= A

UNIVERSITY

Geometric Inequalities for Initial Data with
Symmetries

by

© Aghil Alaee

A thesis submitted to the School of Gradate Studies in
partial fulfillment of the requirements for the degree of

Doctor of Philosophy.

Department of Mathematics and Statistics

Memorial University

December 2015

St. John’s, Newfoundland and Labrador, Canada



Abstract

We consider a class of initial data sets (X, h, K') for the Einstein constraint equations
which we define to be generalized Brill (GB) data. This class of data is simply
connected, U(1)?-invariant, maximal, and four-dimensional with two asymptotic ends.
We study the properties of GB data and in particular the topology of ¥. The GB
initial data sets have applications in geometric inequalities in general relativity. We
construct a mass functional M for GB initial data sets and we show:(i) the mass of any
GB data is greater than or equals M, (ii) it is a non-negative functional for a broad
subclass of GB data, (iii) it evaluates to the ADM mass of reduced t — ¢' symmetric
data set, (iv) its critical points are stationary U(1)%*-invariant vacuum solutions to
the Einstein equations. Then we use this mass functional and prove two geometric
inequalities: (1) a positive mass theorem for subclass of GB initial data which includes
Myers-Perry black holes, (2) a class of local mass-angular momenta inequalities for
U(1)*invariant black holes. Finally, we construct a one-parameter family of initial
data sets which we show can be seen as small deformations of the extreme Myers-
Perry black hole which preserve the horizon geometry and angular momenta but have

strictly greater energy.
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Chapter 1

Introduction

General relativity (GR) is a geometrical theory of gravity which was developed by
Albert Einstein in 1915. In this theory, gravity as a natural phenomena corresponds
to the geometry of spacetime by the Einstein equations. Therefore, each quantity in
GR has both physical interpretation and a precise geometrical definition. Moreover,
one of the main results of any geometrical theory is isoperimetric inequality. A classical

example is the isoperimetric inequality for closed plane curves given by
L* > 4n A, (1.1)

where A is the area enclosed by a curve C' of length L, and the inequality is saturated
if and only if the curve is a circle (see [127] for an exposition of the topic). These
types of inequalities arise in many areas of the mathematics.

Moreover, many of these inequalities arise in GR where they correspond to some
physical expectations. Note that from the geometrical perspective and without any
physical intuition, it would be impossible to conjecture any isoperimetric inequalities
in GR. For example, physically we expect the total energy of the universe should be

non-negative. This is one of the major developments in mathematical relativity, that



is the Schoen-Yau [136] positive mass theorem
m >0, (1.2)

for an asymptotically flat spacetime that satisfies dominant energy condition, where m
is the ADM mass and the equality happens if and only if the spacetime is Minkowski.

A black hole is one of the most mysterious objects in GR and in the universe.
In four dimensions, stationary black holes have many interesting features such as
uniqueness theorem [42, 143], rigidity theorem [82], topological censorship theorem
(69, 72], and stability [9]. The uniqueness theorem of the stationary black holes shows
that a black hole can be characterized by its mass m, angular momentum ./, and
charge q. Then the cross section area A of the event horizon (we denote event horizon
by N =R x H and H is its cross section) as a geometrical quantity can be expressed
with these quantities and they satisfy some geometric inequalities [54]. Note that
dynamical black holes cannot be characterized by some parameters similar to the
stationary case but can we generalize the same types of geometric inequalities for
dynamical black holes?

One of the important open problems in GR is the Penrose inequality (see the

review article [115]). This inequality relates the ADM mass to the cross section area

A
> — .
=\ 16r (13)

where the inequality is saturated if and only if the solution is the Schwarzschild black

A of the event horizon:

hole [128]. The Riemannian version of the Penrose inequality has been proved by
Huisken and Ilmanen [99] and Bray [22]. But here we are interested in the geo-
metric inequalities with symmetries. In general setting, angular momentum is not

a conserved quantity, however, one can assume appropriate symmetry and energy



condition to obtain a conserved quasi-local definition for angular momentum. This
conserved quantity leads to some geometric inequalities.

First, Dain proved the following inequality

m > /17, (14)

for complete, maximal, asymptotically flat axisymmetric vacuum initial data to the
3+1 dimensional Einstein equation. Here m is the ADM mass associated with the
data and J is the conserved angular momentum associated with the U(1) isometry
[51, 53]. In contrast to the Penrose inequality, this inequality is saturated for the
extreme Kerr black hole.

The mass-angular momentum inequality has been discussed and studied by nu-
merous mathematicians and physicists from many different directions. They add
multiple ends to the initial data [44], include conserved charges [41], and investigate
non-maximal initial data [30]. We explore these developments in Chapter 3. However,
to the best of the author’s knowledge, the mass-angular momenta inequality has not
yet obtained any attention in higher dimensions.

Recently, the investigation of general relativity in higher dimensions has attracted
a great deal of interest for a number of physical reasons, such as the gauge theory-
gravity correspondence and string theory (see review article [65]). Research in this
field is also of intrinsic interest in mathematical physics and Riemannian geometry.
There exist several important open questions that need to be answered in higher
dimensions and in particular exploring geometric inequalities (mass-angular momenta
inequality, mass-charge-angular momenta inequality) and the stability of black hole
solutions.

The physical motivation for these types of inequalities is the uniqueness of the



stationary higher dimensional black holes with symmetry, see articles [67, 96] and
review article [93]. This theorem shows a D-dimensional, analytic, stationary black
hole (M, g) with U(1)P~3 symmetry can be characterized by its angular momenta J;,
forv=1,..., D — 3, the mass, and the orbit space structure, which is the boundary
of the Riemannian smooth manifold B = M/R x U(1)P~3. In addition the known
explicit solutions have some relations between their mass and angular momenta. This
suggests existence of the geometrical inequalities between these quantities even for
dynamical black holes in higher dimensions. Note that the only dimensions which can
be an asymptotically flat spacetime with U(1)P~3 symmetry are D = 4, 5.

In five dimensions, we have potentially two known candidates for minimizer of
mass angular momenta inequality: extreme Myers-Perry black holes with H = S3
[124], and extreme black rings with H = S x 52 [64]. The mass of these solutions

satisfy

27T

e = §(|J1|+‘J2|)2 (Myers-Perry) (1.5)
27w :
M =2l = A (black ring), (1.6)

where J; are conserved angular momenta computed in terms of Komar integrals. These
solutions have distinct orbit space structure. This suggests in each orbit space struc-
ture one expects a different minimizer. The central goal of this thesis is to generalize
the mass-angular momenta inequalities and study the geometrical and topological

aspects of five-dimensional black hole slices.
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In the above flowchart, we show the steps of the procedure to obtain mass-angular
momenta inequality and related chapters in this thesis. The red color means that this
part remains an open problem and the green color means that we have results. As a
first step towards establishing a mass-angular momenta inequality in five dimensions,
we study initial data (3, h, K) of Einstein constraint equations with symmetries.
First, we define n-dimensional (n > 3) ¢ — ¢’ symmetric initial data and demonstrate
properties of this class of data in Chapter 4. In fact, constant time slices of all
stationary, vacuum, U(1)P~3 spacetimes belong to this class of initial data. Then we
consider a general U(1)%*invariant, asymptotically flat initial data and we define as
generalized Brill initial (GB) data. Then we investigate the three components of the
GB initial data. In particular, we show that for appropriate energy conditions, global

twist potentials exist and the norm of the extrinsic curvature K has a lower bound



by a function of twist potentials Y and norm of the Killing vectors. Moreover, we
study the possible topologies for the Riemannian manifold ¥. Note that the global
existence of the slice metric h remains as an open problem.

Secondly, we investigate a generalization of Dain’s mass functional M(v,Y") to
D > 4 for GB initial data. Note that most of the local analysis works equally well
for D—dimensional spacetimes with U(1)P~3 isometry. However, as we explain such
spacetimes could only be asymptotically flat for D = 5. We construct the mass func-
tional M which depends on five functions (v, A, Y) in Chapter 5, where v is a function,
N is a symmetric positive definite 2 X 2 matrix with det \' = p?, and Y = (Y, Y?) is
a column vector. We show that critical points of M are stationary, vacuum, U(1)*-
invariant, asymptotically flat spacetimes. Moreover, it is a non-negative functional
for a class of orbit space which we define to be admissible set. By this functional we
recover a positive mass theorem for GB initial data sets.

In Chapter 6, we prove the main result of this thesis and in particular we establish a
class of local mass-angular momenta inequality for GB initial data sets. The argument
of the proof is similar to Dain’s argument [51]. However, the level of complexity
increases because of more functions and different orbit spaces. We show that for
different orbit spaces we have different minimizers. Moreover, in Chapter 7 we study
small deformations of extreme Myers-Perry initial data set. We construct a one-
parameter family of initial data with similar properties as the extreme Myers-Perry
initial data. In particular this family has same angular momenta, geometries of the
ends, and area of the event horizon. However, by the local mass angular inequality
the mass of this family has greater energy than the extreme Myers-Perry initial data.
The argument of the proof is by implicit function theorem and a classical result about
the Poisson operator. Finally, except where reference is made to the work of others,

all the results are original and based on the following articles.
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Chapter 2

Preliminaries

In this chapter, we review some mathematical preliminaries which we will use in this
thesis. We assume that the reader is familiar with basic differential geometry and then
we introduce some notational conventions and collect some definitions and theorems
in Section 2.1. We also review in more detail the (Bartnik’s) weighted Sobolev spaces
and Poisson operator in Section 2.2. We refer the interested reader to [16, 118] for an

exposition of the topic.

2.1 Differential geometry

In this section, we collect some basic differential geometry concepts fixing notations

and definitions.

2.1.1 Notation

We consider an n-dimensional smooth manifold M as a topological (i.e. Hausdorff, sec-

ond countable, locally looks like R™) manifold with a maximal smooth atlas (smooth



structure') A = {(U;, ¢;) : M C U;U; and ¢; o ¢

-1 is C* }. To fix the notation we de-

note a (p, ¢)-tensor by T as a section of (T'M)®r@(T*M)®e, i.e. T € ' ((TM)® @ (T*M)®q).
A semi(pseudo)-Riemannian manifold is a pair (M, g) where M is a smooth manifold

and g is a non-degenerate, symmetric, (0, 2) tensor with signature (—, ..., —, 4+, -+ ,+)
—_———

s times

with s minus signs (i.e. g € T'[S?*(T*M)]) such that in coordinate chart (U, z) we have

g 0
= gupdzda®, =gt
9= Jab 9 =9

(2.1)

Returning to notational issues, we denote the inner product associated to g on
(TM)®» @ (T*M)® by (,-), and norm |T|? = (T,T),. We denote the frame on M
by {e,} and dual frame by {#*}. On a semi-Riemannian manifold (M, g), there exist
musical isomorphisms b : TM — T*M and # : T*M — TM such that b(X) = X° =
g9(X,) and #(w) = w¥ = g7 (w,-) [104]. Riemannian and Lorentzian manifolds are
special cases of semi(pseudo)-Riemannian manifolds with signatures [ = (I, +,...,+)
where [ = 1 and [ = —1, respectively. Associated to metric g there is a (torsion free
and compatible) connection which is denoted by V. Then the Christoffel symbols
related to the connection V is I'f, which are defined by I'f, = 0* (V. e.). In general,
we denote and define the trace, divergence, and Laplacian respect to g for a (0,2)-
tensor T in local frame by TryTy;, = qTo, divgT = gV T, and Ay =divyVT.

Coming back to arbitrary semi-Riemannian manifold (M, g), the Riemannian,

'In general, a smooth manifold can have different smooth structures, e.g. R* has an infinite
number of smooth structures.
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Ricci, scalar curvatures in local chart are

(ng)abcd = Rabcd = 28[arﬁ)‘c} + 211([1&'6'112}67 (22)
(Ricg)bc = Rbc = geaged(ng)abcd7 (23)
Ry, = TrgRicy . (2.4)

Then in n = 2, R, determines the full curvature tensor and in n = 3, Ricg determines
the full curvature tensor. However, for n > 4 the Riemannian curvature has another

component, Weyl tensor

2 . . 2
(Wg)abcd = (ng)abcd_n — 9 (ga[c (chg)d]b = Gbc] (RZCg)d}a> + (n—1)(n—2) RgGajc9ap ,

(2.5)

which together with Ricci tensor determines the full curvature. In all definitions, we

use subindex g to indicate the curvature tensor related to connection associated to g,

but in general one can have a connection and compute all curvature tensors [106].
To continue fixing notations, we denote the collection of p-forms (axisymmetric

(0, p)-tensor field) by AP(M). Then the wedge product is a map A : AP(M)x A (M) —

APTI(M) such that (o A B)ay.capbrb, = (p+q)!a[a1...%5bl...bq] and a A B = (—1)PB A«

plq!

for o € AP(M) and 3 € AY(M). Let 6,7y = nldy, --- ;" be generalized Kronecker

delta. Then the Levi-Civita tensor is 0}-" = (+1,—1,0) and we define Levi-Civita

aj...an

density tensor

€at..an = V | det 9| 6;1nan ) (2'6)

such that the volume element is n = ﬁealman 0 A~ NG = \/|det g|0* A+ A O™
1..n ai..an __ (_ 1\s : : : ai...an — (_1)8 1 1..n
Note that d,;", 07":"" = (—1)° which implies € (—1) \/m(sal...an

In addition, the interior multiplication(derivative) and exterior derivative are ¢ :

AP(M) — AP~Y(M) and d : AP(M) — APTY(M), respectively such that txa = a(X)
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and da = (p+ 1)VpQigy.q,] for a € AP(M). For any two p-form o, 8 € A", the inner

product is {(«, B), = ﬁaal...apﬁal”'%. Moreover, one can define interior multiplication

g
by (txa, 8), = {a, X" A /B>g for « € AP™ (M) and 8 € A?(M). Then the Hodge star is

an isometry operator x : AP(M) — A""P(M) defined by (%)a,. ;. a, = ﬁeal...anaal'““?
and
1
* (dxal VANREIRWAN dl'ap) = mEbl...bnipalmap (dl’bl VANRIERWAN d$bn7p) (27)

with properties x1 = 1 and * = (—1)®. The Hodge dual and Hodge inverse are
*2a = (=1)Pr Pt and xta = (=1)PMPHS w o for a € AP(M). We have the

following results

Lemma 1. [106]
1. {a, B)yn=aAxB =B A*xa=(=1)" (xa,*xB),n for a,B € AP(M).
2. anB = (—1) (xa,B),1 for a € AP(M) and § € A"7(M).

3 ixa = (1)U 5 (X Axa) and tx xa = (=1)" x (a A X°) for a € AP(M)
and X € X(M).

4. daA*B) =da AxB+ (=1)PLandx B for a € A=Y (M) and B € AP(M).

Finally, the adjoint of d is § : AP(M) — AP~'(M) which defined by da =
—(—=1)"P*+D+s 5 d % a. More precisely, 0 is the adjoint of d with respect to L? in-
ner product (-,-) = [}, (-,-),n where (da, 8) = (a,63). On A? one can define the

divergence and Hodge Laplacian by div = —§ and Ay = — (dd + od).

2.1.2 Frobenius Theorem and applications

In this thesis, we will work with Riemannian submanifolds of a semi-Riemannian

manifold with signature [ = £1. Also it is important to write the relation of curvature
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tensors between a submanifold and the ambient manifold. Let (M, g) be a semi-
Riemannian manifold with signature [ = +1 and the manifold ¥ C M is a hypersurface
(codimension 1 submanifold) with a unit normal vector field n, i.e. g(n,X) = 0 and
g(n,n) =1 for all X € T,X. Then the first fundamental form (metric) and second

fundamental form (extrinsic curvature) are

E_ln®n+g K(X>Y)E<VXn7Y> ) (28)

for every X,Y € T, M.

As usual, the trace of extrinsic curvature H = Trp K is called mean curvature.
Then (X, h) is a mazimal (minimal) hypersurface of an ambient manifold with sig-
nature | = —1 (resp. [ = 1) if H = 0. Note in local frame we use Greek letters
a, 3, ... for indexes on manifold (M, g) and Latin letters a,b. .. for indexes on hyper-
surface (3, h). Moreover, the relation between the curvature tensors of submanifold

and ambient manifold in a local frame on X are

(Bmg) gpeq = (B ) g + 20K ac Kja (2.9)

(Ricg)aa — L (Rmg) .01 = (Rick) g + 1 (KooK 4 — HK ) | (2.10)
Ry — 2l (Ricg), n"n® = Ry + 1 (K|}, — H?) , (2.11)

VKoo — VoK = (Rmyg) ;.01 (2.12)

where (2.9) and (2.12) are Gauss and Codazzi equations, respectively.

Returning to arbitrary semi-Riemannian manifold (M, g), an m-distribution D}
is an m-dimensional subspace of T, M for each p € M and it is smooth distribution if
D™ = Upen D,y is smooth subbundle of TM [109]. A distribution D) is involutive if

[X,Y] € D] for all X,Y € DJ'. An m-dimensional immersed submanifold ¥ of M is
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integrable it T,,5) = D" for each p € . Tt is straightforward to show every integrable

distribution is involutive [109]. Moreover, the converse is the following result

Theorem 2 (Frobenius theorem, [109]). Let (M, g) be a smooth n-dimensional semi-
Riemannian manifold. An m-dimensional distribution D) is integrable if and only if

it 1s tnvolutive.

Coming back to derivatives on semi-Riemannian manifolds, we define another type
of derivative which is related to isometry group of a semi-Riemannian manifold. We
denote the Lie derivative of Killing vector X by Lx and it is defined for arbitrary

(p, q)-tensor as

1 @:(T”%(p) — T,
LxT|, = 11—{% " : (2.13)
where ¢, denotes the flow (one-parameter family of diffeomorphism) of X and the

asterisk stands for the pull-back. The general definition in local frame is

LTE o = XQIE e S T e g xo 4 3T g Xe (2.14)
d=1 d=1
Then we have (L£xg),, = 2V (Xp). Recall that a vector field X is Killing vector if
flows ¢, of X are isometric maps. This means the sufficient and necessary condition
for a flow ¢; to be an isometry is Lxg = 0. For a Killing vector field X we have the
following useful equation

VoVyXe = —Rup’ Xy . (2.15)

Observe that the collection of all isometries of (M, g) is a group and it is called
isometry group and denoted by Iso(M, g). Let (M, g) be a pseudo-Riemannian man-

ifold with arbitrary signature and Killing vector X, then for any @ € AP(M) we
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have

Lxod=doLya, (2.16)
[,X*Oé :*,C,on, (217)
Lxa=—0(aA Xb) + (=1)"*! (Xb Ada) . (2.18)

Now we prove a useful result and we use it in Chapter 4 to construct a traceless-
transverse (TT) tensor which represents extrinsic curvature of ¢ — ¢* symmetric initial

data.

Proposition 3. Assume that (M, h) is an n-dimensional Riemannian manifold with
N commuting Killing vector fields &g, i.e. [£u),é;] = 0, 4,5 = 1,...,N. Assume
n — N dimensional distribution D"~ orthogonal to &gy is integrable. Then we have

the following identity
Vacbb = V[a log )\(Db] s (219)

where X = [A\;] = [W(&u), &y))] 1s Gram matriz of the Killing fields (a symmetric
positive definite N x N matriz) and ® = (£q),...,&mw))" is a column vector and t

denotes transposition of a matriz.

Proof. According to Frobenius theorem D"~ ¥ is integrable if and only if
N
Vi€ = Zl(ij)[ag(j)b]a ,j=1,...,N (2.20)
j=1

where [(;5), is a row vector for fixed ¢ and A, = [l(ij)a} is arbitrary matrix of one forms.

Then we choose [(;;), such that they are orthogonal to ;. Since these Killing vectors
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are commuting, we have the following identity
c b c b 1
§oVelliya = &) Vel = 5 Vadi (2.21)

Now fixing ¢ and multiplying equation (2.20) by 5&) for k =1,..., N and applying

the equation (2.21), we obtain
Vadix = lij)adjk - (2.22)

Then we have N equations and N unknown [;;. This is a solvable system and the

solution is
Ay =V =V, log ). (2.23)

Therefore, if we substitute (2.23) in (2.20) we have

N
Vie€ap = Zv[a log A\ i,j=1,...,N. (2.24)

j=1
Thus the result (2.19) follows. O

2.1.3 Conformal geometry

In this section, we briefly review curvature relations between two conformal metrics.
These relations are useful tools in general relativity and in particular for finding

solutions of the Lichnerowicz equation. Thus, we have

Proposition 4. [19, Theorem 1.159] Assume that (M, g) is a semi-Riemannian man-
ifold and u : M — R and g = e ?*h. Let V and V be connections associated to

g and h, respectively. Then we have the following relation for Christoffel symbols,
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connection, and curvature tensors of g and h

9%, = h'" (—(0u) i — (Opu)huj + (Opu)hji) + Ty, (2.25)

VxY = VY —du(X)Y — du(Y)X + h(X,Y)Vu, (2.26)

Rmg = e " {Rmh + (Vzu + du ® du — %]Vuﬁh) @ h} : (2.27)

Wy = e W, (2.28)

Ricy = (n —2) {v% + 0 f 1)Ahu + du @ du — %Wuﬁh] + Ricp, (2.29)
Ry =™ [2(n — 1)Apu — (n — 1)(n — 2)|Vulj, + Ry] , (2.30)

where ® is Kobayashi-Nomizu product which if A, B are symmetric (0,2)-tensor, it is
defined by

(A ) B) 4= QAG[CBd]b + 2Ba[cAd]b- (2.31)

abc

The obvious consequence of Proposition 4 is the following result.

Corollary 5. [19, Yamabe Equation] If n # 2, and g = @ﬁh, then

- 4Z - ;AhCD + Rp® = Rybis. (2.32)
Proof. Let u = —ﬁ log ®, using the chain rule we have
Vu:—ni2§, Vzu:—ni2 (vqi@_vq>§v<b) : (2.33)
Substituting these into (2.30), we get
Ry = &% <_4" — ;Ahcb + Rh<1>) . (2.34)
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2.1.4 Lie Group and Group Action

A Lie group is a smooth manifold G that is also a group in the algebraic sense, with
the property that the multiplication map m : GXG — G and inversion map i : G — G
given by m(g,h) = g-h and i~ *(g) = g~! are smooth. For example, the following are
Lie groups: GL(n,C) = {A € M,x,(C) : A is invertible}, U(n) = {A € GL(n,R) :
A*A=1,}, SO(n) ={A € GL(n,R) :det A=1}, T" = U(1) x --- x U(1). But one
of the important applications of a Lie group is action of the Lie group on a manifold.
A left (right) action of G on M is a smooth map 0 : G x M — M, often written as
(9,p) = g-p (resp. p-g) with associativity and identity properties. We call it G-action
for any p € M, the orbit of p under the G-action is the set O, = {g-p: g € G}. The
set of all orbits is a manifold with the quotient topology and denoted by B = M/G.

To classify different G-actions, a G-action is transitive if for any two points p, q €
M, there is a group element g such that g - p = ¢, or equivalently if the orbit of any
point is all of M. Also given p € M, the isotropy group of p, denoted by G, is the
set of elements g € G that fix p, i.e. G, ={g € G:g-p = p}. Then an G-action is
free if isotropy group is identity( the action has no fixed point). A G-action on M is
called isometric if (M, h) is a Riemannian manifold and 6, : M — M is an isometry
for all g € G. Moreover, if N is a set of isometries, then Np = {z € M : ¢(x) =
x for all p € N} is also a totally geodesic submanifold in M [106].

Now we express some basic and useful results.

Theorem 6. [106] If G is a compact Lie group acting smoothly on a smooth manifold

M, then there exists a G-invariant Riemannian metric on M.

Theorem 7. [109, Theorem 7.10] If G is a compact Lie group and acts freely on M,
then there exists a smooth structure on B = M /G such that w: M — B is a principal

G-bundle (and, in particular, a submersion).
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Corollary 8. [106] Orbits of compact Lie group actions are embedded submanifolds.

2.2 Weighted Sobolev Spaces

In this section, we collect some results in weighted Sobolev spaces [15, 116, 118].
These spaces are fundamental tools to describe asymptotic behaviour of functions on
a semi-Riemannian manifold. We denote the space of smooth functions with compact
support in U by C(U) such that ¢ € C(U) is called test function. Assume n > 3
and B}(0) C R™ is an n-dimensional open ball centered at the origin and having
radius . Define Ep = R" — % as the exterior region associated to B%(0) and we

denote Ey = R" — {0}. Let z = (2°) for i = 1,...,n be a fixed coordinate on R" such

that the weight function is r = |z| = 1/(2%)?. Then we define

Definition 9. [15] The weighted Lebesque space L'}, 1 < p < oo, with weight § € R,

is the space of measurable functions in L} (FEj) with standard Lebesgue measure dz,

loc

such that the norm

(f |u|Pr—oP—n dx) v p < 00
Eo

[ull r = (2.35)
esssup, (r~°[ul) p =00
is finite. Then the weighted Sobolev space W’lg’p is defined in the usual way
k
[llyrir = > D%l (2.36)
=0

Relevant properties of this weighted Sobolev space are summarized in the following

lemma.

Lemma 10. [15, 55, 116] Consider the weighted Lebesgue space and the weighted
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Sobolev space, ng and W’lg’p for 1 < p,q < oo, respectively. Then
1. If p < q and 05 < 07 then L:;Zi - L:;Z and the inclusion is continuous.
2. For k >1 and 6; < &y the inclusion W(;f’p C ng_l’p 18 compact.

3. If 1/p < k/n then W(;k’p C CP. The inclusion is continuous. That is if u €
W(;k’p then r=° |u| < C'lull skp. Further, as proved in [55], lim, o1~ |u| =
S

lim, 00 770 |u| = 0.

2.2.1 Poisson Operator

The main goal of this section is to consider the Poisson operator P = Ay — o on scalar
functions of an asymptotically Euclidean Riemannian manifold (M, g) and collect a
very classical result (see [118] and [116]), that is, P is an isomorphism from Sobolev

space W(;Q’p to L;p . We start by the following definition.

Definition 11. [15] Let M be a smooth, connected, complete, n-dimensional Rieman-
nian manifold (M, g), and let p < 0. We say that (M, g) is asymptotically Euclidean

of class W/;k’p if
e the metric g € W;k’p(M), where 1/p — k/n < 0, and g is continuous,

e there exists a finite collection { N;}7; of open subsets of M and diffeomorphisms

®, : Er — N; such that M — U;N; is compact, and
o for each i, g — g € W;)k’p(ER).

The maps ®; are called end charts and the corresponding coordinates are end coordi-
nates. Now, suppose that (M, g) is asymptotically Euclidean, and let {®;}7, be its

collection of end charts. Let K = M — U;®;(EsR), so K is a compact manifold. The
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weighted Sobolev space W(;k’p (M) is the subset of Wlloli’p (M) such that the norm
e L PR S L 1 P (2.37)
is finite. We can define similarly weighted Lebesgue space L:;p (M) and C’;k and

Gy (M) = M2, Cit(M).

To prove that P is an isomorphism we start by the following estimate [31, 32, 116]

n

Lemma 12. Suppose that (M, g) is asymptotically Fuclidean of class W/;Q’p, P>,

p<0. Then if2—n<d§ <0, eR, anduEWg’p we have
il < N0l + Tl 239

Then we have following weak maximum principle (Lemma 3.2 in [116])
Lemma 13. Suppose (M, g) is asymptotically Fuclidean of class Wf;k’p, k>2 k> %,
and suppose o € W:if’p and suppose o > 0. If u € Wl/fc’p satisfies

—Agu+au<0 (2.39)
and if ut = max(u,0) is o(1) on each end of M, then u < 0. In particular, if u € W(;k’p
for some 6 <0 and u satisfies (2.39), then u < 0.

Proof. Fix € > 0, and let v = (u — €)*. Since ut = o(1) on each end, we see that v
is compactly supported. Moreover, since u € W, %P we have from Sobolev embedding

loc

that u € VV{C}C’Q and hence v € W2, Now,

/ (—vAgu+auv) de <0 = / —vAgudr < —/ auvdr <0 (2.40)
M M M
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where dz denotes the Lebesgue measure on (M, g). Since a > 0, v > 0 and u is

positive wherever v # 0. Integrating by parts we have

u/]vmzdxgo (2.41)
M

since Vu = Vv on the support of v. So v is constant and compactly supported, so it
should be zero, i.e. max(u —¢,0) = 0. Then we conclude u < e. Sending € to 0 we
have u < 0.

Now, if u € W, since W, ¢ €, we have u € C. Hence if § < 0, then u™ = o(1)

and we can apply the above argument to u. O]

Using Lemma 13, we can prove the following interesting theorem (see similar result

in[15, 118]).

Theorem 14. Suppose that (M, g) is asymptotically Euclidean of class W;Z’p, p>3.
Then if 2—n < 8 <0 and o € LY, the operator P : W,** — LY is Fredholm with

index 0. Moreover, if a > 0 then P s an isomorphism.

Proof. By the estimate in Lemma 12 and [32] this operator is Fredholm. Now we show
that P is injective. Let Pu = 0 for u € W[;Z,p . Then by weak maximum principle we
have u = 0 on M for 2 —n < d < 0 and P is injective. To show that P is surjective,
it suffices to show P*(adjoint operator) is injective from L;p_n_ 5 — WI_;Q_’; Now let
f1 and fy be smooth and compactly supported in each end of M. We have from

integration by parts

0= (f2, P*(f1)) = (P(f2), f1) = /Mp(f2)f1 dz . (2.42)

Thus [ v P(f2)fidz = 0 for all smooth and compactly supported f, in each end

of M, then f; = 0 and P* is injective. Then P is surjective. Therefore, P is an
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isomorphism. O

2.3 Implicit Function Theorem

In this section we define Fréchet derivative and state the implicit function theorem.

We use this theorem in Chapter 7 of thesis.

Definition 15. Let X and Z be Banach spaces and = be a point in X and let G be a
mapping from neighborhood of = into Z. Then G is called Fréchet differentiable at

the point z if there exists a linear operator DG(x) € L(X, Z) such that
o I6( +0) — G() - DE)ls

w0 ||l

= 0. (2.43)

The map G is called continuously differentiable (i.e. C') if the derivative DG(z)
as an element of L(X,Y) depends continuously on x. Namely, for every e > 0 there

exist & > 0 such that
|21 —2o||x <0 = ||DG(x1) — DG(x2)||r(x,v) < €. (2.44)

Remark 16. Let G : X; x --- X X} — Y be a linear map between Banach spaces
X1, ..., X}, and Y. Then we define the partial derivative with respect to i'" argument

by
d .
DZG(l’l,,SCk)[CU] = %G(xl,..,x7;+tx,...,xk)|t:0 for = 1,...,]{7. (245)

Theorem 17. [66, Implicit Function Theorem] Suppose U is a neighborhood of xq in
X, V is a neighborhood of yo in' Y and G : X xY — Z is C*. Suppose G(xo,yo) =0

and DyG(xg,y0) : Y — Z define a bounded operator and it is an isomorphism. Then,
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there exists a neighborhood W of the xg in X and a continuously differentiable mapping
f:W =Y such that G(z, f(x)) = 0. Moreover, for ||z — xo||x and ||y — yolly, f(x)

is the unique solution y of the equation G(z,y) = 0.



Chapter 3

General Relativity and Black Holes

In this chapter, we provide a survey of the Einstein equations and Einstein constraint
equations in general relativity. In particular, we review the causal structure of a
spacetime and some basic properties of the initial data (3, h, K') of Einstein equations
in Section 3.1. In Section 3.2 we give a short overview of the ADM formalism of
general relativity and related formulas of mass and angular momentum. Finally, we
collect major results about D-dimensional black holes with D > 4 in Section 3.3. In
particular, we review the current status of the geometric inequalities in black holes

theory and emphasize some of the open problems which motivate this thesis.

3.1 The Einstein Equations and the Einstein Con-
straint Equations

A spacetime is a Lorentzian manifold and denoted by a pair (M, g). According to the
least action principle [143], the Einstein equations may be obtained by a variational

principle of the following action which is stable under compact perturbations of the
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metric:

A:/ (Ry + L) AV, (3.1)

where R, and dVj; are scalar curvature and volume form with respect to the metric g,
respectively,and L,, is the Lagrangian associated with non-gravitational fields. Then

Einstein field equations obtained from the variation of (3.1) will be
_ 1
G = Ricy — ERgg = 81T (3.2)

where Ricg is the Ricci tensor respect to the metric g, 7' is a symmetric 2-tensor
related L,, and is called the stress energy tensor, and G is the Einstein tensor. When

T = 0 we have vacuum Einstein equations
Ricg = 0. (3.3)

Coming back to spacetime (M, g), the signature of metric g divides the tangent
space T,M at point p € M to three regions. Then each vector field X € T,M is
called spacelike, timelike, or nulllike if g(X, X) > 0, g(X,X) < 0, or g(X,X) =
0, respectively. Similarly one can define a spacelike, timelike, or nulllike curve ~ :
(a,b) — M if its tangent vector has this property and it is called future (resp. past)
inextendible if lim, ;- () (resp. limy .+ Y(t)) does not exist. The set of null vectors
at p forms a double cone V, in the tangent space T, M and it is called the null cone.
We say that X is causal (or nonspacelike) if it is timelike or null.

A Lorentzian manifold M is time-orientable if it admits a smooth timelike vector
field T and the choice of this timelike vector field T" fixes a time orientation on M.
Then the causal vector field X € T,M is future directed (resp. past directed) if

g(X,T) <0 (resp. g(X,T) > 0). Given any point p in a spacetime M, the timelike
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future and causal future of p are sets of all points which are related to p by timelike
future-directed and causal future-directed curves and they are denoted by It (p) and
J*(p), respectively. Similarly, one can define I~ (p) and J~(p).

