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“ - ABSTRACT

y 3 " S .
"\ The purpose of tlis study was to - analyze the

heuristic strategies utilized by grade seven and eight

students in attempting to solve novel mathematical. problems.

Also investigated was the sequencing of heuristic strategies

‘and core procedm}s
Twenty—fonr students of both sexes equally divided
into three ability groups——h:l.gh, medium and low--were -

involved in the study. ' Each student vas presented mth a’

,sheet of cardboard and. a marker as well as two problem to

solye. These were presented-oné at .a time and cohs:.sted

"of orie algebra and one geometry. In addition, for one of .

these problems physical haterials were provided. A madimuf
of fifteen mi_nutes pér problem was pemitted. The, student&
weré videotaped individually.as they used the "thinking=
aloua” technique while attembting fo Solve the probléms.

Heuristic strategies and core procedures were.

‘recorded using a coding system baséd on that'developed by

Blake (1976). The coding procedure had an intercoder

. reliébility of .87 and a sequencing réliability of .77.

From the coded protocols, .an analysls Of the heuristic
stracegies was conducted. To analyze the sequencing of
patterns of heuristics a graphical representation was

devised.
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- - Perception played a vn:al role in .the geometry

In the 'aigeb'ra problem the most commonly utilized
heunsnc strategy for 511 groups was examination of cases.
The. heunsucs of analysis ahtl’ deduction were employed by
a 11m:.ted number of high ability ,skudencs. Systematic
cases. was the most commonly emplcyed heuristic of the: cases
f_amuy but the mahner in which systematizatmn‘ was:applied
varied anong groups. High and medium’sbility s:uaén:s
were able to concentrate’on all aspects of the problem in
their systematic approach whereas low abilxty students were
limited to concen’tratlng on ‘one aspect.only. It was

‘ concluded

at 1t is not the occurrence of systematic '
cases ‘but. the manner in which it was utilized that was the
crucial factor in problem-solving.

< In 'the geometry.problem the heuristics of random

cases and symmetry wefe utilized withan increase if the
use of the' symmetry heuristic by highet ability’ students.
It was also found that students perceived the sylmetry of

.
the problem in dx.ffarent ways. ,

problems as. some students were handicapped in the .atrategies
they could employ by their visual pe:cept1on of the pz‘oblem.
“In both problems high ability students approached
problems d:.ffe:ently from. the madium and low ability groups.
"In the algebra problem the’ use of physlcal materials
“vas found to be most effective fo: low ability st:udenl:s.

Phys;.cal matenals, however, seemed to he a hindrance to
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.
‘the eliGiting of heuristic }laceqiqé for the high ability
gruup.v In the geometry problem physical -_'aeuiau increased
the number of students employing the hauri-nc.sczyce_qie-'
especially among the low aBilx/ti group.
overall, it vas found:that students in'solving
both problems vere fixed in ‘their approach.” Once a general

pattern or trend was established students were unwillxng

"tn chanqa their utrntegy so as to exp].ora new ideas.
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ationale for the

i Problem—solvl.nq is foday x‘ece:wung gte@ter emphasxs
. frpm mathematics educators as they realize that insight’

into" the processes used by childreén to- solve mathemat1ca1

»prcblems' ay open up new'-avenues in children's thmk:mq

‘and mathematiés learning. . ' pre . é

Both am.bré.dge Conference on Schonl Hathematlcs o

§ S B (Gcals for School\Mathematics, 1963) and the uauona{

W i, 2 Advxsory Comnittee ,op Mathematlcal Ed\matxon (m\comz) Repoxt j J

(1975) sttessed the m\pon\nce of problem-solving.

