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Abstract

The main purpose of decomposing an object into simpler components is to simplify a
problem involving the complex object into a number of subproblems having simpler
components. In particular, a tetrahedralization is a partition of the input domain in
R? inte a number of tetrahedra that meet only at shared faces. Tetrahedralizations
have applications in the finite element method, mesh generation, computer graphics,

and robotics.

This thesis investigates four prcblems in tetrahedralizations and triangulations.
The first problem is on the computational complexity of tetrahedralization detections.
We present an O(nmlogn) algorithm to determine whether a set of line segments £
is the edge set of a tetrahedralization, where m is the number of segments and n is
the number of endpoints in £. We show that it is NP-complete to decide whether £
contains the edge set of a tetrahedralization. We also show that it is NP-complete to
decide whether L is tetrahedralizable. The second problem is on minimal tetrahedral-

izations. After deriving some properties of the graph of polyhedra, we identify a class



ii
of polyhedra and show that this class of polyhedra can be minimally tetrahedralized
in O(n?) time. The third problem is on the tetrahedralization of two nested convex
polyhedra. We give a method to tetrahedralize the region between two nested con-
vex polyhedra into a linear number of tetrahedra without introducing Steiner points.
This result answers an open problem raised by Bern [16]. The fourth problem is on
the lower bound for S-skeletons belonging to minimum weight triangulations. We
prove a lower bound on 8 (8 = %\/27\/? ﬁ%) such that if 8 is less than this value,
the [-skeleton of a point set may not always be a subgraph of the minimum weight

triangulation of this point set. This result settles Keil’s conjecture [62].
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Chapter 1

Introduction

1.1 General definitions

In this section, we introduce some definitions of the geometric objects that are used

in this thesis.

Euclidean distance: Let R? denote the d-dimensional Euclidean space, and p =
(p1, P2, ---,pa) and q¢ = (q1, ¢z, ...,qq) be two points in RY. The Euclidean distance

between p and ¢, denoted as dist(p, q), is measured by the L,-metric:

d
dist(p, q) = O _ |pi — a:]*)=.
iz

The Euclidean length of the straight line segment (edge) joining p and ¢, denoted as

1



Ipg|, is equal to dist(p, ¢). In this thesis, we will use distance (length) as a shorthand

for the Euclidean distance (length).

Convex hull: A domain D in R? is convez if and only if, for any pair of points p
and ¢ in D, the line segment pq is completely contained in D. The convezr hull of a
set of geometric objects S in RY, denoted by CH(S), is the smallest convex set in
R? containing S. Since the intersection of convex sets is a convex set, C H(S) is the
intersection of all convex sets that contain S. Note that the term convex hull is used

in this thesis to denote the union of the boundary and the interior.

Polygon: In R?, a polygon is defined by a finite set of line segments such that each

endpoint of a segment is shared by exactly two segments. The segments are the edges - :

and their endpoints are vertices of the polygon.

A polygon is simple if any pair of nonconsecutive edges do not share a point. A
simple polygon is homeomorphic to a closed disc, whose boundary partitions the plane
into two disjoint areas. The bounded area is called the interior, and the unbounded

area is called the ezterior of the polygon.

Similarly, we can define the polygon in a piecewise linear surface in R2, such as

the surface of a polyhedron defined as follows.

Polyhedron: In R3, a polyhedron is defined by a finite set of plane polygons such that

each edge of the polygons is shared by exactly two polygons. These polygons and their



edges and vertices are the 2,1, 0-dimensional faces of the polyhedron, respectively. In
particular, the vertices and edges of the polygons are the vertices and edges of the

polyhedron respectively; the polygons are the facets of the polyhedron.

A polyhedron is simple if it is homeomorphic to a closed 3-ball. Therefore, a
simple polyhedron does not meet itself in a handle, or touch itself at a point or an
edge (see Figure 1.1). The boundary of such a polyhedron is a piecewise linear 3-
manifold which forms a connected planar graph. A simple polyhedron partitions the
space into two disjoint regions. The bounded region is called the interior, and the
unbounded region is called the exterior of the polyhedron. A simple polyhedron is

simplicial if all of its facets are triangles.

Figure 1.1: Three examples of non-simple polyhedra.

Note that when we use the term polygon or polyhedron, we usually mean the

union of the boundary and the interior.

A diagonal of a polyhedron (or polygon) is a line segment between two vertices
that lies inside the polyhedron (or polygon) and does not intersect the boundary of

the polyhedron (or polygon) except at its endpoints.



A polyhedron (or polygon) is star-shaped if the entire polyhedron (or polygon) is

visible from some point inside the polyhedron (or polygon).

Tetrahedralization/Triangulation: A tetrahedralization (resp. triangulation) is a
partition of the input domain in R?® (resp. R?) into a number of tetrahedra (resp.

triangles) that meet only at shared faces (see Figure 1.2).

Figure 1.2: The triangulations of a point set (left) and a simple polygon (middle).
The tetrahedralization of a polyhedron (right). The solid and dotted lines show input;
the dashed lines show the added edges. ‘

In R3, let S be a piecewise linear 3-manifold in which each facet is a triangle. If
S is topologically equivalent to a disc, then S is called a triangulation surface. If S is

topologically equivalent to a 3-sphere, then S is called a closed triangulation surface.

A tetrahedralization is significantly more complicated than a triangulation. While
different triangulations of the same input must contain the same number of triangles,
different tetrahedralizations of the same input may contain different numbers of tetra-
hedra (see Figure 1.3). There even exists a convex n-vertex polyhedron that can be
tetrahedralized with (",?) tetrahedra. The equation t = e; +n — 3 [39] describes the
relationship between the number of tetrahedra ¢ and the number of interior edges e;

in a tetrahedralization of an n-vertex polyhedron.



Figure 1.3: Two Ways of tetrahedralizing a polyhedron.

Note that the word tetrahedralization we used in this thesis has a variety of names
in the literature, such as triangulation [26] and tetrahedrization [48]. The word trian-
gulation usually refers to the 2-dimensional case or the d-dimensional case [89]. The

word tetrahedralization is commonly used for the 3-dimensional case [16, 27].

Tetrahedralizations and triangulations have applications in the finite element

method, CAD/CAM, computer graphics, and robotics [6, 17, 22, 48, 82].

1.2 The computational model and complexity

Before we can analyze algorithms, we must have a computational model. In this thesis,
the computational model for all the algorithms is the real random access machine
(RAM) [1, 82]. In this model each of the following primitive operations can be

performed in a unit cost:



1. The four arithmetic operations (+, —, X, +).
2. Comparisons between two real numbers (<, <, =, #, >, >).

3. Indirect addressing of memory (integer addresses only).

Given a geometric problem, each instance of the problem is specified by a set of
data called the input to the problem. For a given input, an algorithm that solves the
problem under the input yields a result called the output. The size of the input (resp.
output) equals the number of memory cells needed to store this input (resp. output).
For geometric problems, this is usually the number of points and segments in the
input or output. The running time of aﬁ algorit\hm on a given input is the number of
primitive operationé executed in solving the inéut. Obviously, the running time of an
algorithm depends not only on the size of the input, but also on the input itself, e.g.,
how points and segments are placed in space and what are the lengths of segments.
For an algorithm, we usually concentrate on its worst-case time complezity, or time
complexity in the worst case, that is, a function ¢(n) that represents an asymptotic
upper bound on the number of primitive operations executed by the algorithm when
the input size is n. Similarly, we can define the worst-case space complezity. In
this thesis, we will use complezity as a shorthand for the worst-case time (or space)
complexity. When an asymptotic upper bound to the worst-case time complexity of

an algorithm is ¢(n), we also say that the algorithm runs in time #(n).



1.3 Basic notations

In this section, we introduce some basic notations that are used throughout this thesis.

For a set A of geometrical objects (points, edges, facets, or polyhedra) in the
d-dimensional Euclidean space R%, let V(A), E(A) and F(A) be the vertex set, edge
set and facet set of A, r‘espectively. Siymilarly, let int(A), cl(A) and CH(A) be the
interior, closure and convéx hull of A, respectively. Let |A| be the cardinality of A if
A; is a set according to the context. Note that the Euclidean length of a straight line

segment (edge) pq is also denoted as |pqg|.

Throughout this thesis, every set of geometrical objects (points, edges, facets, or

polyhedra) is a finite set unless otherwise stated.

Given arbitrary points a, b, c,d in R? or R3, unless otherwise stated, we use ab to
denote the line segment (edge) with endpoints a and b in R? or R3, abc to denote the
triangle with vertices a,b and c in R? or R3, and abed to denote the tetrahedron with

vertices a,b,c and d in R3.

We will compare the growth of different functions by using the notations intro-
duced by Knuth [66]. Let f and g be two positive real-valued functions of the integer-

valued variable n.

O(g(n)) ={f(n) | there exist positive constants ¢ and ny such that



f(n) < cg(n) for all n > ngy}.

Q(g(n)) ={f(n) | there exist positive constants ¢ and ng such that
cg(n) < f(n) for all n > ne}.

O(g(n)) = {f(n) | there exist positive constants c;,ce and ny such that

c19(n) < f(n) < cag(n) for all n > ng}.

In particular, a function f(n) is O(1) if and only if it is bounded above by a constant.

1.4 Outline of the thesis

The rest of this thesis is organized as follows.

In Chapter 2, we investigate the computational complexity of the tetrahedraliza-
tion detection problem. Let £ be a set of line segments in three dimensional Euclidean
space. We prove several characterizations of the tetrahedralizations. We present, an
O(nmlogn) algorithm to determine whether £ is the edge set of a tetrahedralization,
where m is the number of segments and n is the number of endpoints in £. We
show that it is NP-complete to decide whether £ contains the edge set of a tetrahe-
dralization as a subset. We also show that it is NP-complete to decide whether £
is tetrahedralizable. The results from this chapter are due to joint work with C. A.

Wang.



In Chapter 3, we present some properties of the graph of polyhedron. We identify
a class of polyhedra and show that this class of polyhedra can be minimally tetrahe-
dralized in O(n?) time. The results from this chapter also are due to joint work with

C. A. Wang, and have appeared as [110].

In Chapter 4, we present a method to tetrahedralize the region between two nested -
convex polyhedra without introducing Steiner points. This method produces at most
9n — 6 tetrahedra, where n is the number of the vertices in the two given polyhedra.
Thus, we answer the open problem as to whether the region between two nested
convex polyhedra can be tetrahedralized into a linear number of tetrahedra without
Steiner points [16]. The results from this chapter are also a joint work with C."A.

Wang, and have appeared in [107].

In Chapter 5, we study the relationship between S-skeletons and minimum weight
triangulations. We prove a lower bound on j value (8 = 11/2v3 + 45;) such that if § is
less than this value, the S-skeleton of a point set may not be always a subgraph of the
minimum weight triangulation of the point set. Thus, we disprove Keil’s conjecture
that, for g = g\/g the B-skeleton is a subgraph of the minimum weight triangulation

[62]. The results from this chapter are also a joint work with C. A. Wang; it appeared

originally in [105], and in final form in [108].



Chapter 2

Detections of the

Tetrahedralizations

Let £ be a set of line segments in three dimensional Euclidean space, and m be
the number of segments and n be the number of endpoints in £. In Section 2.1,
we review the literature regarding tetrahedralizations. In Section 2.2, we give some
notations and assumptions. In Section 2.3, we present three characterizations of
tetrahedralizations. They describe a tetrahedralization from the facet, vertex, and
combinatorial viewpoints, respectively. In Section 2.4, we describe an O(nmlogn)
algorithm to determine whether £ forms a tetrahedralization. In Section 2.5, we
show that the problem of deciding if £ contains a tetrahedralization is NP-complete

by a reduction from the two dimensional analog of this problem [74]. In Section 2.6,

10
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we prove that the problem of deciding if £ is tetrahedralizable is NP-complete by a
reduction from the Satisfiability problem [51]. Finally, we list some open problems in

Section 2.7.

2.1 Introduction

Given a set V of points in R3, a tetrahedralization of V is a partition of the convex hull
of V into a number of tetrahedra such that (i) each vertex of the tetrahedra belongs
to V, (i) each point of V is the vertex of a tetrahedron, and (iii) the intersection of

any two tetrahedra is either empty or a shared face.

Edelsbrunner et al. [48] studied the problem of tetrahedralizing a set of points.
They presented several combinatorial results on extremum problems concerning the
number of tetrahedra in a tetrahedralization. They also presented an algorithm that
tetrahedralizes a set of n points in O(nlogn) time. A similar algorithm was given in
[6]. If additional vertices, the so-called Steiner points, are allowed when constructing
the tetrahedralization, then any simple polyhedron of n vertices can be partitioned
into O(n?) tetrahedra. Chazelle and Palios [26] described a tetrahedralization algo-
rithm for decomposing a simple polyhedron with n vertices and r reflex edges into
O(n + r?) tetrahedra using O(n + r?) Steiner points. Chazelle and Shouraboura [27]
showed that this algorithm works just the same for polyhedra of arbitrary genus. Dey

et al. [42] described an algorithm that constructs a tetrahedralization avoiding the
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creation of flat or long and thin tetrahedra. Other algorithms for tetrahedralizing
polyhedra with Steiner points are presented in [7, 41, 57]. Delaunay tetrahedraliza-

tions are discussed in {59, 60, 61, 83, 96, 97].

On the issue of NP-completeness, Ruppert and Seidel [88] proved that finding a
tetrahedralization of a nonconvex polyhedron without Steiner points is NP-complete;
this problem remains NP-complete even for star-shaped polyhedra. It follows that
the problem of deciding how many Steiner points are needed to tetrahedralize a

polyhedron is also NP-complete.

Given a set of line segments £ in R3, we investigate the algorithmic complexity of
finding tetrahedralizafioné régarding L. If £ is the edge set of a tetrahedralization,
- we say that £ forms a tetrahedralization. If £ is a superset of the edge set of a tetra-
hedralization of V/(L), we say that £ contains a tetrahedralization. If £ is a subset of
the edge set of a tetrahedralization of V(L£), we say that L is tetrahedralizable. We
present an O(nm logn) algorithm to determine whether £ forms a tetrahedralization,
where m is the number of segments and n is the number of endpoints in £. If £ does
not form a tetrahedralization, we prove that it is NP-complete to decide whether £
contains a tetrahedralization of V(L£), and we prove that it is also NP-complete to

decide whether L is tetrahedralizable.
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2.2 Preliminaries

Definition 2.1 For a face or polyhedron P and a line segment set L, if no segment of

L intersects the interior of P, then we say that P is L-empty, as shown in Figure 2.1.

Figure 2.1: L = {ab,ac,ad, ae, be, cd}; face abc is L-empty and face acd is not L-
empty.

- Throughout this chapter, let £ be a set of m line segments with n endpoints in
R3; let Ag = {abc | ab,be, ca € L,int(abc) ne = 0} be the set of L-empty triangles

with edges in £; and Acg be the set of facets in CH(L). Let Ay = Ag— Agy.

For simplicity, we assume throughout this chapter that no four vertices of V(L)
are coplanar. This assumption implies that each facet of CH(L) is a triangle and any

pair of segments in £ do not intersect.

2.3 Characterizations of tetrahedralizations

For each triangle abc € Ay, let abct™ and abc™ denote its two oriented versions with
respect to the opposite normal directions. For the plane H containing abe, let H*

and H~ denote its two half spaces corresponding to abct and abc™ respectively. Let
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ng(abct) (resp. ny(abc™)) be the number of vertices in V(L) that lie in H* (resp.

H™) and form L-empty tetrahedra with abc.

The following theorem gives characterizations of a tetrahedralization from the

facet viewpoint.

Theorem 2.1 (i) If A; =0, then L forms a tetrahedralization if and only if L forms
a tetrahedron.
(ii)- If Ay # 0, then L forms a tetrahedralization if and only if ny(abc™) = 1 and

ni(abc™) = 1, for each abc € Ay.

Proof (i) Sufficiency is trivial. We only prove necessity. Suppose £ tforms a tetrahe- -
dralization. If £ does not form a tetrahedron, then there are at least two tetrahedra
in £ which share one face. This face is an inner triangle. This contradicts the as-

sumption that A; = 0.

(ii) (Necessity). Suppose £ forms a tetrahedralization. For each abc € A, consider
n(abct). Let H be the plane containing abc and H™* be the half space corresponding
to abct. If ny(abe™) > 1, let d and d' be two vertices of V(L) which lie in H+ and form
the L-empty tetrahedra abed and abed’. Since abed and abed' are L-empty tetrahedra,
int(abed) N {ad’,bd’,cd'} = 0, and int(abed’) N {ad, bd, cd} = @ (see Figure 2.2). This
is a contradiction. Hence, ni(abct) < 1. Assume ny(abct) = 0. Let e be an arbitrary

interior point in abc. Since abc is an L-empty inner face, there must exist a small
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|
a

Figure 2.2: The interiors of the tetrahedra must intersect if n;(abc™) > 1.

open ball O(e) such that O(e) N abc C int{abc) and O(e) C int(CH(L)). Let e; €
O(e) Nint(H*). Since £ forms a tetrahedralization, there exists a tetrahedron ¢,
containing e;. If #; also contains e, then abc must be a face of ¢;, which contradicts
the assumption that n;(abc*) = 0. Thus, ¢; does not contain e. Let ee; intersect
the boundary of ¢, at €}, and ey be the middle point of edge ee|. Then e is outside
t;. There must exist a tetrahedron ¢, containing e;. By using the same argument,
we get an infinite sequence of points ey, ey, ..., €;, ... such that each e; is contained in
a different tetrahedron ¢;. However, there are only a finite number of tetrahedra in

a tetrahedralization. This is a contradiction. Therefore n;(abct) = 1. Similarly, we

can prove that n;(abc™) = 1 for each abc € Ay.

(Sufficiency). Suppose that ni(abct) = 1 and ns(abc™) = 1, for each abc € Aj.
Thus, for each L-empty inner face abc, there are exactly two vertices d and d’ such
that abed and abed' are two L-empty tetrahedra. Let T denote the set of all these
L-empty tetrahedra. From the assumption, we know that T contains at least two

tetrahedra. For any ¢,¢' € T, int(¢) N int(¢') = @ since they are L-empty. Thus, in
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order to prove that T is a tetrahedralization, we only need to show that the union
of all the tetrahedra in T is CH(L). We prove this by contradiction. Suppose there
exists a point p € CH(L) that is not contained in any tetrahedron of T. Let t € T
and select an interior point ¢ in ¢ such that int(pg) N L = 0. Let F,, = {f | f €
Ap,int(f) N pg # 0}. So one facet of ¢ belongs to Fj,. Since Fp, is a nonempty finite
set, there must exist a facet p;paps that is the nearest facet to p along edge pqg among
facets of Fp,. Let H be the plane containing pipsp;. Without loss of generality,
suppose that p lies in the halfspace H*. Since n;(pi1p2pf) = 1, there exists a point
ps such that pipepsps is an L-empty tetrahedra. Since p € U, t, pg must intersect

two faces of pipapsps, say p1peps and papsps. Then popsp, is nearer than pyp.ps to p

along pg. This is a contradiction. 0

For each vertex v € V (L), let L(v) be the edge set induced from vertex v and all
its adjacent vertices, and T'(v) be a set of tetrahedra in £ with v as a vertex such
that each tetrahedron in T'(v) is L(v)-empty. For each tetrahedron t € T'(v), the
three facets incident to v are called side facets of v and the fourth facet is called the
bottom facet of v. The union of all the bottom facets of v is denoted by B(v). From
Section 1.1, we know that the triangulation surface can be considered as a portion of
the boundary of a simplicial polyhedron, and the closed triangulation surface can be

considered as the whole boundary of a simplicial polyhedron.

Given the above, we have the following theorem which is the characterization of
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a tetrahedralization from the vertex viewpoint.

Theorem 2.2 L forms a tetrahedralization if and only if the following conditions

hold:

1. for each vertex v € V(CH(L)), B(v) is a triangulation surface whose. boundary
edges are contained in E(CH(L)); and

2. for each vertex v € int(CH(L)), B(v) is a closed triangulation surface with v

in its interior.

Proof (Necessity). Let £ forma tetrahedralization and v be an arbitrary vertex
in V(L£). Since each tetrahedron in T'(v) is L-empty, each face of B(v) is a triangle.
Suppose ab is an arbitrary boundary edge of B(v). If vab is an inner face of CH(L),
from Theorem 2.1 we know that there exist vertices ¢ and ¢’ such that vabc and vabc’
are two L-empty tetrahedra. So ab is an inner edge in B(v). This is a contradiction.
Thus, if v € V(CH(L)), each boundary edge of B(v) belongs to E(CH(L)); if v €

int(CH (L)), B(v) is a closed triangulation surface with v in its interior.

(Sufficiency). Let T = U,ev () T'(v). We will prove that T is a tetrahedralization.
We first show that for any point p in C H (L), there exists at least one vertex v € V(L)
such that p € T'(v). If p is on the boundary of CH(L), then there exists a face abc
containing p. Thus p € T'(a). Suppose there exists an interior point p € int(CH (L))

which is not contained in any T'(v),v € V(L). Select an arbitrary tetrahedron t € T
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and an interior point g of ¢ such that int(pg) N L = 0. Let Fp, = {f | int(f) N pg #
0,f € B(v),v € V(L£)}. Since Fp, is a nonempty finite set (at least one facet of ¢
belongs to F},;), there must exist a facet abc that is the nearest facet to p along edge
pg among facets of F,,. Since abc is an inner face and p ¢ T'(a), pg must intersect a

face of B(a) which is nearer than abc to p along pq. This is a contradiction.

We now show that each tetrahedron in T'(v) is L-empty. For any v € V(L), since
each face of B(v) is a triangle, any pair of tetrahedra in T'(v) are interior disjoint.
Suppose there is a tetrahedron vabc € T(v) which is not L-empty. There are two

cases regarding vabc.

. 1. The four facets of vabc are L-empty. Let S be the set of vertices of V(L) inside
vabc. So the vertices of S are interior points of CH(L). Since abc is a face in
B(v}), there is no edge between v and S. For any u € S, there exists a T'(u) such
that u is an interior point of the simplicial polyhedron bounded by B(u). Let
Fu={f|int(f)Nuv # 0, f € B(z),z € V(L)}. Using an argument similar to

the above, we can derive a contradiction for F,,.

2. There exists an edge pg which intersects at least one facet of wabc. Suppose
p is outside of vabc and zyz is the nearest facet to p along pg among all the
facets intersected by pg (See Figure 2.3(a)). If pryz € T(z), since zyz is a
side facet of a tetrahedron in T'(z), pg must intersect a triangle face of B(z)

which is nearer than zyz to p along pg. This is a contradiction. Thus, pxyz €
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T(z). The adjacent vertices of z in B(p) form a cycle (z € int(CH(L))) or
a chain (zx € V(CH(L))). If zy ¢ E(B(p)), there must exist an edge z'y’
in the cycle (or chain) such that z'y’ N int(pry) # 0, and zz'y’ is a face in
B(p)(See Figure 2.3(b)). Since z'y’ € L(z), pxyz is not L(x)-empty. This is a
contradiction because pryz € T(z). Thus zy € E(B(p)). Similarly, yz, 2z €
E(B(p)). Because B(p) is a triangulation surface and pg N int(zyz) # 0, there
must exist a vertex p’ € V(L(p)) such that p'zy is a face in B(p) and the line
containing pp’ intersects the interior‘of zyz (See Figure 2.3(c)). Since pp’ € L(x)

and pp’ Nint(pzryz) # (O, this is a contradiction because pryz € T'(x).
p

(a) (b (©

Figure 2.3: (a) pq intersects face zyz. (b) z'y’ intersects face pry. (c) p'zy is a face
in B(p) and the line containing pp’ intersects face xyz.

From cases 1 and 2 we know that for any vabc € T'(v),v € V(L), vabc is L-empty.
Hence T is a tetrahedralization. Finally, we show that £ = E(T). For any uv € L, if
u is not a vertex of B(v), then uv will intersect a face abc of B(v) or will be contained
in vabe. So vabc is not L(v)-empty. Thus vabc ¢ T(v) and abc ¢ B(v). This is
a contradiction. Hence u is a vertex of B(v) and uv € E(T(v)) C E(T). Thus

L C E(T). On the other hand, it is obvious that E(T) C L. Therefore £ = E(T). O
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Consider the space divided by the L-empty triangles in Az: C = R? — {cl(abc) |
abc € A}. Let n, be the number of the bounded connected components in C.
Each connected component of C is called a cell. Each bounded cell is denoted by
C;(1 <i < n), and the unbounded cell is denoted by Cy. So each cl(C;)(0 < i < n,)
can be considered as a polyhedron. Recall that |A| stands for the cardinality of A
if A is a set. Then we have the following theorem which is the characterization of a

tetrahedralization from the combinatorial viewpoint.

Theorem 2.3 L forms a tetrahedralization if and only if the following conditions

hold:

1. (V(L), L) is a connected graph;
2. each cl(C;)(0 <1 < n,) is a simple polyhedron and cl(Cy) is L-empty; and

3. me = L] = V(L) - [V(CH(L))| + 3.

Proof If £ forms a tetrahedralization, it is easy to see that conditions 1 and 2
hold. From [48, Lemma 2.1] we know that condition 3 also holds. We now prove
the sufficiency. Suppose the three conditions hold. Let F'(cl(C;))(0 < ¢ < n,) denote
the facet set on the boundary of the polyhedron cl(C;). Since the boundary of the
polyhedron cl(C)) is a maximal planar graph, it has 2|V (cl(Cy))| — 4 facets. If the
number of facets on the boundary of a cell is summed over all cells, then such a sum

counts each facet twice. Thus, Y72, |F(cl(C;))| + 2|V (cl(Cy))| — 4 = 2ny, where ny
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is the total number of facets on the boundary of cl(C;)(0 < i < n.). Since each

polyhedron cl(C;) has at least 4 facets, we have

4n. + 2|V (cl(Ch))| — 4 < 2ny, (2.1)

where equality holds if and only if every cl(C;)(1 < i < n.) is a tetrahedron. Let
L' = Ui<i<n, E(cl(C;)). From condition 2 we know that Euler’s formula is valid for
the cell complex consisting of cl(C;). So |[V(L')| — |L'| + ny — n. = 1. Substituting it

into (2.1), we have’

ne < |L'| - [V(Z)| = [V(c(Co))] +3. (2.2)

In order to show (2.2) holds for (V(L), L), we now construct (V (L), L) from
(V(L'),L'). Note that (V(L'),L') is a subgraph of (V(L£),£). In the construction
process, we add edges one at a time so that the current graph is always connected.
When we add an edge ab into cl(C;), the left side of (2.2) does not change; the right
side of (2.2) increases by 1 if @ and b are already in the current graph, and does not
change if a or b is a new vertex added to the current graph. Note that both a and b

cannot be newly added vertices because we keep the current graph connected. Hence,

for graph (V(L), £), we have
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ne < L] = [V(£)] = [V (cl(Co))] + 3, (2.3)

where equality holds if and only if every cl(C;)(1 < i < n.) is an L-empty tetrahedron.
Since cl(Cy) is L-empty, we have V(CH(L)) C V(cl(Cy)). Thus, |[V(CH(L))| <
1V (cl(Cp))|- Hence, from (2.3) we obtain n, < |L|—|V(L)| — |V(CH(L))| + 3, where
equality holds if and only if each bounded cell is an L-empty tetrahedron and the
unbounded cell is the exterior of CH(L). Therefore, it follows from condition 3 of

the theorem that £ forms a tetrahedralization. O

Similarly, we can prove the two dimensional counterpart of Theorem 2.3; see

Appendix A for the proof.

Theorem 2.4 Let E be a set of line segments in R?. E is a triangulation if and only
if E is a connected plane graph, and |E| = 3|V(E)| — |V(CH(E))| — 3 (or |F(E)| =

2[V(E)| - [V(CH(E))| - 3).

Hopcroft and Tarjan [58] showed that O(n) time is sufficient to decide planarity
on a conventional random access machine. From Theorem 2.4 we obtain the following

theorem.

