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Abstract

This thesis is devoted to the study of the global dynamics of some reaction and
diffusion models incorporating with spatial and/or temporal heterogeneities. We
first investigate the spatial dynamics of a reaction-advection-diffusion model for a
stream population in a time-periodic environment. Then we explore the propagation
phenomena for a Lotka-Volterra reactionadvection-diffusion competition model in a
periodic habitat. Moreover, we establish the theory of traveling waves and spreading
speeds for time-space periodic monotone semiflows with monostable structure and
apply it to a time-space version of the two-species competition model. To understand
the effects of the spatial heterogeneity on the spread of Lyme disease, we propose a
nonlocal and time-delayed reaction-diffusion model and obtain the global stability in
terms of the basic reproduction ratio and the spreading speed of the disease. At the

end of this thesis, some interesting problems are presented for further investigation.
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Chapter 1

Introduction

In spatial ecology and population biology, reaction and diffusion models are widely
used to capture the spatial and temporal dynamics of species and to better under-
stand biological invasions. In reality, the heterogeneous character of the environment
plays an important role in the spread of the invasive species. Natural barriers like
hills and rivers may bring more patterns of invasion fronts. It is also well known that
seasonal change and geographic variations in temperature, rainfall and resource avail-
ability have crucial effects on the survival and reproduction of populations. Clearly,
periodic environment of space and/or time is one of the useful approximations to un-
derstand the influence of the environmental heterogeneity on the spatially evolution
and the persistence of species arising from ecological and biological processes. At
times, an invading species is in the competition of the local species, resulting in the
extinction of the latter. This explains why agricultural scientists sometimes try to
introduce beneficial invasions to control local pest issues. Then the essential factors
of biological invasions, spreading speeds and traveling waves, may help scientists to

predict and evaluate the effectiveness of local pest control and further impacts on the
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local ecological balance.

This thesis is devote to study of the spatial dynamics of some diffusion and re-
action models in heterogeneous environments. In the following, we will give a brief
introduction of the research projects presented in the thesis.

I. A stream population model

In stream ecology, ‘drift paradox’ [65] is a crucial topic, which is concerned about
why the aquatic insects have the ability to resist washout when they face with the
downstream drift. A number of modeling works have been done to give positive an-
swers for the drift paradox [65]. Pachepsky et al. [76] introduced a reaction-advection-
diffusion model (called PA model) to handle the issue of persistence of benthic aquatic
organisms. In this PA model, the population is divided into two interacting compart-
ments: individuals living on the benthos and individuals drifting in the river, which
has important implications for population persistence. Later, Lustscher and Seo [60]
further developed this PA model by considering the temporal variability, and ana-
lytically studied the persistence conditions for the linearized PA model under the
assumption that all parameters are T-periodic step functions and the average flow
speed over one period is constant. Their model is governed by the following linear

reaction-advection-diffusion system:

%t = —o(t)na + u(t)ny — v(t) 52 + D(t) 5

92

% =o(t)ng — p(t)ny +rt)ny, t>0, x € R,
where ng is the population density in the drift; n;, is the population density on the
benthos; p(t) is the per capita rate at which individuals in the benthic population
enter the drift; o(t) is the per capita rate at which the organisms return to the benthic
population from drifting; D(t) is the diffusion coefficient; v(t) is the advection speed

experienced by the organisms; and r(¢) is the maximum per capita growth rate of the
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benthic population.
The purpose of the first project in this thesis is to study the spatial dynamics of

the following nonlinear periodic PA model:

s — o (t)ng + p(t)ny — o(t) 24 4 D(t) %0,
W = o(t)ng — p(t)ny + f(t,np)ny, ¢ >0, 2 €R,
where f(t,n;) is the per capita growth rate of the benthic population with no Allee
effect in the population. Biologically, our model here is more reasonable since it deals
with seasonal variations in temperature, rainfall and resource availability. In the case
of an unbounded domain, we establish the existence of spreading speeds and their
coincidence with the minimal wave speeds for monotone periodic traveling waves,
respectively. In the case of a bounded domain, we obtain a threshold result on the
global stability of either zero or the positive periodic solution.

I1. A two-species competition model in a periodic habitat

Over the past decade, there have been a number of research works concerning
about traveling waves and spreading speeds in heterogeneous media, see, e.g., [100]
and references therein. More specifically, Gatner and Friedlin [23,24] studied the
spreading speed for an equation of Fisher type in which the mobility and the growth
function vary periodically in space via probabilistic methods. Shigesada et al. [84]
first discussed the spread of a single species for a reaction-diffusion model in a patchy
habitat with the periodic mobility and growth rate (see also [83]). Later, Beresty-
cki, Hamel and Roques [6, 7] analyzed the following reaction-diffusion model in the

periodically fragmented environment:
w— V- (A@@)Vu) = f(w.u), =eRY,

where A(x) and f(z,u) depend on x = (x4, ..,zx) in a periodic fashion, and obtained

the existence of pulsating waves and a variational formula for the minimal wave speed.
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A general theory of spreading speeds and traveling waves in a periodic habitat was
developed by Weinberger [94] for a recursion with a periodic order-preserving compact
operator, and by Liang and Zhao [55] for monotone semiflows with a-contraction
compactness. Weng and Zhao [96] proposed a nonlocal and time-delayed reaction-
diffusion model in a periodic habitat and studied its propagation phenomena by
appealing to the abstract results in [55], which was further extended by Ouyang and
Ou [75] to obtain the stability and convergence rate of traveling waves. It is worthy
to point out that the theory in [55,94] may not apply to scalar evolution equations
with nonlocal dispersal in a periodic habitat since the associated solution maps are
not compact. Recently, Shen and Zhang [81,82] and Coville, Davila and Martinez [13]
investigated spreading speeds and periodic traveling waves for a large class of such
equations via quite different approaches.

For two species reaction-diffusion competition models in a spatially homogeneous
environment, there have been quite a few papers on persistence, biological inva-
sions of species, traveling wave solutions and the minimal wave speeds, see, e.g.,
27, 33, 38, 39, 44, 51] and references therein. In particular, Lewis, Li and Wein-
berger [51] studied the spreading speed of two species Lotka-Volterra competition
model and gave a set of sufficient conditions for its linear determinacy. Huang [38]
and Guo and Liang [27] concerned about the minimal speed and the linear determi-
nacy for more general cases. Huang and Han [39] further showed that the conjecture
of linear determinacy is not true in general. Meanwhile, for a spatially heterogeneous
environment, Dockery et al. [16] investigated the effect of different diffusion rates on
the survival of two phenotypes of a species, and showed that the phenotype with
the slower diffusion rate wins the competition. Recently, Lam and Ni [49] studied

the global dynamics of two species Lotka-Volterra competition diffusion model with
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spatial heterogeneous growth rates in a bounded domain. Moreover, Lutscher, Mc-
Cauley and Lewis [59] added the advection term into such a competition model to
discuss spatial patterns and coexistence mechanisms for stream populations. How-
ever, it seems that there is no research on the propagation phenomena for two species
reaction-diffusion competition model in a periodic habitat, which is the simplest form
of the heterogeneous environment.

The purpose of the second project is to study the spatial dynamics of a two species

competition reaction-advection-diffusion model in a periodic habitat:

ou

8_151 = Lyuy + uy (b1 (z) — ar1(z)uy — ara(z)us),

0

% = Lous + us(bo() — agy(z)uy — age(z)us), t>0, x€R.

Here L;u = di(x)% — gi(x)%,i = 1,2, u; and uy denote the population densities of
two competing species in an L-periodic habitat for some positive number L, d;(x),
gi(x) and b;(x) are diffusion, advection and growth rates of the i-th species (i =
1,2), respectively, and a;;(x)(1 < 4,j < 2) are inter- and intra-specific competition
coefficients. We establish the existence of the spreading speeds and its coincidence
with the minimal wave speeds for spatially periodic traveling waves and obtain a set
of sufficient conditions for the spreading speeds to be linearly determinate.

II1. Time-space periodic semiflows

As in Part II, we have introduced the mathematical research works on the periodic
habitat. There are also quite a few investigations on time-periodic fronts of reaction-
diffusion equations, see, e.g., [1,2,22,61,102,104,105] and references therein. For time-
periodic semiflows in one dimensional continuous medium, Liang, Yi and Zhao [53]

used the wavefront W (z — cw) obtained for the Poincaré map @, to construct a two-

variable function U(t, &) := Q:[W](£ + ct), which is then shown to be a time-periodic
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traveling wave for the semiflow. However, when the medium is discrete, say Z for
instance, such a construction may not give rise to a traveling wave since Q;[W](§) is
not well defined for all £ € R. We will obtain traveling waves in a strong sense for
the associated Poincaré map so that this evolution approach is still applicable.

In the case where the time and space periodicity is incorporated into a reaction-
diffusion equation, it remains unclear whether there exists a transition wave in the
sense of Berestycki and Hamel [8], reflecting some interactions of time and space pe-
riods. Next we recall some works related to this question. Nolen, Rudd and Xin [69]
used a three-variable function ¢(&,t, x), which is periodic in the last two arguments,
and an auxiliary equation to define a generalized pulsating wave. Nadin [67] intro-

duced the following equivalent definition:

Definition 1.0.1. A function u(t,z) is a pulsating traveling front of speed c in the
direction —e that connects p~ to p* if it can be written as u(t,x) = ¢(x - e+ ct,t, x),
where ¢ € L®(R x R x RY) is such that for almost every y € R, the function
(t,x) — ¢(y+ x - e+ ct,t,x) satisfies the above equation. The function ¢ is requested

to be periodic in its second and third variables and to satisfy

é(z,t,x) —p~(t,z) = 0 as z — —oo uniformly in (t,x) € R x RY, )

d(z,t, ) —pT(t,x) = 0 as z — +oo uniformly in (t,z) € R x RN,

One may observe that the solution u(t,z) := ¢(y + x - e — ct,t,x) is an almost
planar wave under the setting of gerenalized transitions waves, for which we refer
to [5, Definition 1.5]. It is also easy to see that such u(¢,x) is a classical pulsating
wave in the sense of Xin [99] if cw/L is a nonzero rational number.

In Nadin [67], for reaction-diffusion equations with time-space periodicity in R¥:

ou — V- (A(t,z)Vu) + q(t,x) - Vu = f(t,x,u), (1.2)
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the minimal wave speed of such pulsating fronts was established in [67] under a
KPP type condition and the following monostability condition: (i) there is a positive
continuous space-time periodic solution p; (ii) if u is a space periodic solution such that
u < p and inf ;)eryxry u(t, ) > 0, then u = p; (iii) v = 0 is an unstable solution in
the sense that the associated generalized eigenvalue is positive, where the generalized
eigenvalue was studied in [68]. Upper and lower bounds were given for the minimal
wave speed (if it exists) when the KPP condition does not hold. The spreading speed
as well as the tail behavior and the regularity of the wave were also studied there.
One may ask the following questions: Does the minimal wave speed exist when the
KPP type condition does not hold? Can u(t,z;y) := é(y + = - e + ct, t, x) satisfy
the equation for any y € R? Can such a result be established for systems admitting
possible semi-trivial time-space periodic solutions? We will give affirmative answers
to these questions.

Most recently, Rawal, Shen and Zhang [78] introduced the following definition of

time-space periodic traveling waves for a nonlocal dispersal Fisher-KPP equation:

Definition 1.0.2. An entire solution u(t,z) is called a traveling wave solution con-
necting u*(t,x) and 0 and propagating in the direction of e with speed c if there is
a bounded function ® : RY x R x RN — R, satisfying that ® is locally Lebesque
measurable, u(t, z; ®(-,0,2)) exists for allt € R,
u(t,z; d(-,0,2)) = ®(x — cte, t,z +cte), teR,zecRY
lim (®(z,t,2) —u*(t,z+2)) =0, linl D(z,t,2) =0, uniformly in (t,z),
T-e——00 T-e—+00

O(x,t,z—x) =0 t,z—2"), z,2 €RY withz-e=2"-¢,

and

Oz, t+T,2) = ®(x,t, 2 + pie;) = ®(a,t,2), z,2€RY.




INTRODUCTION 8

Let ¢(&,t,2) := ®(y,t, v — y) with € =y - e. It then follows that for any z € R,
¢(x-e—ct,t,x+ z) is a solution of the given evolution equation. Note that two quite
different approaches were used in [67] and [78], respectively, to prove the existence of
traveling waves. For further investigations on KPP type nonlocal evolution equations,
we refer to Shen [80], Kong and Shen [47], and references therein.

The goal of the third project is to explore the propagation phenomena of the two-
species competition model in time-space periodic environment. To do so, we first give
a unified definition of traveling waves in a time-space periodic environment and then
establish the theory of traveling waves, almost pulsating waves and spreading speed
for time-space periodic monotone semiflows, which is further applied to the analysis
of such time-space periodic systems.

IV. A spatial model for Lyme disease

Lyme disease is a worldwide vector-borne infection caused by the spriochete bac-
terium Borrelia burgdorferi, whose primary vector in North America is the black-
legged tick (also known as Ixodes scapularis). The black-legged tick normally has
a two-year life cycle including three feeding stages: larva, nymph and adult. In
those stages, ticks could acquire blood meals from a variety of hosts like rodents
and mammals. In particular, Larvae and nymphs mainly feed on white-footed mouse
Peromyscus leucopus, and adult ticks obtain blood meals almost exclusively from
the white-tailed deer Odocoileus virginianus [11]. Since nymphs are too tiny (less
than 2mm) to detect, humans may carry Lyme disease through the bites of infectious
nymphs. For more biological discussions about the infection of Lyme disease, we refer
to [3,45,48,62,72,89] and references therein.

To understand the invasion of Lyme disease, many mathematical modeling efforts

are made through investigating the tick and host populations dynamics [25, 41, 56,
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70,79]. More specifically, Caraco et al. [12] proposed a reaction-diffusion model to
study the effects of the tick’s stage structure on the spatial expansion of Lyme disease
in the northeast United States. The global dynamics and the spreading speed were
obtained in [107] for the spatial model of [12]. To take the climate changes into
account, Ogden et al. [73,74] presented simulation models, Wu et al. [98] established a
temperature-driven map of the basic reproduction number of Lyme disease in Canada,
and Zhang and Zhao [103] modified the model in [12] to a reaction-diffusion system
with seasonality and studied its global dynamics and propagation phenomena. Note
that the spatially homogeneous environment is basically assumed in these works, but
the spatial heterogeneity is also vital. Geographic variations of food resources and
climates could limit the activity and the population size of ticks and hosts. Biological
studies [9, 50] show that spatial patterns of the disease is highly linked to the spatial
configurations coupled with dispersal by vertebrates like mice. Furthermore, there are
few mathematical models incorporating the spatial variation to estimate the Lyme
disease risk. The patch models presented in [9,34] considered the tick population
dynamics with the dispersal of ticks on vertebrate hosts among multiple habitats,
or between woodland and pasture, both of which are based on the assumption that
the interactions are homogeneous in every habitat. To formulate a continuous-time
model of Lyme disease including spatially dependent parameters, Wang and Zhao [92]
took the model of Carco et.al. [12] as a basis and adapted it in the following aspects:
(i) allow a spatial-dependent carrying capacity of hosts (mice), spatial-dependent
diffusion rates of hosts and disease transmission coefficients; (ii) consider the influence
of deers in disease transmissions; (iii) replace the random mobility of ticks in [12] with
nonlocal terms to reveal the spatial movements of larvae, nymphs and adult ticks

determined by their hosts (mice or deers).
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Indeed, they proposed a nonlocal reaction-diffusion model and introduced the
basic reproduction number Ry of Lyme disease and revealed that Ry can be a threshold
value to describe the extinction and persistence of Lyme disease evolution under
some appropriate assumptions. They also obtained a threshold result on the global
dynamics in the case where the host diffusion rates and the carrying capacity of mice
are constants.

The aim of the fourth project is to adopt the nonlocal spatial model in [92] by
incorporating the self-regulation mechanism for the tick population as discussed in
[11], and to study the spatial dynamics of Lyme disease while keeping the spatially
heterogeneous structure of the model system. In the case of a bounded domain,
we first prove the existence of the positive disease-free steady state and a threshold
type result for the disease-free system, and then establish the global dynamics of
the model system in terms of the basic reproduction number Ry. In the case of
an unbound domain, we obtain the existence of the disease spreading speed and its
coincidence with the minimal wave speed. At last, we use numerical simulations
to verify our analytic results and investigate the influence of model parameters and
spatial heterogeneity on the disease infection risk.

The rest of this thesis is organized as follows. In Chapter 2, we introduce some
mathematical terminologies and theorems which are based on the theories of mono-
tone dynamical systems, spreading speeds and traveling waves. Chapter 3 is devoted
to the study of spatial dynamics of a periodic reaction-advection-diffusion model for
a stream population. In Chapter 4, we study propagation phenomena for a Lotka-
Volterra reaction-advection-diffusion competition model in a periodic habitat. In
Chapter 5, we first establish the theory of traveling waves and spreading speeds for

time-space periodic monotone semiflows with monostable structure and then apply
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it to the analysis of a two-species competition model in time-space periodic environ-
ment. In Chapter 6, we propose and investigate the global dynamics of a nonlocal
and time-delayed reaction-diffusion model for Lyme disease with a spatially heteroge-

neous structure . A brief summary and some future works are presented in Chapter

7.




Chapter 2

Preliminaries

In this chapter, we introduce some terminologies and known results which will be
used in the rest of this thesis. They are involved in monotone dynamical systems and

the theory of spreading speeds and traveling waves.

2.1 Monotone dynamics

Let E be an ordered Banach space with an order cone P having nonempty interior
Int(P). For any z,y € E, we write x > yifx —ye€ P,z >yif e —y € P\ {0}, and
r>yif e —yeInt(P). If a <b, we define [a,b]p :={z € E:a <z <b}.

Definition 2.1.1. A linear operator L : E — E is said to be positive if L(P) C P;
strongly positive if L(P \ {0}) C Int(P).

Theorem 2.1.1. (Krein-Rutman theorem) [31, Theorems 7.1 and 7.2] Assume that
a compact operator K : E — E is positive and r(K) be the spectral radius of K. If

r(K) >0, then r(K) is an eigenvalue of K with an eigenfunction x > 0. Moreover, if
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K is strongly positive, then r(K) > 0 and it is an algebraically simple eigenvalue with
an etgenfunction x > 0; there is no other eigenvalue with the associated eigenfunction

x> 0; |A < r(K) for all eigenvalues X\ # r(K).

Definition 2.1.2. Let U be a subset of E. Then a continuous map f : U — U s
said to be monotone if x > y implies that f(x) > f(y); strictly monotone if v >y

implies that f(z) > f(y); strongly monotone if x > y implies that f(x) > f(y).

Recall that a subset K of E is said to be order convex if [u,v]p € K whenever

u,v € K satisfy u < v.

Definition 2.1.3. Let U C P be a nonempty, closed and order convex set. A contin-
wous map f : U — U is said to be subhomogeneous if f(Ax) > Af(x) for any x € U
and A € [0,1]; strictly subhomogeneous if f(Ax) > Af(x) for any v € U with x > 0
and X € (0,1); strongly subhomogeneous if f(Ax) > \f(x) for any v € U with x > 0
and A € (0,1).

Theorem 2.1.2. [106, Theorem 2.3.2] Assume that f : U — U satisfies either
(i) f is monotone and strongly subhomogeneous; or
(ii) f is strongly monotone and strictly subhomogeneous.

If f: U — U admits a nonempty compact invariant set K C Int(P), then f has
a fixed point e > 0 such that every nonempty compact invariant set of f in Int(P)

consists of e.

Let X be a metric space with metric d. Recall that a continuous map f: X — X
is said to be asymptotically smooth if for any nonempty closed bounded set B C X
for which f(B) C B, there is a compact set J C B such that J attracts B, that is,
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lim sup{d(f™(z),J)} = 0. Denote the Fréchet derivative of f at u = a by Df(a) if it
B

n—oo e

exists, and let (D f(a)) be the spectral radius of the linear operator Df(a) : E — E.

Theorem 2.1.3. (Threshold dynamics) [106, Theorem 2.3.4] Let either V = [0, b]g
with b> 0 or V = P. Assume that

(1) f:V =V satisfies either

(i) f is monotone and strongly subhomogeneous; or

(ii) f is strongly monotone and strictly subhomogeneous;
(2) f:V — V is asymptotically smooth, and every positive orbit of f in V bounded;
(8) f(0) =0, and Df(0) is compact and strongly positive.
Then exists threshold dynamics:

(a) If r(Df(0)) <1, then every positive orbit in V converges to 0;

(a) If r(Df(0)) > 1, then there ezists a unique fized point u* > 0 in V such that

every positive orbit in V' \ {0} converges to u*.

In the rest of this section, we introduce the result on abstract competitive systems.
The basic setup is as follows. For ¢ = 1,2, let X; be ordered Banach spaces with
positive cones X" such that Int(X;") # 0. Let X = X; x Xy, XT = X|" x X,
and K = X;" x (=X5). Then Int(XT) = Int(X;") x Int(X5) # 0 and Int(K*) =
Int(X;") x (=Int(X5)) # 0. We can define <, <, < on X; as we did in the beginning
of this section. For any = = (x1,22),y = (y1,%2) € X, we write x < y if z; < y;,
r<yife; <y, and x <yifx <ybutz#y, fori=1,2. For any = = (x1,22),y =
(y1,y2) € X, wewrite v <g yif x; <y and yo < 19, & L y if 17 K yp and yp < T,

and x <g y if 1 <y and yo < 29 but x # y.
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Let f: XT — X be continuous and f" be the n-fold composition of f. Recall
that f is order compact if for every (z1,z5) € X, it follows that f([0, z1] x [0, z3]) has
compact closure in X. We will make the following hypotheses on f, which capture

the essence of competition between two adequate competitors:

(P1) f is order compact and strictly ordering-preserving with respect to <, that is,

x < y implies f(z) <x f(y).

(P2) 0 is a repelling fixed point of f in the sense that there exists a neighborhood Uy
of 0 in X such that for each x € Uy, x # 0, there is an integer n = n(z) such

that f"(z) & Up.

(P3) f(X{ x{0}) c X x {0}, and there exists #; € Int(X]) such that f((£;,0)) =
(#1,0)and f*((z1,0)) — (21,0) for every z; € X"\ {0}. The symmetric condi-
tions hold for f on {0} x X5, and the fixed point is donated by (0, Z5).

(P4) If z,y € X satisfy x < y and either x or y belongs to Int(X™), then f(z) <
f). f o= (z1,29) € X+ with z; #0, i = 1,2, then T'(x) > 0.

Let Ey = (0,0), £y = (21,0), By = (0,Z2). We say that a fixed point E, of f is
positive if E € Int(X"). Let I = [Es, E1]k. It is easy to see that I = [0, &1] x [0, Z].
Given z € Xt we write O(x) = {f"(z) : n > 0} for the positive orbit of z. Its omega

limit set is defined by
w(x)={ye Xt : f"(x) >y for some{n;} satisfying n; — oo}.

The following result says that for a competitive system, either there is a positive fixed
point of f, representing coexistence of the two populations, or one population drives

the other to extinction.
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Theorem 2.1.4. (Trichotomy) [35, Theorem A] Let (P1)-(P4) hold. Then the omega

limit set of every orbit is contained in I and exactly one of the following holds:
(a) There exists a positive fized E, of f in I;
(b) w(x) = E; for every x = (v1,25) € I with x; #0, i =1,2;
(¢) w(z) = By for every x = (x1,x2) € I with x; #0,1=1,2.

Finally, if (b) or (c) holds and x = (x1,22) € X T\ I with x; # 0, i = 1,2, then either
w(r) = Ey orw(zr) = E,.

2.2 Propagation phenomena

Let Q be a compact metric space, R' be the I-dimensional Euclidean space and X :=
C(,RY). We endow X with the maximum norm |- |x and the partial ordering
induced by the positive cone X := C(,R"). Assume that Int(X;) # (. Then for
01,2 € X, we write 1 > @9 if @1 — o € Xy, 01 > 9 if o1 — o € Int(X,), and
1> o if o1 > 2 but @1 # o

Let C be the set of all continuous and bounded functions from R to X, and
M be the set of all non-increasing and bounded functions from R to X. For any
u,v € C(M), we write u > v(u > v) if u(z) > v(z)(u(x) > v(x)) for all z € R and
u > v if u > v but u # v. Clearly, any element in X can be regarded as a constant
function in C or M. We endow both C and M with the compact open topology,
that is, u,, — u in C or M means that the sequence of u,(s) converges to u(s) in X

uniformly for s in any compact set of R. We equip C and M with the norm || - ||¢
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and || - || m, respectively, which are defined by
. max <k [u(z)|x
lufle =3 —— 5 , Vu e, (2.1)
k=1
and
2 max|, <k |[u(z)|x
[ullpm = Z d o , Yu e M.
k=1

We say a subset S of C (or M) is uniformly bounded if sup{|¢(z)|x : ¢ € S,z € R}
is bounded. For any given subset A of C (or M) and number s € R, we define
A(s) :== {u(s) : u € A}. We use the Kuratowski measure of noncompactness in X,

which is defined by
a(B) = inf{r : Bhas a finite cover of diameter < r}

for any bounded set B C X. It is easy to see that B is precompact (i.e. the closure
of B) is compact if and only if a(B) = 0.
For any r € X with > 0, define X, = {ue X : 0 <wu<r},

C,={9peC:9¢(x)e X,, Ve eR}, M,={pecM:¢(x)ecX,, Vr R}

Define the translation operator 7, on C or M by T,[u|(z) = u(z — y) for any given
y € R and the reflection operator R by R[u|(z) = u(—x).

2.2.1 Spreading speeds

In the subsection, we will present some results on spreading speeds for monotone
semiflows in [53,54].

Let @ : Cs — Cg, where f € X with > 0. Assume that

(A1) T,0Q=QoT,, QoR=RoQ, VYycR
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(A2) @ is continuous with respect to the compact open topology.

(A3) {Q[u](x) : u € Cg,x € R} is a precompact subset (i.e., the closure of set is

compact) of X.

(A4) @ : Cs — Cps is monotone (order preserving) in the sense that Qu] > Q[w]

whenever u > w in Cg.

(A5) @ : X3 — Xp admits exactly two fixed points 0 and 3, and lim Q"[z] = § in
n—oo
X for any z € X, with 0 < 2 < 3.

Theorem 2.2.1. [5/, Theorem 2.11, Theorem 2.15, Corollary 2.16] Assume that the
map Q) : Cs — Cg satisfies assumptions (A1)-(A5). Let uy € Cs and u,, = Q(u,_1)
form > 1. Then there exists a real number ¢* such that the following statements are

valid:

(1) For any ¢ > c*, if 0 <wuy < S and ug(x) = 0 for x outside a bounded interval,
then  lim  w,(x) =0 in X.

n—ool|x|>cn
(2) For any ¢ < ¢* and any o € Xz with 0 > 0, there exists r, > 0 such that
if ug(x) > o for x on an interval of length 2r,, then li|m|< up(z) = 6 in
n—oolz|<cn

X. If, in additional, Q) is subhomogeneous on Cg, then r, can be chosen to be

independent of o > 0.

By Theorem 2.2.1, it follows that () admits an asymptotic speed of spread c*
provided that (A1l)-(A5) are valid. To estimate ¢*, a linear operator approach was

developed in [54]. Let M : C — C be a linear operator with the following properties:

(B1) M is continuous with respect to the compact open topology.

(B2) M is a positive operator, that is, M|[u] > 0 whenever u > 0.
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(B3) For any uniformly bounded subset A of C, the set {M|u](z)(#) : u € A, 0 €
Q,z € R} is bounded in R'.

(B4) TyoM =MoT,, MoR=RoM, VyecR.

(B5) M can be extended to a linear operator on the linear space C of all functions

u € C(R, X) having the form
u(z) = vi(2)e"” +vp(2)e”, vy, v €C, i, po,w €R,

such that if u,,u € C and u,(x)(0) — u(zx)(f) uniformly on any bounded set of
R x Q, then M[u,](z)(0) — Mu](x)(6) uniformly on any bounded set of R x €.

Note that hypothesis (B4) implies that M is also a linear operator on X. Define the
linear map B, : X — X by

B,[0](0) = M[oe™")(0)(8), Vo € Q.

In particular, By = M on X. If 0,,,0 € X and 0, — 0 as n — oo, then 7, (0)e "* —

o(0)e ** uniformly on any bounded subset of 2 x R. Thus,
Bylon] = Mlone™*](0) = M[oe™*](0) = By[o],
and hence, B, is continuous. Moreover, B, is a positive operator on X. Assume that

(B6) For any pu > 0, B, is positive, and there is an ngy such that B> = B,o0---0 B,
—_————

no
is a compact and strongly positive linear operator on X.

It then follows from [54, Lemma 3.1] that B, has a principal eigenvalue A(x) with

strongly positive eigenfunction. Moreover, we have the following property for A(u).

Lemma 2.2.1. /54, Lemma 3.7] A(1) is log convez on R.
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The next condition is needed for the estimate of the spreading speed c*.
(B7) The principal eigenvalue A(0) of By is larger than 1.

Define W (u) := %, Vi > 0. Then, we can use the following result to estimate

the spreading speed of map Q).

Theorem 2.2.2. [54, Theorem 3.10] Let Q) be an operator on Cg satisfying (A1)-
(A5) and c* be the asymptotic speed of Q). Assume that the linear operator M satisfies
(B1)-(B7), and that the infimum of V(u) is attained at some finite value p* and
U(4o00) > WU(u*). Then the following statements are valid:

(1) If Qlu] < M[u] for all u € Cg, then ¢* <inf,~o V().

(2) If there exists some n € X with n >> 0 such that Q[u] > Mu] for any u € C,,
then ¢* > inf,~0 V().

Recall that a family of operators {Q;}:>0 is said to be a semiflow on Cs if the
following three properties hold: (i) Qo = I, where I is the identity mapping; (ii)
Qi 0 Qs = Qrys, Vt, s > 0; (iil) Q4]u] is continuous jointly in (¢, u) € [0, 00) x Cg.

Theorem 2.2.3. [54, Theorem 2.17] Let {Q:}+>0 be a semiflow on Cz with QQ;[0] =0
and Qi[5] = B for allt > 0. Suppose that QQ = @, satisfies all hypotheses (A1)-(A5),
and Qy satisfies (A1) for any t > 0. Let ¢* be the asymptotic speed of spread of Q1.

Then the following statements are valid:

(1) For any ¢ > c*, if v € Cg with 0 < v < f and v(z) =0 for x outside a bounded
interval, then — lim  Q[v](x) =0 in X.

t—o0,|z|>ct
(i) For anyc < ¢* ando € Xg with o > 0, there is a positive number r, such that if

v € Cg andv(x) > o for x on an interval of length 2r,, then  lim  Qv](x) =

t—o0,|z|<ct
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B in X. If, in addition, Q1 is subhomogeneous, then r, can be chosen to be

independent of o > 0.

Recall that a family of operators {Q;}+>0 is said to be a T-periodic semiflow on
C if the following three properties hold: (i) Qo = I, where [ is the identity mapping;
(i) Qo Qr = Quyr, YVt > 0; (iii) Qi[u] is continuous jointly in (¢,u) € [0,00) x C.

The mapping Q7 is called the Poincaré map associated with this periodic semiflow.

Theorem 2.2.4. [53, Theorem 2.1] Let {Qi}i>0 be a T-periodic semiflow on C
with two x-independent T-periodic orbits 0 < ((t). Suppose that the Poincaré map
Q = Qr satisfies all hypotheses (A1)-(A5) with B = [£(0), and @ satisfies (A1)
for any t > 0. Let ¢* be the asymptotic speed of spread of Qr. Then the following

statements are valid:

(i) For anyc> %, ifv € Cg with 0 < v < 3 and v(z) =0 for x outside a bounded
interval, then  lim  Qv](z) =0 in X.

t—o00,|z|>ct

(i1) For anyc < % and o € Xg with o > 0, there is a positive number r, such that if
v € Cg andv(z) > o for x on an interval of length 2r,, then lil|rn|< (Q¢[v](x)—
—o00,|z|<ct

B(t)) =0 in X. If, in addition, Qr is subhomogeneous, then r, can be chosen

to be independent of o > 0.

Remark 2.2.1. If the reflection invariance, i.e., Q o R = R o @, is not assumed
in (A1), then we have the existence of the leftward spreading speed ¢* and rightward
spreading speed c, respectively, see [93]. These spreading speeds can also be estimated

by the linear operators approach.
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2.2.2 Traveling waves

In this subsection, we introduce the results in [19] on traveling waves for monotone
semiflows with weak compactness.

Let Q : Mg — Mg, where § € X with 5> 0. Assume that
(C1) T,0Q=QoT, WyeR
(C2) If up, — u in M, then Q[ugl(x) — Qu](x) in X almost everywhere.

(C3) There exists k € [0,1) such that for any U C Mg, a(Q[U](0)) < ka(U(0)).

Here o denotes the Kuratowski measure of noncompactness in Xg.

(C4) @ : Mgz — Mg is monotone (order preserving) in the sense that Qu] > Qw]

whenever u > w in Mg.

(C5) @ : X — X admits two fixed points 0 and 8, and lim Q"[z] = § in X for any
n—oo
ze X, with0< 2z < B,

In view of (C1), it follows that (C3) is equivalent to

There exists k € [0,1) such that a(Q[U](z)) < ka(U(z)), YU C Mg, z € R.

We call (C3) as the point-a-contraction assumption (see also (A3)(a’)) in [53]).
This condition is weaker than (A3). In the case that X = R!, (C3) is automatically
satisfied and equivalent to the condition (A3).

Let w € X with 0 < w <« . Choose ¢ to be a continuous function from R to X
with the following properties: (i) ¢ is a nonincreasing function; (ii) ¢(z) = 0, Va > 0;

(ili) ¢(—o00) = w. For any given real number ¢, define an operator R. by

Rc[¢](s) := max{¢(s), T_Q[¢](s)}
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and a sequence of functions a,(c; s) by the recursion

ao(c;s) = ¢(s),  an1(c;s) = Relan(c;+)](s)-
Lemma 2.2.2. [19, Lemmas 3.2 and 3.3] The following statements are valid:

(1) For each s € R, a,(c;s) converges to a(c;s) in X and a(c;s) is nonincreasing

in both s and c.
(2) a(c;—o0) = B and a(c; +00) exists in X .
(3) a(c;+00) € X is a fized point of Q.
According to [19,93], we define two numbers
¢} =sup{c: alc,+00) = B}, ¢4 =supf{c:alc,+o0) > 0}. (2.2)

Clearly, ¢ < ¢y. Similarly, for the leftward traveling waves two numbers with the
symbol ’-” also can be defined by choosing a nondecreasing initial function ¢ in the
phase space consisting of nondecreasing and bounded functions from R to X. In what
follows, we only illustrate the theory on the rightward traveling waves for the discrete-
time and continuous-time dynamical systems, the leftward case can be treated in a

similar way.

Theorem 2.2.5. [19, Theorem 3.8] Assume that () : Mg — Mg satisfies (C1)-(C5).
Let ¢t and ¢, with ¢, < ¢, be defined as in (2.2). Then the following statements are

valid:

1) For any c > ¢, there is a left-continuous traveling wave W(x — cn) connecting
Jr

B to some fized point B € Xz \ {B}.
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(2) If, in addition, 0 is an isolated fived point of ) in Xz, then for any ¢ > ¢y
either of the following holds true:

(i) There exists a left-continuous traveling wave W (x — cn) connecting 5 to 0.

(i1) Q has two ordered fized points oy, s in Xg \ {0, 8} such that there exist
a left-continuous traveling wave Wi(x — cn) connecting oy to 0 and a left-

continuous traveling wave Way(x — cn) connecting B to as.

3) For any ¢ < ¢, there is no traveling wave connecting 3, and for any ¢ < ¢4,
Y + g g Y +

there is no traveling wave connecting 5 to 0.

Further, if QQ maps left-continuous functions to left-continuous functions, then the
above obtained traveling waves satisfy Q"[W](z) = W(x —cn), Vo € R and n > 0.
Finally, if Q) admits exactly two fized points in Xg, then ¢} = ¢4 and ¢ is the

minimal wave speed of traveling waves connecting [ to 0.

Recall that a family of mappings {Q¢}:>o is said to a continuous-time semiflow
on Mg provide that Qo = I, Q0 Qs = Qi1s, VE, s > 0 and the following continuity

assumption holds:

(C2)" If u,, — uw in Mg and t, — t, then both Qy, [u|(z) — Q:[u](z) and Q[u,](x) —

Q¢[u](z) in X almost everywhere.

Theorem 2.2.6. [19, Theorem 4.2] Let {Q:}i>0 be a continuous-time semiflow on
M. Assume that for any t > 0, Q; satisfies (C1), (C3)-(C5) with fized points
replaced by equilibria of {Q.}i>0 in (A5). Let ¢’ and ¢, with ¢, < ¢, be defined as
in (2.2) with Q = Q1. Then the following statements are valid:

(1) For any c > c., there is a left-continuous traveling wave W (x — ct) connecting

B to some fized point fy € Xz \ {5}
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(2) If, in addition, 0 is an isolated fived point of ) in Xz, then for any ¢ > ¢y
either of the following holds true:

(i) There exists a left-continuous traveling wave W (x — ct) connecting 8 to 0.

(ii) @ has two ordered fized points oy, s in Xg \ {0, 8} such that there exist
a left-continuous traveling wave Wi (x — ct) connecting oy to 0 and a left-

continuous traveling wave Wao(x — cn) connecting B to as.

(3) For any ¢ < ¢, there is no traveling wave connecting 3, and for any ¢ < ¢,

there is no traveling wave connecting 3 to 0.

Further, if Q maps left-continuous functions to left-continuous functions, then the
above obtained traveling waves satisfy Q:[W](x) = W(x — ct), Vo € R and t > 0.
Finally, if {Qi}i>0 admits exactly two equilibria in Xg, then ¢, = ¢y and ¢ is the

minimal wave speed of traveling waves connecting 3 to 0.

Theorem 2.2.7. [19, Remark 3.7] and [53, Remark 2.1] Assume that the map Q :
Cs — Cg satisfies assumptions (A1)-(A5) with (A3) and (A5) replaced by (C3) and
(C5) in Cs. Let ug € Cg and u, = Q(up—1) forn > 1. Let ¢, < ¢ be defined in (2.2)

for Q. Then the following statements are valid:

(1) For any ¢ > ¢y, if 0 <ug < B and up(z) = 0 for x outside a bounded interval,
then  lim  w,(x) =0 in X.

n—ool|x|>cn

(2) For any ¢ < ¢ and any 0 € Xg with 0 > 0, there exists o > 0 such that
if uo(z) > o for x on an interval of length 2r,, then li|m|< up(z) = B in
n—oo|z|<cn

X. If, in additional, Q) is subhomogeneous on Cg, then r, can be chosen to be

independent of o > 0.
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Moreover, if Q) admits exactly two fized points in Xg, then ¢} = c,.

The above theorem shows that ¢, and c7, respectively, are the upper and lower
bounds of spreading speeds for the discrete-time system {Q"},>¢ on Cg. In the case
where ¢; = ¢, we say that this system admits a (single) spreading speed.

Theorem 2.2.7 will help to show that the coincidence of spreading speeds and min-
imal wave speeds of traveling waves for monotone semiflows with weak compactness,

although we use the different phase spaces Cs and Mg to present the results.