Rnsenbloo'm at the Conference Board of the Math- .

ematical - 5c1ences (1966) is quoted as saying:' ., & a

Ve -regard problem—-salv1ng as ‘the basic math=>

ematical activity. :$ince in mathematics (T :
éducation, our first concern must be with what 3 e H
we want the students to do, we must focus our . : o
accenvxon on-this domain.’- (p 130)

LT *Hilton and R1sxng in summarlzinq the Basic Skills

iof the Nat}.onal Instltute uf Educatlon (NIE) confe:ence

_’agreed ith the NACOME report in its emphasxs on prohlem—

solving as a bas:.c mathematxcal skill. " oo

hat probl Tl

" .’ Many. educ and' cians fee

" solving'is of such great importance that’ it is frequently ' .. .




cited as the goal. of mathematics. .1In 'a 1976 position papel: T
.on. bagic s)ulls in ma\‘:hematicsAprepated by the National
L,
|

Councn of Suparvisors of . Mathemaucs, it was stated that

A "1earn1ng to solve problems is the pringipal reason for

studying mathematics" (p. 2). Ji LY K i
Polya (1962), a’great advocate of problem-solving
in mathematics, wrote:

What is know-how, in mathematics? The ability to

o solve problems--not merely routine problems, but e ]

problems.requiring some degree of independence, .
judgment, o.ugmahty and creat vity. (p. viii) . PR

In a recent. bodk on crxtlcal atiables in mathemat].cs

edncatxon, Begle' (1979) hqreed with Polya stating:

The x‘eal _justification for teaching mathematics’
is that it is useful and in.particular that it
- ‘helps in solving many kinds of problems. (p. 143)

Despite an effort by mathematics educators. .to stress 2 i

" the vital need for problem-solving abilities in children,

!
|

school textbooks tend to neglect material related to problem- - . .|
!

e
solvlngA Exercxses wm.ch q;ve students practice in applying i

algorithms’ are often disguided as problens. Thede routine

. algorithmic exercises, however, are not true'problems.- They

do not afford studénts the opportumty, to reflect, to judge,
to devue plans, "to mvestxqate nor to seek cngmal solutz.cns.
These capabilities are necessary T cope

vith diverse real-life problems which they may enco\mtex.

This i on of ‘probl 1v1nq was also

| stressed by the National Council Of Supervlsors of Mathematics
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(1977) in theit policy statement:

Prnhlem-solvinq is the process of applying
_previously acquired kpowledge to new and unfamiliar
situations. Solving Eord problems in texts is
., one form of problem-solving, but students: should
also be faced with nontextbook problems. -Problem-
solving strategies involving posing questions,
analyzing situations,.translating results,
illustrating results, drawing diagrams . . .
They [studénts] should be unfearful of arnvx.ng
at tentative condlusions and they must be 'willing .
bto subject these conclusions to scrutiny. (p. 2)
i & are with ways to

increase this emphasis on problem-solving in schools.
st_uﬁents seem to be lacking .in strategies that woud equip
them to become bétteér problem-solvers.. At present, the'
only way to assess the problem-solving ;;roced\;\res dhed by
studénts in ‘attacking and solving problems is by exposing
them to problems and through a-thinking aloud procedure to
analyze the thought processes they undergo. '

* 4

The purpose of this study was to investigate the
heunsnc stx'ategies utilized by grade seven and eight
students m their attempt to solve nuvel mathematical groblems.

The study scught to determine the strategies of differing

ability groups and the sequence.of observable patterns of

behaviors generated by the problem situations. Specifically,
it attempted to answer the following questions,

Question 1: 'Without specific training

K heuristics, what are the heuristic
. .




strategies -employed by grade .o

solving novel mathematical
. prcblems? i .

© - QueBtion 2: Are thers any differences in

'y Question 3

‘the heuristic strategies utilized
by students of different ability
levels?

Are thete any differences in
the heliristic strategies utjilized
by students using physical
materials and those not using
; physical materials?

‘ Question 4: Is there any "order" in whi

a

)

5

ch
Students tend to utilize heurl.stic'

8 egies and core

Scope _and tations

© The limitations of this study arose out of the

following areas:

The probléems used.

The problems. for the study were selected
from a piloted series. ' The criteria for
selection was: 4

i) - They were problems not usually:
found -in the mathematics cur-
riculum of schools;

They. elicited the use of the
specified heuristics.

e
[

The sample size.

The sample size was kept small due

to the data collection method used.
Students were videotaped as they d
attempted to solve novel mathematical
problems using the thinking-aloud :
technique.

g i
seven and eight students when . B l




). The method of data collection.

'The thinking-aloud technique and
the videotaping procedure may have
caused students to commit errors
they- normally would not have committed.
Students may, in fact, have approached’
‘the problem in a different -manner than
usual when asked to verbalize.

