Near Wellbore Streamline Modeling for Advanced Well

Completions

by

Justin Harry Skinner

A thesis submitted to the School of Graduate Studies in partial fulfillment of the

requirements for the degree ot Master of Engineering

Oil and Gas Engineering
Faculty of Engineering and Applied Science
Memorial University of Newfoundland

May 2011

St. John’s, Newfoundland and Labrador, Canada



Abstract

The following thesis presents a novel approach to streamline modeling in the near
wellbore region of an oil well. Streamline modeling has existed within the petroleum
field since the 1950’s, with many recent advances occurring throughout the last 25 years.
Today, streamline modeling is used for a wvariety of purposes, including flow
visualization, transport calculations, reservoir simulation, history matching and many

more useful applications.

In the known literature streamline modeling has not been performed within the near
wellbore region of an oil well. The research presented in this thesis focuses on modeling
in this vicinity, showing how near wellbore heterogeneities affect flow distribution and
overall production. The research also utilizes the near wellbore streamline modeling
methodology to establish a novel technique for evaluating well completion strategies.
Through the use of optimal design techniques, the various parameters affecting

production are analyzed and optimal completion techniques are established.

While the majority of this research focuses on a two dimensional isotropic heterogeneous
media, discussion is provided for the extension to three dimensional modeling. In
addition, discussion is also provided for the general case of an anisotropic heterogeneous

reservoir medium.

Various topics for additional work as a result of this research are provided, including new
particle tracking techniques, connection factor implementation and the extension to more

complex physics.
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Nomenclature

A = area
A = Laplace coefficient matrix
a = node distance constant
a, = radial velocity coefficient
a, = vertical velocity coefficient
ag = tangential velocity coefficient
a(i,j) = Laplace coefficient belonging to pressure node p; ;
B = Laplace boundary condition matrix
b, = radial velocity constant
b, = vertical velocity constant
by = tangential velocity constant
b(i,j) = Laplace coefficient belonging to pressure node p; 44
c(i,j) = Laplace coefficient belonging to pressure node p; j_,
d(i,j) = Laplace coefficient belonging to pressure node p;_; ;
D = hydraulic diameter
e(i,j) = Laplace coefficient belonging to pressure node p; 41 ;
e, = unit vector in the radial direction
e, = unit vector in the vertical direction
€g = unit vector in the tangential direction
h = reservoir thickness
i = radial block reference / variable counter
J = tangential block reference / variable counter
] = streamlines per block
k = number of factors
K = bulk permeability
K = permeability matrix
K, = block permeability
K. = crushed zone permeability
Keaq = casing permeability
K, = damage zone permeability
Ky = free space permeability
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K, = generalized directional permeability

= perforation permeability

p
K, = permeability in radial direction
K, = permeability in tangential direction
K, = permeability in x direction
K = permeability in y direction
. =  permeability in z direction
Kg = mathematical value relating K, and K,
L = length
Ly = entrance length between streamlines along a radial grid block boundary
Lsiie = exit length between streamlines along a radial grid block boundary
L, = perforation length
M = number of tangential blocks
n = number of block generators / degree of fraction
N = number of radial blocks
n, = unit vector in x direction
ny = unit vector in y direction
n, = unit vector in z direction
p = pressure
P = external reservoir pressure
Dif = internal face pressure
Po = open-hole skin free pressure
BoF = wellbore pressure (bottom-hole pressure)
p = Laplace pressure matrix
q = flow rate
qi+1/2 = flow rate between adjacent radial blocks
Q = total flow rate
T = radius (polar position variable)
Ty = damage zone radius
T = external reservoir radius
e = streamline block entrance radius
T = streamline block exit radius
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grid node radius

grid boundary radius

internal face radius

wellbore radius

Reynolds number

total skin

formation damage skin

splitting line length

pseudoskin factor

convergence ski

perforation length skin

partial penetration skin

time

dimensionless time

minimum time or time of flight
perforation thickness

radial travel time

vertical travel time

tangential travel time

total time of flight along a streamline
volumetric flux vector or Darcy velocity
volumetric flux in radial direction
volumetric flux in vertical direction
volumetric flux in tangential direction
velocity

arbitrary pore volume

Cartesian position variable
dimensionless length

Cartesian position variable
Cartesian position variable
streamline block entrance plane

streamline block exit plane
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significance level

formation volume factor

streamline segment length

angle (polar position variable)
streamline block entrance angle
streamline block exit angle

angle with respect to x axis

angle with respect to y axis

angle with respect to z axis

interpolated angle with a tangential velocity equal to zero
mobility

upscaled mobility in radial direction
upscaled mobility in tangential direction
oil viscosity

oil density

time of flight

porosity

gradient of a vector in Cartesian coordinates
gradient in radial direction

gradient in tangential direction

gradient of a vector in polar coordinates

pressure loss attributed to skin
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INCar wellbore Stueamline ivioacling ror Advanced wcell completions Justin dKinner

- Chapter 1 -

1.0 Introduction to Reservoir and Streamline Modeling

This chapter is meant to serve as an introduction to the material to be followed
throughout this thesis. The chapter starts with the large scope of the petroleum
engineering field and slowly narrows the focus to the arca of detailed near wellbore
strcamline modeling; the subject of the thesis. The roles of a reservoir engineer are
discussed, followed by an explanation of reservoir modeling and streamline modeling.
The extent of the modeling procedures are also discussed, looking at the differences
between near wellbore models and full field models. In addition, the current methodology
for dealing with wells within streamline models is explained to provide greater context
for the novelty of the work to be presented. The purpose of this research is discussed

towards the end of the chapter, followed by an explanation of the thesis layout to follow.
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1.1  The Field of Petroleum Reservoir Engineering

The field of petroleum engineering deals with all activities concerning the production of
oil and natural gas. The field is often divided into the upstream and downstream sectors.
Upstream operations are concerned with exploration and production, while downstream
operations deal with refining, upgrading and distribution. A more detailed breakdown of
the industry into three components is provided in Figure 1. The focus of this research lies

within the upstream sector, dealing with specific aspects of petroleum production.
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Figure 1 - Petroleum Industry Breakdown

Within the upstream production segment numerous engineering roles are required.
Common roles include drilling engineering, facility engineering, subsea engineering,
production engineering and reservoir engineering. Each performs specific roles related to
exploration, production and development. The work to be presented in this thesis is suited

for both production and reservoir engineers, as their fields are highly related.

The work of a reservoir engineer focuses on understanding a reservoir usually located
kilometers beneath the surface of the earth; be it on land or at sea. The primary roles of a
reservoir engineer include the estimation of oil-in-place, determining the potential
recovery and attaching a time frame to that recovery. Reservoir engineers are also

responsible for maximizing recovery; a task which requires an in-depth understanding of
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the reservoir, its piping and its various limitations. A reservoir engineer must utilize an
understanding of geology, applied mathematics and the laws of physics and chemistry to
assess the volume of oil held within a reservoir and its potential for flow. An
understanding of fluid mechanics and transport phenomena within a reservoir are crucial

to the development and success of a field.

Working hand in hand with reservoir engineers are production and surveillance
engineers. These engineers focus on the daily optimization of production and injection
rates, looking to manage and enhance the production of a field. A significant portion of
their work is directly related to the reservoir, especially in areas concerning production
optimization, completion strategies and the like. This thesis deals with modeling of flow
throughout a reservoir and into well completions. Therefore it is ideally suited for

individuals with backgrounds or interest in production and reservoir engineering.
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1.2 Reservoir Modeling

The most crucial task of a reservoir engineer is the development of a reservoir model.
This is the tool that allows him/her the ability to understand a reservoir and perform key
tasks concerning volumes, recovery and optimization. A reservoir model is a complex
computer program utilizing applied mathematics to create a simulation of a reservoir.
These models attempt to incorporate all physical and chemical characteristics related to
fluid volumes and production. The models integrate all available data to determine the
most likely scenario regarding what can be expected from the reservoir, with the
production profile being the essential output. The reservoir model attempts to simulate
the behavior of fluids within the reservoir, and through careful alteration of variables
determine an optimal strategy for future field development. Based upon the outcome of
the optimized model, multiple realizations concerning the statistical likelihood of
occurrence are generated. Economic decisions concerning the future of a ficld are then

based upon the reservoir simulation outputs.

Reservoir models must incorporate as much information as possible concerning geology,
petrophysics, fluid behavior and the like. As well, all elements of the facility, piping and
elements of the model itself must be incorporated and understood to generate reliable
simulation results. Typical inputs required for a reservoir simulation model are provided

in Figure 2.

Various forms of reservoir modeling may be utilized for a particular well or field. The
most commonly used technique 1s a finite difference model. In these models a reservoir is
broken up into a finite difference grid. The process generates grid blocks which are then

populated with various data concerning the rock and fluid properties within each block.
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In breaking the reservoir into finite grid blocks, complicated differential and partial
differential equations governing flow may be solved using finite difference equations as
approximations to the differentials. Sophisticated finite difference reservoir modeling
programs are commercially available in the petroleum industry, with the EclipseTM
software developed by Schlumberger being the most utilized. This software has the
capability of modeling various complex physics and fluid phenomena on a full field
basis, making it an essential tool for production facilities worldwide. An illustration of a
finite difference reservoir created within MATLAB'" by SINTEF is provided in Figure

3. The figure illustrates the permeability distribution throughout the reservoir.

Geological
Model

Numerical
Simulation
Model

Calibration of Observations and Production
DataInterpretation

Figure 2 - General Inputs into Reservoir Models

Source: Modified from (Johansen, 2008)
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Figure 3 - Finite Difference Reservoir Model Displaying Permeability Variation

Source: (SINTEF, 2010)

While finite difference models are the standard throughout the petroleum industry, they
are not the only reservoir modeling procedure available. Streamline models are also

important and gaining prominence within the industry, as discussed in the next section.
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1.3 Streamline Modeling

Streamlines models are prominent in numerous ficlds of physics involving the flow of
fluids through or around objects. As such, they are commonly used in the areas of fluid
dynamics and aerodynamics. Within the petroleum field, streamlines are used to aid in
flow visualization, solving complex fluid transport phenomena and numerous other

developing areas.

A streamline 1s “a line that 1s tangent to the instantancous velocity vector of flow”
(Thiele, 2001). In essence, they are lines mapping the velocity field throughout a fluid at
a given instant in time. Terms often associated with streamlines include pathlines and
streaklines. A pathline is a line that traces the path of a particle with time. In steady state
flows pathlines and streamlines are equivalent. However, in unsteady flows streamlines
will vary with time. This temporal variation will affect the movement of particles, forcing
differences between a single pathline and any set of streamlines. Streaklines are lines
created by connecting all particles that travel through the same point at an carlier instant
in time. As with pathlines, for steady state flow streamlines and streaklines are
cquivalent. Streamlines, pathlines and streaklines are all different techniques used to

visualize flow patterns, and providing flow is steady, they will all be the same.

An important principle in streamline modeling is the fact that streamlines can never cross.
Streamlines represent the velocity field at a given instant in time. Velocity is a vector
composed of a both magnitude and direction. At any one point in space only one velocity
vector can exist, meaning flow can only go in one direction. As a result, streamlines
cannot cross. Figure 4 provides a simple illustration of streamlines moving from left to

right around a cylindrical object.
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Figure 4 - Streamlines around a Cylinder

Source: Modified from (National Aeronautics and Space Administration, 2010)

Within the petroleum industry streamline modeling has been utilized since the 1950’s. A
history of the developments within the field is provided in Chapter 2. Today, streamline
modeling is being used for numerous purposes within the petroleum field. Modern
models provide a means of efficient flow visualization that may be critical in
understanding flow patterns and stream distributions within a reservoir. In addition,
streamlines are utilized in solving fluid transport problems involving front propagation,
especially when reservoir heterogeneity has a significant impact on flow. Streamlines are
now being used for various other purposes within the reservoir field, including dynamic
reservoir characterization, upscaling, rate allocation, history matching and the like (Datta-
Gupta & King, 2007). These uses are all possible because of two simple principles of
streamline modeling; its speed and its accuracy. An illustration of a full field streamline

modeling output showing flow profiles between various wells is provided in Figure 5.
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Figure 5 - 2D and 3D Perspective of Full Field Streamline Models

Source: (Thiele et al., 2007)

The streamline modeling technique is best suited for reservoirs in which flow profiles are
dominated by reservoir heterogeneity in convection dominated flows. Once streamlines
are generated for an entire reservoir they define the spatial variation in the fluid flow.
Streamlines will tend to concentrate in areas of high permeability, with faster flow in
these regions. Likewise, streamlines will have less resolution for areas of low
permeability, with slower flow. The resultant streamline distribution will reflect the

permeability distribution throughout the reservoir.

An important concept in streamline modeling is “time of flight”. Time of flight refers to
the time it takes a chemically neutral particle to travel along a streamline. The time of
flight concept, first developed by Pollock (1988), has greatly affected the development of
streamline models within the petroleum industry. In its simplest form, areas of high
permeability will have small times of flight, meaning faster flow. Likewise, areas of low

permeability will have large times of flight, meaning slower flow. This is significant in
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understanding the movement of flood fronts during water flooding and understanding the

cftects of channeling within a reservoir.

Another significant development in streamline modeling within the petroleum field is the
approximation of solving three dimensional fluid flow in a reservoir based upon a single
dimensional calculation along streamlines. This allows streamlines and subsequent
calculations to be evaluated independent of the underlying finite difference grid and
corresponding reservoir heterogeneities. It is this separation that is responsible for the
significant speed improvements as compared to the traditional finite difference models.
The validity of the underlying assumptions involved within this technique with respect to

near wellbore streamline modeling is discussed in Chapter 5.
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1.4 Streamline Modeling versus Finite Difference Modeling
Streamline models and finite difference models cover similar arcas in their outputs, but
they are not interchangeable options. Several significant differences exist between the

two modeling techniques, with each having their own benefits and downfalls.

As discussed, a finite difference model breaks a reservoir up into a finite difference grid.
Grid blocks are populated with fluid and reservoir properties and equations arc used to
calculate the flux of fluids from block to block. The end result provides excellent data
with respect to volume calculations and fluid locations, but it does not provide insight

into the precise movement of the fluids.

Streamline simulation provides precise information with respect to the movement of
fluids, showing the direction and speed of particles throughout a reservoir. The
convective physics of flow are modeled providing additional insight into the reservoirs
behavior. Therefore not only are the volumes and fluid locations known, but the direction
of the fluids movement is also known. It may be assessed that in comparing streamline
modeling with finite difference modeling for convection dominated reservoirs, nothing is

lost but more 1s gained (Datta-Gupta & King, 2007).

While streamline models do provide additional insight into reservoir behavior, several
disadvantages do exist. The first issue lies in the modern approach to streamline modeling
of fluid transport problems. In these problems saturation calculations are transformed
from three dimensional space variables to one dimensional problems along streamlines,
with time of flight being the single dependent variable. The transformation from three

dimensional problems to single dimensional problems has several underlying
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assumptions. As a result, applying a transform from three dimensions to time of flight
and back again will lead to mass conservation issues. The alternative solution for volume
calculations 1nvolves using a stream tube approach by tying together adjacent
streamlines. This can be numerical exhaustive and complex for three dimensional

problems. This issue is elaborated upon further in Chapter 5.

Another significant downfall of the streamline modeling approach involves time
discretization. If flow n a reservoir is not steady state then streamlines must be
constantly updated. While research into time stepping is taking place, an accurate
solution to this problem concerning error estimation and convergence between

streamlines still requires further investigation (Datta-Gupta & King, 2007).

Finally, the most significant downfall of streamline modeling when compared to finite
difference modeling lies in the scope of its physics. Streamline models are best suited for
reservoirs in which flow is convection dominated. Other physical processes involving
gravity, capillary pressure, miscibility, phase behavior and the like are currently not well
suited for streamline modeling. Research has been and is currently being done within
these areas, but it has not progressed to the state of being well suited for incorporating all
physical and chemical mechanisms which may occur. Finite difference programs are
available to model complex physics within reservoirs and are currently much better suited
for these scenarios. Figure 6 provides a graph showing the applicability of the two

different modeling techniques.
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Figure 6 - Applicability of Streamline Modeling vs. Finite Difference Modeling

Source: Modified from (Datta-Gupta & King, 2007)

Streamline models do hold a distinct advantage over finite difference models in terms of
run times. Finite difference programs are much slower, involving many more calculations
from grid block to grid block. Streamline models are much simpler and quicker,
simplifying to one dimensional equations along streamlines for various problems.
Therefore, when the number of grid blocks is high and heterogeneity is large, streamlines
may be a more viable option. This is especially evident for reservoir characterization and
upscaling, in which the growth in geological modeling is far exceeding the growth in

finite difference capabilities.

In summary, streamline models provide additional insight into the nature of flow within a
reservoir. They are best suited for convection driven reservoirs. They cannot replace
finite difference simulation due to an inability to reliably model complex physical and
chemical mechanisms. As such, both modeling techniques are best used together,

providing a reservoir engineer with maximum information to enhance decision making

capabilities.
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1.5 Full Field Reservoir Modeling versus Near Wellbore Modeling

Reservoir modeling is traditionally broken up into two distinct scales; near wellbore
modeling and full field modeling. The choice between these two scales depends on the
life-stage of a field and/or well and the intended output of the simulation process. Figure
7 is a plot illustrating the difference in scale between these two modeling techniques. As
illustrated, the full extent of a near wellbore model may fit within a single grid block of a

traditional full field model.
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Figure 7 - Full Field Scale versus Near Wellbore Scale
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Near wellbore models are most often utilized early in the development of a field. They
are best suited to provide information concerning a well’s potential flow when the well is
first being planned, on early production or unaffected by surrounding wells. Near
wellbore models are based on much higher density grids in a limited region surrounding a
well. They provide valuable information concerning the magnitude of near wellbore
effects and their potential influence on production. Near wellbore models may be used to
evaluate the best completion strategy to provide optimal production. This is an intended

goal of this research.

As a field matures and more wells are planned and implemented, the importance of near
wellbore models is reduced. Full field models covering a much larger domain with
multiple wells then gain in prominence, with their output being critical to the economic
success of a field. Figure 8 provides a plot outlining the success of the modeling

techniques over the life of a field.
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Figure 8 - Success of Near Wellbore and Full Field Modeling Techniques

Source: Modified from (Johansen, 2008)
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1.6 Treatment of Wells in Streamline Models

In the current streamline models utilized in the petroleum industry there are three ways to
simulate wells. Before they can be discussed, the nature of wells within these models
must be explained. To represent a well, a sink or source term (injector or producer) is
added within a Cartesian grid block. As explained previously, for full field modeling
these blocks are large in comparison to the size of the well. Through the streamline
modeling process the velocity across all grid blocks are known, and linear interpolation is
used to determine the velocity within the grid blocks. However, when a grid block
contains a well, this creates significant errors. As can be seen in Figure 9, linear
interpolation for a cell containing a well may lead to significant errors as a result of sign

differences and the nonlinear increase in velocity as fluids approach or flow away from a

well.
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Figure 9 - Interpolation Error in Cells with Wells

Source: Modified from (Datta-Gupta & King, 2007)

Three methods are utilized within the literature to counteract this issue and model

streamlines in cells containing wells. The first is to simply terminate streamlines once the

16
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boundary of a grid block containing a well is reached. This is by far the most commonly
used method and involves neglecting the pore volume attributed with grid blocks
containing wells. The procedure results in errors of less than 10% with respect to time of

flights along streamlines (Datta-Gupta & King, 2007).

A second approach is proposed by Liu et al. (1999). In this method the velocity within a
cell 1s calculated based upon a weighted average assuming the grid block containing the
well to be in an infinite homogenous reservoir. The velocity is based upon the known
face velocities and the known well velocity. The approach can be modified to handle

wells located on the face of a cell as oppose to within a cell (Datta-Gupta & King, 2007).

A third approach proposed by Datta-Gupta and King (2007) involves local refinement
within cells with wells. The refinement allows for an analytical treatment to provide
reasonable interpolation results between cell boundaries and wells. The method divides a
cell containing a well into four quadrilaterals with the point of intersection representing
the well. The well is then treated as a line source singularity in which flux is maintained
into the well but area vanishes. Total influx is the sum of the influx from all four
quadrilaterals. While the method is not fully rigorous, it satisfies the boundary conditions

and shows how velocities become singular near wells (Datta-Gupta & King, 2007).

In each of these methods rough approximations are used to model flow into a well. The
grid block is considered homogenous and near wellbore effects cannot be modeled. To
truly understand the nature of flow near the well, significant grid refinement must be

completed within the vicinity, highlighting the need for near wellbore models.
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1.7 Near Wellbore Damage

Within the near wellbore region various factors may influence the production of a well.
These factors include petrophysical properties, fluid properties, extent of formation
damage, stimulation treatments, well geometry, well completions, number of fluid phases
and flow velocity types (Yildiz, 2006). The cumulative effect of these parameters on the
overall flow of a well is known as total skin. In general, any effect influencing the
production of a well may be conveniently modeled as skin. Skin is simply a correction
factor to account for flow difference between actual flow and the flow expected for the
general case of an open-hole undamaged near wellbore region. Positive skin represents a
reduction in flow, while negative skin represents an increase in flow. Figure 10 shows the

effect of positive skin on wellbore pressure for a constant flow rate.
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Figure 10 - Effect of Positive Skin on Wellbore Pressure
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In Figure 10 7,,7r4 and 7, stand for the wellbore radius, damage radius and reservoir
radius; py,r, P, and p, stand for the wellbore pressure, open-hole skin free pressure and
external boundary (reservoir) pressure; and APg;, stands for the pressure loss attributed

to skin.

Each element that contributes to flow and pressure changes may be separately analyzed,
with the summation of the effects equal to the total skin. Some of the most common

elements contributing to skin are discussed in this section.

The process of overbalanced drilling into a formation leads to an influx of fluids into the
reservoir. These fluids include drilling mud, cement, solids and completion fluids. The
net effect is a reduction in permeability surrounding a well. This is known as formation
damaged and is displayed in Figure 11. Formation damage causes an increase in pressure

loss, leading to a positive skin component.

Figure 11 - Skin as a Result of Formation Damage

19
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The terms in Figure 11 refer to damage radius (7;), damage zone permeability (k;) and
bulk formation permeability (k). Skin as a result of formation damage is calculated via

the Hawkin’s formula, as follows:

In an open-hole completion for a fully completed reservoir, flow is radial. Completion
activities that cause flow to veer from radial result in additional pressure loss, thereby
further increasing the total skin. In many well completions cemented casing and
perforations are utilized. In the process of completing perforations high charged shots are
fired into the reservoir. The perforations are meant to provide clear flow channels into the
well, but the act itself will create a crushed zone around the perforation of reduced
permeability. This is depicted in Figure 12. The perforation may lead to an increase or
decrease in flow depending upon the overall significance of each portion. The pressure
loss or gain from completion activities is known as a pseudoskin factor (S,). As shown
in Figure 12, this may be further divided into skin from the perforation itself and skin

from the crushed zone region surrounding it.
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Figure 12 - Skin as a Result of Well Completions
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Often the type of completion used for a well, along with heterogeneities within the near
wellbore region, will result in flow patterns veering from radial. Streamlines are useful in
showing these changes in flow patterns, further highlighting their significance for near
wellbore modeling. For the path of a particle to turn, additional pressure loss must occur.

The reduction in flow as a result of this pressure loss is known as convergence skin (Spd)

and is depicted in Figure 13.

AN S

Figure 13 - Skin as a Result of Flow Convergence

An ineffective completion may also lead to additional skin. For instance, if the length of a
perforation does not exceed the length of the damage zone, fluids must lose additional

pressure to enter into the perforation. This is known as skin due to perforation length

(Spl) and 1s depicted in Figure 14.

In Figure 14 the terminology refers to the damage zone radius (ry) and the length of the
perforation (Lp). If L, is less than (r; — 1) then positive skin due to perforation length

will occur. If L, is greater than (4 — 1) the skin may be negative (stimulation).

21
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Figure 14 - Skin as a Result of Perforation Length

While skin as a result of convergence around perforations has been discussed, another
form of convergence skin may occur as a result of the reservoir layer being partially
completed. This is known as skin due to partial penetration (Spp). The difference

between the two flow convergence skins is depicted in Figure 15.

Several other sources of skin exist related to well inclination, phase behavior and
stimulation techniques, but these are beyond the scope of this research. As discussed, the
sum of all skin components contributes to the total skin and hence the total change 1n
flow. The goal must be to minimize skin such that optimal flow performance is achieved.
It is important to note that total skin is usually known from a well test. By understanding

the components which contribute to total skin, its potential effects may be minimized.

In full field models, be they finite difference or streamline based, the effect of near
wellbore damage cannot be modeled. Their inclusion can only be treated as a total skin
value for a well by comparing the results expected from skin free production to the actual
production rate from a well, as determined via a well test. To understand and model the

nature of the components contributing to skin, and potentially minimize their influence,

22
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near wellbore models should be invoked. Throughout this thesis near wellbore streamline
models are utilized to understand the significance of near wellbore effects and determine
optimal completion strategies as a result of the modeling procedure. As a result of the
literature review performed it is concluded that near wellbore streamline modeling is a

novel technique, not found within the published literature.
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Figure 15 - Skin as a Result of Partial Penetration and Perforations

Source: Modified from (Yildiz, 2006)
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1.8 Purpose of Research

Throughout this thesis various aspects of near wellbore modeling are discussed, cach
with its own separate purpose or reasoning. The main goal of this research is the
implementation of fully functional streamline models for an isotropic heterogencous
medium on a near wellbore scale. Streamline research on a near wellbore scale is non-
existent within the published literature. Therefore, this research intends to prove the

validity of the approach and its potential usefulness within the petroleum industry.

A specific goal, and perhaps the most crucial for petroleum installations, is to show how
near wellbore streamline models may be utilized to evaluate the effectiveness of various
completion strategies. In doing so, completion design may be optimized using the
streamline modeling techniques, showing how optimized parameters will influence
potential flow. To illustrate these concepts three main case studies are investigated. The
first two study a complex completion consisting of casing, near wellbore damage and
perforations. The third studies an open-hole completion, evaluating the effect of filter

cake removal on overall production.

Another goal of this research is to show how design of experiments methodology can be
used to understand and simplify complex nonlincar models, as well as aid in
understanding the results of detailed computer experiments. Experiment design
methodology is utilized in determining the effects of various parameters within the case
studies examined in this thesis, as well as determining the optimal parameters for flow

optimization.
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In this thesis, detailed modeling 1s performed for two dimensional models assuming
parallel flow in the vertical direction. The extension of the modeling procedure to three
dimensions is discussed and is conceptually simple, but it is more complex to implement
from a programming perspective. The methodology for establishing a three dimensional

model is the final goal of this research.
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1.9 Thesis Structure

This thesis is divided into six distinct chapters. The current chapter provides general
information pertaining to the field of reservoir engineering and the purpose of various
reservoir modeling techniques. The goal is to introduce the reader to the streamline

modeling process and the purpose of the research to follow in the remaining chapters.

Chapter two provides a literature review of the significant developments in the area of
streamline modeling. The origins of the study of flow through porous media are
discussed, followed by an explanation of techniques used prior to the modern approach.
The development of the modern approach is then discussed, followed by a summary of

recent research within the field.

Chapter three outlines the streamline modeling process in detail. The process
methodology is discussed, focusing on a heterogencous isotropic reservoir medium in a
two dimensional polar coordinate grid. Discussion includes solving the mass balance
equation, establishing streamlines throughout the reservoir medium and calculating flow
rates via a stream tube approach. Several simplified cases are discussed to establish the

validity of the model.

Chapter four discusses application of the model established in Chapter three to realistic
scenarios. Three cases are investigated: a six factor cased, perforated and damaged well
completion; a three factor cased, perforated and damaged well completion; and a three
factor open-hole filer cake scenario. The importance of the various parameters

influencing the models is determined using design of experiments methodology. An V-
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optimal response surface design is utilized to capture the nonlincar behavior of the

models under study.

Chapter five provides an explanation of the modifications required to model streamlines
in a three dimensional cylindrical coordinate system. Explanation is provided for both the
isotropic and anisotropic cases in a heterogencous medium. Appropriate modifications to

the Laplace equation, streamline procedure and flow rate calculations are discussed.

Chapter six summarizes this thesis with conclusions as a result of the research performed,
a summary of the novel aspects within the research and various recommendations for

future work.
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- Chapter 2 -

2.0 Literature Review

2.1 Introduction

The flow of fluids through porous media has been studied for over 150 years. Henry
Darcy is credited as the innovator in this field of physics, establishing what he referred to
as the law of fluid mechanics (Ritzi Jr. & Bobeck, 2008). Jules Dupuit, a colleague of
Darcy, was also a highly respected researcher studying the physics of groundwater flow.
Together, the cumulative work of Darcy (1856) and Dupuit (1857) established numerous
quantitative hydrogeological laws, including the governing equations for groundwater
motion, average linear velocities, average travel time, hydraulic conductivity in
heterogencous media, conservation of mass in confined and unconfined flow, the nature
of pieziometric surfaces, dual porosity flow and various other significant physical

phenomena (Ritzi Jr. & Bobeck, 2008).

Since these original works much knowledge has been gained towards the understanding
of fluid flow through porous media. Within the petroleum field, understanding of
additional complexities involving compressible fluids, phase behavior and fluid-rock
interaction has been the focus of extensive research. Summaries of such research are

found in the work of Scheidegger (1960, 1974) and Bear (1972, 1988).

The focus of this research deals with streamline modeling. The remainder of this chapter
deals with the development of the current approach to streamline modeling, its

predecessor methodologies and the areas of study in modern research.
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2.2 Streamline Modeling

2.2.1 Streamline and Stream Tube Modeling Origins

The first use of streamlines dates back to the work of Muskat (1937). Muskat’s work
dealt specifically with groundwater flow through porous media. With a broad scope,
aspects of his work involved modeling fluid flow and transport via streamline related

procedures.

Application and growth of the underlying concepts developed by Muskat have been
undertaken in various aspects of the petroleum reservoir field since his original work
(Datta-Gupta & King, 2007). The first instances of streamline modeling within the
petroleum field come from the work of Fay and Prats (1951) who modeled two
dimensional flow fields for use in determining invasion patterns in cycling and flooding
problems (Fay & Prats, 1951). Numerical methods were utilized to model flow for a
single fluid and dual fluid system, producing increased accuracy in breakthrough time for

a waterflood.

Higgins and Leighton (1961) introduced a new analytical procedure to model two phase
flow in complex rock geometry. Their procedure uses a two dimensional stream tube
approach to model a two phase displacement, with a discussion of the potential for a three
phase approach. As with the previous methodologies, the procedure involved dividing the
flow into a number of stream tubes and performing fluid saturation calculations along the
tubes. The method was for water and oil, working in a “fast and accurate” manner for

reservoirs with complicated well spacings (Higgins & Leighton, 1962).
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Morel-Seytoux (1966) studied the influence of pattern geometry on oil recovery for a
specific displacement mechanism. Various assumptions were applied to the specific
model, including a unit mobility ratio for two phase flow, piston like front displacement,
incompressible flow and no gravitational or capillary pressure effects. The work provides
a concise and simple solution to the proposed problem using stream tube models, and
states that its true value will be in the future application of the technique for non-unit

mobility ratio scenarios, leading to a more realistic solution (Morel-Seytoux, 1966).

Pitts and Crawford (1970) were the first to introduce permeability heterogeneity into the
streamline modeling process. By allowing permeability to vary in a realistic manner
throughout the reservoir and accommodating via appropriate modeling modifications,
they showed reduced arcal sweep efficiency for heterogeneous media versus homogenous
media (Pitts & Crawford, 1970). This is as a result of fluid flowing around tight zones
and flowing more ecasily through high permeability arcas. The procedure lead to an
improvement in accuracy compared to that of Muskat’s initial methodology, but still
encompasses the same assumptions of incompressibility, negligible gravity and capillary

pressure effects and two dimensional flow.

LeBlanc and Claude (1971) produced a streamline model capable of handling two phase
flow, variable mobility ratios and reservoir heterogeneity. The model was best suited for
secondary recovery predictions for reservoirs with arbitrary well placements undergoing
the aforementioned sweep and reservoir characteristics. Unlike previous methodologies,
the work of LeBlanc and Claude was the first to focus solely on streamlines as oppose to
stream tubes or stream bundles. This is favored since no knowledge of the geometric

shape 1s required for volumetric flow calculations (LeBlanc & Caudle, 1971). This form
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of streamline modeling was especially valuable for water floods in which the slowly
changing velocity field leads to reduced computational time and a lack of numerical
dispersion (Datta-Gupta & King, 2007). The assumptions of incompressibility, negligible
gravitational and capillary pressure effects and two dimensional flow are employed in

this method.

Martin and Wegner (1979) performed further work by establishing a numerical method to
overcome the effects of numerical dispersion. This work focused on stream tube
modeling, studying the effects of fixed stream tubes versus variable stream tubes over a
range of mobility ratios. A numerical solution for two-phase, two dimensional
incompressible flow was achieved by solving Buckley-Leverett equations in stream tubes
and repeating the calculation as the flood progressed (Martin & Wegner, 1979). The

effects of capillary pressure and gravity were neglected.

2.2.2 Hybrid Approach to Three Dimensional Modeling

The first attempt to apply streamlines in three dimensions was performed by Lake ct al.
(1981) in the modeling of a large scale surfactant/polymer project. Direct attempts to
model streamlines in three dimensions were difficult due to complexities involved with
tracking tube geometries (Datta-Gupta & King, 2007). Lake applied a hybrid approach by
combining a cross-sectional finite difference simulator with an areal stream tube model
resulting in the first three dimensional use of streamlines (Lake et al., 1981). The
technique was an approximation, but represented a more efficient approach than the

independent use of both modeling types.
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Numerous successful applications of the technique proposed by Lake et al. (1981) are
available in the literature. Emanuel et al. (1989) used a similar approach in developing a
systematic method to blend fractal statistics, detailed geological data, finite difference
simulation and stream tube modeling to improve reservoir performance predictions
(Emanuel et al., 1989). The incorporation of a cross-sectional finite difference simulation
allowed for the modeling of more complex fluid behavior, including miscibility and three
phase flow, while the areal stream tube model allowed for much quicker processing

speed.

The technique was also used in the work of Mathews et al. (1989) for the modeling of a
miscible water-alternating-gas (WAG) flood. The work compared the modeling
procedures of the fractal hybrid approach to the conventional modeling processes. The
results indicated that the finite difference/stream tube hybrid technique based on fractal
representations can be an adequate modeling technique, providing an efficient use of

cffort and increased computational speed (Mathews ct al., 1989).

In the work of Emanuel and Miliken (1997) a comparison is made between a three
dimensional finite difference model and a hybrid stream tube/finite difference model used
for full field waterflood simulation. The work notes the many computational advantages
of three dimensional finite difference simulators, including the ability to model complex
physics uncaptured within the stream tube approach. But it also recognizes the
uncertainties in the modeling process, as well as the computational time restraints. The
stream tube/finite difference hybrid approach offers enhanced flow visualization,
allowing for a greater understanding of the nature of flow throughout the reservoir, in

addition to less computational requirements.
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2.2.3 Front Tracking

Front tracking is a method of calculating convective transport of particles throughout a
reservoir medium. A front is a curve (two dimensions), or a surface (three dimensions),
connecting particles having the same respective properties. It may be viewed as contours
connecting streamlines. The fronts are drawn either for equal time of flights or equal
concentrations, often at discontinuities or shocks during flooding processes. The

progression of these fronts is the focus of front tracking simulation.

The front tracking methodology was initially established by Glimm et al. (1981, 1983).
Using hyperbolic systems of equations Glimm modeled discontinuous solutions using
fine and coarse grid resolutions. The work established a means to track the progression of
shock fronts with no numerical dispersion (Glimm et al., 1981). The initial models were
proven successful for homogeneous and heterogencous reservoir mediums, as well as

variable mobility ratios and immiscible displacements.

Bratvedt et al. (1992) developed a new front tracking method for reservoir simulation.
The method is based upon the initial theory proposed by Glimm, but takes advantage of
the new developments within the field of hyperbolic conservation laws (Bratvedt et al.,
1992). Using these developments, a new method was generated for solving saturation
equations throughout the modeling process. The method does not exhibit any numerical
dispersion, is not altered by grid related effects and is computationally more efficient than

finite difference models (Bratvedt et al., 1992).
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2.2.4 Lagrangian Particle Tracking

Lagrangian particle tracking is another method for calculating convective transport of
particles throughout a reservoir medium. This method, developed by Schafer-Perini and
Wilson (1991), focuses on statistically significant concentrations of particles. The
particles are representative of fluids within the reservoir. Movement of the particles is
determined by calculating the velocities throughout the reservoir medium and moving the
particles along the resultant pathlines. Numerical dispersion is then accounted for via a
specific algorithm. After convective steps, the particles are redistributed for dispersion in

proportion to the calculated variance (Datta-Gupta & King, 2007).

The Lagrangian particle tracking method works well for floods progressing with sharp
fronts, but is inefficient for smooth fronts experiencing large dispersion. In addition, the
method tends to force the fronts to lose resolution with time as the dispersion is related to

the variance of the concentration (Datta-Gupta & King, 2007).

2.2.5 Level Set Methods

Level set methods are another form of convective transport modeling dealing with
progression of interfaces through porous media. Level set methods represent an
alternative to previous front tracking procedures in the mathematical basis for tracking

the fronts.

The methods were first developed by Osher and Secthian (1988). They use numerical
algorithms based on Hamilton-Jacobi formulations to track front propagation with
curvature dependent speed (Osher & Sethian, 1988). The front propagation is considered

the zero level set of a higher dimensional function, with the propagation of the front
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being solved via a partial differential equation (Datta-Gupta & King, 2007). Further
details on the mathematics involved within this method may be found in the work of

Sethian (1996).

2.2.6 Modern Approach

An innovation in the approach to streamline modeling was developed by Pollock (1988).
Pollock determined a semi-analytical approach to particle tracking based upon grid
boundary velocities known through the solution of finite difference models. Using the
known face velocities along each grid cell, linear interpolation is used to determine the
velocities throughout the entire medium. Using this assumption and a known entrance
point, the path of a particle may be traced utilizing a time of flight calculation, followed
by recording the coordinates from grid face to grid face. Pollock’s method is extremely
simple and accurate. In addition, it can account for no flow boundary conditions as well

as transient flows with the inclusion of time steps.

One of the earliest extensions of Pollock’s particle tracking methodology in the reservoir
engineering field was by Datta-Gupta and King (1995). In this research the particle
tracking algorithm was applied to a heterogeneous reservoir medium with an arbitrary
configuration of wells. The approach is used to study tracer transport throughout the
reservoir medium. The research also presents the use of time of flight as a spatial
variable. This approach is first suggested in a paper by Johansen (1992). Johansen
proposed an extension of simple wave theory to stream tube modeling. The research
states that stream tube models involving two space dimensions may be reformulated to a
single dimensional problem along individual stream tubes. This is performed by

introducing dimensionless variables (dimensionless distance and dimensionless time).
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The methods proposed by Datta-Gupta and King (1995) are similar to that of Johansen
(1992) with the exception of formulating the problem along individual streamlines as
oppose to stream tubes. In both cases transport and saturation calculations can be
reformulated from three dimensional problems to one dimensional problems along
streamlines or stream tubes. As a result, heterogeneities and the finite difference grid
become decoupled from the transport calculations. The additional assumptions in the
methods of Datta-Gupta and King (1995) eliminate the need for evaluating stream tube

geometries.

The modern streamline approach has been studied and researched by various authors,
with many new advances being contributed to the field of study. Bratvedt et al. (1996)
first modeled streamlines in three dimensions via an extension of the Pollock particle
tracking methodology. In addition, the effect of gravity was implemented via operator
splitting (Bratvedt et al., 1996). The approach of Bratvedt et al. utilized front tracking
along streamlines as well as the transformation to one dimensional saturation calculations
along streamlines to simplify problems to a single dimension. It is noted to be accurate
and computationally efficient when compared to equivalent transport calculations within

finite difference simulators.

The extension to unsteady state flow was first described by Thiele ct al. (1996). In this
research streamline modeling is used for convection dominated flow in highly
heterogeneous reservoirs (neglecting gravity and capillary pressure). The novelty of the
work 1s in the temporal updates to the streamlines, allowing for modeling of unsteady
flow. The research utilized the stream tube approach for two dimensional problems and

the streamline approach involving the one dimensional transformation for three
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dimensional problems. Phenomena included within its scope consist of tracer flow, two
phase immiscible displacement, first contact miscible displacement and a special case
involving a million grid blocks. It notes that the speed and robustness of the techniques

illustrated make it ideal for statistical reservoir forecasting and uncertainty evaluation.

Batycky et al. (1997) extended the streamline approach to full field simulation. Their
method could account for changing well conditions, heterogeneity, mobility and
gravitational effects (Batycky et al., 1997). Again, fluid transport calculations are
performed along streamlines, simplifying the saturation calculations to a single
dimension. Gravity is accounted for using an operator splitting technique. In addition, the
streamlines are allowed to dynamically change as required by changes within mobility
and boundary conditions (Batycky et al., 1997). The technique is used to successfully

model a full field reservoir undergoing a waterflood with 36 wells in total.

