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c(x,y) = (e » (o' (x) = B'"(¥)) = ((v(a"(x)) =« v(B"(¥))) * e),
where ++ represents the composition of loops as defined by (4.9) and
Y(f(x)) is the homotopy inverse of f(x) (considered as a loop in QX) a

defined in the proof of Proposition (4.20).
Since k represents the Whitehead product as defined by (6.36), we

have that, if x € ip, T(k o 0)(x,y) depends on y only, and,if y & i

T(k o 0)(x,y) depends on x only. Hence we have proven:

(6.46) T(k o o) may be factored in the form ¢ o s, where ¢ 1is define

by (6.45) and s 1is defined by (6.43).

Because e 1is the degenerate loop at Xy » © (as defined by (6.45

is homotopic to the map d defined by

(6.47) d(x,y) = (a'(x) = 8'(¥)) » (v(@'(x)) - vy(B'(¥))).

(6.48) Definition. We define a deformation f of Sp+q+1’ with fo as

gP*a+l

the identity on by extending to Sp+q+1 the contraction of K

b

itself into w

Now, using methods similar to those used in the case of T(k oo0),

can show that, for each t,

(6.49) T(k o ft o o) may be factored in the form C, © s , and conse

the Ce form a homotopy of ¢ = o

Since ft is a deformation of Sp+q+1 with fO = identity, the map

f, o o 1is homotopic to fo o o =0 ; hence












where § 1is the diagonal map § : Qy = QX X Qy- Now the composite

mo (1 xv)oé : Q, >

X is null homotopic from (" 20), since Y(f) is

X

the homotopy inverse of f. Hence (6.61) is null ! 1otopic.

Now
m(l x Y(a' x a'(él(kp))))
=m(l x Y(a' X a'(Lp X e +e & \p)
= m(1l xY(a'(Lp) & e+e & a‘(Lp)))

= m(a'(kp) x e +e x Y(a'(kp)))

a'(Lp) * e + e x Y(a'(Lp))

I

a'(Lp) + Y(a’(kp))

so that a'(&p) = - Y(u'(Lp)). Similarl

B'(kq) -Y(B'(Lq))-

Substituting in (6.60) ,

d(kp & Lq) = a'(tp) * B'(Lq) - a'(kp) * B'(Lq) - (—l)qu'(Lq) * a'(\p)
+ a'(kp) * B'(Lq)

at () = 8' () - (-1)pqe'qu) ot (g

Substituting 1o for a'(\p) and 1B for B'(Lq),

we have
d(. ® ) =1a » 18 - (-1DFP%p « 10,
P q
which completes the proof of (6.53).

Combining (6.53) and (6.52) we have
tla,8] = (-DP(ra » 18 - (-1PYe * 1a)

which completes the proof of Theorem B.



be (—l)p, whereas the first proof left this sign open.

We used the concept of a universal example for a binary homotopy
construction in the (first) proof of Theorem B. We also note it is partially
because of a universal example for an n-ary homotopy construction that this
theorem (and the Corollary (5.13) to Theorem A) is important in homotopy

theory.

(6.62) Definition. We put S = S; V Spv... v Sn’ where the Si’ 1 <ic<n

are oriented spheres of dimension ki with a point X, in common, and-

let G e ﬂki(S,xo) be the inclusion (Si,xo) - (S,xo).
Blakers and Massey [2] have shown that S and the Lo 1 <i<n is
a universal example for an n-ary homotopy constructions from dimensions
kl,...,kn to any other dimension 2 ; such constructionsbeing in 1 : 1
correspondence with the elements of WZ(S). Clearly, to prove general
theorems about such constructions, we often need only consider the universal

example. Hence Hilton [9] showed the importance of Theorem A, Corollary

(5.13), and Theorem B by using them to calculate the homotopy groups of S.
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