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ABSTRACT

Technological advancements in the automotive industry have led to various
improvements in vehicle safety, ride quality and aesthetics. Vehicle safety is one of the
foremost issues that the automotive industry is constantly working on to reduce the risk of
injury and discomfort to passengers. Humans are sensitive to vibrations and excessive
vibrations can cause injury or discomfort such as back pain, fatigue, mental stress and
unseating of passengers. Road holding and vehicle stability is affected by road
disturbances, suspension characteristics and directional motion of the vehicle. Ride
quality is also influenced by vibrations induced from the road as well as imbalances in the
tire/wheel assembly. In order to analyze and suppress vehicle vibrations and increase
vehicle safety, a non-linear multi-body quarter car model and a linear quarter car model
have been developed using bond graph methodology.

Active suspension system has been developed in this research using a linear quadratic
controller and applied to the linear quarter car and the multi-body model. The multi-body
model has been characterized to obtain the parameters for suspension and damping
coe cients that can be used in the linear quarter car model. Non-linearity has been
introduced in the multi-body model with the use of non-linear components (springs and
dampers) and/or use of geometric non-linearity of the suspension. A gain factor is applied
to 1 actuator force of the active suspension system of the multi-body model to
compensate for the kinematic differences between the linear model and the non-linear
model. A comparison study is performed in frequency and time domain for both the

models and four cases have been developed to study the effectiveness of the linear



quadratic controller on the multi-body model as well as the linear quarter car model. The

results show that the multi-body model performs better than the linear quarter car model
when there is low geometric non-linearity. When component non-linearity and high
geometric non-linearity are introduced in the multi-body model, the performance of the
linear quadratic controller deteriorates in comparison to the linear quarter car, particularly
for the ride quality scenarios. The active suspension system for the multi-body model
performs better than the passive system in all the four cases.

The research winds up with a discussion on how the objectives outlined in the study have

been attained and recommendations for future work.
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Chapter 1: Introduction and Background

1.1 Introduction

One of the most important objectives of automotive industry today is to make safer
vehicles. In order to accomplish that modeling is done even more so to shorten the design
and development cycle and models are developed of varied complexity and various
scenarios are tested. The two main objectives for vehicle dynamics related to vibrations
are to maintain the ride quality and road holding. These competing objectives, the details
of which have been discussed in Section 5.1, pose a challenge for designing a controller
since the performance of one affects the other [1].

Studies have been conducted on vehicle models for quarter, half and full cars but these
models typically show linear behavior [12, 13, and 14]. Even if there is non-linearity in
the system model, the components used in the model are often linear [30, 31]. Different
kinds of controllers are developed and applied on these linear models and their
performances are analyzed [10, 11, 15]. Simulations have been performed in various
modeling environments such as MATLAB/Simulink [13], bond graphs (20-Sim) [25, 28]
and CarSim [20] etc. To simulate a 2-D non-linear suspension design, a bond graph based

multi-body quarter car model has been developed in this research using 20-sim [21]

software. 20-sim software is a modeling and simulation program which possess multi-
domain (electrical, mechanical, hydraulics) modeling capabilities [21]. The complexity of
the multi-body model is increased by adding non-linearity to the system in various ways.
The non-linearity in the multi-body model is of two types: component non-linearity due

to springs and dampers and geometric non-linearity due to suspension travel. A linear



unic ectional quarter car model has also been developed using bond graph method. Both

these models are compared to each other in passive mode for differences in system
responses. Bond graph modeling facilitates multi-body modeling and it also provides
multi-energy domain capabilities. The system equations can also be formulated by using
bond graph method. The second important aspect of this thesis is to develop a linear
controller using state space method that can be applied to both the models so that it
suppresses the vibrations experienced by the vehicle or provides good road holding. This
approach will determine the limits of a linear controller applied to a non-linear multi-
body model. Various controllers have been used in the literature [8, 10, 11, and 15] but
there has been little comparison between non-linear and linear models. Also, a
comprehensive literature has not revealed prior work on how the linear controller
performs for non-linear model in passive and active mode. These issues have been
addressed in this research. A linear quadratic controller has been applied to both the
models and the response of the vehicle states has been compared in the frequency and the
time domain.

The <« dy concludes by providing a summary of the objectives attained in this research

and the scope of future work.

1.2 Objective

The objective of this thesis is to design a multi-body quarter car model using bond graph
method and apply a controller to investigate the performance of active suspension system
when the vehicle is undergoing road perturbations. The quarter car model will be

introduced with two main kinds of nonlinearities: component and geometric. A linear




que atic regulator (LQR) controller will be designed to assess its performance on an

inherently non-linear system for ride quality as well as road holding scenarios. The
controller performance will also be tested on a linear quarter car model.

The controller will then be compared for performance on the multi-body quarter car
model and the linear quarter car model in active and passive states in frequency and time
domain. This would ascertain the limitations of the controller on the multi-body model.
The future works will consist of validating the simulation models and the controller

performance on a quarter car test-bed by real-time testing.

1.3 Research Outline

Cha; :r 1 provides an introduction and background study on the topic of vehicle
dynamics. It provides a brief outline of the current state of research in vehicle dynamics
and ¢ motivation for this thesis in developing a non-linear multi-body model and
appl: g a linear controller to analyze its performance. Further it discusses the need for a
quarter car test rig to test and verify the simulation results.

Chapter 2 provides a documentation of the existing literature related to car models and
basics of vehicle dynamics. It also discusses different types of control schemes
implemented in simulation and hardware realizations of suspension models.

Chapter 3 provides a brief introduction to bond graph methodology related to multi-body
mode ng of vehicles. It provides an overview of the short long arm suspension and a
detailed description of the multi-body quarter car model developed in this research. Non-
linearity is also introduced in the model related to the components i.e. the spring and

damper and geometric due to the suspension travel.



Chapter 4 provides an equivalent quarter car model using the bond graph method and

MATLAB/Simulink. The suspension parameters for the linear model are determined by
numerical experiments on the multi-body model. The equations related to the linear
quarter car are also introduced in this section and simulations for multi-body model and
linear quarter car are compared with each other in passive mode.

Chapter 5 introduces the optimal control derivation i.e. the linear quadratic regulator
approach. Then simulation is performed in the frequency domain to show the benefits of
active suspension control for ride quality and road holding properties in the linear quarter
car and the multi-body model. Then a comparison between the two models is done in time
domain with four different case scenarios. The case scenarios are based on increasing
complexity of the multi-body model in terms of nonlinearities due to components and
geometry.

Chapter 6 provides a background on what problems were encountered in the quarter car
test1 and the hardware changes that were implemented on it. It provides documentation
on the hardware and software changes that were made to improve the test-bed. Passive
tests were performed on the test-bed to show how the experiments agree with the
simulatbion.

Chapter 7 provides the conclusion, recommendations and scope of future work related to

this research.















2.1.2 Types of Suspension

The passive suspension is made up of spring and damper components. The spring
supports the static weight of the vehicle and handles the load applied on it at any corner
which could be due to passengers, luggage or weight transfer while cornering. The
damper prevents the suspension to vibrate erratically when it encounters an uneven road
or bumps and maintain contact of the vehicle on the road.

The suspensions in a vehicle serve two main objectives of maintaining the ride quality
and ave a good road holding, which are often competing with each other. The ride
quality of the vehicle is defined as the vibrations experienced by the passengers in the
vehicle. The role of the suspension is to suppress these vibrations so that it provides
excellent ride quality. In a vehicle model, it is measured by sprung mass
acceleration (Z). Road holding is a very important aspect of vehicle dynamics as it
involves cornering, braking and traction abilities of a vehicle. The suspension also
provides road holding properties to a vehicle as it can be quantified in terms of the tire
deflection (z,, — z,.) performance [1].

Good road holding of a vehicle is also provided by the suspension and it can classified as
the roll and pitch accelerations of the vehicle. For a good road holding, these parameters
should be minimized. The suspension supports the weight of the vehicle as well as the
passengers. This can be quantified as suspension deflection (z; — z,,) performance [1].
The rattle space is the space available for suspension deflection in a vehicle.

There are two main types of suspensions: dependent and independent systems. In

dependent systems, the motion of the wheel on one side of the vehicle is transferred to the




wheel on the other side. This has an adverse effect on the vehicle performance and hence

it has been replaced by independent suspensions in passenger vehicles. In independent
systems, the motion of one wheel is not transferred to the other wheel and each
suspension acts independently [5].