Peddibhotla et al. (1996) used streamline modeling techniques to evaluate multiple fine
scale realizations of heterogencous geological models. Traditionally, an upscaling
technique is used to create a coarse grid model for subsequent flow modeling.
Peddibhotla et al. performed flow calculations utilizing geo-statistical models, allowing
for the evaluation of multiple realizations and a greater quantification of the uncertainty

in predicting dynamic reservoir fluid behavior (Peddibhotla et al., 1996).

Peddibhotla et al. (1997) used streamline modeling in field scale applications with
increasing accuracy. Novelties of the approach include using a three dimensional

mapping algorithm during changing well conditions and utilizing a third order total
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variation diminishing method to handle multiphase flow and minimize numerical

dispersion (Peddibhotla et al., 1997).

Ingebrigsten (1999) presented two solutions for calculations involving three phase
compressible flow in porous media using streamlines. Up to this point streamline
modeling neglected compressibility due to the strong coupling between pressure and
saturation (Ingebrigsten et al., 1999). Ingebrigsten et al. present both a sequential method
involving additional pressure updates and an implicit method solving for both pressure
and saturation simultancously. The authors note that the sequential method performs well
in comparison with finite difference simulation, while the implicit method had not been

tested to a rigorous level.

A paper produced by Thiele (2001) summarizes the developments and capabilities of
streamline modeling up to the date of publication. It outlines what the author considers to

be the six key principles in streamline modeling:

e Three dimensional particle tracking based upon time of flight;

e Transforming mass conservations equations along streamlines in terms of time of
flight;

e Periodically update streamlines to account for changing conditions;

e Numerical one dimensional transport calculations along streamlines;

e Accounting for gravity via operator splitting; and

e [Extension to compressible flow.

The paper also outlines the various uses of streamline modeling within the area of

reservoir simulation. These include upscaling, quantifying displacement efficiency,
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history matching and field optimization (Thiele, 2001). Thiele credits the success of
streamline simulation to its clear flow visualization, its capability for full field modeling,
its efficiency, its computational speed and its increasing ability to model more

complicated physics.

2.2.7 Recent Research

In the last 10 years various advancements have been made in the field of streamline
modeling. The advancements span a wide range of topics, including compositional
simulation, tracking streamlines through complex reservoirs, parallel simulation, history
matching and well testing applications. The list of authors and contributions are
numerous, with excellent research coming from the likes of Akhil Datta-Gupta at Texas
A&M University, Marco Thiele and Rod Batycky at Stanford University, and numerous
other authors worldwide. Much of the advancements are in areas outside the scope of the
research presented in this thesis and therefore will not be reviewed in detail. The
remainder of this chapter highlights a selection of the significant papers that have been

produced over the last 10 years.

Datta-Gupta (2000) produced a paper reviewing the current status of streamline modeling
in the field of reservoir simulation. The paper presents a review of its history,
formulation, current applications and potential limitations. Noted benefits include flow
visualization, well allocation factors, dynamic reservoir characterization and flood front
management (Datta-Gupta, 2000). Noted limitations include the inability to model

complex physics and cross streamline mechanics.
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The work of He et al. (2002) details how streamline modeling may be used to identify
reservoir compartmentalization and flow barriers during primary production. The
approach works via a three step method. First, traditional decline curve analysis is
performed on production data to determine well communication and individual well
drainage volumes. Next, streamline models are created utilizing existing geological
models to identify a new set of drainage volumes. In the final step, reservoir
compartmentalization and flow barriers are determined via matching the drainage
volumes from the decline curve analysis with the streamline drainage volumes. The
approach is best suited for primary production with a limited number of wells (He et al.,

2002). The approach is validated with a field application in the Gulf of Mexico.

A paper written by Matringe and Gerritsen (2004) investigates the accuracy of streamline
modeling. The focus is on the tracing of the individual streamlines and their
approximation to reality. Since the true analytical solution is known for a homogenous
quarter five spot pattern, Matringe and Gerritsen ran various simulations using this setup.
Their results show that numerous errors may result when using streamline models,
including errors in location, arc length and time of flight. The errors are contributed to
inaccuracies in flux values at grid block faces, streamline starting locations and low order
interpolation between grid blocks (Matringe & Gerritsen, 2004). They also show various
methods to improve streamline modeling accuracy, including the use of mixed hybrid
finite element methods as oppose to finite difference methods to improve the accuracy of
the fluxes, selecting proper starting locations to reduce tracing error and using adaptive
mesh refinement or second order interpolation to improve the velocity distribution

calculations within grid cells (Matringe & Gerritsen, 2004).
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A paper produced by Kippe et al. (2007) looks to improve upon the mass balance in
streamline methods. As discussed previously, streamlines are first generated on a static
finite difference grid solving for pressures and velocities. Following this, a
transformation is performed for fluid transport calculations reducing the three
dimensional problem to a single dimension along streamlines. This is known as a
sequential Eulerian-Lagrangian procedure. The mapping of saturations using this
procedure and the back and forth transformation results in mass balance errors that can
accumulate to a significant level with time. The research of Kippe ct al. develops a new
mapping algorithm designed to improve the mass conservation procedure while
minimizing computational burden. This is achieved by changing quantitics in the
transport equation locally, resulting in increased accuracy and maintaining computational

cfficiency (Kippe et al., 2007).

History matching is an area in which streamline simulation is proving valuable. The
process involves starting with a geological model and simulating flow, with an end goal
of a simulated production profile equivalent to the actual field production history to date.
A paper published by Cheng et al. (2007) develops a methodology for three phase history
matching using compressible streamlines. Streamline approaches previous to this mainly
dealt with two phase oil-water flow assuming incompressible or slightly compressible
flow. The method works by utilizing a density dependent source term in the saturation
cquation and introducing an effective density along the streamlines. This allows solutions
to remain in the single dimensional form along with accounting for pressure effects
during saturation calculations (Cheng et al., 2007). In addition, analytical calculations are

used to determine the relationship between reservoir properties and the production
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response. The history matching approach is tested using synthetic cases and field scale
experiments, proving the method to be significantly faster than the traditional judgment

based trial and error approach.

A paper produced by Jimenez et al. (2008) studies full field streamline tracking in
complex faulted systems containing non-neighboring connections between grid cells. In
modern streamline tracking a variety of cell geometries may be used spanning simple
rectangles to complex corner point designs. In finite difference simulators, juxtaposition
along faults may cause cells to have several non-neighboring connections. Within the
simulators, flux to each of these cells is calculated individually. Utilizing the traditional
Pollock methodology for streamline tracing in these regions will not accurately represent
the flux since the distribution may not be uniform. The work presented by Jimenez et al.
presents a simple concept for proper representation of streamlines in this vicinity. The
approach utilizes localized grid refinement along faulted cells. This allows the fluxes to
be accurately honored across non-neighboring grid cells. The concept of local refinement
to enhance streamline accuracy is elaborated throughout the rescarch to be presented

within this thesis.

Recent work by Nilsen and Lie (2009) details the use of front tracking methodologies for
compressible streamlines. Taking advantage of the new advancements in compressibility
calculations along streamlines, Nilsen and Lie implement a front tracking methodology
for compressible two phase flow. The work is performed on three dimensional full field
models. Their results indicate accurate simulation of compressible flow can be performed
utilizing both streamline modeling and front tracking methodologies (Nilsen & Lie,

2009).
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Recent work by Kumar et al. (2009) shows the use of phase and component streamline
tracking in understanding various reservoir mechanisms. As opposed to using total flux,
the method here looks to trace phase and component flux. In doing so, the ability for flow
simulation is lost due to the discontinuous nature of these fluxes, but additional insight is
gained into the nature of processes and mechanisms occurring within the reservoir. The
technique is used for both synthetic cases and full ficld applications. Some of the benefits
of this approach include identifying regions in which different drive mechanisms are
active, knowing the dominant flowing phases in different locations within the reservoir
and using the information to optimize future infill well locations (Kumar et al., 2009).
The method is also performed on a €O, injection project in Canada, providing the ability
to distinguish between CO, in the gas and liquid phase, helping to optimize injection and

providing a method to evaluate the CO, sequestration effectiveness (Kumar et al., 2009).

A recent piece of literature concerning streamline modeling has been produced by Thiele
ct al. (2010). Similar to Thiele’s paper in 2001, the work is mostly a review of the
streamline modeling process to date, describing how the general modeling process works
and highlighting areas in which it has proven to be valuable. These include reservoir-flow
surveillance, flow simulation, history matching and flood management (Thiele et al.,
2010). The work presents both the advantages and disadvantages of streamline modeling,
and notes that “whether streamline simulation can be of benefit depends strongly on the
questions being asked of the model, the assumptions enginecers are willing to make and
ultimately the time available for a reservoir study” (Thiele et al., 2010). The paper also
looks into the future of streamline modeling, suggesting that significant benefit may

come from a functional tool incorporating both finite difference and streamline

43



INear wcelipore >treamiinge iviodaeling ror Advanced wcell complcetions Justn dKinner

simulation models. This hybrid model could allow a user to switch between modeling
options, or have both working automatically, creating a fit for purpose tool for future

reservoir simulation (Thiele et al., 2010).
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2.3 Additional Works of Interest: Skin and Perforation Effectiveness
The research presented in this thesis focuses on streamline modeling within the near
wellbore region of an oil well. The nature of heterogeneities surrounding the wellbore
and their effect on production is an essential aspect of this research. In addition, the
modeling of well completions and their overall effect on flow is another area of focus. All
of the parameters which influence flow within the near wellbore region may be
conveniently modeled as skin. A paper produced by Yildiz (2006) provides an
assessment of total skin factors in perforated wells. The work provides a comprehensive
review of all available methods and software used to predict well productivity and total
skin factors in fully perforated vertical wells (Yildiz, 2006). The paper also provides a

detailed description of the various components which contribute to skin.

A paper by Karakas and Tariq (1991) reviewed the effect of perforations and various
reservoir parameters on the productivity of a well. Semi-analytical models are developed
to predict skin effects as a result of the perforations and near wellbore parameters. Their
method for predicting mechanical skin is widely accepted within the petroleum industry.

It is noted for its simplicity, easc of use and theoretical foundation (Kabir et al., 2009).

A paper by Kabir et al. (2009) provides a review of the total mechanical skin model
developed by Karakas and Tariq (1991). The research notes that while the Karakas and
Tariq model is effective for perforations that do not extend beyond the damage zone, it is
ineffective and 1illogical for perforations extending beyond this reach. The authors
propose an analytical model which honors the Karakas and Tariq model when
perforations stop within the damage zone, but delivers more accurate results when

perforations extend beyond this region. The method separates flow into two regimes;
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fluid that flows through the damage zone and fluid that flows directly into the
perforations. Their results are said to be encouraging and ready for inflow software

implementation.

Numerous other studies have been performed to determine the effect of various
completion strategies on well productivity. A paper produced by Shedid and Zekri (2006)
looks to determine the effects of fractions of perforated length, wellbore length and
associated reservoir fractures on the overall productivity of horizontal wells.
Experimental procedures are used to determine the results. A paper produced by Ibrahim
ct al. (2009) reviews a novel perforating technique to improve wellbore performance. The
papers provide a review of the various perforation characteristics which may influence a
well production, including gun size, charge type, shot density, reservoir characteristics
and well conditions. The paper also outlines the importance of the cleanup phase and its

cffect on well productivity.
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- Chapter 3 -

3.0 Streamline Modeling

3.1 Introduction

As mentioned in Chapter 1, streamlines are a set of curves that are tangent to the local
velocity field at a given instant in time (Thiele et al., 2010). As a result, streamline
models show the direction a fluid element will travel at a given time instant. For a steady
state system, streamlines are equivalent to pathlines. Pathlines show the trajectory of
particles throughout a given region, in this case the reservoir. For a steady state scenario
the velocity field and pressure distribution will not change with time. As a result the
streamlines will remain constant and equal to the pathlines. If pressure is allowed to
change with time an unsteady state condition exists. As the pressure distribution changes,
so to must the velocity field, and hence the streamlines are altered. In this case
streamlines will not align with pathlines as the streamlines represent the instantancous

movement, while pathlines are influenced by the changes in streamlines with time.

In a general sense, streamlines provided an instantancous view of the fluid flow
characteristics throughout a reservoir. For steady state flows, strecamline models go
beyond an instantancous viewpoint, providing insight into the full nature of flow

throughout a reservoir independent of time.

In this chapter the methodology for developing streamline models in a polar gcometry is
discussed. The methodology presented is an expanded version of that derived by

Johansen (2009). This includes establishing the model assumptions, the intricacies of
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dealing with polar coordinates, solving the Laplace equation, generating streamline
models and determining flow rate. Several aspects of the methodology are novel,
presenting improvements and correction upon current techniques. Simplified case studies
arc provided to verify the approach and enhance the understanding of the modeling
procedure. The remaining chapters deal with establishing realistic results and modeling

modifications, all of which originate from the procedures established in this chapter.

48



INCal vy ClluulCT oucalliliiiic lVlUUClllls UL AUuvalLcu vy ol Cullpicuulnn JUDLILL ONLLILICL

3.2 Model Assumptions
Several underlying assumptions are maintained throughout the modeling process. These
range from the nature of gridding to the dominant flow phenomena throughout the

reservoir medium.

The streamline models created throughout this research are derived for use in a polar
coordinate grid. The model has a well located at the center of the polar grid with
Cartesian coordinates (x,y) = (0,0) translating into polar coordinates of (r,8) = (0,0).
The well has an exterior radius of 7, with a corresponding constant pressure of p,s.
Likewise, the exterior boundary of the reservoir is 7, with a constant external pressure of
pe. The reservoir has a constant thickness represented by h. Figure 16 provides a

schematic of the well and reservoir geometry.

Figure 16 - Schematic of Wellbore and Reservoir Geometry

A constant pressure at both the internal and external boundaries implies steady state flow.

In steady state flow, flow rate is independent of time, resulting in a constant flow rate.
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The scenario is realistic for large reservoirs in the early stages of production, as well as

reservoirs with maintained pressure support via strong aquifers or water injection.

The difference in pressure between the two boundaries is the primary driving force for
the flow of oil throughout the reservoir medium. The nature and scale of the flow will
also be affected by various reservoir parameters. These parameters are discussed

throughout this section.

Streamline models are based upon differential pressure being the primary drive
mechanism. Flow phenomena relying on other parameters such as absolute pressure or
gravitational flow are currently not well suited for streamline models. The potential
driving effects not incorporated into this modeling process includes miscibility, capillary
pressure and gravity. Worldwide, several researchers are working at ways to incorporate
these effects, currently modeling via finite difference simulations, within streamline
models to provide the best overall solution to the complex reservoir modeling task

(Thiele et al., 2010).

Another important assumption of this modeling procedure is incompressible flow. The
compressibility of oil, along with numerous other physical and chemical properties, is a
strong function of pressure, temperature and composition. This dependence results in
various complex phenomena, including fluid behavior, phase behavior and fluid-rock
interactions. For the purpose of this modeling the dependence is ignored, allowing for the
modeling of an incompressible fluid with constant viscosity. The assumption is realistic
for an under-saturated reservoir in which the wellbore pressure remains above the bubble

point pressure of the tluid, resulting in a single phase flow of oil throughout the reservoir

50



INCal vy CHDOIC SUCAIIIIC IVIOUCHITE 10 Advdnced vy Cll COIpICLOns JUSLUI DKINNCr

medium. Several researchers have performed work in regards to compressible

streamlines, but this is currently beyond the scope of this research.

The streamline modeling carried out in this research is performed in two dimensions. The
reservolr is viewed as a cylinder with a constant thickness. The well is perpendicular to
the reservoir and parallel to the z-axis. All streamlines are assumed to move parallel to
cach other in the vertical plane and perpendicular to the axis of the wellbore. This is
realistic for a well completed the full thickness of the reservoir to prevent vertical
movement in the streamlines and maintain radial flow with respect to the vertical

direction. The extension to three dimensional modeling is discussed in Chapter 5.

The variation in permeability throughout the reservoir medium is the primary variable of
interest in this research. In a reservoir medium permeability may vary in each direction.
In a Cartesian coordinate system this would be represented by K, K, and K. Likewise,
in a radial coordinate system these would be translated to K,, K; and K,. Permeability
dependent upon direction is known as anisotropy. If the permeability is the same in each
direction, the reservoir i1s considered an isotropic medium. In practice, most reservoirs

have some degree of anisotropic conditions, but near isotropic reservoirs do exist.

In addition to directional variation, permeability may also vary spatially, becoming a
function of location. A homogenous reservoir medium is one in which permeability is
constant spatially, independent of position. It the reservoir permeability varies with
location it is a heterogeneous reservoir. Most reservoirs are heterogencous, with

permeability varying throughout the reservoir medium. This is especially evident in the
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near wellbore region, in which various effects from drilling and completions alter the

permeability distribution in this vicinity.

This chapter describes the modeling process for a heterogeneous isotropic reservoir.
Some discussion is also provided for the most complex scenario involving heterogeneous

and anisotropic conditions.

In the modeling process it is important to align the Cartesian coordinate system with the
principle permeability directions K, K, and K,. In three dimensions, the permeability of

an anisotropic reservoir can be represented by the following permeability tensor:

Kxx ny sz
K=|Key Kyy Ky,
sz sz Kzz

It is a mathematical fact that three directions perpendicular to each other can be found
which reduces the permeability tensor to a diagonal matrix (Johansen, 2008). These are
the principle permeability directions which correspond to the initial laying of the

sandstones millions of years ago. The permeability matrix becomes:

K ‘0 0
K= 0 Ky 0
0 0 K,

The initial grid is created such that the x, y and z axis correspond with the principle

permeability directions (K., K, and K).
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3.3 Reservoir Modeling in Polar Coordinates

As stated previously, the streamline models generated throughout this research are
performed entirely in a polar coordinate system. Therefore it is important to understand
how to convert from the traditional (x,y) Cartesian coordinates to the (r,8) polar

coordinates. The trigonometric relationships between these two systems are as follows:

x =rcosf y =rsinf

r=4x%+y? 6 = arctan (%)

Figure 17 provides a schematic for the variables in the relations provided above. Note
that the radius is measured from the (0,0) mark on the Cartesian coordinate system, while
the angle 6 is considered zero on the positive x-axis and has a positive increase in the

counterclockwise direction.

eg = —sinb.cos@)

e, ='c0s0,sinf)

(x.y)

Figure 17 - Notation in Radial Geometry
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Also provided in Figure 17 is the notation of the unit vectors. At any point in the polar
system two unit vectors aligned with the polar coordinate system will always exist. Here,
€, is the unit vector in the radial direction and is represented by €, = (cos8,sin ).
Ninety degrees perpendicular to this is the second unit vector €g, represented by €y =
(—sin @, cos ). Recall that the magnitude or length of a unit vector is always equal to

one.

The gradient of a vector creates a new vector in which the components are the partial

derivatives of the original vector. In Cartesian coordinates this is represented as:

v*(a 6)
~ \ox’ady

Applying the chain rule for differentiation in the x-direction:

0 B d or 0 06 _ d o0 a o0 y
a = a—ra—x-f'%a = —a(\lxz + yz) +£a<arctan (;))

i

which reduces to:

_ g 1_98
3y~ (0s0o-——sinb

Likewise in the y-direction:
d ddr 006 0 0 d 0 y
_—= —— —_— |,/ 2 2 — —
dy 0drady ¥ 060y Ordy ( e ) i a0 dy (arctan (x)>
which reduces to:

Ja 96+1 96
ay—sm 5, T cost—
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Therefore the gradient in polar coordinates becomes:

V( 86 1 96 68+1 96)
cos 8 == sm FYL ,sin - cosd -

3.3.1 Polar Vector Formulation
To further convert the formulation in polar coordinates the components of the gradient in
the direction of the unit vectors must be determined. This is performed by taking the dot

product of the gradient and the unit vectors individually. For the e, direction:

V=&, 'V
9=, s (emsf e = sind 96+1 62
r=— (COS U, SIn (COS A SlIl % sin 'a—r' — COS %)

Vi= 9( 96 : 98)4—'9 96 s Qa
= cos b6 |cos i sm 70 sin (sm a+—cos %)

which reduces to:

Vo= 290+_290_a
r= 05”6 +sin® 6 — = —
For the €y direction:
Ve: 59 =V

Wi P=sinid 9)( AL ea+1 96>
0= SIn @, Cos COS ar Sln 60 Sln ar CoS 69

Vo= '6( 96 - 80>+ 0 96 ! Ha
p= —sind | cos 3 sm 59/ T €os <51n 6r+ cos 69)

s
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which reduces to:

olia0 1 o0
B g T o B e = e BD

Therefore the gradient in polar coordinates can be expressed as:

i (6 10 )
v~ \or'r ae
The flux vector U represents the volumetric flux or Darcy velocity for flow throughout

the porous medium. It is calculated by dividing the total flow rate by the cross-sectional

area in a given direction. The divergence of the flux vector U in Cartesian coordinates is:

V-iu= aux'aﬂ
dx ~ dy

To express the divergence of the flux vector in polar coordinates the divergence along the
unit vectors €, and €y must be determined. In polar coordinates the flux vector is

expressed as:

U= (ur' u@)

For the following calculations it is important to know the differentials of the unit vectors

with respect to the radial and tangential directions. These are as follows:

aer 0 ( . ) ( ) )
9 —a COS@,SIHB = smH,cosH = €g
669

a i . -
= %(—sm&cos f) = (—cosf,—sinf) = —e,
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98, &,

or or

It 1s also important to remember several mathematical principles concerning vector
operations. First, the dot product of any unit vector and itself is equal to one. As well, the
dot product of any perpendicular vector is equal to zero. It is also important to recall the

product rule for differentiation, which is utilized throughout the derivation.

The divergence of the flux vector @ in polar coordinates is calculated as follows:

I (0 16)
rg U= ar r 96 (r'ue)

. . 1, 4
Vr,ﬂ u = ( a +— 66) (urer + ugeg)
0 ) o o BB u . AE . .
Vig U =& o (uré;) + e, 'E(ueee) + €g ';%(urer) + € ';%(ueee)

L L .0 . aJa o w O = . 1k
Vr,e'u=er'eré?(ur)‘Fer'urg(er)‘Fer'eeg;(ue)ﬁLer'ueg(ee)*‘;ee

0 0 1 d
 Cp— 30 () = 6’9 (er) e 99 39%(%) +—ép- uea_e(ee)
Y i
Vig-u= —(ur) sl 99 u, €y + = (ue) = —6’9 Ugé,
9 1
Vr,e U= _(ur) G e ur +_ (ue)
o 10
r,0 u= r ar( r) + (uB)
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3.3.2 Darcy’s Law

As discussed in Chapter 1 and 2, Darcy’s law is the empirical result produced by Henry
Darcy (1856). The law is the accepted procedure for determining laminar fluid flow
through porous media. Darcy’s law in Cartesian coordinates using the principle

permeability directions in two dimensions, neglecting gravity, can be expressed as:

. 1_
u=——KVp
u
dp
u=——
H 0 Ky 6_p
dy

To express Darcy’s law in polar coordinates the dot product of the flux vectors é,, €y

with the unit vectors u,., uy must be determined. In the radial direction this becomes:

1

=
3
Il
&
<l

1 . dp  Op
— —;(cos@,smﬁ) . (Kxa,l(y@>

1 d il d ad i ad
ur:—;(cos@,sin@)-(Kxcosea—f—;l( smeaz K 51n96p+ K cos@%)

= 1(1( g0 O 5 249P +11< 9 aap)
ur = Iu x Ccos ar e x SIn ¢ CoS 09 Sln a COS Sln 69

Likewise, in the tangential direction:

il d 0
ug:§g-ﬂ=—;(—sin@,cos@)-(Kxﬁ,Ky£>
s il Gl (K i 11( 0P K, 96p+11< eap)
Ug = u Sin o, cos COoS aT‘ sin 59 sin a CcoS 66

58



Near wellbore dtreamline IModeling tor Advanced Well Completions Justin Skinner

i | . oOp 1 ., 0p _ dp 1 , ,Op
Ug :—;(—KXCOSHSmGE%—;szm 8%+Kysm8c0585+;1(ycos 9@)

The concept of directional permeability now becomes important in this derivation.
Several definitions of directional permeability exist as defined by the work of
Scheidegger (1960). A single approach is used in this research, as described by Johansen
(2008). Following the chosen derivation, the permeability in a given direction can be

determined by:

X

K 0 0 M
I = (menyn)| 0 & 0O (ny> = nZK, + niK, + nZK,
0 0

K,) \n;

where n,,n,&n, are unit vectors in the x,y &z directions, respectively. Using the
conventional Cartesian coordinate system and applying unit vectors measured from the

respective axes this becomes:
= 2 2 2
K, = Ky cos® 0, + K, cos” 8, + K, cos” 6,

This is the generalized formula for directional permeability in a given direction. Using
this approach the following quantities for polar coordinates in two dimensions are

determined:
K, = Ky cos* 6 + K,, sin® 6
K, = K, sin® 6 + K,, cos?* 8

K¢ = (K, — K,) sin® cos 6
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Here K, refers to the radial permeability, K; refer to the permeability 90 degrees
tangential to the radial direction, and Ky is a mathematically required variable
representing the difference between the two previous values. Applying these newly

derived quantities to the polar flux vectors results in the following:

il dp 1 0dp
VO PR
. u( r6r+r T

1 dp 1 Jp
“9—‘;(’%5*;’{%)

Therefore Darcy’s law in polar coordinates is represented as:

dp
= 1_ _ 1 Kr KB 5
Al ] 1op
rdo

3.3.3 The Laplace Equation

The Laplace equation, or the Laplacian, is a second order partial differential equation
commonly used in many areas of physics, including electromagnetism, astronomy, heat
transfer and fluid dynamics (O'Neil, 2003). In this research the Laplace equation is used
for material balance purposes. In Cartesian coordinates, the material balance in a source

free medium is:

Using Darcy’s law in Cartesian coordinates and assuming the fluid is incompressible, this

becomes:

60



INear wellbore dtreamline Vodeling ror Advanced Well Completions Justin Skinner

6<K6p)+6(K ap)_o
gx\ “dxs " oyk Y ay)

This is used to determine the pressure at any point throughout the medium providing

there is a given set of boundary conditions. If the medium is homogenous, permeability is

constant and may be brought outside of the derivative, resulting in:

%p 0%p
et
g *

Kx ya—yZZ

0

Again, solving for a polar coordinate system is the focus of this rescarch. The Laplacian

in polar coordinates is:
Vr'g ) 17 =0

Using the equations derived previously and again assuming an incompressible fluid this

becomes:

1 @ (Kap-i—ll( ap) +16<K dp 1K6p>_0
rork N Tor %8/ TraeN tar "7 tag)

This equation is the general Laplacian in polar coordinates for the case when the

Cartesian coordinate system aligns with the principle permeability directions.
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There are three special cases which result in a simplification of the general Laplacian:
isotropic, homogenous or both. In an isotropic medium, K, = K; = K and Kg = 0. The

Laplacian reduces to:

1.9 ( Kap)+ 10 <K6p>_0
ror\'"ar) Tr2a0\" 38) =
In the work of Aziz & Settart (1979) the above equation is presented as the general

Laplacian. This can only be valid if the permeability matrix in polar coordinates takes the

following form:

k=7 )
This implies Ky = 0. However, this is only true for isotropic media. For an anisotropic
medium Ky will equal zero only for 8 = 0,%,3?”. These angles occur when the radial
direction is parallel to the principle permeability directions (Johansen, 2009). At all

angles in between, the general Laplacian presented in the work of Aziz & Secttari (1979)

will be incorrect for an anisotropic medium.

In a homogenous medium K, K; and Ky are constants and do not vary with position. The
Laplacian reduces to:

d’p K,0p Kg 0°p Ky 0%p K,0%p

K S SRR —_— —_ —_— —
" or? L r dr T r drdf r 080r r2062 D

%p K, op 21(9 ’p K, 90%p

T — = =10
r6r2+ r 6r+ T 0r69+r2692

In the simplest case of a homogenous and isotropic medium, both simplifications apply,

resulting in:
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P 100, 10%

92 ror PRI "

Throughout this chapter the modeling of an isotropic heterogeneous reservoir is
discussed. Discussion regarding extending the model to the general case of an anisotropic
heterogencous reservoir is provided within the recommendations for future work in

Chapter 6.
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3.4 Solving the Laplace Equation

To solve the Laplace equation governing mass balance in the reservoir, several important
procedures must first be discussed. The solution to the Laplacian is the pressure
distribution throughout the reservoir. Before the solution can be generated, the
appropriate modeling procedures must be in place. This includes grid discretization,
upscaling, discretization of face velocities, discretization of the Laplacian itself and
applying the appropriate boundary conditions. Following this, a system of linear

equations may be set in place, leading to the desired solution.

3.4.1 Grid Discretization

To generate a polar grid for a circular reservoir, several inputs are required. First, the
number of radial and tangential grid blocks must be determined. The number of radial
blocks (N) represents the number of nodes between the wellbore radius and the external
reservoir radius. The number of tangential blocks (M) represents the number of sectors to

be created within each circle.

Throughout the modeling, specific blocks are referenced by their radial grid number
followed by their tangential grid number in the form (i,;). The generalized grid setup is

)

shown in Figure 18. The radial block index, represented by “i’, starts at 1 for the first
node after the wellbore and increases with distance away from the wellbore. The
tangential block index, represented by °j’, starts at | for the first node located half a radial

sector away from the conventional x-axis and increase as the angle increases in a

counterclockwise direction.
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rw le

Figure 18 - Grid Discretization

3.41.1 Determining Node Distances

In determining the distance between radial nodes, the goal is to set node distances such
that the pressure drop between nodes are equal for the special case of a homogenous and
isotropic medium. Since pressure drop in a radial geometry is known to be logarithmic,
this will result in an increasing number of blocks in the near wellbore region due to the

rapid change in pressure. To accommodate this, the following relation is required:

- = i+1
Tiy1 = T1ia =Tya

Note the formulation is set up such that ry is the first node, r, is the wellbore radius and
‘a’ 1s a constant. At the external radius 7:

SUNP N+1/2
TN+1/2 = Te = Tywa /
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Note the external radius is located at 7y 44/, since it is beyond the extent of the final node
located at ry. The expression can be rearranged to solve for the constant:

(re)l/zvu/z
a=|(—

Tw

Theretore the equation to determine the node distances in the radial direction is:

i+1
.\ IN+1/2
Tiv1 = Tw |\~
rW

Tangentially, the nodes are evenly spaced by determining the change in angle required
for the number of tangential blocks selected, and using the general arc length formula

(arc length = r x AB) to place them at their proper locations.

3.41.2 Determining Boundary Distances
The boundaries of each grid block must be located between adjacent nodes. The notation
Ti+1/2 represents the boundary distance between nodes i and i + 1 in the radial direction.

This notation is illustrated in Figure 19.

The boundary distances are calculated by determining the flow rate between blocks i and

i+ 1:

di+1/2 = u dr

In discretized form this becomes:

21K Ty 1/282Zp;yq — ;i

u Tit1 — 1

di+1/2 =
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ri+1/2

Figure 19 - Radial Node and Boundary Notation

Integrating the expression results in:

i _ 2nKAz(piy1 — pi)
+1/2 = :
y uln (M)

T

Equating both forms of the expression leads to:

2nKAz(piy1 — pi) B 2nKTiv1/28Z Py — p;

uin (r‘r—tl) U Tiv1 — Ti

" Ty T
i+1/2 == r:
ln( l+1)
Ti

This formulation is used to determine the radial boundary distances between each node.

Tangentially, the division is simply half way between each node.
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3.4.2 Upscaling

Upscaling is a processing of averaging permeability when two or more regions need to be
merged for the purpose of simplified calculations. In this modeling procedure, flow rate
is calculated from block to block, node to node. If adjacent blocks have different
permeabilities, as will often occur in a heterogencous medium, an average or upscaled

permeability value must be determined for calculation purposes.

The upscaling procedure will vary depending upon the direction in question. In the radial
direction the upscaled radial mobility is a logarithmic average, as derived by Johansen

(2008). The general definition of Darcy’s Law, neglecting gravity, is:

_ KAdp

s
Applying this to a homogenous porous cylinder results in:

_ K2nrhdp
o ou dr

Evaluating from the external to internal radius results in:

f dr  2mKh fped
e T HQ g

w

in(2) =222 e = pu)

Q=ﬂ(p — Pw)
Mln(r%) ’ "
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Here we have the general expression of Darcy’s Law in a homogenous cylinder. If

permeability varies as a function of radius, where K = K (r), we find:

e dr 2mth [Pe
2 [re,
n KOT ™ 1Q

Te dr _Zﬂh( =)
b B@r g e

_ 2mh
e e — (e =)

H frtj Kirr

By definition, the upscaled permeability K for radial flow in the cylinder is given by:

Equating:

21h 2nKh
W(Pe - PW) = W(Pe = PW)
G 2

(22
Te d
frw K (rr)r

K=

If permeability varies in discrete steps, this becomes:
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In (:—;)

{V 1[% ln(r:“l)

K=

The above expression is for applying over a reservoir domain from the external boundary
to the internal boundary. Modifying this to evaluate over two internal intervals (adjacent

grid blocks), and applying strictly for mobility, this becomes:

Tiy1
o in (*22)
i+1/2 = 1 Tiv1/2 1 ¥
—In + ln( Lrl )
AL ( i ) 141 \Ti+1/2

Note that mobility (1) is permeability divided by viscosity, or A = K /u. Since viscosity
is assumed constant, the upscaling procedure is performed for mobility as opposed to
permeability. The results are indifferent. Also note the superscript on A™ represents the

radial direction, while the superscript on A represents the tangential direction.

The upscaled tangential mobility is equivalent to serial flow through parallel layers. This
1s a harmonic mean in which the upscaled formula becomes:

1 _1
e A(x) Lz/v

j+1/2

£ 3t
At 2A ]A JE1
A LA T
3.4.3 Discretization of Face Velocities
The face velocities must be discretized across all grid block faces for the purposes of the
streamline calculations to follow. Figure 20 shows a schematic of the face velocity

notation for a given grid block (i, j).
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Figure 20 - Discretization of Face Velocities

The figure indicates the positive directions for the radial and tangential velocities.
Radially, velocity is considered to be positive inwards. Tangential, velocity is considered
positive in the clockwise direction. Note that this is opposite to the chosen convention for
an increase in angle, which is positive in the counterclockwise direction. Also note that
the velocities mentioned here are not true velocities; they are Darcy velocities or
volumetric fluxes. Later in the streamline modeling calculations the volumetric fluxes
must be converted to real velocities through the use of V = u/@ for time of flight

calculations, but this is not required at this stage in the modeling procedure.

The general flux formulae in polar coordinates, as derived previously, are:

i dp 1 Odp
“r——;( TW;K%)
1 dp 1 dp
“9—‘;( BW;&%)
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Therefore in discretized form, and noting Kz = 0 for the isotropic case, the flux

formulations become:

i g _Pi+1,j — Pij
141/2;] i+1/2,j e
U g 'pi,j —Pi-1,j
i—1/2,j i-1/2,f T — Tiq
0 i At Pij+1 — Pi,j
Upj+1/2 = FlWHR2T ap

i
0 1 t bi,j Pij-1
ul]—l/Z - /11]—1/2 AB

Note that the negative signs have been dropped to be consistent with the directions shown

in Figure 20.

3.4.4 Discretization of the Laplacian
Recall the Laplace equation for a heterogeneous isotropic reservoir in polar coordinates

1S:

10 ap 10 dp
s (" 5r) * 73 (X 36) =

Reformulating this for a discrete mathematical model, or finite difference, results in:

1 11
0 0 .
) [ri+1/2uir+1/2,j - ri—l/Zuir—l/Z,j] i E[ui,j+1/2 - ui,j—l/z] =0

Ti(ﬂ'+1/z —Ti-1/2 T

To further evaluate this formulation the formulae for the Darcy velocities are inserted

into the Laplacian, resulting in:
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1 [r- (Ar Pi+1,j — pi,j) o ( - Pij — pi—l,j)]
+1/2 [ 2] i—1/2 [— ]
1i(Tivr2 = Tic1y2) R R e~ SUET=YEL R =Hia

1 1 rrl Pij+1 — Di,j 1 Pi,j — Di,j-1
t )] '] t L '] —
T (EAW“/Z Af >_ (Z-Ai'f—l/z A6 )] =0

Rewriting this equation such that it becomes a system of solvable linear equations results

n:

.

< ri+1/2/1i+1/2,j >(p . )

i+1,j — Dij
1i(Tivaj2 — Tic1y2) Tigr — 10

ri—1/2/1r—1/2,'
- < - - (Pi,j - pi—l,j)

ri(rivay2 — Tie1y2) (i — 1i1)

A?,j+1/2 /151-_1/2
+ <Ti2A92> (pi,j+1 - pi,j) — <T‘L‘2A92> (pi,j = pi,j—l) =i

Separation of the pressure terms, grouping variables and further reduction leads to:

Tiv1/24+1)2,) Tic1/24i-1/2,
Diwrj Pi-1,j
ri(ri+1/2 = ri—l/Z)(Ti+1 — ) ri(ri+1/2 = ri—l/Z)(ri =il )

Af,j+1/2 Af,j—l/z

3 —rl-ZAHZ Bi fea —riZABZ O j—
[( Tiv1/24i41/2,) ) < Tic1/2i-1/2,) )

- -

Ti(ri+1/2 - Ti—1/z)(Ti+1 =) ri(ﬂ'+1/z - ri—l/z)(ri = )

/15,]+1/2 + Af,j—l/z _
* 12002 Pij =0

This is the general form of the discretized Laplacian for an isotropic heterogeneous

reservoir. Rearranging in the following format:

a(i, j)pi; + b0 jea + € Py j—1 + A6 DPi—1,; + €W DDis1,; =0
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The general expression for the coefficients becomes:

= — [( Tiv12Ai+1/2 ) 2 ( Ti-1/24i-1/2,f >
‘ ri(ri+1/2 - i—1/2)(7'i+1 =) ri(’”i+1/z - ri—l/z)(ri —Ti-1)

s At/+1/2+lu 1./2
rizAQZ
l.j+1/2
ZAQZ
/11] 1/2
ZAHZ

4G ) < Tic124i-1/2 )
Tz(rl+1/2 Ti—l/z)(ri =T}

bii:f)

c(i,j)

, L+1/2/11+1/21
e(i,j)
7‘1(ﬂ+1/2 = ri—1/2)(7‘i+1 - 1)
The general equation must be moditied to account for the known boundary conditions in
order to make a solvable system of equations to determine the pressure at each node.
There are five pressure terms for each line within the equation. Therefore the solution to
onc block depends upon the conditions of the block itself plus its four surrounding

blocks.

3.4.5 Applying Laplace Boundary Conditions
To determine the solution to the discretized Laplacian several boundary conditions must
be imposed. The boundary conditions involve arcas of known pressure and allow the

solution to be generated. There are two main boundary conditions; one at the wellbore
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and onc at the external reservoir radius. First, the pressure at the wellbore, P, f, is a
known constant. This condition is summarized as: Py = P,,; atn, = 5. Second, the

pressure at the external radius, P,, is a known constant. This condition is summarized as:

Pyyr =P atr, =1yyq.

Another boundary condition involving grid crossover is also important. For a total of M
tangential grid blocks, once the tangential counter j reaches j = M, j + 1 becomes equal
to j = 1. Likewise, when the tangential counter reaches j = 1, j — 1 becomes equal to

J = M. These conditions are required for proper grid block referencing in the polar grid.

In the following subsection the application of the boundary conditions to the Laplace

cquation are discussed.

3.451 Wellbore Ring

At the wellbore, the internal boundary condition must be applied. Therefore nodes

located at i = 1 and j = 1, ..., M must have the following boundary conditions imposed:

Pi—1,j = Pwy Ti—1/2 = Tw Tiog = Tw
Note that the internal ring (ri_l/z) and the internal node (r;_;) are both equal to the

wellbore radius (7;,). This is required for modeling purposes and does not represent an

inaccuracy in the solution.

Since p;—q,j is known and equal to p, ¢, the known quantities can be brought to the right

hand side of the general Laplace equation, as shown below:

a(l,j)pi; + b(L,j)pije1 + L, pij—1 + (1, DPivr; = —d(L,))Pys
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3.4.5.2 External Ring

At the external radius, the external boundary condition must be applied. Therefore nodes

located at i = N and j = 1, ..., M must have the following boundary conditions imposed:

Di+1,j = Fe Tiv12 = Te Tigr,j = Te
Note that the external ring (rN+1/2) and the external node (ry,,) are both equal to the
external radius (7,). As with the internal boundary condition, this is required for

modeling purposes and does not represent an inaccuracy in the solution.

