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Abstract

As a means to solving the isomorphism problem many mathematicians have studied
the unit group of a group ring. The group G is contained in the group of units. Thus
it is beneficial to find out how the group G sits in the unit group. One question that
can be asked is: When does G have a normal complement in the unit group of a group
ring? In this thesis we will investigate that question by looking at the unit groups
of group rings of the form F3G where G is a group of small order. We will also look
at results from two papers by Robert Sandling ([San84b, San89)). In these papers
Sandling shows that for modular group algebras of central-elementary-by-abelian p-

groups G has a normal complement in the unit group.



CHAPTER 1

Introduction

1.1. History

A group ring RG is an R-algebra where every element can be expressed as a linear
combination of elements in G with coefficients from R and & is linearly independent
over . Multiplication in RG is based on the multiplication in G and R, extended
by using the distributive laws. The isomorphism problem is a famous group ring
problem. It asks what conditions must be present for RH = RG to imply that
H 2 G [MS02, Des56]. The isomorphism problem does not always have a positive
result, for example, C[Co x Co] E CHC P C P C = CC Yy, but C; x Cy 2 C4[MS02].
A list of positive results for the modular case can be found in [Chr04] and [HS06].
W. E. Deskins [Des56], D. S. Passman [Pas65], Inder Bir S. Passi and Sudarshan K.
Sehgal [PS72], Robert Sandling [San84a, San96], Wursthorn [Wur93], Mohamed
A. M. Salim [SS96], Blecher, Kimmerie, Roggenkamp [Chr04] have all been major
contributors. The group G is contained in the unit group of the group ring, so
information for the isomorphism problem can often be found by looking at the unit
group U(RG). It is useful to know how G sits in the U(RG) or if G has a normal
complement in U(RG). Now G has a normal complement in U(RG) if there exists
W C U(RQ) such that:

(1) U(RG) = GW
(2) GNW = {1}
(3) W is a normal subgroup of U(RG).



CHAPTER 1. INTRODUCTION Page 2

In this setting we will write U(RG) = W x G. Recall that a group is torsion free if

all elements have infinite order.

THEOREM 1.1.1. [Seh93, pp. 157-158]In the case of integral group rings of finite
groups, if a torsion free normal complement exists the isomorphism problem has a

positive solution.

PrROOF. Let 8: ZG — ZH be an isomorphism and note that G and H have the
same order as bases of the same Z-module. Assume U(ZH) = N x H. Units map
to units and G C U(ZG) so for every g € G, 6(g) = nh for some n € N and some
h € H. Then we can define §: G — U(ZH)/N = H by ((g) = N6O(g). First
we want to show that this is a homomorphism. Choose g;,92 € G, then 8(g192) =
NO(g192) = NO(91)60(g2) = N6(g1)NO(g2) = B(91)8(g2). Thus S is a homomorphism.
Then, ker(8) = {9 € G | NO(g) = 1} = {g € G | 6(g9) € N} = {1}, since N is
torsion free, 8 is an isomorphism and the elements of G have finite order. Thus 3 is

an injective function and, since |G| = |H|, an isomorphism. O

Some mathematicians who used this method to solve the isomorphism problem are:
D. S. Passman and P. F. Smith [PS81], G. H. Cliff, S. K. Sehgal, A. R. Weiss
[CSW81]. These results and other positive results on integral group rings can be
found in [Mil82, Seh90]. In the modular case it has been shown that G has a normal
complement in U(FG) if G is a finite abelian p-group [Joh78], if G is a cyclic group
[Joh78|, or if G is a central-elementary-by-abelian group [San89].

1.2, Preliminary Results

In this section we will go over some definitions and preliminary results. Let G be a
group. Then the commutator subgroup G’ of the group is the subgroup generated by
the set {(g1,92) | 91,92 € G}, where (g1,92) = 9795 9192
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DEFINITION 1.2.1. Let e: RG — R be the homomorphism defined by €(3 cq @g9) =
dea ay. The kernel of this map is called the augmentation ideal of RG and is
denoted by A.

REMARK 1.2.2. To prove that € is a homomorphism, pick a = ) _~a,9 and v =

geG
29 Ve9 € RG. Then (o +7) = e(P g %99 + Xgec 199) = €(Xgec(g + )9) =
20ec g +Y) = 2gea W+ 2gec Vo = €2 gec 9) + (30 V99)- Also, e(ary)

= 5(dec 099 Y peg Tnh) = E(Zg,hea agyngh) = Zg,hEG CgTn = deG % D he T =

e(a)e(7). So the map is operation preserving. Thus ¢ is a ring homomorphism.

ExaMmpPLE 1.2.3. Let C3 = {1,a,a®} and R = F, the field of two elements. The
kernel of ¢ is the set {}_ <o, ag9 € F2C3 | €(3 e, @99) = Op,} = {aw + c1a + aa® |

ag + a1+ a3 =0}. Now a; =1 or 0, so in order for ag + a1 + a2 = 0 either,
ap=0a; =ap=0
orag=a =1land ag =0
orag=as=1and a; =0

ora;=as=1and ag =0

Thus kere = {0,1 +a,1+a% a+a?} = A.

EXAMPLE 1.2.4. Let CoxCy = {1,a,b,ab} and R = F;. Then, kere = {3~ 0,10, %9 €
Fy(Cex Cy) | E(de02x02 a,9) =0} = {ap+oa+ab+azab | ap+ar+as+as =0}.

Thus, a; = 1 or 0, so ag + a3 + as + a3 = 0 in precisely the following eight cases:

(Ha=a=as=03=0

(2) a0=01=a2=a3=1
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B)ag=ar=l,as=0a3=0
Q) y=a=10 =a3=0
5) p=az3 =101 =a; =0
6) ar=as=1l,ap=0a3=0
(MMo=a3=1,ap=a2=0
B aw=a3=1lg=0a;=0

Thus kere = {0,1+a+b+ab,1+a,1+b,1+ab,a+b,a+ ab,b+ ab}.

DEFINITION 1.2.5. Let N be a normal subgroup of a group G. Consider the homo-

morphism p: RG — R[G/N] defined by (3 eq ®9) = 2 4ec NG = 2 e ¥9T-
The kernel of this map is called the augmentation ideal A(G, N).

REMARK 1.2.6. When N = G the above map becomes y: RG — R[G/G] = R and

is defined by (3" cq 9) = 2 4eq %G9 = D e @G- Then, kerp = {3 ¢ agg |
D ogec @G =0} = {3 o9 | X yeq@g =0} = kere = A. Thus, A = A(G,G).

EXAMPLE 1.2.7. Write Co x Cy = {1, a,b,ab}. Then H = {1,a} is a normal subgroup.
Consider the map p: Fp(Cy x C2) — F3[(Cy x Cz)/H] defined by u(3_,c0,xc, @99) =
D gcCaxey Yglg. Now ker(p) = {32 cc,xc, @9 € F2(C2 X C2) | 2 ic(0yxca) @ Hg =
0} = {ap+a1a+aob+asab | apH + oy Ha+asHb+azHab = 0} = {ag+a1a+azb+
azab | (ag + a1)H + (ag + a3) Hb = 0}. The equation, (ag + a1)H + (a2 +a3)Hb =0

can be satisfied in four ways:

)a0=a1=a2=oz3:0
2 aqp=ay=1landag=a3=0
)

B)ap=a;=0and oy =3 =1
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Sokerp={l+a+b+ab1l+ab+ab0}=A(C; x Cy, H).

From group theory we know that we can express a group G as a union of disjoint cosets
of N, where N is a normal subgroup of G. Thus G = J_.q Nz, where NxN Ny =0
for all z,y € &S C G.

TEY

LeMMA 1.2.8. [GIM96, page 150] Let N be a normal subgroup of a group G. Then
A(G,N) =3, cn(n—1)RG.

PROOF. Choose a = }_ ¢ g9 € A(G, N), where oy € R. Let G = U, cqcq N
where Nz N Ny = @ for all z,y € & C G. Each element ¢ € G can be writ-
ten as ¢ = nx, where ¢ € & and n € N. Consequently, a = decagg =
Yozes Dmen QnzNZ. Denote by g — 7 the natural map G — G/N and extend
to a group homomorphism RG — R[G/N]. Then @ = Y oD ey @naNNT =

Zmei‘f ZneN o Nz = ZmGS‘{ZQGG,Ng=Nz og}Nz = Zzei}{zgec‘@:i ag}T = 0. Now

Z € G/N are linearly independent in R[G/N], so for each z € S, }_ oz =
0. Thus EgéG,E:yagg = deG,iz“agg -0 = deG,‘i:gayg . deGg:iaym =
Y geam=g %(9T)T = 2 cagor W = Dyeczag @e((927!) — 1)z.  Consequently,
= eq > geGa=7 ag(gr™ = D)z = 3 o deG,E:g((gx_l) — lDagz. NowZ =7
sogr7' € Nand a € ), .y(n—1)RG. Thus A(G,N) C > (n — 1)RG. The other

inclusion is clear. O

ExAmMPLE 1.2.9. Again let H = {1,a} be the (normal) subgroup of C; x Cp =
{1,a,b,ab}. By the above A(Cy x Cy,H) = ) ,.4 F2(Ca x C3)(a + 1). Choose
a = ag+ a1a + agb + agab € Fp(Cy x Cy). Then, (1 + a)(ap + aqa + agb + agab) =
(o + 1) + alag + ay) + b(ag + a3) + ablaz + a3). In Fy, ap + a1 = 1 or 0 and the

same can be said for ay + a3. Thus the following four cases arise:
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(1) qg+ay=land as+a3=1
(2) ap+a;=1land ag+a3=0
(3) ag+a;=0and as +az3=1
(4)

4) og+o;=0and ag +a3=0

Then there are four different possibilities for o, namely 1+ a + b+ ab,1 + a, b + ab,
0. Thus A(Cy x Cy, H) = {0,1+a,b+ ab,1 + a + b + ab}, which corresponds to the
A(Cy x Cy, H) found in Example 1.2.7.

COROLLARY 1.2.10. Let G be a group and R be a ring. Then A =37 - R(g—1).