There are two types of solid axle or dependent suspensions, which have been described -

Hotchkiss Rear Suspension

This kind of dependent suspension system consists of leaf springs which support the
axles. The movement of these leaf springs is restricted to vertical motion. At one of the
leaf springs, there is a pin connection to enable the vertical motion and the other end

consists of pivot links as shown in Figure 5.

Bump stop . / /
. o« Leaf spring

oA

Figure 5: Hotchkiss rear suspension [5]

This kind of suspension is very simple to build and also has a rugged architecture. The

problem with this kind of suspension is that the leaf springs cannot have unrestricted
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flexibility, which degrades the ride quality in vehicles equipped with Hotchkiss rear

suspension systems [5].

Trailing Arms Suspension

This is a rigid axle configuration where coil or air springs can be used, and the movement
is restricted to vertical motion and rolling motion, shown in Figure 6. This four link
design provides advantage in the choice of roll center selection, anti-squat and anti-dive
geometry, The lateral movement in this suspension is not possible due to the rigid joint of

the trailing arms to the wheel [5].

Figure 6: Trailing arms suspension [5]

The main types of independent suspension have been summarized below

MacPherson Strut

This type of suspension can move vertically due to the telescopic link, laterally due to the
transverse arms and longitudinally due to the extension link, depicted in Figure 7. The
spring can be attached in parallel to the damper or it could be integrated with the damper

itself.






The multi-body model developed in this research is based on a SLLA suspension system as
it ce  sustain high transverse and longitudinal loads and has found its application in high

performance vehicles such as Alfa Romeo, Honda and Mercedes Benz [5]. The kinematic

links in this type of suspension can be tuned easily and the effect of each of the links can

also be calculated using a simple four-bar mechanism. This makes it advantageous in an
analytical point of view. It also provides significant geometric non-linearity which is

useful in this research to analyse the performance of the controller in later sections.

2.2 Multi-body Vehicle Models

This section provides documentation on multi-body vehicle models that are found in
litera -e. Prior work on multi-body modeling of vehicles have been identified and
discussed according to their applicability and usefulness in this research.

Sandu et al. [12] have performed a multi-body simulation on a MacPherson strut
suspension system. Using a quarter car test rig, they have identified the system using
system identification (SI) techniques. They compared a linear and non-linear quarter car
system. The model generated using SI process is used for control purposes of the quarter
car test rig. The linear and non-linear models are compared with the experimental results.
It showed that the sprung mass accelerations of both linear and non-linear models are
very close to each other. The description of a kinematic non-linear model is useful since

the model in this thesis is also based on a multi-body model with kinematic non-linearity.




Crolla et al. [13] showed a co-simulation approach in analyzing the dynamic responses of

a v icle. In this paper, a multi-body simulation model of a full car is generated using
Visual Nastran. MATLAB is used to integrate the model with its inputs and outputs and
the controller. This co-simulation approach is adopted so that the different vehicle
subsystems i.e. vehicle models, suspension types, and tyre models can be validated
individually. A lumped parameter full vehicle model is used to identify the system rather
than using quarter car models, which does not account for non-linearity. The results
showed that the response of the sprung mass acceleration for a semi-active suspension
system is affected greatly but the response of the unsprung mass remains largely
unaffected. However, different tyre models affect the loads applied to the hub of a
vehii .. A semi-active system improves vehicle body response but has significant effect
on the unsprung mass response and the force applied on the suspension. This paper shows
integration of the multi-body simulation approach with control strategy using MATLAB

and Visual Nastran.

Mantaras et al. [14] provided documentation of kinematic modeling of a MacPherson
strut with constraint equations for the various links of the mechanism. It used two
different frames of references; body fixed and inertial frames. Once the constraint
equations are formulated, the spatial geometry of the suspension system is determined.
Using MATLAB/Simulink, the equations are solved and the model is validated. This
paper provides a kinematic model of MacPherson suspension and it permits optimization

of the suspension geometry. The basics of multi-body modeling are provided in this paper




like using two frames of references and Euler’s parameters, which will be helpful in the

modeling of SLLA suspension in this research.

This thesis develops a multi-body model based on a different vehicle suspension
configuration (SLA suspension) due to its advantages as discussed in Section 2.1. The
mc | has kinematic non-linearity similar to that of the MacPherson strut [12] as well as
component non-linearity. The SLA suspension is developed using bond graph approach,
where it is easier to build a multi-body models compared to the cumbersome process
described in [14] using MATLAB/Simulink. This research also develops a linear
qué atic controller to assess the performance of the active suspension system, unlike
both papers [12] and [14]. The results of controller design are assessed for the multi-body
model and compared with the linear quarter car model in this research, similar to the
methodology adopted in [13]. This thesis uses 20-sim [21] for bond graph modeling and
MATLAB for initial validation of the linear quarter car model, the inspiration of which

comes from [13] where two different modeling environments are used.

2.3 Controller Design

This section provides different control architectures in the literature and their application
to different vehicle models. It also shows various kinds of software approaches used in
modeling the system or the controller.

Hrovat [8] discussed various types of suspension designs with increasing complexity and
how LQR controller performs in comparison to the passive suspension. A 1-DOF quarter

car model was developed, wheel hop was measured using a 2-DOF quarter car model,



pitch and heave were measured by a 2-DOF half car model and a full 7-DOF

comprehensive vehicle model was also developed in this paper. The paper concluded with
successful implementation of optimal control in quarter car models, further developing 2-

DOF quarter car models and other vehicle models with higher complexities.

Hrovat [10] developed a linear quadratic regulator (LQR) controller for a linear quarter
car suspension system and a non-linear hydraulic actuator. The dynamic equations of the
quarter car model and hydraulic actuator are generated and using the LQR approach, a
cost inction is calculated and solved to obtain the optimal gains. The results show
marked improvement of active suspension systems over the passive systems. The sprung
mass acceleration is reduced in an active suspension system with optimal feedback gains.
The body displacement is also reduced for the LQR active suspension system in

comparison to a passive system,

Esmailzadeh and Fahimi [15] presented an optimal active suspension system for a linear 7
DOF vehicle model. The state equations for the 7 DOF model are generated and a cost
function is also determined for optimum control. An adaptive control system is discussed
for implementation of model reference adaptive control (MRAC) by utilizing the optimal
contrc model as the basic system model for the vehicle. This ensures that the controller
always tries to approach the optimal performance of the system. The paper concludes
with  nulations showing that the optimal control and MRAC control perform much

better than the passive system.




Crolla et al. [11] used a Kalman filter for state estimation of a fully active suspension

system of a quarter car model. Using the state space equations a system model is
generated and a cost function is used to calculate the optimal gains for the system. Then
an observer is designed using the optimal gains, which in the case of a Kalman filter
estimates the states of the system. A filtered gaussian white noise is used the road input.
The closed loop system using the optimal Kalman estimation process is compared with a
full state feedback. The model works very well with different road inputs and the Kalman

filt is able to predict the states with little loss of performance.

Hrovat [8] and [10] develops a basic and effective controller linear quadratic regulator
and its performance is tested on various vehicle models. But the literature rarely discusses
the application of a linear LQR controller on a multi-body model to see how it performs
in comparison to a linear quarter car model and also in terms of their active and passive
states. Here, a linear LQR controller is designed and it is applied to both the multi-body
quarter car model as well the linear quarter car model and their performance is analysed
in various scenarios. The two papers by Crolla et. al. [11] and Ezmailzadeh and Fahimi
[15] discuss some of the advanced non-linear controllers which have been applied to
linear vehicle models. Such controllers could also be tested on the multi-body models;
however their added complexity may not be justified if an LQR controller works on a

non-linear plant.
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2.4 Bond Graph Modeling

In this section, some of the modelling procedure performed using the bond graph method
have been outlined. Since this research involves the development of a multi-body quarter
car model, study of bond graph literature would provide further insight on the feasibility
and advantages of this method.

Pace a [28] developed a multi-body modeling procedure for vehicle systems using bond
graphs. It describes the problems in multi-body modeling and how bond graph method
can be used to eliminate these problems and make modeling for multi-body systems
easier. It provides examples by describing dynamics of a rigid body in a body fixed frame
and calculating the body motions. Then the inertial frame is discussed to calculate the
position and orientation of the rigid body. Next, it describes the combination of two
different bodies in bond graph and goes on to develop constraint equations for a car-

carav | model.

Margolis et al. [30] developed a non-linear full car model using the bond graph method to
inves rate longitudinal dynamics. This paper is crucial in demonstrating how the
instrumentation (sensors, actuators and controls) are applied to the whole vehicle model
in bond graph. Due to the advantage of having multi-domain capability, the bond graph
method is suited to model analysis or simulation. A simple PI control was applied to the

model and the yaw rate response was analysed for steering control and brake control.



