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INTRODUCTION

Ifg: Y — B is a fibration and Z is a space, then the free range mapping
space Y!Z has a collection of partial maps from Y to Z as underlying set,
namely those maps whose domains are individual fibres of ¢.

It is shown in [B3] that these maps have applications to several topics
in homotopy theory. Three results [B3, Ths. 5.1, 6.1 and 7.1], concerning
identifications, cofibrations and sectioned fibrations, are given in complete
detail. The necessary topological foundations for two more complicated
applications, to the cohomology of fibrations and the classification of Moore-
Postnikov systems, are also given. The applications themselves are outlined
in Chapters 8 and 9 of [B3].

The argument of [B3] is in the context of the usual category of all topo-
logical spaces, and this necessarily introduces some limitations. Whenever
we work with exponential laws for mapping spaces in that category, we usu-
ally find that we are forced to assume that some of the spaces are locally
compact and Hausdorff. These conditions detract considerably from the
generality of the results obtained.

In this thesis we develop the aforementioned topological foundations in
the category of compactly generated or CG-spaces, which is free of the in-
convenient assumptions mentioned above. Furthermore we do not require
the Hausdorff condition for CG-ification as in [S]. Thus we obtain the CG-
space versions of the applications to identifications, cofibrations and sec-
tioned fibrations, a theorem on infinite CW-complexes, and establish im-
proved foundations for the CG-versions of the other two applications, i.e. the
cohomology of fibrations and the classification theorem for Moore-Postnikov
factorizations.
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1. COMPACTLY GENERATED SPACES

Let X be a topological space. We define kX to be the space X retopolo-
gized with the final topology (in [Brl, Pg. 92, 4.2]) relative to all incoming
maps from a compact Hausdorff spaces.

Thus if
g:C— X

is & map, where C is compact Hausdorff, then
g:C— kX

is a map and, in fact kX has the finest topology for which all maps
g:C— X

are maps.

If kX and X have the same underlying set and the same topology, then
X will be said to be a compactly generated space or CG — space, and we
will write kX = X. We will refer to kX as the CG — ification of X. For
more details, concerning CG — spaces in this sense see, [V]. The following
alternative definition of CG-spaces is given by Steenrod.

Definition 1. /S, 2.1] If X is a Hausdorff space, and if for each subset M
and each limit point x of M there exist a compact set C in X such that © is
a limit point of M NC, then X is a CG-space.

The above definition coincides with our definition except for the Hausdorff
condition which is not relevant in our theory. Kelly and other authors use
the term k — space for these objects. For another set of references under
which the space X has to be Hausdorff as a condition for being CG-ified see,
[Br1], [Br3], [K] and [S].
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Theorem 1. Universal Property of the space kX. Let X, and Y be
spaces and h : X — Y be a map. Then the composite maps hog: C —

X —>'Y are maps for all
g:C— X

with C compact Hausdorff, if and only if

h:kX —Y
s @ map.
Proof. Firstly suppose that

h:kX —Y,
and

g:C—X
are maps, then

g:C — kX

is a map, and g o h is a map.
Conversely, let h o g be maps for all maps

g‘: C — X,

where C is a compact Hausdorff, we wish to prove that A : kX — Y is a
map. Let U be open in Y. Then

(hog)™(U)=g"" o h7'(U)

is open implies that A~1(U) is open in kX, since kX has the final topology
with respect to all maps
g:C— kX.

Proposition 1. The identity
1:kX — X

is a map, for all spaces X.
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Proof. From the Universal Property the identity 1 : kX — X is a map if
and only if for any map
g:C— kX

with C a compact Hausdorff space, the composite 10g is a map. Since 1 and
g are maps, then so is the composite 10g and hencesois 1: kX — X. O

Proposition 2. If
f:X—Y

is a map, and X and'Y are spaces, then
kf kX — kY
is a map, where (kf)(z) = f(z).
Proof. Suppose that C is a compact Hausdorff space, and let
g:C — X

be a map. Then
fog:C—Y

is a map. Hence
kfog:C — kX — kY

is a map, for any incoming map

g:C— X.
It follows that
fog:C — kY
is a map, and that kf is a map by the Universal Property. |

Proposition 3. If X is a CG—space, and Y is any space, then f : X — Y
s a map if and only if
f X —kY

is a map, where f (z) = f(z) for allz € X.
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Proof. Let f be a map. Then
f kX=X — kY

is a map by the previous proposition.
Conversely, let
f X —ky
be a map. Then
f=lof: X —Y
is a map, where
1:kY —Y

is the identity map (see Proposition 2). a

Proposition 4. If C is a compact Hausdorff space, then a map g : C — X
is @ map if and only if
g:C— kX

18 @ map.

Proof. The only if part follows from the definition of kX, as was explained
on page 5.
Conversely, let

g:C— kX
be a map. Since
1:kX — X
is a map, and so the composite
log:C— X
is a map. O

Proposition 5. If C is a compact Housdorff space, then C is a CG — space.
Proof. From Proposition 1,
1:kC —C
is a map. Thus the identity map
g:C —kC
is a map by Proposition 4. Then kC = C, and so C is a CG — space. O
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Proposition 6. If X is any space, then kX = k(kX).

Proof. The proof lies in the observation that kX, and k(kX) have the final
topology relative to all maps

g:C— X

and all maps

g:C — kX
respectively, and by Proposition 4 these are the same maps in each case. []
Corollary 1. For any space X, kX is a CG — space.
Proof. From the previous proposition. O

Proposition 7. If Y has the final topology with respect to a family of maps

{fj : Xj - Y}jeJa

where all X; are CG — spaces, then Y is a CG — space.

Proof. Let
g C —_— Xj
be a map, for all j € J, with C' a compact Hausdorff. Then
fiocg:C—Y

is a map, and if U is open in kY, then

(fi09)7(U)
is open in C, by the definition of final topology. Thus

g (7 (U)

is open in C. Hence fj'l(U) is open in kX; = X; for all j € J by the
definition of final topology. Then U is open in Y, again by the definition of
final topology, and so Y = kY as we required. a

Corollary 2. If
f: X—Y

is an identification, and X is a CG — space, then Y is a CG — space.
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Corollary 3. If {X;},cs is a family of CG — spaces, then the disjoint topo-
logical sum
jes X;

is a CG — space.
Remark 1. We define the n-cell as
E'"={zeR"||z| <1},
the unitary (n-1)-sphere
S ={z e R"||a| =1},
and the unit open ball
B"={ze R"||z| < 1}.

Let K be a not necessarily Hausdorff space. A cell structure on K is a
family of maps
{hr: E™ — K}sen,

called characteristic maps. Let {Dy = hx(B™)}xea be a family of open cells.
The n-skeleton of the cell structure is

K" = U D,.

nAs<n
Furthermore, the characteristic maps satisfied the following conditions:

CM1. The restriction hy|B™ is a bijective correspondence from B™ to D,

for all A € A.
CM2. For all A,y € A, ha(B™)Nh,(B™) is empty unlessn =m and X = p.
CM3. For all X € A, hy(S™~1) c Kn™L

Definition 2. Let K = UnZO K" be a not necessarily Hausdorff space, with
cell structure {hy} ea, as above, with finite or infinite set A. The space K 1is
said to be an infinite CW — complex if the following conditions are satisfied:
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CWI1. Let Ay, = {) € Alny = n} and let A, have the discrete topology. Then
the map
g K" T (A, x E™) — K"

(z) = z, if e KM,
DI ZY hate), (Ae) € A x B,

defined by

is an tdentification.