PROOF. From Lemma 1.2.8 we know that A = A(G,G) = 3 o RG(g — 1).
So any element in A is of the form 3 37, coonh(g — 1) € - o R(g — 1). Thus
A=3" cR(g-1). O

Consider the group ring F3C3. According to Corollary 1.2.10, A =37 ., Fa(g + 1).
Hence A is spanned over F, by the set {g+ 1| g € C3} = {0,a+ 1,a® + 1}. Then
A ={0,a+1,a2+1,a-+a?} which corresponds with the A that was found in Example
1.2.3.

Consider again the group ring F3(Cs X Cp). According to Corollary 1.2.10, A =
> gecCoxc, F2(9 +1). Hence A is spanned over F by the set: {1+a,1+b,1+ ab,0}.
Thus A = {0,1+a,1+b,1+ab,a+b,a+ab,b+ab,1+a+b+ab} which corresponds
to the A that we found previously, in Example 1.2.4.

THEOREM 1.2.11. [MS02, page 135] Let N be a normal subgroup of a group G. Let
S = {z1,...,24}, be a set of generators of N. Then A(G,N) =3 ¢ RG(z; - 1).

PROOF. By Lemma 1.2.8, A(G,N) =Y _y(n—1)RG. Thus {n—1|n € N}
spans A(G, N). As a result it is adequate to show that any element of the form n—1,

geEN
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with n € N, is in the set ), .o RG(z; — 1). Choose n € N. Then n = '} .- zfr,

where z; € S are not necessarily distinct and ¢; = £1. The proof will proceed by

induction on 7 using the identities

(1.1) ' -1=z"11~-2)
and
(1.2) zy—-l=z(y—1)+(x—-1).

When 7 =1, n— 1 =2 — 1. If t; = 1, this has the right form. If ¢; = —1, then
by identity (1.1) 27 — 1 = z7'(z; — 1) is also in }__ .o RG(z; — 1). Assume that
i1 try1

the induction hypothesis is true for 1 < k < r and let n — 1 = 2%z - - zbrz; — 1.

Using (1.2),

z; €S

(@haf o ali) — 1= (ahaf o )alih) - 1
— it 1)+ (e - af) — 1)
Now z¥z% - .-zl € RG, s0 by the base case 272 - - - 2t (211 7' =1) € 3, s RG(zi—
1). Also by induction hypothesis (zf'a% - - -2¥r)—1 € 3 ¢ RG(x;—1). Consequently
(aPal - abrz) — 1€ Y, cg RG(z; — 1). By the principle of mathematical induc-
tion A(G, H) = 3,5 RG(z: — 1). O

DEFINITION 1.2.12. An element x of a ring R is nilpotent if there exists an integer
n > 1 such that ™ = 0. A ring is nil if all its elements are nilpotent and nilpotent

if, for some integer n > 1, the product of any n elements s 0.

THEOREM 1.2.13. Let G be a finite p-group and R be a ring of characteristic p. Then
A = A(QG) is nilpotent.
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PrOOF. Let |G| = p. Then G = (a), and A is generated by 1—a. Choose o; € A.
Then o; = v;(1—a), where y; € RG. So aqa -y = 11772+ -+ Yp(1 —a)? = 0. Assume
the result is true for all groups with order less than |G| = n. Choose 1 # z € Z(G)
the centre of G (we can do this since p-groups have a non-trivial centre). Without loss
of generality let |2| = p. Then |G/(z)| < |G|, so by the induction hypothesis there
exists an integer ¢ such that A(G/(2))”" = 0. So A” C A(G, (z)) = (1—2)RG. Then
AP C (1 - 2)PRG = 0. So the result is true and by the principle of mathematical
induction A is nilpotent for any finite p-group G. O

EXAMPLE 1.2.14. Again let G = Cy x (3 and look at the group ring F5G. Here the
field is of characteristic 2 and G is a 2-group. Recall that A is spanned over F3G by
1+ a and 1+ b. Moreover, (14 a)? = (1+b)? = 0. It follows readily that A% =0, in

agreement with Theorem 1.2.13.

On the other hand consider the group-ring F,C3. Here the field is of characteristic 2
and Cs is a 3-group, so the previous theorem does not necessarily apply. Recall that

A ={0,1+a,1+d* a+a®}. Here

e (1+a)=1+a
e (1+a%)'=1+a?

e (a+a?)?=a+ad

None of the elements is nilpotent so, of course, A is not nilpotent.

LEMMA 1.2.15. Let o € RG, where G is a group and R is any ring of coefficients. If

o 1s a nilpotent element then 1+ « is a unit.

PROOF. Now «a is nilpotent so there exists n such that o™ = 0. So (1 + o)(1 —
o+ al—. .. + (_1)n-1an—-1) =1—a« +a2 —_ (_1)n—2an—-2 + (_1)n—1an—1 + -
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a2 + .+ (__l)n—lan—-l + (——1)"&" =1= (1 —a+ a2 — (_l)n—lan——l)(l + Oé).
Hence 1 —a +a? — -+« 4+ (=1)""ta™! is the inverse of 1 + a in RG. O

COROLLARY 1.2.16. Let G be a finite p-group and F be a field of characteristic p. If
a € A then 1 + o is a unit.

Proor. This follows directly from Theorem 1.2.13 and Lemma 1.2.15. g






CHAPTER 2

Normal Complements

In this chapter we will look at results from two of Robert Sandling’s papers, ([San84b,
San89)). In these papers he proves that in the modular case there is a normal comple-
ment for certain p-groups G in their unit groups. In fact he actually gives an explicit
form for such normal complements. Here we will prove some of Sandling’s results in

the case where p = 2. We will be using the following notation and definitions:

e (G denotes a finite 2-group,

e [ denotes the field with 2 elements and FyG denotes the modular group
algebra,

o V =V (F,G) is the group of units.

We use throughout that V' = 1 + A. To see why, choose v € V. There exists
u € V(F;G) such that wv = 1. Now e(uv) = ¢(1) = 1 since homomorphisms map
identities to identities. Thus e(u)e(v) = 1 and since we are in characteristic 2 this
implies that e(v) =e(u) =1. Sov=14+(1+v) €1+ A. SoV C 1+ A and the
other inclusion was Corollary 1.2.16. Note too that in F>G one half the elements have

augmentation 1 and the other half have augmentation 0. So |V (F,G)| = 3| F2G.

EXAMPLE 2.0.1. Let G = Cy x C2 = {a,b) = {a,b,ab,1}. Then |G| =4 = 22 |F,G| =
2% and [V(F,G)| = 2%, As we found before A = 3~ F3(g + 1), hence A is spanned
over Fy by the set {1+a,1+b,1+ab,0}. Thus A ={0,1+4+a,1+b,1+ab,a+b,a+
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ab,b+ ab,1 + a+ b+ ab}. Then as noted earlier V =1+ A, so V = {1,a,b,ab,1 +
a+bl+a+ab1+b+aba+b+ab}.

LEMMA 2.0.2. Let I be a left ideal of A. Then 1+ I is a subgroup of (V,-).

PrRoOF. Pick 1+, 1+8 € 1+1,a B €I Thena+B+af € I, so
1+a)1+p8)=14+a+F+aBe€l+1 Also el CA,sobyLemma 1.2.13, there
exists an integer ¢ such that #* = 0. Thus as shown in the proof of Lemma 1.2.16,
(1+B8) =148+ --+p1el+1 O

LEMMA 2.0.3. Let o and B be elements of A. Let I be a left ideal of A. Then o and
B are in the same coset of (I,+) if and only if 1 + & and 1 + 3 are in the same left
coset of the subgroup (1+1,-) of V.

ProoF. We have «, 3 in the same coset of (I, +)

ifand only ifa =6 mod [
ifand only ifa— eI

if and only if there exists v € I such that a = 3+~

and this occurs if and only if 1 + @« = 1+ §+~. Since § is in A, Lemma 2.0.2 says
(14 B)~! exists. Consequently, l +a=1+8+v= (14+8)(1+ (1+8)"1v). Now
1+(14+8) " wel+I,sol4+a=1+8in(1+1,-).

Conversely, 1 + « and 1 + 3 are in the same left coset of (1 + I,-) if and only if
l+a =1+ 78 mod1 -+ I, which happens if and only if there exists v € I such
that 1+ a = (1+68)(1+7v) = (1+8) + (1 + B)y, and this occurs if and only if
(1+a)— (1+8)=(1+0)y, that is, a — 8 = (1 + (). Since [ is a left ideal of A,
(1 4+ B)y € I, giving the result. O
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2.1. A basis for V(F,G) when G is abelian

In this section we adapt the results from [San84b] to find a basis of V(F,G) when
G = (z1) x -+ X (z4) is an abelian 2-group. Since V(F,G) is an abelian 2-group,
by the fundamental theorem of abelian groups it is isomorphic to a product of cyclic
groups in one and only one way. A set L = {¢1,92,...,6:} is a basis for (V(F>G), ")
over Fy if V(FoG) = (g1) X {g2) X -+ X {g1)-

Let § = (d1,...,dq4) be a d-tuple of non-negative integers, not all zero. Let P(§) =
[T(z; + 1)% where 0 < §; < |z;], the order of z;. Let

D(G) ={6]0<6; <|z;| and 2} 6; for some j}.
By 1+ P(D) we mean {1+ P(8) | § € D(G)}.

EXAMPLE 2.1.1. Let G = Cy x Cy = (a) x (b) = {1,a,b,ab}. The elements of D(G)
and 1+ P(D) are shown in the table.

10 € D(G) 1+ P(d)
(1,0) l1+(a+1)=a
(0,1) 1+(14+b)=0b
(1,1) I1+(1+a)(14+b)=a+b+ab

EXAMPLE 2.1.2. Let G = Cy = {1,q,a?%,a*}. Then D(G) = {(1),(3)}, so P(D) =
{(1+a)},(1+a)®} and 1 + P(D) = {a,a + a® + a3}.

EXAMPLE 2.1.3. Let G = C, x Cy = (a) x (b) = {1,a,b,b? b3 ab,ab? ab’}. The
elements of D(G) and 1+ P(D) are shown in the table.
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§ € D(G) 1+ P(5)

(1,0) a
0,1) b
(0,3) b+b24+ 03
(1,1) a+b+ab
(1,2) a+b* + ab?
(1,3)

b+ b+ b5 +a(l+b+0b%+b°)

THEOREM 2.1.4. [San89] Let m; denote the number of cyclic factors in V(F2G) that
have order 2. Then m; = |G? ™| = 2|G¥ | + |G¥™|, the dimension of V is |G| — |G?|
and the order of 1+ P(D) is |G| — |G?|.