‘Definition of Terms

The‘ following terms occur throughout the ‘study and

“are clarlfled here. " ¥:

rd

Algorithm ‘A systematic procedure that if
.carried put. correctly must lead to'a correct
solution in a finite number of ‘steps.

Problem. A situation in which.the procedure
ndividual
. is not immediately obvious. - The i.nd:.vidual ..

For determining the outcome by .the:

must be motivated to--achieve the
outcome, he must become personally
involved and he must combine experi- -
ence, knowledge and intuition to

. determine, that outcome, Henderson
and Pingry. (1953). identify the
necessary conditions: for the |
‘existence of a problem for an

- _individual: '

1. The ‘individual has a clearly
defined goal of which he is con- .
sciously aware and whose attainment
s he desires

2. Blocking of the path toward the
goal occurs, and the individual's
fixed pattern of behavior or
. habitual responses are not sufficient
“ for removing the block.

eliberation takes place... The’
vidual becomes aware of the




problem; défines it more or less
clearly, identifies various possiblée
hypotheses and tests these for
feasibility. (p.-230)

Problens are thus defined in ‘terms of <
| the individual to whom it.is pre-
3 sented and -in terms of his getting
. . | f£xom statement of the;problem to the
goals.
o

. Problem-solying.: Thé activity in which the
P Individual is involved as he attempts to
determine the outcome of a problem.

B . i Heuristic §trategies. . Procedures used ‘for
the purpose of.discovering ‘insight into math-
o " ematical relationships in attempting to solve
. novel mathematical problems. Heuristics,
while being guides to the solution, do not
guarantee success as algorithms do.

Specific heuris}ics.

* Smoothing. The changing of the problem in
Such a way as to establish some isomorphism
becwesn the problem and a mathematical system.

k 'alxsls. The breakmg of a pxoblem into
. . s subproblems.. .

Templation. The considering of algorithms,

properties, theorems or procedures to seek
information that may lead to a solution. .

i ‘Cases. The heuristic cases may be used in-
[ - the following way:

A. Ccases (all)--considering all
possible cases usually if there
. is'a small number.

B. Cases (randnm)—-considerulq
. cases at random. .




.'Cases (systematic)--considering
cases in a .systematic fashion. . Va e
This may or may not involve %
looking for & pattern.

D.. Cases f(critical)e~-considering 5
. only particular, though critical
cases. 2

E.. Cases (sequential)~-considering
z cases. in a seguential format.

Dedm:tion. The considering of the consequence
By an assuméd or given premise or set
of premises.

- Inverse deduction. . Given a conclusion,’
considering what premises imply it. This is
frequently referred to ‘as "working backvards.”

Invariation. . The rendming of.a variable as-
. a constant or excluding a variable to attempt -
0 to solve a new problem which will lead back .
5 ;. to. the original one..:

Analogy. The establishment of a-relation
between this problem and one' previously
studied.  This allows us to know what questions
to ask and what praperties to consider.’ P

Symmetry.  The use of the interchangeability i
of parts, If a problem is symmetric in some

vays, ve may derive some profit from noticing

its’ intérchangeable parts. It may be of

benefit to us’to treat these parts which

play the same role in the same fashion.

i s
|
For a more detailed account of heuristics, together

with examples, see Blake (1976, pp: 7-18). : ¥




. . CHAPTER TT

REVIEW OF RELATED LITERATURE

Mathemafics educators- are today expréssing an

. ol
interest in.problem-solving: They are realizing that if

‘we'are to improve the ability to solve problems we must .

begin by analyzing the thought prqcesseé students go through
in atténpting to.solve a problen.  Only after a thorough
analysis may we be able ‘to sp—;c%.ficall)‘r recognize problem- p
‘dolving characteristics that will lead o more effective
teaching ‘of pmx?lem-éoiving‘ processes. In view of the

limited knowledge of How solve .

toany large scale study in the ggachix{q of pxoi:],em—so;vmg

should ‘Be clinical studiés of individual subjects (Kilpatrick,

1969, p. 179). i : o %
This snterest s problem-solving is not exactly

new. - Descartes (1596-1650), a great mathematician and.

