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that the triangle Aabc lies outside do and inside d;, where c is the intersection point
of s'b and ya. Let m be a point on ab very near to b, and let ¢m be an arc of a circle
whose center is at the far right-hand side such that any line tangential to the circle
at the arc ¢m will intersect ray ¢ and the arc ém cuts the acute angle between the
line segments s'c and yc (this ensures that ¢m will be ‘convex’ facing s, ¢', z, p; and
‘concave’ facing y). We now arrange a site on points z,y, s, and ¢', respectively. We
also arrange n sites (R = {ry, 9, ..., }) evenly on the arc ¢m such that the maximum
distance from r; € R to 7 is §. Symmetrically, we arrange n sites (P = {p1,p2, ..., pn})
near p in the same manner as those near r. The value of 4 is determined as follows:
let € = [ss'|, 8= |pr| - max{|py| | 1 < i < n}, &= |pr| + [py| — 2|pd'|, and then,

we set 6 = %min{e, B3, &}. We need to guarantee that § is positive so that the above

arrangement is significant. We show how this is achieved in the following lemma:

Lemma 5.4 For B €[ 2v/3, 1/2v/3+45), 6 > 0.

Proof Since 11/2v/3 +45 < 11/2v/3 49, dj is strictly included in dj. Thus, € =

|ss'| > 0.

Now we prove that 88 > 0. Consider the triangle Aypg. Since Zzpy=/Lzqy < 7/3,
we have |py| < |pg|. Thus, |py| < |pr|. It follows from the arrangement that /p,p;y >
/2,1 =2,...,n. So |py| < |p1y| < |py|. Hence, |p;y| < |pr|, i = 1,...,n. It follows

that § > 0.

Finally, we prove that s > 0. Refer to Figure 5.4. Let o/ = /zq'y. In triangles
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Figure 5.4: For the proof of Lemma 5.4.

Apry and Apq'y, by the law of sines we have

| pr | _lpyl
sn(r—0—(0—a)) _ snd’ (5.1)

lpg'|  _ |py]
sin(r — o' —a) sina’

Then, by (5.1) we have
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| pr |= sin(20 — ) py |= —L2VS 25 | py |
sin @ /2\/§_+_9

By (5.2), we have

3 !
2(pd' | = 2———Sln£;;a) | py |
l
= (2008a+2 -sina) | py |
= (2cosa+2 —1x*sina) | py |
sma

= (2cosa+24y/(B8)2—1«sina) | py |

2 2\/3 Lo \/2\/§+45 3 ) oy |

<
\/2\/§+9 6 2v/3+9
2/2/3 2f+9 3
= +2 Ipyl
2\/§+9 2v/3 +
2 2\/§
= +1) | py |
\/2\/_+9
= |pr|+|pyl.
Thus, ®=|pr | + | py | =2 | p¢’ |> 0. Therefore, ¢ is positive. O

By the above arrangement, we obtain a point set S = {¢', z, pn, Pn—1, ---, P1, 71, T2,
- Tny Y, 8'}, which can be used to prove the new lower bound. Before we prove this

in the next section, we will summarize some properties of the set S in the following
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lemma.

Lemma 5.5 Let S = {¢,Z,PnyPr1y -+, P1,T1, 72y s Tn, Y, 8’} be the point set de-

scribed above. Then,

(i) the line segments s'r; (i =1,...,n) and yr; (i=1,...,n — 1) do not cross each
other in their interiors, and neither do the line segments ¢'p; (1 = 1,...,n) and zp;

(i=1,..,n-1).

(i)

| s’ |>| s’ [>]res’ |[> - >|ras’ |;

| pd" |>| p1d’ |>| p2d 1> -+ > pad | -

(iii)

| ris' |=| pid |<|piri |,i=1,...,n.

()

| piy |<| piri |,i =1, ..., .

(v)

|plri I>I DnTn |a | iy !ZI Pny ’aZ = 17 cey 0.

Proof (i). Since the arc ¢m is ‘convex’ with respect to s’ and ‘concave’ with respect

to y, the line segments s'r; (i = 1,...,n) and yr; (i = 1,...,n — 1) do not cross each
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other in their interiors. Symmetrically, ¢'p; and xp; also do not cross.

(ii). Since all the sites of R lie on arc ¢m which is almost a straight line and
Lryys' > m/2, we have /s'rir > 7/2, and Ls'ririo1 > 7w/2, 1 =2,...,n. Thus, | rs’ |>

| 18" |>| 28’ |> - -+ >| rps’ |. Symmetrically, the other inequalities also hold.