CW2. A setU C K is open if and only if UN K™ is open in K™ for alln. For
more details about the definition of infinite CW-complexes see [Brl,
Pg. 128].

Theorem 2. Every infinite CW-complex K is a normal Hausdorff space.

Proof. Let A and B be any two disjoint closed sets in K. We assert that
there exist two open sets U and V in K such that

AcU BcV,UNnV=ga.
For each n > 0, the intersections
A,=ANK", B,=BnNK"

are disjoint closed sets in K™. Since K° is normal space, then there exist two
open sets U, and V, in K° such that

A, CU, B,CV, UnNV,=0.

Now we wish to construct for each n > 0 two open sets U, and V,, of K"
such that .
AnCUn: BnCVn, UnnVnZQ,

Uprr =U,NK", V, =V, NnK" L.

For this purpose, let n > 0 and assume that U; and V; have been constructed
for every ¢ > n. Then

Cn - An ﬁUn—-la Dn = Bn mVn'—la

are closed sets in K. We know that K™ is normal space. Therefore, there
exist two open sets G,, and H,, such that

CnCGm DnCHna _@;ﬂm:ﬁ



1. COMPACTLY GENERATED SPACES 12

Since U,,_; and V,_; are open sets in K™~!, the restriction
¢ | K1 KM — KT
is an embedding and so K™ ! is closed in K™. The sets
L,=U, tUK"\K™' M,=V, UK"\ K",

are open in K",
Consider now
U,.=G,NL,, V,=H,NM,.
Obviously U, and V,, are open sets in K™ and satisfy the required condi-

tion, that L
A, cU, B,cV, U,NV,=2.

This complete the inductive construction of the two open sets U,, and V, for
all n > 0. Now let us consider the two sets

U=DUn, V=DVn

n=o

in the infinite CW-complex K. Since
,=UNK" V,=VNK"

for every n > 0, it follows that U and V are open in K. Furthermore, it is
easy to verify that
AcU BcCcV,UnV=g.

Hence an infinite CW-complex K is normal space. Now let z be an arbitrary
point in K. Then there exist n > 0 such that z € K™, since K = {J7. K™
Since K™ is Ty space, {z} is a closed set in K™. Since K™ is closed in K,
this implies that {z} is closed in K. Hence K is T1-space. Thus K is normal
Hausdorff space. O

Proposition 8. The closed n-cell Dy = ha(E™) is the closure of the open
n-cell Dy in K and is a compact Hausdorff subspace of K.

Proof. Since E™ = B"x, by the property of maps'

ha(E™) = ha(B™) C ha(B™),
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then D, C E,\,

As a continuous image of a compact set E™, Dy = hy(E™) is compact.
Since K is a normal Hausdorff space by Theorem 2, hence D, is closed in K
and so a compact Hausdorff subspace of K. |

Proposition 9. Every infinite CW — complex K has the final topology with
respect to the family of inclusion maps {iy : Dy — K}xea.

Proof. Firstly we are going to prove that K has the final topology with
respect to the family of inclusion maps {i, :Dy — K }rea, where Dy are
the closed cells of an infinite CW — complex K.

Thus U C K is open if and only if i;*(U) = U N Dy, is open in D, for all
A€A.

Necessity, it is obvious, since D) is subspace of K, so has the relative
topology.

For sufficiency, let U be a set in K such that U N D, is open in D, for
every A € A. We now prove that U 1 K™ is open in K™ for every n > 0.

For n = 0, U N K° is always open in K° since the O-skeleton K° =
UO)\=0 D)\ = Ao, since D)\ = h)\(BO) = {)\}

Let » > 0 and assume that U N K™ ! is open in K™!. Consider the
inverse image of the identification

g K" ' (A, x E") — K"

with V' = ¢;1'(U N K"), is open in K™ ! and A, x E*. Since VN K"! =
UNK"™ it is open in K™ ! by inductive hypothesis. On the other hand, A,
is discrete by the definition of infinite CW-complex, and so V N (A x E™) is
open in A, X E" for all A € A. Since Dy = hy(E™) = ¢,(\ x E") it follows
that VN (A x E™) = ¢;3(U N Dy) N (A x E™). Since U N Dy, is open in Dy,
this implies that V' N (A x E") is open in A x E™. O

Corollary 4. Every infinite CW — complex is a CG — space.

Proof. The family {Dy}xea are the closed cells of an infinite CW-complex
K, and so K has the final topology with respect to the family of inclusion
maps

{in : Dy — K}ien,

in which hy(E™) = D, are closed compact Hausdorff spaces since each h, is
a map and K is Hausdorff.
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We wish to prove that K is identical to kK. We know that the identity
map
EK — K

is a map, so we just have to prove the continuity of the identity 1 : K — kK.
Now the 104, are maps from a compact Hausdorff space into K for all A € A
and so, by Proposition 4, are maps. It follow by Theorem 1 that 1 : X —
kK is a map, and so K is identical to kK. Hence K is a CG — space. O

Remark 2. Let X carry the initial topology (see [Brl, Pg.153]), relative to
the family of maps
{g9;: X — Xj}jes.

If the spaces X; are CG — spaces, it does not necessarily follow that X is a
CG — space. The product space Y x Z carries the initial topology relative to
the projections

m:Y xZ—Y,

and
p2:Y XZ — Z,

however there are well known examples (i.e. [Br2] and [D]), where Y and Z
are CW — complexes, yet Y X Z is not a CG — space. The following result
tells us that the CG — ification of the initial topology in the usual sense is
the appropriate model for a CG — space initial topology on X, and hence is
a CG-space.

Theorem 3. The Universal Property for CG—sense Initial Topology
on X. Let {X;}jes be a family of a CG — spaces, and X carry the initial
topology relative to a collection of maps

{9;: X — Xj}ljes-

Then kX is the initial topology of X in the CG — sense, that is it satisfies
from the following Universal Property,

(a) each of
gj - kX — Xj

are maps, and
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(b) If W is a CG — space and
h:W-—X

s a map, then
h: W — kX

is a map if and only if the composites
gioh:W-—X;
are maps, for all j € J.

Proof. (a) follows from Proposition 2, (b) from Proposition 2, and the Uni-
versal Property of initial topology in the usual sense. O

Definition 3. If X and Y are sets, then a map
a:W—XxY
is of the form < «, e >, where
o W — X,

and
oy W —Y,

thus a(w) =< a1, s > (W) = (a1 (w), ag(w)), for allw e W.

If W, X and Z are spaces, then the Universal Property of products spaces
asserts that o is a map if and only if a; and oy are map.

We define X x, Y = k(X xY). For a CG — spaces X and Y, it follows
from Theorem 3 that X X Y s the product of X andY in the CG — sense.