Jahromi et al. [9] discussed the characterization of a rubber isolator for frequency

dependent parameters of the stiffness and damping in an oil drill string. In this paper
stiffness and damping parameters were found using an experimental setup to test the
rubber isolators used to suppress vibrations in sonic head drilling machines. The force-
displacement curve provided the spring stiffness. Once the spring force was deducted
from the total force, the damping force-velocity curve provided the damping coefficient.
The area of the work diagram (force-displacement curve) was also used to calculate the

damping coefficient.

Rideout and Hadi [28] and Margolis and Shim [30] develop vehicle models using bond
graph method and employ controllers on it to study vehicle dynamics. The study shows
that using the bond-graph method to develop multi-body models is much more intuitive
than using other widely used software like MATLAB/Simulink. The bond graph method
can be used to define different frames of references for a 2-D or a 3-D model using Euler
junction structure, which has been discussed in Section 3.2. Also the paper by Jahromi et.
al. [9] is useful in providing a method to characterize the multi-body model with stiffness
and damping coefficients using sinusoidal excitation, which has been conducted in
Sectic  4.4. This is performed to obtain the suspension parameters for the linear quarter

car model.

The next chapter develops a multi-body quarter car model using bond graph method and

the model is explained in detail.




Chapter 3: Multi-body Control Arm Suspension Model

3.1 Overview

A multi-body model for a quarter car using SLA suspension has been developed using
bc | graph method. The significance of such a model is that it accounts for the
geometrical non-linear nature of the quarter car; the modeling of which is not typical in
the literature. A detailed description of the multi-body model has been presented. This
type of model could also encompass component non-linearity as has been discussed later
in is chapter. After the modeling is complete, it is verified by conducting simulations

and analysing the system response in passive state.

3.2 Bond Graph Background

Bond graph methodology has been used in this research to design the multi-body quarter
car model and perform simulations. Bond graphs are an energy flow based method which
has the capability of combining components of different domains that make up a system
[3]. The forces acting on the system can be represented with an effort source Se and the
velocities experienced by the system with a flow source Sf. Generalized effort e and
flow f are defined by the time derivatives of generalized variables momentum p and
displacement q. Two or more elements can be combined together in a junction, which are
power conserving nodes [2]. In bond graph methodology two types of junctions are
present, “O-junction” and “l-junction”. *“‘O-junction™ represents common effort nodes,
where the flow of the connecting bonds adds up to zero. Similarly, “I-junction”

represents common flow nodes, where the effort of the connecting bonds adds up to zero




[34]. The inertial elements acting on the system, for example the mass of the system can

be denoted by I:m, which store kinetic energy. The moment of inertia of rotational
elements in the system can be denoted by I:]. The 0- and 1- junctions can be appended
with various energy dissipative or energy storing components such as resistive elements R
or capacitive elements C. Some other power conserving elements could also be used in
the formation of a system, such as a transformer TF, which is used to transfer energy
from one point to another in the same energy domain and/or a gyrator GY, which is used
to transfer energy from one point to another in a different domain. In case the parameter
is not constant but varying, these power conserving elements could be modified to
modulated transformers MTF and modulated gyrators MGY. Figure 9 shows the symbols

and constitutive laws for the various elements that have been discussed.
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Figure 9: Bond graph constitutive laws and symbols [35]




The positive direction of power is defined in the direction of the half arrow (power bond)

[34]. In bond graph, the direction of inputs and outputs is designated by a causal stroke
(normal to the power bond). The possible causality that results in the input or the output
of the connecting elements is defined by the causal stroke. As an example, the effect of

causal stroke placement is illustrated by Figure 10.

f=0,(c)A—>Be=,(f)
e = (I)A-} (‘]“ );&__;_)B Lf = (I)B'] ((?)

Figure 10: Causal stroke placement [35]

Bond graph provides easy inspection of causality between inputs and outputs and to
detect algebraic loops and dependent states [2]. For example, a mechanical and electrical
system is shown and a bond graph is generated for both the systems in Figure 11. The
generalized effort e can be the force F(t) or voltage supply V(t) and the generalized flow
f can be either the velocity or the current. The mass M and inductance L act as inertial
elements /, the resistive element is the damper B and the resistor R and the capacitive
element is the spring K and the capacitor C for the mechanical and the electrical system

respectively.
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Figure 11: Bond graph example scenario [35]










1 as shown in Figure 15 (A). For a generalized rigid body in 3-D motion of mass m as

shown in Figure 14, the dynamic principles for any type of coordinate frames can be
described by the following equations. The force F acting on the body is defined by
change in its momentum P. The body has an absolute velocity v and absolute angular
velocity w. The inertial coordinates are X,Y and Z and the body-fixed coordinates are

X,y d z attached to the center of mass G.
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Figure 15: Generalized rigid body and frames of references

For a general vector r in a frame of reference 2,



For a point A located in rigid body as shown in Figure 16, the equations of motion are

given, Here, G is the centroid of the body. Refer to page xii for the definition of the

symbols used in this section.

ﬁA == ﬁG + aA/G (3.4.3)
- d - d ; ,
vA/G =ZrA/G =E(XA Zl+yA 2]) (3.4.4)
=~ o d . .
(UkXTA/G =E(XA zl+yA 2]) (3.4.5)
~ ~ d . .
—wyskt+wx,f= E(xA 2i+y, 2]) (3.4.6)
2
Sx
2y \/
A
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Figure 16: Generalized vector A

Now, ) transform these coordinates in a body-fixed frame to inertial frame of reference,
transformation matrices are used. Continuing the previous example to go from reference

frame 2 to 1 shown in Figure 15 (D), the following transformation matrices are obtained.







Each rigid body has to be modeled using the approach described above. The global

inertial coordinates are located at point F ( °X, °Y). At first, body 5 is being modeled
wh : the velocity of centre of mass is being defined for (Gs), the coordinate frame
(°X, 3Y) is described as shown in Figure 18 (in blue and labeled) and the initial
orientation is given by €s. Since in body-fixed coordinate systems only the velocity of the
body is defined, points E and F in Figure 18 are located with respect to (Gs). For center of
mass (Gs), the global coordinates is established by using transformation matrices to go
from frame 5 to frame 1, and then it is integrated to get the inertial coordinates, which is
done in block XY,;. Similarly, to find inertial coordinates for point F transformation
matrices takes it from frame 5 to frame 1 and then it is integrated to get the inertial

coordinates, which is done in block XYz,
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Figure 18: EJS for body S of multi-body quarter car model

simulation.

This block has been compressed to represent other rigid bodies in the Figure 19 and the
positions, orientations and velocities of each of these points have been defined in a
similar manner. The Euler’s equation of motion generated for a rigid body as shown in
Equation 3.4.1 can be represented in bond graph by Euler Junction Structure (EJS). The
rigid bodies are joined so that it represents the SLA suspension. There are parasitic
elements used in various places in this bond graph formulation of SLA suspension

system. This is done in order to avoid bond graph causality and to reduce errors in the
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The point F is shared by body 5 and also body 2. So, the velocities of point F should be
the same at both these bodies. They are joined to each by simulating a pin joint. For this a
transformation matrix is used i.e. a modified transformer in bond graph notation to alter
from frame 5 to frame 2. The x-component of the velocity of point F is equal to the
velo 'y of x component of point A. Point A can only move vertically to simulate a
quarter car model. So, the x-component of body 2 is restricted from moving in the x
direction which can be defined by using a zero flow source Sf. The y-component of the
velocity of point F is equal to the velocity of y-component of point A. The sprung mass is
concentrated on the y-component of point A and it has also been used to include gravity
on the suspension system. On the opposite side of body 5, the velocity of point E has been
equated to that of body 4 by using a modified transformer. Here also, body 4 and body 5
are joined to each through pin-joints, which is represented by point E. The angle of

orientation for the transformation matrix is the difference of 85 and 6,.
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Figure 19: Full multi-body quarter car model

The EJS sub-model for body 4 contains the center of mass (G,) in body-fixed coordinates
and then transformation matrices are used to turn them into inertial coordinates as shown

in Figure 20 in block MTF (Ry,). Using the center of mass (G,) the velocities of the three

different points on the body are also defined, namely C, D and E. For points E and C, the
global coordinates are calculated using the transformation matrices and integration of the
x and y components of the velocities. The velocity of point D is changed from frame 4 to
frame 1. Using a demultiplexer, the x and y components of the velocities of D can be
separated, where the x-component has no effort applied on it, and so it is valued at zero.
The y-component is where the tire is attached and provides vertical translation only. At
this location, there is pin-in-slot joint, so that the body E can make transverse motion

whereas the road displacement remains vertical.
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The tire sub-model consists of a capacitance € and a resistance R, which represent the
spring and damping values of the tire, respectively as shown in Figure 21. The road

perturbation is also experienced by the tire and it is joined to the ground at point O.