EXAMPLE 2.1.5. Let G = Cy x C; = (a) x (b) = {a,b,ab,1}. Notice G¥ =1 for all
i > 1. Then mq = |G|-2|G?|+|G4| = 4—2+1 = 3and m; = |G? ' |-2|G? [+|G*""| =
1-2+1=0forall i > 2 Thus V has precisely 3 cyclic factors of order 2; i.e.,
V =0y x Cy x Co.

EXAMPLE 2.1.6. Let G = Cy x Cy = {1, a,d?,a?,b,ab, a®b, ab} with |a| = 4, |b| = 2.
Now G? = {1,a?} and G? =1foralli > 2. Thenm = |G|-2|G*|+|G4 = 8—4+1=
5 mg = |G —2/GY +|G|=2-2+1=1and m; = |G¥'| - 2|G¥| + |G*"| =
1—2+4+1=0for all ¢ > 3. Thus V has 5 cyclic factors of order 2 and 1 cyclic factor
of order 4; i.e., V= Cy x Cy x Cy x Cy x Uy x Cy.

THEOREM 2.1.7. Let G be an abelian 2-group and Fy the field of order 2. Then for
n >0, 1+ A" s a subgroup of V = (1 + A, ).

This follows immediately from Lemma 2.0.2.
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THEOREM 2.1.8. Let G = (z1) X (x2) X -+ X (x4) be an abelian finite 2-group and let
F, be the field of order 2. For n > 1, let B, be a subset of A™ whose cosets generate
A" /AL Let B be the union of the B,. Then V(F,G) is generated by 1 + B.

PrOOF. Consider f: (A"/A™1 +) — (1 + A"/1 + A™1).) defined by f(a +
A™1) = (1 + a)(1 + A™!) with o € A™. First we show that f is well defined, that
is, if @ + A" = g+ A" then (1 + @)(1+ A1) = (1 + 8)(1 + A™!). Thus we
want to show that a — 3 € A" implies (1 +a)~}(1 + 8) € 1 + A"+ that is, if o, 8
are in the same coset of A", which is a left ideal of A, then 1+ o and 1 + 8 are in

the same coset of the subgroup 1+ A™! of (V,.). This is Lemma 2.0.3.

To show that f is one-to-one, we show that if (1 +a)(1+ A™1) = (14 8)(1+ A™H),
then a + A" = g 4+ A"l that is, that (1 + a)71(1 + 8) € 1+ A" implies
that a — 8 € A", This is equivalent to showing that if 1 + o and 1 + 3 are in
the same coset of the subgroup 1 + A™*! of (V,-), then o and 8 are in the same
coset of the left ideal A™*! of A. This is Lemma 2.0.3. Clearly f is onto because
(1+6)(1+A™1) € 1+A%/1+A™! with 8 € A” and f(B+A™1) = (1+8)(1+A™1),
Now we want to show that f is operation preserving. Taking, a + A", 3+ A"+ €
A" /A" we have

flla+ A1) + (B + A™) = f((a+ 0) + A™) = (1+ (a + )1+ A™H).

We claim that (1 + (o + 8))(1 + A™1) = (1 + (o + 8+ af))(1 + A", To see
why, notice that o + 8 € A™ C A, since o, € A" By Theorem 1.2.13 every
element in A is nilpotent. So there exists an integer ¢ such that (a + 5)* = 0. Then

Q1+@+8)1+@+B)+@+p)2+--+(@+B)N)=1 So(l+a+p)!=
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1+(@+B8)+(a+8)?2:+ -+ (a+p)) =1+a+B+ X, where X € A", Then

Q+a+B8) '(1+a+B+af)=1+1+a+p)" 28,

EA"+1

=1+(1+a+8+X)ap

=1+gﬂ+a2ﬁ+ﬂaﬁ+Xa@

~
cAn+l

As a result,

fla4+ A™) + (B + A™) = (14 (o + 8))(1 + A™)
=1+ (a+B+af))(1+ A"

(I4+a)(1+8))(1 + A

i

(
= (1 4+ a)(14+ A™H (1 + B)(1 + A™Y)

fla+ A" f(B8+ A

ll

as desired. All this shows that f is an isomorphism, so, indeed, (1 + B,)(1 + A™*})
generates 1 + A™/1 + A" Now we know from Theorem 1.2.13 that A is nilpotent,

so there exists a positive integer n such that A™ = 0.

As shown above (1+ B,—1)(1+ A") generates 1+ A" /1 + A" so 1+ B, generates
1+ A™1/14 A" = 1+ A" Choose y = z(1 + A™1) € 14+ A™2/1 + AL
Now y~'z € 1+ A™! can be expressed as (1 + by)® (1 + by)2 - -+ (1 + by)*e, the b;’s
€ B not necessarily distinct and ¢; € {0,1}. As shown above (1 + B, _5)(1 + A" 1)
generates 1 + A"2/1 4+ A" 1 g0, y = ((1 + 21)8 (1 4+ 22)2 - (1 + )t ) (1 + A™Y)
is the product of elements in (1 + B,_3)(1 + A" 1), the z;’s € B,_» not necessarily
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distinct. Therefore,

2= y(1+b1)" (1 +bg)" -+ (14 by)"
= ((1 + .’L’l)tl(l + xQ)tZ cee (1 + xs)ts)(l + An—l)(l + bl)tl(l + b2)t2 . (1 + bd)td

is in (1 + B) because 1+ A™! is generated by 1+ B. This process can be continued
to show that 1 + B generates 1 + A. |

Recall that D(G) is the set of those 6 = (61,93,...,d4) where for all j, 0 < §; < |z;]

and 2 does not divide §; for some j.
COROLLARY 2.1.9. V is generated by 1 + P(D).

PRrROOF. Let G = (#1) x {(x2) X ... X (xq) and S = {z1,...,24}. We know from
Theorem 1.2.11 that A = {3 ay(z; + 1) | z; € S,y € F,G}. So the elements in A
are linear combinations of elements of the form h(x; — 1) where h € G. Now

h((l)z -+ 1) = h(l’i + 1) + (Z‘i -+ 1) -+ (II?i -+ 1)
= (h+ (@i +1) + (z: + 1)
=1z;+1 (mod A?),
so (A/A?,+) is generated over Fy by B; = {(z; + 1) | z; € S}. Next, the elements

in A? are linear combinations of elements of the form h;(z; + 1)h;(z; + 1), where

hi,h; € G, z;,z; € S and the coefficients are in F5. Then,

hi(z; + 1)hj(z; + 1) = hhj(z; + 1)(z; + 1) since G is abelian
= h(z; + 1)(z; + 1) with h € G
= (h+1)(z; + 1)(z; + 1) + (z; + 1)(z; + 1)

= (z; +1)(z; +1) (mod A%),
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so (A%/A3,+) is generated over Fp by By = {(z;+1)(z;+1) | zi,z; € S}. In general,
elements in A* are linear combinations of elements of the form hy(z; + 1)ho(zs +
1) hg(zg + 1), by € G and z; € S, with coefficients in Fy. Hence, (A¥/A*1 +) is
generated over Fp by By = {(z1 + 1)(@a+ 1)+ (zx+1) |2, € 5,1 < i < k}.

Let B be the union of all By’s. This is actually the set of all P(§)’s, where P(9) is
a product H?zl(xj — 1)%. By Proposition 2.1.8, 1 + B = {1 + P(d)} generates V.
Now we want to show that we may assume 0 < §; < |z;|. Choose a positive integer

d > |z;], then d = n|z;| + b where 0 < b < |z;|. Then,
(@ — D% = (2 + 1)P5H = (25 + 1)l + 1)° = (@7 + 17120 (25 + 1)P = 0.

Thus, for all d > |z;|, (z; + 1)¢ = 0. So {1+ P(6)} generates V with 0 < §; < |z;].
Finally we want to show that we may assume that 2 * d; for some i. So assume there
is an element in the set 1 + P(§), 0 < §; < |z;| where ¢ | d; for all 7 and ¢ is a power
of 2. Therefore it is of the form 1+ P(t§) where § € D. Now,

1+ P(t6) = [ [(=: — 1™ = [[((x: + 1)%)" = (1 + P(5))"
Thus 1+ P(D) generates V(F,G). O
EXaMPLE 2.1.10. Let G = C; = {1,a,a%,a3}. ThenV = 1+A and V = {1,qa,a?,a% 1+

a+a®,l+a+a®1+a?+a*a+a?+a®} ¥ (a) x (1 +a+a?) = Cyx Cp. Since
1+ P(D) = {a,a+ a® + a3}, it is clear that 1+ P(D) is a basis for V.

THEOREM 2.1.11. Let G = (x1) X {z2) X -+ X (zq) be an abelian 2-group and F the
field of order 2. Then 1+ P(D) is a basis for V(Fa2G).

PrROOF. By Corollary 2.1.9, 1 + P(D) generates V(F»G). By the fundamental
theorem of abelian groups V(F;G) can be expressed as a product of cyclic groups in

one and only one way. Therefore, 1 + P(D) is a basis for V(F»G) if it has the same
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number of elements of each order as the invariants of V (F3G). The proof will proceed
by induction on the exponent of G. Recall that the exponent of G is the smallest
positive integer m such that ¢™ =1 for all g € G.

