thermally produced via quantum phase transitions in the early uni-
verse, and generic weakly interacting massive particles (WIMPs) (Lee & Weinberg, 1977) that freeze out of
thermal equilibrium from the very early cosmic plasma and leave a relic density matching the present-day
Universe. In this paper, we are interested in the latter class, i.e. dark matter created as thermal relics. We
aim to correct and complete the pioneering investigations in Kang & Panotopoulos (2009) for cold relics
in % = m}z)]—zﬂ RP + 167rm1§12$m gravity, and provide a comprehensive investigation of thermal relics as hot,

warm and cold dark matter in . = £>~2RP + 167rm1§12$m gravity.

“*Email address: wtian@mun.ca
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This paper is organized as follows. Sec. 10.2 sets up the gravitational framework of ¥ = &2 %RP +
16ﬂm1§12.$m gravity, while Sec. 10.3 generalizes the time-temperature relation for cosmic expansion and
derives the simplified Boltzmann equation. Sec. 10.4 studies hot/warm thermal relics, and shows the influ-
ences of 8 and & to the bound of light neutrino mass. Sec. 10.5 investigates cold thermal relics by solving
the simplified Boltzmann equation, while Sec. 10.6 rederives the Lee-Weinberg bound on fourth-generation
massive neutrinos, and examines the departure from electroweak energy scale. Finally, the GR limit of the
whole theory is studied in Sec. 7.

Throughout this paper, for the physical quantities involved in the calculations of thermal relics, we
use the natural unit system of particle physics which sets ¢ = i = kg = 1 and is related to le systeéme
international d’unités by 1 MeV = 1.16x 10'° kelvin = 1.78 x 1073° kg = (1.97 x 10~!3 meters)™! = (6.58 x
10722 seconds)~!. On the other hand, for the spacetime geometry, we adopt the conventions l"gy =TI

By’

R 5 = 0I5 -+ and Ry = R%,, with the metric signature (=, + + +).

10.2 Gravitational framework of power-law f(R) gravity

In this paper, DM thermal relics will be studied for the Universe governed by the power-law-type f(R)

gravity, which is given by the action

I= f d*xy=g (&R + 167my} L) . (10.1)

where 8 = constant > 0, R denotes the Ricci scalar of the spacetime, and ¢ is some constant balancing
the dimensions of the field equation (see Sec.2 of Tian (2015) for a more detailed setup). Also, mp refers
to the Planck mass, which is related to Newton’s constant G by mp; == 1/ VG and takes the value mp; ~
1.2209 x 10*2> MeV. Variation of the action with respect to the inverse metric, i.e. 67/5g"” = 0 yields the
field equation

_ 1 _ T
BRP'R,,, - ERﬁgW + B (g0 = VuVy ) R = 8me¥ 2 mp T, (10.2)

where O denotes the covariant d’Alembertian O := g“ﬁVaVB, and the stress-energy-momentum tensor 7,
is defined by the matter Lagrangian density .Z, via 7, = %%. For the physical matter in the
Universe, we will assume a perfect-fluid description 7%, = diag[—p, P, P, P], where p and P are respectively
the energy density and the pressure, and p = 3P in the radiation dominated era for DM decoupling.

On the other hand, in the (¢, r, 8, ¢) comoving coordinates, the flat Friedmann-Robertson-Walker (FRW)

metric for the spatially homogeneous and isotropic Universe reads
gudx'dx’ = ds* = —dr* + a(t)’dr® + a(t)*r*(d6” + sin’0dy?), (10.3)

where a(f) denotes the cosmic scale factor. Under the flat FRW metric, the energy-momentum conservation

equation VX7, = 0 gives rise to the continuity equation
a
p+3-(+P)=0, (10.4)
a

4
which integrates to yields p = pg (%0) oc a~* with the constants {pg, ag} being the present-day values of
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4
the radiation density and scale factor. Substituting p = pg (%") and Eq.(10.3) into Eq.(10.2), one obtains the
exact solution

a=af? < P?, H:= g - 2% (10.5)

along with the generalized Friedmann equation

_ B s epn_
[12(ﬁ 1)H2]( 582 + 88 2):32n82ﬁ—2m1312p’ (10.6)

B B-1
where overdot denotes the temporal derivative and H refers to the cosmic Hubble parameter. Moreover, the

weak, strong and dominant energy conditions for classical matter fields require the energy density p to be
positive definite, and consequently, the positivity of the left hand side of Eq.(10.6) limits 8 to the domain

4+ V6
5

1<B< < 1.2899; (10.7)

note that the Ricci scalar for the flat FRW metric with a = ao#/? reads

.. ) _
R=6(‘—’+“—)=M, (10.8)

a a? 12

so R > 0 and R? is always well defined in this domain.