(iii). Because the maximum distance from p; to p and from r; to r is 6/2, we have
| pr |<| piri | +6. From (ii), we know that | r;s’ |<| 7¢' |. Since | rs’ |=| rs | —e =

| pr | —e, we have

|ris’| < |pr|—e
< |pm|+5—e

< |piri| (since € > 26).

(iv). Since | pr | — | psy |> 8, we have

lpiy| < |pr|-8

< |piri|+6—8

< |piri| (since 8> 26).
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(v). In triangle ApipnTs, Lp1PnTy is obtuse. Then, | piry |>] pnrs |- In triangle
Apypirs, © = 2,...,n, [pipir; is obtuse. Thus, | pyr; |>| piri |- Since pipprpr; is
a regular trapezoid and /p;p,r, is obtuse, we have | p;r; |>| pprn |- Therefore,
| p17i |>| purn |- Similarly, in triangle Ap;p;iy, @ = 1,...,n — 1, Lp;p;41y is obtuse.

Then, | p;y |>| pis1v |, ¢ = 1,...,n — 1. Hence, | piy [>| pry |- m]

5.3 The proof of the lower bound

Let S = {¢,%,DnyPn—1y -, P1,71, T2y -y Tn, Y, 8’} be the point set constructed in the

previous section. In this section, we prove a new lower bound by showing that, for

B €[ %/3, 1y/2v/3+45), the line segment zy belongs to the S-skeleton of S, but

does not belong to MWT(S).

All the triangulations of & can be divided into two groups related to zy: if a
triangulation contains edge zy, then it belongs to the first group; otherwise, it belongs
to the second group. Let T}, denote the MWT over the first group and T denote the
MWT over the second group. The relationship between T3, and T' can be stated as

follows:

Lemma 5.6 T,y and T differ only in the edges in the interior of the simple polygon

L= ¢ xpypp_1...p17T172...T0YS' .

Proof The convex hull of S includes sites ¢', z, p1, 71,y, s'. Thus, edges ¢'z, zp1, p171,
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r1y,ys', s'¢’ belong to any triangulations of S. Lemma 5.5 (i) implies that no edge
with endpoints in S intersects the interior of the edges zps, xps, ..., TPn, Y72, Y73, ")y
YTy PnPr—1, Pr—1Pn—2s + P2P1s TuTn—1s Tn_1Tn—2, .., T2r1. Thus, they belong to any

triangulations of S. Therefore, the difference between T3, and T is the internal edges

bounded by the polygon L= ¢'xp,pp_1...p17172...T0Yys’. O
pl I, pl I
l?\ Jrn R‘ I
X y x® y
T By ¢ E

Figure 5.5: An illustration for the edge sets Ey, (left) and E’ (right).

For an edge set F, let w(F') denote the sum of the lengths of all the edges in F'.
Let E,, be a subset of Ty, which consists of all the edges of T, in the interior of the

polygon L. Then we have the following property:

Lemma 5.7 w(Eyy) > n(| purn | + [ 0oy |)— | p1r | + | zy | + | 28" |

Proof In quadrilateral zys'q, since zs' = yq', xs’ or yq' belongs to E,,. Without
loss of generality, we can suppose that zs' € E,, (refer to Figure 5.5(left)). Let
B, = (B — {zy,2s'}) U {pir1}. Since B, ~ {p171} consists of the 2n — 1 diagonals
in the triangulation of the polygon pi...pnZyry...71, there are 2n edges in Ej . Since
there are at most n edges with endpoint y, we can group these 2n edges in E;, into

n pairs of edges such that for each pair of edges, there exists at most one edge with
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endpoint y. Thus, the n pairs of edges can be classified into two sets, denoted by
Ci = {(puy,porw) | 1 < u,v,w < n}, and Cy = {(pyrw,porz) | 1 < w,v,w,z < n}.
Consider each edge p,y. We have | pyy |>| pny | by Lemma 5.5(v). Consider each
edge pury. If u < w, then Zpy,p,ry, is obtuse. Thus, | pyry |>| Pwrw |- Furthermore,
we have | p,7y |>] Pwy | by Lemma 5.5(iv). Since p,pnrary is a regular trapezoid and
LpypnTyn 1s obtuse, we have | pyry |>| Prrn |- Thus | pury [>] para |- I u > w, we
can prove that | pyry |>| puy | and | pury |>| purs | by using the similar argument. If
u = w, it is obvious that | p,ry [>| purs |- Therefore, for each pair (p,y, pyrw) € Ci,
we have