Definition 4. Given maps
p: X — B,

and
g:Y — B,

then we will define the pullback space or fibred product space of X and Y,
to be the subspace of X XY with underlying set

XY = {(z,y)lp(z) = q()}-
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In this situation

pqg: XNY — X,
and

g'p: XMNY —~ Y

will be denote the corresponding induced projections. Let W be a space. Then
it is standard that X MY carries the initial topology relative to the maps p*q,
and ¢*p. The typical map
W—XnY

will be denoted by (h, k), where h € M(W,X) and k € M(W,Y) with ph =
gk, thus (h,k)(w) = (h(w), k(w)) where w € W.

The CG —ification of X Y will be denoted by X M Y. It follows from
Theorem 3 that X My Y carries the CG — sense initial topology relative to

k(p*q), and k(q*p).
EXPONENTIAL RULES FOR A CG — spaces

If X and Y are spaces, then M (X,Y) will denote the set of all maps from
X to Y. In this chapter, in cases where M(X,Y) is a topological space,
it will be assumed to have the compact-open topology. In the category of
topological spaces, we have the following propositions.

Proposition 10. The Proper Condition. [H, Ch. V, Lm. 3.1] Let X,
Y and Z be an arbitrary spaces. If f : X XY — Z is a map, then the rule
9(z)(y) = f(z,y), wherex € X and y € Y, determines a well defined map

g: X — MY, 2Z).

Proposition 11. The Admissible Condition. [H, Ch. V, Cr. 8.5 and
Pr. 3.6] Let X, Y and Z be spaces. If either

(a) Y is locally compact and Hausdorff, or if
(b) X andY are both first countable and Hausdor[f spaces

and if
g: X — MY, 2)

is a map, then
f: XxY—2Z

is a map, where f(z,y) = g(x)(y) forallz e X,y €Y.
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Corollary 5. Let Z be a space, and C' be a locally compact Hausdorff space.
Then
ec: M(C,Z) x C — Z,

defined by ec(f,c) = f(c), where f € M(C,Z) and c € C, is a map.

Proof. We simply apply Proposition 11 to the identity map on M(C, Z), and
then obtain eq. O

Lemma 1. If X is a CG —space, and C is a compact Hausdorff, then X x C
is a CG — space.

Proof. We need to prove that the identity map
1: X xC— X %, C

is a map. The first step is to show that X x C has the final topology relative
to all maps
hxlg: KxC—XxC

where K is a compact Hausdorff, and h € M (K, X).
Let Z be an arbitrary space and

f: XxC—2Z
be a map. We will assume that
fo(hxlg): KxC—Z

is a map for every compact Hausdorff spaces K, and all h in M(K, X). It
follows by the proper condition for the category of all topological spaces
(Proposition 11) that there is an associated map

u: K — M(C,Z)
determined by the rule
u(y)(c) = fo(hx1c)(y,0)

= f(h(y),c)
= (gh(y))(c)
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where y € K and the map
g: X — M(C,Z)

corresponds to f by the rule g(z)(c) = f(z,c), for z € K and ¢ € C. Hence
goh = u is a map for all choices of K and h. The Universal Property,
associated with the CG-space topology on X, implies that

g: X — M(C,2Z)

is a map.
The admissible condition for the category of all spaces (Proposition 11)
now ensures that f is a map. Hence the maps

hxlg: KxC—XxC

satisfy the Universal Property associated with the final topology on X x C,
so X x C has that topology.

We will again assume that K is a compact Hausdorff space, and that
h: K — X is a map. Then

hxlg: KxC —XxC

and
hxle: k(K xC)— k(X xC)

are maps, where k(X x C) = X x C. Now K x C is compact Hausdorff, so
it is a CG-space, i.e. k(X x C) = X x C; hence

hxle: k(K xC)— X %, C

is a map.
Now this last map is the composite

hx1lg

KxC—XxC

\ ll
lo(hx1g

X Xk C
so it follows by the Universal property established earlier in this proof, that
1: X xC— X x:C

is a map.
Hence X x C = X x; C, and so is a CG — space. O
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Theorem 4. The Exponential Law for a CG-spaces. Let X, Y and
Z be CG — spaces. Then

f: X xp Y —2Z

is @ map if and only if
g: X — kMY, Z)

is a map, where f(z,y) = g(z)(y) forallz € X,y €Y, and M(Y,Z) is the
space of maps from 'Y to Z with the compact open topology.

Proof. The proof follows immediately from Propositions 11 and from Propo-
sition 12 below. O

Proposition 12. The Proper Condition for a CG-spaces. Let X, Y
and Z be a CG — spaces, and f : X X Y — Z be a map. Then the rule
9(z)(y) = f(z,y), where x € X and y € Y, determines a well defined map

g: X — kMY, 2).

Proof. Fixing x € X, let
g(z): Y — Z

be defined by g(z)(y) = f(z,y) where y € Y. Then g(z) is clearly a well
defined map. Now we need to prove that g(z) is amap. If ¢, : X — Y is
the constant map at value z, then

<Cply >Y — X X Y

defined by < ¢;, 1y > (y) = (z,y) is a map (see Remark 2). It follows that
g9(z) = f o< ¢, 1y > is a map.

Let C be a compact Hausdorff space, and o € M(C, X). We wish to prove
that g o v is a map for all choices of . Then, by the Universal Property
associated with the CG-topology on X, ¢ is a map.

Now if

axXly:CxY —XxY

and k(a x 1ly) are maps, then

foklaxly):CxY —Z
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is a map by the previous Lemma. It follows by the proper condition in the
ordinary sense; (see Proposition 10), that

h:C— M(Y,Z)
is a map, where
he)(y) = fode),y) = gla(e))(y),
and where c € C and y € Y. Hence
h(c) = g(a(c)) = (g 0 a)(c)-
Thus g o = h is a map for all @ € M(C, X), and the result follows. O
Proposition 13. If Y and Z are CG — spaces, then the map

e kM(Y,2Z) x, Y — Z,
defined by e(f,y) = f(y), for all f € kM(Y,Z) andy € Y, is a map.
Proof. Given that C is compact Hausdorff, and
a:C —s EM(Y,Z) %, Y
is a map. We want to prove that e o v is a map, where a(c) = (a;(c), aa(c)),
a;: C — kMY, 2),

and
CYQZC——)Y

are maps. Now, it follows by Proposition 4 that
aq C — k‘M(Y,Z)

is also a map, and
oy : MY, Z) — M(C, Z),
a*(h) = ho oy is a map, where h € M(Y, Z). Now
ec : M(C,Z)yxC — Z

is a map since C is compact Hausdorff (Corollary 5). Then e o « is a map
because
eoax = e< ,Qy >
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=ec<ayoale>.

Hence e is a map. O

Proposition 14. The Admissible Condition for a CG-spaces. If X,
Y and Z are CG — spaces, and

g: X —kM(Y,2)

is a map, then
[ X x Y —2Z

is a map defined by the rule f(z,y) = g9(z)(y).