10.3 Thermal relics
10.3.1 Time-temperature relation of cosmic expansion

For the very early Universe, the radiation energy density p attributes to all relativistic species, which are expo-
nentially greater than those of the nonrelativistic particles, and therefore p = )’ p,-(boson)+% 2. pj(fermion) =
>, % gl(.b)Tf(boson) + % D g—é g;f )T? (fermion), where {ggb), gS.f )} are the numbers of statistical degrees of free-
dom for relativistic bosons and fermions, respectively. More concisely, normalizing the temperatures of all
relativistic species with respect to photons’ temperature 7, = T, one has the generalized Stefan-Boltzmann

law
2

- w(Tiy 7 o (T

boson fermion
where, in thermodynamic equilibrium, 7" is the common temperature of all relativistic particles. To facilitate

the discussion of thermal relics, introduce a dimensionless variable

My
== 10.10
Xi= s ( )

to relabel the time scale, where my, denotes the mass of dark-matter particles. x is a well defined variable
since the temperature monotonically decreases after the Big Bang: Reheatings due to pair annihilations at
T > 0.5486 MeV = m(e*) only slow down the decrement of 7 rather than increase T (Scherrer & Turner,
1986).

Substitute Eq.(10.9) into Eq.(10.6), and it follows that the cosmic expansion rate is related to the radiation
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temperature by

h\

He | P s-ne | ( [rer)”
S N12B-1D | V-582+83-2 30 mp

s (10.11)
= B B-De. 22 m_ &l B 2B
12B-1) | \\-582+83-2 30 mpy ’
which can be compactified into
H=Hmx*? with H(m):= H(T =my). (10.12)

As time elapses after the Big Bang, the space expands and the Universe cools. Eq.(10.11) along with H =

B/(2t) leads to t = B = fé( ) and the time-temperature relation

/B 1/8
_ — —5B2 +8B -2 [ 30 mp 1/p1
= 3B -1) [ —(B_ D ] ( 20 TZJ g

1/B 1/8
- = . [ 30 men) " yper 2
= \/m [ B-1) g ] ( 32713 m ) € s

In the calculations below, we will utilize two choices of & to balance the dimensions in .Z = &2~ 2PRP +

(10.13)

167tm1§12$m gravity:

(i) € = 1 [sec™!]. This choice can best respect and preserve existent investigations in mathematical
relativity for the f(R) class of modified gravity, which have been analyzed for . = f(R) + 167rm§12$m
without caring the physical dimensions.

(i) € = mp =~ 0.1854 x 10* [1/s], or 1/¢p where {p = VG refers to Planck length. The advantage
of this choice is there is no need to employ extra parameters outside the mathematical expression
£ = f(R) + 16nmy2. 2.

10.3.2 Boltzmann equation

For dark-matter particles y in the very early Universe (typically before the era of primordial nucleosynthesis),
there are various types of interactions determining the v thermal relics, such as elastic scattering between y
and standard-model particles, and self-annihilation v + v = y + y + - - - . In this paper, we are interested in
v initially in thermal equilibrium via the pair annihilation into (and creation from) standard-model particles
=y, et ut, 15,

v+ =C+0. (10.14)

As the mean free path of y increases along the cosmic expansion, the interaction rate I'yy of Eq.(10.14)

gradually falls below the Hubble expansion rate H, and the abundance of v freezes out. The number density
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of y satisfies the simplified Boltzmann equation
. 2 eq\2
hy + 3Hny = — (ov) [nw - (n)) ] , (10.15)

where (ov) is the thermally averaged cross-section. We employ the following quantity to describe the evo-

lution of y at different temperature scales:

yo= v v (10.16)

where s is the comoving entropy density s := S/V,

3
o pitPimpm 205 . w (1), 7 (L
S_ZT—EM wih g= 38" () 45 2 &P(F) - a0

boson fermion

Here we have applied P; = p;/3 and u; < T; in s for relativistic matter, and g..; denotes the entropic number
of statistic degrees of freedom. According to the continuity equation Eq.(10.4) and the thermodynamic

identities
oP

T

. op

=s, —| =n, (10.18)
u I

T

one has ; ;
d(sa®)  pd(na’)
dt T di ’ (10.19)

so the comoving entropy density sa® of a particle species is conserved when the comoving particle number
density n\,,a3 is conserved or the chemical potential 4 is far smaller than the temperature. Thus, d(sa’)/dt =
0 =a’(s + 3Hs), §/s = —3H, and the time derivative of ¥ becomes

dYy

Ly § hy ey
= Y= 43HY =5 (2 + 3Hny) . (10.20)