Theorem 2.5 Given a set of edges E in R?, determining whether E is a triangulation

can be done in O(n) time.
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2.4 Deciding whether £ forms a tetrahedralization

2.4.1 Outline of the algorithm

In this section, let us consider a tetrahedralization detection problem — that is, how

to design an efficient algorithm to decide if £ forms a tetrahedralization.

Since there are (%) triangles and () tetrahedra in £, testing whether each triple
of vertices form an L-empty triangle requires O(n3m) time and testing whether each
quadruple of vertices form an L-empty tetrahedron requires O(n*m) time. Hence, if
we use a brute-force method to find all the L-empty tetrahedra and check if their union
is a tetrahedralization, the running time is at least O(n*m). If we apply Theorem 2.1,

2.2 or 2.3 directly to detect the tetrahedralization, the time complexity is as follows:

e In Theorem 2.1, since all the tetrahedra in A; are L-empty, this approach

requires at least O(n®m) time.

e In Theorem 2.2, since each tetrahedra of T'(v) is L£(v)-empty, every side facets
and bottom facets of v‘ is L(v)-empty, where the bottom facets form B(v).
Notice that L(v) = O(m), V(L(v)) = O(n), and in the worst case, the two
bounds are tight (For example, if (V(£), £) is a complete graph, then £(v) = m,
for any v € V(L)). Thus, the total running time of this approach is at least

O(n®m).
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e In Theorem 2.3, since each cl(C};) is a simple polyhedron, every triangle in the
boundary of cl(C;) is L-empty. This approach also requires at least O(n®m)

time.

From the above analysis, we know that we should avoid computing too many
empty triangles in our algorithms. Motivated by Theorem 2.2, we compute a tri-
angulation surface B, to be specified later, which is easier to compute than B(v).
Connecting v with each vertex of B,, we obtain a set of tetrahedra T,. As the trian-
gles in B, may not be L(v)-empty, this modification cannot guarantee that the union
of T, (v € V(L)), denoted as T, is a tetrahedralization; thus we need to add an extra
| step to check 7. Fortunateiy, this step can be completed in O(n?) time by testing if.
v'intersections exist betwee‘n tetrahedra in T. For any vertex v € V(L), let adj(v) be
the set of adjacent vertices of v, and tv = {ab | ab € L and a,b € adj(v)}. Note that
the relationship between £, and L(v) is L(v) = £, U {va | a € adj(v)}. Before we

present the algorithm, let us give some definitions.

Definition 2.2 We say that two segments aa' and bb' cross one another if and only
if their interiors intersect at a single point. This point is called a cross-point. We

say that an edge punctures a face (facet or polyhedron) if and only if their interiors

have a nonempty intersection.

The outline of our algorithm is as follows:
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Algorithm TETRAHEDRALIZATION-DETECTION(L) (outline)

Input:
Output:

Step 1
Step 2

Step 2.1

Step 2.2

Step 3

Step 3.1
Step 3.2

Step 4

A set of line segments £ in R3.
If £ does not form a tetrahedralization, return (NO). Otherwise, return
(YES, T'), where T is the set of tetrahedra in the tetrahedralization L.
Compute CH(L). If E(CH(L)) € L, then return (NO).
(CHECK-TRIANGULATION) For each vertex v on the boundary of CH(L),
check if £, contains a specified triangulation surface:
For each segment pp’ € L,, if there exists a segment ¢q' € £, such
that g¢’ punctures face vpp’, then delete pp’ from L,.
If the updated L, is the edge set of a triangulation surface (denoted
as B,) whose boundary edges are contained in E(CH(L)), then let
T, be the set of tetrahedra vabc, where abc is a bounded face in B,.
Otherwise, return (NO).
(CHECK-CLOSED-TRIANGULATION) For each vertex v inside CH (L),
check if £, contains a specified closed triangulation surface with v in
its interior:
Same as Step 2.1.
If the updated L, is the edge set of a closed triangulation surface
(denoted as B,) with v in its interior, then let T, be the set of
tetrahedra vabc, where abc is a face in B,. Otherwise, return (NO).
Let T = Uyey(c)Ty. For each tetrahedron abed € T, if abed € T, NTyN
T, N Ty, then return (YES, T'); otherwise return (NO).

The details of this algorithm are given in Section 2.4.2. The following theorem

shows the characterization of a tetrahedralization from the algorithmic viewpoint.

This characterization will be used in this section.

Theorem 2.6 L forms a tetrahedralization if and only if TETRAHEDRALIZATION-

DETECTION(L) (outline) returns (YES, T).

Proof (Necessity). Let £ form a tetrahedralization. From Theorem 2.2 we know that

for each vertex v € V(CH(L)), B(v) is a triangulation surface, and for each vertex

v € int(CH (L)), B(v) is a closed triangulation surface with v in its interior. For each
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face abc in B(v), we have vabc € T(v) which is defined prior to Theorem 2.2. Since
T(v) is L(v)-empty, vab, vbc and vca are L(v)-empty. Thus, ab, bc and ca cannot be
deleted in Steps 2.1 and 3.1. Since each face abc is still in the updated £,, we have
B, = B(v) and T, = T'(v). For each %zabc € T,, since L forms a tetrahedralization,
we know that, vabc also belongs to T,, T, and T,. Therefore TETRAHEDRALIZATION-

DETECTION(L) returns (YES, T'), where T = Uvev(g)Tv.

(Sufficiency). Suppose TETRAHEDRALIZATION-DETECTION(L) returns (YES, T').
We shall prove that £ forms a tetrahedraliiation. We first show that £ = E(T). For
any uv € L, since uv ¢ L,, segment uv and vertex u cannot be deleted in Steps 2.1 -

and 3.1. So wv € E(T,) C E(T). Hence £ € E(T). On the other hand, since we -

never add new segments in the algorithm, we have E(T") C L. Therefore £ == E(T").

We now show that 7" is a tetrahedralization.

From Step 1, we know that the boundary of CH(L) is contained in T'. If there
exists an interior point of C H(L) which is not contained in T, similar to the argument
in the proof of Theorem 2.2, we can derive a contradiction. Thus, CH (L) is covered
by T. We finally show that each tetrahedron in T is L-empty. Suppose there is a
tetrahedron abcd € T which is not L-empty. There are two cases concerning the

nonemptiness of abcd.

1. The four facets of abcd are L-empty. Let S be the set of vertices of V(L) inside

abcd. Since abed € T, NT, NT, N Ty, there is no edge between {a,b,c,d} and S.
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For a vertex s € V(CH(S)), we have s € int(CH(L)); but £, cannot contain a
closed triangulation surface with s in its interior. Thus Step 3.2 returns (NO).

This is a contradiction.

2. There exists a segment pg which punctures at least one facet of abcd. Suppose p
lies outside abcd and z3z is the nearest facet to p among all the fécets punctured
by pq. If pxyz € T,, since xyz is a side facet of a tetrahedron in T, pg must
‘intersect a triangle face of B, which is nearer than zyz to p along pq. This is

- a contradiction. Thus, pryz € T, C T. From Step 4 we know that pryz € T,,.
Hence zyz is a triangle face in B,. This contradicts the assumption that pg

punctures zyz.

| Th‘erefore, for any abed € T, abed is L-empty. This completes the proof. 0O

2.4.2 Details of the algorithm

Let < denote the lexicographical order on points. We also use < to define the lex-
icographical order on tetrahedra. Let abed and a'b'c’d’ be two tetrahedra. Then
abed < a'b'dd' if and only if a < a'; ora =d' and b < V; ora = a', b = ¥V, and
c<cdi;ora=dad,b=10,c=c, and d < d'. For the tetrahedra of T produced in
the algorithm, we store them in a red-black tree [36], ordered according to <. In
order to search tetrahedra easily, we constrain the vertices in the representation of

the tetrahedron also in < order, that is, a < b < ¢ < d for any abed € T. We store a
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number count(t) with each tetrahedron ¢ € T, which indicates the number of times
when t is qualified to be inserted into 7'. According to the deletion process in Steps
2.1 and 3.1, we know that for each segment pp' in B,, face vpp' is not punctured by

any segment in the updated £,. Thus we have the following definition.

Deﬁnition 2.3 The (closed) triangulation surface B, produced in Steps 2 and 3 of

'TETRAHEDRALIZATION-DETECTION (L) (outline) is called puncture-free.

Note that the puncture-free property is sensitive to the order in which segments are
deleted from £, — that is, the puncture-free (closed) triangulation surface may: be

different if the order of segment deletion is changed.

In TETRAHEDRALIZATION-DETECTION(L), lines 2-5 corresponds to Step 1 in the
outline; lines 7-11 corresponds to Step 2; lines 12-16 corresponds to Step 3; and lines

17-31 corresponds to Step 4.

Algorithm TETRAHEDRALIZATION-DETECTION(L)
Input: A set of line segments £ in R3.
Output:  If £ does not form a tetrahedralization, return (NO). Otherwise, return
(YES, T'), where T is the set of tetrahedra in the tetrahedralization L.
1 T+« 0.
(* T is implemented by a red-black tree. *)
Compute CH(L).
if E(CH(L)) Z £
then return (NO) and stop.
endif
for each vertex v € V(L)
do ifv € V(CH(L))
then Pick a plane H, through v that is tangent to CH (L) and

00 ~J O O W= W N
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11

12
13

14

15

16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

29

translate H, to a position H such that CH(L) is between
the old H, and H).
Project each vertex of adj(v) and each segment of £, from v
onto plane H}; let L] be the image of £, under the projection.
CHECK-TRIANGULATION(v, L, ; B,).
(* Check if £, contains a puncture-free triangulation
surface B,. *)
Let T, be the set of tetrahedra vabc, where v < a <b < ¢
and abc is a bounded face in the triangulation surface B,.
else Pick a sphere S, with center v such that £ is contained in S,,.
Project each vertex of adj(v) and each segment of £, from v
onto sphere S,; let L! be the image of £, under the projection.
CHECK-CLOSED-TRIANGULATION(v, L, ; B,).
(* Check if £, contains a puncture-free closed triangulation
surface B, with v in its interior. *)
Let T, be the set of tetrahedra vabc, where v < a <b < ¢
and abc is a face in the closed triangulation surface B,.
endif _
for each tetrahedron t € T,
doift¢T . . _
then Insert ¢ into 7'
count(t) < 1
else count(t) < count(t) + 1
endif
endfor
endfor
for each tetrahedron ¢t € T
do if count(t) < 4
then return (NO) and stop.
endif
endfor
return (YES, T) and stop.
end

In CHECK-TRIANGULATION(v, L. ; B,), we use the plane sweep algorithm to check

if £, contains a puncture-free triangulation surface by using L!. Plane sweep al-

gorithms are very suitable for finding intersections in a set of geometric objects
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[93, 15, 23, 80]. From Steps 2.1 and 3.1 of the outline we know that our aim is
to find the crosses in L! and remove these crosses by deleting one of the crossing seg-
ments according to their puncture relationship. Hence, in our plane sweep algorithm,
an imaginary vertical sweep line ‘passes through L! from left to right. The status
of the sweep line is a set of segments intersecting it. The status changes while the
sweep line moves. We place the status into a dynamic data structure Y. The status
strucfure Y is updated only at the endpoints of L;. Note that the definition of the
cross-point in this thesis is different from the intersection point in [93, 15, 23, 80]. In
their definitions, two seé;ments pp’ and qq¢' intersect if and only if pp’ N ¢q' is a sin-
gleton, which is different from the cross-point in the endpoints. This small difference -

causes a significant difference in the conditions for deciding crosses.

In CHECK—-TRIANGULATION(v; L!; B,), we choose an zy-coordinate system such
that each segment in L/ is not vertical to the z-axis. Lines 1-11 check if L; satisfies
two necessary conditions for containing a triangulation: one is left(p) # 0; the other
is E(CH(L;)) C L,. Lines 12-16 is our plane sweep algorithm for removing cross-
points. Lines 17-22 check if the updated L] is a triangulation and produce the

triangulation surface B,.

CHECK-TRIANGULATION(v, L) ; B,)
1 for each point p in V(L!) except the endpoint with the largest z-coordinate

2 do Let left(p) be a set of segments whose left endpoint is p; store left(p)
with the endpoint p.
3 if left(p) = 0

4 then return (NO) and stop.
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endif
endfor
Compute CH(L.).
if B(CH(L,)) C L,
then Calculate n, = |V(L})| and n), = |V(CH(L)))|.
else return (NO) and stop.
endif
Y+« 0
(* The status structure Y is implemented by a red-black tree. *)
Sort all the endpoints of segments in L from left to right, breaking ties by
putting points with.lower y-coordinates first.
for each point a in the sorted list of endpoints
do UPDATE-STATUS(a) '
endfor
Calculate |L}| (L, has been updated).
if |L)| = 3n, —nl, — 3
then L! is a plane triangulation.
Let B, be the triangulation surface whose edge set (namely,
the updated L,) corresponds to L] under the projection.
(* B, is puncture-free according to DELETE-SEGMENT to be
specified later. *)
else return (NO) and stop.
endif

31

UPDATE-STATUS(a) describes how to update the status structure Y at endpoint

a. Line 1 deletes the segments whose right endpoint is a from Y since the sweep line

has passed through these segments. Line 2 inserts the segments whose left endpoint is

a into Y since the sweep line will intersect these segments. Lines 3-9 find and remove

the cross-points between the new inserted segments in left(a) and the old segments

in above(a) and below(a).

UPDATE-STATUS(a)

1
2

Delete the segments whose right endpoint is a from Y.
Insert the segments of left(a) into Y. The order of these segments in Y’
should correspond to the order in which they are crossed by a sweep line
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(or longitude in CHECK-CLOSED-TRIANGULATION to be specified later)
just to the right of a.
3 Let above(a) be the set of segments above left(a) in Y, and below(a) be
the set of segments below left(a) in Y.
if above(a) # 0, ,
then HANDLE- ABOVE-SEGMENTS(left(a), above(a))
endif
if below(a) # 0,
then HANDLE-BELOW-SEGMENTS(left(a), below(a))
endif

© 00~ O O =

In HANDLE-ABOVE-SEGMENTS(left(a), above(a)), line 1 finds a pair of neighbour
segments, one in left(a), the other in above(a). If these two segments cross each other,

then delete one of them (line 2). If necessary, repeat the above steps recursively (lines

© 3-15).

HANDLE- ABOVE-SEGMENTS(left(a), above(a))

1 Let ad’ be the uppermost segment in left(a) and bb’ be the lowest
segment in above(a).

2  DELETE-SEGMENT(ad’, bb')

3  if ad is deleted from YV

4 then Delete aa’ from left(a)

5 if left(a) = 0

6 then return (NO) and stop.

7 else HANDLE-ABOVE-SEGMENTS(left(a), above(a))

8

endif
9  endif
10 if bb' is deleted from Y
11 then Delete bb' from above(a)
12 if above(a) # 0
13 then HANDLE- ABOVE-SEGMENTS(left(a), above(a))
14 endif
15  endif

Similar to HANDLE- ABOVE-SEGMENTS, we have the following procedure.
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HANDLE-BELOW-SEGMENTS(left(a), below(a))

Let aa” be the lowest segment in left(a) and c¢’ be the uppermost
segment in below(a).
DELETE-SEGMENT(aa”, cc)
if aad” is deleted from Y
then Delete aa” from left(a)
if left(a) = 0
then return (NO) and stop.
else HANDLE-BELOW-SEGMENTS(left(a), below(a))
endif
endif
if ¢c’ is deleted from Y
then Delete cc’ from below(a)
if below(a) # 0
then HANDLE-BELOW-SEGMENTS(left(a), below(a))
endif
endif

DELETE-SEGMENT describes how to remove the cross-point by deleting one seg-

ment according to their puncture relationship.

DELETE-SEGMENT(p1P2, ¢142)

1

~N OOt W

Let piph € L, be the preimage of p;p, and ¢4} € L, be
the preimage of ¢;¢> under the projection.
if ppl, punctures face vq}q)

then Delete g1¢; from Y and L}, and delete ¢;q} from L,.
endif
if g1} punctures face vp)p)

then Delete p1p; from Y and L], and delete p}p, from C,.
endif

In CHECK-CLOSED-TRIANGULATION(v, L, ; B,), we extend the plane sweep idea

to a sphere. We will sweep the sphere with a rotating semi-circle on the sphere to

check if £, contains a puncture-free closed triangulation surface by using L]. Notice

that each element pg € L! is a segment of a circle; we simply call it segment. Since
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pq is the image of a line segment projected from the center v of the sphere, the arc
length of pq is less than that bf half of a big circle on the sphere, where a big circle is

a circle with the same center and radius as the sphere. Any two different big circles
cross each other at two points which divide the two circles into four semi-circles.
Thus, the intersection of any two different segments of L! is at most a single point.
Similar to Definition 2.2, we define that two circle segments of L cross if and only
if their interiors intersect at a single point. In order to use an argument similar to
the plane sweep algorithm, we choose an zy-coordinate system on the sphere 'S,.
Without loss of generality, we suppose that S, is a unit sphere. Select a pair of points
v,y ¢ V(L)) as the north and south poles so that no segment of L] lies on the:
longitude. Choose the equz:xtér as the x-ax.isl and an arbitrary longitude as the y-axis.
The intersection of the xy-axes is the origin. For an arbitrary point p € S, — {y,vy'},
let the longitude through p intersect the x-axis at a point whose x-coordinate is p;
and let the latitude through p iﬁtersect the y-axis at a point whose y-coordinate is p,.
Then the coordinates of p is defined as (p,, py). For example, the coordinates of y and
y’ are (0,7/2) and (0, —7/2), respectively. Note that the domain of the z-coordinate
is [0, 27); and the domain of the y-coordinate is (—n /2, m/2) (refer to Figure 2.4). For
any segment pg € L], since pq does not lie on any longitude, there must exist a point
P’ € pg such that int(pp’) Ny-axis = @. If p, < p’, then p is called the left endpoint of -
pg; if p, > pl,, then p is called the right endpoint of pq; as shown in Figure 2.4. We

say that point p is above (below) ¢ if and only if p, > ¢, (p, < ¢,).
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(n/2,0)

©0)

v'(0, -m/2)

Figure 2.4: p is the left endpoint, ¢ and r are the right endpoints of pg and pr.

In the next procedure, lines 1-6 check if L. satisfies a necessary condition for
containing a triangulation on the sphere. Lines 7-16 implement the sphere sweep
algorithm for removing cross-points. Lines 17-22 check if the updated L! is a trian-

gulation on S, and produce the closed triangulation surface B,.

CHECK-CLOSED-TRIANGULATION(v, L. ; B,).

1  for each point p'in V(L))

2 do Let left(p) be a set of segments whose left endpoint is p; store left(p)
with the endpoint p.

3 if left(p) = 0

4 then return (NO) and stop.
5 endif

6  endfor

7T Y«

(* The status structure Y is implemented by a red-black tree. *)

8  Sort the endpoints of V(L!) lexicographically by nondecreasing coordinates.
Let X be the sorted list of the endpoints.

9  for each point a € X in the sorted order

10 do UPDATE-STATUS(a)

11  endfor

12 for each point a € X in the sorted order

13 do while a, < 7
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14 do UPDATE-STATUS(a)
15 endwhile
16  endfor

17 Calculate |L]| and |V (L)| (L, has been updated).
18 if L)} =3|V(L,)| -6

v
19 then L] is a maximal planar graph (triangulation) on S,,.

20 Let B, be the closed triangulation surface whose edge set (namely,
the updated L£,) corresponds to L! under the projection.
(* B, is puncture-free according to DELETE-SEGMENT. *)

21 else return (NO) and stop.

22  endif

2.4.3 Correctness

The following lemma shows that CHECK-TRIANGULATION is correct.

Lemma 2.1 Let CHECK-TRIANGULATION be run on a vertex v and segment set L. .
(i) If the procedure produces B,, then B, is a puncture-free triangulation surface.

(i) If the procedure returns (NO), then L cannot form a tetrahedralization.

Proof (i) Let B, be produced by the procedure. We will prove that B, is a puncture-
free triangulation surface as it is claimed in line 20. We first show that B, is a plane
graph by proving that the plane sweep algorithm of lines 12-16 removes all the cross-
points of segments. Let pyp, and g;go be two segments in L] such that p; < po,
¢1 < g2, and p;py crosses q;q2 at point . Without loss of generality, we assume that
p1 < g1 and pips is above q1¢2 in Y. Thus, when ¢;¢, is inserted into Y in UPDATE-
STATUS(q1), p1p2 is already in Y. We distinguish the following two cases concerning

the relative position of p;ps; and ¢1¢, in Y.
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1. pips and q1¢ are adjacent in Y. p;p, or ¢1q; is deleted when DELETE-SEGMENT

(p1p2, ¢192) is run. Thus, the cross-point z is removed.

2. p1p2 and q;q» are not adjacent in Y. We distinguish two subcases when UPDATE-

STATUS(g1) is running, namely,

(a) All the segments between pyp, and ¢ in Y are deleted by running

HANDLE-ABOVE-SEGMENTS(left(q;), above(q,)) recursively, as illustrated

in Figure 2.5. So p1p; and ¢1¢2 become neighbours in Y. Hence, by using

the same argument as case 1, the cross-point « can be removed.

L/
%
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~ ;
\\
N\,
P ‘\\\\
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Figure 2.5: Suppose the deletion order of segments in Y between p;p, and q;q; is

pp', q14).

(b) After UPDATE-STATUS(¢;) is completed, there exists a set E, of segments

in Y between p1ps and ¢19.. Note that ¢; < o’ for any segment aa’ € F,

(a < a'). From case 1, we know that each pair of neighbour segments in

E, U {p1ps2,q1¢2} do not cross each other. Let ajas € E, (a; < as) be

adjacent to pi1p2, biby € E, (b1 < b2) be adjacent to ¢1gs, and V, C V(L)

be the set of vertices which lie in the triangle p;zq;. We now prove that

V, # 0. If both ay and by lie outside the triangle p;zq:, aja, must cross
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biby; as shown in Figure 2.6(a). Then consider the set of segments in
Y between ajay and by by. This segment set is smaller than E, by two
segments. Since each pair of neighbour segments in E; do not cross each
other, by narrowing E, recursively, we can finally find a segment bb' € E,
(b < b') which does not cross any other segments in E,. Since q; < b', we

know that b’ lies in the triangle p;zq;. Hence, V, # 0.

ap™ \\\\\\ b, :
9,
b .._\\5&%,< S
b X _-
-, \\\,\ 4 //7

bl' // \‘12 L "_7 / \
; i’ N N
4 {a) ~ X

"\

;.,V

ne b)

Figure 2.6 (a) E_r = {aldg,blbz, bb’} (b) left(a’*) =0

For each vertex z' € V,, since the procedure produces B,, we always have
left(z’) # 0 in line 5 of HANDLE-ABOVE-SEGMENTS(left(z'), above(z')). Thus,
there must exist a segment ab € F, such that ab crosses p;ps or q1q2, say p1ps,
and ab is adjacent to pip; in Y when running HANDLE-ABOVE-SEGMENTS. If
p1p2 is deleted, then the cross-point x is removed; otherwise, if all the segments
in E, which cross pips or qq, are deleted, there must exist a vertex z* € V,
such that left(z*) = @ (refer to Figure 2.6(b)). This is a contradiction. Hence,
after each UPDATE-STATUS(2'), ' € V,, is run, pips or ¢1¢2 or both of them

will be deleted and the cross-point z is removed.
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Since lines 12-16 remove all cross-points, the updated L] must be a plane graph.
Since the equality in line 18 holds, it follows from Theorem 2.4 that the updated L]
is a plane triangulation. Therefore B, is a triangulation surface. From the deletion

process in DELETE-SEGMENT, we know that B, is puncture-free.

(ii) Let £ form a tetrahedralization. From Theorem 2.2 we know that for each
vertex v € V(CH(L)), B(v) is a triéngulation surface. Since each tetrahedron in
T(v) is L(v)-empty and L, C L(v) (T(v) and L£(v) are defined prior to Theorem 2.2),
B(v) is puncture-free under any order:of segment deletion for £,. Let: L) be the
segment set in H] which corresponds to the edge set of B(v) under the projection.
So L} is a plane triéngulation. Notice that V(L)) = V(L}) and L) C .L}. Thus,
E{(CH(L))) = E{(CH(LY)) Q L; the procedure does not return (NO) in line 10. For :
each point p € V(L?) except the vertex with the Jargest z-coordinate, since each angle
in any triangles of L is less than 7, we have left(p) # 0. So the procedure does not
return (NO) in line 4. Since B(v) is puncture-free under any order of segment deletion,
L is the updated L;, after lines 12-16 is run. So the procedure does not return (NO)
in line 6 of HANDLE- ABOVE-SEGMENTS and HANDLE-BELOW-SEGMENTS. Since L,
is a triangulation, the equality in line 18 holds. Thus the procedure does not return

(NO) in line 21.

Hence, if £ forms a tetrahedralization, the procedure does not return (NO). There-

fore, if the procedure returns (NO), then £ cannot form a tetrahedralization. a
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In the procedure CHECK-CLOSED-TRIANGULATION, lines 7-11 is the sphere sweep
algorithm which is similar to the plane sweep algorithm of lines 12-16 in CHECK-
TRIANGULATION. When we insert segments into Y whose left endpoints are near 27,
these segments may cross the y-axis. These segments may cross the segments which
have been deleted from Y but belong to the updated L}, as illustrated in Figure 2.7.
Hence, we must remove these crosses. For any segment pp’ € L;, since the arc length of
pp' is less than 7, we repeat the sphere sweep algorithm in lines 12-16 for the vertices
| Whosg z-coordinate is less than 7. Usi1\1g a similar argument to that used in the proof

of Lemma 2.1, we can prove the correctness of CHECK-CLOSED-TRIANGULATION.

(n/2,0)

Figure 2.7: ab,ad,bd,cd belong to the updated L., but pc,pe cross them after
UPDATE-STATUS(p) is run.

Lemma 2.2 Let CHECK-CLOSED-TRIANGULATION be run on a vertex v and seg-
ment set L.

(i) If the procedure produces B,, then B, is a puncture-free closed triangulation sur-

face.
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(i) If the procedure returns (NO), then L cannot form a tetrahedralization.

Comparing TETRAHEDRALIZATION-DETECTION with its outline, we know that
Step 1 is the same as lines 2-5. If follows from Lemma 2.1 that Step 2 is implemented
by lines 7-11 correctly. It follows from Lemma 2.2 that Step 3 is implemented by lines
12-16 correctly. Step 4 corresponds to lines 17-29. For any four points a,b,c,d €
V(L), from the definition of T, we know that abed belongs to at most four 7;,, namely,
T,, Ty, T, and T;. Thus, in lines 17-23, we count the number of T, that abcd belongs
to. In lines 25-29, we decide if abed belongs to exactly four 7T,. Hence, Step 4 is

implemented by lines 17-29 correctly.

Therefore, from Theorem 2.6 we know that TETRAHEDRALIZATION-DETECTION

is correct.

Theorem 2.7 If TETRAHEDRALIZATION-DETECTION is run on a set of line seg-
ments L, then the algorithm returns (YES, T) if and only if L forms a tetrahedral-

1zation.

2.4.4 Running time

The following lemmas show the upper bounds of the running times of the major

procedures.

Lemma 2.3 Ifm, segments are deleted in HANDLE- ABOVE-SEGMENTS (or HANDLE-
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BELOW-SEGMENTS), then the running time of the procedure is O(mglogm).

Proof Recall that Y is implemented by a red-black tree, and each red-black tree op-
eration on Y, such as insertion, deletion and neighbour finding, takes O(logm) time.
Thus, for each segment deleted in HANDLE- ABOVE-SEGMENTS (or HANDLE- BELOW-
SEGMENTS), lines 1,2,4 and 11 take O(logm) time each. Hence, if m, segmerits are

deleted, the total running time is O(m, logm). O

Lemma 2.4 If m; segments are inserted and my segments are deleted in UPDATE-

STATUS, then the running time of the procedure is O((m; + my) logm).