Proof. The proof follows because f is the composite

X %3 Y Y EM(Y, 2) <, Y = Z,

and
e(g xx y)(z,y) = e(9(z), Ly (v))
= e(g(z),y)
= g(z)(y)
= f(z,y).
Hence f is a map. 0

Definition 5. A map q : Y — B in which Y and B are CG-spaces is a
Hurewicz fibration in the CG-sense if, whenever we are given a CG-space A,
amap f: A—Y and homotopy H : A x I — B that starts with g o f,
there exists a homotopy G : A x I — Y that starts with f and satisfies
go G = H making commutative the following diagram:

Ax{0}L—vy

AXI—?B,

where j, : A x {0} — A x I is defined by the rule j,(a) = (a,0).
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Theorem 5. If
qg:Y — B

is a Hurewicz fibration in the sense of usual category of spaces, then
kqg: kY — kB
s a Hurewicz fibration in the CG — sense.

Proof. Let A be a CG — space, and
[ Ax{0} — kY,
and
F:AxI~—— kB

be maps such that F(a,0) = kq(f(a,0)) for all a € A. We wish to prove that
there is a map
F*:Ax I — kY

such that F*(a,0) = f(a,0) for a € A, and kpo G = F.
Taking 1y, and 1p to be the identity maps kY — Y, and kB — B,
respectively, then

lyof: Ax {0} —Y,

and
lgoF:AXxI — B

are maps such that 15 o F(a,0) = go (1y o f)(a,0), for all a € A. Then it
follows from the covering homotopy property for p, that we can find a map

H: AxI—Y
such that 10 F = go H and H(a,0) = 1y f(a,0), for all a € A. We define

G:AxI—kY

as having the same underlying map as H. Now Ax [ is a CG —space (Lemma,
1), so H is a map by Proposition 3. The result follows. O



2. MAPPING SPACES AND FIBREWISE HOMOTOPY
THEORY

Definition 6. A topological space B is said to be weak Hausdorff if
Ap={(bb) |be B} C B x B,

is closed in B x B.

An alternative definition of weak Hausdorff is, that for every compact
Hausdorff C, and every map f : C — B, the image f(C) is closed in B.
More details about this definition which is equivalent to the one above, can
be found in [St].

Definition 7. If Z is a space, we will define Z~ to be the set Z U {w} where
w & Z. We give Z~ the topology whose closed sets are Z~ itself, and the
closed sets of Z. Let C be a closed subspace of Y, and

f:C—Z

be a map, so f is a partial map from'Y to Z. Then there is an associated
map

Yy — zZ-
defined by the rule

w, otherwise.

() :{ f), if yeC;

Definition 8. Let B be a Ty — space, and

q:Y — B
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be a map. We define the set
Y1Z= MY |b,2)
beB
where forb€ B, Y | b= q~'(b) is the fibre. We also define the map
9Z:Y'Z— B
to be the function that sends all maps
Y|b—2Z

to b, for allb € B. Since B is a Ty — space, each fibre ¢7*(b) =Y | b is
closed in'Y. It follows that if f € M(Y | b,Z), theni(f) = f~ defines a map

i:YZ — M(Y,Z7).

Definition 9. We define the modified compact-open topology on Y'Z to be
the initial topology relative to i, and ¢!Z. We call Y\Z the free range mapping
space determined by Y, g and Z. It has a subbase consisting of all sets of the
form (¢'Z)~1(U), where U is open in B, together with all sets of the form

WA V)y={feY!Z| f(ANndom(f)) C V},

where A ranges over the compact subsets of Y, and V' ranges over the open
subsets of Z.

We now introduce a CG — version of the free range mapping space Y'!Z,
i.e. k(Y'Z). Thus this space carries the initial topology relative to k(q!Z),
and k(i) in the sense of CG — spaces, ie. it is the CG-ification of the
previously defined topology on Y!Z. We now remind the reader of the Fibred
Exponential Law, due to P. Booth. It is followed by our CG version.

Theorem 6. Fibred Exponential Law. [B3, Th. 8.8 and 2.4.5] Let B be
a Hausdorff space, Z be a space, and

p:X—DB

and
qg:Y — B

be a maps.
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(a) Proper Condition: If
XNy — 2
is a map, then the rule f<(z)(y) = f>(z,y) determines a fibrewise map
[<: X —YlZ,
where p(z) = q(y). Thus f< is a map such that (¢!Z) o f< =p.
(b) Admissible Condition: Let us assume that either
(1) Y is locally compact and Hausdorff, or

(1) X andY are first countable and Hausdorff, or

(iii) W is a space,
p:BxW —B

the projection, and Y x W a CG-space.
Then, given a fibrewise map

f<: X —YZ,
the above rule determines a map

7 XNy — Z

Theorem 7. Fibred Exponential Law for CG-spaces. Let X, Y, Z
and B be CG — spaces, with B weak Hausdorff space, and

p: X — B,
qg:Y — B

and
r.Z — B

be maps. Then there is a bijective correspondence between

(a) maps
f> :Xﬂk Y — Z,

and
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(b) fibrewise maps
S X —k(Y'Z)

determined by the rule > (z,y) = f<(z)(y) when p(z) = q(y).

Proof. There is a map
pXxqg: X XY — BxB,
and so
PXpq: X XY — Bxy B
is a map where X X, Y = k(X x Y). The weak Hausdorff condition ensures
that Ap is closed in B x; B. Hence
(pxkq) ' (Ap) = X T Y,

is a closed subspace of X x; Y, so it follows that our theory of partial maps
from Y to Z, with closed domains, is relevant to the situation under consid-
eration.
Let
XY —2Z

be a map. Then f~ determines a map
=)V XxxY —2Z7

by the rule

> — f>(50,y), fOI' (.’E,y)EXHY,
g (@y) = { w, otherwise.

We know by the proper condition (Proposition 12) that there is an asso-

ciated map
g<: X — kMY, Z™)

defined by g<(z)(y) = ¢~ (z,y), where z € X, and y € Y. So
g~ (@)(y) =w

if and only if
p(z) # q(y).

We now define
<X —k(Y'2)
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by f<(z)(y) = g<(z)(y) for (z,y) € XY Then

f<(@)(y) = g<(=)(y)
=97 (z,y)
= f>($, )

However, f<(z)(y) is undefined when p(z) # q(y). If p(z) = b, then f<(z)(y)
is defined for all y € Y | b. ie. f<(z) € Y!Z, and (¢!Z)(f<(z)) = b. So
(@!'Z) o f< =p, and (¢!Z) o f< is a map. Also, recalling our definition of the
topology on Y!Z, 10 f< = ¢g< is a map. It follows by the Universal Property
of the CG initial topology on Y'!Z, and by Proposition 3, that f< is a map.

Note that the step that uses the continuity of g< to establish the conti-
nuity of f< the admissible condition for CG-spaces, is the place where we
use the fact that X and Y are CG-spaces. The argument is reversible, and
so the proof is complete. O

Definition 10. If X and Y are spaces, then [X,Y] will denote the set of
homotopy classes of maps from X toY. If X and Y are based spaces, then
M°(X,Y) denotes the set of based maps from X to 'Y, with the CG-ified
compact-open topology. In this case [X,Y]° will denote the corresponding set
of based homotopy classes. If Y and B are based spaces, and

q:Y — B
1 a map, the set of based sections to g, i.e.
Sec’(q) = {f e M°(B,Y) | go f = 1B}

is equipped with the CG — ified compact-open topology.
In addition, if B and Z have basepoints b, € B and 2z, € Z, then the constant
map

€ Y | by — 2
is defined to be c,,(y) = 2,. We take c,, as basepoint for YZ. The space
M(X, A;Y, B) denotes the set of maps from X to Y for which f(A) C B,
again with the CG-ified compact-open topology, and [X,A;Y, B] the corre-
sponding set of homotopy classes.