Substitute the simplified Boltzmann equation (10.15) into Eq.(10.20), and one obtains

dYy

_ 2 2
— = (o (Y=Y (10.21)
Now rewrite dY/dt into dY/dx. Since
V4 (3062 6m2 (—562 + 88— 2 A
T =( 30 o| = p(oh + 55 )[3[3([3— 1)]ﬂ (B2 o P2, (10.22)
ng., 32m3g.(B-1)

thus 7'/T = —B/(21) = —H(t) = —H(x) = —H(m)x">#, and L &L = 4 () T = d¥ (—x) (~H(m)x"2/F),
which recast Eq.(10.21) into

24
fz_); - —;‘Iim) (ovys(VP-12) = _{oms (r*-12). (10.23)
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Defining the annihilation rate of y as I'y, = neq (o), then Eq.(10.23) can be rewritten into the form

2 2
(i) —1l=—r—‘” (l) —11, (10.24)
Yeq H

Yeq
which will be very useful in calculating the freeze-out temperature of cold relics in Sec. 10.5.

X dY neq

e Al

Yeq dx  H

10.4 Hot/warm relic dark matter and light neutrinos

10.4.1 Generic bounds on y mass

Having set up the modified cosmological dynamics and Boltzmann equations in .Z = &~ 2RP + 167rm§12.$m
gravity, we will continue to investigate hot dark matter which is relativistic for the entire history of the
Universe until now, and warm dark matter which is relativistic at the time of decoupling but become nonrel-
ativistic nowadays.

In the relativistic regime 7' > 3my, or equivalently 0 < x < 3, the abundance of m,, is given by

_y® 45(3) bygy ~ 02777248 bwg\v

Yeq -
e 27T4 xs 8xs

(10.25)

where £(3) = 1.20206, by, = 1 for bosons and by, = 3/4 for fermions. Y.q only implicitly depends on x
through the evolution of g., along the temperature scale. Then, the relic abundance is still given by Y4 at

the time of freeze-out xy:

b
Yoo 1= Y(x > 00) = YR (xy) = 02777 x 5L (10.26)
*S(xf)
At the present time with Tcmp = 2.7255 K (Particle Data Group, 2015), the entropy density is
27 -
S0 = Eg*soijb =2891.2cm™, (10.27)
where in the minimal standard model with three generations of light neutrinos (N, = 3),
7 Ty \’
g+s0 =2+ = X2 XN, x( 0 ) ~3.9091. (10.28)
8 cmb
Thus, the present-day number density and energy density of hot/warm relic y can be found by
_ _ bygy -3
nyo = soYeo = 802.8862 X cm 7, (10.29)
g*s(xf)
bygy (m eV
= = 802.8862 X ——— ( "’) : 10.30
Pyo = Tyt gs(xp) \eV ) cm? (10-39)
which, for peic = 1.05375 x 10* h2 eV/em?, correspond to the fractional energy density
Quit = P¥0 2 Dvsv (m ) 0.0762 x 2¥8v (@) (10.31)
Pcrit g*v(xf) eV g*x(xf) eV
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This actually stands for an attractive feature of the paradigm of thermal relics: the current abundance £2¢,h2 of
relic dark matter (hot, warm, or cold) can be predicted by y’s microscopic properties like mass, annihilation
cross-section, and statistical degrees of freedom.

Since hot/warm relics can at most reach the total dark matter density Ql,,h2 = 0.1198 + 0.0026 (Particle
Data Group, 2015), Ql/,h2 has to satisfy Ql/,h2 < 0.1198, and it follows from Eq.(10.31) that my, is limited by
the upper bound
8xs(xp) .

my < 1.5723 X
w8y

V. (10.32)

Moreover, particles of warm dark matter become nonrelativistic at present time, which imposes a lower

bound to my,

3.9091\'3
) eV, (10.33)

as Qs 1/3
my % Tyo = Tyf— = (—0) Temp = 2.3496 x 1074 x (g o
*S

ap  \gsxs(xy)

where we have applied gi§3aT = constant due to sa> = constant. Eqgs.(10.32) and (10.33) lead to the mass
bound for warm relics that

1/3
3.9091 .
( )) <M 57035 85 (10.34)
8xs(Xf

2.3496 x 107 x
( eV bygy

10.4.2 Example: light neutrinos as hot relics

Light neutrinos are the most popular example of hot/warm dark matter (Lesgourgues & Pastor, 2006). One
needs to figure out the temperature T}’ and thus g.(T = T}) when neutrinos freeze out from the cosmic
plasma. The decoupling occurs when the Hubble expansion rate H balances neutrinos’ interaction rate I',.

For the cosmic expansion, it is convenient to write Eq.(10.11) into

1/
_ B B-1)g- 2 \UB 1-

where Tyev refers to the value of temperature in the unit of MeV, T = Tyev X [1 MeV], g; is the value of €
in the unit of [1/s], and numerically T2/mpy = T%.,,/8.0276 [1/s].