| oTw | + | Puy 2] Parn | + | Doy |,

where the equality holds if and only if u = v = w = n. For each pair (py 74, Dy7s) € Cs,
we have

| PuTw | + | Dotz |>| Purn | + | pny | -

Since there are n pairs in C; and C,, we have

w(Egy) > n(| para | + [ Pay 1)-

Hence,

W(Egy) > n(| pura |+ | 2oy )= |1 |+ 2y | + | 3" |-
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Lemma 5.8 Suppose § € [ 2v/3, :/2V3+45). Ifn > gtz pim | — | oy |

+ | ;s | — | zs"|) then w(Tyy) > w(T).

Proof Let E be a subset of T', which consists of all the edges of T" in the interior of
the polygon L. Let E' = {¢'p1, q'p2, .-, @'Dn, 871, 8’72, ..., 870, p15'} be a triangulation
of L(see Figure 5.5(right)). Since zy ¢ E', w(F) < w(E') by the definition of T.

Thus,

n
wE) <w(E)=2)|pq |+ |ps|.

=1

From the structure of S, we know that | p,ry |>| pr | =6 and | pay [>] py | —35.

Since e=|pr | + | py | =2 | pq¢’ |, we have

30

36 ,
| Parn [+ 1Py [>|pr [+ [Py | =5 =2 pg |+ — o

By the definition of §, we know that & > 26. Thus, ae—% > 0. Let € = & — %é.

Hence,

| purn | + [ Dny |> 2 | pd’ | +€,
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By Lemma 5.7, we have

W(Exy) > "(| PnTn | + | PrYy |)+ | zy | — | pim1 | + | s’ |
> n(2]pd | +)+ | ay | = | piri |+ | a8 |

kA
> 2> | pid | +ne+ |zy | — | pir |+ ] a8’ .

i=1

Thus, from the condition of the lemma, we have

W(Eyy) —w(E) >né+ |zy | — |pir |+ | zs' | — | ;s |> 0.

Therefore, w(Tyy) > w(T). O

From the above lemmas, we can prove the main result:

Theorem 5.1 § = é 2v3 + 45 is a lower bound for the [3-skeleton belonging to

MWTs.
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5.4 Concluding remarks

In [62], Keil conjectured that the 8-skeleton is a subgraph of the MWT when 3 = %\/3
In [30], Cheng and Xu proved that 8 = %\/2\/3—4- 9 is an upper bound on the value
of B of a B-skeleton belonging to MWTs of a planar point set. In this chapter, we
proved that 8 = % 2v/3 + 45 is a lower bound. Therefore, we have settled Keil’s
conjecture. However, closing the gap between the upper and lower bounds is still an

open problem.

In related work, Aichholer et al. [2] discussed light edges. For an edge e joining
two points of a planar point set S, if |e] is shorter than all other edges with endpoints
in S which intersect e, then e is called light; otherwise, e is called non-light. In
[30, 62, 100, 111], all the edges which have been identified to always be in the MWTs
are light edges. Unfortunately, the example presented by Bose et al. [21] showed that
the graph consisting of all these identified edges is not connected. In order to find
a connected subgraph of MWTs, it seems that a future study should concentrate on

nontrivial non-light edge identification.

From Lemma 5.8, we know that some ¢'p; and s'r; (1 < ¢ < n) must be in
MWT(S). These are non-light edges because their lengths are longer than |zy|. It is
the author’s opinion that the method used in the proofs of this chapter may be useful

for finding non-light edges that must be in the MWTs of a planar point set.



Chapter 6

Conclusions and Future Research

Tetrahedralizations and triangulations are fundamental problems in computational
geometry [37, 17, 46, 47, 53, 82]. In this thesis, we have investigated four problems
regarding tetrahedralizations and triangulations. There are still many issues which
need to be studied in this research area, such as Steiner triangulations [18, 19, 49],
robust tetrahedralizations |7, 43, 94], graph drawing of optimal triangulations [69, 70,

101, 102, 104], and mesh refinement [31, 85, 87, 96].

The open questions concerning specific aspects of our research have been given at
the end of each chapter. We now close this thesis by listing some interesting open

problems in the area of tetrahedralization [76, 78, 79].