Chapter 3

A Periodic Spatial Model for A

Stream Population

In this chapter, we consider the following nonlinear stream population model:

g — o (t)ng + p(t)ny — v(t) 24 + D(t) 2

“ owt (3.1)
% = o(t)ng — p(t)ny + f(t,mp)ny, t>0, v €R.

Here the biological explanation of parameters are as shown in Chapter 1. Note that
system (3.1) is cooperative and its solution maps are monotone. Thus, we can use
the general theory developed in [53,93] (see also section 2.2.1) to study the spreading
speeds for periodic system (3.1). However, the solution maps are not compact with
respect to the compact open topology due to the lack of the diffusion term in the
second equation of system (3.1). As a consequence, the theory in [53,93] may not be
applied to obtain the existence of time-periodic traveling waves for system (3.1). To
overcome this difficulty, we will utilize the theory recently developed in [19] (see also
section 2.2.2) for monotone semiflows with weak compactness. We should point out

that the verification of some abstract assumptions in section 2.2.2 is highly nontrivial
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for the solution maps of system (3.1) since one needs to consider its mild solutions
with discontinuous initial functions. It turns out that the spreading speeds are lin-
early determinate and coincide with the minimum wave speeds for monotone periodic
traveling waves. For the global dynamics of system (3.1) in a bounded domain, we
will appeal to the theory of monotone and subhomogeneous systems (see, e.g., [106]).
Since we using Hostile boundary condition in a bounded domain, if we choose a space
consisting of continuous functions vanishing at x = L, then its interior is empty, and
hence, we cannot employ the strong monotonicity. To address this issue, we first
carefully choose an appropriate function space. To avoid using the compactness for
solution maps, we prove that every forward orbit of the Poincaré map associated with
system (3.1) is asymptotically compact under an additional assumption. Those two
enable us to establish a threshold type result on the global stability of either zero or
the positive periodic solution.

This chapter is organized as follows. In section 3.1, we first obtain a threshold
dynamics for the spatially homogeneous system of model (3.1) in terms of the principal
Floquet multiplier of its linearized system at (0, 0), and then we establish the existence
of leftward and rightward spreading speeds and their coincidence with the minimal
wave speeds for monotone periodic traveling waves for system (3.1). In section 3.2, we
prove a threshold result on the global dynamics of system (3.1) in a bounded domain

[0, L]. Section 3.3 presents some numerical simulations to verify our analytic results.

3.1 Spreading speeds and traveling waves

In this section, we establish the existence of spreading speeds and traveling waves for

system (3.1), where u(t), o(t), v(t), D(t) are nonnegative w-periodic functions and
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f(t,u) is w-periodic with respect to time ¢ for some w > 0. For convenience, we use

the notations fiya.x = H}Oax] w(t) and opax = H}g}x} o(t). Throughout this paper, we
te|0,w te|0,w

assume that

(H1) D(t) > 0, u(t) £ 0, o(t) 0, f € C(R%,R), and f(t,u) is locally Lipschitz in

u, uniformly for ¢ € [0, w].

(H2) % < 0 for all (¢,u) € R%, and there exists K > 0 such that

t
a(t)/ el oM (s)ds — p(t) + f(t, Ko) <0, Vt>0.

—00

Note that when o(t) and p(t) are positive constants, the inequality in (H2) reduces
to f(t, Ko) < 0,Vt > 0. A prototypical example for (H2) is f(t,u) = b(t) — a(t)u
with a(t) > 0.

3.1.1 The spatially homogeneous system

We start with the global dynamics of the following spatially homogeneous system:

G = —o(tnag+ p(t)n,

s
~~

(3.2)
Lo = o(t)ng — p(t)ny + f(t,mp)ny, > 0.
For convenience, we rewrite system (3.2) as
dy
— =Gt 3.3
Y _ aity) 33)
ng(t —o(t)yr + p(t
with y = (1) ,and G(t,y) = By + ulD)ye
(1) o(t)yr — p(t)y2 + [t y2)y2

Note that system (3.3) is cooperative and f(¢,u)u < f(t,0)u, V(¢t,u) € R%. It then
follows that for any initial value (y1(0), y2(0)) € R2, system (3.3) has a unique non-

negative solution (y1(t),y2(t)) on [0,00). We linearize system (3.3) at its w-periodic
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solution (0,0) to obtain

% _ o= | 70 () 2. (3.4)

ot)  —p(t)+ f(t,0)
Let p be the principal Floquet multiplier of the linear system (3.4), that is, p is
the spectral radius of the matrix Z(w), where Z(t) satisfies Z(0) = I and £Z(t) =
D,G(t,0)Z(t) for all t > 0. Then we have the following threshold type result on the

global dynamics of system (3.2).
Lemma 3.1.1. The following statements are valid:
(i) If p > 1, then system (3.2) admits a unique positive w-periodic solution (uj(t),
us(t)), and it is globally asymptotically stable for system (3.2) with initial values
in B2\ {0};
(i) If p <1, then (0,0) is globally asymptotically stable for system (3.2) in R?.

Proof. Let yi(yo) := y(t, yo) be the unique solution of system (3.2) satisfying y(0, yo) =
yo. Denote X (t) = g—zé(yo) and A(t) = Dy(G(t,y(t,y0))) = (a;;(t))2x2. Then X(t)

(2i;(t))2x2 satisfies

Since a;;(t) = &Cj? >0, 1 # 7, Y(t,y) € Ry xR, we have 2, (t) > ay(t)zx(t), V>0

and i,k € {1,2}. It then follows that x;(t) > 0 for all ¢ > t, whenever z(ty) > 0

for some tq > 0. Since z;;(0) = 1, we have z;(t) > 0, V¢ > 0. We further prove that
x;;(t;;) > 0 for some t;; € [0,w], Vi # j, and hence x;;(t) > 0,Vt > w,i # j. Suppose,
by contradiction, that there exist 4, jo € {1,2} and iy # jo, such that z;,;,(t) = 0 for

all t € [0,w]. Then we have

2
0= xgojo <t> = Z aiol(t)xljo (t> = Qigjo (t)xjojo (t)v vt e [07 w]'
=1
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Since x;,j,(t) > 0, it then follows from that a,;,(t) =0, Vt € [0,w]. Note that

(1) (1)
o(t) —pt)+ fty(ty)) + fu.(t y2(t y0))y2(t, vo)

We then obtain aa(t) = u(t) # 0 and ag(t) = o(t) # 0, a contradiction. It follows

A(t) =

that g—%(yo) > 0, t > w. Thus, for any a,b € R? satisfy a < b, there holds
! Yy
y(t,b) —y(t,a) = (b— a)/ a—(a +r(b—a))dr>0, Vt>w.
o 9%
This implies that y(t,a) < y(t,b), Vt > w. In particular, y, is strongly monotone. It
is easy to verify that G(t,y) has the following properties:

(a) Gi(t,y) > 0 whenever (¢,y) € [0,00) x R with y; = 0,1 =1,2.

(b) For each (t,y) € [0,00) x R%, G(t,y) is strictly subhomogeneous in y in the
sense that G(t,ay) > aG(t,y), Vy € R? and y > 0, a € (0,1).

Note that for any given M > 0, the linear periodic equation

fi—f = —o(t)r + p(t)M

has a globally attractive positive w-periodic solution

t
() = M/ e~ S oI () ds.

By assumption (H2), we see that for any M > K, > 0, (zp(t), M) is an upper
solution of the cooperative system (3.2). Thus, the comparison principle implies that
solutions of system (3.2) are uniformly bounded. By Theorem 2.1.3, as applied to the
Poincaré map associated with system (3.2) on the set [0, z,(0)] x [0, M], it follows
that system (3.2) admits a threshold dynamics (see also [106, Theorem 3.1.2]). Since

M can be chosen as large as we wish, this threshold type result holds true on Ri. O
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3.1.2 Spreading speeds

In the rest of this section, we always assume that p > 1. According to Lemma 3.1.1,
there exist two periodic solutions, (0, 0) and u*(t) = (uj(t),us(t)), to the spatially
homogeneous system (3.2). Let C be the set of all bounded and continuous functions
from R to R? and C;, = {¢ € C : ¢(x) > 0, Vx € R}. Clearly, any vector in
R? can be regarded as a function in C. For u = (uy,uz),w = (wi,wy) € C, we
write u > w(u > w) provided u;(z) > w;(z)(u;(r) > w;i(z)),V1l < j <2,z € R,
and v > w provided v > w but v # w. For any r € Ri with r > 0, we set
0,7] ={ueR*: 0<u<r}andC,:={uecC:0<u<r}

We equip C with the compact open topology and the norm defined in (2.1) with
X =R2

Let Y be the set of all bounded and continuous functions from R to R. Let
I'(t,z) be the Green function associated with the heat equation 2 = Au, and T;(t, s)

and Ty(t, s) be the evolution operators on Y generated by the followmg two linear

equations:
ony . onq 82711 Ony .
e —o(t)m — U(t)% (t) 52 and oS (f(£,0) = u(t))n2,

respectively. It then follows that
it o) = o0 [0 [ Dyine— [ virr =) s
[To(t, $)a)(w) = el VO, (), (35)
Define B : [0,00) x Cy — C by

B(t, 6)(x) = ()2 , (3.6)
U(t)¢1 + F(tv ¢2)
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where F'(t,u) = u(f(t,u) — f(¢,0)). In view of (H1), F(t,u) is also locally Lipschitz
in w, uniformly for ¢t € [0,w]. Let (ui(t,z),us(t,x)) = (na(t,x), np(t,x)). Then we

can rewrite system (3.1) as

ou
yn = A(t)u+ B(t,u), t>0,
u(0,) = 6, (3.7)

where A(t) = diag(—o(t) —v(t)Z —i—D(t)aa—;, f(t,0)—pu(t)). Integrating two equations

of system (3.7), we have

Ul(t, )
Ug(t, )

Tl(t7 O)(bl + fg Tl(ta 8)31(57 U(S, '))dS,
Ta(t,0)po + [ Ta(t, s)Ba(s, u(s,))ds.

It follows that system (3.7) with initial values can be written as an integral equation

u(t) =T(t,0)¢ —i—/o T(t,s)B(s,u(s))ds,
u(0) = ¢, (3.8)

where T'(t,s) = diag(T1(t,s),T»(t,s)). As usual, solutions of (3.8) are called mild

solutions to system (3.7).

Definition 3.1.1. A function u(t,z) is said to be an upper (a lower) solution of

system (3.7) if it satisfies
u(t) > ()T(t,0)u(0) +/0 T(t,s)B(s,u(s))ds.

To obtain the existence and uniqueness of the solution to system (3.7), we first
establish a comparison theorem for the nonlinear integral equation (3.8) by similar

arguments to those in [86, Lemma 3.2].
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Proposition 3.1.1. Let T" € (0,00], and My be the set of all functions u from
0,7) x R to R% such that u is Borel measurable and bounded on [0,T'] x R for any
T € (0,T). Suppose w, v € My with w(0,-) < v(0,-), and w,v are lower and upper
solutions of (3.7) on [0,T) x R, respectively. Then w < v on [0,T) x R.

Proof. Let T" € (0,T) be given. Since w(t, z) and v(t,z) are bounded on [0,7"] x R,
there exist B > 0 and L > 0 such that |w(t,z)| < B, |v(t,z)| < B, and

|F(t,z) = F(t,y)| < Llz —y|, t>0, x| < B,y < B.
Set m := w — v = (my, my). Then we see from the integral equation (3.8) that
t
my(t, x) < / Ti(t,t — s)u(t — s)[ma(t — s, x)]+ds, (3.9)
0

mat, z) < / Ty(t, 8)(o(s)ma(s, 2))s + Lima(s, 2)]+ )ds,

where [a]; = max{0,a} for a € R. Let A > 0, and set

Ua(t) :=sup[my(t, )] e ™, by = sup ¥a(t).

z€R te[0,77)
oA(t) := sup[ma(t, 2)]se™, @) = sup x(t).
zeR te[0,77]

By the first inequality of (3.9), we have

Ua(t) < fhmax / Ti(t,t — s)p e ds.
0
Since
T — o~ Jio(r)dr T tD d — t dr — d
(1) (w(z)) = ¢ / </s (r)dr, 2 / o(F)dr — y)w(y)dy.

it follows that

U, < oy (3.10)
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Using the second inequality of (3.9) and (3.10), we further obtain
mita) < [ (1, 5)(o(s) (s, 2)]s + Lima(s, )] )ds
< [ Tttt = )omadmatt = 5. + Lot = s, ),
where Ty(t,t — s) = eJi—s IO~ Thyg, we have

t
gb)\(t) < (O-maxa)\ + La)\)/ ef’f*S(f(T’O)_“(T))dTe_ASdS
0

T 8,0)—p(s))ds ¢ L O maxMmax
< U0y <X+ s )

It follows that

- ! $.0)—u(s))ds T L O maxMmax

and hence, ¢, < 0 for sufficiently large \, which implies my(t,2) < 0 on [0,7") x R.
Moreover, 1), < @ < 0 for sufficiently large A\, which implies my(t,z) < 0 on
[0,7'] x R. Since 7" € (0,T") is arbitrary, we obtain w < v on [0,7) x R. O

Proposition 3.1.2. Suppose that ¢ is nonnegative, bounded and Borel measurable.
Then system (3.7) has a unique nonnegative, bounded and Borel measurable mild so-
lution u(t, -, @) = (u1(t, -, @), us(t,-, ¢)) with u(0,-,¢) = ¢, YVt > 0. If ¢ is continuous

inx, sois u(t,z,¢). If ¢ is monotone in x, so is u(t,z, ¢).

Proof. Let ¢ be given as in the assumption. Then we have ¢ € M. Let a = maléi o(x).
xTe
Define
My :={uc Mr:u(t,z) <v(t,a) on [0,T) x R, T < oo},

where v(t, a) is a solution of system (3.4) with v(0, a) = a. Clearly, there exists By > 0

such that u < By for any u € M. Let L be an appropriate local Lipschitz constant
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for F'(t,u) with 0 < u < By. For convenience, we let

Ti(t,s) = Ti(t, s), To(t,s) = e *=)Ty(t,s), B(t,¢) = B(t,¢) + ’

For any given o > L, we can rewrite (3.7) as

u(t) = T(t,0) +/0 T(t, s)B(s, u(s))ds,
u(0) = ¢, (3.11)

where T'(t,s) = diag(Ti(t, s), Ts(t,s)). Clearly, B(t,¢) > B(t, ) whenever ¢ > .
Define

~

t
G(u)(t,x) :=T(t,0)o(x) +/ T(t,s)B(s,u(s))(z)ds.
0
Since B(t, ) is increasing in ¢, and 0 and v(t,a) are solutions of system (3.11), it
follows that G(My) C M.
For any given u,v € My, we define
d,\(U, 'U) = Sup |U(t, JT) - U(ta $>|6_At7
0,T) xR

where A > 0 is a constant. Then M is a complete space with the metric dy. For any
u,v € My, we have

o P+ (T + 0+ L)els (F(s0-u(s)ds

4(G(w), G(v) -

- d(u,v).

Choose sufficiently large A > 0 such that “ma"HU‘“”’L“J’L/\)JOT(“S’O)_u(s»ds < 1. It then
follows that G is a contracting mapping on (M, dy). By the contracting mapping
theorem, G has a unique fixed point in Mp. Thus, system (3.11) has a unique
nonnegative Borel measurable solution for all ¢ € [0,7}). Since u(t,z,¢) < v(t,a)

and v(t, a) is bounded, it follows that 7" = oo and u(t, x, ¢) is bounded on [0, 00) x R.
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In the case where ¢ is continuous in z, by including the continuity of u in the
definition of My, we see that the resulting space remains complete under the metric
induced by || - ||». Further, G(M7) C My still holds true, because G(u) is continuous
provided that ¢ and u are continuous.

In the case where ¢ is monotone in z, by including the monotonicity of u in the
definition of My, we see that the resulting space remains complete under the metric
induced by [|-||x. Suppose that u € My is increasing in z, and define v(z) = u(z+c) for
any given ¢ > 0. Clearly, v € My and u < v. Using the monotonicity of B (t,¢) and
T(t,0) in ¢, we obtain that G(u)(z) < G(v)(x) = G(u(-+¢))(z) = G(u)(z+4c),Vz € R.
Consequently, we have G(My) C Mr. O

Theorem 3.1.1. Let u*(t) be the w-periodic solution given in Lemma 3.1.1. Then
for any ¢ € Cy(0), system (3.7) has a unique nonnegative mild solution u(t,-, ) =
(ur(t, -, @), us(t, -, ¢)) € Cyrry with u(0,-,0) = ¢ € Cy=(0), Vt > 0. Moreover, if u(t, )
and u(t,z) are a pair of lower and upper solutions of system (3.7), respectively, with

u(0,-) <u(0,-), then u(t,-) <uf(t,-),Vt > 0.

Proof. By Proposition 3.1.2, it follows that for any ¢ € Cy, system (3.7) has a
unique nonnegative mild solution wu(t,-,¢) € C,. Further, Proposition 3.1.1 implies
the comparison principle holds for system (3.7). Since u(t,-,u*(0)) = u*(t) is a
solution of system (3.7) with «(0,-) = u*(0), our result follows from the comparison

principle. O

Let {Q:}i>0 be a family of solution maps from Cy«(g) to Cyux(1), that is,

Qt<¢)($) = U(t,x,¢) = (ul(t,x,¢),u2(t,x,¢)), v¢ S Cu*(0)7 VS R7 t Z 07

where u(t, z, ¢) is the mild solution of system (3.7) with «(0,-,¢) = ¢. It is easy to
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see that Qg = I, and Q1, = Q0 Q,, for all £ > 0. Further, we have the following

observation.

Lemma 3.1.2. Q(t,¢) = Q:(¢) is continuous in (t,$) € Ry X Cy» () with respect to

the compact open topology.

Proof. Let T'(t,0) = diag(T:(t,0),T2(t,0)), where T1(t,0) and T5(¢,0) are defined as
n (3.5). We first show that for any given ty > 0, ¢ € Cs with § = (51, 52) > 0,
T(t,0)¢p is continuous at ¢ = 0 with respect to the compact open topology uniformly
for t € [0,t0]. Indeed, define |[¢]|q,¢;) := sup |¢(x)], where Q,(2) := [z — p, 2z + p].

z€Q)(2)
Let a = eho’/(s0-u)ds  For any € > 0 and K > 0, there exists A( ) > 0 such that

f‘x|>A 75 e dx < 55 Choose § = 5 and C(e, ty) = 2A\/f0 s)ds > 0 such that

for any ¢ € (0, f," D ds] we have

2 2
1y 1y
f|y\>C Vit dy < ly|>2Av/t Vit " dy
1 —a? €
S Jappa yme " dr < 55

Let M =C + fo s)ds. Since 0 < ¢y (x) < 1, we obtain
/ 1
w>M | JAr [T D(s)ds
1 (= J§ v(s)ds)?
/ e
R (/4w fOtD(s)ds

i 9
4 [§ D(s)ds 901(;1; — y)dy < E + H(,OlHQM(I),
for all ¢ € (0,%o]. It then follows that

e
e 4]0 D(s)ds dy <

N 251

Ty(t,0)p1(x) = e~ o) [ D([FD(s)ds,y — [y v(s)ds)éi(x — y)dy
< 5+ letllow@s
and hence, T1(t,0)¢1(x) < €, Vo € [—K, K|, uniformly for ¢t € (0,¢y] provided that
e1(x) < 0,Vo € [-K—M, K+M]. Since 1tl_i>r(1)[1+ T1(t,0)p1 = 1, we have T (¢,0)p1(x) <
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e, Vo € [-K, K|, uniformly for t € [0,¢y] provided that ¢;(z) < 0, Vo € [-K —
M, K + M]. It then follows that for any 7 = (e,€) > 0 and K > 0, there exists
T = (5,£) > 0and M(e,to) > 0such that T'(t,0)p(z) < Vo € [-K, K], uniformly
for ¢t € [0,to] provided that p(z) < ?, Ve € [-K — M, K + M]. This proves the
continuity of T'(t,0)¢ at ¢ = 0 uniformly for ¢ € [0, #]. We further prove the following
claim.
Claim. For any ¢ > 0 and 5 > 0, there exists § = d(g,%y) > 0 and K = K(e,t5) > 0
such that for any z € R, if ¢, ¢ € Cu+(0) With |o(z)—p(x)| < dforallz € [z—K, 2+ K],
then |u(z,t,¢) —u(z,t,)| < e, Vt € [0, t)].

Since system (3.1) admits the spatial translation invariance, it suffices to prove

the claim for the case where z = 0. Let ¢(z) = ¢(z) — ¢(x) and define w(t,z) =
u(t, x, ) — u(t, z, ). Then w(t,z) = (wy(t, ), wy(t, z)) satisfies

wit, ) = Ti(t,0)¢1 + [y Tlt, s)u(s)wa(s, - )ds,
wy(t,) = To(t,0)p2 + [, Ta(t,s) (a(s)wi(s, ) + f(s,ua(s, ", 0))
—[(s,us(s,,9)))ds.
We proceed by considering two cases.
Case 1. ¢ > ¢. By Theorem 3.1.1, u(t,x, ) > u(t, z, gﬁ) forallt > 0, z € R. Then

w(t,z) > 0 and

wit;) = Ti(t,0)pr + o Talts s)p(s)wn(s, )ds, 5.12)
U)g(t, ) < T2<t7 0)902 + fot TQ(t> S)U<8)w1<57 )dS
Now we consider the integral equations.
t
U(tu i 90) = T(tv O)§0 + / T(tu S)M(S>U<S7 ) @)d‘s’ (313)
0
. 0 p(t)
where T'(t,s) = diag(Ti(t,s), Tz(t,s)),0 < s < t and M(t) = . Let
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Y (t) be the standard fundamental solution matrix associated with the linear equation
w' = M(t)w. It is easy to see that v(t,-, ¢) = Y (¢)T'(t,0)¢ is the unique solution of

(3.13) with v(0, -, ¢) = ¢. Then the comparison principle implies that

0 <w(t,-) <ov(t,-, ) =Y (t)T(t,0)p.

By the continuity of T'(t,0)y at ¢ = 0 uniformly for t € [0, o], it follows that for any
Z > 0and ty > 0, there exists M > 0 and ? > 0 such that

u(t,0,¢) — u(t,0,¢) = w(t,0) < v(t,0,9) < 2, Vte |0t
provided that ¢ € Cye (o) with ¢(x) < 8 for all @ € [~ M, M.
Case 2. ¢ # . Let ®;(z) = max{s;(z), ¢i(x)}, U(z) = min{e;(z), di(x)}, i =
1,2. It then easily follows that
|6i(x) — dilx)| = Bi(x) — Wi(z), Yz € R, i =1,2.
Using the comparison principle again, we further have
u; (0,1, ¢) — u; (0,1, @) < wi(0,¢,®) —u;(0,¢, V), Vte[0,00), i=1,2.

By the conclusion in Case 1, it then follows that for any € > 0 and ¢y > 0, there exists

M > 0 and ¢ > 0 such that
s (0,2, 6) — us(0, 1, 0)] < % Vi e [0,t0], i =1,2,

provided that ¢ = (1, p2) € Cyr() With |¢;(z)| < 2 for all x € [—M, M].

From the claim above, we see that for any ty > 0, ¢ € Cyx(0), u(t, -, ¢) is continuous
in ¢ with respect to the compact open topology uniformly for ¢ € [0,%,]. Clearly,
u(t,x,¢) is continuous in ¢ with respect to the compact open topology. By the
triangle inequality, it then follows that Q(¢) is continuous in (¢, ¢) with respect to
the compact open topology. O
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To use the result about the spreading speeds for monotone semiflows in section
2.2, we need verify @ = @, : Cs — Cp satisfies assumptions (A1)—(A5) with (Al)
replaced by the following one without reflection invariance which is based on Remark

2.2.1:
(A1) T,0Q=QoT, VyeR.
Then the following lemma holds.

Lemma 3.1.3. The poincaré map @, satisfies all hypotheses (A1) and (A2)-(A5)
with = u*(0), X = R? and Xz = [0,u*(0)].

Proof. 1f u(t,z) is a solution for system (3.7), then u(t,x + y), Yy € R, is also a
solution, and hence (A1)’ holds. (A2) comes from Lemma 3.1.2. (A3) is automatically
satisfied. (A4) follows directly from the comparison principle in Theorem 3.1.1, and

Lemma 3.1.1(i) implies that (A5) is also valid. O

In view of Theorem 2.2.1 and Lemma 3.1.3, it follows that the map @), admits a

rightward spreading speed ¢ and a leftward spreading speed ¢ . In order to estimate

ct, we consider the following linear system:

Oy _

(3.14)
s = o(t)ng — pu(t)ny + f(t,0)ny, t>0, v €R.

Let (ui(t,x),us(t, ) = e (U (t), Us(t)) be a solution of (3.14) with A € R. Then

(w,(t), ux(t)) satisfies the following ordinary differential system in R?%:

T — (—o(t) + Mv(t) + \2D(1))T + p(t)as,

(3.15)
@ — (1Y, — p(t)as + f(t,0)T, ¢> 0.
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Let {M,};>0 be the solution map associated with (3.14). Define B : R* — R? as

BS(¢) = My(de™)(0) = (u(t), Ta(t))-

Therefore, Bi(¢) is the solution map of (3.15). Let () be the spectral radius of the
Poincaré map BY. It is easy to verify that BY is a compact and strongly positive
operator (actually, BY is strongly positive for all ¢ > w). By Theorem 2.1.1, it follows
that r(A) > 0 and it is a simple eigenvalue of BY with a strongly positive eigenvector
w* > 0. Define ry(\) = r(A) and r_(\) = r(=A) for A > 0. Then we have the

following computation formulas for c¢*.

Proposition 3.1.3. ¢ = /1\1;% % Moreover, ¢, + ¢, > 0.

Proof. Using an argument similar to that in the proof of [101, Lemma 2.1], we see
that there exists a positive w-periodic function w(t) such that o(t) = er+Mtw(t)
is a solution of (3.15), where p;(A) = L Inr,(A) and w(0) = w*. Thus, BY(w(0)) =
eP+Nty(t). Letting t = w, we have BY (w(0)) = e”+ M« (0), which implies that ef+*)«
is the principal eigenvalue of BY with strongly positive eigenvector w(0). Define the
function

(Mw  Inry(X)

1
B, (\) :len(e‘”w”):m)\ = =%, W0 (3.16)

When A\ = 0, system (3.15) reduces to system (3.4). Since p > 1, we have r,(0) > 1.

Hence, condition (C'7) in [54] (see also (B7) in section 2.2) is satisfied. Now we prove

that @, (c0) = oo. Since v(t) := eP+My(t) is a solution of (3.15), it follows that
() = (=o(t) + M(t) + N D(1)o (1),

and hence,

(D) > —o(t) + M(t) + N D(t) — py(N).
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Integrating the above inequality from 0 to w, we have

0= /Ow wlt) o /Ow o (1) dt + )\/va(t)dt Iyt /OwD(t)dt (.

wi(t) ~
Since [;° D(t)dt > 0, it follows that

D, ()\) = p*&’\)w > —%/Owa(t)dt—l—/owv(t)dt—i—)\/ow D(t)dt,

which implies that ®,(c0) = oco. Thus, ®,(\) attains its minimum at some finite
value \*. Since the solution u(t, z, ¢) for system (3.7) is a lower solution of the linear
system (3.14), we have Q¢(¢) < M,(¢) for all ¢ € Cy=(py,t > 0. It then follows from
Theorem 2.2.2(i) that ¢ < /1\r>1£ ¥, (A). Note that the reflection invariance property is
assumed for M; in (B4) and @); in (A1), but this property is not needed in the proof
of Theorem 2.2.2.

For A > 0, let 5 (\) be the spectral radius of the Poincaré map associated with

the following differential system:

D — (g (t) + Mo(t) + N2D(1))T, + p(t)as,

K N ’ 3 (3.17)
d_t2 — g(t)ul — /,L(t)Ug —+ f(t,e’f)UQ, t>0.
Let { Mg }i>0 be the solution map associated with
oui __ ouq 82u1
B —U(t)u1 + ,u(t)uz — U(t)a_x + D(t> 522 ) (318)

By the continuous dependence of the solutions on initial conditions, we know that for
any small € € (0,u*(0)), there exists n > 0 such that the solutions w(¢,7) of system
(3.2) with w(0,7) = 7 satisfies w(¢,7) < g for all ¢t € [0,w], where 7 = (9,7),2 = (g, ).

Then the comparison principle implies that

u(t,z,¢) <w(t,n) <& VreR, ¢l tel0,w.
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It follows that wu(t, x, ¢) satisfies

% = —o(t)uy + p(t)ug — v(t)% + D(t) %2;217
Huy — p(t)ug + f(t,e)us, 0<t<w, zeR.

(3.19)

(
This implies that @Q;(¢) is an upper solution of the linear system (3.18) for t €
0,w], ¢ € Cg, and hence,

Mi(9) < Quld), Vo €Cy

Define the function

s (A
®° (\) == nr;( ) waso.

By performing an analysis on { M }4>¢ similar to that for {M,;}:>o, we obtain

inf % (A\) < ¢f < inf ;. (N)

A>0 A>0
for any sufficient small €. Letting ¢ — 0, we obtain that ¢ = /i\n% D (N).
>
Let 01(t, x) = ng(t, —z) and 09(t, x) = ny(t, —x), we get
G = —o()in + p(t)or +v(t)5E + D) FH

%y — 510y — p(t)oy + f(t,09)09, ¢>0, z€R.

(3.20)

If we denote c,, as the leftward spreading speed of ()., then c, is the rightward
spreading speed of the map Qw, where Qt is the solution map of system (3.20). By

the similar arguments, we have ¢, = ;ng nr—) Moreover, we see from Lemma 2.2.1
>
and [57, Lemma 2.10] that ¢} + ¢, > 0. O

Let ci = % Then the subsequent result shows that ¢} are the spreading speeds

for system (3.7).

Theorem 3.1.2. Assume that p > 1, and let u(t, z, ¢) be the solution of system (3.7)
with u(0,-, ) = ¢ € Cu=(0). Then the following statements are valid:
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(i) If 0 < ¢ < u*(0), and ¢ = 0 for x outside a bounded interval, then we have
im0 z>at u(t, 2, ¢) = 0 for all ¢ > ¢, and limy_,00 z<—ct u(t, ,¢) = 0 for all

c>ct;

(ii) For any c and ¢ satisfying —c* < —c’ < ¢ < ¢, we have

im0, —ct<a<et ((t, 2, ¢) — u*(t)) = 0 for all ¢ € Cy» () with ¢ > 0.

Proof. By Lemma 3.1.3, we know the Poincaré map @Q,, satisfies (A1)’, (A2)—(Ab)
with 8 = u*(0), and hence, statement (i) is a consequence of Theorem 2.2.4(i). For
the second statement, since (); is subhomogeneous, by Theorem 2.2.4, r, can be
chosen to be independent of o > 0. Thus, we can denote r, by 7. By the arguments
in Lemma 3.1.1 and the comparison principle for system (3.7), it follows that for every
¢ € Cyr(o) With ¢ > 0, Q¢(¢) > 0 for all t > w. Thus, we have Q,,(¢) > 0, and hence,
there is a vector o > 0 in R? such that Q,(¢) > o for x on an interval of length 27.
Taking @), (¢) as a new initial data, we see from Theorem 2.2.4(ii) that statement (ii)

holds. O

3.1.3 Traveling waves

In this section, we appeal to the theory of traveling waves for monotone semiflows with
weak compactness developed in [19] (see also section 2.2.2) to prove the existence of
leftward and rightward periodic traveling waves, and the coincidence of the spreading
speeds ¢} with the minimal wave speeds for monotone periodic traveling waves.
Recall that W (t, z — ct) is said to be a rightward periodic traveling wave of the w-
periodic semiflow {Q;};>0 provided that Q,(W(0,-)) = W (t,z — ct), ¥t > 0, and the
vector-valued function W (t, z) is w-periodic in ¢t. We say that W (t,z — ct) connects

B(t) to 0 if W(t,—o0) = S(t) and W(t,00) = 0 uniformly for t € R.. A leftward
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periodic traveling wave V (¢, z+ct) can be defined for the w-periodic semiflow {Q;}+>0
in a similar way.

Since @, satisfies (A1l)’, (A2)—(Ab) , we first have the following result on the
nonexistence of periodic traveling waves of (3.7), which is the consequence of [53,

Theorem 2.2].

Theorem 3.1.3. Assume that p > 1, and let c& be defined as in Proposition 3.1.8
and ¢ = % Then for any ¢ < ¢, system (3.7) admits no traveling wave solution
W (t,x—ct) connecting u*(t) to 0; and for any ¢ < ¢, system (3.7) admits no traveling

wave solution V (t,x — ct) connecting 0 to u*(t).

Next, we consider the existence of the rightward periodic traveling waves. Let
M be the set of all non-increasing, left-continuous and bounded functions from R
to R2. We equip M with the compact open topology. Let 5 € R? with 8> 0, set
Mg ={ueM: 0<u<p}and My :={ueM:u>0}

By Propositions 3.1.1 and 3.1.2 and similar arguments to those in Theorem 3.1.1,

we have the following result.

Proposition 3.1.4. For any ¢ € M), system (3.7) has a unique Borel measurable
mild solution u(t,-, ) = (u1(t,-, @), us(t, -, 9)) € My with u(0,-,¢) = ¢ € My=(o

for allt >0, and the comparison principle holds for system (3.7).

Now we are ready to show the existence of periodic traveling waves based on the

result in section 2.2.2.

Theorem 3.1.4. Assume that p > 1, and let ¢ be defined as in Proposition 3.1.3 and
ci = % Then for any ¢ > ¢, there exists a function W(t,&) = (Wi(t, &), Wa(t, §)

defined on Ry x R such that W (t,§) is non-increasing and left-continuous in £ and
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that W (t,z — ct) = (Wi(t,x — ct), Wa(t,z — ct)) is a periodic traveling wave solution
of system (3.7) connecting u*(t) to 0.

Proof. We first prove that Qu,: M) — M=o satisfies (C1)-(C4) and (A5) with
X =R?and Xz = [0,u*(0)]. Indeed, it is easy to see that for any ¢ > 0, Q, satisfies the
translation invariance (C1). By the similar arguments to those in Lemma 3.1.2, we can
verify that the continuity condition (C2) holds. (C3) is automatically satisfied with
k = 0. The monotonicity of @), in (C4) follows from Proposition 3.1.4. (A5) follows
from Lemma 3.1.1. Since @, satisfies (C1)—(C4) and (A5), and each @), maps left-
continuous functions to left-continuous functions. By [19, Remark 3.7 and theorem
3.8](see also Theorems 2.2.7 and 2.2.5), it follows that ), admits a traveling wave
U(x — cwn) = (Uy(z — cwn), Us(x — cwn)) connecting u*(0) to 0 provided cw > ¢f.
Define P, = T_Qy, t > 0. Then P; is an w-periodic semiflow on M-, and U
is a fixed point of the Poincaré map P, associated with the periodic semiflow F;.
It follows that P;[U] is an w-periodic orbit of P, that is, P,[U] = B[U]. Let
W(t,x) := P,[U](x),Vt > 0. Then Q;[U](z) = T.P[U]|(x) = W(t,x —ct). Since U(x)
is left-continuous, non-increasing in = and connects u*(0) to 0, we see that W (¢, x —ct)

connects u*(t) to 0, and W (t,§) is left-continuous and non-increasing. O

By similar arguments to those in Theorem 3.1.4, we have the following result on

leftward periodic traveling waves.

Theorem 3.1.5. Assume that p > 1, and let ¢, be defined as in Proposition 3.1.3

and ¢t = % Then for any ¢ > ¢* | there exists a function V (t,£) = (Vi(t,€), Va(t, §))
w

defined on Ry x R such that V'

that V(t,x + ct) = (Vi(t,x + ct

(t,€) is non-decreasing and right-continuous in &, and
), Va(t,x + ct)) is a periodic traveling wave solution of

system (3.7) connecting 0 to u*(t).
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3.2 Threshold dynamics in a bounded domain

In this section, we study the global dynamics of system (3.1) in a bounded spatial

domain [0, L] under the following zero-flux and hostile boundary condition for n,:

v(t)ng(t,0) — D(t)%(t,()) =0 and mny(t,L)=0.

Let (uy,u2) = (ng,np). Then we consider the following PDE system:

/

G = —o(thur + u(tyuy —v(t) G+ D(1) 5,
9 = g(tyuy — p(t)us + f(t,u2)us, =€ (0,L), t >0,
v(t)ur (t,0) — D(£)22(¢,0) = 0, uy(t,L) =0,

u;(0,2) = ¢i(x), x € (0,L), i =1,2.

(3.21)

\
Due to the non-compactness of solution maps, we need to impose the following addi-

tional condition:
(H3) —pu(t) + f(t,0) <0, Vte[0,w].

Since f(t,u) < f(¢,0), Vu > 0, (H3) implies that at time ¢, the leaving rate of the
benthic population into the drift is higher than its growth rate.

Let X = {¢ € C([0,L],R?) : ¢(L) = 0} with the maximum norm || - ||x and
Y = {¢ € C'([0,L],R?) : ¢(L) = 0} with the usual norm in C'. Then X and YV are
ordered Banach spaces with positive cones X, and Y, consisting of all nonnegative
functions in X and Y, respectively, and Y has nonempty interior Int(Y, ). Similarly,
we define ordered Banach spaces X; and Y; with R? replaced by R in the definition
of X and Y, and Int(Yyy) # 0.

We can rewrite system (3.21) as an integral equation with u(0,-,¢) = ¢ € X,

in view of last section’s discussion, it is easy to see that system (3.21) has a unique
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solution u(t,-,¢) € Xy on [0,t4) with w(0,-,¢) = ¢ € X, and the comparison
principle holds for (3.21). Since (0,0) is the solution of (3.21) and V(¢,a) is the
upper solution of (3.21) (also a solution of (3.2)), where 0 < a = [|¢]|lx < oo.
Using the comparison principle, we can prove the positivity and L*>°-boundedness of
u(t, -, ¢). Thus, system (3.21) has a unique solution u(t,-,¢) € X, on [0,00) with
u(0,,0) =0 € X,.

Define a family of maps {Q;}+>o from X to X, by Q(¢) = u(t,-, ¢), Vo € X,
t > 0. Then {Q:}+>0 is a monotone w-periodic semiflow from X, to X,.

Linearizing system (3.21) at its trivial periodic solution (0, 0), we have the follow-

ing linear reaction-advection-diffusion system:
(

% = —o(t)uy + p(t)ug — v(t)% + D(t) %?21’

2w — g (tyuy — p(tyus + f(t,0)ug, x € (0,L), t >0, 52
v(t)uy(t,0) — D()24(¢,0) = 0, uy(t, L) =0, '

\ u;(0,7) = ¢i(x), x € (0,L), i=1,2.

It follows that for any ¢ € X(Y), system (3.22) has a unique solution a(t,z,¢) €
X(Y) with @(0, -, ¢) = ¢ and admits the comparison principle. Let P, be the Poincaré
map associated with system (3.22). Then P is a strongly positive and bounded linear
operator from Y to Y. Let r; = r(P;) be the spectral radius of P;. By substituting
up(t,z) = e M (¢, ) and uy(t, ) = e My (¢, z) into (3.22), we obtain the associated

periodic eigenvalue problem:

(

% = —o(t)1 + p(t)p2 — v(t)%% + D(t)%g—l A,
%2 — o(t)or — p(t)p2 + f(t,0)p2 + Apa, € (0,L), t >0,
U(t)spl(ta(n - D(t)%(tvo) = 07 Spl(ta L) - Oa

Y1, P2 are w—periodic in t,

(3.23)

\

Then we have the following result.
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Lemma 3.2.1. Let (H1)-(H3) hold. If ry > 1, then the eigenvalue problem (3.23)

has a principal eigenvalue \* = —i Inry with a positive eigenfunction.