philosopher, was involved in this area. He plarned to devise
a universal method for solving problems by developing a set .
of rules that could be used to reduce any problem in life

to a mathematical one. Once this was completed, a math-
endtical problem couldybe. reduced to an algebraic ope and
then to a simple equation. Tl;taugh HaPReE completed his
very complex task, he did make.a vital contribution to,rthe
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area of mathematical problem-solving and his book, Rules

for the Direction of the Mind (cited jp Folya, 1962, p. 22),
aid have 4 great influence on other mathematicisns in'this ' -
area afterwards.’ '

One of the bést known ‘Tathematical problem-solving
models is that presented by Wallas as early as 1926.. He
envisioned problen-solving as consisting of four stages
which one. must pass through in the problen-solving process. -

The first’ stage is Preparation which involves
clarifying and defining the problem. The.second Incibation
is an unconsci&us mental activity. -Inspiration, the third
stage, occurs when the .solution suidenly appears. Check~
ing the solutmn, Venficanon, Ls the final stage and leads

to the conclusion of the problem‘solving activity.

Other models for. problem-solving process have been
presented and are of interest in any study involvingl shis ]
vital sector of .mathematics. ‘ . i

Dewey's analysis of reflective thinking can be ‘taken
AR nAiyats aF the set P8 scling s problen (Henderson

& Pingry, 1953). Dewey (1933, pp. 107-116) outlined five.
fhaséd of reflective thinking which is an edsential part of
problem-solying. }

1.’ Suggestion: . some inhibitions of direct action
resulting in conscious ‘awareness of a "forked-
+road, situation." - 9

2. BAn intellectualization of the felt difficulty
leading to the definition of the problem.



@ - 3. Hypothesizing: “the identification of various
hypotheses . . . to initiate and guide observa-
tion and other operations 'in collection -of
factual material."

" 4. Reasoning: elaboration of each of the

hypgtheses by reasoning and the testing of :

. the  hypothesis.

5. Acting on the basis of the particular hypothesis
selected in step four, thereby providing the
ultimate test. *
Johnson (1944) identified three processes which an

mp to arrive at a

individual pr through as he
i
srﬂutxon to a novel mathemancal problem. These aré:

1. orientatiun to. the problem: ‘the process by ts
which the organism grasps the material of
thought. and keeps it available for deliberation.

2. Pxoducinq relevant matérialss - perception e
obtained directly and. immediately from the
existing solution or.generalizations.

3. * Judging: the forming and testing of hypotheses. -
The greatest effect of Descartes can be seen in the

work of Polya who-as a ician ‘and

made a tremendous contribution to the £ield of problem-
solving. ' It is basically on his work that this study and
lothers quoted here are.based.
& Polya (1957, 1962, 1965) provided a great quantity
of information and interest in thé use of “heuristics" in

mathematical problem-solving. Polyi's model includes a

* variety of procedures both general and specific, for solving.

problems as well as a list of questions that are asked when

to solve m cal blems. In his book,

1




" How To Solve It

Wzould be taught.

passes . through as’he attempts to solvé a problem, and’ the.

questlans assucxated with those phases whxch will dlrect

4

(1957), Polya.gave strat

Polya described four phases that a person

-t

when

ing

novel

ical problems.

-

dgies-that could:

be used to solve problems and Suggestions as to how: these

.‘Be noted ‘that a problem-solver will not always exhibit

observable behaviors as he passes through each .phase. '
hen 3 :

Polya's four phases (1957) includev.

1

Understanding the problem.

What is the unknown? What are -the data?
What is the condition? . Is it possible to
satisfy the condition?
sufficient to determine the unknown? Of

is. it insufficient?
contradictory?

suitable notation.

parts of the condition..

down?

Have you seen it before? . Or have you seen °
the same problem in a slightly different -
. form? - Do you know a related problem?
you know. a theorem that could be useful?
Look at the-unknown!

.Devising a plan.

Is -the condition

Draw a figure.

Can you write " them

Or.redundant? 'Or -

Introduce
Separate thé various

Do

And try to think of

a familiar problem having. the same or.a
similar unknown.

to yours and. solved before.

Here is'a problem related '
Could you. use

it?" Could you use its. result?

use/ its method?

possible?