Assume exp(G) = 2!, Now |G| = 2. Notice the set 1 + P(D) has d elements of

d
3

(14 2:)(1+ 2;)(1 + zx) -+, (9) elements of the form (1 + 22)(1 + z3) -+~ (1 + 24).
Thus |1+ P(D)| =2¢—1=|G| —1. Now 1+ P(6) # 1 for all §, and the order of
14 P(8) is 2. In fact, (1+ P(8))? = 1+ 4 ,(a3 +1)% = 1. Thus 1 + P(D) has
|G| — 1 elements of order 2 and no elements of order 2, for all ¢ > 1. On the other
hand by Remark 2.1.4 my(V) = |G¥ 7| = 2|G?| + |G**| = |G| -2+ 1 = |G| - 1.
Thus, 1 + P(D) has the same number of elements of each order as the invariants of
V(RG).

the form 1 + z;, (g) elements of the form (1 + z;)(1 + ;),(3) elements of the form

Let G have exponent 2% and assume that for any H with exponent equal to 2¢ where
1 < ¢ < k exactly m;(V(H)) of the elements of 1+ P(D(H)) are of order 2¢ for all 5.
We want to show that exactly m;(V(G)) of the elements of 1+ P(D(G)) are of order
2¢, for all 4. Now for all § € D(G), (14 P(0))* = 1+1II_, (25 + 1)%. As a result,

1+ T4 (z3+1)% 1 ifandonlyif TI% (22 +1)% #0
if and only if (w? +1)% £0foralj,1<j<d

if and only if 26; < |z;] if and only if §; < %JI
If (1+P(8))? = 1 then |1+ P(8)| < 2. The only element of order 1 is the identity. The
elements of order 2 along with the identity form a subgroup of exponent 2. Then by

the base case, 1+ P(D) has the same number of elements of order 2 as the invariants

of V(F3G). If the order of an element is > 2 then (1 + P(4))? # 1. Thus it is an
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element of 1+ P(D(G?)) where exp G? < expG. Then by the induction hypothesis
for all 1 > 2 exactly m;(V(G?)) of the elements of 1+ P(D(G?)) are of order 2¢. The
number of elements of order 2! in 1 + P(D) is equal to the number of elements of
order 27! € 1+ P(D(G?)) which equals m;_1(V(G?)) = [(G*)? 7| = 2|(GH)* 7| +
(GH* 7 = 1G*T = 2IG% |+ |G* | = mi(V(G)). O

ExAMPLE 2.1.12. Let G = Cy x Cy = (a,b) = {a,b,ab,1}. As shown previously
V=144,V ={1,a,b,ab,1+a+b,1+a+ab, 1 +b+ab,a+b+ab} = Cy x C3 x Cy,
with basis 1 + P(D) = {a,b,a + b+ ab}, as shown in Table 1.

TABLE 1. The unit group of F5[Cy x Cy] is (a) x (b) x (a + b+ ab)

Elements of V(F,G) | In terms of 1 + P(D)
1 =a%%(a + b + ab)®

a =al=a

b =b=b

ab = a'b'(a+ b+ ab)°
l+a+b = a'b'(a+ b+ ab)*
l1+a+ab = b'(a+ b+ ab)!
1+b+ab = a'(a + b+ ab)’
a+b+ab =(a + b+ ab)?

ExaMPLE 2.1.13. Let C x Cy = {1,a,b,b?, ab,ab? ab®}. Then V(Fy(Cy x Cy)) =
Cy x Cy x Cy x Cy x Cy x Cy, with generators, respectively, a,b,b+ b? + b*,a + b +
ab,a+b% + ab® b+ b? + b® + a(l + b + b + b%), the elements of 1 + P(D).

REMARK 2.1.14. From Theorem 2.1.11, 1 + P(D(G)) is a basis for V(F,G). Notice
that when 25] =1, 1+ P() = 1+H($j+1)57 = 1+(.’L'j+].) =z; € G. It
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follows that G is actually a direct factor of V(G), as noted in the examples we have

presented. As we shall see in Section 3.3, this happens for many abelian groups.

2.2. Normal Complements with G’ of order 2

In this section, we adapt some results of Sandling [San89] to show that G has a normal
complement in the unit group of F,G for a certain class of groups G. Specifically,

we assume that G has a unique nonidentity commutator, always denoted s. Note

1 1

that since s~! is also a commutator, s7' = s, so s> = 1 and |G’| = 2. Originally,
the hope was to extend the results here to the case of a (not necessarily associative)
loop, that is, a system (L,-) where (a,b) — a - b is a binary operation on L, both
cancelation laws hold, and there exists an identity element. For years after Paige
showed that a commutative power-associative loop algebra must be associative (in
most characteristics) [Pai55], the possibility of the existence of nonassociative loop
algebras satisfying “interesting” identities was considered unlikely. In the 1980s,
however, Goodaire found some nonassociative loops, now called RA loops, whose loop
rings in any characteristic are alternative, that is, they satisfy the laws z(zy) = 7%y
and (yz)z = yz? |Goo83]. RA loops have many properties. Of relevance here is that
they contain a group G of index 2 for which G’ = {1, s} has order 2. In characteristic
2, even more loops have alternative loop rings. While these RA2 loops have yet to
be characterized, those with a unique nonidentity commutator/associator are known
to be RA2 [CG90]. Eventually, Goodaire and Robinson showed that any Bol loop L
with L' = {1, s} has a loop ring which, in characteristic 2, satisfies the right alternative

law, but not the left [GR95]. These remarks explain our focus on characteristic 2 in

this thesis and on groups G with a unique nonidentity commutator.
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Properties of s.

o (1+35)(1+5s)=0because (1+s)(1+s)=1+s+s+s2=1+s+s+1=0
e as = sa for all o € F,G.
To see why, note that it is enough to prove this when o = g € G. In this
case we have gs = sg or gs = s(sg). If gs = s(sg) = s’9g = g, then s = 1
which is a contradiction. Thus gs = sg.
e For o, 8 € [5G, af + Ba = (1 + s)y for some vy € F,G.
To see this, note that

af + fo = Z agBngh + Z Braghg = Z agBn(gh + hg).

g.heG g,heG g,h€eG

If gh = hg then gh + hg = 0. So

> auBu(gh+hg) = D a,Bu(gh+ hg)

g:heG gh#hg

= " a,6u(gh + sgh)

gh#hg

= Z agfr(l + s)gh

ghshg

(1+5s) Z agBrgh = (14 s)y, with v € F,G.
gh#hg

Il

Let J = J(G) denote the ideal (1 + s)A.

LEMMA 2.2.1. The ideal A%/J is central in FoG/J, so 1+ A?/(1 + J) is central in
V/1+J).
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PRrROOF. Choose 61,0, € A and a € F5G. As shown above, there exists v1,v, €
F>G such that 610+ ad1 = (1 + 8)71 and 2 + @by = (1 + s)y2. Thus,

810200 = 01 (ady + (1 + s)72)
= d1ads + (1 + 8)0172
= (a1 + (1 + 8)m1)da + (1 + 5)0172
= b0z + (1 + s)11b2 + (1 + 8)d172 = @19 mod J.

The second half of the statement follows from the first and Lemma 2.0.3. dJ

Let W = W(G) be the subgroup of V(G) generated by 1 + J and by the preimages
of all 14 P(8), 6 € D(G/G") and 3_d; > 1.

EXAMPLE 2.2.2. Let G = Dy = {(a,b | a* = 1,b% = 1,ba = a7 'b). Then G’ =
{1, = s} and G = G/G' = (a,b), where |[a| = [b] = 2. Now A is spanned over
F>,G by the set {a + 1,0+ 1}, s0 1 +J = 14 (14 s)A is generated by the set
{1+1+s)a+1)=a+s+sa,1+(1+s)(b+1)=b+ s+ sb}. Now if § € D(G)
then § = (41, 02) is a pair with 0 < §; < 2 for each i and not both d; = 0 and é; = 0.
The only 1 + P(§) with § € D(G) where . 6; > 1is 1+ @+ 1)(b+1) =a+ b+ ab.
So W(QG) is generated by the set {a + s + sa,b+ s + sb,a + b+ ab}.

COROLLARY 2.2.3. W is a normal subgroup of V.

PROOF. Let w € W, v € V. Since W C 1+ A% and 1 + A2?/1 + J is central in
V/1+ J by Lemma 2.2.1, we have w™'v™'wv =1 mod 1 +J = w v lwv €
1+JCW. Noww € W and W is a subgroup, so (w)(w™ v wv) = v™lwv € W, as
desired. O

COROLLARY 2.2.4. Ifa and 3 are in A and n > 1 is a positive integer (o)™ = a™G"

modulo J.
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PROOF. The proof will proceed by induction on n. If n = 1 then, (af8)! = af =
a'B. Assume n > 1 and o”8" = (afB)" (mod J). Then,

(af)™! = (aB)"af = a"ﬁ" af by the induction hypothesis
eA2
= o(a"8")F mod J by Lemma 2.2.1
— an+1ﬂn+1

so, by the principle of mathematical induction, o"*'3"*! = (a8)"*' mod J for all

n > 0. O

LEMMA 2.2.5. Let G = (x1) X {®a) X +» X {xq). Let § = (1,...,04) be a d-tuple of
non-negative integers, not all zero. Suppose that, for all j, 6; < |x;|. If §; # 0, let
s; be the highest power of 2 less than or equal to §;. Then the order of the element
1+ P(8) = 1+ [[(z; + 1)% is the minimum of the numbers | ’| , taken over those j
for which 6; # 0. -

PrOOF. The proof will proceed by induction on the exponent of G, where exp G =
2" If n = 1, then exp G = 2. So all nonidentity elements of G are of order 2 and G
is elementary abelian. Then (1+ P(6))? = (14 [J(z; + 1)%)* = 1+ [[(z2 + 1)% =1
(in characteristic 2). Thus |1 + P(6)| = 2. On the other hand, J; < 2 for all j.
Thus s; = 29 and |z;|/s; = 2/1 = 2 is the minimum of the numbers |z;|/s;. So the
hypothesis is true when n = 1. Assume n > 1 and exp G = 2" and the results are

Igl

is a power of 2 since both |z,

|75

Sj

true for groups of smaller exponent. Now for all j, ——

and s; are powers of 2. Then the lowest possible value of —= is 2, since ¢; < |z;| and
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s; is the highest possible power of 2 less than or equal to ¢;. Then,

1+P@)=1ifandonly if 1+, (22 +1)% =1
J=1\"j

if and only if II}_, («7 + 1)% =0

if and only if (x? +1)% =0 for some j, 1 <j <d

and this occurs if and only if §; > p;—]l for some j, 1 < j <d. Thus I—le—l <45 < |zy)

for some j. As a result s; is equal to % Therefore, %J—I =2 when 1+ P(6))? = 1.
J
If §; < I—%—‘ for all j then (1+ P(8))? =1+ 1II{_,(z3 +1)% # 1 and it is an element
of 1+ P(D(G?)). Now exp G? < exp G, so by induction hypothesis |[(1 + P(4))?| =
min {|z3|/s;} = 3 min{|z;|/s;} and |1 + P(6)| = min{|z;|/s;}. Therefore by the
principle of mathematical induction for all n > 1 and G with exponent equal to 2"
the order of the element 1+ P(8) = 1+ [](z;+ 1)% is the minimum of numbers ,x—il,
taken over those j for which §; # 0. SJD

Let G = G/G' = (T1) x (T3) x - - - x (Tg). Recall that 14+ P(D(G)) is the set of elements
of the form 1+ P(J) = 1 + H;Ll('afj +1)% with § = (61,...,64) and 6 € D(G) i.e.
0 < 6; < |z;] and 2 does not divide 4, for some j.