Proof. Let I1;(¢) = u(t,-,¢), ¢ € Y, t > 0. In view of (H3), there exists a positive
number 7 such that pu(t)— f(¢,0) > ro for allt > 0. Let o be the Kuratowski measure
of noncompactness in Y (see, e.g., [14]). By similar arguments to those in [36, Lemma
3.3], we can show that II; is an a-contraction on Y with a contracting function
e~"! In particular, we have a(P;B) < e "“«(B) for any bounded set B in Y with

a(B) > 0. This implies that the essential spectral radius r.(P;) of P, satisfies
re(P) <e ™ <1

Since r; > 1, we have 1 = r(P;) > r.(P;). Note that P; is a strongly positive and
bounded operator on Y. By the generalized Krein-Rutman Theorem (see, e.g., [71]
and [37, Lemma 4.4]), there is an eigenfunction ¢* = (¢7, %) € Int(Y) corresponding
to r1, that is, Py(¢*) = re™*.

Let a(t,-, ¢*) be the solution of system (3.22) through ¢*, and denote v(t,z) =
ertu(t, x, ¢*). Then v(t,x) is positive for all (t,x) € [0,00) x [0, L) and % <
0,Vt > 0. Since

v(w,) = e’\*“’Pl(go*) =eMVrpt = v(0, -),

%ZL) = Ty(t,0)p; (L) +/0 Ty(t, s)o(s)

vy (s, L)
x

ds <0, t=>0,

where Ty(t, s) is defined as in (3.5). It then follows that v(¢,z) is the positive eigen-

function corresponding to the principle eigenvalue A\* for problem (3.23). O
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We also consider the following perturbed system of (3.22):

(

ou§ oug 0%us
7 = —o(ui + p(t)u; —o(t)Z + D) 5
dus
W= pE S, rE 0.0, 120
dus . :
( )ul(t 0) D( ) (t O) Oa u1<t7L> = 07
L uze(07x) = ¢’L(x)7 1= 727
and the associated eigenvalue problem:
(
% = —0o(t)p1 + pu(t)p2 — v(t )aw1 + D(t ) 3932 + A1,
%ﬁ—? =o(t)pr — uw(t)pa + f(t,e)pa + Apa, x € (0,L), t>0, (3.25)

u(t)i(t,0) — D(t) %3 (¢,0) = 0, @i(t,L) =0,

1, o are w-periodic in ¢.

\
Let u®(t,z, ) be the solution of system (3.24) with u®(0,z,¢) = ¢(z), P. be the
Poincaré map associated with system (3.24), and r. be the spectral radius of P.. By

similar arguments to those [37, Lemma 4.5], we have the following result.

Lemma 3.2.2. Let (H1)-(H3) hold. If ry > 1, then there exists a small £ > 0
such that the eigenvalue problem (3.25) has a negative principal eigenvalue denoted

by \f = —% Inr., with a positive eigenfunction for all € € [0,&g).

Let e € Int(Y,). For any given ¢ € X, we define ||@|. := inf{p > 0: —pe(x) <
o(z) < pe(z),VYr € [0,L]}. Let £ = {x € X : ||z]le < oo} and E, = EN X,.
It then follows that (E,F,) is an ordered Banach space with Int(E,) # ), and
E' is independent of the choice of e. Similarly, we can define the ordered Banach
space (Ey, Ey4) with e € Int(Y,4). Note that we have Y; C E; with the continuous
inclusion. It then follows that there exists K > 0 such that ||a||g, < K]|a||y, for any

a € Y. Now we are in a position to prove the main result of this section.
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Theorem 3.2.1. Let (H1)-(H3) hold. For any ¢ € X, let u(t,z, ) be the solution
of system (3.21) with u(0,z,¢) = ¢ € X,. Then the following statements are valid:

(i) If 1y < 1, then tlirn llul(t, -, @)|lx =0 for any ¢ € X .
—00
(ii) If ri > 1, then either of the following statements holds true:

(a) There exists g > 0 such that lim sup ||Qn.(¢)||x > do for all p € X \{0}.
n—oo

(b) System (3.21) has a unique positive w-periodic solution u*(t,-) € Int(E,)
such that tlim |lu(t, -, ) —u*(t,")|lx =0 for any ¢ € E;\{0}.
—00

Proof. In the case where r; < 1, we have nlljg@ || P*|| = 0, which implies that
nh_}rg) | Plellx = 0 for any ¢ € X,. It follows that tliglo lla(t, -, ¢)|lx = 0. Thus, we
have tliglo |lu(t, -, ¢)||x = 0 due to the comparison principle.

In the case where r; > 1, let S = (),. We then show that for any given ¢ €
X, \{0}, the forward orbit v (¢) := {S™(¢) : n > 0} is asymptotically compact in
the sense that for any sequence n; — oo, there exist a subsequence ny, such that
S™i(p) converges in X, as j — oo. Note that Qi(¢) = (ui(t, z, ), ua(t, x, ¢)) is
L>*-bounded. Let Si(¢) = (u1(w, x,¢),0) and Ss(¢) = (0, uz(w, z, ¢)). Clearly, Sy is
compact on X. By assumptions (H2) and (H3), we have

0

9u; [o(t)ur — p(t)us + f(t,ug)us] < —p(t) + f(t,0) <0, V(t,u) € R:.

It then follows from the arguments in [36, Lemma 4.1] that S () is asymptotically
compact for any ¢ € X,. Thus, for any sequence n; — 0o, there exists subsequence
labeled as ny — oo such that S5* () converges in X . Further, there exists a subse-
quence ny; such that 571%]- (p) converges in X . Therefore, S™i(p) converges in X

as j — 00.
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Let w(p) be the omega limit set of v (). It then follows that w(y) is nonempty,
compact and invariant for @), in X.

Now we prove statement (ii)(a). By virtue of Lemma 3.2.2, we fix an ¢ € [0, &9).
Then there exists some 6 > 0 such that ||u®(¢,-, ¢)||x < ¢ for all ¢ € [0,w] whenever
|lollx < 6. Let 6o = &. Suppose, by contradiction, that nh_)rgo sup || Qnw (o) |lx < do for
some g € X;\{0}. Then there exists ny > 1 such that

|Qnw(0)l|x <9, Vn > ny.

For any ¢t > now, we can rewrite t = nw + t’ with n > ng and ¢’ € [0,w). Thus, we

have
1Q(¢0)lx = [|Qu (Quu(0))llx <&, V> now,

and hence, the solution wu(t, z,¢o) of (3.21) satisfies the following system:

B> —o(t)hun + p(t)uy — v(t) %2 + D() %4, 520
Bo > o(tyuy — p(t)us + f(t,€)uz, = € (0, 1),

for all t > now. Let ¢%(t,-) € Int(Y,) be the positive eigenfunction corresponding to
the principal eigenvalue A* of system (3.25). Then it is easy to see that u®(t,x) =
e tp*(t,x) is the solution for system (3.24). Note that us(t,-, ¢p) is uniformly
bounded on ¢t € [0,00), there exist A and L such that 0 < wus(t,-,¢9) < A and
f(t,u) — f(t,0) + Lu > 0 for all £ > 0 and u € [0, A]. Define

Qo(t, -, do) = / e M Ty (8, s)o(s)ua (s, -, ¢o)ds.

Since Uy(t, ) = (ui(t, -, ¢o), ua(t, -, ¢o)) € Int(Y,) and Up(t,) < u(t,-, ¢o) for t > 0.

Then there exists a sufficiently small number a > 0 such that

u(now, x, o) > Up(now, ) > api(now,x), V€ [0, L].
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By the comparison principle, it follows that
u(t, z, ¢0) > ap’(now, )e 09 vt > now, x € [0, L.

Since \! < 0, we see that u(t,x, o) is unbounded, a contradiction. This proves
statement (ii)(a).

For (ii)(b), it is easy to see that for any ¢ € E, system (3.21) admits a unique
solution u(t,-,¢) € E, with u(0,-,¢) = ¢ and S = @, is strongly monotone and
strictly subhomogeneous in Ey. For any ¢ € E, \ {0} C X, \ {0}, its omega set
limit is non-empty, invariant and compact in X. In order to prove statement (ii)(bh),
we justify the following two claims.

Claim 1. For ¢ € X \ {0} and ¢* € w(p), we have ¢* € £, \ {0}.

Since ¢* € w(y), there exists a sequence {ny} such that u(niw,-,¢) — ¢* =
(91, ¢3) as k — oo. For the sake of convenience, we choose e = (eg,eq) € Int(Y,)
with e; € Int(Yy4). Since u(t, -, ) is uniformly bounded in X. There exists M > 0
such that us(t,-, ) < M. Now let v(t,-,m) be the solution of the following system

W — —o(t)o+ pt)M —v(t)2 + D(t) L,

v(t)u(t,0) — D(t)24(t,0) =0, v(t,L) =0,

v(0,-) =m € Yy,.
Then by standard parabolic estimates, we see that there exists C' > 0 such that
|v(t,-,m)|ly, < C for all ¢ > 0, and hence, ||v(t,-,m)||g, < KC, this implies there
exists My > 0 such that v(t,-,m) < Mye for all t > 0. Now take m = uy(w, -, ¢1) €

Yi,. It follows that

0 S U1(t, 7(10) S U(t, '>m) S M0€l> t Z W,
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and ¢7 € E4.

Uz (ngw, -, ) = To(ngw, w)us(w, -, o +/ Ty(ngw, s)(F(s,uz) + o(s)ui(s, -, ¢))ds
< To(ngw, w)uz(w, -, pa +/ Tr(ngw, s)o(s)ui(s, -, )ds

Letting k — oo, we obtain that ¢5 € Ey, together with (ii)(a), it follows that
9" € B, \ {0}

Claim 2. There exists a unique w- periodic solution u*(¢,-) € Int(E,) of system
(3.21).

Note that S = @, is strongly monotone and strictly subhomogeneous in E,. In
view of Lemma 3.2.2, we fix € € (0, ¢y) and choose a small § > 0 such that 0¢F < e. It
then follows that d¢* is a subsolution of system (3.21). Now the comparison principle
implies that

ulw, - 86:(0,)) > 66%(w,) = 6670, ),

and hence, u(nw,-,0¢*) is nondecreasing in n. Since the positive orbit v+ (d¢*) is
asymptotically compact in X, the omega limit set is nonempty, invariant and compact.
Then we see that there exists a* € X such that lim,, . u(nw, -, §¢) = a* > 0¢X(0, -)
in X. In view of Claim 1, we can easily deduce that a* € E, \ {0}, and hence, the
strongly monotonicity of S and S(a*) = a* yields that a* is the unique fixed point of
S in Int(Ey). Set u*(t,-) := Q(a) > d¢*(t,-). Then u*(t,-) € Int(E,) is the desired
periodic solution for ¢ € [0, c0).

Now we are ready to state the proof of (ii)(b) by using the monotone iteration
method. Recall that S is strongly monotone and subhomogeneous in E,. Then it
suffices to show that ¢ € Int(E; ), the statement (ii)(b) holds true. For the sake of

convenience, we take e = a*. For any ¢ € Int(E, ), there exist p; € (0,1) and py > 1
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such that pie < ¢ < poe and

pie = p1S(e) < S(pie) < S(p) < S(pae) < paS(e) = pae.
It easily follows from Claim 1 and the argument in Claim 2 that

lim S™(pie) = lim S"(p2e) = e in X.
n—oo

n—oo

The squeeze theorem gives lim,,_,, S"(¢) = e in X. Thus, we conclude that u*(t, -, a*)
is an w-periodic solution of system (3.21), and lim;_,« [Ju(t, -, ) — u*(¢,-)||x = 0 for

any ¢ € £, \ {0}. O

3.3 Simulations

In this section, we do some numerical simulations to illustrate our analytic results.
We choose w = 12, o(t) = 0.7(1 — sin(§)), pu(t) = 0.5(1 + sin(F)), and consider
the periodic logistic growth rate function f(t,u) = r(1 4 bsin(%) — u/K), and the
advection velocity v(t) = ¢(1.05+cos(%)). Assume that there is positive correlation
between diffusivity and flow speed [60]. We choose D(t) = ¢1(1.05 4 cos(F)), where
constants 7,0, K,c; > 0, ¢g > 0.

For illustration, we choose » = 0.15,0 = 0.8, K = 50,¢y = 1.1,¢; = 0.5. For a
continuous periodic function p(t) with the period w, we define its average as

[p] == l/owp(t)dt‘

w

Using Proposition 3.1.3, we can numerically compute ¢ = 0.7155 and ¢* = —0.0962.
This implies the populations are washed downstream and therefore cannot persist.

Figure 3.1 shows a plot of the spreading speed ¢’ and ¢* as functions of [v] = 1.05¢.
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Figure 3.2 indicates that the rightward spreading speed ¢ and leftward spreading

speed ¢* both increase with the average diffusion value [D] = 1.05¢;.

25
2l | — — — rightward spreading
leftward spreading
¢'=0
15
1 L
o
0.5
0
-0.5
-1 . . . . . . .
0 0.5 1 15 2 2.5 3 3.5 4
[Vl=c,

Figure 3.1: Leftward and rightward spreading speeds as functions of the average ad-

vection velocity [v].
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1.2

rightward spreading
leftward spreading

¢'=0

0.8

0.6

0.4

0.2f

[D]:c1

Figure 3.2: Leftward and rightward spreading speeds as functions of the average dif-
fusion coefficient [D].

To simulate the spatial spread of the model system, we discretize system (3.1)
by the difference method on a finite interval [—L, L] with the Neumann boundary
condition, where L is sufficiently large. Figures 3.3 and 3.4 show numerical plots of

the solution through the initial condition

24, if 2] < 20
4
ng(0,7) = ¢ 2(50 — |z), if 20 < |z| <50, ny(0,z) = 3 % nq(0, ).
0, if |z > 50

The population in the drift ngy and on the benthos n;, spread in one direction towards

downstream.
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Figure 3.3: The spread of ng, and the left plot shows the density of ng at different
times t = nw, withn =1,2,3,4,5,6,7,8 and 9, respectively.

the population density of n,
= = N} N} w w IS
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Figure 3.4: The spread of ny, and the left plot shows the density of ny at different

times t = nw, withn =1,2,3,4,5,6,7,8 and 9, respectively.
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To get rightward traveling waves, we choose the initial condition as

30, if 2 < —20
9
nd(O,x) = %(20 - JJ), if |(E| < 20, TL(,(O,ZL’) = S X nd(07'r>'
0, if x > 20

The evolution of the solution is shown in Figure 3.5.

Figure 3.5: The rightward periodic traveling waves observed for ng and ny, respectively.

To simulate the global dynamics of system (3.1) in a bounded domain, we choose

the initial condition as
nq(0, ) = ny(0, ) = 0.12*(L — 1),
and the zero-flux and hostile boundary conditions as

)
1.1 % ng(t,0) — 0.5 x %(t, 0) = 0, na(t, L) = ny(t,0) = ny(t, L) = 0.
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The evolution of the solution is shown in Figure 3.6 for L = 10 and [v] = 0.4. It
indicates that in this case two components persist. The evolution of the solution is
shown in Figure 3.7 for L = 10 and [v] = 1.1. It turns out that in this case two

components cannot persist due to the large average advection velocity.

Figure 3.7: The evolution of two components when L = 10 and [v] = 1.1.




Chapter 4

A Two-species Competition Model
in A Periodic Habitat

In this chapter, we investigate the following two-species competition model in a peri-

odic habitat:

ou

0_151 = Liuy + u1(b1($) - an(I)Ul - alQ(I)M)a (4-1)
0

% = Loug + us(be(x) — ag1(x)uy — age(r)us), t >0, x €R.

We first establish the existence of two semi-trivial periodic steady states (uj(x),0) and
(0,u%(x)), and the global stability of (uj(x),0) for system (4.1) with periodic initial
data. Since the steady state (0,0) is between (uj(z),0) and (0,u;(z)) with respect
to the competitive ordering, we cannot directly use the theory developed in [55] for
monotone semiflows to study spreading speeds and spatially periodic traveling waves.
Recently, Fang and Zhao [19] investigated traveling waves for monotone semiflows
with weak compactness in the case where there may be boundary fixed points between

two ordered unstable and stable fixed points. Accordingly, in the application of this
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theory one needs to determine whether the given system admits a single spreading
speed and to identify the fixed points connected by traveling waves. Further, the
abstract results in [19] (see also section 2.2.2) may not directly apply to the case
of a periodic habitat. In the Appendix, we adapt this theory for such a case by
combining the abstract results in [55] and [19]. We then prove the existence of the
rightward spatially periodic traveling waves of system (4.1) connecting (u}(z),0) to
(0,u3(x)), and show that system (4.1) admits a single rightward spreading speed via
the method of upper solutions under appropriate assumptions. We also obtain a set
of sufficient conditions for the rightward spreading speed to be linearly determinate.
Since one more spreading speed is defined differently from the classical one, it is highly
nontrivial to prove that those two speeds are identical.

This chapter is organized as follows. In section 4.1, we first obtain the existence
of two semi-trivial periodic steady states and the global stability of one semi-trivial
periodic steady state for system (4.1) with periodic initial data. In section 4.2, we
establish the existence of the minimal wave speed of the rightward spatially periodic
traveling waves and its coincidence with the minimal rightward spreading speed. In
section 4.3, we show that the rightward spreading speed is linearly determinate under
additional conditions. In section 4.4, we apply the obtained results to a prototypical
class of reaction-diffusion systems, which were studied in [16,49] in the case of a
bounded domain. In the Appendix, we present the abstract results on traveling
waves and spreading speeds for monotone semiflows in a periodic habitat to end this

chapter.
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4.1 The periodic initial value problem

In this section, we investigate the global dynamics of the spatially periodic Lotka-
Volterra competition system with periodic initial values.

Throughout this paper, we assume that d;(z), ¢;(z), a;;(z) and b;(x) are L-periodic
functions, d;, g;, a;;, b; € C¥(R), and a;;(-) > 0, 1 <4,j < 2, where C¥(R) is a Holder
continuous space with the Holder exponent v € (0, 1); there exists a positive number
ap such that d;(x) > ap, Vo € R,i = 1,2, i.e., the operator Lyu = di(:v)g%‘ — gi(z) %"
is uniformly elliptic.

Let Y be the set of all continuous and L-periodic functions from R to R, and
Y, ={¢Y €Y : ¢(x) > 0,Vxr € R} be a positive cone of Y. Equip Y with the
maximum norm || - ||y, that is, ||¢|ly = max.er |¢(x)|. Then (Y,Y,) is a strongly
ordered Banach lattice. Assume that L-periodic functions d, g, h € C¥(R) and d(-) >

0. It then follows that the scalar periodic eigenvalue problem

A = d(z)¢" — g(x)¢' + h(z)d, = €R,
e+ L)=¢(x), z€R (4.2)
admits a principal eigenvalue A(d, g, h) associated with a positive L-periodic eigen-

function ¢(z)(see, e.g., [85, Theorem 7.6.1] and [96, Lemma 3.3]). By Theorem 2.1.3

and similar arguments to those in [96, Theorem 3.2], we have the following result.

Proposition 4.1.1. Assume that L-periodic functions d, g,c,e € C*(R), and d(-) >
0,e(:) > 0 but £ 0. Let u(t,z,¢) be the unique solution of the following parabolic

equation:

u(0,z) =¢(x) €Yy, zelR (4.3)
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Then the following statements are valid:

(i) If AM(d,g,¢) < 0, then u = 0 is globally asymptotically stable with respect to

wnitial values in Y, ;

(i) If A(d,g,c) > 0, then (4.3) admits a unique positive L-periodic steady state
u*(z), and it is globally asymptotically stable with respect to initial values in

Yi\{0}.

Let P = PC(R,R?) be the set of all continuous and L-periodic functions from R
to R?, and P, = {¢p € P: () > 0,Vx € R}. Then P, is a closed cone of P and

induces a partial ordering on P. Moreover, we introduce a norm || - [[p by

19llp = max [¢(z)].

It then follows that (P, | - ||p) is a Banach lattice.

Clearly, for any ¢ € P, (4.1) has a unique solution u(t,-, ) € P defined on
0,t,) with ¢, € (0,00]. By the comparison principle for scalar reaction-diffusion
equations in a period habitat (see, e.g., [96, Lemma 3.1]), together with the fact that
a;j(x) > 0,V € R;1 < 4,5 < 2, it follows that for any ¢ € P, system (4.1) has
a unique nonnegative solution u(t, -, ¢) defined on [0,00), and u(t,-, ) € P, for all
t>0.

By Proposition 4.1.1, we see that there exists two positive L-periodic functions
uj(x) and ud(z) such that Ey := (ui(x),0), Ey := (0,u}(x)) are semi-trivial steady
states of system (4.1) provided that A(d;, g;, b;) > 0, i = 1,2. Since we mainly concern
about the case of the competition exclusion, we impose the following conditions on

system (4.1):
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(H2) A(di, g1, b1—aru3) > 0.
(H3) System (4.1) has no steady state in Int(P ).

(H1) guarantees the existence of two semi-trivial steady states of system (4.1).
(H2) implies that (0, u3(z)) is unstable. Moreover, by Lemma 4.4.1 with p = 0,d(x) =
di(x) and g(x) = g1(z),Vz € R, we see that (H2) implies A(dy, g1,b1) > 0. Thus, we
can simply drop the assumption A;(dy, g1,b01) > 0 from (H1).

Under assumptions (H1)—(H3), there are three steady states in P,: Ey = (0,0),
Ey := (uj(x),0), and Ey := (0,uj(x)). Next, we use the theory developed in [35] for

abstract competitive systems (see also [32]) to prove the global stability of Ej.

Theorem 4.1.1. Assume that (H1)-(H3) hold. Then E; = (uj(x),0) is globally
asymptotically stable for all initial values ¢ = (¢1, ¢o) € Py with ¢ Z 0.

Proof. Let u(t,z,$) be the solution of system (4.1) with u(0,z) = ¢(x). In view
of (H2), we can fix a real number gy € (0,\(dy, g1,b1 —ajpub)). By the uniform
continuity of F'(z,u) := by(z) — a11(x)us — a12(x)us on the set R x [0, 1] x [0, b], where
b = maxuj(x) + 1, there exists 6y € (0, 1) such that

z€R

|F(z,u) — F(x,v)| <ey, Yu=(u1,u),v=_(v1,v2) €10,1] x[0,b], z € R

provided that |u; — v;| < dg,7 = 1,2. Then we have the following observation.

Claim. limsup,_, . ||u(t, -, ¢) — (0,u3(-))||p > 0 for any ¢ € P, with ¢; # 0.

Suppose, by contradiction, that lim sup [|u(t,-, @) — (0,u5(-))||[p < do for some
t—00

gg € P, with qgl # 0. Then there exists to > 0 such that

ur(t, O)ly < do, |[ualt,-, @) — us()|ly < do, ¥Vt > to.
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Consequently, we have

~

F(z,u(t,z,¢)) > F(z,(0,u3(x))) — o = b1 (x) — ara(z)us(z) — g9, t>tp, x € R.

Let 11 (x) be a positive eigenfunction corresponding to the principal eigenvalue

A(d1, g1, b1 —aaus). Then 1 (x) satisfies

A(di, g1, bi —arguz) 1 =dy (2)) — g1 ()P + (b1 (2) —arz(z)us ()Y, = €R,
Since u1(0,x) = b1 # 0, the comparison principle (see, e.g., [96, Lemma 3.1]), as

applied to the first equation in system (4.1), implies that w, (to, z, qg) >0, Vx € R.
Then there exists small 7 > 0 such that u; (to, -) > niy > 0. Thus, uy(t, z, ¢) satisfies

0
% > Lyuy + uy (b (z) — are(z)us(x) — o), t>ty, v €R,
ui(to, ) = nr. (4.5)

In view of (4.4), it easily follows that v(t,-) = nelA(drgrbi—azuz)=eol(t=to)y), gatisfies

% = Liv +v(bi(2) — aa(z)uz(x) —eo), t>to,x €R,
ui(to, ) = mbr. (4.6)

By (4.5) and (4.6), together with the standard comparison principle, it follows that
ul(t, 5 QB) > ne[A(dl791751—012U§)_50](t—t0)w17 Vit > 1.

Letting ¢t — oo, we see that uy(t, -, QAS) is unbounded, a contradiction.

By the above claim and (H3), we rule out possibility (a) and (c) in [35, Theorem
B]. Since Es is repellent in some neighborhood of itself, [35, Theorem B| implies
that F; is globally asymptotically stable for all initial values ¢ = (¢1, ¢2) € P, with

¢1 # 0. [
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Figure 4.1: The left and right plots are the competition system and the associated

cooperative system, respectively.

4.2 Spreading speeds and traveling waves

In this section, we study the spreading speeds and spatially periodic traveling waves
for system (4.1). By a change of variables v; = uy,ve = uj(z) — ug, we transform

system (4.1) into the following cooperative system:

B
%:lel—i—vl(bl(m)—au(x)u;(x)—au(m)vl +agz(x)vy), t>0, x €R,

B

%:L2v2+a21(x)v1(u§(m)—vg) 0 (ba () — 2am (2 (2) +ase()ve).  (4.7)

Clearly, three steady states of (4.1), respectively, become

A A A

Ey = (O,u;(:B)), E, = (Uf{(aj)vu;(x))v Ey = (070)

Let C be the set of all bounded and continuous functions from R to R? and
Ci ={peC:¢(x) >0, Vr € R}. Assume that § is a strongly positive L-periodic

continuous function from R to R?. Set

Cs={ueC:0<u(x)<p(x), Ve € R}, Cger ={uelCs: u(r)=u(x+ L), YVx € R}.
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Let X = C([0, L], R?) equipped with the maximum norm | - |x, X = C([0, L],R?),
Xs={ueX: 0<u()<B(x), Yz €[0,L]}, and X5 = {u € X5 :u(0) =u(L)}.

Let BC(R, X) be the set of all continuous and bounded functions from R to X. Then

we define
X ={ve BCR,X):v(s)(L)=v(s+ L)(0),Vs e R}, Xy ={veX:v(s) € X;,Vs € R},
and

Xs ={ve BOR, Xp) :v(s)(L) =v(s+ L)(0),Vs € R}.

We equip C and X with the compact open topology.
Let 8 = (uf(+),u3(:)), Y be the set of all bounded and continuous functions from

R to R, and T’ (t) and T5(¢) be the linear semigroups on Y generated by

ov . dv x
n =L1v + v(bi(z) — arz(x)us(x)) and n = Lov + v(bo() — 2a9s(x)uj(x)),

respectively. It follows that T(¢) and T,(t) are compact with the respect to the
compact open topology for each ¢ > 0 (see, e.g., [96]). For any u = (uy,us) € Cg,
define F': Cg — C by

—apy (2)u? + arz(z)uyus

F(u) =
a1 () ud(2)uy — ag ()urug + age(x)us

Then we can rewrite system (4.7) as an integral equation form:
t
v(t) = T(t)v(0) —I—/ T(t —s)F(v(s))ds, t>0,
0
v(0) = ¢ € Cs, (4.8)

where T'(t) = diag(Ty(t), T»(t)).
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As usual, a solution of (4.8) is called a mild solution of system (4.7). It then
follows that for any ¢ € Cgs, system (4.7) has a mild solution u(t,-, ¢) defined on
0, 00) with u(0,-,¢) = ¢, and u(t, -, ¢) € Cg for all ¢ > 0, and it is a classical solution
when ¢t > 0.

We say that V(z — ct, x) is an L-periodic rightward traveling wave of system (4.7)
it V(-+a,) €Cs Va € R, u(t,z,V(:,-)) = V(z —ct,x), Vt > 0, and V (£, x) is an
L-periodic function in z for any fixed £ € R. Moreover, we say that V(§, ) connects

pto0iflime, o V(& 2)—B(z)| = 0 and lime_, [V (&, )| = 0 uniformly for z € R.

Definition 4.2.1. A function u(x,t) is said to be an upper (a lower) solution of

system (4.7) if it satisfies
u(t) > ()T (t)u(0) +/0 T(t —s)F(u(s))ds, t>0.

Define a family of operators {Q;}i>0 on Cs by Qu(¢) := u(t, -, ¢), where u(t, -, ¢)
is the solution of system (4.7) with u(0,-) = ¢ € Csz. It then easily follows that
{Q:}+>0 is a monotone semiflow on Cz. Note that if u(¢, z, ¢) is a solution of (4.7),
so is u(t,x — a,¢), Ya € LZ. This implies that (D1) in the Appendix holds. By
Theorem 4.1.1, we see that for each ¢ > 0, (D5) holds for @;. Since T'(t) is compact
with the compact open topology for each ¢t > 0, (D2) and (D3) then follow from the

same argument as in [63, Theorem 8.5.2]. Thus, we have the following observation.

Proposition 4.2.1. Assume that (H1)-(H3) hold. Then for each t > 0, Q; satisfies
assumptions (D1)-(D5) in the Appendix.

With the help of {Q;}+>0, we can introduce a family of operators {Qt}tZO on Xg:

~

Qi[v](s)(0) == Q[vs](F), Yve Xz, seR, 0el0,L], t >0, (4.9)
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where v, € C is defined by
x
vs(z) =v(s+n,)(0,), Yr=n,+0,€R, n, =1L [z} , 0, €[0,L).

By Proposition 4.5.1, it is easy to see that {Qt}tzo is a monotone semiflow on X
and Q, satisfies (A1)-(A5) with (A3) and (A5) replaced by (C3) and (C5) for each
t > 0. Now we follow the procedure in the Appendix with m = 2. Let ¢} and ¢, be
defined as in (4.49) with P = @,. To show that ¢, is the minimal wave speed for
L-periodic rightward traveling waves of system (4.7) connecting 5 to 0, we need the

following assumption:

(H4) i, + ¢5_ > 0, where ¢}, and c¢_ are the rightward and leftward spreading

speeds of (4.10) and (4.12), respectively.

We remark that in the case where either Liu = 2 (d;(z)%%) with d; € C'**(R),
or all the coefficient functions in (4.10) and (4.12) are even except g; is odd, i = 1,2,

Lemma 4.4.2 shows that (H1) and (H2) guarantee (H4).

Theorem 4.2.1. Assume that (H1)-(H4) hold. Then for any ¢ > ¢, system (4.7)
admits an L-periodic traveling wave (U(x—ct, x),V (x—ct,z)) connecting B to 0, with
wave profile components U(&, x) and V (&, x) being continuous and non-increasing in

&, and for any ¢ < ¢y, there is no such traveling wave connecting 8 to 0.

Proof. In view of Theorem 4.5.2 (2) and (3), it suffices to rule out the second case
in Theorem 4.5.2 (2). Suppose, by contradiction, that the statement in Theorem
4.5.2 (2)(ii) is valid for some ¢ > ¢,. Since system (4.7) has exactly three L-periodic
nonnegative steady states and Ey, = (0,u3(z)) is the only intermediate L-periodic

steady state between El = [ and E2 = 0, it then follows that a; = @y = Eo. Thus,
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by restricting system (4.7) on the order interval [EO, El] and [Eg, EO], respectively, we

see that one scalar equation
u = Lyu + u(by () — a1 (z)u) (4.10)

admits an L-periodic traveling wave U(x — ct, x) connecting uj(x) to 0 with U(&, z)

being continuous and nonincreasing in &, and the other scalar equation
vy = Lov + v(bo(x) — 2a90(x)ul + aga(x)v) (4.11)

also admits an L-periodic traveling wave V(z — ct,x) connecting uj(z) to 0 with
V' (&, x) being continuous and nonincreasing in &.

Let W(x — ct,x) = uj(x) — V(z — ct,z). Then W(x — ct,x) is an L-periodic
traveling wave connecting 0 to uj(z) of the following scalar equation with W (&, z)

being continuous and nondecreasing in &
wy = Low + w(by(x) — axn(z)w). (4.12)

Note that W(x — ct,z) is an L-periodic leftward traveling wave connecting 0 to u}
with wave speed —¢, and that systems (4.10) and (4.12) admit rightward spreading
speed ], and leftward spreading speed c;_, respectively, which are also the rightward
and the leftward minimal wave speeds (see, e.g., [55, Theorem 5.3]). It then follows

that ¢ > ¢, and —c > ¢;_. This implies that ¢, + ¢;_ < 0, a contradiction. ]

Let A2(u) be the principle eigenvalue of the elliptic eigenvalue problem:

XY = da(x)" — (2pda () + ga(2))y'+ (da(x)p® +ga () ptba () —aze(z)us(2)) ¢, = €R,

Y(x+L)=¢(x), zekR. (4.13)

In order to prove that system (4.7) admits a single rightward spreading speed, we

impose the following assumption:
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A2 (1)

(H5) limsup,, o+ < ci,, where ¢, is the rightward spreading speed of (4.10).

By virtue of Lemma 4.4.2, it follows that in the case where either Lyu = 2 (d;(x)

o)
ox U)

oz
with d; € C1(R), or all the coefficient functions of system (4.7) are even except g; is

odd, i = 1,2, (H5) is automatically satisfied provided that (H1) and (H2) hold true.

Theorem 4.2.2. Assume that (H1)-(H5) hold. Then the following statements are
valid for system (4.7):

(1) If p € Cp, 0 < ¢ <w K B for some w € C5", and ¢p(x) = 0,Vx > H, for some

H e R, then imy_o0 z>et u(t, z,¢) = 0 for any ¢ > ¢,.

(ii) If ¢ € Cs and ¢(x) > o, Vo < K, for some o € R* with 0 > 0 and K € R,
then limy o0 p<ct(u(t, x, ¢) — S(x)) = 0 for any ¢ < ;.

Proof. In view of Theorem 4.5.1, it suffices to show that ¢, = ¢ . If this is not valid,
then the definition of ¢, and ¢’ implies that ¢ > ¢%. By Theorem 4.5.2 (1) and (3),
it follows that system (4.7) admits an L-periodic traveling wave (U (z—cit, ), Us(x—
cit,x)) connecting (uj(x), us(x)) to (0,us(x)) with U;(§, z)(i = 1,2) being continuous
and nonincreasing in . Therefore, Us = uj(x), and Uy(x — ¢! .t, x) is an L-periodic
traveling wave connecting uj(z) to 0. This implies ¢t > ¢}, where ¢}, is the rightward

spreading of (4.10). By [5, Theorem 1.1], it follows that ¢j, = inf,-¢ Al;(ﬁ)v where

A1(p) is the principal eigenvalue of the scalar elliptic eigenvalue problem:

X = dy(2)y" — (2udy () + gi (2))¢" + (di () + g (x)p + i (2))0), @ €R,
Y(x+ L) =¢(x), zeR (4.14)

For any given ¢; € (c},¢;), there exists y; > 0 such that ¢; = % Let ¢i(x) be

the positive L-periodic eigenfunction associated with the principal eigenvalue A (pu1)
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of (4.14). Then it easily follows that
uy (t, ) = e M@t (g) = emmehlpr () - ¢ >0, z € R,

is a solution of the linear equation

ou
a_tl = L1u1 + bl(a:)ul.

Since cj, < ¢; and (H5) holds, we can choose a small number py € (0, 1) such that

A2 (p2)

e 1= 22 < ). Let ¢f(x) be the positive L-periodic eigenfunction associated with

H2
the principal eigenvalue Ay(p2) of (4.13). It is easy to see that

us(t, x) i= e (r) = el (x)
is a solution of the linear equation
— = Loug + (b2(7) — aga(w)us(w))us.
Since ¢; > ¢, it follows that the function
vy(t, ) = e P2 @l g (1) = er2lmeby (t x), >0, x € R,

satisfies

0
92 > Lava -+ () = (e (e)) s

Define two wave-like functions:
Ty (t, 2) := min{mge M@= (), ul(x)}, t>0, z € R,

and

Uy(t, z) = min{qoe ">~ g5(z),us(2)}, >0, z €R,

(4.15)

(4.16)

(4.17)

(4.18)
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where
go 1= max ui(x) >0, mp:= min —qoa22(x)(f2(x)
z€[0,] P3(x) zel0.] ag (7)¢7(z)

Now, we are ready to verify that (4, us) is an upper solution to system (4.7). Indeed,

> 0.

for all z — ¢t > 1 -In %ﬁ;) we have ) (t, x) = mge "1 @1 ¢*(x), and hence,
8%1 % _ _
E — L1u1 — ul(bl( ) — a12<l‘)U2(£E) — an(a:)ul + alg(.’ll')UQ)
ou
= 8_1 —L1u1 — bl( )u1 = 0.
For all # — et < = %lx()x) we obtain u; (¢, z) = uf(x), and hence,
8u1 % _ _
W — L1U1 — Ul(bl( ) — CL12<ZE>U2(ZC) — an(a:)ul -+ Clu(.’]f)UQ)
ou
= 8—; — L1U1 — ul(bl( ) - CL11(Z‘)H1) = 0.

On the other hand, for all = — clt> -In qw%(x >0, it follows that

Us(t,x) = QOG_”Q(I_W)@@),

which satisfies inequality (4.16). Since
U (t,x) < moe T Wei(z), VYt >0, v €R,

and po € (0, p1), we obtain

R — Loty — azn (v)(uj(x) — Uz)U — Ua(ba(x) — 2a02(x)ul(x) + aze(z)us)

= % — Lotiy — (ba(z) — aga(z)us () + (u3(x) — Uz)(age(w)us — az (z)ur)

> (uj(x) = Tp)e = (@)1 (2) (TR — mo
> 0.
For all z — 1t < 1 ~In qo(bfi)) we have Uy (t, x) = ul(x). Therefore,
Jtiy . e . _
5 " Loty — ag1(x)(us(z) — Ug)uy — Ua(bo(x) — 2a0s(x)us(z) + ase(z)us)

= —Louj — uj(be(x) — age(x)ul) = 0.
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It then follows that @ = (uy, us) is a continuous upper solution of system (4.7).

Let ¢ € Cs with ¢(z) > o, Vo < K and ¢(z) = 0, Vo > H, for some ¢ € R?
with 0 > 0 and K, H € R. By the arguments in [95, Lemma 2.2| and the proof of
Theorem 4.5.1, as applied to Ql, it follows that for any ¢ < ¢,, there exists §(c) > 0
such that

lim inf,, o0 z<en|t(n, z, §)| > 0(c) > 0. (4.19)

Moreover, there exists a sufficiently large positive constant A € LZ such that
o(z) <u(0,x — A) :=¢(x), VreR

By the translation invariance of @)y, it follows that (¢, z — A) is still an upper solution

of system (4.7), and hence,
0 <u(t,z,¢) <u(t,x,) =u(t,z —A), VreR, t>0. (4.20)

Fix a number ¢ € (¢y,¢4). Letting t = n, x = én and n — oo in (4.20), together with

(4.19), we have
0 < §(¢) < liminf |u(n, én, )| < lim |[u(n,én — A)| =0,
n—00 n—o00
which is a contradiction. Thus, ¢} =¢,. O

Note that the leftward case can be addressed in a similar way. Indeed, by making
a change of variable v(t, ) = u(t, —z) for system (4.7), we obtain similar results for

the rightward case of the resulting system, which is the leftward case for system (4.7).