In any arbitrary spacetime, a set N is called achronal if no two of its points can
be joined by a timelike curve. Let N be an achronal set in a spacetime M. We define

the future and past domains of dependence of N, DT(N) and D*(N), by

D*(N) = {p € M : every past inextendible causal curve from p meets N}

D™ (N) ={p € M : every future inextendible causal curve from p meets N}

The (total) domain of dependence of N is the union, D(N) = D*(N)UD~(N). Then

one can define the future and past Cauchy horizon of N by

H*(N) = D=(N) — IT [D*(N)] (3.4)

HY(N)

H™(N)
(a) Domain of dependence (b) The foliation of M by Cauchy
for set N and Cauchy hori- surfaces {X,}

zon

Figure 3.1: Cauchy surfaces and Cauchy horizon
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By this structure the set of slices or hyperspaces {3;} of M is divided to three
classes. We define a hypersurface ¥, of M is timelike, spacelike, or null if its tangent
space at each point has a normal vector that is spacelike, timelike, or null respectively.
In initial value problem, there are two major classes of spacelike hyperspaces which
are called Cauchy and acausal slices. A Cauchy (acausal) slice ¥ is a spatial hyper-
surface of M having the property that every inextendible timelike (causal) curve in
M intersects ¥ not more than once. A Lorentzian manifold which admits a Cauchy
surface is called globally hyperbolic. Now assume that M is globally hyperbolic then
(Theorem 8.3.14 [143])

1. If ¥ is a Cauchy surface for M then M is homeomorphic to R x .
2. Any two Cauchy surfaces in M are homeomorphic.

In this setting, every globally hyperbolic Lorentzian manifold admits a continuous,
globally defined, timelike vector field T which is obtained from a time function t, such
that 7' = —Vt [143]. Therefore, it is a time-oriented manifold M and ¢ = constant are
leaves (slices) of this foliation, i.e. ¥; = {t} x X. Now define a coordinate chart (U, z)
on X such that it corresponds to the coordinates (¢,z%) on an open neighborhood of
M. Let n be the future-pointing timelike unit normal vector field on . Then we

have the following decomposition

8 =Nn+X, (3.5)

where N is a lapse function and X = X0, is a shift vector.
Now, suppose that (M, g) is a globally hyperbolic spacetime with Cauchy surface
Yl. The spacetime metric g induces two pieces of information on X, the first funda-

mental form h and the second fundamental form (or extrinsic curvature) K. Let n



28

be the one-form associated with unit normal timlike vector n then
1
h=n®n+g K(X,Y):(Vxn,Y>:§£nh, (3.6)

for every X,Y € T,M. Now by the Gauss-Codazzi equations we can find Einstein

constraint equations [143] (see review article [17])

Ry — |K|} + Trp K = 2G(n,n) = 167u, (3.7)
divy [K — (Tt K) h] = G(n, ") = —87j (3.8)
C(h,F) =0, (3.9)

where C(h, F) is a constraint obtained from any extra fields F, | K|, = h*hY K, K. is
full contraction of K with respect to h, Trp K is mean curvature, and p, and j = j,dx®
are the energy density and the energy flux one-form, respectively. These equations
are called the Hamiltonian constraint, momentum constraint, and non-gravitational

constraint, respectively. Moreover, we have following evolution equations

d
Eh“” =2NKy + Lxha, (3.10)

d
Koy = VoVoN + Lx Ko + N {20 K 0qKye — (Trp K) Ko — (Rick)ap ), (3.11)

dt

plus some evolution equations for the matter fields F'.
Therefore, the triple (3, h, K) (or (X,h, K, F) where F is an extra field, or
(3, h, K, i, 7, F)) which satisfied Einstein constraint equations is called initial data

set of Einstein equations. An initial data set is called mazimal if Trp K = 0. For a
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vacuum and maximal initial data set, the constraint equations reduce to
R, = K[}, divaK =0. (3.12)

In the last six decades, there has been great progress in the existence and unique-
ness solutions of the Einstein constraint equations. The solutions of constraint equa-
tions is important because of the Cauchy problem in general relativity. The celebrated
work of Yvonne Choquet-Bruhat shows if a set of smooth initial data which satisfies

the Einstein constraint equations is given, then we have the following result

Theorem 18. [33] Given an initial data set (X, h, K) satisfying the vacuum con-
straint equations there ezists a unique, globally hyperbolic, maximal, spacetime (M, g)
satisfying the vacuum Finstein equations Ricg = 0 where ¥ — M is a Cauchy surface
with induced metric h and second fundamental form K. Moreover any other such

solution is a subset of (M,g).

Thus the necessary and sufficient condition for the Cauchy problem in general
relativity is the Einstein constraint equations. Many techniques have been developed
to prove the existence and uniqueness of the solution of the Einstein constraint equa-
tions in different cases (constant mean curvature (CMC), near CMC, and non-CMC)
such as conformal method [110], conformal sandwich method [18], barrier method
[100], etc. We refer the reader to Bartnik and Isenberg’s survey article [17] and an
interesting paper by Maxwell [117].

One of the important questions in this subject is construction of an initial data
set with desired properties. We return our attention in Chapter 7 to this question
and we construct a family of initial data which has similar geometrical properties and
angular momenta of the extreme Myers-Perry (EMP) black hole (see Appendix A for

properties of EMP).
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At this point, we will recall different energy condition on spacetimes

Definition 19. [130] Let (M, g) be a spacetime. Then we have the following energy

conditions

1. Dominant energy condition: G(u,v) > 0 for all future directed and causal vectors

u,v € T,M,

2. Weak energy condition: G(u,u) > 0 for all future directed timelike vector u €

T,M,

3. Strong energy condition: Ricg(u,u) > 0 for all future directed timelike vector

uel,M,
4. Null energy condition: G(u,u) > 0 for all null vector u € T,M.

This definition implies geometrical restrictions on initial data set (X, h, K') with
constraint equations (3.7)-(3.8). Another important class of spacetime is an isolated
system. The geometric property of an isolated system in GR is the idea that spacetime
becomes flat when we move very far from the system, and it approaches Minkowski
spacetime. This motivates us to define a geometric notion independent of coordinate
with conformal compactification of the spacetime and it is represented in the well-

known Carter-Penrose diagram.

Definition 20. [15] An n + 1 dimensional spacetime (M, g) has asymptotically flat

end if M contains a spacelike hypersurface ¥ such that there exists a compact sub-

manifold C, Xy = X\ C is diffeomorphic to Er = (R™\B}%(0), d,,) for large R and in

local coordinate chart x : Yo — Eg for data on hypersurface (X, h, K') we have

hzzb - 5ab - Os('r_p)a Kab - Os—1<r_q>7 achab € Lz(zext)a (313)
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where r = |z], p > %52, and ¢ > p + 1 [15].}
Returning to the classification of spacetimes we have the following definition.
Definition 21. [143] Let (M, g) be a spacetime, it is called

e Stationary if there exists a complete Killing vector field k on M which is timelike

in the asymptotic region of E,.
e Static if it is stationary and k is hypersurface orthogonal, i.e. £” A dk* = 0.

o azisymmetric if SO(2) = U(1) acts as a group of isometries on M such that the

set of fixed points is a codimension-two timelike surface.

3.2 Mass and Angular Momenta in General Rela-
tivity

In this section we briefly review mass and angular momenta in general relativity (see
[102, 141, 143] for comprehensive details of the topic). Energy and in particular
mass in general relativity is a complicated concept. There exist various approaches
to the definition of mass in general relativity, e.g. Hamiltonian approach. However,
in Newtonian gravity, there is a well-defined definition of mass (locally or globally) as

an integral of mass density

M= / 1w dv (3.14)

where U C R" is a spatial subset with Euclidean volume element dV and g is the

mass density (energy density in GR). Indeed, if we have a gravitational field ¢ = V)

"Where f = o0,(r®) it means g, --- s, f = o(r*?) for 0 < p <s.
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due to a massive object such that V¢ = —4mpu (by Gauss Law), then

1
M=——1m ¢ V,v*dS (3.15)

T r—o0 S,

where S, is sphere of radius r centered at the origin and v is the unit outward normal
vector on S,. Since in Newtonian gravity it is natural to suppose that p > 0, one
can easily prove positive mass theorem locally and globally. In contrast, in general
relativity there is no well-defined concept of local mass. This is a consequence of
the equivalence principle, or mathematically from the invariance of the theory under
diffeomorphisms [102]. This shows invalidity of (3.14) either locally or globally.

The main modern formalism for dynamic of general relativity is by Richard Arnowitt,
Stanley Deser, and Charles W. Misner in 1961 [11]. They defined ADM mass (energy)
and momenta by Hamiltonian approach [130, 143]. Their results motivative that a
good relation which corresponds to energy density (1 = Tyo) in GR is the Hamil-
tonian constraint equation (3.7). The Definition 20 of asymptotically flat spacetime
implies that the extrinsic curvature has strong decay conditions and it does not con-
tribute to the mass (3.7). But the scalar curvature Ry contains a linear combination
of second derivatives of h and quadratic terms in the Christoffel symbols. Hence after

simplification we obtain

Rp, = 0. (0uhae — Ochaa) +quadratic order of Oh (3.16)

N J
-~

0s—1(r—P—1)

By integration over U C R™ and application of Stokes’ theorem we have the following

definition which is equivalent to ADM mass (energy) at each ends (E’, h) [11]:

Definition 22. [11] Let (M, g) be an n+ 1 dimensional spacetime with some asymp-
totically flat ends (E?, k), the ADM-mass (energy) in each end (E:, h) is defined
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as

% 1 : c
MADM<E7~> h) = m rlir{olo 5 (8ahac — achaa) v°dS (317)

where S’ is a sphere(S™™!) in asymptotically flat coordinate system of h with radius

r at the end E’, w, 1 = vol(S"!), and v is unit outward normal vector on S.

By the beautiful result of Bartnik [15], the ADM-mass is a well-defined geometric
quantity and remarkably, it is a geometrical invariant of the Riemannian metric on

an asymptotically flat slice and independent of observer at infinity [15, 38, 123]:

Theorem 23. [15, Theorem 4.3]. Let T > 0 be a non-exceptional constant, k > 2,
and q > n. Suppose that a complete Riemannian manifold (3, h) has asymptotically

flat ends (E*, h)of type (k,q,T) so that

Ifr > ”7_2, the ADM-mass exists and it is unique. Moreover, if T > n — 2, the

ADM-mass is zero.

One of the greatest results in general relativity is the positivity of total gravita-
tional energy, i.e. positive mass theorem. The first proof of positive mass theorem
is by Brill for time symmetric initial data (i.e. K = 0)[23]. Then Schoen and Yau
proved this problem by application of Yamabe problem and minimal surfaces (zero
mean curvature) for 3-dimensional initial data and it has been extended to 3 <n <7
[136, 137]. Since there is no non-singular minimal surface in a barrier region for
n > 8, this technique cannot be extended to these dimensions. Independently, Witten
proved positive mass theorem by spinorial techniques for all dimensions for manifolds
with a spin structure [144]. In addition, the result has been generalized for black

holes, asymptotically AdS spacetimes, and some of other quasi-local definitions of
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mass [75, 85, 97, 138]. Here we state Schoen and Yau’s positive mass theorem

Theorem 24. [136, 137]. If (X, h) is an asymptotically flat Riemannian n-manifold
for 3 < n <7 with non-negative scalar curvature, then the mass of each end is non-
negative. If the manifold is geodesically complete and if the mass is zero in one end,

then (X, h) is isometric to flat space (R™,9).

Because of this remarkable result one might expect to extract more interesting re-
sults (e.g. global Penrose inequality) by defining mass for a finite domain of spacetime,
i.e.“quasi-local mass”. Note that there have been many attempts to define quasi-local
mass by different authors, Penrose [129], Hawking [81], Geroch [74], Bartnik [16],
York [24], etc. In spite of all these efforts, there is no generally accepted expression
for quasi-local mass in general relativity (see review [141]).

Every asymptotically flat spacetime has asymptotic symmetries which preserve the
asymptotic Euclidean structure of the end (3.13). This group is an infinite dimensional
Spi group which if we impose sufficiently strong fall-off on the Weyl tensor it contains
the Poincare group [12]. The translation generators of this isometry group yield to

the definition of ADM momenta for each end (E’, h) [141]

A 1
P(E' h) = —————lim ¢ (Ku — TrpKhy) v’ dS. (3.19)

(n — 1)wy_1 r—o0 Si

Similar to translational symmetry for ADM momenta, the ADM angular momenta are
generated by rotation symmetries. In general, there are several independent rotation
planes. The rotational group of an n+1 dimensional spacetime (M, g) is SO(n). This
rotation group has Cartan subgroup U(1)Y with N = [25%] [65]. Assume an n + 1

dimensional spacetime (M, g) has rotational isometry group U(1)? with commuting
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generators {) for k =1,...,d < N, then the ADM angular momenta are defined as

: 1
Joy(BlL h) = ———— lim ¢ (K — TrpKhg) 1" dS.. (3.20)

(’I’L — ]-)wn—l r—00 S;‘

In case of spacetime with Killing vectors, one can define Komar quantities. Let
(M, g) be an n + 1 dimensional stationary spacetime with timelike Killing vector n,

then Komar mass is defined [141]

1
K_ - 71 b
M*" = = Do TILIgO . *xgdn (3.21)

where x is an Hodge star respect to spacetime metric g. Note that My is a geometric
quantity and independent of coordinate. Moreover, it equals ADM mass for vacuum
stationary spacetime. Similarly, one can define Komar angular momenta if a spactime
has commuting isometry group U(1)? with generators §wyfork=1,...,d <N

1
K : b
J(k‘) = —(n _ 1)wn71 Tlglolo S *gdg(k) (322)

3.3 Black Holesin D >4

A black hole is a solution of Einstein equation which informally can be defined as a
region of spacetime from which no causal curve can escape to infinity. We say that a
spacetime has a black hole if M is not contained in I~ (# %), where .#* is null infinity.
Moreover, the black hole region is B = M — I~ (.#") and the boundary of B is a null
surface and it is called the event horizon N = bdary (I-(.#7)) N M [143].

In general different kinds of black holes form through different dynamical processes.
However, similar to any physical phenomena the final stage will be equilibrium or

stationary. Four-dimensional black holes are known to possess a number of remarkable
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Singularity

Event horizon N

Figure 3.2: Carter-Penrose diagram of Black hole collapse

features, such as uniqueness, spherical topology, dynamical stability, and the laws of
black hole mechanics. In the following section we will review some of these features.
In contrast to 4D black holes, the higher dimensional (D > 4) black hole solutions
have other distinctive features. But why should we study the higher dimensional black

hole? The mathematical motivations to study the extension of Einstein’s theory are

e The geometry of D — 1 dimensional slices of black holes poses interesting prob-
lems in Riemannian geometry (e.g. positive mass theorem; Penrose inequal-

ities in Riemannian geometry, discovery of inhomogeneous Einstein metrics

22, 50, 111, 136]).

e There exist interesting aspects of geometrical analysis, topology, and PDE the-

ory of higher dimensional manifolds [7, 71, 73, 91].

e Known examples of black rings [64], black Saturn [62] and black lens [108] in
higher dimension assure the existence of a rich variety of such objects whose

mathematical properties are only just beginning to be uncovered.

There are many physical motivations. The string theory contains gravity and
requires more than four dimensions. In fact, the first successful statistical counting

of black hole entropy in string theory was performed for a five dimensional black
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hole [140]. In addition, the AdS/CFT correspondence relates dynamics in certain D-
dimensional classical gravitational background with properties in quantum field theory
in D — 1 dimensions [114]. We refer the interested reader to the review article [65]
for more physical motivations. In Section 3.3.2 we give an overview of the important

results about five dimensional stationary black holes.

3.3.1 Stationary 4D Black Holes

It is convenient to start with some definitions of stationary black holes (we follow
the definition in [42]). Consider an asymptotically flat spacetime that has a timelike
Killing vector T at ¥.,;. We say that a spacetime has a black hole (white hole) if
M is not contained in I~ (Mey) (vesp. IT(Meyy)), where Moy = Udy(Eert) and ¢y is
one-parameter group of diffeomorphisms generated by of T'. Moreover, the black hole
region (white hole region) is B = M — I~ (M) (resp. W = M — [~ (M,,:)) and the
boundary of B is the black hole (resp. white hole) event horizon H™ = 0B (resp.
H~ = 0W) [143]. The full event horizon then is N = H* U H~. Then the domain of

outer communication or d.o.c is

<<Mext>> = [Jr(Memt) N [7<Mext) . (323)

Moreover, the boundary of d.o.c contains event horizons

EXF =0 (M) NIF (M), E=ETUE (3.24)

In the theory of black holes, there are different types of horizons such as apparent,
Killing, trapping, isolated, dynamical, and slowly evolving horizons (see review articles

[13, 20]). But in this section we want to review some of the fundamental results
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Figure 3.3: Carter-Penrose diagram of the stationary black holes.

about black holes with Killing horizons. In order to see this, let us define the Killing

prehorizon(horizon).

Definition 25. Let (M, g) with a Killing vector £&. A Killing prehorizon of £ is a
connected, null, injectively immersed hypersurface N such that Vp € N¢, &(p) = 0,

null and tangent. A Killing horizon is an embedded Killing prehorizon.

Now let N¢ be a Killing prehorizon (horizon) associated to Killing vector field &

with length X = g(&,€). Then the surface gravity ke of N¢ is defined by
VX|n, = —2k¢€ . (3.25)

The surface gravity of a horizon measures how much the parametrization of the
geodesic congruence generated by & is not affine. A Killing prehorizon (horizon)
with vanishing surface gravity is called degenerate or extreme and otherwise non-
degenerate. An essential property of a Killing prehorizon(horizon) is it has constant
surface gravity [133]. This fundamental fact implies that the surface gravity plays a
similar role in the theory of equilibrium(stationary) black holes as the temperature
does in ordinary thermodynamics [14, 143].

Before we move on to the features of stationary black holes, we review an impor-

tant result about static black holes. The first step toward uniqueness of static black
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holes was by Israel. He used two integral identities from level sets of X = g(k, k),
where k is a complete timelike hypersurface orthogonal Killing vector, and Stokes’
theorem, and he proved both static vacuum and electrovacuum black hole are spheri-
cally symmetric [101]. The technical restriction was connected horizon on the theorem
has been removed by many contributors and it was completed by the beautiful gluing
technique of Bunting and Masood-ul-Alam [26]. The main restriction in the theorem
was analyticity which has been removed by Chrusciel and Galloway [43]. Then the

statement of the theorem is

Theorem 26. [42] Let (M, g) be an electrovacuum, four-dimensional spacetime con-
taining a spacelike, connected, acausal hypersurface N, such that N is a topological
manifold with boundary consisting of the union of a compact set and of a finite number
of asymptotically-flat ends. Suppose that there exists on M a complete hypersurface-
orthogonal Killing vector, that the domain of outer communication ({Mey)) is globally
hyperbolic, and that ON C M\ ({(Mezt)). Then ((Mey)) is isometric to the domain of
outer communications of a Reissner-Nordstrom(RN) or a Majumdar-Papapetrou(MP)

spacetime(see [79, 82] for exact RN and MP solutions).

To continue the stationary black holes, one of the main features of stationary black
hole is the no-hair theorem or uniqueness theorem. But, we review some fundamental
results about topological and geometrical structure of stationary black holes. One of
these results is the topological censorship theorem by Friedman, Schleich, and Witt.
They proved in a globally hyperbolic, asymptotically flat spacetime satisfying the
null energy condition, the M., is simply connected region, i.e. m(Mey) = 0 or
every causal curve from .#~ to £ is homotopic to trivial curve. Then Chrusciel
and Wald showed that the domain of outer communication for stationary spacetime
is simply connected. Finally, Galloway extended this result for all globally hyperbolic

spacetimes that satisfy the null energy condition [71]. The precise statement of the
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theorem is

Theorem 27. [45, 69, 70] Let (M,g) be a stationary black hole spacetime. If the
domain of outer communications is globally hyperbolic and satisfies the null energy

condition then it is simply connected.

This theorem implies another important result about stationary black holes space-
time, the Hawking topology theorem. The result has been proved by Hawking [82]

and it can be recovered by topological censorship theorem.

Theorem 28. [82] Let (M, g) be an stationary four-dimensional black hole spacetime

satisfying the null energy condition, then cross sections of ET have spherical topology

H =~ 52

The third fundamental result about stationary black holes is the Hawking rigidity

theorem.

Theorem 29. [82] Let (M,g) be an analytic spacetime with an analytic null hyper-
surface N such that (i) M admits a complete Killing vector £ tangent to N,(i1) N
admits a compact cross section H transverse to &, (iii) The average surface gravity
(ke) = ﬁ fH < k,VI > dug is nonzero, where l is the null generator of N satisfying
Viu=1 foru: N — R and k is orthogonal to H, null and with (l,k) = —2 . Then
there is a neighbourhood U of N and a Killing vector n on U which is null, non-zero
and tangent to N. In fact, if £ is not tangent to the generators of N then there exists

a rotational commuting Killing vectors ¢ with 21 period and constants Qy such that

n = f + QNC (326)

One of the major breakthroughs in the mathematical study of general relativity is

the uniqueness of the stationary axisymmetric black hole. The first step toward this
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theorem was by Carter. He used the dimensional reduction of the Einstein action with
respect to the axial Killing field and obtained a linear divergence identity [27] and
he showed that axisymmetry stationary black holes are unique under some restricted
assumptions (see Appendix B for five dimensional version). Then Robinson and Mazur
used the non-linear divergence identity and proved the uniqueness of the Kerr black
hole. The Mazur identity is based on the observation that the Einstein-Maxwell
equations in the presence of a Killing field describe a non-linear o-model with coset
space G/H = SU(1,2)/S(U(1) x U(2)). Another approach to prove uniqueness is
by Bunting [25], who applied the properties of harmonic maps in negatively curved

target spaces [135].

Theorem 30. [40, 43, 48] Let (M, g) be a stationary, asymptotically-flat, electrovac-
uum, four dimensional analytic spacetime. If the event horizon is connected and either
mean non-degenerate or rotating, then ((M..)) is isometric to the domain of outer

commumnications of a Kerr—Newman spacetime.

3.3.2 Stationary 5D Black Holes

In higher dimensions, the Einstein theory and in particular black holes have richer
features and the reason is that as the number of dimensions grows the number of
degrees of freedom of the gravitational field also increases. Here we are interested in
mathematical aspects of higher dimensional black holes. We refer the interested reader
to the review articles [65, 93] for a comprehensive exposition of the topic. In contrast
to four dimensional spacetime, in higher dimensional instead of rotations around a line
(axis), the rotations are around (spatial) codimension two hypersurfaces. Thus, there
are different rotational planes. This condition is related to the asymptotic property

of the spacetime. The rotation group of D-dimensional asymptotically flat spacetime
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is SO(D — 1), this group has Cartan subgroup U(1)" where

N = {%] | (3.27)

This is equivalent to the existence of N independent rotational planes (z1, x2), ..., (Ty_1,ZTN)
associated to the rotational vectors Jy,...,04v. As pointed out in Section 3.3.1,
axisymmetric stationary spacetimes have many remarkable features, the one can con-
sider the generalization to higher dimensions. For D-dimensional stationary space-
time, we assume we have U(1)P~3 rotational symmetry. Then the reduced manifold
under R x U(1)P~3 isometry group is a two dimensional quotient manifold, i.e. or-
bit space. Existence of this symmetry imposes an important limitation on dimen-
sion. If we demand D — 3 rotatonal isometry in asymptotically flat spacetime, then

U(1)P=3 < U(1)" where < is subgroup notation. Therefore by equation (3.27)

D-1
D-3< {T} —  D=45 (3.28)

because of this reason we only focus on five dimensional asymptotically flat black
hole spacetimes in the thesis. First, we consider the topology of higher dimensional
black hole spacetimes. The Yamabe invariant Y'[H], is the topological invariant which
characterizes the topology of the cross section of event horizon H [71]

R+ dV5
Y[H] =sup inf fH—A/’L“ (3.29)

P ] B
where 4 = ®%+ is the conformally transformed metric on H and dVj is the volume
element with respect to . In dimension D = 4, applying Gauss-Bonnet theorem ,
Y[H] is proportional with a constant to the Euler characteristic of H. As we explain

in Section 3.3.1, there are different types of horizons and here we define trapped
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surface or marginally outer trapped surface (MOTS). Consider the (D—2)-dimensional
spacelike surface S and we define a pair of null vector fields n and [ orthogonal to S
and normalized as that g(n,l) = 1. Here, n is the future pointing null vector field
which generates a congruence of affine null geodesics, i.e. a null sheet N and [ is
“outward pointing”, parallel transported along N and it can be tangent to another
congruence of null geodesics. Then n and [ are completely fixed up to a rescaling, once
they have been defined on each point p € S. Now let 6,, and 6, be corresponding null
expansions in the directions n and [. Then the surface S is marginally outer trapped
surface if [73]

0, =0, L6, >0, ons. (3.30)

An example of a MOTS is the event horizon cross section H of a black hole. In
mathematical relativity a MOTS is very useful definition from which one can prove
interesting results about black holes. Moreover, the metric of spacetime near the event

horizon takes Gaussian null form [120] for stationary spacetime
g = 2du (dr — radu — rB,dz") + yudr*da’, (3.31)

where 2 is local coordinates on H, and «, f3,, and ,, are a scalar field, 1-form, and
Riemannian metric on each of the spheres S that are parameterized by u and r. Then
the Einstein equations in this form take a very simple expression [120]. Applying
Einstein equations near horizon we obtain constraints on the Yamabe invariant of
horizon cross sections [132]

4P=3 g o? + R ®2] dV-
Ju 1452 V9| “’DJ T>0. (3.32)
—2

[y 2P

Y H| = inf
Al =sup, inf

Then we have the following generalization of Hawking topology theorem
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Theorem 31. [71, 73] Let (M, g) be a D dimensional spacetime that satisfies the
dominant energy condition. If H is a stably marginally outer trapped surface in M,

then H is of positive Yamabe type, Y[H| > 0.

Then when D = 5, H is a closed compact 3-manifold. Since Y[H] > 0, H is a
connected sum

H = #, (S*/T,) #m (5" x 5?) (3.33)

where T',, < O(4) are discrete subgroups. Returning to the other features of higher
dimensional black hole, the topological censorship theorem [72] and rigidity theorem
for stationary spacetime [94, 121] holds. In the case of stationary five dimensional
black holes, by the rigidity theorem of Hollands, Wald, and Ishibashi [94] we have at
least one rotational Killing vector which generates U(1) isometry group. Then the
generalization of Hawking topology theorem has a refinement. For a stationary black

hole in the topology of the cross sections of N is[92]

3T

av
12

(3.34)
#m (S' x S%) #;L(ps, q;)

where I' < O(4) and all possible choices of I' are given in [92], and each L(p,q) is a
lens space.

Recall that a uniqueness theorem is a fundamental result in mathematical rel-
ativity. As explained above, there are different choices for horizon topology, thus
the uniqueness should cover all these distinctive topologies. To achieve this goal for
stationary, asymptotically flat five dimensional spacetime, one needs to impose an
extra U(1) isometry group more than what the rigidity theorem provides. Therefore,
spacetime has G = R x U(1)? isometry group. The reason for this extra symme-

try is existence of non-linear sigma model for five dimensional stationary spacetime,
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which is a considerable simplification. By this isometry group the quotient manifold
B = M/G is a simply connected, asymptotically flat, 2-dimensional manifold with
one dimensional boundary and corners [96] (see Proposition 43). The boundary of
this manifold is related to fixed points of the Killing vectors. More precisely, a lin-

2

ear combination of two generators J,: of U(1)” isometry group vanish on an (finite,

infinite, semi-infinite) interval I;,
v; =10, = g(v,v)=0 onl; (3.35)

the coefficient of this Killing vector is called a direction vector and I; is called rod.
A corner corresponds to a point at which two direction vectors of adjacent intervals
vanish simultaneously. By the Riemannian mapping theorem we can map B to the
upper half plane {z € C : Im(z) > 0} in the complex plane. By the vacuum Einstein
equations one can construct a geometrical coordinate (p,z) on B such that the axis
I' = {p = 0} corresponds the boundary of the manifold B, p is harmonic and z is

conjugate harmonic, and the metric has the following global representation[96]
g =¢* (dp® + d2%) + Gyyda’da’ (3.36)

where z° = (t, ¢, $?), gs = €?¥ (dp? + d2?) is the metric on B. Moreover, let us define

the twist potential one form of the Killing vector §; = 04 by
w; =xg (G ANENAE) (3.37)

Since the manifold is simply connected and it can be shown directly by the vacuum
Einstein equations that w; are closed, they are exact, i.e. w; =dY*and Y = (Y1, Y?)

is twist potential column vector(see Section 4.1). Then one can define the following
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Carter functional

S = /BTr [(@*chﬂ dy, (3.38)

where @ is defined in equation (B.2) and du = pdpdz. By a variational principle,
one can obtain the Mazur divergence identity (B.3). We refer the interested reader
to the article [29] and the book [86] for a complete survey of the identity. Moreover,
the vacuum Einstein equations arise as the critical points of the Carter functional
above[67, 96|

D, [p®~'D*®] =0, (3.39)

where D is connection with respect to the metric gz. Hollands and Yazadjiev applied
the Mazur identity (B.3), vacuum Einstein equations (3.39), and maximum principle

to prove the following uniqueness theorem.

Theorem 32. [96] Consider two stationary, asymptotically flat, vacuum black hole
spacetimes of dimension 5, having two commuting azial Killing fields that commute
also with the time translation Killing field. Assume that both solutions have the same
interval structure, and the same values of the mass m and angular momenta Jy, Js.

Then they are isometric.

3.3.3 Geometric Inequalities for Black Holes

In gravitational collapse (black holes) there are three classes of geometric inequali-
ties with physical applications. These inequalities are motivated by exact stationary
black hole solutions of Einstein equations. It is well known that the parameters,
(m, J, Q) where J is angular momentum, and @ is electric charge, that characterize
the Kerr-Newman black hole, which is a stationary, axisymmetric, electrovacuum, four

dimensional, asymptotically flat spacetime [143], satisfy several important geometric
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inequalities:

[ A
m > — Penrose Inequality (3.40)
167

Q2 _|’_ Q2 + 4J2
2 )
A > Ar\/Q*+ 473, Area-Charge-Angular Moementum Inequality (3.42)

3l\)
v

Mass-Charge-Angular Moementum Inequality3.41)

These inequalities are saturated for the slice of the extreme Kerr-Newmann black
holes, see Figure 3.4. By the uniqueness theorem we know Kerr-Newman black holes
are the unique spactimes when we fix mass, angular momentum, and charges. There-
fore, since these inequalities hold for the Kerr-Newman black hole, we expect them
to be true for all stationary black holes. But the ultimate goal is to prove these
inequalities for all dynamical black holes.

The first inequality is the Penrose inequality, which states a relationship between
the area A of a cross-section of the event horizon and ADM mass m. The inequality is
conjectured to hold rather generally in asymptotically flat and strongly asymptotically
predictable spacetimes subject to a dominant energy condition on Ricci curvature
[143], and is closely tied to the cosmic censorship conjecture (see the review article
[115] and original paper [128]). The Riemannian version of this conjecture, which
asserts that the area of a closed minimal surface in an asymptotically flat 3-manifold
is a lower bound for the square of the mass (times 16m) whenever the scalar curvature
is non-negative, has been proved by Huisken and Ilmanen, and extended by Bray
22, 99].

The second inequality is the mass-charge-angular momentum inequality. To prove
this inequality we need conserved angular momentum and charges. However, in gen-
eral, these quantities are not conserved. If we assume axisymmetry which is the result

of rigidity theorem for stationary spacetime, then since gravitational field does not
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Figure 3.4: Extreme and non-extreme slice of black holes

carry angular momentum, angular momentum will be a conserved quantity. The first
version of this inequality was proved by Dain [53] for vacuum, simply connected,
axisymmetric, asymptotically flat black holes. First, he constructed a non-negative
mass functional M which evaluates to the ADM mass for asymptotically flat, max-
imal, t — ¢ symmetric data (see Section 4.1 and [61, Hawking, Appendix C] for a
survey of t — ¢’ symmetric data). Then he showed that M is greater than or equal
to the mass of any axisymmetric, maximal, asymptotically flat, complete initial data
and the critical points of this functional are stationary axisymmetric black holes [52].
By these results, he proved the mass angular momentum inequality for asymptotically
flat, axisymmetric vacuum, black holes [51, 53|. In global proof, he used the technique
of harmonic map from R3\I' — H?, where H? is two dimensional hyperbolic space.

The statement of the theorem is as follows

Theorem 33. [53] Consider an azially symmetric, vacuum, asymptotically flat and
mazximal initial data set (3, h, K) with two asymptotic ends. Let m and J denote the
total mass and angular momentum respectively at one of the ends. Then, the following
inequality holds

m>VJ. (3.43)

This result and the technique of its proof have some restrictions: (1) 3 should be a
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complete Riemannian manifold and not a manifold with boundary which is natural for
black hole solutions,(2) 3 has only two ends and not for multiple black holes solutions,
(3) the initial data set is maximal, (4) the initial data set is vacuum, (5) since the
ADM mass is only defined for asymptotically flat, the technique can not be applied
for other spacetime such as Kaluza-Klein ends, (6) it is for three dimensional initial
data.

In the last decade, Dain and other authors like Chrusciel, Li, Costa, Weinstein,
Khuri, Schoen tried to extend this result to different cases [30, 44, 49, 105, 139]. First,
Chrusciel, Li, and Weinstein extended this result to complete Riemannian manifolds
with N asymptoticaly flat ends and they proved that the mass of any asymptote is
greater than or equals a function of angular momenta of the other asymptote, that is
m > f(Ji,...,Jn)[44]. Second, Chrusciel and Costa extended it for electro-vacuum
case which is inequality (3.41) [49]. Then Khuri and Cha investigated the non-maximal
(nonzero mean curvature) slices and they showed that the problem reduced to a system
of nonlinear differential equations which are called Jang equations [54]. Recently,
Schoen and Zhou applied a more geometrical technique and recovered the previous
results. We refer readers to the review article [54] for comprehensive survey of the
topic. In this thesis, we construct a mass functional which is a natural extension of
Dain’s mass functional for 4-dimensional initial data sets. Moreover, we prove some
interesting results about characteristics of this functional. Finally we prove a class of
local mass-angular momenta inequalities for four dimensional initial data sets.