Figure 20: EJS sub-model body 4
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Figure 21: Tire sub-model




Si ilarly, the EJS sub-model for body 3 contains the center of mass (G3) in body-fixed

coordinates and then transformation matrices are used to change them into inertial
coordinates as shown in Figure 22. It also contains the velocities of the different points on
body 3, namely A, B and C which are defined using the center of mass (G3). The inertial
coordinates of the point B and C are calculated by applying the transformation matrix to

the velocities of points B and C and then integrating them.
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Figure 22: EJS submodel body 3




As shown in Figure 23, the suspension (spring and damper) is located between points B

and G. The velocity of point G is defined in frame 1, which is transformed to frame 6,

defined for the suspension components. Similarly, the point B in frame 3 is transformed

into frame 6 using transformation matrix and the orientation is defined as the difference

of 85 and 63. The O-junction between v and vy, is where the spring and damper values

are given. The suspension elements are rigidly joined between points B and G.
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Figure 23: Suspension (spring and damper)

The states that are being investigated are the suspension deflection, sprung mass velocity,
tire « lection and unsprung mass velocity, described in detail in Chapter 4. The
suspension deflection is calculated by the difference in the position of the sprung mass
and the unsprung mass denoted by x4, and XYy, respectively. The sprung mass velocity
is calculated by the I-junction v4,. The tire deflection is given by the state of the spring
C, and the unsprung mass velocity is calculated by the 1-junction v, .

The < ulation parameters for the suspension system have been entered into the model.
The suspension system starts from an equilibrium position which means that the vehicle
is resting on the road with initial compression in the spring. The parameters for the multi-

body model such as link lengths, initial angles and mass properties have been determined



and listed in Table 1. Solidworks [23] was used to determine the initial positions and

orientations of the linkages.

Table 1: Simulation parameters for quarter car model

Simulation Parameters

Parameters Value
Sprung mass of the vehicle, m, 400 kg ,
unsprung mass of the vehicle, m,, 30 kg ,

Suspension stiffness coefficient, k; 156000 N/m

Coil spring

Suspension damping coefficient, by 6216 Ns/m

Linear damper

Tire stiffness, k, 4000000 N/m
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Additional initialization parameters for the particular multi-body model set-up have been

listed in Table 2.

Table 2: Initialization parameters for the multi-body model

Multi-body Parameters

 Parameters Value

Sprung mass of the vehicle, (AFG) 400 kg

Mass of link 3, (ACB) 10 kg

Mass of link 4, (ECD) 10 kg

Mass of link 5, (EF) 10 kg

Initial angle, 8, -3.279 rad

Initial angle, 8, -1.401 rad

Initial angle, 65 -0.1257 rad

Inertial coordinates of CM of G4 (81.07,-333.32) mm

Inertial coordinates of CM of G, (291.01,-168.1) mm

inertial coordinates of CM of G5 (123.55,-17.26) mm

Figures 25 and 26 show the simulation results for a multi-body (MB) quarter car model in
a passive state with a sinusoidal road input of 5 cm as shown in Figure 55 (Chapter 5).
The sprung mass acceleration has been plotted as shown and the four suspension states
described in Section 4.1 have also been shown. 20-Sim [21] was used to generate the

simulation results using backward differentiation formula with a tolerance of 1075 units.
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3.4.1 Non-linear Component Addition

The multi-body quarter car model possesses a non-linear geometry in itself, which is the
m | inspiration of this thesis to investigate its differences from a linear quarter car. The
multi-body model can have non-linearity in its components as well. A large suspension
deflection introduces non-linearity in the multi-body quarter car model. A slow sinusoidal
road input of 15 ¢m with the sprung mass at rest, reveals non-linearity in the suspension
spt 2 as shown for force-displacement curve (Figure 27) since spring is activated by a
rotating link and the wheel deflection is not linearly proportional to the spring deflection.

Here as the spring reaches its limits of travel, it introduces non-linearity in the suspension.
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Figure 27: Non-linearity due to large suspension deflection

There can be non-linearity in the multi-body model by having non-linear spring and
damper components. A cubic spring and a bi-linear damper have been added in the
suspension to increase the complexity of the model. A cubic spring which is linear around

the + ginal suspension stiffness of k, = 156000 N/m has been introduced in the






7800 Ns/m and for the jounce stage is 5300 Ns/m.
Force =v*B
Here, v (m/s) is the velocity experienced by the damper and B (Ns/m) is the damping

coefficient. Figure 29 is shown here for the bi-linear damper for two different values of

increased energy in the suspension spring [5]. The slope for the rebound stage is |

da ping coefficients.
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Figure 29: Bi-linear damper for MB model
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3.5 'onclusion

This section is complete with the detailed description of multi-body quarter car model in
bond graph methodology. After a brief introduction to the bond graph methodology, the |
\
|
multi-body model was created using bond graph elements and the various components of

the model have been described. Using body-fixed frame of reference and inertial frame of

reference the local and global coordinates of the various links and bodies have been



described. A string model created in Solidworks is used to estimate the initial positions

and orientations of the bodies have been depicted. Geometrical non-linearity has been
described for the non-linear suspension model. Non-linear spring and damper components
have also been introduced in this chapter in the form of a cubic spring and a bilinear
dam - to simulate non-linearity in the components of the multi-body model. The next
chapter is used to develop a linear quarter car model using bond graph method and using
the multi-body model to characterize the suspension elements to find the apparent
stiffness and damping coefficient. The natural frequencies of the linear quarter car model
developed in 20 Sim is compared with the state space model developed in MATLAB to
show that there is no discrepancies in the bond graph model. After the model is complete,
comparison of the linear quarter car model is made with the multi-body quarter car model

in passive state.
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4.2 MATLAB/Simulink model for quarter car
A Simulink model was generated using these equations {1],
mg Zg + b(Zs — 2,) + ks(zg — 2,) = F, 4.2.1)
my Zy + ke(2y = 2p) = bs(2s — 2y) — ks(25 — 2) = —Fy (4.2.2)
The state space equation can be written as
{x} = [Al{x} + [BIF, + [L]Z, (4.2.3)
{y} = [Clx} (4.2.4)

where,x = {x; X3 X3 X4}

0 1 0 -1
_ks _ b 0 bs
A= ms Mg mg
0 0 0 1
ks L N C R
L m, my, my, my,
O -
1
—_ mS
B=14
1
|
0
-1
0
0.00 1.00 0.00 -1 1 1 0 0 0
-390 -16 0.00 —16 0.0025 01 0 0
A: = = =
0.00 0.00 0.00 1 B 0 ¢ 0 01 0 b=0
4727 188 —47273 -—188 —0.0303 0 0 0 1



Eq. 4.2.5 is inserted into Eq. 4.2.3 and Eq. 4.2.4. These equations are used to make a

Simulink model using state space method. As shown in Figure 31, the gain blocks are
used for defining the individual matrices A, B, C, D and L. Following the equation
formulation from Eq. 4.2.5, the blocks are set up to give the output. This makes up the

plant model using the state space method.

¥ 1
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Imegeatort

+‘I’V

Figure 31: Simulink model with state-space matrix design

The arpose of generating a Simulink model is to verify the bond graph model with the
state space model. As shown in Section 4.5, these models are compared with each other
by generating their resonant frequencies. Once the bond graph model is verified with the
Simulink model, then further analysis can be performed since the multi-body model also
has to be consistent with the linear quarter car model. Also, the active suspension system
can be designed for both the quarter car and multi-body models using bond graph once

the verification is done.




4 Bond graph model for quarter car

A ond graph model was also generated for the linear quarter car model. Figure 32 shows

the bond graph implementation of the quarter car. To analyze the bond graph model, it

can be reduced and numbered so that it is easier to refer to particular bonds and variables.
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Figure 32: Notation for bond graph equation formulation

As earlier mentioned, the states for measurement are suspension deflection, sprung mass
velocity, tire deflection and unsprung mass velocity. In bond graph, these four states are
defined as state of suspension spring k; defined by its displacement q;; , sprung mass
momentum pq,, state of tire spring k, defined by its displacement g, and unsprung mass
momentum p,. The bond graph method for calculation of the suspension states has been

included in the Appendix D for reference.