Proof Suppose m, segménts are deleted from Y and L/ in lines 5 and 8. From
Lemma 2.3 we know that the running time to delete these segments is O(m, logm).
The remaining my — m, segments are deleted from Y in line 1; this takes O((my —
mg) logm) time. For each segment of left(a), it takes O(logm) time to insert the

segment into Y. The total time is thus O((m; + my) logm). O

Lemma 2.5 The running time of CHECK-TRIANGULATION and CHECK-CLOSED-

TRIANGULATION is O(mlogm).

Proof We first analyze the running time of CHECK-TRIANGULATION. Lines 1-6 take
O(m) time. Line 7 takes O(nlogn) time by using the prune-and-search algorithm

of Kirkpatrick and Seidel {64]. Lines 8-11 take O(m) time. Line 12 takes O(1)
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time. Line 13 takes O(nlogn) time by using either merge sort or heapsort. In the
for loop of lines 14-16, each segment is inserted into Y one time (line 2 of UPDATE-
STATUS), and deleted from Y one time (line 1 of UPDATE-STATUS or line 3 or 6 of
DELETE-SEGMENT). From Lemma 2.4 we know that the running time of lines 14-16

is O(mlogm). Lines 17-22 take O(m) time. Hence, the total time is O(mlogm).

Similarly, we can prove the running time of CHECK-CLOSED-TRIANGULATION is

also O(mlogm). O

Remark: Although L/ lies on the sphere in CHECK-CLOSED-TRIANGULATION, we

need not solve nonlinear equations for finding cross-points of circle segments. In fact,
when we project £, from v onto sphere.S,, we only need to store the two endpoints
- of each circle segment, and its preimage. Notice that computing cross-points of circle
segments is only done at one point in the algorithm, namely, line 2 of UPDATE-
STATUS. Suppose we want to insert segment aa’ into Y in UPDATE-STATUS(a). We
need to compute the cross-points of longitude yay’ and some segments pg € Y. Let
p'q’ be the preimage of pg. We solve a system of linear equations consisting of the
line p'q’ and the plane containing points y, a,y’ to find the intersection z,, and we
then project z, onto S,. This image of z, is the intersection of longitude yay' and
pq. Therefore, in the whole algorithm, the only computation involving a nonlinear

function is the projection of points onto a sphere. This can be done easily.

From the above lemmas, we can finally prove the following theorem.
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Theorem 2.8 If TETRAHEDRALIZATION-DETECTION is run on m line segments

with n endpoints, then the running time is O(nmlogn) and the running space is

O(n?).

Proof Line 1 takes O(1) time. Line 2 takes O(nlogn) time. Lines 3-5 take O(m)
time. The for loop of lines 6-24 iterates at most n times. It follows from Lemma 2.5
that each iteration takes O(mlogm) time. Thus, the running time of lines 6-24 is
O(nmlogm). Since a triangulation of n points has O(n) edges and faces, we have
|T,] = O(n). It follows that |T| = O(n?). Thus, lines 25-29 take O(n?) time.
Therefore, the total time is O(nlogn +m+nmlogm +n?) = O(nmlogn). Since the

space for T is O(n?), and this dominates all other spaces, the total space is O(n?). O

Remark: Since there exists a tetrahedralization whose graph is complete [48], from

" Theorem 2.3 we know that |T| = |£| — [V(L)] — |[V(CH(L))| + 3 = O(n?). So
the running space of the algorithm is worst-case optimal. As the lower bound for
the problem of reporting all line segment intersections is Q(mlogm + k), where £ is
the number of intersection points [9, 25], the sweep algorithms described in CHECK-
TRIANGULATION and CHECK-CLOSED-TRIANGULATION are optimal. We conjecture
that the running time of TETRAHEDRALIZATION-DETECTION is also optimal in the

worst case.
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2.5 Deciding whether £ contains a tetrahedraliza-

tion

In this section, we discuss the complexity of deciding if a set of line segments £ in R3
contains a tetrahedralization (the TETRAD problem). There are two NP-complete
problems related to TETRAD. Ruppert and Seidel proved that the problem of deciding
if a 3-dimensional nonconvex polyhedron can be tetrahedralized is NP-complete [88]
(the NCP problem). Lloyd proved that the problem of deciding if a line segment set
E in R? contains a triangulation is NP-complete [74] (the TRID problem). Either
of the problems can reduce to TETRAD; and the reduction of NCP to TETRAD is
ea.sier than that of ’i‘RID to TETRAD. However, we will show a reduction of TRID
to TETRAD because the two lemmas that are used to prove this reduction may have

other applications independent of this proof.

Let E, a set of line segments in R?, be an instance of TRID. If we apply the
coplanarities of segments, we can easily transform E to an instance of TETRAD by
placing a vertex above the plane containing E and connecting this vertex with each
endpoint of E. Hence, we only consider the nondegenerate case in our proof. Our
aim is to construct a segment set £ without four coplanar endpoints. We first project
the vertices of V(E) onto a semi-sphere above E; the new vertex set is denoted by
Vu. Secondly, we symmetrically construct another convex point set V; which is a

mirror image of Vy w.r.t. the plane containing E, and we then twist V;, by a small
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amount such that no four points are coplanar. Thirdly, we place a vertex z* above
the semi-sphere. Finally, for each segment ab € E, we add a line segment between the
two corresponding points of a and b in Vi (denoted as Ey); we also add edges to each
pair of vertices in V, (denoted as E; ), add edges to each pair of vertices between Vy
and V;, (denoted as Fyr), and add edges between z* and each vertex of Vi; (denoted
as L*). Let L = L*U Ey U E U Eyp. This completes the construction (for more
details, see the proof of Theorem 2.9). The following two lemmas solve the problems

related to the existence of tetrahedralization in £ and Eyp, respectively.

Lemma 2.6 Let Q be a simple polyhedron satisfying V(Q) = V(CH(Q)). The region

R between @ and CH (Q) is tetrahedralizable.

Proof If Q is convex, then R = (; otherwise, there must exist at least one reflex
edge, say ab, on the boundary of @) (denoted as bd(Q)). The two faces on bd(Q)
which share ab are denoted as abc and abd. If int(cd) N Q # @, there are two cases as

follows.

(a)

(d)

Figure 2.8: (a) ¢d € E(Q). (b) (c¢) int{ed) Nint(Q) # @. (d) int(cd) N Q = 0.

1. cd € E(Q). Refer to Figure 2.8(a). If acd and bed are the two faces on bd(Q)
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which share cd, then the four faces abc, abd, acd and bed form a tetrahedron.
This contradicté the assumption that ab is a reflex edge. Thus either acd or
bed is not a face of bd(Q). Without loss of generality, assume bed is not a face
of bd(Q) and let H(bcd) be the plane containing it. Suppose a' is an interior
point of () and lies in the neighbourhood of a. Since ab is reflex, the vertex a
will be on the same side of H(bcd) as a’. This contradicts the assumption that

a € V(CH(Q)).

2. int(ed) N int(Q) # . Refer to Figure 2.8(b)(c). Let H(bcd) be the plane
containing face bed. Since ab is reflex, there exists at least one edge, say ae,
which intersects face bcd. Thus vertices a and e lie on the opposite sides of
H(bcd). Because abc and abd lie on bd(Q), we have a ¢ V(CH(Q)). Thisis a

contradiction.

Thus int(cd) N @ = 0. Refer to Figure 2.8(d). Now we can construct a new
polyhedron @; from Q by flipping ab to c¢d. Thus, E(Q;) = (E(Q) — {ab}) U {cd} and
F(Q1) = (F(Q)—{abc, abd})U{acd, bed}. Hence Q@ C Q1, and Q; —Q = {abcd}. Since
V(@) =V(Q) = V(CH(Q)), we know that V(Q,) = V(CH(Q:)). Let R; denote
the region between @ and CH(Q4). If @, is convex, then R; = 0 and R = {abed};
otherwise, using the same argument, we can construct a polyhedron @, such that
V(Q2) = V(CH(Q2)), @1 C Q2, and Q2 — @1 = {a1bic1di}. Since the number of

edges is finite, we can perform this procedure until we find a convex polyhedron Qj
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in step k. Since Ry = CH(Qy) — Qx = 0, we know that R can be tetrahedralized into

tetrahedra abcd, a1b1c1dy, ..., agpbpcrdy. O

Remark: Note that the condition V(Q) = V(CH(Q)) is necessary. Without this

condition, even if @ is a star-shaped polyhedron, the region R = CH(Q) -- @ may be
untetrahedralizable. Figure 2.9(a) serves as a counterexample, where P4 = z*abc is a
tetrahedron and Pg = abca’b'c’ is a Schonhardt’s polyhedron [90] (refer to Section 2.6)
inside P4. Both of them share the face abc. If we remove the face abc, the other faces
of P4 and Pg may bound a star-shaped polyhedron, denoted as Q. It is obvious that
V(Q) # V(CH(Q)). Since Schonhardt’s polyhedron is untetrahedralizable [90]; the

region R == CH(Q) — @ = Pg is untetrahedralizable.

Figure 2.9: (a) abca'd’c’ is an instance of Schénhardt’s polyhedron, which cannot be
untetrahedralized. (b) A regular quasi-prism.

Now let us consider how to tetrahedralize the region between two isomorphic

piecewise linear surfaces, which can be applied to find a tetrahedralization in Ey;.
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Let S; and Sy be two piecewise triangle surfaces (also called triangulations in
R?) such that V(S;) = Vg, V(Ss) = V;, and S is isomorphic to Sy. That is, there
exists a bijection ¢ : V(S;) — V(S;) with zy € E(S)) © ¥(z)¥(y) € E(S?).
Construct a geometric graph Sj2 such that V(Sy2) = V(S1) UV(Ss) and E(Sy2) =
E(S1) U E(S2) U {zy(z) | z € V(S1)}. If ab is on the boundary of Si, then we call
aby(b)y(a) a boundary quadrilateral; moreover, if ay(b) € E(CH(V (S12))), then we
call a(b) a convex diagonal of the boundary quadrilateral aby(b)y(a). By adding
the convex diagonal of each boundary quadrilateral of Si2, we obtain a new geometric
graph S, called a quasi-prism. For each face abc on Sy, if CH({a,b,%(a),¥(b)}) N
CH({b, c,(b),9(c)}) = {b¢(b)}, CH({a,b,9(a),%(b)}) N CH({a,c,%(a),%(c)}) =
{a¢(a)} and CH({b,c,%(b),%(c)}) N CH({a, c,¥(a),%(c)}) = {c¥(c)}, then we call -

S regular (see Figure 2.9(b)).

We can use the following algorithm to tetrahedralize any regular quasi-prism S.
This tetrahedralization can be considered as a constrained tetrahedralization since all

the edges in S must be used to build the tetrahedralization.

Algorithm QUASI-PRISM-TETRAHEDRALIZATION

Input: A regular quasi-prism S.

Output: A tetrahedralization T of S.

1 S' < 51, T+ E(5), and A < {z | x is a boundary vertex in S;}
2 while A # (, do

3 Choose an arbitrary vertex a € A.

* adjg (a) denotes the set of vertices adjacent to a in S’ *
4 if adjg (a) # 0
5 then T+~ T U {ay(x) | z € adjg (a)},
6 A+ (A—{a})Uadjs(a)
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7 else A + (A — {a})
8 endif

9 S'— S ~a

10 endwhile

The following lemma shows that QUASI-PRISM-TETRAHEDRALIZATION is correct.

Lemma 2.7 IfS is a reqular quasi-prism, then QUASI-PRISM-TETRAHEDRALIZATION

always outputs o tetrahedralization of S.

Figure 2.10: (a) The vertices of adje/(a) form a chain ajasazas. (b) Six pyramids
with apex a.

Proof Let a € A be chosen in line 3 of the algorithm and suppose adjg (a) # 0 in
line 4. If S’ is a triangulation, then the vertices in adjg (a) form a chain, denoted by
C(a) = a1as...a (see Figure 2.10(a)). So T'(a) = E(C(a))U{aa; | 1 <i < k} is a sub-
triangulation in S;. Similarly, we know that T'(¥(a)) = E(C(¥(a))) U {¢(a)v(a;) |
1 <4 < k} is a sub-triangulation in Sy. Thus S(a) = T(a)UT (v(a))U{a(a), a;b(a;) |
1 < i < k} is a sub-quasi-prism of S. There are two phases to tetrahedralize S(a).
In the first phase (line 5), we partition S(a) into a number of pyramids, each with

apex a and the base equal to a face of S(a) not incident to a (see Figure 2.10(b)).
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There are two kinds of bases, triangular and quadrilateral. Each triangular pyramid
will be a tetrahedron in the resulting tetrahedralization. Each quadrilateral pyramid
with base a;a;119(ai41)¥(a:),1 < i < k — 1, can be divided into two tetrahedra in
the second phase. That is, when we choose a; or a;;; in line 3, we will insert edge
a;¥(aiq1) or a;y19(a;) in line 5. This partitions the quadrilateral pyramid into two

triangular pyramids.

If " is a chain, then adjg (a) contains one or two vertices. Let a; € adjg(a).
When we insert edge ay(a;) (line 5), it divides the quadrilateral aa;(a;)1(a) into
two triangles. This partitions a quadrilateral pyramid produced earlier into two tetra-

hedra.

The above argument can also apply to other cases in which S’ consists of several
components. We have proven that the algorithm divides S into a number of triangular
pyramids. Now we show that these pyramids intersect only in their shared vertices,
edges or facets. Since S can be considered as a set of triangular quasi-prisms, we only

need to show that each of them has this property.

Let aayast)(a)i(a1)(az) be an arbitrary triangular quasi-prism in the above pro-
cedure when we choose a in line 3 (refer to Figure 2.10(b)). Since S is regular,
the three tetrahedra aaiv(a1)y(a), aast(az)¥(a) and ajasip(az)i(a;) are pairwise

disjoint except at the shared edges. Thus, the three triangular pyramids with bases

P(a)p(a)y(as), araatp(ar), agtp(ar)y(az), or Y(a)y(ar)(as), arastp(as), artp(ar)i(as)
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are disjoint except at the shared vertices, edges, or faces. O

Theorem 2.9 The TETRAD problem is NP-complete.

Proof We first show that the TETRAD problem belongs to NP. Suppose we are given
a set of segments £ in R3. A nondeterministic algorithm needs only guess a subset
L' C L. From Theorem 2.8 we know that checking whether L' is a tetrahedralization

can be accomplished in polynomial time.

We shall show that the TETRAD problem is NP-hard by proving a reduction
of TRID to TETRAD. Given a set of line segments E in a plane H (an instance of
TRID), the reduction algorithm constructs a set of line segments £ in R? with no four
endpoints coplanar (an instance of TETRAD) such that E contains a triangulation if

and only if £ contains a tetrahedralization.

Let x be the center of the smallest circle containing E and r be the radius of the
circle. Construct a big sphere S with center x and a very large radius, say 100r. The
plane H cuts S into two parts. The upper semi-sphere is denoted as Sy and the lower
semi-sphere is denoted as Sy. Vertically project the vertices of V(E) onto Sy and Sz,
and denote them as Vi and Vi, respectively. For each ab € E, add a line segment
between the two corresponding points of @ and b in Viy. So we obtain a new edge set
Ey corresponding to E. Let Ej, be the set of all the edges with endpoints in V7, and

Ey 1 be the set of all the edges between Vi; and V;,. Place a vertex z* in the vertical
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line through z and far above Sy such that it can see all the vertices of Vi, that is,

for any u € Vy, int(z*u) NSy = 0. Let L* = {z*u | u € Vi }.

Let £ = L* U Ey U EL, U Ey;. Notice that each triangle face in Fy and its
corresponding triangle face in Ey, form a triangular prism in £. In order to prevent
four vertices from lying in the same plane, we twist Sy (with V7, together) by a small
amount such that no four vertices are coplanar and each prism become a regular

quasi-prism.

We have constructed a set of segments £ with no four endpoints coplanar. It is
easy to see that this construction can be done in polynomial time. Since the vertical
projection of z* onto H is the center z, any edges that connect x* with vertices of V},

must lie inside CH(L). Thus, £ has the property that E(CH(L)) C L.

We now show that E contains a triangulation if and only if £ contains a tetrahe-
dralization. First, suppose that E contains a triangulation 7. Then there must exist
two corresponding triangulations Ty in Ey and Ty in Ep, respectively. The three
triangulations are isomorphic to each other. Thus, there exists a regular quasi-prism
with the upper surface Ty and the lower surface T7. From Lemma 2.7 we know that
this regular quasi-prism can be tetrahedralized by using edges in Ey;. This tetra-
hedralization is denoted as Tyr. On the other hand, since the boundary of Ty is
a simple polyhedron satisfying V(Ty) = V(CH(TyyL)), it follows from Lemma 2.6

that the region between CH(Ty) and the lower surface T, can be tetrahedralized by
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using edges in E. This tetrahedralization is denoted as Ty g. Since z* can see all the
vertices of V7, Ty and L* form a tetrahedralization denoted as Tp-. Therefore Ty,

Trr and T7- constitute a tetrahedralization in L.

Conversely, suppose that £ contains a tetrahedralization I'. We first prove that
L* c E(T"). Since E(CH(L)) C E(T'), the edges incident to z* in E(CH(L*)) belong
to E(T"). If there exists a segment z*v € L* which does not belong to E(T), then
z*v must intersect a triangle face in the tetrahedralization I'. This is a contradiction
because v lies on the upper semi-sphere. Thus, L* C E(T'). In the tetrahedralization
I', the bases of the triangular pyramids with apex z* form a triangulation T, in Fy.

Hence E also contains a triangulation that corresponds to Tp«. ]

2.6 Constrained tetrahedralizations

Let S be a planar straight line graph (PSLG) which is defined as a set of vertices
and noncrossing (that is, intersecting only at endpoints) line segments in the plane.
A constrained triangulation of S is a triangulation of V'(S) such that all the edges
of E(S) are used as edges in the triangulation. For any PSLG, there exist several
knids of constrained triangulations; and among these types, the constrained Delaunay
triangulations have many applications [35, 38, 50, 77]. Similarly, we can define a
constrained tetrahedralization for a set G of vertices and noncrossing line segments in

the space as a tetrahedralization of the vertices and endpoints V(G) such that all the
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segments F(G) are used as edges in the tetrahedralization [8, 20, 34, 95, 98]. We also
say that G' can be tetrahedralized. In this section, we discuss the complexity problem
of deciding if a set of vertices and line segments G in R3 can be tetrahedralized (briefly,

the CT problem).

Ruppert and Seidel proved that it is NP-complete to tetrahedralize a 3-dimensional
nonconvex polyhedron [88]. We shall extend their proof to show that the CT problem
is also NP-complete. They proved this NP-completeness result by using a transfor-
mation from the Satisfiability problem [51]. That is, for any Boolean formula in
conjunctive normal form, a nonconvex polyhedron is constructed such that it can
be tetrahedralized if and only if the Boolean formula is satisfiable. The main tool
in their construction is a gadget, called a niche, which is derived from Schonhardt’s
polyhedron [90]. As illustrated in Figure 2.11(a), the way to construct Schénhardt’s
polyhedron is as follows. Start with a triangular prism; fix the bottom face a;b,¢;
so that it cannot move; twist the top face abc so that each rectangular face of the
prism folds into two triangles with a reflex edge between them. If the top face abc is
removed from the Schonhardt’s polyhedron, then the resulting figure that consists of
seven triangular faces on six vertices is called a niche; and face a;b;c; is called the
base of the niche. In this section, we use Sy to denote a niche, and Sy to denote the

corresponding Schonhardt’s polyhedron.

Definition 2.4 A point p can see a point q in the base abic; of a niche Sy if the
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Figure 2.11: (a) A Schoénhardt’s polyhedron that cannot be tetrahedralized. (b)
aa;b b, bbycid and cciara’ are plane quadrilaterals. view(aibicy) is the truncated
cone a1bicia”b’c”; illum(a;bicy) is the truncated cone a'b'c'a”b"c".

interior of the segment pq intersects the interior of Sy but does not intersect any
faces of Sn. The set of points that can see the entire base ai1bicy of Sy is called the
view of Sy, denoted as view(aibicy). The subset of view(a1bic;) in the exterior of

Sy 15 called the illuminant of Sy, denoted as illum(a;bc;).

Let Sy = {aibicy,aa1by,bbicy, ceray, abby, beey, caay } with base aibic;. Suppose
the three planes passing through the faces aaiby, bbicy, and ccia;, respectively, in-
tersect at point v. They produce eight cones with v as the apex. We are inter-
ested in the cone containing base aibic;, which is called the view cone of ajbic.
The objects view(aibic;) and illum(a;bie;) can be considered as truncated cones
(see Figure 2.11(b)). Note that each point of view(a;bic;) can see the seven faces

of Sy from the inside; moreover, if the apex v is below the base a;b;c;, then all
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the points in the symmetric cone can see the seven faces of Sy from the outside as
shown in Figure 2.12(a). If we twist the top face abc of Sy further, view(a1b;c;) and
illum(a,b;c;) will shrink and view(a,b;c;) will become a tetrahedron inside Sy and

illum(aib,c;) = 0, as shown in Figure 2.12(b).

cone

symmetric
cone

(b)

Figure 2.12: (a) v is the apex of the double cone. (b) illum(aibic;) = @ and
view(a1bic1) = int(vaibic;) (the shaded tetrahedron).

Lemma 2.8 Let Sy = {ai1bicy,aa1by, bbicy, ccray, abby, beey, caa} be a niche with
base a1bicy, as shown in Figure 2.13, abjc, be a triangle such that ab;, a;cy punc-
ture face aayby, bja;, bjcy puncture face bbicy, and cibj, cra; puncture face cciay.
Then Sy = {asbjck, aa;bj, bbjcy, cexa;, abb;, beey, caa;} is a niche and illum(a;b;c) C

illum(aybycy).

Proof Refer to Figure 2.13. Since a;b lies outside Sy and ab; punctures face bbc;,
we know that a;b lies outside Sy. Similarly, b;c and cya lie outside Sy. So Sy is

a niche. We now show that illum(a;bcx) C illum(aibicy). If illum(a;bicy) = 0, this
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Figure 2.13: {a1bic1, aa,by, bbicy, ccrar, abby, beey, caay } and {a;bjck, aabj, bbjcy, ceras,
abb;, beey, caa;} form two niches respectively.

is trivial. So we assume that illum(a;b;jcx) # 0. Let aa}, aa;, aa) be the intersection
segments of face abc and the planes passing through aaib;, aa;b, aa;b; respectively.
Since a; lies outside Sy and the planes containing aa;b, and aa;b, intersect at line
aby, we have dist(b, a}) < dist(b, a}). Since a;b; punctures aa,b, and the planes con-
taining aa;b; and aa;b; intersect at line aa;, we have dist(b, a]) < dist(b,a}). Thus
dist(b, a}) < dist(b, a;). Similarly, dist(c,b}) < dist(c, b]) and dist(a, c;) < dist(a, cy).
Hence, the triangle face bounded by aa}, b, cc| contains the triangle face bounded
by aa;, bb7, ccy. Note that illum(a;bic;) is bounded by face abc and the three planes
containing abyal, beib) and caycy, and illum(a;b;c;) is bounded by face abc and the
three planes containing ab;a;, bepd; and ca;cy. It is easy to see that illum(a;b;ck) C

illum(a;bycy). O

Remark: Although illum(a;b;c;) C illum(aybicy), view(a;b;c;) may not be contained
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in view(a1bic;). Since a; lies outside Sy, there exists a point ¢ € view(a;b;cy) which
is in the neighbourhood of a; such that g lies outside Sy. Thus view(a;bjck) ¢

view(aibicy).

Theorem 2.10 Let L be a set of segments containing a niche Sy with base abic;.

If view(aibic1) NV(L) = B, then L cannot be tetrahedralized.

Proof Suppose £ can be tetrahedralized and T is the tetrahedron set of the tetra-
hedralization. Let Sy = {a1b1c1, aaiby, bbicy, ceray, abby, beey, caar } with base a1byc,
as shown in Figure 2.14. Consider face a;bic;. From Theorem 2.1, we know that
there must exist a vertex as in the niche side of the plane containing a;b;c; such that
tetrahedron agaibie; € T. Since view(a1bic;) NV (L) = 0, ag lies outside view(ai1bic;).
So aga1, azby or agsc; must puncture a facet of Sy. Since asaibic; is L-empty, ay can-
not lie between view(aibic;) and Sy, and asay, aghy, or asc; cannot puncture facets
abc, abby, beey, or caaq. Thus, without loss of generality, suppose asc; punctures aab;.
Consider face asbic;. There exists a vertex b, such that tetrahedron agbsbicy € T. Tt
follows from Lemma 2.8 that {agbici, aagb, bbicy, ccras, abby, beer, caas}t is a niche
with base agbicy, and illum(asbic;) C illum(aybicy). Similar to the above argu-
ment, we can suppose asbs punctures bbic;. Then consider asbsc;, and so on, as
shown in Figure 2.14. In general, consider a;b;c; with a;b;, a;,c;, puncturing aa,b;,
bja;, bjcy puncturing bbic,, and ¢gbj, cxa; puncturing ccia;. From Theorem 2.1 we

know that there exists a vertex p such that tetrahedron pa;b;c, € T. It follows from
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Figure 2.14: view(aibic;) NV (L) = 0 and tetrahedra asaibicy, agbabicy, agbacocy are
L-empty.

Lemma 2.8 that {a;bjck, aa;b;, bbjcy, ccpas, abbj, beey, caa;} is a niche with base a;bj;ck
and illum(a;b;c) C illum(a;bie;). Since view(aibie;) N V(L) = 0, p must lie outside
view(aibicy). Since a;,bj, ¢x lie outside Sy, pai, pb;, or pcy must puncture a facet
of Sy. Since pasbjc, is L-empty, p cannot lie between view(aibici) and Sw, and
pai, pb;, or pcy, cannot puncture faces abe, abby, beey or caa;. Thus, if pep punctures
aa1b, denote p by a;4; and then consider a;11bjcg; if pa; punctures bb,c;, denote p
by b;;1 and then consider a;b;41ck; if pb; punctures ccia;, denote p by cg41 and then
consider a;b;cky1. Since the number of vertices in V(L) is finite, this process will stop
when we consider a face such as aybjcy. That is, there does not exist a vertex p
such that pa;bj ¢y is an L-empty tetrahedron. Since a;bj ¢y is an inner triangle, this

contradicts Theorem 2.1. Therefore £ cannot be tetrahedralized. a

Let P be the nonconvex polyhedron constructed in [88] for showing the NP-
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Figure 2.15: Polyhedron P constructed in [88] (not to scale).

completeness of tetrahedralizing nonconvex polyhedra. As illustrated in Figure 2.15,
the starting point for constructing P is the polyhedron consisting of a row of n squares
yiyszt2%(1 < ¢ < n)in plane z = 1 and m triangles cog—1CoxCorr1(1 < k < m) in plane
z = 0. The coordinates of the squares’ vertices are y:(0,n +1 —4,1), y5(0,n —4,1),
Z(1,n —i,1), and 2&(1,n + 1 —4,1). Note that i = ¢i™ and 25 = 251, Vertices
ce(1 < k < m) lie on a parabola in the zy-plane. The coordinates of ¢, are (o, Bk, 0),
where ay = 0.5+ 0.005(k — 1)/m and B;, = 0.25a2 — 0.25a4 + 0.0625. To each square
Yiyizhzh, a roof is attached which contains the variable’s three literal vertices z?,
and z§. As mentioned above, niches are used as gadgets that force any tetrahedral-
ization to have certain properties; for example, they can force tetrahedra to appear.

For each variable, there is a variable niche attached to yiyiyi of the roof. For each
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clause, there is a clause niche attached to cox_1CorCoks1 in the bottom. Refer to [88]

for the detailed placement and coordinates of the roofs and niches.