The third class of inequalities is the area-angular momentum inequality for black
holes or more generally, initial data containing apparent horizons [103]. The first step
toward this was by Hennig, Ansorg, and Cederbaum [83, 84]. They proved an area-
angular momentum inequality for axisymmetric, stationary black hole spacetimes in

Einstein-Maxwell theory. Then this result was extended by Acena, Dain, and Clement
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[1] to dynamical axisymmetric black holes.

Theorem 34. [1] Consider an axisymmetric, vacuum and maximal initial data, with
a non-negative cosmological constant. Assume that the initial data contains an ori-

entable closed stable minimal axially symmetric surface S. Then

A > 1677, (3.44)

where A is the area and J the angular momentum of S. Moreover, ir the inequality
saturated then A = 0 and the local geometry of the surface S is an extreme Kerr throat

sphere.

Moreover, Clement, Jaramillo, and Reiris add charges to these inequality [46] and
cosmological constants [47]. Finally, Hollands considered spactimes with U(1)P~3
isometry satisfy the Einstein equations with a non-negative cosmological constant.
As pointed out in Section 3.3.2, in this case the spacetime is reduced to 2D orbit
space with boundary which is a union of intervals. One of these intervals represents
the horizon and denoted by Iy = N/U(1)P~3 = [a,b] where N is the event horizon.
Suppose that vy = a9, are Killing vectors vanish on end points of Iy. Then we

have the following result.

Theorem 35. [90] Let (M, g) be a spacetime satisfying the vacuum Einstein equations

with a cosmological constant A > 0 having isometry group at least U(1)P=3. Define

Jr = Jiay (3.45)

Then:

o The area of any stably outer marginally trapped surface (e.g. event horizon cross
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section of a black hole) satisfies

A> 8| ]| . (3.46)

o Furthermore, if A = 0, and if (M,g) is a “near horizon geometry”, then the
wnequality is saturated. Conversely, if the inequality is saturated, then the tensor
fields o, B, v determining the induced geometry on H (see equation (3.31)) are

equal to those of a near horizon geometry.

3.4 Summary

The goal of this chapter was to give a short introduction into general relativity and
black holes. In Section 3.1, we presented Einstein equations and Einstein constraint
equations with matter source and vacuum. Then we reviewed causal structure of
spacetimes and defined some properties of spacetimes such as energy conditions. The
energy condition is equivalent to imposing geometrical restriction in different prob-
lems. In Section 3.2, we overview definitions of mass and angular momenta in general
relativity. In particular, we review ADM formalism of GR and noted that ADM
mass is a geometrical quantity of asymptotically flat spacetimes, i.e. isolated systems.
Moreover, we stated the Schoen and Yau’s positive mass theorem which is one of the
major results in mathematical relativity.

Finally, in Section 3.3, we investigate black holes and express the definition of
the black hole and related terminologies in dimensions D > 4. We review some of
the fundamental results in the theory of stationary black holes such as the unique-
ness theorem, rigidity theorem, and Hawking topology theorem. In the last subsec-

tion, we collected geometric inequalities in gravitational collapse with symmetry and



o2

stated the main results in the literature. Most of these geometrical results have been
extended to higher dimensions except the mass-charge-angular momenta inequality.
This motivated an open problem which we investigate in this thesis: Is there any
mass-charge-angular momenta inequality in higher dimensions? We will address this

question in the next chapters.



Chapter 4

Initial Data with Symmetries

In this chapter, we construct n-dimensional t — ¢* symmetric initial data sets for
n > 3 and we construct a traceless-transverse symmetric (0, 2)-tensor which is a good
candidate for extrinsic curvature in Section 4.1. In Section 4.2, we provide the four
dimensional generalized Brill (GB) initial data set which is a fundamental tool in the
argument of mass-angular momenta inequality. Moreover, we demonstrate conserva-
tion of angular momenta and definition of the reduced ¢ — ¢* symmetric data. Finally,
in Section 4.3 we prove some topological results about the slice topology of any GB
initial data and corresponding slice in the domain of outer communication of the five
dimensional black holes. The results of this chapter appeared in the following jour-
nal articles: (AA.1) Classical and Quantum Gravity, 31 (5), 055,004(2014)[7], (AA.2)
General Relativity and Gravitation, 47 (2), 129(2015)[6], (AA.5) arXiv:1508.02337

which was submitted to Journal of Mathematical Physics [5] in July 2015.

4.1 t— ¢ Symmetric Initial Data

In this section, we prove that the extrinsic curvature takes a particular form in the

presence of a type of symmetry, ¢ — ¢* symmetry. Gibbons in [77] and his thesis
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introduced a type of symmetry for initial data with axial Killing vector field (see also
(61, Hawking, Appendix C]). This symmetry was generalized to n-dimensional initial

data [68]. Firstly, we define limited ¢ — ¢’ symmetric data and ¢ — ¢’ symmetric data.

Definition 36. Let (X, h, K) be an n-dimensional initial data set with U(1)"2
isometry group with commuting generators &; = 0y, that is [{4),&;)] = 0 for
,7=1,....,n—2, and

Leha =0,  LeyKay=0. (4.1)

0]
Moreover,

(a) ¢ — —¢' is a diffeomorphism which preserves h

(b) ¢ — —¢" is a diffeomorphism which reverses the sign K

Then the initial data set is limited t — @' symmetric data if the initial data set satisfies

condition (a) and it is t — ¢' symmetric data if it satisfies conditions (a)-(b).

One of the main geometrical consequences of limited ¢t — ¢° symmetry is the fol-

lowing lemma.

Lemma 37. Let (X, h, K) be n-dimensional initial data with limited t — ¢' symmetry,

then the two dimensional distribution D? orthogonal to &) s integrable.

Proof. The t — ¢ symmetry implies that h does not have cross terms between the
Killing part of metric and two other dimensions. Thus the general form of the metric

in local chart is

h = qapdz?dz? + \j;de'de’ (4.2)

where 7,5,k =1,...,n—2and A, B,C =1,2, {; = a%i and A\;; = h(&u), &())- Since

the Christoffel symbols are

1 . 1. :
Ty =—50""08N;  Thy=gN'oakie  Thp="T4p T =Ty =T} =3
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The iA components of the Ricci tensor of h by equation (2.3) vanish, that is R# = 0.
Moreover, since §(;) are axial Killing vectors, there exists axes of rotations for &), i

there exist p € ¥ such that {;)[, = 0. Then we obtain the following conditions

° Gal...an§ 58’; ; V“"—lgé’; vanishes at least one point of the axis of rotations
foragiveni=1,...,n—2
® o an§(ly &g e 1E,) vanishes for a given i =1,...,n—2

Hence by [63] which is a generalized version of Theorem 7.1.1 of [143], D? is integrable.
O

Remark 38. The t — ¢’ symmetric data set obviously implies K4pq4°¢?” = 0 and

Kab&(; f 0 (this means only K 4; # 0) and the extrinsic curvature [68] is
Kap = 241, (4.4)

where ® = (£q),...,&—2)" and A = (A',..., A" )" are column vectors such that
Lg(j)Ai = 0 for 4,5 = 0,...,n — 2. Therefore, t — ¢*-symmetry implies maximal

condition on initial data, i.e. Trp K = 0.

Now we construct the candidate transverse traceless (0,2)-tensor in limited ¢ — ¢’

symmetry for extrinsic curvature.

Proposition 39. Let (3, h, K) be n-dimensional initial data with limited t — ¢'
symmetry and X be simply connected. Assume there exists a divergence-less one
form column vector S = (S',...,S" ) such that Lg(j)Si = 0 and Cg(j)S" = 0 for
i,j=1,...,n—2. Then there exist a traceless-traverse (TT), symmetric (0,2)-tensor

H and functions Y such that

_ - i (=" i -
Hyp = 25" (A1 ®y), S = o e e * DY L, YT =0 (4.5)
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where ® = £y, - -, &m-2))" s a column vector, A = h(&u), &) s a (n—2) x (n—2)

symmetric, positive definite matrixz, and x is Hodge operator with respect to h.
Proof. We prove this lemma by using properties of commuting Killing vectors and
Lemma 37 and Proposition 37. First, We define the following one form
i i A ¢h b
K'=2% (SN A Ny (4.6)

Then since &(;) are Killing vectors and by equation (2.17) we have

EEU)I@ = *Lg, (S'A 5?1) ARERRA 5?71—2))

= ([Le, STA G A N Es)

n—2
+oxy (SZ NEY A NLe, oy Ao A g?n_Z)) =0 (4.7)
k=1
We take the exterior derivative d of the both sides and apply Lemma 1-3

dK' = 2d* (S"AE A ANy
= 2(=1)"" g, * (STAL A A )
= 2(-1)"2 [ﬁg(H) - L&H)d} * (STAELY A AN y)
= 2(-1)"2 [*5&%2) (STAEL A ANEs)
—tg oy dx (STAEL A A f?n_3))]
= =2(=1)" e dx (STAE A AE L g)

= 2=y dx (STAE A AE ) (4.8)
If we continue these steps for {;) where 1 = 2,...,n — 2, we have

A" = 2(=1)""21g, -+ tey,dx S, (4.9)
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since divS® = 0, we have dK* = 0. Thus K’ is a closed form and by simply connected-
ness of 3, the K is exact. Therefore, there exists a function Y* such that K! = dY*
for each 7. We multiply X' and take interior multiplication

i (_1)n i b b
5= Sqen F (YT AG A A E) - (4.10)

Second, we prove that H is a transverse-traceless (0,2)-tensor. Let V be the covariant

derivative with respect to h. Then we have

dive H = V°Tr (A\7'9,®}) + V*Tr (A'®,5})
= Tr(V'AT'5,9)) + Tr (A'S, V@) 4+ Tr (VA'9,5) + Tr (A1 0, V°S]))
= Tr(VOAT1S,9) + 2T (A1 S,V @)
= Tr(VA'5,9)) + Tr (AT'S, @A VAA) — Tr (A1, 2" A1V, \)

= —Tr (AT'VOANTIS,®F) + Tr (S, @AV = 0. (4.11)

The first equality follows from trace property of product of matrices, i.e. ®:\"1S, =
Tr (A715, @) = Tr (A '®,S}). The second equality is based on Killing properties of &
and divergence-less property of S?, i.e. Ve®, = 0 and V%S, = 0. The third equality
follows from symmetric property of A and L, )SJ = 0, that is f( VoSt = SJ“V(I{(Z

Moreover, the fact that &) are Killing vectors and in ¢ — ¢’ symmetry the metric
is in the form of equation (4.2) we have ®,V*\~! = 0. The fourth equality follows
from integrability property of distribution D? orthogonal to &) by Lemma 37 and the

identity in Proposition 3. The fifth equality follows from ¢, St = 0. m

Now the question is what is the relation between T'T tensor H and extrinsic
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curvature K for t — ¢' symmetric data. By Remark 38 we have
Kap = 2A(,Py) . (4.12)

Then if we multiply this by ®% and simplify we have A, = K, A \®’. We define
Ag = X1A, = (AL, ..., A"2)"  then

Ko, = 2Al A7y . (4.13)
Then by a similar argument to the steps leading to equation (4.11), we have
V@A, = VK, " (4.14)

Thus V“Aa = 0 if and only if divp, K = 0 or Lg(i)dthK =0fori=1,...,n—2. But
in t — ¢ symmetry a straightforward computation shows divy, K = (LgmdthK )d¢* for
i=1,...,n — 2 where {;)y = J4. Therefore, H = K if and only if divy K = 0. Now,
what is the geometrical meaning of the function Y in Definition 4.5 of S? The answer

is the following corollary. First, we know the twist one form is defined by [143]

W' =xg (Ely A ANy ANAE) (4.15)

where *, is Hodge star with respect to spacetime (M,g) corresponding to data
(X, h, K) such that x = 1,%4, where n is a unit normal timelike vector field on X.
Observe that Lnf(bi) =0 for i = 1,2. Geometrically the twist one form w’ measures the

failure of {(; to be hypersurface orthogonal.

Corollary 40. Let (X, h, K) be simply connected, t —¢" symmetric data with divy K =

0. Then dY'* = w® and we call Y* twist potential.
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Proof. Since divp K = 0 we can define one form S = K,,®*. Then by Proposition 39

there exits Y related to S* for i = 1,...,n — 2. First by definition of S* we have

Sy = Kally = hi, Vil
= —h, Vi, = — (g + n'na) Viglyme

= —Va&lyne = —5(d€u)an’

1
2

(4.16)

where V and V are covariant derivatives with respect to g and h. Then we multiply

x4 to equation (4.15) and we have

Hgw' = (=1)" Mg Ay A A -

If we take interior multiplication of this equation with respect to §;) fori =1,...

and using Lemma 1-3, we have

(-1

) = det A

g (WAL A NE ) -

Then by equation (4.16) we have

i 1 (_1)n+2 ; ) )
5= _§Lnd€(i) = Odet ) n*e (@' A SORAREENA é“(n—2))
(=" i A b b (=)™ ;
T 2detr (WAL A N = 9 det - e KW

Hence dY* = w".

(4.18)

(4.19)

O

Note that in the construction of the mass functional in the next chapter, we need

the full contraction of extrinsic curvature. In t — ¢’ symmetric initial data it has the
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following simple expression

K[ = (SIAT®,+ SpATI®,) (A8 + DA 5

— 2Ty (A15esY)
1

1
= Tr (A'VYV, YY) = —— ¢ D, YN ' DRY 4.20
Tt ( VoY) = 5qend’ Pa BY,  (420)

where D and V are covariant derivative with respect to the two dimensional metric
g orthogonal to £y in equation (4.2) and h, respectively. The first equality is based
on the trace property of matrices and symmetric property of A, i.e. SIATI®, =
DA, = Tr(A19,®f) = Tr(PpSpA~"). The second equality follows from ¢¢ S = 0

and ®,9" = X\ and definition of trace. The third equality follows from

i Qja i Qj 1 i j
S5 = <5,5”>h:m<*(d5/Aa)a*(dYJAOé»h

1
mEacal...an,QE
1

bb1...bp— 3 ] el
- méaalh-anivaylvby’@al 2 by

beby...by, o vayzvbyjaal...an,Qablmb”72

1 . 4
= 717\ ayl anéblmb"72 at...an—2
4(det )\)2 v v al'“an—Qa Ay, .. by_o
1 : ) 1 . ‘
= Taen VY VY = g DAY DY, (4.21)

a

where we define a = 5?1) /ARERWAN 5'(’n_2) and o192 = 5?11) . -5(77_2) and third equality
of (4.21) follows from L¢,Y" = 0. Moreover, since A;; = h(§),&(;)), we have det A =

5b1...bn_2 aal...an_Qablmb

e and yields final equality. Now we prove existence of twist

n—2

potential vector Y for general U(1)"~? invariant initial data

Corollary 41. Assume an n-dimensional simply connected, initial data set (3, h, K)
with isometry group U(1)"~2 which its generators commute ([, &5)) = 0) and tg, divg K =

0. Then there exist global twist potentials Y = (Y1, ... [ Y"2)t,
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Proof. We define the following U(1)"2 invariant vector of one form
Sy = K@ — K q® A0 (4.22)

Since ;) are Killing vectors, we have L, St=0fori=1,...,n— 2. Moreover, since

te,divp, K = 0 and 1¢, S* = 0, we have
divS = VoK@' + K VOO — VP, K g\ 0D — 0V, (KgA ' 0°P™) = 0. (4.23)

Then by the argument of Proposition 39 and Corollary 40 the function vector Y exists

and is defined by equation (4.6), that is
AY' =2 (S" ALy A+ A y) (4.24)

fori=1,...,n—2. O]

4.2 Generalized Brill (GB) Initial Data

In this section, we introduce generalized Brill (GB) data set (X, h, K) with some
assumptions and follow the argument in [3, 39, 96]. Recall that Brill data set is
a three dimensional initial data with vanishing extrinsic curvature, time-symmetric,
and U(1)-action is orthogonal transitive. The GB initial data set has three main

characteristics

1. (3, h) is complete four dimensional Riemannian manifold with two ends (at

least one asymptotically flat end).

2. X is a simply connected manifold.
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3. The data set is U(1)-invariant.

In general, the GB data set has two asymptotic ends. We consider one asymptotically
flat end and another end can be asymptotically flat or cylindrical end. By Definition
20 and [15] asymptotically flatness for ends of GB data is equivalent to the asymptotic

behaviour in local chart (U, z) at each end

Rap — Oap = 02(r71),  Kap = 01(r™2),  Ochap € L*(Zext) - (4.25)

Moreover, the initial data has an asymptotically cylindrical end if 3., is diffeomorphic
to (Crp = RT x N, h¢), where N is a closed 3 dimensional manifold and h¢ is fixed
Riemannian metric on N [36], such that for some positive constants ¢, ¢y in local

chart x : X, — Cpr we have

¢ (dy® + h°) < h < e (dy? + k) (4.26)

i.e. the metric is equipped to a cylindrical geometry, and

h=dy* + h"+ O(e™™) (4.27)

where v > 0. Before we continue to construct this class of data, we have the following

definition of symmetry.

Definition 42. A four dimensional initial data set (3, h, K) is called U(1)?-invariant
if there exist two commuting rotational Killing vector fields £y which generate the
compact Lie group U(1) x U(1) that acts smoothly with no discrete isotropy groups

on Riemannian manifold (X, h) and

Leh =L, K=0. (4.28)
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Thus the GB data has isometry group G = U(1) x U(1) with elements k =
(e, e™) for 0 < 711,75 < 27 and generators ;). Since G-action does not have
discrete isotropy groups, the only isotropy groups are G; = {e}, G, = U(1), and
G3 = G. If there exist any other two commuting Killing vectors é(i) which generate

G, then they are related to ;) by the matrix
é(i) = Z Nijf(j), sz € GL(Z, Z) (4.29)

with Gram matrix A;; = h(&), §(;)). Then the orbit space B = /G is a 2 dimensional
manifold with three different region types corresponding to three isotropy groups. We

have the following result [96].

Proposition 43. [90, Proposition 1]The orbit space B = ¥/G is a 2-dimensional
simply connected smooth manifold with boundaries and corners, i.e. a manifold locally
modelled over RxR (interior points), RT xR (1- dimensional boundary segments) and
R x R (corners). Furthermore, for each of the 1-dimensional boundary segments,
the rank of the Gram matriz X\ is precisely 1, and there is a vector w = (wy,wsy) with
integer entries such that \ijw?! = 0 for each point of the segment. If w; and w41 are
the vectors associated with two adjacent boundary segments meeting in a corner, then

we must have

Sy

Wi Wiy

2
w; Wiy

SN

On the corners, the Gram matriz has rank 0, and in the interior it has rank 2.

The proof of this proposition is based on proving that tangent space of the orbits at
each point has 0, 1, and 2 dimensions. We refer the interested reader to the Proposition

1 of [96] for the proof (see the Figure 4.1). Now, let 7 : ¥ — B a be canonical
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boundary interior points

corners

another end

Figure 4.1: Orbit space with boundaries and corners. The empty circle which is a point
removed from boundary represents another end.

projection of ¥ onto orbit space B. For any point p € B which lifts to an orbit of
principal type (interior points of B have orbits with principal(minimal) type), there
exists a metric ¢ defined by X,Y € T,,B. Let p € ¥ such that det A|; # 0 and 7(p) = p.
Then the push forward map m. : X, (X) — X(B) such that (X)), = mls(X]5),
where ¢, (X) = {X € X(2) : h(§u,X) =0, Lg,X = 0}, is an isomorphism.
Then there exist unique vectors X,Y € 15X orthogonal to £(;) such that ﬂ*(}}) =Y

and 7,(X) = X and we have
¢X,Y)=h(X,Y). (4.31)

Then by the principal orbit theorem (Theorem 1.13 of [60]) there exists an open dense
set of B which can at least locally be modeled on smooth sub-manifold (perhaps with
boundary and corners) say S of ¥ which meets orbits of &) precisely once and it is

called cross-section of the G-action. Let

pe S =S\{det\; =0}, (4.32)
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where \;; = h(§4), &) and for any X,Y € T,S C T,B we have

1
det hy; [h(f@)’ E@))h(Eqy, X)h(€ny, Y)

+ h€ay, E) (), X)€@, Y) — hEay, E@) Py, X)), Y)

— W&y, @) (@), X)), Y)} : (4.33)

(X,Y) = hX,)Y)-—

This definition coincides with (4.31) when X,Y are tangent to orbit space and in

indices we have the projection map
a_ gao _ hijga- éb‘ . (434)
qp b (#)S3)b
Thus all information about A is contained in ¢ and in the one-form

&y = h€ay, ) - (4.35)

This means that there exists a projection P, : T3 — TS such that X — P (X).
Thus X =Y + o/{;) where Y € T'S and Py, (X) =Y. Assume that z = (z%), for
A = 1,2, is a local coordinate on S and propagate these coordinates of S such that
L, x* = 0. Moreover, let ¢' be coordinates that vanish on S and L, ¢* = 1. Then

i) = Oy and Py, (X404 4+ X'04) = X0, and the metric will be
h = qapda?da® + \ij(d¢' + ALda®)(d¢? + Alda®), (4.36)

where Oyiqq = Oyi Al = Opihij = 0. Thus this is a smooth metric on X. Since h is an
asymptotically flat metric with asymptotic condition (4.25), it suggests the following

assumption’

lsee Remark 47.



66

Assumption 1 We assume that ¢ is a conformally flat smooth 2-dimensional
metric on B (interior and axis) with Weyl coordinates (p, z) as a part of four-
dimensional Riemannian metric h such that p is harmonic with dp # 0 nonzero

on interior of B. Moreover, the metric has global representation

dp? + dz?
qapdz?dX? = e2V+2”M , (4.37)
2/ p? + 22
and )\ij = )\%621).
P
= iy I Iy | If I VAP
I~ = = s s = S = = = I+t z
ag a; a, a, - E ag a;y a;r 4 ‘1:+

Figure 4.2: The orbit space as half plane with two ends.

Moreover, since B is an (orientable) simply connected 2-dimensional analytic manifold
with boundaries and corners, we may map it analytically to the upper complex half
plane {z € C : Im(z) > 0} by the generalized version of Riemann mapping theorem,
Osgood-Caratheodory theorem, such that one asymptote represents the infinity of
upper half plane and another represented by origin space (see Figure 4.2)[3, 67, 96].
The boundary of the orbit space 9B lies on the z-axis and it is denoted by I' = {p = 0}.

By proposition 43, we can define I' = Z+ UZ~ where

T = (Q Ii> U (@ o 1) U(EUR) (4.38)
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+ +
g ap At _q a, +

I+

Figure 4.3: Orbit space as infinite strip. The map from the z + ip complex plane to the y + iz
complex plane where y = logr.

where n* € Ny = {0,1,2,...} and if n* # 0 then m* = n* + 1 and if n* = 0 then
m* = 1 or 0. These points a;° represent the corners and I = (ai |, a) represent
finite intervals. On each interval a particular integer linear combination of the &
vanishes. The semi-infinite rods I? and [iE at the ends correspond to the axes of
rotation of the fixed asymptotically flat R* region and the axes of rotation of the
asymptotic E region, respectively. It is possible that these two coincide (e.g. Myers-
Perry initial data) and then 7 = Iﬁf = []}t. Without loss of generality, we can choose
€1y, &(2) to vanish on I} and I} respectively. The finite-length intervals (rods), on the
other hand, correspond to 2-cycles in ..

In order to understand the topology of the two asymptotic ends it is useful to use

the quasi-isotropic coordinate (r,z) with transformation

2 2

p= %\/1 — a2, z = %x (4.39)

such that it maps conformally the half plane {(p,2) : p € Rt U {0}, 2 € R} to
infinite strip {(r,z) : » € RTU{0}, —1 <z <1} (see Figure 4.3). In characteristics
of GB data, we consider asymptotically flat and cylindrical ends. But what are the
possible topologies of each end by just considering orbit space B? Clearly each end

is a three dimensional closed manifold that we denote by N. In orbit space picture
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N is a closed interval, i.e. N/G = [a,b] where end points a and b correspond to
isotropy group Gy = {U(1)} which one Killing vector v = v'€(;y vanishes. Note that
it is impossible to have isotropy group Gz(= U(1) x U(1)) at a point p € N, which
means both Killing vector fields &) vanish at p. This fact is due to the following

argument. We know &(;) are commuting Killing vector fields and then the derivative

of [, &) =0 at pis
Vaf(cnvcg&) - Vaf(CQ)ché’l) =0 at p. (4.40)

Moreover, since Vaffi) : T,N — T,N are linear transformations (skew-symmetric 3 x 3
matrix) on 7, N and linearly independent, they can be viewed as elements of the Lie-
algebra so(3) which commute. But the Cartan subalgebra (abelian subalgebra) of
so(3) has rank 1 [98]. Thus it is impossible to have isotropy group G3. Then we have

the following proposition which the proof is exactly similar to proposition 2 in [96].

Proposition 44. Let N be a 3 dimensional closed manifold which represents ends of
simply connected, complete, Riemannian manifold ¥ with G-action (G = U(1)xU(1)).
Then N is topologically either a ring S* x S?, a sphere S, or Lens space L(p, q), with

p,q € 7.

Remark 45. The Lens spaces L(p, q) are the spaces obtained by factoring the unit
sphere S® in C2? by the group action (zy,2) — (e*™/Pz1,e*™/92,) and fundamental
group of the Lens space is m(L(p,q)) = Z,, and ¢ is determined only up to integer
multiples of p and homology groups are Hy(L(p, q)) = Z for k = 0,3 and H,(L(p, q)) =
Z, [80, Example 2.43].

Note that N = S3 S x S? L(p,q) are all spaces with positive Yamabe types,

that is they admit a metric with positive scalar curvature [19, 71]. Then based on
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Proposition 44, Assumption 1 and equation (4.36) and asymptotic fall off equations

(4.25) and (4.27) we have the following assumption

Assumption 2 The coordinate system (p,z,¢") forms a global coordinate?
system on ¥ where p € R U {0}, z € R, and ¢' have period 2x. The functions

v,V, A, and Xj; satisfy

(i) as r — o0

v=o0(rTY), A =poi(r), AL=o0i(r), Vi=oi(rTh),  (441)

A= (1 + (=D e 4 01(7“_2)) Tii, Ny = pPor(r™) (4.42)

where 0 < e <1, 0;; = gdiag(l —z,1+x).

(ii) As r — 0 which represents asymptotically flat end we have

v=—2log(r)+ O0:(1), V =o01(r) A, =poi(r), AL =o01(r’) (4.43)

z

N = (1 + (1) o+ 01(7”2)) 0ii, Ny = plor(r ). (4.44)

(iii) As r — 0 which represents cylindrical end with topology R x N where
N == 53 S x S% L(p,q) we have

v = —log(r) + O1(1), A; =poi(r), AL =o(r%)

)\, — 725_2’]’ = 01(7’)7 V == 01(1) (445)

v

where h¢ = 62‘/4(%12) + 7;;d¢'d¢’ is a metric on N.

2see Remark 47
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(iv) as p = 0 and w = wia%i is the Killing vector vanishes on the rod I;
V=0:/(1), v=0i1), A,=0i(p), A =0i(1),  (4.46)
, ) _
Ajw’ = O(p?), and otherwise \j; = O(1), (4.47)

and to avoid conical singularities on the axis [' we have

1 2/ p? + 22N wiw? 1
V(2) = - lim log< Fre e ) (4.48)
p

p—0

= §10g‘/;,

for z € I; = (a;,a;41), w' € Z, and log V; € L'(R).

Definition 46. A generalized Brill (GB) initial data set (3, h, K) is a U(1)?-invariant,
simply connected, complete, maximal, initial data set and h on ¥ admits a global

representation of the form
h = (dp? + d2%) + e (d¢' + Apda®) (d¢/ + ALda®) (4.49)

where (z',2%) = (p,2), det X' = p?, p € [0,00), z € R, and ¢' € [0,27] and U =
V— % log (2 p? + 22) and the functions v, V, A% and Aj; satisfy in Assumption 2 and

extrinsic curvature satisfy

|K|p =o01(r™?), asr— oo K| =01(r*) asr—0 (4.50)

|K|p=0:(1) asp—0 (4.51)

Remark 47. Note that based on argument in [39] for 3 dimensional data with U(1)-
action, it suggests assumptions 1 and 2 are unnecessary and we will investigate this

problem in future and in this thesis we continue by the assumptions.

Remark 48. Since two known extreme vacuum, U(1)2-invariant stationary black hole
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solutions have the following property

V=V(@)r?+o(r?), /1 V(z)dz = 0, r — 00 (4.52)

1

We assume all extreme vacuum, U(1)%*invariant stationary black hole solutions have

this decay..

We have the following interesting result about lower bound of |K|, for any GB

initial data.

Lemma 49. Let (X, h, K) be a GB initial data with ig, divpy K = 0. Then

Ly VYIAIVY

KI? >
Kln 2 € 2 det A

(4.53)

where V is the covariant derivative with respect to flat metric d3 = dp* + dz* + p? dy?

on R3.

Proof. The metric for Brill data is
h =V (dp® + d2%) + e”N; (do' + Ada®) (d¢/ + A%da”) . (4.54)
Now introduce the co-frame of one forms {6}
08 = etVda”, 0t = e” (d¢' + Alyda”), (4.55)
so that the metric can be expressed as
h = (82) g 0707 + X;677267+ (4.56)

where §; = dp? +dz? is flat 2 dimensional Riemannian metric and the associated dual
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frame of basis vectors
ep =e T (9 — Aldy) e =€ Oy (4.57)
Since t¢, divK = 0 and X is simply connected, then by Remark 41 we have
dY? = 2% (S" A&y AEly) (4.58)

where S, = K, @ — K 4P, \"1®°®*. Then we have

dy’®
2

= éabchff(ei)f(cl)fé)dﬁa
= 6(83,80,0¢1,8¢2)K(dxc,8¢i>d$3
= %elep, ec, es, eq)K(0°, 8@)93

= pepcK(H°, €i2)0" (4.59)

where epc is the volume form on the flat two-dimensional metric. Noting K¢ (i) =

K(ec,eiys) = K(09, e;10) we read off

o~ (4v+U) A o~ (4v+U) .
————9,Y", Kyig=———0.Y" (4.60)

K i —
2(i+2) 2 2

Noting that in this basis,

K|, = K+ K3 +2K5,+ 2)‘/inl(i+2)K1(j+2) + 2A,in2(i+2)K2(j+2)

+ NINFEK oy Ko aee) = 2N Kiyoy Ko + 237 Ko y0) Kogj12)

o—2(40+0) o—2(4v+0)

= ——— ()T [N'V4Y'VpY] = 5

27 [VY'XNT'VY]  (4.61)

since the functions Y are independent of auxiliary angle ¢ in 3 we can assume capital
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Latin indexes are A, B = 1,2,3. Now we define A\ = €\ which yields det A\ = e*p?

and the result. ]
Remark 50. Consider GB initial data (3, h, K'). Then by definition of twist potential
Y = (Y, Y?) in equations (4.24) and (4.60) we have

OAY" = (—1)A+1p€2UKA(i+2) + (—1)Ap€4UAf4K(i+2)(j+2) (462)
with norm

]VY" = (’apYZ’2 —+ \82Yi|2)§ S C'r_lpe4U+a (‘K1(2+2)’ =+ ’K2(Z+2)‘) . (463)

Furthermore, asymptotics for K 4(i12), A = 1,2 may be obtained from the asymptotics

of |K|, and X through the inequality

2> NVE g0 Kagro) < |K[7. (4.64)
A=1,2

Therefore, we have the following asymptotes for twist potentials Y at each ends and

the axis.

(a) asr — 0

4 I- 4 1 —
Y! = const+ p*y/ 5 xol(r_2), VYt =p 5 ’ 01(r™?), (4.65)
1 1
Y? = const+ p*y ;xol (r=?), VY2 = py 42—1: 01(r™?). (4.66)



(b) as r — 0 and asymptotically flat end

Y! = const + p?

?‘
S
S
~
=

—_
+
8
|

[

Y? = const+ p*y

1+
2

VY| =t

(c) asr — 0 and k > 2 for asymptotically cylindrical end

]_ _
4 X 1(7’_2

f

Y! = const + p?

—_
+
8
|

(]

Y? = const+ p*y

[\]

(d) asp—0and z>0

1—

V! = const+ 4/ 5 xO(p3),
1

Y? = const+ 4/ ;—'IO(pQ),

(e) asp—0and 2 <0

1—

V! = const+ 4/ 5 $O(p2),
1

Y? = const+ 4/ ;xO(p?’),

Now we have the following interesting result about the angular momenta.

Proposition 51. Let (X, h, K) be a GB initial data set with e, divgy K = 0 .

|VY?| = py 1—{2_3301(7“_2).
1 J1—x

VY| 5~ O(n),

VY| = pif H L o)

|VYW=pW1;xOﬂL
1+
VY| = p{/ == Olp).

ADM angular momenta J;y are conserved quantities and

™

Ji

>

Yi(z=1)-Y'(z=-1)] .

74

1-— 1-—
o), VY = (), (467)

o1(r 9.

(4.68)

VY =g e ), (469

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

Then

(4.75)
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Proof. By ADM angular momenta formula (3.20), we know angular momenta of a 3

dimensional closed surface S are
J, (S) = %Ka v fb dS (4 76)
% ) s b () . .