Since pjyqj 1s known and equal to p,, the known quantities can be brought to the right

hand side of the general Laplace equation, taking the following form:
a(N,j)p;j + b(N, pijs1 + cN, )i j-1 + AN, jpi—1,j = —e(N, )P,

3.4.6 Solving a System of Linear Equations

The Laplacian in the format expressed in the previous section forms a system of linear
cquations. There are a total of N X M unknowns and N X M equations, resulting in a
solvable system. For solution the system of equations is written in matrix form. For
simplicity and memory saving purposes the system matrix is desired to have a minimum
bandwidth, thereby keeping the system matrix size to a minimum. The system matrix is

organized as follows:

A~

= P11 P12 s P1,M»P2,1,P2,25 s P2,M s =) PN PN 25 -+ PNM
=i i=2 i=N
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Here the pressure solution 1s a column matrix in which the node pressure values for all
elements of an internal ring are inputted first prior to moving to the next ring. Recall that

from the previous section the generalized equations are:
Fori = 1:

a(l,j)pij+ b(Lj)pijea + (L, )Py j—1 + (L, IPis1,; = —A(Lj)Pyy
Fori =2,..,N—1;

a(i, Dpi; + b )Dpijer + @ Dpij-1 + d,)pi—1j + e(l,)DPivr,j =0
Fori = N:

a(N,j)p;j + bWN, j)pije1 + (N, jpijo1 + dN, jpi_yj = —e(N,j)P,

For clarity, a simple case of N = 4 and M = 5 is evaluated. The system equations, placed

in proper matrix format, will take the following format:
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a, by, 0 0 ¢, e, O O O O O O O O 0O O 0 0 0 0 >
Cis s by O O O e, O O O O O O O O O 0O 0 0 0\ /Pu 0 Pt
0 ¢s3 @3 b 0O 0 O e, O 0 0O O O O O 0 0 0 0 o0 [[P2 ~d12 Puy
0 O ¢u @4 by 0 O 0 o, 0 © ©0O 0 0 0 ¢ ©0 0 0 @ ||Pus ~d13 Py
bs 0 0 ¢s a5 0 0O O O e O O O O O 0 0 0 0 0 [|P= —d1.4 Pus
dyy 0 0 0 0 ay; byy 0 0 ¢y e; 0O 0 0 0O 0 0 0 0 o0 ||Ps —dy5 Pus
0 dyz 0 O O cp @y bpy 0 0 0O e, 0 0O 0 0O O 0 0 O MMM 0
0 0 dy 0 0 0 &y @y by 0 0 0 e; 0 0 0 0 0 0 0 [f,” 0
0 0 0 dy 0 0 O cpy @y by 0 0 0 e, 0 0 0 0 0 0 [|p,, m
0 0 0 0 ds bys 0 0 s as 0 0 0 0 e 0 0 0 0 0 [[po] :
0 0 0 0 0 dy; 0 0 0 0 asg; byy 0 0 ¢y e ; 0 0 0 0 [|[psy|= 0
0 0 0 0 0 0 dy, 0O 0 0 3 az, by 0 0 0 ey 0 0 0 |]pse i
0 0 0 0 0 0 0 dy3 O 0 0 33 azz b3z 0O 0 0 e O 0 P33 0
0 0 0 0 0 0 0 0 dyy, O 0 0 @ asy ban 10 0 0 e, O P34 0
0 0 0 0 0 0 0 0 0 dys bys O O g5 @ 0 O 0 0 ey ||Pes 0
o 0 0 0 0 0 0 0 0 0 dy, 0 0 0 0 ay by 0 0 c||P —e41 e
0o 0 0 0 0 0 0 0 0 0 0 dy, O 0 0 ¢y o bp 0 0 WM_M —eq2 Pe
00 0 0 0 0 0 0 0 0 0 0 dy 0 0 0 ¢y ay by 0 {7 —€43 De
o 0 0 0 0 0 0 0 0 0 0 0 0 dyg 0 0 0 g a4 byy| \p,e €44 Pe
0o 0 0 0 0 0 0 0 0 0 0 0 0 0 dys bys 0 0 cps5 aus _ ~€as5Pe

Note the location of the coefficients in the coefficient matrix. The locations of b and ¢ vary as a result of being multiplied by p; ;41

and p; j_,. respectively. The grid boundary condition involving the crossover at j = M and j = 1 are responsible for this movement.
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The matrix equation can be expressed as:

[A][P] = [B]

This may be solved using the inverse of the system matrix or other decomposition

techniques. The inverse matrix solution is:

In the code generated for this model, provided in Appendix I, the matrix inverse
technique is utilized. Matrix inversion for large matrices requires significant memory
capacity. However, the system matrix requiring inversion is sparse, mostly populated
with zeros. Taking advantage of this, the system matrix is made with the sparse command
in MATLAB. This process coverts the full matrix to a sparse matrix by squeezing out any
zero clements. In doing so, much less information is stored. This allows the matrix
inversion to be carries out much quicker and more efficient, and also allows for the

processing of much finer grid resolutions.
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3.5 Reservoir Pressure Distribution: General Case Study Results

The solution to the Laplacian for pressure distribution through the reservoir medium is a
function of the various input parameters, the fundamental equation formulation and the
boundary conditions imposed. The equations derived in the previous section are for a

heterogencous isotropic reservoir. Therefore, while permeability may vary with location

(ki,j * ki+1,j+1), it cannot vary in its principle directions (kir,j = kf,j).

The following sections show the results of several generalized case studies. Three cases
are discussed; a homogenous reservoir, a reservoir with a large heterogeneity of low
permeability and a reservoir with a large sector of high permeability. The cases are not
meant to be realistic scenarios with respect to the heterogeneity size and distribution.
They are provided for verification purposes to show the effectiveness and success of the

calculation procedure. Realistic scenarios are discussed in Chapter 4.

3.5.1 Case A: Homogenous Reservoir
A homogenous reservoir is a special case of a heterogencous reservoir where the
permeability throughout the reservoir is constant. The details of the specific parameters

used in this case are shown in Table .

Figure 21 provides a three dimensional plot displaying the solution to the Laplacian for
the homogenous case. The x-axis and y-axis represent the spatial location throughout the

reservoir, while the z-axis represents the corresponding pressure.
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Table 1 — Case A: Parameter Details

Case Homogenous reservoir ran to demonstrate success of pressure

A distribution model

Factor Symbol Name Actual Value

Units

A Ty Wellbore Radius m 0.05
B Ie External Radius m 50
C N Radial Blocks 50
D M Tangential Blocks 120
E Pwt Wellbore Pressure bar 280
E Pe External Pressure bar 300
G k Bulk Permeability Darcy 1
H h Reservoir Thickness m 5
| n Oil Viscosity cP 1
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Figure 21 - Case A: 3D Pressure Distribution
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As can be seen from the figure, the pressure distribution is symmetric throughout the
reservoir with no disruptions as a result of permeability heterogeneities. The color

represents the pressure in accordance with the color bar.

From Figure 21 it is clearly noticeable that the pressure throughout the reservoir drops in
a logarithmic fashion as it approaches the wellbore. Therefore the greatest pressure drops
occur in the near wellbore region. This is as a result of substantial flow accumulation in a

diminishing area. Figure 22 provides a plan view of the reservoirs pressure distribution.

50-
40~
30 -

20

-20
-30

40 -

50!- L L ' ,
50 -40 -30 -20 -10 0 10 20 30 40 50

Figure 22 - Case A: Plan View of Pressure Distribution

Due to the scale of the figure the majority of the pressure drop is unrecognizable since the
near wellbore area is small in comparison to the size of the reservoir. Figure 23 provides
a progressive zoom-in of the near wellbore area to emphasize the pressure loss in this

vicinity.
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Figure 23 - Case A: Pressure Loss in Near Wellbore Region (Zoom 2X to 7X)
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3.5.2 Case B: Heterogeneity with Low Permeability
In this case a large heterogeneity of low permeability is placed in the second quadrant of
the reservoir in relative close proximity to the wellbore. The details of the specific

parameters used in this case are provided in Table 2.

Table 2 — Case B: Parameter Details

Case Block of low permeability to demonstrate the effect on overall
B pressure distribution
Factor Symbol Name Actual Value
Units
A o Wellbore Radius m 0.05
B Ie External Radius m 50
C N Radial Blocks 50
D M Tangential Blocks 120
E P Wellbore Pressure bar 280
F Pe External Pressure bar 300
G k Bulk Permeability Darcy |
H h Reservoir Thickness m 5
I U Oil Viscosity cP |
J Radial Blocks with Low 25-41
Permeability
K Tangential Blocks with Low 45-60
Permeability
L Block Permeability Darcy 0.05

Figure 24 provides a plan view of the permeability distribution in the reservoir. The block
of low permeability is clearly visible in blue. Figure 25 provides a close up of this region

to better identify the location with respect to the wellbore.

The effect of the heterogeneity on the pressure distribution in the reservoir can be seen in

Figure 26 and Figure 27.
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Figure 24 - Case B: Permeability Distribution

Figure 25 - Case B: Close-up of Permeability Distribution
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Figure 26 - Case B: 3D Pressure Distribution

Figure 27 - Case B: Close-up of Most Significantly Affected Area
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As can be seen in the figures, the heterogeneity has a significant effect on the pressure
distribution around it. The lower permeability value leads to a larger pressure drop within
the heterogeneity. This must also affect the surrounding pressure distribution, since
pressure is a continuous variable. Therefore, the pressure distribution molds itself around
the low permeability area to account for the large pressure drop, resulting in smaller

pressure drops surrounding the region.

3.5.3 Case C: Fractured Sector with High Permeability

In the final preliminary case a large sector of high permeability is placed in the second
quadrant of the reservoir. The case is somewhat similar to that of a fracture, but does not
represent a realistic fracture due to the size of the region chosen. The details of the

specific parameters used in this case are provided in Table 3.

Table 3 — Case C: Parameter Details

Case Sector of high permeability to demonstrate the effect on overall
C pressure distribution
Factor Symbol Name Actual Value
Units
A I Wellbore Radius m 0.05
B Te External Radius m 50
C N Radial Blocks 50
D M Tangential Blocks 120
E Pwr Wellbore Pressure bar 280
F Pe External Pressure bar 300
G k Bulk Permeability Darcy
H h Reservoir Thickness m 5
I u Oil Viscosity cP 1
J Radial Blocks with Low all
Permeability
K Tangential Blocks with Low 45-60
Permeability
L Block Permeability Darcy 10
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Figure 28 provides a plan view of the permeability distribution in the reservoir. The

sector of high permeability is clearly visible in red.
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Figure 28 - Case C: Permeability Distribution

The effect of the high permeability sector on the pressure distribution in the reservoir can

be seen in Figure 29 and Figure 30.

The region of high permeability is clearly evident in the figures, having a significant
effect on the pressure distribution throughout the reservoir. The high permeability within
the sector leads to low pressure drops within the sector. To accommodate to the lower
pressure in the vicinity, significant pressure drops occur around the sector. The large

differential pressure around the sector will lead to an influx of fluids in the region. Only
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the pressure can be seen thus far. To understand the nature of the flow profiles,

streamline models must be invoked.
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Figure 29 - Case C: 3D Pressure Distribution

Figure 30 - Case C: Different Viewpoints of the Pressure Distribution
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3.6 Streamline Modeling in Radial Geometry

The radial finite difference grid along with the Laplace solution provides a view of the
pressure distribution throughout a cylindrical reservoir. Beyond the pressure distribution,
the goal of this research is to understand the nature of flow throughout the reservoir,
particularly in the near wellbore region. To accomplish this, streamline models must be
invoked. The basic definition of streamlines is discussed in Chapters 1 and 2, as well as
Section 3.1 of this chapter. The remainder of this section describes the methodology for

creating streamlines once the pressure distribution is known.

3.6.1 Pollock’s Particle Tracking Methodology

As discussed in Chapter 2, the particle tracking method utilized in the modern day
streamline approach was first published by David Pollock (1988). He presented a simple
concept to track the movement of a particle through a porous medium based upon the
known velocity field. If the velocity is known at all points throughout the medium, the

movement of a particle can be determined.

To start, a finite difference grid is created in which the pressure solution at all grid nodes
must be known. Once the pressure at each node is determined, the velocities along each
grid boundary can be determined using the adjacent node pressures. This enables the

velocities along all grid block faces to be determined.

For a fully analytical model, the velocity at all points in the medium must be known.
However, for a finite difference grid the velocities across faces are known, while the
velocities at points within the grid blocks must be determined through some form of

interpolation. This creates a semi-analytical procedure for streamline modeling.
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Pollock’s initial paper is derived for a Cartesian coordinate grid. It is revolutionary in the
area of streamline modeling due to the introduction of one simple concept; time of flight.

Figure 31 provides the Cartesian grid setup necessary to understand the concept.

e
(i,j+1)

@ @) @]

@
(IIJ-]')
Figure 31 - Pollock Cartesian Methodology

In the figure red dots represent grid block nodes, while the black lines represent
boundaries between grid blocks. Using the differential pressure between nodes the face
velocities can be determined, as shown by the orange arrows in the figure. The remainder

of the velocity field is determined by linear interpolation between boundaries.

The next step in the process involves the introduction of an entrance point. This is a point
on a grid block face in which a particle first enters the block. Knowing the location of the
point, two travel times can be determined; one for the time to reach the vertical boundary
(t,) and one for the time to reach the horizontal boundary (t;). The distance is a function
of the location of the entrance point, while the time will also be related to the velocity in

each direction. Figure 32 highlights the two possible scenarios.
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tz-I
t1

Figure 32 - Pollock Travel Options

The time of flight concept refers to the time in which a particle is within a block. This
time is the lesser of the two times to reach the two grid block boundaries. Therefore, by
determining which grid boundary is reached first, the calculated time may be placed into
the equation for the opposite direction to determine the precise exit location based upon
the velocity field. In Figure 32, an example of a particle entering the west face with ¢, as
the minimum time is provided. The location of the exit point would be determined by the
distance travelled horizontally in the time allotted. The entrance and exit points are

shown in Figure 33.

Figure 33 - Pollock Exit Point
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The calculation process is continued for the remaining grid blocks, as the exit point for
one block is always the entrance point to another. The continuation of this process from
the initial point to the final point creates a streamline, showing the path of a particle

throughout the porous medium.

This general explanation is provided to aid in the understanding of the process to be
further developed throughout the remainder of this section. Several of the intricacies in
determining the exit location for various directional velocity combinations have yet to be
discussed. As well, the remainder of this discussion is focused solely on polar geometry,

in which several differences from the Pollock method exist.
3.6.2 Velocity Formulation in Radial Geometry
As shown in Section 3.4.3, the discretized face velocities in polar coordinates are:

o 2 = A } Pi+1,j — Pi,j
i+1/2,) — “Si+1/f2] =
Tiva — T

o g ‘pi,j —Pi-1,j
1—1/2,] = “i—1/2,f

i — T
0 4 2t Pij+1 — Pi,j
WUij+1/2 = 2T A
{1
0 4 2t Pij — Dij-1
Uij—1/2 = e T
L

Since the pressure distribution is now known, the face velocities for each boundary can

be calculated. Figure 34 illustrates the nomenclature for the face velocities.
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/ P
/ P 4
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U172,
Figure 34 - Polar Face Velocity Notation

Note that the velocities mentioned throughout this section are Darcy velocities or
volumetric fluxes. Real velocity (V) is related to Darcy velocity by:

i
9

where u 1s Darcy velocity and @ is porosity.

Time of flight, the main variable of interest in the streamline modeling procedure, is
dependent upon the real velocity and not the Darcy velocity. Therefore, two approaches
are available: one could convert at the initial stages by altering the face velocities; or
once the calculations are complete the time of flight itself can be corrected. The
following procedure uses the Darcy velocities, and converts to the proper time of flight

once the calculation procedure is complete.

As with the Pollock Cartesian case, the face velocities for each boundary are known, but
the velocity field inside is not. The next step is to determine the velocity field at all points

throughout the reservoir medium through the use of interpolation. In the Pollock method
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simple linear interpolation is used for this purpose. Here, the calculations will differ
slightly. In the tangential direction simple linear interpolation is utilized. However, in the
radial direction the velocity u, is known to increase by the inverse of the radius, leading
to much higher velocities in the near wellbore areca. Therefore, to try and achicve

additional accuracy, the velocity field inside a grid block is established as follows:
a
A7) = Tr + b,

UQ(Q) = a99 + be

In the @-direction velocity is considered linear, while in the radial direction velocity is
inversely proportional to radius. The known face velocities are used as boundary
conditions to determine the unknown coefficients a,, b,, ag and by, which will differ for

cach grid block.

3.6.3 Velocity Field Coefficients

As stated, in the 8-direction simple linear interpolation is utilized in the form of:
ug(8) = agh + by

Implementing the boundary conditions at the faces velocities for a single grid block

results 1n:
) _ 6 0
Uij_1y2 = Q;j0i_1/2 + b

0 _ 8 0
Uijs1/2 = Q304172 + bi;
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This is a system of two equations and two unknowns. Since the equations are linear they

may be solved via matrix inversion, as follows:

%]
: 0 - 0
8}+1/2 1 bl.j ui|j+1/2

A X B

X=A"1B

6 =1 0
B I 18 6
bl,j 9]+1/2 1 ui’]‘+1/2
There are four coefticients, ag, bg, a, and b,., for ecach block. Therefore for programming

purposes the values must be stored in their own individual matrix of the same (i,))

format.

The solution can also be achieved through a simple substitution and elimination

technique. This option results in:
0 6
o _ Wij-1/2 ~ Ujj+1/2

a. ;
Y 01— 62

6 _ .0 0
bi,j = U j+1/2 — ai,j9j+1/z

Once a?J is determined, it can be substituted into the second equation to determine bfj.

Both methods should result in the same answer, so the appropriate choice is a matter of

personal preference. Both are used in this research to provide a backup check for

potential programming errors.
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In the radial direction an inverse relationship is appropriate since the velocity increases

significantly as fluids approach the wellbore. The equation is of the following form:
a,
u,(r) = ? + b,

Applying the appropriate boundary conditions at the radial faces results in:

r

r _ S i [
WUi—1/2,j = T1/2 ij
i
5
a. z
r _ LJ &
Higafag = T + bi,j

This is a nonlinear system of two equations and two unknowns. It may be solved via a

substitution and elimination approach, resulting in the following:

T T;
r o —=1/2"i+1)2 r o
o (Wrj2 = Waya)
i+1/2 i—1/2

r

al']

| G- T
bij =iy — T
Tiv1/2

Once a; ; is determined it can be substituted into the second equation to determine by ;.
3.6.4 Particle Travel Time

Once the velocity coetficients are determined the velocity field throughout a grid block,
and the entire reservoir medium, is known. Next, travel time of particles must be

determined.
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In the radial direction, the velocity u,(r) is used to determine the time required for a
particle to travel to the opposite radial face. To achieve this, the integral of the inverse of

velocity with respect to distance is required, as follows:

dr = et
dt L d
= r
w- (1)

Ten
s f it
T
2 b,
Note the order of the integration limits is chosen such that the expression results in a
positive value. The alternation is due to the exit face having a smaller value than the
entrance face in a polar coordinate system. Evaluating the interval [1,,, 7., ] results in:

1 B DA
Ly = F br(ren - rex) —ayln <w>>

- By T+ Dl

The special case of a homogenous reservoir must also be considered. For the
homogenous case flow is radial, with straight streamlines flowing in the direction of the
wellbore. As a result, velocity will increase radially proportional to the inverse of the

radius with no leakage to either side. Therefore the initial radial velocity equation:
aT'
ur(r) = T i br

has a value of b,, = 0. The equation simplifies to:
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aT‘
u(r) = T

This is an equation with one unknown. Using the boundary condition at the outer radial

face of an individual grid block, the value of the coefficient becomes:

Y = r
Qij = Uiy1/2,jTi+1/2

Using the velocity w,(r) the time required for a particle to travel to the opposite radial

face 1s now calculated as:

=10 it

At = dr

Tex

Evaluating the interval [1,y,, 7., ] results in:

1

t, = Z_Cl.r (rezn = rezx)

Once the radial time is determined, the tangential time must also be established. The time

needed for a particle to travel from the entrance point to a tangential face is:
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Evaluating the interval [8,,, 6, ] results in:
1
£y = a—g(ln(bg + agbex) — In(bg + agb,,))

The actual time for the particle to travel from the entrance face to the exit face, known as

the time of flight, is the least of t,- or tg. This is represented by:
t = min(t,, tg)

For the radial travel time ¢, the exit face will always be the internal radial face since the
nature of the boundary conditions impose the differential pressure to be positive in this
direction. For the tangential travel time tg, the choice of the exit boundary location is not
as simple. Several cases of the exit boundary location will exist depending upon the
directions of the two tangential face velocities for a block. Figure 35 provides a graphical

display of the tangential boundary exit options.

Four cases are highlighted in the figure. In the first case both tangential face velocities are
in the positive direction, resulting in an exit face at 8j_;,. In the second case both face
velocities are facing outwards, away from the block. Here, the exit boundary will depend
upon the entrance location of the particle in the block. Through lincar interpolation an
angle must be calculated (67) at which the velocity is zero. If the entrance angle is

greater than 67, the exit boundary is at;,4,,. Likewise, if the entrance angle is less
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than 6°, the exit boundary is at 6,_; ;. In the third case both tangential face velocities are

in the negative direction, resulting in an exit face at 6, /5.

Uo 4
\ —
'\ o > Bex = Bj-1/2
+ve O s 61 02
02
61 v
+ve U Ue 4
| 0\ \ - f Gen < 0+, Bex =6
» If Ben < 6%, Oex = 0j-1/2
: 61 9\0 If Ben > 6%, Bex = Bj+1/2
GN
01 v
\ Ve
[ ] > Bex = Bj+1/2
01 02
BN ,._—/
01 v
UB A
" ’/9* 62 - =
GN
91 v

Figure 35 - Tangential Boundary Exit Options

Finally, in the last case both tangential velocities are facing inwards. As with case two,
linear interpolation must be performed to determine the angle 8" at which the velocity 1s
equal to zero. This angle is the location to calculate the tangential travel time, since a
particle will move inwards toward this point and upon reaching it will stay at this location
(moving radially inwards). Several more cases also exist in the event of a face velocity

being equal to zero. In these cases the tangential movement of the particles will depend
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solely upon the direction of the other face velocity, moving in the direction indicated by

the sign (positive or negative).
3.6.5 Particle Exit Location

In the previous section the time of flight calculation was discussed. Times were
determined for the radial and tangential directions. In calculating these times the potential
exit face was first determined, followed by the time it would take to reach the face. The

actual boundary hit is the one which had the smallest time of flight.

Now that the exit face i1s known, the actual exit location along the face must be
determined. This is performed by inserting the minimum time into the opposite direction
time cquation and solving for the distance travelled in the given time frame. The
calculation 1s different depending upon which direction, radial or tangential, has the

minimum time of flight.

If the radial time (t,) for block (i,j) is the minimum time (t,,;,,). the exit radius (7,,)
must equal to 7;_, /5, thereby entering grid block (i — 1,j). To determine the exact exit
location t,,;, must be entered into the tangential time equation to calculate the resultant

exit location. This is performed as follows:
1
tmin = tg = a—e(ln(be + @gBex) — In(by + agbn))

bg + ageex)

(] =ln(
min“o b9+a969n

bQ + aHBex
bB & a999n

= etminds
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etminag (bg + aQQen) = bg

Ag

gex =

If the tangential time (tg) for block (i,j) is the minimum time (t,,;,). the exit
angle (6.,) must equal to 6, /,, thereby entering grid block (i,j + 1) depending upon
which direction the velocity field is sending the particle. To determine the exact exit
location t,,;, must be entered into the radial time equation to calculate the resultant exit
radius. For a non-radial case with b, # 0, the equation is as follows:

1
tmin = tr = F (br(ren = rex) i ar(ln(ar 3 brren) - ln(ar =i brrex)))

r

1 Q.
tmin == (ren - rex) - _2'(ln(ar + brren) - ln(ar + brrex))
b, b,

This must be solved via a numerical method, such as Newton-Raphson. First, rearranging

the function to set it equal to zero:

1 a
f(rex) = tmin . b_ (ren == rex) il b_r?_ (ln(ar + brren) - ln(ar 5 brrex)) =0
I 7

Taking the derivative of the function, also equal to zero:

(1) =~ f () = 04 -~ 22—
f e _drexf o= b, brzar"'brrex_
T )_1 e 1 -
e =~ e T b,

The general Newton-Raphson equation is:
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i

xn+1 = Xn fr(x )
n

Applying this equation to the current scenario results in:

f(rex:n)

Tex:n+1 = Tex:n — m
ex:n

1 a
bmin — b_r (ren - rex) + i r2 (ln(ar + brren) - ln(ar T brrex))
7

Tex:n+1 = Tex:n —

This is an iterative procedure which continues until 7,,., 41 approaches 7,y.,, to within a

chosen limit.

For the special radial case of a homogenous media, b, has dropped out of the initial
expression. In this scenario t,,;,, cannot equal ty since there is no tangential movement.

Therefore, the Newton-Raphson method will not be necessary.

In most cases the Newton-Raphson method is a stable approach which quickly converges
to a solution. However, in a small number of cases which experience significant
tangential movement the values of the velocity coefficients may force the subject of the
natural logarithm within the expression to be negative upon successive iterations. As a

result, the Newton-Raphson will return an imaginary number.

To combat this error a bisection method is utilized. A bisection method is another
numerical technique capable of solving this expression. The method is slower than the

Newton-Raphson, but always converges to a solution.
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Recall that the need for this arises when t,,;,, is equal to tg, resulting in a need to solve

for 1, 1s the following expression:

1 s
Emin = b_(ren - rex) - F (ln(ar S brren) - ln(ar 2 brrex))
T

r

This may be rearranged as a function equaling zero, as follows:

i a
foy) = tiin — . (Ton — Tox) + b—rz (ln(ar + b,1,,) — In(a, + brrex)) =4
r T

In the bisection method two initial guesses are required; each on opposite sides of
solution. To ensure both are on opposing sides they must cach be evaluated in the

function, with their product resulting in a negative value. This is represented as:

f(rex:guess 1)f(rex:guess 2) <0

In this scenario the initial guesses are clear. The block in which the iteration is taking

place is known. Therefore the initial guesses are the blocks external and internal radii.

Once the guesses are confirmed, a new guess in created halfway between the initial

guesses, at the midpoint. This is represented as:

_ Tex:guess 1 5 Tex:guess 2
Tex:n = >

The value of the expression is then calculated at the midpoint. The product of the
function evaluated at the midpoint with the value of the function evaluated at the upper or
lower bounds that results in a negative indicates the region in which the solution must lie.

Focusing solely on the lower bound, if f(7orn)f (Tox-tower) < 0, the solution must lie
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within the lower bound. If f(7orn)f (Tex:iower) > 0, the solution must lie within the

upper bound.

Knowing the new region in which the solution must lie, a new midpoint is calculated and
the process is continued until the relative error between successive iterations is less than a
chosen limit. Note that this technique, while accurate, is more numerically intensive than
the Newton-Raphson, therefore, it is only used in circumstances in which Newton-

Raphson does not converge.

As discusses in Section 3.6.2, the time of flight calculated throughout this procedure is
not the actual time of flight since it has been calculated using Darcy velocity as oppose to
real velocity. Since the proper conversion involves a multiplication by a constant for both
directions (radial and tangential) it will not affect the calculation of exit points explained
throughout this section. But to ensure the proper flow rate can be determined, to be
discussed in Section 3.8, the time of flight must be converted to the actual travel time a

particle will experience. This is performed as follows:

tactuai = teaicutated®

where @ is the porosity of the grid block.
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3.7 Streamline Modeling: General Case Study Results

The following sections show the results of the streamline models for the same three
generalized case studies presented in Section 3.5. These are a homogenous reservoir (case
A), a reservoir with a large heterogeneity of low permeability (case B) and a reservoir
with a large sector of high permeability (case C). Again, these cases are not meant to be
realistic scenarios. They are provided to portray the success of the modeling technique as

well as enhance the knowledge gained from the streamline modeling procedure.

3.7.1 Case A: Homogenous Reservoir
The details of the specific modeling parameters are provided in Table 1 in Section 3.5.1.
Recall the case is that of a homogenous reservoir. Figure 36 provides a polar plot of the

streamlines for this case.

The figure represents the results expected from theory. Due to the constant permeability
throughout the reservoir there are no heterogeneities to cause disruptions in the pressure
distribution. As a result, all streamlines move radially inward from the external boundary
to the well. Figure 37 provides a close-up of the near well region. Note that very slight
waviness can be seen. However, this is a function of the plotting within MATLAB and
not an error within the code. No tangential movement is observed for the streamlines in

this case.

As can be seen in Figure 37, all streamlines remain radial to the final point of destination,
the wellbore. At the wellbore, the streamlines are terminated since new flow regimes will

take place within the wellbore with the fluid progressing up the well.
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Figure 37 - Case A: Close-up (8x) of Radial Streamlines
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3.7.2 Case B: Heterogeneity with Low Permeability

The details of the specific modeling parameters are provided in Table 2 in Section 3.5.2.
Recall the case is that of a heterogeneous reservoir with a block of low permeability in

the upper left quadrant. Figure 38 provides a polar plot of the streamlines for this case.

Figure 38 - Case B: Streamline Distribution

As can be seen in the figure, significant curvature exists for the majority of the
streamlines. The streamlines tend to deflect away from the area of low permeability in the
exterior portions of the reservoir. Once past the area of low permeability, the streamlines
deflect back towards the wellbore. Note that the streamlines with the most curvature are
those closest to the heterogeneity, while the curvature diminishes with distance away
from the heterogeneity. Also note that 180 degrees opposite to the center of the

heterogeneity (at approximately 330 degrees in the figure), the influence of the low
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permeability area is minimal, allowing the streamlines to flow radially from the external

boundary to the wellbore.

The degree to which the streamlines deflect away from the heterogeneity is a strong
function of the permeability of the heterogeneity. Figure 39 demonstrates the effect of
permeability on the streamline distribution. Four figures are provided altering the

heterogeneity permeability from 0.05 Darcy to 0.75 Darcy.

K, = 0.50D K, = 0.75D

Figure 39 - Case B: Effect of Block Permeability
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The figure shows the permeability of the heterogeneity has a strong effect on the nature
of the streamlines. When the permeability is very low the streamlines deflect far away
from the heterogeneity. As the permeability increases the deflection and curvature
reduce, causing the streamlines to move closer to the heterogeneity. When the block
permeability is relativity close to the bulk permeability the streamlines experience only

slight curvature, allowing some of the streamlines to pass through the heterogeneity.

The location and size of the heterogeneity will also have an effect on the nature of the
streamlines. Figure 40 shows how changes in both block size and location affect the

streamline distribution.

50 - I 5 2 cHEE g | t r : =t b i2 c . sl H : : r Jt
50 40 30 20 10 0 10 20 30 40 50 -50 -40 30 20 10 0 10 20 30 40 50

Figure 40 - Case B: Effect of Block Size and Location

In the left subfigure a heterogeneity near the wellbore with a permeability of 0.75 Darcy
is shown. In the subfigure to the right the heterogeneity is moved further from the
wellbore. The block still covers the same number of tangential sectors, but since arc

length increase with distance from the wellbore the overall size of the block is increased.
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As can be seen in both figures, the streamlines tend to deflect around the block of low
permeability with very few traveling through the block. The figure to the right shows the
convergence of the streamlines once the heterogeneity is passed. The streamlines begin to

curve back inward, sweeping the fluid in the entire region around the wellbore.

3.7.3 Case C: Fractured Sector with High Permeability

The details of the specific modeling parameters are provided in Table 3 in Section 3.5.3.
Recall the case is that of a heterogeneous reservoir with a large sector of high
permeability in the upper left quadrant. Figure 41 provides a plot of the streamlines for
this case. Note that it is now plotted in Cartesian coordinates to enhance the clarity of the

figure.

P50 40 30 20 10 0 10 20 30 40 50

Figure 41 - Case C: Streamline Distribution
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As can be seen in the figure, significant curvature exists throughout the majority of the
streamlines. The very high permeability of the sector (10 Darcy) generates low
differential pressure within the sector. This then causes a large differential pressure
around the sector, attracting particles to the vicinity. Once inside the sector the

streamlines deflect towards the wellbore.

As with the previous case, the permeability of the sector also has a large influence on the
nature of the streamlines. Figure 42 provides the same case as discussed thus far with the

permeability of the sector reduced to 1.5 Darcy.

Figure 42 - Case C: Effect of Sector Permeability

The figure above shows much less curvature than the previous model. The lower
differential pressure around the sector results in less of a pressure differential between the
sector and the bulk reservoir. As a result, many of the streamlines flow radially into the

well, while only the streamlines near the sector are significantly affected.
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3.8 Determining Flow Rate from Streamline Models
3.8.1 Stream Tube Flow Rate Formulation

To determine flow rate from a streamline model the concept of stream tubes is invoked.
Stream tubes involve the bundling of streamlines together such that an area is created
between them. Using this area and properties of the representative streamlines, flow rate

calculations are performed.

Figure 43 - Streamline Length Notation

Figure 43 provides a schematic of a single streamline with its corresponding length
notation. Let ¢ be the length of a streamline from an entrance point to an exit point. The

velocity along the streamline is:

=
dt
Rearranging to isolate the time differential:
dt = =d¢
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Integrating this results in:

¢
=[5
— Vf
0

Note that face velocities (u) referred to earlier were volumetric fluxes. Recall that

volumetric flux is related to real velocity by:

- u
¢
Substituting this into the formulation:
5 ¢
t=|—d
i
0
The general relation for volumetric flux is:
u=a
A

where q 1s flow rate and A 1s area. Again substituting:
E ¢
A
t= f—df
q
0
In steady state conditions q 1s a constant, allowing it to be brought outside the integral:

3
at = | pads
0
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In discretized form, summing along the segments per grid block:
1
q= ?Z bijA; A j
Lj

This is the general formulation to determine the flow rate from a streamline model. The
majority of these variables are known, but their application may be tricky. The following
two sections provide two alternative approaches for determining the area between
streamlines, and thereby provide two methods to generate flow rate. The first is a simple

approximation, while the second is a rigorous and mathematically correct procedure.
3.8.2 Formulation One: Approximate Area

Determining the distance between two polar coordinate points ((rl, 6,) and (1, 92)) can
be determined by modifying the law of cosines, since segments are straight lines between

points. The formulation results in the following:

e \/rf + 17 — 211, cos(8, — 6,)

Figure 44 provides a schematic of the notations used in the stream tube flow rate

calculation procedure.
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Lout

5 4 ]

£2, @2, T2

Lin
Figure 44 - Stream Tube Notation

To determine the area between two streamlines, or a stream tube, average values of the
remaining parameters must be determined. Simple arithmetic averages are used, as

follows:

T+ T,
==
61+ &
9= 2

_¢1+®2
e

where T is the average time of flight along a stream tube segment, ¢ is the average length

of the stream tube segment, and @ is the average porosity along a stream tube segment.

The calculation of average porosity may be slightly more involved, since calculations are
being done per successive radial face intersection, allowing for the possibility of a single

streamline to travel through more than one tangential block with different porosities per
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individual streamline. In these instances the average porosity along a single streamline

must first be calculated, followed by the average for the stream tube porosity.

Following this procedure, the area calculation may be approximated as follows:

Lin + Lout
2

Where h is the reservoir sector depth and L is the distance between streamlines,
calculated at the entrance points and exit points on each radial intersection, using the

previous law of cosines reduced since the radii are the same. This reduction leads to:

= r\/Z(l — cos(0, — 65))

Since the stream tube length A is already included in the flow rate calculation procedure,
this area refers to the average cross-sectional area perpendicular to the direction of flow

for a given stream tube.

This procedure is only an approximation duec to the nature of its formulation. In
determining the volume as area multiplied by the average streamline length it assumes
that all tubes are rectangles. This is a good approximation for radial flow, but it does not
accurately represent curved streamlines in which heterogeneities may create angles of
gridline intersections significantly astray from 90 degrees. The next section deals with

correcting this issue.

3.8.3 Formulation Two: Cross Product Area
As an alternative to the prior methodology, a more rigorous approach may be used to

determine the area between streamlines. It is a mathematical fact that the absolute value
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or magnitude of the cross product between two Euclidean vectors is equal to the area
formed by a parallelogram between them (O'Neil, 2003). This is depicted in Figure 45,

with the equation following the schematic.

b laxb]

Figure 45 - Cross Product Schematic
A =|axb|=|al|lb|sin@

Using this principle, the area between streamlines can be determined. This is a more
accurate approach since parallelograms are not represented as rectangles. This is
especially evident when significant movement occurs in the tangential direction, forming
large parallelograms as oppose to rectangles. Figure 46 provides a schematic showing the

notation necessary for this procedure.
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\Lin Lin Lin

62 . 62

gl EZ gl A EZ = gl A1l II & A2 EZ

Lout Lout Lout

Figure 46 - Notation for Accurate Flow Rate Calculations from Streamlines

In the figure above two streamline segments on a radial grid are depicted. The lengths of
each streamline segment are & and &,, respectively. Connections between the two
streamlines are drawn at the radial faces, represented by L;, for the entrance face and
Loye for the exit face. Note that the angles between the streamlines and the face
connections are not equal to 90 degrees, thereby making the previous methodology
inaccurate. Also note that opposite angles within the stream tube are not equal. Therefore
two separate area calculations (A; and A,) are required, followed by an averaging
procedure. Finally, note that in this procedure area is the plane of the grid, not

perpendicular as in the previous methodology.

To proceed with this calculation the values of the respective angles between lines are
established. To do this the length of the splitting line is required. The line in question 1s

shown in Figure 47.
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Lin

Lout

Figure 47 - Splitting Line in Stream Tube Procedure

The splitting line (S;) is necessary to determine the respective angles. The length can be

determined using the same modified cosine equation as the streamline length calculation:

8= \/r.f + 1} = 2r1y cos(6, — 6,)

The only difference lies in the points input (along the streamline versus across the
streamline). Knowing all three lengths for both triangles it is necessary to determine the

desired internal angles. This is achieved using the unmodified law of cosines:
Slz = 512 £ L%Jut - 2€1Lout Cos 91

Rearranging results in:

fiz = L%ut = Slz>
M= COS_l(
! 25l

Likewise, for the second angle:

f% W+ L?n == Slz)
0, = COS__1 <—'—
2 2§2Lin
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Knowing the angles the area can then be calculated as follows:
Ay = [$11 Loyl sin 6,
Ay = |&]|Lin| sin 6,

A=2""2
2

The tlow rate equation then becomes:

h
q= fZ ¢ijAij
ij

This calculation procedure should determine an accurate flow rate within the limiting

boundary conditions of the streamline models.

3.8.4 Flow Rate Verification
To verify the streamline flow rate calculation the general formulation of Darcy’s law in

radial geometry is utilized:

kA dp

_Tﬂ

Applying this to radial geometry with a thickness h and area A = 2mrh results in:

_ k2nrh dp
ou dr

Integrating from the external radius to the wellbore radius lead to:

fre dr B 21kh jped
ry T Qu :

Pw
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l (re)_anh( )
n a - QM Pe — Pw

Rearranging to isolate flow rate results in:

_ 2wlch(p, —p,)

()

This is the general formulation of Darcy’s law for a steady state homogenous medium in

radial geometry. Using this formulation a comparison is made with the two methods of
determining flow rate from streamlines previously discussed. Given the same conditions,

the methods should generate the same values of flow, proving the validity of the method.

A general radial case is run with the case information provided in Table 4.

Table 4 — Flow Rate Verification Parameters

Case Radial flow in homogenous medium for verification of flow rate
D calculation procedure

Factor Symbol Name Actual Value

Units

H o Wellbore Radius m 0.05
I Ie External Radius m 50
J N Radial Blocks 50
K M Tangential Blocks 120
L J Streamlines per Block 3
M P Wellbore Pressure bar 280
N Pe External Pressure bar 300
O k Bulk Permeability Darcy 1
P h Reservoir Thickness m 5
Q u Oil Viscosity cP 1

The outputs of the methods are provided in Table 5.
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Table 5 — Flow Rate Verification Results

Unit Area Calc. 1 Area Calc. 2 Radial
(General Squares)  (Cross Product) Darcy’s Law

m’/s 9.086 x 10 9.085x 10° 9.095 x 10~

bbl/d 4938 4937 4943

The results show both flow rate calculations procedures to be very accurate, closely
approaching the value expected from the general formulation of Darcy’s law within a
fraction of a percent. The two procedures are close in value for a purely radial case, but
will begin to differ when heterogeneities in the reservoir cause significant curvature in
the streamlines. In this situation, intersection angles will stray significantly from 90
degrees, appreciably affecting the square approximation procedure. Therefore, the cross
product method is used throughout this research. The accurate area calculation leads to an

appropriate flow rate, as verified in the homogenous radial case previously discussed.

The MATLAB code for the near wellbore streamline model is provided in Appendix L.
Please note that the entire code is novel, developed from scratch by the author of this

thesis.
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- Chapter 4 -

4.0 Near Wellbore Completion Modeling

4.1 Introduction

In Chapter 3 the development of a near wellbore streamline model for a two dimensional
heterogeneous isotropic reservoir in polar coordinates was established. General case
studies were investigated to validate the pressure solutions, streamline distributions and
flow rate calculations. All cases corresponded with what would be expected from theory,

thereby proving the model to be valid within the accuracy of the underlying assumptions.

In this chapter the model developed is applied to case studies that are more applicable to
real industrial scenarios. The goal is to use the near wellbore model as a means to model
the effectiveness of various completion strategies. A completion is the connection or
interface between a well and a reservoir that promotes flow in the vicinity. With the
model developed, various completions may be investigated in terms of their

cffectiveness, including cased and perforated wells as well as open-hole completions.