On the other hand, the event of neutrino decoupling actually indicates the beginning of primordial nu-
cleosynthesis, when neutrinos are in chemical and kinetic equilibrium with photons, nucleons and electrons

via weak interactions and elastic scattering. The interaction rate I', is (Kolb & Turner, 1990)
T, = 1.3G3T° ~ 0.2688 T3y [1/], (10.36)

where G is Fermi’s constant in beta decay and generic weak interactions, and Gy = 1.1664 X 10°1"MeV~2,
Neutrinos decouple when I', = H, and according to Eqs.(10.35) and (10.36), the weak freeze-out temperature
T{ is the solution to

5-2 B 1-1
They, = 10741 X 3|2 x[0.7164- g P (10.37)

1/B
B-1) g
—582 +88 -2
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Figs. 10.1 and 10.2 have shown the dependence of T’Vf on B for e = 1sec™! = 6.58 x 1072> MeV and
& =mp = 1.2209 x 1022 MeV, respectively. Fig. 10.2 clearly illustrates that T/ spreads from 1.3030 MeV
to over 1000 MeV, which goes far beyond the scope of 1 ~ 10 MeV; thus, as shown in Table 10.1, g., varies
and the mass bound Xm,, in light of Eq.(10.34) is both S—dependent and e—dependent.

2.4
2.21
2
7
! 1.8
[MeV]
1.61
1.4

100 105 110 115 120 125

B

Figure 10.1: 77 (in MeV) for & = 1 sec™! = 6.58 x 1072 MeV

1000+

500

LbO LbS LiO LiS LéO LES

B

Figure 10.2: va (in MeV) for & = mp; = 1.2209 X 107> MeV

10.5 Cold relic dark matter

Now let’s consider cold dark matter which is already nonrelativistic at the time of decoupling. In the non-

relativistic regime " < 3my, or equivalently x > 3, the number density and entropy density are given by
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Table 10.1: g., for the T in Fig. 10.2, based on the data of Particle Data Group. Note that between 100~200 MeV, g., is also
subject to the phase transition of quantum chromodynamics for strange quarks.

Temperature Temperature (in MeV) 8es
me < T < my (strange) | 0.5110 < T < 95 43/4
ms <T <my 95 < T < 105.6584 57/4
my <T <my 105.6584 < T < 134.9766 | 69/4
m,<T<T, 1349766 < T < T, 205/4
T. <T < m. (charm) T.<T <1275 247/4
me <T < m; 1275 < T < 1776.82 289/4
my < T < my (bottom) | 1776.82 < T < 4180 303/4
2\3/2 o
Ny = 8y [2—:) X3, 5= Eg*sma,x_‘% = s(m) x>, (10.38)

so one obtains the equilibrium abundance of nonrelativistic y particles

Vg = YO0 = 2 (5)1/2 BY 31247 1 0.1447 x ¥ 3267 (10.39)
474 \2 8xs 8xs

Thus, ny and Yeq = YSJR) are exponentially suppressed when the temperature drops below m,,. Moreover,

since cold relics are nonrelativistic when freezing out, one can expand the thermally averaged cross-section

by (ov) = co + eV + eVt + -+ cquq + -+, where ¢q corresponds to the decay channel of s—wave,

c] to p—wave, ¢y to d—wave, and so forth; recalling that {(ov) ~ VT in light of the Boltzmann velocity

distribution, thus the annihilation cross-section can be expanded by the variable x into
(ov) ={ov)gx ™" with n=gq/2. (10.40)
Then the Boltzmann equation (10.23) becomes

dY__s(m)<0_V>O 24-n(v2 2 __s(m)<0—v>0 2_4-n
> Hm ¥ (¥ -ve) = Hm)

2
Y2 0.0209(g—“’) xse_z"l . 104D
8es

where

/B
s(m){ov)y  1.519525 B-1 |-562+85-2 Gxs 1.1 322 48 10.42
H(m) - (5750944)1//3 \/ ﬁ [J ﬁ -1 J (\/g_*)l/ﬂ e " m B mPl <O'V>() . ( . )

Though initially in equilibrium ¥ ~ Yeq = YE(ER), the actual abundance Y gradually departures from the

equilibrium value Yégm) as the temperature decreases; Y freezes out and escapes the exponential Boltzmann
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suppression when the interaction rate I'y, equates the cosmic expansion rate H. Transforming Eq.(10.41) into

2 2
r
(_Y) | o Y (_Y) —1], (10.43)
Yeq H |\ Yeq

the form
x dY _ s(m){ov)o
Yeq dx B H(m) e

and the coupling condition I'y(x7) = H(xy) at the freeze-out temperature T}V = my/xy yields

r
iy = 1= STy G 1447200 8y Fesjzen (10.44)
H H(m) H(m)  gus
Thus, it follows that
o = 0.1447°008TV0 8y o3
H(m)  gus
1/ (10.45)
02199 [p—1( [-5p2+85-2 Sv 1 a2 1 2-3/2-n
= 7 7B e m B my, (o-v)oxf .
(5.7509) B B-1 (Ve