THEOREM 2.2.6. V(FRG) =W(G) x G.

PROOF. From Theorem 2.1.11, 14+ P(D(G)) is a basis for V(F,G). Notice that
when Y 6, =1, 14+ P(§) = 1+ [I(; + )% = 1+ (T; + 1) = T; € G, hence the
result. (]

THEOREM 2.2.7. W(G)N 1+ (1 +8)FG) =1+ J.
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PROOF. Choose p1 € W(G) N (1 + (1 + s)F,G). Since p € W(G) and 1 + J is
a normal subgroup in V(FyG) we can write 4 = (1 + j), where j € J and ¢ is a
product of preimages of terms of the form 1+ P(6) where § € D(G) and >_4; > 1.
Each P(d) is in A% so using Lemma 2.2.1 we can assume that ¢ is the product of
preimages of (1 + P(d1))*, (1 + P(82))%2,...,(1 + P(d,))* for different P(§;). Since
1+4JC1+(1+8)FG and p € 1+ (1 + 8)FyG it follows that o = p(1 + 7)1 is in
14+ (14 s)F2G. Since (1 + s)F>G is in the kernel of the natural epimorphism from
G to Fg(g) it follows from Theorem 2.1.11 that each a; can be assumed to be a
multiple of |14 P(&;)| in V(F2(&)). We will complete the proof by showing that the
preimage of each (14 P(§;))* isin 1 + J.

First let us assume that a 1 + P(J;) term in the above product is of the form
1+ (1 +T)° for some 6 (i.e. involves only one z). In that case § is necessarily odd
and greater than 1. Lemma 2.2.5 tells us that |1 4+ P(J)| > |Z|. The corresponding
term that is actually in the product of o is (1 + (1 +z)? + )™ where r € (1 +5)F,G.
Since (1 + z)/®! belongs to (1 4 s)F3G, this term is clearly in 1+ J.

If a 14 P(8;) term involves more than one ZF but all z’s involved commute, a
similar argument to the one just given still works (note that (1 + z;)®(1 +z;) € J
if i # 7).

Finally observe that if f is the preimage of a 1 + P(§;) term involving z’s which
do not commute and g is obtained from f by allowing the z’s to commute then f —g¢
is in (1 + s)F2G, so f and g are preimages of the same 1+ P(4;) term. Hence the
difference f — ¢ can be considered as part of the “r” term in the earlier case. In other

words, we may assume the 2’s commute.

We have completed the proof that ¢ € 1 + J. Hence u = o(1 + j) also belongs
to 1+ J and we're done. a
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LEMMA 2.28. GN(1+J)=1.

PROOF. Let g = 1+ (s+1)a with & € A. Then (1+s)g = (1+s)(1+(1+s)a) =
1+s Hencesg+g+s+1=0andg=sorg=sg,org=1 If g=sg then s =1
which is a contradiction. If g = s, then s =1+ (1 + s)a. Thus (s + 1)(1+a) =0.
Now « is in A. So 1+« is a unit by Theorem 1.2.16. Thus there exists v € F»G such
that (1+a)y =1=~(1+a). Then (s+1)(1+a) =0and (s+1)(1+a)y=0. Asa
result s+1 = 0 and s = 1 which is a contradiction. So g =1, and GN(1+J)=1. O

In the next lemma we follow an argument of de Barros and Policino Milies [dBM95].
LEMMA 2.29. 1+ (1 4+ s)FRG=G'(1+J).

PrOOF. Since J = (1+8)AC (1+s)FoGand s=1+(1+s) €1+ (1+8)FRG,
we have one containment. For the other, let & € 1 + (1 + $)F»G. Then a = 1+
> gec @g9(1 + s) where ag € F5. Now a4 = 1 or 0. So we will let the sum of all
non-zero coefficients of dec agequal f. If f=2h+1is odd,

a=1+Zagg(1+s)

9€G
=s(s+ Zozgg(l +s))
geG
=s(s+ Y agg(l+8)+(1+8)+(1+s) - (1+s)+1+1)
9€G 2h;i,mes
=51+ apg(l+9)+(1+s)+(1+5)--(1+5))
9€@ 2h+1’times

=s(1+ Z agg(l+s) + Zag(l +5))

geqG g€eG
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=s(1+ Y eq (g + 1)1 +5)) € G'(1+ AL +5)).

If f is even, then

a=1+Y agg(l+s)+(1+s)+(1+s)++(1+s)

-
~
9€G f times

=1+Zagg(1+s)+2ag(1+s)

9€G geG

=1+ a(g+1)(1+5s) € G'(1+A(1+59)).

g€G

In both cases a € G'(1+ A(1 +s)) = G'(1 + J). O
THEOREM 2.2.10. V =G - W(G).

ProOOF. Extend the mapping u: G — G/G’ to the modular group algebra by
pi oy ogg — > agg. Thenkerp = A(G,G’) = F,G(14s). By restriction, we obtain
a mapping uo: V(FyG) — V(FG). If z € ker yg, then po(z) = 1, so 2 + 1 € ker p.
Thus ker pg = 14 (1+5)F>G. By Theorem 2.2.6, V(F,G) = GxW. Let v € V. There
exist g € G, w € W such that 7 = gw. Thus v~!gw € ker yg, so v igw =1+ (1+s)a
for some a € F»G. Hence, v = gw(l + (1 + s)a)™! = gw(l + (1 + s)a) € GW (1 +
(14 s)F2G). Therefore VC GW (1 + (1 + s)FoG) = GWG'(1 + J) by Lemma 2.2.9.
The result follows because G’ C G and 1 +J C W. O

THEOREM 2.2.11. The subgroup W(G) is a normal complement to G in V(F,Q).

PROOF. It remains only to prove that G N W(G) = 1. Now GNW = {1} so
GNWCGENWIWNGE1+J)=Wn(1+(1+s)FG) by Lemma 2.2.9. Using
Theorem 2.2.7, GNW C GN (14 J) = {1} by Lemma 2.2.8. O



CHAPTER 3

The Structure of Some Unit Groups of Small Order

The purpose of this chapter is to exhibit the unit group of various group rings F»G, for
certain groups G of order |G| < 31. We will do this by first finding the decomposition
of the group ring. Our results rely heavily on the Wedderburn Artin Theorem, which
states that every semisimple artinian ring is the direct sum of matrix rings over
division rings. We also use the Wedderburn Principal Theorem which says that if R
is a finite dimensional algebra over a perfect field (for example, a finite field) then R
can be written as R = S + N where N is the Jacobson radical of R and S = R/N
[Row88].

3.1. F,C, when n is odd

In this section we will look at the unit group of group rings of the form F>C, where
n is odd. Now |C,] is invertible in F5 since ged {|C,|, char F5} = 1, so by Maschke's
Theorem F,C,, is semisimple [MS02]. Then by the Wedderburn-Artin theorem F5,C),
is a direct sum of matrix rings over division rings. Since F(, is abelian F,C), is
actually the direct sum of fields. In particular, F3C,, =2 % <) (22—([;3) DD fi{%,
where the decomposition of ™ + 1 into irreducible polynomials over Fy[z] is 2" +1 =
q1(z)ga(z) - - - gs(x)[MS02]. In their book “The Theory of Error-Correcting Codes”,
MacWilliams and Sloane list the irreducible factors of 2" + 1 in Fy[z| for odd n < 63
[MS78]. Some of these we reproduce in Table 1. From these factorizations, we obtain

decompositions of the group algebras. Consider, for example, the case n = 9. The



CHAPTER 3. UNIT GROUPS OF SMALL ORDER Page 30

TABLE 1. Factorizations of 1 + z™ in F[z]

n 14z

3 (14 z)(1 +z + z?)

5 (1+z)(1 + 2z + 2% + 23 + )
7 I+z) 1+ +2%)(1+z+2%)
9 (1+2)(1+z+2%)(1 +2® + 2°)
11 1+z)l4+z+22+- -+
13 (1+2)1+z+2?+ - +2'?)

5] A+2)l+z+2)1+23+2) 1 +z+2Y) (1 + 2+ 22 + 23 + )
17 l+z) 1+ +zt+ 5 +28) (1 +z+2* + 2t + 2° + 27 + 28)

19 1+z)(l+z+22+-- +z'¥)

21| (1+2)(Q+z+2)(1+22+2)(1+2+23) (1 + 2z +2* + 2° + 29)
21 (1+z + z* + 2° + z°)

28 (1+2)Q+z2+2t+28 + 20 + 21+ 2+ 25 + 28 + 27 + 2® + M)
25 (1+2)1+z+ 2%+ 2% + z*)(1 + 2° + 20 + 215 + %)

27 (1+z)(1+z+22)(1+ 23+ 25 (1 + 2 + 28)

29 Q+z)(l+z+2?+-- +2%)

31 (1+2)1+2®+ 251 + 22 + 2°) (1 + 2% + 2® + 2 + 2°)

31| (l+z+28+2'+25(1+z+ 2%+ +2%)(1+ 2+ 2% +2° + 2°)

factorization (1+z)° = (1 +z)(1+z+x2)(1+ 2%+ z°) into the product of irreducible
polynomials gives FyCy = Fo @ Fy[z]/(1 + z + 22) @ Fy[z]/(1 + 23 + z%). Now the set
{1,z} is a basis for Fy[z]/(1 + x + z?), so this algebra is the unique field GF(2?) of
dimension 2 over F, and order 22 = 4. Similarly, the set {1, z, 2%, 23, %, z°} is a basis
for Fy[z]/(1 + 2% + %) which is therefore the unique field GF(2%) of dimension 6 over

F, and order 28 = 64. Similarly, we obtain the following decompositions.
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FC3 2 F @ Fyz]/(1+ 2 + 2?)