The ideas of our proof of NP-completeness is as follows. Since the boundary of
the constrained tetrahedralization is a convex hull, we intend to construct a convex
polyhedron that contains P. If we simply use CH(P) as our convex polyhedron,
it is not clear how to tetrahedralize the region between P and C'H(P) because the
boundary of P is too complicated. In order to simplify the boundary of P, we cover
each niche by using a cap that is defined as a pyramid with base yiyiyi(l < i < n)
or Cop—1CorCokt1(1 < k < m) (see Figure 2.16 or 2.17). From the structure of P, we
know that the apex of the view cone lies outside P. So we can place the cap’s tip
inside the symmetric cone of the view cone such that it can see the seven faces of the
niche from the niche’s “outside” (see Figure 2.12(a)). Hence, the region between the
niche and its cap can be tetrahedralized by adding segments between the cap’s tip
and all other vertices. The boundary of P is updated by these caps. Since the new
boundary is simple, we can tetrahedralize the region between it and its convex hull.
Note that in our construction, each face of the niche is an inner face. So segments
can puncture these faces. We avoid these cases by using a similar argument to the

proof of Theorem 2.10.

Theorem 2.11 The CT problem is NP-complete.

Proof We first show that CT is in NP. For a given set G of vertices and segments in
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R?, a nondeterministic algorithm need only guess a tetrahedralization of V(G). It is
easy to see that checking whether G is a subset of the tetrahedralization can be done

in polynomial time.

We next prove that CT is NP-hard by showing that a restricted version of the
Satisfiability problem can be reduced to CT in polynomial time. The reduction
algorithm begins with an instance of the Satisfiability problem. Let ¢ be a Boolean
formula with m clauses over n variables. We restrict ¢ to conjunctive normal form in
which each variable appears exactly three times in three different clauses, once as a
negative literal, and twice as a positive literal. We shall construct a set of segments
G such that ¢ is satisfiable if and only if G is tetrahedralizable. Our construction is

based on the nonconvex polyhedron P described above.

For any variable niche with base ¢jgiqi(1 < 7 < n), let ¢° be the apex of the
view cone of ¢igigi which lies outside P. Note that in the construction of P in
[88], the variable niche is specified in detail because its base ¢iqiqi must see the two
truth-setting vertices z% and 2%, and the three literal vertices zt, %, x5 on the roof
of the variable must satisfy the “blocking” condition for the clause niches. From the
placement of the variable niche, we know that the z-coordinate of ¢ is greater than
—1. So we can select a vertex a' in the plane z = —1 such that a’ can see the seven
faces of the niche from the outside. Then connect a* with the six vertices of the niche
and the three vertices of face yiyiys which contains the niche such that the 13 facets

of P bounded by triangle yiyiy: form 13 tetrahedra with o’ (see Figure 2.16). So we
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Figure 2.16: a'yiyiyl is the cap of the niche. a’ can see the seven faces of the niche
and six faces on face yiyiys.

can update the boundary of P by using facets a*y%vs, a'ysys, a'yiyt (1 <4 < n) to
replace the 13 facets in each cap. In particular, from the structure of P, we can select
a row of points in the plane z = —1 such that segments a’a*™', yiyit (1 <i<n—1)
and a'yi(1 < i < n) lie on the convex hull of V(P) U {a’ | 1 <i < n}. Let P; be the

updated boundary of P.

The construction of the clause niche is much simpler than that of the variable
niche. For the kth clause niche, its illuminant contains the segment with endpoints
(c2x,0,1) and (agk,n, 1), where ag, = 0.5 + 0.005(2k — 1)/m. Since this segment
intersects yiz} and y5z%, the kth niche must be contained in the region bounded
by face cok-—1CokC2r+1 and the planes passing through zhcor_icari1, 2Cop—1C2% and
2hCokCory1 respectively. From the illuminant lemma [88] we can construct the niche
in this region as small as possible such that ‘(1 < ¢ < n) cannot see b, (1 < k < m)
(to be specified later). Similarly to the placement of a?, for the kth clause niche, select

a vertex by in the plane z = —0.00001 such that b, can see the seven faces of the niche
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from the outside but b, cannot see a*(1 < ¢ < n). Then connect by with the six vertices
of the niche and the three vertices of the triangle face to which the niche is attached.
Then we update the current boundary of P; by using three facets to replace the 13
facets in each cap. In particular, we place bx(1 < k£ < m) in the plane z = —0.00001
such that faces bcar_1Cok, bicorCopr1(1 < k < m) and bpbgyicopi1(1 <k <m—1) lie
on the convex hull of PU{a’ |1 < i <n}U{b; |1 <k < m} (see Figure 2.17). Let

P> be the updated boundary of P;.

C.

k=1 C
2k+3

2’“"
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Figure 2.17: bgcor_1CokCak+1 18 the cap of the niche. b, can see the seven faces of the
niche and six faces inside co_1CoxCoxy1-

It is easy to see that the region between P, and C'H(P;) consists of three parts.
The first part is the convex polyhedron with vertex set {a‘ | 1 < i < n} U {¢? |
1 <i<n}U{yf,c}. The second part is the convex polyhedron with vertex set
{be | 1 <k <m}U{caus1 | 0 <k < m}uU{yl 2} So these two parts can be
tetrahedralized easily by adding some segments. The third part consists of n — 1
wedge-shaped polyhedra between the n variable roofs. Since each roof is convex, each

wedge-shaped polyhedron can be tetrahedralized by adding some segments [54].

Let G be the segment set consisting of E(P), E(CH(P;)) and all the segments

we have added between P and CH(P;). G can be considered as the edge set of
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the tetrahedralization between P and CH(P,). Since P and P, can be constructed
in polynomial time, and n — 1 wedge-shaped polyhedra can be tetrahedralized in

polynomial time, G can be constructed in polynomial time.

We claim that formula ¢ is satisfiable if and only if G is tetrahedralizable. We
first suppose that there exists a constrained tetrahedralization T for G. For any
variable niche p1pap3q1¢2qs (see Figure 2.16) in P with base ¢;¢og3 (for simplicity, we
drop the ¢ superscripts), it follows from Theorem 2.1 that there exists a vertex g4 in
the niche side of the plane passing through ¢;¢2qs such that ¢1¢2q3q4 € T'. Note that
view(q1¢2q3)NV(G) = {27, 2r}. If ¢4 & {27, 2r}, then using an argument similar to the
proof of Theorem 2.10, ¢;q4, g294, Or g3g4 can only puncture the faces p1q14s, p2goqs, or
p3q3q1. Without loss of generality, suppose ¢3q4 punctures p;q;qs. From the structure
of G, we know that no other points can form an L-empty tetrahedron with face g2q3q,.
This is a contradiction to Theorem 2.1. Thus ¢4 must lie in the illuminant of the niche.
Similarly, for any clause niche in P, the vertex which forms a tetrahedron with the
base of the niche must lie inside its illuminant. From the proof of Theorem 1 in [88],
we can obtain a truth assignment for ¢. Conversely, suppose ¢ is satisfiable. Using
the method of [88], we can add some segments to tetrahedralize P. These added

segments together with G form a constrained tetrahedralization of V(G). O

Remark: Note that the NP-completeness of tetrahedralizing nonconvex polyhedra

does not depend on coplanarities of faces or other degeneracies. The structure of P
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can be modified easily so that the vertices of P are in a nondegenerate position [88,
page 250]. Consequently, we can also modify the structure of G so that the vertices
of G are in a nondegenerate position. Thus, the NP-completeness result is still valid

for tetrahedralizing a set of vertices and segments in the general position.

2.7 Conclusions

In this chapter, we have given some new results on the computational complexity
of tetrahedralization detections. We have presented an O(nmlogn) algorithm to
determine whether £ is a tetrahedralization. If £ is not a tetrahedralization, we
have proven that it is NP-complete to decide whether £ contains a tetrahedralization
of V(L), and we have also proven that it is NP-complete to decide whether £ is a
subset of a tetrahedralization of V/(£). The proofs of the NP-completeness results are
constructive. The former is constructed from its two dimensional analog [74]. The

latter is constructed from the nonconvex polyhedron used in [88].

We conclude this chapter with some open problems that in one way or the other

relate to the material discussed in this chapter.

e Given a set of line segments £ in R?, how can we efficiently detect if £ forms a

simple polyhedron ?

e How hard is it to decide if a collection of sticks (i.e., line segments subject to
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rigid motions) can be joined to form a triangulation (or tetrahedralization)?
e Given a collection of triangles (resp. tetrahedra) without adjacency information,

how hard is it to decide if they can be assembled into a triangulation (resp.

tetrahedralization) 7

e How hard is it to decide if a collection of sticks can be joined to form a convex

polyhedron 7

e Given a collection of polygons without adjacency information, how hard is it to

decide if they can be assembled into a convex polyhedron ?



Chapter 3

Minimal Tetrahedralizations of a

Class of Polyhedra

Given a simple polyhedron in three dimensional Euclidean space, different tetrahedral-
izations of that polyhedron may contain different numbers of tetrahedra. A minimal
tetrahedralization is a tetrahedralization with the minimum number of tetrahedra. In
Section 3.1, we survey related results in this area. In Section 3.2, we present several
properties of the graph of polyhedra. In Section 3.3, we prove various properties of the
structure of the minimal tetrahedralizations of BP-polyhedra and some special two-
level BP-polyhedra defined in Section 3.3.1. In Section 3.4, we present a quadratic
time algorithm for identifying and tetrahedralizing an augmented BP-polyhedra. Fi-

nally, we discuss issues arising from these results in Section 3.5.

69
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3.1 Introduction

A tetrahedralization of a polyhedron is a partition of that polyhedron into a number of
tetrahedra that meet only at shared vertices, edges, or triangles. All convex polyhedra
are tetrahedralizable, but not all nonconvex polyhedra can be tetrahedralized [71, 90].
If Steiner points are allowed, then all polyhedra are tetrahedralizable. Chazelle [24]
showed that a simple polyhedron of n vertices can always be partitioned into O(n?)
convex regions if Steiner points are allowed, and this bound is tight in the worst case.

Clearly, this is also a tight bound for tetrahedralization in the worst case.

For optimal tetrahedralization problems, very few results are known. Since dif-
ferent tetrahedralizations of the same polyhedron may contain different numbers of
tetrahedra, a natural optimization problem is how to tetrahedralize a polyhedron with
the minimum number of tetrahedra. A tetrahedralization with the minimum number
of tetrahedra is referred to as a minimal tetrahedralization. Recently, Below et al.
[12] proved that the minimum number of tetrahedra in the tetrahedralization of a
convex polyhedron can be decreased if Steiner points are allowed. Chin et al. [33, 32]
studied approximation algorithms for computing the minimal tetrahedralization of a
convex polyhedron. Richter-Gebert [84] proved that finding a minimal tetrahedral-
ization of the boundary of a 4-polytope is NP-complete. Furthermore, Below et al.
[13, 14] proved that finding a minimal tetrahedralization of a convex polyhedron is

NP-complete. Thus, it becomes significant to study which kind of polyhedra can be
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minimally tetrahedralized in polynomial time. It is obvious that stacked polyhedra
can be minimally tetrahedralized in O(n?) time [86, 39]. Wang and Yang [106] pre-
sented another kind of special polyhedra, the so-called k-vet polyhedra, and proved

that the k-vet polyhedra can be minimally tetrahedralized under some conditions.

In this chapter, we present some properties of the graph of polyhedra. Then we
identify a class of polyhedra called BP-polyhedra and show that this class of polyhedra

can be minimally tetrahedralized in O(n?) time.

3.2 Properties of the graph of polyhedra

3.2.1 Definitions and assumptions

Figure 3.1: A BP-net (left) and a bipyramid (right).

Let P be a simple polyhedron. As in Chapter 2, we assume throughout this
chapter that the vertices of P are in a general position such that no four vertices of P

are coplanar. Note that vertices not in a general position can be perturbed by various
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methods [48, 91]. This assumption implies that each facet of P is a triangle and that
no diagonals intersect. A minimal tetrahedralization of P is a tetrahedralization
that contains the minimum number of tetrahedra among all tetrahedralizations of
P. The graph of P, denoted by G(P), is the graph with vertex set V(P) and edge
set E(P). Throughout this chapter, we study properties of G(P) and the minimal

tetrahedralization of P.

Let vgvy...0,,, be a path on G(P). If m > 2 and there exist two vertices p,g € V(P)
such that all v; (0 < 7 < m) are adjacent to p and g, then the subgraph induced
from p,q,v; (0 < i < m) is called a bipyramid net (for short, BP-net), denoted by
B(pugvy...vpq) (see Figure 3.1(left)). Furthermore, if vy = vy, that is, if vov;...v,
is a cycle, then B(pvyv;...unq) is called a bipyramid (see Figure 3.1(right)). Vertices
p and q are called poles of the BP-net or bipyramid. The edge pq is the polar edge.
Obviously, a BP-net can be obtained from a bipyramid by splitting a path pv;q into

two paths pv;q and pulq, illustrated in Figure 3.2.

p p
Vi v
Vi o
q q

Figure 3.2: The relationship between a bipyramid (left) and a BP-net (right).
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3.2.2 Properties of G(P)

For each edge ab on the surface of P, there must exist two vertices ¢ and d such that
abc and abd are two facets on the surface of P. Let tri(ab) denote the set of two
vertices that determine the two triangles sharing ab. The set of all adjacent vertices

of a vertex v in G(P) is denoted by adj(v). The degree of v is denoted by deg(v).

Theorem 3.1 If |V(P)| > 4, then any two vertices of degree 3 are not adjacent in

G(P).

Proof Refer to Figure 3.3. Suppose ab € E(P), and deg(a) = deg(b) = 3. Let
tri{(ab) = {c,d}. Since deg(a) = 3, adj(a) = {b, ¢, d}; hence tri(ac) = {b,d}. Similarly,
tri(bc) = {a,d}, tri(ad) = {b,c}, tri(bd) = {a,c}, and tri(cd) = {a,b}. Thus, P =
abcd is a tetrahedron and |V(P)| = 4. This is a contradiction. Therefore any two

vertices of degree 3 are not adjacent if |[V(P)| > 4. O

Figure 3.3: The illustration for Theorem 3.1 and Corollary 3.1.

Corollary 3.1 Let a,b € V(P), and deg(a) = deg(b) = 3. P is a tetrahedron if and

only if ab € E(P) (see Figure 8.8).



74

Theorem 3.2 Let deg(a) = 3, a € V(P). If |V(P)| > 5, then there is at most one

vertez in adj(a) whose degree is less than 5.

Proof Refer to Figure 3.4(left). Let adj(a) = {ai, as,a3}. It follows from Theo-
rem 3.1 that deg(a;) > 3,7 = 1,2, 3. Suppose there exists one vertex a; whose degree
is 4, and adj(a;) = {a, az, a3, b}. Then asb, azb € E(P). Now consider the edge asa;.
If tri(agas) = {a,b}, then P = aajasash, and |V(P)| = 5, which contradicts the
condition of the theorem. Thus, tri(asas) = {a,c}. Therefore, deg(a;) > 5,7 = 2,3.

This completes the proof. O
a;
a A\ a, a;

a;

Figure 3.4: The illustration for Theorem 3.2 (left) and Corollary 3.2 (right).

Corollary 3.2 Let a,a1,ay € V(P), deg(a) = 3, and deg(a1) = deg(az) =4. P isa

hezahedron if and only if a; € adj(a), i = 1,2 (see Figure 3.4).

For the vertex of degree 4 in P, its adjacent vertices have the following property:

Theorem 3.3 Let deg(a) = 4,a € V(P). If |V(P)| > 6, then there are at most two

nonadjacent vertices in adj(a) whose degrees are less than 5.
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Proof Let adj(a) = {a1, a2, a3, a4} and ajaq, asa3, azas, asa; € E(P). Consider the
following two cases:

1. deg(a;) = 3 (Refer to Figure 3.5(left)). Then asay € E(P). Thus, deg(a;) >
4,7 =2,4. If deg(az) = 4 or deg(ayq) = 4, then P = aajazasaq, and |V(P)| = 5,
which contradicts the condition of the theorem. Thus, deg(a;) > 4,1 = 2,4.

. If deg(az) = 3, then P = aajasasay, and [V(P)| = 5, which contradicts the

condition of the theorem. The degree of a3 can be equal to 4.

7\
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aq a; c

Figure 3.5: Case 1 (left) and Case 2 (right) of the proof of Theorem 3.3. The left
figure is also a type I octahedron.

2. deg(a1) = 4 (Refer to Figure 3.5(right)). We know that a,as, a4 € adj(ay). If
as € adj(a1), then P = aa,a2a3a4, which contradicts the condition |V (P)| >
6. Thus as ¢ adj(ai). Let adj(a1) = {a,as,a4,b}, then azb,asb € E(P).
If deg(as) = 4, then adj(as) = {a,ay,as,b}, and tri(asb) = {a1,as}. Thus,
P = aaiazasaqd, and |V (P)| = 6 which contradicts the condition. Therefore,
deg(aq) > 4. Similarly, we can prove that deg(ay) > 4. The degree of a3 can be

equal to 4. This ends the proof.
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From the definition of a BP-net, we know that for a BP-net B(pugu...vpmq),

deg(v;) =4 (1 <4 <m —1). Now we consider the inverse case.

Theorem 3.4 Let ajas...ax be a path in G(P),k > 1. Ifdeg(a;) =4 (1 <i < k), then
the subgraph induced from a; (1 < i < k) and their adjacent vertices is a bipyramid

or a BP-net.
Proof Consider the following four cases of k.

1. k = 2 (see Figure 3.6 (left)). Let tri(aias) = {b, ¢}, adj(a1) = {az,b,c,d} and
adj(az) = {ai1,b,c,e}. Then bd,cd,be,ce € E(P). Thus, the graph induced

from {a1,a2,b,¢,d, e} is a BP-net if d # e or a bipyramid if d = e.

\V/

Figure 3.6: Case 1 (left) and Case 2(a) (right) of the proof of Theorem 3.4.

c

2. k=3. Consider the following two cases of tri(a;as).

(a) tri(ajas) = {b,c} (see Figure 3.6 (right)). Then adj(as) = {a1, as,b,c}.
Thus, asb,asc € E(P). Let d € adj(a1),e € adj(as), then bd, cd, be, ce €
E(P). Therefore, the graph induced from {a;, as, a3, b, c, d, e} is a BP-net

if d # e or a bipyramid if d = e.
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Figure 3.7: Case 2(b) of the proof of Theorem 3.4 (a type II octahedron).

(b)

tri(aias) = {as,b}. Let adj(az) = {ay,as,b,c}. Hence, aze,bc € E(P). If
c € adj(ay), then P = ayaqa3bc and deg(as) = 3, which is a contradiction.
Thus, adj(a;) = {ag, as,b,d}. Therefore azd,bd € E(P). Since adj(as) =
{a1,as,¢,d}, cd € E(P). Thus, the graph induced from {a;, as, as, b, ¢, d}

is a bipyramid (in particular, an octahedron), illustrated in Figure 3.7.

3. 4 <k < 6. Consider the following two cases of tri(ajas).

(a)

tri(aias) = {b, c} (refer to Figure 3.6 (right)). Then adj(az) = {a1, as, b, c}.
It follows that adj(a;) = {aj-1,ai41,b,¢}, 3 <7 < k —1. Let d € adj(a;),
e € adj(ax). Then bd,cd,be,ce € E(P). Thus the graph induced from

{ai,...,ax,b,¢,d, e} is a BP-net if d # e or a bipyramid if d = e.

tri(a;az) = {a;, b}, 3 < i < k. Using the same argument as Case 2(b), we
can prove that the graph induced from ay, ..., ar and their adjacent vertices
is an octahedron (bipyramid). For example, we can set ¢ = a4,d = a5, b =

ae in Figure 3.7.
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4. k > 6. In this case, the graph induced from a1, ..., ax and their adjacent vertices
cannot be an octahedron. Thus, we can prove that this graph is a BP-net or

bipyramid using the same argument as Case 2(a) and Case 3(a).

Theorems 3.3 and 3.4 imply the following three properties of octahedra.

Corollary 3.3 There are only two different types for the graphs of octahedra.

Call the two types of graphs of octahedra in Corollary 3.3 a type I octahedron

(illustrated in Figure 3.5(left)) and a type II octahedron (illustrated in Figure 3.7).

Corollary 3.4 Let a,a1,a2 € V(P), aja; € E(P), deg(a;) = 3, deg(a) = 4 and

deg(az) = 5. P is a type I octahedron if and only if a; € adj(a), i = 1, 2.

Corollary 3.5 Leta,ai,ay € V(P), a1az € E(P), and deg(a) = deg(a,) = deg(az) =

4. P is a type II octahedron if and only if a; € adj(a), i = 1, 2.
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3.3 Minimal tetrahedralizations of BP-polyhedra

3.3.1 Definitions

For a simple polyhedron, the tetrahedralization is a partition of the polyhedron into a
number of tetrahedra that meet only at shared faces. The tetrahedralization consists
of all the edges of the polyhedron and some of its diagonals. If P has a tetrahedral-
ization in which there are no diagonals, then P is called a stacked polyhedron [86, 39].
Obviously, if P is a stacked polyhedron, then P can be obtained from tetrahedra by

successive additions of tetrahedra on the triangle facets.

Let B(pugv:...v;,q) be a BP-net on the surface of P. B(pvyv;...vnq) is proper if it

satisfies the following two conditions:

1. pq is a diagonal or pq € E(P), and

2. each pqu;vjy1 (0 < j < m — 1) is a tetrahedron which is included in the poly-

hedron P.

If B(puov:...umq) is a proper BP-net, then the union of all the tetrahedra pqu;vj
(0 < j <m—1) is called a tetrahedralized BP-net (see Figure 3.8(a)). It is clear
that the tetrahedralized BP-net is a stacked polyhedron. For two proper BP-nets on
the surface of P, if the intersection of the interiors of their tetrahedralized BP-nets is

empty, then the two proper BP-nets are disjoint (see Figure 3.8(b)).
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Figure 3.8: (a) The tetrahedralized BP-net with tetrahedra pqujv;yy (0 < j < m-—1).
It can be considered as a stacked polyhedron. (b) The BP-nets B(ujvivov3v4u4) and
B(v1uiusugugvy) are disjoint. After trimming off the two BP-nets, we obtain the
tetrahedron w;viu4vy.

Let B(p(i)v(()i)vy)...vﬁ,’)q(i)) (1 < ¢ < k) be all the disjoint proper BP-nets on

the surface of P. After removing the vertices vy) (3 =1,..,m — 1,0 = 1,...,k)
and their adjacent edges and adding edges p®¢®, i = 1,...,k, we obtain a new
polyhedron P;. When there is no confusion, this process of removing vertices and
adding edges is called trimming off BP-nets. If P; is a stacked polyhedron (the empty
polyhedron is regarded as a stacked polyhedron), then P is called a BP-polyhedron
(see Figure 3.8(b)). Recursively, if P; is a BP-polyhedron, then P is called a two-level
BP-polyhedron, and Py is called the internal BP-polyhedron of P. Let P’ be a BP-
polyhedron (or two-level BP-polyhedron). If P is constructed from P’ by successive

additions of tetrahedra on the triangle facets, then P is called an augmented BP-

polyhedron (or two-level BP-polyhedron).

In the definition of a BP-polyhedron, since BP-nets B(p®v{v{? . .v®q®) (1 <

)

i < k) are disjoint and proper, the order in which the process of trimming off is done
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does not affect the resulting polyhedron P;.

Let D be the set of diagonals in a tetrahedralization of P. Then we say that D
creates a tetrahedralization of P. Let A4 be an area on the surface of P such that
the boundary of A is a simple polygon on the surface of P. Consider ab € D. If
a,b € V(A), then ab is called a type-I diagonal (or diag-I, for short) on A. We
also say that A associates with a diag-I of D. If a is an interior vertex of A, and
b ¢ V(A), then ab is called a type-II diagonal (or diag-II, for short) on 4. We
also say that A associates with a diag-II of D. As illustrated in Figure 3.9, the
polyhedron P consists of the solid edges and the dotted edge. P is constructed as
follows: Start with a bipyramid B(pugviv2v3v4v0q), attach a tetrahedron apugvy to the
facet pvyv, of the bipyramid so that edge ag is contained in the interior of P. Let D =
{vgua, voug, ave, aq} be the set of diagonals which creates the tetrahedralization with
tetrahedra {puovivs, QUov1 V2, PUV3VL, QUaV3 V4, APUGV2, AUV, APy, AQUV4, AGUYV4 }.
Consider the BP-net B(pugvv2v3v4q) as an area on the surface of P. This BP-net

associates with two diag-Is of D (i.e., vovq, vav4) and one diag-II of D (i.e., av,).

Let tetra(abc) denote the set of vertices that form the tetrahedra with abc in a
tetrahedralization of P. Obviously, |tetra(abc)| = 1 or 2. Each vertex in tetra(abc) is

called the tetra-vertez of abc.
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q
Figure 3.9: The solid edges and the dotted edge form the edge set of a polyhedron
P. The dashed edges are diagonals of P which create a tetrahedralization of P.

3.3.2 BP-polyhedra

In this section, we prove the structure of the minimal tetrahedralizations of BP-

polyhedra. The main result is the following:

Theorem 3.5 Let P be a BP-polyhedron, and p®™q¢® (1 < i < k) be all the polar
edges of the disjoint proper BP-nets on the surface of P. The set {p®Wq® |1 <i < k}

creates a unique minimal tetrahedralization of P.

Proof Let B(p(i)v((,i)v@...v,(};)iq(i)) (1 <7 < k) be all the disjoint proper BP-nets on

the surface of P. After removing the vertices v](-i) j=1,...m;—1,i=1,..,k) and
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their adjacent edges from P, and adding edges p¥q® (1 < i < k), we obtain a new
polyhedron ). From the definition of a BP-polyhedron we know that () is a stacked
polyhedron. Since each B (p(i)v((,i)vy)...vﬁ}?iq(i)) and its polar edge p"¢® also construct
a stacked polyhedron, the edge set {p(¢(® | 1 < i < k} creates a tetrahedralization
of P. {pWq® | 1 < i < k} may contain edges that belong to E(P) or edges that
are coincident. Without loss of generality, we can assume that all the edges p®q®
(1 <4 < k) are different diagonals. Now we show that {p@¢® | 1 < i < k} creates a

unique minimal tetrahedralization by contradiction.

Suppose that the diagonal set T' creates a minimal tetrahedralization of P such
that T # {pWg® |1 < i < k}and |T| < k. Let Tp = Tn{pWq® | 1 < i <k}
and Ty} = T'— Ty. Since the BP-net is not a tetrahedralization, there must exist some
edges of T' whose endpoints belong to the BP-net. Thus, we can classify the BP-nets
into two sets £y and (31, which are defined as follows: for each BP-net in fy, its polar
edge belongs to 7j, and for each BP-net in §i, its polar edge does not belong to 7.

First, we prove the following lemma:

Lemma 3.1 Each BP-net B(pupvy...v,q) tn B must associate with at least:
(1) two diag-Is of T, or
(2) one diag-I and one diag-1I of T, or

(3) three diag-Ils of T, or
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(4) two diag-IIs of T with a common endpoint.

Proof Each triangle facet on the surface of P has only one tetra-vertex and each
triangle facet in the interior of P has exactly two tetra-vertices. From the definition
of a BP-net, we know that m > 3. Consider the triangle facet vgpv;. Its tetra-vertex
cannot be g since B(pugvy...v,q) is in fy; that is, pg € T. We have the following three

Cases:

1. vy € tetra(vopv;) (see Figure 3.10(left)). Then woyv, € T, which is a diag-I.
Consider the interior facet vougap. v; is one tetra-vertex. The other tetra-vertex
may be v;(3 < i < m), or the vertex a which does not belong to B(pvgv...v:mq)-
Thus, vev; € T or vea € T. In total, the BP-net associates with at least two

diag-Is, or one diag-I and one diag-II.