Let S C ¥ with unit normal vector v and &1, Sy be two 3 dimensional surface with

isometry U(1)? such that S = S; U S,. Then if we consider te,,divp K = 0 we have

1 1
0= |t divp K djg = K&y dS = Ji(82) — Ji(S1) . (4.77)
87T 8 S1USs

Thus angular momenta are conserved quantities. Since t¢,divp K = 0 and by Corollary

41 the twist potentials globally exist and it is
AY? =2 (S" A&y A Ely) (4.78)

where (S, 5?)! = K ,®° — K 4P, A71®P. On GB initial data (X, h, K) we can

construct an orthonormal frame (¢, v, &), §2)) where

¢ = (det \) ™2 eqpear €y Ely) - (4.79)

where ( is in the direction of . Then the ADM angular momenta is

J; = — lim K bV fz) dS = — lim Szl/adS
1 rooo T r—o0 Jg
I T ;e £6,60, VY Wypads
87 100 fg 2det A D@

vey'ds

1 1
- rim s
= / 0,Y' dx = [ =1 -Y'(z=-1)], (4.80)
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where dS = /h,, det Adzd¢'d¢? and (, = Vhy, dz. ]

By Section 4.1 for the vacuum (u = j = 0) t — ¢'-symmetric data, the metric
takes the form (4.49) with A° = 0 and the extrinsic curvature is determined fully
from the twist potentials Y. Thus this suggests that the data is characterized by five
scalar functions, or equivalently, the triple u = (v, \',Y’), where v is a function, X is
a positive definite symmetric 2 X 2 matrix, and Y is a column vector. Explicitly, for

vacuum ¢ — ¢' symmetric initial data set, we can express the extrinsic curvature as
Kap =22 SHN 710, . (4.81)

where ®¢ = (5?1),5212))'5 is a column vector and S = (S*, 5?)" is a column vector with

components S* defined by (4.78). This motivates the following definition.

Definition 52. Let (X, h, K) be a GB initial data set with g > 0 and ¢, divy K = 0.
We define the associated reduced data set to be the vacuum t — ¢'-symmetric data set
characterized by the triple u = (v, X', Y") where (v, \) is extracted from the original

data set and Y is defined in (4.78) and we denote this initial data by (B,u).
Then we have the following result about this class of data.

Lemma 53. Let (B,u) be the associated reduced data set of a GB data set. Then the
associated reduced data set can be characterized by a triple w = (v, N,Y) and orbit

space.

Proof. A vacuum t — ¢*-symmetric data set obtained from GB initial data set has the

following metric and extrinsic curvature

h=e"h, h=e"[ (dp* +d%) + Nydg'de’],  Kup = 2S[,A "' Py (4.82)



7
where U =V — %log (2 p? + 22> and

B 1
~ 2det A

%

ey lep, *AY (4.83)

Therefore, the vacuum ¢t—¢’-symmetric data set characterized by six functions (U, v, \',Y))
with boundary conditions (4.41)-(4.45). These functions are coupled by Hamiltonian
constraint (3.12). If we assume K, = e 2K, and apply Corollary 5, the Hamiltonian

constraint convert to the Lichnerowiscz equation

1
_RE(I) +

; K, K®®5 =0

AP — , (4.84)

1
6

v

where & = €. Now we substitute scalar curvature which is equation (5.48) (set

H = (), extrinsic curvature (4.21), and A; = €2V A3 to get

det VN 4 VYIN-IVY

4.85
1202 ¢ 12,2 (4.85)

1
Agv + gAQU —

where Aj is three dimensional Laplace operator with respect to metric d3. Now for
given (v, \;.,Y'), and definition of U we have a linear two dimensional Poisson equation

» g

for V' with Dirichlet boundary conditions:

AV = F(p,z) in B=R2 (456

V=yg(2) = =5 2,00 l0gVi(2)xs, onT =0R}

where V = o(r™!) and V = o(1),0(r') as r — oo and r — 0, respectively. Moreover,

x(x) =0if x ¢ I; and xy,(z) =1 if 2 € I;. Now we define a set

A ={u=(v,\,Y):V is a solution of (4.86)}, (4.87)
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to be a class data set u such that the solution of equation (4.86) exists. [

4.3 Global Topology of Slice

In this section we discuss global topology of the GB data (X, h, K) (argument of
[3, 5, 91]). Consider the GB data set, then ¥ is complete, oriented, simply connected,
and it has two asymptotic ends, each of which is asymptotically flat or asymptotically
cylindrical. There is always at least one end of the former type. As a simple example,
the t =constant hypersurface is a maximal initial data slice of the Schwarzschild-
Tangherlini spacetime with the topology R x S® [142], which has two asymptotically
flat ends. Asymptotically cylindrical ends (the geometry approaches a product metric
on R x N where N is a closed 3-manifold of positive Yamabe type by Proposition 44)
arise in the context of initial data set for extreme black holes.

In general, assume .4 is a four dimensional, closed, simply connected oriented
smooth manifold admitting an effective torus U(1)?* action, Orlik and Raymond clas-
sified these manifolds [126]. They proved since (M) = 0 (M is simply connected),
the only finite isotropy group is the identity. Moreover, they show that such manifolds
must have the topology of connected sums of copies of S? x S2, CP?, and CP’ (note

that taking the connected sum with S* is the identity operation), i.e.
N 2y (82 x 52) #nz (CP?) #ng (CP2HCP?) (4.88)

where # denotes the connected sum of manifolds [80]. Note that if .4” has spin
structure, then no = ng = 0. One may obtain asymptotically flat ends by removing
points, or equivalently, taking the connected sum with R*. For example, the topology
of the maximal slice of Schwarzschild discussed above can be obtained simply by

removing two points from S*. But what about other types of end? The slice with
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cylindrical topology arises in the context of an extreme black hole. Since the horizon
of an extreme black hole has infinite distance from a point in the slice, the end of
slice has horizon topology. Therefore, topology of a slice of an extreme black hole is
equivalent to the slice topology in the domain of outer communication and we denote
it by ¥o. In [91] Holland, Hollands, and Ishibashi prove the following result about

topology of slice of black holes with R x U(1) isometry.

Singularity

DoC

Figure 4.4: The domain of outer communication is the green region and it has topology
R x 20.

Theorem 54. [91, Result 2] Consider an analytic, stationary, rotating vacuum black
hole spacetime with isometry group R x U(1). Then the domain of outer communica-

tion has topology M = R x ¥ where
S & [R4#n1 (52 x S2) #ny (CP?) #ns (CPQ#WH _B (4.89)

where B is a compact manifold without boundary such that 0B = H and n; € Z.

Since the slice of GB data has all assumptions of Theorem 54 with extra U(1) sym-
metry, we can obtain similar result for GB data with cylindrical topology. Therefore

we can summarize with the following corollary.

Corollary 55. Let (X, h, K) be a GB data set, then the topology of ¥ is one of the

following
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(a) 3 has two asymptotically flat ends
% 2 Rign (52 x S2) #ny (CP?) #ns <(CIP’2#W> 4R (4.90)

where ny,ny,n3 € Z. Note that if X has spin structure then ny = n3z = 0.

(b) 3 has one asymptotically flat end and one cylindrical end with topology R x N
such that N = 83 S x 8% L(p,q)

5 o [R‘*#ml (52 x S2) #my (CP?) #ms (@PZ#@)] _B (4.91)

where my, my, ms € Z and B is a compact manifold with boundary OB = N. Note

that if ¥ has spin structure then ms = mg = 0.

For explicit example of five dimensional stationary black holes with U(1)? sym-
metry, the argument is different. The ¢ constant slice ¥y of these solutions is a 4
dimensional manifold with horizon boundary. If the black hole is extreme, H is in-
finitely far away and if we remove H we obtain ¥. In non-extreme case one can
compactify g by gluing in a closed 4-ball D% and get 2 = ¥y U D% | and then apply
the doubling procedure to obtain a closed manifold. Note that the double of 2 is
the quotient space of 2 LI 2 obtained by identifying each point in the boundary 02
of the first copy of 2 with the corresponding point in the boundary of the second
copy [109] and denoted by Zp. Then we remove two points from 2p and the slice
topology is ¥ =& R4 2p#R?* [3].

For the case of the Myers-Perry black hole the topology of 37 is 37 2 [0,1) x
S3 [7]. Note that ¥)7 is asymptotically flat, simply connected, and has an inner
boundary 0¥} = —S3. Then the topology of extreme Myers-Perry is SEMP =

(0,1) x S3. For the non-extreme case, we compactify this manifold and we get 2MF =
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[0,1]x S? = D* and the doubling is 2MF = §*. Then topology of non-extreme Myers-
Perry slice is XMF = RIHGIHRY = (0,1) x S3. The spatial slice BF% of the doubly

spinning black ring spacetime has topology

Ypr =2 R* — Int(R)

where R is a regular neighborhood of an embedded S! in R* Note that Int(R) is
the standard choice and it is possible that we choose another 4-dimensional compact
manifold with boundary S* x S?. We call Int(R) the standard black hole region. The
choice of the embedding of S! into R* is not relevant due to the fact that any pair
of ‘locally flat’” embeddings of S' in R* (or S?*) differ by a homeomorphism of R*
(respectively S*), for this topological result see [21, 78].

Consider the 4-dimensional sphere S*. Let B be a closed 4-dimensional ball in
5S4, let R be a regular closed neighborhood of a locally flat embedded S! in S*, and

assume that BN R = (). Since S* — B =2 R*, it is immediate that

»oft = 5t — [BUlInt(R)]. (4.92)

Regard S* as the one-point compactification R* U {oo} of R*, and without loss of
generality assume that R is a regular neighborhood of the S! formed by the w-axis of

R* together with {oc}. Then one verifies that

St —Int(R) = S* x D?, (4.93)

where D? denotes the 2-dimensional closed disk; we refer the reader to Figure 4.5. It
follows that

»if >~ (5% x D*) — B. (4.94)
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§'=RU {o0}
- \
St x B3 |
O ‘ S? x D?*#R*
// :"

\ ’ ! |II
N 1

1

(a) We delete St x B3 from S* (b) S%x D? is space around S* x B3 (c) S% x D?#R*

Figure 4.5: The black ring slice as (S? x D?)#R?*. (a) shows a regular neighborhood R = S* x B3
of S = {w-axis} U {oo} is deleted from S* = R* U {oc}. (b) the space obtained is homeomorphic to
S2 x D? (c) The black ring slice topology, S? x D2?#R*.

Since removing a closed ball from a 4-manifold is equivalent to a connected sum

with R*, we also have that
N = (S* x DY)#RY,

The homology of X5 is computed as follows. Since R* = XFfUR and RNLPE =

OR = S'x S? and R is homotopic to S'; the Mayer-Vietoris sequence for R* = SFFUR
0 — H;(S* x S?) = H; (B8 @ Hy(SY) =0, i>1,

determines all homology groups of ¥F® and its Euler characteristic; namely|[7]

7Z n=0,23 4
H, (DB = X(EER) = (-1)"dimH, (M) = 1.
0 others n=0

This computation is a particular case of our Theorem 56.

Since X% = R*—Int(R) where R is the regular neighborhood of an embedded S*, a



standard dimension argument shows that L5 is simply-connected. Since Hy(XER) =

Z, the Hurewicz theorem shows that mo(3F%) = Z. More generally,

m(T) =0, mE)=2Z, mEFN)=2Z w37 #0, (4.95)

where the claims about m3(X5%) and 74(XF) are prove in Appendix C.1.

Note that X% is asymptotically flat, simply connected, and has an inner boundary
OXPt = —S' x S2. Then the topology of extreme black ring is FPR = §% x B2#R?
where B? is a 2 dimensional open ball. For the non-extreme case, we compactify this
manifold and we obtain 28% = 52 x D? and the doubling is 287 = §% x S?. Then

topology of non-extreme black ring slice is 2% =~ R4# 52 x S24#R4,

4.3.1 Topology of >

In this section we study topology of ¥, for multiple black holes[7]. We do not consider
Lens spaces topology and we assume X has spin structure with n; = 0 in Theorem 54.
We define the standard region of a black hole with H 22 #m (S' x S?) as N, (Vi_,S})
where N, represents a regular neighbourhood. This definition requires us to show
that there are no knotted embeddings of N, (V._;S}) into R*. We compute the Euler
number of a slice of a five-dimensional spacetime containing m black holes (the exis-
tence of which is consistent with all known constraints). Observe that this means we
are considering spacetimes which contain a disjoint union of horizons, each of which
is consistent with the horizon classification of [91, 94]. Although there are no explicit

solutions for such geometries, we can still discuss aspects of their topology.

Theorem 56. Consider an asymptotically flat stationary spacetime (M, g) containing

m = ny + ny + na black holes and horizon
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n2

H = (H s3> 1T <]_[ (S* x 52)> 11 (]_[ #1 (S x 52)> . (4.96)

i=1 i=1 i=1
Assume that the domain of outer communication has the form R x ¥g where ¥g =

R* — B and B is the standard black hole region for H. Then the Euler number of ¥

is x =1—mn1 +n3(l — 1) and the homology of ¥ is given by expression (4.104).

Proof. In this case the black hole region is

B = (ﬁlnt(B“)) I (]n_[ (S* x Int(B?)) )H (]_[N (VISP ) (4.97)

The homology of the black hole region is
n3

EBH (Int(BY)) @H x Int(B%)) @ Hn (Ve (VieyS))) - (4.98)

=1

Since H,, (N (VI S})) = @i_, Ha(S}) we have

7m n=>0
Ho(B)=q zmtsl =1 (4.99)
0 others

Also the homology of the horizon is

n3

@H (S?) @’H P S?) P H. (#1 (ST x 5Y)) (4.100)

=1



By the long exact sequence and the excision theorem, a calculation shows

7 n=20,3
Ho (#1(S'xS*)) =<0 720 n=1.2
0 n>4
then
7 n=20,3

Ho(H) = zmtnsl p =12
0 n >4

Since R* = ¥y U B with BN Y, = H, from the long exact sequence

M1 (RY) = Hy(H) = Ho(B) & Hu(S0) — Ha(RY)

we deduce the following:

dimH, R* H B Yo
n=~0 1 m m 1
n=1 0 mny+ngl ng+nsl 0
n=2 0 ng+nsl 0 no + nsl
n=3 0 m 0 m
n>4 0 0 0 0

Table 4.1: Homology groups of %g

The homology of a slice of spacetime containing m stationary black holes is

7 n=20
72 tnsl n=2
Hn(E()) =
zm n=3
0 n=1andn >4

85

(4.101)

(4.102)

(4.103)

(4.104)
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Then the Euler number is
4
X(Z0) =Y (—1)"dim (Hy (£)) = L —ng +ng (1 —1). (4.105)

]

We remark that under the assumptions of Theorem 56, Hurewics’ theorem implies
72(3g) = Z"2*sl. Further, suppose that (M, g) is an asymptotically flat stationary
spacetime containing a black hole with horizon H such that R* = ¥y U B, H =
Yo N B. We are unaware whether the following statement is true: topologically, the
only possibilty for the black hole region B with horizon #m (S' x S?) is a regular

neighbourhood of V™, S!. We can, however, show the following:

Theorem 57. Suppose that (M, g) is an asymptotically flat stationary spacetime con-
taining a black hole with horizon H such that R* = Yo U B and H = Yy N B where
H = #m (S* x S?). Then the homology of B is the same as the homology of the
standard black hole region for H. Moreover, the homology of ¥ is the same as the

homology of the ¥y obtained by removing the standard black hole region from R,

Proof. Consider the Mayer-Vietoris sequence
M1t (RY) = Hop (#m (ST x S%)) — Hp(B) @ Ho(Zo) — Ha(RY).. (4.106)

Observe that
o Ho(B) =Ho(Xg) = Z since B and ¥, are connected.

e H(B) = Z™. This follows since by topological censorship [69, 70], asymptotic

flatness implies ¥y is simply connected so H;(X) = 0.
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e Hy(B) = 0 and Hz(Xg) = Z™. Indeed, by Alexander duality [80, Theorem
3.44], Ha(Xo U {o0}) = Ho(S* — B) = HY(B) = Z™. Then, observe that,
Ho(Xo) = Ha(Xo U {o0}) since removing an interior point of a 4-manifold does
not change the second homology group. This last statement is well known and

is proved as follows: consider the sequence for the pair (M*, M* — {p}) and use

that Ho(M*, M* — {p}) = Ha(R* R* — {p}) = H2(S?) which holds by excision.

e H3(B) = 0 and H3(X) = Z. Analogously, by Alexander duality [80, Theorem
3.44], H3(Zo U {oo}) = Hs(S* — B) = HO(B) = Z. Then Hs(Xo) = Hs(X U
foo}) = Z.

e H,(B)=H,(Xy) =0 for n > 4 since B and ¥ are 4-manifolds with boundary.
Observe this agrees with the homology of the standard case for H = #m (S*x S?). [

Recall that we previously defined the standard black hole region B for a black hole
with horizon a connected sum #m (S* x S?) of m copies of S' x S? to be a smooth
regular neighbourhood of a subspace homemorphic to VI, S} of S*. We want to make
sure that generically different ways to consider B are equivalent. Specifically, if By and
By are two different possible standard regions, then there is a diffeomorphism h: S* —
S* such that h(B;) = By. In fact the stronger statement that h is differentiable and
isotopic to the identity map follows from standard results in differential topology as
informally described below.

First, the notion of subspace is restricted to being a subcomplex in a triangulation
of S4, and smooth regular neighborhood is defined as done by Hirsch [89]. Then any
pair of smooth regular neighbourhoods of a subcomplex V7, S} of S* are differentiable
isotopic. By reasons of dimension, any pair of subcomplexes of S* homemorphic to
Vi St of S* are isotopic, and this isotopy extends to an ambient differentiable isotopy

by the Isotopy Extension Theorem [88].
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4.4 Summary

This chapter is the first step toward mass-charge-angular momenta inequality. In Sec-
tion 4.1, we construct a class of n dimensional initial data with U(1)"~? isometry plus
extra restrictions in Definition 36 and it is called ¢ — ¢* symmetric data. This class of
initial data set includes initial data set of the all vacuum stationary, U(1)"~2-invariant
solutions of Einstein equations. Moreover, we construct a traceless-trancevese sym-
metric (0,2)-tensor which represents the extrinsic curvature in vacuum. In Section 4.2,
we consider a more general class of four dimensional data which is a generalization of
the three dimensional Brill’s data(see [39, 53]).

In our analysis we consider some assumptions regarding existence of the global
representation of h and we leave this as an open problem. Moreover, we study the
orbit space geometry of the GB initial data. In Section 4.3, we presented the topology
3} for known black hole solutions and multiple black holes. If the topology of horizon is
not spherical or Lens space, we showed topology of ¥ in the extreme and non-extreme

cases are different.



Chapter 5

A Mass Functional M and Positive

Mass Theorem

In this chapter we construct a mass functional M for the class of generalized Brill (GB)
initial data sets which we defined in Chapter 4. We prove that mass of any GB initial
data set is greater than or equal to the mass of vacuum t — ¢’ symmetric initial data
sets, i.e. associated reduced data. Moreover, the critical points of the mass functional
are stationary, U(1)%-invariant black solutions of the Einstein equation. Finally, we
prove a positive mass theorem for restricted class of GB data sets. The results of
this chapter appeared in the following journal article: (AA.2) Physical Review D, 90
(12), 124,078(2014)[3], and (AA.5) arXiv:1508.02337 which was submitted to Journal
of Mathematical Physics [5] in July 2015.

5.1 Construction of M

An important step in the proof of the mass angular momenta inequality was the con-

struction of a well-defined mass functional M, which is a lower bound for ADM mass
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of any GB initial data set. In 3+1 dimensional case, Dain constructed a mass func-
tional for reduced vacuum ¢ — ¢ symmetric initial data. In that case, M = M(v,Y)
depends on two scalar functions v and Y which can be shown to fully specify the ini-
tial data set. The proof shows that m = M(v,Y) for t — ¢ symmetric maximal initial
data, and that m > M for arbitrary axisymmetric maximal data [53]. M(v,Y") can
be shown to be positive-definite and the unique minimizer is extreme Kerr, completing
the elegant argument [52].

It is natural to expect an analogous inequality would hold in D = 5 dimensions,
under suitable restrictions on the initial data. The situation is particularly interesting
as there are potentially two known candidates for minimizers: extreme Myers-Perry
black holes with H = S? [124], and extreme black rings with H 2 S x S? [64]. The

masses of these solutions satisfy

27

M= 327T (2] + \J2|)2 (Myers-Perry) (5.1)
27w :

M3 = T|J1|(|J2| — 1)) (black ring) (5.2)

where J; are conserved angular momenta computed in terms of Komar integrals. Of
course it is not manifestly clear how an expression which is derived from the ADM
mass (i.e. evaluated at spatial infinity) would capture information on the topology of
the horizon - indeed, at the level of the initial data, the horizon is a minimal surface
in the interior. It is worth noting that another, related class of geometric inequali-
ties relating the area of marginally outer trapped surfaces to the angular momenta
(and charge) have also been established in three spatial dimensions[59, 103]. Once
again the geometries which uniquely saturate the bound were the horizon geometries
corresponding to the extreme Kerr geometry. As pointed out in Chapter 3, recently,

Hollands has derived an area-angular momenta inequality in general dimension D,
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for spaces admitting a U(1)P~3 action as isometries[90]. In this case, the inequality
depends on the topology of the marginally outermost trapped surface.

In this chapter, we construct a positive-definite functional M which evaluates
to the mass for GB initial data set. We prove a variational principle for this mass
functional. In particular, we show critical points of M are stationary, U(1)?-invariant,
vacuum black holes. In this sense our mass functional is an extension of Dain’s
functional M(v,Y"), which also has this property. However, there are a number of
important differences. As we will elaborate, our functional contains boundary terms
which encode the ‘rod structure’ of the initial data.

Now , let (X, h, K) be a GB initial data set with metric
h =V (dp? + d2%) + €™ N (d¢' + Apda®) (d¢/ + A%da®) (5.3)

with asymptotic behaviors in Definition 46. Then we parametrized the metric and

extrinsic curvature with the following conformal rescaling
hab = CI)ZiLab) Ky = (I)_Qkab (54)

where ® = €. Then by the asymptotic behavior of GB initial data at the asymptot-

ically flat end in the chart (U, z), i.e. r — oo we have
d—1=o0(r?), Pap = Oap + o(r?). (5.5)

Then the integrand of ADM mass equation (3.17) is

Ouhac = Oulraa = 20 (0,®) hoe + @ (Buhac ) = 20 (0,2) hag — 2 (D)

= —60.® 4 dyhae — Ochga + 0(r™2). (5.6)
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Therefore we find

1
MADM = — lim —680(I> n°dS + my,
167 r—oco S,
I ;
= o Jim 5 —6v, r*dede'de?® + M., (5.7)
3 ~
= -2 o de+ My, (5.8)
8 Jz,

where we that used ® = ¢¥ = 1+ 0;(r™!) as r — oo in first equality. The second
equality follows from U (1)?-invariant symmetry of v. Recall the boundary of the orbit

space consists of the asymptotic regions

Br {z,p = 00, 2(p* + %)% finite} = {r — o0, -1 < z < 1}, (5.9)

B = {zp—=0t={r—0,-1<z<1}. (5.10)

and the axis I'. Now we find the ADM mass of the conformal metric h.

Lemma 58. Consider a GB data (X, h, K, i, j) with the rescaling (5.4). Then
h T re 2
1), \2
Proof. Let us consider the flat metric in coordinate (y;)
04 = dyi + dys + dy; + dys (5.12)

with the following transformation to (r,z, ¢!, ¢?)(or (p = %\/ 1—2a2z= %x, P, $?))

/1 1
Yy = r Jrxcosgzﬁl Yo =T +xsinqﬁl,
2 2
/11— /11—
ys = r 2$COS¢2, Yy =T 2xsin¢2,
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2 .2 2 2
_ 2 _ Wwity)— (5 +u)
SR A
¢' = arctan (%) . ¢% = arctan (%) .
Y1 Ys

First we write the conformal metric in (r, x, ¢', $?) coordinate.

2
7 _ 2V 2 2 7 7 7 a ]
h = 6+ (& —1) (dr T x2)dx ) + (N — 0yy) dg'dg! +2 X, Ajda"dg!

~~ Brr Brrr
Br

+ terms quadratic in A’. (5.13)

The mass of d, is zero. By Assumption 2 in Definition 46, the last quadratic terms
in (5.13) will not give any contribution to the mass integral. Now we compute the
mass of each term By, By, and Bjy;. First, by the asymptotic behavior of functions

(equations (4.41) and (4.42) ) we have

S R
by -] a0 ee

_ 2
= (e =1) 0+ [fur ' = (& = 1)] (yldy22 y22dy1)
o Yi + 3
I Vv
Crr

(y4dy3 - ygdy4)2
Y3 +yi

+ St = (e = 1)]

(&

Cror
yadys — yadys) (yodys — y1dyo)
SR A . (5.14)
(y7 +u3) (3 + vi)

-~

Crv

(
+ Ao

Now we compute ADM mass of each one of these terms :

e (C; : The Cf is a conformal flat metric so the mass by argument similar to the
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(5.7) will be
1
Mihy =——1lim ¢ —30, (*" —1) dS. (5.15)

1677 r—oo S,

e Cy; : we consider Cy as a metric (Cf)q such that only nonzero components

are
rolme — (2 — 2dy? + y?dy? — 2y y.dy;d
(Co)o = [f11 ( 1] (y3dy? + yidys — 2y1y2dus yz) (5.16)
?J1 +y2
Then the mass is
1 4
c . Yo n Yi
Mipy = 160 Tlggo o [aw(CH)ywz? + Oy, (CII)y1y27 - ayi(CII)ww?
Yi Y Yy
- ayi(CH)ym? + a1/1(011)31111171 + 8y2 (CII)yzyz ?2] ds
L 1 “1-e 2V
- _Erhjgo . (@ + ;) [fllr — (e — 1)] ds.
o (777 : This is similar to C; and we have
MSI” = 1 lim o, + 1 [—fur_l_e - (62‘/ — 1)} ds.
DM ™ 967 rooo S, r
o Cry: This is similar to Cj;. Let the metric be
N (n1yadyedys — yiysdyedys + yoysdyidys — yoyadyidys)
(Crv)a = 5 . (5.17)
(yi + v3)(v5 + vi)
Then
My = o= i [ [0 (o) + 0 (Crv) ) 2
ADM 167 r—oo s, Y1 Y1Y3 Y2 Y293 r

Y Y
- (8313 (CIV)ylys + @y4(CIV)y1y4) 71 ( ys(CIV)yzys + ay4 (CIV)y2y4) ?2

O (Cr ) + 0O )yy) 2| ds =0 (5.18)
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Then the ADM mass will be

1 2
MBI+BU - ] 0, 2V_1 2 2V_1 q B
ADM 167 ro0 ST{ O (¢ = 1)+ (¢ 1) 0 dS (5.19)
= 1 1 2V 2 2V 7”3 1 9
= Tor ST{—ar(e — 1)+ (Y = 1) p Tdade'dd’  (5.20)

4 3 3
= " lim Loy L —f/ "y, ) d.
4 T—00 Sy ’ T 4 4 Br 2 ’

where in the third line we have used equation (4.42). Now if we consider the term

BIII

1
B[]] = 57'2(1 + I’)d¢1 (Alljdp + AidZ) +

- s

r?(1—x)d¢? (A2dp + AZdz) +o(r™).

S

(b | —

v vV
Di+Dyy Drrr+Drv

(5.21)
We prove that ADM mass of D; and Dj; parts are zero and others are exactly similar.

Consider D; as a metric

1
(Dr)ay = 57”2(1 + x)d¢1A,1)dP = (y1dyz — y2dyr) A,l)d\/(?/% +y3) (?Jg + i)
1
= f(yg + 1) (y1dye — yody1) (y1dys + yodys)

1
+ Fp(y% +y1) (11dy2 — yadyr) (ysdys + ysdys). (5.22)

Then the integrand of ADM mass is

(9a(Dr1)ac = 0c(Dr)aa) n° = p (y10,, — y28y1>A;1) =0. (5.23)

=0

Note that ) = 9y = y10,, — y20,,, which is a generator of the isometry group. Now
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1 1
(Dir)ay = 57"2(1 +z)d¢' Aldz = B (y1dya — yady) ALd [(?J% + yg) - (y?? + ?JZ)]

1

f(yldya — yodyn) (y1dyr + yodyp)
1

f(yldyg — y2dyr) (ysdys + ysdys).

Then the ADM mass is

(0aDr1ae — 0c(Dr1)aa) n° = £y13y2 — y23y1)Aé = 0.

~~
=0

DO |

There the ADM mass of conformal metric is zero, that is M ED w =0.

Returning to the mass of GB data we have

T 3 r3

Then we define three one-form w, a and x such that
w = 2a + 6y
where

a = (pV,—V)dz—pV.dp

3 2
= (—r(1=2*)V,—rzV)dr+ <ZVT - EV> dz

3
x = pv,dz—wv.dp) = —r(l —2*)v,dr + %urdx.

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)
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Then
da = AyVpdpdz, dx = Asvpdpdz, dw = (2AV + 6A3v) pdpdz, (5.31)
where Aj is Laplace operator with respect to the metric
83 = dp® + d2? + p*dy? (5.32)

on R? and ¢ is an auxiliary 27 angle. Note that with transformation (4.39) in the

chart (r,z, ¢) the metric is

2

5, = 12 [drz F (=) + (1= )| (5.33)

and Ay = 8/3 + 0%2. Now by asymptotes of GB data set, we list the behaviour of x;

and o at boundary of the orbit space 0B =1'U Br U Bg.

3 2 3
a = <ZVT, - EV) de, x= vadx, on Bp (5.34)
a = —rzVdr, x=0, on I’ (5.35)
a = x=0, on Bg, (5.36)

Now if we integrate equation(5.31) with coeflicient 7 over the orbit space B we have

T T
— [ dw = —/ w
4/3 4 Jos
T T
= —= m:Vdr—l——/ K
JEATA

— g/ooor[V(:c: 1)+ V(z=-1)]dr — Mapu

m
— ZZ/, log V;dz — Mapu. (5.37)

rods ¥ *¢

3
v, - r2V> + %v] da

CY I
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The first equality follows from Stokes theorem and the last equality follows from
equation (5.26) and orientation of (r,z) chart. We next compute the scalar curvature

of hgy. Then by equation (2.30) we have
— Rpe® = —Rj, + 6e72Y [Agv + (Vv)?] (5.38)

and V is the derivative with respect to d3. Now we compute the Ricci scalar Ry, by

the following remark.

Remark 59. Consider a metric of the form
g = qapdada® + N (d¢' + Ada®)(d¢/ + ALda®). (5.39)

The vector field 9/0¢" are Killing fields and so all functions appearing in the metric

are independent of 2. Explicitly the metric components are
gBc = qBc + )‘;jA%AJéJ 9ii = Nij» 9Bi = )\;jAjé : (5.40)
and the inverse is
gB¢ = B gl = N 4 qBCAfBAé g = _qBCAJé‘ (5.41)

A tedious but straightforward computation shows that in this coordinate basis the
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Ricci tensor is

1
(Rg);;, = _ZDAlog(detA,)qABDB)\;j‘i‘ AP N FpFhe

-q
4
1 1 1
1 1
(RQ)BE = —§DBDE(log det )\') —+ (RQ)BE _ ZTr()\/—lDE/\//\/—lDB/\/)
( ] i i 1 i
— (Ry);; ApAL + (Rg) ;5 A + (Rg),5 A — §qACX FioFd b (5.42)

1 , 1 1
(Rg),p = §DC( CEA;ngE)+§qCEA’ F];Erﬁc+ ¢ PN F},.0p(log(det X))

7N Fapl e (Rg)@-j A

o)y Ay + ganDe (\/det N/det qA;quEqCNF,gN)

1
2
(R 2+ det )\’\/detq

where Fip = 20| AA%] , and D and ['§, are the covariant derivative and Christoffel

symbols of ¢, respectively.

Now by Remark 59 and fixing q = €2Yd, where

2

— 2, " 42
5y =dp® +d2? =r? |[dr? + e mQ)diB : (5.43)
and the Ricci curvature for h is
1 AN/ 1 AN/ 1 AN’ \/kl /
(Rﬁ)ij = _§VAV >\ij - §VA (logp) V >\ij + §V i VA)‘lj
1
+ Z—Le—‘lU AN HY (5.44)
~ 1 B ,
(Bp)ia = (Bp); A%+ %(62)ABVC (pe 2 N;05N 6P FY ) (5.45)
i Ad i i 1 _ i j
(RB)AB = - (Rh>ij AA% + (Rﬁ)m Ap + (Rh>i3 Ay — 56 2U5§EA;jFACFJJBE

1
— DaDplogp— JTr NTIVANNTIVEN] + (Rg) 45 (5.46)
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where Flyp = 2V[4 A%, and
Hij = 5§052BEF;XBF5E = (Azp,z - Ai,p) (Az),z - Ajz;,p) . (547)

Here V 4 is the covariant derivative with respect to flat 3 dimensional metric d3 equa-
tion (5.32). Since R, = —2e 2Y AU where A, is the Laplace operator respect to dy,

the scalar curvature is
Roe = — ey i _onu 4 2 _infovony? 5.48
R = ¢ 1Y — 240 +E_Zr( )7 - (5.48)
By equations (5.38) and (5.48) we have

1 iy 1 1
— Rpe® 2V = Ze-WA;jH” +2A,U — E—I—ZTr [(A’—lvxﬂ +6A30+6 Vo> (5.49)

where |Vu]* = (V)% 4 (V.v)2. Now we integrate equation (5.49) over B and use
(5.37)

v
Mapyu = Z/
B

m
+ ZZ/,, log V; dz (5.50)

rods ¥ *¢

1 11
Rpe?' T2V 4 16_2UA;jH’] ~ % + 4T [(X—1VX) 2] +6 |Vv|2] dp

Then we have the following theorem about properties of the mass functional.