FyCs 2 By @ Fya)/(1 + 2 + 22 + 2° + 2*)
FCr 2 F @ Rz)/(1+ 22 + 2°) @ Fyfz]/(1 + 2 + 2°)
FyCy = Fy @ Fylz]/(1 + x + 2?) @ Fo[z]/(1 + 2* + 2°)

(
(
(
RO 2EeRBz)/(l+z+2%+ -+
FCu2FRo Rizl/l+z+22+---+2'?)
FyCis 2 B o Rr)/(1+z +2°) © Klz)/(1 +2* +2%)
& Fz]/(1+z +2*) @ Fyfz]/(1 + 2 + 2* + 2% + %)
FCir 2 F @ FRz]/(1+ 28 + 2 +2° + %)@
Blz]/(1+z+2? +2' + 2% + 27 + 28)
FCo2 B e Rzl/(l+z+2*+---+2')
FyCy 2 F @ Fyfz)/(1+z +2%) @ Fufz]/(1 + 2 + 2%)
& Fz]/(1 +z + 2%) & Bz]/(1 +z + 2 + 2° + 2°)
@ Folz]/(1 + z + z* + 2° + 2°)
FyCp3 2 Fy @ Fyfz]/(1 + 2% + 2* + 2% + 20 4 2'1)
® FBlz)/(l+z+2°+2° + 27+ 2° + ')
FyCos & Fy @ Fylz])/(1 + z + 2% + 2° + z%)
® Fafz)/(1 +2° + 2% + 2% + 2%)
FyCor & Fy @ Rx)/(1+ 2 + %) @ Fylz]/(1 + 2° + 2°)
® Fylz)/(1 +2° + %)
FCo X F @ Flz]/(L+x+ 2%+ -+ + 2%®)
FyC31 = Fy @ Fylz]/(1 + 2% + 2°) @ Fyfz]/(1 + 22 + 2°)
® Fplz]/(1+2° +2° + 2* + 2°) ® Flz]/(1 + z + 2° + 2* + 2°)

® Flz]/(1 +z + 22 + 2* + 2°) ® F[z](1 + z + 2% + 2% + 2°)
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From these decompositions, we obtain the structure of the unit groups. See Table 2.

TABLE 2. The structure of V(F»C,), n < 31 odd

n V(FC,)

3 Cs

5 Ci5 = 03 X Cs

7 Cy x Cr

9 Cy x Cgz 2 C3 x C7 x Cy

11 Cawo_; E C1y x Cy3

13 Coz_1 ¥ C13 x Cyy5

15 C3 x C15 x Ci5 x Cy5

17 Cass x Cass & C17 X C15 x C17 x Ci5

19 Cos_y = Cig x Charer

211 Cy x Cr x Cr x Cg3 X Cgz3 2 C3 x C7r X Cq X Cy1 x C3 x Coy X Cs
23 Con_y x Con_g = Cag X Cgg X Cog X Cgg
25 Ci5 X Co20;1 = C5 X C5 X Car0a3

27 Cs % Cgg X Cas_y = C3 x Cgz X Cayy X Corg
29 Cozs_; = Cyg X Coose395

31 C31 X C31 X C31 X C31 X C31 x C31

For example, from the decomposition of F»Cy as the direct sum of fields and using

the fact that the multiplicative group of a finite field is cyclic, it is easy to discover

that

V(FyCy)

11

V(F;) x V(GF(2%) x V(GF(2%)) 2 1 x C3 x Cg3 2 1 x C3 x Cy x C.
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3.2. FyC,, when n = 2q, q odd

When C,, = (a) with n = 2q, g odd, the element 1 + a? generates a nilpotent ideal.

The next theorem gives us the structure of F5C,, in a special case.

THEOREM 3.2.1. Let F»C, be a group ring, where n = 2q, q odd. Then F,C, =
F,Cq + N where N is a nilpotent ideal generated by 1+ a7.

PROOF. In F»C,, (1 + a%)? = 0, so the ideal N generated by 1+ a? is nilpotent.
It is clear that N is spanned by the set {a?(1 +a?) | 0 < j < ¢—1}. In fact, N has
basis {a?(1+a?) | 0 < j < g— 1} since a?™ (1 +a?) = a? + &/ = a/(1 +a9) for all j,
0<j<gand {1,qa,...,a" '} is linearly independent in F3C,. Also a? = 0 for each

o € N since this is true for basis elements and we are in characteristic 2.

Now N has dimension ¢q. Let H be the subgroup generated by a?, then |H| = ¢ and
3 H has dimension ¢. We want to show that FC, & FyH 4+ N. Since FC, has
dimension 2q it is sufficient to show that N N FH = {0}. Choose o = ag + c10° +
azat + -+ 102D € NN FH. Since a € N, a1+ a?) = 0. But, ol +a?) =
ag + 0102 + agat + -+ + 0y 10207 4 0pad + 0103 4 aatt 4+ 10?00
The exponents ¢,2 + ¢,4+q,...,2(g — 1) + ¢ are all odd (and remain so modulo n)
so they must be distinct from 0,2,---,2(¢ — 1). Hence, a; = 0 for all 4 and a = 0.
Thus, F>C, & F,H+ N = F,C, + N. O

In the presence of a nonzero nilpotent radical, knowing the structure of FoG again

gives us knowledge of the unit group.

LEMMA 3.2.2. Let G be a group with FoG = S+ N with N nilpotent. Then V(FoG) =2
V(S)(1+ N).
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PrOOF. Let v € V(F3G), and write v = s+n. Then there exists s; +n; € S+ N
such that (s +n)(s1 +n1) = 1. Now

(s +n)(s1+mn1) = 881 + sn1 + nsy +nny
en

Thus ss; = 1 and as a result s, s; are both units. Hence, s +n = s(1 + s7'n) €
V(S)(1+ N). Conversely, choose v(1+n) € V(S)(1+ N). From Lemma 1.2.15, 1+n
is a unit, so v(1 + n) € V(FG). O

Now let C,, = (a), n = 2¢, g odd and let N be the nilpotent ideal generated by 1+ a?.
Using Lemma 3.2.2 together with Theorem 3.2.1, V(F,C,) = V(F,C,){(1 + N). We
claim that the product is even direct. For this, let v € V(F,C,) N (1 + N). Then
v=1+nforsomen € N. So 1+v =n and as a result (1+v)? = n? = 0. Therefore,
1+ v € F5C, is a nilpotent element in a direct sum of fields. So 1+ v =1, v =0 and

we have our desired result.

Since 1+ N has exponent 2, 1+ N = Cy X Cy X -+ X Uy by the fundamental theorem

g-times

of abelian groups. Lemma 3.2.2, together with Table 2, leads us to Table 3, which

shows the structure of the unit groups under consideration.

3.3. Abelian Group Rings

In this section we will show that any abelian group G of order less than 31 is isomor-
phic to a direct factor of V(F»G). In the previous two sections, we proved that C,, is
isomorphic to a direct factor in V(FyC,,) if n is an integer less than 31 and either n
is odd or n = 2¢q, where ¢ is odd. In Theorem 2.1.11 and Remark 2.1.14 we showed
the same thing for any abelian 2-group G when F = F;, so we only need to consider
Cro 2 Cy x Cy, Cop = Cy X Cy, Coy & Cg X (3, Cog & Cy x Cr, C3 x C3, Cy X Cg,
C3 x Cq, Cy x Crg, Cy X Chg, Cy x Cy x Cg, C5 x C5, C3 x Cy, C3 x C3 x C3 and
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TABLE 3. The structure of V(F2C,), n = 2¢ < 30, ¢ odd

n

V(F2Cn)

C3X02X02X02

10

Cy -
Cs; x Cy x Cy % x Cy

5 copies

14

C7X 7 X Lg X X Cy

7 copies

18

C3XC7XCQXCQX"'XCQ

9 copies

22

Cl]XCgBXCQX"'XC2
N e’

11 copies

26

013XC315XC2><"'XO2
N, e’

13 copies

30

C C C C C. e x C
g X U1 X U5 X U5 X L X X Uy

15 copies

Page 35

Cia X Cy. To do this we will use the following properties of tensor products which

can be found, for instance, in [GJM96].

W
—

—~ o~ o~~~
w
nNo

N N D

«w
i

w
w

E=2FQrFE

(K1® K,) ®p F= (K, Qr F) ® (K, ®p F)

E ®p Flal/(f) & Elz]/(f) where f € F[x]

F[G x H] = FG®p FH

Here we understand F' C F to be a field extension, K3, K; to be modules over F,

and G and H to be groups.
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EXaMPLE 3.3.1. Now suppose we want the structure of the unit group of F3G, G =
Cs3 x C3. We have

FQ[C3 X 03] = F2C3 ®F2 FQCg by (34)
> (F, ® GF(2%)) ®F, (F» @ GF(2%))

> (Fy, ®Fp, F3) ® (F; ®r, GF(2)) ® (GF(2%) ®p, F»)

® (GF(2%) ®p, GF(2%)) by (3.2)
~ B e GF(2) @ GF(2%)

® (GF(2%) ®p, Fylz]/(1 +z + 27)) by (3.1)
> F, @ GF(2®) @ GF(2*) @ GF(2%)[z]/(1 + = + 2?) by (3.3)
~FeGF(2) e GF(2®) @ GF(2®) @ GF(2%)

because 1 + z + % is the product of two linear polynomials over GF(22). So

V(F3[Cs x Cy)) 2 V(Fy) x V(GF(2%) x V(GF(2%) x V(GF(2%)) x V(GF(2%))
glXO3><C3X03X03g03><03><03><03.

Clearly, the original group G is isomorphic to a direct factor of V(F>G).

We will now generalize this example.

THEOREM 3.3.2. Let G and H be groups that are direct factors in the unit groups
of their group rings over Fy and assume in each case that the decomposition of these
group rings as a sum of fields includes at least one copy of Fy. Then G x H is a direct

factor of V(F3|G x H]J).