To determine the influence of variables on the response in question, Design of
Experiment (DOE) methodologies are invoked. An explanation of the DOE approach is
provided in Section 4.2, followed by an explanation of each of the case studies along with

their respective results.
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4.2 Design of Experiments Methodology

4.21 Design of Experiments

DOE is a methodology for systematically applying statistics to experiments, and involves
the planning of experiments to ensure valid conclusions can be extracted from the results.
The methods were initially invented by Ronald Fisher who discovered the analysis of
variance (ANOVA) technique to objectively determine which factors were important as a
result of experimentation (Fisher, 1918). Since then, numerous techniques have been
developed, including factorial designs, fractional factorials designs and various response
surface methodologies (RSM). The techniques have the ability to simplify systems and
determine the effects for various complex models with numerous factors, including

linear, interaction and polynomial behavior.

One of the main benefits of DOE is the reduced number of runs required to gain a full
and accurate understanding of experimental results. The reduced runs result in less time
and money being spent during experimental procedures. The methods work by changing
the levels of multiple factors for each run as oppose to the traditional one factor at a time
technique. It then uses methods of statistical analysis to formulate a model to represent
the experiment results. This may be performed for simple experiments as well as complex
scenarios involving numerical simulations. DOE methods also have the ability to
determine the impact of variable interactions, a significant oversight in the one factor at a

time approach.

Advanced experiment design is now being used in many ficlds of engineering, providing

accurate and improved understanding of experiments. Various uses within the area of
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reservolr engineering and simulation include the work of Faidi et al. (1996), White et al.
(2001), Vanegas & Cunha (2006), Carreras et al. (2006), Kalla & White (2007), Risso ct
al. (2007), Amudo et al. (2008) and Ahmadloo et al. (2009). In the literature reviewed, no
work has been done showing the application of response surface techniques in
determining the importance of near wellbore parameters on reservoir productivity.
Streamline modeling in the near wellbore region is in itself a novel technique. Therefore,

the results of this procedure provide new insight into this area of research.

4.2.2 Generalized DOE Process
In general, there are three main technical objectives when performing DOE techniques.

These objectives are:

e Determine which factors are significant to the experimental results;
e Dectermine if factor interactions are significant to the experimental results; and
e C(reate a response surface capable of explaining and simplifying the behavior of a

complex model.

Regardless of the objective of a particular experiment, the DOE process follows a
systematic procedure. Five critical steps in a generalized DOE process are depicted in

Figure 48. The steps are described as follows:

1) Description of the Experiment: This step requires a general explanation of the

experiment to be performed. Primarily, this involves an explanation of the factors
(variables) to be investigated and the desired response(s) to be measured. This is
one of two key engineering steps requiring knowledge of the experiment and

proper engineering judgment.
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Figure 48 - Critical Steps in DOE Process

Source: Modified from (JMP, 2005)

Experiment Design: This step involves determining the appropriate design

required for the experiment. This is the first of two key mathematical steps which
involve applying the appropriate statistical tools based upon the desired objectives
of the experiment. The choice of experiment design is dependent upon the desired
objectives, the current understanding of the experiment and the resources required
to run the experiment.

Data Collection: Once the appropriate design has been selected the experiment

must be performed. The experiment design will generate combinations of runs
based upon the chosen factors and levels (design range or design space). Each run
must be performed and recorded for subsequent analysis.

Model Fitting: Once the experiment results are determined, the next key

mathematical step involves fitting a model to the response. This is achieved
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through the use of ANOVA and other statistical techniques. The process involves
determining which factors are statistically significant and developing a model
based upon the significant factors that accurately represent the results of the
experiments. This model must not violate the underlying assumptions within the
ANOVA process, including normality, constant variance and randomness of
residuals.

5) Prediction: Once a valid model has been determined, it may then be used for two
purposes; explaining the nature of the response and for prediction. Explaining the
response involves using engineering knowledge to examining the response
surface to explain the model results. Prediction involves using the mathematical
model created to predict new values. This may also involve optimization of the
response based upon model prediction. It is important to note that the models are
only valid for local analysis. Outside of the design space the models are no longer

valid.

4.2.3 Important Principles within DOE
There are various principles within DOE which contribute to its success. Some of the

more prominent principles include comparison, randomization, replication and blocking.

Comparison refers to the statistical assessment of the relative importance of each factor.
This is an essential component of the ANOVA process in which the mean square is
utilized to estimate the variance for a particular factor. The P-value is calculated for each
factor, determining the level of significance in which the null hypothesis will fail. If this
value is less than the chosen significance level, the factor is considered statistically

significant.
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Randomization is a requirement which imposes runs to be random in any DOE analysis.
Randomization ensures that systematic errors which may occur during an experiment are
randomly distributed throughout the results, thereby reducing the likelihood of their

incorporation in the analysis.

Replication refers to runs being repeated at the same factor levels to gain a measure of the
natural variance within an experiment. While this is essential for physical
experimentation, it has no value in numerical/computer experiments in which errors as a
result of external sources cannot occur. Hence, in numerical simulations such as the cases

studied in this research, the natural variance is zero, representing no need for replication.

Blocking is another important concept in DOE processes. It refers to a statistical
technique which accounts for differences which may arise from performing experimental
runs under different circumstances not under study in the experiment setup. In the event
groups of runs may have to be performed at different times, by different people, under
different circumstances or the like, blocking may be utilized to gain a measure of the
variance which may have occurred as a result of these circumstances and remove them

from the experimental results. Blocking is not required in this research.

4.2.4 DOE Techniques Utilized in this Research

4241 Fractional Factorials

General two level factorial designs simultaneously alter the levels of factors to determine
the relative importance of each factor on the response using the least number of required

runs. Factors are altered over two levels, high and low, to determine their significance in
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the experiment. In full factorial designs, all possible combinations of factors are run to

determine their effects.

A fractional factorial design involves using a select number of runs compared to that of
the full factorial. Providing a large number of factors are being investigated, a fractional
factorial design can gain maximum information in a limited number of runs. A two level
fractional factorial design is normally represented in the form 2K~ where ‘2’ refers to
the number of factor levels, ‘k’ refers to the number of factors and ‘n’ refers to the
number of generators, or the degree of the fraction. For example, n = 1 represents a 1/2

fraction design, n = 2 represents a 1/4 fraction design and so on.

The fractional factorial process requires the selection of high order terms which are used
as block generators to determine which runs are carried out. The effects of the generators
cannot be established and therefore must be carefully selected to ensure their importance
is negligible. The generators are also used to determine the alias structure of the
experiment design. Alias refers to determining which factors are confounded together. In
performing a fractional factorial the relative cffects of factors are confounded (aliased)
with other factors, meaning their individual contributions cannot be determined. Only the

cffect of the alias group is calculated.

Fractional factorial designs rely on the sparsity-of-effects principle. In general, this
principle states that three factor interactions or higher are normally negligible, and
therefore, can be assumed equal to zero. Utilizing this principle, the goal is to establish

the experiment design such that individual and two factor interactions are confounded
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(aliased) with negligible higher order interactions, thereby providing clear estimates of

the important effects.

The resolution of a fractional factorial design is critical to its success. Resolution refers to
the cumulative order of terms which are aliased together in a fractional factorial design.
For example, a resolution IV design refers to an alias structure in which single factors are
confounded with three factor interactions and two factor interactions are confounded with
cach other. According to the sparsity-of-effects principle, three factor interactions and
above arc normally negligible. Therefore, the most efficient fractional factorial designs
are resolution V or higher. For a resolution V design, single factors are confounded with
four factor interactions, while two factor interactions are confounded with three factor
interactions. Therefore, providing the sparsity-of-effects principle is valid, clean
cstimates of all single factors and two factor interactions can be established in a

resolution V design.

The main disadvantage of a two level fractional factorial design is an inability to model
beyond linear and interaction behavior, though through the addition of center points the
presence of curvature can be detected. If a model response shows curvature of any form a
two level fractional factorial design cannot be used to create an adequate meta-model of
the results. Therefore, two level fractional factorial designs are best suited for simple
linear responses, or as a tool for factor screening to determine important factors. In this
rescarch, a two level fractional factorial design is used to determine the important factors
for a six factor cased and perforated well completion case study, as outlined in Section

4.4.
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4242 Response Surface Methodology and IV Optimal Designs

In the event an experiment or numerical simulation has a nonlinear response, various
methods of response surface methodologies (RSM) may be utilized. In general, RSM
refers to “a set of techniques used in the empirical study of relationships between one or
more responses and a group of variables™ (Cornell, 1990 & Zangeneh et al., 2002). With
respect to nonlinear responses, numerous experiment designs may be utilized to

effectively match a model, or response surface, to the results.

There are numerous reasons to utilize RSM as a form of experiment design. The most
common goal is to determine the factor levels required to achieve an optimization point
in the response of a nonlinear model. To determine the optimal response, be it a
maximum, minimum or given target, the nature of the response must be determined via
some form of RSM design. RSM will create a simplified mathematical meta-model
which represents the result of the experiment runs over the design space. This meta-
model may then be used and analyzed to determine the factor levels required to reach the

optimization goal.

Optimization and the creation of a mathematical meta-model are not always the goal of
an RSM process. RSM can also be used as a tool to enhance the understanding and
behaviour of complex models. In creating a response surface, the nature of how a
response 1s affected by changes in factor levels can be determined, providing an enhanced
and accurate understanding of the behaviour within the model. This is the ultimate goal

of the RSM utilized in this research.
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As opposed to the two level factorial designs discussed previously, RSM designs alter
factors over greater than two levels. The number of levels depends upon the complexity
of the nonlinear behaviour within the response. Two levels are adequate for modeling
straight lines, three levels are required for quadratic equations, four levels are required for

cubic equations, and so on.

The most common forms of RSM techniques are Central Composite Designs (CCD) and
Box-Behnken Designs (BBD). These designs are capable of applying second order
models to a response. A CCD is built-up form factorial or fractional factorial designs,
while a BBD is based upon an independent quadratic design (Lye, 2009). The main
differences in these models lie within the levels selected for run combinations. A CCD
alters factors over five levels (only three are used for matching of a single factor), while a
BBD alters factors over three levels. In addition, a BBD avoids assigning run
combinations at “corner points” in which end levels of factors would be run together.
This is important for experiments in which extreme combinations of factors may lead to

undesirable results.

For more complicated responses, typical of those associated with complex numerical
simulations, responses may be highly nonlinear. These simulations require higher order
models than can be generated by a CCD or BBD. Numerous advanced designs are now
available for obtaining response surfaces for complicated nonlinear behaviours. The
specifics of each design will vary, but certain characteristics are required throughout all
available techniques. In general, quality experiment designs must ensure factors levels
and run combinations are generated throughout the design space to provide adequate

information on the nature of the response. This ensures any regions with complex
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changes in the response are not neglected. In addition, the fitted values generated by the
meta-model must be as close as possible to that of the measured values. The best designs
are sequential and require a minimum number of runs. Sequential refers to the ability to
augment the experiment design to add additional complexity (more points) if higher order
models are required. The design techniques must also allow for a variety of models to be

developed from the data.

In this research, optimal designs are utilized to generate response surfaces for the various
case studies. Optimal designs are a form of space filling designs which are utilized to
capture the maximum amount of information throughout a given design space. As
opposed to the set processes for level selection in BBD and CCD, optimal designs use an
algorithm to select factor levels and run combinations throughout the design space. The
range of the design space for cach factor is chosen by the person performing the
experiment and requires knowledge and proper engineering judgement. According to
Stat-Ease, optimal designs are the recommended design choice when models contain both
numeric and categoric factors, cubic or higher order models are required and the goal is

to fit a custom model (Stat-Ease, 2011).

Several different types of optimal designs are available, including D-optimal, A-optimal
and IV-optimal (also referred to as I-optimal). D-optimal designs minimize the variance
associated with model coefficients; A-optimal designs minimize the average variance
within the model; and IV-optimal designs minimize the prediction variance within the
model (Hoos, 2003 & Stat-Ease, 2011). IV-optimal designs are utilized in this research.
Note that all statistical analyses performed in this chapter are completed in Design

ExpcrtTM 8.0, created by Stat-Ease.
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4.3 Model Assumptions and Representations

In the following case studies two completion types are investigated: cased and perforated
completions and open-hole completions with associated filter cake buildup. A brief
description of the actual completion is provided here, followed by an explanation of how

the key parameters in each completion are represented within the model.

A cased and perforated well completion is an advanced completion commonly used
throughout reservoirs worldwide. A schematic of a cased and perforated completion is
provided in Figure 49. In these completions the casing (steel tubing encompassing the
wellbore) is extended throughout the entire length of the well. The casing extends to the
total depth of the well, including through the pay zone which contains the reservoir
fluids. The casing acts as a barrier between the well and outside formation. The casing is

cemented in-place to ensure the wellbore remains stable.

Figure 49 - Schematic of a Cased and Perforated Completion

The casing alone provides no connection between the reservoir and the well, which is
essential for fluid production. To provide this connection perforations are utilized.
Perforations are permeable flow channels extending from the well, through the casing

and into the reservoir. They are created by running a perforating gun into the wellbore
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and firing charges perpendicular to the wellbore into the pay zone. The act of creating a
perforation may also cause a damage zone of reduced permeability surrounding the

perforation as a result of local crushing associated with the highly charged explosion.

The purpose of the cased and perforated case studies is to investigate which variables
influence the overall production of a well, which variables are most significant, and the
nature of the relationship between significant parameters. This is investigated in Case

Study 1 and 2 in Sections 4.4 and 4.5, respectively.

The other form of completion studied in this research is an open-hole completion. In this
completion no casing or production liner is present in the pay zone connecting the
reservoir and the wellbore. The zone may be left entirely bare as upon completion of
drilling activities, or a means of sand control may be installed to mitigate production of

fine particles. Sand control is not considered in this research.

The process of drilling an open-hole completion may lead to the buildup of a filter cake.
Filter cake refers to a buildup of solid particles on the interior of the sand face of an open-
hole completion. It forms as a result of over balanced drilling operations in which
particles contained within the drilling mud flow into the pores of the near wellbore region
and form agglomerated masses on the interior walls. Filter cake is known to have a very
low permeability and as a result it can seriously affect the productivity of a well if it is
not fully removed. The properties of the filter cake will vary depending upon its
composition, the differential pressure exerted across the cake and the amount of shear

stress experienced from the circulation of drilling mud (Lohne et al., 2009).
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Once a well is completed, a cleanup process is run to remove the drilling fluid and filter
cake buildup. If this process is not fully effective, filter cake may remain attached to the

inner walls of the production zone.

The purpose of the open-hole completion case study is to determine the significance of
the left over filter cake on the production of a well. A schematic of filter cake buildup on
the wall of an open-hole completion is provided in Figure 50. Of specific interest is the
impact of filter cake coverage, thickness and permeability on the productivity of a well.

This is investigated in Case Study 3 in Section 4.6.

rw

Figure 50 - Schematic of Filter Cake Buildup in an Open-hole Completion

4.3.1 Wellbore Damage Representation

To represent wellbore damage as a result of drilling activities a circular area of reduced
permeability is generated around the wellbore, as depicted in Figure 51. Variables include
the radius of the wellbore damage along with its corresponding reduced permeability. In

Figure 51, red represents the bulk permeability of the formation, while blue represents the
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region of reduced permeability. Overbalanced drilling, as required in most regulated

jurisdictions, typically results in the creation of the near wellbore damage zone.

Figure 51 - Wellbore Damage Representation

4.3.2 Casing Representation

To represent the casing the internal ring around the wellbore is given an extremely low
permeability, as depicted in Figure 52. This is an approximation and may not be truly
representative of reality. Theoretically, however, the approach is valid. Fluid, represented
by streamlines, will tend to avoid low permeability regions. The low permeability should
be reflected in the pressure distribution and force streamlines to flow into the perforation.

The representation of perforations within the model is explained in the next section.
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Figure 52 - Casing Representation

Successive runs testing this approximation have revealed an error in its approach. If the
casing is represented as a ring of extremely low permeability around the wellbore,
unavoidable numerical errors will result. The errors arise when a streamline approaches
the casing. The streamlines will want to deflect from the area of low permeability, but
some will wind up hitting the casing. In reality this is fine; the oil will flow around the
casing and into the perforations. Unfortunately, due to the modeling procedure utilized, a
streamline which comes into contact with the casing wall (external boundary of the first
grid ring) must continue through the casing once hitting the boundary, representing an
unrealistic scenario. The low permeability of the modeled casing causes very large travel
times and effectively diminishes the flow rate of all stream tubes affected by the

occurrence.
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The errors occur as a result of numerical approximations. When applying the discretized
solution to solve the Laplacian, pressures are calculated at each node, including the first
ring nodes existing within the casing. Ideally the first node casing pressure would be
equal to the pressure of the interior wellbore, representing zero differential pressure and
no flow across the boundary. Unfortunately the methodology presented thus far requires a
pressure to be solved at this location that is higher than the internal node pressure,

resulting in flow through the casing. This error is depicted in Figure 53.
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Figure 53 - Numerical Error with Respect to Casing Representation

To combat this numerical error several methods are possible. One solution is to manually
set the pressure of the first node beyond the casing equal to the pressure at the casing in
all areas where casing exist (no perforations in the area). This would be done after the

Laplacian is solved, but before the streamlines are generated. The process would result in
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zero differential pressure between radial nodes along the casing face, resulting in no
driving force in the radial direction. Flow would be forced to move tangentially until

reaching a perforation, at which point it would flow radially into the well.

As opposed to changing the pressure, a simpler approach with the same outcome is to set
a code condition such that if a streamline hits the casing ring, the next point will be at the
intersection between the casing and the nearest perforation. In this approach no alteration
of the pressure or velocity distribution is required. In addition, to prevent errors in the
flow rate calculations, the calculations will not include the casing ring. This is also
realistic, since the casing will not contain producible hydrocarbon fluid and will not
affect the results. Therefore, the streamlines are analyzed from the external boundary to

the casing, as oppose to the wellbore (one additional ring).

Another solution to this problem is to go back to the original Laplacian pressure
equations and set a no-flow boundary at the casing. This is a rigorous method which will

provide an exact solution. The approach is discussed in Chapter 6.

4.3.3 Perforation Representation

As mentioned previously, perforations are added to allow for flow from the reservoir into
the well. In addition to this, perforations should also extend beyond the formation
damage zone to allow for easier flow paths into the wellbore, resulting in increased

productivity.

When modeling perforations, there are several variables to consider. These include the
perforation length, perforation diameter (width), number of perforations and perforation

permeability. Within the model these variables can be modeled by controlling the number
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of grid blocks, both radially and tangentially, that the perforations occupy, as well as the
permeability of the corresponding blocks. The model representation of the perforations,
along with the near wellbore damage region and casing, are shown in Figure 54. Note
that the grid block color indicates different permeability in the various regions. Dark red
is the highest permeability corresponding to the perforations, light red represents the
permeability of the bulk formation, orange represents the permeability of the damage
zone, and blue represents the permeability of the casing. A close-up highlighting the
nature of the perforations connection to the well and corresponding casing 1s shown in

Figute 53.

Figure 54 - Perforation Representation
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Figure 55 - Perforation Representation at Wellbore

The geometry of a perforation in a polar coordinate system is somewhat complex due to
the difficulties in creating a constant width (square like) protrusion in a radial geometric
system. To accommodate this issue a set perforation width is established as the input
variable along with the perforation length. The perforation width is then used as a
maximum perforation width. The number of tangential blocks in which a perforation
occupies is required to remain less than or equal to this width for each radial step
calculated. Since the width of each block grows with increasing distance from the
wellbore, the number of blocks required per ring to maintain the desired perforation
width will decrease. This results in the stepped look in the perforations, as observed in
both previous figures. Also note that the perforation geometry has been chosen to step in

one direction only.

The perforation geometry is sensitive to the grid setup. The numbers of radial and
tangential blocks used in the grid are chosen in the early input stages. If an insufficient

number of blocks are chosen, the perforation may exist in only one grid block. Depending
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upon the chosen perforation length, this may result in significant error as a result of

increasing grid size with distance. This error is depicted in Figure 56.

Figure 56 - Potential Perforation Error Due to Inadequate Sector Size

To prevent this error from occurring, a check must be performed to ensure the length
chosen for a perforation does not have an arc length for the exterior block greater than the
chosen perforation width. This check 1s performed following the mput of variables to
immediately highlight the issue. If the error occurs, an output will state its existence
along with the number of tangential blocks required to prevent the error. To fix the error
the number of tangential blocks must be increased to a number above the minimum level.
In the case studies to follow the number of blocks chosen is well above the minimum

limit in which this can occur.
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4.3.4 Filter Cake and Free Space Representation

As previously discussed, filter cake is the buildup of low permeability mud on the mner
walls of an open-hole completion. To represent this in the model additional rings are
added inside the ring considered to be the wellbore radius. These internal grid blocks will
represent both the filter cake and free space. The differentiation between the two 1s in
their respective permeabilities. A sector of an interior ring considered to be filter cake
will have a very low permeability. The remainder of the ring in which filter cake is not
present is represented by a very large permeability to approximate free space. An
illustration of this is provided in Figure 57. Bulk permeability is shown in green, filter

cake is shown in blue, and free space is shown 1n red.

Figure 57 - Filter Cake Representation at Wellbore

Filter cake buildup is known to be thin, normally less than a centimeter thick. Therefore
for adequate node spacing within this small region a large number of grid blocks 1s

utilized. This provides for adequate grid spacing within the thin region under study.
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For an enhanced understanding of the filter cake representation within the model a

generalized sketch of the wellbore area is provided in Figure 58.
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Figure 58 - Filter Cake Model Setup

In Figure 58 the wellbore radius extends beyond the first grid boundary (interior face).
Within this region, filter cake is added by reducing the block permeabilities over a given
thickness and angle of coverage. The remaining grid blocks (inside the wellbore radius
and not associated with the filter cake) are assigned a high permeability to represent free
space. In this case, the wellbore pressure does not represent the pressure at the wellbore
radius. It refers to the pressure at the interior radius, with the remainder of the pressures

calculated via the Laplacian process.
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4.4 Case Study 1: Parametric Influences in a Cased and Perforated

Well

4.41 Study Parameters and Assumptions

The following case study studies the main factors influencing a cased and perforated well
completion. A description of the completion type is provided in the previous section
along with a description of how the completion is represented in the near wellbore

streamline model.

The purpose of this case study is to determine which factors influence the productivity of
a well, assess the relative importance of ecach factor and determine whether variable
interactions play a role in influencing productivity. To do this, a two level fractional
factorial design is performed. Detail regarding fractional factorial designs is provided in

Section 4.2.4.1.

4.4.2 Fractional Factorial Setup
In this case study, six factors (variables) are selected to investigate their influence on the
productivity of a well. The factors, along with their corresponding high and low levels,

are provided in Table 6.

Table 6 — Case Study 1: Factor Summary

. Low High Low High
Factor | Name Units
(Actual) (Actual) (Coded) (Coded)

A Damage Zone Radius m 0.1 05 -1 |
B Damage Zone Permeability mD 15 90 -1 |
€. Perforation Length m 0.15 075 -1 |
D Perforation Thickness m 0.03 0.05 -1 |
E Perforation Permeability mD 100 1600 -1 |
F Number of Perforations n/a | 3 -1 |
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Note that in a two level fractional factorial design only the high and low levels of the
factors are required, and runs will only be performed at these levels. The only exception
is for testing curvature, in which center points are required. Also note that five of the
factors are numeric, meaning they can be ranged over all values in between if required,
but the number of perforations is a categoric factor. This means that only the whole
values can be used. For example, 2.5 perforations is an unrealistic value and therefore

assigning the factor as a categoric variable eliminates this possibility.

Numerous other factors play a role in influencing productivity. The variables not of
interest in this case study are left as constants throughout each run. The values for each of

the constants are provided in Table 7.

Table 7 — Case Study 1: Constants

Factor Symbol  Name Units Value
G k Bulk Permeability mD 100

H i External Radius m 50

I I Wellbore Radius m 0.05

J Pe External Pressure bar 300

K Puwt Wellbore Pressure bar 280

L u O1l Viscosity cl 0.8

M M Tangential Blocks 300
N N Radial Blocks 100
O o Porosity 0.25
P J Streamlines per Block 2

Q Kea Casing Permeability mD 1 &

To represent the productivity of a well two responses are recorded; tflow rate and skin.
The flow rate calculation is discussed in Section 3.8. As discussed in Section 1, skin is a

means of measuring the difference in flow rate from that of the ideal flow conditions for a
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homogenous isotropic reservoir. In Darcy’s law for radial flow the skin term occurs in the

denominator, as shown:

e 2nKh(P, — Pyr)
up (ln (:—;) + S)

Rearranging this for skin results in:

. ZHKhELPEQ— Pur) o (rr_;)

In the above formula the calculated flow rate is used to determine the skin factor,
providing an additional means to cvaluate the effectiveness of the completion and the

overall productivity. A summary of the responses for this case study is provided in Table

8.

Table 8 — Case Study 1: Responses

Response | Name Units
1 Flow Rate bbl/d
2 Total Skin n/a

The experiment design selected for this case study is a 2°' fractional factorial design.
This represents a half fraction two level design with six factors. A full factorial would
require 64 runs. In running a half fraction only 32 runs are required. The half fraction
results in a resolution VI design. This means single factors are aliased with five factor
interactions, two factor interactions are aliased with four factor interactions and three
factor interactions are aliased with each other. This is a high resolution design and results

in clear estimates for main effects and two factor interactions.
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A quarter fraction design could be run, representing a 2°~ fractional factorial design. This
would result in only 16 required runs. However, this is a resolution IV design in which
two factor interactions would be aliased with other two factor interactions, resulting in
difficulties in determining which interactions actually contribute to the experiment
results. Therefore, a 2% fractional factorial is determined to be the most appropriate

design.

To test for the presence of curvature two additional center points are added. Normally
only one center point is required. However, with the selection of a categoric variable, two
are necessary; one at each level. This results in a total of 34 experiment runs. The run

combinations and results are provided in Appendix I1.

4.4.3 Statistical Analysis

A statistical summary of the output results is provided in Table 9. Note that over the
provided ranges flow rate varied from 143 to 787 bbl/d and skin varied from -1.5 to 23.
Recall that negative skin represents stimulation, while positive skin represents damage

(as compare to the radial isotropic homogenous case).

The statistical analysis is broken down into two sections. In Section 4.4.3.1 the flow rate

response is analyzed, while in Section 4.4.3.2 the skin response is analyzed.

Table 9 — Case Study 1: Statistical Summary

Name Skin Flow Rate
Units n/a bbl/d
Observations 34 34
Minimum -1.49 142.6
Maximum 23.03 787.1
Mean 4.14 4749
Standard Deviation 6.32 179.7
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4431 Flow Rate Response

In Figure 59 a half-normal probability plot is provided. In these plots unimportant effects
fall on a straight line, while significant effects veer from it. The more significant the

effect, the further it is from the straight line.

Design-Expert® Software

Flow Rate Half-Normal Plot

Shapiro-Wilk test

W-value = 0.971

p-value = 0.699

A: Damage Zone Radius

B: Damage Zone Permeability
C: Perforation Length

D: Perforation Thickness

E: Perforation Permeability

F: Number of Perforations
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Figure 59 - Case Study 1: Flow Rate: Half Normal Probability Plot

The figure shows perforation permeability to be the most significant factor, followed
closely by the number of perforations and the damage zone permeability. Other important
effects include damage zone radius, perforation length and the interactions between
damage zone radius and damage zone permeability as well as perforation length and
perforation permeability. Note that the significance of the interactions could not have

been determined without appropriate experiment design techniques.

Of the factors investigated, only perforation thickness proves to be statistically

insignificant to the response. Physically, this is a realistic result. The thickness of the
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perforation can only be varied over a limited range since the diameter of the shot required
to make the perforation is limited. Over this range, the differences in flow rate are
negligible. It is important to note that all observations made are dependent upon the range
selected, referred to as the design space. Therefore, careful thought has been placed in

selecting appropriate and realistic ranges for cach factor.

The half-normal probability plot provides a visual representation of the important factors
within the experiment. To provide a numerical measure of the statistical significance of
cach factor an ANOVA is performed. The results of the ANOVA are provided in Table

10. Note that only the significant factors are shown in the table.

Table 10 — Case Study 1: Flow Rate: ANOV A Results

Source Sum  of Degrees of Mean F- P-Value
Squares Freedom  Square Value
Model 9.818E+5 7 1.403E+5 53.63 <0.0001
A - Damage Zone Radius 85700 1 85700 32.77 <0.0001
B - Damage Zone Permeability 1.920E+5 1 1.920E+5 73.40  <0.0001
C - Perforation Length 43688 I 43688 16.70  0.0004
E - Perforation Permeability 2.906E+5 1 2.906E+5 111.12  <0.0001
F - Number of Perforations 2.456E+5 1 2.456E+5 93.90 < 0.0001
AB 70218 | 70218 26.85 <0.0001
CE 34473 | 34473 13.18 0.0013
Curvature 21197 2 10598 4.05 0.0305
Residual 62769 24 2615
Cor. Total 1.066E+6 33

The ANOVA results confirm the previous observations. Only factor D, perforation
thickness, is insignificant. Note that the table contains a row labeled curvature. The
curvature of the model, measured at the center points, provides a P-value of 0.03. The
significance of the term is dependent upon the chosen significance level for the

experiment. In this case study a significance level of @ = 1% is chosen. The P-value is
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greater than the significance level, meaning significant curvature exists within the model.
To investigate this curvature a more complex experiment design is required. This is the

subject of Case Study 2 (Section 4.5).

To confirm the results of the ANOVA general diagnostic tests are run to ensure the
ANOVA assumptions have not been violated. These include normality, constant variance

and randomness of the residuals. The results of these tests are provided in Figure 60.
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Figure 60 - Case Study 1: Flow Rate: ANOVA Assumptions Plots
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The normal probability plot of the residuals shows the data fall on a straight line,
meaning the residuals are distributed normally. The next graph portrays residuals versus
the predicted value from the regression equation: randomly distributed data is observed;
trends indicating that a different distribution should be used are not present. The residuals
arc fairly evenly distributed, proving the assumptions of normality and constant variance
to be correct. The next graph portrays residuals versus run number. Trends indicating
systemic errors are not apparent, as expected for numerical simulations. This verifies the
randomness of residuals assumption is satisfied. Therefore, all assumptions are satisfied

and the results can be trusted.

Note that this analysis is being used for factor screening only. The regression model
generated is invalid due to the presence of curvature, therefore, the regression model and
subsequent analysis is not discussed. Case Study 2 attempts to determine the true model

behavior.

4.43.2 Skin Response

As with the flow rate response analyzed in Section 4.4.3.1, the same general factor
screening analysis is performed for the skin response. However, for the skin response a
natural log transform is required. This is determined by performing the general analysis
and assessing the diagnostic plots for the ANOVA assumptions. The diagnostic plots are

provided in Figure 61.
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Figure 61 - Case Study 1: Skin: ANOVA Assumptions Plots

The normal probability plot shows a slight S-shaped trend, indicating the data to be non-
normally distributed. The residual versus predicted value plot shows a coning trend in
which the variance increases with predicted value. These observations conflict with the
ANOVA assumptions of constant variance and normally distributed data, therefore, a

transform is required.

Several options are available to determine the appropriate transform to apply. Within

Design Expert'™, a Box-Cox plot for power transforms indicates whether or not a
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transform is required, as well as providing a suggestion for which transform to apply. The
program suggests applying a square root transform. However, experience indicates that
natural logarithm transformations are normally best when the ratio between the maximum
and minimum response values is greater than 10. In this case, the ratio is difficult since
the values of skin can be negative. Regardless, a maximum of 23 and a minimum of -1.5

is a strong suggestion that a natural logarithm transform may be required.

Since values of the skin response are negative, a straight forward natural logarithm
cannot be performed. To fix this, all values are shifted by a constant to prevent negative
values. Design Expert'™ recommends a constant of k = 1.63371. Using this value, the

data is transformed via [n(Skin + k).

Performing the transform on the data, the general analysis can be carried out. The half-

normal probability plot is provided in Figure 62.
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Figure 62 - Case Study 1: In(Skin + k): Half Normal Probability Plot
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With the transformed data the results indicate the same significant factors and
interactions as in the flow rate response. The only insignificant factor is the perforation

thickness. All other factors, as well as the two interactions, are significant to the results.

The remainder of the ANOVA analysis has been performed but is not provided due to its
redundancy. All parameters in the ANOVA match similarly to the ANOVA results of the
flow rate response. As well, all ANOVA assumptions are valid with the transformation of

the data.

4.4.4 Conclusions
In this case study a 2°"' fractional factorial design was used as a means of factor screening
in a cased and perforated well completion within a near wellbore streamline model. A

visual of the typical streamlines distribution in these cases is provided in Figure 63.

0.5~

0.5~

Figure 63 - Cased and Perforated Streamline Distribution
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The figure shows how the perforations and near wellbore damage influence the

streamlines throughout the near wellbore region.

This case study has determined the significant factors influencing the productivity of a
well, including the number of perforations, perforation permeability, perforation length,
damage zone radius and damage zone permeability. In addition, two interactions are also
significant: the interaction between damage zone radius and damage zone permeability;
and the interaction between perforation length and perforation permeability. This
information was achieved through 34 runs in a resolution VI half fraction factorial
design. The experiment also showed the presence of significant curvature within the
model, indicating the need for a more complex experiment design to capture the true

nature of the model behavior. This is the subject of the next case study.
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4.5 Case Study 2: Three Factor Cased and Perforated Well

4.5.1 Study Parameters and Assumptions

In Case Study 1 a 2°' fractional factorial design was used to determine the significant
effects which influence the productivity of a cased and perforated well. Five factors were
deemed statistically significant, including the number of perforations, perforation
permeability, perforation length, damage zone permeability and damage zone radius.
Two interactions were also deemed significant. The experiment revealed significant
curvature within the results, highlighting the need for a more complex design to fully

capture the behaviour within the model.

The purpose of this case study is to build upon the lessons learned in Case Study 1. The
goal 1s to use a superior experiment design capable of modeling the curvature within the
model. By accurately matching a response surface to the model, the behaviour of its
response with respect to the variable inputs can be captured. This will show which factors
affect productivity, how they affect the productivity and which combinations lead to the

most effective completion.

The factors under study within this case study are altered from those used in Case Study
I. As oppose to continuing with five significant factors, only three are investigated. The
factors to be studied include the number of perforations, perforation length and

perforation permeability. There are three main reasons for this change.

First, the neglected variables (damage zone radius and damage zone permeability) have
been well studied within the available literature. The Hawkin’s formula accurately

represents their impact on flow, and is widely accepted to be an accurate representation
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of reality. In addition, runs of the near wellbore streamline model with only a damage
zone present leads to results which accurately match those predicted by the Hawkin’s

formula.

Second, within the industry, once a well has been drilled and casing placed, little can be
done to alter the near wellbore damage associated with drilling. Neglecting forms of
stimulation treatments, the only variables that can be altered at this point are the
perforation characteristics, thercfore, the focus of this case study is solely on the
perforations themselves. The near wellbore damage parameters still exist within the
model, but remain constant throughout the study. Therefore, this is an adequate and

realistic assumption.

Lastly, in reducing the number of parameters under study, the number of runs required in
the experiment design is reduced. Since higher order models are required to capture the
nature of the curvature within the model, more runs are required. Reducing the number of
variables will consequently result in less runs, regardless of the order of the model.
Therefore, this case study focuses solely on the perforation characteristics in a cased and
perforated well, investigating their effect on productivity. To do this, an [V-optimal

design is performed. Detail on IV-optimal designs is provided in Section 4.2.4.2.

4.5.2 IV-Optimal Design Setup
As discussed, in this case study three factors are selected to investigate their influence on
the productivity of a well. The factors, along with their corresponding levels or ranges,

are provided in Table 11.
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Table 11 — Case Study 2: Factor Summary

. Low Medium  High
Factor | Name Units
(Actual) (Actual) (Actual)
A Perforation Length m 0.15 n/a 1.0
B Perforation Permeability mD 100 n/a 1600
C Number of Perforations n/a 1 2 3

The table provides high and low levels for perforation length and perforation
permeability. These are numeric factors. The IV-optimal design uses these values as
ranges for the design space. Using an algorithm, points are generated throughout the
design space to capture the nature of the response. The number of points is dependent

upon the order of the model selected.

The last factor under study, number of perforations, is selected as a categoric variable
with three levels. In selecting this to be a categoric variable no values are generated at
unfcasible values in between the levels. Therefore points for the number of perforations
may only be run at 1, 2 or 3. The latest version of Design Expert™ allows for the
selection of discrete variables. This presents a new technique to deal with this

circumstance, but is not performed in this case study.

Numerous other factors play a role in influencing productivity. The majority of the
constants remain the same as Case Study 1, with values provided in Table 7. The new

constants for this case study are provided in Table 12.

Table 12 — Case Study 2: Additional Constants

Factor Symbol  Name Units Value
D Iy Damage Zone Radius M 0.5

E ky Damage Zone Permeability mD 50

I by Perforation Thickness M 0.04
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As with the previous case study, two responses are recorded; flow rate (in bbl/d) and total
skin. Both are good representatives of productivity. An effective completion will

maximize flow rate and minimize skin.

To model the curvature known to exist within the model, an [V-optimal design is utilized.
Prior to performing the experiment the degree of curvature is unknown. Within Design
Expert'™ IV-optimal designs have the ability to model up to sixth order polynomial
behavior. This is also a sequential design in which additional runs may be performed in a

successive nature to increase the order of the desired response surface.

The near wellbore streamline model under study is extremely fast in its calculation
process, providing results for nearly 100 000 grid blocks in a matter of minutes on a
standard 64 bit windows system with 4 GB of RAM. Therefore, a large number of runs

are not an issue with this experiment.

As opposed to augmenting the design for more runs when more complex curvature is
observed, this experiment is set up to handle a quartic response from the beginning,
resulting in a total of 40 required runs. As will be discussed throughout the next section, a
quartic polynomial is deemed appropriate for the skin response. To ensure a higher order
model 1s not necessary, the design is augmented to allow for the matching of a fifth order
polynomial. This results in an additional 22 runs, leading to a total of 62. The run
combinations and results are provided in Appendix III. The additional points from

augmentation also serve as verification runs, verifying the response surface results.
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4.5.3 Statistical Analysis
As with Case Study 1, the statistical analysis is broken down into two sections. In Section
4.5.3.1 the flow rate response is analyzed, while in Section 4.5.3.2 the skin response is

analyzed.

4.5.3.1 Flow Rate Response

The first part of the analysis involves determining the order of the model deemed
appropriate to match the response. A fit summary of cach available model type is
provided in Table 13. Two coefficients of determination (R-squared) values are provided

to determine the adequacy of the match.

Table 13 — Case Study 2: Flow Rate: Fit Summary

e Sequential Adjusted R- Predicted R- Program
P-value Squared Squared Recommendation

Linear <0.0001 0.8691 0.8538

2Bl 0.0002 0.9107 0.8886

Quadratic <0.0001 0.9808 0.9750

Cubic <0.0001 0.9972 0.9954

Quartic <0.0001 0.9993 0.9985 Suggested

Fifth 0.00120 0.9998 0.9982 Suggested

Sixth Aliased

The table shows R-squared values greater than 0.99 for cubic models and above. Design
Expert'™ suggest using either a quartic or fifth order polynomial model. However, the
suggestion is not always the best solution and may lead to over complication within the
model. The cubic model provides very similar R-squared values, and further analysis
proves it to be adequate. Therefore, a cubic response surface is used to match the flow

rate response.
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The next step of the analysis involves performing an ANOVA to determine which
factors, corresponding interactions and higher order terms contribute to the response.
Several computerized options are available to determine the required parameters,
including forward elimination, backward elimination and stepwise elimination at a
chosen significance level. As oppose to the computerized process, a manual selection
process is performed, allowing for greater control and insight into the selection process.
Focus is placed on both the F-value and P-value for each model term, eliminating the
terms for F-values less than 10. The results of the ANOVA are provided in Table 14.

Note that only the significant factors are shown in the table.

Table 14 — Case Study 2: Flow Rate: ANOVA Results (Cubic Model)

Source Sum of Degrees of Mean F-Value  P-Value
Squares Freedom Square

Model 7.452E+5 9 82802 631 <0.0001
A - Perforation Length 63889 1 63889 487 <0.0001
B - Perforation Permeability 2.,695E5 | 2.695E+5 2055 <0.0001
C - Number of Perforations 3.773E5 2 1.887E+5 1439 <0.0001
AB 24758 1 24758 188 <0.0001
A’ 11339 I 11339 86 <0.0001
B 35066 1 35066 267 <0.0001
A’B 3544 1 3544 29 <0.0001
B’ 5061 1 5061 38 <0.0001
Residual 6816 52 131.1

Cor Total 7.689E+5 ol

The ANOVA reveals all three main factors are significant to the flow rate response. In
addition, the interaction between perforation length and perforation permeability is
statistically significant, confirming the results from Case Study 1. Higher order terms are
also significant, up to a third order term for perforation permeability. The model has an
R-squared of 0.9909, an adjusted R-squared of 0.9894 and a predicted R-squared of

0.9868. These values are high and are in reasonable agreement, indicating a valid model.
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Prior to investigating the nature of the model results, the underlying assumptions within
the ANOVA must be checked. These include normality, constant variance and
randomness of the residuals. General diagnostic tests are run to ensure the ANOVA

assumptions have not been violated. The results of these tests are provided in Figure 64.
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Figure 64 - Case Study 2: Flow Rate: ANOVA Assumptions Plots
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The results of the diagnostic plots validate that the ANOVA assumptions have not been
violated. In the normal probability plot all points are located around the straight line,
indicating a normal distribution. In the residual versus predicted value plot the data has
constant variance within the defined limits. In the residuals versus run number plot, no
systematic trends are observed, indicating randomness. Finally, in the predicted versus
actual value plot, a good match is observed between the experiment results and the
predicted values of the model. Therefore, the results of the ANOVA and the resultant

model can be trusted to accurately represent the experiment results.