Remark 4.2.1. In the case where either Liu = 2 (d;(x)9%) with d; € C***(R) in sys-
tem (4.7), i = 1,2, or all the coefficient functions of system (4.7) are even except g; is
odd, i = 1,2, it follows from Lemma 4.4.2 that system (4.7) admits a single rightward

spreading speed which coincides with the minimal rightward wave speed provided that

(H1)-(H3) hold.
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4.3 Linear determinacy of spreading speed

In this section, we give a set of sufficient conditions for the rightward spreading speed

to be determined by the linearization of system (4.7) at E, = (0,0), which is

Elevl + (b1 (x) — ara(x)us(z))vy, (4.21)
0
%:Lgvg—l—am(m)u;(z)vl +(ba(x) —2a9e(x)us(x))ve, t>0, z€R.

Clearly, under (H2) the following scalar equation

% = Llu + U(bl(l') — CL12(.CE)U;(II?) — Cl11<£L'>u), t> O,$ < R, (422)

. . . . . . 0 _
admits a rightward spreading speed (also the minimal rightward wave speed) ¢} =

in% ’\OT(“) (see, e.g., [5, Theorem 1.1]), where A\o(p) is the principle eigenvalue of the
w>

following elliptic eigenvalue problem:

X =di(2)9" = (2udi(z) + g ()¢ + (di (2) p* + g1 (@) pt+-b1 (2) —arz(@)us(2))y, @ €R,

W+ L) =v(z), z€eR. (4.23)

The next result shows that ¢ is a lower bound of the slowest spreading ¢ of system

(4.7).
Proposition 4.3.1. Let (H1)-(H3) hold. Then ¢ > c%.

Proof. In the case where ¢, > ¢}, by the same arguments as in Theorem 4.2.2,
we see that ¢& > cj,, where ¢}, is the rightward spreading speed of (4.10). Since
bi(z) > bi(z) — ap(z)us(z),Vor € R, by Lemma 4.4.1 with d(z) = dy(z) and g(z) =
g1(x), Vo € R, it is easy to see that A\ () > Ao(p), Vi > 0, where A\ (p) is the principal

eigenvalue of (4.14). Thus, we have ¢% > ¢j, > cf.
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In the case where ¢, = ci, let u(t,-,¢) = (ui(t,-, ¢),ua(t,-,¢)) be the solution
of system (4.7) with u(0,-) = ¢ = (¢1,¢2) € Cs. Then the positivity of the solution

implies that

0
% > Lyug + up (b () — are(z)ul(x) — ann(x)uy), t>0,2€R.

Let v(t, x, ¢1) be the unique solution of (4.22) with v(0,-) = ¢;. Then the comparison

principle yields that
u(t,z, @) >v(t,x,¢1), Vt>0, x€R. (4.24)

Since A(di, g1,b1 — ajpul) > 0, Proposition 4.1.1 implies that there exists a unique
positive L-periodic steady state vo(z) of (4.22). Let ¢° = (¢9,¢3) € Cz be chosen
as in Theorem 4.2.2 (i) and (ii) such that ¢9 < vy. Assume, by contradiction, that
¢i < c&. Then we can fix a real number ¢ € (¢4, c%). Thus, Theorem 4.2.2 implies
that lim; e z>e w1 (t, 7, @) = 0. By Theorem 4.5.1, as applied to system (4.22), we
further obtain lim; o z<at(v(t, 7, ¢7) — vo(z)) = 0. However, letting x = ¢t in (4.24),

we get limy o0 e (v(t, 2, ¢))) = 0, a contradiction. O

For any given u € R, letting v(t,z) = e " u(t, z) in (4.21), we then have

o 0

S = D=2y (@) 52+ (d (@) gy 1)+ (@) —ana(w)u (@),

o 0

% = Loug—2udy(x) 81;2 + a1 (w)uz(2)uy (4.25)

+(dy(2) i+ go (2) pptbo (1) — 2an9 (z)ul (7)) ug, t >0,z € R.

Substituting u(t, z) = eM¢(z) into (4.25), we obtain the following periodic eigenvalue
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problem:

Apr = di (1)@ — (2pda () + g1(2)) @ + (di (@) +g1(2)pt by () —arz(2)us(2)) b,
Adz = do(2)95 — (2uda(x) + g2(x)) ¢ + azi (z)us(x)
+ (do(2)1* + g2 (@) o () —2a (x)us(2)) ¢2, x € R, (4.26)

Let A(x) be the principal eigenvalue of the following periodic eigenvalue problem:

Ay =dy ()" — (2pdz () + g2 ()Y
+ (do () +ga () ptba () = 2as (x)us(x)) ¥,z € R, (4.27)
Y(x)=Y(x+ L), zekR

Then there exists yo > 0 such that ¢} = % Now we introduce the following

condition:

(M1) Xo(ro) > A(ko).

Proposition 4.3.2. Let (H1)-(H3) and (M1) hold. Then the periodic eigenvalue
problem (4.26) with p = py has a simple eigenvalue \o(o) associated with a positive

L-periodic eigenfunction ¢* = (¢7, ¢5).

Proof. Clearly, there exists an L-periodic eigenfunction ¢7 > 0 associated with the
principle eigenvalue Ag(po) of (4.22). Since the first equation of (4.26) is decoupled
from the second one, it suffices to show that A\g(u) has a positive eigenfunction
¢* = (¢7,¢3) in (4.26), where ¢} is to be determined. Let U(t) be the solution

semigroup generated by the following linear scalar partial differential equation:

ou ou
O = Lou—20dy () 5+ (Ao 0ol +ba(a)~Zam(2u())u, ¢ 0, € R,

u(0, ) =p €Y.
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It is easy to see that U(t) is a positive and compact semigroup on Y with its generator

A= Ly — Qo) o+ (o))t () ~ 2 ).

By [86, Theorem 3.12], A is resolvent-positive and
A —A) o= / e MUt)gdt, VYA > s(A), ¢ €Y,
0

where s(A) is the spectral bound of A. Note that A(u) is the principal eigenvalue
of (4.27), that is, s(A) = A(uo). Since Ao(po) > (o) = s(A), we can define ¢} =
(Mo(po) I — A)tagiubsdt > 0. Tt then follows that (¢}, ¢3) satisfies (4.26) with u = pq.
Since Ao(po) is a simple eigenvalue for (4.22), we see that so is A\g(uo) for (4.26). O

From Proposition 4.3.2, it is easy to see that for any given M > 0, the function
Ult,z) = Me HoreroWoly (1) >0, z € R, (4.28)

is a positive solution of system (4.21). In order to obtain an explicit formula for the

spreading speeding ¢, we need the following additional condition:

(M2) 912 > mhax {am(x) a”(x)} , VxelR

$5(x) — ai1(z)? az1(z)

Now we are in a position to show that system (4.7) admits a single rightward spreading

speed ¢, which is linearly determinate.

Theorem 4.3.1. Let (H1)-(H3) and (M1)-(M2) hold. Then ¢, = ¢t = ¢ =

: Ao(p)
1an>0 T .

Proof. First, we verify that U(t, ), as defined in (4.28), is an upper solution of system
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(4.7). Since & = %L and (M2) holds true, it follows that

Uz ¢

%—le — Up(by(2) — arg(x)ul(x) — a (2)Uy + ara(2)Uy)

A

oo (3525 o

and

i~ Lala 0 (0)Us(u3() ~Us) ~Ua(ba(o) ~2aaa(z) () + o))
R Gabe)
<o (45 -25) 2

Thus, U(t,z) is an upper solution of (4.7). Choose some ¢° € Cs satisfying the
conditions in Theorem 4.2.2 (i) and (ii). Then there exists a sufficiently large number

My > 0 such that
0 < ¢°(x) < Mye ""¢*(x) = U(0,2), VY €R.

Let W(t,x) be the unique solution of system (4.7) with W (0,:) = ¢;. Then the

comparison principle, together with the fact that ¢} 110 = Ag(po), implies that
0<W (t,2) SU(t, z) = Moe 0%ty () = Mye =g (1), Vit >0, z € R.
It follows that for any given € > 0, there holds
0 < W(t,z) <U(tz) < Moe ™¢*(z), Vt>0, x> ( + e,
and hence,

lim Wit ,z) =

t—>oo,z2(ci+e)t
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By Theorem 4.2.2 (ii), we obtain ¢} < ¢ + €. Letting ¢ — 0, we have ¢ < .
Assume, by contradiction, that ¢; > ¢7. Then the proof of Proposition 4.3.1 shows
that ¢} > c(}r, a contradiction. This implies that ¢, = ¢}. In view of Proposition

4.3.1, it follows that ¢, = % = ¢f.. O

To finish this section, we consider the following classical Lotka-Volterra competi-

tion model:
8u1
E = dlAul + Tlul(l — Uy — 6L1U2), (431)
0
%:dgAU,z—l—TQUQ(l—CLQUl—Ug), t>0, IGR,

where all parameters are positive constants. This system was investigated in [51]. By
straightforward computations (see, e.g., [51]), it follows that if a; < 1, then there are
only three constant steady states Ey = (0,0), £y = (1,0) and Ey = (0,1), and hence,
(H3) is valid. Since A(dz,0,79) =19 > 0 and A(dy,0,71(1 —a1)) =71 (1 —ay) > 0, we
see that (H1) and (H2) are also valid. Moreover, (H4) and (H5) are automatically
satisfied due to Lemma 4.4.2. Thus, system (4.31) admits a single spreading speed
¢, no matter whether it is linearly determinate.

Next, we find some conditions under which (M1)-(M2) hold for system (4.31).
By substituting d;(z) = d;, bj(x) = r;, ay(x) = ri,i = 1,2, ajo(z) = rma, and
ag (r) = raay into system (4.7), we can reduce the eigenvalue problems (4.23) and

(4.27) to

Mp=dp" —2pudi )+ (dyp* +r1 —ria1 )y,  x € R,

(x+ L) =¢(x), z€R, (4.32)




4.3 LINEAR DETERMINACY OF SPREADING SPEED 83

and

M) = dy)" —2pdy)’ + (dz,uz— 7’2) Y, weR,
Y(x)=y@+L), xek (4.33)

Then it is easy to see that two principle eigenvalues
No(p) = dip?® +ry —riar, Mp) = dopt® — 1o

have positive constant eigenfunctions. By virtue of

A 1-—
cg —inf o(p) — min {dlﬂ n 71 ( a) } :
>0 [ ©u>0 )
it follows that
0o . 7’1(1 — Cll)
C+—2 d17’1<1—a1), Mo = d—
1
Thus, (M1) is equivalent to
dori(1 —a —
)\0(/,60) = 27"1(1 — al) > M —T9 = /\(,uo)

dy
On the other hand, the eigenvalue problem (4.26) can be simplified as

Aoy = didf] — 2pdi ¢y + (dyp® 4+ 11 — r101) 1,

Ay = dady —2pudady + agrady + (dop® — 12)ds,  x € R, (4.34)

oi(z) =¢i(x+ L), VreR, i=1,2.

Substituting (¢7, ¢3) = (1, k) into the second equation of (4.34), we get

It then follows that (M2) is equivalent to

s (1—a)2(2—%2)4+1 1
ﬁ_( 1>T2< dl) Zmax{ }7

* a17 -
¢2 as a9
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and hence,
r d
(1 — al)r—:(Q — d—?> + 1 2 a1as,
T1 dy
1-— —(2—--=)2>0,
(Q-a)@-3)
that is,
Gy
dy —
a1a9 — ]. T1 d2

(4.35)

which also guarantees that (M1) holds. Thus, under condition (4.35), we have ¢; =

CSL = 24/dyr1(1 — ay). This result is consistent with [51, Theorem 2.1].

Remark 4.3.1. Consider a more general reaction-diffusion competition system in a

periodic habitat, that is,

ou
8_751 = Lyur + u fi(@, ur, u2), (4.36)
0
% :L2u2+u2f2(x,u1,u2), t>0, SL’GR,
where the operator L; := ag)(m)a@—; +a(2) 2 with o) (z) > 0,Vz € R, i.e., L; is

ox
uniformly elliptic, i = 1,2. Assume that ay) (x) and fi(z,u1,uz) are periodic in x
with the same period and Hélder continuous in x of order v € (0,1), 1 < i,j < 2,
and fi(z,uy,us) are differentiable with respect to uy and ug, i = 1,2. Moreover,
Ou, f1(x,u1,0) < 0 and O, fo(x,0,us) < 0, Vo € R, and there exists My > 0 and
My > 0 such that fi(x,M;,0) < 0, fo(x,0,Ms) < 0, Oy, fr(x,u1,u2) < 0 and
Ouy fo(z ug,ug) < 0 for all (x,ui,us) € R x [0, M;] x [0, Ms]. Then we can obtain

analogous results on traveling waves and spreading speeds under similar assumptions

to (H1)-(H5) and (M1)-(M2).
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4.4 An application

In this section, we study the spatially periodic version of a well-known reaction dif-
fusion model [16,49]:
(‘9u1

e diAuy + uy(a(z) — uy — cua), (4.37)
% = doAus + us(a(x) —u; —ug), t>0, z€R,

where 0 < d; < dz, 0 < ¢ <1 and a(z) is an L-periodic continuous function for some
L > 0. Note that model (4.37) with ¢ = 1 was proposed in [16].
For convenience, we use the same notations as in sections 2 and 3. We first present

some results on the principle eigenvalue A, (p) of (4.38).

Lemma 4.4.1. Assume that L-periodic functions d,g,m € C*(R)(v € (0,1)). Let

A () (1 € R) be the principle eigenvalue of the following elliptic eigenvalue problem:

M = d(z))" — (2ud(z) + g(x))¢' + (d(x)p® + g(z)p +m(x))Y, = €R,
Y+ L) =1¢(x), xeR. (4.38)

Then the following statements are valid:

(a) If mi(x) > mo(x), Vo € R, and mq(x) Z mao(x), then Ay, (1) > Am, (1), Y €
R.

(b) An(pt) is a convex function of u on R.

(c) If either d,m are even and g is odd, or d € CY"7'(R)(v € (0,1)) and g(x) =
—d'(z),Vx € R, then A\, (1) = An(—p),Vu € R.

Proof. By similar arguments to those in [31, Lemma 15.5] , it is easy to prove that

(a) holds. (b) follows from the same arguments as in [96, Proposition 4.1].
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In the case where d, m are even functions and g is odd, for any given p € R, let
¥ (x) be the positive and L-periodic eigenfunction associated with A,,(x). Then we

have
An (Y (—2) =d(—2)¢" (—z) — (2ud(—z) + g(—2))¢'(—2) (4.39)
T (=) + g(—a)p + m(—0))p(—x), Va € R.
Letting o(x) = ¢(—a),z € R, we obtain ¢/(z) = —¢/(—z), ¢"(z) = ¢"(—z), Yz € R.
Since d(z) = d(—z), m(z) = m(—z), g(z) = —g(—a), Yz € R, it follows that
M)y = d(x)@" + 2pd(x) = g(2))¢’ + (d(z)p® = g(x)p +m(z))p, Vo eR.

By the uniqueness of the principal eigenvalue, we have \,,(—pu) = A\, (1), Vi € R.

In the case where d € C'"(R)(v € (0,1)) and —g(z) = d'(z),Vz € R, for
any given u € R, let ¢(z) and ¢(x) be the positive and L-periodic eigenfunctions
associated with A, (u) and A, (—pu), respectively, that is,

(d(z)9") = 2pd(x)y’ + (d(z)p® — d' () g+ m(z))P = An ()t
and
(d(x)¢) + 2ud(2)¢" + (d(z)p® + d'(z)p + m(z)) = An(—p1)¢.

Using integration by parts, we have

/0 (A (z)) d()d = / (d(2)¢ (1)) (),

and
L
u / 2d() (2)6(x) + ' (2) () ()] da
L
—u / 2(d(2)6(x)) () — d () (x) ()] dx
0

L
—u / 2d(2)¢/ (2)(x) + d'(2)d(x) ()] de.
0
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It then follows that
L L
M) [ @)@t = An(p) [ o), (4.40)
Since fOL¢(x)¢(x)dx > 0, we have A\, (1) = Au(—p), Vi € R. O

Lemma 4.4.2. Assume that (H1) and (H2) hold. Then (H4) and (H5) are valid
provided that either all the coefficient functions of system (4.7) are even except g; is

odd, or d; € C'"""(R)(v € (0,1)) and g;(z) = —di(z),Vz € R,i = 1,2.

Proof. First, we prove that (H4) holds. Indeed, in either case, by Lemma 4.4.1(c)
with m(z) = bi(z) and d(z) = dy(x), it is easy to see that the principle A;(u) of

(4.14) is an even function of u on R. Since A;(u) is convex on R and A;(0) > 0, we

have Ai(p) > 0,V > 0. It follows that ¢}, = inf,~¢ ’\1!3“) > (. Similarly, we can show

that ¢5_ > 0, this implies ¢, +c;_ > 0.

To verify (H5), it suffices to show that lim, o+ AQ}(L“) = 0, where A\y(u) is the

principal eigenvalue of (4.13). In the case where all the coefficient functions of (4.7)

are even except ¢; is odd, i = 1,2, we have
do(z)us"(x) + go(z)us (x) + ul(x)(ba(x) — aga(x)uz(z)) =0, =z €R.
Let ug(z) = ui(—x). Since day, be, age are even and go is odd, it follows that
do(2)uy(z) + go(x)uy(x) + ug(2)(be(z) — ax(z)uz(x)) =0, z€R.

This implies that u}(—x) is also an L-periodic positive steady state for scalar equation
(4.3) with d(z) = da(z), g(z) = ga2(x), c(x) = ba(z) and e(x) = axn(z),Vx € R. In
view of Proposition 4.1.1, the uniqueness of the L-periodic positive steady state im-

plies that u(—x) = ui(x), Vo € R. Taking d(z) = da(x), m(x) = be(z) — age(z)us(x),
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and g(z) = ga(x), or g(z) = —dy(x) in (4.38), we see from Lemma 4.4.1(c) that in
two cases, Ay(p) is an even function on R, and hence, A;(0) = 0. Since \y(0) = 0, it

follows that lim,, g+ 228 = X}(0) = 0 < ¢, O

Now we impose the following assumption on system (4.37):
(M) a(x) is non-constant, and @ = %fOL a(z)dr > 0.
Lemma 4.4.3. Let (M) hold. Then (H1)-(H3) are valid for system (4.37).

Proof. Let ¢ be the positive periodic eigenfunction associated with the principal eigen-

value A(dy,0,a), that is,
dlqb” + a(x)qb = )\(dl, 0, a)qb

Dividing the above equation by ¢ and integrating by parts on [0, L], we get

A(dq1,0,a) = %/OL a(z)dx + d; /OL [i,((;)rdx

Since a(x) is non-constant, a simple computation shows that ¢(x) is also non-constant.

Therefore, we have

1 /L
Ady,0,a) > —/ a(z)dz > 0.
L Jo

Similarly, we can show that A(ds,0,a) > 0. It follows that (H1) holds, and hence,
system (4.37) has three L-periodic steady states Fy := (0,0), E; := (uj(z),0) and
E5 = (0,u3(x)) in P,. Note that

dyul’ () + ui(z)(a(z) — ul(z)) =0, z€R. (4.41)

It follows that \(d2,0,a—u}) = 0. If a(z) —ui(x) is a constant, then a straightforward

computation shows that u5 must be a positive constant eigenfunction associated with




4.4 AN APPLICATION 89

A(dz,0,a — u3). Therefore, a(x) is also a constant, a contradiction. This shows that
a(x) — uj(x) is non-constant.
Note that for the eigenvalue problem (4.2) with d;(z) = d > 0 and g = 0, we have

the variational formula for the principle eigenvalue (see, e.g., [6]):
—d [\ [¢/(x)]Pda + [ h(x)d?(x)d
A(d,0,h) = min fo 9w Lx - fo )¢ o)de
LS fo ¢*(x)dx
where F = {¢ € C*(R) : ¢(x) = ¢(z + L) > 0, Vo € R}. It easily follows that if

h(x) is non-constant, then A(dyi, 0, h) > A(ds, 0, h) provided dy > d; > 0. Therefore,
we have A(dy,0,a — cuj) > A(ds,0,a — u}) = 0, that is, (H2) is valid for ¢ € [0, 1].

)

To verify (H3), we suppose, by contradiction, that there is an L-periodic coexistence

steady state (ug,vo) > 0 in P,. Then we have

dyug (1) + ug(x)(a(z) — ug(x) — cvg(z)) =0, z €R,

dyvy () + vo(x)(a(z) — ug(z) — vo(z)) =0, = €R.

This implies that A(dy,0,a — ug — cvg) = A(d2,0,a — ug — v9) = 0. By way of
contradiction, we further show that a — uy — cvy is non-constant, Ve € [0,1]. It then

follows that
A(d1,0,a — ug — cvg) > A(dz,0,a — ug — cvg) > A(da, 0,a — ug — vg), Ve € [0, 1],
a contradiction. O

As a consequence of Lemma 4.4.3 and Theorem 4.1.1, we have the following result.

Theorem 4.4.1. Let (M) hold. Then E; := (uj(z),0) is globally asymptotically stable
for all initial values ¢ = (¢p1, o) € Py with ¢ Z 0.
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For simplicity, we transfer system (4.37) into the following cooperative system:

0 H?
B = gy +uila(e) — cu(e) i+ cus), (4.42)
% =d, %u; +uy (ub(x) — up) + us(a(z) — 2ub(x) +up), t>0, z€R.

Let u* = (uj(-),u3()). Define a family of operators {Q;}i>0 on Cu« by Qu(¢) =
u(t, -, ¢), where u(t, -, ¢) is the unique solution of system (4.42) with u(0, ) = ¢ € C,»

Let {Q;}1>0 be defined as in (4.48) and ¢, be denoted by (4.49) with P = Q,. By
virtue of Lemma 4.4.1, Lemma 4.4.2 and Proposition 4.3.1, we see that ¢, > cﬂ’r > 0.

The next result is the consequence of Theorem 4.2.2 and Remark 4.2.1.

Theorem 4.4.2. Assume that (M) holds. Let u(t,-, ¢) be the solution of system
(4.42) with u(0,-) = ¢ € Cyu«. Then the following statements are valid for system
(4.42):

(i) If p € Cs, 0 < ¢ <w < B for some w € C5", and ¢(x) = 0,YVz > H, for some

H e R, then limy_,o0 y>ce u(t, z,¢) =0 for any ¢ > ¢,.

(ii) If ¢ € Cs and ¢(x) > o, Vo < K, for some o € R? with 0 > 0 and K € R,
then limy o0 z<ct(u(t, z,¢) — B(x)) =0 for any c € (0,¢4).

In view of Theorem 4.2.1, we have the following result on periodic traveling waves

for system (4.37).

Theorem 4.4.3. Let (M) hold. Then for any ¢ > ¢, system (4.37) has an L-periodic
rightward traveling wave (U(x —ct,z),V(x —ct,x)) connecting (uj(x),0) to (0,us(z))
with the wave profile component U(§,x) being continuous and non-increasing in &,
and V (&, x) being continuous and non-decreasing in . While for any ¢ € (0,¢y),

system (4.37) admits no L-periodic rightward traveling wave connecting (ui(z),0) to

(0, u3())-
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It is not easy to verify conditions (M1) and (M2). However, motivated by [58,83,

84], we can formally compute the lower bound ¢, in the case where

1, ml <z <ml+ly,

dy =1,dy > ].,CL(J]) =
a<l, ml—IlL<z<ml, meZ,
for system (4.37) with [ = l; + I, and @ = 1422 > 0. It is easy to see that uj(z) ~
a(x),u3(x) ~ a(z), and hence, (4.23) becomes

MNp=1p" =2’ + (P +(1 —¢))p, ml <z <ml+l,

Mp=o" =2+ (u?+a(l — )b, ml+1 <z < (m+1)L (4.43)
The matching conditions are

lim ¢(z)= lim ¢(x), lim ¢(x)= lim P(z), meZ,

z—(ml)~ z—(ml)* z—(ml+l)~ z—(ml+1l)*
and
li ") = 1 ! li ()= i ! 7
dim Y'(z) i Yia), Jim Yla)= Jim Y'(z), mez,
Set
o) = A1e™ 4+ Age™®,  x € [0,1], (4.44)
¢(x) = Aze™ ™) + 4,207 w e Iy, 1], (4.45)

where o = ptq, fio = —pt g, g = VA= (1—¢), and ¢ = /A —a(l —c).

Then the matching conditions yield the following linear relationship between the

coefficients
1 1 1 1 A,
el eQ2l2 —ebil2 —ePel2 A, 0
a1 -0 a2 —q2 Az o
qlealh _q16a211 q265112 _q265212 A4
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Since we look for positive eigenfunctions, the determinant of the above matrix must

be zero. Accordingly, straightforward computations show that

2, 2
cosh(ul) = cosh(qily) cosh(galy) + q;q—i_qu sinh(qly) sinh(gly) :== G(N).
142

In view of

cosh™ z = log{z + (2 — 1)'?}, z>1,

we then have
p(N) = 7 1os{G(N) + VIGIVE — 1.

Let A\g be the solution of the following equation:

du(A) A

dx pA)
and /19 = (o). Thus, we obtain ¢} = %

If | < 1, by using cosh z &~ 1 + 2?/2 and sinh z ~ z, we get an approximation

L (ul)? /2 2 (1 4+ (@h)?/2) (1 + (212)?/2) + Ll i ;— 937

and hence,

It follows that ¢ ~ 21/(1 —¢)a, po ~ /(1 — c)a, a = l1+lal2 < 0.

4.5 Appendix

In this section, we extend the abstract results in [19](see also section 2.2.2) and [55]
on spreading speeds and traveling waves to the case of a periodic habitat.

Let C be the set of all bounded and continuous functions from R to R™ with

m>1and Cy = {¢p € C: ¢(x) > 0, Vo € R}. Clearly, any vector in R™ can be
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regarded as a function in C. For u = (u1,...,Upn), w = (W, ...,w,) € C, we write
u > w(u > w) provided u;j(x) > w;(x)(uj(x) > w;(z)),V1 < j < m, z € R, and
u > w provided u > w but u # w. Assume that [ is a strongly positive L-periodic

continuous function from R to R™. Set
Cs={ueC:0<u(x)<p(x), Ve e R}, Cger ={ueCs: u(r)=ulx+ L), Vo € R}.
Let X = C([0, L],R™) equipped with the maximum norm |- |x, X, = C([0, L],R7),
Xg={ueX: 0<ulr)<B(x), Ve €[0,L]}, and X5 = {u € X5 : u(0) =u(L)}.

Let BC(R, X)) be the set of all continuous and bounded functions from R to X. Then

we define
X={veBCR,X):v(s)(L) =v(s+ L)(0),Vs e R}, Xy ={ve X :v(s) € X;,Vs € R}

and

Xz ={ve BOR,Xp) :v(s)(L) =v(s+ L)(0),Vs € R}.
Let
Ks:={ve BC(LZ,Xp) : v(i)(L) =v(i + L)(0),Yi € LZ}.
(Clearly, any element in 7@ can be regarded as a constant function in &3, that is, any
element in C§™ corresponds to a constant function in &Xjs. We equip C and X' with
the compact open topology, that is, u, — w in C or X means that the sequence of
un(s) converges to u(s) in R™ or X uniformly for s in any compact set. We equip C

and X with the norm || - ||c and || - ||+, respectively, which are defined by

o0
maxy|<p [u(2)]
lulle = > —=5; , Yuec,
k=1
where | - | denotes the usual norm in R™, and

[o¢]
max kUL )| x
lullx = E |x<2k| (z)] , Yu e X.
k=1
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Define a translation operator 7, by T,[u|(z) = u(z — a) for any given a € LZ. Let
@ be a operator on Cg, where f € Int(C,) is L-periodic. In order to use the theory

developed in [19] and [55], we need the following assumptions on Q:

(D1) @ is L-periodic, that is, 7,[Q[u]] = Q[Ta[u]], Vu € Cs, a € LZ.

(D2) @ : Cs — Cp is continuous with respect to the compact open topology.
(D3) Q|Cs] is precompact in Cg with respect to the compact open topology.

(D4) @ : Cs — Cp is monotone (order preserving) in the sense that Qu] > Q[w]

whenever u > w.

(D5) @ admits two L-periodic fixed points 0 and 3 in Cy, and for any z € C;™ with
0 < z < 3, there holds lim Q"[z](x) = f(z) uniformly for z € R.
n—oo

Define a homeomorphsim F': C — K by
Flo|(i)(0) =¢(i +0), i € LZ, 6 € [0, L],
and an operator P : Kz — Kz by
P=FoQoF (4.46)
Next, we define P: X — X by
Plv|(s) := Plv(- + )](0), Yve X, seR. (4.47)
We further claim that

P](s)(0) = Qv ](A), Ywe X, seR, 6elo,L], (4.48)
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where v, € C is defined by
x
vs(x) = v(s +ny)(0), Yr=n,+60,€R, n,=1L [z} , 0. €10,L).

Indeed, since

and hence,
P](s)(0) = F[Q(vs)](0)(0) = Q[vs](0).
In order to apply the results in [19] (see also section 2.2) to P, we need to verify

that P satisfies the following assumptions (C1)—~(C5) in section 2.2 with M = X’ and

P : X — X. Indeed, we prove the continuity assumption (A2) is valid for P.

Proposition 4.5.1. Let 5 € Int(Cy) be L-periodic. Assume that Q) : Cs — Cg satisfies
assumptions (D1)-(D5). Then P: X3 — Xj satisfies assumptions (C1)-(C5) with
(C2) replaced by (A2).

Proof. For any ¢ € R, let u(:) = v(- 4+ ¢), Vv € X. Then

T_cPRl(s) = Plo)(s+c)

= Qs+ = Qlus| = P[u()](s)
= P[T_w(s), Yve X, seR,

and hence, (C1) holds. (A2) can be verified by similar arguments to those in [54,
Lemma 2.1], and (C4) directly follows from (D4). Clearly, 0 is the fixed point of P
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since @Q(0) = 0. To verify (C5), we need to show that 3|j zj is the fixed point of P.

Note that S(x) is a constant function in X with x € [0, L], we have

Bu() = B(s +n.)(0) = BB), VseR.

Therefore, 5, = 8 in C,Vs € R. Moreover,

P[B](s)(0) = Q[A:](0) = Q[5](0) = 5(F), V0 €0, L].

This implies that P[3] = § in X. Thus, (C5) follows from (D5). Now we prove (C3)
holds. For any given U C X, it is easy to see that P(U)(0) is uniformly bounded.
By (D3), it follows for any ¢ > 0, there exists § > 0 such that

Qv)(21) — Q(v)(x2)] <&, Vv eCly

provided that x1, x5 € [0, L] with |z — x5] < §. So for any v € U,

[P(0)(0)(61) — P(0)(0)(62)] = |Q(v0)(61) — Q(v0)(62)] <

provided that 6y, 6, € [0, L] with |, — 65| < §. This implies that P(U)(0) is equicon-
tinuous. By Arzela-Ascoli theorem, it follows that P(2/)(0) is precompact in X 5, and

hence, a(P(U)(0)) = 0, this proves (C3) with k£ = 0. O

Let w € X5 with 0 < w < 8. Choose ¢ € Xj such that the following properties
hold:

(i) ¢(s) is nonincreasing in s;
(ii) ¢(s) =0 for all s > 0;

(iii) ¢(—o0) = w.
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Let ¢ be a given real number. According to [93], we define an operator R. by
Rc[a)(s) == max{¢(s), T_.P[a)(s)},

and a sequence of functions a,(c; s) by the recursion:

a0(;5) = 0(),  ansa(cs 8) = Relan(c; )(s).

As a consequence of similar arguments to those in [19, Lemmas 3.1-3.3], we have the

following result.
Lemma 4.5.1. The following statements are valid:
(1) For each s € R, a,(c, s) converges to a(c; s) in X, where a(c; s) is nonincreasing
in both ¢ and s, and a(c;-) € Xj.
(2) a(c,—o00) = B and a(c, +00) ezisting in X is a fived point of P.
Following [19,95], we define two numbers
¢y =sup{c:a(c,+00) = B}, ¢4 =sup{c:a(c,+o0) > 0}. (4.49)

Clearly, ¢ < ¢, due to the monotonicity of a(c;-) with respect to c¢. For each
t > 0. Let P, and P; be defined as in (4.46) and (4.48) with Q = Q, respectively.
By [19, Remark 3.7], we have the following result.

Theorem 4.5.1. Let {Q:}1>0 be a continuous-time semifow on Cg with Q[0] =
0,Q:[8] = B for allt >0 and {pt}tzo be defined as in (4.48) for each t > 0, and c.
and ¢, be denoted by (4.49) with P = P,. Suppose that Q, satisfies (D1)-(D5) for

each t > 0. Then the following statements are valid:
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(i) If p €Cp, 0 < ¢ <w <K B for some w € C, and ¢(x) = 0,Vx > H, for some
H e R, then im0 z>et Qi(¢) = 0 for any ¢ > ¢,

(i) If ¢ € Cs and ¢p(z) > o, Vo < K, for some 0 > 0 and K € R, then
im0 z<at (@t (@) (2) — B(x)) = 0 for any ¢ < c.

Proof. Since {Q¢}+>0 is a continuous-time semifow on Cz with Q;(0) = 0 and Q:(8) =
B for all t > 0, it follows that {]575},20 is a continuous-time semiflow on A with
P,(0) = 0 and P,(f) = j3 for all t > 0. By Proposition 4.5.1, P, satisfies (A1)-(A5).
For any ¢ € Cp, 0 < ¢ <w < 8 with w € Cf, let

u(s)(0) = [@(ns + L +0) — ¢(ns + 0)]0s + d(ns +0).

for s € R, § = ny + 0, 1y = L[%} 0, € [0,L), 6 € [0,L]. Then u € X;, and
0<u<w<Kp.

To prove statement (i), we suppose that there exists some H € R such that
¢(x) =0, 2 > H and ¢(z) # 0 (otherwise, it is trivial). Thus, u(s) =0, s > H + L.
By Theorem 2.2.7, it follows that lim; e s>t pt(u)(s) =0in X for any ¢ > ¢,. On
the other hand, we have

= Qi[o(ne +)](02) = Qi[o()](z), z€R,

and for s € LZ, limy_,o0 s>t Pt(u)(s) = 0 in X holds true for any ¢ > ¢,. Choose a

c € (¢4, c), we obtain

Q@) < [Blu)(n)x, Vo> et t> (4.50)

c—c
and n, > ¢t — L > ¢'t. Letting ¢t — oo in (4.50), we have lim; , ;> Qi(¢) = 0 for

any ¢ > C4.
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By similar arguments to the above, we can show that statement (ii) is also valid.

]

In view of the above theorem, we may regard ¢, and 7, respectively, as the fastest
and slowest rightward spreading speeds for {Q;};>o on Cs. If ¢4 = ¢, then we say
that this system admits a single rightward spreading speed.

Next, we address the existence and non-existence of traveling waves in a periodic
habitat for the continuous-time semiflow {Q;}+>0. Given a continuous-time semiflow
{Q:}i>0 on Cg, we say that V(z — ct, x) is an L-periodic rightward traveling wave of
{Qi}i>0 f V(- +a,-) € Cs, Va € R, Qi[U](z) = V(x —ct,z), Vt > 0, and V (£, z) is an
L-periodic function in z for any fixed € € R, where U(z) := V(z, x). Moreover, we say
that V' (&, z) connects 3 to 0 if lime_,_ |V (&, 2)—F(z)| = 0 and limg_,, o [V (€, 2)] =0
uniformly for x € R.

Since we have only shown the weak compactness (C3) for P;, we cannot directly
apply [19, Theorem 4.2](see also Theorem 2.2.6) to {P,}i>0 on X3. However, {P;}1>0
on Kz has the compactness because any element in Kg is defined on the discrete
domain. Following the proof of Case 1 in [55, Theorem 4.2] and the argument in [19,
Theorem 3.8](see also Theorem 2.2.5), we obtain the existence and non-existence
of traveling waves for the discrete-time dynamical system {P]'} on Kg. Thus, the
existence and non-existence of traveling waves for the continuous-time dynamical
system {P;}1>0 on Ks follows from the arguments in [55, Theorem 4.4]. By similar
arguments to those in [55, Theorem 5.3], we can extend Theorem 2.2.6 to the case of

a periodic habitat so that the following result holds true.

Theorem 4.5.2. Let {Q:}1>0 be a continuous-time semifow on Cz with Q[0] =
0,Q:B] = B for all t > 0, {P}>0 be defined as in (4.48), and c*. and ¢, be de-
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noted by (4.49) with P = Py. Suppose that Q, satisfies (D1)-(D5) for each t > 0.

Then the following statements are valid:

(1) For any c > c, there is an L-periodic traveling wave W (x — ct,x) connecting 3
to some equilibrium 8y € CE\{B} with W (&, x) be continuous and nonincreas-

ing i & € R.

(2) If, in addition, 0 is an isolated equilibrium of {Q:}i>0 in C5™, then for any

c > ¢y, either of the following holds true:

(i) there exists an L-periodic traveling wave W (xz — ct,x) connecting 8 to 0

with W (&, ) be continuous and nonincreasing in £ € R.

(1) {Q:}i>0 has two ordered equilibria a0 € CE7\{0, B} such that there exist
an L-periodic traveling wave Wy (x — ct, x) connecting oy and 0 and an L-
periodic traveling wave Wy(x —ct, x) connecting 5 and ag with Wi(&,x),i =

1,2 be continuous and nonincreasing in & € R.

(3) For any c < ¢, there is no L-periodic traveling wave connecting 3, and for any

c < Cy, there is no L-periodic traveling wave connecting [3 to 0.




Chapter 5

Spatial Dynamics for Time-space

Periodic Monotone Systems

This chapter consists of two parts. In the first one, we establish the traveling waves
and spreading speeds for an w-time periodic and L-space periodic monotone semiflow
{Q:}1e7 of monostable type on some subsets of the space C consisting of all contin-
uous functions from one-dimensional unbounded medium H to the Banach lattice
(X, X4, |- ) with X = C(Q,RY), where Q is a compact metric space, the evolution
time 7 is Ry or Z,, and the medium H is R or Z. In the second part, we address the
aforementioned questions by applying the obtained results to a time-space periodic
competition model in the medium R.

Let us first introduce the definition of traveling wave with speed ¢ for time-space

periodic semiflows.

Definition 5.0.1. A function W : T x H x R = X is said to a traveling wave for
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the semiflow {Qy h1e7 provided that

QW (0, -, - +y)](z) =W(t,z,x +y—ct), VteT,zcHyeR, (5.1)
W (t,xz,€) is w-periodic in t, L-periodic in z, non-increasing in &, (5.2)

and
W (t,x,+00) exist such that QW (0,-,+o0)] = W(t,-,+o0). (5.3)

In (5.1), for any y € R, W(0,-,- + y) is understood as a one variable func-
tion which is an element of C. We say that W (t,z,£) connects w-time periodic
and L-space periodic function £y to By if lime, o |[W (¢, x,&) — f1(t,2)| = 0 and
lime o (W (t,2,§) — Pa(t, x)| = 0 uniformly in £t € T and = € H.

One may observe the differences between Definitions 1.0.1 and 5.0.1. For instance,
the medium is R in Definition 1.0.1 and R or Z in Definition 5.0.1. In section 5.1.1
we will explain how these two definitions are relevant, why (5.1) can hold for all
y € R, and how the function W can be extended to obtain an entire orbit for the
given semiflow.