Definition 11. Vertical Homotopy. Let

q:Y — B
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be a map, and £, and £, be sections to q. A homotopy
F:BxI—Y
such that
F,=F(-,{):B—Y

is a section to q, for allt € I, is said to be a vertical homotopy. The sections
£,, and &, are said to be vertically homotopic if there is a vertical homotopy
from £, to 4.

Corollary 6. Section Rule. [B3, Cr. 3.4] Let B be a Hausdorff space,
and
q:Y — B

be a map.
(a) If
Y —2

1s a map, then the rule
o) =l :Yph— 2

where b € B, defines a section I* to q'Z. Fquivalently, we may define
1* by I*(b)(y) = U(y), where q(y) =b.

(b) If Y is CG-space and I* is a section to ¢\Z, then the rule stated in (a)
determines a map
1Y — Z

Let (Z,2,), and (B,b,) be based spaces, B being weak Hausdorff sapace,

and
g:Y — B

be a map.
If
(Y, Yb,) — (Z, 2,)

is a map, then we define
em):Ybh—Z

to be the restriction of £ to Y|b.
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Corollary 7. Section Rule for CG-spaces. Let X, Y and Z be CG-
spaces. There is a bijective correspondence

(a) 0: M(Y,Y|by; Z, 2,) — Sec®(¢'Z),
defined by 6(£) = £°, for all £ € M(Y,Y|bs; Z, 2,).
(b) Let £,,¢; € M(Y,Y|b,; Z, 2,). Then £, ~ ¥, via a homotopy
F (Y x L (Ybo) x I) — (Z, 2),
if and only if £5 ~ £] via a based vertical homotopy.
(c) The rule [£] ~» [€*] defines a bijection
A Y Y|bo; Z, 2] — mo(Sec®(q!Z)),

where 7,(Sec°(q!Z)) denotes the set of based vertical homotopy classes
of based sections to ¢'Z, (or equivalently the path components of Sec®(¢!Z)
with the compact open topology).
Proof.
(a) The domain of £°(b) is Y|b so go £ = 1p. Also £*(b,) = ¢|(Y|b,) = ¢.,, so
£* is base point preserving. If B MY is the pullback of 15, and
q:Y — B,
then the projection
7:BAY -—Y
is a homeomorphism. Thus we have a bijective correspondence between maps
LY — 7
and maps
Lom . BMY — Z.

The map
. B—Y\Z,

defined earlier, is the image of £ o 7 under the Exponential correspondence,
so £2(b)(y) = £omw(by) = {(y), where q(y) = b. The above argument is
reversible, so the result follows.
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(b) It follows by arguments similar to those in the proof of (a), that
Fo(Y X L(YIbo) x 1) — (2,

is a map, if and only if
G:(BxI{b}x1I)— (YZec,,)

is a map, where F(y,t) = G(b,t)(y), forall y € Y, t € I and b = ¢(y).
Moreover, F(Y|b, x I) = z, if and only if G(b, x I)(y) = 2, for all y € Y|b,.
Now

(BNY)xI=(BxI)NY,

and so ¢, o~ ¢; if and only if £, ~ {3, as required.
(c) This follows easily from (a) and (b). O

Comparison 1. Note that the inconvenient assumptions built into the ad-
missible condition of Theorem 6 are avoided in the CG-version of Theorem
7. In the same way in the inconvenient assumption of Corollary 6 of [B3] are
avoided in Corollary 7.

Example Let
q:Y — B

be a map, Z a space and 2, € Z. Then there is a map
0, :B—Y!Z,

defined by the rule o, (b)(y) = 2, for all y € Y'|b where
0., (b):YIb— Z

is the constant map with value z,.
Now o, corresponds, via Corollary 6, part(a), to the constant map

Y —Z

valued at z,. Hence o, is a map. It is easily seen that it is also a section to
q\Z.



2. MAPPING SPACES AND FIBREWISE HOMOTOPY THEORY 31

Definition 12. We now introduce some fibrewise terminology. Fibrewise
spaces in the free sense are simply maps of spaces into B. Let

p: X —B

and
g:Y — B

be fibrewise spaces in the free sense. Then a fibrewise map from

p: X —B
to

q:Y — B
in the free sense is a map

f: X—Y

such that go f = p.
A fibrewise space in the based sense is a pair (p,s), where

p: X — B

s a map, and
s:B— X

18 a section to p. The reader can observe that if B is a point *, then
s:x — X

is essentially just the point s(x) € X, so (p : X — *,8 : * — X) is
essentially just the based space (X, s(x)).

If (p,s) and (g,t) are fibrewise based spaces, then (pMg,(s,t)) is also a
fibrewise based space.

A fibrewise map in the based sense, from (p, s) to (g, t) is a map
f: X—Y

such that go f =p and f o s =t. The set of based maps of this sort will be
denoted by Mp(X,Y).
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Definition 13. If f,g € Mp(X,Y), then a fibrewise based homotopy from f
to g is both a fibrewise map

F:XxI—Y

and a based homotopy such that F(z,0) = f(z) and F(z,1) = g(z), for all
reX.

Thus a fibrewise based homotopy from f to g is just a homotopy in the
ordinary sense from f to g, which is a fibrewise based map at each stage of
the deformation. We write f ~p g.

Definition 14. The fibrewise tertiary system (q, s, m) consists of a fibrewise
based space Y over B, i.e. a based map

q:Y — B,
a based section
s B—Y

to q, and a fibrewise based map
m:YMNY —Y.

The map m s a fibrewise multiplication. Thus m is fibrewise in the sense
thatgom = qng,

gNg:YNY — B
is define by (qMq)(y1,y2) = q(v1) = q(ye) where (y1,32) €Y Y

Definition 15. The fibrewise multiplication m is fibrewise homotopy com-
mutative if m ~g mo T, where T is the switching fibrewise homeomorphism

T:YMNY —YMNY
defined by T(y,y') = (v, y), for (y,y) €Y MY.

Definition 16. The fibrewise multiplication m 1is fibrewise homotopy asso-
ciative if
m(mn 1ly) ~p m(ly NMm)
where .
ynyny 22 yny 2y,

and .
ynyny ™ yny >y,
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Definition 17. The fibrewise multiplication m has a fibrewise homotopy
identity, or satisfies the fibrewise Hopf condition if

m(ly M(so @)D ~p ly ~g m((soq)M1ly)A,
in which A Y — Y T1Y denotes the diagonal map, and where

Yy A yvny "0 yny My,
and

y S vny @28 yny oy,
Definition 18. The fibrewise based map

p:y —Y
18 a fibrewise homotopy inversion for the fibrewise multiplication m if
m(ly Mp)A ~p soq ~p m(uNly)A,
where
Yy 2 vny X¥yny ™y,

and A .
Yy 2 yvynvy™Yyny &y,

Definition 19. A homotopy associative fibrewise tertiary system satisfying
the fibrewise Hopf condition, and for which the fibrewise multiplication admits
an inversion, is called a fibrewise H-group. If a fibrewise H-group is fibrewise
homotopy commutative, then it will be said to be fibrewise homotopy Abelian.
More details concerning fibrewise homotopy are given in a locus classicus [J].