Figure 3.10: Case 1 (left) and Case 2 (right) of the proof of Lemma 3.1.
2. v; € tetra(vopvy), 3 < ¢ < m (see Figure 3.10(right)). Then vyv;, viv; € T, which
are diag-Is. Thus, the BP-net associates with at least two diag-Is.

3. b € tetra(vopuy) and b € V(B(pvy...vmq)). Then v1b € T, which is a diag-II.

There are three cases for the tetra-vertex of vipv,.
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(a) v; € tetra(vipve),3 < @ < m. Then viv; € T, which is a diag-I (see
Figure 3.11(left)). Thus, the BP-net associates with at least one diag-I

and one diag-II.

Figure 3.11: Case 3(a) (left) and Case 3(c)ii (right) of the proof of Lemma 3.1.

(b) ¢ € tetra(vipve) and ¢ & V(B(pvg...vmq)). Then wvic,voc € T, which are
diag-IIs. Thus, the BP-net associates with at least three diag-IIs.

(c) b € tetra(vipve). Then vyb € T. Consider vopuz. If m > 3, the tetra-
vertex of vopuz may be v;(4 < i < m), or the vertex b, or the vertex
b & V(B(pvy...vmq)). Thus, vov; € T, or vzb € T, or vd/,v3b € T.
Therefore, B(pvg...v,q) associates with at least one diag-I and two diag-

IIs, or at least three diag-IIs. If m=3, we have the following two cases:

i. d € tetra(vepus) and d ¢ V(B(pvy...vnq)). Then ved € T, which is a
diag-II. Thus, B(pvy...v,q) associates with at least three diag-IIs.

ii. b € tetra(vopvs). Then vsb € T'. We can discuss the symmetric triangle
facets voqui, v1qus, v2qus using the above argument. Either we prove
the lemma, or we get the same case as above; that is, gb € T (see

Figure 3.11(right)). Thus, B(pvy...vnq) associates with two diag-IIs
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{v1b,v3b} with a common endpoint b. This completes the proof of

Lemma 3.1.

Note that each diag-I associates with only one BP-net and each diag-1I associates
with at most two BP-nets. Also note that each pair of diag-IIs with a common
endpoint cannot be used to tetrahedralize two BP-nets. Since T # {p@q¢® |1 <4 <
k}, we know that 77 # 0. It follows from Lemma 3.1 that the total number of edges
in 77 that associate with the BP-nets in f; is greater than |8;|. Since we assumed
that all the edges pWg®, 1 < i < k are different, the total number of edges in Tj is
|Bo|- Thus

IT| = |T1| + |To| > |B1] + |Bol = k.

This contradicts the assumption that [T| < k. Therefore, {p®q¢® | 1 <4 < k} creates

a unique minimal tetrahedralization of P. This ends the proof of Theorem 3.5. O

From an extension of Lemma 3.1, we can derive the following corollary on the

minimal tetrahedralizations of augmented BP-polyhedra.

Corollary 3.6 Let P be a simple polyhedron. After removing all the degree 8 vertices
in G(P) recursively, we obtain a new polyhedron P'. If P' is a BP-polyhedron, then
{pWg® |1 < < k} creates a unique minimal tetrahedralization of P, where p(q®

(1 < i < k) are the polar edges of all the disjoint proper BP-nets on the surface of
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P,

Proof Let B! (1 <1 < k) be all the disjoint proper BP-nets on the surface of P’.
Since G(P') is obtained by trimming off some stacked polyhedra from G(P), for each
B! there must exist B; on the surface of P such that B] is obtained by trimming off
stacked polyhedra from B; (here, an empty polyhedron is also considered as a stacked
polyhedron). It is obvious that Lemma 3.1 still holds for such B;. Therefore, we can

prove the corollary with an argument similar to that used in the proof of Theorem 3.5.

|

3.3.3 Two-level BP-polyhedra

Now we consider the minimal tetrahedralization of two-level BP-polyhedra. Let P be
a two-level BP-polyhedron, P; be the internal BP-polyhedron of P, and BP-net(P)
(resp. BP-net(P,)) denote the set of all BP-nets on the surface of P (resp. P;). From
the definition of a two-level BP-polyhedron, we know that the BP-nets in BP-net(P)
and BP-net(P;) are proper and disjoint, respectively. As P, is obtained by trimming
off BP-net(P) from P, each BP-net in BP-net(P;) has at least one edge that is the
polar edge of a BP-net in BP-net(P) and does not belong to E(P). In this section,
we only prove the structure of the minimal tetrahedralization for a special two-level
BP-polyhedron, that is, each BP-net in BP-net(P;) contains only one edge that is

the polar edge of a BP-net in BP-net(P). The following five lemmas give properties
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of the relationship between BP-nets and the minimal tetrahedralization.

Lemma 3.2 Let B = B(xzy21...2mYy) be a proper BP-net on the surface of P. By
deleting the interior edges of B and adding edge xy, we obtain a new proper BP-
net, denoted by By = B(pugvivyvsq), where v; = T,03 = Y, p = 20,q = zm (€€
Figure 8.12). Let T create a tetrahedralization of P, and B, be the area on the surface
of P which contains vy, vy, v2, vs, 2;(0 < i < m) and is bounded by pvy, pvs, quo, qus. If
zy,pq € T, then T must have at least:

(1) three diag-Is on By, or

(2) two diag-Is an.d one diag-II on By, or

(3) one diag-I and three diag-IIs on B, or

(4) five diag-IIs on By, or

(5) four diag-IIs on By with a common endpoint.

ZO(P) D

AN

Zn(q)

Figure 3.12: After trimming off BP-net B = B(z2021...2,,y) from B; (left), we obtain
a new BP-net B; = B(puyvivovsq) (right).

Proof We only prove the lemma for m = 3. It can be similarly proved for m > 3.
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Consider the facets zyvi21. vs,23 & tetra(zguizy) since vive, 2023 ¢ 1. Thus,
tetra(zpv121) may contain zs, or vy, or v, or the vertex ¢ which does not belong to

B,. Therefore, we have the following cases:

1. zy € tetra(zovyz;). Then zyz; € T, which is a diag-I (see Figure 3.13(left)).
Consider the interior facet zgv120. 2; € tetra(zovi122), and the other vertex in

tetra(zoui22) may be vg, or vs, or the vertex a which does not belong to V(B)).

z0(p) zo(D)

A B

Figure 3.13: Case 1 (left) and Case 1(a) (right) of the proof of Lemma 3.2.

(a) vp € tetra(zov12z). Then zovy € T, which is a diag-I (see Figure 3.13(right)).
Consider zyzyvg.
i. If vy or vz belongs to tetra(zgzavg), then vyve or vous € T, which is a
diag-1. In total, there are at least three diag-Is on B;.
ii. If @’ € tetra(z022v0) which does not belong to V(B;), then za' € T,
which is a diag-II. In total, there are at least two diag-Is and one
diag-1I on B;.
(b) v € tetra(zoui22). Then wvivs, 20v3 € T, which are diag-Is (see Fig-

ure 3.14(left)). Thus, there are at least three diag-Is on B;.
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z0(p) zo(p)

Al A

%(q) %(q)

Vo,

Figure 3.14: Case 1(b) (left) and Case 1(c) (right) of the proof of Lemma 3.2.

(c) a € tetra(zpvy22). Then vya,20a € T, which are diag-IIs (see Figure 3.14
(right)). Considering zp29v,, at least one diag-I or diag-II is incident on
Zp, OT 29, OT V3. In total, there are at least two diag-Is and two diag-IIs, or

one diag-I and three diag-IIs on B;.

2. vy € tetra(zovi21). Then zjvy € T, which is a diag-I (see Figure 3.15(left)).
Consider the interior facet zyvov1. 29 € tetra(zivovy), and the other vertex in
tetra(z1vov1) may be 2y, or 23, or v3, or the vertex b which does not belong to
V(By).

z0(p) z0(p)

FANIAW

Figure 3.15: Case 2 (left) and Case 2(a) (right) of the proof of Lemma, 3.2.

(a) 22 € tetra(zivovr). Then z2vy € T', which is a diag-I (see Figure 3.15(right)).

Consider z29vg.



91

i. If 2y, or 23, or vy, or vy belongs to tetra(z;zovp), then at least one
diag-I is incident on 27, or zs, or vg. In total, there are at least three
diag-Is on B.

ii. If ¥’ € tetra(z;129v5) which does not belong to V (B;), then 2,8, 25’ €
T, which are diag-IIs. In total, there are at least two diag-Is and two

diag-IIs on B;.

(b) z3 € tetra(zjvpvy). Then 2123 € T, which is a diag-I. Considering z;23vy,
at least one diag-I or one diag-II is incident on z, or z3, or vg. In total,

there are at least three diag-Is, or two diag-Is and one diag-II on Bj.

(c) w3 € tetra(zyvgv1). Then zvz, vous, vivy € T, which are diag-Is. In total,

there are at least four diag-Is on B;.

(d) b € tetra(zjvgvy). Then 20,110 € T, which are diag-IIs. Considering
Z122v9, at least one diag-I or diag-II is incident on z;, or 23, or ve. In total,
there are at least two diag-Is and two diag-IIs, or one diag-I and three

diag-IIs on Bj.

3. g € tetra(zoui21). Then 2yv;, viv3 € T, which are diag-Is (see Figure 3.16(left)).
Considering the interior facet ziv,v3, at least one diag-I or diag-II is incident
on zi, or vy, or vs. In total, there are at least three diag-Is, or two diag-Is and

one diag-II on B;.

4. ¢ € tetra(zui21) and ¢ € V(B;). Then zc,v;c € T, which are diag-IIs (see
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zo(p) zo(D)

4 4
W /‘% s /ﬁ‘/} w

%(q) z(q)
Figure 3.16: Case 3 (left) and Case 4 (right) of the proof of Lemma 3.2.
Figure 3.16(right)). Consider 2;v125. If 24 € tetra(z;v122), then the intersection
of the interiors of tetrahedra zgziv12o and zouvizic is not empty. Thus z; &

tetra(z1v122).

(a) z3 € tetra(zjvy22). Then 2123 € T, which is a diag-I. Considering 22509,
at least one diag-I or diag-II is incident on 2y, or 25, or vy. In total, there
are at least two diag-Is and two diag-1Is, or one diag-I and three diag-IIs
on Bj.

(b) v € tetra(zjviza). Then vyvs, 21vs, 29v3 € T, which are diag-Is. In total,
there are at least three diag-Is and two diag-IIs on B;.

(c) vy € tetra(z1v122). Then 21v4, 29v9 € T, which are diag-Is. In total, there

are at least two diag-Is and two diag-IIs on B;.

(d) ¢ € tetra(zjv122). Then vy, z1¢, ¢ € T, which are diag-IIs. In total,

there are at least five diag-IIs on B;.
(e) c € tetra(z1v122). Then zy¢ € T, which is a diag-II. Consider z; 2pvs.

i. 2p,23,Up or vs belongs to tetra(z;zovq). At least one diag-I is incident
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on zi, Or 2o, Or vy. In total, there are at least one diag-I and three
diag-IIs on B;.

ii. ¢” € tetra(z122v9) and ¢’ € V(By). Then 21", z22¢”, voc” € T. In total,
there are at least six diag-IIs on B;.

iii. ¢ € tetra(z;v222). Then voc € T. Consider the other triangle facets in
B, (except zv121, 210122, 210222). If there is at least one triangle facet
whose tetra-vertex is d # c, then B, associates with at least one diag-I
and four diag-IIs, or five diag-IIs; otherwise, if all the vertices in B,
are adjacent to c, then there are four diag-IIs on B, with a common

endpoint ¢. This completes the proof of Lemma 3.2.

Using a similar method to that in the above proof, we can prove the following

three lemmas. For their proofs, see Appendix B, C and D, respectively.

Lemma 3.3 Let B = B(x20%1...2mYy) be a proper BP-net on the surface of P. By
deleting the interior edges of B and adding edge xy, we obtain a new proper BP-
net, denoted by By = B(pvovivausq), where v = Z,U3 = Y, D = 20,9 = zm (Se€€
Figure 3.17). Let T create a tetrahedralization of P, and By be the area on the surface
of P which contains vy, vy, U2, vs, 2;(0 < i < m) and is bounded by pvg, pvs, quo, qus. If
zy,pq € T, then T must have at least:

(1) three diag-Is on Bsy, or
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(2) two diag-Is and one diag-II on By, or
(8) one diag-I and three diag-IIs on Ba, or
(4) five diag-IIs on By, or

(5) four diag-IIs on By with a common endpoint.

Figure 3.17: After trimming off BP-net B = B(z2921...zmYy) from Bj (left), we obtain
a new BP-net By = B(pugv1vevsq) (right).
Lemma 3.4 Let B = B(x2p21...2nYy) be a proper BP-net on the surface of P. By
deleting the interior edges of B and adding edge xy, we obtain a new proper BP-
net, denoted by By = B(puovivausq), where p = z,v2 = Yy, v1 = 20,V3 = 2y (See
Figure 8.18). Let T create a tetrahedralization of P, and Bj be the area on the surface
of P which contains vy, v, v2,vs, 2,(0 < i < m) and is bounded by pvy, pvs, quo, qus. If
xy,pq € T, then T must have at least:

(1) three diag-Is on Bs, or

(2) two diag-Is and one diag-II on B, or

(8) one diag-I and three diag-IIs on Bj, or

(4) five diag-IIs on Bs, or

(5) four diag-IIs on Bz with a common endpoint.
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p(x) p(x)

&

Figure 3.18: After trimming off BP-net B = B(z2021...2mYy) from Bj; (left), we obtain
a new BP-net Bs = B(puyv1v2v3q) (right).

Lemma 3.5 Let B = B(x2y21...2mY) be a proper BP-net on the surface of P. By
deleting the interior edges of B and adding edge xy, we obtain a new proper BP-net,
denoted by By = B(pugvivevsq), where p = x,v3 =y, vp = 2o (see Figure 8.19). Let T
create a tetrahedralization of P, and By be the area on the surface of P which contains
Vg, U1, U2, V3, 2;(0 < i < m) and is bounded by pvg, pZm, qUo, qQU3, 2mvs. If Ty, pqg & T,
then T' must have at least:

(1) three diag-Is on By, or

(2) two diag-Is and one diag-II on By, or

(3) one diag-I and three diag-IIs on By, or

(4) five diag-IIs on By, or

(5) four diag-IIs on By with a common endpoint.

From Lemmas 3.2-3.5, we can derive the following property:

Lemma 3.6 Let B = B(x2921...2mYy) be a proper BP-net on the surface of P. By

deleting the interior edges of B and adding edge xy, we obtain a new proper BP-net,
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Figure 3.19: After trimming off BP-net B = B(zz21...2mYy) from By (left), we obtain
a new BP-net B, = B(puguivvsq) (right).

denoted by B = B(pvovy...v1q), where xy is an edge of B. Let T create a tetrahedral-
ization of P, and B be the graph induced from the vertices of B and B. If zy,pq & T,
then T' must have at least:

(1) three diag-Is on B, or

(2) two diag-Is and one diag-II on B, or

(8) one diag-I and three diag-IIs on B, or

(4) five diag-IIs on B, or

(5) four diag-IIs on B with a common endpoint.

Proof From the structure of By, By, Bs, and B, in Lemmas 3.2-3.5, we know that
B must contain at least one of B;,i = 1,2, 3,4 in its structure. Thus, Lemma 3.6 is

implied by Lemmas 3.2-3.5. O

Now we prove the structure of the minimal tetrahedralization for the special two-

level BP-polyhedron mentioned prior to Lemma 3.2.

Theorem 3.6 Let P be a two-level BP-polyhedron, and Py be the internal BP-polyhedron
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of P. Let PE(P) be the set of all the polar edges of the disjoint proper BP-nets on
the surface of P, and PE(P1) be the set of all the polar edges of the disjoint proper
BP-nets on the surface of Py. If each BP-net of G(Py) contains only one edge of

PE(P), then PE(P)U PE(P,) creates a unique minimal tetrahedralization of P.

Proof Let B; = B(p(j)v(()j)vgj)...vl(jj)q(j)) (1 < j < k;) be the disjoint proper BP-nets
on the surface of P;. Notice that each Bj contains a polar edge of a BP-net on the
surface of P. Let B; = B(x(i)z(()i)zgi)...z%)iy(i)) (1 < ¢ < kg) be the disjoint proper
BP-nets on the surface of P such that each Bj (1 < j < k1) contains the polar edge
of B; with the same subscripts. Note that after deleting the interior edges of B,
(1 < i < ky) and adding polar edges 2y, we obtain the internal BP-polyhedron
P,. From the above notation, we know that PE(P) = {z@Wy® | 1 < i < ko}
and PE(Py) = {pWqW) | 1 < j < ki}. Tt is obvious that PE(P) U PE(P;) is a
tetrahedralization of P. Without loss of generality, we can assume that all the edges

in PE(P) and PE(P,) are different diagonals. Now we prove, by contradiction, that

PE(P)U PE(P;) creates a unique minimal tetrahedralization.

Suppose that the diagonal set T creates a minimal tetrahedralization of P such
that T # PE(P)U PE(Py) and |T] < k; + ko. Let B; (1 < j < k;) be the graph

induced from the vertices of B; and E’j. Define
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Boo={B;|1<j< by, 2Dy, plg) e T3,
Bu=1{B;|1<j< by, 2Dy plidg@) & T,

Bor = {B; | 1 <j < ki, only one of 29y and p¢\¥ belongs to T'}.

We now discuss the three sets 81, 851 and B1; respectively. Note that Lemmas 3.1

and 3.6 hold for any diagonal set that creates a tetrahedralization of P.

1. For each B; € fy, since 29y ¢ T, from Lemma 3.1 we know that the BP-net
must associate with at least two diag-Is of T', or one diag-I and one diag-II of

T, or three diag-IIs of T', or two diag-IIs of T" with a common endpoint.

2. For each B; € By, if zyl) ¢ T, then B; (contained in B;) must associate with
the same number of diagonals as Case 1. If 2y € T and pWql) & T, then
B; U {2y} is a tetrahedralized BP-net, and can be considered as a stacked
polyhedron attached on the surface of Bj. It is obvious that Lemma 3.1 still
holds for B; U B; U {zWyW}. Thus, in total, B, must associate with at least
three diag-Is of T, or two diag-Is and one diag-II of T, or one diag-I and three

diag-IIs of T', or one diag-I and two diag-IIs of T" with a common endpoint.

3. For each Fj € fu1, it follows from Lemma 3.6 that B; must associate with at

least three diag-Is of T, or two diag-Is and one diag-II of T, or one diag-I and
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three diag-IIs of T', or five diag-IIs of T, or four diag-IIs of T' with a common

endpoint.

Since each BP-net is not a tetrahedralization, there must exist some edges of T
whose endpoints belong to the BP-net. Note that each diag-I associates with only one
BP-net; each diag-1I associates with at most two BP-nets. Also note that each pair of
diag-IIs with a common endpoint cannot be used to tetrahedralize two BP-nets; and
each quadruple of diag-ITs with a common endpoint cannot be used to tetrahedralize

two elements in S1;. It follows from the above cases that

IT| > 5ol + |51] + 2(18o0| + |Bor| + 1511]) = ko — k1 + 2k = k1 + k.

This contradicts the assumption that |T| < k; + k;. Therefore, PE(P) U PE(P;)

creates a unique minimal tetrahedralization of P. O

Using a similar argument to that in the proof of Corollary 3.6, we can prove
the following corollary on minimal tetrahedralizations of augmented two-level BP-

polyhedra.

Corollary 3.7 Let P be a simple polyhedron. By removing all the degree 8 vertices in
G(P) recursively, we obtain a new polyhedron P. If P is the two-level BP-polyhedron
described in Theorem 3.6, then PE(P) U PE(P,) creates a unique minimal tetrahe-

dralization of P.
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3.4 Algorithm

In this section, we present an algorithm for computing the minimal tetrahedralization
of augmented BP-polyhedra. This algorithm is mainly based on Corollary 3.6. The
input of the algorithm is a simple polyhedron P. There are two kinds of output: if
P is an augmented BP-polyhedron, then the algorithm generates the set of all the
tetrahedra in the minimal tetrahedralization of P; otherwise, the algorithm reports
that P is not an augmented BP-polyhedron. Corollary 3.6 can be rewritten as an

algorithm as follows:

1. Trim off all the stacked polyhedra from P and produce a new polyhedron P;.
2. Trim off all the BP-nets from P; and produce a new polyhedron P,.
3. Trim off all the stacked polyhedra from P, and produce a new polyhedron Ps.

4. If P; is empty, then the minimal tetrahedralization of P consists of all the tetra-

hedra trimmed off from P; otherwise, P is not an augmented BP-polyhedron.

In order to design an efficient algorithm, we mix the above steps; that is, trim
off the stacked tetrahedron or BP-net when it is found as in the following algorithm.
Step 1 of this algorithm does the necessary preprocessing. The main body of this
algorithm (Step 2) is an iterative procedure that handles each vertex of P to find a

tetrahedron or BP-net. Here is an outline of the algorithm.
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Algorithm MINTETRA.

Input: A simple polyhedron P.

Output: If P is not an augmented BP-polyhedron, then return (NO). Otherwise,
return (YES, T'), where T is the tetrahedron set of the unique minimal
tetrahedralization of P.

1. Let adj(u) denote the adjacency list of the vertex u. V < V(P) and U <+ 0.

2. for each vertex u € V, do

(* Check the degree of u. *)
2.1.  if deg(u) = 3 (suppose adj(u) = {u1, uz, us}), then
2.1(a). if there exists one u;(7 = 1,2, 3) of degree 3, then
T + {uujugus}. return (YES, T) and stop (Theorem 3.1).
endif
2.1(b). if deg(u;) > 3,i=1,2,3, then
T + {uuuguz}t, V <V — {u}.
Update the adjacency list of u;,7 = 1,2, 3.
for:=1,2,3,
if u; € U and deg(u;) < 4, then
U+ U-—{u}, V+ {u}
endif
endfor
endif
endif

2.2.  if deg(u) > 4, then
U+ {u}, V< V—-{u}
if V=0, then

return (NO) and stop.
endif
endif
2.3.  if deg(u) = 4 (suppose adj(u) = {uy, up, us, us}), then
2.3(a). if there exists at least one u; of degree 4 (suppose deg(u;) = 4), then
there exists a BP-net B(pu'uuiu”q) (Theorem 3.4).
if pq is a diagonal, then
ViV —{u,w}, T + {pgu'u, pquu,, pquiu"}.
if VuU| =0, then
return (YES, T') and stop.
endif
if VUU|#0, then
Update the adjacency list of p, ¢, u', u” (Note that pq is a new
edge). Move p,q,u or v” from U to V if it is in U and its degree
is less than 5.
endif
endif
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endif
2.3(b). if there exists one u; of degree 3 (suppose deg(u;) = 3), then
Change u into u,, go to step 2.1.
endif
2.3(c). if deg(u;) > 4,i=1,2,3,4, then
U+ {U, U1, Uy, U3, ’LL4}, VeV-—- {U, U, Uz, U3, ’11,4}.

if V =0, then
return (NO) and stop.
endif
endif
endif
endfor

In Algorithm MINTETRA, we keep track of three lists. For each vertex u of P, an
adjacency list adj(u) contains all the adjacent vertices of u in the current polyhedron.
The current polyhedron means the polyhedron in the current iteration after trimming
off some tetrahedra from P (these tetrahedra are stored in T'). U is a list of vertices
each of whose degree has been checked in Step 2 and is greater than 4 in the current
polyhedron except those vertices entering U in Step 2.3(c). V is a list of candidate

vertices in the current polyhedron. There are two cases for a vertex u staying in V:

1. The degree of u has not been checked in Step 2.

2. When the degree of u is checked the first time, its degree is greater than 4.
Thus, u is moved from V to U in Step 2.2. However, after trimming off the
tetrahedra in Steps 2.1(b) and 2.3(a), the degrees of some vertices in U may
decrease. If the new degree is less than 5, then the algorithm moves the vertex

from U to V.
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In order to prove the correctness of Algorithm MINTETRA, let us first assume that
the input P is an augmented BP-polyhedron. As mentioned above, the main body
(Step 2) of the algorithm performs the vertex trimming described by Corollary 3.6.
In Step 2, the degree of each vertex u € V is checked. If a stacked tetrahedron is
found (i.e., deg(u) = 3), then trim it off and add it to T in Step 2.1. If a BP-net
is found (i.e., deg(u) = deg(u;) = 4), then trim it off and add the tetrahedralized
BP-net to T in Step 2.3(a). Let B(pvov:...umg) be a proper BP-net in P. If we
only trim off a part of the BP-net, say, B(pv;viy1vs420i13q9), 0 < i < m — 3, then
the remaining part of the BP-net, that is, B(pvy...v;q) and B(pvi;3...Ungq), consists
of two stacked polyhedra in the current polyhedron (because pg has been added).
All tetrahedra in these stacked polyhedra will be trimmed off one at a time in the
subsequent iterations. Thus, Step 2.3(a) actually trims off a BP-net and produces at
most two stacked tetrahedra in the current polyhedron; this does not influence the
other BP-nets because all the BP-nets are proper and disjoint. From Corollary 3.6
we know that the minimal tetrahedralization of an augmented BP-polyhedron can be
considered as a set of stacked polyhedra and tetrahedralized BP-nets. Therefore, the
output 7" of the algorithm is the tetrahedron set of the minimal tetrahedralization
of P. If the algorithm returns (YES, T), it is easy to see that P is an augmented

BP-polyhedron since we add only the polar edges in the algorithm.

From the above discussion, we have proven that Algorithm MINTETRA is correct.

Theorem 3.7 If Algorithm MINTETRA is run on a simple polyhedron P, then the
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algorithm returns (YES, T') if and only if P is an augmented BP-polyhedron.

For the complexity of the algorithm, we have the following theorem.

Theorem 3.8 If Algorithm MINTETRA is run on a simple polyhedron P, then its

running time is O(n?) and its space is O(n).

Proof Since G(P) is a planar graph, we have |E(P)| = O(n). Thus, Step 1 requires
O(n) time and O(n) space for the adjacency list. Step 2 is an iterative step. Step
2.1(a) requires constant time. Step 2.1(b) requires O(n) time and O(n) space for
updating the adjacency list and checking if u; € U. Step 2.2 requires constant time.
Step 2.3(a) requires O(n) time and O(n) space for updating the adjacency list and
checking if pq is a diagonal and if u; € U. Steps 2.3(b) and 2.3(c) require constant

time.

In Step 2, each vertex u € V(P) is checked at most two times. If deg(u) = 3,
it is checked only one time because it is trimmed off in Step 2.1. If deg(u) > 4, it
is checked at most two times, the first time when it moves from V to U in Steps
2.2 and 2.3(c), the second time when it moves from U to V in Steps 2.1(b) and
2.3(a). So the for loop iterates O(n) times. Thus, the total running time in Step
2 is O(n?). Therefore, computing the minimal tetrahedralization of an augmented

BP-polyhedron takes O(n?) time and O(n) space. O
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By definition, a BP-polyhedron must satisfy two conditions, one regarding the BP-

net (i.e., the BP-nets are proper and disjoint) and the other regarding the stacked

polyhedron (i.e., the new polyhedron generated is a stacked polyhedron). For a poly-

hedron P containing BP-nets on its surface, if either of the two conditions cannot be

satisfied, then the polar edges of these BP-nets may not create any tetrahedralization

of P. Two counterexamples are presented below.

The first counterexample is Schonhardt’s polyhedron depicted in Figure 2.11(a).

The construction of this polyhedron was described in Section 2.6. Schonhardt’s

p

Vo

V2

Figure 3.20: Schonhardt’s polyhedron is a BP-net.

polyhedron is also a BP-net, specifically a bipyramid. As shown in Figure 3.20,

B(pugv1v2vsq) is a BP-net. However, because the polar edge pq lies outside of the

polyhedron, it is not a proper BP-net. Thus, we cannot obtain the result of Theo-
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rem 3.5. In fact, it is well known that Schonhardt’s polyhedron cannot be tetrahe-

dralized [90].