4.4 Method of determining quarter car parameters

The quarter car parameters have been determined using various methods. The suspension
stiffness kg used in the quarter car model is not equal to the coil spring stiffness in the
multi-body suspension model. Similarly the damping coefficient b, used in the quarter car
model is not the same as the damping value used in the multi-body suspension model.

To determine these parameters, the multi-body model was used for characterization of the
coil spring and jounce damper used in the model. With the sprung mass fixed, the tire
underwent vibration at different frequencies and magnitudes. The spring stiffness was
determined using a slow sinusoidal test. The slope of the force-displacement plot (Figure
33) provided the spring stiffness kg for the quarter car model. A slow sinusoidal test
(0.01 rad/s and 0.05 m amplitude) was performed to see the total force-displacement
curve. Using a slow sinusoidal test, the damping effects of the system can be eliminated
and the graph provides the stiffness coefficient without any contribution due to damping.
The data was fitted into a linear regression equation generated in Excel and the
suspension stiffness was found to be 31580 N /m. The offset of 4095 N is contribution

due to the initial spring compression that the vehicle undergoes at equilibrium position.
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Figure 33: Slow sinusoidal test for stiffness coefficient

Another test was performed at a higher frequency with a sinusoidal input (20 rad/
s and 0.05 m amplitude). This test contains the contribution of inertial and damping
effects along with the spring characteristics. The results show that the suspension stiffness
is very close to the slow sine test having a value of 31686 N/m as shown in Figure 34,

calculated by fitting a linear regression equation. Here too the offset is due to the initial

spring compression of the vehicle at equilibrium position.












4.5 Simulation results for quarter car model

The natural frequencies for the quarter car are given by [1],

30581 _ 8.74 rad

200 — rad/s
L 400000_11547 d/
2= m—u— 30 A7 rad/s

The critical damping is given by

be = 2\/mg ks = 2400 « 30581 = 6994.97 Ns/m

The relative damping can be calculated by

_ by _ 1000 = 0.1429 = 14.29 %
g—bc_6994.97_' T e

Now, the simulation models should also be coherent and give similar natural frequencies
and damping ratios,

First, the Simulink model is tested with the same parameters and the natural frequencies
are obtained for the passive mode. Figure 37 shows that the natural frequencies and
damping ratios for the particular frequencies. The linear system editor in the Simulink
work environment gives information about the system model. Here, the frequency
respc e plots for the state space model are generated in Simulink (Figure 32) that give
infori ition about the natural frequencies and damping ratios of the system.

w; =838and ¢ =12.8

w, 118and ¢ =14.1



The values are in close proximity to the calculated values. So, the Simulink model seems

to be behaving according to the analytical solution.
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Figure 37: Pole-zero plots for Simulink model

Now, the 20-sim [21] model is tested in passive mode to see if the natural frequencies are
matching with the analytical solution. The model linearization tool in 20-sim [21],
provides the information about the frequency response of the system generated in bond
graph method. The natural frequencies and damping ratios are shown in Table 4.

w, = 8.378and § = 12.82

w, = 1183 and § = 14.08
These values are in close proximity to the calculated values as well as to the Simulink

model.
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Tire deflection {m)

= Multi-body modei
= Quarter car model
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Figure 41: Tire deflection for MB & QC model (Passive mode)

4.7 Conclusion

The suspension states for both the models are behaving in a similar manner and there
appears to be minor discrepancy in the model. The validation of both the models was
necessary so that further controller development can be performed on it without any
problems. As shown in Appendix A, a MATLAB/SimMechanics [22] based multi-body
quarter car model was also developed before using the bond graph method but was
uns cessful in the controller implementation stage due to inherent problems in the
system model, which were hard to identify due to the structure of the simulation
env nment.

This chapter develops a state space quarter car model and models it in
MA LAB/Simulink environment. A bond graph based linear quarter car model has also
been developed using 20-Sim in this chapter and compared with the Simulink model to

confirm that the bond graph model is working in the same way as the state space model.



Bc  these models are compared in frequency domain and analytical calculations also

show the validity of the models. Further, multi-body model and quarter car model
developed in bond graph are compared with each other to show that they have similar
system response in passive state. The next chapter describes in detail the LQR controller
analytically and its implementation on the linear quarter car model and multi-body quarter
car model. Four different case studies are developed and simulations are performed to

compare the models to their active and passive states as well with each other.




60

Chapter 5: Active Suspension Controller Design and Simulation

5.1 Overview

A system provides some kind of output when an input signal is applied to it. The need to
obtain a desirable system response necessitates the need to apply a controller to the
model. A system where there is no feedback is called an open loop system whereas a
closed loop system is the one where the output can be measured and then a feedback
signal is fed back to compare it with the desired response [7]. Such closed loop systems
form the basis of feedback systems.

In vehicle dynamics, predominantly in the academic research domain and usually not in
the industrial domain, controllers are applied to the system models to reduce the
vibrations experienced by the passengers in a vehicle and also maintain a good road
holding. Ride quality and road holding are two competing criteria for evaluating the
performance of active suspension system. Ride quality is assessed by measuring the
susp sion travel and/or body acceleration and road holding is assessed by measuring the
wheel travel. The performance of one is at the expense of the other. For example, in a
passive suspension when the vehicle has a soft suspension, it will absorb all the vibrations
due to ruggedness of the road and provide a smooth ride. But this is at the expense of
suspension reaching its limits of travel or degraded vehicle performance. Soft suspension
is best for mountainous roads. When the suspension is made stiff, the response from road
perturbations is felt much faster so that the driver can adjust accordingly and it reduces
unwanted movement of the vehicle like nose-dive or rear-end squat [36]. Stiff

suspensions are best for smooth roads. But having a stiff suspension can make ride
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bumpier. So, there has to be a balance in maintaining the ride quality and road holding
requirements.

A passive system can only provide limited performance due to the fixed spring and
damper properties. In an active suspension system, an actuator applies force in tandem
with the passive suspension which enhances the performance of the vehicle by
suppressing the additional vibrations induced on the passengers while keeping the vehicle
on track. This is attained by applying a controller to a model in a simulation environment.
Several different types of controllers have been applied in literature [8, 10, 11 and 15]. In
this chapter a linear quadratic regulator (LQR) controller is designed to be applied on a
system model to provide ride quality and road holding benefits. For that reason, an
optimal performance criterion (cost function) is established so that the ride comfort and
road holding requirements are sufficiently satisfied [33]. The cost function consists of the
sum of the deviations of the data from the desired values. The controller regulates the
values of the key states by varying their weighting factors in the LQR algorithm, the
details of which are provided in Section 5.2. The literature review has suggested that the
line  LQR controller is tested mostly on the linear quarter car model or other vehicle
models such as half car and full car models. But when there is non-linearity in the vehicle
models due to geometry or components, then the performance of the linear controller has
not typically been investigated in the literature. In this research, a multi-body model with
varied levels of nonlinearities (Chapter 3) is developed and the linear controller
performance is tested in the frequency and time domain. The active and passive states of
the multi-body model as well as the quarter car model are compared with each other using

the | ear controller. The controller performance of both the models is also evaluated
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against each other in active state. Four case studies have been summarized in Figure 42,

which shows the variation of non-linearity in the multi-body model.
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5.2 LQR Controller Design

A classic example of controlling a system which consists of two points in space is that the
shortest distance between two points is straight line [32]. This is the optimal path that can
be traversed requiring minimal effort. Optimal control is based on such a theory. There
has been lot of theorem on optimal control [ 1, 4 and 7] where different applications have
been described. An optimal control method has been described with system equations and

a cost function to be minimized. By obtaining the optimal gain K, the control force u can

Figure 42: Overview of cases for studying active suspension system

be calculated and applied in a feedback loop to provide optimal performance.
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The state space model developed in Section 4.2 for the quarter car can be used
equivalently to design the LQR controller. Here we consider a general state space model
[4].

x = [Al{x} + [Bl{u} (5.2.1)
where the control input vector is given by the optimal gain matrix K

u=—K{x} (5.2.2)

In the case of quarter car model, u is the actuator force represented by F, as shown in
Section 4.2.