Proposition 15. Let Y, Z and B be a CG-spaces, Z an H — group, B weak
Hausdorff space, and a
q: Y — B

a map. Then there is a fibrewise map
n:YIZNY'Z — Y\Z,

n(f,g9) = m(f x g)Qs, where b € B, f,g € M(Y|b,Z), m denotes the
operation on Z, [\, is the diagonal map for Y|b, and m(f x g)0\, is the
following composite of maps

Y2y xYp L% zx2 ™ 2.
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Then, defining o, as in the latest example, the tertiary system

(¢'Z,0(e),m)

is a fibrewise H-group. Further, if Z is homotopy Abelian, then (¢!Z, 0., n)
18 fibrewise homotopy Abelian.

Proof. If Y is a space and Z is an H — group, then the operation
n: MY,Z)x M(Y,Z) — M(Y,Z),

defined by n(f,g) = no (f x g) o Ay, together with the identity map c, :
Y — Z, makes M(Y,Z) into an H — group. In fact, the proof of this
preliminary result is as follows. There are maps

MY, Z)x M(Y,Z) xY — MY, 2)xY x M(Y,Z) x Y,
(f,9,v) — (f,v,9,y), where f,g € M(Y,Z) and y € Y, and
MY, Z)XY x M(Y,Z) xY — Z x Z,

(f,v,9,9) — (f(y),9(y)) where again f,g € M(Y,Z) and y € Y. The for-
mer is obviously a map, the continuity of the latter follows from Proposition
11, Composing these two maps with the operation on Z, that is

Z X7 — 7,
(21,22) — 21+ zp where 21,25 € Z, we obtain a composite map
MY, Z)yx M(Y,Z) xY — Z,

(f,9,y) — fly) - g(y). If we now apply the Proper Condition (Proposition
10), we obtain the map

M(Y,Z) x M(Y,Z) — M(Y, 2),

(fr9) — (y — f(y) - 9(y)) namely the map n defined above. It is now
routine to verify that (M (Y, Z),n), with the constant map value the identity
of Z as identity, is an H-group. If Z is homotopy Abelian, then so also is
MY, Z).

The proof of Proposition 15 is a direct generalization of that argument
just given, using the fibred exponential law of Theorem 7, rather than the
usual exponential law for spaces. O
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Proposition 16. If (¢ : Y — B,t : B — Y,m : YNY — Y) is
a fibrewise homotopy Abelian H — group, where B and Y are CG-spaces,
then Sec®(q) is a homotopy Abelian H — group. Thus if t1,t € Sec®(q), the
operation +g on Sec®(q) is defined by

t1 +B t2 =m?o <t1,t2>,
and the identity for Sec®(q) is t.

Proof. There is a map
Sec’(q) x Sec’(q) x B —Y,

given by (t1,t3,b) — m(t1(b), t2(b)) where t1,t, € Sec®(q) and b € B. Its
continuity can be verified by and argument similar to that used in the proof of
Proposition 13. Applying the Proper Condition (Proposition 10), we obtain
a map

Sec(g) x Sec’(q) — M(B,Y),

given by (t1,t2) — (b — m(t1(b), t2(b))), where t1,t2 € Sec°(q) and b € B.
Now gom(t1(b), ta(b))) = q(t:1(b)) = b, for all b € B. So b — m(t1(b), t2(b)),
which is the map t; +p t2, is a section to g, and (t1,t2) — t; +p t2 is a map
from

Sec’(q) x Sec®(q) — Sec®(q)

as required.
It is then routine to verify that (Sec®(q), +5) with identity t, is a homo-
topy Abelian H-group.
O

Corollary 8. Let (Z, z,) be a CG-space and an Abelian H — group, (B,b,)
a based weak Hausdorff space, and q : Y — B a map. Then Sec’(q!Z) is
an Abelian H — group, and m,(Sec’(¢'Z)) an Abelian group.

Theorem 8. Let (Z,z,) be a CG-space and an Abelian H — group, (B,b,)
a based weak Hausdorff space, and ¢ Y — B a map. Then
(a) the set

Y, Y [bo; Z, 2]

carries an Abelian group structure, defined by pointwise addition of homotopy
classes, and
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(b) the bijection of Corollary 7, part (c), i.e.
A [V, Y |bo; Z, 2,]° = mo(Sec®(¢! Z))
defined by A([€]) = [€*], is an isomorphism of Abelian groups.

Proof. The proof of part (a) is routine. (b) The two group structures are
both induced by the H-group structure on Z; it is routine to verify that, as
expected, A is an isomorphism of Abelian groups. O

Theorem 9. [B3, Th. 4.1] Let B, Y and Z be spaces, where B is Hausdorff
and 'Y s locally compact Hausdorff. If ¢ : Y — B is a Hurewicz fibration,
then q!Z is also a Hurewicz fibration.

Theorem 10. Let Y, Z and B be CG-spaces, B weak Hausdorff space, and
qg:Y — B
a Hurewicz fibration in CG-sense. Then
q97Z:Y'Z — B
is also a Hurewicz fibration in the CG-sense.

Proof. This is just the argument that proves Theorem 4.1 of [B3], but rein-
terpreted in the CG-context. We assume that

F:AxI-—B

is a homotopy and the restriction F' | A x 0 is denoted by F,. We then have
pullback spaces (A x I)MY, and (A x 0) MY, induced by the homotopy F
and the map F,, respectively, and associate projections

Frg:(AxI)NY — Ax I,
(F)'¢q: (Ax0)nY — A X1,

FF:(AxI)NY —Y,
¢F,:(Ax0)NY —Y,

and such that
go(q"F) = Fo (F*q)
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and
qo (¢*F,) = F,o (F,)*q.

We recall that (A x 0) MY is a retract of (A x I) Y. The proof of this,
in the usual topological context, is given in [B3, Lm. 4.2]; the CG proof is
similar. Let

k<:Ax0—Y!Z

be a map such that (¢!Z) o k< = F,. It follows, by the Fibred Exponential
Law for CG-spaces, that there is an associated map

k> :(Ax0)nY — Z

defined by k> (a,0,y) = k<(a, 0)(y) where (a,0,y) € (Ax0)NY. So (Ax0)N1Y
is indeed a retract of (A x I)MY.
Let
R:(AxDnY — (Ax0)NY

be a retraction. Then the composite
k>oR:(AxI)NY — Z
corresponds, via the fibred exponential law, to
K:AxI—Y!\Z,
where K(a,t)(y) = (k* o R)(a,t,y), and (a,t,y) € (Ax I)1Y. Then K
is fibrewise over B, ie. (¢!Z)K(a,t) = F(a,t), so (¢!Z) o K = F. Also if
(a,0,y) € (Ax0)MY,
K(a,0)(y) = (k” o R)(a,0,y) = k”(a,0,y) = k<(a,0)(y).