Could you restate it still differently?

Could you

Should you introduce:Some
:auxiliary elemerit in order to make its use

Could you restate the problem?

Go_back to definitions.
solve the proposed problem, try to solve

- first some related problem.
imagine a more accessible related problem?
A more ‘general problem? : A more special

-If you cannot

Could you

problen?  :Keep only a part of the condition,

@




drop ‘the other.part; how far is the unknown ;
then determined; how can it vary? .Could ~ .
you derive something useful from.the data? :
Could you think of other data appropriate

to determine the unkmown? Could you change

the unknown or the data, or both,. if necessary,
SO that the new data are nearer to each other?
Did you use the whole condition? . Have you
taken into account all essential notions
involved in the problem? .

3. Carrying oub the plan.

. )
Carrying out your plan of the solution; check
each step. Can you seq clearly that the step
is correct? “Can you prove that it is correct?

-

Looking back. .
Can’ you check the -results? Can you check the
argument? Can you derive the résult-differ-
ently? ‘Cai you see it at a/ylance? Can'you '
e the result, or: the method, for some other
 problem? (5. 16) .
& g

Polya's model’ (1957). 1s. based o 'the study of . . !

.

heuristic reasoning which he defined as: . 7 lh

. reasoning not regarded as final and strict,
but as provislcnal and ‘plausible only, whose .. ¢
purpose is to d1scovex the solution: of the pzesenr.
problem. (p. 113 2

He saw the training of -intuition as an important aspect .of

the class of behaviors included in heuristic teaching. . o
Therefcre, 1 think that. in teaching high school
age youngsters, we should emphasize intuitive
insight more than and long before deductive
reasoning.’ (Polya, 1957, p. 128)

He believed,that-exper‘ience in solving pxobmns and» experi- " g

ence in watching other people solving problems, must be i

the basis on which heufisticsarebuilt.  He further

emphasized the practicality of heuriatic investigation in




that better understanding of the mental operations typi-

cally useful in solving problems could greatly influence

: mathematxcs teaching. . s Eo f k.

Gagné's (1966) view of preblem—solvlng was_ similar o

to that of Polya. Gagnd felt that problem-solving involved
the acquisition of general principles that can be used in
w 50 "'+ extended problem-solving ‘situations. He referred to
problem-solving as: < g ) . .
B 5 An inferred change in human capabilities that
results in the acquisition of a.generalizable
rule which is’novel to the individual, which
-cannot have been established by direct recall,
) i and which, can manifest itself in appllcablllty
] g _£0. the solution of a ‘class problem. (p. 132)
o . Both Gaqpe's and Pulya s models sinvolved a search . s ©

foz’a sol\ltxon. hot -an immediate recall of an. algorithm.

Garry and Kingsley (1970, p. 464) ideRtified three

main phases in problem-solving: (1) the search phasé which

invblves a narrowing of the range within which a_solafion
lies; (2). the functional éolution phase as one attempts to :
recall past experiences which may prove useful in develop-
fhg 4 solution, and (3) veritication'of the final solution

Y . Y - ; -
which is the development of the actual solution and involves. : A

<

applying, a mode of attack until a solution'is obtained.
Ea i Polya"s hodel.of heuristics led to an investi-
! gation of problem-solving strategies by Macpherson.
;dacpherson's model (1970) identified three facets of

mathematics which account for ‘all procedures used, yet




. i 14 “
- A : offers criteria Eor distinguishing between them. _ These | £ !
are: . - f
W s @ :
Application Core . =
i Lore: statements of - Facts: - " Heuristics: ‘genéral
fact which mathema-. .algorithms , non-core strategy - e
_tical systéms are notation which is used for ‘the, - :
‘tied to the real purpose ‘of digcovering .- -
: E -world. J . some order. of math- E
£, L ematics generalization
‘ ) ; in a novel uatmn."» T
: This concep ‘mat 5 which (1970) tidens

tified as discovery (containing heyristics]:is ‘the® subject -

5 of thxs study. Upon. Polya' s;-model and modxfxcatmns of
s, Tmokeroe b zesearch in problen-solving has been . . |