Theorem 60. Assume (X, h, K) is a GB initial data set of Einstein constraint equa-

tions (3.7) and (3.8) with unit normal timelike vector n. Assume t¢,G(n,-) =0 for



101

i=1,2 and G(n,n) > 0, where G is Einstein tensor. Then the mass functional is

m det VN VYINTIVY
NY) = — [ (- T ?) 4
M (v, X, Y) 4/5( e - +6|VU|) "
+ %Z/logvi dz (5.51)
rods 7 Ti

where V; is defined by

2y + 2w
Vi(2) = lim Ayt
P

p—0

zel; = (ai,aiﬂ), wi S Z, (552)

to avoid the conical singularity. Then we have
(a) Mass of any GB initial data is greater than or equal to M.
(b) M evaluates ADM mass for t —¢' symmetric, vacuum data (B,w) and it is finite.

(c) R x U(1)*-invariant, vacuum solutions of Einstein equations are critical points of

M.

(d) M >0 for admissible set = of orbit spaces which is defined in Definition 63 and

extreme R x U(1)? invariant black holes.

Proof. We prove parts (a) and (b) here and parts (¢) and (d) are Section 5.2 and

Section 5.3, respectively.
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(a) The ADM mass of any GB initial data is equation (5.50). Then

s
Mapm = Z/
B

+6 |Vo|?

1 a1 1 2
20+2U —2U 7 -1
Rye + e A HY - 2 +4Tr [(X vX) }

s
d”JFZZ/I,lOgVidZ

rods 4

E/ [|K\h62v+2U iy (Vx| + 6 |wy2] du
B

v

4 4

m
_E 1 .
+ 1 /1 ogV;dz

rods v

IV

™ e ty/—1 1 1w\ 2
Z/B[W [VY'A VY]+—?+Z—LT1~[()\ vX)’|

9 T
+6 | Vo) du+12/1_ log V; dz (5.53)

rods “ ¢

The first inequality follows from Hamiltonian constraint equation (3.7) and elimi-

nating the positive term le*QU)\;jH . The second inequality follows from Lemma

4

49. Now, consider the term

1 1 , 2
SR [(vrav)?) (5.54)

By matrix identities Tr(AdA) = Y984 and [Tr(A4)]* = Tr(A?)+2 det A for matrix

A and the fact that det \' = p? we have

11 ) 1 ) 1 )
Rt [(X 1VX)2} = (¥ 1VA’))2+ZTr [(X 1vX)2]
i
= _%d(ei};v)j\ for 2 x 2 matrices (5.55)

where we are using the notation det VX' = 3€*e/' VX, - VA},. Then we have

MADM 2 M(U,)\/,Y) (556)
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where mass functional M is defined in (5.51).

We know in ¢ — ¢ symmetry in vacuum A% = 0, G(n,n) = 0, and |K|, =

6—61}
22

[VYIN=IVY]. Thus all inequalities in equation (5.53) are equalities. Hence
we have Mapy = M(v, N, Y'). Now we use the asymptotic conditions of GB data

in Definition 46 and show M has finite energy. Let r — oo then

det VN _ e VYINTIVY o _
S o), e o),V = o) (5.57)
and as r — 0 and asymptotically flat
det VN _ e VYINTIVY _ _
- =) e — =o(r™*), Vo’ =o(r™), (5.58)

and as r — 0 and asymptotically cylindrical

det VX'

s VY'NTIVY
2p? N

2p?

o(r**72),  |Vu]* = o(r ). (5.59)

since the volume element is O(r®), the functional M is finite.

[]

Remark 61. One can write the mass functional in terms of the flat metric d5 on R3

in cylindrical coordinates

1 det VN, VYIXN-IVY
M@ N,Y) = §/Rs (— e 62—p2+6|Vv|2) dpo

T
+ ZZ/I log V; dz, (5.60)

rods ¥ 7

where dug = pdpdzdp = %drdxd@. Moreover, we have two ends, one of which is at

the origin £ = {p = z = 0} of R3 and it is not part of integration domain, because
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the integrand of M by asymptotic conditions (4.44) and (4.45) on F is finite. Hence
the domain of integration is auxiliary R3. Note that if we consider a region 2 C R3\T,

then the mass functional is

8

1 / ( det VN, VYIXN-IVY
- b S .
Q

1
= 6|Vol* ) duo + ~ Adyp, (5.61
Mo s e T 019 ) dut g § andg, (G0

where « is defined in (5.28).

5.2 Critical Points of M

In this section we use two different methods to show the critical points or Euler-

2_invariant

Lagrange equations of the mass functional M are vacuum stationary, U(1)
spacetime (Theorem 60-c). Let we have vacuum solutions with R x U(1)? isometry

group. The metric takes the canonical form [67, 96]

!/

N , . . .
g=—Hdt* + Hfﬂ (d¢' — w'dt)(d¢/ — widt) + e* (dp* + d2?) , (5.62)

where p? = det )\ is harmonic on the orbit space. Remarkably, the vacuum field
(Euler-Lagrange) equations for this spacetime can be derived from the critical points
of the following Dirichlet energy (Carter functional) E which is defined for maps
(A Y):R® — SL(3,R)/SO(3)[93, 113, 119], as first discussed by Carter for D = 4 in

[28](see [96] for general dimension):

1 Vdet A\’ enw2] L VYIATIVY

where V is with respect to d3 and the integration domain, R?, is the auxiliary space

which is obtained from the orbit space of spacetime B in the same approach as Remark
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61 for mass functional M and \;; = % It follows that H = p?(det \)~!. Here F

is just a particular harmonic map energy for mapping (A, Y) : R® — SL(3,R)/SO(3)
with the field equations of F [67]

)\71
. : -1 _ . t
Gr: div(AT'VA) = Lo VY vy (5.64)
(AT
Gy : div (det /\VY) = 0, (5.65)

where div is respect to 03 and - is inner product respect to d3 . Now in the following

sections we prove Euler-Lagrange equations of M are same as G, and Gy.

Remark 62. Note that Dirichlet energy E has the field equations G and Gy which
are stationary, U(1)?-invariant vacuum solutions written in spacetime Weyl coordi-
nates with orbit space B. We show in the next two sections that critical points of mass
functional M are same as F in spacetime Weyl coordinate. However, the mass func-
tional is defined over spatial slice orbit space B and associated Weyl (quasi-isotropic)
coordinate (p, z). For non-extreme black holes, spacetime Weyl coordinates only cov-
ers the exterior region of the black hole spacetime and the manifold has an interior
boundary. In particular in these coordinates the mass functional is singular on the
inner boundary. One can always find quasi-isotropic coordinates on the initial data
slice ¥ to complete the slice manifold ¥ and compute the mass, but then the result-
ing geometry is not a critical point of M. But for extreme black holes, the usual
spacetime Weyl coordinates and quasi-isotropic coordinates coincide, and the mass

functional is well defined on these critical points.

5.2.1 M = Reduced Energy

In this section we show the mass functional M can be thought of a reduced energy of

a Dirichlet energy [3]. This means over a region Q2 C R3\I" it equals Dirichlet energy
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E plus a boundary term. In fact, M is a regularization of E in this special case since
we are removing the infinite boundary term. Consider a constant-time spatial slice of
the stationary, axisymmetric metric (5.62). The metric can be placed in the general

form of GB initial data metric with A% = 0. Then we have

Vet n
A=V, = ; . (5.66)

We wish to express the terms in M in terms of \;;. First we have

1 (detA\\ 7 [VdetA _detAV) det A\ 2
A== 9 N N .
v 2(/)2) ( p* P > +(p2) VA (5:67)
and
) 1 (VdetA _Vp )
vy - - EPAL S FIPUSL oY .
ATV 2( o p) FATIVN (5.68)

where I is the identity matrix. Hence

Tr [(/\_1V)\)2}

1 (Vdetx _Vp\? N2 VdetA _Vp 1y
_§< Y —27) +Tr[()\ w)h T —27 Tr [NV
1 (VdetA\? Vp-Vp 1o\ 2

_§< = ) —Q(T)JrTr [CSaZiNE (5.69)

Note Vp - Vp = 1. Moreover, by taking determinant of equation (5.66) we have

log p

1
V= log(det \) — (5.70)
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We then deduce

o (Vdetx Vp\? 1 (VdetA\? 1 p
Vol _<4det)\ 20 ) 16 \ det A 7V (logp) Vlog(dem>‘(5‘71)

Then by equations (5.69) and (7.15), M over a bounded region 2 C R*\T is

1 1 1 /VdetA\> 1/Vp-Vp\ 1 o2
= = - - °T
Ma 8/Q< p? 8(det)\)+2< p? )+4r[()\ VA)]
(det)\)3/2<det>\)l/2 Tr(A\'VYdY!) 6 (Vdet)\)2

det V dot v Sdet N 16 \ detn
g(vp-vp) - gw-wmm)

1
5 d,qur—f aAdyp

1 Vp-Vp 3Vp- -VdetA 17{
= F - —_ ) -3 d - Ad
Q+8/Q{( P2 ) 2 pdet) } Ho T g PN
1 p 1
= F — | -ViIn| ———] d — Ad
Q—i—S/QVn(p) vn((det)\)?’/?) uo+47£9a ©
—E—E/Aln()ln S —i—lf and

1 -1 P
+ ngﬂp 1n<(det)\)3/2>Vp v dS, (5.72)

where v is a normal unit vector on 0€2 and dS = %dxdgp. Moreover,

Azlnp =0, for Q c R3\T. (5.73)
Hence, if we define
g =2logp. (5.74)
we have
1 1
Mg =Eq— — (g+6v)Vg-de+—j<1{ aNdp. (5.75)
16 Jao 4 Joo
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This shows that the mass functional and harmonic energy are the same up to the

boundary terms. Therefore, they have same Euler-Lagrange equations.

5.2.2 First Variation of M

Consider the mass functional and perturb it as following. Assume C,, = {p > €} is
the cylinder centered on the z axis T' of radius py and we define Q,, = R3\C,,. We
set

v = v+ 10, XN =N+tN, Y =Y +tY (5.76)

where v € C®(R?), and N, Y € C>(€,,). Then we have a one parameter family of

functional £(t) = M (v, N, Y). Now we compute

E(t). (5.77)

Clearly the boundary term is independent of perturb terms and its derivative with

respect to t vanishes. We take variation of the first term in £(¢):

d

dt

]' : N/ !/
= —2—p2Tr [adjVX - VX . (5.78)

{_ det VX}
2
t=0 2p

We take variation of the second term

d [eﬁvvyw—lvy]

dt - 2p?
e [VYTadjN VY  VYINT'VY  VYINT'VY
2 02 22

(5.79)
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The last term is

IVo|* = 12V - V7, (5.80)

t=0

dt

Thus the first variation is

1 YtadjNVY YINTIVY YINTIVY
£0) — /{B_Gv[v adiXYVY | VYNIYY o vyily
R3

8 20" 02 202

1 _
— Q_pQTr [adjVN - VX] + 12V - Vv} dpp (5.81)
To find critical point of £(¢), we set
£(0)=0. (5.82)

Let Q C R*\I" and consider £'(0) over domain . First term by integration of (5.79)
by parts and Stokes’ theorem is
YINTIVY
/ (12W -V — 6ve_6vu> do
Q 2p?

YINTIVY
= —/ (12A3v17 +6566U¥) d o —i—]{ 120v - Vo dS
Q 2p o0

Yt -1 Y
= —12/ v (2A30+6_6”V;\Tv) duo (5.83)
Q

where v is outward normal vector to 2. The second term is

o VYINTIVY
/6 6v—2dlu0 —
Q

YVINTIVY -
d,uo-F% e—ﬁvwdg
0

_ NTIVY
— / Yidiv (e6” pf > duo (5.84)
Q
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The third term again by Stokes’ theorem is

1 =
/Q_Q_PQTF [adjVN - V] duo

_ N _
— / Tr [adediv (v 2)] dpo + 7{ Tr [adjA' VN - v] dS
Q 2p lg)

R AP
= /QTr {ady\ div <2p2 )] dpo (5.85)

and last term is

e | VYtadjN VY
e Y —
Q

2 } dpto - (5.86)

Then the Euler-Lagrange equations are

YINTIVY
Gx : 4Agv+e_ﬁv¥ =0, (5.87)
v)\/ —6v
Gy : div( 2)+€4VY~VW ~ 0, (5.88)
p p
6761)
Gy : div (7/\"1VY> = 0. (5.89)

We prove directly these equations are same as G, and Gy. By form of vacuum

R x U(1)? metric we set
A=e?), det A = p?e™ . (5.90)

Then we substitute equation (5.90) in Gy and G, and we have

67611/\/—1
Gh:  div(eNTIV (e*N)) = — e VY - VY', (5.91)

—6v
Gy :  div (e 5 )\"1VY) = 0. (5.92)
p
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The equation (5.92) is exactly equation (5.87). We show G, equals equations (5.88)

and (5.89). First, we take trace of G

—61})\/ 1
0 = T {div (N () + vy vyt}
VYIN-IVY
= div (T {e VT (@)]) 4 e T
4v 2 Yt)\/_l Y
= div (—V (f 2p )) +6_6”—v 5 v
etp p
YINIVY YIN-IVY
= 4A3v+2A3lnp + e_ﬁvu = 4Aqv + 6_61’¥ , (5.93)
P

and this equals equation (5.87). Since the trace operator and derivative commute

we have the second equality. The third equality follows from identity Tr (A"'VA) =

Vdet A

o5 The final equality follows from equation (5.73). Finally, we need to show

traceless part of G equals equation (5.88). Let us simplify G:

—61} —1
A VY . VY!

0 = div (6_2“)\’_1V (62”)\’)) e
6761} —1
VY - VY!

= 2AvI +div ()\’_1VX) +

/ —6v /
_ 2Av]I+div< ad] mw) Ldjmvy vY!
p? p

1 /\/ 7611 d )\/
= 2Aul+ —QV(adj (X)) - VX +adj (V) div (v2 ) + 1"( )9y vy
1%

ot T MY et
= 2Aul+ & V I+ adj(\) {le (V > + & . VY.VYt}
p

/ —6v
= 2Avl — 1Tlr adj (V') div I+ adj(\)< div v + 5 VY. vy
9 2 Pz

ty/—1 ! —6v
= (2Av—|— _G”VY)\ V¥ I+ adj (\) {div (Vj)—f—e . VY.VYt}
p p

ty/—1 /
— e oo VYA VY]I——Tlr{audj le( )\)}]I
2p? 2

— Tracefree [adj ()\’){dlv (VX) 6;4 H , (5.94)

02
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where I is the identity 2 x 2 matrix. The first to fourth equalities are straightforward.
The fifth equality follows from identity (adjA)A = det A. The sixth equality follows

from the identity

det VN 1 N
0=Azlnp= ep2V + §Tr {adj (\) div (Vp2 ) } , (5.95)

for Q@ C R3\I". The last two equalities follow from decomposition of a matrix to trace
and trace-free part and equation (5.87). Therefore, any component of the left hand
side matrix in equation (5.94) is a linear combination of equation (5.88). Hence the
critical points of M are vacuum, stationary U(1)? invariant solutions to the Einstein

equations.

5.3 Positive Mass Theorem for GB Initial Data

In this section we investigate the positivity of M for a particular class of orbit spaces =
which is defined in Definition 63 and extreme vacuum, R x U(1)2-invariant black holes
with arbitrary orbit space (Theorem 60-d). In addition, we extend Brill’s positive mass
theorem for GB initial data with B € =. Positivity is a desirable property as it plays
a key role in applications to geometric inequalities for three-dimensional initial data
[51, 53] and investigating the linear stability of extreme black holes [56]. We will show
that for a particular set of initial data, M can be expressed in a non-negative form.
A proof of positivity for arbitrary rod data remains to be found. In the following, we
will consider asymptotically flat data with a single additional asymptotic end with
N =~ §3,

As we discuss in Section 4.2, it is better to work with coordinates (r, z) for orbit
space. This is equivalent to introducing a map from B = R x R*\{ag} to the infinite

strip B~ R x [~1,1] [3, 67]. We are given m* rod points a; in Z* (see Figure 4.3).
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Subdivide the infinite strip into n < m™ + m™ rectangular columns B, with

Bi={-1<z<1,by<r<bs}, s=0,....,n (5.96)

where b; correspond to the location of the rod points a; after ordering along the

p

xT
by b3 b5
It
By | B: B, Bs| By B; |4
Y
I
7N e
p p z
(a) Orbit space as half plane (b) Orbit space as infinite strip

Figure 5.1: The orbit space can be subdivided into subregions Bs which are half-annuli in the (p, 2)
plane and rectangles in the (y,z) plane. In this case n = 7.

y = log r axis (see Figure 5.1). For convenience, we have chosen by < by < -+ < b,
We take by = 0 to correspond to the asymptotic end Bg and b,.; to correspond
to the asymptotically flat end Br. Fix a region A;. Then one of the following two
possibilities must occur: (a) distinct Killing fields v(,) and w,) vanish on A NZ* and
B, NI~ respectively (in this case 4; is topologically S* x R), or (b) the same Killing
field vy = vés)fi vanishes on both of the disjoint sub-intervals B, N Z* (in this case

By is topologically S? x D where D is a non-contractible disc).

Definition 63. The admissible set = of orbit spaces is a collection of B such that

different Killing vectors vanish on I' N By.



114

Consider orbit space B € =. The mass functional is

x det VN o VYINIVY )\
G . e VI A VE drd
M = 16 B( ddety T¢ gamn T OIVel |ridrde

+ f/ a. (5.97)
2 TUBgUBR
The boundary is ' UBr UBg = ZT UZ~ U Br UBg where Bg and By are defined in

(5.10) and (5.9), respectively. Then by equation (5.37) we have
0o n bit1
/ a:/ r(le:1+V]1:_1)dr:Z/ r (V] + V]ee 1) dr. (5.98)
TUBrUBE 0 i—0 b;

Consider the integral (5.97). We then express (5.97) as

M=) i M, (5.99)
s=0 3

where M is the restriction of M to Bs. Now fix By and without loss of generality

we can select the following parametrization of the 3 independent functions contained

in \}; and v:
P — MeVl—Vz A = r’(l+ ) V2=V
e Com (5.100)
PVIZEW Vit Vot log VI T2 |

N,o=—Y__~ "
2 o /1T -2 2

where vy = 8@ and w,) = 35)3 vanish on Z+ N By and Z~ N B, respectively such that

0 -0 .
s=1,...,n, o, €L, (5.101)

_:aJ a ka':1>27
O $k8¢j J

S
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, al; a?
where for fixed s we have det(a’,) = det P = [96]. Let Vi, V4 and W
1
Qgy Oy

be C' functions whose boundary conditions on the axis are induced from those of N
and v (4.42) and (4.41). In particular, we have det \' = p? and to remove conical

singularities on Z* (4.48) we require:

2V —-Vi+Va=0 onZI", 2V—-Vo+Vi=0 onZ, W=0 onZI* (5102)

Note that since \}; and v are continuous across the boundary of A;, this will impose
boundary conditions on the parameterization functions in adjacent subregions. We

take covariant derivative of fuctions \}; and v

VA = Ay ((Vvl - V) + % + %dr —1- zdx)
Ve = Ay ((VVQ - VW) + F/_VMVZ - %dr + 3 Jlr xd‘”)
VN, = M, (VVLV + ?/_VM‘Z + %dr— : _Ixde)
Vo = %(vv1 LV — %. (5.103)

Then we rewrite the second and fourth terms of M as functions of V;, V5, and W,

yielding:
det V' ~1 , 8 , W2 VW|?
detx = oy |V VIR a0 T R RV s
E‘éf’l'
4W?
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and

SWAVW] 3w
2(1—W22  1-W?

3
6|Vu|* = §|vv1+vv2|2+ (VVL - VW 4 VV; - VIV)5.105)

Now we substitute equations (5.104) and (5.105) in M;

o G R .
MeT (e sqerw T IVViE VAP VAP 4 VWA 4 o
W2 2 6 2W2va|2
+ 20— W72 [IVVl—VVzI —W(V%.VWjLVVQ.dW)} +m
w2 9
— 5 |4 —4 s 3
* r2(1 — W?2) M+(1 — 22 ) ridzdr
=21
T bst1 z=—1 - -
+ —/ r(Vi —Va) dr+—/ P (V]per + V]ee—1) dr
4 Jy, o 2 /.
E}g
A N a4 N
16 /4, (6 saev T IV VRl [VVIE VG|
W32 5 6 V2
+ 21— [|VV1—VV2| _W(VW-VWJFVVQ-VW)] +m
W2 92 2W2’VW’2
e —we [ *dad
" r2(1 —W?2) { Vo = 40: V1 + (1_:52)} + =Wy r3dxdr
(5.106)

Consider the first equality. The bulk terms follow from (5.104) and (5.105) while

second boundary term follows from (5.98) and the first boundary follows from 2 in
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(5.104)

A - W?
T edr = | (11— — ) 0.(Vi — Va)rPdad
| e /4< <1—W2>)3(V1 Va)rdadr

T bs+1 e=-1
= 1w
bs z=1

dr
T W20, Ve — 0, V1)
— d 1
1), ea—w) redzdr (5.107)

where terms in the right hand side of above equation are 27 and Z3 in (5.106),
respectively. The second equality is obtained by noting the boundary contributions
cancel by regularity on the axis (5.102). The remaining terms can be shown to be

positive. Now let us write all terms with partial derivative with respect to 7:

2W2(W,)? SW
2 242 242 r)__
(Vir)™ +2(Vap)" + 2Vi, Vo + L WRE T (Vi W, + Vo, W)

WZ

o o 2
+2<1 —7) (Vi — Va,)

The last term is clearly positive. For others, if we define

WW,
a = ‘/1,7’ b= ‘/2,7" Cc = m, (5108)

then we have

1
a2+b2+02+ab—gbc—ga0—Z((a—b)2+62)+z(a+b—c)220. (5.109)

Now write all terms with partial derivative respect to x. First we define

WW,
A=V,, B=V,, — 2 11
‘/17 ‘/2, C (1 N WQ) (5 0)
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and then we have

2W2(W,)? 3W
6{2(‘/1,$>2 + 2(‘/2@)2 + 2‘/1,1‘/2,1 + ( ) - (‘/I,wwx + ‘/2,sz)

I—W22  (1-Ww2)

W2 W2 1
b (Vi = Vo) o+ oV 04 gt }

21— W?) 1—22)(1 - W?) 11— 22)

W 2(W,)? 3W
— 5{2(1/1,95)2 +2(Voo)* + A—W22 (1= (Vi Wa + Vo, W)

2
TR~ {awvfz Vi +

2
2T + Vl,sz,x}

1 2
(1 —a:2)}
- ﬂ{QAQ +2B% 4+ 2AB + 2C* — 3AC — 3BC

W2 1)
+ =9 {&%—&Vw—(l_ﬂ)} }

_ 3 o2y ra_pesten
— 2B{4(A+B C) + (A= B)* + 7C

”72 1 2
e — — e — > .
ST [@VQ axvl+(1_$2)] >0 (5.111)

where = 4(17”;29&_ Therefore, M, > 0 and M > 0 over B € =. In particular, the orbit
space of Myers-Perry initial data belongs to the admissible set. One might expect a
similar argument to hold for class (b). This case of course includes initial data for
black rings (the same Killing vector field vanishes on either side of the asymptotic
end). By choosing a general parametrization for the various functions in this region,
one finds that the boundary term has an indefinite sign. However our strategy is
merely sufficient to demonstrate positivity, and we expect positivity will hold for
general rod structure.

Consider the class of extreme, stationary, U(1)?invariant vacuum solutions of Ein-

stein equations. These solutions are critical points of mass functional (by Theorem
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60-c) and their initial data sets (time-constant slices) belong to vacuum ¢t —¢* symmet-
ric class. Then, the mass functional evaluates the ADM mass of these initial data (by
Theorem 60-b). By Remark 62, for extreme solutions the spacetime Weyl coordinate
coincide with the quasi-isotropic coordinate of the associated initial data sets. Hence,
the initial data set in the quasi-isotropic coordinate gives mass and it satisfies in the

field equation (5.87)
W VYINTIVY

— Agv = 5.112
3V =-¢ 17 ( )
By Remark 48 and ADM mass formula (5.37) and equation (5.26), we have
3 3 YINTIVY
2 Js 8 Js p?

Therefore, M is non-negative for extreme R x U(1)? invariant black holes with arbi-
trary orbit space.

In [23] Brill proved a positive energy theorem for a certain class of maximal, ax-
isymmetric initial data sets on R3®. Brill's theorem has been extended by Dain [53],
Gibbons and Holzegel [76] for a larger class of 3 dimensional initial data. Subse-
quently, Chruséiel [39] generalized the result to the maximal initial data set on a
simply connected manifold (with multiple asymptotically flat ends) admitting a U(1)
action by isometries. Moreover, in [76] a positive energy theorem was proved for a
restricted class of maximal, U(1)%*invariant, four-dimensional initial data sets on R*.
The purpose of this section is to generalize these results to a larger class of 441 initial

data. In particular, our result extends the work of [76] in four main directions:

1. We consider the general form of a U(1)?-invariant metric (i.e. we do not assume
the initial data has an orthogonally transitive U(1)? isometry group) on asymp-
totically flat, simply connected, four-dimensional manifolds > admitting a torus

action.
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2. The orbit space B = ¥/U(1)? of ¥ belongs to a larger class = which is defined

below in Definition 63.

3. The boundary conditions on axes and fall-off conditions at spatial infinity are
weaker than those considered in [76]. In particular they include the data corre-

sponding to maximal spatial slices of the Myers-Perry black hole.

4. The manifold ¥ possesses an additional end (either asymptotically flat or asymp-

totically cylindrical of the form R x S3).
First, we have the following definition

Definition 64. Let (3, h, K) be a GB initial data set. Then we define the following
subclass of GB data by

o ={(Z,h,K) : Rp,p?det VXN € L'(B),rV € L'(RY), (A, — AL ), veL*B)},
(5.114)

where

i i |2 _ i i j j
HA/),Z - Az,p”LZ(RS) - /B<Ap,z - Az,p)(A,]o,z - A]z,p) dHO . (5115)
Then we have the following result.
Theorem 65 (Positive mass theorem). Consider a GB initial data set (¥, h, K). If
Ry > 0 and B € Z where = s defined in Definition 63, then

Moreover, we have Mapy < oo if and only if the initial data set belongs to the set
o/ . Finally, provided > has a single asymptotic end, Mapy = 0 if and only if b is

Euclidean metric on ¥ = R*.
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Proof. The ADM mass of any GB data is equation (5.50). Then if Ry > 0 we have

00 = Mapwm
i det VN 9 I
> Z/B [— 20 +6|Vo|” | du +§/O riV(z=1)4+V(x=-1)]dr.

By the argument of the first part of this section, the right hand side is non-negative
if B € Z. Thus we have (5.116). If M4pys < 0o, then all terms in equation (5.50) are
bounded and belong to o7 in Definition 64. Conversely, if the initial data set belongs
to <7, then by equation (5.50) Mapys < oo. Now if we assume h is Euclidean metric

on ¥ =R* clearly Mapy = 0. Conversely, If Mapy = 0, then by (5.50) we have
R, =A, — A =0. (5.117)

Now we need to show V' =0 and \}; = 0; = édiag(l + 2,1 —x). We prove it by the
technique we used to prove positivity of M in each B,. Fix By and parametrization

(5.100). By equation (5.106) we have

T det VX )
0 = Z\/BS [—2—p2—|—6|VU|

du+g/ooor[V(x:1)+V(m:—1)]dr

- <|vvl+vv2|2+|vv1|2+|vvz|2
16 /5.
Lo |VV—VV|2—£(VV VIV + V- VIV)
(1 — W?) 1 2 W 1 2
W2 VW 2wV
+ —7”2(1—W2) [4&01/2—48:,;1/1%—(1_962)}+2(1_W2) 1= W) rodxdr

v

0. (5.118)
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Then by equations (5.111) and (5.109), we have

VVi=Vh,=VW)*=0. (5.119)

Since W = 0 on ZF, we have W = 0. Also by equations (5.100) and (5.119), we have
Vv = 0 and by Definition 46, v vanishes at infinity. This implies v = 0. Note that
in particular this implies there could not be another asymptotic end as r — 0, since
v < —logr in that case. Moreover, by definition of v in the parametrization (5.100)

and v = 0, we have V; = —V5 =constant. This means for each B, we have

2 ]. - S 2 1 S
Ny = rl-o) 5 $)€2v1 Ny = r’(i+e) 2+ x)e’Wl : Npy=0 wv=0. (5120)
where £ # j and k,7 = 1,2. If we consider the last annulus B, which extends to
spatial infinity, i.e. Bp, then by the asymptotic conditions of A, in Definition 46 and
VV* = 0, we obtain V{* = VJ' = 0. Moreover, if we consider the common boundary

of B,_1 and B, by the continuity of V}* through boundary of B, and (5.101), we have

af L ogall 1+
(n—

n—1)20 kY _1)2

4Vt = +log (
«

where for fixed k, aﬁn_l)k = (a%n_l)k, a?n_l)k) and oﬂ(fﬁl_l)k = (a%n_l)k, a?n_l)k)t. These

conditions arise by expressing A, in B, in the fixed basis §(; using the transforma-
tion (5.101). Since V"' = constant in the above equation and the right hand side is a
function of x for some al(n_l) > then we reach to a contradiction and this implies n = 1.
This is equivalent to ¥ having the trivial orbit space, i.e. By = Bga. Moreover, we

obtain \j; = o; = %diag(l +x,1 — ) and by straightforward computation it implies

1 1 —1 nN2|
R (X)) =o. (5.122)
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Hence equation (5.49) yields to
AV =0, V vanishes at axis and infinity . (5.123)

By maximum principle on open set Ogr. = {(p,2) : € < p < R}, we have V =0
after passing to the limits R — oo and € — 0. By equation (5.117) the one form
B = Af)d,o + Aldz is closed differential one-form and simply connectedness of %
implies that there exists function v such that 3* = di?, i.e. 3% is exact. Then the

metric is

dp? + dz?

2 /p2+22

where ' are new rotational angles. Hence, (X, h) is isometric to the Euclidean space

_dp*4dz?

2 /p2_|_22

h +oyd (¢ +¢7) d (¢ +97) = +oydy'dy’, (5.124)

(R%, 5,). O

5.4 Summary

This chapter contains two main results of this thesis. The first result is the construc-
tion of a mass functional M for non-zero stress-energy tensor and study its properties.
We showed that M is the lower bound of the ADM mass of any GB data and it evalu-
ates to the ADM mass of the associated reduced data. Moreover, its critical points are
stationary U(1)%- invariant, vacuum black holes. However, our analysis for positivity
only works for a particular admissible set of orbit spaces and there is an open problem
for the general orbit space. The second result is a generalization of Brill’s positive
mass theorem for GB initial data. We established this result by following the argu-
ment of 3+1 dimensional case and we proved the rigidity by a simple contradiction

argument. By this functional in hand, we will prove a local version of mass-angular
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momenta inequalities for any GB initial data in the next chapter.



Chapter 6

Mass-Angular Momenta

Inequalities

This chapter is dedicated to a central theorem of this thesis. Roughly speaking, we
prove a class of local geometric inequalities for generalized Brill initial data sets with
positive energy density and vanishing energy flux in the direction of U(1)*isometries.
In particular, we prove for any GB initial data (3, h, K') with mass m and angular
momenta J; and Jo with corresponding vacuum ¢ — ¢ symmetric part (B, u), where
u = (v, \,Y), if we have an extreme initial data set which is sufficiently close to the

associated reduced data (B, u) with same angular momenta and same orbit, we obtain
m > f(Ji,J2) (6.1)

where f depends on the orbit space. The results of this chapter appeared in the follow-
ing journal article: (AA.3) Classical and Quantum Gravity, 32 (16), 165,020.(2015)[4],
and (AA.5) arXiv:1508.02337 which was submitted to Journal of Mathematical Physics
[5] in July 2015.
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6.1 Statement of the Problem and Main Result

Dain has proven the inequality m > |J| for complete, maximal, asymptotically flat
axisymmetric vacuum initial data to the 341 dimensional Einstein equation. Here m
is the ADM mass associated with the data and J is the conserved angular momenta
associated with the U(1) isometry [51, 53]. A thorough account of this program with
references to further generalizations can be found in the review [54]. A natural problem
is to investigate whether these results can be generalized to higher dimensions. The
area-angular momenta inequalities (see [54] for a survey) have been shown to admit
such a generalization in all dimensions D for black holes with U(1)P~3 rotational
isometries [90]. Here we will focus on extending mass-angular momenta inequalities in
D =5, as this is the only other possibility that admits asymptotically flat spacetimes
with these isometries.

Initial data sets with cylindrical ends arise within the context of stationary, ex-
treme black holes. Extreme black holes with degenerate Killing horizons have vanish-
ing surface gravity x = 0, and in the limit as one approaches the horizon, Einstein’s
equations decouple in a precise manner into a set of equations defined only on the
horizon [107]. This gives rise to the notion of a near-horizon geometry, which often
thought of as an infinite ‘throat’ region in the spacetime (indeed the proper length to
a spatial section of the horizon is infinite).

Extreme black holes have attracted a great deal of interest in recent years. Due
to the decoupling described above, classifying near-horizon geometries is tractable
and yields important information on the full space of extreme solutions (e.g. allowed
geometries and topologies of spatial cross sections). Furthermore, extreme black hole
geometries saturate a number of geometric inequalities which must hold for initial

data sets and for marginally outer trapped surfaces in four dimensions [41, 51, 53]
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(see also [4, 90] for work on the latter problem in D > 4). Finally, extreme black
holes have the simplest microscopic description within string theory, and so are an
important testing ground for various calculations in quantum gravity, the most well-
known of which is black hole entropy counting. Recently, due to the work of Aretakis
and others [9, 10, 112, 122], extreme black holes have been shown to be unstable
to a certain horizon instability. An alternative approach to studying the non-linear
instability of the extreme Kerr-Newman family using perturbations of the initial data
of extreme Reisnner-Nordstsrom also has recently appeared [134].