The goal of this case study is to understand the model behavior, however, since the
response surface is created, the meta-model can be shown. It is important to remember
that while the meta-model represents the results of this case study, it does not represent
the model as a whole. If any of the parameters are changed, including the numerous
constants assumed throughout, then the meta-model will not be valid. Also, even given
the same conditions, the model will only be applicable within the design space.
Therefore, it is acceptable for local analysis only, and will not provide accurate results

outside of the ranges for each factor.

With this in mind, the meta-model will take the following form:

Q =X1 + XaLp + X3Kp + Xy LpKy, + XL, + XeKp® + X7Lp K, + XK, ®
Here, L), is the perforation length while K, is the perforation permeability. Note that the

cquation does not contain the number of perforations. Since this is a categoric variable,

three separate equations are required; one for each level within the number of
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perforations (1, 2 or 3). As well, for the equation to be valid the units must equal the units

of the input variables. These are:

The values of the coefficients for each level within the number of perforations are

L, = [m],K, = [mD],Q = [bbl/d]

provided in Table 15.

Table 15 — Case Study 2: Flow Rate: Cubic Model Equation Coefficients

Va'lixe. i 1 Perforation 2 Perforations 3 Perforations
Coefficients
Intercept 220.24 354.72 408.18
L, 39.21 3921 3921
i 0.3923 0.3923 0.3923
Ll 0.3402 0.3402 0.3402
bt —29.47 —-29.47 —29.47
sz -3.968 x 10~* —3.968 x 107 -3.968 x 107*
|y ~0,1954 ~0.1954 ~0.1954
Kp3 11203 x40~ 11308 % 107 11303 10~

Justun >Kinner

Note that since the number of perforations (term C) was found to be a linear factor, the

only change in the coefficients relates to the intercept. The remaining terms are

unchanged.

Trusting the validity of the model, the model behavior may be analyzed. Figure 65

provides contour plots of the flow rate response.
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Figure 65 - Case Study 2: Flow Rate: Contour Plots (1, 2 and 3 Perforations)

Note that the three subfigures are shown for 1 perforation, 2 perorations and 3
perforations, respectively. To further enhance the clarity of the model response three
dimensional surface plots are provided. Two viewpoints are provided for each level of

number of perforations. The rows are for 1, 2 and 3 perforations, respectively.

169



JUOLILL ANV

INLCAL VY VHIUVULILY DU VALY IVIVULCIILIE 1UL £ 3U YV GLIVOU VY VL VL P IV UL

700 |
600
| 0
o 500 ©
= o
Y 400 g
E 300 o
—
200
| s \
1600.00 3 — 1.00 0.79 \
i ‘
122500 s g 0 9 _ ) 0.57 \ PRI 100,00
850.00 057 A: Perforation Length\ . 47500
. P o ) 36 — 85000
B: Perforation Perme&bifity -~ °A: Perforation Length 122500
100.00 0.15 0.15 1600.00 . -
B: Perforation Permeability
2
o ¢
]
@ g
3 [
o
1600.00 \\‘ / 1.00
1225.00 \\ > 079 ) 057 § IS 100,00
850.00 o> o057 A: Perforation Length‘\ P 475,00
.~ > . 36 s _— 850.00
B: Perforation Perme#bifty . °7A: Perforation Length \_—1225.00
100.00 0.15 0.15  1600.00 i .
B: Perforation Permeability
8
o ©
T (¢4
z 2
3 T
('
1225.00 “~_ 079 057" — 100.00
850.00 057 A: Perforation Length \ PR 7 00
: o 0.3 ; 36\ PSS 050.00
B: Perforation Perme#bifity o A: Perforation Length — 1225.00
100.00 0.15 0.15 1600.00 .
B: Perforation Permeability

Figure 66 - Case Study 2: Flow Rate: 3D Surface Plots

An analysis of both the contour plots and response surfaces provides valuable insight into

the model behaviour. It is clear that for ideal perforation effectiveness all factors should
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be at their maximum levels. Beyond this, the behaviour of the individual factors reveals
interesting trends. For the number of perforations, the increase in productivity follows a
lincar trend independent of the other variables. The remaining variables have more
complex behaviour. Perforation length has a quadratic response, perforation thickness has
a cubic response, and strong interactions occur between the two variables. For instance,
when perforation permeability is at its minimum, there is little to no increase in flow rate
as a result of increasing the perforation length. However, as the perforation permeability
increases, the effect of perforation length also increases, becoming a more important
factor in the completion effectiveness. This shows that while each variable in itself is
important to the productivity of a well, it is the interaction between them that must be

focused upon to maximize completion effectiveness.

453.2 Skin Response

The skin response is analyzed in the same manner as the flow rate response in the
previous section. Table 16 provides a fit summary of each available model type. The
sequential P-value and two coefficients of determination are provided to assess the
adequacy of the match.

Table 16 — Case Study 2: Skin: Fit Summary

Model Sequential Adjusted R- Predicted R- Program
P-value Squared Squared Recommendation

Linear <0.0001 0.8012 0.7746

2F1 <0.0001 0.9443 0.9280

Quadratic < 0.0001 0.9615 0.9440

Cubic <0.0001 0.9951 0.9904

Quartic <0.0001 0.9988 0.9961 Suggested

Fifth 0.0038 0.9996 0.9809 Suggested

Sixth <0.0001 1.0000 Aliased
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The table shows a quartic model and above have R-squared values greater than 0.99.
Design Expert™ recommends a quartic or fifth order response. Careful analysis, as
described in the remainder of this section, reveals a quartic response surface to be the
appropriate choice. A lower order cubic model can be utilized, but significant information
relating to the complexity of the response may be lost in utilizing this selection.

Therefore, the quartic response is the subject of this analysis.

To determine the significant parameters affecting the skin response an ANOVA is
performed. As with the flow rate response, a manual selection process is utilized to
determine the significance of each model term. Focus is placed on the P-values and F-
values, eliminating terms with F-values less than 10. The results of the ANOVA, showing

the significant model terms, are provided in Table 17.

Table 17 — Case Study 2: Skin: ANOVA Results (Quartic Model)

Source Sum of Degrees of Mean F-Value  P-Value
Squares Freedom Square

Model 251.0 13 19.3 310 <0.0001
A - Perforation Length 12.3 l 12.3 198 <0.0001
B - Perforation Permeability 87.0 | 87.0 1399 <0.0001
C - Number of Perforations 12745 2 63.8 1026 <0.0001
AB 4.35 1 4.35 70 <0.0001
BC 7.07 2 7.07 57 <0.0001
A’ 3.68 I 3.68 59 <0.0001
B* 19.4 I 19.4 312 <0.0001
B*C 1.88 i 0.94 15 <0.0001
B 3.94 1 3.94 66 <0.0001
B* |23 I 1.22 19 <0.0001
Residual 2.98 48 0.062

Cor Total 254.0 6l

As with the flow rate response and the results of Case Study 1, all three main effects and

the interaction between perforation length and perforation permeability are significant to
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the skin response. However, more complex behavior is observed. With respect to
perforation length, a quadratic response is observed. Perforation permeability also shows
more complex behavior, going up to a quartic response as well as having several
interaction effects. In addition, the number of perforations is also showing more complex
behavior; the main response remains linear, but several additional interactions exist

which were not observed in the flow rate response.

The model created has an R-squared of 0.9883, an adjusted R-squared of 0.9851 and a
predicted R-squared of 0.9784. As with the flow rate model, the values are high and are

in reasonable agreement, indicating a valid model.

Prior to reviewing and investigating the nature of the model results for the skin response,
the underlying assumptions within the ANOVA must be checked. The results of the

general diagnostic tests are provided in Figure 67.

The results of the diagnostic plots confirm the ANOVA assumptions have not been
violated. In the normal probability plot the majority of the points are located around the
straight line, indicating a normal distribution. Slight variation is observed, but it is within
an acceptable standard with a negligible S-shaped occurrence. The majority of the points
in the residual versus predicted value plot have a constant variance within the defined
limits. One outlier exists on the fringes of the line, but can be accepted at this level. A
slight pattern of increasing variance with increasing predicted value can be observed.
However, applying a natural log transform over compensates for this, leading to an
inverse coning trend. Therefore the normal distribution is chosen to be the appropriate

distribution for the data.

173



Internally Studentized Residuals

-1.00 —

-2.00—

-3.00 —

2.00 —

1.00 —

URARARA R R L) LR LN LR R R AR RS LR R RN a N LRRR R R aR OR

1

1" 21 31 41 51 61

Run Number

Predicted

6.00 —

4.00 —

2.00

0.00 —

-2.00 -

=gy G e —— A -~ T o~ oA \_/vnnnr/ lllllllll JUOLLILIL WJINLLLINIv
Normal Plot of Residuals Residuals vs. Predicted
4 004
0] ]
] B é 3.00 —| - B . om
95 3 & - 2
2 90 3 é’ 2.00] S
§ 80 3 Eal
o 70 = N 1.00 — ™ ‘ .
o i ‘ [ n
“© 50 - g L™ @ |
= S " 5]
[ 30 » R mmg U By ; a
g 20 > | o gy B
© o
Z 10 = c -1.00 — = =
E @ L] u [m]
5—: I £
b . 200 B g
1— ] [m]
L -3.00 — s =
T T T T T T T T T T T T T
-3.00 -2.00 -1.00 0.00 1.00 2.00 3.00 4.00 -2.00 0.00 2.00 4.00 6.00 8.00
Internally Studentized Residuals Predicted
- Residuals vs. Run Predicted vs. Actual
4.00 — 800«‘
3.00 — —

2.00

0.00 2.00 4.00 6.00 8.00

Actual

Figure 67 - Case Study 2: Skin: ANOVA Assumptions Plots

In the residuals versus run number plot, no systematic trends are observed. indicating

randomness. Finally, in the predicted versus actual value plot, a good match is observed.

Therefore, the results of the ANOVA and the resultant model can be trusted to accurately

represent the experiment results.

While the mathematical meta-model is not the focus of this case study, it is provided to

enhance the understanding of the behavior within the model. As with the flow rate meta-
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model, the meta-model provided is only useful for local analysis, and will not be valid

outside of the factor ranges, or if any of the numerous constants are altered.

The meta-model for the skin response will take the following form:
Skin = Xy + X,L,+X3Ky, + XoLpK, + XsLp® + XeKp? + X7 K, ® + XgK,*

Again, Ly, is the perforation length and K, is the perforation permeability. The equation
does not contain the number of perforations since it is a categoric variable. Therefore,
three equations are necessary; one for each level of the number of perforations. As well,
for the equations to be valid the units must equal the units of the input variables. These
are L, = [m] and K,, = [mD]. The values of the coefficients for cach level within the

number of perforations are provided in Table 18.

Table 18 — Case Study 2: Skin: Quartic Model Equation Coefficients

Va-l}le. of 1 Perforation 2 Perforations 3 Perforations
Coefficients
Intercept 10.44 5.92 491
Ly —4.12 —4.12 —4.12
K, —0.0206 —-0.0166 —-0.0159
LK, —1.546 x 1073 —1.546 x 1073 —-1.546 x 1073
Ly 3.47 3.47 3.47
K,* 2.859% 1077 2697 % 10~= 2.674x 1075
K,® —1.851x 1078 —1.851x 1078 —1.851 % 10~®
Ky 4533 x 10712 4.533 x 10712 4.533 x 10712

Very little change is observed for the coefficients spanning the number of perforations.
As with the results of the flow rate response, the number of perforations has a mostly
lincar effect. This forces changes within the intercepts for the equations, but does not

affect the other higher order model terms. Significant interactions were observed between
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the number of perforations and the perforation permeability in the ANOVA results.

However, their effect cannot be seen in the coefficients above.

With the ANOVA assumptions verified the model may be analyzed. Figure 68 provides
contour plots showing the skin response, while Figure 69 provides three dimensional
surface plots to further enhance the clarity of the model. Note that for each figure three

subfigures are provided. These are for 1, 2 and 3 perforations, respectively.

Total Skin Total Skin

1600.00

1225.00 1225.00

850.00 850.00 -

B: Perforation Permeability
B: Perforation Permeability

475.00 475.00

0.15 0.36 0.57 0.79 1.00

A: Perforation Length A: Perforation Length

Total Skin

1225.00 —

850.00 —

B: Perforation Permeability

A: Perforation Length

Figure 68 - Case Study 2: Skin: Contour Plots (1, 2 and 3 Perforations)
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Figure 69 - Case Study 2: Skin: 3D Surface Plots

The plots indicate the complex model behavior. As observed, the optimal completion
corresponding to minimum skin occurs when perforation length, perforation permeability
and the number of perforations are all at their maximum values. Each factor within the
model follows complex trends. The number of perforations follows a predominantly
linear trend, the perforation length follows a quadratic trend, while the perforation

permeability follows a quartic trend. Numerous interactions are also present.
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The strong interactions between perforation length and perforation permeability are
apparent within the contour plots, as the contour level increases from the bottom left to
the top right. The understanding of this interaction is essential. As can be seen, at low
levels of perforation permeability, changes in the perforation length do not significantly
affect the skin response. However, as the perforation permeability is increased, changes
in perforation length become much more significant, with greater length leading to less

skin.

From the plots provided it is apparent that to achieve optimal completion effectiveness all
three variables must be considered. Obtaining optimal perforation permeability must be
the focus of any completion operation. If this is not achicved, the perforation will be
below optimum, with extended perforation length not significantly enhancing flow.
However, with high perforation permeability an optimal completion may be achieved,
with efforts to extend the perforation length leading to a substantial decrease in skin. In
addition, increasing the number of perforations (assuming them to be exact replicas and
equally spaced) will result in a significant decrease in skin, thereby enhancing

production.

The next section summarizes the results of this case study, as well as highlighting the

changes in the streamline distributions.

4.5.4 Conclusions
In this case study an [V-optimal design was used to determine the nature of various factor
influences in a cased and perforated well completion within a near wellbore streamline

model. All three factors under study proved significant to the model behavior. The
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precise nature of the influence of cach factor is slightly dependent upon the response
analyzed. For flow rate, the number of perforations results in linear behavior, perforation
length results in quadratic behavior and perforation permeability results in cubic
behavior. Strong interactions are also observed. For skin, a slight increase in model
complexity i1s required. While the behavior of the number of perforations remains linear
and perforation length remains quadratic in nature, the perforation permeability requires
quartic behavior. Several additional interactions are also significant within the skin

responsc.

The most significant conclusion that can be drawn from this analysis is related to the
strong interaction between perforation permeability and perforation length. When
perforation permeability is low, changes in perforation length do not result in increased
productivity. However, as perforation permeability increases, the effect of perforation
length becomes more substantial.  Therefore, to provide maximum completion
effectiveness high perforation permeability must be targeted as the main factor to
optimize. In turn, this will lead to greater productivity as a result of perforation length,

and thereby provide optimal completion performance.

Throughout this analysis the effect of various parameters has been determined, but little
focus has been given to the nature of the streamline distributions. Figure 70 shows the
cffect of the number of perforations on the streamline distribution within the near

wellbore model.
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In the figure significant variations in curvature can be seen as a result of the different
completions. Streamlines begin to flow radially from the external boundary of the
reservoir in the direction of the wellbore. As the distance to the wellbore diminishes, the
effect of the completion on the pressure distribution becomes more significant. This
forces the streamlines to bend, flowing in the direction of the highest pressure
differential. This phenomena forces streamlines to be attracted to areas of high

permeability, forcing them towards and into the perforations.

Throughout this case study the effect of the number of perforations has proven to be a
predominantly linear trend. As the number of perforations increase, the flow rate
increases and skin decreases. This result can be related to the curvature shown within the
figures. For one perforation significant curvature must occur in many streamlines for
them to make their way through the reservoir and into the perforation. For a streamline to
curve a higher pressure gradient is required. The loss in pressure results in less
productivity. Therefore, the observation of significant curvature directly relates to a
reduction in well productivity. As the number of perforations is increased, the curvature
within the streamlines is reduced. Therefore, it is apparent that the more perforations

present, the greater the productivity of a well.

In summary, for a cased and perforated well completion focus must be placed on all three
factors. Maximum levels of each result in optimal well productivity. However, significant
focus must be placed on maximizing perforation permeability due to its strong interaction
with perforation length. In optimizing this parameter and maximizing the remaining

parameters to reasonable limits, maximum completion effectiveness will be achieved.
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4.6 Case Study 3: Filter Cake Buildup in Open-hole Completions

4.6.1 Study Parameters and Assumptions

The following case study deals with determining the effect of filter cake buildup in an
open-hole completion. A description of the completion type is provided in the Section
4.3, along with a description of how the completion is represented in the near wellbore

streamline model.

The purpose of this case study is to determine which factors pertaining to filter cake
affect the productivity of a well, how they affect the productivity, and determine the most
cffective strategy to enhance the effectiveness of the completion. To do this, an V-
optimal design is utilized. As with Case Study 2, this design is chosen to best represent

the expected complexity of the response within the numerical simulation.

4.6.2 IV-Optimal Design Setup

In this case study the properties of filter cake are investigated to determine their impact
on the productivity of an open-hole completion. Three factors are used to represent the
propertics of the filter cake. The factors, along with their corresponding ranges, are

provided in Table 19. Note that all three factors are numeric in nature.

Table 19 — Case Study 3: Factor Summary

Factor | Name Units - -y
(Actual) (Actual)

A Filter Cake Permeability ubD 10 200

B Filter Cake Thickness mm 1 9

C Angle of Coverage deg 45 270
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The table provides high and low values for filter cake permeability, filter cake thickness
and angle of coverage. Note that the filter cake permeability is very low, in the micro-
Darcy range. In addition, the filter cake thickness is very thin, in the millimeter range.
These values are realistic and have been derived from the works of Pitoni & Ballard
(1999) and Ochi et al. (1999). The angle of coverage is chosen to represent the area of the
internal face covered by filter cake. This choice assumes that the filter cake covers the
entire height of the reservoir layer within the model, over the extent of the angle of

coverage within the wellbore.

Numerous other factors play a role in influencing productivity. Variables that are not
under study within this case study are left as constants. The constants for this case study

are provided in Table 20.

Table 20 — Case Study 3: Constants

Factor Symbol  Name Units Value
D k Bulk Permeability mD 100

E K, Free Space Permeability D 100

F I, External Radius m 50

G t, Wellbore Radius m 0.0608
H Iip Internal Face Radius m 0.05

[ Pe External Pressure bar 300

J Pir Internal Face Pressure bar 280

K U Oil Viscosity cP 0.8

L M Tangential Blocks 300
M N Radial Blocks 300

N ) Porosity 0:25
(0] J Streamlines per Block 2

As with the previous two case studies, two responses are recorded; flow rate (in bbl/d)

and total skin. Both are good representatives of the productivity of a well.
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To model the curvature expected within the model an IV-optimal design is utilized.
Information concerning [V-optimal designs is provided in Section 4.2.4.2 and Section
4.5.2. Due to the speed of the near wellbore streamline model a large number of runs is
not an issue. Therefore, as opposed to augmenting the design for more runs when more
complex curvature is observed, this experiment is set up to handle a quartic response
from the beginning. This results in a total of 36 required runs. The run combinations and

results are provided in Appendix IV.

4.6.3 Statistical Analysis
As with Case Studies 1 and 2, the statistical analysis is broken down into two sections. In
Section 4.6.3.1 the flow rate response is analyzed, while in Section 4.6.3.2 the skin

response 1s analyzed.

4.6.31 Flow Rate Response

The first part of the analysis involves determining which model best suites the response.
A fit summary of cach available model type is provided in Table 21. Two coefticients of

determination are provided to assess the adequacy of the match.

Table 21 — Case Study 3: Flow Rate: Fit Summary

Model Sequential Adjusted R- Predicted R- Program
P-value Squared Squared Recommendation

Linear <0.0001 0.9556 0.9486

2FI1 0.8331 0.9524 0.9370

Quadratic <0.0001 0.9987 0.9978

Cubic <0.0001 0.9997 0.9989 Suggested

Quartic 0.0216 1.0000 Suggested

Fifth Aliased
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The table shows R-squared values greater the 0.99 for quadratic models and above.
Design Expert'™ suggest using either a cubic or quartic model. However, as learned in
Casc Study 2, the program suggestion is not always the best solution. Often, especially
for numerical simulations, the suggestion may lead to over complication within the
model. As can be observed in the fit summary, the quadratic model provides very similar
R-squared values, and further analysis proves it to be adequate. Therefore, a quadratic

response surface is used to match the flow rate response.

An ANOVA is performed to determine which factors, interactions and corresponding
higher order terms affect the response. A manual selection process is utilized, eliminating
terms for F-values less than 10. The results of the ANOVA, showing only the significant

factors, are provided in Table 22.

Table 22 — Case Study 3: Flow Rate: ANOVA Results (Quadratic Model)

Source Sum of Degrees of Mean F-Value  P-Value
Squares Freedom Square

Model 93321 2 46660 4285 < 0.0001

C — Angle of Coverage 88478 1 88478 8125 < 0.0001

C’ 3643 1 3643 335 < 0.0001

Residual 359 33 10.9

Cor Total 93680 35

The ANOVA reveals that only term C, the angle of coverage, is significant to the flow
rate response. In addition, the second order term is also significant, providing a quadratic
model of a single variable. The remaining terms concerning thickness and permeability
do provide some influence upon the results, but their importance is overshadowed by the
magnitude of the influence of the angle of coverage variable. Therefore, their influence is

deemed insignificant in this research.
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The model created has an R-squared of 0.9962, an adjusted R-squared of 0.9959 and a

predicted R-squared of 0.9953. These values are very high and are in reasonable

agreement, indicating a valid model.

To ensure the model is valid the underlying assumptions within the ANOVA process
must be confirmed. These include normality, constant variance and randomness of the

residuals. General diagnostics test are run to check these assumptions. The results of

these tests are provided in Figure 71.
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Figure 71 - Case Study 3: Flow Rate: ANOVA Assumptions Plots
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The diagnostic plots reveal non-ideal results. A slight S-shaped pattern can be seen within
the normal probability plot, a coning trend of decreasing variance with increasing
predicted values can be seen in the residual versus predicted value plot, and an outlier
exists as evidenced in several of the plots. These results are not ideal, but they do not
represent an invalid model. The ANOVA analysis is best suited for physical experiments
in which a measure of natural variance can be determined. In numerical simulations, no
such variance exists. The error within a model can only be calculated based upon the
residuals, and not the natural error within the experiment. Valid ANOVA assumptions are
desirable, but are not a necessity for computer experiments. Therefore, the ANOVA
process is more subjective, and may lead to results as seen here. Nevertheless, the

ANOVA process remains valid, and the model can be trusted.

The meta-model as a result of this analysis is as follows:

Q = 632.97 + 6.1606 x 10720 — 2.0681 x 107362

For this equation to be valid the angle of coverage must be in degrees, resulting in a flow
rate in bbl/d. Also, recall that the model is valid for local analysis only; it is not valid
outside of the range under study. As well, it will not be valid if any of the numerous
constants within the model are changed. Nevertheless, it is valuable for use in

understanding the behaviour of the model.

Trusting in the validity of the model, the behavior may be analyzed. Figure 72 provides a
plot of the flow rate response. Since the response is a function of one variable, a regular

Cartesian plot is provided.
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Figure 72 - Case Study 3: Flow Rate: Quadratic Model Plot

The figure clearly shows the quadratic behavior of the model, with error bounds
indicating the expected variance observed from the experimental results. As the angle of
coverage increases, meaning more filter cake exists on the interior walls of the open-hole
completion, the productivity of the well decreases. With further increases in the angle of
coverage, the magnitude of its influence on flow rate also increases, resulting in a more

significant decrease in productivity.

Figure 73 provides additional insight into the model and its match to the experiment data.

The significance of the outliers noticed within the ANOVA diagnostic plots can be
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observed. In addition, by having the data and model shown together, a better feeling for

the adequacy of the match can be obtained.

Case Study 3: Flow Rate vs Angle of Coverage
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Figure 73 - Case Study 3: Flow Rate: Quadratic Model and Data

The plot reveals an excellent match between the model and experiment data. The largest
outliers result in an error of less than 2%. This error is small, and well within the realm of
error expected as a result of the numerous assumptions made throughout the modeling
process. The angle of coverage has a quadratic relationship with flow rate. As the angle
of coverage increases, the flow rate decreases. As well, the magnitude of the slope
increases as the angle of coverage increases, having a more significant impact on

production with greater area of coverage.
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4.6.3.2 Skin Response

Table 23 provides a fit summary to help determine the most appropriate model for the
skin response. The coefficients of determination as well as the sequential P-value are

used to assess the adequacy of the match.

Table 23 — Case Study 3: Skin: Fit Summary

Model Sequential Adjusted R- Predicted R- Program
P-value Squared Squared Recommendation
Linear <0.0001 0.9279 0.9166
2F1 0.8620 0.9224 0.8977
Quadratic <0.0001 0.9964 0.9944
Cubic <0.0001 0.9993 0.9977 Suggested
Quartic 0.0216 1.0000
Fifth Aliased

The table shows R-squared values greater than 0.99 for quadratic models and above. As
with the flow rate response, Design Expert™ suggests using a cubic model. However,
this 1s likely an over complication. The quadratic model provides very similar R-squared
values, was sufficient for the flow rate response, and further analysis proves it to be

adequate. Therefore, a quadratic response surface is used to match the skin response.

An ANOVA is performed to determine which factors, interactions and corresponding
higher order terms affect the skin response. A manual selection process is utilized,
climinating terms for F-values less than 10. The results of the ANOVA, showing only the

significant factors, are provided in Table 22.
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Table 24 — Case Study 3: Skin: ANOVA Results (Quadratic Model)

Source Sum of Degrees of Mean F-Value  P-Value
Squares Freedom Square

Model 17.0 2 8.5 2499 <0.0001

C — Angle of Coverage 15.7 | 1557 4606 <0.0001

e 1.1 1 1.1 313 <0.0001

Residual 0.1 33 0.0034

Cor Total [l 35

The ANOVA results coincide with the results observed in the flow rate analysis. Only
term C, the angle of coverage, and its corresponding squared term are significant to the
skin response. The model has an R-squared of 0.9934, an adjusted R-squared of 0.9930
and a predicted R-squared of 0.9920. These values are very high and are in reasonable

agreement, indicating a valid model.

To verity the assumptions of the ANOVA several general diagnostic tests are completed.

The results of these tests are provided in Figure 74.

As with the flow rate ANOVA diagnostic plots, the results are non-ideal. An S-shaped
trend is observed in the normal probability plot, increasing variance with increasing
predicted values is observed, and outliers exist. However, as explained in the tlow rate
analysis, the results of the ANOVA diagnostics are not as significant since this 1s a
computer experiment. No natural variation exists, and therefore the error term is strictly
as a result of the insignificant residual terms. Thus, despite the non-ideal trends, the

model can still be trusted.
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Figure 74 - Case Study 3: Skin: ANOVA Assumptions Plots

The meta-model as a result of this analysis is as follows:

Skin = —0.05699 — 3.2843 x 10736 + 3.5362 x 107592

Again note that for this equation to be valid the angle of coverage must be in degrees

[}

with skin being unitless. The model is valid for local analysis only, within the given

range of the angle of coverage and under the same constants assumed for the case study.
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Outside of these constraints the model is invalid. Nevertheless, it is valuable for use in

understanding the behaviour of the model.

Trusting in the validity of the model, the behavior may be analyzed. Figure 75 provides a
plot of the skin response. As with the flow rate response, the skin response is a function
of one variable. Therefore a two dimensional Cartesian plot is sufficient to show the

behavior of the model.

One Factor

2 —

1.5 —

A==
{ o=
£
w

0.5 -

O —

-0.5 —

| [ I [ [ I
45.00 90.00 135.00 180.00 225.00 270.00

C: Angle of Coverage
Figure 75 - Case Study 3: Skin: Quadratic Model Plot

The quadratic nature of the model is evident within the figure, with error bounds
indicating the expected variance observed from the experimental results. As the angle of

coverage increases, the total skin increases, thereby decreasing the productivity. With
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further increases in the angle of coverage, the magnitude of its influence on skin also
increases, resulting in more significant decreases in productivity. This result concurs with

the result of the flow rate analysis.

Figure 76 is provided to assess the model in relation the experiment results.

Case Study 3: Skin vs Angle of Coverage

1.5

y = 3.5354E-05x2 - 3.2827E-03x - 5.6998E-02
R?=9.9344E-01

Total Skin

270

Angle of Coverage (degrees)

Figure 76 - Case Study 3: Skin: Quadratic Model and Data

As can be seen in the figure, an excellent match is obtained, confirming the conclusion
regarding the ANOVA results. The outliers to the far right result in a 12% error, within
acceptable limits. The model confirms the significance of the angle of converge in
influencing the apparent skin. The other terms under study relating to the properties of
the filter cake have a minimal effect in comparison, and are concluded to be insignificant

over the range vestigated.
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4.6.4 Conclusions

In this case study an IV-optimal design was used to determine the nature of various filter
cake properties in an open-hole completion within a near wellbore streamline model.
Both flow rate and skin responses were used to assess the impact on the productivity of a
well. For both responses only the angle of coverage proved to be significant. Two
quadratic models were created, both of which provided excellent matches to the

experiment data.

The other factors under study, those being filter cake thickness and filter cake
permeability, both proved to be insignificant over the range studied. Their influence
results in the variation between data points and the model, but their impact is small in
comparison to the importance of the angle of coverage. Therefore, over the range of
values under study, it can be concluded that the properties of the filter cake are
insignificant. It is the mere presence and lateral coverage of filter cake on the internal
face of the wellbore that affects the productivity of a well, regardless of the properties of
the filter cake itself. The extremely low permeability of filter cake means that its mere
presence causes a change in flow. Therefore, changes in permeability and thickness have

no effect.

Throughout this analysis the effect of various parameters has been determined, but little
focus has been given into the nature of the streamline distributions. Figure 77 shows the
effect of the angle of coverage of filter cake on the streamline distribution within the near

wellbore model.
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Three subplots are provided in the figure, one for 45°, 157.5° and 270° of coverage,
respectively. The coverage can be difficult to observe. It always begins at zero degrees
and moves counterclockwise around the wellbore to its end location. A circular line
distinguishing the transition from the bulk reservoir face to “free space” can be observed.
Where this line does not exist, or where it cuts into the internal boundary, represents the

presence of filter cake.
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Figure 77 - Influence of Angle of Coverage on Streamline Distribution
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The effect of the angle of coverage is evident within the figure. Where no filter cake
exists, streamline move radially towards the wellbore. Streamlines which approach the
filter cake tend to deflect in the direction of the nearest region of high permeability. Some
streamlines may reach the high permeability region. However, many are forced to hit and
travel through the filter cake, resulting in reduced productivity. Due to the Laplace
procedure, a pressure differential will exist between the reservoir nodes and adjacent
radial filter cake nodes. As a result, a velocity will exist at the face. Streamline approach
the filter cake and begin to deflect away. However, if the streamline touches the filter
cake (edge of the grid block) it is forced to travel through it as a result of the Pollock

streamline tracking methodology.

As the angle of filter cake increases, more streamlines are forced to enter the filter cake,
resulting in decreased flow and higher skin. The deflection of the streamlines can be
observed by analyzing the density of the streamlines at the internal boundary. As most
cvident in the 270° subfigure, streamlines tend to enter with high density in the area in
which no filter cake exist. The streamlines are more spaced, having less density, in the
arcas in which filter cake is present. This is as a result of streamlines deflecting further
out in the reservoir domain to avoid the low permeability section. Figure 78 provides a
plot showing the curvature further out in the reservoir domain. The curvature of the
streamlines and the progression through the filter cake is responsible for the reduction in

the productivity.
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Figure 78 - Curvature as a Result of Angle of Coverage (270°)
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4.7 Investigating Non-Darcy Flow Effects

The modeling process presented in this research deals strictly with Darcy flow. For this to
be valid, flow throughout the reservoir medium must remain laminar. While this is
clearly the case for slow moving areas in the outer regions of the reservoir domain, the
increase in velocity with decreasing radius leads to the possibility for non-laminar flow in
the very near wellbore vicinity. If the flow regime becomes non-laminar, non-Darcy flow
effects must be considered. In the industry, non-Darcy flow effects occur predominantly

in high productivity gas wells.

To determine if the flow is laminar for the cases studied, the Reynolds number can be
calculated. The Reynolds number is a dimensionless number that compares the ratio of
inertial forces to viscous forces. It is commonly used in fluid mechanics to distinguish
between various flow regimes; laminar, transition and turbulent. The equation for the

Reynolds number is as follows:

where p is the fluid density, V is the fluid velocity, D is the hydraulic diameter and p is
the fluid viscosity. In traditional pipe flow methodologies laminar flow is considered to
have a Reynolds number of less than 2300. The additional complexity associated with the

flow of fluids through porous media reduces this threshold to less than 10.

As opposed to determining the Reynolds number for each case, typical values used within

cach cased study are used to determine the maximum flow rate for laminar flow.
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Providing the flow rates occur under this value, the case study results should be valid.

The values used to determine the threshold are provided in Table 25.

Table 25 — Darcy Flow Threshold Values

Parameter Value  Units
Wellbore Radius 0.05 m
Reservoir Layer Thickness 5 m
Porosity 0.25

Oil Density 800  kg/m’
Oil Viscosity 8x10™ Pas
Pore Throat Diameter e L m

Note that the chosen pore throat diameter comes from an article by Philip Nelson in the
American Association Petroleum Geologists (AAPG) Bulletin (Nelson, 2009). The
remainder of the values are selected based upon typical values used in the previous case

studies.

For the calculation, the flow rate represents the tflow into the well. Area represents the
cylindrical reservoir region connected to the well. The formula for the arca of the

cylindrical reservoir wall is as follows:
A =dnr.h
Note that Darcy velocity is:

Q
4

u =

To determine the real velocity the Darcy velocity must be divided by the formation

porosity:

Q9__Q
AQ  2mr,h®

U
=5=
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The Reynolds number expression may be reduced as follows:

77,70)
B pVD p(anwh(D - . p@D
o u - 2mr,, h@pu
Rearranging the expression:
_ 2w, hQuR,
= oD

Inserting the chosen values:
2m(0.05m)(5m)(0.25)(8 x 10~*P 10 m3 bbl
B Dm0 20 0.01964— = 10670 —

(800kg/m3)(2 x 10=®m) d

Therefore using the conservative approach of laminar flow ending at a Reynolds number
of 10 the maximum flow rate is 10670 bbl/d. All case study results presented in this
research are significantly less than this maximum value, eliminating the need for concern
in relation to non-Darcy flow effects. Additional discussion regarding non-Darcy flow

cffects is provided in the recommendations for future work in Chapter 6.
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- Chapter 5 -

5.0 Extension to Three Dimensional Streamline Modeling

5.1 Introduction

In Chapter 3 the procedure for streamline modeling in two dimensions is explained in
detail, outlining the major steps involved within the modeling process. This includes
details on working in polar coordinates, grid discretization, solving the Laplace equation,
utilizing Pollock’s methodology to generate streamlines based on time of flight and using
stream tubes to determine flow rate. The model developed in Chapter 3 focuses on a
heterogeneous and isotropic medium in which reservoir heterogeneity is the dominating
factor influencing flow profiles. The novelty of the approach includes the first fully
functional use of streamlines in a radial geometry as well as proving streamline modeling
to be stable within the near wellbore region. In Chapter 4 the model is applied to realistic

case studies, proving its uscfulness and validity.

The extension of streamline modeling to three dimensions has been established in the
literature for over 15 years, as discussed in Chapter 2. The focus of this chapter is to
explain the process for modeling streamlines in a three dimensional cylindrical
coordinate system. A three dimensional representation of a cylindrical grid is provided in

Figure 79.

The three dimensional modeling process explained in this chapter is provided from a
higher level perspective as compared to that of Chapter 3 since most of the derivations

and modeling methodology will not differ from that previously explained. The
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appropriate modifications to the modeling procedures are discussed, including Laplace
equation alterations, streamline modeling alterations and a new method to determine flow
rate. The focus is on a heterogeneous isotropic medium, with discussion on the general
case of a heterogeneous anisotropic medium. Detailed programming in three dimensions
is not performed, but the procedure is established with several recommendations for

future research being provided in Chapter 6.

Figure 79 - 3D Cylindrical Grid Layout

For consistency, the model elaborated upon in this chapter remains a vertical well in a
cylindrical reservoir. The advantage of modeling in three dimensions for this scenario lies
in the ability to model vertical flow movement within the reservoir as opposed to

assuming strictly parallel flow for the horizontal planes. Therefore, the assumption of a

203



Near wellbore dtreamline Modeling for Advanced Well Completions Justin SKinner

fully perforated layer for the entire thickness of the reservoir slice may be lifted, allowing
flow profiles to veer from parallel with the horizontal plane. In removing this assumption
accuracy is increased and more realistic completions of increased complexity may be

investigated.

The most significant benefit of three dimensional modeling comes from its applicability
to all reservoir and well configurations. The modeling process may be applied to any
reservoir domain with various boundary conditions and fault interactions under either
polar or Cartesian coordinate systems. Additionally, horizontal and deviated wells may
be modeled. The versatility of the modeling process allows for full field streamline
modeling, allowing greater insight for reservoir engineers in understanding the intricacies

of flow in complex reservoirs.

The remainder of this chapter explains the modeling alterations required to extend the
two dimensional radial scenario for a vertical well to a three dimensional cylindrical

reservoir.
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5.2 Laplace Equation Alterations

To extend the work of Chapter 3 to three dimensions, the vertical direction must be
entered into the formulation process. Therefore, the polar system must be altered to a
cylindrical system, incorporating the z-axis as the third dimension in addition to radius

and angle.
Recall from Section 3.3 the unit vector notation for a polar coordinate system is:
e, = (cos@,sinf)
€g = (—sinf,cosH)

The incorporation of the z-direction is a straight forward process since the z-axis
corresponds with a principle permeability direction (Johansen, 2008). The unit vector

notation in three dimensions becomes:
g =1cosd,5mp,0)
€g = (—sinf,cosb,0)
& ={0.0,1)

Recall that the polar notation for Darcy’s law, as derived in Section 3.3.2, is:

dp
o R 1 - 1 Kr KB 5
i= =K== i) Lop
r 06

Again, the extension of this to three dimensions is a simple application as a result of the

alignment of the z-axis. In cylindrical coordinates Darcy’s law becomes:
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_ap_

ar

. it e Ui,
u:——‘er,ep:—— Kg Kt 0 b
Z ap

_62J

The derivation of the Laplace equation in polar coordinates is provided in Section 3.3.3.
To apply this to three dimensions the pressure derivative in the z-direction must be

considered. The three dimensional derivation is as follows:

190

10 d
Vigz U= ;51:(7” W)=+ ;%(ue) Aie a(uz) =0

1.0 (K ap+1K Op) +16(K 0p+1K6p)+6<K ap>_0
rar\ \7ar 7 %80/ ) Traa\"%ar "7 tag) T az\"?9z) =

L g ( K ap)+1 d (K ap)+1 ad (K 0p>+ 10 (K ap)+ d (K ap)_o
ror\ "ar) T rar\ ?ag) T raa\"09r) T 206\"30) T3z \"75;) T
This is the generalized form of the Laplacian in a three dimensional cylindrical
coordinate system for the case where the Cartesian coordinate system aligns with the
principle permeability directions. As with the two dimensional polar approach,

simplifications can be made for homogenous or isotropic media. For a heterogeneous

isotropic case this reduces to:

16(Kap)+1a<Kap)+a(Kap>_O
ror\ " ar) T 250\ 50) T52\"252) T

For a homogenous anisotropic case the Laplacian reduces to:

’p K,.0p Ky 0°p K,90%p d°p
YOt o ar r 0rdd 12902 ?0z?

=0
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For the simplest case of'a homogenous and isotropic medium the Laplacian reduces to:

@ lop 19% 9%

= et o i, )
0r? radr r206% 0z2

The solution of the Laplace equation, regardless of the case chosen, follows the same
general approach outlined in Section 3.4. Following discretization, a set of linear
cquations must be generated followed by the application of appropriate boundary

conditions. Following the correct setup in matrix format the solution may be generated.
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5.3 Streamline Modeling Alterations

Once the solution to the Laplace equation is obtained, the pressure at all nodes
throughout the reservoir medium is known. Knowing the nodal pressures, the velocities at
all face boundaries can be determined. For a sector in three dimensions six face velocities
are required; two for the radial faces, two for the tangential faces, and two for the plane
faces. The required face velocities, along with proper three dimensional notations, are

provided in Figure 80.