Y éone. % 1 . \‘ . - & ’ ; .& i ~

Probably the greatest contribution in recent “times - | I

. to"the analysis of thought processes and strateyies used o

. by 'children in“solving. novel mathematicsl problems was made i
N <. by Kilpatrick (1967): He studied the };;ablen{-aoming._’

' used by ab werage, eighth-g a as.” ‘

% g e o “they pted twelve ratical problens, Difficdltios |

in analyzing the protocols led Kilpatrick (1967) to stite:

U . Attmpts to apply the checklist 'to overnll pro- =

D L togols from the pilot'study demonstrated clearly S

s that whatever merits Polya's list has-for teaching .
problen-solving, it is of limited usefulness, . o
as it stands, for characterizing the behavior - .’ s
of subjects. Many of ‘the categories are unog-, - o
cupied: subjects seemingly did not exhibit- . . - S
behavior even remotely resembling ‘actions’ . . ¢ Pl
suggest; d py the heuristic questions. . ..

, ‘the—categorigs were not defined o
clearly enm:gh for reliable coding. . (p. 44)

i



students such

kupatnck thus develobed a checklxst of process- 7

"sequence based’ on'Polya's model to, an.uyze the ptotccols

“of subjects in his study. He identified processes’ used by

¢ drew figure, made successive approximatien,‘

questioned theexistence- or. uniquenens of.' an - answez, used

deduction,” se up equaemns, zeverted to trial and error,-. .

and checked the.solution’ to the proble.m ms study showed

that sgecm.c -heuristics such as using Suckesnive jappraRily

mauon and trial ahd error were employed by students

despitE a. lack of l.nstructlon. l{e nuted, however, that

: these were hot always ‘the best heurlstlcs o use} nor weré . -

thes sub]ects always capable. of using them. .

= mlpa:nck's work has been’ beneficial in the st:udy

af heuristic. processes not for his zesults, per. se, but

for ‘the coding system he devised.
¥ the.oo :

'Much' i sion .has .arisens ics

.as to. the childken use ‘in their attempts

to S61ve novel problems. ‘various studies have béeh -con-

ducted_'in,ac'tempts to Ffirst identify the strategies used.
In order to devise methods' of mc:easmq ‘the ptoblem— i

g solv;nq abiiities of oy first need an

J.nslght J.ntu ‘the” way: children think. - The focus needs to

.be on the processes, not. the product,

‘Tt may seen trivial.to focus.on thé details, but

.. it is‘through the study-of.these specific pro-
cesses that a deeper,understanding of the learning,
of mathenatics will develop. . (Wittrock,. 1973,
‘p.29)




\

in solvmg prohlems- was seen also by~ xupatnck (1957)

the researcher .- ‘. . 'who chooses to
inYestigate. problem-solving- in mathematics
.is -probably best advised to undertake c].:l.nlcal
‘studies of the individual subjects . . .
because our ignorance in the area, demands
cu ical-studies as precurors to.larger effurts.
79)- ; :

Studies aimed at explor’;ng cnilaren"s tﬁought ‘pro

: - 4 g S B e
cesses hdve been conducted inmany'areas ofthe mathematics: .

curriéulmn. Kantowski (1974) conducted aclinical explota- P

tory study on the processes used. by exghth, and ninth graders

in solv1nq novel geometry problems. umg the ‘thinking-aloud
procedure Ehat/ Eapidi protocelu, Bhes wasable to cunelada
that most of the student;s with scorés above the mean showed i
‘evidence of the use of heurist:.c' processes and that the

use of heuristics :mcreased .as. problem-solving amhty

develdped.. - Furthermore, she noted that solutions "to probiems

; " A :
were inclined to be more efficient when students used goal-
oriented problem-solving processes.. . ' . »

TA simi'la:‘ study of ‘ninth graders conducted by

Daltcn (1974) 1ed him to believe that in solvmq novel

4 -mathepatl.cal problems, students basically use two models of |

 '

thxnkxng, “deduction and trial and erfor, with thg ‘latter
provinq most. successtul. .- .
To. further investigate the thought:processes of
elementary. school children, ‘Hollandér (1973) condicted a
study using verbal problems on: sixth graders: ‘She con-.




t’hinking is an important aspect of problem-solving.