The jective function to be minimized is given by
J= (" Qx+u" Ru)dt (5.2.3)
J= [T Qx+xTKT RK x) dt (5.2.4)
Where t and ty are the initial times and final times. Q is called the state weighting matrix
and R is the control cost matrix. The matrix Q represents the transient cost energy and R
represents the control energy. Both Q and R are square, symmetric and positive definite
(or semi-definite) matrices. The objective function has to be minimized to obtain an
optimal control matrix K for any initial state x(t,).
Substituting Eq. 5.2.1 into 5.2.2 gives,
{x} = [A]){x} - [BIK{x) (5.2.5)
= (A - BK)x (5.2.6)
For convenience the matrix symbols are removed. The closed loop poles (A — BK) are

assumed to be stable, with real negative poles.

Ac, = (A — BK) (5.2.7)
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Acy is the closed loop state dynamics matrix.
The state transition matrix @ of the closed loop system represented by Eq. 5.2.6 can be
defi das
x(t) = @cr x(to)

The objective function (Eq. 5.2.3) can be written as

J=["x" T (Q+KTRK)pc, x dt (5.2.8)

J=xTPx (5.2.9)

where P is a positive definite real symmetric matrix since both @ and R matrices are
symmetric. Eq. 5.2.9 shows that the objective function is a quadratic function of the initial
state. Hence, the name of the controller is termed as Linear Quadratic Regulator. On

partially differentiating Eq. 5.2.8, we get the following

2J(tty) _

n —xT (Q+KT"RK)x (5.2.10)

On partial differentiation of Eq. 5.2.9, we get the following

%ff) TP x+ Tagf)x+x P i (5.2.11)
= xT[ (A - BK)TP + 2220 ap(”f) + P(A — BK)]x (5.2.12)
Equating Eq. 5.2.10 and Eq. 5.2.12, we get
dP(t,t
—[Q+KTRK]=[(A—BK)"P + —E,t—f) + P(A— BK)]



To solve this first order differential equation, we need an initial condition i.e. obtained by

putting t = t¢, which results in P(ts, tf) = 0.
To find the solution to the linear optimal problem such that we can find the optimal gain
matrix K, the objective function J is minimized, subject to initial condition. So Eq. 5.2.13
becomes
[(A—BK)"P+P(A—BK)] = —[Q + KT RK] (5.2.14)
Since @ and R are positive semi-definite matrices, P must be positive semi-definite too,
which implies that the minimum will occur when,
K=R1BTpP (5.2.15)
This is the optimal gain matrix K. The optimal control law is given by
u=—K{x}=-R BT P{x}) (5.2.16)
Eq. 5.2.14 reduces to
ATP+PA—-PBR*BTP+Q =0 (5.2.17)
This is called the matrix Riccati equation and provides an optimal solution to the control

law {u} = —K{x}.




For active suspension design, the objective function (performance index) has been

determined [47] and is given by
J =[] 122 + pi(zs — 2)% + po 22 + p3(zy — 2,)% + ps 28] dt (5.2.18)
The sprung mass acceleration can be written in terms of the standard state vectors as
defined in Section 4.2
72 =1/m2[kZx?+ b2 x2+b2x?+F?+ 2kboxix; —2 kbxyx, — 2 b2x,x, —
2 kex,Fy + 2 boxyFy) (5.2.19)
The performance index can be put in a standard matrix form,

25+ p1(zs— 22 +pr 2 +ps(zu—2)  +pa 2 =xT Qx+2x" Ny + Ff RF,

(5.2.20)
[ : bk bsk
52 + pl S 25 0 _ s 25
mg s mg
bsks bg b2
where, Q = m?2 m2 tpz 0 m2
0 0 p3 , 1
2 b
_bsks _bs 0 — + p4
L m§ m§ ms
ks
ms?
bs
N=|"mz
0
bs
mg
1
R=lg

The performance index reduces to

] = fooo(xTQx+2xTNu+uTRu) dt (5.2.21)




67

And the solution to the control law is given by the feedback gain K

K=RY(BT"P+N) (5.2.22)
where the first term (R™!BT P)depends on the choice of the weights and the second term
(R™1N) cancels out the passive force due to the spring and the damper.
The choice of weights depends on the requirement of the system; if the ride quality has to
be dominant, then the sprung mass acceleration has high weighting compared to the other
states. In case the road holding is given priority, then the tire deflection is highly
wei ted compared to the other states. Now, the controller is applied to both the models

and analysed in the frequency and time domain.

5.3 Frequency Domain Analysis

The QR controller is tested for two scenarios: ride quality and road holding using
different values of weights for p4, p,, p5 and p,.

The LQR controller is applied to the linear quarter car model and the active suspension
system is compared with the passive suspension system. A road input of 5 ¢m is applied
to both the models and the velocity of the car is 1.8 km/h. The road profile is shown in

Figure 43.

= Road input (m)

5
time {s}

Figure 43: Road profile — 5§ cm bump












Now, the LQR controller can be applied to the multi-body quarter car model and the

frequency domain analysis can be conducted. A test is conducted before the analysis to
determine the actuator force that can be applied to the multi-body model in active state

due to its kinematic difference from the unidirectional quarter car model.

5.3.1 Open loop test

Before the active suspension can be applied to the system model, the force actuator has to
be rameterized for the multi-body model since it differs in kinematics from the linear
model. As shown in Figure 48 (A and B), both the models differ from each other in terms

of geometry.

s

Figure 48: Open loop test illustration
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The frequency domain analysis shows that the linear LQR controller works well for the
linear quarter car model overall but it does not work for the multi-body model in the
highly rated ride quality scenario. Hence, the time domain analysis of the four cases will
not include highly rated ride quality scenario in the comparison study. Only in the first
case, the highly rated ride quality scenario is analysed and the suspension states are

shown to compare its results with the passive mode in the time domain.

5.4 Time Domain Analysis

The ne domain comparison of the effectiveness of the LQR controller is performed for
the linear quarter car and multi-body model. The states that ar¢ analysed are sprung mass
acceleration, sprung mass velocity, suspension deflection, tire deflection and unsprung
mass velocity. Before we compare the multi-body model with the linear quarter car
model, the passive and active states of both the models are analysed to see if the LQR

controller works.

Case Linear components with low suspension deflection (5 ¢cm)
In this case, the multi-body model has linear components and the suspension deflection is
low because of a low amplitude road input. The road profile is a5 ¢cm bump and the

velocity of the car is 0.5 m/s as shown in Figure 56.





















The active and passive states are analysed for the multi-body model for the moderately

rated ride quality scenario. Figure 65 shows that the active suspension states are working
much better than the passive suspension states. There is less transients and faster settling

times for all the suspension states in the active state.

Multi-bedy model (Active vs Passive; = Passive
04 = Sprung mass velocty (mss)
0.2 : .
: A
02
0.4
o4 . = Suspension deflection (m)
002 %
0 iy,
002 4
004 ¥
0.004 i = Tire defiection{m}
0.002 ¥Fe
O i
-0 002 b
-0004 ¢
05 Unsprung mass velocity (mis:
0 G ! H f i [ 1 i
o 1 2 3 4 5 6 7 8 9 10
Time {s}

Figure 65: Case 1- MB model active vs. passive states (moderately rated ride quality)

Now, the LQR controller for both the models is rated against each other. In the case of
moderately rated ride quality, the performance index for both the models is shown in
Figure 66. The performance index for the quarter car is lower in comparison to that for
the multi-body model. The performance index is 5.6 % better for the linear quarter car

than the multi-body model.












Now, the LQR controller for both the models is rated against each other. For highly rated

road holding, the performance index of both the models remains very close to each other

as shown in Figure 71.

Pl

= MB output
= QC output

3 4 5 6 7 8
time {s}

The two states that are worth to be noted for road holding case are suspension deflection

and tire deflection. As shown in Figure 72, the suspension deflection is almost the same

for both the models.

Figure 71: Case 1 - Pl (road holding)
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Figure 72:

Case 1 - Suspension deflection (road holding)






Case 2: Non-linear components with low suspension deflection (5 cm)

In this case, non-linearity is introduced in the components for the multi-body model.
Th : is a bilinear damper (jounce 5300 Ns/m and rebound 7800 Ns/m) and a
cubic spring with a stiffness coefficient of 42600000 N /m; the details of which have
already been discussed in Section 3.4.1. The road input is a5 cm bump and the velocity
of the vehicle is 1.8 km/h. Also for this case, the LQR controller will not be analysed
again for the linear quarter car since the additional non-linearity is only applied to the
multi-body model and hence the comparison study will be same as performed in Case 1.

The active and passive systems for the multi-body model are compared with each other.

Active vs. Passive modes

The LQR controller is applied to the multi-body model and the effectiveness of the
con ller is analysed by comparing the active and passive states. Both the ride quality

and road holding scenarios are presented here.