After taking the logarithm of both side, Eq.(10.45) can be iteratively solved to obtain

1/p
02199 fp-1( [-sp 852 gy 1 a2 1
Xf_ln{(5.7509)1/ﬁ\/ B [\/ -1 ] W A Bl (10.46)

/B
2 3 0.2199 B—-1| [-5B>+8B8-2 8y 1.1 3.2 1/
+ ([_3 3" n) In lln((5‘7509)1/ﬁ \/ B [\/ B—1 ] (VTP gF” " m™ B my” (ov)g

where g, has been treated as a constant, as the time scale over which g, evolves is much greater than the time

interval near x;.

10.5.1 Abundance Y before freeze-out

To work out the actual abundance Y before the decoupling of ¢, employ a new quantity A := Y — Yeq, and
then Eq.(10.41) can be recast into
dYeq

A(A+2Ye) - - (10.47)

dA __sm){avi 24
dx H(m)

In the high-temperature regime x < xy before i freezes out, Y is very close to Yeq, so that A < Yq and
dA/dx < —dYeq/dx. With Yeq = Y§™ in Eq.(10.39), Eq.(10.47) can be algebraically solved to obtain

nt4=5 (10.48)

A= 25m) (@)

(dYeq Hm)  X™E (0 3\ Hm)  x™F (0 3\ Hm)
dx s(m)(ovyg2Yeq +A 2x) s(m)(ovy 2 + Yeq/A 2x
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and consequently

H nt+d-3 4 1/2
Y=A+Yeq=|1- ) m_ : ( ) e
2x) s(m) (VY 2 + Yeq/A T 8 (10.49)

wf1o ) AU a6 1447 x SE R0
2x ) 2s(m) (ov)y 8xs

10.5.2 Freeze-out abundance Y,

After the decoupling of ¢ particles, the actual number density n, becomes much bigger than the ideal e-
quilibrium value n‘evq. One has Y > Y, ¥ ~ A, and the differential equations (10.41) or (10.47) leads to

dYy  sm){ov)o 2_4-n dY  s(m){ov)y 2_4-,
ar _ _SRgVio Z-4-ny 2 _2TV0
dx H(m) dx H(m)

which integrates to yield the freeze-out abundance Yo, = Y(x = x7) = Y(x — oo) that

Y2, (10.50)

~ 2\ H(m) 33
Y“"(“” /3) Sy oy
(B+n-2)x,"" (10.51)

1/B :
15195 [B=1( [-5p*+88-2 g L1 3.2 1//3
(5.7509F \ B~ ( B ) e B & m’ 5 mp’ (v

Following Y., the number density and energy density of ¢ are directly are directly found to be

2 3+n—%
2891.2(3+n - 3)x,
nyo = 80Yeo = 7 em™?, (10.52)
1.5195 —1( [-3p>+8p-2 SEPE T | 2 1/
(5.7509)17P % ( B,Btlﬁ ) (‘/{‘%)]/ﬁ ekr m B my B (O'V>0
2 3+n—/%
28912(3+n-2)x, oV
Py0 = Mylyo = /8 3> (10.53)
15195 [B-1( [-582+8p-2 g f-1,2-3 1/ cm
(.7500)7 \ B~ B-1 e &7 m P mp (v
which gives rise to the fractional energy density
3+n-2
27437248 (3 +n—2)x, *

1/8
'0 crit 1.5195 B-1 —582+88-2 Zus 14 2 /5
5750907 N B B-1 e & m* 5 myl (ovyg

Unlike Eq.(10.31) for hot/warm relics, the relic density Qwhz for cold dark matter is not only much more

sensitive to the temperature of cosmic plasma, but also relies on the annihilation cross-section.

10.6 Example: Fourth generation massive neutrinos and Lee-Weinberg bound

An example of cold relics can be the hypothetical fourth generation massive neutrinos (Lee & Weinberg,
1977, Kolb & Olive, 1986, Lesgourgues & Pastor, 2006). For the Dirac-type neutrinos whose annihilations
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are dominated by s—wave (n = 0), the interaction cross-section reads

2
(V) = GEm® = 13604 x 10—10(%) GeV2 (10.55)

where G is Fermi’s constant in beta decay and generic weak interactions, and Gy = 1.16637 x 107°GeV 2.