Flip graph connectivity

158
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In R3, a strictly convex hexahedron formed from five vertices can be tetrahedral-
ized in two ways: either as a pair of tetrahedra separated by a face, or as three
tetrahedra surrounding an interior diagonal (see Figure 1.3). If two (three) adjacent
tetrahedra of the tetrahedralization form a strictly convex hexahedron, then a flip
replaces the tetrahedra by the other possible tetrahedralization of the hexahedron
containing three (two) tetrahedra. The flip can be considered to be a face “flip”,

where one interior face is “flipped” for three interior faces or vice versa.

Let S be a set of points in R3. The flip graph of the tetrahedralizations of S is the
graph whose vertices are all the tetrahedralizations of S and whose edges represent
flips between them. That is, two vertices (tetrahedralizations) are connected by an

edge if they differ by a flip.

Question [48, 60]: Is the flip graph connected for a set of points in the general position

in R3?

As usual, the general position means that no three points are collinear and no
four points are coplanar. It is even unknown if the flip graph of tetrahedralizations
contains an isolated vertex, i.e., whether there exists a tetrahedralization in which
no three tetrahedra surround an edge, nor two tetrahedra share a face and form a

convex hexahedron.

The following are some partial and related results on this problem. In R?, the

flips correspond to convex quadrilateral diagonal switches. Since every triangulation
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of a set of points can be transformed into the Delaunay triangulation by a sequence of
edge flips [68], the flip graph of triangulations in R* is connected. de Loera et al. [40]
proved that in B2 all triangulations of n points have at least n — 3 flip neighbours and
in R? all tetrahedralization of n points in the convex position and with no three points
collinear have at least n — 4 flip neighbours. The flip operation can be generalized in
higher dimension. In R®, Santos [89] constructed a triangulation of 324 points (not
in general position) which admit no flip operations. In R?*, he also constructed a
triangulation of 552 points in the convex position but not in the general position,
which admit no flip operations. Thus, in R® and R?** there exist point sets (not in

general position) whose flip graphs of triangulations can have isolated vertices.

Hamiltonian tetrahedralizations

Given a tetrahedralization T', the dual graph of T has a vertex for each tetrahedron

and an edge for each pair of tetrahedron that share a triangle facet.

Question [5]: Can every convez polyhedron be tetrahedralized such that the dual graph

of the tetrahedralization has a Hamiltonian path?

This is important because a tetrahedralization that has a Hamiltonian path can

be pipelined by some graphics rendering engines so that it can be displayed quickly.

In R?, the dual graph of a triangulation has a vertex for each triangle and an

edge for each pair of triangles that share an edge. Arkin et al. [5] proved that every
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convex polygon can be triangulated such that the dual graph of the triangulation has

a Hamiltonian path and that this property does not necessarily hold for nonconvex

polygon.

Tetrahedralizations of non-strictly convex polyhedra

A non-strictly convex polyhedron is a convex polyhedron with facets of more than
three edges. For such polyhedra in some geometric modeling, the non-triangle facets
may be triangulated in several different ways. We then need to tetrahedralize this
polyhedron such that all the tetrahedra are compatible with the triangulated surface,

in the sense that each triangle on the surface is a facet of a tetrahedron.

Question [16]: How hard is it to decide whether a non-strictly conver polyhedron

with a triangulated surface can be tetrahedralized without Steiner points?

The following are some related results. If a polyhedron is strictly convex, it can
be easily tetrahedralized by the “starring” method [16]: selecting a vertex v of the
polyhedron, and then form tetrahedra from v and each triangle facet that is not
adjacent to v. If a polyhedron is not convex, Ruppert and Seidel [88] proved that
finding a tetrahedralization of a nonconvex polyhedron without Steiner points is NP-

complete; this problem remains NP-complete even for star-shaped polyhedra.
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Appendix A

The proof of Theorem 2.4

Proof Refer to [37, Theorem 9.1] for a proof of necessity. Now we prove the suf-
ficiency. Suppose (V(E),E) is a connected plane graph. After iteratively deleting
the leaves and their adjacent edges from (V(E),E), we obtain a new graph denoted
as (V(E"), E"). Note that (V(E'), E') is a connected plane graph without degree 1
vertices. For (V(E'), E'), let F(E') be the set of bounded faces and bd(E") be the set
of the boundary edges of the unbounded face. From Euler’s formula we know that
[V(E")| — |E'| + |F(E")| = 1. Since each bounded face has at least three edges and
each edge is shared by two faces, we have that 3|F(E’)| + |bd(E")| < 2|E’|, where
equality holds if and only if each bounded face is a triangle. Substituting Euler’s

formula into this inequality, we obtain
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|E'| < 3|V(E")| — [bd(E")| — 3. (A.1)