To address the interaction of time and space periods, we introduce the following

concept of almost pulsating waves.

Definition 5.0.2. An entire solution u(t,x) is said to be an almost pulsating wave

with speed ¢ provided that it has the following two properties:

(i) If cw/L is a rational number, then there exist two integers p and q such that

cw/L =p/q and u(t + qw,z + pL) = u(t, z) for all (t,z) € R%

(i1) If cw/L is an irrational number, then there exists a sequence of integer pairs

(Pr, qr) with g — 400 such that cw/L = limg_,o0 pr/qr and

klim u(t + qrw, z + prL) = u(t, x) (5.4)
—0o0
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uniformly for all t € R and x in any compact subset of R.

We say that the almost pulsating wave u(t,z) connects two time-space periodic solu-

tions P+ (t,z) if limg_saoo [u(t, ) — B+ (t, 2)| = 0 uniformly for all (t,z) € R

Such an almost pulsating wave will be constructed in terms of traveling wave
W (t,z,x — ct +y) with appropriate y defined in Definition 5.0.1.

Our strategy to construct traveling waves and almost pulsating waves is based on
an evolution point of view. Firstly, for the Poincaré map @, we construct a family
of classical pulsating waves V' (z, £ + y) with any admissible speed ¢ in the sense that
QulV(,-+y)] = V(z,xr —cw +y),Vy € R,z € H. Secondly, the evolution form
W(t,x,&) = QiV (-, -+&—x+ct)|(x) gives rise to the desired traveling wave. Lastly,
the periodic extension of W (¢, x, z—ct+y) in the first variable is shown to be an almost
pulsating when y is appropriately chosen. An essential reason why such an approach
works is that the family of pulsating waves V' (z,x — ¢t + y) has various properties.
Such V' is corresponding to the abstract monotone function v in Lemmas 5.1.6 and
5.1.7. In fact, the map @, in the periodic medium H is topologically conjugate to
another map P, in the homogeneous discrete medium Z, and the abstract function v
is a traveling wave of the extension P, of P, to the homogeneous continuous medium
R. The spreading speed will be obtained by a similar idea but the phase space for P,
is selected in a different way.

The mono-stability of the semiflow will be defined later in section 5.1.1 by using
its Poincaré map @), restricted on the space of L-periodic functions. Since semi-trivial
time-space periodic solutions may exist in certain non-scalar evolution systems, we
need to introduce one more critical speed. In general, there are two kinds of spreading
speeds (and minimal wave speeds) for semiflows and they are not necessarily identical

or linearly determinate. For specific evolution systems, it is highly nontrivial to find
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appropriate conditions for the existence of a single spreading speed and its linear
determinacy. We will illustrate this by considering a two species competition model.

Our strategy to establish the minimal wave speed for the semiflow is the follow-
ing: (1) construct a map P, in homogeneous medium Z such that it is topologically
conjugate to the Poincaré map @, in periodic medium H; (2) extend P, to a larger
map P, in homogeneous medium R but with very weak compactness even if Q,, is
compact; (3) show that P, fits the framework of [19] to overcome the difficulty in-
duced by non-compactness; (4) construct the wave for {Q;}ie7 using the evolution
approach, which is applicable because the medium of P, is R. The spreading speed
will be obtained by a similar idea but the phase space for P, is selected in a different
way.

In the second part, we apply the theory developed for monotone semiflows to the
following two species competition reaction-advection-diffusion model with time and

space periodicity:

Ju

8_t1 = Lyuy +uy (by(t, ) — a1 (t, x)uy — ara(t, x)us), (5.5)
0

% = Louy + U,Q(bg(t,ﬂf) — agl(t,m)ul — CLQQ(LJ?)UQ), t>0, xR

Here L;u = d;(t, w)% —gi(t, x)g—z,z' = 1,2, u; and uy denote the population densities
of two competing species in w-time and L-space periodic environment, respectively,
d;(t,x), g;(t,x) and b;(t, x) are diffusion, advection and growth rates of the i-th species
(¢ = 1,2), respectively, and a;;(t,z)(1 <1, j < 2) are inter- and intra-specific compe-
tition coefficients. In order to verify the mono-stability assumption, we first find two
semi-trivial time-space periodic solutions (uj(t,z),0) and (0, u(¢,x)), one of which,
under a set of conditions, is shown to be globally stable for system (5.5) with periodic

initial datum. Since (0,0) is always a solution between the two semi-trivial time-
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space periodic solutions with respect to the competitive ordering, there might be two
spreading speeds in general. Due to the structure of competition, we can construct
upper solutions to show these two speeds (having different definitions) are identical.
Some sufficient conditions for the linear determinacy of the speed are also derived.
For the reaction-diffusion competition model studied in [43] with unbounded domain,
we obtain more explicit conditions for the existence of the minimal wave speed. In
the case where there is no spatial heterogeneity in (5.5) (i.e., all coefficients are inde-
pendent of x), our analysis shows that the minimal wave speed obtained in [104] is
also the single spreading speed for such a system.

For two species time-periodic and space-dependent reaction-diffusion competition
models in a bounded domain, Hess and Lazer [32] (see also [31]) studied the exis-
tence, stability and attractivity of nonnegative time-periodic solutions of model sys-
tems. Hutson, Mischaikow and Polacik [43] investigated the effect of different diffusion
rates on the survival of two phenotypes of a species, and showed that the interaction
between temporal and spatial variability leads to a quite different result compared
with the autonomous case [16], which concluded that the phenotype with the slower
diffusion rate always wins the competition. Meanwhile, in an unbounded domain,
Zhao and Ruan [104] obtained the existence, uniqueness and stability of time-periodic
traveling waves for time-periodic but space-independent reaction-diffusion competi-
tion models. For a reaction-diffusion competition model with seasonal succession, Ma
and Zhao [61] studied the existence of single spreading speed and its linear determi-
nacy, and showed that the spreading speed coincides with the minimal wave speed of
time-periodic traveling waves. More recently, Kong, Rawal and Shen [46] proposed a
competition model with nonlocal dispersal in a time and space periodic habitats, and

investigated the spreading speed and its linear determinacy. For traveling waves in
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a time-delayed reaction-diffusion competition model with nonlocal terms, we refer to
Gourley and Ruan [26]. It is worthy to point out that our approach is quite different
from those in [46,67,78|.

This chapter is organized as follows. In the next section, we establish the theory of
traveling waves, almost pulsating waves and spreading speeds for time-space periodic
semiflows of monostable type. In section 5.2, we apply this theory to the model system

(5.5) and explore its propagation phenomena by using the competition structure.

5.1 Time-space periodic semiflows

In this section, we first present some notations and assumptions and then study the

existence of traveling waves and spreading speeds for time-space periodic semiflows.

5.1.1 Preliminaries

Let Q be a compact metric space, R be the I-dimensional Euclidean space and X :=
C(9,R!Y). We endow X with the maximum norm ||-|| and the partial ordering induced
by the positive cone X := C(Q,R"). Then (X, X,,| - |) is a Banach lattice. For
Y1, 2 € X, we write 1 > @9 if o1 — o € X1, 01 > o if 1 — e € IntX,, and
©1 > g if 1 > o but 1 # . For @1,y € X, the least upper bound of the set
{1, 2}, denoted by max{y1, ps}, is also an element of X. Moreover,

max{p1, g2} () = max{p1(z), p2(2)}.

Let H = R or Z. Define [a,b]y as a closed subset of H in the sense that if
H = R, then [a,b]y = [a,b] with a,b € R and a < b; and if H = Z, then [a,bly =
{a,a + 1,a + 2,...,b} with a,b € Z and a < b. For r € H with r > 0, define
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rZ = {rh: h € Z}. We use C to denote all continuous and bounded functions from
H to X. We endow C with the compact open topology, which can be induced by the

following metric

d(u,v) := Z ARl <k ”Zix) _ U(m)”, u,v € C. (5.6)
k=1

A sequence u, is said to be convergent to u in C provided that u,(z) — u(z) in X
uniformly locally in € H (that is, uniformly for z in any compact subset of ). On
the other hand, if u, € C is uniformly bounded and converges uniformly locally to
some function u, then u € C. For uy,us € C, we write u; > ug if uq(x) > ug(z) for all
x € H. A subset U of C is bounded if sup,;; d(u,0) is finite. For u € C, define the
function wuy 1), € C([0, L]y, X) by ujo,1),, () = u(x). Given a bounded set U C C,
we use Upg z},, to denote the set {ujo ), : v € U}. We use the Kuratowski measure
to define the noncompactness of U 1),, which is naturally endowed with the uniform

topology. The measure is defined as follows.
a(Up,},,) = inf{r : Up r),, has a finite open cover of diameter less than r}. (5.7)

The set Up,zj,, is precompact if and only if (U, r,,) = 0.

Let L € H be a positive number, We use CP*" to denote the set of all L-periodic
functions in C. We endow CP¢" with the same topology as C. But the convergence of a
sequence in CP*" will be in the following stronger sense: u,, is said to be convergent to
w in CP*" provided that u,(z) — u(x) in X uniformly in x € [0, L]y. For uy, us € CP,
we write uy > ug if uy(x)—us(x) € Xy forall z € H, uy > ug if uy () —ug(z) € Int X,
for all x € H, and u; > uy if uy > uy but uy # us.

For x € H, there exist a unique k, € Z and a unique 6, € [0,L) such that
x = k,L + 60,. Define [x];, by

[z] = k. L.
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For m € Z, we have [z + mL];, = [z], +mL.

Let w € T be a positive number. Assume that 8 : 7T x H — IntX, is continuous
such that §(t, x) is w-periodic in ¢ € T and L-periodic in z € H. Then for any ¢t € T,
B(t,-) € CP" and [(t,-) > 0. Define

Cop,y i ={0€C:0<¢(zx) < B(t,x),x €M}, teT

and

Chi.y = Cary NCP.
For y € H and any function v : H — X, define the translation operator 7T, by
Ty[u](z) = u(z —y).

For t € T, assume that the map @, : Cgo,) — Cae,.) satisfies Q;[0] = 0 and
Q:[B(0,-)](z) = B(t, x).

Definition 5.1.1. {Q;}ier is said to be an w-time periodic and L-space periodic

monotone semiflow from Cgo.) to Cpu,.y provided that
(i) Qo = I, where I is the identity map.
(i) Qo Q= Qrrw, VEET.

(iii) T, o Qi = Q0 T,, VteT, ye LL.

(iv) Q:[@] is continuous jointly in (t,$) € T x Cao,)
(v) Q6] > Quli], ¥t € T, whenever 6 > 1 in Cyo,).

Properties (ii) and (iii) characterize the temporal and spatial periodicity, respec-

tively, for the semiflow. In time-periodic dynamical systems, the period map @, is
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often called the Poincaré map. We use E to denote the set of all w-time periodic and
L-space periodic solutions of the semiflow {Q;}ic7 from Cgq.) to Cpu,.). Clearly, 0

and [ are two elements of E. The following observation can be easily proved.
Lemma 5.1.1. The following statements are valid:

(i) p € E if and only if p(0,-) is a fixed point of Q. : Cgfg’_) — Cg?g’_).

(ii) Let u,v € Cg?a.). If w is a fized point of Q. and lim, . Qnu[v] = u, then
limy o d(Q:[v], Qi[u]) = 0, where d is the metric defined in (5.6).

In (5.1)-(5.3), we have defined the traveling wave for the semiflow {Q;};c7. Here
we explain it in the case where the semiflow is generated by the solution maps of a
time-space periodic evolution system, including how to extend such a wave solution
to an entire solution and how it relates to the one introduced by Nadin [67].

We first explain how to extend a wave to an entire solution. For t > r with
t,r € TU(=T), let S,¢ : Cary = Car,y be the solution map of a time-space peri-
odic evolution equation in dimension one, where r is the initial time. Then S, has
following time periodicity:

Spt = Spiwirws t>1, treTU(=T).

)

Suppose that we have already established the traveling wave W (t,z, &) for {So:}ier
in the sense of (5.1)-(5.3). In particular,

S0 WO, -+y)] =W(t,--+y—ct), teT,ycR.

For convenience, we still use W (t,z,£) to denote the periodic extension of W in

time. Note that for any ¢ > r with ¢,r € T U (=T), there exists k, € Z, such that
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r + ky,w > 0. It then follows that

St W (r,-,-+y—cr)]

= Sritrwtthew[W(r, - - +y —cr)]

= SrtkywtthewW(r + kw, - +y — cr)]

= Srthrw,tthwS0r+w[W (0, - +y —cr + c(r + kw))]
= S04k W(0,,- +y —cr+c(r + kw))]
=W(t,-,-+y—ct), YteTU(-T),yeR.

This shows that the periodic extension W gives rise to an entire wave solution.
Next, we point out there are many wave-like solutions satisfying (5.1). Indeed, for

a decreasing function ¢ € Cg(,.), we define

Ult,z,£) := Qio(- + &+ ct — x)](x).

Then one may easily verify that U is periodic in x, non-increasing in ¢ and satisfies
(5.1). However, U is in general not periodic in time and not extendable to be an
entire solution. This suggests that we first look for a wave for the Poincaré map (i.e.,
period map) in a certain sense and then use it as the initial value to evolve under
the semiflow to construct the traveling wave for the semiflow. We will show that
W(t,x,&) .= Q[V (-, + &+ ct —x)](x) is a traveling wave of the semiflow {Q;}ie7 if

V(z,€) is L-periodic in x, non-increasing in £ and satisfies

The periodicity of W in time follows from (5.8). We call such V' a traveling wave of

()., in a strong sense.




5.1 TIME-SPACE PERIODIC SEMIFLOWS 111

Now let us roughly explain why (5.8) may hold for all y € R. Indeed, we can
employ the results in [19] to show that (5.8) holds for y € R\ I', where I' is a
countable set. Since V' will be carefully constructed such that V(& + - — [-]1) is
left-continuous in £ and for any £ € R it belongs to the same compact set in periodic
function spaces, one is able to use the continuity of @), to pass the limit so that (5.8)
also holds for y € I'. This procedure will be presented in an abstract way in section
2.2.

To establish the existence of traveling waves and spreading speeds, we need the

following two basic assumptions on time-space periodic semiflow {Q; }ie7:

(A1) (MONOSTABILITY) limy, e Quo[¢] = B(0,+) for any ¢ € Cfpg | with ¢ > 0.

(A2) (a-CONTRACTION) There exists x € [0,1) such that

a((QulU))p,1) < ka(Up,zy,,), YU C Cao,)

where « is the Kuratowski measure defined in (5.7).

Suppose u(t,z;¢) = @Q;[¢](x) solves a time-space periodic evolution equation.
Since wu(t,x;¢) is L-periodic in z if ¢ is, we only need to consider the evolution
equation with periodic initial data. By Lemma 5.1.1, it follows that ((¢,z) is a
time-space periodic solution of the evolution equation, and (Al) is equivalent to
that the time-space periodic solution (¢, x) attracts any solution with initial value
NS Cg%,-) and ¢ > 0. For a scalar reaction-diffusion equation admitting the strong
maximum principle, the condition ¢ > 0 may be relaxed to be ¢ > 0. For a system
of reaction-diffusion equations, such a condition in general cannot be relaxed because

there probably exist semi-trivial time-space periodic solutions.
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Note that the assumption (A2) is for the Poincaré map on the phase space Cg ...
If the Poincaré map Q., : Cs(,.) — Cg(o, is compact, then (A2) is satisfied by choosing
r = 0. For a time-space periodic evolution equation with delay, if the delay is larger
than the time period w, then @, is not compact but satisfies (A2).

It is worthy to point out that we do not assume that the semfilow is subhomoge-
neous (or sublinear in some literature), which is often understood as the KPP type
condition for monostable semiflows. Thus, the expected minimal wave speed may not

be linearly determinate in general.

5.1.2 Traveling waves

In this subsection, we establish the existence of traveling waves for time-space periodic
and monotone semiflows under assumptions (Al) and (A2).
Let {Q:}ie7 be an w-time periodic and L-space periodic monotone semiflow from

Ca0,) to Cpt,)- We define a family of mappings {.S;}c7 by

Q:[95(0, -)](x)
plt,x)

It easily follows that {S;}ie7 is an w-time periodic and L-space periodic monotone

Si[¢](z) =

VqﬁECl,wEH.

semiflow on C;. Without loss of generality, we then assume that (¢, x) is a positive
constant, denoted still by 3, and hence, we may write Cg instead of Cg(,.) for any
t > 0. We do not scale L to be one since the habitat has been scaled to be Z if
it is discrete. We do not scale w to be one since in delay differential equations, the
relationship between the time period and the delay is important.

Our strategy is to first establish a traveling wave for the Poincaré map in a stronger
sense than usual, and then use it as an initial value for the evolution to obtain the

traveling wave for the given semiflow. To establish a traveling wave for the Poincaré
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map @, we first use the map @, (in periodic habitat) to construct a topologically
conjugate map P, (in homogeneous discrete habitat), and then extend P, into a larger
map P, (in homogeneous continuous habitat), which was introduced by Weinberger
[93] for the study of spreading speeds. In general, P, is not compact even if Q,, is.
To overcome the difficulty caused by the non-compactness, we show that P, fits the
framework of [19] (see also in section 2.2) which deals with a large class of monotone
semiflows with weak compactness.

To explain the operators P, and P, in detail, we need to introduce some no-
tations. Let M be the set of all non-increasing and bounded functions from R to

Y :=C([0, L], X), and
X ={veM:vu(s)(L)=uv(s+ L)0),s € R}.
Define order intervals Xz, Y3 and Xjp, respectively, by
X5 =[0,6lx, Yz=10,0]y, and AXs=]0,p0]x.

Let
Vs ={p€Ys:0(0)=o(L)}.
and

Ky = {6 € C(LZ,Y3) : 6L + L)(0) = 6GL)(L), 1 € 7}
Lemma 5.1.2. [20, SECTION 4] The map F': Cs — Kz defined by
Flo](iL)(0) = ¢(iL +0) (5.9)
is a homeomorphism. Further, the semiflow {P;}ie7 on Kg defined by
P,=FoQ,oF™! (5.10)

is topologically conjugate to {Qi e on Cgs.
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One can verify that
F')(z) = v(L[z])(z — L[z]), v e K. (5.11)
Define the identity map G : X3 — K by
G[ol(iL) = ¢(iL). (5.12)
and the t-parameterized map P, by
Bl¢l(s) = BG[o(- + )](0). (5.13)

Next we use two lemmas to prove that P, maps X to X and that it fits the
framework of [19] (see also in section 2.2) in one-dimensional homogeneous continuous

habitat.
Lemma 5.1.3. The following statements on X are valid:

(i) Any monotone or L-periodic function from R to X can be embedded into X,

and hence, X # (.
(ii) Forr € R\ {0}, rX =X and T, X = X.
(11i) For vi,vy € X, v1 + v € X

(iv) For vy,ve € X, the function v, defined by v(z) := max{vi(z),ve(z)}, is also in

X.

Proof. We only prove statement (i) since others are trivial. In the case where f is a

monotone function from R to X, we define v € X by

v(s)(0) = f(s+0). (5.14)
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Clearly, v(s) is monotone in s. In the case where f is L-periodic, we define
v(s)(0) = f(L[s] +6). (5.15)
Then it is easy to see that v(s) = v(0) for all s € R due to the periodicity of f. [

Lemma 5.1.4. Assume that the Poincaré map Q,, satisfies (A1) and (A2). Then

the map P, : Xs — X3 has the following properties:
(i) P,o T,=T,0 P, Vy € R, where T, is the y-length translation operator.

(i1) P,: X — X 1s continuous with respect to the compact open topology.

(i1i) There exists k € [0,1) such that for V C X3, a(P,[V](0)) < ka(V(0)), where «

15 the kuratowski measure of non-compactness for bounded sets in'Y .
(iv) P,[¢] > P[] whenever ¢ > 1 in Xs.
(v) P,: Yy — Y admits two fived points 0 and 3, and for any ¢ € Yz with ¢ > 0,

Proof. We first show that P, maps X5 into X3 and then verify the five properties one

by one. Let v € &3 be given. By definition, we have

P,[v](s) = FQu,F'Gluv(- + 5)](0).

1

Then the monotonicity of P,[v](s) follows from the monotonicity of F,Q,,, F~! and

G. Since
T1Qu = QuTr and F[¢|(L)(0) = ¢(L) = F[¢](0)(L),

we obtain

FQuF ' Gu(-+5+L)](0)(0) = FQuF ' Gv(-+s)|(L)(0) = FQuF'Glv(-+s)|(0)(L),
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which is equivalent to P,[v](s + L)(0) = P,[v](s)(L). This shows that P,[v] € Xj,
and hence, P, maps X3 into Xjp.

Statement (i) follows directly from the definition of P,. Statement (iv) follows
directly from the monotonicity of F,Q,,, F~! and G. It remains to verify statements
(ii),(iili) and (v).

To show the continuity, it suffices to prove that P, [v,] — P,[v] locally uniformly
if v, — v locally uniformly. Indeed, Glv, (- + s)](i) = G[v(- + s)](¢) locally uniformly
in 7, s. By the topological conjugacy between @), and P, as well as the continuity of
Q., it follows that P, G[v,(- + $)](0) = P,Glv(- + $)](0) locally uniformly in s. The
continuity is then proved.

For the statement on compactness, we note that

P,[V(0)(0) = QuF'GIV](9).
It then follows from (A2) and definitions of F~! and G that
(P, [V1(0)) = a((QulF'GVIp.atr) < a((FT'GIV])jo.11r,) = a(V(0)).

For statement (v), it follows from statement (i) that

P,[c](5)(0) = Pu[C(- + £)](0)(0) = P.[C)(0)(0).

Further, by the definition of P, we have

P,[c](0)(0) = QuEG[c](9).

Note that F~!'G : Y5 — CF" and F~1G[(] > 0 due to ¢ > 0. It then follows from
(A1) that
ﬁnw[é] = anpilG[é] — 5, as n — oQ.

This completes the proof. n
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With Lemmas 5.1.3 and 5.1.4, we can proceed as in [19] (see also in section 2.2.2) to
establish the existence of traveling waves for P,,. Indeed, let w € Vs with 0 < @ < f3.
Choose ¢ to be a continuous function from R to X with the following properties: (i)
¢(z) is non increasing in x, (ii) ¢(x) = 0 for x > 0 and (iii) ¢(—o0) = w. Define
¢ € X5 by

¢(s)(0) = o(s +0). (5.16)
Then gz~5 has the following properties:

(1) ¢(s) is continuously non-increasing in s;

(2) é(s) =0 for s > 0;

Next we use ¢ to define two numbers —co < ¢t < ¢y < +4oo. For ¢ € R and integer

n > 1, we define the map R, 1 : Xz — A by

1
‘n

R

c,

) = max { 15060, TP o)

n

3=

and a sequence of functions a,, (c, %; 3) by the recursion
1 ~ 1 1
ap (¢, —is )= o(s), am1 |, s | = R.1 |am | c, ek (s). (5.17)

Define
AO - Xﬁ, Ai+1 - Unlec [Az]a Z 2 1 (518)

Then we have the following result.

Lemma 5.1.5. [19, LEMMAS 3.1 AND 3.3] The following two statements hold true:

(i) The set A = Ni>o User Ai(s) is non-empty and compact in Yz, where A; is
defined as in (5.18).
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L. s) ewists and the limit, denoted by a(c,+;-), is an element in

')

(71) limy, o0 am(c

Xs and satisfies

and
1 1 , , ~
a <c, —; —oo) =08, a (C, —; —i—oo) €Yy is a fived point of P,.
n n
According to [19], we define two numbers:
¢} :==sup{c:a(c,1;+00) = B}, ¢4 :=sup{c:a(c,1;+00) > 0}. (5.19)

Let E be the fixed point of P, on Ys. We say (s — cw) is a traveling wave of P,
connecting [, € E to 85 € E if there exits a countable set I' € R such that

P[Y](s) =1¢(s —cnw), n>0,s e R\T (5.20)

and
Y(—00) = B1, P(400) = f. (5.21)

Applying the same arguments as in the proof of [19, Theorem 3.8](Theorem 2.2.5)
to the map P,: Xs — X, we have the following result.

Lemma 5.1.6. The following statements are valid:

(1) For ¢ > ¢, P, admits a traveling wave v connecting B to some elements

o EE\{ﬁ}'

(2) 1If, in addition, 0 is isolated in E, then for any ¢ > &, either of the following
holds:
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(i) there exists a traveling wave ¥ connecting B to 0.

(ii) there are two ordered elements 3, By in E \ {0, 8} such that there exist a

traveling wave 1y connecting B1 to 0 and a traveling wave 15 connecting 3

to Bg.

Before moving forward to construct the traveling waves for {Q; };c7 in the sense of
(5.1)-(5.3), we show that the set I' can be chosen to be empty for all traveling waves
of ﬁw established in Lemma 5.1.6.

Lemma 5.1.7. Let (s — cw) be a left continuous traveling wave of P, established
in Lemma 5.1.6 in the sense of (5.20)-(5.21). Then P,[1)](s) is also left continuous,
and hence, P,[](s) = ¥(s — cw),s € R.

Proof. Tt suffices to prove that P,[1)](s) is left continuous. Indeed, for any given s € R
and a sequence s, 1 0, we need to show that P,[1](s + s,) — P,[1](s) as n — oo,

which is equivalent to

lim Qu[ (L[] + 5+ s0)(- — LIDIO) = Qul (L[] + 5)(- = L[](0) (5.22)

n—oo

uniformly in 6 € [0, L] due to (5.9)-(5.13). Note that x — L[z] € [0, L] for all z € R
and [x] takes finitely many values in Z for z in any compact set. It then follows from

the left continuity of ¢ that

lim (L[z] + s+ s,)(x — Llz]) = ¢ (L[x] + s)(z — L[z])

n—o0

uniformly for z in any compact set. By the continuity of ), with respect to the

compact open topology, we obtain the equality (5.22). a

Now we are in a position to prove the main result in this subsection.
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Theorem 5.1.1. Let {Q:}ier be an w-time periodic and L-space periodic monotone
semiflow from Cao.y to Cag,.y, and assume that (A1) and (A2) hold. Then there are

two numbers —oo < i < ¢ < 400 such that

(1) For any ¢ > ¢, {Qiher admits a traveling wave W connecting  to some

elements py € E\ {8}.

(2) 1If, in addition, 0 is isolated in E, then for any ¢ > ¢, either of the following
holds:
(i) there exists a traveling wave W connecting (3 to 0.

(ii) there are two ordered elements ay, as in E '\ {0, 5} such that there exist a
traveling wave Wy connecting oy to 0 and a traveling wave Wy connecting

B to as.

(3) For c < c, there is no traveling wave connecting 3, and for ¢ < ¢, there is no

traveling wave connecting 3 to 0.

Proof. For each admissible speed ¢, we have already shown that P, : X3 — X3 admits

a wave 1 in the sense that
P[](s) = ¥(s — cw), Vs eR. (5.23)

Define V (z, &) by
V(&) = 9§ — o+ [2]0)(z — [z]1).

It is not difficult to check V is L-periodic in  and non-increasing in £. Then we use
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the definitions of F, F~!, P, and P, to obtain

Vie,z —cw+y) =9y —cw+[z]p)(z—[z]L)
= Py + [a]0) (= — [2]1)
= PuGI(-+y + [2])](0)(z — [2]1)
= FQuF'G(- +y + []0)](0)(z — [2]1)
= QuFT'Gl(- +y + [z]p))(z — [2]1)
= QuF G (- +y)l(w)
= Qu¥([]r +y)(- = [1o)l(x)
=QuV(,-+y)(x), VeeH,yeR (5.24)
We claim that W : T x H x R — X defined by
W(t,z,&) = QuV (- + &+ ct — 2)](2), (5.25)

is the desired traveling wave. It suffices to show that (5.1)-(5.3) hold true. Indeed,
the space periodicity and (5.1) are easily verified. Also the limit equality (5.3) follows
directly from the time periodicity. Thus, it remains to prove the time periodicity. By

using (5.24), we obtain

W(t+w,x,§) :Qth[v<'7'+§+C(t+w) _I)](I)
=QV(, —aw+E+c(t+w) —2)](x)
= QuV (- + &+t —a)(x)
=Wi(t,z¢), teT,zeH,{cR (5.26)
This proves the existence of traveling waves.

Next we prove the non-existence of traveling waves. If the three-variable function

W is a wave in the sense of (5.1)-(5.3) and it connects  to some other time-space
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periodic solution f(¢,z) with 81(0,-) < /3, then we have
W(0,z,2+y—caw) =Q,W(O,- -+y)(x), xe€H,yeR
with
W(O7'7_OO) :67 W(O,,+OO) :61(07>

Recall that ¢ is defined in (5.16). Thus, we may choose sy > 0 such that

o(s)(0) <W(0,0,0 4+ s+ sp). (5.27)

Note that
“IGO(-+ s+ aw)](x) = d([z] + 5 + cw)(z — [2]). (5.28)

Combining (5.17), (5.27) and (5.28), we obtain

ai(e,1,5)(0) = max{¢(s)(0), T Pud [ 5](s)(0)}
= max{¢(s)(0), FQuF'G[(- + 5 + w)](0)(6)}
< max{@(s)(0), FQuIW(0,-,- + s + so + cw)](0)(0) }
= max{¢(s)(0), F[W(0,-,- + s + 50)](0)(6)}

= W(0,9,9 + s+ SO),
and inductively, a,(c,1,5)(0) < W(0,60,0 4+ s+ sg), Yn > 1. This implies that

a(e,1,400) = lim lim a,(c,1,s) < lim lim W(0,-, -+ s+ s9) = £1(0,-) < 53,

s§——+00 n—00 §—+00 Nn—00

which, together with the definition of ¢}, implies that ¢ > ¢ . Similarly, if W is a

traveling wave connecting 5 to 0 with speed ¢, then ¢ > ¢,. O]

We remark that there are examples arising from nonlocal or fractional diffusion

equations such that ¢} = +oo. It is an interesting problem to find conditions to
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exclude such a possibility for semiflows, but it beyonds the purpose of this paper.
When ¢ = 400 (or ¢; = +00), the condition ¢ > ¢ (or ¢ > ¢;) in Theorem 5.1.1
is vacuous, and hence, there are no traveling waves. Based on the constructions of
V and W in the proof of Theorem 5.1.1, we further show the existence of almost

pulsating waves in the sense of Definition 5.0.2.

Theorem 5.1.2. Let W(t,z,£) be a traveling wave with speed c, as established in
Theorem 5.1.1, and W be its periodic extension in time. Define a family of entire
solutions u(t,z;y) == W(t,z,z — ct +vy) indexed by y € R. Then there exists a
countable set D C R such that for any y € R\ D, u(t,z;y) is an almost pulsating

wave connecting two time-space periodic solutions.

Proof. 1t suffices to consider positive time due to the periodicity. In the case where
cw/L = p/q for some integers p and ¢, the periodicity of W in the first two variables
implies that

u(t+qw,z+pLyy) = W(t+quw,z+ pL;x+ pL — ct — cqw + )
= W(t,x;x —ct +y) = ult,z;y).
In the case where cw/L is irrational, since the set of rational numbers is dense in

R, we can choose a sequence of integer pairs (ax,by) such that by > k, ‘;—: < aw/L,

and limy_, oo Z—: = cw/L. Set

ag +m

my = min {m S/

> cw/L}.

k

It follows that
ak+mk—1 ar + my

cw/L€< b — ), vk > 1.




5.1 TIME-SPACE PERIODIC SEMIFLOWS 124

Letting pr. = ap + my and g = by, we then have

1
Phlc 2 <1, wk>1.
dk gk

By the definition of u(t, z;y) and (5.25), it easily follows that

lim g = 400, ‘cw/L -
k—ro0

u(t + g, +ppLyy) = W(t,z; 2+ prL — ct — cqpw + y)

= Q[V( Ty +ml — cquw)(z). (5.29)

Recall that [t], = [Lt]w, where [s] is the integer part of real number s. In view of
(5.24), we further infer that

u(t + quw, © + prLiy) = Qg [V (- +y + prL — cqrw — c[t]w)](z). (5.30)

Note that V(z,€) = ¥(§ — 2 + [z]1)(z — [z].), where ¢ € X is an abstract non-
increasing left continuous function from R to C([0, L]z, X) (see Lemma 5.1.7), and

it is continuous almost everywhere except for a countable set I'. Define
D={ctlo—[z]r +2z€R: (t,7) e R* z €T}
Clearly, D is a countable subset of R. Now we claim that for any given y € R\ D,
V(z,x +y+ ppl — cqrw — c[t]ly) = V(z,z +y — [t],) (5.31)

uniformly for all ¢ € R and x in any compact subset of R. Indeed, it is easy to see

that (5.31) is equivalent to
(Y + il — cqrw — cftly + [2]) = ¥(y — cftlo + [2]2) 0 C([0, L]y, X)  (5.32)

uniformly for all ¢ € R and x in any compact subset of R. Since ¥ (£o00) exist and
prL — cqrw € [—L, L], it follows that for any € > 0 and M > 0, there exists C; > 0
such that

[W(y + pel — eqrw — cltlo + [2]0) — ¥y — cltlo + [2]0)| <€
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for all (¢,x) € R? satisfying
ly —cltlo + [z]] 2 C1 and 2| < M,

which, due to ¢ # 0, is true whenever |t| > ¢, for some large number t, > 0. It

remains to show that there exists an integer ko such that for all k > ko,
Yy + el — cqrw — clt]o + [2]0) — Yy — cltlo + [2]0)] <€, V[t] <to, [2] < M,

which is implied by the continuity of ¥ (s) at finitely many points s = y—c[t],+[z]L &
I. This shows that (5.32) holds uniformly for all ¢ € R and z in any compact subset
of R. Note that t — [t], € [0,w] for all ¢ € R and Q;[¢] is continuous in (¢, ¢) with
respect to the compact open topology. It then follows from (5.30) and (5.31) that
limy o0 u(t + qrw, = + prL) = u(t,z) uniformly for all ¢ € R and x in any compact

subset of R. 0

Remark 5.1.1. The almost pulsating wave u(t,x) constructed in Theorem 5.1.2 also
has the property that u(t + qw,x + ppL) — u(t, z) uniformly for all x € R and t in

any compact subset of R under the following additional continuity assumption:
(A3) For any ¢n,» € Cg with lim,,_,o ¢ (x) = ¢(x) uniformly for all x € R,
lim Q[on](z) = Qi[¢](z),
uniformly for all (t,x) € [0,w] x R.

This is because for any given y € R\ D, the convergence in (5.32) are uniform for all
x € R and t in any compact subset of R, and hence, the desired convergence follows

from (5.30) and the assumption (A3).
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5.1.3 Spreading speeds

So far, we have already proved that there exist two critical speeds ¢’ and ¢, for non-
increasing traveling waves. In this subsection, we use these two numbers to describe

the rightward spreading property of solutions with appropriate initial datum.

Theorem 5.1.3. Let {Q;}ier be an w-time periodic and L-space periodic monotone
semiflow from Cg.) to Cag,.y,, and assume that (A1) and (A2) hold. Then the fol-

lowing statements are valid:

(i) Forc > ¢y, we have lim,>q Qi[¢](x) = 0 provided that ¢ € Cg(o.) vanishes when
x is greater than some xo € H and ¢ < w <K B(0,-) for some w € CZES,.) with
w > 0.

(ii) For c < ci, we have limy_,o <t |Q¢[@](x) — B(t, 2)| = 0 provided that ¢ € Cs(o,.)

satisfies p(x) > o when x is less than some K € H for some o € X with o > 0.

Proof. To prove these spreading properties, we again use P, but on another phase

space Yz, which is defined by
Vs ={ve CR,Yp) :v(s)(L) = v(s+ L)(0)},

equipped with the compact open topology. It was shown in Proposition 4.5.1 that P,
maps Vs to Vs and P, admits the five properties in Lemma 5.1.4 with Xjs replaced by
Vs. Note that different notations are used in Proposition 4.5.1. Thus, P, : Y5 — Vs
has the same spreading property as in [19, Remark 3.7](see also Theorem 2.2.7). On
the other hand, since the semiflow {E}teT is time periodic and defined in the medium
R, one may see from [53, Theorem 2.3] that {P,};c7 has the spreading properties
stated in Theorem 5.1.3 with Cg(o,.), @, and X replaced by Vs, P, and Y respectively.

Next we show how to derive the spreading property of {Q;}ie7 from P,.
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We look for the spreading properties of @, which are inherited from P,. Indeed,
for p € C(H, X), define v € Y3 by

v(s)(0) = ¢ ([s]c +0).

Then for any s € R,0 € [0, L] and n > 1, we have

Blvl(s)(0) = RGlo(-+ )](0)(0)
= FQiF~'Glu(- + 5)](0)(0)
= QF ' Glu(- + 9)](0)
= Qefo([]e +9)(- = [o)I(0).

In particular, setting s =¢L,7 € Z, we obtain

P](L)(0) = Qu[o([12)(- = [12)](0 + L) = Q/[¢] (8 +iL),

which is equivalent to

Qo) (x) = Plo]([z]o)(x — [z]r), e H,teT.
Thus, the statements for {Q;}ic7 hold true. ]

To finish this section, we note that similar arguments can be used to establish the
existence of non-decreasing traveling waves W (¢, z, z + ct) and the leftward spreading

property in terms of two critical speeds ¢* and ¢_ satisfying —oo < ¢ <¢_ < +o0.

5.2 Two species competition model

In this section, we first use the abstract results in last section to study the propagation
phenomena for a two species competition reaction-advection-diffusion system in time-

space periodic environment. Then we obtain sufficient conditions for these two speeds
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to be identical and linearly determinate, respectively. Two specific cases are also

discussed in detail.

5.2.1 The periodic initial value problem

In this subsection, we investigate the global dynamics of the time and space periodic
Lotka-Volterra competition system with the periodic initial values. Let w and L be

positive real numbers. We assume that

(a) di(t,z), gi(t,x), a;j(t,x) and b;(t,z) are w-periodic in ¢ and L-periodic in z,
d;, gi,aij, b; € C37(R x R), 1 < i,j < 2, where C2¥(R x R) is a Holder contin-
uous space with the Holder exponent ¥ for the first component and v € (0,1)

for the second component.
(b) aij(t,x) > 0, V(t,l') € R x ]R, 1< Z,j < 2.

(c¢) There exists a positive number o such that d;(t,z) > ag,V(t,z) € R x R, =

1,2, i.e., the operator L;u = d;(t, x)gQTZ — gi(t, x)% is uniformly elliptic.

In the sequel, if there is no specific mention, the periodicity will always refer to the
time and space periods (w, L).

Let P be the set of all continuous and L-periodic functions from R to R equipped
with the maximum norm || - ||p, and Py = {¢p € P: ¢(z) > 0,Vz € R} be a positive
cone of P. Then (P,P,) is a strongly ordered Banach lattice. Assume that time-
space periodic functions d, g, h € C2*(R x R) and d(-,-) > 0. By Theorem 2.1.1(see,
e.g., [31, Theorem 7.2]) and the arguments similar to those in [31, 11.14], it follows
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that the scalar parabolic eigenvalue problem

v 0% v
3 + d(t,z)w — g(t,a:)% + h(t,z)v =X v, (t,x) e R xR,
v(t,x+ L) =v(t,x), vt +w,z) =v(t,z), V(t,z) ERXR (5.33)

admits a principal eigenvalue A(d, g, h) associated with a positive time-space periodic
eigenfunction ¢(t,x). Using the arguments similar to those in [106, Theorem 2.3.4] ,
as applied to the Poincaré map associated with system (5.34), we have the following

result.