CHAPTER 3. UNIT GROUPS OF SMALL ORDER Page 37
PROOF. By assumption, F,G & F>@) E; with the E; fields and F,H = B8 K;
with the K; fields. Then,
F)[G x H| = F,G ®p, BH
= (FRo Z E;) ®p (F2 ® Z K;)

> (F®r 1)@ (F8r ) K)® (D) EenF)e () Een)y K)
KoY Koy Eo(d EerpkK;) by (3.1)

So,

V(RIGx M 21 x V(Y E)xV(Y_K)x V(D Ei®p Kj;))
> V(FG) x V(RH) x V(Y Ei ®F, K;)).

By assumption both G and H are direct factors in their respective unit groups. As a

result G x H is a direct factor in V{(F3[G x H]). O

From Theorem 3.3.2, it follows that C5 x Cs, C3 X Cy, C3 x C3 X C3 = C3 x (C3 x C3)
are all direct factors in the respective unit groups. The next theorem allows us to

extend this list.

THEOREM 3.3.3. Let G be any group that is isomorphic to a direct factor of V(F,G)
and let n be a power of 2. Then C, x G 1is isomorphic to a direct factor of V (F3[Cy, x
G)).

PROOF. We have F3C,, = F, + N with NV a nilpotent ideal. Note that o = 0 for
all @ € N and also there exists an o € N with a®! # 0. So F,[C, x G] & (F,C,)G =
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(Fy + N)G & FoG + NG. It follows that 1 + NG is an abelian group of exponent
n, hence contains at least one copy of C, in its representation as the direct product
of cyclic groups. By assumption G is isomorphic to a direct factor in V(F2G). So

Cr x G is isomorphic to a direct factor of V(F3[Cy, x G)). O

COROLLARY 3.3.4. The groups Clg =2 Cyx (O3, Oy =2 Cy X Cy, Cog = Cy X Cy,
Cy x Cg, Cz x Cho, Ca X Cy2, Oy x Cig, Cg X (Cy X Cs), Cg x C3 = Cy x (C3 x ()
and Coq =2 Cg x C3 are all isomorphic to direct factors of their respective unit groups

over Fy.

We have now shown that every abelian group G of order less than 31 is a direct factor

in V(FQG)

3.4. F»D, where n is odd

In this section, we examine group rings of the form FyD,, where n is odd.

THEOREM 3.4.1. Let Fy be the field of two elements and D,, = (a,b | a® = 1,b? =
1,ba = a~b), the dihedral group of order 2n, n odd. Lete =1+a+---+a"*. Then

FyD, = (Fae + Fy(1+b)e) ® FD, (1 +e).

PROOF. Let S = (a) be the subgroup generated by a. Since |D, /S| = 2, S is
normal in D,. Since it is the sum of the elements in a normal subgroup, e is central.
Notice that a‘e = e for all a® € S, so e? = ne = e. Thus e is a central idempotent
in F,D, giving F,D,, = F3Dpe @ FoD,(1 + €). Since a'e = e for all i, we have
a‘be = a‘eb = eb = be for all i making clear that the set {e,be} is a basis of FyDe.
For any o € FyD,e, we have o = ape + anbe = (ap + a;)e + a1(1 + ble. Thus
FyDpe & Fye + Fo(1 + b)e giving the result. 0
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Let N = Fy(1+b)e. Since (1+b)2 = 0, this ideal is nilpotent. We claim it is maximal
and hence the radical of FoD,. In showing this, we make use of the map a — o*,
where for & = Y ayg in a group ring, a* = Y a,g7'. It is easy to see that a — a*

is an involution, that is an antiautomorphism of order 2.

LEMMA 3.4.2. Let Fy be the field of two elements and D,, the dihedral group of order
2n, n odd, presented as in Theorem 8.4.1. Then FoD,/N is semisimple.

PROOF. Let J be an ideal in F;D,, such that J2 C N and let £ € J. We can
write ¢ = a+ 8b where o, f € Fy(a). It is easy to see that b3 = #*b and ba = a*b, so
1?2 = o®+86*+(Ba*+af)bis an element of N = Fy(1+b)e. Thus o®+88* = ki € Fhe.

Now J is an ideal, so ax = aa + af8b € J and
(az)? = a®a® + a®afb + aBa a*b + afa”' B = a’a® + BB + (a*af + Ba*)b € N.

So a?a? + BB* = ky € Fye. Hence, o +a%a® = k1 + ks = 0 or e. Now o? + a%a? =
a?(1 + a?) has even augmentation while e = 1+ a + --- + a"! has augmentation n
which is odd. Thus o? + a?a? = 0 = (a(1 + a))? = 0 in F,C,,, which is a direct sum
of fields. So a(1 + a) = 0 giving o = aa. Writing @ = Y -, a;a’, oy € F, we have
aa = Y r auata = Y o uatt! 80 g = agyr for every k, 1 < k < n. Therefore,
o = kse, where k3 € Fy. Now b = 3+ ab € J and an argument similar to the above
shows 8 = kye, with k; € Fy. Thus x = kse + kyeb. If k3 # k4 then either z = e or
x = eb, a contradiction in either case because x € J, a nilpotent ideal. Thus k3 = k4
and z = k3(1 + b)e € N. All this shows that F,D,/N has no nontrivial nilpotent
ideals, so N is the radical of F3D,, and F,D, /N is semisimple, as claimed. O

LEMMA 3.4.3. Let Fy, D, and e be as above. Then {a*(1+e),a'b(1+€) |0 <i<n-2}
is a basis for FyD,(1 + e€).
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PROOF. As shown in the proof of Lemma 3.4.1 F,D,e has dimension 2. Thus
F>D,(1 + €) has dimension 2n — 2. Clearly, {1 +e,a(l +¢€),a?(1 +e¢),...,a" (1 +
e),b(1 + ¢€),ab(l +e),...,a" 'b(1 + e)} spans FD,(1 + ¢). Notice that (1 + e) +
al+e)+ - +a"(1+e)=14+a+-+a ) (l+e) =e(l+e) =0 Thus
a"t(1+e) = (1+e)+a(l+e)+- - -+a""?(1+e). By asimilar argument, a" 1b(1+¢€) =
b(1+e)+ab(l1+e€)+---+a"2b(1+e), so the set {1—e,a(l+e),a%(1+e),...,a" (14
e),b(1 + €),ab(l + e),...,a" 2b(1 + €)} spans F2D,(1 + ¢) and it has dimension
2n - 2. g

Now we will describe the conjugacy classes in D, for odd n. Elements in D, are
either of the form a‘ or ab where 0 < i < n — 1. Since afa’a™ = a’a~7a’ = a* and
(a/b)a’(a’b)™! = a/ba’ba™ = ala~'a™d = a7, the conjugacy class of a’ is {a’,a"'}.
Since a’b(a?)™! = a’a’b = a¥b and (a?b)b(a’b)™! = a’bbba™/ = a’ba~/ = a*b and n
is odd, the conjugacy class of b is {b,ab,a?b,...,a™ 'b}.

Recall that any class sum, that is, the sum of all the elements in a conjugacy class,
is central in F5G. The class sums actually form a basis for the centre of FoG. So, for
example, v ++* is central for any v € Fy(a). We use Z(A) to denote the centre of an
algebra A.

LEMMA 3.4.4. For any o, B € F3D,, (af + Ba)? € Z(FyD,).

PROOF. Choose @ = a1 + anb and 8 = Gy + G2b € FyD,, where oy, an, 01,02 €
Fy(a). Then ba = a*b and b3 = [§*b, so af = a1 + 0102b + a2f7b + 205 and
Ba = Bray + Biagb + Graib + .

Thus,
af + Ba = (a1 fz + aeBy + froa + B2a7)b + Gacts + 2By

= (102 + 28] + frag + Baa])b + Bocrs + (B203)".
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Now ¢ = faab + (f203)* is central, so we have

(af + Ba)? = ((a1f2 + @t + Bz + B207)b + ()?

= C* + (0152 + afff + Bro + Bro})b)%.

Thus, to show that this is in the centre, it suffices to show that for any v € Fy(a),
(vb)? = y* is central. To show this it is sufficient to show that yy* commutes with
both a and b. Clearly, vy* commutes with a. But also yy*b = vby = by*y = byy*.
Thus, yv* is central. O

Now note that every 2 X 2 matrix with trace 0 squares to a multiple of the identity
matrix and XY — Y X has trace zero for any square matrices X and Y. Thus, if
X,Y are 2 x 2 matrices then (XY — Y X)? is a multiple of the identity and hence
central. Conversely, if (XY —Y X)? is central in M, (K) for all X,Y € M,(K) (where
char(K) = 2) then r < 2. To see why, it's sufficient to show (XY — Y X)? is not
i1] and v = [189]. Then

—Oe

necessarily central when r = 3. For this, take X = [
100

(XY —~YX)? = [8 % 8] £ kI,
COROLLARY 3.4.5. FuD,/N is the direct sum of fields and 2 x 2 matriz rings over
felds.

ProoF. By Corollary 3.4.2 F2D, /N is semisimple. By the Wedderburn-Artin
theorem, F3D, /N is the direct sum of matrices over division rings which are neces-
sarily fields because they are finite. By Lemma 3.4.4 (a3 + B«)? is central in F3D,,
for all o, 8 € F3D,. By the above, this means FyD,/N is the direct sum of r x r

matrix rings, where r < 2. O

Consider the group ring F3Ds. From Theorem 3.4.1, we know FyD5 = FyDse @
FyDs(1 +e) = (Foe + Fy(1+b)e) ® FoDs(1 +e) where e = 1 +a+a? +a® +a*. From
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Corollary 3.4.2 F;Ds(1 +e) is semisimple. The conjugacy classes of Dj are 1, {a,a’},
{a?,a®}, {b, ab, a®b,a®b, a*b}. So the class sums 1, a +a*, a®* +a®, (1+a+a%+a® +
a*)b = be form a basis for the centre of F; D5 which has, therefore, dimension 4. Now
Z(FyDy) = Z(Fee+ F(1+b)e)® Z(FyDs(1+¢€)) = (Foe+ Fo(1+b)e)® Z (FyDs(1+¢)).
Thus Z(F»Ds(1+¢€)) has dimension 2. The set {fo =1+e, f1 = (a®+a®)(1+e)} isa
basis for the centre of Fy Ds(1+¢) since the centre is spanned by 1+e, (a+a*)(1+e¢),
(a®+a*)(1+e) and be(1 +¢€) =0 and (a +a*)(1 +e) = (1 +a? +a®)(1 +€). Let
f =aofo+arfi. Then f2 = o2f2 + a?f? = apfo + au1(fo + f1). Therefore f is an
idempotent if and only if ag = ag + ;. So the only central idempotents are 1 + e
and 0, giving that F»Ds5(1 + e) is simple. By Corollary 3.4.5 (and since F;D5(1 + e)
is not commutative) FoD5(1 + e) = My(K), K a field. Since dim F;D5(1 +¢e) = 8,
K = GF(2%). So we get FoD5 =2 (Fye + Fy(1 + b)e) ® Mo[GF(2?)] and hence

V(FyDs) 2 V(Fy + Fy(1 + ble) x GL(2,4) 2 Cy x GL(2,4).