In order to maintain connectivity, we recover E from E’ by adding edges one at
a time in the inverse order of the deletion for constructing E’ from E. When we add
an edge in a bounded face, the left side of (A.1) increases by 1 and the right side of
(A.1) increases by 3. So the inequality (A.1) still holds, where the equality holds if
and only if each bounded face is an E-empty triangle. When we add an edge in the
unbounded face, there are two cases that occur. Let ab be the edge need to add and
b be a new vertex in the current graph, and B be an empty set at the beginning of
the adding process. From (A.1) we know the following inequality holds before adding

edges.

|E'| <3[V(E')| = (|B| + [bd(E")]) — 3. (A.2)

If b ¢ V(CH(E)), then the left side of (A.2) increases by 1 and the right side of (A.2)
increases by 3. If b € V(CH(E)), then put b into B. So the left side of (A.2) increases
by 1 and the right side of (A.2) increases by 2. Thus, after adding all the edges, the
inequality (A.2) still holds. Since V(CH(E)) C BUV(bd(E")) (refer to Figure A.1),
we have that |E(CH(E))| = |V(CH(E))| < |B|+|V(bd(E"))| = |B|+|bd(E")|, where

equality holds if and only if E(CH(E)) = bd(E’). Hence, from (A.2) we obtain



179

Figure A.1: V(bd(E")) = {a,b,c,d,e, f, g}, B = {j,k, 1} and V(CH(E))= {a, j, d, k,
e, g, 1}

[El <3[V(E)| - [V(CH(E))| -3, (A.3)

where equality holds if and only if each bounded face is an E-empty triangle and the

unbounded face is the exterior of C H(E). Therefore, it follows from the condition of

the theorem that E is a triangulation. O



Appendix B

The proof of Lemma 3.3

Proof Refer to Figure 3.17. We only prove the lemma for m = 3; it can be proven
in a similar fashion for m > 3. Consider the facet zpz1v9. vs, 235 ¢ tetra(zoz1v2) since
voUs3, 2023 € T. Thus, tetra(zpz1v2) may contain z, or vy, or vy, or the vertex ¢ which

does not belong to V (B;). Therefore, we have the following cases:

1. zp € tetra(zoz;v2). Then zyzy € T, which is a diag-I (see Figure B.1(left)).
Consider the interior facet 292z0v9. 21 € tetra(z22v9), and the other vertex in

tetra(zo2ov2) may be vy, or vy, or the vertex a which does not belong to V (By).

(a) vy € tetra(zozovz). Then 29up, vy € T, which are diag-Is. In total, there

are at least three diag-Is on Bs.

(b) vy € tetra(z9zzve). Then zyv; € T, which is a diag-I. Considering zy2ov1,
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at least one diag-I or diag-II is incident on zg, or 22, or v;. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on Bs,.

(c) a € tetra(zgzove). Then vsa,z2a € T, which are diag-IIs. Considering
2pV1vs, at least one diag-I or diag-I1 is incident on 2, or v1, or v2. In total,
there are at least two diag-Is and two diag-IIs, or one diag-I and three

diag-IIs on Bo.

Figure B.1: Case 1 (left) and Case 2 (right) of the proof of Lemma 3.3.

2. v; € tetra(zp21v2). Then z;v; € T, which is a diag-I (see Figure B.1(right)).
Consider the interior facet z1v1v9. 29 € tetra(z,v1v9), and the other vertex in
tetra(z;v1v9) may be 2o, or 23, or v, or the vertex b which does not belong to

V(Bz2).

(a) 22 € tetra(z;v1v2). Then zpv; € T, which is a diag-I. Considering z;2,v1,
at least one diag-1 or diag-II is incident on 21, or z,, or v;. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on B,.

(b) z3 € tetra(z;v,v;). Then 2123 € T, which is a diag-I. Considering z;z3v1,

at least one diag-I or one diag-II is incident on 2;, or 23, or v;. In total,
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there are at least three diag-Is, or two diag-Is and one diag-II on Bs.
(c) vy € tetra(z;vive). Then z1vq, vouz € T, which are diag-Is. In total, there
are at least three diag-Is on B,.

(d) b € tetra(z;v1v9). Then 21, v1b, v2b € T, which are diag-1Is. In total, there

are at least one diag-I and three diag-IIs on Bj.