‘Cluded that the successful problem-solving strategies of -

the subjects could be attributed to: {(a) their ability to

transiate, (b) their ability to émploy. abstract analytical
reasoning, and. (c) their ability ‘to reason. insightfully.
From this we'can see the need and .importance of certain

g es in ical probl >iving.

‘The use of a wide range of problem-solving processes

® ® = .
' seems to make for a more successful problem-solver. .This’

was shown in- a number of cl].nl.caLl stndl.es ‘e

Webb. (1975) studied problen-solving processes of -

second year high school algbbra’students. Mathenatics

‘achievement was found to Be a 'variable with the highest ..

xelation’ to mathematics px‘oblsm—solving ‘ability. There was

also £ound to .be a s).gnxf).cant'i‘elatxon between prOblem-

X solving ability and heuristic processes. ., . .

Grady (1975) supports the conclusion - that children's

He

‘investigated the relationship between Piagetian levels of

operational thought and problem—solvan performancé. His:

conclusions were: g

1. That formal operational subjects used means-
end processes such as pictures, diagrams
- and eq\latinns to solve problems. - a7
2. That there.isno significant difference .
between concrete and, formal operational ;
of planning .

3.. That successful problem-solvers used héur-
istic strategies more frequently than
unguccesstul ones.
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The effect of problem context upon problem-solving
processes was the subject of the stuly by Blake (1976).
- He. cuncluded that the total nuwber of heuristics used by

subjects as well as the num.be: of dl.fferent heuristics

_used, account for a significant amount of ‘the variance in
the freguency of cotrect solutmn. . The heuristics ugs;d

therefore added to the subjects’ problem-solving ability
“beyond their mathematical core knowlédge. Problem-solving’
context, however,\proved to be unrelated to the heuristics )

used.

Thinking-Aloud Technique = 7

" Mést of the studies quoted above used a thinking-
aloud data gathering process. Using this technigue involves
the subject simply verbalizing (without analyzing) his
thoughts. as he works and these statements are taped (audio

Tor video) I These tapes afe used at @ later date’for ' analysis
o the problen-solving processes used by the students.
Kilpatrick (1967) observed:
There is oné method of getting a subjest to produce
sequentially-linked,  observable béhavior that
- reguires neither skill in' self-observation-nor
the manipulation of mechanical devices: have the
subject think aloud as he works. (p- 6
The thmkmg—alo\ld method had been the' subject of |
mich criticism and question. Some mathematics educators
believe that thoughts come and §o too quickly in one's.mind

: . - Q .
when solving problems to be verbalized. .Subjects are also




beliéyed to rehain silent diring the moments of most pro-
found ‘thought." Seme proclaim’ it as.a serious limitation.
since subjects may, even solve a problem difféxenuy _Lf
asked to verbalize thoughts -than he would normally when

. thought patterns are secret (Kilpatrick, 1f967~ “Kantowski,
1975; Days, 1978).

\
- Evidence a$ to .whether verbalizing and thinking

inferfere with or:.complement each other 'is'inconclusive.
mlpatnck (1967) in his stady. said:

THe me'thod of thinking aloud has special virtue
of being both productive and easy to use. If r
the subject understands what is wanted--that i
he is not only to solve the problem but also to

tell hov he. goes about finding a solution . .

and if the method is used with the awareness

Of its limitations, then one can obtain detailed
information about thought processes. ‘(p. 8)

Once' gtudents' thought processes are recorded they

. Umust be analyzed and classified. A general guide for coding

protocols of students thinking aloud while attempting to,
solve mathematical problens was devised by Xilpatrick (1967).
This: has' since Deen modified for various stulies by Lucas
*(1972), Webb (1975), and Blake (1976). E i

A study conducted by Flaherty (1973) on 100 secondary
school students solng sEwold problens Rcountered 1N
algebra was designed to 'investiqate' whether  the thinking-

aloud procedure affected problef-solving performances. B

* Conclusions reached were that there was no: significant

difference between those who verbalized ‘and those who did




‘caused different results, but for these problems; having

0 .,

_not’ verbalize on problem-solving score or time needed, to:

_ complete the problems. There was a significant difference N

between ‘the groups in the adrea’ of computational error. The-

%verall result was that more difficult problems may have >

* students: think aloud did not drastically affect their .