Moreover, the slice ¥ of such a near-horizon geometry has the form of the geometry
of a cylindrical end, where N = H (see Figure 3.4a). In Theorem 60 of Chapter 5
we constructed a mass functional M as a lower bound for any GB initial data. The
mass functional evaluates to the ADM mass for vacuum t — ¢' symmetric data and
by Lemma 50 it is characterized by the triple u = (v, \,Y). We also showed that
the critical points of this mass functional amongst this class of data are precisely the
R x U(1)*invariant, vacuum solutions of the five-dimensional Einstein equation. The
goal of this chapter is to show the extreme R x U(1)?-invariant vacuum solutions
have minimum mass among all initial data sets with same orbit spaces and angular

momenta. To summarize we have the following remark.

Remark 66. Let (X, h, K) be a GB initial data set with positive energy density pu
and vanishing energy flux in direction of U(1)3-isometries, i.e. te, = 0. Then the
associated reduced data (B, u) has less or equal mass with respect to the GB initial

data.

The uniqueness results of Figueras and Lucietti [67] imply that, for fixed angular
momenta .J1, Jo and interval structure, there is at most one asymptotically flat extreme
black hole. We will consider the case where an extreme solution exists. Then for a

fixed structure we can write the mass of the extreme black hole as me,; = f(J1, J2)
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for some function f which depends on the interval structure. We have shown (under
suitable conditions) that for small variations with fixed angular momenta about the

extreme black hole initial data, the mass m.,; is a minimum; that is

Note that m could be the mass of a dynamic black hole. This is shown by demon-
strating that the extreme black holes are local minima of the mass functional. Of
course, within the two explicitly known families of stationary black holes, the extreme
Myers-Perry [125] and extreme doubly-spinning black ring [131] for fixed angular mo-
menta, the extreme member of the family has the minimum mass, as is the case for
Kerr. However, as we showed in the Section 4.3 the orbit space and slice topology
of the extreme black ring and the non-extreme black ring are different. Therefore,
this result does not provide any information about the relation of these two types of
black ring. Moreover, for more general interval structure, there is no reason to expect
this to occur, or indeed that a non-extreme family of solutions with a given interval
structure contains an extreme limit.

By Remark 66 from now on we restrict attention to the mass functional, as it is a
lower bound for the mass of our original initial data. We set ¢ = (7, N, Y) where X is
a symmetric 2 X 2 matrix such that det M = 0. As will be explained in the following
sections, ¢ will represent a perturbation about some fixed initial data ug defined in
Definition 67 . This should consist of five free degrees of freedom, and the apparent
restriction det X' = 0 is simply a gauge choice. Let © be a (unbounded) domain and

we introduce the following weighted spaces of C! functions with norm

1y = Slelg{ffﬁ [l + oV} (6.3)
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and f < —1 and 0 = v/r?2+ 1 and for a column vector and a matrix we define
respectively

1/2

V= (YY) 2 V] = (Te [VY]) (6.4)

Let po > 0 be a constant and K ,, be the cylinder p < py in R®. We define the domain
Q,, = R\ K,,. The perturbations Y and A are assumed to vanish in K, . This is
consistent with the physical requirement that the perturbations keep fixed the angular

momenta J; and fixed orbit space. The Banach space B is defined by

lellp = H@H%(Rif) + HS\IHC};(QpO) + HYHC};(QIJO) . (6.5)

Now we define the class of extreme data. Note that we will denote non-negative

constants which depend on parameters of data such as mass and angular momenta

by C, C;, and C".

Definition 67. The set of extreme class E is the collection of data arising from
vacuum extreme, asymptotically flat, R x U(1)? invariant black holes which consist
of triples ug = (vo, A, Yo) where vy is a scalar, A\j = [\;;] is a positive definite 2 x 2

symmetric matrix, and Yj is a column vector with the following bounds for p < r?%:
1. %ﬁw} < Or~ and 6_21}0% < Cr~? in R? where )\ = 62”‘))\6,
2. Ciplaxs < Ng < Cyplaxs and Czptoxy < Ag' < Cyptoyo in Qo
3. p? < X, in R? where X = det \g and X3 < C’p* in Q,, where lim,, o C" = o0,

4. Vool < Cr, [VIn Xo> < Cp~? in R® and [V < Cp~2 in Q,, .

The choice of these bounds are consistent with the two known extreme black hole
initial data sets, extreme Myers-Perry and extreme doubly spinning black ring. It is

difficult to prove directly because the expressions in terms of the (p, z) coordinates are
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unwieldy. However, we have checked numerically that these bounds hold for a wide
range of parameters for these two cases. It is possible that there exists an extreme data
set which has slightly different bounds (i.e. this would correspond to another extreme
black hole with different orbit space). In that case we expect that the arguments
used in the proof of theorem 68 can be extended to take into account these different
estimates.

Note that by what has been proved in [3], M evaluated on the extreme class is
non-negative and given by (5.113) Now denote an extreme data set of this class by

up = (vo, A, Yo) € E. Then we have the following result
Theorem 68 (Mass angular momenta inequality).

(a) Let p = (v,N,Y) € B where B is the Banach space defined above and uy =
(vo, Ny, Yo) € E is extreme data with fixed B. Then the functional M : B — R

has a strict local minimum at ug. That is, there exists € > 0 such that

M(ug + @) > M(uo) (6.6)

for all ¢ € B with |||z < € and ¢ # 0.

(b) Let (2, hay, Kap) be a GB initial data set with mass m and fived angular momenta
J1 and Jy and fized orbit space B satisfies in Einstein constraint equations (3.7)
and (3.8). Assume t¢,j =0 fori=1,2 andp > 0. Letu = (v,N,Y) describe the
associated t — ¢ vacuum symmetric data as in Remark 66 and write u = ug + ¢
where ug is extreme data with the same Jyi, Jo and orbit space B. If p is sufficiently
small (as in (a)) then

m > f(J1, J2) = M(uo) (6.7)

for some f which depends on the orbit space B. Moreover, m = f(.Jy, Js) for data
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(3, h, K) in a neighbourhood if and only if the data are extreme data.
For the sake of illustration we mention two special cases of the theorem.

1. In dimension 5, a possible horizon topology is H = S3. Consider fixed angular
momenta J; and J, and fixed orbit space B consisting of a finite timelike interval
(the event horizon) and two semi-infinite spacelike intervals extending to asymp-
totic infinity (representing rotation axes). Then the orbit space of the slice will
be B 2 B\{horizon interval} which corresponds to slice topology ¥ = R x 53
[3, 7]. By the uniqueness Theorem [67] extreme Myers-Perry solution is the
unique solution with this orbit space and fixed angular momenta. Thus there
exists f(z,y) = 3 [35(|z] + [y])?] "% Such that mass of extreme Myers-Perry is
equal to f(Jy,Jo). Then by theorem 68 mass of any GB initial data sufficiently
close (in the sense made precise above) with the same interval structure and

angular momenta is greater than f(.Jy, J2).

2. Now consider the horizon topology H = S? x S'. Consider fixed angular mo-
menta J; and J, and fixed orbit space B consisting of a point, a finite spatial
interval, and two semi-infinite intervals extending to asymptotic infinity. Then
the orbit space of the slice will be B = B which corresponds to slice topology
Y = 5% x B2#R* [3, 7]. By the uniqueness theorem [67] the extreme doubly
spinning black ring is the unique solution with orbit space B and fixed angular
momenta. Thus there exists f(z,y) = 3 [F || (Jy| — |x|)}1/3 such that mass of
extreme doubly spinning black rings is equal to f(J;, J2). Then by Theorem 68
the mass of any GB initial data with the same orbit structure and fixed angular

momenta is greater than f(Ji, J2).

Theorem 68 is a local inequality which should be satisfied for a wide class of
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(possibly dynamical) black holes with a fixed interval structure with a geometry suffi-
ciently near an extreme black hole. One may expect to prove a global result showing
that this inequality holds all data with fixed J;, J; and B. Such a global inequality
has been proved in the electrovacuum in 341 dimensions [53]. A major obstacle to
extending this result to the present case is showing positivity of M for arbitrary in-
terval structures consistent with asymptotic flatness. However, for a class of interval
structures (including Myers-Perry black hole initial data) one can show M > 0 (The-
orem 60 and in [3]). We are currently investigating whether a global inequality can
be demonstrated in this particular setting. In this context, it is worth noting that
R x U(1)?-invariant vacuum spacetimes can be cast as harmonic maps from the orbit
space to SL(3,R)/SO(3) [93]. The target space metric is easily checked to be Einstein
with negative curvature (it is not conformally flat). This can be contrasted with the
four-dimensional case where the R x U(1)-invariant vacuum solutions are harmonic

maps to SL(2,R)/SO(2) = H? equipped with its standard Einstein metric.

6.2 Properties of The Second Variation of M

In this section we will study the properties of second variation of mass functional M.

Let ¢ € B and consider the real-valued function
E(t) = M(ug + typ) (6.8)
and we assume

(0, N,Y) = (@), N(t),Y (1)) = (vo + t0, \y + tN, Yy + 1Y) (6.9)
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where det X' = p?. This choice for determinant of N’ requires that det A = 0, that is
0 = det (\g+tX) —p® = tp"Tr (A\g'N) + 2 det X' =2 det X'
Moreover we have
A= A(t) = e N(t) X = X(t) =det N = e"p? (6.10)

and X, = X(0). Then by Section 5.2.2 the first variation is

1 —6v _ —
EL(t) = 3 / [62p4 (VY'adj(N)VY +2VY'adj(\)VY — 60VY'adj(N)VY)
R3
1 _
- 272Tr (adj(VN)VX) + 12V0.Vo + | dpuo. (6.11)

Now we compute the second variation by taking variation of terms in € (¢). The first

term is

d _ —\2
3 (1290.V0) = 12(Vo)°. (6.12)

The second term is

d —6v B _
562 = | VY adj(NV)VY + VY'adj(X)VY — 60VY'adj(X) VY
p
e % R ot 1 AN
= o 2VY'adj(N)VY + VY'adj(N)VY
— 60VY'adj(N)VY — 120VY'adj(\)VY + 185°VY'adj(N)VY |. (6.13)
The last term is
d 1 . det V.V
4Ly (v vy = VY (6.14)

dt 2p? p?
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Then the second variation is

1 det VN e OV o _ _
gt = - / 12(va2 — SV T 00y tadi(V) VY 4 Vadi(\V) VT
® 8 Jrs3 p2 P4

— 60VY'adj(N)VY — 120VY'adj(\)VY + 1802 VY'adj(\)VY

) duo.(6.15)

Note that the integrand of the functional M is singular at p = 0. However, we
have defined the Banach space B only for functions ¥ and N with support in €.
Therefore, the domain of integration of the terms in which VY and VN appear are
in fact €2,, and hence the integrand is regular for those terms.

We now introduce axillary Hilbert spaces H;, which are defined in terms of the

weighted Sobolev spaces

loll7, = /\V@|2r2duo+/ |67 7~ 4d g (6.16)
R3 R3

NG, = /Q \VXIQp‘Qduw/ V[P p~tdpo (6.17)
PO 20

Y1, = /Q \VYIQP‘Qduw/ VP ptdpe (6.18)
) 20

and their corresponding inner products. The following auxiliary Hilbert space for ¢

with norm defined by
lelize = 1115, + 1M, + 1V 15, (6.19)

with its corresponding inner product. We have B C H and the following Poincaré

inequalities
Lemma 69. Let ¢ € H and d # 0 is a real number. Then

(0) 10172 i [V 12V > [ [0 =25,
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(6) 1617 o, [VX]" p~dpo = [, |N|" o2 duo.
—2 o v 36—
(c) 2|9 fQPo VYNVY p=30duy > 3pr0 Y'Y p=39=2dpy.
Proof. (a) The proof of this part is similar to Theorem 1.3 of [15].

(b) The proof of part (b) is as following. We know for any symmetric matrices \ we

have

X

= N2+ 22 + 202, (6.20)

Let Az be Laplace operator respect to d5 on R3.

As(Inp) =0, on (6.21)

PO

Then for each one of these functions 5\;]- we have

0 = - / (p’”ﬂﬁ) Ag (In p) dprg
Q

PO

= - fimpo (p™X2) V (Inp) - ndS + / V (p™X3) V (In p) dpg

PO

= [ V) Y (np) dug
Q

PO

= /Q (=260 XEVp + 2X;p~ 7 V) dpg (6.22)

PO

where n is unit normal vector on 2, and dS = pdzdy. The second equality
follows by Stokes’ theorem. The third equality follows from compact supportness
of S\Qj on ),. Now if we expand the derivatives in the integrand and use the

Holder inequality we have

’5|_2 / }V)_\/ij ‘2 ,072§d,l$0 > / ‘X;j |2 p*25*2d,u0. (623)

PO PO
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Then we have the following inequality

|5|_2/ ’VS\"zp_25du02/ ‘S\”Qp_25_2du0. (6.24)

PO PO

(c) The proof is similar to part (b). We have

0 = — / (P~ ®Y'Y) Az (In p) dprg
Q

PO

= —f (p*?"sYtY) V(lnp) -ndS+ / \Y (pf?"s}f/tff) V (In p) dpg
092, Qpp

= / \Y (pfs‘s?tff) V (In p) dpg
Q

PO

= / [—30p ¥ 2Y'YVp+2p 1 (VY") Y] dpo (6.25)
Q

PO

where n is unit normal vector on €2, and dS = pdzdy. Now if we expand
the derivatives in the integrand and use the Cauchy-Schwarz inequality (u'w <

(utu)'/? (wtw)'/? for vectors u and w) we have

267 /Q VY'Y p ¥ dpu, > 3 /ﬂ Y'Y p 3 2d pg. (6.26)
PO

PO

Lemma 70. If p € B and 0 <t < 1, then
(a) The function E,(t) is C* in the t variable.

(b) For every e > 0 there exist n(e) such that for |||z < n(e) we have
[€5(8) = £5(0)] < ellellz (6.27)

Proof. (a) To show &,(t) is C? it is enough to to show the third derivatives exist for
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all 0 < ¢t < 1. First we have

L[ e o, .
gyt = 3 /R L <3VYtadJ()\’)VY—42UVYtadJ(/\’)VY—12vVYtadJ()\/)VY

+  1080°VY'adj(N)VY + 1449°VY'adj(\)VY — 216U3VYtadj()\’)VY> dpig.

Note VY and X have compact support in Q,,. Therefore, by parts (1) and
(2) of Definition 67 and relation adj\ = —/%adj)\g;\’adj)\g and det N = 0 it is
straightforward but tedious to show that all terms are bounded by the norm B.

The only term with different domain is

216
- —X: VYA VY, (6.28)

which is bounded on R* by part 1 of Definition 67. Then &, (t) is C?.

First by integrand of £(t) we have
Sg@)——ég(o)::jQS(A1%+.”k/%ﬁﬂ dpg (6.29)
where
6_6U1_)2 6—671 _

A = B—F—VWMMW%] Af:www#prVWMﬂW%

A = epjv(36@2t—-12@)<7y*adeg<7y5

A = e;fv (18522 — 120t + 1)VY tadj\, VY

Ay = e;v (360t — 240t + 2)VY'adjN' VY]

Ag = fikm#ﬁ—1%ﬁ+3vaa@XvY

p



All of these terms satisfy (6.101) by similar steps as in [51]. First we have

91 < 0 [Pl cpesy < Iollenes < llells <.

By part (1) of Definition 67 we have

/ AyJLdS,
R3

Yt —1 Y, ~
/ 18@2m [e7%% — 1] dpo
R3

Xo
18C [66” — 1} / o*r~dpug

R3

18C [ — 1] [[o]J%,, < 18C [¢*" — 1] [l -

Now we write Ay = B; + By, where

—6v

B = S 1854 VY adjN VY,

o

—6vg

BQ = —GQT@VYgadJS\/VYb [6_6% — 1] .
P

We will prove it for By and B is similar. We have

/ BidX
R3

We used the identity adj\

IN

IN

IN

—6v B
- / 6/)6 180%t VY adjA\yNadjr, VY, dug
R3

—6vp
18657 / - o N9 iV Yo
R

1807766"/ N op™ 0 dpo
R3

18Cne™ ||o],,, || N

50, < 18Cne [loo]|3, -
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(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

= —p%adj Ay N'adj)y in the first line. The first inequality

arise from (6.30) and the matrix inequality u'Au < |A|u'u for any 2 x 2 matrix

A. The second inequality is a consequence of parts (1) and (2) of Definition 67.

Finally, the third inequality follows from Holder’s inequality, p < 2, and part (1)
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of Lemma 10.

The term As can be expressed as A3 = B3 + B4 where

—6v
By = 36— 0% VY adj\, VY, (6.35)
P
6761)0 _ ~
By = —12——oVY'adjA\ VY, [ — 1] . (6.36)
P

Then the bound of Bs is

1 _
/ BsdY < 36ne™ / Y@vy%—lvyodm
R3 Qpy <20

< 367e® /Q — (VYNTVY) 2 (VYA VY0) 2 dpo
]

0
1/2 1/2
< 36CnHe™ ( / VYIGVY d ) ( / o*r—td )
< ne p 0 Ho vt dpo
Q Qop

36Cne® |y, ||YHH3 < 36Cne™ || pll3, - (6.37)

PO

IA

The first inequality uses (6.30). We know ;' is a positive definite symmetric
matrix. Thus it has a square root matrix /\61/2, that is \;' = ()\01/2>2. Then
the integrand in the first line is equal to X 'oufw where u! = VYA, and
w = A\ *VY,. Since ulw < (u'u)Y2(w'w)!/? we have the second inequality.
The third inequality follows from Hélder’s inequality and parts (1) and (2) of
Definition 1. The fourth inequality is by the definition of norm. B, is exactly

similar to Bs. We have A, = Bs + Bg where

—6v
Bs — €p4 (180%% — 120t) VY tadj\, VY , (6.38)
6—6110 _ _ B
Bs = i VY adj\) VY [e % — 1] (6.39)
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Then the bound of Bsy is

/ Bsduy < (181 + 12n)e® / X7 IVYINTIVY dpg
R3 Q0

< (181 + 12n)e® / p 2 VYINIVY dug
Q0

< (1877 + 12n)e™ (|3, (6.40)

The first equality follows by (6.30) and definition of X. The second equality is
by part (3) of Definition 67. Proof of Bg is exactly similar to Bs. Next, we have
As = B; + Bg where

6—61}

By = ——(360°t” — 240t*) VY "adj A VY, (6.41)
P
e ot v —6t0
Bg =2 p VY adjN' VY, [e % — 1] (6.42)

Then the bound of By is

/ Bz dpg
R3

(361 + 247)e" / [N Xo e VY (A1) VY, dpg

PO

IN

IN

C (360 + 24n)e™ / (N p7 X VYIS VY, dpo

PO

C(367% + 24n)e® / V] o7 X5 (VYA YY) 2 (VYA 'V Yo) Y dpsg

1/2 1/2
C (3602 + 24n)e (/ pAVYINSIVY d,u0> (/ }5\"2 p? d,u0>
oo Log

C(36n” + 24n)e™ [V |, [X[l,,, < C(360" + 24m)e™ ]l (6.43)

1/2

IN

IN

IA

The first inequality uses the identity adj\ = —p%adj)\gj\’ adjAj, inequality (6.30),

and the matrix inequality u'Au < |A]u'u for any 2 x 2 matrix A. The second
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inequality is a consequence of parts (1) and (2) of Definition 67. The third in-
equality follows from a similar argument for Bs by Hoélder and Cauchy-Schwartz
inequalities for vectors and the fact that e*° < 1 on §,,. The fourth inequality
is a consequence of parts (1) and (3) of Definition 67. The fifth inequality follows
from part (1) of Definition 67 and p < r2. Similarly the argument holds for Bs.

Finally we have,

_ —6vo B _
/ Agdpg < C(187%* + 181 + 3)e% / |\] e—GVYt(adj)\g)QVYd,uo
RS Qpp P
< CO(187* + 18y + 3)e% / (N[ p VYA VY dpo
PO
< C(18n* 4+ 18y + 3)ebn / p VYNV Y dug
D
2 6 Al
< C(187" +18n +3)e ||V,
< O(24n + 1877 + 3)e™n [ |l3, - (6.44)

The first inequality uses the identity adj\ = —p%adj)\gj\’ adj\j, inequality (6.30),

and the matrix inequality u'Au < |A]u'u for any 2 x 2 matrix A. The second

inequality is a consequence of part (2) of Definition 67. The third inequality
. . . _1 N N N

arises from the inequality p~' [X| < aﬁHXH%(QpO) < ”XHC}g(QpO) < el <

n.Therefore, £7(t) is uniformly continuous.

]

It is important to show that the second variation is non-negative. We will achieve
this by using Carter identity in Appendix B. We consider our parametrization of data

with relations (6.9) and (6.10) we have

X =45X, A=X=200+\"W, Y=VY. (6.45)
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Thus
AT\ =200 + NN (6.46)

since Tr (N7'X) = ddet X'/ det ) = 0 we have Tr (A\"'A) = 40. Then by Carter

identity (6.47), the following identity holds for arbitrary v, v, Y, Y, A, and .

XWINIYYGx — 405G — 80GLY — 2YIATIN\Gy
bOXTIWOIGLY - Ty (xlxc:g) Gty

= F(t)—AX'Y'AY +160°) (6.47)
where Gx, Gy, and G are defined in (B.6), (5.87),(5.64)-(5.65) and

F(t) = (4V+X'WAIVY) 4 X (000, + VUV,

+ Tr { (VA + X—lvyytxl)ﬂ

6—61)

ot
Gy = 2A401 + divé (X*lvx)

—6v

Gx = 4A30+ {2VY adjN' VY + VY adiNVY — 60VY adjA' VY }

+ — {2adj]NVY - VY +adiN VY - VY' — 60adiN'VY - VY*}
p
. _61) —_ —_
Gy — div ( ep4 {adjN' VY + adjN VY — 617adj)\’VY}) . (6.48)

The identity (6.47) can be verified directly. Now we show relation of the identity

(6.47) and second variation £(t). First we have

I = —45Cx —Tr </\‘15\G‘A> oGty
= —40Gx —Tr <[2@I + XN G'A> —2GLY

= —60Gx — Tr (X-WG'Q — 265V
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6—61)

p4

= —60 [zmgv + {2VY*adjN' VY + VY adjN VY — GUVYtadeVY}}
— Tr <2>\"1)\’Agvl + NN dive (X—lvx)

—6v
+ %X—lx {2adjiN'VY - VY 4+ adiNVY - VY’ — 60adjN' VY - VY*} )

—6v _ _ t _
— 2div (6p4 {adjN'VY + adjA' VY — 617adeVY}) Y. (6.49)

We integrate by parts for the first term of the first line and all terms in the last line

and we use the following identities

adj\

det \' = 0, adjN N = det N'T = 0, NN = 7

(6.50)

Then we have

/ 1 dus
R3

_ /R 3 (40 —Te (AAG) — 2647 ) g (6.51)

9 6761)
= / 24 |Vo|” + 1
R3 p

— 245VY'adjN' VY + 360°VY ' adjN' VY

4VY'adjNVY 4 2VY adjN' VY — 120VY ' adjN' VY

+Te [V (V) 6 (Vo) }.duo

¥

In equation (6.51), all terms are in second variation except 2. First we integrate &

over R? and use Stokes’ theorem and the property of compact supportness of X' on
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Q,, € R? and we obtain

F = TN Wadiv (VYN

VAV
ad;p); A ) div (X—le)}
adjV N

e div (X_IV/\’)}

ST N Wdiv (VYN - Tr {5 (

ST N Wdiv (VYN - Tr {
= 0 [Trdiv{NT'ANTVN} = Te {V (NT'N) (V'V}
= 0 [Tediv {NT"NNT'VN} + Te (N VNN TNNTIVN ) = Te N VAN T VN

- 1 . 1 _
= 6 [Tediv (N AN TIUN} — STr{XN'VNadjA' V' } — —2Tr{)\’_1VXadeVX}]
I p p

= § |Trdiv {N""INT'VN} — lTr{x—1 (VNadj\ + VXNadjX\) VX}}

p2

= 5 | Tediv IV VNTIONY LT 16 (VN adj) VX}}

p2
[ - 1

= 0| Tediv {N WX TIVNE — —Tr {6 (VXNadj)) V)\/adj)\’}}
I p

— 5 Trdiv{x1X/X1VX}—2—1p45Tr{(vxade)2H

= 5 |[Trdiv {N"'AN VN - %(m{(leX)QH

= divIrd {NTTWNTTVN} - %62Tr { (A’lvx>2}

o adjN _ ., [ 1 1 1o\ 2
- d1vTr5{— p2 w}-% (—;JrZTr{(/\ vX) })

adj\ det VN
p? p:

= —divTr{ vX’} +2 (6.52)

Then we have

ZFdug = / {diVTI’ {ai‘];\ VS\'} — QthPZV)\ }d,uo
R3

djN < det VN
_ / —Tr{aJQ)\VX} dS—/ 2 VA s
g P RS P

det VN
- —/ 2 62V dpo. (6.53)
R3 P

RB
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The last equality follows from compact support of A’ on Q,,. For ¢ € B we have the

following remarkable relation
/ (—4@GX Ty (A*QG’A) - 26@?) dpg = 16E7(t). (6.54)
R3

Thus if ¢ = 0, the field equations Gx(0) = G»(0) = Gy (0) = 0 hold and we have from

(6.47) (the integral over the divergence term vanishes by our boundary conditions)

£1(0) = % /R CF(0)ds >0 (6.55)

where

F(0) = (4V0+ X5 VAT VYy)" + X, (0D + VUV )

+ Tr|(V (XA01)+X01VYOYM01)2] > XoVU{NVU;.  (6.56)

Now if £7(0) = 0, then F'(0) = 0. Therefore, by inequality (6.56) we have VU; = 0.
Also, since ¢ € B, we have Y = 0. Therefore, by F = 0 and Y = 0 we have 7 = 0
and A = 0. This is, however, not sufficient to prove that the extreme data set ug is
a strict local minimum. For this one needs a stronger positivity result on £7(0) (see
for example, Theorem 40.B of [145]) which we now demonstrate. Now, we show the

following observation

Remark 71. Assume ¢ € B, then we have the following identity

/ 252 Tr (N 'V NadiNT ) djig = — / (Tr [V (N )]) duo. (6.57)
Q

PO QPO
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Proof of Remark 71. To prove this we start by 2. We have the following relations

adjN
7

VNTN) =V ( ) NAHXNTIVN, 5 (NTIVX) = —NTIVNTIVN + XTIV XG.58)

Then

2 = Te[v(NN)e (Vo]

= T ([p (N VN)]) + T { {X—WAHVX +V (adj)\’) X] 5 (X—lvx)}

p2

= T ([o (VON)]T) = T ([adjxvx]j . (6.59)

p2

Also we have

_ det VN 2 (- det VX
p? - 22
§ (Tr [(NTIVN) 6 (NIVX)])

T ([5 (V19N ]P) 4 5T ((VVX) 8 (X19X)

N~ N~ —

T (5 (VoN)]) + %Tr (VIVNadiNVY) . (6.60)

Then by equations (6.53), (6.60), and (6.59) we have the following identity

2 o ot adiN _ 17
ST (NTIVNadivVN) duy = — [ T | |V || du
Q Qg P

oo P

_ /Q (Tr [-NXNIVN])? dpg

PO

_ / [Tr [~ XA'ONA]? dpo
Q

PO

- _/Q [T v (Y]] dio. - (6.61)

PO

The second equality follows from det X = 0 and the identity Tr(A?) = (TrA)?—2det A
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for 2x2 matrix A. The third equality follows from property of trace. The final equality

arises from the derivative of inverse matrix. n
Then we prove a coercive condition required for ug to be a local minimum.

Lemma 72. There exists it > 0 such that for all p € B we have

E2(0) = plleoll3, - (6.62)

Proof. Let ¢ € B. Note that £(0) defines a bilinear form

alo) = EL0) = [ FO)ug (6.63)

as function of ¢. The inequality (6.62) is equivalent to the following variational

problem

p= inf  a(p, ). (6.64)

peB lpll3,=1
Since a(y, ¢) is positive definite, we have pn > 0. Now we prove p > 0. Assume p = 0,

then there exists a sequence {p,} such that
lgal, =1 foralln (6.65)

and

le a(@n, pn) = 0. (6.66)
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Then we have

0 = lim a(pp,¢,) = lim F(0)dpuo
n—

n—00 © Jp3

v

lim XoVUIN VU dpg > Cy lim P*VUINU dpg

li
n—oo n—oo
Qo oo

3C 3C,C e
1 lim pULU dpg > 53 lim / p YN Y dpy.  (6.67)
PO nee Qoo

QnHOOQ

v

In the first inequality we used (6.56). The second follows from part 2 and 3 of
Definition 67. The third inequality follows from Lemma 69-(c). The fourth inequality
follows from part 3 of Definition 67. Therefore,

lim p YN Y, d o = 0. (6.68)

n—oo Jo
PO

Next we establish some inequalities. First rewrite £'(0) in the form

YVIAIVY, ) 2
F(0) = <4V@n+w) + 2Ai N0 Ay + 24500 Ay
0
- VY, VAT
- Tr[(V (AnA01)+M) } (6.69)
Xo
where
VX, VX
A = 5 0 [Br + Brr + Bl Ay = 2 0 [Brr — By (6.70)
and
AV, VX, - A WAIVY, X
B = = 0 -n ALY By =00 "0 4 ATV,
T 5% + Xg 0 ) 17 X, +X§ o VY,
AT'VY
B = 222 vy (6.71)

Xo



Then we have the following inequality

a(pn, pn) + /

1
QBiAoB[ d,U,o > / 13311)\03][[ d/Lg.
Qpo

Qpp

where B; can be written as

Aot VX =N
Br= 2= (VAN + D2 | Vs = 2=MY, .
By part 4 of Definition 67 we have

IM* < 2|V * + 2|V In Xof* < Cp2

and we have

J

Then by inequities (6.72) and (6.75) we have

PO QPO 0 PO

_ _ 1 _ _
a(pn, pn) +4 / YA Yatdpo > 5 / p 2VYIASIVY,, dpg.

Qoo Qp

Now we take the limit of above equation and use the equation (6.68) to find

lim p VYN VY, dug = 0.

n—oo Q
PO

Thus
lim \}Yn||H3 = 0.

n—oo
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(6.72)

(6.73)

(6.74)

2 _ _ _ _
2BiMBrdpn < [ NPT Tadio 20 [ 0 VY dufe )
Q

(6.76)

(6.77)

(6.78)
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We consider the first term in F'(0). Then

}_/t -1 Y, 2
(M) duo=s [ (Vo) du (679
Xo 0

PO

a(¢n, Pn) +/

Qpq

Since g is a positive definite symmetric metric it has unique square root )\(1)/ ®. Now

if we set u = )\51/2)7 and w = )\al/QVYO we have

yiy1 2 vty —1%) ty—1
/ (Yn)\o VYO) o < / (Yn)\o Yn) (VYO)\O VY(')) "
Q XQ QO XO XO

PO PO

< C/ p YN Y, dug
Q

PO

< C / p~ Y INTY, dug. (6.80)
Q

PO

The first inequality follows from the Cauchy-Schwarz inequality u'w < (ufu)'/?(ww)/2.
The second inequality is by part 1 and 3 of Definition 67. The third inequality is by

the fact p < r?% Then by inequality (6.80) and (6.79) we have

a(pn, Pn) + C/

P YINGYY,, dpg > 8/ Vo, |* dpg > 8/ Vo, [>r~2dpy (6.81)
Q R3 R3

0]

The last inequality is by part (1) of Lemma 10. Now if we take the limit of inequality
(6.81) and by the fact the right hand side is zero by (6.68), we have

lim [ |V, r2du = 0. (6.82)

n—o0 R3

Thus by Lemma 69-(a) we have

Tim [Tyl = 0. (6.83)
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Now we consider the last term of F'(0). We have the following inequality

pOTrK%ﬂdmz% /Q Tr{(V(XnAgl))z}duo. (6.34)

PO

ol o) + [

Q

The integrand of the second term on the left hand side has vanishing determinant

det (VY() Y,rf)

since det (VY,Y,IA\y!) = 2 = 0. Thus by the matrix identity Tr(A?%) =

(TrA)* — 2det A and inequality (6.80) we have

YoVias\? N
/ Tr[(v(’—”o) }d,uo < C / p YN, dp. (6.85)
g XO Qoo

By relation (6.46) the right hand side expands

Tr[(V (/\n)\al))z] = 2[Vo,] +Tr [(VX;XO*)Q] +Tr [(X;v (Ag—l))ﬂ

+ oTr {VA; (ad“”) vxoxg—l] . (6.86)

p2

By integration we have

/ Tr{(v (AnAgl))z}duo = /vamz duo+/ Tr[(vX;XO—l)Z] dpo
Q R3 Qpq

0]

> /2]V0n|2 du0+012/ VL% p2 dpo. (6.87)
R3

QPO

The equality is by identity (6.57). The inequality is by part 2 of Definition 67. Then

by substitution of inequalities (6.87) and (6.85) in (6.84) we have

a(n, Pn) + C/

) ~ 2 _
PN Vadpo = [ Vo o+ [ VR duloss)
0 RS 2 Ja,,

PO

Now if we take the limit from both sides of this inequality and use equation (6.82) we
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have

lim [ [V p 2 duo = 0. (6.89)

n—o0 [¢)
0]

Thus by Lemma 69-(b) we have

lim HS\'

nllse, =
n—00 Ha

0. (6.90)

Thus (6.78), (6.83) and (6.90) contradict the fact that ||¢y|l,, = 1. Hence pp > 0. O

6.3 Proof of Theorem 68

Proof. The proof is straightforward and similar to the proof of Theorem 1 of [51] and
Chapter 40-B of [145].