The second counterexample is a convex polyhedron constructed from Schonhardt’s
polyhedron. Let pipapsqigeqs be a Schonhardt’s polyhedron, where pipops is the
top triangle, ¢;¢oq3 is the bottom triangle, and pi1qs,p2¢3,p3q: are three reflex edges.
Let B(p1g10102p2G2), B(p2g2b1bap3gs) and B(psgscicapiqr) be disjoint proper BP-nets
added to the polyhedron such that p;qs,p2q3,p3q1 are the polar edges of the BP-nets
respectively (Figure 3.21). We can arrange a;,b;,¢;, ¢ = 1,2 such that the constructed

polyhedron P is convex.
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Figure 3.21: Schonhardt’s polyhedron with three BP-nets.

After removing the vertices a;, b;, ¢; and their adjacent edges from P and adding
the polar edges p1¢2, p2gs, P3q1, we get Schonhardt’s polyhedron which is not a stacked
polyhedron. Thus, we cannot guarantee that {pige,p293,p3¢:} creates a minimal

tetrahedralization of P.
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In Section 3.3.1, we defined the two-level BP-polyhedron. Similarly, we can define
the h-level BP-polyhedron recursively. Let B (p(i)véi)vgi)...v%)iq(i)) 1 <4< kbeall
the disjoint proper BP-nets on the surface of P. After removing the vertices vy)
(j =1,...,m; —1, 7 =1,..,k) and their adjacent edges from P, and adding edges
p®¢® (1 < i < k), we obtain a new polyhedron Py_;. If Py_y is a (h — 1)-level
BP-polyhedron, then P is called an h-level BP-polyhedron, and Pp_; is called the
internal BP-polyhedron of P, where h is a positive integer. The stacked polyhedron
can be defined as the 0-level BP-polyhedron. Obviously, the 1-level BP-polyhedron is
a BP-polyhedron as defined in Section 3.3.1. Let P’ be an h-level BP-polyhedron. If

P is constructed from P’ by successive additions of tetrahedra on the triangle facets,

then P is called an augmented h-level BP-polyhedron.

In Theorems 3.5 and 3.6, we proved that all polar edges create a unique minimal
tetrahedralization of the BP-polyhedron and the special two-level BP-polyhedron

respectively. Motivated by these results, we make the following conjecture:

Conjecture. If P is an augmented h-level BP-polyhedron (h > 2), then all polar
edges of the BP-nets on the surface of P and P; (1 < i < h — 1) create a unique

minimal tetrahedralization of P, where P; is the internal BP-polyhedron of P;,;.

By applying a similar method to that used in the proof of Theorems 3.5 and 3.6,

we can prove most cases of this conjecture; however, the proofs involved are long. It
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is our hope that a simpler proof exists; however, we suspect that such a proof will

probably be based on a very different strategy.



Chapter 4

A Linear Size Tetrahedralization of

Two Nested Convex Polyhedra

In this chapter, we present a method to tetrahedralize the region between two nested
convex polyhedra without introducing Steiner points. In Section 4.1, we survey the
literature regarding the tetrahedralizations of two nested convex polyhedra and give
the basic idea of our algorithm. In Section 4.2, we give some notations and definitions.
In Section 4.3, we describe our tetrahedralization algorithm. In Section 4.4, we prove
that the number of tetrahedra produced by our algorithm is at most 9n — 6. Finally,

we conclude our work in Section 4.5.

109
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4.1 Introduction

Tetrahedralizations are significantly more complicated than triangulations. While a
simple polygon with n vertices is always triangulatable and each triangulation con-
tains exactly n — 2 triangles, a simple polyhedron with n vertices may not be tetra-
hedralizable [90] and the number of tetrahedra in its tetrahedralizations may vary
from O(n) to O(n?) even if it is tetrahedralizable [24]. Therefore, the following two
problems need to be investigated: to identify classes of polyhedra which are tetrahe-
dralizable and to find tetrahedralization methods for these polyhedra which produce

a linear or even an optimal number of tetrahedra.

So far, very few non-trivial classes of simple polyhedra are known to be tetrahe-
dralizable without introducing Steiner points. Goodman and Pach [54] showed the
following two kinds of polyhedra are tetrahedralizable: the polyhedra induced by the
region between two side-by-side convex polyhedra, and the polyhedra induced by the
region between two nested convex polyhedra. Let n be the number of vertices in the
two polyhedra. In the side-by-side case, Bern [16] proved that Q(n?) tetrahedra are
necessary to tetrahedralize the region between two side-by-side convex polyhedra. In
the nested case, Bern [16] presented a method to tetrahedralize the region between
two nested convex polyhedra with O(nlogn) tetrahedra and no Steiner points in
O(nlogn) time. He proposed an open question as to whether the region between two

nested convex polyhedra can be tetrahedralized with a linear number of tetrahedra
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without using Steiner points. Chazelle and Shouraboura [27] presented an algorithm
which produces O(n) tetrahedra by introducing Steiner points, so they only partially

solved Bern’s problem.

In this chapter, we answer Bern’s question in the affirmative by presenting an
algorithm to tetrahedralize the region between two nested convex polyhedra with a
linear number of tetrahedra without introducing any Steiner points. The basic idea
comes from the following analysis. The “cap removal” method invented by Chazelle
and Palios [26] has been pushed to its limit in the two nested convex polyhedra case
by Bern [16]. Let P and @ be two convex polyhedra such that @ is contained in P.
A “cap” with tip v of P is the closed region between P and the convex hull of all
vertices of P and @) except v. After a cap is removed, some vertices Sg C V(Q) may
lie on the surface of CH((V(P) — {v}) UV(Q)). Thus the subsequent cap removal
process will avoid choosing a tip vertex belonging to Sg. For simplicity, Bern uses
P — @ to denote the region between P and () as well as the remainder after the
subsequent removals of the caps. His method is to remove one cap at a time with the
tip vertices in V(P) until P — @ contains only the vertices of Q). Note that a cap can
be decomposed into k tetrahedra if it contains & triangle facets in its bottom. Thus,
the number of tetrahedra produced by this method depends on the number of vertices
in the caps. Bern’s method may result in O(nlogn) tetrahedra by removing the caps
whose tips have the smallest degree among the remaining vertices of V(P) on the

surface of P — (), where n is the number of vertices in P and (). The reason why
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the above bound is difficult to improve is as follows. In the worst case, the vertices
with small degrees on the surface of P — @ may lie on the surface of ). This forces
the method to choose the vertices of P with large degrees. Bern showed that if the
number of P — @ vertices is 7, then the degree of the minimum-degree vertex of P
can be #. Overall the bound will be n(2 + 6H,), where H, is the n-th Harmonic

number.

Our observation is that Bern’s method depends on the degree of the tip vertices of
the caps. We will avoid this by removing a “big cap” (called bigcap) which contains
some vertices of P and @ visible from v. Our method is to remove one bigcap at a
time with the tip vertices in V(P) until P — () contains only the vertices of (). Notice
that the number of tetrahedra is bounded by the summation of the number of interior
edges and the number of vertices in P and (). We can prove that the total number of
interior edges is at most 8n. Thus, our bigcap-removal method will produce at most

9n — 6 tetrahedra for tetrahedralizing P — Q).

4.2 Preliminaries

Let P and ¢} be two convex polyhedra. We say that @ is nested in P if Q) is entirely
contained in P, where they may share some common facets, edges, or vertices. Let
P — () denote the closed region between P and (2, and n denote the number of vertices

in P— Q. A vertex v € V(P)UV(Q) is visible to (or can see) a point v in P — Q if
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Figure 4.1: A cap with tip v (left) and a bigcap with tip v (right), where the shaded
area is on the surface of Q.

and only if the interior of the line segment uv lies inside P — @) and does not intersect
Q. We define that u is visible to itself. Similarly, a vertex v € V(P)UV(Q) is visible
to (or can see) a facet whose vertices belong to V(P) UV (Q) if and only if u can see

every point in the facet including its boundary.

For a vertex v € V(P), a cap with tip v is the closed region between P and
CH((V(P) — {v}) UV(Q)) (see Figure 4.1(left)). A bigcap with tip v is the closed

region between P and CH((V(P) — U,) UV (Q)), where

Uy ={u|u € V(P),u and its incident facets are visible to v}

(see Figure 4.1(right)). Note that a bigcap with tip v is “bigger” than a cap with tip v.
As our algorithm removes one cap or constrained bigcap at a time with the tip vertices
in V(P) until all vertices of P are removed, let P always denote the current convex

hull of the remaining vertices of P and ) during the processing of the algorithm.
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Now let us consider a constrained bigcap that will be used in our algorithm. Let S

be the union of some chains on the surface of P such that V(S) C V(P). Define

US = {u|ueV(P)-V(S),u and its incident facets are visible to v}

If the closed region between P and CH((V(P) — U?) U V(Q)) is a simple polyhe-
dron, then it is called an S-bigcap of v, denoted as S-bigcap(v). S-bigcap(v) can

be considered as a bigcap restricted by S (see Figure 4.2). Note that a bigcap with

Figure 4.2: This figure illustrates an S-bigcap with tip ug, where S = usus...u7 and
Us = {u1,us,v1,v2,v3}. The vertices g1, ¢o, g3, ¢4 belong to V(Q), and all the other
vertices belong to V(P). After S-bigcap(ug) is removed, the dashed edges lie on
bottom(ug), where the shaded area is on the surface of Q. The solid edges inside
polygon q1ury1Y2ysysus form dome(uy).
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tip v is the S-bigcap of v with V(S) = 0. The intersection of S-bigcap(v) and
CH((V(P)-U2)uV(Q)) is called the bottom of S-bigcap(v), denoted as bottom(v),
and the intersection of S-bigcap(v) and P is called the dome of S-bigcap(v), denoted

as dome(v).

Lemma 4.1 S-bigcap(v) is a star-shaped polyhedron with v in its kernel.

Proof Since S-bigcap(v) is a simple polyhedron, any interior vertex of dome(v) does
not lie on bottom(v), and any interior vertex of bottom(v) does not lie on dome(v).
From the definition of U2, we know that v can see each facet on dome(v). Suppose
that there exists a point z on bottom(v) which is not visible to v. Since bottom(v)
lies on the surface of the convex polyhedron CH((V(P) — UZ) U V(Q)), the portion
of bottom(v) which prevents v from seeing x also blocks v from seeing some points on
the boundary of bottom(v). It follows that v cannot see some points on the boundary
of dome(v). This is a contradiction. Thus, v can see every points on bottom(v).

Therefore, S-bigcap(v) is a star-shaped polyhedron with v in its kernel. a

From Lemma 4.1, we know that S-bigcap(v) is a star-shaped polyhedron consisting
of a convex surface (i.e., dome(v)) and a concave surface (i.e., bottom(v)) (refer to
Figures 4.1 and 4.2). Figure 4.3 illustrates how an S-bigcap with tip vertex v is

removed from convex polyhedron P.

The union of all facets on the surface of CH((V(P) — US) U V(Q)) which is

visible to v if S-bigcap(v) has not been removed is called the view of v, denoted as



116

Figure 4.3: An S-bigcap with tip v is removed. The dashed edges lie on the surface
of @ and the shaded area lies on the surface of P and P.

Figure 4.4: The tetrahedron vabc is S-bigcap(v). The triangle face abc is bottom(v).
The surface consisting of triangle facets abc, abd, bce and caf is the view(v). The
shaded region is a portion of Q).

view(v). bottom(v) may be a subset of view(v), as illustrated in Figure 4.4. Let
{v; | 1 < i < m} be a set of vertices of P. If we remove S(v;)-bigcap(v;) (1 <4 < m)
in different vertex orders, the resulting polyhedron P may be different. For a given
vertex order, say, i = 1,2, ..., m, after all S(v;)-bigcap(v;) are removed, the intersection
of the surface of the resulting P and U, view(v;) is called the view of v; in the removal

order i = 1,2, ...,m, and is denoted by view(vy, v, ..., Up)-
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Lemma 4.2 view(v) does not contain any vertices of V(P) — V(S) in its interior.

Proof Consider an arbitrary S-bigcap(v). Suppose that view(v) contains a vertex p €
V(P)—V(S) in its interior. Then p ¢ V(S). Since P and CH((V(P) - U;)UV(Q))
are convex, p and its incident facets are visible to v. It follows that p € US. Thus, p

cannot lie on the surface of CH((V(P)—US)UV(Q)). This contradicts the definition

of view(v). O

From this lemma, we can derive the following result.

Corollary 4.1 view(vy,va, ..., V) does not contain any vertices of V(P)—UZ, V(S(v;))

in its interior.

4.3 Algorithm

In this section, we describe an algorithm to tetrahedralize P — () into a linear number
of tetrahedra. The idea of our algorithm is as follows. First we remove caps with
tip vertices of small degree until some vertices of () appear on the current surface of
P. We find the boundary vertices of the portion of 2 which appear on the surface
of P, denoted as Q,. We also find a set of polygons on the surface of P, denoted
as P,, such that the polygons of P, surround @, and contain a minimum number
of edges. Note that some polygons in P, may collapse to a chain or even a vertex.

Let inew be the boundary of the union of all facets on the surface of P which is
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visible to a vertex of @,. In order to extend the portion of ) which appears on the
current surface, we remove some S-bigcap(v;) (v; € V(P,)) in the order ¢ = 1,2,...,m
such that the vertices of P, are removed and the vertices of QXieW are removed or
on the boundary of view(vy, vy, ...,v,,) (this boundary is denoted as P;). Update @,
and P,. If Q;/iew is removed, then repeat the above process to extend the portion
of Q which appears on the surface of P. If some vertices of Q;/iew exist on P, and
are not adjacent to any vertex of V(Q,), we remove all these vertices by removing
some S-bigcaps. Then QY®W will be removed after we remove the S-bigcaps with
tip vertices in the updated P,. We now find the new Q;/iew and repeat the above
process until P = Q. From Lemma 4.1, we can tetrahedralize S-bigcap(v) by adding
edges between v and each other vertex in S-bigcap(v). It is easy to see that after an
S-bigcap is removed, the remainder P — @ is still a region between two nested convex

polyhedra.

Algorithm BiGcAp-REMOVE

1. Remove the caps with the tip vertices of degree less than 6 until a portion
of ) appears on the current surface of P when we remove the cap with tip
p € V(P). Let P, be a set of polygons which only contain the boundary

polygon of bottom(p) at this step. Compute

Q. ={q] g€ V(Q), there exists a vertex v € V(P) such that vg € E(P)}.
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2. Compute

VP ={v| veV(P,) and there exists at least one edge q1¢2 € E(Q)

such that vg;¢, is a facet on the surface of P}.

The vertices in VP partition the polygons of P, into a set of chains C, (see

Figure 4.5). Let S,(v), v € V(P,), be the union of the chains in C, except the

chain containing v.

Figure 4.5: The outer boundary is a polygon in P, and the shaded area is a portion of
Q. VI = {v1,v4,v7,v19} partitions the polygon into four chains: v,vov3vs, V4VsV6v7,
V7UgVgV19 and V1gU11V12V13V141-

3. Let Qgiew be the boundary of the union of all facets on the surface of P which

is visible to a vertex of Q),.

(a) Find the minimum number of vertices v1,va, ..., U/, Upr 41, e, Um € V (Py)

such that vi,..., vy € V(P) — V.E, vy, .., vm € VF and after remov-
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ing S,(v;)-bigcap(v;) in the order ¢ = 1,2,...,m, the vertices of P, are
removed and the vertices of QV1€W are removed or on the boundary of
view(vy, Vg, ..., Uy, ). If there exist more than one optimal solutions, we
break ties by selecting the solution with the minimum number of edges
added (refer to Remark 1). For each i = 1,2, ..., m, after S,(v;)-bigcap(v;)
is removed, update chains in C, which contain v; such that each edge in

the new chain forms a triangle with a vertex of V(Q).

(b) Remove S,(v;)-bigcap(v;) in the order ¢ = 1,2,...,m. The boundary of
view(vq, Vg, ..., Up,) is denoted as Fj.

(c) Foreach S,(v;)-bigcap(v;) (¢ = 1,2, ...,m), if there exist facets in bottom(v;)
which are not triangles, then triangulate these facets arbitrarily. Tetrahe-
dralize S,(v;)-bigcap(v;) by adding edges between v; and each other vertex

in S, (v;)-bigcap(v;).
4. If P = @, then stop. Output the tetrahedra produced in Steps 3c and 6b.

5. Compute

Q. ={q] g€ V(Q), there exists a vertex v € V(P) such that vqg € E(P)}.

Since P has changed after the S-bigcaps are removed in Step 3b, we know that
Q, and Q, may be different. Let P] be a set of the smallest polygons in the

area bounded by P, on the current surface of P such that the polygons of P!
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surround @', and do not intersect )},. Here, the smallest polygon is a polygon

with minimum number of edges (see Figure 4.6). If QYW is removed, then set

Figure 4.6: The outer boundary is P, and the shaded area is a portion of Q. @,
consists of the seven vertices of the shaded area. vov3v7v9v12v13 is the smallest polygon
surrounding (), and not intersecting Q.

Q. «+ Q. and P, + P,. Go to Step 2.

6. For each vertex ¢ € V(Q,) N V(Q),), consider the triangle qy;y}, where y;v)
is an edge in P,. If ¢ is visible to some vertices of the chain in P, whose two
endpoints are y; and y, and whose interior vertices are not adjacent to any
vertex in V(Q,), then let y1ys...yx denote this chain with y; = y] and y;, = v.

(Refer to Remark 2.)

(a) The area on P whose boundary is 311s...yx can be considered as a trian-
gulation surface of the polygon y1ys...yx. All chords of the chain y;ys...y%

which belong to E(P) form a partial order according to the subset-relation
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of their corresponding chain (see Figure 4.7). It is easy to see that y,ys is

a maximal element of this partial order.

(b) For each chord y;y; (1 < i < j < k) in the decreasing partial order, if
there exists a vertex y; (¢ < [ < j) such that {y;t1,...,yj—1} is contained
in the interior of dome(y;), then remove Sy-bigcap(y;), where S, = P, —
Yit1Yit2---Yj—1. Tetrahedralize Sy-bigcap(y;) by using the method described

in Step 3c.

(c) Update the chain y,ys...yx and P, by replacing the chain y;y;4+1...3; with
edge y,y;. Then repeat Steps 6b and 6c¢ until vertices yo,ys, ..., Yg—1 are

removed.

7. Set Q, «+ @, and P, < P). Go to Step 2.

Remark 1: In Step 3a, we find the minimum number of vertices v, va, ..., U/, Vs 41,
ey Um, € V(B,) such that vy,...,v € V(P,) — VE vy, .yvm € VP and after
removing S, (v;)-bigcap(v;) in the order i = 1,2, ..., m, the vertices of P, are removed
and the vertices of QYI€W are removed or on P,. For each vertex v of V.P, there exists
a chain on () such that v is adjacent to each vertex of the chain. These chains form
the boundary of the portion of ) which appears on the surface of P (this boundary
is denoted as @,). Thus, for each edge q1q2 € Q,, there exists a vertex v € V.F such

that vq,q, is a triangle facet on the surface of P. If we do not remove the vertex v,
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the triangle facet vg g, will always stay on the surface of P. Let

bridge(Q,) = {va12 | v € V(P,), ¢1¢2 € Q,, vq1¢> is a facet on the surface of P}.

Note that bridge(Q,) spans the connection structure between @, and P,. We want
to hold this structure as long as possible in the removal process of Step 3b. So we
remove the vertices of V(P,) — V.F first, and then remove the vertices of V. In order
to control the number of edges added when removing S-bigcaps in Step 3b, we find
the minimum number of vertices among V(FP,) and treat these vertices as the tip
vertices of the removed S-bigcaps, and we break ties by selecting the solution with

the minimum number of edges added.

Y Vs

Figure 4.7: All chords on the triangulation surface of the polygon y;y,...ys form a
partial order. For example, y193 < y1ys < y1ys (since chain(y,ysz) is a subchain of
chain(y,ys) and chain(y,ys) is a subchain of chain(y;ys)).

Remark 2: In Step 6a, the area enclosed by the polygon 41s...yx on P is a triangu-
lation surface without an interior vertex (refer to Lemma 4.7). For each chord y,;y;,
there is a corresponding subchain in y19,...yx with endpoints y; and y;, denoted as
chain(y;y;). Define y;y; < ysy; if and only if chain(y,y;) is a subchain of chain(y;y;).

Thus, all the chords form a partial order (see Figure 4.7). Since any triangulation
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has at least two “ears”, there always exists at least one chord y;y;12 (1 <@ <k —2)
on the triangulation surface of yiys...yx. This guarantees that there exists a vertex
yi+1 such that {y;;1} is contained in the interior of dome(y;;1). Thus, Step 6b can
always find a chord y;y; with a vertex y; such that {yi+1,...,y;-1} is contained in
the interior of dome(y;). Suppose there exist vertices y; and yy in chords y;y; and
ypy; such that {yiy1,...,yj—1} and {yp41,...,yy—1} are contained in the interiors of
dome(y;) and dome(yy ) respectively. If y;y; < ysy;, then the boundary of bottom(y;)
may be enclosed by the boundary of bottom(yr) on the surface of P. In order to

avoid this case, we consider each chord in the decreasing partial order.

Now let us consider the correctness of the BicCAP-REMOVE algorithm. we first

prove that S,(v)-bigcap(v) and S,-bigcap(v) are actually S-bigcaps.

Lemma 4.3 S,(v)-bigcap(v) in Step 3a and Sy-bigcap(v) in Step 6b are S-bigcaps.

Proof Consider an S,(v)-bigcap(v). From the definition of S-bigcap, we only need
to prove the closed region between P and CH((V(P) — US:™) U V(Q)) is a simple
polyhedron. Let R denote this closed region, R; be the intersection of the surfaces of
R and P, and R, be the intersection of the surfaces of R and CH((V(P) — US:") u
V(Q)). Notice that P and CH((V(P) — US(®) U V(Q)) are two nested convex
polyhedra. Since US+(") contains at least one vertex, i.e., v, R is a solid with positive
volume and the intersection of the surfaces of P and CH((V(P) — USM)uV(Q)) is

a polygon, denoted as Rj5. From the definition of Uvsa(“), we know that R; does not
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contain a vertex of () in its interior. We now prove Ry does not contain a vertex of
P in its interior. Suppose R, contains a vertex p € V(P) in its interior. Then p and
its incident facets are visible to v. Recall that S,(v) is the union of the chains in C,
except the chain containing v. From the structure of these chains we know that each
vertex of S,(v) cannot be the interior vertex of R;. Thus p & V(S,(v)). It follows
that p € U™, Thus, p cannot lie on the surface of CH((V(P) — US:®) UV (Q)).
This is a contradiction. Hence, Ry does not contain a vertex of P in its interior. It
follows that the intersection of R; and R, is the polygon R1s. Therefore, R is a simple

polyhedron. Similarly, we can prove that S,-bigcap(v) is an S-bigcap. O

From Lemmas 4.1 and 4.3, we have the following result.

Corollary 4.2 S,(v)-bigcap(v) and Sy-bigcap(v) are star-shaped polyhedra with v in

their kernels.

From Corollary 4.2, we know that Step 3c is correct. We now prove the correctness

of Step 3a.

Lemma 4.4 In Step 3a, if we select all the vertices of V(P,) in any order, such as
P1, P2, -+ Pk € V(Fo) (where k = |V(F%)]), then, after removing S,(p;)-bigeap(pi) i =

1,2,..., k, the vertices of Qxiew are removed or on the boundary of view(py, pa, ..., Dk)-

Proof Suppose there is an order of vertices py, ps, ..., pr € V(P,) (where k = |V(PB,)|)

such that after S,(p;)-bigcap(p;) are removed in the order i = 1,2, ..., k, there still
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Figure 4.8: ¢ € V(Q,) is visible to z € V(QYV®W). p; (i = 1,2,3...) lies on P,. The
solid lines lie on P and the dashed lines lie on ). The plane H passes through ¢ and
separates () and tetrahedron gxyz.

exists a vertex z € V(QY€W) on the resulting surface of P. Let P’ be the polyhedron
before S, (p;)-bigcap(p;) are removed, and zyz be a facet on the surface of P’ which
i‘s visible to a vertex ¢ € V(Q,). Since () and tetrahedron gzyz are convex, there
must exist a plane which passes through ¢ and separates ) and tetrahedron qzyz.
This plane cuts a polygon of P, which surrounds @, into two parts (see Figure 4.8).
On the side of the plane which does not contain @, there exists at least one vertex
of P,, say p*. It is easy to see that p* can see facet xyz. Thus zyz lies on view(p*).
If z is an interior vertex of a view(p;) (1 < j < k), then z will be removed when
we remove S,(p;)-bigcap(p;). Hence, z must lie on the boundary of view(p*) and lie
on the boundary or exterior of view(p), p € V(F,) — {p*}. Therefore, z lies on the

boundary of view(py, pa, ..., D). a

From this lemma, we can derive the following result.
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Lemma 4.5 In Step 3a, there always exists the minimum number of vertices vy, vq,
ooy Uty U1 ooy Um € V (P, such that vy, ..., vy € V(Py) = VE, vpyi1, ooy vm € VP
and after removing S,(v;)-bigcap(v;), i = 1,2,...,m, the vertices of P, are removed
inew

and the vertices of are removed or on P,.

Proof Note that we can select the vertices in any order in Lemma 4.4. Thus, there
exists a sequence of vertices pi,pa,...,px € V(P,) (where & = |V(F,)|) such that
VP ={p; | k= |[VF|+1 < i < k} and after removing S,(p;)-bigcap(p;) in the order
i=1,2,..., k, the vertices of P, are removed and the vertices of ngiew are removed

or on P,. Thus, the solution space of the optimization problem is not empty. Hence,

there always exists an optimal solution. ]
Lemma 4.6 P, does not contain any vertices of P in its interior.

Proof Since F, is the boundary of view(vy, vy, ..., Up,), from Corollary 4.1 we know

that P, does not contain any vertices of V/(P) — U2, V(S,(v;)) in its interior. From
the structure of S, (v;), we know that each vertex of S,(v;) cannot be an interior vertex

of view(vy, vg, ..., ). Thus, P, does not contain any vertices of P in its interior. O

Now let. us consider the property of the chains in Step 6.

Lemma 4.7 Let y1y2...yx be a chain in P, such that yiyx is an edge in P, and each
yi (1 <1 < k) is not adjacent to any vertex of Q. Let A be the area on the surface

of P which is bounded by the polygon yys...yr and does not contain any verter in
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V(B,) — {y1, Y2, .-, Yk }. The interior of A does not contain any vertex of P and Q.

Proof It follows from Lemma 4.6 that the interior of A does not contain any vertex
of P. Suppose Q4 C V(Q) is a set of interior vertices of A. From Step 3¢ we know
that view(vy, vg, ..., Uy,) is a triangulation surface. Since y; (1 < ¢ < k) is not adjacent
to any vertex of (Q4, there must exist some vertices of P which are interior vertices

of A and adjacent to some vertices of Q4. This is a contradiction. O

From Lemma 4.7 and Remark 2 we know that Step 6b is correct.

In the BIGCAP-REMOVE algorithm, after an S-bigcap is removed in Steps 3 or
6, the remainder P — @ can be considered as two nested convex polyhedra P and Q
sharing some vertices, edges or facets (refer to Figure 4.3). Thus, the algorithm can
iteratively remove S-bigcaps until P = ). From the above lemmas and analysis, we

know that Algorithm BiGCAP-REMOVE is correct.

Theorem 4.1 Let P and Q be two nested conver polyhedra such that @ is contained

in P. Algorithm BIGCAP-REMOVE outputs a tetrahedralization of P — Q.
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4.4 The number of tetrahedra

In this section, we analyze the number of tetrahedra produced by the BIGCAP-
REMOVE algorithm. When we remove an S-bigcap(v), bottom(v) may contain some
vertices and edges of Q. An upper bound on the number of the interior edges in

bottom(v) and not in E(Q) is given in the following lemma.