So K(a,0) = k<(a,0) for a € A. i.e. K extends k<. Thus K lifts F and
extends k<, and ¢!Z is a Hurewicz fibration. O
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In this chapter we wish to give the CG results which are analogous of ones
given in B3], which there require the rather specific, and inconvenient as-
sumptions that the CG approach seeks to eliminate. We also wish to sketch
the proofs. Now the initial results (Theorem 15, 16 and 17) depend on the
CG analogues of three theorems from [B3] (Theorems 5.1, 6.1 and 7.1 of that
reference). Our Theorem 11, 12 and 13 below, indicate how the CG approach
eliminates these specific conditions. In this chapter we do not assume
that spaces are CG-spaces, unless we specifically say so.

The following Theorem is the CG-version of the corresponding result in
[B3, Th. 8.1(b)].

Theorem 11. Let
qg:Y — B

be a fibration in the CG-sense, and B be a weak Hausdorff space. Then there
is a canonical bijection:

6: H™(Y,Y|b;G) — m,(Sec’(¢!K (G, m)))
where the map 0 is determined by the rule 8[| = [I*], where I*(b)(y) = I(y)
and ¢(y) = b.

Proof. This is the proof of [B3, Th. 8.1(b)] except that we substitute our
Theorem 7 and Corollary 7 for Theorem 3.3 and Corollary 3.4 of that paper.
O

If we follow the Q — spectrum approach to cohomology theory which uses
Eilenberg-MacLane spaces in its definition, then the associated cohomology
groups are defined by

H™Y,Y|b;G) =[Y,Y|by; K(G,m), €],

(for more details concerning this spectra the reader can see [Ma, Section 8.4]).
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We now give the promised analogues of the theorems from [B3], which are
needed in the proofs of our main theorems. We will not state the correspond-
ing CG-results, but rather indicate their existence in remark 4 below.

Theorem 12. [B3, Th. 5.1] Let A be a CG-space and B be a Hausdorff
space. If
qg:Y — B

is an identification and
f:A—B

18 a map, then
ffo:YNA— A

is an identification.

Theorem 13. [B3, Th. 6.1] Let
q:Y — B

be a Hurewicz fibration, where B is a Hausdorff space andY is locally compact
Hausdorff. If

A— B

1s a closed cofibration, then

YIA—Y
18 also a closed cofibration.
Remark 3. Let

qg:Y — B
be a map and

t:B—Y
be a section to q. If

fiA— B
is @ map, then

0:A— YA,

defined by o(a) = (tf(a),a), for all a € A, is a section to the projection
ffq: YMA— A.
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Theorem 14. [B3, Th. 7.1] Let
qg:Y — B

be a Hurewicz fibration, with closed cofibration section t, B be Hausdorff and
Y locally compact Hausdorff. If

f:A— B

is a map, then
ffq: YNMA— A

is a Hurewicz fibration with a closed cofibration section o.

Remark 4. The last two Theorems depend on our Theorem 6 and Corollary
6 (Theorem 3.8 and Corollary 8.4 of [B3]). If we modify those results and
proofs by assuming that all spaces are CG-spaces, that B is weak Hausdorff
space, and replacing the use of Theorem 6 and Corollary 6 in the proof by our
Theorem 7 and Corollary 7, we obtain the following analogies of the results
above due to P. Booth.

Theorem 15. Let Y, A and B be CG-spaces, B weak Hausdorff space,
qg:Y — B

an identification and
f:A— DB

a map. Then
ffq: YMNA-— A

is an identification.
Theorem 16. Let Y, A and B be CG-spaces,
g:Y — B
a Hurewicz fibration in the CG-sense, B weak Hausdorff space, and
A— B

a closed cofibration. Then
Y A—Y

s also a closed cofibration.
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Theorem 17. Let Y, A and B be CG-spaces, B weak Hausdorff space,
qg:Y — B
Hurewicz fibration in the CG-sense with closed cofibration section t, and
fiA— B
a map. Then
ffq: YA — A
is o Hurewicz fibration in the CG-sense with a closed cofibration section o.

Comparison 2. The reader will notice that the locally compact Hausdorff

assumption of Theorems 13 and 14 have been eliminated in Theorems 16 and
17.

The final application, given in Ch.9 of [B3], concerns the classification of
3-stage Postnikov towers, see [Ba] and [St1].
Let G and H be Abelian groups and m and n be integers with 1 < m < n.
Then
¢ : PK(G,m+1) — K(G,m+1)
and
¢ : PK(Hn+1) — K(H,n+1)

will denote the path fibrations over the Eilenberg-MacLane spaces K (G, m+
1) and K (H,n + 1) respectively (see [Sp, Pgs. 75 and 99]). Let (B, b,) be a
space with a basepoint. Then a 3-stage Postnikov tower 7(ki, kg) = p1 o pa,
over B with fibres K (G, m) and K(H,n), consists of principal fibrations

p By — B
and
pei By — By

with fibres K (G, m) and K(H,n) respectively. So p; is induced from ¢; by a
first k-invariant
ki1: B — K(G,m+1),

as shown in the following pullback diagram:
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E,—> PK(G,m+1)

m[ Jo

B —*le(G,m +1),

ie. By = BN PK(G,m+1), p1 = kfq:. Now ps is induced by ¢, from a
second k-invariant
kg . E1 — K(H,n+ 1),

as shown in the following pullback diagram:

E,—= PK(H,n+1)

ml |

Ey— K(H,n+1),

ie. BEo =E NMPK(H,n+1) and ps = kj¢.
We picture a 3-stage Postnikov tower 7(ky, ko) = p1 o pg, over B as a
diagram of the form:

K(G, n) _1;_> Ez
le

K(H,m) —> By — K(H,n+1)
P1

B—K(G,m+1).

Using the principal fibration
¢ PK(G,m+1) — K(G,m+1)

we define PK (G, m+1)!K(H,n+1). The path component of this space that
contains the maps from fibres of ¢; to K(H,n + 1) will be denoted by M.
The main idea in this approach is that the second k-invariant

ky : BN PK(G,m+1) — K(H,n+1)
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should correspond, via a fibred exponential law, to a map
ky : B — M.

Further, k5 should then act as a classifying map for the tower 7(ky, ko).
However, if we work with Theorem 6 in the category of all spaces, we have
to deal with the difficulty that PK(G,m + 1) is not likely to be locally
compact. In that case part (b) of Theorem 6 can not be applied and the
anticipated argument breaks down. To get round this, we work in the CG-
context, we assume that B is a weak Hausdorff CG-space, and recall that
the CW-complexes K(G,m + 1) and K(H,n + 1) are CG-spaces. We then
use the path fibrations

kg, : kPK(G,m+1) — K(G,m+ 1)

and
kgy : kPK(H,n+1) — K(H,n+1)

and form pullbacks in the CG-sense. We can now use Theorem 7 rather than
Theorem 6, and the question of whether spaces are locally compact is then
no longer relevant.

We recall the concept of fibre homotopy equivalence [DLJ.

Definition 20. Let F' and B be spaces, where F' has just two non-zero homo-
topy groups, i.e. G in dimensionm and H in dimensionn. Then FHE(F, B)
will denoted the set of all fibre homotopy equivalence classes of 3-stage Post-
ntkov Towers over B, with fibre of the homotopy type of F.