Ui-1/2,,z
it \\ Uijz+1/2
U i+1/2,j,2 T Ui1/2,z
\ = e}
\ Uij+1/2,2 L_w |
Ui+1/2,z Uijz1/2
3D View Plan View Profile View

Figure 80 - Sector Velocity Field in 3D

The equations for the six velocity terms are as follows:

1/ dp 1 0
(%3 7% 25)

=T\ ar T 5
_ 1(1{ dp 1 Op)
o =\t T N5
1 dp
=__1<_)
- u( 0z
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Therefore, in discretized form for the general case of a heterogencous and anisotropic

medium the flux formulations become:

- - Pi+1,j,k — Pi,jk

R i 1 Il
L+§,j,k L+§,],k Vig =

1 0 Pij+1k — Pijk . g Pijk — Pij-1k
she====l " 5 =——————pllf 4 =—=———o0
27'i+1/2 l!]+7rk AG l,]—?k AB
- _ Pijk — Pi-1,jk
T TR
i—pik igik Ty =T
1 2] pi,j+1,k == pi,j,k 2] pi,j,k - pi,j—l,k
+—i21’ ; il
2 rl_l/z ’-:]+§vk AQ "J—Er Ag
v 1 Dij+1k — Pijk
st gr 3. m— ey
Lj+5k r; Ljtzk AB
1/ 4 Pij+1k — Pijk = .g Pijk ~— Pij-1k
o T +Ar, =
2\ Litgk Ty T W NH—Tid
0 L o Pijk — Pij-1k
u’ 1 =—A
l'J—E.k 7 l,J—E,k AB
1/ 4 Pij+ik — Pijk . g Pijk — Pij-1k
el 4 Pl o
ANROAS L O ¥ bl Ti —Ti—1
= __ Pijk+1 — Pijk
- 11—, 1
Lik+s Lik+3 Zi je+1 = Zijk
> _ 37 Pijk — Pijk-1
LYT Rl ey |
Lj K= L, ) Zi,j,k s Zi,j,k—l

Note that i,j and k are the counters in the r,8 and z directions respectively. Also note
that z; j 41 — Zj j i OF Zi jx — Zi jx—1 may be replaced with Az provided a uniform layer

thickness is chosen.
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The specialized case of a heterogencous isotropic medium, as modeled in Chapter 3, may

be reduced as a result of Ky = 0. Therefore the flux formulations become:

r e Pi+1,j,k — Pijk
R L
L+§,],k l+§,],k T'l+1 i rl
7 _ g Pijk — Pi-1,jk
Mol o = e
=gl =g i —Ti1
6 4 JY: Dij+1k ~ Pijk
U = .= e
Lj+5.k 1 Litsk AB
6 1 2t Pijk — Pij-1k
UL, Q- S . = o
Li-3k 1 Lj-5k AO
5 . Pijk+1 — Pijk
u 1=4A4 1
Ljk+s Ljk+5 Az
z _ % Pijk — Pijk-1
... i1=4A .. 4— %
Ljk-3  Lik-3 Az

Once the face velocities are calculated the streamline modeling process can begin. Note
that the velocities used above are Darcy velocities or volumetric fluxes as opposed to real
velocity. These may be converted initially at this stage or after the streamlines are
mapped, but it must be converted at one of these times to ensure proper time of flight

values for further calculations involving flow rate, mass transport, saturations or the like.

Knowing the face velocities, the entire velocity field throughout the reservoir medium
(within the grid blocks) must be generated. To calculate these values different forms of

interpolation are utilized. As with the two dimensional case, velocity in the radial
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direction will increase inversely proportional to the radius, which is established as

follows:
aT
ur(r) = T + br

In the transverse and vertical directions velocity is considered linear with the following

interpolation equations being applied:
ug(é?) = a96 =+ bg
WAz =@z 4 b,

The known face velocities are used as boundary conditions to determine the unknown
cocfficients a,, by, ag, by, a, and b,, which will differ for each grid block. For the case of
a heterogencous isotropic medium, the equations, derived from a substitution and
elimination approach, are as follows:

i Ti—1/2Ti+1/2 <ur =
tijke = o Sl T L
Tiv1/2 — Ti—1/2 \ 1=k  itgjk

oo & jute
ik WL T
2 Tit1/2
0 0
u 1. —U 1
0 i,] f‘k l,]+§,k
Gk =g g
—1/2 JENT
9 0 0
bijr = a;jkbi+1/2
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U_Z. = u.Z. 1
az _ l’]‘k_f l,j,k+z
ijk =
Zk-1/2 — Zk+1/2
Z zZ Z
Lk =Wl T Bk /2

Once the velocities coefficients are determined the velocity field throughout a grid block,
and the entire reservoir medium, is known. Next, the travel time of a particle must be
determined. In a two dimensional radial grid only two travel times are necessary; radial
and tangential. In three dimensions the vertical travel time must also be considered. The

travel times in question are illustrated in Figure 81.

t theata

Figure 81 - Radial Sector Travel Times for 3D Modeling
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The streamline process, as discussed in Chapter 3, involves calculating the travel times
from an entrance point to each of the prospective exit faces. The direction with the least
travel time is the exit face for the particular grid block. For three dimensions in a

cylindrical system, this would be represented by:

tmin = min (tr: te; tZ)

Each of the travel times are calculated by integrating the inverse of velocity with respect
to distance and evaluating from the entrance point to the prospective exit face. This is

represented mathematically as follows:

(X = W ()t

i

U=

Xen

= | uxl(x) >

Xex

In the above expression x represents a particular direction; either radial, tangential or
vertical. The resultant equation for time traveled to each face is dependent upon the

velocity expression.

Continuing with the case of a heterogencous isotopic medium, the time equations for

cach direction are:

a, + brren>

1
b il e et (
r b 5 (Ten rex) a,in a, +brrex

r
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1
b= ;—(ln(bg + agBex) — In(bg + agBen))
0

1
t, = a—(ln(bz + a,Zey) — In(b, + a,z,,))
Z
As mentioned, the actual time for the particle to travel from the entrance face to the exit

face, known as the time of flight, is the least of ¢,, tgor t,.

Once the minimum time and exit face is determined the precise location of the exit point
can be established. This is performed by substituting the minimum time into the time
equations for the remaining directions and solving for the respective exit coordinates. An

illustration of tgbeing the minimum time is provided in Figure 82.

Figure 82 - Path of Particle in 3D Sector
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The equations for determining the exit location for the radial and tangential directions
were derived in Chapter 3 and are not modified for the three dimensional approach. As
well, since the z direction undergoes the same linear interpolation as the theta direction,
the derivation is similar. The equations to find the exit locations when the minimum
travel time is not in the respective directions are:

1
bmin — b_r (Ten = rex) e % (ln(ar ‘2 brren) - ln(ar ‘s brrex))

r

Tox: = Tox:n —
ex:n+1 ex:n a, 1

1
b_r _b—rar + by Tex

e'min® (bg + ag6,,) — by
Ag

Ocx =

etmmaz (bz T azzen) — bz

a;

Zex

Note the radial direction requires a numerical approach, while the tangential and vertical

directions are closed form analytical expressions.

Once the location of the exit point is determined, it then becomes the entrance point for
the adjacent block. The entire process is repeated from block to block until a streamline is
generated starting from the entrance boundary (external radius) to the exit boundary
(internal radius). This is then repeated for numerous external entrance points to generate a

strecamline distribution throughout the reservoir medium.
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5.4 Flow Rate Calculation Alterations

In Chapter 3 flow rate is determined in two dimensions by tying adjacent strcamlines
together to form stream tubes. Area within the stream tubes is determined by calculating
the magnitude of the cross products between vectors at radial face intersections and
averaging for opposite angles in the quadrilateral. Knowing the arca for each segment,
averages for porosity and time of flight are obtained between the adjacent streamlines and

flow rate may be determined via the following summation along all streamline segments:

h
q= TZ bi A
ij

In general, the extension of the stream tube approach to three dimensions becomes more
complex as a result of the difficulties involved in tracking tube geometries in three
dimensions. Depending upon the reservoir and well geometry, the area or volume
calculations for stream tubes may become difficult to solve in a systematic mathematical

fashion.

However, for a cylindrical reservoir a systematic approach may be obtained utilizing
radial boundary intersections and the basic velocity field principle enforcing streamlines
to never cross. Section 5.4.1 discusses the procedure to determine flow rate in three
dimensions for the case of a three dimensional cylindrical reservoir with a vertical well at
its center. Section 5.4.2 discusses an alternative approach utilizing time of flight to

cstablish flow rate independent of the stream tube approach.
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5.4.1 Flow Rate Calculations with Three Dimensional Stream Tubes

As discussed previously, streamlines provide an instantaneous viewpoint of the velocity
field throughout a reservoir. Since the velocity at a particular point can only be in one
direction, streamlines can never cross. This principle is essential in the calculation

procedure to follow.

For a cylindrical reservoir, streamlines must start along the external boundary and work
themselves in towards the wellbore (internal boundary). The external boundary in this
case is the exterior of a cylinder with a radius equal to 7,. To aid in the visualization of
the stream tubes, imagine the unwrapping of the exterior boundary, or all radial rings

throughout the reservoir medium, into a rectangle. This is illustrated in Figure 83.

Figure 83 - Unwrapping of Exterior Boundary to a Rectangular Surface
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The unwrapped rectangle will have a height h and a length equal to the circumference of
the reservoir (2mr,). All streamlines start at this face and proceed inwards towards the
well as a result of the differential pressure in that direction. To establish the starting
points of the streamlines the rectangle may be discretized into a grid composed of a series
of equally sized triangles, as illustrated in Figure 84. The vertices of the triangles are uses
as the starting points for the streamlines, while the triangles themselves are used as the

stream tubes for the flow rate calculations to follow.

Figure 84 - Triangulation Grid for 3D Mapping

The discretization into triangles may be performed in a number of ways. For tracking
consistency it is best to ensure the streamlines start in a rectangular base pattern, forcing
each rectangle between four streamlines to consist of two triangular stream tubes. Inputs
are required for the number of radial points and the number of layers of points. The

spacing and cylindrical coordinates can then be determined based upon these inputs.

Once the starting points for each streamline are established the streamline modeling

process can be performed, as described in Section 5.3. The mapping of all streamlines is
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carried out in the normal fashion, recording coordinates for each grid face intersection in

three dimensions.

Once the streamline mapping is completed the flow rate procedure may begin. Two key
principles allow for the tracking of streamlines in a cylindrical reservoir geometry;
streamlines can never cross and they will always progress inwards as a result of the

positive differential pressure between the external boundary and the well.

In the streamlines modeling process all face boundary intersections are recorded when a
streamline comes into contact with a face. For the purpose of these calculations only the
points intersecting the radial faces are required, reducing the data set for each streamline
to the same number of recorded coordinates. At the radial face intersections the
streamlines may again be connected to form a triangle, likely of a different shape and on
a different angle as the initial triangle. The two triangles for subsequent radial faces may
be connected at each vertex to form a segment of a stream tube. This is illustrated in

Figure 85.

A

Figure 85 - Triangular Stream Tube Segment
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The challenge for the remaining aspects of the flow rate calculation procedure lies in
determining the volume occupied within these stream tube segments. To determine this,

various elements of vector algebra are required.

As discussed in Chapter 3, the area of a parallelogram formed by two vectors can be

determined by calculating the magnitude of the cross product between them, as follows:

Aparallelogram = |F x G|
Aparallelogram = |F||G|cos 6
In the above, F and G arc vectors formed by lines connecting three points, with 6
representing the angle between them within the plane of the vectors. These three points
represent the triangular stream tube intersections with a radial face. The area of a triangle,

formed by a third vector H, is simply half the arca of the parallelogram, or:

1
Atriangle = 2 |F||G| cos 6

A schematic illustration of this area calculation is provided in Figure 86.

To determine a volume a triangle must be extruded to the next radial triangle along one of
the three streamlines connecting the two. In the simplest case the two radial triangles
would be of the exact same size and parallel to each other. In this scenario the angles
between the triangle plane and each of the streamlines would be the same, resulting in the
same area being calculated for the stream tube regardless of which streamline vertex is
chosen for extrusion. Figure 87 provides an illustration of the volume calculation for a

simplified stream tube segment. The resultant volume is one half of a parallelepiped.

220



iNval yvvulivvule ouuvalliiiuav lVlUU\.«Illls 1UL Mauvaliveu vy il \_,UllllJl\/llUllD JUOLLILL NIV

Figure 87 - Parallelepiped Volume Calculation
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The volume of the parallelepiped formed by three vectors is the absolute value or
magnitude of the scalar triple product of the vectors F, G and K. The scalar triple product
is the cross product of the two vectors in the plane (F,G) with the dot product of the

vector out of the plane (K). The mathematical expression is:

Vparallelepiped =|K-(FxG)|
Since the interest is in the extrusion of the triangle formed by vectors G, F and H along

the vector K, the volume of the simplified stream tube becomes:

1
Vhalf parallelepiped = E |K - (FxG)|

The direct scalar triple product procedure outlined above is not sufficient in itself to
determine the volume of a realistic stream tube segment. The assumptions of the method
include parallel triangles of equal size leading to equal length streamlines at each vertex.
In reality, reservoir heterogeneity and the progression to smaller radial faces will cause
streamline segments to have different lengths between radial faces. This will force the
subsequent triangles in a stream tube to be of a different size than the previous and have
different angles at each streamline vertex. The different sizes and angles create six
extrusion vectors within a stream tube in which a scalar triple product may be performed.

The six extrusion vectors are shown in Figure 88.
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Figure 88 - Triangular Stream Tube Six Vector Extrusion

If the six triple products were to be calculated along each of the six extrusion directions
(three vertices for each triangular area) six unique tubes of different volumes would be
generated. An illustration of the potential stream tube formations is provided in Figure 89
and Figure 90. Note that translucent vertical baffles are added to enhance the clarity of
the figures. The arrows in the figure indicate the extrusion vector for each stream tube

segment.

Figure 89 - Six Unique Half Parallelepipeds
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Figure 90 - Six Unique Half Parallelepipeds (reverse direction)

To overcome this issue a simplification must be applied. The area of both triangles can be
calculated using the cross products at each respective radial face. Knowing these two

areas, an average area for the stream tube cross-section can be determined, as follows:

o1
A =E(Ai + A1)

S (0| 1

A =5(51R11G] cos 6, + 3 1Fi 111G 4| cos 6,1 )

_ 1
A= Z(lFi”Gil cos 6; + |F;_111G;-1| cos 8;_1)

The volume of the stream tube may then be calculated by taking the average length of

each streamline segment and multiplying it with the average area, as follows:
g, = -
X =z (Il + 1%l + 1)

Vstream tube segment — A~x
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The averaging procedure should be mass conservative. The average area is determined by
averaging the exact area at each stream tube segment face. Volume is then calculated by
taking the average arca and multiplying it by the average streamline segment length. This
should be a mass conservative approach, determining an accurate volume for a stream

tube segment.

[t should be noted that if differences exist, they should be small. In addition, if the
averaging procedure for one stream tube segment overestimates, then the adjacent stream
tube segment will underestimate. Therefore, the sum of the volume of each stream tube

throughout the reservoir domain will equal the total volume of the reservoir.

Knowing the volume of each stream tube segment, the segments along each tube may be
summed from the outer boundary to the inner boundary to determine the total volume of
the stream tube. For true volume, porosity must be incorporated. Therefore the bulk
volume of a particular stream tube segment must be multiplied by the porosity for the
segment. If the porosity value changes within the segment an average must be calculated.
The pore volume for the stream tube is then calculated as follows:

n

Vstream tube = § Vstream tube segment X (.bstream tube segment
i=1

The time of flight along each streamline vertex must be averaged to represent a single

time of flight for each stream tube, as follows:

s " 3
L= §(|t1| + 2| + [£5])
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The total flow along each stream tube is then:

_ Vstream tube
Astream tube = =

t

The total flow rate is then calculated by summing the flow contributions of each stream

tube, as follows:

n
Q = § Gstream tube
i=1

The method established here represents an approximation to determine flow rate for a
threc dimensional cylindrical coordinate system. Given a sufficient number of
streamlines the method should calculate an accurate value for flow regardless of any
complex heterogeneities throughout the reservoir medium. An alternative method for any

reservoir and wellbore configuration is discussed in the next section.
5.4.2 Generalized Three Dimensional Flow Rate Calculations

5.4.21 Assumptions Involved in the Full Field Three Dimensional

Procedure

Streamline modeling is a prominent aspect of several commercial ventures within the
petroleum industry. In full field three dimensional streamline models (involving multiple
wells and complex grid configurations) the tracking of tube geometries can become
complex and numerically exhaustive. Therefore, to simplify the calculation procedure

stream tubes are no longer mapped. Instead, a more abstract approach is utilized in which
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a streamline is viewed as the center of an individual stream tube of known volume but

unknown geometry.

Recall from Chapter 1 a fundamental difference exists between full field reservoir models
and near wellbore reservoir models. Simply stated, a near wellbore model focuses on a
limited region surrounding a single well, while full ficld models focus on numerous wells
in a much larger reservoir domain. As a result, certain procedures and methodologies
which may apply to modeling on a field scale may not apply to modeling on a smaller
scale. This may be the case with respect to the flow rate modeling methodology utilized

within the current full field streamline models.

In full field models, numerous production and injection wells are incorporated throughout
the reservoir domain. At each injection well the injection rate is a known input. This is
distinctly different from the stream tube methodology presented in the previous section,

in which flow rate is an unknown and is the subject of the calculation procedure.

Recall that wells in traditional models are represented as a point in the center of a large
grid block. In full field models, all streamlines will start from an injection block and
proceed to producers along paths dictated by the streamline modeling process. It is then
assumed that the flow rate along each streamline is equal to the total flow rate divided by
the number of streamlines (Thiele et al., 1996). A two dimensional graphic providing an

illustration of the concept is provided in Figure 91.
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: - Grid block with
; -+ injection well &

e e :

Figure 91 - 3D Flow Rate Assumption

In the figure a slice of a Cartesian grid block is shown. The grid nodes are shown as red
circles while the streamlines are shown as blue lines. An injection well is established in
the center grid block. Each streamline will now be viewed as the center of an individual
stream tube of known volume but unknown geometry. With the total injection flow rate

Q7 known, the flow in each stream tube is assumed to be:

q; = Qr/N

In the above N represents the total number of streamlines. Note that the locations of the

streamlines are divided equally as required by this assumption.

Knowing the flow rate in each stream tube the volume of the tube can be established
based upon the time of flight of the streamlines. In its simplest from, the volume along a

tube segment AV 1s:
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AV = inT

In the above g; is the known flow rate along the streamline and A7 is the time of flight
along the segment of interest. If a streamline has a small time of flight it represents a fast
moving tube containing little volume. Likewise, a streamline with a large time of flight

represents a slow moving tube containing a large volume.

5.4.2.2 Significant Aspects of the Full Field Three Dimensional

Procedure

Based upon the assumption highlighted in the previous section, one of the most
significant aspects of full field streamline modeling is established. To explain this, one
must looks back to the two dimensional case. In two dimensions, using the stream tube
approach in which the geometry of the tube is known, a dimensionless length can be
established, as follows:

Jy oA )dE
Xy = I7p

where € is a coordinate along the streamline, @ is the porosity, A; is the cross-sectional

arca of the tube and V, is an arbitrary pore volume used for scaling (Johansen, 1992;

Thiele et al., 1996). Likewise, a dimensionless time can be established as follows:

229



INCAr v ClDOTC Siredmime vioacling 1or Aavancea w el compleuons Justun >KInner

Knowing these two dimensionless variables it then becomes possible to solve flow and
transport problems involving streamlines as a function of xj, and t; along the streamlines

(Johansen, 1992; Thiele et al., 1996).

In three dimensions, using the variables established above, it then becomes possible to
model flow and transport without explicitly knowing the tube geometries. Assuming

equal flow into each of the stream tubes the ratio of xp /t; can be expressed as:

xp _ Jy 0ADdE 1

tp qt 8

vA(§) Tt

u t

TOA(OE 1 (fdE _t
) |

In the above u = v /¢ is the Darcy velocity and 7 is the time of flight along a streamline
from the initial point to a particular point s (Thiele et al., 1996; Johansen, 1992). In
knowing that the dimensionless ratio xp/tp is equivalent to the ratio 7/t the need to
cvaluate complex tube geometries is eliminated since the ratio 7/t will only be dependent

upon the velocity along a streamline.

The development of this technique not only eliminates the need to evaluate tube
geometries, but it also separates the streamlines from the underlying finite difference
grids, as well as decouples the effect of heterogencities from subsequent transport
calculations (Datta-Gupta & King, 2007). This is often considered the key step that has
allowed streamline simulation to succeed for complex field scale three dimensional

problems.
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5.4.2.3 Comparison of the Full Field Three Dimensional Assumption

to the Stream Tube Approach for Near Wellbore Modeling

The continuation of the streamline modeling process in the evaluation of transport
phenomena, temporal updates, gravity, compressibility, history matching and the like is
beyond the scope of this thesis. However, the evaluation of the underlying assumption of
cqual flow in each stream tube can be investigated for its applicability to a near wellbore

scale model.

As explained previously, the three dimensional approach involving stream tube
calculations is not programmed and, therefore, cannot be investigated. As a substitute, the
assumption is tested for the two dimensional approach outlined in Chapter 3. To test the
assumption, a generalized case involving eight equally spread blocks of low permeability
is analyzed. According to the assumption, the flow rate for each stream tube should be
cqual. In theory, this may be possible. Streamlines coming near or into contact with low
permeability regions tend to spread themselves apart. The increase in volume between the
streamlines is counteracted by an increase in the time of flight along the streamlines, and

thereby may cancel each other out, generating strecam tubes with equal flow rate.

The specific details of the case under investigation are provided in Table 26.

As shown in the table, the number of streamlines per exterior tangential block is three.
With 120 tangential blocks in the case, a total of 360 strecamlines are generated. This
translates into 360 stream tubes between streamlines. Note that porosity is assumed equal
throughout the reservoir for ease of calculation. The permeability distribution in the

reservoir 1s provided in Figure 92.
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Table 26 — Case D: Parameter Details

Case Eight block of low permeability to test the equal stream tube flow
D rate assumption used in three dimensional streamline modeling
Factor Symbol Name Actual Value
Units
A icH Wellbore Radius m 0.05
B I External Radius m 50
€ N Radial Blocks 50
D M Tangential Blocks 120
E Puwi Wellbore Pressure bar 280
F Pe External Pressure bar 300
G k Bulk Permeability Darcy |
H h Reservoir Thickness m 5
u O1l Viscosity cP 1
J Number of Blocks with Low 8
Permeability
K Block Permeability Darcy 0.25
Li No. Streamlines Per Block 3

As can be seen in the figure, eight blocks of low permeability are arranged equally
throughout the reservoir. The start and end radii of the blocks are approximately 10 m

and 20 m. The streamline distribution is provided in Figure 93 and Figure 94.

The streamline models show that streamlines will tend to veer away from the low
permeability sectors, entering the regions of high permeability along their path towards
the wellbore. The area calculation may now be invoked to determine the flow rate

associated with each stream tube.

b
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Figure 92 - Case D: Permeability Distribution
Note that the streamlines closest to the low permeability sectors tend to spread apart,
creating larger volumes. Also note that clear breaking points are evident in the figures, in

which streamlines tend to move left or right of the heterogeneity. In between these

streamlines a stream tube of substantial volume is generated.
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Figure 94 - Case D: Streamline and Permeability Distribution
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The flow rate and time of flight associated with each stream tube is plotted in Figure 95.
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Figure 95 - Case D: Flow Rate and Time of Flight per Stream Tube

As can be seen 1n the plot, flow rate is not constant throughout each stream tube. While
the time of flight increases for tubes nearing low permeability heterogeneities, the
increase in volume has a more substantial impact, resulting in larger flow rates. The

increase in volume is plotted in Figure 96.

This conclusion may be as a result of discretization errors due to the number or
streamlines chosen. Large spacing between streamlines may lead to larger discretization
errors. Simply, for stream tubes with large volumes, the average time of flight for the
bounding streamlines may not be a good representative for the true average time of flight

within the stream tube. An increase in this time of flight will significantly reduce the
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peaks in flow rate seen in the figure above. To check this hypothesis, cases with more

streamlines are investigated.
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Figure 96 - Case D: Volume and Time of Flight per Stream Tube

For an initial assessment of the effect of the number of streamlines on the flow rate
distribution, the same case is run with the exception of having 100 streamlines per
tangential block, creating 12 000 streamlines. Polar and Cartesian plots are provided in

Figure 97 and Figure 98.

The figures show that regardless of the number of streamlines, the general behavior will
remain the same. The streamlines will veer from the low permeability areas to areas of
higher permeability as a result of the favorable pressure distribution. As the numbers of

streamlines are increased, more “stray” lines occur in the area of the heterogeneity, but an
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infinite amount would be required for a full distribution throughout the low permeability

regions.

Within the figures, slightly imperfect symmetry is observed around the low permeability
blocks. This is as a result of the starting locations of the streamlines. The streamlines are
evenly spaced around the exterior of the reservoir. However, this does not coincide with
the locations of the streamlines near the heterogeneous grid blocks. Therefore, for
streamlines abject to either side of a heterogeneous block, slight differences in symmetry
occur. This is as a result of minute location differences with respect to the location of the

streamlines.

Figure 97 - Case D: Streamline Distribution (12 000 Streamlines)
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Figure 98 - Case D: Streamline and Permeability Distribution (12 000 Streamlines)

Figure 99 provides a plot of the flow rate per stream tube and the time of flight for the 12

000 streamline case.
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Figure 99 - Case D: Flow Rate and Time of Flight per Stream Tube
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To provide a more reasonable example, an additional case is run increasing the block
permeabilities from 0.25 Darcy to 0.75 Darcy. This is much closer to the bulk
permeability of 1 Darcy, and should allow streamlines to move closer to, and pass
through, the heterogeneities. Again, 12 000 streamlines are utilized. Figure 100 provides
a view of the streamline and permeability distribution in the reservoir, while Figure 101

provides a magnification of the effects occurring within the area of the heterogeneities.

As can be seen in Figure 101, streamlines tend to spread further apart in the areas of low
permeability and come together in the areas of high permeability. As well, unlike the
previous case, the streamlines move through the area of low permeability due to the
increase from 0.25 D to 0.75 D. The effect of the change on the individual stream tube

flow rate distribution is provided in Figure 102.
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Figure 100 - Streamline Distribution with Increased Block Permeability
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Figure 101 - Close up of Streamlines Through Heterogeneities
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Figure 102 - Flow Rate per Stream Tube with Block Permeability of 0.75 D
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As can be seen in the figure, while the magnitude of the peak with respect to the average
has diminished, the flow rate throughout each tube is not constant. In arcas of low
permeability stream tubes will have both larger volumes and larger times of flight. But
the increase in volume has proven to be more significant than the increase in time of
flight, resulting in a larger flow rate in these regions. This is slightly deceptive, since
cven though the flow rate is higher, it will take longer to produce as a result of the slower
movement of the front. Nevertheless, one can state that in reservoirs in which flow
profiles are dominated by heterogeneities, an assumption of equal flow rate in each
stream tube may not be a valid approximation. At a minimum, it is not sufficient on a

necar wellbore scale.

5424 Summary of the Stream Tube Equal Flow Rate Assumption

The method presented calculates the volume of a stream tube. In addition, the average
time of flight along a stream tube is also calculated by averaging the streamline times of
flights which make up the stream tube. The flow rate is then determined by dividing the

volume of the stream tube by the average time of tlight.

Various authors in full field streamline models use the general assumption of equal flow
ratc in cach stream tube. The justification for this is that strcam tubes with larger volumes
will have slower times of flight, and stream tubes with smaller volumes will have quicker
times of flight. They assume these effects counterbalance each other, generating stream

tubes of equal flow rate throughout the reservoir domain.

This work has revealed this assumption to be invalid. While the logic of previous authors

is correct with respect to the behavior of stream tube volumes and time of flights, the
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cffects do not equally balance each other to generate stream tubes of equal flow rate. This
research has shown that the stream tubes with larger volumes produce larger flow rates.
These stream tubes do have slower time of flights (large travel times) but the increase in
volume i1s more substantial than the increase in time. This results in unequal flow rates

throughout the stream tubes in the reservoir medium.

242



INear welipore >trecamline viodaeling ror Advanced well completions Justun SKinner

- Chapter 6 -

6.0 Conclusions and Recommendations

6.1 Conclusions

Streamline modeling is a useful technique within petroleum reservoir simulation.
Techniques related to streamline modeling have been used in the industry for over 60
years, with many new advances occurring throughout the last 25 years. In the available
literature, streamline modeling has proven to be a valuable tool for full field simulation,
especially in reservoirs in which flow is convection dominated. Recent research has
cxpanded the capabilities of streamline modeling through the incorporation of various
physical and chemical phenomena, including multiphase flow, unsteady state flow,
capillary pressure, compressibility and gravity. While many of these advancements
require further improvement, they have all helped contribute to the current success of
streamline modeling. Today, full field streamline models are used for numerous purposes,
including flow visualization, flow surveillance, well allocation, dynamic reservoir

characterization, flood management, history matching and general reservoir simulation.

The research presented in thesis outlines the development and usefulness of a near
wellbore streamline model. The model developed neglects many of the recent advances
in strecamline modeling with respect to more complicated physics. Instead, focus is placed
upon the fundamentals of the streamline modeling technique and its application to a near

wellbore scale. As opposed to focusing on an entire field, the model developed focuses
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on a limited region surrounding a single well. In doing so, the ability to model the effect

of ncar wellbore heterogeneities on overall productivity is achieved.

The near wellbore model created in this research is derived for an isotropic
heterogencous medium, therefore permeability may vary with space, but not with
direction. The model is created for a vertical well in a cylindrical reservoir. As discussed
in the next section, significant novelties of the approach include modeling from a first
principles perspective in polar coordinates and logarithmic grid refinement. It is these
two alterations that are responsible for the success of the near wellbore streamline model,
allowing for accurate modeling of fine resolution permeability changes in the near

wellbore vicinity.

The usefulness of the modeling technique presented in this thesis is most evident through
the modeling of various completion strategics. Three case studies are performed in this
thesis, showing the effect of various near wellbore related propertics on the productivity
of a well. Two completions are studied in the case studies; a cased and perforated
completion, as well as an open-hole completion with filter cake buildup. Through the use
of Design of Experiments and Response Surface Methodologies the behavior of the

responses within each case study are observed and analyzed.

Case Study | performs a 2°' fractional factorial design on a cased and perforated well
completion. The results indicate that the significant factors influencing productivity are
the number of perforations, perforation permeability, perforation length, damage zone
radius and damage zone permeability. In addition, two interactions are also significant;

the interaction between damage zone radius and damage zone permeability as well as the
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interaction between perforation length and perforation permeability. The presence of

curvature within the response is also detected.

Case Study 2 expands upon the results of Case Study 1, using an [V-optimal design to
determine the nature of the responses as a result of changes in perforation characteristics.
The results indicate all three factors under study prove significant to the model behavior.
The precise nature of the influence of each factor is slightly dependent upon the response
analyzed. For flow rate, the number of perforations results in linear behavior, perforation
length results in quadratic behavior and perforation permeability results in cubic
behavior. Strong interactions are also observed. For skin, a slight increase in model
complexity is required. While the number of perforations remains linear and perforation
length remains quadratic in nature, the perforation permeability requires quartic behavior.

Several additional interactions are also significant within the skin response.

The most significant conclusion drawn from Case Studies | and 2 relates to the strong
interaction between perforation permeability and perforation length. When perforation
permeability is low, changes in perforation length do not result in increased productivity.
However, as perforation permeability increases, the effect of perforation length becomes
more substantial. Therefore, to provide maximum completion effectiveness, high
perforation permeability must be targeted as the main factor of optimization. In turn, this
will lead to greater productivity as a result of perforation length and thereby provide

optimal completion performance.

In Case Study 3 an IV-optimal design is used to determine the effect of various filter cake

properties on the productivity of an open-hole completion. The results indicate only the
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angle of coverage has a significant impact on the productivity of a well. This results in a
single variable quadratic response for both flow rate and skin. Filter cake thickness and
filter cake permeability prove to be insignificant to the response over the range chosen at

the desired significance level.

The near wellbore streamline modeling technique established in this research has proven
to be valuable for various forms of fine scale completion modeling. Logarithmic grid
refinement results in an extremely fine scale grid surrounding the wellbore in the vicinity
in which the most significant pressure drop occurs. In traditional finite difference models
this would be unfeasible due to the computational burden given the number of grid
blocks. However, streamline modeling techniques are noted for their speed with respect
to computational efficiency. Therefore, the fine grid scale is not an issue, allowing for

detailed modeling within the near wellbore region.

Within the industry this technique has the potential to be utilized for numerous purposes.
Future use may allow operators to determine optimal completion strategies, optimal
work-over plans, dynamic skin calculation and numerous other applications. At the
current level, the numerous assumptions within the model limit its industry applicability.
This research has validated the near wellbore streamline technique. However, various
assumptions must be lifted and additional complexities added before it may be
implemented into a state of the art inflow modeling package. Various recommendations
for future work are provided in Section 6.3. The recommendations are aimed at means to
enhance the capabilities of the near wellbore streamline model, making it an asset for

petroleum installations. Nevertheless, this research has proven the validity of the near
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wellbore streamline modeling technique, presenting a means to evaluate the effect of near

wellbore heterogeneities with respect to their influence on production.
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6.2 Novelty of Research

Numerous novel techniques and developments are presented throughout this research.
The generalized modern streamline mapping techniques were put forth by Pollock
(1988). However, several novel alterations are performed in this research that allow for

detailed streamline modeling in the near wellbore region of an oil well.

First, this research presents the first successful and fully functional use of streamline
modeling in the near wellbore region. Nowhere in the published literature has streamline
modeling been applied to this vicinity. Streamline modeling in this vicinity is a
significant development; it allows for the detailed understanding of how near wellbore
heterogeneities affect the pressure distribution, streamline distribution and overall
productivity of a well. This can be of great significance in the petroleum industry,
allowing for effective decision making through effective completion and work-over

design to maximize productivity of individual wells.

Streamline modeling within the near wellbore region is achieved through a first principles
derivation for an isotropic heterogeneous medium in polar coordinates. The derivation in
itself is novel, showing how the permeability matrix for the general case of an anisotropic
heterogeneous media cannot be diagonal when modeling in polar coordinates, even when
the principle permeability directions align with the Cartesian grid directions. This is an
crror made within several sources in the published literature that should be corrected for
proper modeling of the Laplace pressure solution. Within this research, proper modeling

in polar coordinates is essential to the success of the near wellbore modeling application.
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One of the most significant elements contributing to the modeling success is logarithmic
grid refinement. As opposed to the traditional equally spaced grid distribution, in this
research the grid in the radial direction is spaced such that equal pressure drops occur
between adjacent nodes for the simplified case of a homogenous reservoir. Pressure drop
in the radial direction is known to decrease logarithmically due to the substantial
accumulation of fluids in a diminishing area. Therefore, by applying logarithmic grid
spacing, the grid will have a low density in the distant regions of the reservoir domain,
but will increase in density as it approaches the wellbore. This results in an extremely
fine resolution grid in the very near wellbore vicinity; the region in which the most
significant pressure loss occurs. This allows for the modeling of fine scale permeability
changes within the vicinity, determining their impact on the productivity of a well. This is
a significant development for industry application. It allows for the use of fine scale
completion modeling, down to the millimeter scale for cases which need such accuracy.
This is an important aspect of this research and is validated through the case studies

investigated.

Another novel aspect of the near wellbore strecamline modeling technique presented in
this thesis relates to the velocity interpolation. In most streamline models, once face
velocities are determined, the velocities within the grid blocks are determined through
linear interpolation. However, in the radial direction velocity is known to increase
inversely proportional to radius. Therefore, as opposed to linear interpolation in the radial
direction, this research interpolates in a manner inversely proportional to radius. This
allows for an improved velocity distribution, resulting in a reduction in discretization

CIrors.
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Through the novel techniques described above the application of near wellbore
streamline modeling to evaluate various completion strategies is achieved. In various case
studies the model is used to represent a cased and perforated well completion as well as
an open-hole completion with filter cake buildup. This is the first time streamline
modeling has been used to evaluate completion effectiveness. With implementation of the
recommendations for future work, this will have significant potential for industry

implementation.

Finally, the last novel technique presented in this research lies within the application of
appropriate experiment design and Response Surface Methodologies (RSM) to
understand the behavior of the near wellbore streamline model. RSM allows for a
simplified understanding of model behavior and is instrumental to the conclusions drawn
within cach case study. The use of RSM is progressively becoming more common
throughout the petroleum industry, and its successful application in this research further

validates its usefulness.
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6.3 Recommendations for Future Work

As a result of the research performed, several recommendations for future work are
provided. The recommendations provided in the following subsections build upon the
ncar wellbore streamline model derived throughout this research, making it more

applicable for industry applications.

6.3.1 Extension to Three Dimensional Modeling

Throughout this research modeling is performed in two dimensions, assuming
streamlines remain parallel in the vertical plane. This assumption requires the reservoir
pay zone to be homogenous in the vertical direction, as well as fully perforated at the
wellbore. To eliminate these assumptions and provide a more realistic physical model, a
three dimensional method must be developed. The methodology to model streamlines in
three dimensions is outlined in Chapter 5. This must be implemented to prove its validity
and enhance the capability of the model. In doing so, vertical deviations in streamlines
can be achieved. This will result in the ability to model more complex and realistic

completions, leading to further industry significance.

6.3.2 Extension to Heterogeneous Anisotropic Media

The modeling performed in this research focuses on an isotropic heterogencous reservoir,
therefore, while flow may vary with space, it cannot vary with direction. To increase the
applicability of the model it must be extended to anisotropic heterogeneous media. This is

more representative of most reservoirs and will enhance its industry applicability.

Two approaches may be taken to perform this task. The first and most rigorous method is

to discretize the complete generalized Laplace equation. The derivation of the full
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Laplace equation is provided in Chapter 3 (two dimensions) and Chapter 5 (three
dimensions), prior to making the isotropic assumption. Neglecting the assumption will
result in a more complicated, but more complete, discretization problem. This may be
solved in the same general manner as outlined in this thesis, with only a slight increase in

complexity due to anisotropic conditions.

A second approach to this problem lies in is the use of the solution to the isotropic case in
addition to an anisotropic transform. In using an anisotropic transform an equivalent
permeability may be generated for ecach grid block, allowing for the transformed pressure
solution to be generated utilizing the isotropic approach. Once generated, the anisotropic
transform can be utilized to map the true pressure distribution throughout the reservoir.
This allows the complicated case to be solved using the solution to the simpler scenario.
The applicability of this transform, as well as a comparison to the rigorous solution, is

recommended to be the subject of future research.

6.2.3 Rigorous Solution to Casing Representation

In Case Studies 1 and 2 the near wellbore streamline model is used to represent a cased
and perforated well completion. As discussed in Section 4.3.2, the casing is represented
at the internal wellbore ring as a region of extremely low permeability. This is meant to
influence the pressure solution such that streamlines will veer away from the casing
towards the nearest perforation. However, in some instances streamlines will hit the
casing ring as a result of numerical errors and proceed through. This represents an

unrealistic scenario and is dealt with via a programming alteration.
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To properly handle these issue no-flow boundaries should be invoked. A no-flow
boundary would be represented by implementing zero differential pressure between the
casing nodes and the reservoir nodes in areas in which no perforations exist. This must be
implemented in the discretization of the Laplace equation, prior to calculating the
pressure solution. In doing so, a true representation of streamline behavior will be
achieved without need for code alteration. In modeling more realistic well completions

this is a recommendation which must be invoked to achieve industry acceptance.

If a less complex solution is desired, a harmonic mean can be used for radial upscaling
along the interior casing ring. Harmonic upscaling is commonly used for radial upscaling
in heat transfer conductivity codes with great success. This may help mitigate the error

associated with streamlines hitting the casing, forcing more curvature.

6.2.4 Incorporation of More Complex Physics

In this resecarch numerous simplitying assumptions are made. These include single phase
flow, steady state flow, incompressible fluid and negligible capillary pressure and gravity
effects. Over the last 25 years significant progress has been made in applying these
physical phenomena to streamline models. Further research with respect to near wellbore
streamline modeling should focus on incorporating the advances made by various authors
on full field Cartesian coordinate streamline models. In doing so, the accuracy of the
model will be increased, making it a fully functional tool for petroleum industry

applications.
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6.2.5 Enhanced Simulation Well Connection Factor Design

Currently simple techniques are used to connect remote reservoir grid blocks of
traditional full field finite difference models to wells located within the blocks. Often,
simple productivity index values are used as connection factors between the grid blocks
and the well. The approach to generating these values, as well as their accuracy, is often
in error. Near wellbore streamline modeling may potentially be used in determining a
more accurate approach to connect remote reservoir blocks to wells. This will likely
require local grid refinement in grid blocks containing wells, but should not result in a
significant increase in computational burden due to the speed of streamline models. As a
result, this should be the subject of further research, with the aim of providing significant

improvement in full field connection factor design.