Proposition 5.2.1. Assume that time-space periodic functions d, g,c,e € C2"(R x
R), and d(-,-) > 0,e(-,-) > 0 (£ 0). Let u(t,z,¢) be the unique solution of the

following parabolic equation:

du 0?u du
i d(t,x)@ - (t,x)% +u(e(t,x) —e(t,z)u), t>0, zeR,
u(0,z) = ¢(x) € P, zeR (5.34)

Then the following statements are valid:

(i) If XM(d,g,¢) < 0, then uw = 0 is globally asymptotically stable with respect to

wnitial values in Py,

(i) If A(d,g,c) > 0, then (5.34) admits a unique positive time-space periodic solu-
tion u*(t,x), and it is globally asymptotically stable with respect to initial values

Let P = PC(R,R?) be the set of all continuous and L-periodic functions from R

to R?, and Py = {4 € P: o(x) > 0,Vz € R}. Then P, is a closed cone of PP and

induces a partial ordering on P. Moreover, we introduce a norm ||¢||p by

élle = maxo(x)]
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It then follows that (P, | - ||p) is a Banach lattice.

Clearly, for any ¢ € P, (5.5) has a unique nonnegative solution u(t, -, ¢) defined
on [0, 00), and u(t, -, ) € P, for all ¢t > 0.

By Proposition 5.2.1, we see that there exist two positive time-space periodic
functions uj(t,z) and uj(t, x) such that Ey := (uj(t,z),0), Ey := (0,us(t,z)) are the
time-space periodic solutions of system (5.5) provided that A(d;, g;,b;) > 0, i = 1,2.
Since we mainly concern about the case of the competition exclusion, we impose the

following conditions on system (5.5):

(H1) A(di,gi,b;) >0, i =1,2.

(H2) A(di, g1, b1 —ajpul) > 0.

(H3) System (5.5) has no positive time-space periodic solution.

Condition (H1) guarantees the existence of two semi-trivial time-space periodic
solutions of system (5.5), and (H2) implies that (0, u}(t, z)) is unstable. Moreover, by
Lemma 4.4.1 with p = 0,d(t,z) = di(t,x) and g(t,z) = ¢:1(¢,2),¥(t,z) € R x R, we
know that (H2) implies \(dy, g1,b1) > 0. Thus, we could simply drop the assumption
A1(dy, g1,01) > 0 from (HI).

Slightly modifying the arguments in [31, Example 34.2], we have the following

observation.

Proposition 5.2.2. Let b,(t) := min b(t,2), by(t) := max by(t,z), and @, (t),
z€(0,L] z€[0,L]

Q12(t), agy (t), as(t) be defined in a similar way. Then (H3) holds true provided that

T — T T T
/ b,(t)dt > max aalt) / by(t)dt, and / by(t)dt < max %L(t) / by (t)dt.
0 0 0 0

te[0,w] Q22(t) te[0,w] an(t)

Under assumptions (H1)-(H3), there are three nonnegative time-space periodic

solutions: Ey = (0,0), £ := (uj(t,z),0), and Ey := (0,u3(t,x)). Next, we use the
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theory developed in [35] for abstract competitive systems (see also [32]) to prove the

global stability of Ej.

Theorem 5.2.1. Assume that (H1)-(H3) hold. Then E;(uf(t,x),0) is globally asymp-
totically stable for all initial values ¢ = (¢1, P2) € Py with ¢ # 0.

Proof. Since (H2) holds true, the arguments similar to those in [106, Proposition

7.1.1] imply the following observation.

Claim. There exists dg > 0 such that limsup,,_,  ||[u(nw, z, ) — (0,u3(0,z))|lp > &
for any ¢ € P, with ¢; # 0.

By the above claim and (H3), we rule out possibility (a) and (c) in Theorem 2.1.4
with T'(¢) = u(w, -, ¢). Since Ej is repellent in some neighborhood of itself, Theorem
2.1.4 implies that E; is globally asymptotically stable for all initial values ¢ € P,
with ¢, 2 0. 0

5.2.2 Spreading speeds and traveling waves

In this subsection, we study the spreading speeds and time-space periodic traveling
waves for system (5.5). By a change of variables v; = uy,ve = ub(t,z) — ua, we

transform system (5.5) into the following cooperative system:

0

%levl—l—vl(bl(t,m)—alg(t, z)uy(t, r)—aq1(t, v)vi+az(t, x)ve), t >0, v € R,
ov

8—;:L2U2+G21(t, x)vy(uy(t, x)—vg) +vo(bo(t, x) —2a0s(t, x)us(t, x)+as(t, )vs).

(5.35)

Note that three time-space solutions of (5.5), respectively, become

Eo = (0,ui(t, x)), By = (ul(t,z), ul(t,z)), Ey=(0,0).
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To apply Theorems 5.1.1 and 5.1.3 to (5.35), we need to specify the meaning of

the notations there. More precisely,

X=R? H=R, T=R, Btz)=E, 0=5E,.

Other notations such as Cg,.) and Cg%c) in Theorems 5.1.1 and 5.1.3 are then ac-
cordingly specified.
Let Y be the set of all bounded and continuous functions from R to R, Tj(¢, s)

and Ty(t, s) be the linear semigroups on Y generated by

0
a_::le +v(by(t, x) — ara(t, z)us(t, x))

and

20— L+ v(balt, ) — 2l 2 (1, 2)),

respectively. It follows that 77(¢,s) and Ty(¢, s) are compact with the respect to the
compact open topology for each t > s > 0 (see, e.g., [31]). For any u = (uy,us) € C,
define F': [0, +00) x C — C by

F(t’ u) _ —CLH(T,, )U% + CL12<t, ')U1u2

agl(t7 ')U;(t, -)u1 — a921 (t, -)U1U2 + azg(t, )u%
Then we rewrite system (5.35) as an integral equation form:
t
v(t) =T(t,0)v(0) +/ T(t,s)F(s,v(s))ds, t>0,
0
U(O) =¢e CB(O,~)a (5.36)

where T'(t, s) = diag(Ti(t, s), Ta(t, s)).
As usual, a solution of (5.36) is called a mild solution of system (5.35). It then

follows that for any ¢ € Cg,), system (5.35) has a mild solution u(t, -, ¢) defined
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on [0,00) with u(0,-,¢) = ¢, and u(t,-, ¢) € Ca,.y for all t > 0, and it is a classical

solution when ¢t > 0.

Definition 5.2.1. A function u(t) := u(t,-) is said to be an upper (a lower) solution

of system (5.35) if it satisfies
u(t) > (L)T(t,0)u(0) + /tT(t, s)F(s,u(s))ds, t>0.
0

Define a family of operators {Q¢}i>0 from Cgo.y to Cpu,.) by Qi(d) = ul(t,-, @),
where u(t, -, ¢) is the solution of system (5.35) with u(0,-) = ¢ € Cgo,). Next we
show that {Q:}:;>0 is an w-time periodic and L-space periodic monotone semiflow
from Cgo,.) to Cg,.) in the sense of Definition 5.1.1. Indeed, since for any a € LZ,
v(t,x) :=u(t,x —a,d) and w(t,z) = u(t +w,x, p) are solutions of (5.35) with initial
conditions v(0, x) = u(0,x—a, ¢) and w(0, x) = u(w, x, @), respectively, we see that O,
satisfies the second and third properties in Definition 5.1.1. The fourth property and
(A2) follow from the same argument as in [63, Theorem 8.5.2]. The fifth property is
true since system (5.35) is cooperative and the comparison principle holds. Moreover,

Theorem 5.2.1 implies (A1) is valid. Thus, we have the following observation.

Proposition 5.2.3. Assume that (H1)-(H3) hold. Then {Q:}i>0 is an w-time peri-
odic and L-space periodic monotone semiflow from Cg.) to Cag.), and Q. satisfies

(A1) and (A2).

By Proposition 5.2.3, we see that {Q; };>0 satisfies all conditions in Theorem 5.1.1.
Thus, there exist two numbers ¢; and ¢} for the minimal speed of different kind of
traveling waves. In Theorem 5.1.1, ¢, might be plus infinite and the information of
the limits of traveling waves at +oo is not fully understood for general semiflows.

Below, we will use the structure of competition to show that ¢, is finite and derive
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some conditions under which the limits of traveling waves at 0o can be figured out.
By the comparison arguments, it is easy to see that ¢; < max{c],,c;, }, where ¢},
is the rightward spreading speed of the u; species in the absence of the us_; species,
i = 1,2. Since ¢}, and c;, are determined by two Fisher-KPP type equations (see
(5.37) and (5.39) below), it follows that ¢; < +o0.

To show that ¢, is the minimal wave speed for periodic traveling waves of system

(5.35) connecting ((t,x) to 0, we propose the following assumption:

(H4) ¢;, + ¢5_ > 0, where ¢}, and c;_ are the rightward and leftward spreading

speeds of two Fisher-KPP type equations (5.37) and (5.39), respectively.

Note that ¢, is the rightward spreading speed of u; species when uy species van-
ishes, and ¢_ is the leftward spreading speed of us species when wu; species vanishes.
When two species have opposite advection, they may separate even without competi-

tion. Assumption (H4) excludes such a possibility so that the competition plays a vital

role. We remark that in the case where Liu = 2 (d;(x)3%) with d; € C2'™(R x R),
or all the coefficient functions in (5.37) and (5.39) are even in x except g; is odd in
x, i = 1,2, Lemma 5.2.2 in the forthcoming section 5.2.4 shows that (H1) and (H2)

guarantee (H4).

Theorem 5.2.2. Assume that (H1)-(H4) hold. Then for any ¢ > ¢y, system (5.35)
admits a periodic traveling wave (U(t,x,x — ct),V (t,z,x — ct)) connecting 5(t,x) to
0, with wave profile components U(t,z,&) and V(t,z,£) being continuous and non-
increasing in &, and for any ¢ < ¢y, there is no such traveling wave connecting B(t, x)

to 0.

Proof. In view of Theorem 5.1.1 (2) and (3), it suffices to rule out the second case in

Theorem 5.1.1 (2). Suppose, by contradiction, that the statement in Theorem 5.1.1
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(2)(ii) is valid for some ¢ > ¢é;. Note that system (5.35) has exactly three time-
space periodic solutions and Fy = (0,us(t,z)) is the only intermediate time-space
periodic solution between E; = (ui(t,z),uj(t,z)) and Ey = (0,0), then we have
a1 = oy = Ey. Thus, by restricting system (5.35) on the order interval [EO, El] and

[EQ, E’o], respectively, we see that one scalar equation
u = Lyu+ u(by (t, ) — a1 (t, x)u) (5.37)

admits a periodic traveling wave U (t, z, z — ct) connecting uj(t, ) to 0 with U(¢, z, §)

being continuous and nonincreasing in &, and the other scalar equation
vy = Lov 4 v(ba(t, ) — 2a92(t, x)ui(t, x) + ag(t, z)v) (5.38)

also admits a periodic traveling wave V(t,z,2 — ct) connecting uj(t, ) to 0 with
V(t,z,&) being continuous and nonincreasing in §.

Let W(t,x,x — ct) = ui(t,x) — V(t,z,x — ct). Then W (t,z,x — ct) is a periodic
traveling wave connecting 0 to u3(¢, ) of the following scalar equation with W (¢, z, §)

being continuous and nondecreasing in &£
wy = Low + w(by(t, ) — an(t, x)w). (5.39)

Note that W (t, z,z — ct) is a periodic leftward traveling wave connecting 0 to u}(t, z)
with wave speed —c, and that systems (5.37) and (5.39) admit rightward spreading
speed ¢, and leftward spreading speed cj_, respectively, which are also the rightward
and the leftward minimal wave speeds (see, e.g., [53, Theorem 2.1-2.3]). It then
follows that ¢ > ¢}, and —c > ¢;_. This implies that ¢} + ¢;_ < 0, a contradiction.

]
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Let A\y(p) be the principle eigenvalue of the parabolic eigenvalue problem:

0 02 0
M= =2y d(t,2) 0~ (2uda(t, ) + go(t,2) 2

+ (do(t, 2) P + g2 (t, T) pt-ba(t, ) —ane(t, w)uz(t, z)) 1, (tx) e Rx R,  (5.40)
Y(t,x+ L) =yt z), vt +wx) =yt x), (tz)eRxR.

In order to prove that system (5.35) admits a single rightward spreading speed,

we impose the following assumption:

: A
(H5) limsup, o+ 25“)

< ci,, where ¢ is the rightward spreading speed of (5.37).

By virtue of Lemma 4.4.2, it follows that in the case where L;u = 8833 (d; (x)%) with
d; € C(R), or all the coefficient functions of system (5.35) are even in z except g;
is odd in z, i = 1,2, (H5) is automatically satisfied provided that (H1) and (H2) hold

true.

Theorem 5.2.3. Assume that (H1)-(H5) hold. Then the following statements are
valid for system (5.35):

(i) If ¢ € Cp0,y, 0 < ¢ < w <K B(0,-) for some w € C 60 5, and ¢(x) = 0,Ve > H,

for some H € R, then limy_,o0 4> u(t, z,¢) = 0 for any ¢ > ¢

(i) If ¢ € Cp0,) and ¢p(z) > o, Vo < K, for some o € R* with 0 > 0 and K € R,

then imy_, o y<ot(u(t,x,¢) — B(t,z)) =0 for any ¢ < 4.

Proof. In view of Theorem 5.1.3, it suffices to show that ¢, = ¢}. If this is not
valid, then the definition of ¢; and ¢’ implies that ¢, > ¢. By Theorem 5.1.1 (1)
and (3), it follows that system (5.35) admits a periodic traveling wave (Ui (t,z,z —
cit), Us(t, x, o — ¢’ t)) connecting (ui(t, x),us(t, x)) to (0,us(t,x)) with Us(t,z,&)(i =
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1, 2) being continuous and nonincreasing in . Therefore, Uy = uj(t, ), and Uy (¢, z, x—
cit) is a periodic traveling wave connecting uj(t, ) to 0. This implies ¢!, > ¢}, where
ci, is the rightward spreading of (5.37). By the linear operators approach as shown
in [53, Theorem B| and [54, Theorem 3.10], it then follows that ¢}, = inf,o ’\17(“),

where A;(u) is the principal eigenvalue of the scalar parabolic eigenvalue problem:

0 0? 0
Mo = = (1) — (2ph(0,0) + (1) 5
+(dy(t, ) + g (8, o) + by (8, 2))ep,  (t,2) € R x R, (5.41)

Y(t,z+ L) =¢(t,x), vt +w,z) =1t z), (t,x)eRxR.

M)

Note that 2% is a continuous function and lim +00. For any given c¢; €

s u—0t
(ct,c4) C (¢4, ¢4), there exists py > 0 such that ¢; = % Let ¢5(t,z) be the

positive time and space periodic eigenfunction associated with the principal eigenvalue

A1(pq) of (5.41). Then it easily follows that
uy(t, @) = e M Emat gt gy = emmMtepr(t o) >0, z € R,

is a solution of the linear equation

% = L1u1 + bl(t, I)ul.

Since cj, < ¢; and (H5) holds, we can choose a small number py € (0, 1) such that

Cy 1= % < ¢1. Let ¢3(t, ) be the positive time and space periodic eigenfunction

associated with the principal eigenvalue A\a(u2) of (5.40). It is easy to see that
Unlt, ) i €D () — RNt )

is a solution of the linear equation

Ous

5 Loug + (bo(t, ) — aga(t, z)us(t, x))us.




5.2 TwWO SPECIES COMPETITION MODEL

138

Since ¢; > ¢, it follows that the function
vg(t, x) = e7P2Emetl g (4 ) = er2la—edby (t x), >0, x €R,

satisfies

0
% > Lovs + (ba(t, x) — azs(t, ©)uz(t, x))vo.

Define two wave-like functions:
Ty (t, ) := min{mee M@0 (¢, 2), ui(t,2)}, t>0, z €R,

and
Ty (t, z) := min{qgoe "@= 3 (¢, x), ui(t,z)}, t>0, z € R,
where

U;(t,l') qoa??(t>x)¢;(t7x)

= ma >0, mg:=
0 (t,x)E[O,wT{X 0,L] ¢34(t, x) 0

min
(ta)elowx[0,L] ag (t, x)di(t, x)

(5.42)

(5.43)

(5.44)

> 0.

Now, we are ready to verify that (@, us) is an upper solution to system (5.35). Indeed,

for all z — ¢yt > L In meeite)

H1 u’f(tﬂ?)

oy _ . _ _

e Liuy —ay(by(t, z) — ara(t, x)us(t, x) — a1 (t, x)uy + aro(t, x)us)
P

Z % — Llﬂl - b1 (t, ZE)El =0.

For all v — it < -Lln mifé(;’f), we obtain T (t,z) = u}(t, x), and hence,

oy _ . _ _

5 Lty —uy(by(t, x) — aro(t, x)us(t, ) — arn(t, z)uy + aro(t, ©)us)
du _ _

> 8_151 — Ly —ay(by(t,x) — an(t,z)uy) = 0.

On the other hand, for all & — ¢ > L In 2282 > 0 it follows that
2\

Us(t, ) = qoe "2 Gy (t, x),

, we have @ (t, x) = moe M@= ¢*(¢ 1), and hence,
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which satisfies inequality (5.42). Note that
T (t, ) < moe ME=abg¥ (¢ x), YVt >0, x €R,

and M2 € (Ouul)v we get

%—Lgﬂg — agl(t, l’)(u;(t, ZL‘) — ﬂg)ﬂl — ﬂg(bg(t, I’) — QGQQ(t, ZL‘)U;(t, JZ) + agg(t, (L’)ﬂg)
= % —Lgﬂg— (b2 (t, .23) —&Qg(t, ZL’)U; (t, x))ﬂ2+(u§(t, .T) —ﬂg)(agg (t, .CI?)EQ — 921 (t, iv)ﬂl)

* — — i (z—c * a22(t,x)ds (t,x
> (uj(t, @) — Ta)e 1 10ay, (1, 2)g5 (t, o) (L)) gy )
0.

>

For all x — 1t < i In qig%t(fg), we have Uy (t, x) = ub(t,z). Therefore,
iy _ o _
e Loty — ag (¢, x)(us(t, ) — Ta)Uy — Ua(ba(t, ) — 2a02(x)us(t, x) + as(t, x)Us)
= 8;5 — Loul — uy(ba(t, x) — ag(t, z)uy) = 0.

It then follows that @ = (4, us) is a continuous upper solution of system (5.35).

Let ¢ € Cgo,.y with ¢(z) > o, Vo < K and ¢(z) = 0, Vo > H, for some o € R?
with 0 > 0 and K, H € R. By the arguments in [95, Lemma 2.2| and the proof of
Theorem 5.1.3, as applied to P, it follows that for any ¢ < ¢, there exists 8 (c)>0
such that

lim inf,, o0 p<enw |[W(nw, z, ¢)| > 6(c) > 0. (5.45)

Moreover, there exists a sufficiently large positive constant A € LZ such that
o(z) <u(0,x — A) :=¢(x), VreR.

By the translation invariance of @, it follows that u(t, z — A) is still an upper solution

of system (5.35), and hence,

0 <u(t,z,¢) <u(t,x,) =u(t,z —A), VereR, t>0. (5.46)
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Fix a number ¢ € (¢y,¢y). Letting t = nw, x = énw and n — oo in (5.46), together
with (5.45), we have

0 < d(¢) < liminf |u(nw, énw, ¢)| < lim |[u(nw, énw — A)| =0,
n—oo n—oo

which is a contradiction. Thus, ¢} = c,. O]

Note that the leftward case can be addressed in a similar way. Indeed, by making
a change of variable v(t,z) = wu(t, —x) for system (5.35), we obtain similar results
for the rightward case of the resulting system, which is the leftward case for system

(5.35).

Remark 5.2.1. In the case where Lyu = (%(di(x)g—;‘) with d; € C'(R) in system
(5.35), i = 1,2, or all the coefficient functions of system (5.35) are even in x except g;
is odd in z, i = 1,2, it follows from Lemma 4.4.2 that system (5.35) admits a single
rightward spreading speed which is coincident with the minimal rightward wave speed

provided that (H1)-(H3) hold.

5.2.3 Linear determinacy of spreading speed

In this subsection, we give a set of sufficient conditions for the rightward spreading

speed to be determined by the linearization of system (5.35) at Ey = (0,0), which is
61}1

B =Lyvy + (by(t, ) — ara(t, x)us(t, z))vy, (5.47)
0
%z[qvg—l—agl(t, z)uy(t, x)vy +(bo(t, ) —2a92(t, x)uz(t, x))ve, t >0, x € R.

Clearly, under (H2) the following scalar equation

ou

i Liu+ u(by(t, ) — ara(t, v)us(t, x) — ay1(t, x)u), t> 0,2 € R, (5.48)
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admits a rightward spreading speed (also the minimal rightward wave speed) ¢} =
in% ’\OT(“), where A\g(p) is the principle eigenvalue of the following parabolic eigenvalue
u>

problem:

O o (t.2) + o (1)
(d1<t7 ZL’)IU, + gl(tv x)u + bl(tv l‘) - al?(tv x)“Z(

iﬂ(tal”rL) :w@ax)a ¢(t+wa$) :w@?m)v (

A = _a_w +di(t,2)

N
— 5.49
" (549
), (t,x) e R xR,
z) € R xR.

The next result shows that cg is a lower bound of the slowest spreading ¢ of system

(5.35).
Proposition 5.2.4. Let (H1)-(H3) hold. Then ¢ > Y.

Proof. In the case where ¢, > ¢, by the same arguments as in Theorem 5.2.3, we see
that ¢ > ¢}, where ¢}, is the rightward spreading speed of (5.37). Since b;(t,z) >
bi(t,x) — ara(t, v)ui(t, z),Y(t,x) € R x R, by Lemma 4.4.1 (a) with d(t,z) = dy(t, )
and g(t,z) = g1(t, ), it is easy to see that Aj(u) > Ao(t), Ve > 0, where Ay (p) is the
principal eigenvalue of (5.41). Thus, we have ¢ > ¢j, > ¢i.

In the case where ¢y = ¢, let u(t,-, ¢) = (u1(t, -, ¢), us(t, -, ¢)) be the solution of
system (5.35) with w(0,-) = ¢ = (¢1, #2) € Ca(0,y- Then the positivity of the solution

implies that

)
% > Lyuy + uy (bi(t, ) — ap(t, 2)ul(t, 2) — any (£, 2)ur), ¢ > 0,2 € R.

Let v(t, z, ¢1) be the unique solution of (5.48) with v(0,-) = ¢;. Then the comparison

principle yields that

u (t,z,¢) > v(t,x,¢1), Vt>0, z€R. (5.50)




5.2 TwWO SPECIES COMPETITION MODEL 142

Since A(dy,g1,b1 — apud) > 0, Proposition 5.2.1 implies that there exists a unique
positive time-space periodic solution vy(t,z) of (5.48). Let ¢° = (¢9,¢3) € Cs,y
be chosen as in Theorem 5.2.3 (i) and (ii) such that ¢? < v,(0,-). Suppose, by
contradiction, ¢t < . Choose ¢ € (¢4,c¢}). Then Theorem 5.2.3 implies that
im0 2>t Ui (t, o, @) = 0. By Theorem 5.1.3, as applied to system (5.48), we further

obtain limy o z<at(v(t, 2, #Y) — vo(t,)) = 0. However, letting = = ¢t in (5.50), we

get limy o0 et (v(t, 2, @) = 0, which is a contradiction. ]

For any given p € R, letting v(t, x) = e #*u(t,x) in (5.47), we then have

0 0
S = D=2yt 2) S 4l (4 @)+ g1 (1 )b (@) —anat 2)us(t @),
0 0
% = L2uz—2,ud2(t,x)£+a21(757x)u§(x)u1 (5.51)

F(dat, )+ go(t, )+ bt ) 2azm(t, 2)us(t,2)uz, ¢ > 0,2 € R

Substituting u(t, z) = eM@(t, ) into (5.51), we obtain the following periodic eigen-

value problem:

2
Ao = = () S Qp(,2) + ) S
+ (dl(t7 J]),LL2 + gl(t’ I),u + bl(ta I) - al?(ta m)uz(ta x)>¢17 (tu I) € R xR,
2
APy = —% + da(t, :z:)aa;i? — (2uds(t, x) + ga(t, x))% + a9 (t, x)us(t, )y

+ (d2(t7 I>N2+92(t7x>ﬂ+b2(t7 x)—2a22(t,x)u§(t, l‘)) ¢27 (t,l‘) € R x R,

¢i(t,x + L) = ¢i(t,x), ¢i(t +w,z) =¢i(t,x), (t,z) eRxR, i=1,2. (5.52)
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Let A(z) be the principal eigenvalue of the following periodic eigenvalue problem:

0 0? 0
) = —a—qf + dg(t,x)a—;é} — (2udy(t,x) + gg(t,a:))%
+ (d2(t7$)ﬂz+g2(t’ x)ﬂ+b2(t7$>_2a22(t’ x)ué(t,:z:)) % (t’ 33) € R x R7
Y(t,x+ L) =9yt x), vt +w,z) =0t z), (tz)eRxR (5.53)

Since there exists g > 0 such that c‘}r = 2000) 1y grder to show that Ao(po) is the

Ho

principle eigenvalue of (5.52), we introduce the following additional condition:

(D1) Xo(ko) > Auo).

Proposition 5.2.5. Let (H1)-(H3) and (D1) hold. Then the periodic eigenvalue
problem (5.52) with p = py has a simple eigenvalue \o(jo) associated with a positive

periodic eigenfunction ¢* = (o7, ¢3).

Proof. Clearly, there exists a positive eigenfunction ¢ associated with the principle
eigenvalue Ag(fp) of (5.48). Since the first equation of (5.52) is decoupled from the
second one, it suffices to show that Ag(uo) has a positive eigenfunction ¢* = (¢7, ¢3)
in (5.52), where ¢3 is to be determined. Let U(t,s), 0 < s < t, be the evolution
operator generated by (5.51) with u(0,-) € P, and U;(t, s) and Us(t,s), 0 < s <t be

the evolution operators generated by the following scalar parabolic equations:

ou ou
E :Llu — 2/14)611 (t, l’)a—x

+ (dy(t, ) g + gi(t, 2 po + by (t, ) — are(t, o)us(t, x))u, t>0, 2 €R,

w0, ) = €P
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and
ou ou
 Lou—29 e
o ~Laum e (t x) 5
+ (da(t, z)u3+gg(t,m)uo+bg(t,x)—Qagg(t,as)u’Q(t, x)u, t>0, x€R,
U(O, ) = 9 € P,

respectively. By the variation of constants formula for scalar parabolic equations, it

then follows that

U(t,0
v o | 7] = 1(5,0)en . V> 0.

Do Us(t,0)po + fot Us(t, s)agi (s, - )us(s,)Ui(s,0)p1ds
And it is easy to see that Uj(w,0) and Us(w,0) are strongly positive and compact
linear operators on P. Let r; and ry be the spectral radii of U;(w,0) and Us(w,0).
Then Theorem 2.1.1 (see e.g., [31, Theorem 7.2 |) implies r; is the principle eigenvalue
of Uj(w,0),i = 1,2, and r; = W) and r, = eX#o) Moreover, Uy(t,0)¢3(0,-) =
eMootyx (¢ ) > 0, ¥Vt > 0. By [31, Theorem 7.3] and (D1), it follows that

(r1 — Uz(w, 0))po = /Ow Us(w, s)ag (s, -)us(s,-)Ui(s,0)¢7(0,-)ds > 0, (5.54)

has a unique positive solution ¢} € P. Therefore, ¢* = (¢7(0, ), ¢3) € P is a positive
eigenfunction of U(w,0) with the eigenvalue r; = 0% that is, U(w,0)¢* = rip*.

Let

t
¢;(t, ) = e_/\O(MO)tUQ(t7 0)(703 + / G_AO(MO)(t_S)UQ(ta s)a21(57 ')Ué(é‘? )¢>{(S> )dS
0

Clearly, ¢3(t,x) is positive for (t,2) € R, x R, and satisfies the second equation of
(5.52), and

QS;(("}? ) - e_AO(HO)wrl(p; - 903 = ¢;(07 )




5.2 TwWO SPECIES COMPETITION MODEL 145

This implies that ¢* = (¢7, ¢5) is the positive time and space periodic eigenfunction
associated with Ag(po). Since A\g(pp) is a simple eigenvalue for (5.48), we see that so

is >\0<M0) for (552) ]

From Proposition 5.2.5, it is easy to see that for any given M > 0, the function
U(t,x) = Meroserooltps(t 2) >0, x € R, (5.55)

is a positive solution of system (5.47). In order to obtain an explicit formula for the

spreading speeding ¢, we need one more additional condition:

¢> (t x) a11(t,z)’ a21(t,x)

(D2) t.2) > max{“lz(t’x) a22(t’x)} , V(t,z) e R xR.

Now we are in a position to show that system (5.35) admits a single rightward spread-

ing speed ¢, which is linearly determinate.

Theorem 5.2.4. Let (H1)-(H3) and (D1)-(D2) hold. Then ¢y = ¢ = ¢ =

Ao (1) )

inf
>0 o

Proof. First, we verify that U(t, x), as defined in (5.55), is an upper solution of system

(5.35). Since gl % and (D2) holds true, it follows that
2

oU
a_tl_LlUl Ul(b ( ) — alg(t,x U2(t lL‘) au(t,m)Ul + alg(t,l‘)UQ)
(112 t,a:)
= au(t l’)UlUQ ( CL11 t :L’))
Pi(t, )  ai

= ay(t,2)U U,y (¢2(t ) allgi:;)
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and

oU.
8—;—[12[]2—(121 (Zf7 .CIZ)Ul (U,;(t, ZL‘) —Uz) —UQ(bQ(t, ZU) —2&22(t, ,T)U;(t, .T)+Cl22(t, l‘)Ug)

U ass(t, x
— (1) (7 _ —azjgt ;)

Cﬁ(t?I) N a22(t7x>
&3(t.z) am(t,m) =0

= 21 (t, Jj)U; (

Thus, U(t, ) is an upper solution of (5.35). Choose some ¢° € Cgo,.) satisfying the
conditions in Theorem 5.2.3 (i) and (ii). Then there exists a sufficiently large number

My > 0 such that
0 < ¢°(x) < Mye "%¢*(0,2) = U(0,z), Vz €R.

Let W (t,z) be the unique solution of system (5.35) with W (0,-) = ¢°. Then the
comparison principle, together with the fact that % po = Ao(po), leads that

0<W(t,2) <U(t, z) = Mye H00Wolt g (¢ 2) = Moe "= (¢, 1), Vt > 0, = € R.
It follows that for any given e > 0, there holds
0 < W(t,x) < Moe ™" (t,x), Vt>0, x> ( + e,

and hence,

lim  W(t,z)=0.

t~>oo,x2(03_+e)t
By Theorem 5.2.3 (ii), we obtain ¢ < ¢% +e. Letting e — 0, we have ¢, < 9. In the
case that ¢, > ¢, the proof of Proposition 5.2.4 shows that ¢} > c?r, a contradiction.

This implies that ¢, = ¢ = ¢f. O
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To finish this section, we consider the following time-periodic Lotka—Volterra com-

petition model [104]:

8U1 82u1

E - 0x2 + ul(bl(t) - all(t)ul - a12(t)u2)7 (5~56)
0 0?
% = daTU; + uz(bg(t) — CL21<t>U1 — a22<t)u2), t>0, ze R.

Here d > 0 and all other coefficient functions are positive and w-periodic in t.
For convenience, define w = < [(“w(t)dt with any w-periodic function w(t). We

first make the following assumption (see (A2) in [104]):

T a2(t) | 7 b anlt)
(P1) b > tg}&fj} o - by >0, and 0 < by < tren[(%f] OR by

It is easy to see that if (P1) holds, then Proposition 5.2.2 implies that (H3) is valid. A
straightforward computation shows that A(1,0,b;) = b; > 0 and A(1,0,by) = by > 0.
Thus, (H1) holds true and system (5.56) admits three time periodic solutions (0, 0),
(ui(t),0), and (0,u3(t)). Moreover, we can show that

- ayz(t)
(1,0, b — arou3) = by — anus > by —
( 5 Uy Ul CL12U2> 1 12ty = 01 tg(?:i'(} a’22(t)

— A1o(t) —
'azguézbl—maxﬂ~b2>0,

tel0w] aga(t)
and hence, (H2) ia also valid. (H4) and (H5) are automatically satisfied since all
coefficient functions are independent of z (treated as even functions of z). It then
follows that system (5.56) admits a single spreading speed (also the minimal wave
speed) ¢; no matter whether it is linearly determinate. Next, we make another

assumption (see [104, Theorem 2.5]):
(P2) 0<d S 1, au(t)uf(t) - (lu(t)UZ(t) 2 a21<t>u>{<t> — agg(t)uz(t) Z O,Vt € R.

In what follows, we show that (P2) is sufficient for (D1) and (D2) to hold. Clearly,

Ao(¢) and A(p) become the principal eigenvalues of the following periodic eigenvalue
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problems:
_ A .
Mp = ==+ (17 + 0(t) —an)u(t)y, tER,
V(t+w)=9(t), teR,
and
_ W 2 )
M) = —a (dp? + bo(t) — 2am(t)uz(t)) ¥, tER,
Yt +w)=y(t), teR, (5.57)
respectively. It is easy to see that
)\0(,&) = ,u2 + b1 — algu;, X(,u) = d,u2 + bg — 2&22’&;.
By virtue of (P2) and
c?r = inf Ao(p) = inf {u + —bl — a12u2} ,
n>0 o) n>0 ol
it follows that
ci = 24/by — appul > 0, po = 1\/by — aus.
We then see from (P2) that (D1) holds true.
Let (41(t), #2(t)) be a positive eigenfunction, associated with Ag(p), of the fol-
lowing eigenvalue problem:
_ d(bl 2 *
/\¢1 = —% + (MO + bl(t) — a12(t)’u2(t))¢1, t € R,
_ d¢2 * 2 *
Ay = i T ag (t)us(t)pr + (dpg + ba(t) — 2a(t)us(t)) da, t ER,
Gi(t+w)=0i(t), teR, i=1,2. (5.58)
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Next we verify that ¢o(t) < Ziéngﬁl(t) :=(t),Vt € R. Note that
1

=0 (0001 (1) + (A + ) — 20 (1) — 20
_w0a) [0 (B0 a0 o

= w0 [ =0 (u’{(t)) aip) o i)+ dis

+by(t) — 2ags (t)us(t) — 25

w060 [0 (B0,
= AL U () ) = 00) — a0+ an (D)

(
(
+(d — 1) — ann (O)ui () + ar2()us(t) + an (t)uj(t) — @22(75)15;(75)}
(
(

< AULAON (u%(t) )/ + b (t) — b1(t) — age(t)us(t) + ar (t)ui(t)

1
ui®) L us(t) \wi(t)

= 0.

In view of the comparison principle and the periodicity of ¢9(t) and v(t), it then
suffices to show that ¢o(ty) < v(tp) for some tg € R. Assume, by contradiction, that
¢2(t) > v(t), Vt € R. Thus, we have w(t) := v(t) — ¢2(t) < 0, and

dw(t
Zi ) (208 — dug — ba(t) + 2a22(t)uj(t)) w(t) > 0, Vt € R,

This implies that

/ (205 — dpg — ba(t) + 2a(t)uz(t))dt < 0.
0

On the other hand, we know that by = asuy, and

1 [“ -
" / (2uf — dpg — by(t) + 2a0e(t)ub(t))dt = (2 — d)ug + agpui > 0,
0
which leads to a contradiction. This shows that ﬁ;gg > 3187 Vt € R. It then follows
2

from (P2) that
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which implies that (D2) is also valid. Therefore, if (P1) and (P2) hold, then the
spreading speed ¢ is linearly determinate, equal to 24/by — a12u3.

Remark 5.2.2. Consider a more general reaction-diffusion competition system in a

periodic habitat, that is,
3u1

W = L1U1 + 'Ll,lfl(t,l’, ul,ug), (559)
(9u2
W:L2u2+u2f2(tvxaul7u2)7 tERJ $€R,

where the operator L; := ag) (t, ac)aa—; + agi) (t, )2 with ag) (t,x) > 0,Y(t,z) € R xR,
i.e., L; is uniformly elliptic, 1 = 1,2. Assume that agi)(t,w) and f;(t,x,uy,us) are
periodic in t and x with the same periods, respectively, Holder continuous in x of order
v € (0,1) and int of order 5, 1 <i,5 <2, and f;(t,x,u1,us) are differentiable with
respect to uy and ug, i = 1,2. Moreover, 0y, f1(t, z,u1,0) < 0 and Oy, f2(t,x,0,us) <
0, V(t,x) e Rx R, uy € Ry, us € Ry, and there exist My > 0 and My > 0 such that
fi(t,z, My1,0) <0, fo(t,z,0, My) <0, Oy, f1(t, z,u1,uz) <0 and Oy, fo(t, x,us,us) <0
for all (t,z,uy,ug) € R x R x [0, M;] x [0, M3]. Then we can obtain analogous results

on traveling waves and spreading speeds under similar assumptions to (H1)—-(H5) and

(D1)-(D2).

5.2.4 An example

In this section, we study the time periodic version of a well-known reaction diffusion

model [43]:

O
ot
Ous
ot

= d1Auy + up(ay(t,x) —ug — usg), (5.60)

= doAug + us(ay,(t,r) —uy —ug), t>0, v €R,
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where 0 < d; < da, a,(t,z) = a(t/w,z) and a(t, ) is a continuous function on R x R
and it is 1-periodic in ¢ and L-periodic in z.
For convenience, we use the same notations as in sections 2 and 3. We first present

some results on the principle eigenvalue A, (1) of (5.61).

Lemma 5.2.1. Assume that time and space periodic functions d,g,m € Cz"(R x
R)(v € (0,1)). Let A\,(1)(pe € R) be the principle eigenvalue of the following parabolic

ergenvalue problem:

0 0? 0
Mo = =2 e, 0) 5 — (e, ) + gt ) 5
+(d(t, 2)p® + g(t, ) +m(t,2))Y, (t,2) € R xR, (5.61)

Y(t,x + L) =¢(t,z), vt +wz) =yt z), (tz)eRxR
Then the following statements are valid:
(a) If my(t,x) > mo(t,z) with my(t,z) £ mao(t,x),V(t,z) € [0,w] x [0,L], then
Ay (1) > Ay (1), Vi € R

(b) An(pt) is a convex function of u on R.

(c) If either d,m are even in x and g is odd in z, or d € C='*"(R x R)(v € (0,1))
and g(t,x) = —%,V(t,x) € R xR and d,m are even in t, then \,(n) =

Proof. By similar arguments to those in [31, Lemma 15.5] , it is easy to prove that
(a) holds. (b) follows from the same arguments as in [54].
In the case where d,m are even functions in x and ¢ is odd in z. Let ¥(¢,x) be

eigenfunction associated with A,,(¢) . Set ¢(t, z) = ¥(t, —x), we then have

0 82 0
Ao = —a—f +d(t, —a:)a—aﬁ + (2pd(t, —2) + g(t, _ﬁ))a_i

+(d(t, —z)p® + g(t, —x)p +m(t,—x))d, (t,7) ER xR,
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Since d(t,z) = d(t,—x),m(t,z) = m(t,—x),g(t,x) = —g(t, —x),V(t,z) € R x R, we

obtain

2
36 = =2 4 d(t,2) 05+ (2ud(t, ) — glt, ) o

+(d(t, 2)p* — g(t, x)pu +m(t,z))d, (t,z) € R x R.