Ride quality
For the moderately rated ride quality scenario, the LQR controller is applied to the multi-
body model. The sprung mass acceleration is shown in Figure 74. There is a 27.7 %

improvement in the positive peak and 29 % improvement in the negative peak in the

active state for the multi-body model.
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Now, the performance of the LQR controller for both the models is compared with each

other. Figure 76 shows that in the moderately rated ride quality scenario, the performance

index is better for the quarter car model than the multi-body model.

Pl

~ MB ouput
= QC output -

5 [
time {s)

Figure 76: Case 2 - P1 (ride quality)

The sprung mass acceleration does not seem to be performing better for the multi-body

model either as shown in Figure 77. There is a 69 % deterioration of positive peak

amplitude and 16.8 % for the negative peak amplitude for the multi-body model

compared with the quarter car model.

Sprung mass acceleration (m/s*2)

» Multi-bady model
@ Quarter ¢ar model

T m—

5
Time (s}

Figure 77: Case 2 - Sprung mass acceleration (ride quality)
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The tire deflection is actually slightly better for the multi-body model as compared to the
quarter car model as shown in Figure 82. There is a 28.6 % improvement in the positive
peak amplitude and 66.6 % in the negative peak amplitude for the multi-body model

evaluated against the quarter car model.
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Figure 82: Case 2 - Tire deflection (road holding)

Even with the introduction of the non-linear elements in the multi-body model, the LQR
controller performs better in ride quality and road holding scenarios in comparison to the
passive state. However, the multi-body model does not fare well when compared to the
linear quarter car model in terms of the active suspension states. This shows that the LQR
controller’s performance degrades when non-linearity is introduced in the system model

and does not provide the same response as for the linear equivalent models.



Case 3: Linear components with high suspension deflection (16 cm)

In this case, the system undergoes high displacement i.e. the road input is a 16 cm bump
and the velocity of the car is 1.8 km/h. This introduces geometric non-linearity in the
multi-body model as the linkages have to travel beyond their normal limits. Figure 83

shows the road profile.

= Rzaz rputim:

Figure 83: Case 3 - Road profile — 16 cm bump
Active vs. Passive modes
The LQR controller is applied to the linear quarter car model and the multi-body model
and the effectiveness of the controller is analysed by comparing their active and passive

states. Both the ride quality and road holding scenarios are presented here.

Ride )uality

For the moderately rated ride quality, the LQR controller is applied to both the models.
The sprung mass acceleration is shown in Figure 84. There is a marked improvement in
the response when the active and passive modes are compared with each other for both
the models. There is 53 % improvement in the positive peak amplitude but 11 %

deterioration in the negative peak amplitude in the active state for the multi-body model.
























The tire deflection is better for the multi-body model than the linear quarter car model.

The peak positive amplitude of multi-body model is improved by 21 % and the negative

peak amplitude by 17 % as shown in Figure 94.
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Figure 94: Case 3 - Tire deflection (road holding)

The LQR controller performs well for the multi-body model when the active and passive
states are compared with each other for ride quality and road holding scenarios. The
comparison study of multi-body model with the quarter car model also shows that the
LQR controller works better for the linear model but the performance of the controller on
the multi-body model is very similar to that of the linear model. This case shows that
when there is high geometric non-linearity the linear controller still works well for a non-

linear multi-body model.



Case 4: Non-linear components with high suspension deflection (16 cm)

In this case, there is a road input of 16 cm and there are nonlinearities in the spring and

damper components, which have already been discussed in Case 2. This case contains

nonlinearities of geometric and component nature. Since component non-linearity is not
included in the linear unidirectional quarter car, the active and passive states are the same
as in Case 3. The active and passive system of the multi-body model are analysed for ride

quality and road holding scenarios.

Active vs. Passive modes

The LQR controller is applied to the multi-body model and the effectiveness of the

controller is analysed by comparing the active and passive states.

Ride quality

For the moderately rated ride quality scenario, the LQR controller is applied to the multi-
body model. The sprung mass acceleration is shown in Figure 95. There is a 21 %
improvement in the positive peak and 47 % improvement in the negative peak in the

active state for the multi-body model.
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Figure 97: Case 4 - PI (ride quality)

The sprung mass acceleration does not seem to be performing better for the multi-body
model either. There is a 119 % deterioration of positive peak amplitude and 37 % for the
negative peak amplitude for the multi-body model when compared with the quarter car

model as shown in Figure 98.
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Figure 98: Case 4 - Sprung mass acceleration (ride quality)

The sprung mass velocity and suspension deflection performance deteriorates for the
multi-body model when evaluated against the linear quarter car model as shown in the
Figure 99. The tire deflection and the unsprung mass velocity are slightly better for the

multi-body model than the other states.
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Figure 103: Case 4 - Tire deflection (road holding)

This case shows that when there is high non-linearity in the system model, the LQR
controller does not perform so well for the active suspension system. Although there is
improvement in the active state when compared with the passive state for the multi-body
model, the linear controller does not work so well when compared to the linear quarter
car. The non-linearity induced in the system due to the geometry and components seem to
degrade the performance of the controller. This is the worst case scenario for the multi-
body model and to improve the performance of the controller further studies have to be

performed.

5.5 Summary of Results

The four cases discussed in previous sections have been summarized here in terms of the
LQR controller performance for the ride quality and road holding scenarios. The
moderately rated ride quality case is chosen for the ride quality scenarios.

The ratios of the positive peak amplitudes of the sprung mass acceleration have been

chosen as the entity to compare the ride quality performance of the multi-body model




with the quarter car model and to compare the active and passive states of both the

models. For the road holding, the ratios of the positive peak amplitudes of tire deflection
or settling times have been chosen to compare the controller performance for both the

models and their active and passive states.

. : 25 O Ztire (paSSive)
Passive vs. Active |— -
Zs or Zyre (active)

Z.0r 24 C model — active
QC vs.MB model | —=—¢ @ : )
Zs or zpro (MB model — active)

Table 5 and 6 show the ratios for the various cases for both ride quality and road holding

scenarios.
Table 5: Ride quality (peak amplitudes) summary for four cases
- Ride Quality (sprung mass acceleration)
Peak amplitudes (M /S 2) Case | Case 2 Case 3 Case 4
Adtive vs. Passive states
1.24 1.23 1.24 1.23
(QC model)
Active vs. Passive states
1.71 1.38 1.75 1.22
(MB model)
QC vs. MB model
1.13 0.59 [.11 0.45

(Active state)
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Table 6: Road holding (peak amplitudes) summary for four cases

Road Holding (tire deflection)

Peak amplitudes (712) Case ! Case 2 Case 3 Case 4
Active vs, Passive states

0.59 0.59 0.59 0.59
(QC model)
Active vs. Passive states

0.56 0.942 0.61 1.38
(MB model)
QC vs. MB model

1.34 1.18 1.27 1.11
(Active state)

For ride quality scenario, we can see from Table 5 that the multi-body model and the
quarter car model have better performance in the active state as compared to their passive
state in all the four cases. This shows that the LQR controller is working for both the
models. The multi-body model performs better than the quarter car model in the active
state when either there is low non-linearity (Case 1) or there is only geometric non-
linearity (Case 3). For the other two cases (Case 2 and 4), component non-linearity is
introduced in the multi-body model and so the controller performance degrades when
compared to the linear quarter car model. So, the LQR controller does not work well with
a multi-body model when there is component as well as geometric non-linearity present
in the plant model.

For road holding scenario, we can see from Table 6 that the LQR controller fails to
suppress the amplitude of the tire deflection in the active state for both the models as
compared with their passive states. Only in Case 4, the multi-body model has better road

holding in the active state as compared to its passive state in terms of peak amplitudes of
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the tire deflection. As discussed in Section 5.4, even though the amplitudes of tire
deflection are not suppressed for both the models, the vibrations are reduced and the
system attains faster settling time. So the LQR controller is able to suppress the noisy
vibrations induced on the system as well as attain equilibrium much quicker than its
passive state. The LQR controller is working better for the multi-body model as compared
to the quarter car model in all the cases for road holding scenarios in terms of suppressing

the peak amplitudes.