(a) We have proved in Lemma 70 that £/(t) is C* with respect to t. Also by Taylor’s

theorem we have

M(ug + @) — M(ug) = E,(1) — E,(0) = £5(1)

where 0 <t < 1. (6.91)

To prove this is positive we will show £7(t) > 0 and & (t) = 0 implies ¢ = 0. By
Lemma 70-(b) £7(¢) is uniformly continuous, that is for every ¢ > 0 there exists

n(e) such that the following inequality holds
[E5(t) = £5(0)] < ellell3, (6.92)
for every ||¢ll;;, < n(e). From this inequality we have

£5(0) —elll3, < EX(D). (6.93)
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By Lemma 72 we have

(=) llplly < E5(D) (6.94)
Choosing 7(e€) such that 0 < € < p the desired result follows.

Let u = uy + ¢ be the associated t — ¢* symmetric part of the initial data set
(X, h, K) as in the statement of Theorem 68. It was proved that the ADM mass

of this data set satisfies [3]
m > M(u) = M(ug + ). (6.95)

Then by part (a) we have
M (ug + ) > M(uyg), (6.96)

for nonzero . Since uy is an extreme data set, there exists a function f such that
M(UO) = f(Jl, Jg) Thus

Clearly, by definition if the initial data set is extreme, then m = f(Jy, J2) .
Conversely, suppose the mass m of given initial data (X, h, K) satisfies m =
f(Jh, Jo) = M(ug). Hence ¢ = 0 and u = ug and from (6.95) and Remark 66 the
initial data set is extreme. Thus m = f(Ji, Jo) if and only if the data set belongs

to the extreme class.
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6.4 Summary

This chapter provided the local proof of the mass-angular momenta inequalities for
U(1)2-invariant black holes. The idea of the proof was as following. Consider the

mass functional M with GB initial data (3, h, K'). Then

1. Perturb the associated reduced data with ¢ = (9,Y,\) € B

up = ug + tp, E (t) = M (uy) . (6.98)

2. Necessary conditions for the local minimum are

d d?
! = —=C,(1 = "0) := —=&,(t > 0. .
£L0) 1= GEAD| =0, EL0)= GpEn| 0 (6.99
3. Sufficient conditions for the local minimum are
(i) For all ¢ € B, there exists a fixed p such that
EN0) > plelly, (6.100)

(ii) Uniform continuity: For every e > 0 there exist 7(e) such that for ||¢|| 5z <

n(e) we have

|£2(t) = E2(0)] < ellll3, - (6.101)

By Theorem 68 we showed that for a GB data sufficiently close to the extreme Myers-

Perry data we have
27

M3 >
- 32

(|71 + 121" - (6.102)

The case of black ring is more complicated. Our analysis is for fixed orbit spaces and

it does not compare extreme black ring and non-extreme black ring (see Figure 6.1).
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(031) az (170) ay (071) (170) ay (071)

(1,0) (1,0)

(a) Orbit space of a non-extreme black (b) Orbit space of an extreme black ring
ring slice on the infinite strip. slice on infinite strip.

Figure 6.1: The doubling of extreme slice yield to non-extreme slice with double orbit space. Here
y = logr.

In particular, we show that for orbit space of extreme black ring we have the

following inequality for initial data sufficiently close to the extreme black ring

27w
M? > — [l (] = 1Al) - (6.103)

This local proof suggests the existence of global inequalities for some particular orbit

spaces.



Chapter 7

Deformations of Extreme

Myers-Perry Black Hole

In this chapter, we demonstrate the existence of a one-parameter family of initial data
for the vacuum Einstein equations in five dimensions representing small deformations
of the extreme Myers-Perry black hole. This initial data set has t — ¢* symmetry and
preserves the angular momenta, asymptotic geometries, and cross section area of the
extreme Myers-Perry event horizon but has strictly greater energy. The results of this
chapter appeared in the journal article: (AA.3) General Relativity and Gravitation,
47 (2), 129(2015)[7].

7.1 Motivation and Main Result

An important problem in mathematical general relativity is construction of an initial
data set with desired properties. This involves identifying the freely specifiable ‘de-
grees of freedom’ and then determining whether a corresponding solution of Einstein

constraint equations (3.7) and (3.8) exists and is unique. A useful approach to achieve
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this is the conformal method ([34, 35, 55, 116]). In the special case of data with con-
stant mean curvature the problem reduces to solving a conformally invariant system
of equations for the conformal factor and a vector field which generates the extrinsic
curvature. For spatially closed and asymptotically Euclidean initial data sets, one can
prove existence using the conformal method [34] (for spacetime dimension D > 4).
Subsequently, Maxwell [116] constructed asymptotically Euclidean initial data with
apparent horizon boundary conditions (in particular, he treated the case with multiple
disconnected apparent horizons). This case is naturally relevant to black holes.

While the above results are powerful in their generality, one can also consider the
existence of initial data with very specific geometrical properties. This chapter will
be concerned with initial data sets which have one Euclidean end and one cylindrical
end. Roughly, the latter means that an initial data set (X,h) has an asymptotic
end which is diffeomorphic to R x N where N is a compact manifold. A systematic
analysis of initial data on manifolds with cylindrical ends was performed in [36, 37].
In particular, existence of solutions of Lichnerowiscz’s equation is proved using the
powerful barrier method [100]. The purpose of our analysis, however, is to prove the
existence of a rather specific class of perturbed initial data with additional properties
(e.g. preserving angular momenta of the background data). We will make clear at
the end of this section how our results are related to [36, 37].

The simplest example is a initial data set with cylindrical end geometry is the
extreme M = +/.J Kerr black hole [55]. These authors, using the conformal method
alluded to above, proved that there exists a one-parameter family of axisymmetric ini-
tial data of the vacuum Einstein equations which preserve the asymptotic behaviour,
angular momenta, and area of the cylindrical end (this area corresponds to the area
of the spatial sections of the horizon of the Kerr black hole). In particular, as a

consequence of the geometric inequalities, one can show the energy of any member
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of this family must be strictly greater than that of the extreme Kerr initial data.
Note that the solutions satisfy weak regularity conditions (i.e. they belong to a cer-
tain Sobolev space) and in particular are not generically smooth, let alone analytic.
This last distinction could be important when considering the evolution of this initial
data. The extreme Kerr black hole is known to be the unique (analytic) vacuum, sta-
tionary, rotating asymptotically flat spacetime containing a single degenerate horizon
8, 41, 53, 67, 92]. Hence the evolution of the initial data sets discussed above could
settle down to non-analytic asymptotically flat (possibly stationary) extreme black
holes. Of course, we cannot address this issue without understanding the evolution.

It is natural to investigate the possibility of extending the result of [55] to extreme,
five-dimensional black holes. The simplest candidate would be the extreme Myers-
Perry black hole [125], which is qualitatively similar to Kerr. A maximal slice can be
found with U(1)? isometry and has topology R x S® [7]. However there are two main
differences as one moves from n = 3 to n = 4 spatial dimensions. First, it turns out
that we will have to construct solutions of the constraint equations which belong to
Bartnik’s weighted Sobolev spaces ng’p [15]. Our asymptotic fall-off conditions at
the Euclidean end and cylindrical end require kp > n (see Lemma A.1 in [55]). We
only require weak differentiability to second order, so we take (k,p,d) = (2,3, —1)!
whereas in the analysis of [55], (k,p,d) = (2,2, —1/2). The latter spaces are weighted
Hilbert spaces, which are extremely useful in the elegant construction given in [55].
Second, we require five scalar functions to characterize our data as opposed to two
and our geometries have U(1)? symmetry which complicates the parameterization of
the extrinsic curvature.

It is important to clarify what is new about this result and how it is related to the

analysis of [36, 37]. In particular, Theorem 6.1 of [36] asserts the existence of a class of

1One could also take (k,p,8) = (3,2, —1) but this leads to a stronger regularity condition for a
particular elliptic operator and the functions in the background metric do not satisfy this regularity.
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solutions to Lichnerowicz’s equation for complete initial data with non-negative scalar
curvature and strictly positive scalar curvature on cylindrical ends. These results are
quite powerful and general in that no symmetry assumptions are made on the data.
However, if one wishes to impose additional conditions (e.g. axisymmetry) on the
data, one might be interested if there exists special families of data with the same
ADM energy, asymptotic end geometries, and conserved angular momenta and/or
area of the cylindrical end. This work is concerned with finding a class of initial data
suitably close to the extreme Myers-Perry data that preserves the angular momenta
and area of its cylindrical end. This data set can be interpreted as perturbations of
extreme Myers-Perry.

The complete properties of Myers-Perry initial data set is in Appendix A. However,
we will review some of them here. The extreme Myers-Perry black hole has t — ¢
symmetric initial data (X, h, K) and the slice metric can be written as

P o
h = = (dr* 4 r*d6?) + \;;d¢'d¢’ (7.1)

where 7 > 0, 6 € (0,7/2), and ¢ € (0,27) and

b
P = r?+ab+a’cos® 6+ b*sin? 0, A2 = % sin? § cos? 6, (7.2)
a’u
Al = 5 sin® @ + (r* + ab + o) sin? 0, (7.3)
biu
Ayy = N3 cos* 0 + (r® + ab + b*) cos® 0. (7.4)

Now if we choose p = %7’2 sin 20 and z = %7’2 cos 26, then the conformal slice metric of

the extreme Myers-Perry black hole can be written

Ry = ®3°hap, h= (dp* + d2?) + Ndg'dgy (7.5)
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where
vdet A P
o5 = ; ; Nij = ®5 7N, ? = @SZQ- (7.6)

In general, the lapse and shift vectors are degrees of freedom for the initial data set
(see Chapter 3). But since we want to preserve geometrical properties of the initial
data under evolution, we compute the lapse of the extreme Myers-Perry spacetime

and select the shift vector to be the product of r and the shift of extreme Myers-Perry

metric.
ripP
N = , 7.7
\/(P + p)rt + p? (r?2 + ab) (7.7)
o — rau(r® + ab + b?) v — rbu(r? + ab + a?) (78)
(P p)rt+p?(r2+ab)’ (P p)rt+ p? (r? +ab)’ '

In addition, in Chapter 4 we showed that the extrinsic curvature of a t —¢* symmetric
data can be generated from scalar potentials Y. In the coordinate system used above,

these are

a(a® — b%)(r? + ab + b%) cos? 0 — r2a(2a® + 2ab + r?) N a(r? +ab+ a®)%(r? + ab + b?)

vi=
(a — b)? P(a —b)? ’
Ve _ br2((a + )% +1r2) — b(a® — b*)(r? + ab + a?) cos? 0 B b(r? + ab+ a?)(r? + ab + b%)?
N (a—1b)? P(a —b)? '

Moreover, the area of event horizon cross-section of Myers-Perry initial data can be

denoted by A(r) which is the area of constant r, and we have
Ao = lim A(r) = 2722V ab. (7.9)
r—

Then the initial data of the extreme Myers-Perry black hole is (X, h, K). Then we

have the following result.

Theorem 73. Let (X, h, K) be the GB (t — ¢'-symmetric) initial data set constructed

by extreme Myers-Perry described as above (see Appendix A) with angular momenta J;
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and Jy such that J1Jy > 0 and mass M. Then there is a small sy such that for |s| < so
there exists a family of initial data (X, h*, K®) (i.e. solutions of the constraints on X)

such that:

(a) For s = 0 the family of initial data is extreme Myers-Perry initial data set, i.e.
(3, h, K). The family is differentiable in s and it is close to extreme Myers-Perry

with respect to an appropriate norm which involves two derivatives of the metric.

(b) The family of initial data has the same asymptotic geometry as the extreme Myers-
Perry initial data. The angular momenta and the area of the cylindrical end in
the family do not depend on s; they have same value as in extreme Myers-Perry

initial data set, namely Jy, Jo and Ag, respectively.
(c) The family of initial data is U(1)?-invariant and mazimal (i.e Trps K¢ =0).
(d) The energy of this family of initial data is positive.

Before proving Theorem 73 we investigate the evolution of the family of initial data.
Consider a member of the family of initial data set (2, h*, K*®) for fixed s # 0. By an
argument similar to that given in [55], the fall-off of the lapse and shift can always
be selected so that the geometry of the cylindrical end and its area will be preserved,
for sufficiently short times. If we consider a member of the family of initial data set

(33, h*, K*®) for fixed s # 0, then expanding these tensors for small time ¢ we have

5o(t) =~ B3 (0) + 7, (0)¢ (7.10)

ap(t) m K5,(0) + K5, (0) (7.11)

where * denotes the derivative with respect to t. Here i, and K?, are obtained from
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the evolution equation

K2 =V, VN + Lx K + N {2(h") K, K5, — (Trps K) K&, — RS, } (7.13)

where NV and X are the lapse and shift vector of the foliation and Rj, is the Ricci
curvature of the family. The lapse and shift can be calculated independently from
the initial data. In the case of the extreme Myers-Perry black hole, we argue that
if we choose lapse and shift with appropriate decay condition at the cylindrical end,
then this fall-off condition at the cylindrical end will be preserved along the whole
foliation. This process is similar to an asymptotic fall off condition. To preserve the

cylindrical geometry under evolution we should have

71}_{1(1) h;, =0, l1_1>1}) K;, =0, (7.14)
but this is equivalent to
lim N = lim VN = lim V>N = 0, (7.15)
r—0 r—0 r—0
lim X% = lim VX* = 0, (7.16)
r—0 r—0

where V is a partial derivative with respect to the spatial coordinates. These condi-
tions are satisfied for the lapse and shift of the extreme Myers-Perry initial data with
lapse equation (7.7) and shift vector (7.8). The geometry of the cylindrical end will
be preserved under small deformations s, provided we impose the fall-off conditions

(7.15) and (7.16).
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7.2 Construction of Perturbed Initial Data Via Con-

formal Method

In this section we construct a one parameter family of initial data (X, h®, K*) from
the extreme Myers-Perry initial data via the conformal method. This family is a
small perturbation of the extreme Myers-Perry initial data which preserves angular
momenta, cylindrical end geometry, and area of the even horizon H. Let (3, h, K)
be the maximal initial data (given in Appendix A) of the extreme Myers-Perry black
hole. It is a vacuum, t — ¢' symmetric initial data set which satisfies in Einstein
constraint equations (3.12). Firstly, we assume the following conformal rescaling for
the initial data

hab - q)gﬁaba Kab - ®62Kab7 (717)
where &g = log vy and by equation (4.81) and Appendix A we have

h

eV (dp® + dz®) + X;d¢' ¢, Kap = 25, A7 ®y), (7.18)
where S = (S, 5?)!, ® = (1), &2)" and

. 1
Sl

where Y are twist potential of the initial data. By Corollary 5 and equation (3.12),

the constraint equations for conformal initial data (3, h, K ) are

1~ 1 -
A&y — ER% + 6|K|§LCI>55 =0. (7.20)

divKk = 0. (7.21)
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Since (X, h, K) is a vacuum, t — ¢ symmetric data set, by Section 4.1 Ky is a TT
tensor, so the momentum constraint equation (7.21) is automatically satisfied and we
need only consider the Lichnerowicz equation (7.20). The Laplace operator associated

with the metric (7.18) (for any U, \};) in t — ¢' symmetry can be written as

—2U
AD = 2%, (\/dethhabvb@) =LV, (p53V, D)
det h
€—2U €—2U
- Vo (pr 26i"V,®) = 0 (7.22)

where ® is an arbitrary function of only r» and # and A, and V are the Laplace
operator and covariant derivative with respect to d4, respectively. Secondly, we define

Ry and K2 from the scalar curvature of the metric (7.18) and equation (4.20) as

- det V.\/ .
R=e?% <—2A2U + 62 : ) = e Ur 2Ry, (7.23)
P
~ 672U ~
K| = o VYINTIVY = e 2Ur2KE, (7.24)
P

where A, is the Laplace operator with respect to 6, = dp? + dz2, that is

0? 0? 1 0? o
Ap=—t == (P tr—+ = 2
2T op? i 022 rt <r or? * “or * 8«92) (7.25)
Then the Lichnerowicz equation (7.20) for the conformal triple (X, h, K) is
R R
AyPy — —Pp+ —= = 0. 7.26
4%®0 = %0 + 697 (7.26)

Finally, we perturb equation (7.26) about the solution given by the maximal initial

data for the extreme Myers-Perry black hole by taking

U—=U+sU, N;—= Nj+sX;, Y =Y 457" (7.27)

YR
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for a fixed set of U(1)%invariant functions U, S\Qj, Y, and small s, and then seck a
solution ® of the form

® = D)+ u, (7.28)

where u is a function to be determined. Inserting (7.27) and (7.28) into (7.26), we
have

f(z

1 -~
T(su) = Da(®otu) =GR (R0t u) + g =

=0 (7.29)

where RS and f(f are obtained from }N%O and f(o using the transformation (7.27). If
we plug in s = 0 in equation (7.29), we have equation (7.26). But before proving the
existence and uniqueness of the solution of the the operator 7 (s,u) we review some

properties of extreme Myers-Perry initial data.

Lemma 74. Let &y, Ry, and K2 be defined as in (7.6), (7.23), and (7.26), respectively

and a and b have same sign. Then we have following bounds:

1. (abp)Y* < [(r2 + ab + W) (r? + ab + a®)]"* < r®g < [(12 + ab + b?) (12 + ab + a?) + p2]* .

2. )RO

<SG and K2<§.

—_ T

3. | Aydy|

IN

(&
76

Proof. We will prove only part 1 here; the remaining bounds require lengthy algebraic

manipulations and we used MAPLE software.
1. We have

p(r® + ab)(a cos® 6 + b sin? 6) + pa??]"?

P

r?®; = |(r*+ab+0*)(r* +ab+a®) +
< [+ ab+ 8 + ab+ a?) + p?]*

(7.30)



so if r — oo then we have minimum of r*®3

V(12 +ab+b2)(r2 + ab + a2) < r*®.

Therefore for a,b > 0 we have

(abp)/* < [(r* + ab+ b%)(r* 4+ ab + a®)] 1/ <rdg

< [ + ab+ V) (r2 + ab + a2) + p2]

Lemma 75. The function « in equation (7.75) is nonnegative and

kQ
a = T{DOS + 72| Vol? = hr™

where h is a bounded nonnegative function.
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(7.31)

(7.32)

(7.33)

Proof. First we know by conformal transformation h,, = (I>2i~zab the scalar curvature

will be
R=R>+6 (A,;v + WUP)

(7.34)

where v = log ®. Since the extreme Myers-Perry initial data is a critical point of the

mass functional, it satisfies in the field equation (5.87)

I~ [ a
AEU = _ﬁKabK b.

Consequently, we have

R = K K®®? - 30 K,K®+ 6|Vou|®

= 2K, K®d~0 1 6e72Y | Vol

(7.35)

(7.36)
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Then by equations (7.23) we have
Ry = —2K2075 + 62| Vo> (7.37)

Therefore, by Lemma 74 the function « is

RO 5[(8 Rg 2 2 -6
“ 6 6P§ 208 +r7 (Vo) " ( )

O

Lemma 76. If we transform metric functions by (7.27) for small s (i.e.—sq < s < S¢)

and Y, X; € C2(R\T) and U € C2(R*\{0}) then

1. ||Rs <C 4. || K2 <C
L3, L3,
2. |DiR,||  <C 5. |DIK?|| <C
L3, L3,
3. D1R31 - D1R52 5 S C |81 - SQCF. DlIN(?l - D1I~(S22 5 S C |81 — S92
s, L,

where Dy = dils.

Proof. The proof is straightforward. By definition of R, we have

odet (VX + sVX)
22

Rs = —r?A, (U+SU) +r

2
= —1r2A U — r?sA,U + 2%2 (VA1 4 sVAL) - (VA + sdNgy) — (Vg + sV ,)?]

= Ro - TzSAQU
2

+ 2%2 [sVN1 - Vg + s(VA] + sVL) - VA — 5(2V N}y + sVN}) - V] -
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Moreover, we have

~ — 2 — — - - —
DRy, = —r2A,0 + 2%2 VN, - VA + (VN + sVN,) - VA, + sV, - VAL,
— (2VNy +5VA),) - V), — sV, - VA,

2

_ r — —
= —12AU + 2—p2Tr [VX - (VX +5sVX)], (7.39)

and
2

DR, — DiR,, = 2r—p2Tr [V - VN (55— s1). (7.40)

For part (1) by triangle inequality we have

2
~ ~ _ r — —
\ Ny, = HRo L,33+ys\ HTQAQU}L,_g,ng ﬁ(s@v/\’lg—ksv}\'m)-v}\’lz) P
- B Z3
2 - —_ —
n H;pz(swn-w;2+s(vxn+svxn>-vx22) <c (7.41)
L2

We used inequality of Lemma 74-2 and the fact that functions U and j\gj have
compact support outside the origin. We have similar result for Dlﬁs and Dlﬁs.

Moreover, by definition of full contraction of extrinsic curvature we have

.
K = 27”—[)4 (VY +sVY) adj (N + sX) (VY + sVY)
) —
- 2r_p4 VYtadjN VY + s (2VY'adjN' VY + VY adjVVY)

+ 5 (2VY*adjA' VY 4+ VY'adjA' VYY) + s*°VY'adjA' VY
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= K2+ 2r—:4 s (2VY'adjA' VY + VY'adjN' VY) + s*VY'adjN' VY
+ §°(2VY'adjA' VY + VY'adjN'VY) |. (7.42)
Then have
D\K? = ;—:4 (2VY'adjA' VY + VY'adjA'VY)
+ 35°VY'adjN' VY + 25 2VY'adjA' VY + VY'adjN'VY) |, (7.43)
and
D\ K2 — D K2,
= 27"—:4 2 (2VY'adjN' VY + VY adjA'VY') + 3(s2 + 51) VY adjN' VY | (s2 — 51) .

Then by triangle inequality and the fact that Y and ) have compact support outside

the axis, one can show it is bounded. O

Now we prove the following important Lemma which shows existence and uniquenes

of the solution of the operator 7 equation (7.29).

Lemma 77. Let Y, X, € C®(RN\I') and U € C®(R*\{0}). Then, there exists sy > 0

’7Ng

such that for all s € (—sg, So)

1. There exists a solution u(s) of (7.29) belonging to Wl_21’3. (for clarity we suppress

the r— and 0— dependence of u(s)).
2. u(s) is continuously differentiable in s and ®(s) = ®o + u(s) > 0.

3. u(s) is the unique solution of (7.29) for small u and small s.
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7.2.1 Proof of Lemma 77

The main tool we use to establish the Lemma 77 is the implicit function theorem
(see Theorem 17). The argument closely parallels that given in [55] and proceeds
as follows. Firstly, we select appropriate Banach spaces X,Y, and Z as required for
the implicit function theorem. Then we find neighbourhoods O, C X and O, C Y
for which the map 7 : O, x O, — Z is well-defined. Care must be given to select
Banach spaces that satisfy the fall-off conditions on the functions U, \};, and Y at
infinity and singular behaviour at the origin of the function ®,. Since the solution
need not be regular at the origin (we are working on R* — {0}) we cannot select
the standard weighted Sobolev spaces W27 defined in [15]. To begin we verify that
T:0,x0,— Zis C' . Next we show that Dy7(0,0) (which is defined in equation

(7.53)) is an isomorphism between Y and Z. The implicit function theorem is then

used to conclude the existence of a unique u with the properties of the lemma.

T is well-defined

We choose X = R, Y = I/V/_21’3 and Z = L3,. Moreover, we choose O, = R and

O, ={ue WA [ullyyr2s < £} where & is computed as follows: by the inequality in
—1

Lemma 10-3 for u € O, we have

rlul < Cof, (7.44)

where Cj is a constant. Also by Lemma 74, we have
rdy > (abp)'*. (7.45)

Then , if we choose ¢ such that

(abp) "
Co

>¢>0, (7.46)
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then for all u € O,, we have

0 < (abp)* — Co€ <7 (Pg+u). (7.47)

First we prove that 7 : R x O, — L'_33 is well-defined. That is, we need to show that
for s € R and v € O, we have T (s,u) € L3,. By using the triangle inequality for

equation (7.29), we have

1=~ K?
Tl < [l + Aol + |+, + g
T 1 S ~ g g Lo

v

We will show that each of these terms is bounded in L3;. To show this we will need

/

the required properties of the functions U and Xij, and Y’ as well as the particular

fall-off conditions on functions (i.e U, Aj;) of the conformal Myers-Perry metric.

(I) Since u € O,
1Agull s, < luflyrzs < C (7.49)

where C' is a function of a and b. Henceforth, the notation C' is a constant related
only on metric parameters, i.e. a and b.

(IT) In second term we use the bound on the Laplace operator Lemma 74-3:

C

76 -

[A4Pol[ s, < ‘

<C. (7.50)

L3,

Finally, since Y and ng have compact support outside the axis and U and have

compact support outside the origin, and by using (7.47) and Lemma 76 one can show
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that (IIT) and (IV)) are bounded. Thus 7 : R x O, — L3, is well-defined.

T is C!

We denote by D;7T (A, u) the partial Fréchet derivative of 7 with respect to the first
argument evaluated at (s,u) and by DyT(s,u) the partial Fréchet derivative of T
with respect to the second argument u. These operators are formally obtained by

directional derivatives of 7 and they are linear operators between the following spaces:

DT (s,u) : R — L%, (7.51)

DyT (s u): W23 — L3, (7.52)

We use the notation D7 (s,u)[¢] € L; to denote the operator D;7T (s,u) acting
on ¢ € R. Similarly, Dy7 (s,u)[v] € L3, denotes the operator Dy7 (s,u) acting on

v E Wl_21’3. These linear operators will be

DT (s,u)[¢] = %T(S—l—lfﬁ,uﬂt:o:

=

. D\ K?
( — Dle(q)o + u) + m) ¢

(s,u)v] = —T( tv)|e=0 = ——1 ; —5~3 (7.53)
DsT (s,u)v T(s,u+tv)|= Ayv Rs + v. .

2 ’ dt ’ =0 ! 6 (Do + u)b

Now, we will prove that the map 7 : Rx O, — L'j”g is C*. As a result of the properties

of functions of the metric, we cannot use the chain rule. Alternatively, we will show

that:
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1. The linear operator Dy 7 (s,u)[¢] and DyT (s,u)[v] are bounded. i.e.

DT (s, w)[CHl s, < CICI, (7.54)

DT (s, w)[olll s, < Cllv]lyyr2e (7.55)

2. The linear operator DT (s, u)[¢] and DyT (s, u)[v] are continuous in (s, u) in the

operator norms. That is, for every € > 0 there exists § > 0 such that

’81 — 82’ <)== HDlT(Sl,U) — DlT(SZ’u)“B(X,Z) <€, (756)

”Ul — UQHW/}{;; <= HDQT(S,Ul) — DQT(S,UQ)HB(KZ) < €. (757)

3. The operators DT (s,u)[¢] and DyT (s,u)[v] are the partial Fréchet derivatives

of 7. That is
T (s + Cu) = T(s,u) — DiT(s,u)[C]]] s
lim 2 =0, (7.58)
=0 Iq
HT(Sv u+ U) - T(57 u) - DZT(87 U) [U] HL/3
lim ), (7.59)
o ol

1. To prove inequality (7.54) we use triangle inequality, Lemma 76, and inequality
(7.47) then

D\ K?
(CDO * u>5 L,f’3

< C|¢]. (7.60)

IDT (s, Wl < %Hms@ﬁwutﬁ%

3
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Similarly, by definition of O, and Lemma 76 we have

]_ -
1D T (s, )]s, < HMHL@J@HRS”

e
L'3

-3

5K?
—
6(@0 + U)G L/_?’3

< Clollyres - (7.61)

2. To show that D;7 (s,u) is continuous (it is in fact uniformly continuous), we use

the triangle inequality, inequality (7.47), and Lemma 76 to obtain

1 - -
IDT(s10) = DiT (2wl < 2 [[(DiRey = DR (@0 +w)||
-3
D\K? — D\K?2
60+ u)” |,
S C |81 — 82| . (762)

To prove continuity in u consider the following identity for arbitrary z, y and integer

: 11 >
o i—p, —1—i
i (y — x) ;x Py= 7% (7.63)
Then
r?( ! ! ) (s — uy) M (7.64)
- == 2 — uj 5 .
(®o+u1)® (Do + uz)°
where
5 . .
M=) " (r(u+®0))~° (rdy) """ (7.65)
1=0

Since uy, uy € Oy, and using the lower bound in equation (7.47) we have

M<C. (7.66)
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Then by (7.66) and Lemma 74 we have

5K2 5K?2
D D 5 = s 5
|| QT(S7U1)[U] QT(‘S’UQ)[U]HLES 1}6(@0—1—”&1)6 UG(q)O‘{‘UQ)ﬁ os
3
< C (w —uz)v (7.67)
r L3

The right hand side of the above equation can be bounded as follows: (we write dx

to represent the volume element for the Euclidean metric on R*\{0})

1/3
_ 3,3
‘ = / —(u1 1;2) Y rodx
L', R4\ {0} r
3 5 1/3
_ / (u; — ug)” (rv) de
R4\ {0} r

(w—uw)® )"

Uy —u

< 0||v||W/2,3/ Y dx
! RN\{0} r

< C ”U||W’72173 ||u1 - U2"WL21,3 . (7.68)

(ug —ug)w
r

The first inequality follows from Lemma 10 and the second inequality from the defi-

nition of Sobolev norms. Therefore, we have
ID>T (s, wr)[v] = DoT (s, uz)[v]l| s, < C'lJvllypras flun = wal s - (7.69)

Thus, DyT'(s,u) is a continuous operator.

3. Proving equation (7.58) is straightforward. We prove (7.59) as follows

7:(5, u—+v)—T(s,u) — DT (s,u)[v]

B Kg( 1 L, )
6 \(Pg+u+ U)5 (Dg + u)5 (g + u)6
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By simplifying we have

1 1 5
r7 ( = — =+ ! 6) = v2M;, (7.70)
(Do + u+v) (Do + u) (Do + u)
where
1 , i
M, = Cijr (rdo)" (ru)’ (rv)*, (7.71)
(r(<1>0+u+v)) (r (Po +u Z+]2+;4 j
Vi,7,k>0

where Cj;, are numerical constants. To find the bound of M; we will use equation

(7.44) and the fact that u,v € V. Then we have

(r? + ab+ b*)(r* + ab + a?) + 1
T
<[(r2 + ab 4 b2)(r? + ab + a?) + p2"* — C’0§>

M| < C <C. (7.72)

Then by Lemma 76 and above inequality we have

UQMl

T (s u+0) = T(s.w) = DaT (s, w)ltll, < € < Clolfyz.73

’
3
L73

By steps similar to (7.68) we have the second inequality. Hence, we have proved

statements (1), (2), and (3) and T (s,u) : R x O, — L, is C™.

DyT(0,0) is an isomorphism

We now verify that Dy7(0,0) : WLQI’?’ — L3, is an isomorphism. We write this linear

operator as

DyT(0,0)[v] = Ayv — aw (7.74)

where
Ry 5K2
=240 7.75
“=% T 6w (7.75)
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An important property of the function o by Lemma 75 is a nonnegative bounded
function in R*\{0}, that is @ = hr~% where h > 0. Therefore @ € L”;. Hence by
Theorem 14 when M = R*\{0} and p = 3,5 = —1, the map A, — « is an isomorphism

!
from W %% — L'3,.

7.3 Proof of Theorem 73

Proof. In the previous section by conformal method we construct a family of initial

data sets (X, h®, K*) such that
hay = q)zﬁfm Koy = ‘P’Zf(ib (7.76)

where the conformal data (X, he, K %) constructed from fixed perturbation Y, 5\;]- €
C®(R\I) and U € C®(R*\{0}), of the extreme Myers-Perry conformal data (X, h, K)
with transformation (7.27) for small s. Then by Lemma 77, there exists u(s) € W';?

such that ® = &g + u(s).

(a) By construction of the family when s = 0, then (X, h*, K*) equals the extreme
Myers-Perry initial data (3, h, K). Moreover, since u(s) € W5, @ is a twice

continuously differentiable function.

(b) The asymptotic geometry of the family (X, h*, K*) is described by the asymptotic
behaviour of u(s). Since u(s) € W’* and &, = o(r~'), the asymptotic behaviour
of the family is same as the extreme Myers-Perry initial data. Moreover, we know
the cross-section area of the event horizon is related to the hj; and A7, part of
the data. Then by the choice X; € C*(R*\I') and U € C°(R*\{0}), the per-

turbed data vanishes near event horizon and the area is preserved. Furthermore,
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by Proposition 51 the angular momenta obtained from the value of the twist po-
tentials at axis I. Then the choice Y € C®(R*\I') implies preserved angular

momenta, i.e. J;{ =J; and J5 = J,.

The perturbed part of the data (U, \};,Y") is only a function of r and 6, this

implies the family (3, h*, K*) has U(1)? symmetry. Moreover, the particular

form of the extrinsic curvature
K} = 2S€a()\5)71<1>b) (7.77)

implies Trps K° = 0, i.e. maximality.

In Theorem 68 of the Chapter 6, we proved that the mass of extreme class is less
than the mass of any perturbed data in small neighborhood. Hence, the mass of
the family (3, h*, K®) is greater than or equals the mass of the extreme Myers-

Perry black hole. Therefore, (X, h*, K*) has positive energy, i.e. £ =mz—m > 0.

]

7.4 Summary

In this chapter, with the use of the implicit function theorem we constructed a family

of initial data with the same properties of the extreme Myers-Perry black hole initial

data. These properties are: asymptotic and horizon geometry, angular momenta, and

the cross-section area of the event horizon. Moreover, by Theorem 68 the energy of

this family is strictly greater than the extreme Myers-Perry initial data. This suggests

similar results for different orbit spaces such as orbit space of the extreme black ring,

see Figure 6.1b.



Chapter 8

Conclusion and Open Problems

In this thesis, extending upon the work of S. Dain [53] for four-dimensional axisym-
metric black holes we provide, for the first time, the main developments in the mass-
angular momenta inequalities and positive mass theorem for five-dimensional U(1)2-
invariant spacetimes. The results of this thesis can be divided into three main steps.
First, we defined generalized Brill (GB) initial data sets (X, h, K'), which is a class
of initial data with symmetries, and we proved some of the topological and geometri-
cal characteristics of this class. Moreover, we constructed a one-parameter family of
initial data with asymptotic geometry and angular momenta of the extreme Myers-
Perry initial data set. Second, we constructed a mass functional M and proved some
remarkable properties of this functional. Finally, we proved two geometrical inequali-
ties: 1) positive mass theorem for GB initial data sets, 2) local mass angular momenta
inequalities for GB initial data sets.