Lemma 4.8 For an S-bigcap(v), let P, be the boundary of bottom(v) and Q,, be the
portion of Q@ which appears in bottom(v). Let E;(v) be the set of the interior edges

of bottom(v) which do not lie on @Q,. Then |E;(v)| < |V(P,)| + 3|V (Qy)| — 3.

Proof Since the total number of edges in a triangulation of bottom(v) is 3(|V (P,)|+
V(Qu)]) — |E(Py)| — 3, we know that the total number of interior edges of bottom(v)
is 3(IV(P)]+[V(Qu)]) — 2|E(Py)| — 3. Thus, |Ei(v)| < [V(F)]+3[V(Qy)| - 3, where
equality holds if and only if @), does not contain an interior edge of bottom(v) on the

surface of Q. O

The following lemma shows the relationship between the number of tetrahedra

and the number of interior edges in a tetrahedralization of P — Q).

Lemma 4.9 Let P and @} be two conver simplicial polyhedra such that P contains
Q and P does not intersect ). Let t and e; be the number of tetrahedra and interior

edges in a tetrahedralization of P — @ respectively. Thent =e¢e; +n — 6
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Proof Let np,ep, fp (resp. ng,eq, fg) denote the number of vertices, edges and
facets of P (resp. @), respectively. Let e and f denote the number of edges and
facets in a tetrahedralization of P — @) respectively. Since P and () are simplicial
polyhedra, each facet on P and () is a triangle. From Euler’s formula we know that
np —ep + fp = 2. Since the edges on the surface of P can be counted in two ways,
that is, 3fp = 2ep, we have fp = 2np — 4. Similarly, we have fg = 2ng — 4. Since
the facets in a tetrahedralization of P — () can be counted in two ways, that is,
4t =2f — fp — fo, we have f =2t + (fp + fg)/2 = 2t + n — 4. From Euler’s formula
in three-dimensional space we know that n —e + f —t = 2. Thus, t = e — 2n + 6.

Since ep = 3np — 6 and eg = 3ng — 6, we have t =¢; +n — 6. O

From Lemma 4.9 we know that the number of tetrahedra in a tetrahedralization
of P — @ is linear if and only if the number of interior edges is linear. We will
distribute the edges added in the algorithm to the vertices of P and ). The number
of edges assigned to a vertex v is called the weight of v, denoted as w(v). Initially, let
w(v) =0 for v € V(P)UV(Q). We will assign a weight to each vertex such that the
summation of w(v) for v € V(P)UV(Q) is equal to the total number of edges added

in the algorithm.

The process of assigning a weight to each vertex is called the weighting process.
The following lemmas describe the weighting process such that the weight of each

vertex involved is bounded by a constant.
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Lemma 4.10 For Step 1 of the BIGCAP-REMOVE algorithm, there exists a weighting

process such that the weight of the tip of each cap is less than or equal to 2.

Proof In Step 1 of the algorithm, we have the following three cases:

1. If a vertex v of degree 3 is removed, no edge is added to P — Q. Thus w(v) = 0.

2. If a vertex v of degree 4 is removed, one edge is added to P — @) to construct

P. We set w(v) + w(v) + 1. Thus w(v) = 1.

3. If a vertex v of degree 5 is removed, two edges are added to P — () to construct

P. We set w(v) «+ w(v) + 2. Thus w(v) = 2.

Therefore, the weight of the tip of each cap removed in Step 1 is less than or equal

to 2. O

Lemma 4.11 Let S3 be a set of vertices involved in Step 3 of the BIGCAP-REMOVE
algorithm. There ezists a weighting process such that w(v), v € Ss, increases by at

most 4.

Proof In Step 2, the vertices of V¥ partition the polygons of P, into a set of
chains C,. Consider a chain x;xzs...7; in C,. Since the polygon in P, which contains
T1Ts...T is the smallest polygon surrounding a portion of @, denoted as Q(z;...xx),
there are two patterns regarding the connection between Q(z;...xx) and this chain:

(1) no vertex of z; (2 < i < k — 1) is adjacent to any vertex of Q(x1...zx) (called
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pattern-I, see Figure 4.9(a)), and (2) each vertex z; (1 < ¢ < k) is adjacent to the
same vertex ¢* € V(Q(z;...wx)) (called pattern-II, see Figure 4.9(b)). For each vertex
z; (2 <4 < k —1) of the chain which is selected as the tip of S, (z;)-bigcap(z;) in
Step 3b, let polygon P,, be the boundary of bottom(z;) and V,; be the vertex set
of S,(z;)-bigcap(z;). Because we add an edge z;v for each vertex v € V;, — {z;} in
Step 3c, we set w(v) «+ w(v) + 1 for v € V,, — {z;}. Consider the following two cases

regarding bottom(z;).

Figure 4.9: Pattern-I is illustrated in (a) and pattern-II is illustrated in (b). The
outer boundary lies on the surface of P and the shaded areas lie on the surface of ().

e If bottom(z;) does not contain any vertex of @ in its interior, then the triangu-
lation surface of polygon P,, has |V (P;,)| — 3 interior edges. So in pattern-I, for
each vertex p € V(P,,) except three vertices, set w(p) < w(p) + 1; in pattern-
I1, for each vertex p € V(P,,) except vertex ¢* and two other vertices, set

w(p) + w(p) + 1.

e If there is a set of vertices and edges @,, on the surface of ¢ which appear
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in the interior of bottom(z;), from Lemma 4.8 we know that the number of
the interior edges on the triangulation surface between P,; and @), is less than
or equal to |V (Py,)| + 3|V(Qs)| — 3. So for each vertex y of V(FP,,) (except
three vertices in pattern-I, or vertex ¢* and two other vertices in pattern-II),

set w(y) + w(y) + 1; and for each vertex y of V(Qy,), set w(y) + w(y) + 3.

Now let us consider removing each S-bigcap with tip in V.. For each vertex
z € VP, there is a chain qqo...qk, ¢ € V(Q.) (1 < i < k), such that each g¢; is
adjacent to z (refer to Figure 4.5). Let polygon P, be the boundary of bottom(x)
and V, be the vertex set of S,(z)-bigcap(z). Because we add an edge zv for each
vertex v € Vp — {z} in Step 3c, we set w(v) < w(v) + 1 for v € V, — {x}. Consider

the following two cases regarding bottom(x).

o If bottom(z) does not contain any vertex of () in its interior, then the triangu-
lation surface of polygon P, has |V(P,)| — 3 interior edges. So for each vertex

y € V(P;) except three vertices, set w(y) + w(y) + 1.

e If there is a set of vertices and edges of @) which appear in the interior of
bottom(z), similarly to the above case, set w(y) + w(y) + 1 for each vertex
y € V(P,) except three vertices, and set w(y) < w(y) + 3 for each vertex y of

@ in the interior of bottom(z).
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We now analyze how w(v), v € S3 increases. There are five cases depending upon

the locations of vertices

1. v € V(P) is an interior vertex of a dome(z), z € V(P,). We add an edge

between z and v if zv ¢ E(P). So w(v) = 1.

2. v € V(P) lies on the boundary of bottom(v;), v; € V(P,), i = 1,2,...,m (refer
to Step 3). Since vy, vs, ..., Uy, is an optimal solution in Step 3a, vertex v cannot
be shared by more than 2 boundaries of the bottoms of v; (1 <4 < m). Thus,

w(v) increases by at most 4.

3. v € V(P,) is the tip of an S,(v)-bigcap(v) removed in Step 3b. w(v) does not

increase when S, (v)-bigcap(v) is removed.

4. v € V(Q) does not lie on @,. v must be in the interior of a bottom(v;) (1 <

i <'m). So w(v) increases by at most 4.

5. v belongs to V(Q,). From the above weighting process, we know that w(v)

increases by at most 2.

Therefore, the weight of w(v), v € Ss, increases by at most 4 in Step 3. O

Lemma 4.12 Let Sg be a set of vertices involved in Step 6b of the BIGCAP-REMOVE
algorithm. There exists a weighting process such that w(v), v € Ss, increases by at

most 4.
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Proof In Step 6, consider the chain y19...y in Py. Let y; (4 < < j) be the vertex in
Step 6b such that {yiy1, ..., yj—1} is contained in the interior of dome(y;). Let polygon
P,, be the boundary of bottom(y;) and V,, be the vertex set of Sy-bigcap(y;). Similar
to the proof of Lemma 4.11, we set w(v) < w(v) + 1 for v € V,, — {y;}. Consider the

following two cases regarding bottom(y;).

e If bottom(y;) does not contain any vertex of @) in its interior, then the triangu-
lation surface of polygon P, has |V(P,,)| — 3 interior edges. So for each vertex

y € V(P,,) except y;, y; and one other vertex, set w(y) < w(y) + 1.

e If there is a set of vertices and edges of ) which appear in the interior of
bottom(y,), similarly to the proof of Lemma 4.11, set w(y) < w(y) + 1 for each
vertex y € V(P,,) except y;, y; and one other vertex, and set w(y) + w(y) + 3

for each vertex y of @ in the interior of bottom(y;).

Now let us analyze how w(v), v € Sg increases. There are four cases depending

upon the locations of vertices.

1. v € V(P) is an interior vertex of a dome(y), y € V(P,). We add an edge

between y and v if yv € E(P). So w(v) = 1.

2. v € V(P) lies on the boundary of bottom(y), y € V(B) — V(P!) (refer to

Step 6b). Since we select chord y;y; (1 <4 < j < k) in the decreasing partial

order, the bottom of the removed S-bigcap is as “big” as possible. So vertex v
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cannot be shared by more than 2 boundaries of the bottoms of the tip vertices.

Thus, w(v) increases by at most 4.

3. v € V(B,) is the tip of an S-bigcap removed in Step 6b. w(v) does not increase

when the S-bigcap is removed.

4. vis in V(Q). v must be in the interior of the bottom of a vertex in P,. So w(v)

increases by at most 4.

From the above Lemmas, we can derive the main result of this chapter.

Theorem 4.2 Let P and Q be two nested convex polyhedra such that Q) is contained
in P. The BIGCAP-REMOVE algorithm produces at most 9n — 6 tetrahedra for the

region P — Q).

Proof For any v € V(P) removed in Step 1, from Lemma 4.10 we know that

w(v) < 2. For any remaining v € V(P), there are two cases:

e If v never appears in V(P,), then from Lemma 4.11 or Lemma 4.12 we know

that w(v) < 4.

e If v appears in V(P,) or V(P,), then from Lemma 4.11 or Lemma 4.12 we know

that w(v) increases by at most 4 when v becomes a vertex in P, or P,. Since v
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will be removed after P, or P, are removed, we know that w(v) increases by at

most 4 when v is removed. Thus, we have w(v) < 8.

For any v € V(Q), there are also two cases:

o If v never appears in V(Q,), then from Lemma 4.11 or Lemma 4.12 we know

that w(v) < 4.

o If v appears in V(Q,), then from Lemma 4.11 or Lemma 4.12 we know that
w(v) increases by at most 4 when v becomes a vertex in ¢),. From the algorithm
we know that v cannot stay in V(Q,) after P, and P, are removed. Thus we

have w(v) < 8.

In summary, for any vertex of P and @), the upper bound of its weight is 8. Since
the number of the edges added in the algorithm is equal to the summation of w(v)
for v € V(P)UV(Q), we know that the number of the edges added in the algorithm
is less than 8n. Notice that the number of the interior edges in our tetrahedralization
of P — @ is less than or equal to that of the edges added in the algorithm (equality
holds if and only if P and @ are simplicial polyhedra). It follows from Lemma 4.9

that the number of tetrahedra in our tetrahedralization of P — ) is at most 9n — 6.

O
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4.5 Concluding remarks

In this chapter, we have described an algorithm, called BIGCAP-REMOVE, to tetra-
hedralize the region between two nested convex polyhedra P and (). This algorithm
avoids using Steiner points and can also work for the degenerate case in which more
than three vertices of P and () are coplanar. This algorithm also produces at most

9n — 6 tetrahedra. Thus we have solved the open problem proposed by Bern [16].

In Step 3a of the algorithm, in order to control the number of edges added when
removing S-bigcaps, we find the minimum number of vertices vy, vg, ..., v, € V(P,)
such that after removing S, (v;)-bigcap(v;) in the order ¢ = 1,2, ..., m, the vertices of
P, are removed and the vertices of inew are removed or on P,. From Lemma 4.5,
we know that Step 3a is correct. However, we do not know how to solve this opti-
mization problem in polynomial time. Hence BIGCAP-REMOVE is not a polynomial
time algorithm. We conjecture that the region between two nested convex polyhedra

can be tetrahedralized with a linear number of tetrahedra in polynomial time.



Chapter 5

A Lower Bound on the value of 3
for $-Skeletons Belonging to

MWTs

The minimum weight triangulation problem is one of the most longstanding open
problems in computational geometry. Computing subgraphs of the minimum weight
triangulation is one approach to attacking this problem. Keil [62] conjectured that
the B-skeleton is a subgraph of the MWT when = §\/§ In Section 5.1, we survey
related results in this area. In Section 5.2, we construct a counterexample to Keil’s
conjecture. In Section 5.3, we prove a new lower bound for the S-skeleton. Finally,

we conclude our work in Section 5.4.

139
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5.1 Introduction

Let S be a finite set of points in the Euclidean plane. A triangulation of S is a max-
imum set of non-crossing edges with their endpoints in S. It partitions the interior of
the convex hull of S into non-overlapping triangular faces. The weight of a triangula-
tion is the sum of the lengths of its edges. A minimum weight triangulation, denoted
by MWT, of S is a triangulation that minimizes the weight among all triangulations

of S.

Computing an MWT is one of the outstanding open problems listed by Garey and
Johnson [51]. The complexity status of this problem has been unknown since it was
proposed in 1975 [92]. Works on this problem can be classified into several types:
determining the complexity of the MWT problem [74], designing approximation al-
gorithms [56, 72, 73, 81], using the integer programming method [67, 99], designing
efficient algorithms for restricted classes of point sets [2, 4, 52, 65, 75, 103], and com-
puting subgraphs of the MWT [11, 45, 62, 100, 111]. Computing subgraphs of the
MWT seems to be a promising approach, as the edges which are always in the MWT
play a very important role in both exact and approximation algorithms for computing
the MWT. If we can compute a subgraph of the MWT that is connected (actually it
is sufficient that the subgraph has a constant number of connected components [28}),
then the remaining edges could be added by triangulating the resulting polygonal

regions using dynamic programming.
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Basically, there are two approaches to computing subgraphs of the MWT. The
first approach is based on the LMT-skeleton, and was presented independently by
Dickerson et al. [45] and Belleville et al. [11]. Several variants of the LMT-skeleton
have been considered recently [3, 10, 29, 44, 55]. In particular, the improved LMT-
skeleton heuristic proposed by Beirouti and Snoeyink [10] can compute the exact

MWT of tens of thousands of points in minutes.

The second approach was first studied by Gilbert [52], who showed that the short-
est edge in S is in MWT(S). Yang et al. [111] showed that all mutual nearest-neighbor
edges are also in MWT(S). Keil [62] proved that the jB-skeleton of S for § = /2 is
a subgraph of MWT(S), where the -skeleton was introduced by Kirkpatrick and
Radke [63] and defined as follows: For 8 > 1, the B-skeleton of S is a set of edges
with endpoints in S and each edge e in the set satisfies the empty-disks condition,
i.e., no element in S lies inside the two disks of diameter Ble| that pass through both
endpoints of e. Yang [109] extended Keil’s result to 8 = 1.27905. Cheng and Xu [30]

improved further to § ~ 1.17682.

The key to the proof that the S-skeleton belongs to the MWT in Keil’s pioneering
paper is the validity of the following two lemmas, namely the length lemma and the

remote length lemma.

Lemma 5.1 (Length Lemma [62] ) Let z and y be the endpoints of an edge in the

V/2-skeleton of a set S of points in the plane. Let p and q be two points in S such that
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B value

both lemmas hold [16] B= /?
remote length lemma holds [9] B =1.17682 B -skeleton belongs to MWT
?
length lemma fails [16] B</ 4/3 B -skeleton may not belong to MWT

Figure 5.1: An illustration for Keil’s conjecture.

the line segment pq intersects the segment xy. Then |pq| is greater than |zy|, |zp|,

lzql, |yp|, and |yq|.

Lemma 5.2 (Remote Length Lemma [62] ) Let x and y be the endpoints of an
edge in the /2-skeleton of S, and p,q,r, and s be four other distinct points in S with
p and r lying on one side and q and s on the other side of the line through ty. Assume
pq and rs intersect zy, and pq does not intersect rs. Then, either | pq |>| pr | or

| rs [>] pr |

Keil mentioned that the length lemma holds for 5 > §\/§ For g < %\/g, there
exists a four-point counterexample for the length lemma. Thus, for 8 < %x/g, the
B-skeleton may not belong to the MWT. Keil conjectured that the (S-skeleton is
a subgraph of MWT for 8 = 2v/3 (= 1.15470). Cheng and Xu [30] proved that
the remote length lemma is still true for 8 = $/2v/3+9 (x 1.17682). This is

very close to the bound conjectured by Keil. Recently, Aichholzer et al. [3] proved
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that, for g8 > %x/g, the S-skeleton of convex polygons and a certain class of star-
shaped polygons is a subgraph of the MWT. The situation to date is summarized in

Figure 5.1.

In this chapter, we disprove Keil’s conjecture by presenting a new lower bound on

the value of 3 (i.e., 8 = é\/2\/§+ 45 =~ 1.16027) such that if 5 < %\/2\/§+ 45, the

B-skeleton is not always a subgraph of the MWT.

5.2 A counterexample of Keil’s conjecture

In this section, we construct a set of points whose (-skeleton does not belong to its
MWT when 2v/3 < 8 < 14/2y/3 +45. Thus, this is not only a counterexample of
Keil’s conjecture (8 = §\/§), but can also be used to prove the new lower bound

(8 = §/2V3+45).

Throughout this chapter, let o be the angle that the chord zy (z,y € S) subtends
at one of the circles (refer to Figure 5.2). It follows from the definition of the S-
skeleton that 8 = 1/sina. Thus, the definition of a [B-skeleton can be rewritten as
follows: zy (z,y € ) is an edge in the S-skeleton (5 > 1) of S if and only if there does
not exist a point z € S such that Zzxzy > arcsin(1/8). Notice that the (-skeleton
defined in this thesis is a superset of that used in [62] (refer to Lemma 1 of [62]).

When 8 = 21/3, we have o = 7/3. Thus, the length lemma is violated for o > 7/3
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[62].

q

Figure 5.2: Some relationships among the edges and angles.

In [30], Cheng and Xu proved the following property that describes a critical
structure. From this structure, they derived an improved version of the remote length
1

lemma for 8 = 3 2v/3 4+ 9. Thus, by using the same proof strategy in [62], they

proved that the S-skeleton is a subgraph of the MWT for any 8 > %\/2\/5 + 9.

Lemma 5.3 (/30]) When 8 = 11/2v/3+9, there ezists a point set S such that zy,
z,y € S, is an edge in the B-skeleton of S and p,q,r,s € S are other distinct points

satisfying the following conditions (refer to Figure 5.2):

(i) Lxpy = Lzqy = Lxry = /zsy = arcsin(1/B), x € pq, y € s, pgNrs =B, and

p and r lie on the same side of the line through xy;
(i) |pg| = |pr| = |rs|; and

(1i1) pgsr is a regular trapezoid such that /zpr and Lyrp are acute.
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In the remainder of this chapter, let « = Zxpy and 0 = Zxpr. From Lemma 5.3,

we derive the following equations that can be used in our proofs:

. 3 23
Sin ¢ — y COS ¢ = —FF/———,
2v3+9 2v3+9
_ 23 V3-1
sinf = *Y——, cosf = )
2 2
,/2 —
sin 20 = \/5(2\/7 1), cos20 =1 —+/3.

Figure 5.3: The arrangement of sites (darkened dots).

Now, we describe the arrangement of a set of 2n + 4 sites (the value of n will

be determined later) such that the 3-skeleton is not included in the MWT for 8 €
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[ 23, L\/2v3+45).

Let z and y be two different points in the plane and draw two circles, d; and
d}, with the same diameter %—\/2\/3 + 9|xy|, such that both circles pass through x
and y (refer to Figure 5.3). The union of the regions bounded by d; and dj is the
forbidden neighbourhood with f = % 2v/3+9 for points z and y [62]. Denote
the two big arcs with endpoints z and y in d; and d} by arc(zd,y) and arc(zd|y),
respectively. Similarly, for any fixed g € | %\/3, %\/2\/5 + 45 ), draw two circles, dp
and df, with the same diameter §|zy| that pass through z and y. Denote the two
big arcs with endpoints z and y in dy and d}, by arc(zday) and arc(zd,y), and let the
centers of d; and d; lie on the same side of the line through zy. Since é 2v/3 + 45 <
$1/2v/3 + 9, the region bounded by arc(zdyy)Uarc(zdyy) is included in that bounded
by arc(zdiy) U arc(zdiy). Let points p,r € arc(zdyy), ¢, s € arc(zd|y) such that the
four points satisfy the three conditions of Lemma 5.3. Let pq intersect arc(zdyy) at

q', rs intersect arc(zdyy) at s', and pr intersect arc(zdyy) at p’ and 7', where p' is

nearer to p than to r.

From Lemma 5.3, we have

| g’ |=| rs" |<| pr].

Now, we choose a pair of points a and b on 'r which are very close to point 7 such
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that the triangle Aabc lies outside do and inside d;, where c is the intersection point
of s'b and ya. Let m be a point on ab very near to b, and let ¢m be an arc of a circle
whose center is at the far right-hand side such that any line tangential to the circle
at the arc ¢m will intersect ray ¢ and the arc ém cuts the acute angle between the
line segments s'c and yc (this ensures that ¢m will be ‘convex’ facing s, ¢', z, p; and
‘concave’ facing y). We now arrange a site on points z,y, s, and ¢', respectively. We
also arrange n sites (R = {ry, 9, ..., }) evenly on the arc ¢m such that the maximum
distance from r; € R to 7 is §. Symmetrically, we arrange n sites (P = {p1,p2, ..., pn})
near p in the same manner as those near r. The value of 4 is determined as follows:
let € = [ss'|, 8= |pr| - max{|py| | 1 < i < n}, &= |pr| + [py| — 2|pd'|, and then,

we set 6 = %min{e, B3, &}. We need to guarantee that § is positive so that the above

arrangement is significant. We show how this is achieved in the following lemma:

Lemma 5.4 For B €[ 2v/3, 1/2v/3+45), 6 > 0.

Proof Since 11/2v/3 +45 < 11/2v/3 49, dj is strictly included in dj. Thus, € =

|ss'| > 0.

Now we prove that 88 > 0. Consider the triangle Aypg. Since Zzpy=/Lzqy < 7/3,
we have |py| < |pg|. Thus, |py| < |pr|. It follows from the arrangement that /p,p;y >
/2,1 =2,...,n. So |py| < |p1y| < |py|. Hence, |p;y| < |pr|, i = 1,...,n. It follows

that § > 0.

Finally, we prove that s > 0. Refer to Figure 5.4. Let o/ = /zq'y. In triangles
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Figure 5.4: For the proof of Lemma 5.4.

Apry and Apq'y, by the law of sines we have

| pr | _lpyl
sn(r—0—(0—a)) _ snd’ (5.1)

lpg'|  _ |py]
sin(r — o' —a) sina’

Then, by (5.1) we have
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| pr |= sin(20 — ) py |= —L2VS 25 | py |
sin @ /2\/§_+_9

By (5.2), we have

3 !
2(pd' | = 2———Sln£;;a) | py |
l
= (2008a+2 -sina) | py |
= (2cosa+2 —1x*sina) | py |
sma

= (2cosa+24y/(B8)2—1«sina) | py |

2 2\/3 Lo \/2\/§+45 3 ) oy |

<
\/2\/§+9 6 2v/3+9
2/2/3 2f+9 3
= +2 Ipyl
2\/§+9 2v/3 +
2 2\/§
= +1) | py |
\/2\/_+9
= |pr|+|pyl.
Thus, ®=|pr | + | py | =2 | p¢’ |> 0. Therefore, ¢ is positive. O

By the above arrangement, we obtain a point set S = {¢', z, pn, Pn—1, ---, P1, 71, T2,
- Tny Y, 8'}, which can be used to prove the new lower bound. Before we prove this

in the next section, we will summarize some properties of the set S in the following
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lemma.

Lemma 5.5 Let S = {¢,Z,PnyPr1y -+, P1,T1, 72y s Tn, Y, 8’} be the point set de-

scribed above. Then,

(i) the line segments s'r; (i =1,...,n) and yr; (i=1,...,n — 1) do not cross each
other in their interiors, and neither do the line segments ¢'p; (1 = 1,...,n) and zp;

(i=1,..,n-1).

(i)

| s’ |>| s’ [>]res’ |[> - >|ras’ |;

| pd" |>| p1d’ |>| p2d 1> -+ > pad | -

(iii)

| ris' |=| pid |<|piri |,i=1,...,n.

()

| piy |<| piri |,i =1, ..., .

(v)

|plri I>I DnTn |a | iy !ZI Pny ’aZ = 17 cey 0.

Proof (i). Since the arc ¢m is ‘convex’ with respect to s’ and ‘concave’ with respect

to y, the line segments s'r; (i = 1,...,n) and yr; (i = 1,...,n — 1) do not cross each
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other in their interiors. Symmetrically, ¢'p; and xp; also do not cross.

(ii). Since all the sites of R lie on arc ¢m which is almost a straight line and
Lryys' > m/2, we have /s'rir > 7/2, and Ls'ririo1 > 7w/2, 1 =2,...,n. Thus, | rs’ |>

| 18" |>| 28’ |> - -+ >| rps’ |. Symmetrically, the other inequalities also hold.

(iii). Because the maximum distance from p; to p and from r; to r is 6/2, we have
| pr |<| piri | +6. From (ii), we know that | r;s’ |<| 7¢' |. Since | rs’ |=| rs | —e =

| pr | —e, we have

|ris’| < |pr|—e
< |pm|+5—e

< |piri| (since € > 26).

(iv). Since | pr | — | psy |> 8, we have

lpiy| < |pr|-8

< |piri|+6—8

< |piri| (since 8> 26).
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(v). In triangle ApipnTs, Lp1PnTy is obtuse. Then, | piry |>] pnrs |- In triangle
Apypirs, © = 2,...,n, [pipir; is obtuse. Thus, | pyr; |>| piri |- Since pipprpr; is
a regular trapezoid and /p;p,r, is obtuse, we have | p;r; |>| pprn |- Therefore,
| p17i |>| purn |- Similarly, in triangle Ap;p;iy, @ = 1,...,n — 1, Lp;p;41y is obtuse.

Then, | p;y |>| pis1v |, ¢ = 1,...,n — 1. Hence, | piy [>| pry |- m]

5.3 The proof of the lower bound

Let S = {¢,%,DnyPn—1y -, P1,71, T2y -y Tn, Y, 8’} be the point set constructed in the

previous section. In this section, we prove a new lower bound by showing that, for

B €[ %/3, 1y/2v/3+45), the line segment zy belongs to the S-skeleton of S, but

does not belong to MWT(S).

All the triangulations of & can be divided into two groups related to zy: if a
triangulation contains edge zy, then it belongs to the first group; otherwise, it belongs
to the second group. Let T}, denote the MWT over the first group and T denote the
MWT over the second group. The relationship between T3, and T' can be stated as

follows:

Lemma 5.6 T,y and T differ only in the edges in the interior of the simple polygon

L= ¢ xpypp_1...p17T172...T0YS' .