Table 7: Road holding (settling times) summary for four cases

Road Holding (tire deflection)

Settling time () Case 1 Case 2 Case 3 Case 4
Active vs. Passive states

11.58 11.58 11.58 11.58
(QC model)
Active vs. Passive states

6.94 6.70 6.95 6.67
(MB model)
QC vs. MB model

0.54 0.42 0.54 0.43

(Active state)

Table 7 provides the settling time ratios for the multi-body and the quarter car model.
This table shows that even though there is less improvement in peak amplitudes of the tire
deflection, the settling times is reduced considerable for all the cases. The active state is
performing much better than the passive state for the quarter car as well as the multi-body
models. Also Case 2 and 4, which contains non-linearity for the multi-body models have
slower settling times than Case 1 and 3 which only has geometric non-linearity. When the

comparison is made between the active states of the quarter car model and the multi-body
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model, the quarter car model attains faster settling times and hence the ratio is less than 1

for all the cases.

5.6 Conclusion

The results show that the linear LQR controller works well for the multi-body model in
all the cases for the ride quality scenarios but not as well for the road holding scenarios.
Still the vibrations and settling time are reduced for the suspension states of the multi-
body model in road holding as well as ride quality scenarios. When the component and
geometric non-linearity increases for the multi-body model, the performance of the LQR
controller is reduced for the ride quality scenario as evident from Case 1 and 3 when
compared with Case 2 and 4. For the road holding scenario, the performance of the LQR
controller is actually increased as the non-linearity increases for the multi-body model.
But the highly rated ride quality scenario was abandoned for the multi-body model due to
the controller instability. The proportional gains become too high and the controller
performance degrades. However, this scenario works best for the linear quarter car model
as seen in Case 1 for Section 5.4. So, the LQR controller does provide comparable
performance for the LQR controller when the moderately rated ride quality scenario is
compared for both the models.

The next chapter provides conclusion of the research conducted in this thesis.
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Chapter 6: Conclusions and Future Work

6.1 Conclusion

The purpose of this thesis was to develop a non-linear multi-body quarter car model and a
linear unidirectional quarter car model using bond graph method, design a linear
controller and apply it to both the models. The performance of the linear controller
designed with state space methods is tested on the non-linear multi-body model. The
different streams have attained their own conclusions and would be discussed in detail

along with scope of future work.

6.2 Quarter Car Model

The main objective of this research was to design and investigate the performance of a
linear controller on a non-linear quarter car model and compare it with a linear
unidirectional quarter car model. A multi-body SLA quarter car model using bond graph
method was developed. Also, component non-linearity was appended in the SLA model
to introduce complexities in the plant model. Simulations were performed to observe the
suspension states in passive state and then the non-linear model was characterized to find
the suspension parameters using force-deflection and force-velocity curves. The apparent
suspension parameters were applied to the linear quarter car model developed in bond

graph. Both the models were compared with each other in passive mode.

6.2.1 Future Work

Since a successful development of a multi-body quarter car model was accomplished, the

study could be extended to develop half car models and full car models with added
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complexities. Developing a half car model could provide the pitch and heave motions to
the vehicle. When a full 7-DOF model is developed, pitch, roll, heave and vertical
motions of each of the sprung mass could also be measured [1]. A Magic formula tire
could be added to the half car and full car model to make the tires more realistic rather

than just having stiffness and damping values.

6.3 Controller Design

A linear optimal LQR control was developed and applied to the linear quarter car model
and the multi-body model. Their performance was compared in frequency and time
domain for ride quality and road holding factors. Four case studies were formulated and
simulation was performed on the multi-body model and compared to the linear quarter car
model. The multi-body performance was good for low suspension deflection and linear
components when compared with the linear quarter car model. The performance of the
multi-body model degraded with added non-linearity in geometry and components when
compared to a linear quarter car model, which showed the limitations of a linear LQR
controller. The moderately rated ride factor performed much better than the highly rated
ride factor for the multi-body model. The active multi-body model performed much better

than the passive model in all ride quality and road holding cases.

6.3.1 Future Work
The study for linear controller design was accomplished for a multi-body quarter car
model. Non-linear controllers like Model Predictive Control (MPC), Gain scheduling and

Lypanov’s based controllers can be designed to evaluate their performances on the multi-



body as well as quarter car models. The multi-body model could also be extended to

preview control, the study of which has been performed by a previous student [40]. Once
the non-linear controllers are applied and tested for a multi-body quarter car model, then
the study could also include half car and full car models for controller performance. A
comparison could be performed on the advantages of using non-linear controllers over

linear controllers.

6.4 Validating Simulation Results

Once the experimentation is ready to be performed on a vehicle test-bed, the real
feasibility of the simulation models can be verified. The simulation results can be
validated by testing them on a unidirectional quarter car test-bed. After constructing a
unidirectional quarter car test-bed and interfacing it with the required instrumentation for
measurements, the test-bed can be used for real-time testing using dSPACE hardware.
The road input can be provided by a MTS vibration machine [42] and the outputs can be
displayed in real-time on MATLAB/Simulink. A voice coil for fully active suspension
systems could be replaced with a semi-active damper for semi-active suspension system.
The linear quarter car can be modified to include a scale wheel/tire. Dynamic similitude
could be performed on the test rig to ensure that the test rig is scaled down version of a
real suspension system. Once the active suspension implementation is complete on the
linear unidirectional quarter car test rig, and then a non-linear SLA based quarter car test
rig can be designed. The linear rails could be fabricated to include upper and lower
control arms, joints and mountings to simulate a real suspension system. The linear

controller can be tested on the both the rigs and comparison study can be performed
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similar to the ones that have been achieved in simulation models in this thesis. This

completes the scope of foreseeable future work related to the vehicle test-bed.

Contributions of this research towards vehicle dynamics,

1.

A multi-body quarter car model with kinematic linkages was designed using bond
graph method to investigate the performance of active suspension system. Earlier
research was mostly restricted to controller performance in linear vehicle models.
This study was performed to evaluate the linear controller performance on an
inherently non-linear system. Component as well as geometric nonlinearities were
introduced in the multi-body model to see the effects of controller performance.

A characterization method was devised to recover the apparent stiffness and
damping coefficients from the non-linear multi-body model that could be applied
to the linear quarter car models.

The LQR controller applied to the multi-body model and the linear quarter car
model in frequency and time domain were compared against each other. The
controller performance was also analysed in active and passive state for the multi-

body model.
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between points F and O. The road input was giving at point 0.

The multi-body model developed in Simmechanics had the following layout. A spring,

damper and actuator system was attached from points E and H. A tire was attached
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Appendix B
LQR Controller Gains

% Himadri Shastry

globalR AB CD

%Parameters
ms = 400;

mu = 33;

bs = 6216;

bt = 0;

ks = 156000;
kt = 160000;

%State variables
%x1l = zs zu
%x2 = zsdot
%x3 = zu—zr
%x4 = zudot
Y%Matrix

%xdot = Ax + Bu + Lw

A=[010 —1;

—390 — 160 16;



0001;

4727 188 — 47273 — 188];

B = [0;

0.0025;

~0.0303];
C=[1000;
0100;

0001];

%Cost Function
%zsddot"2 + pl(susp.def.)"2 + p2(tire def."2) + p3(control force)"2

%Weighting factors — heavily weighted susp/tire deflection

pl = 10000;
p2 = 100;
p3 = 100000;

p4 = 100;




%Weighting factors — heavily weighted ride quality

% pl = 400;
% p2 = 16;
% p3 = 400;

% p4 = 16;

Q1 = [ks"2/ms*2 +pl bs *ks/ms"20 — bs * ks/ms"2;
bs x ks/ms"2 bs"2/ms"2 +p2 0 — bs"2/ms"2;
00 p3 0;

—bs * ks/ms*2 — bs"2/ms"2 0 bs"2/ms"2 + p4];

N = [—ks/ms"2;
—bs/ms"2;
0

bs/ms"2];

R = 1/ms"2;
S =N;
%P = manipulated variables

%E = closed loop eigenvalues

%G = gainmatrix

[P,E,G] = care(A,B,Q1,R,S);
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Appendix C
Bond Graph States

Bond graph method for calculation of suspension states has been described here.

The suspension deflection can be calculated in the following way

411 = f11
fiy = fo
= f1, — fg
=fs—1f
P _Pr
liy 17
q11 = L A
mg  my,
The sprung mass velocity is given by
P1a = €14

€14 = €13 — €12
=—mg §— €12
€12 = €
€9 = €10 T €11

q11

f10 = fo
=f;, —fg
=fa—f;

_ P P7

B by b
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. q11 P1sa P7
p14="msg_c_ . L Rio
11 14 7
P1a  P7
= —m,g— |,k +(———)b]
s B [Q11 s m,  m, s
The tire deflection is given by
4y = £y
fy = f
=fs—f
=f, -1
p7
=——f
I, !
|
* = fy


