3. vy € tetra(z9z1v2). Then z1vg, voue € T, which are diag-Is (see Figure B.2(left)).
Considering the interior facet zjugvs, at least one diag-I or diag-II is incident
on 21, Or ¥y, or ve. In total, there are at least three diag-Is, or two diag-Is and

one diag-11 on Bo.

Figure B.2: Case 3 (left) and Case 4 (right) of the proof of Lemma 3.3.

4. ¢ € tetra(zpz1v2) and ¢ € V(By). Then zc,v3c € T, which are diag-IIs (see

Figure B.2(right)). Consider z;25v,.

(a) z3 € tetra(z120v2). Then 2123 € T, which is a diag-I. Considering 23v;v,,
at least one diag-I or diag-II is incident on z3, or vy, or v,. In total, there
are at least two diag-Is and two diag-IIs, or one diag-I and three diag-IIs

on BQ.
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(b) wo € tetra(zy22v2). Then zjvg, 2009, vov2 € T, which are diag-Is. In total,

there are at least three diag-Is and two diag-IIs on Bj.

(c) vy € tetra(z129v2). Then zv1, 29v; € T, which are diag-Is. In total, there

are at least two diag-Is and two diag-IIs on B,.

(d) ¢ € tetra(zy23v2). Then 2, 25¢/,v2¢ € T, which are diag-IIs. In total,

there are at least five diag-IIs on Bs.
(e) c € tetra(z129v7). Then zoc € T, which is a diag-II. Consider zyv;vs.

i. 23 or vy belong to tetra(zovivy). At least one diag-I is incident on zj,
or vy, or ve. In total, there are at least one diag-I and three diag-IIs
on B,.

ii. ¢ € tetra(zvivy) and ¢ € V(B,). Then vic”,vc” € T. In total,
there are at least five diag-IIs on Bj.

ii. ¢ € tetra(zovive). Then vic € T. Consider the other triangle facets in
B, (except 202103, 212202, 29V1v3). If there is at least one triangle facet
whose tetra-vertex is d # c, then B, associates with at least one diag-I
and four diag-IIs, or five diag-IIs; otherwise, if all the vertices in B,

are adjacent to ¢, then there are four diag-IIs on B, with a common

endpoint ¢. This completes the proof of Lemma 3.3.



Appendix C

The proof of Lemma 3.4

Proof Refer to Figure 3.18. We only prove the lemma for m = 3; it can be proven
in a similar fashion for m > 3. Consider the facet pz125. v9,q ¢ tetra(pz;2;) since
pua,pq € T. Thus, tetra(pz122) may contain vy, or vy, or vs, or the vertex ¢ which

does not belong to V (B3). Therefore, we have the following cases:

1. vy € tetra(pz122). Then zyvg, 209 € T, which are diag-Is (see Figure C.1(left)).
Considering z;z5v9, at least one diag-I or diag-II is incident on z;, or z, or vs.

In total, there are at least three diag-Is, or two diag-Is and one diag-II on Bs.

2. vy € tetra(pzi1zz). Then zv; € T, which is a diag-I (see Figure C.1(right)).
Consider the interior facet pzou;. 21 € tetra(pzovi), and the other vertex in

tetra(pzyv;) may be vy, or vs, or the vertex a which does not belong to V(B3).
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Figure C.1: Case 1 (left) and Case 2 (right) of the proof of Lemma 3.4.

(a) wy € tetra(pzovy). Then zpvy € T, which is a diag-I. Considering zovv1, at
least one diag-I or diag-II is incident on 29, or vy, or v;. In total, there are

at least three diag-Is, or two diag-Is and one diag-1I on Bs.

(b) v3 € tetra(pzov;). Then vivz € T, which is a diag-I. Considering zpvyv3, at
least one diag-I or one diag-II is incident on 2z, or vy, or v3. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on Bsj.

(c) a € tetra(pzavy). Then z3a,via € T, which are diag-IIs. Considering v;v,q,
at least one diag-I or one diag-II is incident on v;, or vs, or ¢. In total,
there are at least two diag-Is and two diag-IIs, or one diag-I and three

diag-IIs on Bs.

3. vs € tetra(pzz2). Then zjvs € T, which is a diag-I (see Figure C.2(left)).
Consider the interior facet 2,v5v3. 22 € tetra(z,vov3), and the other vertex in

tetra(z,v9vs) may be vy, or vy, or g, or the vertex b which does not belong to

V(Bs3).