Theorem 18. Let the CG-space B have the homotopy type of a CW-comple,
and m and n be integers greater than 1. If 7(ki, k2) denotes a 8-stage Post-
nikov tower over B with distinguished fibre K(G,m) x K(H,n), then there
s an associated based map

ky : B — My

defined by the rule k3 (b)(y) = ko(b,y), where b € B, y € kPK(G,m + 1),

and k¥ (b) = kq:1(y). Further, there is a bijection from FHE(K(G,m) x

K(H,n): B) to an orbit set of [B,kMu]° determined by and action of the

group of homotopy classes of self-homotopy equivalences of K(G, m)x K(H,n),
where [T(ky, k2)] denotes the fibre homotopy equivalence class of T(ki1, ka), and

[k5] the based homotopy class of the map ks .
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The last Theorem is the subject of current research by P. Booth. Its proof
is beyond the scope of this thesis, we wish to make some remarks which we
hope will clarify some remarks made by Booth in [B3].

We quote the said comments, together with the paragraph preceding it
([B3; pp.428/429]), then comment on how they are fulfilled here in this work.
In fact the quotation bellow follows a paragraph which is similar to our last
one above, so that the thoughts of the quotation follow naturally after the
thought of the latter paragraph.

” Applying Theorem 3.3(a) to k2 : AN PK(G,m+1) — K(H,n+1),
we obtain a fibrewise map, i.e. k: A — PK(G,m+ 1)!K(H,n+ 1) such
that (¢!K(H,n+ 1)) ok = k;. So k determines both k; and k,; the former
by composition with ¢!K(H,n+ 1), the latter by the fibred exponential law.

However, this argument is best given in a convenient category context, as
PK(G,m+1)!K(H,n+ 1) can then shown to act as a classifying space, and
k as a classifying map, for such 3-stage tower.”

Since the basic methodology of the proof of Theorem 18, is at the very
heart of this thesis, we define the classifying bijection on representatives, and
indicate precisely why the ordinary topological version fails to go through.
According let 7(k1, k2) be a 3-stage Postnikov tower. As mentioned earlier
the proper condition of the fibred exponential law applied to ks, gives a map
of the bijection in Theorem 18.

The point of course is that the admissible condition does not hold in the
ordinary topological category. In particular the function defined above by
the proper condition is not a bijection, and the classification fails. On the
other hand the CG context gives a map

ky : B — kM,
and in this context both the proper and the admissible conditions hold.

Comparison 3. We have already explained that the arguments just refer-
eed to, work well in the CG-space situation, but not with topological spaces
generally. We conclude by discussing the question of how 3-stage Postnikov
towers in the CG sense relate to the corresponding construction in the cate-
gory of all topological spaces.

Definition 21. If X and Y are spaces, a map f: X — Y is said to be a
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weak homotopy equivalence if
fe i mo(X) — mo(Y)
18 a one to one correspondence, and

fo i m (X, 2) — 1 (Y, f(x))
is an isomorphism for all r > 1.

More details concerning to this important idea are given in [W].
The following result is well known, for details concerning a proof (see
either [Ma, Th.7.5.4] or [Sp, Cor.7.6.24]).

Theorem 19. Whitehead’s Theorem. If
f:K— L

is a weak homotopy equivalence of CW — complexes, then f is a homotopy
equivalence.

Corollary 9. If
f:K— L

s a weak homotopy equivalence, and K, L have the same homotopy type of
CW-complexes, then f is a homotopy equivalence.

Proposition 17. Let X be a space.

(a) The identity map
1:kX — X

is a weak homotopy equivalence.

(b) If X has the homotopy type of a CW-complex, then
1:kX — X

is a homotopy equivalence.
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Proof. The proof of part (a) cames from the observation that the induced
homomorphisms of homotopy groups

Lo (kX z) — 7 (X, z)
are isomorphisms for all » > 1, and
Lo i mo(k X, 2) — m,(X, z)
is a one to one correspondence. Hence
1: kX — X
is a weak homotopy equivalence. For part (b), there are maps
h: X — K

and

h: K — X

such that ho h ~ 1 x and hoh ~ 1x where 1x and 1x are the identity
maps and K is a CW-complex, since X has the same homotopy type of a
CW-complex. By Proposition 2 and Corollary 4,

kh : kX — K

and .
kh: K — kX

are maps such that kh o kh ~ lyx and khokh ~1 K, then £X has the same
homotopy type of a CW-complex. Hence by (a) and Corollary 9

1:kX — X

is a homotopy equivalence. O

Let A, D and E be spaces and maps f: D — Aand r: E — A. Then
we can define the pullback space D M E, and use the maps kf and kr to
define the pullback space kDM EKE.
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Proposition 18. If
p:E— B

and
g:D-—B

are maps, then
k(DN E)=k(kDNKE).

Proof. Firstly suppose that C is a compact Hausdorff space, and let
g.C— DNE

be a map. By the Universal Property for final topologies, f is a map if and
only if, both composites

(f*r)yog:C—D

and
(r'f)eg:C — E

are maps, where (f*r) and (r*f) are the projections over D and E respec-
tively. So by Propositions 3 and 5

(f*'r)og:C — kD

and
(r*f)og:C — kE

are maps. Hence

C —»kDNEE
is a map since k(f*r) and k(r* f) are a map. The above argument is reversible,
so it follows by the definition of kX, that k(D M E) = k(kD NkE). O

Proposition 19. Let 7(ki, ky) be a 3-stage Postnikov tower

K(G,n)?Ez
b2

K(H,m);——»El ~———;2K(H,n+1)
p1

B——K(Gm+1),
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in the sense of the category of topological spaces with k-invariants

ki : B — K(G,m+1)

and
ky: By — K(H,n+1).
Then 7(kkq, kky) is the 3-stage tower

kp2

K(H,m)———>kE1 ———ﬁ2K(H,TL+ 1)

i1
kp1

kB ———>kk1K(G, m+ 1),

in the CG-sense with k-invariants

kky : kB — K(G,m+1)

and
kky: kEy — K(H,n+1).

Proof. This follows using Proposition 17 twice. We have a commutative
diagram:

kEg -_> E2

ig,
kpa l lpz

k)El e E]

1g,
kp1 i lpl

kB?B’

where the underlying maps of 15, 1, and 1g, are the identity maps on B,
E; and FE,, respectively. O

Proposition 20. If B has the homotopy type of a CW-complez, then 1p,
1g, and 1g, are homotopy equivalences.
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Proof. In fact 1p is a homotopy equivalence by corollary 9. Now the fibre
p;'(b,) = K(G,m) and B have the same homotopy type of CW-complexes.
Thus by Theorem 2 of [RS], E; has the same type of a CW-complex and
so 1g, is a homotopy equivalence by Corollary 9. For the proof of 1, the
argument is the same. |

Note: Let us assume that B is a CG-space. If would be useful if we could
now show that 15 must be a fibre homotopy equivalence between the 3-stage
Postnikov towers 7(k1, k2) and 7(kk,, kks). The obvious way to do this would
be to use Theorem 6.1 of [DL]. However, 7(kki, kk») is only known to have
the covering homotopy property with respect to CG-spaces, so that theorem
is not applicable. In particular E; may not be a CG-space, 7(kk;, kk2) may
not have the covering homotopy property relative to Es, and an attempted
proof of the required result breaks down over that issue.
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