Then with gy, = 2 and g, ~ 60, the neutrinos decouple at

/B

0.5983 x 10710 -1 [-582+88-2 1 5.2

% =In aBL b+ 5 e > E il (10.56)
(44.5463)'/F B B-1

1/B
2 3 0.5983x 1071% [g—1| [-582+83-2 1] 5.2 1y
+(/—3—§—n)lnlln( (@4.5463)1P \/ 8 [\/ -1 87 m T my )

which, through Eq.(10.57), gives rise to the fractional energy density

3+n-2
10 2\ ~ B
_ Py0 W= 2743.7248 x 10" X (3 +n— B)xf

. 1/8 '
Perit 05983 [p=1( [-58°+85-2 51,55 1B
(445463)7B \ B B-1 er P )

With the same amount of anti-particles, we finally have qu,ohz = 2Q¢,h2 < 0.1198. Thus the Lee-Weinberg
bound (Lee & Weinberg, 1977, Kolb & Olive, 1986) for massive neutrinos are relaxed in .Z = e22PRE +
167Tm1§12.$m gravity.

Q,h? (10.57)

10.7 Conclusions

In this paper, we have comprehensively investigated the thermal relics as hot, warm and cold dark matter
in ¥ = &PR8 + 167rm§12.§,”m gravity. When light neutrinos act as hot and warm neutrinos, the upper
limit of neutrino mass Zm, relies on the value of 8 and the choice of €. For cold relics, we have derived
the freeze-out temperature 7y = m/xy in Eq.(10.46), Y before the freeze-out in Eq.(10.49), the freeze-out
value Y, in Eq.(10.51), and the dark-matter fractional density Qwh2 in Eq.(10.57). Note that we focused on
power-law f(R) gravity because unlike the approximated power-law ansatz a = agt® (@ = constant > 0) for
generic f(R) gravity, a = ap#/? is an exact solution to & = & RF + 16nm,2.%,, gravity for the radiation-
dominated Universe; for GR with 8 — 17, Eq.(10.5) reduces to recover the behavior a o ¢!/? which respects
3d%)a® = —87rm}§lzp0a_4.

When light neutrinos serve as hot/warm relics, the entropic number of statistical degrees of freedom g, at
freeze-out and thus the predicted fractional energy density Q\,,h2 are S—dependent, which relaxes the standard
mass bound Xm,. For cold relics, by exactly solve the simplified Boltzmann equation in both relativistic
and nonrelativistic regimes, we show that the Lee-Weinberg bound for the mass of heavy neutrinos can be
considerably relaxed, and the “WIMP miracle” for weakly interacting massive particles (WIMPs) gradually

becomes invalid when § departs 8 = 1. The whole framweork reduces to become that of GR in the limit
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Chapter 11

Summary and prospective research

Based on the concordant observations from high-redshift type-Ia supernovae, galaxy clusters, and cosmic
microwave anisotropy, an amazing fact has been established that the Universe is undergoing accelerated
expansion. Within general relativity and in light of the second Friedmann equation f—; = _4,;_(; (o +3P), the
Universe must be dominated by some exotic dark energy with large negative pressure that violate the standard
energy conditions. Quite a few models of dark energy have been developed, such as the cosmological
constant A with the equation of state parameter w = —1, extra scalar fields (quintessence —1 < w < —1/3,
phantom w < —1, quintom), generalized Chaplygin gas, and phenomenological modifications of Friedmann
equations. However, to date our knowledge of dark energy solely comes from the gravitational consequences
at large cosmic scales, and its nature in particle physics is totally mysterious.

Alternatively, instead of considering dark energy, one can go beyond the gravitational framework of gen-
eral relativity, explaining the cosmic acceleration and reconstructing the entire expansion history in modified
theories of relativistic gravity. Such modified gravities actually encode the possible ways to go beyond Love-
lock’s theorem and its necessary conditions, which limit the second-order field equation in four dimensions to
Ry —Rguy /2 + Agyy = 87rGT/(,T), i.e. Einstein’s equation supplemented by the cosmological constant. These
directions can allow for, for example, fourth and even higher order gravitational field equations like f(R)
gravity, more than four spacetime dimensions like Gauss-Bonnet and Lovelock gravities, extensions of pure
pseudo-Riemannian geometry and metric gravity like Einstein-Cartan and teleparallel gravities, extra phys-
ical degrees of freedom like Brans-Dicke and Chern-Simmons gravities, and nonminimal curvature-matter
couplings like f(R,.%,,) gravity.

This thesis studied the theories and phenomenology of modified gravity, along with the applications in
cosmology, astrophysics, and effective dark energy. To begin with, Chapter 1 has reviewed the fundamentals
of general relativity, dark energy, modified gravity, the standard ACDM model, and observational cosmology.
These are the preparations for the discussion in Chapters 3~10.