By the uniqueness of the principal eigenvalue, it follows that A\,,(—u) = A\, (1), Vi €
R.
In the case where d € C2'*"(R x R)(v € (0,1)) and g(t,2) = —8dg§;x),V(t,x) €

R x R, d, m is even in ¢, for any given p € R, it is easy to see that A, (p) is also the

principle eigenvalue of

b= a_¢ e (d(t x)ng) —oudlt, )a_f
+(d(t, x)p* — %u +m(t,x))y, (t,z) € R xR, (5.62)

Y(t,x+ L) =¢(t,x), vt +w,z) =1t z), (t,x)eRxR

Let o(t,z) and ¢(t, z) be the positive periodic eigenfunctions associated with A, (1)
and \,,,(—u), respectively, and ¢ (¢, ) = o(—t,x),V(t,z) € R x R. Note that d, m are

even in t, so is 3d(t *2 it then follows that,
0 0 0 ad(t,
My = 204 O (d(t x)a—f) —2pd(t,2) 9+ ()t — P e, )
and
_ 99 9 d¢ d¢ ,  Od(t, )
00 = =5+ 5 (0052 )+ 2p(e )G+, + P )

Using integration by parts, we have

[ [ 2 vt =~ [ [ 0yt
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[ 2 (0?82 e pasa = [ [ 2 (a0 s sy,
and

—u /0 /O " [Qd ) it ) + adézx)w(t,m)gb(t,az)] dadt
_ M/Ow /OL [ ot x)zp(t,x) _ ({Mga’?x)w(t,xw(t,x)} dedt
_ u/ow /OL [ Vi, x)qb(t,a:) + adgg;x)w(t,x)ﬂt,x)} dxdt.

It then follows that

//¢tw o(t, x)dzdt = //gbtx O(t, x)dxdt.

Since [ fo )Y (t, x)dzdt > 0, we have A\, (p) = A\p(—p), Vi € R. O

With the aid of Lemma 5.2.1, we are able to provide sufficient conditions for (H4)
and (H5) to hold.

Lemma 5.2.2. Assume that (H1) and (H2) hold. Then (H4) and (H5) are valid
provided that either all the coefficient functions of system (5.35) are even in x except

gi 1s odd in x, or all the coefficient functions of system (5.35) are independent of t,
d; € C'""(R)(v € (0,1)) and g;(t,z) = —d}(z),V(t,z) E R X R,i=1,2.

Proof. First, we prove that (H4) holds. Indeed, in either case, by Lemma 5.2.1(c)
with m(t,z) = by (t,z) and d(t,x) = dy(t, x), it is easy to see that the principle A\; (1)
of (5.41) is an even function of g on R. Since A;(u) is convex on R and A;(0) > 0,

we have Ay(p) > 0,V > 0. It follows that i, = inf,.o = A1)

> (. Similarly, we can
show that c¢;_ > 0, this implies ¢, +c¢;_ > 0.
To verify (H5), it suffices to show that lim, o+ A}S 1 = 0, where A\y(p) is the

principal eigenvalue of (5.40). In the case where all the coefficient functions of (5.35)
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are even in x except ¢; is odd in x, ©« = 1, 2, we have

ous 0 ouy i
8t2 = dy(t, ) 8:1:22 + gg(t,az)a—; + ul(ba(t, x) — ag(t, r)uy), (t,x) € R x R.

Let ud(t, ) = uj(t, —x). Since dy, by, agy are even in x and gy is odd in z, it follows
that

0
Jus

ot

0*u ou
o2 TG,

= dy(t, x) +ud(by(t, x) — age(t, x)ud), (t,7) € R x R.

This implies that u3(¢, —x) is also a time and space periodic positive solution for scalar
equation (5.34) with d(t, x) = ds(t, ), g(t,x) = go(t, x), c(t,x) = by(t, z) and e(t, x) =
as(t,x),V(t,z) € R x R. In view of Proposition 5.2.1, the uniqueness of the time
and space periodic positive solution implies that u}(t, —x) = uj(t, z),V(t,z) € R x R.
Taking d(t,z) = do(t, z), m(t,z) = ba(t, x) — axn(t, v)us(t, z), and g(t, ) = ¢2(t,z) in
(5.61), we see from the former case in Lemma 5.2.1(c) that A\y(p) is an even function
on R, and hence, X5(0) = 0. Since A\2(0) = 0, it follows that lim,,_,o+ AQT(“) = \y(0) =
0<cly.

In the case where all the coefficient functions of system (5.35) are independent of
t,d; € C*"™(R)(v € (0,1)) and g;(t,z) = —di(z),V(t,r) € R x R,i = 1,2, it easily

follows from the latter case in Lemma 5.2.1(c) or the proof of Lemma 4.4.2. O
Now we introduce the following assumptions on system (5.60):
(M) a(t,z) is non-trivial and even in z, and @ = %fol fOL a(t, z)dxdt > 0.

Lemma 5.2.3. Let (M) hold. Then (H1)-(H3) are valid for system (5.60) if either
of the following holds:

(a) ds is large enough;




5.2 TwWO SPECIES COMPETITION MODEL 155

(b) w is small enough.

Proof. Since we consider the periodic initial value problem. We may regard system

(5.60) as in the following system:

% = d1Auy + uy(ay(t, z) — uy — us), (5.63)
8u2
ot = dyAuy + uz(au(t,r) —ur —uz), t>0, z€(0,L),

ui(0,2) = ¢i(z) € X := {6 € C([0, L], R) : (0) = ¢(L)},i = 1,2.

Let ¢(t, z) be the positive time-space periodic eigenfunction associated with the prin-

cipal eigenvalue A(dy, 0, a), that is,
G+ didhue + au(t, 1) = A(d1,0,a)p, (t,z) € R x R.
Dividing the above equation by ¢ and integrating by parts on [0, L] X [0, w], we get

A(dq,0,a) = // txdxdt—l——/ / {% } dxdt.

Since a(t, z) is non-trivial in z, a simple computation shows that ¢(t, z) is also non-

trivial in . Therefore, we have

1 [ L
A(dy,0,a) > —/ / a(t,x)dxdt =a > 0.
L Jo Jo

Similarly, we can show that A(d,0,a) > 0. It follows that (H1) holds provided that
(M) is valid.
In the case where d, is large enough, let A;, denote the unbounded closed operator

on X with the maximum norm defined by

D(Ag,) ={u:u,u' v € X}, Agu=dyu" Vue D(Aqg,).
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Then [77, Chapter 8, Lemma 2.1] implies that A4, generates an analytic semigroup
et on X. By the essentially same arguments as in [43, Lemmas 3.6(c)-3.7 and
Theorem 5.3(a)], it follows that (H2) and (H3) hold true.

In the case where w is small enough, by the arguments similar to those in [43,
Lemma 3.6(b) and Theorem 5.3(b)], we can also show that (H2) and (H3) are valid,
and hence, system (5.60) has three time-space periodic solutions Ey := (0,0), E; :=

(ui(t,),0) and Ey := (0,us(t,x)) in P,. O
As a consequence of Lemma 5.2.3 and Theorem 5.2.1, we have the following result.

Theorem 5.2.5. Let (M) and either case (a) or (b) in Lemma 5.2.8 hold. Then
Ey = (ui(t,z),0) is globally asymptotically stable for all initial values ¢ = (¢1, o) €
P, with ¢1 Z 0.

For simplicity, we transfer system (5.60) into the following cooperative system:

ou 0*u .
8_751 =d 81:21 + ul(aw(ta SL’) - u2(t7 LL’) —up+ u2>’ (5'64>
8uQ 82UQ

E = dQW + ul(u;‘(t,x) — UQ) + Uz(aw@, .T}) — 2u§(t,x) -+ Ug), t> 0, z € R.

The next result is the consequence of Theorem 5.2.3, Remark 5.2.1 and Proposition

5.2.4.

Theorem 5.2.6. Assume that (M) and either case (a) or (b) in Lemma 4.4.3 hold.
Let u(t, -, ¢) be the solution of system (5.64) with u(0,-) = ¢ € Cg,). Then there

exists a positive real number ¢, such that the following statements are valid for system

(5.64):

(i) If ¢ € Cpo,), 0 < ¢ <w <K B for some w € Cgfa.), and ¢(x) = 0,Yo > H, for

some H € R, then limy_,o0 y>ct u(t, z,¢) = 0 for any ¢ > ¢
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(i) If ¢ € Ca0,) and $(z) > o, Vo < K, for some o € R* with 0 > 0 and K € R,

then limy 0 p<ct(u(t, z, ¢) — u*(t,x)) = 0 for any c € (0,¢4).

In view of Theorem 5.2.2, we have the following result on periodic traveling waves

for system (5.60).

Theorem 5.2.7. Let (M) and either case (a) or (b) in Lemma 5.2.3 hold. Then
for any ¢ > ¢;, system (5.60) has time-space periodic traveling wave (U(t,z,z —
ct), V(t,z,x — ct)) connecting (ui(t,x),0) to (0,us(t,x)) with the wave profile com-
ponent U(t,x, &) being continuous and non-increasing in &, and V(t,z,£) being con-
tinuous and non-decreasing in §. While for any ¢ € (0,¢4), system (5.60) admits no

periodic rightward traveling wave connecting (ui(t,x),0) to (0,us(t,x)).




Chapter 6

A Nonlocal Spatial Model for

Lyme Disease

In this chapter, we consider the Lyme disease transmission in a bounded habitat €2 C
R? with a smooth boundary 9. Let ['(t,z,y, D) be the Green function associated

with the linear parabolic equation:

0

a—;‘ =V (D(@)Vu), t >0,z € Q,
%:O,t>0,x65)9,

ov

where v is the outward normal vector to dQ. Then [, T'(t,z,y, D)¢(y)dy denotes
the distribution at time t through the diffusion with the given initial distribution
o(x). Let M(t,z) and m(t,x) be the densities of susceptible and pathogen-infected
mice, L(t,x) be the density of questing larvae, N(t,z) and n(t,x) be the densities
of susceptible and infectious questing nymphs, A(t,z) and a(t, z) be the densities of
uninfected and pathogen-infected adult ticks, and H (¢, x) be the density of deers, at

time ¢ and location z. Based on the attached rates of larvae to mice and disease
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transmission mechanisms in the model of [12], the authors of [92] introduced the

following drop-off rate of susceptible larvae from a mouse:

N, = P /Q U(n, 2y, Dar)[M(t = 71, 9) + (1 = Br(y))m(t — 7, y)| Lt — 7, y)dy,

where P, = aeWetm)n  and the definition of unstated parameters is referred to
Table 6.1. The drop-off rates of infected larvae, susceptible nymphs and infectious
nymphs from mice can be described in a similar way. Moreover, the density of egg-
laying adult ticks, that is, the drop-off rate of adult ticks from deers after blood meals
is given by

Tb = 56_(NA+Mh)Ta / F<Ta7 z,y, DH)(A(t — Ta, y) + Cl(t — Ta, y))H(t — Ta, y)dy
Q

The per capita birth rate By, of mice is taken in [92] as the negative exponential

function:

M
Buy(z, M +m) = ryexp (— —|—m> ,

Ky (x)

where Kj;(z) is a continuous and positive function on Q. Unlike the model in [92], we
use the linear birth rate rTj for the tick population. Assume that the self-regulation
process for adult ticks is mainly due to some density-dependent death terms and intra-

competition. Then terms d4(A+a)A and §4(A + a)a represent the self-regulation for

uninfected and infected adult ticks, respectively. Let P, = ae~#etrm)™ - Accordingly,
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the earlier model in [92] can be modified as

o
ot
om
ot
G_L
ot
ON
o = Ve [y + a(M +m) + pn]N,

(6.1)

=V - (Dy(x)VM) + (M 4+ m)By(x, M +m) — pupy M — afB(x)Mn,
=V (Dy(z)Vm) + af(x)Mn — pym,

=rTy, — purL — aL(M +m),

0

S = o= [y +a(M +m) + uln,

0A

T Ay — (pa +EH)A — 04(A+a)A,
0

o = = (a+ EH)a—34(A+aa,
OH

E =V- (DH(QZ’)VH) + 7 —,uhH,

where three terms

= B [ D129 D) g)m{t = ) LAt = 7, )
Ab == Pn /Q F(mev Y, DM)[M(t - Tmy) + (1 - BT(y))m(t - Tmy)]N(t — Tn, y)dy7
ay = Pn /S; F(me, Y, DM)[(M(t - Tn,y) + m(t - Tmy))n(t - Tnyy)

+ Br(y)m(t — 7, y)N(t — 70, y)]dy

describe the drop-off rates of infected larvae, susceptible and infectious nymphs from
mice, respectively. Figure 6.1 is the schematic diagram for tick population to illustrate
the tick-mouse cycle of infection.

We suppose that all constant parameters in (6.1) are positive, Dy (x), Dy (x) are
positive and continuous on €, and 3(x) is a continuous function on Q with 0 < B(z) <

1 but B(x) # 0, so is fr(z). Further, we impose the Neumann boundary condition
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pr L

1
Figure 6.1: The schematic diagram for tick population.

for M, m and H:

The biological interpretations for the parameters in system (6.1) are listed in Table
6.1.

This chapter is organized as follows. In section 6.1, we focus on the global stability
of disease-free steady state of the associated system. In section 6.2, we introduce the
basic reproduction number and obtain a threshold result on the global dynamics of
the model system with spatial heterogeneity in a bounded habitat. In section 6.3,
we investigate the propagation phenomena for a limiting system in an unbounded

habitat. Numerical simulations are given in section 6.4 to verify our analytic results.

And a short discussion section completes the paper.
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Table 6.1: Biological interpretations of parameters in model (6.1).

M Maximal individual birth rate of mice.

r Individual birth rate of ticks.

Th Birth rate of deers.

1Y, Mortality rate per mouse.

153 Mortality rate per tick larva.

LN Mortality rate per tick nymph.

A Mortality rate per adult tick.

L Mortality rate per deer.

Q Attack rate, juvenile ticks on mice.

y Attack rate, tick nymphs on humans.

¢ Coeflicient of an adult tick to attach to deers.
04 Self-regulation coefficient for adult ticks.

T Feeding duration of tick larvae on mice.

Tn Feeding duration of tick nymphs on mice.
Ta Feeding duration of adult ticks on deers.
Dy (x) Diffusion coeflicient for mice at location x.
Dy (x) Diffusion coefficient for deers at location x.
Ky () Carrying capacity for mice at location x.
B(x Susceptibility to infection in mice at location z.

Pr(x)  Susceptibility to infection in ticks at location x.

6.1 Disease-free dynamics

In this section, we study the existence of the positive disease-free steady state and its
global attractiveness. Note that in the absence of infection of Lyme disease, system

(6.1) reduces to

oM
ot
oL
ot o
ON
v /QI’(Tl,:zt,y, Dy )Mt —71,y)L(t — 7, y)dy — (v + oM + uy)N,  (6.2)
0A
ot
0H
ot

I
<

(Dpy(2)VM) + MB(x, M) — M,

[
2V

F(Tm z,y, DH)A(t — Ta, y)H(t — Ta, y)dy - (,UL + OZM)L,

I
e

[
<0

/ F(Tnv z,y, DM)M(t — Tn, y)N(t — Tn, y)dy - (/JJA + SH)A - 5141427
Q

V- (DH(.T)VH) —+ry — Nth
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where P, = rée~(atrn) and M and H are subject to the Neumann boundary

condition:
OM 01 _ " 20,000,
ov ov

It is easy to see that

OH

§:V<DH(ZL‘)VH)+T]1—M}1H, t>0,x€,
H

8—20, vVt >0, x € 092

v

has a positive steady state H* = %, which is globally stable in C'(Q, R,). Moreover,

we assume that
(Hl) T > M-

By a standard convergence result on the logistic type reaction-diffusion equation
(see, e.g., [10] and [106, Theorems 2.3.4 and 3.1.6]), it then follows that the following

reaction-diffusion system

oM

=5 = V- (Du(@) VM) + MBuy(e, M) = paM, 1> 0,2 €Q,
M

a—:0, Vit >0, x € 0f)

ov

admits a globally stable positive steady state M*(z) in C(€2, R;)\{0}. Thus, we first

study the global dynamics of the following limiting system:

oL
E - PaH* / F<Ta> x,Y, DH)A(t — Ta; y)dy - [/LL + aM*($)]L>
Q
ON . N
=P T DM )L = m)dy — b+ ad )+ N, (63
Q
0A
S = P [ Lz DA W)N(E = 7 g)dy — (ua + EH)A = a2
Q
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Let 7o = max{7,, 7,7}, X = C(L,R?), X, = C(LR2), Y = C([-70,0], X) and
Y. = C([—70,0], X;). Then (X, X,;) and (Y,Y,) are ordered Banach spaces. As
usual, we identify an element ¢ € Y with a function from [—79, 0] X R into R? defined
by ¢(0,z) = ¢(0)(x). For any function u € C([—79,a), X) with some a > 0 and any
t €10,a), we define u; € Y by uy(0) = u(t +60),v0 € [—7,0].

Define linear semigroups T;(t), 1 < i < 3 on C(Q,R) by

Tl(t)¢1:e_[HL‘f'aM*(ﬂ?)]tgbl? T2(t)¢2:6—[’Y+(XM*(CE)+[LN]1§¢27 Tg(t)¢3:€_(MA+§H*)t¢3’

respectively. Let A? be the generator of Tj(t). Then T(t) = (Ti(t), Tu(t), T3(t)) :
X — X is a semigroup generated by the operator A° = (A9, A, AY). Define F =
(F17F27F3):Y_>be

Fi(6)(x) = P,H" / P (7,4, Dit )b~ y)dy,

Fy(6)(x) = B / P (2, 1, Dar) M* () (=71, )y,

Fy(0)(x) = Py /Q (7, 2.y, Dag) M (y) (=T, y)dy — 6493(0, 2),

for v € Q and ¢ = (¢1,¢2,¢3)T € Y. Then system (6.3) can be written as the

following abstract functional differential equation:

du
£:A0u+F(ut), t>0,
Uy = QZ5 S Y+. (64)

From the expression of F', we see that F(¢) is locally Lipschitz continuous on Y., , and
F(¢) is quasi-monotone on Y, in the sense that whenever ¢ < ¢ and ¢;(0) = v;(0)
for some i € {1,2,3}, then F;(¢) < F;(¢).

In view of [64, Corollary 5] (see also [97, Theorem 2.1.1 and Remark 2.1.5]), it

follows that for any ¢ € Y., system (6.4) admits a unique nonnegative continuous
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solution

u(t, z, ¢) = (L(t,z,¢), N(t,z,), At, z, 9))
on [0,t,) with u(,z,¢) = ¢(0,z) for all (6,z) € [~70,0] x Q and u; € Y, for t > 0,
and the comparison principle holds for upper and lower solutions of system (6.4).

Note that there exists a positive vector ¢ = ({1, (s, (3) € R? such that
PH'G — G = 0, PMy 0 G — (v + i) Ge = 0, PuMiy, G — 0 <0,

where M*

max

= maxg M*(z). Then it is easy to see that for any k& > 1, k( is an upper
solution of system (6.4). This implies that ¢, = oo and the solution of (6.4) is uni-
formly bounded. We further have the following result on the asymptotic compactness

of forward orbits.

Proposition 6.1.1. For any ¢ € Y., the forward orbit v (¢) := {u(t,-, ¢),t > 0} for
system (6.3) is asymptotically compact in the sense that for any sequence t, — oo,

there exists a subsequence t,, such that u(t,,,-,¢) converges in X as k — oo.

Proof. Our arguments are motivated by [36, Lemma 4.1]. Note that for any given

¢ = (¢P1, 02, ¢3) € Yy, there exists n > 0 such that
[L(t,x,¢)| <n, IN(tz,0)] <, |A(t,z,0)| <n, VE>0,2 € Q.

In view of the Arezla-Ascoli theorem, it suffices to prove that {u(t,,z,d)}n>1 is
equicontinuous in z € Q for all n > 1. We first show that {A(t,, z, ®) },>1 is equicon-
tinuous in x € Q for all n > 1. By the uniform boundedness of N(t,x,®), it is
easy to see that f(x,t) := P, [T (70, 2,4y, Da)M*(y)N(t — 7,9, ¢)dy is uniformly

continuous in z € Q uniformly for ¢t > 0, that is, Ve > 0, there exists § > 0 such that

|f(x1,t) = f(w2,1)] < g2
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provided that |7, — x5 < §,Vt > 0,21, 25 € Q. As in the proof of [36, Lemma 4.1], we
let v, (t,, ) = A(tn, 2, 0),t > 0,7 € Q. Define U,,(t, ) = v,(t + t,,1),Vt > —~t,,x €
Q. Set r = iy + EH* > 0. Clearly,

9 _ 2
a[vn(t,xl) — Ty (t, x9)]
= 2(6n<t, $1) — En(t, JIQ))[f((L’l, t+ tn) - f(.IQ, t+ tn)
= (Tn(t, 1) = Tp(t, 22)) = 0a(To(t, 21) — Ty (¢, 72))]
<dn|f(xr,t+t,) — fxo,t +t,)| — 2r(@a(t, 11) — U (t, 12))?

< 47752 —2r(T,(t, zy) — En(t,xg)f

for all t > —t,, |11 — @3] < §, 21,79 € Q. By the variation of constants formula and

the comparison argument, we have

T (t, 1) — T (t, 22)|? < e 2|0, (s, 1) — Tn(s, 22)|? + 4ne? /t e 2t=0qg.
Letting ¢ = 0 and s = —t,, in the above inequality, we further obtain

[0,(0,21) — 0,(0, 29)|* < € 2" [0, (—tp, 11) — Vp(—tn, To

that is,
2

|A(tn7$1’¢) o A(tn,l’27¢)|2 < |¢3(07$1) - ¢3(0,$2)|2 + 2:}46 )

for all n > 1, |z; — 23| < 6, 21,25 € Q. Since ¢3(0,z) is uniformly continuous for
x € €, there exists §; > 0 such that |¢5(0,2) —¢3(0,22))| < € whenever |z, —x5| < §;.
Thus, for any |7, — 23| < d := min{d;,d}, 1,29 € Q, we have

2
Aty 21, 8) — Alty, 22, &) < 2 + 21

2
< (1+ e,
r

Similarly, we can verify that {L(t,, 2, ®)}n>1 and {N(t,,z, ¢)}n,>1 are also equicon-

tinuous in z € Q for all n > 1. O
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Linearizing (6.3) at its zero solution, we obtain

oL
S = P [ T,y D) At = 7y s+ 0 (@)L
Q
ON . «
S =P [ Dy DM WL - m)dy — [+ oM (@) + N, (69
Q
0A
E = Pn/ F(Tnvxa Y, DM)M*(y)N(t — Tn, y)dy - (MA + §H*)A
Q

Define an operator A = (A, Az, A3) on X by

A1(¢) = PaH* F(Ta’ LY, DH>¢3(y)dy - [:uL + QM*(CUHQSI?
Q

As(o) = Pz/QF(n,x,y,DM)M*(y)cbl(y)dy — [y + aM*(x) + pn]gs, (6.6)

A4(6) = P, / D72, 9, Dar) M (9) o)y — (ua + EH )b

Clearly, A is closed and resolvent-positive operator (see, e.g., [88, Theorem 3.12]). Let
s(A) be the spectral bound of an operator A, that is, s(A) = sup{Re) : A € o(A)},
where o(A) is the spectral set of an operator, and (Al — A) and R(A — A) be the
null space and range space of AI — A, respectively, where I is the identity operator.

Then we have the following observation.

Lemma 6.1.1. Assume that (H1) holds. Then s(A) is a geometrically simple eigen-
value of A with a positive eigenfunction.

Proof. Let M}, = min M*(z) and ¢y := min{pu, + oM}, v+ oM} + un, pa +EH*}.
€N
For any ¢ = (¢1, ¢a, p3) € N(AI — A), we have
A6y = P / D (7, 2,5, D)3 (y)dy — (s, + oM (),
Q

A = P, / F(m, 2., Dar) M*(y)é1 (0)dy — (v + aM*(z) + piw)n,  (6.7)

A3 = P, /Q D(7w, 2,9, Dar) M*(y) 2 (y)dy — (a + EH) 3.
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For A\ > —c¢y, we obtain from the first and second equations of (6.7) that

P,H*
gbl(x) = )\+ﬂL+aM*($) /QF(Taaxvya DH)QS?)(y)dya
_ i "

It then follows that

Y VS M(y) Tas ¥ 8 5)ds
ona) = [ T D) B [ T Duos(s)dsdy
= FOL ) (@) (6.9)

A+ + aM*(z) + py
Substituting this into the third equation of (6.7), we obtain

Lx(¢3) :== P, /Q (70, -y, D) M (y) F (A, ¢3)(y)dy — (pa + EH™) g3 = Ag3. (6.10)

Let G(\) := (AMy+aM: +pun) A pa+EH*) (A + pr + o) — P, B, PH* M*?. Since
G(—cy) = —P,P,PH*M? < 0, G(+00) = +00, and G()) is strictly increasing on
[—co, +00), it follows that there exists a unique A\g € (—cg, 00) such that G(A\g) = 0.
Note that for any = € €,
ww M
Ao+ pp +aM*(x) = Ao+ pr + oMy,

9

and
ww
)\0+’Y+CYM*<$)+,UN_)\0+")/+04M;%+/LN

Thus, if we choose ¢3 = 1, then we have

P,P,PH" M
(Mo +v+ a4+ pun)( Ao + pr + aM)

Ly (¢3) > — (A +EH™) = Moo

Since L) admits a principle eigenvalue p(\), by the essentially same arguments as
in [91, Theorem 2.3], it follows that s(A) is a geometrically simple eigenvalue with a

positive eigenfunction. O
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Now we are in position to prove a threshold type result on the global dynamics of

system (6.2) in terms of s(A).
Theorem 6.1.1. Let (H1) hold. Then the following statements are valid:

(i) If s(A) <0, then (M*(x),0,0,0, H*) is globally attractive for positive solutions
of system (6.2).

(ii) If s(A) > 0, then system (6.2) admits a unique positive steady state Ey :=
(M*(x), L*(x), N*(z), A*(x), H*), and Ey is globally attractive for positive so-

lutions of system (6.2).

Proof. Note that M*(z) and H* are globally stable for positive solutions of the first
equation and the last equation of system (6.2), respectively. By the theory of asymp-
totically autonomous semiflows (see, e.g., [87]), it suffices to prove the threshold type
result on the global dynamics of system (6.3). To do so, we first consider the following

nonlocal evolution system without time delay:

oL
G = P’ [ T, D) At 9)dy — s + M (@)L,
Q
ON
o -~ / T(m, 2, y, Dar) M* () L(t, y)dy — [y + aM*(2) + uy]N,  (6.11)
Q
DA
i Pn/ U (7o, 2,9, Dy) M*(y) N (t, y)dy — (pa + EH)A — 54 A%,
Q

It then easily follows that for each ¢ > 0, the time-¢ map of (6.11) is strongly monotone

and strictly subhomogeneous on X, . Since the linearized system of (6.11) at (0,0, 0)
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is

oL
E - PaH*/ F(Ta, x,Y, DH)A(tv y)dy - [luL + QM*(‘T)]L’
Q
ON
Q
0A
X =r /Q D(7 2,5, Dar) M* ()N (£, y)dy — (14 + EH7) A,

we see that A is the generator of solution semigroup of (6.12). By Lemma 6.1.1, there
exists a positive function ¢* such that A¢* = s(A)¢*, that is,

s(A)py = P.H" /Q [(7a, 2,9, D) #3(y)dy — (pr + aM*(z)) 7,

s(A)¢p; = Pz/ U7, 2y, Dar) M™ ()1 (y)dy — (v + oM™ () + v )¢5,

Q

S(A)dh = P, / P (1, 2y, D) M () 83(0)dy — (s + EH)5

In the case where s(A) < 0, let u; be the solution semiflow of linear time-delayed
system (6.5), that is, u(¢)(0) = u(t +0,-,¢),Vt > 0,0 € [—7,0],p € Y. It then
follows from the arguments similar to those in Proposition 6.1.1 that the bounded
forward orbit 4t (¢*) = {u(¢*) : t > 0} is asymptotically compact, and hence, its
omega limit set w(¢*) is nonempty, compact and invariant for the solution semiflow
ug.  Adapting the proof in [92, Theorem 3.6], we see that every solution of linear
system (6.5) converges to zero. Thus, the fact that every nonnegative solution of

system (6.3) satisfies

oL
o / D(ra, 2,y D) At — 70 y)dy — [, + aM*(@)]L,
Q
ON
O~ [ Ty DML )y — by M @) 4], (613)
Q
DA

Q
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that is, every nonnegative solution of system (6.3) is a lower solution of system (6.5),
implies that statement (i) is valid.

Next we consider the case where s(A) > 0. Note that the solution semiflow of
system (6.3) is monotone and subhomogeneous. In view of the comparison arguments
shown in [92, Proposition 3.7], it suffices to verify that system (6.11) admits a globally
stable positive steady state (L*(x), N*(x), A*(x)). For small ¢ > 0, we consider the

following linear system without time delay:

oL
E - PaH*/ F(Tav x,y, DH)A(tu y)dy - [:uL + O./M*(JZ)]L,
Q
ON
VTR / U(m, 2, y, Da)M™(y)L(t, y)dy — [y + aM*(z) + py] N, (6.14)
Q
DA
X =r / T, 2,9, Dar) M ()N (£, y)dy — (ja + EH* + €4) A.
Q

Let A, be the generator of the solution semigroup of (6.14). By virtue of Lemma
6.1.1, we obtain that s(A.) is also a geometrically simple eigenvalue with a positive
eigenfunction ¢.. Note that when € > 0 is small enough, the spectral bound depends
continuously on e. It then follows that there exists a sufficiently small ¢, > 0 such
that s(A.,) > 0. We further prove the following two claims.
Claim 1. Let u(t, -, ¢) is the solution of system (6.11). Then limsup,_, . ||a(t, -, ¢)|| >
€0, Vo € X \{0}.

For the sake of contradiction, we assume that limsup,_, . ||@(¢, -, ¢)|| < € for some

oo € X:\{0}. Then there exists ty > 0 such that u(t, -, ¢g) < €9 := (€0, €0, €0), YVt > 1.
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It follows that for all ¢ > ty, u(t, -, ¢o) satisfies

oL
E = PaH*/ F(Tav x,Y, DH)A(tv y)dy - [luL + &M*(l')]L,
Q
ON » .
S =P [ Dy DM WLy~ b+ M (@) + N, (615)
Q
0A

E Z Pn/ F<Tn)x7y)DM>M*(y>N(t7y)dy - (:uA + fH* + 60614)14’
Q

Since u(tg, -, ¢o) > 0, we can choose a small number p > 0 such that a(to, x, ¢g) >
pesAaltog (z), Vo € Q. Note that pesAo)¢, () is the solution of linear system
(6.14) with € = ¢y and s(A,,) > 0. It follows from (6.15) and the comparison principle
that a(t,z, ¢g) > pesA)io. (x), Vt > to, x € Q. Letting ¢ — 0o, we see that
u(t, x, ¢p) is unbounded, a contradiction to the boundedness of u(t, x, ¢p).

Claim 2. Let w(¢) be the omega limit set of the forward orbit v (¢) := {u(t, -, ¢) :
t > 0}. Then w(¢) C Int(X,), Vo € X \{0}. .

By adapting the proof in Proposition 6.1.1, we see that 77 (¢) is asymptotically
compact, and hence, w(¢) is nonempty, compact and invariant. Let ¢ € X, \{0} be
given and Q(t)¢ := u(t,-, ¢). It then follows from Claim 1 that set A := {0} is an
isolated invariant set for the semiflow Q(¢) and w(¢) Z A. Thus, the generalized
Butler-McGehee lemma (see, e.g., [106, Lemma 1.2.7]) implies that w(¢) N A = 0,
and hence, w(¢) C X, \{0}. By the strong monotonicity of Q(¢) and the invariant of
w(¢) for Q(t), it follows that w(¢) C Int(X ).

Let t; > 0 be fixed. Then @(¢;) is strongly monotone and strictly subhomogeneous
on X;\{0}. Note that w(¢) is a compact and invariant set for @Q;,. It then follows
from Claim 2 and [106, Theorem 2.3.2] with K = w(¢) that @, has a unique fixed
point u, = (L*(-), N*(-), A*(-)) > 0 such that w(¢) = {u.}, Vo € X, \{0}. Since
Q(t)w(p) = w(e) for all ¢ > 0, we see that u. is a positive steady state of system
(6.11). This shows that system (6.11) admits a unique positive steady state (L*(x),
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N*(x), A*(z)), which is globally asymptotically stable in X;\{0}. Consequently, the
same comparison arguments as in [92, Proposition 3.7(ii)] imply that statement (ii)

holds true for system (6.2). O

6.2 Global dynamics

In this section, we introduce the basic reproduction number for model (6.1) and study
the global dynamics of Lyme disease invasion. Throughout this section, we assume
that (H1) holds and s(A) > 0, where A is defined as in (6.6).

By Theorem 6.1.1, system (6.2) admits a globally stable positive steady state
(M*(z), L*(x), N*(x), A*(x), H*), and hence, system (6.1) has a unique disease-free
steady state

Ey, = (M*(z),0,L"(x), N*(z),0, A*(x),0, H").

Linearizing (6.1) at F4; and then considering only the equations of infective compart-

ments, we get

9]

O_T: =V (Du(x)Vm) + aff(x)M*(x)n — pym,

0

= [ Doy Da)Sr )L )mt = m)dy — b+ @M (@) + e, (6.16)
Q

9]

00 by [ DG, Do K3t~ )y — [ + €1+ 804"
Q

where m is subject to the Neumann boundary condition and

K (t —1n,y) = M*(y)n(t — 70, y) + Br(y) N*(y)m(t — 7, y).

Note that the third equation of system (6.16) is decoupled from the first two
equations. Thus, we can simply use the first two equations to define the basic repro-

duction number for model (6.1). Let X = C(Q,R?) and X, = C(,R2). Following
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the procedure in [92], we assume that the state variables are near the disease-free
steady state E;. Then we introduce infected individuals with the spatial distribution
¢ = (¢1, ¢2) € X, into the population at t = 0. As time evolves, the spatial distribu-
tion of the infective individuals m and n under the synthetical influences of mortality,
mobility and transfer of individuals among the infected compartments is described

by

9,
a—T: =V - (Dp(x)Vm) — pprm,
0
8—7; =— [y + aM*(x) + un]n,

where m satisfies the Neumann boundary condition. Let (m(t, ¢), n(t, ¢)) denote the

distribution of the infective individuals at time ¢t > 0. Then we have

nua@uazeﬂWﬂ/r@wﬂhDMwawwh

Q
n(t, ¢)(z) = e~ OHMT g, (),

Evidently, the distribution of new infection rate of mice induced by the infective

agents at time ¢ is
Fi(t, 0)(x) = ap(z)M*(z)n(t, ¢)(x).
The distribution of new infection rate of nymphs induced by the infective agents at

time t is

0 if 0<t< T,
Ey(t,¢)(z) =
IS fQ U(7, 2,9y, Dy) Br(y) L*(y)m(t — 7, 0)(y)dy, if t > 7.

Consequently, the distribution of total new infections of mice is

Amﬂmwﬁ:EWL
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the distribution of total new infections of nymphs is

/0 " Byt 6)dt = P / N / D (m 1, Dar)Br(y) L (y)m(t, 6) (y)dydt := Fo(g), (6.17)

Clearly, F= (Fl, Fg) is a continuous and positive operator, which maps the initial
infection distribution ¢ to the distribution of the total infective members produced
during the infection period. Following the idea of next generation operators (see,
e.g., [15,90,92]), we define the spectral radius of F, T(F), as the basic reproduction
number R, for model (6.1). Direct calculations lead to

- __ aB(x)M*(x)

Define the operator B; on C(Q,R) by

Pa(T).

Bi(¢1) =V - (Du(2)Vr) — iy

By [88, Theorem 3.12], we have

/Oo m(t, ¢)dt = /oo m(t,¢))dt = —B; ¢y
0 0

It then follows from (6.17) that

Fy(0)(2) = — P / T(m, 2,5, Dar)Br(y) L* (4) By 61 () dy,

By the same arguments as in [92, Theorem 3.1 and Corollary 3.2], we have the fol-

lowing result.

A

Theorem 6.2.1. The spectral radius Ry := r(F') is a geometrically simple eigenvalue
ofF with a positive eigenfunction. Moreover, let u be the principal eigenvalue of the
following problem:

— V- (Du(2)Vo) + parp = pg(e)(z), x€Q,

_695_
» =0, z € N,

(6.18)
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where

af(z)M*(z)
'y aMH(z) + py

9(p)(x) =

/Q D(mi 2,9, Dar)Br () L (1) () dy.

Then Ry = 1//p.

To show that Ry is a threshold value for disease invasion, we first suppress time

delays in (6.16) and then consider the following subsystem without time delay:

O - (D (@) V1m) + 0B M () — g,
o (6.19)
5 =P, /Q U(m, @, y, Do) Br(y) L (y)m(t, y)dy — [y + oM™ (z) + ux|n,

where m is subject to the Neumann boundary condition. For ¢ = (¢1, ¢9) € X, we

define two operators C' = (C4, Cy) by

C1(6)() = aB(x)M* (z)alx),
Co(6)(x) = P / P(m, 2,y Dar) Br(y) L () (),

Q

and B = (B, By) by
Bi(¢)(x) =V - (Dy(2)V1) — para (),
By(9)(z) = —[y + aM™(x) + pn]pa(z),

and set A = C' + B. It is easy to see that the spectral bound s(B) is negative. Our
next goal is to reveal that s(A) is not only an eigenvalue with the finite multiplicity

but also has the same sign as Ry — 1. To do so, we need the following assumption:
(H2) There exists some xo € Q such that 5(z) and Br(z¢) are positive.

Biologically, this means there exists some small region that infectious nymphs can

infect mice and pathogen-infected mice also can infect ticks in return.
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Theorem 6.2.2. Let (H1) and (H2) hold. Then the spectral bound s(A) is a geomet-
rically simple eigenvalue of A with a positive eigenfunction, and s(A) has the same

sign as Ry — 1.

Proof. By [88, Theorem 3.5], we see that s(.A) has the same sign as r(—C'B™'). Then
it follows from [92, Lemma 3.3] that r(—CB~') = r(F) = Ry. To verify s(A) is an
eigenvalue, letting ¢ = (¢1, ¢2) € N (A — A), we have

V- (Du(x)Ver) + af(x) M*(x)ps — piydr = A1,

(6.20)
B /Q (7, 2,9, Dar) Br(y) L (y) o1 (y)dy — [y + aM™(x) + pn]p2 = Ags.

For A > —(y+aM; +py) with M, = min M*(z), we obtain from the second equation
e
of (6.20) that

_ P,
Ay aMA(x) + oy

62(2) / D(m 2.y, Dar)Br(y) L* (9)n (5)dy = C(A, 1) ().