6.2.6 Evaluation of New Streamline Modeling Techniques

Potential improvement may be made to the streamline modeling techniques presented in
this research. Two errors may occur as a result of the current process. The first error
relates to velocity interpolation. In the tangential direction a linear interpolation is
utilized, while in the radial direction interpolation is performed inversely proportional to
radius. In both cases the two face velocities of a single grid block are used for the
interpolation. However, these interpolations may not suffice in accuracy to represent the
true velocity behavior. One means to improve upon this may be to investigate the
potential of incorporating more known velocities (surrounding grid faces) to help
determine the proper order of interpolation to utilize within a block. This investigation

may be the subject of future research.
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An additional down fall of the Pollock streamline tracking approach relates to the nature
of the tracking process itself. Once a particle enters a grid block it must progressively
move forward. It cannot exit from the same face as the entrance face in a different
location. However, certain circumstances may require this movement, making the current
streamline tracking methodology insufficient. Fully analytical methods capable of
accurately modeling streamline movement within grid blocks may solve this issue, and as

such should be the subject of future research.

6.2.7 Evaluation of Non-Darcy Flow Effects

Section 4.7 of this thesis determined the rate at which flow in the near wellbore region at
the face of a fully perforated completion no longer behaves in a laminar manner. Using
various assumptions a value of just over 10 000 bbl/d is calculated. One of the most
essential assumptions in this calculation is laminar flow ending at a Reynolds number of
10. Various sources in published porous media literature state laminar flow may end at
even smaller values, with some sources suggesting a Reynolds number as low as 1 to be
an accurate value. This may significantly impact the primary assumption of streamline
modeling; laminar tflow. Therefore future research should attempt to establish a credible
value at which laminar flow terminates in porous reservoir media. In addition, if the
assumption of laminar flow fails for high productivity oil wells, research should be
performed on the incorporation of non-Darcy flow effects in near wellbore streamline

models.

6.2.8 Dynamic Skin Calculation in Full Scale Reservoir Simulation
With the implementation of several of the recommendations listed previously, the near

wellbore streamline model may be extremely useful within the petroleum industry. One
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of its greatest potential benefits may lic in its incorporation into full scale reservoir
simulators. As such, it may be utilized to dynamically calculate skin with each time step
during reservoir simulation. This cannot be achieved in modern reservoir simulators and
would represent a significant improvement in terms of individual well production
forecasting and work-over evaluation. This should be the subject of future research and

the ultimate goal of near wellbore streamline modeling.
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Appendix | - Two Dimensional Isotropic Heterogeneous Near

Wellbore Streamline Model MATLAB™ Code

The following table outlines the MATLAB™ code files used to develop the near
wellbore streamline model. The files are listed and numbered in alphabetical order. A
brief description of what each file is used for is provided in the table. For additional detail

please refer to the comments provided within the code. The code is provided in the order

shown within the table.

No.

Filename

Description

Page

casing perm_fix

File used to set first two node pressures
equal to each other, resulting in a
differential pressure of zero and hence no
flow in the radial direction. It is applied to
arcas in which casing is present, forcing
flow into the perforations.

261

darcy flow check

File used to determine the flow rate
expected from Darcy’s law for radial flow,
used for comparison to the flow rate
generated from the streamline model.

262

distances

File used to create grid node and boundary
distances.

dual plot

File used to plot permeability and
streamlines together. Points are only plotted
on the radial boundary intersections.

dual plot full

File used to plot permeability and
strecamlines together. All boundary
intersection points are plotted.

6

face velocities

File used to determine the face velocities
from the node pressure solution.

flow rate

File used to calculate flow rate using the
approximate arca method.

flow rate new

File used to calculate flow rate using the
accurate cross product area method.

input data

File used to input all required model data.

laplace coeff

File used to calculate the Laplace
coefticients.

laplace solver

File used to create the system matrix and
solve the Laplace equation.
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No. | Filename Description Page
File used to run the case studies requiring

12 MAIN FILE code in proper order. This is the main file 287
used for each run.

13 permeability File useq to establish the various 738
permeability cases.

14 porosity File used to create the porosity matrix. 296

05 pressure_node_plots File used to generate the 3D node pressure 297

N plots.

File used to create a polar plot of the

16 streamline plotter streamlines. Points are only plotted on the 299
radial boundary intersections.
File used to create a polar plot of the

17 streamline plotter full streamlines. All boundary intersection 300
points are plotted.
File used to make a single streamline. One

18 stremline polluck entrance point must be given at the start of 301
the file.

19 stremline polluck more pts F}:lf)ﬁ;ﬁg:totﬁzrﬁ?(;ilé“ SFCAILIGS 307

20 upscaled mobility File used for upscaling procedures. 315

21 vel face plot R File used to plot radial face velocities. 316

22 vel face plot T File used to plot tangential face velocities. 317

23 sl s T Filg used to remove very §1na]l numbers 318

- which may causc calculation errors.
24 sl el et File used to determine value of velocity 319

field coefficients.
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Code Name: casing_perm_fix
Code Number: 01
1= Ly
j = 1;

ao] <= J

K isotropic blocks(1l,]j) == casing perm
node pressures i1j pa(l,]j) = node pressures ij pa(2,3);
j=3+1;
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Code Name: darcy flow check

Code Number: 02

skin_nomonial = ((bulk perm/perm damage) - 1)*log(rad damage/r w);
rad flow check noskin = 2*pi()*bulk perm*h* (p e-

p wE)/mu_o/(log(r e/r w));
rad flow check noskin bbld = rad flow check noskin*60*60*24*6.28994;

skin_calc = 2*pi()*bulk perm*h*(p e-p wf)/(flow rate total new*mu o) -
log(r e/r w);
skin calc perf = skin calc - skin nomonial;

268



Near wellbore Streamline Modeling ror Advanced well Lompletions

Justun dSKinner

Code Name: distances

Code Number: 03

input data;

R nodes = ones(1,N);
i=0;
i < AN
R nodesi(l,itl) = % w*ri(E &/r w) > (1+1)/(N+0.5) )7
i = i+1;

R boundary = ones(1,N+1);

R boundary(l,1) = r w;
R boundary(l,N+1) = r e;
i = 2;
g 1 <= N
R boundary(l,i) = (R nodes(l,1i)-R nodes(1l,i-
1)) /1log ((R _nodes (1,1i))/ (R nodes(1l,i-1)));
i = 1i+1;

theta nedes = linspace(2%pi/(2*d);2%pi=2*pi/ (2*J) J)%

delta theta = 360/J * pi/180;
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Code Name: dual plot
Code Number: 04
dimens stream matrix = size(stream line x short);

stream line x cart =

ones (dimens stream matrix(l,1),dimens stream matrix(l,2));
i=1;
J = 1;
| i <= dimens stream matrix (1,1)

j <= dimens stream matrix (1,2)
stream line x cart(i,j) =
stream line x short (i, j) *cos(stream line x short (i, j+1));
stream line x cart(i,j+1) =
stream line x short(i,j)*sin(stream line x short(i,j+1));

), = g
i = i+1;
R

ploet connt = 1}
plot count <= total pts

plot (stream line x cart(:,plot count*2-
l),streamilineixicart(:,ploticount*Z));
held

plot count = plot count + 1;

hold
polarcont (R nodes (1, :),theta nodes(l,:),K isotropic blocks(:,:));
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Code Name: dual plot full
Code Number: 05
dimens stream matrix = size(stream line x);

stream line x cart =

ones(dimensistreamﬁmatrix(l,l),dimensistream‘matrix(1,2));

i = 13
] = 1z
1 <= dimensistreamimatrix (1,1)
j <= dimens stream matrix (1,2)
stream line x cart(i,j) =
stream line x(i,Jj)*cos(stream line x(i,j+1));
stream line x cart(i,j+1) =
streamilineix(i,j)*Sin(streamilineix(i,j+l));

j o= j+2;
i= i+1;
D = kg

plot count = 1;
plot count <= total pts

plot(stream line x cart(:,plot count*2-
1) ,stream line x cart(:,plot count*2));
hold

plot. count = plet count + 1j

hold

surf (nodes_x full,nodes_y full,log(abs (K isotropic blocks full)));
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Code Name: face velocities

Code Number: 06

laplace_solver;
pressure node plots;

node pressures ij pa = node pressures ij * 10"5;

vel face R = zeros (N+1,J);

vel face T = zeros(N,J);

j <= J

i ==1

vel face R(1,j)= mobility upscale R(1,3j) *
(node pressures ij pa(l,j)-p wf)/(R nodes(1l,i)-r w);

1 >1 && 1 <= N

vel face R(i,j)= mobility upscale R(i,Jj) *
(node pressures ij pa(i,j)-node pressures ij pa(i-1,3))/(R nodes(1l,1i)-
R _nodes (1; 1=1));

i i

i = 1+1;
] =17
i <= N+1
] k= T
vel face R(i,Jj)= mobility upscale R(i,3j) * (p_e-
node pressures ij pa(i-1,3J))/(r e-R nodes(1l,i-1)};
1 = eld
i = i+1;
1 = .5
i = 1
j = 1;
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5 == i

vel face T(i,Jj)= mobility upscale T(i,J) *
(node pressures ij pa(i,Jj)-
node pressures ij pa(i,J))/(R nodes(l,1i)*delta theta);
j > 1
vel faece T(i,])= mobility upscale T(i,Jj) *

(node_pressures 1j pa(i,])-node pressures ij pa(i,j-
1))/ (R nodes (1,1i)*delta theta);

J = J+i;

i = 1i+1;
j = 1;
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Code Name: flow rate

Code Number: 07

size stream = size(flow rate data x);
time travel ring = zeros(N,total pts);
count = 1;
i = N;
move = 1;
index shift = 1;
placer = 1;
while index shift <= 3*total pts
5 count < size stream(l,1) && i > 0
flow rate data x(count,index shift+l) == 1 && count <
size stream(l,1)
time travel ring(move,placer) =
time travel ring(move,placer) + flow rate data x(count,index shift);
count = count + 1;

1 = il
move = move+l;

index shift = index shift+3;
placer = placer+l;

count = 1;

1 = N

move = 1;

Stream line x short = zeros(N+l,total pts*2);
i=Nj;
count = 1

t <= 2*total pts
up count <= size(stream line x,1) &&
stream line x(up count,count)>0 7

stream_line_ x(up_count,count) ~= R boundary(l,i+1l)
stream line x(up count,count) < r w
fprintf ( )

stream line x short(placer,count) =
stream line x(up count,count);

stream line x short(placer,count+l) =
stream line x(up count,count+l);

stream line x(up count,count) > r w
up_count = up count+l;
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stream line x(up count,count) == R boundary(l,i+1)
stream line x short(placer,count) =
stream line x(up count,count);
stream line x short(placer,count+l) =
stream line x(up count,count+l);
up count = up count+l;
i=i=1;
placer = placer +1;

HELE

count = count + 2;
up_count = 1;
placer = 1;
1=N;
stream line segment lengths = zeros(N,total pts);:
count a = 1;
count. b = 1;
ref placer = 1;

count_b*2 <= size(stream line x short,2)
1 count a < N+1
stream line segment lengths (count a,count b)=

sqrt (stream line_ x short (count a,ref placer)”2+stream line x short(coun
t_a+l,ref placer)”"2-
2*streamiline7xishort(countia,ref placer) *stream line x short (count a+l
,refiplacer)*cos(streamilineix‘shgrt(countia,refiplacer+l)—
stream line x short(count a+l,ref placer+l)));

count a = count a+l;
nd
count a = 1;
count b = count b+l;
ref placer = ref placer+2;
e
stream line dist btwn = zeros(N+1l,total pts);
count a = 1;
count b = 1
ref placer = 1;

count_b*2 <= size(stream line x short,2)
count a <= N+1
ref placer == 1
streamiline‘dist_btwn(countia,countib)=
streamfline_x_short(countia,refiplacer)*sqrt(2*(l—
cos(stream line x short(count a,ref placer+l)-
streamiline_xishort(countia,2*totalipts))));
count a = count a+l;
2T B B
L ref placer w= 1
stream line dist btwn(count a,count b)=
stream line x short(count a,ref placer) *sqrt (2*(1-
cos(stream line x short(count a,ref placer+l)-
stream line x short(count a,ref placer-1))));
count a = count a+l;

count a = 1s
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count b = count b+l;
ref placer = ref placer+2;

avg_sl dist btwn = zeros (N, total pts);

1= 1;
3 = 5lE
wnilite 1 <= N
j <= total pts
avg_sl dist btwn(i,j) = (stream line dist btwn(i,Jj) +
stream line dist btwn(i+1l,73))/2;
j=j+1;
1=i+1;
J=1x

avg_sl segment lengths = zeros (N,total pts);

1 = 4
j = 1
vl i <= N
j j < total pts
avg_sl segment lengths(i,j) = (stream line segment lengths (i, J)
+ stream line segment lengths (i, j+1))/2;
j=J+1;
j == kokal pts
avg_sl segment lengths(i,j) = (stream line segment lengths (i, j)
+ stream line segment lengths(i,1))/2;
J=3+1;
i=1+41;
=il
total stream travel time = zeros(l,total pts);
i=1; B B N
J = 1;
while i <= N

] <= total pts
total stream travel time(l,j) =
total stream travel time(l,Jj)+time travel ring(i,j);

j=3+1;
i=i+1;
i=1;
avg_total sl travel time = zeros(l,total pts);
1 = L}
j = 1;
while 1 <= N

while j < total pts
avg_total sl travel time(l,j) =
(total stream travel time(l,j)+total stream travel time(l,j+1))/2;
J=3+1;
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J == total pts
avg total sl travel time(l,j) =
(total stream travel time(l,j)+total stream travel time(l,1))/2;

1=0kg
I=d+1;
j=1;
flow rate streams = zeros(l,total pts);
i=1;
3 = 15
while i <= N

] <= total pts
flow rate streams(1l,j) =
flow_rateistreams(1,j)+(poro*const/avgitotalisl_travelitime(l,j))*avqis
1 dist btwn(i,]j) *h*avg sl segment lengths(i,J);
1=1+1;
1¢l
i=1i+1;
J=ili

flow rate total = 0;

j = 1;

] j <= total pts
flow rate total = flow rate total + flow rate streams(l,3);
=

flow rate total bblperd = flow rate total*60*60*24*6.28994;
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Code Name: flow rate new

Code Number: 08

stream line segment length split = zeros(N,total pts);
count a = 1;

Countib = 1;
ref placer = 1;
‘ count b*2 <= size(stream line x short, 2)

ref placer == 1

whi count a < N+l

stream line segment length split(count a,count b)=
sqrt(streamflineixishort(countia,reprlacer)A2+streamiline7xishort(coun
E afl,2%tetadl pte=l)“d=
2*stream line x short(count a,ref placer)*stream line x short(count a+l
;2*total pts-1)*cos(stream line x short(count a,ref placer+l)-
stream line x short(count a+l,2*total pts)));

count a = count a+1l;

rer plager ~= 1
whi count a < N+1
stream line segment length split(count a,count b)=

sqrt(stream;lineixishort(countia,refgplacer)A2+streamiline7xishort(coun
L _atl, el placer-2) “2—
2*stream line x short(count a,ref placer)*stream line x short (count a+l
,ref placer-2)*cos(stream line x short (count a,ref placer+l)-
streamiline_xAshort(count*a+l,ref_placer—l)));

count _a = count_a+l;

count @& = 13

count b = count b+l;

ref placer = ref placer+2;
stream line angle 1 = zeros(N,total pts);
stream line angle 2 = zeros (N, total pts);
gountc 1 = 17
count 2 = 1;

count 1 <= total pts
count 2 <= N

stream line dist btwn(count 2+1,count 1) == 0
stream line angle 1 (count 2,count 1) = pi()/2;
stream line dist btwn(count 2+1,count 1) ~= 0

stream line angle 1 (count 2,count 1) =
acos((stream line segment lengths(count 2,count 1)"2+stream line dist b
twn (count 2+1,count 1) *2-
stream line segment length split(count 2,count 1)"2)/(2*stream line seg
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ment lengths (count 2,count 1)*stream line dist btwn(count 2+1,count 1))

)

count 2 = count 2 + 1;

count 2 = 1;
count 1 = @geunt 1 + 1;
e
count 1 = 1;
count: 2 = 1§
Vil count 1 <= total pts
count 1 ==1
i count 2 <= N
stream line dist btwn(count 2,count 1) == 0
stream line angle 2(count 2,count 1) = pi()/2;
stream line dist btwn(count 2,count 1) ~= 0

stream line angle 2(count 2,count 1) =

acos ((stream line segment lengths(count 2,total pts)“2+stream line dist
_btwn (count 2,count 1)"2-

stream line segment length split(count 2,count 1)"2)/(2*stream line seg
ment lengths (count 2,total pts)*stream line dist btwn(count 2,count 1))

) 7

count 2 = count 2 + 1;

count 1 ~= 1
! count 2 <= N
stream line dist btwn(count 2,count 1) == 0

stream line angle 2(count 2,count 1) = pi()/2;

stream line dist btwn(count 2,count 1) ~= 0
stream line angle 2 (count 2,count 1) =

acos ((stream line segment lengths(count 2,count 1-

1)"2+stream line dist btwn(count 2,count 1)"2-

stream line segment length split(count 2,count 1)"2)/(2*stream line seg
ment lengths (count 2,count 1-

1)*streamflineﬁdist_btwn(count_2,count_l)))'

stream area new 1

7

count 2 = count 2 + 1;
count 2 = 1;
count, 1 = count 1 + 17

Il

zeros (N, total pts);

stream area new 2 = zeros(N,total pts);
gount 1 = 1y
count 2 = 1;

& «count. 1 <= total pts

count 2 <= N
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count 1 ==1

stream area new 1 (count 2,count 1) =
streamilineisegmentilengths(count72,count*l)*streamflineidistibtwn(coun
t 2+1,total pts)*sin(stream line angle 1 (count 2,count 1));

count, 1 == 1

stream area new 1 (count 2,count 1) =
stream line segment lengths(count 2,count 1)*stream line dist btwn (coun
t 2+1,count 1-1)*sin(stream line angle 1 (count 2,count 1));

count 2 = gcount 2 + 1;

count 2 = 1;
count 1 = eount 1 + 1;
goumt 1 = 17

count 2 = 1;
whi count 1 <= total pts
count 2 <= N
gount, 1 == 1
stream area new 2 (count 2,count 1) =
stream line segment lengths(count 2,total pts)*stream line dist btwn(co
unt 2,total pts)*sin(stream line angle 2(count 2,count 1));

count 1 ~=1
stream_area new_2 (count 2,count 1) =
stream line segment lengths(count 2,count 1-
l)*Streamilineidistibtwn(countMZ,count_l—
1) *sin(stream line angle 2 (count 2,count 1));

count 2 = count 2 % 17

count 2 = 1;

count 1 = eount 1 + 13
stream area new avg = zeros (N, total pts);
gount 1 = 17
count 2 = .13

count 1 <= total pts
count 2 <= N
stream area new_avg(count 2,count 1) =
(stream area new 2(count 2,count 1l)+stream area new 1 (count 2,count 1))
/2;

count 2 = count 2 + 1;
ceunt 2 = 1j
= count 1 + 1;

count 1

flow rate streams new = zeros(l,total pts);
i

j = L

mile i <= N

J <= total pts
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flow rate streams new(l,j) =
flow_rate streams new(l,j)+(poro_const/avg total sl travel time(l,]j)) *s
tream area new avg(i,j)*h;

J=3+1;

i=i+1;

j=1;
flow rate total new = 0;
j = 1

J <= total pts

flow rate total new = flow rate total new +
flow rate streams new(l,3J);

J=3+1;

1

flow rate total new bblperd = flow rate total new*60*60*24*6.28994;
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Code Name: input_data
Code Number: 09

r w=0.05;

1 e = 507

Blocks rad = 300;
Blocks theta = 100;
= 0.8e-3;
Blocks rad;
Blocks theta;
_per blecgk = 1;
= J per block:
= 300;

280;
p e * 10°5;
wf = p wf * 10"5;
perm case = 10;
bulk perm = le-13;
pore censt = 0.25;

&
o
¢}

Il

o]

1
(ORNO]
[

0 =
Hh
Il
Il

"O*O"‘O"O a3

rad damage = 0.30;

perm damage = 0.15e-13;
perf thick = 0.04;

perf length = 0.60;
perf perm = 1000e-15;

perf no = 3;
casing perm = le-20;
free space perm = le-10;

filter perm = 165.8e-18;
FC thickness = 9.0e-3;

FC coverage angle = 270;
h = 5;

toro 0.40;
grain dia = 0.00025;
kozo const = 2e-6;
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Code Name: laplace coeff

Code Number: 10

input data;
permeability;
distances;
upscaled mobility;

J <=1

a coeffi(i,j) = -
((Riboundary(l,i+1)*mobilityiupscaleiR(i+1,j))/(Rinodes(l,i)*(Riboundar
y(l,i+1l)-r w)* (R nodes(l,i+1)-R nodes(1l,1))) +
(R_boundary (1,1) *mobility upscale R(i,Jj))/ (R nodes(l,i)* (R boundary(l,i
+l)-r w)*(R_nodes(l,1i)-r w))+(mobility upscale T (i,]j) +
mobilityvupscale*T(i,J))/((R*nodes(1,i)*Rinodes(l,i)*delta*theta*deltai
theta)))

j o= J+1;

4 e @

a_coeeff (1,]) = =
((R”boundary(l,i+l)*mobilityiupscaleiR(i+l,j))/(R_nodes(l,i)*(beoundar
y(l,i+l)-r w)* (R nodes(l,i+1)-R nodes(1l,1))) +
(R_boundary(1,1i)*mobility upscale R(i,J))/ (R nodes(l,1i)* (R boundary(l,i
t1)-r w)* (R nodes(l,1i)-r w))+(mobility upscale T(i,j) +
mobility upscale T(i,j-
1))/ ((R_nodes(1l,i)*R nodes(l,1)*delta theta*delta theta)));

= JFlF
€ = Al
ril

i ==1
j <= J
b coeff(i,j) =
(mobility upscale T(i,j))/((R nodes(1l,i)*R nodes(l,1i)*delta theta*delta
theta))

3 = 3+l
1, = dkly
3 = &5
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Cco

eff=ones (N, J);
=1
it

’
’

Il

RSO

1 ==1

] j <=1
G CoeEE(l, ) =

(mobility upscale T(i,J))/((R nodes(l,1i)*R nodes(1l,i)*delta theta*delta
theta));

1 = gl
j <= J
c coeff(i,j) = (mobility upscale T (i, j-
1))/ ((R nodes(1l,1)*R nodes(l,1i)*delta theta*delta theta));
)= gHls
i = i+1;
g = L

coeff=ones (N, J);
=1
il

’
’

Il

di
&
j

shile § <= J

d coeff(i,j) =
(R_boundary(1l,1i)*mobility upscale R(i,Jj))/ (R nodes(l,1i)* (R boundary(l,i
+1)-r w)*(R nodes(1l,i)-r w));

J) = il
1= i+1;
j =1

e coeff=ones(N,J);
i=1;
J = 1
fi = i
e coeff(i,j) =
(R_boundary(1l,1i+1) *mobility upscale R(i+1,3))/(R nodes(1l,1)* (R boundary

(lL,i+1)-r w)* (R nodes(1l,i+1)-R nodes(1l,1i)));
] = J+l:
1 = 1i+1;
) = A
i = 23
] = Ay
» 1 < N
j <=1

a coeffi(d,j) = =
((Riboundary(l,i+1)*mobilityiupscaleiR(i+1,j))/(Rinodes(l,i)*(Riboundar
y(l,i+1)-R boundary(l,1i))* (R nodes(l,i+1l)-R nodes(l,i))) +
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(R _boundary(1l,1i)*mobility upscale R(i,J))/ (R nodes(1l,1i)* (R boundary (1l
+1)-R boundary(1l,1))* (R nodes(1l,1i)-R nodes(1l,1i-
1)) )+ (mobility upscale T(i,j) +
mobility upscale T(i,J))/((R nodes(l,i)*R nodes(1l,i)*delta theta*delta
theta))):

j o= J+1;

hile 3 <= J
d seeeff (i, 7)) = =

((R_boundary(l,i+1l)*mobility upscale R(i+1l,3))/ (R nodes(1l,1i)* (R boundar
y(1l,i+1)-R boundary(1l,1i))* (R nodes(l,i+1)-R nodes(1l,1i))) +
(Riboundary(l i) *mobility upscale R(i,J))/ (R nodes(l,1)* (R boundary(l,i

1)-R boundary(1l,i))*(R nodes(l,i)-R nodes(1l,i-
l))

))

)+ (mobility upscale T(i,j) + mobility upscale T(i,j-
/ ( (R _nodes (1,1i)*R_nodes (1,1i)*delta theta*delta theta)));
J = Jtl;
i = 1i+1;
j=1;
1. = 23
= i
e 4 < N
i j <= J

b eeeff (1,3) =
(mobility upscale T(i,j))/((R nodes(1l,i)*R nodes(1l,1i)*delta theta*delta
_theta));

3 = 15l
i = 1i+1;
J = 15
i = 23
J = A
; e 1 €« N
! ] <=1

¢ ceeff (i,3) =
(mobility upseale T(i,dJ)) /((Rinodes(l,i)*Rinodes(l,i)*deltaitheta*delta
_theta));

1 = 3%

g 4=
c_coeff(i,j) = (mobility upscale T(i,j-
l))/((Rinodes( )*Rinodes(l,i)*deltaitheta*deltaitheta));
3 = j+l,

J
(1

i+l;
1;

GRS
I

N < |
i J <=4J
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d eoeff(i,j) =
(R_boundary(l,1)*mobility upscale R(i,J))/ (R nodes(l,1i)* (R boundary(l,i
+1)-R boundary(1l,1))* (R nodes(1l,1i)-R nodes(1l,1i-1)));

1 = ekl
1 = 1+41;
J =1}
i= 2;
g = 43
while i < N
g <=

€ coeff(i,;j) =
(R boundary(1l,1i+1l) *mobility upscale R(i+1l,3j))/ (R nodes(l,1)* (R boundary
(1,i+1)-R boundary(l,1i))* (R nodes(1l,i+1)-R nodes(1l,1)));

J = Iwig
i = i+1;
= T
1 = Ny
o = 4
wh 1 == N
j <=1
a coeff(i,9) = =
((R _boundary(l,i+1l)*mobility upscale R(i+1l,3j))/ (R nodes(1l,i)* (R boundar
y(1l,i+1)-R boundary(1l,1i))*(r_e-R nodes(l,1i))) +
(R_boundary(1l,1i)*mobility upscale R(i,J))/ (R nodes(l,1i)* (R boundary(l
1) -R boundary(1l,1i))* (R nodes(1l,1i)-R nodes(1l,1i-

1)))+ (mobility upscale T(i,j) +
mobility upscale T(i,J))/((R nodes(l,1i)*R nodes(l,1i)*delta theta*delta
theta)));

j = Jj+1;
j <= J
a coeff(i,]) = =
((R boundary(l i+1l) *mobility upscale R(i+1l,3))/ (R nodes(l,1i)* (R boundar
y(l,1i+1)-R boundary(l,i))*(r _e-R nodes(1l,1i))) +

(R_boundary(1l,1)*mobility upscale R(i,J))/(R nodes(l,i)* (R boundary(l,1i

+1) -R boundary(1l,1i))* (R nodes(1l,1i)-R nodes(1l,1i-
1)))+(mobility upscale T(i,j) + mobility upscale T(i,]-
1))/ ((R nodes(1,1i)*R nodes(l,i)*delta theta*delta theta)));
3 = i
i = 1+1;
=L
1 = N;
=
@ 1 == N
j <= J
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b ceeff(i,]) =
(mobility upscale T(i,Jj))/ ((R _nodes(l,1i)*R nodes(1l,1i)*delta theta*delta
_theta));

J = 390
i= i+1;
J =1

1 = N;
j = g
@ i ==N
§ &= 1

e ceeff(i,j) =
(mobility upscale T(i,J))/((R nodes(l,1i)*R nodes(1l,1i)*delta theta*delta
_theta)) ;

J o= 3+l

J <= Jd
c coeff(i,j) = (mobility upscale T(i,]j-
1))/ ((R _nodes(1l,1) *R nodes (1,1i)*delta theta*delta theta));
J = 1%

1= adls
j =1

: 13 lr]) =
(R_boundary (1,1i) *mobility upscale R(i,j))/ (R nodes(l,1i)* (R boundary(l,1i
+1) -R boundary(1l,1i))* (R nodes(l,i)-R nodes(1l,i-1)));

3 = I¥ly
i = 1+1;
J = 13
1 = N;
)= L
while 1 == N
j ] = g

e coeff(i,]) =
(R_boundary(l,1i+1) *mobility upscale R(i+1,3J))/(R nodes(1l,1i)* (R boundary
(1,1+1)-R boundary(l,1))*(r e-R nodes(1l,1)));

g = Jd%ig
i = 1+41l:;
) = Tk
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Code Name: laplace solver

Code Number: 11

input data;
permeability;
distances;
upscaled mobility;
laplace coeff;

system matrix = sparse(N*J,N*J);
count = 1;
a coeff column = ones(N*J,1);
i = I
| = Ly
i <= N;
| K=l
a coeff column(count,l) = a coeff(i,]);
j= j+1;
i ==1
count = j;
count = (i=1)*J+7j;
i = 1+1;
) = A
b coeff column = ones(N*J,1);
i =1
3 = L5
count = 1;
] 1 <= N;
j <= J;
b coeff column(count,l) = b coeff(i,]);
J= Gpels
i==1
count = 7j;
count = (i-1)*J+7j;
i = 1i+1;
3 =l
c_coeff column = ones (N*J,1);

288



INCAL VY ECIHIDOIC dlredinine vioacing 1or Aavdancea wcelil Completorns

Jusun >KIinner

1 s
J = 1;
count = 1;
/ i <= N;
le J <= J;
¢c_coeff column(count,l) = c coeff(i,]):
il i
f i ==1
count = j;
count = (i-1)*J+7;
1
i = 1i+1;
= 1;
d coeff column = ones(N*J,1);
i=1;
j = 1z
count = 1;
hil i <= N;
j <= J;
d coeff column(count,l) = d coeff(i,]);
J= J%LF
flo==1
connt = 795
gount = (a=1)*Jt)3
i = i+1;
J = 1;
e coeff column = ones(N*J,1);
i = 13
i & iF
count = 1;
il i <= N;
J <= J;
e coeff column(count,l) = e coeff(i,j);
i= g+l R
1 ==1
count = j;
gount. = (1—1)*T+j7
1= 1i+1;
=
. Lz
j = 1;
count = 1;
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ile count <= N*J
system_matrix(count,count) =

count = count + 1;
i = 13
j = 1;
count = 1;
gount, b = 1;
count <= N*J
vhile 1 <= N;
i ==1
count = j;
count = (i-1)*J+7;
count == 1i*J;
count b = count + 1 - J;
count b = count + 1;
system matrix(count,count b)
J = J+1;
i = 1i+1;
L = dg
count = count + 1;
i = 1;
j = 1;
count = 1;
count ¢ = 1;
@ count <= N*J
@ 1 = N;
J <=Jd
i ==1
count = j;
count = (i=1)*J+7;
count == (((i-1)*J) + 1)
gount ¢ = count — 1 + J;
count. ¢ = count = 17
system matrix(count,count c)
1 = J%lf
i = 441z
= &3
count = count + 1;

aicoefficolumn(count,l);

= b coeff column(count,1);

= c _coeff column(count,1);
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i = 27
)= g
count = 1;
count _d = 1;
W count <= N*J
i i <= N;
; j <=J
eount = (1-1)*J+9;
count_d = count - J;
system matrix(count,count d)
] = g%l:
1 = 141:
] = 1
count = eount + 1;
1
il B
g = 1;
count = 1;
count_g = 17
Lile count <= N*J
i & N
j <= J
count = (i-1)*J+j;
count e = count + J;
system matrix (count,count e)
1 = pHlp
i o= ikl
i = L
count = count + 1;
boundary matrix = zeros(N*J,1);
b = e -
= A
count = 1;
count bound = 1;
count <= N*J
i <= N;
i j <= J
count, = (1=1)%J+7%
i==

boundary matrix(count, 1)

d _coeff column(count,l)*p wf;

o

boundary matrix(count, 1)

e coeff column(count,l)*p e;
it

1= i+1;
j = 1;

d coeff column(count,1);

e coeff column(count,1);
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count. = count 4+ 1;

node pressures

node pressures

Systemimatrix\boundaryimatrix;

node pressures / 1075;
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Code Name: MAIN FILE

Code Number: 12

stremline polluck more pts;

flow rate;
flowrate new;
darcy flow check;

flow rate total new bblperd
skin calc
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Code Name: permeability

Code Number: 13

input data;

distances;
perm case == 1
K _isotropic blocks = ones(N,J);

K isotropic blocks K isotropic blocks * bulk perm;
Perm mult fact = ones(N,1);
i=1;
{ 1 <= N;
Perm mult fact(i,1l) = (i/N)* Perm mult fact(i,1l);
K isotropic blocks(i,:) = K isotropic blocks(i,:)*
Perm mult faet(i,1);
T ] e

perm case == 2

K isotropic blocks = ones(N,J);
K isotropic blocks K isotropic blocks * bulk perm;

perm case == 3

K isotropic blocks = ones(N,J);
K isotropic blocks K isotropic blocks * bulk perm;

1l

i=1;
j=floor (3*J/8) ;
Y i <= N
j < /2 && J >= floor(3*J/8)
i <= N-1 ¢&& i >=1
K _isotropic blocks(i,j) = K isotropic blocks (i,J)*1.5;
j=j+1;
i=i41;

j=floor (3*J/8);
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perm case == 4
K isotropic blocks = ones(N,J);
K isotropic blocks = K isotropic blocks * bulk perm;
i=1;
=L
Wi i <= N
i &= J
i <= 3*N/4 && i >= 2*N/3
K isotropic blocks(i,j) = K isotropic blocks(i,j)*0.1;
J=9+1;
i=i+1;
J=1%
perm case == 5
K isotropic blocks = ones(N,J);
K isotropic blocks = K isotropic blocks * bulk perm;
i=1;
j=floor (3*J/8);
whi i <= N

j < J/2 &8 J = floor (3*3/8)
i <= 2.75*N/3 + 2 && 1 >= 2.5*N/3
K isotropic blocks(i,j) = K isotropic blocks(i,j)*0.25;
157518
i=i+1;

j=floor(3*J/8);

perm case == 6

K isotropic blocks = ones(N,J);
K isotropic blocks K isotropic blocks * bulk perm;

i=1;
j=floor(3*J/8);
A i <= N
j < J/2 && j >= floor(3*J/8)
1 <= N-1 && 1 >=1
K _isetropic blocksi(i, ) = K isotropie blocks (i,7)*100;

g jarly
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i=i+1;
j=floor (3*J/8);

i=1;

j=floor (5*J/8);
whi i <= N
hile J < 6*J/8 && j >= floor(5*J/8)
i <= N-1 && 1 >=1
K isotropic blocks(i,j) = K isotropic blocks (i,]j)*100;
j=3+1;
i=i+1;

j=floor (5*J/8);

perm case == 7
K _isotropic blocks = ones(N,J);
K _isotropic blocks = K isotropic blocks * bulk perm;
i=1;
j=floor(5*J/8);
W i <= N

le j < 6*J/8 && j >= floor(5*J/8)
Lf 1 <= 2.5*N/3 && 1 >= N/2
K isotropic blocks(i,j) = K isotropic blocks(i,j)*0.05;
J=FLy

i=i+1;
j=floor (5*J/8);

i=1;

j=floor (5*J/8) ;
wk i <= N
j < J/2 && j >= floor (3*J/8)
f 1 <= floor(2.85*N/3) && i >= floor(l.5*N/2)
K isotropic blocks(i,]j) = K isotropic blocks(i,])*0.05;
j=j+1;
d=Hl ;

j=floor (3*J/8);
1d

perm case == 8§
K isotropic blocks = ones(N,J);
K_isotropic blocks = K isotropic blocks * bulk perm;
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i=1;
j=floor(1*J/8);
wh i <=N
¢ j < J/4 s&& j >= floor(1*J/8)
© 1 <= N-1 && 1 >=1
K isotrepic blocks(i,]) = K isotropiec blecks(i,3)*100;
T L
1=1+1;

j=floor (1*J/8);

perm case == 9

K isotropic blocks ones (N, J) ;

K_isotropic _blocks = K isotropic blocks * bulk perm;
i _damage = ceil ((N+0.5)*log(rad damage/r w)/log(r e/r w) - 1);
i=1;
] = 4
‘ 1 <= 1 damage
j <= J
K isotropic blocks(i,j) = perm damage;
J=j+1;
1=1;
i=i+1;
1i=1;
] = 1
wi i a= 1
K isotropic blocks(l,j) = casing perm;
J=J+1;
i perf = ceil((N+O.5)*loq(perfAlength/riw)/log(r_e/riw) - 1);
i=1;
5jj, =1 i
J_start perf=ones(1l,perf no);
pcount = 1;
‘ pcount <= perf no
J_start perf (1,pcount) = pcount*floor (J/perf no)-
floor (J/ (perf no*2));
peount = peount + 1;

¢ 1 <= 1 perf
J perf wide(l,1) =
floor(perf thick/(delta theta*R nodes(l,1i)));
& E=a Hebdle

i
|
=

~s
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] = J_start perf(l,x);
/ x <= perf no
i1 <= 1 perf
J=J start perf (1,x);
snile j < J start perf(l,x)+J perf wide(l,1i) && j >=
J start perf(l,x)
K isotropic blocks(i,]j) = perf perm;
J=j+1;

d=i=Elp
)=J _start perf (l,x);

ik, =t s
b N

perf check = size(d perf wide,2)
perf end width = R nodes(l,perf check)*delta theta;
perf end width > perf thick

EpEiInEE(?
)
poroc = ones(N,J) *poro const;
perm case == 10
K isotropic blocks = ones(N,J);
K isotropic blocks = K isotropic blocks * bulk perm;
d = L§
7Y ] <=J
i <9
K isotropic blocks(i,j) = free_ space perm;
1=4941s
i= 1;
1 = Il

FC thickness > 0
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num fc node = 1;
© R boundary(1,9) - R boundary(l,9-num fc node) <
FC thickness
num fc node = num fc node + 1;
first fc node = 9 - num fc node;

EC ] istart = 1;
FC j end = round(FC coverage angle/360*J);

= Eirstifcinode;
3 =l
Wi j <= FC_j end && j >= FC_Jj start
i€ 9
K lsotropic blecks(i,]j) = filter perm;
i=1i+1;
i=first fc node;
I=riE
j =1
perm case == 11
K isotropic blocks = ones(N,J);

K isotropic _blocks = K isotropic blocks * bulk perm;

qe=1li
j=floor(1*J/16);
i <= N
j < floor(2*J/16) && j >= floor(1*J/16)
f i <= 2.5*N/3 + 2 && i >= 2.3*N/3
K isotropic blocks(i,j) = K isotropic bloecks (i,])*0.75;
end
i
i=i+1;

j=floor (1*J/16) ;

i=1;

j=floor(3*J/16);
Wi i <= N
j < floor(4*J/16) && j >= floor(3*J/16)
f 1 <= 2.5*N/3 + 2 && i >= 2.3*N/3
K _isotropic blocks(i,J) = K isotropic blocks(i,j)*0.75;
J=j+1;
i=i+1;

J=floer (3*J/16) ;

i=1;
j=floor(5*J/16);
Wi i <= N

j < floor(6*J/16) && j >= floor(5*J/16)
i <= 2.5*N/3 + 2 && 1 >= 2.3*N/3
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K isotropic blocks(i,j) = K isotropic blocks(i,j)*0.75;
=1+
i=i+1;

j=floor (5*J/16) ;

el

i=1;
j=floor (7*J/16);
vhile 1 <= N
ile j < floor (8*J/16) && j >= floor(7*J/16)
1 <= 2.5*N/3 + 2 && 1 >= 2.3*N/3
K isotropic¢ bloeks(i,j) = K isotropic blocks(i,])*0.75;
J=j+1;
2114l
i=i+1;

j=floor (7*J/16);

i=1;

Jj=floor (9*J/16) ;
wh i<=N
j < floor(10*J/16) && j >= floor(9*J/16)
i <= 2.5*N/3 + 2 && 1 >= 2.3*N/3
K isotropic blocks(i,j) = K isotropic blocks(i,j)*0.75;
end
j=J+l:
i=i+1;

j=floor (9*J/16);

1

i=1;
j=floor (11*J/16) ;
hille 1 <= N
le j < floor(12*J/16) && j >= floor(l11*J/16)
i <= 2.5*N/3 + 2 && 1 »>= 2.3*N/3
K, lsotropic blocks{iz]j) = K isotropic blocks(i,])*0.75;
j=3+1;
i=i+1;

j=floor (11*J/16) ;

i=1;
J=fleer (13*%J/16) ;
Wi i <= N
j < floor(14*J/16) && j >= floor(13*J/16)
i <= 2.5*N/3 + 2 §& i >= 2.3*N/3
K isotropic_blocks(i,j) = K isotropic blocks (i, j)*0.75;
J=3+1;
i=i+1;

j=floor (13*J/16);
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it z=
J=EleeE (15%T/16);
i <=N
> J < floor(16*J/16) && j >= floor (15*J/16)
1f 1 <= 2.5*N/3 + 2 && 1 >= 2.3*N/3
K isotropic bleecks(i,j) = K uscotrepie bleeks(i,7) *0.75;
j=j+1;
i=i+1;

j=floor (L5*T/16) ;

perm case == 12

K isotropic blocks = ones (N,J);
K isotropic bleocks K isotropic blocks * bulk perm;

]

i damage = ceil ((N+0.5)*log(rad damage/r w)/log(r e/r w) - 1);
i=1; B B -
1 = 1
b i <= 1 damage
j <= J
K isotropic blocks(i,j) = perm damage;
=S
Jj=1;
i=1i+1;
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Code Name: porosity
Code Number: 14
poro blocks = ones(N,J);

pore blocks = pere.blecks * 10..27

302



INCAD VY CLHIDOTC direcamimne vioaclng 1or Aavanceda well completuons

Jusun SKinner

Code Name: pressure_node plots

Code Number: 15

input data;
permeability;
distances;
upscaled mobility;
laplace solver;

nodes theta = linspace (2#pi/ (2*J),;2%pi=2%pi/ (2%J) ,;J);

nodes x = zeros(N,J);
nodes y = zeros(N,J);
i=1;
3= 1z
N i €= N;
J <= J;
nodes x(i,J) = R nodes(l,1)*cos(nodes theta(l,j));
nodes y(i,j) = R nodes(l,1i)*sin(nodes theta(1l,3)
il = gl
1 = 14l;
j = 1;
node pressures ij = zeros(N,J);
i:I; B
g = 1z
count ij = 1;
; i i <= N;
J <= J;
eonnt 1j = (i=1)*J+]j;
node pressures ij(i,j) = node pressures(count ij,1l);
J o= J3+1;
1= i+1;
] = 17
i =
9 = i
nodes x full = zeros(N,J+1);
nodes y full = zeros(N,J+1);
node pressures ij full = zeros(N,J+1);
Kiisotropiciblocksifull = zeros (N,J+1);
1<=N
j<=J
nodes x full(i,j) = nodes x(i,7);

) .

r
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nodes y full(i,j) = nodes y(i,J);
node pressures ij full(i,]j) = node pressures ij(i,j):
K iseotrepic blocks fuall(i,j) = K isotropic blecksi{i,j);
JErpEly

5 =l

i = Al

i=1;

e 1<=N

nodes x full(i,J+1) = nodes x(i,1);

nodes y full(i,J+1l) = nodes y(i,1);

node pressures ij full(i,J+l) = node pressures ij(i,l);

K isotropic blocks full(i,J+1) = K isotropic blocks(i,1);

i = i+1;

surf (nodes x full,nodes y full,node pressures ij full)
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Code Name: streamline plotter

Code Number: 16

plot count = 1;

> plot count <= total pts
polar(stream line x short(:,plot count*2),stream line x short(:,plot co
unt*2-1))

held

plot count = plot count + 1;
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Code Name: streamline plotter full

Code Number: 17

plot count = 1;
plot count <= total pts
polar (stream line x(:,plot count*2),stream line x(:,plot count*2-
LK)
hold
plot count = plot count + 1;

306



INCAI WCLIDOTC dreamiine iviodacling 1or Aavancea weil compleuons Jusun >SKinner

Code Name: stremline_polluck
Code Number: 18

stream line = [r e, 1.839577032];
theta enter = stream line(l,2);

theta enter > 2*pi|()
theta enter = theta enter-2%*pi ()

rad enter stream line(1l,1);

J eurrent = ceil(stream*line(1,2)/deltaitheta);
J_eurrent == J+l
j current = 1;

i current = N;

rad exit = stream line(1l,1)*0.99;

count = 1;

rad exit > r w && rad exit <= r e

vel face T(i current,j current) > 0
F j eurrent < J
vel faece T(1i current,]j current+l) > 0
theta exit = theta boundaries(1l,j current);

vel faee T(1 current,j <current+l) < 0

theta star = theta boundaries(1l,j current) -
vel face T (i current,j current) *
deltaitheta/(velﬁfaceiT(iicurrent,jicurrent+1)—
val tace: T(1i enrrent;”) @urrent) )
theta enter < theta star

theta exit = theta boundaries(1l,]j current);
theta exit = theta boundaries(l,j current+l);
velifacewT(iicurrent,jicurrent+1) === (§
theta exit = theta boundaries(l,j current);
J _current == J
vel face T(i current,l) > 0
theta exit = theta boundaries(1l,j current);

vel face T (i eurrent,l) < 0
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theta star = thetd boundaries(l,j current) -

vel face T(i_current,] current
vel face T (i current,j current
theta enter

theta exit

theta exit

)
)

)
<

* delta theta/(vel face T(i current,1)-
theta star
theta boundaries(1l,j current);

theta boundaries(1,1);

vel face T(i current,j current) < 0

) lenrrent < o

vel face T(i current,j current+l) < O

theta exit = theta boundaries(1l,j current+l);

1

vel face T(i ecurrent,j eurrent+l) > 0

theta star = theta*boundaries(1,j7current) =
vel fTace T (i current;]j current)
delta theta/(vel face T (i current,j current+l)-
vel face T (i current,]j eurrent));

theta exit = theta star;

!