Proof The convex hull of S includes sites ¢', z, p1, 71,y, s'. Thus, edges ¢'z, zp1, p171,



153

r1y,ys', s'¢’ belong to any triangulations of S. Lemma 5.5 (i) implies that no edge
with endpoints in S intersects the interior of the edges zps, xps, ..., TPn, Y72, Y73, ")y
YTy PnPr—1, Pr—1Pn—2s + P2P1s TuTn—1s Tn_1Tn—2, .., T2r1. Thus, they belong to any

triangulations of S. Therefore, the difference between T3, and T is the internal edges

bounded by the polygon L= ¢'xp,pp_1...p17172...T0Yys’. O
pl I, pl I
l?\ Jrn R‘ I
X y x® y
T By ¢ E

Figure 5.5: An illustration for the edge sets Ey, (left) and E’ (right).

For an edge set F, let w(F') denote the sum of the lengths of all the edges in F'.
Let E,, be a subset of Ty, which consists of all the edges of T, in the interior of the

polygon L. Then we have the following property:

Lemma 5.7 w(Eyy) > n(| purn | + [ 0oy |)— | p1r | + | zy | + | 28" |

Proof In quadrilateral zys'q, since zs' = yq', xs’ or yq' belongs to E,,. Without
loss of generality, we can suppose that zs' € E,, (refer to Figure 5.5(left)). Let
B, = (B — {zy,2s'}) U {pir1}. Since B, ~ {p171} consists of the 2n — 1 diagonals
in the triangulation of the polygon pi...pnZyry...71, there are 2n edges in Ej . Since
there are at most n edges with endpoint y, we can group these 2n edges in E;, into

n pairs of edges such that for each pair of edges, there exists at most one edge with
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endpoint y. Thus, the n pairs of edges can be classified into two sets, denoted by
Ci = {(puy,porw) | 1 < u,v,w < n}, and Cy = {(pyrw,porz) | 1 < w,v,w,z < n}.
Consider each edge p,y. We have | pyy |>| pny | by Lemma 5.5(v). Consider each
edge pury. If u < w, then Zpy,p,ry, is obtuse. Thus, | pyry |>| Pwrw |- Furthermore,
we have | p,7y |>] Pwy | by Lemma 5.5(iv). Since p,pnrary is a regular trapezoid and
LpypnTyn 1s obtuse, we have | pyry |>| Prrn |- Thus | pury [>] para |- I u > w, we
can prove that | pyry |>| puy | and | pury |>| purs | by using the similar argument. If
u = w, it is obvious that | p,ry [>| purs |- Therefore, for each pair (p,y, pyrw) € Ci,
we have

| oTw | + | Puy 2] Parn | + | Doy |,

where the equality holds if and only if u = v = w = n. For each pair (py 74, Dy7s) € Cs,
we have

| PuTw | + | Dotz |>| Purn | + | pny | -

Since there are n pairs in C; and C,, we have

w(Egy) > n(| para | + [ Pay 1)-

Hence,

W(Egy) > n(| pura |+ | 2oy )= |1 |+ 2y | + | 3" |-
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Lemma 5.8 Suppose § € [ 2v/3, :/2V3+45). Ifn > gtz pim | — | oy |

+ | ;s | — | zs"|) then w(Tyy) > w(T).

Proof Let E be a subset of T', which consists of all the edges of T" in the interior of
the polygon L. Let E' = {¢'p1, q'p2, .-, @'Dn, 871, 8’72, ..., 870, p15'} be a triangulation
of L(see Figure 5.5(right)). Since zy ¢ E', w(F) < w(E') by the definition of T.

Thus,

n
wE) <w(E)=2)|pq |+ |ps|.

=1

From the structure of S, we know that | p,ry |>| pr | =6 and | pay [>] py | —35.

Since e=|pr | + | py | =2 | pq¢’ |, we have

30

36 ,
| Parn [+ 1Py [>|pr [+ [Py | =5 =2 pg |+ — o

By the definition of §, we know that & > 26. Thus, ae—% > 0. Let € = & — %é.

Hence,

| purn | + [ Dny |> 2 | pd’ | +€,
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By Lemma 5.7, we have

W(Exy) > "(| PnTn | + | PrYy |)+ | zy | — | pim1 | + | s’ |
> n(2]pd | +)+ | ay | = | piri |+ | a8 |

kA
> 2> | pid | +ne+ |zy | — | pir |+ ] a8’ .

i=1

Thus, from the condition of the lemma, we have

W(Eyy) —w(E) >né+ |zy | — |pir |+ | zs' | — | ;s |> 0.

Therefore, w(Tyy) > w(T). O

From the above lemmas, we can prove the main result:

Theorem 5.1 § = é 2v3 + 45 is a lower bound for the [3-skeleton belonging to

MWTs.
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5.4 Concluding remarks

In [62], Keil conjectured that the 8-skeleton is a subgraph of the MWT when 3 = %\/3
In [30], Cheng and Xu proved that 8 = %\/2\/3—4- 9 is an upper bound on the value
of B of a B-skeleton belonging to MWTs of a planar point set. In this chapter, we
proved that 8 = % 2v/3 + 45 is a lower bound. Therefore, we have settled Keil’s
conjecture. However, closing the gap between the upper and lower bounds is still an

open problem.

In related work, Aichholer et al. [2] discussed light edges. For an edge e joining
two points of a planar point set S, if |e] is shorter than all other edges with endpoints
in S which intersect e, then e is called light; otherwise, e is called non-light. In
[30, 62, 100, 111], all the edges which have been identified to always be in the MWTs
are light edges. Unfortunately, the example presented by Bose et al. [21] showed that
the graph consisting of all these identified edges is not connected. In order to find
a connected subgraph of MWTs, it seems that a future study should concentrate on

nontrivial non-light edge identification.

From Lemma 5.8, we know that some ¢'p; and s'r; (1 < ¢ < n) must be in
MWT(S). These are non-light edges because their lengths are longer than |zy|. It is
the author’s opinion that the method used in the proofs of this chapter may be useful

for finding non-light edges that must be in the MWTs of a planar point set.



Chapter 6

Conclusions and Future Research

Tetrahedralizations and triangulations are fundamental problems in computational
geometry [37, 17, 46, 47, 53, 82]. In this thesis, we have investigated four problems
regarding tetrahedralizations and triangulations. There are still many issues which
need to be studied in this research area, such as Steiner triangulations [18, 19, 49],
robust tetrahedralizations |7, 43, 94], graph drawing of optimal triangulations [69, 70,

101, 102, 104], and mesh refinement [31, 85, 87, 96].

The open questions concerning specific aspects of our research have been given at
the end of each chapter. We now close this thesis by listing some interesting open

problems in the area of tetrahedralization [76, 78, 79].

Flip graph connectivity

158
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In R3, a strictly convex hexahedron formed from five vertices can be tetrahedral-
ized in two ways: either as a pair of tetrahedra separated by a face, or as three
tetrahedra surrounding an interior diagonal (see Figure 1.3). If two (three) adjacent
tetrahedra of the tetrahedralization form a strictly convex hexahedron, then a flip
replaces the tetrahedra by the other possible tetrahedralization of the hexahedron
containing three (two) tetrahedra. The flip can be considered to be a face “flip”,

where one interior face is “flipped” for three interior faces or vice versa.

Let S be a set of points in R3. The flip graph of the tetrahedralizations of S is the
graph whose vertices are all the tetrahedralizations of S and whose edges represent
flips between them. That is, two vertices (tetrahedralizations) are connected by an

edge if they differ by a flip.

Question [48, 60]: Is the flip graph connected for a set of points in the general position

in R3?

As usual, the general position means that no three points are collinear and no
four points are coplanar. It is even unknown if the flip graph of tetrahedralizations
contains an isolated vertex, i.e., whether there exists a tetrahedralization in which
no three tetrahedra surround an edge, nor two tetrahedra share a face and form a

convex hexahedron.

The following are some partial and related results on this problem. In R?, the

flips correspond to convex quadrilateral diagonal switches. Since every triangulation
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of a set of points can be transformed into the Delaunay triangulation by a sequence of
edge flips [68], the flip graph of triangulations in R* is connected. de Loera et al. [40]
proved that in B2 all triangulations of n points have at least n — 3 flip neighbours and
in R? all tetrahedralization of n points in the convex position and with no three points
collinear have at least n — 4 flip neighbours. The flip operation can be generalized in
higher dimension. In R®, Santos [89] constructed a triangulation of 324 points (not
in general position) which admit no flip operations. In R?*, he also constructed a
triangulation of 552 points in the convex position but not in the general position,
which admit no flip operations. Thus, in R® and R?** there exist point sets (not in

general position) whose flip graphs of triangulations can have isolated vertices.

Hamiltonian tetrahedralizations

Given a tetrahedralization T', the dual graph of T has a vertex for each tetrahedron

and an edge for each pair of tetrahedron that share a triangle facet.

Question [5]: Can every convez polyhedron be tetrahedralized such that the dual graph

of the tetrahedralization has a Hamiltonian path?

This is important because a tetrahedralization that has a Hamiltonian path can

be pipelined by some graphics rendering engines so that it can be displayed quickly.

In R?, the dual graph of a triangulation has a vertex for each triangle and an

edge for each pair of triangles that share an edge. Arkin et al. [5] proved that every
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convex polygon can be triangulated such that the dual graph of the triangulation has

a Hamiltonian path and that this property does not necessarily hold for nonconvex

polygon.

Tetrahedralizations of non-strictly convex polyhedra

A non-strictly convex polyhedron is a convex polyhedron with facets of more than
three edges. For such polyhedra in some geometric modeling, the non-triangle facets
may be triangulated in several different ways. We then need to tetrahedralize this
polyhedron such that all the tetrahedra are compatible with the triangulated surface,

in the sense that each triangle on the surface is a facet of a tetrahedron.

Question [16]: How hard is it to decide whether a non-strictly conver polyhedron

with a triangulated surface can be tetrahedralized without Steiner points?

The following are some related results. If a polyhedron is strictly convex, it can
be easily tetrahedralized by the “starring” method [16]: selecting a vertex v of the
polyhedron, and then form tetrahedra from v and each triangle facet that is not
adjacent to v. If a polyhedron is not convex, Ruppert and Seidel [88] proved that
finding a tetrahedralization of a nonconvex polyhedron without Steiner points is NP-

complete; this problem remains NP-complete even for star-shaped polyhedra.
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Appendix A

The proof of Theorem 2.4

Proof Refer to [37, Theorem 9.1] for a proof of necessity. Now we prove the suf-
ficiency. Suppose (V(E),E) is a connected plane graph. After iteratively deleting
the leaves and their adjacent edges from (V(E),E), we obtain a new graph denoted
as (V(E"), E"). Note that (V(E'), E') is a connected plane graph without degree 1
vertices. For (V(E'), E'), let F(E') be the set of bounded faces and bd(E") be the set
of the boundary edges of the unbounded face. From Euler’s formula we know that
[V(E")| — |E'| + |F(E")| = 1. Since each bounded face has at least three edges and
each edge is shared by two faces, we have that 3|F(E’)| + |bd(E")| < 2|E’|, where
equality holds if and only if each bounded face is a triangle. Substituting Euler’s

formula into this inequality, we obtain
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|E'| < 3|V(E")| — [bd(E")| — 3. (A.1)

In order to maintain connectivity, we recover E from E’ by adding edges one at
a time in the inverse order of the deletion for constructing E’ from E. When we add
an edge in a bounded face, the left side of (A.1) increases by 1 and the right side of
(A.1) increases by 3. So the inequality (A.1) still holds, where the equality holds if
and only if each bounded face is an E-empty triangle. When we add an edge in the
unbounded face, there are two cases that occur. Let ab be the edge need to add and
b be a new vertex in the current graph, and B be an empty set at the beginning of
the adding process. From (A.1) we know the following inequality holds before adding

edges.

|E'| <3[V(E')| = (|B| + [bd(E")]) — 3. (A.2)

If b ¢ V(CH(E)), then the left side of (A.2) increases by 1 and the right side of (A.2)
increases by 3. If b € V(CH(E)), then put b into B. So the left side of (A.2) increases
by 1 and the right side of (A.2) increases by 2. Thus, after adding all the edges, the
inequality (A.2) still holds. Since V(CH(E)) C BUV(bd(E")) (refer to Figure A.1),
we have that |E(CH(E))| = |V(CH(E))| < |B|+|V(bd(E"))| = |B|+|bd(E")|, where

equality holds if and only if E(CH(E)) = bd(E’). Hence, from (A.2) we obtain
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Figure A.1: V(bd(E")) = {a,b,c,d,e, f, g}, B = {j,k, 1} and V(CH(E))= {a, j, d, k,
e, g, 1}

[El <3[V(E)| - [V(CH(E))| -3, (A.3)

where equality holds if and only if each bounded face is an E-empty triangle and the

unbounded face is the exterior of C H(E). Therefore, it follows from the condition of

the theorem that E is a triangulation. O



Appendix B

The proof of Lemma 3.3

Proof Refer to Figure 3.17. We only prove the lemma for m = 3; it can be proven
in a similar fashion for m > 3. Consider the facet zpz1v9. vs, 235 ¢ tetra(zoz1v2) since
voUs3, 2023 € T. Thus, tetra(zpz1v2) may contain z, or vy, or vy, or the vertex ¢ which

does not belong to V (B;). Therefore, we have the following cases:

1. zp € tetra(zoz;v2). Then zyzy € T, which is a diag-I (see Figure B.1(left)).
Consider the interior facet 292z0v9. 21 € tetra(z22v9), and the other vertex in

tetra(zo2ov2) may be vy, or vy, or the vertex a which does not belong to V (By).

(a) vy € tetra(zozovz). Then 29up, vy € T, which are diag-Is. In total, there

are at least three diag-Is on Bs.

(b) vy € tetra(z9zzve). Then zyv; € T, which is a diag-I. Considering zy2ov1,
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at least one diag-I or diag-II is incident on zg, or 22, or v;. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on Bs,.

(c) a € tetra(zgzove). Then vsa,z2a € T, which are diag-IIs. Considering
2pV1vs, at least one diag-I or diag-I1 is incident on 2, or v1, or v2. In total,
there are at least two diag-Is and two diag-IIs, or one diag-I and three

diag-IIs on Bo.

Figure B.1: Case 1 (left) and Case 2 (right) of the proof of Lemma 3.3.

2. v; € tetra(zp21v2). Then z;v; € T, which is a diag-I (see Figure B.1(right)).
Consider the interior facet z1v1v9. 29 € tetra(z,v1v9), and the other vertex in
tetra(z;v1v9) may be 2o, or 23, or v, or the vertex b which does not belong to

V(Bz2).

(a) 22 € tetra(z;v1v2). Then zpv; € T, which is a diag-I. Considering z;2,v1,
at least one diag-1 or diag-II is incident on 21, or z,, or v;. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on B,.

(b) z3 € tetra(z;v,v;). Then 2123 € T, which is a diag-I. Considering z;z3v1,

at least one diag-I or one diag-II is incident on 2;, or 23, or v;. In total,
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there are at least three diag-Is, or two diag-Is and one diag-II on Bs.
(c) vy € tetra(z;vive). Then z1vq, vouz € T, which are diag-Is. In total, there
are at least three diag-Is on B,.

(d) b € tetra(z;v1v9). Then 21, v1b, v2b € T, which are diag-1Is. In total, there

are at least one diag-I and three diag-IIs on Bj.

3. vy € tetra(z9z1v2). Then z1vg, voue € T, which are diag-Is (see Figure B.2(left)).
Considering the interior facet zjugvs, at least one diag-I or diag-II is incident
on 21, Or ¥y, or ve. In total, there are at least three diag-Is, or two diag-Is and

one diag-11 on Bo.

Figure B.2: Case 3 (left) and Case 4 (right) of the proof of Lemma 3.3.

4. ¢ € tetra(zpz1v2) and ¢ € V(By). Then zc,v3c € T, which are diag-IIs (see

Figure B.2(right)). Consider z;25v,.

(a) z3 € tetra(z120v2). Then 2123 € T, which is a diag-I. Considering 23v;v,,
at least one diag-I or diag-II is incident on z3, or vy, or v,. In total, there
are at least two diag-Is and two diag-IIs, or one diag-I and three diag-IIs

on BQ.
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(b) wo € tetra(zy22v2). Then zjvg, 2009, vov2 € T, which are diag-Is. In total,

there are at least three diag-Is and two diag-IIs on Bj.

(c) vy € tetra(z129v2). Then zv1, 29v; € T, which are diag-Is. In total, there

are at least two diag-Is and two diag-IIs on B,.

(d) ¢ € tetra(zy23v2). Then 2, 25¢/,v2¢ € T, which are diag-IIs. In total,

there are at least five diag-IIs on Bs.
(e) c € tetra(z129v7). Then zoc € T, which is a diag-II. Consider zyv;vs.

i. 23 or vy belong to tetra(zovivy). At least one diag-I is incident on zj,
or vy, or ve. In total, there are at least one diag-I and three diag-IIs
on B,.

ii. ¢ € tetra(zvivy) and ¢ € V(B,). Then vic”,vc” € T. In total,
there are at least five diag-IIs on Bj.

ii. ¢ € tetra(zovive). Then vic € T. Consider the other triangle facets in
B, (except 202103, 212202, 29V1v3). If there is at least one triangle facet
whose tetra-vertex is d # c, then B, associates with at least one diag-I
and four diag-IIs, or five diag-IIs; otherwise, if all the vertices in B,

are adjacent to ¢, then there are four diag-IIs on B, with a common

endpoint ¢. This completes the proof of Lemma 3.3.



Appendix C

The proof of Lemma 3.4

Proof Refer to Figure 3.18. We only prove the lemma for m = 3; it can be proven
in a similar fashion for m > 3. Consider the facet pz125. v9,q ¢ tetra(pz;2;) since
pua,pq € T. Thus, tetra(pz122) may contain vy, or vy, or vs, or the vertex ¢ which

does not belong to V (B3). Therefore, we have the following cases:

1. vy € tetra(pz122). Then zyvg, 209 € T, which are diag-Is (see Figure C.1(left)).
Considering z;z5v9, at least one diag-I or diag-II is incident on z;, or z, or vs.

In total, there are at least three diag-Is, or two diag-Is and one diag-II on Bs.

2. vy € tetra(pzi1zz). Then zv; € T, which is a diag-I (see Figure C.1(right)).
Consider the interior facet pzou;. 21 € tetra(pzovi), and the other vertex in

tetra(pzyv;) may be vy, or vs, or the vertex a which does not belong to V(B3).
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Figure C.1: Case 1 (left) and Case 2 (right) of the proof of Lemma 3.4.

(a) wy € tetra(pzovy). Then zpvy € T, which is a diag-I. Considering zovv1, at
least one diag-I or diag-II is incident on 29, or vy, or v;. In total, there are

at least three diag-Is, or two diag-Is and one diag-1I on Bs.

(b) v3 € tetra(pzov;). Then vivz € T, which is a diag-I. Considering zpvyv3, at
least one diag-I or one diag-II is incident on 2z, or vy, or v3. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on Bsj.

(c) a € tetra(pzavy). Then z3a,via € T, which are diag-IIs. Considering v;v,q,
at least one diag-I or one diag-II is incident on v;, or vs, or ¢. In total,
there are at least two diag-Is and two diag-IIs, or one diag-I and three

diag-IIs on Bs.

3. vs € tetra(pzz2). Then zjvs € T, which is a diag-I (see Figure C.2(left)).
Consider the interior facet 2,v5v3. 22 € tetra(z,vov3), and the other vertex in

tetra(z,v9vs) may be vy, or vy, or g, or the vertex b which does not belong to

V(Bs3).

(a) vy € tetra(z1vpvs). Then z1vg, voug, vovs € T, which are diag-Is. In total,
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there are at least four diag-Is on B3

(b) vy € tetra(zyvovs). Then viv3 € T, which is a diag-1. Considering v;vqq, at
least one diag-I or one diag-II is incident on vy, or vs, or q. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on Bj.

(c) g € tetra(zv9vs). Then z1q € T, which is a diag-I. Considering z;v;q, at
least one diag-I or one diag-II is incident on z;, or vy, or ¢. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on Bj.

(d) b € tetra(zivous). Then 21b,vb € T, which are diag-IIs. Considering
v1vU2q, at least one diag-I or one diag-II is incident on vy, or vg, or q. In
total, there are at least two diag-Is and two diag-IIs, or one diag-I and

three diag-IIs on Bj.

Figure C.2: Case 3 (left) and Case 4 (right) of the proof of Lemma 3.4.

4. ¢ € tetra(pz122) and ¢ € V(B3). Then zic, zc € T, which are diag-IIs (see

Figure C.2(right)). Consider z;2,v;.

(a) vy € tetra(z129v2). Then 2,0, 2909, vove € T, which are diag-Is. In total,

there are three diag-Is and two diag-IIs on Bj.
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v1 € tetra(z;29v2). Then zovy € T, which is a diag-I. Considering v1v2¢, at
least one diag-I or one diag-II is incident on vy, or ve, or ¢. In total, there
are at least two diag-Is and two diag-1Is, or one diag-I and three diag-IIs
on Bj.

v3 € tetra(z;20v7). Then zv3 € T, which is a diag-I. Considering v;v,q, at
least one diag-I or one diag-II is incident on vy, or vy, or ¢q. In total, there
are at least two diag-Is and two diag-Ils, or one diag-I and three diag-1Is
on Bs.

q € tetra(z;2ov7). Then 21q, 20 € T, which are diag-Is. In total, there are

at least two diag-Is and two diag-IIs on Bj.

¢ € tetra(z120v2). Then 2,¢, 23¢',voc € T, which are diag-IIs. In total,
there are at least five diag-IIs on Bs.

¢ € tetra(z;2av2). Then 25¢ € T, which is a diag-II. Consider z;,v;vs.

i. g or vy belongs to tetra(z;v1ve). At least one diag-I is incident on 2,
or vy, or vy. In total, there are at least one diag-I and three diag-IIs
on Bj.

ii. ¢ € tetra(z1v,v2) and ¢’ & V(B3). Then z;¢", vi¢”, voc” € T. In total,
there are at least six diag-IIs on Bj.

ili. ¢ € tetra(z;v1v2). Then vic € T. Consider the other triangle facets in

Bs (except pz12a, 212902, 210109). If there is at least one triangle facet

whose tetra-vertex is d # c, then B3 associates with at least one diag-I
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and four diag-IIs, or five diag-IIs; otherwise, if all the vertices in Bj
are adjacent to c, then there are four diag-IIs on B; with a common

endpoint c. This completes the proof of Lemma 3.4.



Appendix D

The proof of Lemma 3.5

Proof Refer to Figure 3.19. We only prove the lemma for m = 3; it can be proven
in a similar fashion for m > 3. Consider the facet pzi20. v3,q ¢ tetra(pz;22) since
pus,pqg € T. Thus, tetra(pzize) may contain zz, or vy, or vy, or vy, or the vertex c

which does not belong to V(By4). Therefore, we have the following cases:

1. z3 € tetra(pz;ze). Then 2,23 € T, which is a diag-I (see Figure D.1(left)).
Consider the interior facet pziz3. 29 € tetra(pziz3), and the other vertex in

tetra(pz123) may be vg, or vy, or vy, or the vertex a which does not belong to

V(B,).

(a) vy € tetra(pz;23). Then z1vg, 239 € T, which are diag-Is. In total, there

are at least three diag-Is on Bj.
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(b) v, € tetra(pziz3). Then zvq, 2307 € T, which are diag-Is. In total, there
are at least three diag-Is on By.

(c) vy € tetra(pzizs). Then zzvy € T, which is a diag-I. Considering pv,vs, at
least one diag-I or one diag-II is incident on p, or v; or vy. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on Bjy.
(d) a € tetra(pz123). Then z7a € T, which is a diag-II. Consider pz;v,.

i. vy € tetra(pzive). Then zvp,vovy € T, which are diag-Is. In total,
there are at least three diag-Is and one diag-II on B,.

ii. v; € tetra(pz;vz). Then zyv; € T, which is a diag-I. In total, there are
at least two diag-Is and one diag-II on Bj.

ili. a' € tetra(pz1vs) and o' € V(By). Then za’,v2a' € T. In total, there
are at least one diag-I and three diag-IIs on B,.

iv. a € tetra(pzv2). Then vea € T. Considering pv;v,, at least one diag-I
or one diag-II is incident on p, or vy, or ve. In total, there are at least

two diag-Is and two diag-IIs, or one diag-I and three diag-IIs on Bjy.

Figure D.1: Case 1 (left) and Case 2 (right) of the proof of Lemma 3.5.
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2. vy € tetra(pzi29). Then 21vg, 20v9 € T, which are diag-Is (see Figure D.1(right)).
Considering pzovg, at least one diag-I or diag-II is incident on p, or 23, or vy. In

total, there are at least three diag-Is, or two diag-Is and one diag-1I on B,.

3. vy € tetra(pzi2e). Then zyv1, 200, € T, which are diag-Is. Considering pzovy,
at least one diag-I or diag-II is incident on p, or 25, or v;. In total, there are at

least three diag-Is, or two diag-Is and one diag-II on Bj.

4. vy € tetra(pzi22). Then zv, € T, which is a diag-I (see Figure D.2(left)).
Consider the interior facet pzouy. 21 € tetra(pzovz), and the other vertex in
tetra(pzevs) may be z3, or vy, or vy, or the vertex b which does not belong to

(a) z3 € tetra(pzavy). Then z3v, € T, which is a diag-I. Considering pz3vs, at
least one diag-I or diag-II is incident on p, or z3, or vy. In total, there are

at least three diag-Is, or two diag-Is and one diag-II on Bj.

(b) vy € tetra(pzyvs). Then z9vg, vavy € T, which are diag-Is. In total, there

are at least three diag-Is on Bj.

(c) v € tetra(pzouz). Then zov; € T, which is a diag-I. Considering pzyv;, at
least one diag-I or one diag-II is incident on p, or z9, or v;. In total, there

are at least three diag-Is, or two diag-Is and one diag-II on Bj.

(d) b € tetra(pzavs). Then 29b, veb € T, which are diag-IIs. Considering pv,v,,

at least one diag-I or one diag-II is incident on vy, or v,, or p. In total,
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there are at least two diag-Is and two diag-1Is, or one diag-I and three

diag-1Is on Bj.

Figure D.2: Case 3 (left) and Case 4 (right) of the proof of Lemma 3.5.

5. ¢ € tetra(pz12;) and ¢ € V(By). Then z,¢,2;c € T, which are diag-IIs (see
Figure D.2(right)). Consider pzjve. 23 cannot be the tetra-vertex of pzjvg

(otherwise, z3 € tetra(pz;zq), which contradicts ¢ € tetra(pzi22)).

(a) vy € tetra(pziva). Then zvg, vy € T, which are diag-Is. In total, there

are two diag-Is and two diag-IIs on Bj.

(b) vy € tetra(pzyv,). Then zyv; € T, which is a diag-I. Considering z;v,v,, at
least one diag-I or one diag-II is incident on z1, or vy, or vy. In total, there
are at least two diag-Is and two diag-IIs, or one diag-I and three diag-IIs
on Bj.

(c) ¢ € tetra(pzivq). Then z1¢',voc¢’ € T, which are diag-I11. Considering pv,v,,
at least one diag-I or one diag-II is incident on vy, or vq, or p. In total,

there are at least one diag-I and four diag-IIs, or five diag-IIs on Bj.

(d) c € tetra(pzivz). Then wvec € T, which is a diag-II. Consider pv,vs.



ii.

1il.

v.
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vo € tetra{puive). Then vove € T, which is a diag-I. In total, there are

at least one diag-I and three diag-IIs on Bj.
v3 € tetra{pvyvs). Then vivg € T, which is a diag-I. In total, there are
at least one diag-1 and three diag-IIs on Bj.
" € tetra(pv,vy) and ¢ & V(By). Then vic”, voc” € T. In total, there

are at least five diag-IIs on Bj.

¢ € tetra(pvyvs). Then vic € T. Consider the other triangle facets in
B, (except pz; 2y, pz1v2, puivy). If there is at least one triangle facet
whose tetra-vertex is d # ¢, then B, associates with at least one diag-I
and four diag-IIs, or five diag-IIs; otherwise, if all the vertices in By

are adjacent to c, then there are four diag-IIs on B, with a common

endpoint ¢. This completes the proof of Lemma 3.5.