Substituting it into the first equation of (6.20), we get

La(¢1)(x) := V- (Du(2)V ) +af () M (2)C (X, ¢1) () = par 1 () = A (). (6.21)

It easily follows from (H2) that there exists an open neighborbood U C €2 such that
B(x) > 0,Br(z) >0, Vo € U C Q. Let A\; be the principal eigenvalue of the elliptic

eigenvalue problem

V- (Du(z)Ve) — pud = Ao, x €U,
¢=0, xe€dl,

with the positive eigenfunction ¢*(z). Now define a continuous function ¢° as follows

o (x) if 2€U

() = et
0 if zeQ\U.
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Since Br(z)L*(x)¢°(x) > 0(% 0),Vx € Q, the standard maximum principle implies
that fQ F(Tb z,Y, DM)BT(y)L*(y)(bO(y)dy > 07 Vi € ﬁ Set

A= min/QF(Tz, z,y, Dar)Br(y)L*(v)¢°(y)dy, B =minp(z), ¢h., = max¢*(z),

zeQ -  =zeU zeU
and
« N 9 aﬁM;TA
\ A= (v oMy + ) + /(A + oMy + py)? + 4
0 =
2
A — (v +aMy, + pn) + [M 5 + oMy +

2
= max{A;, —(y+aM,, + pun)}.

Clearly for x € Q\ U, we have Ly, (¢°)(z) > X\¢°(x). Moreover, for any x € U

Ly (¢°)(2) = V - (Dar(2)V°) + aB(x) M*(2)¢ (A, ¢°) (z) — parg’ ()
aBfM; A
Ao+ +aMi 4+ pun

= M0 (%) + Prax (Mo — A1)
> Mo (z) + " (2) (Ao — M)
= Nt (2) = 26(a).

> Mot(z) +

Thus, e*'¢°(x) is a subsolution of the integral form of the linear system u; = Ly, u.
By the arguments similar to those in [91, Theorem 2.3 and Remark 2.1], we conclude

that s(A) is a geometrically simple eigenvalue with a positive eigenfunction. O]
Remark 6.2.1. Let A\ be the principal eigenvalue of the elliptic eigenvalue problem
V- (Du(x)V1) — pudi(z) = Adi(z), x€Q

subject to the Neumann boundary condition, and ¢3(x) be the associated positive eigen-

function. Instead of (H2), we assume that \ > —(y + oM}, + ux). It then follows
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that Lyo(¢7)(x) > M2¢i(z), and hence, s(A) is a geometrically simple eigenvalue with

a positive eigenfunction (see also [91, Corollary 2.4]).

Now we are in a position to show that the basic reproduction number R, deter-
mines the global dynamics of system (6.1). Let M = M+m, N = N+n, A= A+a.

Then system (6.1) is equivalent to the following system:

%A —V - (Dy(2)VM) + MB(z, M) — s M,

o _
ot
ON
W _PZ/S;F(Tlax>y7 DM)M<t - Tl7y)L(t - Tlvy)dy - (7+ aM +,LLN)N7
0A
E :Pn/F(Tnax>y7 DM)M(t - Tl7y)N(t - Tlay)dy - (:uA +5H)A_ 5A~’427
Q

Pa/ F(T(h T, Y, DH)A(t — Ta, y>H(t = Ta; y)dy - (/l’L + OéM)L,
Q

oOH
ot

om
ot
on
ot
da
ot

(x)VH) +ry, — ppH,

V- (Du(2)Vm) + af(x)(M —m)n — pym,
=P, /Q U(m,x,y, D) Br(y)m(t — 7, y) L(t — 7, y)dy — (7 + aM + pn)n,

:P’ﬂ / F(Tna x,Y, DM)Ka(t - T’rwy)dy - (/J“A + gH)CL - 5AACL7
Q
(6.22)

where M, H and m are subject to the Neumann boundary condition, and

Kq(t,y) = M(t,y)n(t,y) + Br(y)m(t, y) (N (¢, y) — n(t, y)).

By virtue of Theorem 6.1.1, (M*(z), L*(z), N*(x), A*(z), H*) is a globally attractive
steady state of system (6.2), which is exactly the same as the first five equations of

system (6.22). By similar discussions to those in the last section, we may confine
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ourselves into

%_T =V - (Du(2)Vm) + af(x)(M*(z) — m)n — pam,
?9_7; =B /ﬂ U(7, 2, y, D) Br(y)m(t — 7, y) L (y)dy — [y + oM™ (x) + pn]n,  (6.23)
% _p, / Ty 2,y Dar) K (E = Ty y)dy — (4 + EH* + 5, A%() )a.

t Q

where m is subject to the Neumann boundary condition, and

K (t,y) = M*(y)n(t,y) + Br(y)m(t,y)(N*(y) — n(t,y)).

Since the first two equations in (6.23) do not depend on the variable a, we first

consider the following subsystem:

O% G - (Das()Vm) + aB(@)(M*(z) — m)n — i,
g’; (6.24)
A /Q D(ri, 2y, Dar)Br(y)mit — 71, y)L*(y)dy — [y + aM* (z) + .

Let Cp- = {p € C(Q,R,) : o(z) < M*(z), Vz € Q}, and
X = C([~7,0],Cp-) x C(,R,).

Note that

V- (Dy(x)VM*) — ppyM*(x) = =M*B(x, M*) = —ryyM*(x) exp (—?{4]‘;((?)) <0.

By [64, Corollary 4], it follows that for any ¢ € X, system (6.24) admits a unique
mild solution a(t,-,¢) = (u1(t,-, d),ua(t,-,¢)) on [0,00) with 0y(0,-,¢) = ¢1(0),
U2(0,-,0) = ¢a, 0 € [—7,0], and (Uy(), ua(t, -, ¢)) € X for all £ > 0. Note that
system (6.24) is eventually strongly monotone and strictly subhomogeneous on X.
By the arguments similar to those for system (6.3) in Theorem 6.1.1 (see also the
proof of [92, Proposition 3.7]), together with Theorem 6.2.2, we have the following
result for system (6.24).
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Lemma 6.2.1. Assume that (H1)-(H2) hold and s(A) > 0. Then the following

statements are valid:
(i) If Ry < 1, then (0,0) is globally attractive for system (6.24) in X.

(ii) If Ry > 1, then system (6.24) admits a positive steady state (m(z),n(x)) which
is globally attractive in X\{0}.

Now we are ready to prove the main result of this section on the global dynamics

of system (6.1) on W := C([—7,0],C(Q,R%)).

Theorem 6.2.3. Assume that (H1) and (H2) hold and s(A) > 0. Then the following

statements are valid:

(1) If Ry < 1, then every positive solution v(t,x, ) of system (6.1) satisfies
limy—oov(t, z, @) = (M*(2),0, L*(x), N*(2),0, A*(z), 0, H*) uniformly for
z €.

(ii) If Ry > 1, then system (6.1) admits a positive steady state v(x) =
(M*(x) — m(z),m(z), L*(z), N*(x) — n(x),n(x), A*(x) — a(x),a(x), H*), and
every positive solution v(t,z, ) satisfies lim;_,oov(t, z,p) = v(x) uniformly for

€.
Proof. By using the theory of chain transitive sets, as illustrated in [92, Theorem 3.8],
we can lift the threshold type result for system (6.24) to the full system (6.22) and
show that every positive solution of system (6.22) converges to either
(M*()a L*()> N*()v A*()a H*a 0,0, 0)
or

(M*<')7L*(')v N*<-),A*(-)7H*,m(-),ﬁ(~),@<-))
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in terms of Ry. It remains to prove the positivity of the steady state of model (6.1)
in the case where Ry > 1. Let M(x) = M*(z) — m(x). It suffices to prove that
M(z) == M*(x) —m(x) > 0,Yz € Q. Clearly, we have M*(x) > m(z),Vz € Q. In

view of the integral form of the following equation

oM
a5 =V (D (2)VM) + M*B(x, M*) — [y + aB(z)n(z)|M, z € Q, ¢ >0,
6’—M’:O, r eI t>0,
Ov
we have

M(z) = /QF(O,:v,y,DM)M(y)dy
t
T / ¢ b HeB @ 9 / D(t — 5,0, y, Dar) M*(y) By, M* (y))dy.
0 9]

By the standard maximum principle (see e.g., [85, Theorem 7.2.2 and Corollary 7.2.3)),

it easily follows that M (z) > 0,Vx € Q. Thus, a straightforward computation implies

that
P [,T D) Kn(y)d _
N*(l')—ﬁ<aj‘>: lfQ (Tl7$7y7 M) N(y) Y ren
v+ aM*(z) + pn
P, [, T (7w, 2,9, Dar) K a(y)dy _
A* —a — Q Ly 9 9
(z) — a(x) it EH oA " €
with

Ky(y) = [M*(y) — Br(y)m(y)|L*(y),
Kaly) = [M*(y) — Br(y)m(y)(N*(y) — n(y)).

Since 0 < Br(y) < 1, it follows that Ky (y) > 0,Vy € Q, and hence, N*(z) —7(z) > 0,
and K4(x) > 0, Vo € Q. Thus, we obtain A*(z) —a(z) > 0, Yz € Q. O
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Remark 6.2.2. The results in sections 5.2 and 5.3 are still valid if we take a general

per capita birth rate function B(x,u) satisfying the following conditions:
(C1) B(z,u) > 0(#0), V(r,u) € Qx[0,+00).

(C2) B(z,u) is continuous on Q x [0, +00), and strictly decreasing in u € [0,c) for

some cg > 0.

(C8) There exists M > 0 such that ﬁ Jo B(z,0)dx > pyy > B(x,u) for allu > M

and x € Q.

It is easy to see that the birth rate function B(x,u) = ry exp (—#M) satisfies
(C1)—(C3). Another prototypical birth rate function (see, e.g., [12,90]) is

U
— <u<<
Ty [1 ka<CU):|7 0<u<Ky(z),zeQ,

0, u > Ky(x), z € Q.

B(xz,u) =

6.3 Propagation phenomena

In this section, we consider the spreading speed and traveling waves for system (6.23)
in an unbounded habitat. Since the first two equations in (6.23) are decoupled from
the third one, it suffices to consider system (6.24).

Assume that all the coefficients in system (6.1) are constant. Without loss of
generality, we suppose that the spatial domain 2 = R. As such, the Green function

(7, z,y, Dy) can be expressed as

1 _(@-u)?
F(Tl7x7y7DM) = e *Pmm.

VAT Dy

In the case where ry; > upr, we have M* = Ky, ln% > 0. Let

X = PaPaPHM™ — (y + aM* + pux) (pa + EH") (u + aM). (6.25)
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Then a straightforward computation shows that system (6.2) admits a unique constant
positive steady state Ey = (M*, L*, N*, A*, H*) with

* PG»H* * * ‘PIM* * * X
L*= —%" A" N*= L*, A" =
pr, + aM* Y+ aM* + pn Sa(y +aM* + uy)(pur + aM*)

provided that ry; > Kj; and x > 0.
Consider the spatially homogeneous system associated with (6.24):

dm

— =af(M* —m)n — pym,
a (6.26)
T —PBrLtm(t —m) — (v + oM + )n

Linearizing system (6.26) at (0,0), we get
a;_m =afM*n — uym,
Jl (6.27)
dt =PprL*m(t — 7)) — (v + aM* + un)n.

Following [108], we introduce the basic reproduction number for system (6.26). Clearly,

system (6.27) is of the form % = Fu, — Vu with

F ¢1 _ OZ/QM*QbQ(O) , ¢ c C([_Tl, 0],R2)
®2 PIBTL*¢1(_TZ)
and
O e 0

0 ~+aM* + uy

Then [108, Corollary 2.1] implies that the basic reproduction number Ry = r(ﬁ V-1
0 afM*

with F' = , and hence, we obtain

PprL* 0

PaBBr M+ L*
Ry = 1oBpr . (6.28)
v (7 + aM* + i)
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If Ry > 1, then system (6.24) admits a unique positive steady state u* := (7, ) with

_ 1 _ PprL*
m=M(1-—=), n= m. 6.29
( Rg) v+ aM* + uy (6.29)

By [109, Theorem 3.2], as applied to system (6.26) on C([—7;,0], [0, M*]) x Ry, we
conclude that every positive solution of (6.26) converges to u*.

In order to use the theory of spreading speeds developed in [54], we first introduce
some basic notations. Let Z = C([—7;, 0], R?). We equip Z with the maximum norm
and the partial ordering induced by the positive cone Z, := C([—m,0],R%). For any
u,v € Z, we write u > vifu—v e Z,, u>vifu>wvbutu#v and u > v if
u—v € Int(Z,). Define C as the set of all bounded and continuous functions from R
to Z equipped with the compact open topology, that is, 4™ — w in C means that the
sequence of u™(x) converges to u(x) in Z as m — oo uniformly for z in any compact
subset of R. For u,w € C, we write u > w(u > w) provided u(z) > w(z)(u(r) >
w(z)), Vo € R and u > w provided v > w but u # w. Clearly, any element in Z
can be regarded as a constant function in C. For each r € Z with r > 0, we set
Zy={ueZ:0<u<r}andC, :={ueC: u(r) € Z,Vr € R}. We also identify
an element ¢ € C as a function from [—7;,0] x R into R by ¢(0, z) = ¢(z)(0).

Recall that a family of operators {Q; }+>0 is said to be a semiflow on C, provided @
has the following properties: (i) Qo = I, where I is the identity map; (i) Qy, 0 Qs, =
Q1 +1,; (1i1) Q¢[¢] is jointly continuous in (¢, ¢) on [0, 00) X C,.

Now let {Q;}+>0 be a family of solution maps of system (6.24) from C,« to C,x,
that is,

[Qt(¢)](07‘r) = ut(ewxa (b) = (mt<97x7¢)7nt<97x7¢>)7 v¢ € Cu*7x € Ru NS [_7—170]7

where u(t, x, ¢) is the mild solution of system (6.24) with an initial function ¢ € C,»




6.3 PROPAGATION PHENOMENA 186

and w (0, x,¢) = u(t + 6,x,¢), 0 € [—7,0]. The following result shows that system
(6.24) admits a spreading speed.

Theorem 6.3.1. Assume that ryy > Ky, x > 0 and Rg > 1. Then there exists a

positive number ¢* such that the following statements are valid:

(i) For any c > c*, if ¢ € Cyr with 0 < ¢ < w for some w € Z, and w <K u*, and
¢(z) = 0 for x outside a bounded interval, then — lim  u(t,z,¢) = 0;

t—o0,|z|>ct

(i) For any ¢ € (0,¢*), if ¢ = (¢1,02) € Cy» and either ¢p; Z 0 or ¢2(0,-) Z 0
holds, then — lim  wu(t,x,¢) = u*.

t—o00,|z|<ct

Proof. Without loss of generality, we assume that 7, < 1. Otherwise, we do the time
rescaling s = f for a fixed 7 > 7, and then consider the resulting system. Using
arguments similar to those in [17, Lemma 4.3], we prove that {Q;}+>o is a monotone
semiflow on C,~ with the time-one map @ satisfying (A1)—(Ab) in section 2.2.1. By
the similar proofs to those in [54, Theorems 2.11 and 2.15](see also Theorem 2.2.1),
we know that ); admits a spreading speed c¢* > 0. The following claim gives the
eventual strong positivity of {Q;}i>0 on Cyx.
Claim. For any ¢ = (¢1, ¢2) € Cy», if either ¢1 Z 0 or ¢5(0,-) Z 0, then u(t, z,$) > 0
for all t > 7, € R, and hence, Q;(¢) > 0 for all ¢t > 27;.

If ¢; # 0, then there exists a number n > 0 and an interval [ay, as] X [by,by] C

[—77,0] x R such that

¢1(07~I) > m, V(G,x) € [Ch,ag} X [bl)bQ]‘
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In view of the integral form of system (6.24), we have
n(m, z, ¢) = e~ TN Gy (0, 1)
Tl
* PlL*ﬁT / / 6_(7+QM*+MN)(TI_S)F(TZ7 z,Y, DM)¢1(S — T y)dde
o Jr
T
- PIL*BT/ / eI (1, 2, y, Dar) (s — 70, y)dyds
0o Jr
as ba .
> PIL*BTU/ / e~ O aM )= (1 2y, Dyy)dyds > 0, Vo € R.
ai by

It follows that n(t,z,¢) > e OFeM +un)t=")p (7 x ¢) > 0, ¥t > 7,2 € R. Note
that F(t,z) = aB(M* — m(t,z,d))n(t,z,¢) > af(M* — m)n(t,z,¢) > 0, V¢t >
71, € R. Then the standard maximum principle of parabolic equations implies that
m(t,z,¢) >0, Vt > 7,z €R.

If ¢2(0,2) > 0 with ¢5(0,x) # 0, then we have

n(t,x, @) > e OFeMH G, (0, 2) > 0(£0), VE>0,z €R.

Thus, F(t,z) > 0(% 0),t > 0,2 € R. It follows from the maximum principle of
parabolic equations (see, e.g., [85, Corollary 7.2.3]) that m(t,z,$) > 0 for all ¢t > 0.

Then similar to the first case, for t > 7, x € R, we have
t
n(t,r,¢) > PIL*BT/ /e(7+“M*+“N)(tS)F(Tl,x,y, Dy )ym(s — 7, y)dyds
0o Jr
t
> PlL*ﬁT/ /6_(7+0‘M*+"N)(t—5)f‘(n, x,y, Dyr)m(s — 7, y)dyds > 0.
7 JR

It follows that u(t, z,¢) > 0 for all t > 7,z € R, and hence, Q;(¢) > 0 for all ¢ > 27.

Now statement (i) follows from Theorem 2.2.3(i). For statement (ii), since @), is
subhomogeneous, then r, in Theorem 2.2.3(ii) can be chosen to be independent of
o > 0. Thus, we can write r, as 7. If ¢ € Cy» and ¢(6,x) > 0 for all § € [—7,0]

and = on an interval I of length 27, then there exists a vector ¢ > 0 in R? such
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that ¢(0,z) > o, V(0,z) € [—7,0] x I, and hence, Theorem 2.2.3(ii) implies that
Holoiﬁgctu(t,x,qb) = u*. For any given ¢ = (¢1,¢2) € Cu+ with either ¢; # 0 or
¢2(0,-) # 0, the above claim implies that u(t,z,¢) > 0,Vt > 7, v € R. Fix a
to > 27 Then uy (¢) > 0. By taking u;, as a new initial data, we see that statement

(i) is valid. O

Next we show that ¢* is linearly determinate and give a formula of it. Consider

the linearized system of (6.24) at its zero solution:

0 0?
ah :DM—UQ1 + afM* vy — pupvy,
gj Oz (6.30)
6t2 :-F)l/BT-L>|< / F(Tlu x,Y, DM)Ul(t — T, y>dy - (’y + OCM* + :U’N)v2-
R

Let {L(t)}+>0 be the linear solution maps associated with (6.30), that is, L(t)¢ =
vi(¢). Letting v(t, ) = e " u(t, x) in (6.30), we see that u(t,z) satisfies

ou 82U *
—— =Dy~ + aBM uy + (Dypi® — piar)un,
aalf Oz (6.31)
8_; =P prL* / T(7i, 2,9, Dag)e™ Py (t — 71, 9)dy — (v + oM™ + py)us.
R

Furthermore, letting u(t,r) = e*w(z), we obtain the following nonlocal eigenvalue

problem of delay type:

Awy :DMwlll + afM*wy + (Dyp® — pag)ws,
(6.32)

)\wQ :PlﬂTL*ei)\Tl / F(Tb z,y, DM)eu(miy)wl(y)dy - (7 +aM” + ,LLN)w2-
R

Clearly, —(v + aM* + py) is not an eigenvalue, so we solve wq in terms of w; from
the second equation, and then substitute it into the first one to obtain:

v aBM*PBrL*e™ ™ [ T(m, z,y, Da)et @ Vw (y)dy

Awy =D ywy + + (Dpp® — wy.

(6.33)
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Let b(p) = max{Dypu?® — ppr, —y — aM* — py}. Note that

2
Dymip

/F<7'l T,y DM)eu(w—y)dy: ;/ewy;quﬂydy:e
R Y VAT Dy JR

By Lemma 6.1.1 and [91, Theorem 2.3], it then follows that (6.33) admits a princi-
ple eigenvalue A(p) € (b(n),00) with the constant positive eigenfunction, and ()

satisfies the following equation

A1) == (A= Dagt® + par) A+ + oM™ + p) — aBM* PfpLe Py’ — g,
(6.34)

Since A(A,u) is even in p € R, we only consider the case p > 0. Since Ry =

PlaﬁﬁTM*L*

ey > L it is easy to see that

A0, 1) = (= Dari® + par) (v + aM* + py) — afM* PfrL*ePymin
1
= Dy (y + aM* + py) — aﬁM*PzﬁTL*eDM”’H(@ — PuTIy <0, > 0,
0
and

aAéAA’—M) > 2(\ — b)) + afM* PBr L ne XDt 5 0 YA > b(u), 1> 0.

If b(u) < 0, then there exists a unique positive A\(u) such that A\, pu) = 0. If

b(p) > 0, since A(b(p), 1) < 0, we also get a uniquely positive A(u) being the root of

A(A, ). Moreover, since ¥ > % > Dyp— %, it follows that lim,_,., ¥ = 00.

Note that % has the same properties as stated in [54, Lemma 3.8], and ¥ — 00

as i — oo. It follows that there exists a unique pg > 0 such that %# = 0 and

A . A
—2‘00) = inf,5o % > 0.

A(Mo).

Let ¢ be the positive constant eigenfunction associated with (o) and ¢y = o

In view of systems (6.24) and (6.30), it is easy to see that for any M > 0, u(z,t) =
Me=ro@=ct) ¢ is an upper solution for system (6.24). Now we are in position to give

a computational formula for the spreading spreed.
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Lemma 6.3.1. Let ¢* be the spreading speed of {Q+}i>0. Then

c* Alto) = inf Alp) > 0.

Ho p>0
Moreover, (c*, o) is uniquely determined as the solution of the system

>0, Ale,u)=0, 9,A(c,p)=0.

where A(c, u) = A(cp, u) with A\, 1) defined as in (6.34).

Proof. Note that for any M > 0, u(x,t) = Me "0 @t ¢ is an upper solution for
system (6.24). Then Theorem 2.2.2(i), together with Theorem 6.3.1, implies that
¢t < ¢y =1inf,> ¥ On the other hand, let {L(t)}+>¢ be the solution semigroup of

the following linear system with small € € (0, M*):

0
% =Dy Auy + af(M* — €)us — ppsug,
Oy (6.35)
E :-PlﬁTL* / F(Tla x,Y, DM)ul(t — T, y)dy - (7 + OZM* + MN)UQ
R

Define A°(1) be the principal eigenvalue of the following eigenvalue problem for small
e€ (0, M"):
Awy ZDMwlll +afB(M* — e)wy + (DMNQ — fv)w,
(6.36)
)\wQ :PlﬂTL*ei)\Tl / F(Tb z,Y, DM)eu(miy)wl(y)dy - (7 +aM* + ,LLN)w2-
R
Since @;(0) = 0, by the continuous dependence of the solutions on initial condi-
tions, it follows that for any sufficiently small € € (0, M*), there exists n € Int(Z;)
with n < u* such that Qi(n) < € for all t € [0,1], where € = (e,¢). Then the

comparison principle implies that

Qu(¢) < Qu(n) <& ¢€Cy tel0,1].
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Thus, Q;(¢) satisfies

0
% >DMA’LL1 + Oéﬂ( - G)UQ — MpmUy,

811,2

(6.37)
at _-PZBTL /F(Tl)x7y7DM>ul(t_Tl7y)dy_ (/y—i_aM*_{—/j’N)uQ)
R

for all ¢ € [0,1]. This implies that Q;(¢) is an upper solution of the linear system
(6.35) for t € [0,1], ¢ € C,, and hence,

LA(1)(@) € Qu(6), Yo €C,.

Using the convexity of A°(x) and the arguments similar to those in [54, Theorem

3.10(ii)](see also Theorem 2.2.2(ii)), we have inf 2 T < ¢* for all sufficiently small ¢.

p>0

Letting € — 0, we obtain that H;% :) < ¢ Thus, ¢* = inf,0 =} 2~ 0. Since A(y)
7

can be explicitly expressed from (6.34), it follows that X' (u) = g V,u > 0, and

dAp) _ pN(p) = M) pO AN 1) + M)A, 1)
dp It TV '

Consequently, (A(uo), to) is a unique solution to the system
A
pw>0, AA\p) =0, IANu)+ ;&A()\,,u) =0.

A

Replacing A with a new variable ¢ := o, we then have

~ A
0:A(c, ) = 0, A(cp, pr) + cONA (e, pr) = 0, AN, 1) + ;@A(A, i).
It follows that (c*, po) is uniquely determined as the solution of the system
p>0, Alc,u) =0, 9uA(c,p) =0.

This completes the proof. O
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Since the solution maps of system (6.24) do not satisfy the compactness assump-
tion in [54], we cannot use the theory of traveling waves there. We will appeal to the
theory recently developed in [19] (see also in section 2.2.2) to prove the existence of
the minimal wave speed for monotone traveling waves.

Recall that W(x — ct) is said to be a traveling wave of the semiflow {Q;}i>0
provided that Q:[W](x) = W(x — ct), Vt > 0, and we say that W (x — ct) connects
to 0 if W(—o0) = 8 and W (+00) = 0.

Let M be the set of all non-increasing, left-continuous and bounded functions
from R to Z. We equip M with the compact open topology. Let § € Z, with > 0,
set Mg :={ue M: u(z) € Zs,Vr € R} and M :={ue M: u>0}.

It is easy to show that for any initial data ¢ € M, system (6.24) admits a
unique solution u(t,z,¢) on [0,00), and u;(¢) € M, for each ¢ > 0. Moreover, we
can verify that for each t > 0, Q;: M+ — M, satisfies (C1) and (C4). (C2)’ follows
from the similar proof to that in [17, Lemma 4.3]. By the arguments in [19, Theorem
5.2] and [17, Theorem 5.3], we see that for each t > 0, (C3) is also satisfied for Q.
Finally, Lemma 6.2.1 implies that for each ¢ > 0, (A5) is valid for @Q;. It follows that
for each t > 0, @ satisfies (C1), (C3), (C4), (A5) and {Q:}+>0 satisfying (C2) is a

semiflow on Mg (see section 2.2.2). Then we have the following result.

Theorem 6.3.2. Assume that ryy > Ky, x > 0 and Ro > 1, and let ¢* be defined as

in Lemma 6.3.1. Then the following statements are valid:

(i) For anyc > c*, system (6.24) admits a monotone traveling wave solution W (x—

ct) connecting u* to 0.

(i1) For any c € (0,c¢*), system (6.24) has no such traveling wave solution.

Proof. The existence and nonexistence of the monotone and left-continuous wave
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profiles with speed in terms of ¢* follows from [19, Theorem 4.2 and Remark 3.7] (see
also Theorems 2.2.6 and 2.2.7). It suffices to prove the smoothness of wave profiles.
Note that W = (W, W3) solves the following integral equations:

Wi(x —ct) = e_”Mt/ I'(0, 2, y, Dar)Wa(y)dy
R

t
i “5/ / eI (t— s, 2y, Do) (M* = Wiy — es))Waly — cs)dyds,
0 R
Wy(z — ct) = e~ OFeMtun)tyy, (z)

t
* PlL*ﬁT/ / 6_(’Y+O[M*+MN)(t_S)F(Tl7 z, Y, DM)Wl (y - C(S - Tl))dydsv
0 R

where ¢ > ¢* > 0. From the first equation, we see that the right-hand side is twice
differentiable with respect to z, and hence, W is twice differentiable. Meanwhile, the
right-hand side of the second equation is differentiable with respect to t, and hence,

W, is differentiable. O

To finish this section, we point out that the third equation in system (6.23) can

be regarded as the following non-homogeneous evolution equation:

0
8_3: = —(pa+EH" + 64A )a + P, / D7, 2y, D) K5 (8 — 7, y)dy,
R
with
Ko (t,y) = M*n(t,y) + Brm(t, y)(N* — n(t, y)).
By the same arguments as in [18, Theorems 3.1 and 3.2], it then follows that the sim-
ilar conclusions in Theorems 6.3.1-6.3.2 also hold for a(t,z), and hence, the number

c* is the spreading speed and the minimal wave speed for system (6.23).
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6.4 Numerical simulations

In this section, we use numerical computations to verify our analytic results in sections
6.2-6.4 and reveal the biological insights into the invasion of Lyme disease.

In the case of a bounded habitat, we choose 2 = (0,1). According to biological
data in [74], we take basic parameters py; = 0.012day ', uy = 0.006day ', uy =
0.006 day ™', s = 0.003day ™', 7, = 3days, 7v = 5days, 74 = 10 days. We also adapt
the parameter values from [12] by choosing o = 0.02 and v = 0.005 day™!. For il-
lustration, we choose & = 0.01, 5 = 0.001day ', » = 10 and H* = 8. In [92], the
authors numerically studied the effects of host population sizes and spatial configura-
tions, and the spatial control of Lyme disease. Since our model is motivated by [92],
we only explore new phenomena in the bounded habitat [0, 1] such as influences of self-
regulation mechanism and host diffusion rates on the risk of Lyme disease infection.
More precisely, we first investigate the case where the demographic environment for
mice and deers is spatially homogeneous, but the disease transmission environment
for mice and ticks is spatially heterogeneous. To do so, we let S(z) = 0.4(1 + cos ),
Pr(x) = 0.35(1 + cos mz), and mice population size M* = 100.

Fix Dy = 0.01km? - day_l, Dy = 0.22km? - day_l and 04 = 0.065, we use
Theorem 6.2.1 to numerically compute the basic reproduction number Ry and obtain
Ry = 1.0543. While we retake § = 0.4 and Sy = 0.35, exactly the spatial average of
B(x) and PBr(x), it follows that Ry = 0.8647. This suggests that spatially averaged
system may underestimate the disease outbreak risk.

To observe the sensitivity of Ry on model parameters, we vary 64 and keep all
other parameters the same as above, the left panel of Figure 6.2 shows that the

basic reproduction number Ry is a decreasing function of §4 and goes down through
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the threshold value 1. This means the self-regulation mechanism for adult ticks could
reduce the infection risk via intrinsically controlling the population size of adult ticks.
Fix 64 = 0.065 and let Dj; vary. Then the right panel of Figure 6.2 indicates that the
basic reproduction number Ry is also a decreasing function of D);, which indicates

that the higher random diffusion movement of mice may lower the infection risk.

0.8
001 002 003 004 005 006 007 008 009 01 001 002 003 004 005 006 007 008 009 01
3
A D
M

Figure 6.2: Ry as functions of d4 and D,,.

Clearly, when M*(x) is spatially homogeneous, the random diffusion movement
of deers Dy has no evident influence on the control of the infection risk. Now let us
include the feature of spatially dependent mice distribution. Take K, (z) = 80(1.1+
dsin(knz)) with 6 € [-1,1] and k = 1,2, rpy = 0.036, 54 = 0.065, Dy; = 0.01. A
simple computation shows that the positive disease-free steady state exists uniquely
for 0 € [-1,1],k = 1,2. Figure 6.3 shows that Ry is an increasing function of Dy
with K, = 80(1.1 + sin(27x)), but the difference of Ry values for Dy = 0.25 and
Dy = 0.01 is 6.2177 x 10~°, which could result from the error of computation. A
further numerical calculation indicates that Ry almost remains the same in the case
that K = 80(1.1 + sin(wx)), and hence, the random diffusion movement of deers
might have little impact on the control of the disease outbreak. This may arise from

the fact that adult ticks don’t amplify the disease directly and deers, the host of
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adult ticks, do not disperse the pathogen and cannot be infected. Next, we vary ¢
to estimate the spatially heterogeneous effects on the basic reproduction number R.

Figure 6.4 shows the different spatial dependent carrying capacity distributions of

1.23292
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o 123288
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1.23286
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1.23284

Figure 6.3: Ry as functions of Dy with K/ (z) = 80(1.1 + sin(27z)).

mice may dilute or amplify the disease infection. A possible explanation is that too
large mouse population size could cause intensive intra-competition and the decrease
of the ratio of tick to host, ending in the dilution of infections [25,79]. When k = 1, the
spatial average of K, is increasing as 0 increases, so is the population size of mice in
this whole interval. When k = 2, although the average of the carrying capacity size on
the whole area remains the same, it is very likely that when the sharply heterogeneous
carrying capacity distribution of mice occurs, the ratio of tick to mice increases on
the interval [1,1] with 6 > 0, or [0, ] with § < 0, which has a predominant effect on
the infection risk, leading to the worse disease burden.

In order to simulate the long-time behavior of system (6.24), we discretize it by the
difference method on [0, 1]. Here we should point out that the idea of the discretization

of the non-local term in system (6.24) follows from [52, Appendix]. Figure 6.5 gives

the plot of two disease infectious components, m(t,z) and n(t,x), with the initial
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Figure 6.4: Left panel: Ry decreases as § increases with K/ (z) = 80(1.14 d sin(mz)).
Right panel: Ry is a function of § with K/ (z) = 80(1.1 4 dsin(27z)) .

data
1
m(0,z) =20 — 5cos(2mz), n(h,z) = gm(Q,x), Vo € [—7,0],z € [0,1].

It turns out the both infectious components can persist in that situation.

In the case of an unbounded habitat, we take Q = R, f = 0.4, fr = 0.35,
Dy = 0.03, M* =100 and 64 = 0.004. It follows that x defined in (6.25) equals to
2.3273 > 0, and the basic reproduction number Ry = 3.4857 > 1. Moreover, using
Lemma 6.3.1, we numerically obtain the spreading spreed c¢* = 0.1039. Figure 6.6
suggests that ¢* is decreasing in ¢4, and increasing in D).

To observe traveling waves of system (6.24), we truncate the infinite domain R to

be [—-200, 200]. Choose the initial data as

(

80, if  —200<z<-50,0¢[—m7,0],

m(0,x) = §40 — Lz, if |z| <50, 0 € [~7,0],

0, if 50 <2 <200, 0 € [—7,0].

\

and n(f,z) = gm(f,z), Vo € [—200,200],6 € [—7,0]. Then the evolution of the
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Figure 6.5: The long-time behavior of disease infectious components with Ry = 3.8720
and x = 2.3273. Here Dy, = 0.03, M* =100, 4 = 0.004, 5(x) = 0.4(1 + cos ) and
Br(x) = 0.35(1 + cos ).
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Figure 6.6: Spreading speed ¢* as functions of 64 and D,;.
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solution is as shown in Figure 6.7 .

Infectious mice density (m(t.x))

Figure 6.7: The rightward traveling waves observed for m and n.

6.5 Discussion

In this chapter, we have modified the nonlocal spatial model of Lyme disease presented
in [92] to take into account of the self-regulation mechanism. In a bounded domain,
we first investigated the disease-free dynamics of system (6.2) and then the global
dynamics of the model system (6.1) with spatially dependent parameters in terms
of the basic reproduction number Ry. In an unbounded domain, we established the
existence of the spreading speed for the disease infection and its coincidence with the
minimal wave speed for the limiting system (6.24).

Our analytic results in sections 6.2 and 6.3 greatly improved the main results
in [92], where they required more technical assumptions for the existence of principal
eigenvalues and global attractivity. Specifically, with the spatially homogeneous dif-
fusion rates and one assumption on the spatial distribution M*(x) of mice population,

they obtained the persistence result in term of the basic reproduction number Ry, and
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proved the sharp global dynamics under the structure of these spatially homogeneous
quantities and one additional condition.

Numerically, we found that the spatial averaged system would underestimate the
disease risk, and we also numerically pursued the influences of self-regulation mech-
anism of ticks and host diffusion rates on the infection risk. It turned out that both
self-regulation mechanism of ticks and random movements of mice would alleviate the
infection, but random movements of deers would take no evident effect. Moreover,
the carrying capacity of mice with strong spatial heterogeneity would increase the
infection risk. In order to study the spatial invasion of the disease in an unbounded
domain, we also computed the spreading speed numerically and plotted the traveling
waves of two infectious components. Our results show that the spreading speed is
decreased when the self-regulation of adult ticks is appropriately enhanced, and is
increasing with the random diffusion rate of mice. Combining with the numerical
results in a bounded domain, we see that the intensive self-regulation of ticks would
force disease to spread more slowly and even to go extinct, and cooling down the ran-
dom movements of mice could deteriorate the infection locally, but this might slow

down the invasion of the disease in a large area.




Chapter 7

Summary and Future Works

In this chapter, we first briefly summarize the main results in this thesis, and then
suggest some future research works.

In this thesis, we studied three reaction-diffusion models in the spatial and/or
temporal heterogeneous environments. We mainly focused on the threshold dynamics,
spreading speeds, and monostable traveling waves, which are the crucial factors to
characterize and predict the evolution of species.

To study the population persistence with the temporal heterogeneity in a stream
ecology, we modified the early models in [60,76] to a time-periodic reaction-advection-
diffusion systems (3.1) in Chapter 3. We first investigated a threshold dynamics for
the spatially homogeneous system of model (3.1) in terms of the principal Floquet
multiplier of its linearized system at (0,0), and then we established the existence
of leftward and rightward spreading speeds and their coincidence with the minimal
wave speeds for monotone periodic traveling waves in an unbounded domain. We also
proved a threshold result on the global dynamics of the model system in a bounded

domain, at last we presented some numerical simulations to verify our analytic results.
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In Chapter 4, we extended the theory of traveling waves (and spreading speeds)
for monotone semiflows to the case of a periodic habitat, and applied this theory
to the two species competition reaction-advection-diffusion models in a spatially pe-
riodic environment. We obtained the existence of two semi-trivial periodic steady
states and the global stability of one semi-trivial periodic steady state for the model
system with periodic initial data. We established the existence of the minimal wave
speed of the rightward spatially periodic traveling waves and its coincidence with
the minimal rightward spreading speed. We also shown that the rightward spreading
speed is linearly determinate under additional conditions. A prototypical class of
reaction-diffusion systems, which were studied in [16,49] in the case of a bounded
domain was used to illustrate our results. Furthermore, we established the theory
of traveling waves, almost pulsating waves and spreading speeds for time-space pe-
riodic semiflows of monostable type in Chapter 5, and then applied this theory to
the two species competition model in the time-space environment and explored its
propagation phenomena.

In Chapter 6, we modified the nonlocal spatial model of Lyme disease presented
in [92] to take into account of the self-regulation mechanism. In a bounded domain,
we first investigated the disease-free dynamics of the associated system and then the
global dynamics of the model system with spatially dependent parameters in terms of
the basic reproduction number Ry. In an unbounded domain, we studied the spatial
spread of disease and the existence of traveling waves. We established the existence
of the spreading speed for the limiting system and its coincidence with the minimal
wave speed. we also numerically pursued the influences of self-regulation mechanism
of ticks and host diffusion rates on the infection risk. This project could give some

insights into the control of the disease spread.




SUMMARY AND FUTURE WORKS 203

Related to the projects in this thesis, there are some open and challenging issues
for future investigation. In the first project, I considered the stream population model
in time periodic environment. However, motivated by [58], it is worthy to study the
model in time-space periodic environment and investigate the spatial dynamics and
the propagation phenomena. For the second project, It will be more interesting
if we consider the age structure of the population and derive a reaction-diffusion
and nonlocal time-delayed competition model in a periodic habitat. Moreover, I
only discussed the traveling waves with the monostable structure in Chapter 4. It
could be much more challenging to study the bistable traveling waves for two-species
competition model in a periodic habitat. For the last project, we could incorporate the
seasonal succession into the model system in Chapter 6 and investigate the spatial
dynamics of the model system. Since the full model system in Chapter 6 is non-

monotone, it will be subtle but interesting to study the existence of traveling waves.
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