(a) vy € tetra(z1vpvs). Then z1vg, voug, vovs € T, which are diag-Is. In total,
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there are at least four diag-Is on B3

(b) vy € tetra(zyvovs). Then viv3 € T, which is a diag-1. Considering v;vqq, at
least one diag-I or one diag-II is incident on vy, or vs, or q. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on Bj.

(c) g € tetra(zv9vs). Then z1q € T, which is a diag-I. Considering z;v;q, at
least one diag-I or one diag-II is incident on z;, or vy, or ¢. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on Bj.

(d) b € tetra(zivous). Then 21b,vb € T, which are diag-IIs. Considering
v1vU2q, at least one diag-I or one diag-II is incident on vy, or vg, or q. In
total, there are at least two diag-Is and two diag-IIs, or one diag-I and

three diag-IIs on Bj.

Figure C.2: Case 3 (left) and Case 4 (right) of the proof of Lemma 3.4.

4. ¢ € tetra(pz122) and ¢ € V(B3). Then zic, zc € T, which are diag-IIs (see

Figure C.2(right)). Consider z;2,v;.

(a) vy € tetra(z129v2). Then 2,0, 2909, vove € T, which are diag-Is. In total,

there are three diag-Is and two diag-IIs on Bj.
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v1 € tetra(z;29v2). Then zovy € T, which is a diag-I. Considering v1v2¢, at
least one diag-I or one diag-II is incident on vy, or ve, or ¢. In total, there
are at least two diag-Is and two diag-1Is, or one diag-I and three diag-IIs
on Bj.

v3 € tetra(z;20v7). Then zv3 € T, which is a diag-I. Considering v;v,q, at
least one diag-I or one diag-II is incident on vy, or vy, or ¢q. In total, there
are at least two diag-Is and two diag-Ils, or one diag-I and three diag-1Is
on Bs.

q € tetra(z;2ov7). Then 21q, 20 € T, which are diag-Is. In total, there are

at least two diag-Is and two diag-IIs on Bj.

¢ € tetra(z120v2). Then 2,¢, 23¢',voc € T, which are diag-IIs. In total,
there are at least five diag-IIs on Bs.

¢ € tetra(z;2av2). Then 25¢ € T, which is a diag-II. Consider z;,v;vs.

i. g or vy belongs to tetra(z;v1ve). At least one diag-I is incident on 2,
or vy, or vy. In total, there are at least one diag-I and three diag-IIs
on Bj.

ii. ¢ € tetra(z1v,v2) and ¢’ & V(B3). Then z;¢", vi¢”, voc” € T. In total,
there are at least six diag-IIs on Bj.

ili. ¢ € tetra(z;v1v2). Then vic € T. Consider the other triangle facets in

Bs (except pz12a, 212902, 210109). If there is at least one triangle facet

whose tetra-vertex is d # c, then B3 associates with at least one diag-I
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and four diag-IIs, or five diag-IIs; otherwise, if all the vertices in Bj
are adjacent to c, then there are four diag-IIs on B; with a common

endpoint c. This completes the proof of Lemma 3.4.



Appendix D

The proof of Lemma 3.5

Proof Refer to Figure 3.19. We only prove the lemma for m = 3; it can be proven
in a similar fashion for m > 3. Consider the facet pzi20. v3,q ¢ tetra(pz;22) since
pus,pqg € T. Thus, tetra(pzize) may contain zz, or vy, or vy, or vy, or the vertex c

which does not belong to V(By4). Therefore, we have the following cases:

1. z3 € tetra(pz;ze). Then 2,23 € T, which is a diag-I (see Figure D.1(left)).
Consider the interior facet pziz3. 29 € tetra(pziz3), and the other vertex in

tetra(pz123) may be vg, or vy, or vy, or the vertex a which does not belong to

V(B,).

(a) vy € tetra(pz;23). Then z1vg, 239 € T, which are diag-Is. In total, there

are at least three diag-Is on Bj.
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(b) v, € tetra(pziz3). Then zvq, 2307 € T, which are diag-Is. In total, there
are at least three diag-Is on By.