Chapter 3 has proposed the . = f(R,R%,R2,.%,,) class of modified gravity that allows for nonmini-
mal matter-curvature couplings (Rf = R, R, R,’i = Rﬂm,ﬁRW"ﬁ). This framework unifies most of exist-
ing fourth-order gravities. When the “coherence condition” fre = fr2 = —fg2/4 is satisfied for explicit
R%—dependence, it has a smooth limit to the f(R, G,.%,,) generalized Gauss-Bonnet gravity. Furthermore,
it is promoted to the f(R,R1,..., Ry, Zn) theory to investigate the stress-energy-momentum conservation,
and conjectured that fng“Tl(ff) = (Lngu — T,(ff))V“ fz,. Also, the equations of nongeodesic motions, the
generalized energy conditions and their consequences on black holes, the conditions to maintain traversable
wormholes by nonminimal couplings, the .Z = f(R, Rg,R,zn, T(’”)) gravity which contains f(R, G, T(’”)), are
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all discussed.

Chapter 4 has developed a unified formulation to derive the Friedmann equations from (non)equilibrium
thermodynamics for modified gravities R, — Rg,,/2 = SHGeﬁTﬁim, and applied this formulation to the
Friedman-Robertson-Walker Universe governed by f(R), generalized Brans-Dicke, scalar-tensor-chameleon,
quadratic, f(R, G) generalized Gauss-Bonnet and dynamical Chern-Simons gravities. Ref.[3] extended Hay-
ward’s unified first law from equilibrium to nonequilibrium thermodynamics, found out the evolution of the
effective gravitational coupling strength G as the only source of irreversible energy dissipation and entropy
production, and generalized the Hawking and the Misner-Sharp masses. Moreover, a self-inconsistency of
f(R, G) gravity due to the non-uniqueness of Geg is discovered.

Chapter 5 has systematically restudied the thermodynamics of the Universe in ACDM and modified
gravities by requiring its compatibility with the holographic-style gravitational equations. Possible solutions
to the long-standing confusions regarding the temperature of the cosmological apparent horizon and the
failure of the second law of thermodynamics in cosmology are proposed. We concluded that the Cai-Kim
temperature is more suitable than Hayward-Kodama, and both temperatures are independent of the inner or
outer trappedness. Moreover, the Cai-Kim-Clausius equation 7'4dS o = —AaY; encodes the positive heat out
sign convention, which adjusts the traditional positive-heat-in Gibbs equation of laboratory thermodynamics
into dE,, = —-T,,dS,, — P,,dV. This way, it is also shown that the Bekenstein-Hawking and Wald entropies
only apply to the apparent horizon, the phantom dark energy is less favored than the cosmological constant
and the quintessence from a thermodynamic perspective, the artificial “local equilibrium assumption™ can
be abandoned, the apparent horizon is a natural infrared cutoff for holographic dark energy for the late-time
Universe, and an existing model of QCD ghost dark energy fails to carry positive energy density.

Chapter 6, inspired by Lovelock’s theorem, has proposed the Lovelock-Brans-Dicke theory of alternative

gravity with A pgp = ﬁ [q) (R + V%*RR + bg) - %V(,q;vaq)], where *RR and G respectively denote the

topological Chern-Pontryagin and Gauss-Bonnet invariants. This theory reduces to general relativity in

the limit wy, — oo unless the “topological balance condition” holds, it can be conformally transformed
into dynamical Chern-Simons gravity and Gauss-Bonnet dark energy, and allows for the late-time cosmic
acceleration without dark energy. Furthermore, LBD gravity is generalized into the Lovelock-scalar-tensor
gravity, and its equivalence to fourth-order modified gravities is established. As a quick application of
Chapter 6, Chapter 7 has looked into traversable wormholes and energy conditions in Lovelock-Brans-Dicke
gravity, along with an extensive comparison to wormholes in Brans-Dicke gravity.

Chapter 8, for a large class of scalar-tensor-like gravity S = f d*x V-8 (DZ”HE + %6+ e + .Z,;) + S,
whose action contains nonminimal couplings between a scalar field ¢(x*) and generic curvature invariants
{R} beyond the Ricci scalar, has proved the local energy-momentum conservation and introduced the “Weyl/-
conformal dark energy”.

Chapter 9 has investigated the primordial nucleosynthesis in . = £>~’Rf + 167rm;,12$m gravity. From the
semianalytical approach, the influences of  to the decoupling of neutrinos, the freeze-out temperature and
concentration of nucleons, the opening of deuterium bottleneck, and the “He abundance are all extensively
analyzed; then 8 is constrained to 1 < § < 1.05 fore = 1 [1/s] and 1 < 8 < 1.001 for € = mp; (Planck
mass), which correspond to the extra number of neutrino species 0 < ANST < 0.6296 and 0 < AN®T <
0.0123, respectively. Supplementarily, abundances of the lightest elements (D, “He, "Li) are computed by
the model-independent best-fit empirical formulae for nonstandard primordial nucleosynthesis, and we find
the constraint 1 < 8 < 1.0505 and equivalently 0 < ANST < 0.6365; also, the ’Li abundance problem
cannot be solved by . = &2 ARF + 167Tm1312.$m gravity for this domain of 8. Finally, consistency with the
mechanism of gravitational baryogenesis is estimated.
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Still in . = &7 %8R8 + 167rml§12.,§,”m gravity, Chapter 10 has studied thermal relics as hot, warm, and cold
dark matter. If light neutrinos serve as hot/warm relics, the predicted fractional energy density Qwhz and
the mass bound Xm, are f— and e—dependent. For cold relics, by exactly solving the simplified Boltzmann
equation in both relativistic and nonrelativistic regimes, we show that the Lee-Weinberg bound for the mass
of heavy neutrinos can be considerably relaxed, and the “WIMP miracle” for weakly interacting massive
particles gradually invalidates as 8 deviates from 8 = 1*.