Note that |GL(2,4)| = (42—1)(42—4) = 180, so |V (F3Ds5)| = 360. Similar calculations
give the unit groups for F5D,,, n < 15 odd, shown below.

D, V(F2Dy)

Dy Ca x S3

Ds Cy x GL(2,4)

Dy Cy x GL(2,8)

Dy | Co x GL(2,2) x GL(2,8)
Dy Cy x GL(2,32)

D3 Cy x GL(2,64)

Dy || Co x GL(2,4) x GL(2,128)

We would still like to determine whether any of Dy, Dy, Dg,D11,D13,D15 have a normal

complement in their unit groups.
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THEOREM 3.4.6. If F2D, = (F; & Fo(1 + b)e) & My[K], where K = GF(q), ¢ > 3,

then D,, does not have a normal complement in V(FyD,,).

PrOOF. The given information says that |D,| = 2 + 4¢ and V(F,D,,) = C; X
GL(2,q). Assume that V(FD,) 2 N x D,. Let S = {1} x SL(2,q) where SL(2,q)
denotes the (normal) subgroup of GL(2,q) consisting of matrices with determinant
1. Since SN N < S and S is simple for ¢ > 3 [Row88, p. 167, SNN = {1} or S.
IfSNN=S, then S C N. Then

Cy x GL(2,q) , &2920 0, x K*

N N )
N 5 5

14

D,

where K* = K ~ {0}. Since C; x K* is an abelian group, &3%* = D, is abelfan,
Ej

a contradiction. Therefore SN N = {1} and so [NS| = ||évr|1|1§/|| = |N||S| > [N x D,]

because |S| = g(¢* — 1) > 4¢ + 2 = |D,| for ¢ > 3. This contradiction gives the

result. O

The theorem shows that none of G = Dy, D,Dq;, or D3 has a normal complement
in its unit group. In fact, neither does Dy or Djs. In the case of Dy, for example, we
have Fng = (F2 + N) @ M2(F2) ©® M2[GF(23)] SO V(FQDQ) = Cg X 53 X GL(Q, 8) A

proof similar to the one given for Theorem 3.4,6 can be used to give the result.

3.5. 7D, where n is even

In this section we will look at the unit group of group rings of the form F,D,, where n
is even. Consider first the case that n = 2k with k£ odd. Recall from Section 3.4 that
the conjugacy class of a* is {a*,a™*} = {a*}. Thus 1+a" is a central element in FyD,,
which generates a nilpotent ideal N spanned by (1 + a*), a(1 + a*), a?(1 + a*),.. .,
a*~1(1+a¥), b(1 +a*), ab(1+a*), a®b(1+a*), ..., a*"1b(1 + a*). These elements are

linearly independent so they constitute a basis for N.
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THEOREM 3.5.1. Let D, be the dihedral group of order 2n, where n = 2k and k is
odd. Let N be the nilpotent ideal of FoD,, generated by 1 + a*. Then,

V(F3Dy) 2 V(FDy)(1+ N).

[Note that the groups V(FyDy) were determined in Section 3.4.]

PROOF. Now N has dimension 2k = n and F,D,, has dimension 2n, so F;D, /N
has dimension 2n — n = n. WritingZ =x + N,

{1,@,...,a*1,b,ab,...a%"1b} & D,

spans F3D, /N and contains 2k = n elements, so it’s a basis for F3D,/N. As a
result F2D, /N = F,Dy and FoD, = F,D;, + N, so, by Lemma 3.2.2, V(F,D,,) =
V(EyDi)(1 4+ N).

In this chapter, we have been concerned with groups of order n < 31 and, to this
point, we have found the structure of V(F;D,,) with n odd and n = 2k, k£ odd. Since
D, and Dy have unique commutators, the structure of V(F,D,) and V(FyD16) was

considered in Chapter 2. This leaves Dg and D, for investigation.

ExaMPLE 3.5.2. In F,Dg, the nilpotent ideal N generated by 1 + a? is spanned
by the set {1 + a% a(l + @?),...,a%(1 + a?),b(1 + a?),ab(l + a?),...,a"%b(1 + a?)}
and it is straightforward to show that this is linearly independent. The quotient
F,Dg/N has basis {1,a,b,ab} = Cy x Cy. Therefore, F;Dg & N + Fy(Cy x Cy) and
V(F3Ds) = (1+ N)(V(F2(C2 x C2)) = (1+ N)(Co x Cz x Ca).

EXAMPLE 3.5.3. In F, Dy, the nilpotent ideal N generated by 1 + a® has basis

{1+a%a(l+a%,...,a®(1 +a%,...,b(1 +a%),ab(1 +a®),...,a%(1 + a®)},
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so F3Dy3/N has basis {1,3, a2, b, ab, a’b} = S3. Hence, FoDyy & N + F3S3 and
V(F2D12) = (1 + N)(Cg X S3)






CHAPTER 4

Summary

In this thesis we examined the unit group V(F>G) for many different groups G of
order |G| < 31. The intention was to determine if G had a normal complement in
the unit group V(F2G) or not. To do this, we found a semisimple algebra S and a
nilpotent ideal N with FoG = § @ N, as in the Wedderburn Principal Theorem. We
show the structures with G cyclic or dihedral below. Here N; is a nilpotent ideal of

dimension 3.

F,Cy = Fy + My, Ni=A

FCs = F @ Fyz]/(1+z + 2°)

F,Cy = Fy + N3, Ny=A

FCs 2 F @ Fyfz]/(1 +x + 2 + 2% + 2*)

Fy,Cs = FoC5 + N3

FaDy = Fy & My[F] + N,

FCr 2 F, @ Bz)/(1+2° +2°) @ Kyfa]/(1+z +3°)
FBCs=F+N,, Ny=A

F,Co = B ® Kyfz]/(1 +z + 2%) @ Fufz]/(1 + 2% + «°)
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F;Cy & FoCs5 + Ny

F3Ds & Fy @ Mp[GF(2%)] + Ny

FCh = Fz@Fz[x]/(1+x+ac2+~--+sc10)

FyCip  FC3 + Ny

FyDg = F & Mp[Fo) + Ny

FCi 2 Fo KRrl/(l+x+2%+ - +2'?)

FoCy =2 FoCr + Ny

FyD; = Fy @ My[GF(2%)] + Ny

FCis ® B o Riz]l/(1+z +2%) & FBlz])/(1 +2° + 1)
® Byla]/(1+ 2 + 2% @ Fyfz)/(1 +a +° +a° +2%)

FyCig = Fo+ Nisg,  Niz=A

FyDg = Fy + Nis, Nig=A

FCir 2 Fe R/l +28+ 2t +2° + %)@
Blz]/l+z+2® +z* +2° + 27 + 2°)

F,Cig = FyCy + Ny

FyDy = Fy @ Mo[GF(2%)] + Ny

FCy 2 R Rzl/l+z+a®+-- +28)

FyCy = F2C5 + Nys

FyDy & Fy @ My[GF(2%)] + Ny

FCy 2 F, e Kz]/(1+z+2%) @ KRz)/(1+2° +°) @ Bla]/(1+z +2°)
® Fplz]/(1 +z 4+ 2* + 2° + 2% @ Fofz]/(1 + = + 2* + 2% + 2%)

FyCy & FoC1 + Nuy

FaDyy & F, & My[GF(25)] + N
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FyCos & F, ® Fylx]/(1 + 2% + 2* + 2% 4 21° 4- 2'1)
® Flz/(1+z+2° +2° + 27 + 27 + 2'1)

FyCy4 = FoC3 + Ny

FyD19 & Fy ® My[Fy] + Nyg

FyCos & Fy @ Fylz]/(1 + = + 2 + 23 + %)
® Fylz]/(1 + 2° + 20 + 2'® + 2%)

F,Cp = FyC13+ N

FyDi3 & F, ® My[Fy) @ My[GF(29)] + N,

FyCy 2 F, & Byz]/(1+ z + 2°) @ Fz] /(1 +2° + 2°)
® Fylz]/(1 + 2° + 2'®)

FyCog = FoC7 + Ny

FyDyy = Fy & Mp[GF(2%)] + Nys

FoCo X R ® Fyln]/(1+x+2°+ - +2%°)

FyCy0 & FCr5 + Nis

FyDys = F & Ma[GF(2%)] @ MaIGF(2)] + M,

FCy & R @ Rz]/(1+2° +2°) @ Fy[z]/(1 + 2* + 2°)
® Rlz)/(1+2°+2° + ' + 2°) & Ryfz]/(1 + z + 2° + 2* + 2°)

® Flz)/(1+ 2+ 2% + z* + 2°) @ Folz)(1 + z + 2% + 2% + 2°)

We were able to prove that every abelian group G of order less than 31 is isomorphic

to a direct factor of V(F,G). This is not the case over the field GF(3). For example,
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consider the group ring KC4, K = GF(3). The order of Cy is invertible in K so by
Maschke’s Theorem KCj is semisimple and commutative [MS02] hence the direct
sum of fields. In fact, KC; ® K/(1 +2%) 2 K/2(1 +2) + K/(2+z) + K/(z? + 1),
so V(K(C3) = Cy x Cy x Cg. Clearly Cy is not a direct factor.

We showed that Ds = S; has a normal complement in its unit group but that D,
does not in the cases n = 5,7,9,11, 13. The two nonabelian groups of order 8, D4 and
the quaternions, are both 2-groups with order two commutator subgroups, so they
have normal complements as we showed in Section 2.2. All this implies that Dy is

the smallest group that is not a direct factor of its unit group.

We had hoped to extend our results to all groups of “small order” and even to certain

classes of loops, but this is work for another day.
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