(c) vy € tetra(pzizs). Then zzvy € T, which is a diag-I. Considering pv,vs, at
least one diag-I or one diag-II is incident on p, or v; or vy. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on Bjy.
(d) a € tetra(pz123). Then z7a € T, which is a diag-II. Consider pz;v,.

i. vy € tetra(pzive). Then zvp,vovy € T, which are diag-Is. In total,
there are at least three diag-Is and one diag-II on B,.

ii. v; € tetra(pz;vz). Then zyv; € T, which is a diag-I. In total, there are
at least two diag-Is and one diag-II on Bj.

ili. a' € tetra(pz1vs) and o' € V(By). Then za’,v2a' € T. In total, there
are at least one diag-I and three diag-IIs on B,.

iv. a € tetra(pzv2). Then vea € T. Considering pv;v,, at least one diag-I
or one diag-II is incident on p, or vy, or ve. In total, there are at least

two diag-Is and two diag-IIs, or one diag-I and three diag-IIs on Bjy.

Figure D.1: Case 1 (left) and Case 2 (right) of the proof of Lemma 3.5.
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2. vy € tetra(pzi29). Then 21vg, 20v9 € T, which are diag-Is (see Figure D.1(right)).
Considering pzovg, at least one diag-I or diag-II is incident on p, or 23, or vy. In

total, there are at least three diag-Is, or two diag-Is and one diag-1I on B,.

3. vy € tetra(pzi2e). Then zyv1, 200, € T, which are diag-Is. Considering pzovy,
at least one diag-I or diag-II is incident on p, or 25, or v;. In total, there are at

least three diag-Is, or two diag-Is and one diag-II on Bj.

4. vy € tetra(pzi22). Then zv, € T, which is a diag-I (see Figure D.2(left)).
Consider the interior facet pzouy. 21 € tetra(pzovz), and the other vertex in
tetra(pzevs) may be z3, or vy, or vy, or the vertex b which does not belong to

(a) z3 € tetra(pzavy). Then z3v, € T, which is a diag-I. Considering pz3vs, at
least one diag-I or diag-II is incident on p, or z3, or vy. In total, there are

at least three diag-Is, or two diag-Is and one diag-II on Bj.

(b) vy € tetra(pzyvs). Then z9vg, vavy € T, which are diag-Is. In total, there

are at least three diag-Is on Bj.

(c) v € tetra(pzouz). Then zov; € T, which is a diag-I. Considering pzyv;, at
least one diag-I or one diag-II is incident on p, or z9, or v;. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on Bj.

(d) b € tetra(pzavs). Then 29b, veb € T, which are diag-IIs. Considering pv,v,,

at least one diag-I or one diag-II is incident on vy, or v,, or p. In total,
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there are at least two diag-Is and two diag-1Is, or one diag-I and three

diag-1Is on Bj.

Figure D.2: Case 3 (left) and Case 4 (right) of the proof of Lemma 3.5.

5. ¢ € tetra(pz12;) and ¢ € V(By). Then z,¢,2;c € T, which are diag-IIs (see
Figure D.2(right)). Consider pzjve. 23 cannot be the tetra-vertex of pzjvg

(otherwise, z3 € tetra(pz;zq), which contradicts ¢ € tetra(pzi22)).

(a) vy € tetra(pziva). Then zvg, vy € T, which are diag-Is. In total, there

are two diag-Is and two diag-IIs on Bj.

(b) vy € tetra(pzyv,). Then zyv; € T, which is a diag-I. Considering z;v,v,, at
least one diag-I or one diag-II is incident on z1, or vy, or vy. In total, there
are at least two diag-Is and two diag-IIs, or one diag-I and three diag-IIs
on Bj.

(c) ¢ € tetra(pzivq). Then z1¢',voc¢’ € T, which are diag-I11. Considering pv,v,,
at least one diag-I or one diag-II is incident on vy, or vq, or p. In total,

there are at least one diag-I and four diag-IIs, or five diag-IIs on Bj.

(d) c € tetra(pzivz). Then wvec € T, which is a diag-II. Consider pv,vs.



ii.

1il.

v.
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vo € tetra{puive). Then vove € T, which is a diag-I. In total, there are

at least one diag-I and three diag-IIs on Bj.
v3 € tetra{pvyvs). Then vivg € T, which is a diag-I. In total, there are
at least one diag-1 and three diag-IIs on Bj.
" € tetra(pv,vy) and ¢ & V(By). Then vic”, voc” € T. In total, there

are at least five diag-IIs on Bj.

¢ € tetra(pvyvs). Then vic € T. Consider the other triangle facets in
B, (except pz; 2y, pz1v2, puivy). If there is at least one triangle facet
whose tetra-vertex is d # ¢, then B, associates with at least one diag-I
and four diag-IIs, or five diag-IIs; otherwise, if all the vertices in By

are adjacent to c, then there are four diag-IIs on B, with a common

endpoint ¢. This completes the proof of Lemma 3.5.