We believe that theoretical physicists should keep close eyes on the progress of experiments and ob-
servations. In prospective research, we will continue applying relativistic gravities to physical problems in
astrophysics and precision cosmology. Here are some of our projects in progress or under preparation.

(1) Test and constrain dark energy and modified gravity by the expansion history and structure growth
of the Universe, using the observations of type-Ia supernovae (Union 2.1 compilation), anisotropy of
cosmic microwave background (WMAP, Planck), baryon acoustic oscillation (SDSS, BOSS), direct
Hubble rate H(z) (differential age, clustering of galaxies/quasars), and so forth.

(2) In minimally coupled modified gravities and with respective to the SU(3).XSU(2)yxU(1)y minimal
standard model, study the gravitationally induced baryogenesis by nonstandard cosmic expansion;
investigate hot, warm and cold dark matter as thermal relics of the very early Universe; calculate the
primordial helium synthesis from the semi-analytical approach, and nucleosynthesis of deuterium and
lithium from the empirical approach; and look into hydrogen recombination and cosmic microwave
background.

(3) The very early Universe in f(R, T"") = R+2ART " gravity: Impacts of nonminimal curvature-matter
coupling to gravitational baryogenesis, thermal-relic dark matter, and primordial nucleosynthesis.

One typical curvature-matter coupling is the .Z = f(R, T"™) + 167rml§12$m model [57], where the Ricci
scalar R is nonminimally coupled to the trace of the stress-energy-momentum tensor 7™ = g”"T,ET).
The field equation is

1 _
=51 8 + iRy + (80 = V,9y) fie = ~fron (T + Oy + STmp2 T,
where —fron (TS + ©1)) comes from the T¢-dependence in f(R, T"), and

(m)
g% 6Ta’3
oghv

&P L

(m) ._
®IJV T aguvagaﬁ :

= _2T;(113/1) + guvgm - Zgaﬂ

For £ = R + 8Anrmy2T"™ + 16wmy2 %, where A is a constant and G),(jf,’) = -2T"™ + P,,g,,, we have
the modified Friedmann equations 3H? = 87rm;12(1 + %xl)pm and 3H = —16zrm]§12(1 + Aoy, for the

. 21+ A
radiation-dominated era. Thus H + 1( 4/1) H? = 0, which integrates to yield the exact solutions
+ -
3
1 + %/l 1 1+%A
= 7 and 1) = apt2@+D .
2(1+ ) o) = ao

249



With H and a obtained, it becomes possible to calculate gravitational baryogenesis, relic dark matter
and primordial nucleosynthesis in f(R, T™) = R + 2ART" gravity, and thus construct the thermal
history of the early Universe, which is expected to constrain the possible domain of 1. Also, one
should keep in mind the “matter creation effect” due to the nontrivial conservation V¥ Tl(ff) # 0 under
R—T" coupling. (In fact, it is difficult to solve the Friedmann equations in modified gravity, so every
exact solution of a(z) is valuable!)

(4) Following particle physics, it is natural to assume the interactions of dark energy with dark matter
and even the cosmic neutrino background. We will look into the consequences of such interactions:
(i) curvature oscillation OR in a local region (galaxies, clusters, etc.) with dense (p > pc0) and
evolving(p = p(#)) matter fields, along with the occurrence and removal of curvature singularities;
(i1) enhancement of the matter power spectra by massive neutrinos, and constraints on the summed
neutrino mass.

(5) Neutron stars can form in iron core-collapse or electron capture supernovae — in the latter case [71], a
8 — 10M massive star with a degenerate ONeMg core collapses as the capture of electrons destroys
the internal equilibrium by a sudden loss of hydrostatic pressure. This mechanism is far from being
fully understood, and we will study the conditions for electron capture along with their influences to
the neutron star’s characteristic parameters, propagation of the neon burning front towards the stellar
center, and impact to the population of binary and isolated neutron stars in globular clusters.

The projects I will be working on will be subject to the accumulations of my physics knowledge, the
progress of my skills on numerical calculations, and my inspirations from the arXiv daily updates. Physics
is the most attractive career to me, and I will try to advance my professional attainment with heart and soul.
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