Although the local mass angular momenta inequality for a GB initial data set
is an interesting result and encodes the information about stability of this solution
under small perturbations, one would like to prove the global version of this inequality

for all (or some particular) orbit spaces. In this chapter, we give an overview of the
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current project which is the global mass angular momenta inequality for black holes
with horizon topology H = S? in five dimensions [2]. Moreover, we finish with an
outline of some open problems.

Consider the GB initial data (3, h, K') with the trivial orbit space, see Figure A.2.

Then we have the following global parametrization for the Killing part of the metric.

N = <\/p2 + 22— z) ePcoshW, A\, = ( pr+ 22+ z> e Pcosh W, (8.1)

N = psinh W | (8.2)

and we define the functions

o1 VRt 22—z
log p, g=3 log (p_) (8.3)

gE
P2+ 22+ 2

1
2
which are harmonic over 2 C R3\T, that is

2 2
—W> _0 onOCRAT 5.4)

Aglogp:A310g< —
prt+zr+z

where the Laplace operator As is with respect to the following flat three dimensional

metric

r2dz? r2(1 — x2
63 = dp* + d2* + p*dp® = 1 <d7“2 + =22 + ( 1 )dgo) : (8.5)
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Then the associated reduced data can be characterized by ¥ = (v, p, W,Y"). More-

over, the mass functional M has the following representation

M) = 2 [ L1290 1 9 s W v+ Vel + o oy
T 16 Jus p b g cosh? W
+ e 0RO cosh2 I |VY? — tanh W e P IVY | } dp. (8.6)

where du = pdpdzdp and the covariant derivative is with respect to d3. Moreover, if
we define the parameter of the Dirichlet energy E which is defined in equation (5.63)

by transformation

1 A1 1 A1 22
= 2log(det A — _log (22 = _log [ 5122 -
Y1 Og( € )7 Y2 9 og ()\22> ) Y3 2 og ( det \ ) ) (8 7)

ya =Y ys =Y?, (8.8)
and define the data ¥ = (y,...,ys) as parameters of the energy functional

- 1
E(V) = 32 Jus (12 (Vi |* + cosh® y3 [V |* + [Vys|* + e~ @0 F92) vy, |?

+ e Ot |72 ftanh WVy, — Vy5’2) dp. (8.9)

Note that the relation of ¥ and ¥ is

LIJ = (y17y2>y37y47y5) — (g +U7p+g7Q7Y17Y2) = \II (810)

Therefore, for Q C R3\I", we have the following relation between mass functional and

Dirichlet energy functional

_ 1 1
Eq(V) = MQ(\II)+—j§ (9+2v)Vg- v dS+—% pVg-vdS. (8.11)
16 Jaa 8 Jaq
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2/6

9
UV

Figure 8.1: The green line is the axis. {25, is the region between two blue curves and red lines.
Moreover, the As . is the cylindrical region between red lines.

Now the strategy of proof is as follows. Let ¥ = (v, p, W, Y Y?) denote the given
initial data, and Wy = (vg, po, Wo, Yy, Y{) denote the extreme MP data with the same
angular momenta. Let §,e > 0 be small parameters and set 5. = {0 <r <2/d;p >
e} and As. = Byys \ s, where Byjs is the ball of radius 2/9 centered at the origin,

see Figure 8.1. We will cut off the original initial data to obtain W;. which satisfies
supp(vse—Uo) C Bajs,  supp(pse—po, Wae—Wo, Yo =Y, Vi =Y7) C Qe (8.12)

Moreover, we must show this cut-off data will converge to the original, allowing us to
apply the convexity argument from Schoen and Zhou. This will allow us to prove the

following result [2].

Proposition 78. Let ¢ < § < 1 and suppose that V satisfies all the asymptotics
induced from GB data and extreme Myers-Perry initial data. Then Vs, satisfies
(8.12) and

lim lim M(Ws.) = M(¥). (8.13)

6—0e—0
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This is the most difficult step in the proof. Then we can prove the global mass-
angular momenta inequality for this orbit space structure which appeared in the ar-
ticle, arXiv preprint arXiv:1510.06974, which was submitted to Journal of Communi-
cation in Mathematical Physics (CMP) in Oct 2015 [2].

Theorem 79. Assume that (X, h, K) is GB initial data with mass m and fized angular
momenta Jy and Jo and fixed orbit space B = Byp such that Lgmj =0 and p > 0.
Then if U = (v,p, W,Y?) then

M(T) — M(Wg) > 20 ( /R st \110>> . (8.14)

where P(3,R) = SL(3,R)/SO(3,R) and ¥, is the data set of the extreme Myers-

Perry. It implies
27

ms >
- 32

(|| + | 72])? (8.15)

and the inequality is saturated if and only if the data is isomorphic to the slice extreme

Muyers-Perry black hole.

This result shows that the mass functional M is convex functional for black holes
with horizon topology H = S% and it is a generalization of Schoen-Zhou result to five
dimensional black holes [139].

There are several open questions concerning the properties of M. For instance,
since the ADM mass is conserved quantity under evolution of the Einstein equations,
it is necessary to prove M is a conserved quantity under axisymmetric evolution of
Einstein equations. Second, M is related to the recently constructed Hollands-Wald
energy functional [95]. This energy functional shows the relation between thermal
instability and dynamical instability for non-extreme black holes and black branes.
Moreover, Dain used his mass functional and showed the axisymmetric linear pertur-

bation of the extreme Kerr black hole is stable [56]. Therefore, we expect that the
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second variation of M must be related to the Hollands-Wald energy functional, and

it should be possible to use M and prove linear axisymmetric perturbations of the

extreme Myers-Perry black hole and (maybe) the extreme doubly spinning black rings

are stable. Such methods should be useful for dealing with the challenging issue of

non-linear stability.

Finally, in Table 8.1 we classify all the possible generalizations of the mass-angular

momenta inequality for GB initial data sets.

Mass-Charge-Angular Momenta

dimX» =n n=3 n=4
ACIL H~ gt Dain [53, 139] Local (AA.3),global (AA.6)
H =eqgs. (3.33) — Local version (AA.3)
Ty £ 0 R Chrusciel,Dain [44, 58] Local (AA.5),global (AA.6)
ab H =eqs. (3.33) — Local version (AA.5)
Charges H=~ g1 Chrusciel and Costa [41, 139] Open problem
8es H =eqs. (3.33) — Open problem
P . R Chrusciel,Li,Wienstein[44, 139] Open problem
Multiple ends H =eqgs. (3.33) — Open problem
g ER Cha and Khuri [30] Open problem
Non-Maximal H =eqs. (3.33) — Open problem
. . R Open problem Open problem
Manifold with bdry H =eqs. (3.33) — Open problem

Table 8.1: Open problems: mass-charge-angular momenta inequalities

We hope to address these open problems in the near future.




Appendix A

Myers-Perry Black Hole

In 1985 Myers and Perry found an asymptotically flat solution of the Einstein vac-
uum equations which describe a black hole with spherical horizon topology in all
dimensions[125]. Here we consider the five dimensional Myers-Perry black hole (M, g)

with the metric in coordinates (¢, 7,6, ¢1, ¢2) and represented locally as [124]

ds* = —df? + L (dt + asin® 0dgy + beos® 0dey)” + ——di® + Pdo>
P A(7)
+ (7 +b?) cos® 0dgs + (7 + a®) sin® 0d¢7, (A1)
where
P =7 +b*sin® 0 + a” cos* 0, A= (7 +a?) (P +b°) — pi. (A.2)

The solution is parameterized by (u, a, b) with orthogonally transitive isometry group
R x U(1)?, where R is the time translation symmetry and U(1)? is the rotational
symmetry generated by O, and O0y2. Here (7,6) parameterize the two-dimensional

surfaces orthogonal to orbits of the isometry group. The horizons of this black hole

2
are located at the roots of A(7), denoted 7y = i\/“iahb%\/(“;a(z*bg) —40%  The
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metric is written in a chart that covers the black hole exterior 7y < 7 < oco. In
addition 0 < 6 < 7/2, and ¢!, ¢* are rotational coordinate with period 2. Moreover,
the singularity of this metric for nonvanishing a and b with a® # b? is located at roots

of P, i.e.
f2 _ a2

S (A.3)

sin?f =

where b > a. As it is well known, the solution is qualitatively similar to the Kerr
solution. In the extreme limit, = (a + b)? and A(7) = (72 — ab)’. The ADM mass

and angular momenta of this metric are

Event horizon

Singularity

Cauchy horizon

Slice

Slice

(a) Maximal analytic extension of MP metric ~ (b) Maximal analytic extension of extreme
and ¥ is slice of constant time. The singularity =~ MP black hole. The gray region is domain of
isat ¥ =0 outer communication=DOC

Figure A.1: Carter-Penrose diagram of Myers-Perry black hole in 5 dimensions
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A.1 Myers-Perry Initial Data

Consider constant time slice of the Myers-Perry black hole in (¢,7,6, ¢!, $?). Then

the metric for initial data is

P

A(7)

h = di? + Pd6* + \;;d¢'de’ (A.5)

where it covers the region 7, < 7 < oo (see dark gray region in Figure A.la) and

the positive definite matrix A has components

2
b
A = _GPM sin? @ + (7% 4 a?)sin?0, Ay = % sin? 6 cos? 6, (A.6)

Vu =2 12 2
)\22:?008 0 + (7 + b%) cos” 0

The metric has a coordinate singular at inner boundary r = ry, and the slice is a
Riemannian manifold with boundary 3} = [rg,, 00) x S3. One can define a quasi-
isotropic coordinate and extend the manifold to the doubling manifold or full slice

YMP (see Figure A.la) as

1
~2:2 —_ _
T r+2(,u a

w(p — 2a% — 20%) + (a? — b?)?

Note that the inner boundary at 7y is shifted to » = 0 and the metric is
h = s (d 2+ 2d92) + A\yjde'de’ (A.8)
=g (dr+r ij :

where 0 < 7 < 00, 0 < 0 < 7/2, and 0 < ¢y, < 2m. The point r = 0 is

another asymptotic infinity (see Figure A.2) and one can show this with computing
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the distance to r = 0 along a curve of constant (0, ¢1, ¢2) from r = rq, i.e.

T0 P
Distance = / —dr — o0 as r—0 (A.9)
.o

Let rom = [(— (a +0)?) (u — (a — b)2)]1/4, then r = 7y, is the stable minimal sur-
face in ¥MF which represents the event horizon of spacetime. In the extreme limit

p = (a+ b)? the quasi-isotropic coordinate simplifies to
7 = 7%+ ab (A.10)

The conformal metric A of the slice is

h=®h,  h=¢"(dp?+d2?) + N,d¢'de’ (A.11)

and can be determined by the relations

2_\/det)‘ U Pp I &-2y
P = , e = ———, Ay = PN (A.12)
P riv/det A

where p = $r?sin 26 and z = 12 cos 26.

A.1.1 Non-extreme Myers-Perry Initial Data

The non-extreme Myers-Perry initial data set (XMF h, K) belongs to the class of
t — ¢' symmetric initial data. The manifold is a complete Riemannian manifold
YMP = R x S? with two asymptotically flat ends (See Figure 3.4a). In this section we

show behaviour of this data near two ends and on the axis. The asymptotic behaviours
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of data at infinity (r — 0o0) are given by

o = 1+ ﬁ + 0™, v = ﬁ +o(r™%) (A.13)
)‘gj = 0y + % Tl"fij =0 (A14)
2 12
— 2
TG bTZ)) 320 L oG (A.15)

The region r — 0 corresponds to another asymptotic region. In the non-extreme case,

we have
b — {l/(:u - (CL + b)jl)rz(,u — (CL - b>2)2 + O(l), (I),r _ O(TﬁB) r— 0(A16)
v = —2logr+0O(1) (A.17)
Vo 4(@2 _ b2) cos 20 2 X O(T2) (A.IS)

(n = (a—=0)*) (u—(a+0b)?)

We will consider explicitly the non-extreme case so the end is asymptotically flat.

First we have the following expansion for v at origin and infinity

2
|Vo|* = —% +00™) r—o0 |Vo|* = —3 +00r™ r—0 (A.19)

since the volume element is pdpdz = 75 sin 0 cos 6 drd6, (dv)? is bounded at origin and
infinity. Now we consider term which is related to the scalar curvature in the mass

functional M:

=0(1) r—0 (A.20)
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This is clearly bounded. Now we check the last term which is related to the full

contraction of extrinsic curvature:

VYIN-IVY B
2det N

LW VYINTIVY

—10 = O(r? A.21
Or—") r— oo 5 ot v o) r—=0 ( )

An important piece of data in the mass functional is the twist potential column vector
Y = (Y, Y?)!. Here we compute explicitly the twist potentials using equation (3.37)

of non-extreme Myers-Perry initial data (black hole) and they are

p
(07 1)
It
y
(1,0) (0,1) 7-
z (1:0)
I a5 I,
(a) Orbit space of a Myers-Perry spatial slice (b) Orbit space of a Myers-Perry spa-
on upper half plane tial slice represented on infinite strip

Figure A.2: (a) and (b) are spacetime interval structures for the Myers-Perry black hole.

[C? 4 256r%(a® — b?) cos® 0] (C' — 1672 (a* — b)) pa  C* — 32r*H,
1636 (a2 — b?)2 2564 (a2 — 522"
[C(C = 32r? (a® — b?)) + 2567*(a® — b*) (X cos? 0 + (a® — b*))] Cub
163r6%(a? — b2)?
C? —16r°C (a® — b*) + 32r* H,
256714 (a? — b%)?
C = 16r'+8(p+a®—b)r*+ (u—(a— b)z) (1 —(a+ b)g)

Y? = —

b

Hy = 3(a®—b")*+ pu (3u — 6b* + 2a%)

Hy = (a® =)+ p(2a° +26° — 3p) (A.22)
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A.1.2 Extreme Myers-Perry Initial Data

The extreme Myers-Perry initial data set (SEMF h K) is a t — ¢! symmetric initial
data set. The manifold is a complete Riemannian manifold X#M* = R x S3 with one
asymptotically flat end and one cylindrical end (See Figure 3.4b). Similar to previous

section, we show the asymptotic behaviour. But we start with twist potentials

a(a® — b?)(r? + ab + b?) cos? 0 — r2a(2a> + 2ab + r?)

1
o (a0
N a(r? + ab+ a?)?(r? + ab + b?)
Y(a —b)?
(A.23)
v o br2((a + b)% +r%) — b(a® — b?)(r? + ab + a?) cos? 0
(a —b)?
b +ab+a®)(r? +ab+ b?)?
Y(a —b)?
The expansion at infinity is
Yyt o= M _ 14 cos?0(2 — cos? ) + O(r™?) (A.24)
 (a—b)? T '
5 ab*(a+0)*  4Jy 2
The asymptotic behaviour of the conformal factor at infinity is given by
O = 14+ -+ O@r ) T — 00 (A.26)

472

Hence this region is an asymptotically flat end. In the extreme case, however, one

can check that

(ab(a + b)*)"*
(acos? 0 + bsin®0)r

o= +O(r) =0 (A.27)
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By examining the behaviour of the metric h, one can see that the asymptotic region
r — 0 is a cylindrical end. In fact, explicit computation of U and A, shows that
the conformal metric i approaches the metric of a cone over an S? equipped with an

inhomogeneous metric,

h = Q* (dr® +r*v) (A.28)

where 2 = Q(#) # 0 and 7 is conformal to the inhomogeneous metric on cross-sections
of the horizon of the extreme Myers-Perry black hole. One can expand the function
V' at infinity and at the origin. As we discussed before we only consider the behaviour

of V near p = 0. We find

(a® — b*) cos 20

_ —4
V = s +O0(r ) r— 00 (A.29)
2 24+ ab
V. = crata 2 € I (A.30)
V422 4+ 3020 + 2a2z + bt + 2022 + 4abz + a3b + 3ab3
—224+b*+ab
V.o o= Frbve 2 eI (A31)

Va* + 3a3b + 3a2b? — 2a22 + ab3 — dabz — 2022 + 422

Thus V satisfies boundary conditions of GB data. In particular, we read off V =
L(a?> — b*)z and it follows  (see (A.12)) has vanishing ADM mass. In addition,
when z — +o0 we have V. — 1 and V4 are bounded continuous functions on rods
I.. Therefore, they are integrable. Let us consider boundedness of other terms in

the mass functional M. We will consider explicitly the extreme case so the end is

asymptotically flat. First we have the following expansion for v at origin and infinity

(@) = -2 00T rooe () =-0

215 ré

+00™?) r—=0 (A.32)

since the volume element is pdpdz = 75 sin 0 cos 6 drdf, (dv)? is bounded at origin and

infinity. Now we consider a term which related to scalar curvature in mass functional



193

M. We use identity (5.55) and we have

det VX' _8 det VA" 4
Fpraval Oor™™) r—o0 VRl or™) r—0 (A.33)

This is clearly bounded. The only term remaining is related to the full contraction of

extrinsic curvature and we have

VYINIVY ) L, VYINTIVY »
Sdan - O™ r— o0 et Sdan - Oor™™) r—0 (A.34)



Appendix B

Carter Identity In Dimension Five

In this section we first derive a five-dimensional version of Carter’s identity. Assume
we are in a five-dimensional vacuum spacetime with isometry group R x U(1)2. The
field equations can be expressed simply as the conservation of a current (see [67] for
details) such that.

div/ = div (p@~'V®) =0 (B.1)

This equation arises as critical points of action (3.38) and where

+ % [ X+yialy vyt
O =d(X,Y,\) = ol = (B.2)
—% A+ 4E Ay A

and det ® = 1, X is a positive definite 2 x 2 symmetric matrix with det A = X and
Y is a column vector. One can derive the Mazur identity (for a detailed discussion
see [29]) for two matrices @) and Py (not necessarily solutions) with corresponding

currents Jyj, Jpg

N 1 N
AW — Tr (@ (divJ ) o) = ST (J'op Jop)) (B.3)
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where A is Laplace operator with respect to flat metric d3 and
U= T (0l 1) T =Jy =y (B.4)

and

Qv — —Gx —Y'Gy —XGN+Y'Gx+Y'G,+Y'GyY"! (B.5)

—Gy Gy + GyY!
Note that this identity holds quite generally for any field theory which can be derived
from a positive definite action with Lagrangian of the form L ~ Tr(®'d®)?. The
linearized version of this identity in four dimensions was originally found by Carter [27]
and plays an important role in geometric inequalities in 3+1 dimensional spacetime
[51, 53, 57, 59]. We will now derive a generalization of this identity for five dimensions.

Assume we have ®p1(X, Y, \) and @y (X2, Y2, Ag) related by

Xo=X+tX Yo=Y +tY A= A+1t\
_ | (B.6)
Gy, = Gy +tGy, Gx,=Gx +1tGx

The overdot " represents the linear order of expansion or first variation with respect
to t (when taking variations of the products of several terms, we use the notation §

instead of dot for convenience of notation).

B.1 LHS of Carter identity

We start by expanding of the main terms in left hand side of Carter identity

D=0, Dy =0+td+20+0(t%),  divJ = divJt+tdivJ2+0(t%), (B.7)
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where
_X Xyt vt X2 _ Xyt Xyt
$— X2 X2 X $ — X3 X2 X2 (B.8)
% s [] By e[
. —Gx —Y'Gy —Y'Gy §[-XGLA+Y'!'Gx 4 Y'G\+Y'GyY!
div.J = _ _ _ _ (B.9)
—Gy G+ Gy Yt +GyY?
The first term is straightforward
R\ ([@ +td 4 20+ O(t?’)} ol I)
= Tr (t(i@‘l - t2<i>¢>—1) +O(t%)
= *Tr <<'1'><1>—1> +O(t%)
X? X2yt Xyt
— 2 ty—1 -1
=t ﬁ(X—I—Y/\ Y)+2(_T+ =7 )A Y
YY!
+ Tr (52 {—] A‘1>] +O(t?)
X
YIATlY X2 :
= ( <~ F ﬁ> 2+ O(t%) (B.10)

In the second term in equation (B.7) is

Tr (@ (div ) ;)

ITr (cbdivjqu) 42Ty (cbdivjqu) 2Ty (CI)divJ(I>‘1> O
#Tr (divj) 42Ty (<i>divjq>—1> 42Ty (divj> O

t6 [Tr (divJ)] + £2Tr (bdivJ o) + 26 [Tr (divJ)] + O(t)

£ (bdivjo) + O(F) (B.11)



Then after some lines of algebra we obtain

YINY X2 YINY X . X .
LHS = A = — TGy —22GLY
S ( % + X2> + X Gx XGX XGY
. . YViIN1GtY .. o
— 2Y'NI\Gy + ATGA —Tr (A‘lAG’;) —2GLY

B.2 RHS of Carter identity

To find RHS we expand each term and we have
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(B.12)

R X\ vaalvy N YIATDAIVY  YIAVY
- X X X X
XYINIVY
. . CADIAIVY YT AIYYYE ALYy
_ oy —1yy—1 -1 B
J22—[)\)\)\V/\+)\V)\ < T
X\ Ivyyt
Jy = AV A (XVY - XVY> t+O(t)
21 — X X2
. [ . Viux X . . .
Jp = | =VYi+ ; + YtV (Y) FYIATIVA = YA I TIVA+ YAV
N YINIVYY? B YINTIANIVYY? N YINIVYY?
X X X
YINIVYYE  XYINIYVYY!
— t t B.1
+ e 7 + O(t) (B.13)
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Since we only want the order O(t?) we have @) = @) = ¢ and
Tr (jtq)[g] jq)[_1]1>

= Tr (j’iflq)n + j§1¢)21> (jn@l_ll + j12‘1>2_11> + (jfl@u + j§1@22> <j21q)1_11 + j22<1)2_11>

+ <jf2‘1)11 + jég‘l)m) (jnq)l_gl + JD12(I)2_21> + (jﬁ@m + JO§2<D22> <j21<1)1_21 + j22(I>2—21> ]

= L +L+1s+ 1, (B.14)

To compute this we divide it to four terms. First, we compute I;:

L, = Tr (jfl(bll -+ jél(I)Ql) <j11(1>1*11 + j12q)511> ]

1 0 ° 0 0
= Tr|y (Jfl - J51Y> <J11 (X + YY) + lele)
.
= ¢ [XAT+ A YN AY + A5 (B.15)
where
X\ YAlvy o\ VYYi!
A= —v(}> X AQ_V<M )*T
. ’ t _1 .
A; = —2VYAlY + w + YA vy
XYYy
L VAT AT yoaigancty (B.16)

X
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Second, by straightforward computation we get

I, = Tr (jfl@u + ng@m) (ijI)l—ll + j22q)2_11> ]

1 ° ° ° °
= Tr| & (—J0Y" = o (XA + YY) (Jar (X +YATY) + A 'Y
= LT (AY B (T AY 4 A By)] (B.17)

where B, = %VY + A"IVY — VY. Third, we obtain

Is; = Tr (jﬁcbn + j§2<b21> (jncbg + j12q)521> ]

= n | L () () ]

_ %Tr (ALY + ) (YA Ay + A (B.18)

where O] = VALY + %Y — VY. Finally, we have

Iy = Tr (jfzq)lz + j§2@22> <j21q)1_21 + Jo22<I>521> ]

1 . . . .
- Tl (—J{QW + L (XA+YYt)) <J21Yt)\ U T 1)]
= T (AYY XA - (VB4 CYY)) (A1) (B.19)

Then the right hand side will be

1 1
RHS = A? + XBﬁxlBl - Xc{xlol + Tr (43) > 0 (B.20)
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This is positive since A is a positive definite matrix. Thus Carter identity is

= ~ Gy - 25GLY

X x x0T xOx Aoy

YINTIGLY
X

. . 2
X\ ViAlvy o
_ (v (_) +_V> n X(U;AU2+VU5WU1)

(MIY X?) Vix-ly
A T

— oVIATIAGy + ~ Ty (A—uag) —2GLY

X X
+ Tr[ (v (Axl) + %)2} (B.21)

where

ALY AIVY
UQ = v

UlE X X

(B.22)

This is the five-dimensional extension of Carter’s identity which appeared in [27] .



Appendix C

Higher Homotopy Groups for

Maximal Spatial Slices

This appendix appeared in the journal article (AA.1) Classical and Quantum Gravity,
31 (5), 055,004(2014)[7]. The computations below rely on the excision theorem for

homotopy groups:

Theorem 80 (Excision for Homotopy Groups). [80, Thm 4.23] Let X be a CW-
complex decomposed as the union of subcomplexes A and B with nonempty connected
intersection C' = AN B. If (A,C) is m-connected and (B, C') is n-connected, m,n >
0, then the map m;(A,C) — m(X, B) induced by inclusion is an isomorphism for

1 < m+n and a surjection for i =m + n.



202

C.1 The doubly spinning black ring maximal spa-
tial slice

In this part we verify that m3(Xpr) = Z and m4(Xgg) # 0. We know
Spr =S — (B*UInt(R)), (C.1)

where B* is a closed 4-dimensional ball in S, R = S! x B? is a regular closed

neighborhood of a locally flat embedded S* in §*, and B* N R = (). Consider
S*=MUN (C.2)
where
M = S* —Int(R), N=S"—Int(B), and YXpr=MNN (C.3)
Observe that Ygp and its closure in S* are homotopy equivalent. The following
connectivity properties hold:
e (Claim 1. The pair (N, TBR) is 2-connected.

e (Claim 2. The pair (M, EBR) is 3-connected.

First we verify that m3(Xgr) = Z and m4(Xpgr) # 0 assuming that both claims hold,
and after the computation we will verify claims. The excision theorem for homopy
groups [80, Thm 4.23] applied to S* as the union of M and N together with claims 1

and 2 imply that the maps induced by inclusion

o~

T4 (M, EBR) — 7T4(S4,N) <C4)
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is an isomorphism, and

s (M, EBR) — 7T5(S4,N) (05)

is surjective. In (4.93) we show that M = S? x D?; then the long exact sequence for

the pair (M, Xpg) yields
0=min (M) = 11 (M, Spr) = 7(Spr) — m(M) =0, i>3.
It follows that

7T3(§BR) = Ty (M, EBR) and 7T4(§BR> = s (M, EBR) . (C6)

Then the long exact sequence of homotopy groups for the pair (S* N) and the fact

that N is contractible shows that
0= mi1(N) = 731 (SY S 11 (81, N) = m(N) = 0. (C.7)
The isomorphims from (C.4), (C.6), and (C.7) imply that
m3(Zpr) = m3(Spr) = ma(M,Tpr) = ma(S4N) S m(S) S Z
verifying that m3(Xpgr) = Z. Analogously, from (C.5), (C.6), and (C.7) the composi-

tion

™1 (XpR) = m1(Xpr) o m5(M,XpRr) = m5(S*, N) = 75(S%) =/

is a surjective map, verifying that m4(Xgg) is not trivial.
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Verification of claim 1. Since Ygg is 1-connected and N is contractible, the long
exact sequence for (N, EBR) yields

0= 7Ti+1(N) — Tit1 (N,EBR) — T; (EBR) — WZ(N) =0. (08)

It follows that (N , EBR) is 2-connected as claimed.

Verification of claim 2. Observe that the pair (B,0B) is 2-connected. Indeed,
since B is a 4-dimensional ball, the long exact sequence of homotopy groups for
(B,0B),

0=muB — 1 (B,0B) = m(0B) —» mB =0, (C.9)

shows that

i1(B,OB) = m,(0B) = m,(S). (C.10)

Analogously, observe that the pair (Xpr, 0B) is 1-connected. Indeed, since 9B = S,

the long exact sequence for (Xpg, 9B) shows that
0= 71(53) — Wl(iBR) — 771<§BR; GB) — Wo(Sg) =0. (Cll)

Since m1(Xpg) = 71 (Zpr) = 0, it follows that m (X g, OB) is trivial. Since (B, B) is
2-connected and (X g, 0B) is 1-connected, a direct application of the excision theorem
for higher homotopy groups [80, Thm 4.23] applied to M = X U B shows that the
composition

m(B,0B) = m(M,Sgg), i=1,2 (C.12)

is an isomorphism, and the composition

Fg(B,aB) —)7T3(M,§BR) (C13)
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is surjective. Then equations (C.10), (C.12) and (C.13) yield that 7;(M, X p5R) is trivial

for 0 < i < 3, hence (M, X pg) is 3-connected as claimed.

An application to the Hurewicz map m3(Xpr) — Hs(Xpr). An interesting appli-
cation of the fact m3(Xpr) = Z is that the Hurewicz map m3(Xpr) — H3(Xpr) is
an isomorphism. Indeed, the excision theorem for homology shows that H;(M, B) =
Hi;(Xpr,0B), and the long exact sequence in homology for the pair (M, B) shows
that H;,M = H;(M, B). Therefore

Hi(Spr, OB) = HM. (C.14)

Since 0B = S3, the Hurewicz maps between the long exact sequences of homotopy

and homology groups for the pair (Xgg, dB) provide the commutative diagram,

73(53) —>7Tg(EBR)

1

0= 7‘[4(]\/[) = H4(EBR, 88) —>H3(Sg) —g>H3<EBR) _>H3(ZBR7 aB) = Hg(M) =0

Since 73(5%) = Z, the diagram shows that m3(Xpr) contains an infinite cyclic group,
and maps onto an infinity cyclic group (this does not imply that m3(Xpg) is an infinite
cyclic group). Since we show that 7m3(Xpr) = Z, it follows that the Hurewicz map

m3(Xpr) — H3(Xpr) is an isomorphism.

C.2 The Black Saturn maximal spatial slice

In this part we verify that m3(Xps) = Z @& Z and m4(Xps) is not trivial. The com-

putation follows the same strategy as the previous computation; in this case the
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computation relies on facts about homotopy groups for S*. From [7] ,
Sas = S'— (B Uint (BY) U [S" x Int(B%)]}

where B and Bj are disjoint closed e-ball in §*, R = S' x B? is a regular closed

neighborhood of an embedded S* in §* and RN (B} U By) = 0. Consider
St=MUN

where M = S§* —Int(R) = S? x D? and N = S* — Int(B; U By) = 5% x R and

M N N = Xgg. The following connectivity properties hold:
e (Claim 1. The pair (N, EBS) is 2-connected.

e (Claim 2. The pair (M, TBR) is 3-connected.

First we verify that m3(Xps) = Z @ Z assuming that both claims hold, and after the
computation we will verify the claims. By the excision theorem for homotopy groups

applied to S* = M U N we obtain that the map induced by inclusion
Wi(M,EBS) — 7TZ'(S4,N) (C15)

is an isomorphism for ¢ < 4, and it is surjective for ¢ = 5. Since M is 2-connected,

the long exact sequence for (M, X pg) yields that
Ti1(M,Yps) = mi(Xps), 1> 3. (C.16)
Consider the long exact sequence for (S*, N),

m4(S?) = T4 (S*) = (St N) — m3(S?) — m3(SY). (C.17)
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Since m4(S?) = Z/2 is finite, m4(5) = Z and 73(5*) = 0 we have an exact sequence
0—=7Z — my(S*Y,N) = 7Z — 0. (C.18)
Since 74(S%, N) is an abelian group, it follows that
T (S*H,N) 2 Z o Z. (C.19)
Therefore the isomorphisms (C.15), (C.16) and (C.19) show that
m3(Xps) = Z D L. (C.20)
Analogously, the long exact sequence for (S, N) provides an exact sequence
75(S*, N) — m(N) — m4(Sh). (C.21)
Since N is homotopic to S3, m4(S?) = Z/2 is finite, and 74(S?) = Z, the map
75(S* N) — m(N) 2 Z/2 (C.22)

is surjective. In particular 75(S%, N) # 0. Then the isomorphism from (C.16) for

i = 4, the surjections from (C.15) for i = 5 and (C.22) show that the composition
7'['4(235) = 7T4(§BS) E) 7T5(M, EBS) — 7T5(S4, N) — 7T4(S3) = Z/2 (023)

is surjective and hence m4(¥Xpg) is not trivial.
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Verification of Claim 1. Since N is homotopy equivalent to S3 x R, the long exact

sequence for (N,Ypg) provides an exact sequence
7Ti+1(53) — 7TZ‘+1(SS X R,EBs) — 7Ti<EBS> — 7TZ'<S3). (C24)

It follows that

7Ti+1(53 X R,igs) = ﬂ-i(ZBS)a 1= 0, 1. (025)

Since Ypg is 1-connected, it follows that (N, Ypg) is 2-connected.

Verification of Claim 2. Consider S? x D? as the union of X pg and P = B;UBiUry
where 7 is a simple path in Xpg from B} to dB;. Let OP denote the intersection
of P and Ypg. The introduction of v is to guarantee that OP is connected; indeed
observe that P is homotopic to a wedge of a pair of 3-spheres S% Vv S3.

First we show (P,0P) is 3-connected. Since P is contractible, the long exact

sequence for (P,0P) implies that
Ti1(P,OP) =2 m(S* v S%) i>0. (C.26)

Since S? is 3-connected, the wedge S® V S% is 2-connected by the main result in [87].
Then (C.26) implies that (P, JP) is 3-connected.
Now we show that (Xpg, OP) is 1-connected. The long exact sequence for this pair

provides the exact sequence (of sets)
0=m(8P) = m(Sps) = m(Zps, OP) = m(OP) = 0 (C.27)

Since Y pg is 1-connected, it follows that (Xpg, P) is 1-connected.

Then the excision theorem for homotopy groups applied to M = Ypg U P implies
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that

mi(P,0P) = mi(M,Xps), 0<i<3. (C.28)

Since (P, 0P) is 3-connected, we have that (M, X pgg) is 3-connected.
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