J current == J

*

vel face T(i current,l) < 0
theta exit = theta boundaries(1,1);

1

vel face T (i eturrent,l) > 0
theta star = theta boundaries(l,j current) -

* delta theta/(vel face T(i current,l)-
vel face T(i current,j current));

theta exit = theta star;

vel face T(i current,j current)

vel face T(i current,j current) == 0

] eurrent £ J

vel face T(i_current,]j current+l) < 0

theta exit

theta boundaries(l,j current+l);

vel face T (i current,j current+l) > 0

theta exit

J . current == J

theta boundaries(l,j current);

vel face T(i current,l) < 0

theta exit

theta boundaries(1l,1);

vel face T(i current,l) > O

theta exit

theta boundaries(l,j current);
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ol
§
14

theta exit == theta enter
time theta = 1e50;

time theta
abs (1/vel coeff theta a(i current,j current)* (log(vel coeff theta b(i c
urrent,j current)+vel coeff theta a(i current,j current)*theta exit)-
log (vel coeff theta b(i current,j current)+vel coeff theta a(i current,
Jjeurrent)*theta enter)) )i

abs (vel coeff rad b (i current,j current)) > le-10
time rad =

1/(vel coeff rad b(i current,j current)”2)*(vel coeff rad b(i current,]j
_current) * (rad enter-R boundary(l,i current))-
vel coeff rad a(i current,j current)* (log(vel coeff rad a(i current,j c
urrent)+vel coeff rad b(i current,j current)*rad enter) -
log(vel coeff rad a(i current,j current)+vel coeff rad b(i current,j cu
rrent) *R boundary(l,i current))));

abs(vel coeff rad b(i current,j current)) < le-10

time rad =
1/(2*vel coeff rad a(i current,j current))*(rad enter”2-
R boundary(l,i current)”"2);

arel

time min = min(time theta,time rad);
time min == time rad
abs (vel coeff theta a(i current,j current)) < le-15
theta exit = theta enter;
abs(vel coeff theta a(i current,j current)) > le-15

theta exit =

((vel_coeff theta b(i current,j current)+vel coeff theta a(i current,j
current) *theta enter)/exp(time min*vel coeff theta a(i current,j curren
£))—
vel coeff theta b(i_current,j current))/vel coeff theta a(i current,j c
urrent) ;

1 d

rad exit = R boundary(l,i current);

1 jeurrent = 4, curfent — 1

theta enter = theta exit;

rad enter = rad exit;

time min == time theta

rad_exit guess 1 = R boundary(l,i current);

i eurrent 1 = i current;

J_Jeurrent 1. = j Gurbenty

rad exit guess = R boundary(l,i current);

NR num = time min -
(l/velicoeff_rad_b(i_current,jicurrent))*(radienter—
rad_exit guess)+(vel coeff rad a(i current,j current)/(vel coeff rad b(
i_current,j_current))”2) *(log(vel coeff rad a(i current,j current)+vel
coeff rad b(i current,j current)*rad enter)-
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log(vel coeff rad a(i_current,j current)+vel coeff rad b(i current,j cu
rrent)*rad €xit guess));
NR num 1 = NR num;
NR deno = (1/vel coeff rad b(i current,j current)) -
(vel coeff rad a(i current,j current)/vel coeff rad b(i current,j curre
nt))*(l/(velicoeffirad_a(iicurrent,jicurrent)+velicoeff7rad_b(iicurrent
+J_current)*rad exit guess));
NR deno 1 = NR deno;
rad exit = rad exit guess - (NR num/NR deno);
ihile abs(rad exit-rad exit guess)/abs(rad exit) > 0.00001
rad exit guess = rad exit;
NR num = time min -
(1/vel coeff rad b(i current,j current))*(rad enter-
rad exit guess)+(vel coeff rad a(i current,j current)/(vel coeff rad b(
i _current,j current))"2)*(log(vel coeff rad a(i current,j current)+vel
coetft rad bl eurrent, ] CUErert) *rad ehter)—
log(vel coeff rad a(i current,j current)+vel coeff rad b(i current,j cu
rrent) *rad exit guess));
NR deno = (1/vel coeff rad b(i current,j current)) -
(vel coeff rad_a(i current,j current)/vel coeff rad b(i current,j curre
nt))*(1/(vel coeff rad a(i current,j current)+vel coeff rad b(i current
,J_current)*rad exit guess));
rad exit = rad exit guess - (NR num/NR_deno);

isreal (rad exit) == 0

guess_upper = R boundary(l,1 current+l);

guess lower = R boundary(l,i current);

answer upper = time min -
(l/velicoeffiradib(iicurrent,j*current))*(rad_enter—
guess_upper) + (vel coeff rad a(i current,j current)/(vel coeff rad b(i c
urrent,j current))"2)* (log(vel coeff rad a(i current,j current)+vel coe
tf rad bl current,] cutrent)*rdd chited) -
log(vel coeff rad a(i current,j current)+vel coeff rad b(i current,j cu
rrent) *guess upper)) ;

answer lower = time min -
(l/velicoeff*radib(iicurrent,j_current))*(rad_enter—
guess_lower) +(vel coeff rad a(i current,j current)/(vel coeff rad b(i c
urrent,j_current))"2)* (log(vel coeff rad a(i_current,j current)+vel coe
ffiradib(iicurrent,jicurrent)*radienter)—
log(vel coeff rad a(i current,j current)+vel coeff rad b(i current,j cu
rrent) *guess lower));

product guesses = answer lower*answer upper;
product guesses > 0
Ferantf ( 4 0

product guesses < 0

guess new = (guess upper+guess lower)/2;

answer new guess = time min -
(1/vel _coeff rad b(i current,j current))*(rad enter-
guess_new) +(vel coeff rad a(i current,j current)/(vel coeff rad b(i cur
rent,j_current))"2)* (log(vel coeff rad a(i current,j current)+vel coeff
rad _b(i_current,j current)*rad enter)-
log(vel coeff rad a(i current,j current)+vel coeff rad b(i current,j cu
rrent) *guess new)) ;

v

answer new guess*answer upper < 0
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new bound = guess upper;
1
F AW

answer new guess*answer upper > 0
new bound = guess lower;

new bound-guess new > 0.00001

answer 1 = time min -
(1/vel coeff rad b(i current,j current))*(rad enter-
new_bound) +(vel coeff rad a(i current,j current)/(vel coeff rad b(i cur
rent,j_current))"2)* (log(vel coeff rad a(i current,j current)+vel coeff
‘radib(iicurrent,jicurrent)*rad“enter)—
log(velicoeff_radia(iicurrent,j_current)+vel_coeff_rad7b(iicurrent,j;cu
rrent) *new_bound)) ;

answer 2 = time min -
(1/vel coeff rad b(i current,j current))*(rad enter-
guess_new) +(vel coeff rad a(i current,j current)/(vel coeff rad b(i cur
rent,j _current))"2)* (log(vel coeff rad a(i current,j current)+vel coeff
_rad b(i current,j current)*rad enter)-
log(velicoeffﬁradia(iicurrent,j_current)+velicoeff_rad7b(iicurrent,j_cu
rrent) *guess_new)) ;

.7 answer l*answer 2 < 0

new bound = new bound;
oppl
answer l*answer 2 > 0
new bound = guess new;

guess new = (guess new+new bound)/2;

rad exit = guess_new;

rad exit < r w
rad exit = r w;
|

theta exit > theta enter

J_eurrent = j current + 1j
LE ] current == J+l
j_current = 1;

theta exit < theta enter
J_eurrent = j _current = 1g
LE ] current == 0
j current = J;

rad enter = rad exit;
theta enter = theta exit;

count = count+1;

stream line(count,l) = rad exit;
stream line (count,2) = theta exit;
stream line(count,3) = time rad;
stream line(count,4) = time theta;
stream line(count,5) = time min;
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rad exit == R boundary(l,2) &&
K_isotropic blocks (i current,j current) == casing perm
vel face T (i currentt+l,]j current) < 0
block count = 0;
j_str = j current;
vel start = vel face T(i current,j current);
! K isotropic blocks (i current,j current) ~=
block count = block count+l;
J._current = ] current+l;

perf perm

vel end =
vel avg =
dist move =

vel faee T(1 eurrent+l,] eurrent=1) ;
(vel end + vel start)/2;
R boundary(1l,2)*(j current-j str)*delta theta;

time move =
rad exit =
theta exit

dist move/vel avg;

R boundary(1,2);
= theta boundaries

stream line(count+1l,1)
stream_line (count+l,2)
stream line (count+l, 3)
stream line (count+l,4) =
stream line (count+l,5)
rad exit = r w;
stream line (count+2,1)
stream liné(ceunt+2, 2)
stream line(count+2,3) =

( )

( )

Il

stream line (count+2,4
stream line (count+2,5

(1,3 eurrent);
rad. exit;
theta exit;
0;
0;
time move;

rad exit;
theta exity
07

0;

000015

vel face T(i current+l,j current) > 0
block count = 0;
] str = § currént;
vel start = vel face T(i current,j current);
K isotropic blocks (i current,j current) ~=
block count = block count+l;
j_current = j current-1;

perf perm

vel ‘end =
vel avg =
disEimove =
time move =

vel face T(i current+l,]j current+l);

(vel end + vel start)/2;

R boundary(l,2)*(j current-j str)*delta theta;
-1*dist move/vel avg;

rad exit =
theta exit

R boundary(1,2);
= theta boundaries

stream line (count+1,1)
stream line (count+l, 2)
stream line(count+l,3) =
stream line (count+l, 4)
stream line (count+l,5)
rad exit = r w;

stream line(count+2,1) =
stream line(count+2,2) =
stream line(count+2,3) =
stream line (count+2,4) =
stream line (count+2,5) =

(1,7 COEEESRt);
rad exit;
theta exit;
07
0;
time move;

rad exit;
theta exit;
0;

0;

00001
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Code Name: stremline_polluck more pts

Code Number: 19

vel field coeff;

total pts = J * J per block;
rad start all = ones(l,total pts)*r e;
theta start all = ones(l,total pts);
countifill = 1;
j count fill <= total pts
theta start all(l,count fill) =
count fill/total pts*J*delta theta+delta theta/(J per block+l);
count Till = count £ill + 1;

count fill = 1;

okl count fill <= total pts
stream Jlime X(l,eoimt £ill=*2-=1) = rad start all (L,count £ill)y
stream lime x(l,count fill*2) = theta start all (l,count £ill);
gount fill = gount fill + 1;

stream counter = 1;
stream counter <= total pts

stream line = [rad start all(l,stream counter),
theta start all(l,stream counter)];
theta enter = stream line(1,2);
theta enter >= 2*pi ()

theta enter = theta enter-2*pi();
raed enter = §Stieam lane(l, 177
j current = ceil(Streamiline(l,Z)/deltaitheta);
LY j _current == J+1

] _current = 17
1 _current = N;
rad exit = stream line(1,1)%*0.99;

count = 1;
i rad exit > r w && rad exit <= r e

vel face T(i current,j current) > 0
j _current < J
vel face T(i current,j current+l) > 0

theta exit = theta boundaries(l,j current);

vel face T(i current,j current+l) < 0
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theta star = theta boundaries(l,]J current) -
vel face T(i ecurrent,j current) *
delta theta/(vel face T(i current,j current+l)-
vel face T(i_eurrent;]j current))j;
theta enter < theta star
theta exit theta boundaries(1l,]j current);

theta exit = theta boundaries(1l,j current+l);

vel faee T(i ceurrent,j current+tl) == 0
theta exit = theta boundaries(l,J current);
i
J _eurrent = 1
i vel face T(i current,2) > 0
theta exit = theta boundaries(l,]j current);
j current == J
vel fade T(i euxrent,l) > 0
theta exit = theta boundaries(l,j current);

snd
vel fade T(i curfent,l) < 0
theta star = theta boundaries(l,j current) -
vel face T(i current,j current) * delta theta/(vel face T(i current,l)-
vel face T (i current,j current));
theta enter < theta star
theta exit = theta boundaries(l,j current);

theta exit = theta boundaries(1l,1);

vel face T(i current,]j current) < 0
j current < J
vel face T(i current,j current+l) < 0

theta exit = theta boundaries(l,]j current+l);
vel face T(i ecurrent,j current+l) > 0

theta star = theta boundaries(l,J current) -
vel face T(i_current;] current) *
delta theta/(vel face T(i current,j current+l)-
vel“faceiT(iicurrent,j_current));

theta exit = theta star;

j current == J
vel faes T (1 &lrrent,l) < 0
theta exit = 2*pi();

vel face T(i current,1l) > 0
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theta star = theta boundaries(l,j current) -
vel face T(i_current,j current) * delta theta/(vel face T(i current,l)-
vel face T(i current,j current));

theta exit = theta star;

vel face T (i current,j current) == 0
j _current < J
vel face T(i current,j current+l) < 0

theta exit = theta boundaries(1l,j current+l);
/velkfaceiT(iicurrent,jicurrent+l) > 0

theta exit = theta boundaries(1l,j current);
\velifaceiT(iicurrent,j_current+l) == 0

theta exit = theta enter;

) current == J
vel face T(i current,l) < 0
theta exit = theta boundaries(1,1);

vel face T'(i current,l) > 0
theta exit = theta boundaries(1l,j current);

theta exit == theta enter
time theta = 1e50;

time theta =
abs(l/velicoeff*thetaia(iicurrent,jicurrent)*(log(velicoeff¥theta*b(iic
urrent,j_current)+vel coeff theta a(i current,j current)*theta exit)-
log(velicoeffithetaﬁb(i_current,j_current)+velicoeff_theta7a(ikcurrent,
j_current) *theta enter)));

abs (vel coeff rad b(i current,j current)) > le-10
time rad =

l/(velicoeffiradib(iicurrent,j_current)A2)*(vel_coeffiradﬁb(iicurrent,j
_current) * (rad enter-R boundary(l,i current))-
vel coeff rad a(i_current,j current)*(log(vel coeff rad a(i current,j c
urrent)tvel coeff rad b(i current,j current)*rad enter) -
log(vel coeff rad_a(i_current,j current)+vel coeff rad b(i current,j cu
rrent) *R boundary(l,i current))));

abs(velicoeffiradib(i_current,jicurrent)) < le-10

time rad =
1/(2*vel _coeff rad a(i current,j current))*(rad enter”2-
R boundary(l,i current)”"2);
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time min = min(time theta,time rad);

flow_rate data(count,1l) = time min * poro_const;
flow rate data(count,2) = i current;
flow rate data(count, 3) j current;

time min == time rad
abs(vel coeff theta a(i current,j current)) < le-15
theta exit = theta enter;
ete!
abs (vel coeff theta a(i current,j current)) > le-15

theta exit =
((vel coeff theta b(i_current,j current)+vel coeff theta a(i current,j
current)*thetaienter)/exp(timeimin*velicoeffitheta‘a(iicurrent,j*curren
o) B s
Vel_coeffithetaib(iicurrent,j_current))/velécoeffitheta*a(i_current,j*c
urrent) ;

=

rad exit = R boundary(l,i current);

i_current = i current - 1;
theta enter = theta exit;
rad _enter = rad exit;
i
I time min == time theta
rad exit guess = R boundary(l,1 current);
NR num = time min -

(l/velicoeff*radib(iicurrent,j_current))*(radienter—
rad_exit _guess)+ (vel coeff rad a(i current,j current)/(vel coeff rad Db(
iicurrent,jicurrent))AZ)*(log(velicoeffiradia(i_current,jicurrent)+veli
coeff rad b(i current,j current)*rad enter)-
log(vel coeff rad a(i_current,j_current)+vel coeff rad b(i current,j cu
rrent) *rad exit guess));
NR deno = (1/vel coeff rad b(i current,j current)) -
(vel coeff rad a(i_current,j current)/vel coeff rad b(i current,j curre
nt))*(1/(vel_coeff rad a(i current,j current)+vel coeff rad b(i current
+J_current) *rad exit guess));
rad exit = rad exit guess - (NR num/NR_deno);
abs (rad exit-rad exit guess)/abs(rad exit) > 0.00001

rad exit guess = rad _exit;

NR num = time min -
(l/velicoeff_radib(iicurrent,jicurrent))*(radienter—
rad_exit _guess)+(vel coeff rad a(i_current,j current)/(vel coeff rad b(
i _current,j current))”2)*(log(vel coeff rad a(i current,j current)+vel
coeffirad*b(iicurrent,jicurrent)*radienter)—
log(velicoeffiradia(i“current,jicurrent)+vel*coeffArad7b(iicurrent,j_cu
rrent) *rad exit guess));

NR_deno = (1/vel coeff rad b(i current,j current)) -
(vel coeff rad a(i_current,j current)/vel coeff rad b(i current,j curre
nt))*(1l/(vel coeff rad a(i current,j current)+vel coeff rad b(i current
,J_current) *rad exit guess));

rad exit = rad exit guess - (NR num/NR _deno) ;

isreal (rad exit) == 0
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guess_upper = R boundary(l,i current+l);

guess_ lower R boundary(l,1 current);

answer upper = time min -
(1/vel coeff rad b(i current,j current))* (rad enter-
guess upper)+(vel coeff rad a(i current,j current)/(vel coeff rad b(i c
urrent,jicurrent))AZ)*(log(velicoeffiradia(iicurrent,j_current)+velicoe
£r rad b(i current,] clurrent)>*rad enter)-
log(vel coeff rad a(i current,j current)+vel coeff rad b(i current,j cu
rrent) *guess upper) ) ;

answer lower = time min -
(l/vel_coeffiradib(iicurrent,j_current))*(rad_enter—
guess_lower) +(vel coeff rad a(i current,j current)/(vel coeff rad b(i c
urrent,jicurrent))AZ)*(log(velicoeff_radia(iicurrent,jicurrent)+velkcoe
ff rad b(i current,j current)*rad enter)-
log(vel coerff rad & (i_current,] cutrent)+vel coeff rad bd(i current,y ¢u
rrent) *guess lower));

1

product guesses = answer lower*answer upper;
product guesses > 0
fprintf (! : \ 11 15w )

product guesses < 0
guess new = (guess upper+guess lower)/2;
answer new guess = time min -
(1/vel coeff rad b(i current,j current))* (rad enter-
guessinew)+(Velicoeffiradia(iicurrent,jicurrent)/(vel_coeffiradib(iicur
rent,jicurrent))A2)*(log(velicoeffiradia(iicurrent,jﬁcurrent)+vel_coeff
_Fad bi{i eurrent,] current)*rad enter)-
log(vel coeff rad a(i current,j current)+vel coeff rad b(i current,j cu
rrent) *guess new)) ;
e
answer new guess*answer upper < 0
new bound = guess upper;

answer new guess*answer upper > 0
new bound = guess lower;

new bound-guess new > 0.00001
answer 1 = time min -
(l/velicoeffiradib(iicurrent,j*current))*(rad_enter—
new_bound) + (vel coeff rad a(i current,j current)/(vel coeff rad b(i cur
rent,jicurrent))A2)*(log(velicoeffiradia(iicurrent,jicurrent)+velicoeff
_rad b(i_current,j current)*rad enter)-
log(vel coeff rad a(i current,j current)+vel coeff rad b(i current,j cu
rrent) *new _bound) ) ;
answer 2 = time min -
(1/velicoeff“rad7b(iicurrent,jicurrent))*(radﬁenter—
guess_new) + (vel coeff rad a(i current,j current)/(vel coeff rad b(i cur
rent,jicurrent))A2)*(log(vel‘coeffxrad_a(iicurrent,jicurrent)+velicoeff
_radib(iicurrent,jicurrent)*radienter)—
log(vel coeff rad a(i current,j current)+vel coeff rad b(i current,j cu
rrent) *guess new)) ;
answer l*answer 2 < 0
new bound = new bound;

answer l*answer 2 > 0
new bound = guess new;
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guess new = (guess new+new bound)/2;

rad exit = guess new;

rad exit < r w
rad exit = r w;

theta exit > theta enter

J _current = j current + 1;
'~ J_current == J+1
j_current = 1;

theta exit < theta enter

J_current = 7 current — 17
if j current == 0
] _curment = Jj

theta exit >= 2%pi ()
theta exit = theta exit-2*pi():

rad enter = rad exit;
theta enter = theta exit;
i _current > 0
vel face T (i current,j current) > 0
theta exit == 0
eheta exat = 2Fphi();
theta enter = theta exit;

1

Il

flow rate data x(count,stream counter*3-2)
flowirate_data(count,l);

flow rate data x(count,stream counter*3-1) =
flow rate data(count,2);

flowirateidataix(count,streamicounter*B) =
tlow rate datai(count,3):;

count = count+1;
stream line(count,l) = rad exit;
stream line(count,2) = theta exit;
stream line x(count,stream counter*2-1) = stream line(count,l);
stream line x(count,stream counter*2) = stream line (count,?2);
rad exit == R boundary(1l,2) &&
K _isotropic blocks (i current,j current) == casing perm

vel face T(i current+l,j current) < 0

block count = 0;

j_str = Jj current;

vel start = vel face T(i current,j current);

K isotropic blocks (i current,j current)

block count = block count+l;
j current = j current+l;

perf perm
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) cuErefit == g+l
. Eurrent = 07

vel end = wvel faee T (i currenttl,] eurrent-l) ;

vel avg = (vel end + vel start)/2;

dist_move = R boundary(l,2)* (j current-j str)*delta theta;

time move abs (dist move/vel avg);
rad exit = R boundary(l,2);

theta exit = theta boundaries (1,j current);
stream life(count+l,l) = rad exit;
stream line(count+l,2) = theta exit;

stream line x(count+l,stream counter*2-1
stream line(count+l,1);

stream line x(count+l,stream counter*2)
stream line(count+1,2);

)

flow rate data x(count,stream counter*3-2)

poro const;

flow rate data x(count,stream counter*3-1)

flow rate data x(count,stream counter*3)

rad exit = r w;
stream line(count+2,1) = rad exit;
stream line(count+2,2) = theta exit;

stream line x(count+2,stream counter*2-1
stream line(count+2,1);

stream line x(count+2,stream counter*2)
stream line(count+2,2);

)

= time move*

= 1 current;
j _current;

flow rate data x(count+l,stream counter*3-2) = 0.0001;
flow rate data x(count+l,stream counter*3-1) =

i current-1;

flow rate data x(count+l,stream counter*3)

vel faee T(1 curremt+l,7 current) > 0
block_countiz Oy
] str = j_ ecurrent;
vel start = wel face T(i eurrent,] current);
le K _isotropic blocks (i current,j current
block count = block count+l;
) Current = j ciErent-1;
j current == 0
j_current = J;

Il

)

vel end = vel face T (i current+l,j current+l);

vel avg = (vel end + vel start)/2;

= 4 EurEenE]

= perf perm

dist_move = R boundary(l,2)*(j current-j str)*delta theta;

time move = abs(dist move/vel avg);
rad exit = R boundary(1l,2);
theta exit = theta boundaries (1,j current);
stream line (count+l,1) = radie;it;
stream line(count+1l,2) = theta exit;
stream line x(count+l,stream counter*2-1
streamiline(count+l,l)7 B N
stream line x(count+l,stream counter*2)
streamiline(count+1,2)7 - B

)
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flow rate data x(count,stream counter*3-2) = time move*
poro const;

flow rate data x(count,stream counter*3-1) i _current;

flow rate data x(count,stream counter*3) = j current;
rad exit = r w;
stream line(count+2,1) = rad exit;

stream line (count+2,2) theta exit;

stream line x(count+2,stream counter*2-1) =
stream line(count+2,1);

stream line x(count+2Z,stream counter*2) =
stream line(count+2,2);

flow rate data x(count+l,stream counter*3-2) = 0.0001;
flow rate data x(count+l,stream counter*3-1)

1, current=I1;
flow rate data x(count+l,stream counter*3) = j current;

vl

count = 1;
stream counter = stream counter + 1;
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Code Name: upscaled mobility

Code Number: 20

input data;
permeability;
distances;

mobility isotropic blocks = K isotropic blocks/mu o;

mobility upscale R=ones (N+1,J);

mobility upscale R(1,:) = mobility isotropic blocks(l, :);
mobility upscale R(N+1l,:) = mobility isotropic blocks(N, :);
Io= 3 B B
1 = 1§
/'l<:N
4w
mobility upscale R(i,j) = log(R nodes(l,1i)/R nodes(l,i-
1y)/ ((1/mobility isotrepic blecks(i-
1,3)*log (R boundary(l,1i)/R nodes (1,i-
1)))+(l/mobility_isotropiciblocks(i,j))*log(Rinodes(l,i)/Riboundary(l,i
)) )
j o= j+1;
i = 1i+1;
g
mobility upscale T = ones(N,J);
1 = 1p
), = Al
i <= N
j < J

mobility upscale T (i,3])
mobility isotropie bleocks (4,J+1)

= * mobility isotropic blocks(i,Jj) *
)
mobility isotropic blocks(i,j+1));

(2
/ (mobility isotropic blocks(i,j) +

j = J+1;
1. = g
j =1
i B
i <= N

mobility upscale T(i,J)= (2 * mobility isotropic blocks (i, 1) *
mobility isotropic blocks(i,J)) / (mobility isotropic blocks(i,1l) +
mebLlity isotrepic blocks (i,T)).:

i = i+41;
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Code Name: vel face plot R

Code Number: 21

tace velocities;

nedes theta = linspace(2%pi/ (2%J) 2*pi=2%pi/ (2*J) ,Jd)7

boundaryix = zeros (N, J);
boundary y = zeros(N,J);
i=1;
J = Ty
W i <= N+1;
j <= J;
boundary x(i,j) = R boundary(l,1i)*cos(nodes theta(l,3j));
boundary y(i,Jj) = R boundary(l,1i)*sin(nodes theta(l,3j));
7 = e
1 = gl e
g = Ly

surf (boundary x,boundary y,vel face R)
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Code Name: vel face plot T

Code Number: 22

face velocities;

nodes theta tanj bound = linspace(0,2*pi,J);

boundary x tanj = zeros(N,J);
boundary y tanj = zeros(N,J);
i=1;
i = i
i B <= N2

j <= J;

boundary x tanj(i,]j) =

R boundary(l,i) *cos (nodes_ theta tanj bound(l,3));
boundary y tanj(i,Jj) =

R boundary(l,1i)*sin(nodes theta tanj bound(l,J));
j o= j+1;

i = 341
1;

.
Il

surf (boundary x tanj,boundary y tanj,vel face T)

EVE



INear w ellpore >ircamliine viodaeling 1or Aavancea well completons Jusun >KiInner

Code Name: vel face T fix
Code Number: 23
g, = s
j = 1s
i <=N
J &=
abs (vel face T(i,j)) < le-12
vel face T(i,]j) = 0;
=7 +1;
i=1i+1;
j=1;
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Code Name: vel field coeff

Code Number: 24

face velocities;
vel face T fix;

theta boundaries = ones(1,J);
j = 0;
¥ j < J

theta boundaries(1l,3j+1) = j*delta theta;

d = bl
velicoeffithetaia = ones (N, J);
vel coeff theta b = ones(N,J);
vel coeff rad a = ones(N,J);
vel ceoeff rad b = ones(N,J);
i = 1L;
7 = A
o b R < — 2N |

g & g
vel coeff theta a(i,j) = (vel face T(i,j) = wel face T(i,j+l1))
/ (theta boundaries(l,3j) - theta boundaries(l,j+1));
vel coeff theta b(i,j) = vel face T(i,j+l1) -
(vel coeff theta a(i,j)*theta boundaries(1l,j+1));
1 = 1+lj
j ==
vel coeff theta a(i,j) = (vel face T(i,j) - vel face Ti(dl,1)) /
(theta boundaries(1l,j) - theta boundaries(1l,1));
vel coeff theta b(i,j) = vel face T(i,1) -

(velicoeffAthetaia(i,j)*thetaiboundaries(l,l));

5 = L1

3 = s
i = 1;
J = L;
1 <= N
] K= J
vel coeff rad a(i,3j)
R _boundary(1,1)*R boundary(1l,i+1) /(R boundary(l,i+1l) - R boundary(l,1))
* (wel race R(i;j)-vel face R(it+l;j));
3§ = 3l
1 = i+ls%
j = 1;
1 =) g
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j =1
1 <= N
) ol ]
vel coeff rad b(i,j) = vel face R(i+l,])-
(vel coeff rad a(i,j)/R boundary(l,i+l));
) = Il
i = i+1;
)= A
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Appendix Il - Case Study 1: Fractional Factorial Run Results

Factor A Factor B Factor C Factor D Factor E Factor F Response 1 Response 2
Damage Zone . Perforation | Perforation
L UMEm.mm cunE 12.:.%.5:? S eREUTAC Thickness | Permeability Z_::UE.. ok Skin Flow Rate (bbl/d)
adius (m) (mD) Length (m) (m) (mD) Perforations
1 01 90 0.15 0.03 100 3 Il 536
2 0.5 15 0.75 0.03 100 1 23.0 143
3 0.5 90 0.75 0.03 100 3 1.2 526
-+ 0.1 90 0.75 0.05 1600 1 0.0 620
5 0.5 15 0.15 0.03 1600 1 18.7 166
6 0.5 15 0.75 0.03 1600 3 0.0 619
7 0.1 90 0.75 0.05 100 3 0.5 574
8 0.1 15 0.15 0.03 100 1 11.2 235
9 0.5 90 0.15 0.05 100 3 0.7 562
10 0.5 15 0.15 0.03 100 3 11.3 235
11 0.5 15 0.75 0.05 1600 | 3.1 427
12 0.5 90 0.15 0.03 1600 3 -0.3 649
13 0.5 15 0.15 0.05 1600 3 7.8 289
14 0.5 90 0.75 0.05 100 1 4.1 387
15 0.1 90 0.15 0.05 1600 3 -0.6 682
16 0.1 15 0.75 0.05 100 1 1.7 292
17 0.5 15 0.15 0.05 100 | 214 151
18 0.5 90 0.75 0.03 1600 1 0.7 559
19 0.1 90 0.75 0.03 1600 3 -1.2 748
20 0:5 90 0.15 0.03 100 1 5.8 336
21 021 15 0.15 0.05 100 3 135 505
22 0.1 90 0.15 0.03 1600 1 175 511
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23 0.1 15 0.75 0.05 1600 3 -1.5 787
24 0.5 15 0.75 0.05 100 3 6.8 312
25 0.1 15 0.15 0.03 1600 3 -0.3 647
26 0.1 90 0.15 0.05 100 1 8.9 395
27 0.1 115 0.75 0.03 100 3 2.7 L
28 0.1 15 015 0.05 1600 1 1.9 485
29 0.1 15 0.75 0.03 1600 | 1.2 524
30 0.5 90 0.75 0.05 1600 3 -1.5 787
31 0.1 90 0.75 0.03 100 1 5.6 342
32 0.5 90 0.15 0.05 1600 1 1.2 525
33 0.3 52.5 0.45 0.04 850 1 2.1 475
34 0.3 52.5 0.45 0.04 850 3 -0.6 674
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Appendix Ill - Case Study 2: IV Optimal Design Run Results

Factor A Factor B Factor C Response 1 | Response 2
Run | Perforation PPeerl:]Oe;abtill(:?v Number of Total Skin Flow Rate
Length (m) (mD) = Perforations (bbl/d)

| 0.21375 1480 2 0.9 546
2 0.7025 1075 1 2.1 476
3 0.1755 1105 1 3.8 399
4 0.43475 1105 2 0.2 591
d 0.58775 1600 2 -0.4 652
6 0.6005 100 1 8.0 287
7 0.2945 850 3 0.3 596
8 0.413006007 595 1 3.4 413
9 0.8555 820 5 -0.4 660
10 0.85975 1337.5 2 -0.3 651
11 | 1600 | 1.3 519
12 0:15 370 3 l..5 S11
I3 0.38375 1472.5 1 2.2 466
14 0.15 1600 1 4.1 389
15 0.15 100 2 8./ 402
16 | 1307.5 3 -1.0 717
17 1 1150 1 1.9 486
18 0.83425 100 3 2.4 458
19 0.57925 1330 3 -0.8 697
20 0.847 1585 1 1.4 516
21 0.306976687 100 3 2 456
22 | 850 2 0.2 603
23 0.15 662.5 | 4.6 370
24 | 0.936269894 197.5 2 2.3 462
25 0.575 355 3 0.6 567
26 0.881 433.4986232 | 3.8 397
27 0.847 1600 3 -1.1 736
28 0.15 842.5 2 1.7 495
29 0.18825 220 1 39 334
30 0.56225 100 2 3.6 407
31 0.2945 362.5 2 1.7 498
32 0.15 1600 | 4.1 389
33 0.6175 1495 1 1.6 502
34 0.6855 1022.5 2 0.0 618
35 0.32 1600 3 -0.2 639
36 | 0482715107 662.5 2 0.7 563
3 0.73225 587.5 2 0.7 562
38 | 100 | 8.0 287
39 | 355 3 0.6 570
40 0.4305 595 3 0.2 604
41 0.15 1330 3 1.0 541
42 0.6175 100 3 2.4 458
43 0.17125 1600 3 0.7 558
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44 | 340 2 ]..5 510
45 0.66 985 3 -0.6 674
46 0.24775 J1D 2 1.1 534
47 | 1600 3 -1.1 741
48 | 0.673850554 310 | 4.6 370
49 0.813 392.5 3 0.5 579
50 0.91925 1600 2 -0.6 672
51 0.28175 1300 3 0.0 614
o2 1 1375 3 -0.3 649
53 0.15 100 3 2.6 449
54 0.49 1600 | 118 496
=p | 625 | 3.0 429
56 1 1450 2 -0.5 662
57 0.32 1600 2 0.3 591
58 0.40925 250 | 3.3 351
59 0.15 325 2 2.3 465
60 0.15 1600 2 1.5 506
61 0.26475 775 | 3.4 413
62 0.5495 880 | 2:5 454
63 | 100 2 3.6 407
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Appendix IV - Case Study 3: IV Optimal Design Run Results

Factor A Factor B Factor C Response 1 | Response 3
Run Filter Ci‘llfe Filt?r Cake Angle of ' Flow Rate
Permeability Thickness Coverage Total Skin (bbl/d)
(mD) (mm) (degrees)

| 165.8 1.16 270.0 1.422 512
2 68.7 8.84 96.8 -0.006 618
3 174.4 9.00 1215 0.100 609
+ 10.0 1.20 45.0 -0.154 631
5 10.0 9.00 50.6 -0.143 630
6 173.4 7.40 264.4 1.563 503
7 17.6 1.92 168.8 0.412 583
8 200.0 3.60 270.0 1.600 501
9 122.1 8.24 196.9 0.654 564
10 143.0 1.19 135.0 0.159 603
11 243 9.00 216.0 0.876 548
12 200.0 9.00 225.0 0.970 541
13 165.8 3.16 220.5 0.886 547
14 10.0 8.40 270.0 1.744 493
15 180.1 4.60 45.0 -0.154 631
16 200.0 7.84 61.9 -0.118 628
17 44.2 6.64 45.0 -0.153 631
18 46.1 1.00 83.1 -0.060 623
19 181.0 1.00 45.0 -0.155 632
20 115.5 4.72 270.0 1.680 497
21 80.2 1.80 146.3 0.241 597
22 10.0 1.00 264.4 1.601 501
23 137.3 6.52 78.8 -0.071 624
24 133.5 9.00 45.0 -0.154 631
25 37.6 2.44 270.0 1.702 495
26 15.7 3.92 77.6 -0.074 624
27 76.5 4.60 155.3 0.302 592
28 10.0 4.86 231.8 1.080 534
29 200.0 1.00 201.4 0.595 568
30 12.9 7.44 138.4 0.198 600
31 194.9 2.52 99.0 -0.003 618
32 101.1 2.44 51.8 -0.143 630
33 197.2 5.96 168.8 0.401 584
34 50.0 7.16 249.8 1.346 517
35 84.1 1.20 2293 0.931 544
36 103.1 9.00 270.0 1.711 495
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