performance. | 4 e e
Roth (1966) found no significant difference’in
either the correct solution or time factor criteria in
subjects requited to think aloud and those not ;equuea to’
think ‘aloud, while solving reasoning problems. = - 4 !
A study condictad b “Gagné ‘and Smith (1962)° found

that requiring students to verbalize a rule during the problem- .

sol¥ing practice session, imp: problem-solving per ;
Furthdmors) they éﬂncluded‘ that a large amount Of infor-
mation about the processes being used could be obtained by
having §tudents think aloud. Hovever, theregsere moments

of silence in which processes used by students wers not
reported. Thus, the thinking-aloud technique does not provide’
information about all the processes used by subjects.

’ zalewski (1974) had ce;xtmaicmry findings to those .
of Flaherty (1973). Zalewski's study of -seventh graders s '
found;f;hat taped thinking-aloud interyiews and the associated
Goaiiy aysten captired; and classtficn mathematical’pro‘b]:em—
solving much better than do Commercial tests. He vas

positive alsc as to the possibility’ of problem-solving ' ,




" protocols in assessing, separating and ranking seventh

graders. . He concluded that the thinking-aloud:procedure’ y
anid the ;eiatea coding scheme does not classify problen
solving behaviors very well, He felt that the behavior of -
Students during the thmklng-aloud interviews; raised '
critical questions about the rel;abll_\.ty and validity of
the infomation recorded in the pxomqols. He noted. that’
his; recording. of protocols -was ‘through a\‘;di'otaping anid

‘fecomended videotaping as a distinct advantage in data

collection.
‘The increased recognition and use of thé t'h‘inking—'
aloud pronedurex in research Etud.les (Kllpatrxck, 1967'
Dalton, 1974;. Kentowski, 1974; Hollander, 1974; Grady,
1975; Webb, 1975; Blake, 1976) provides sufficient nas_o.n‘ 4
S

to-assume that the procedure is a valid one for identifying

" problem-solving behaviors .

PSR AP N




CHAPTER IIT : .
. 1
. DESIGN AND PROCEDURE = /

The purpose of this study was to investigate the
heuristic ' strategies used by g_réde seven and‘éight students
“in saxvmz} novel mathematical problems. Itéms of favarest .
included total heurist;c strategies, héuxistics related,to
ability levels, heuristics related: to presentation Gf

materials and the sequencing pattern of heuristic strategies

and core ‘procedures. . o

This chapter describes the manner -in which the

research was conducted. It indlpdes a description of the

sample, ‘the.pilot study, the procedure and the coding systenm.
; A o :
. Population and Sample

The population for the study consisted of students
at the grade seven and eight level. .

Asampile 68 this -populatiin was Gelected Frdm-iwo
elementary co-educational schools.” One group was. selected
for the pilot ‘,study‘ and the other for the main study. Both
§Ghools involved in the study were in the suburbs with
similar populations and comparable facilities.

d:l‘:e sample for the main study consisted of 24
students‘ subdivided equ‘al’ly by grade into three ability

[ ki -
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. physical‘materials whilé others did not. The classification

23

| 7 S b
grcups— high,. .medium and low. These classifications were

not based on standardized testing but on student overall

P in ma ical p iving as determined

hy the mathematics teacher. . i ,

. Pilot Studx

The pilot study was conducted in late March.  This

Phdse involved:a series f 11 'pilof problems (see Appendix ..

A) which vere presented»€o 12 grade’ seven studaneE

videotaped interview situation.. Thése students were ;o2

Glassified -as high, medium and low in problem-solving

abilities by their teacher. . . A
The major ains af the pilot study were: o

i.° T Aetermine if .stydents in grade seven would
exhibit problem-solving strategies while -
attempting to solve the given probilems.

2. To determine which heuristics aré most . -
probable’ to be observed in this situation.

" 3. To select the problems to'be. used in the

main study. =

4. To Familiarize thé investigator with the *
| videotaping equipment. :

5.. To modify the coding system if necessary.

6. To provide process-sequence satples for
coding practice, and revision. :

/ . A total of 11 mathematical problems were selected
f£rom the areas of algebra and geometry for the initial

testing: Some of these problems incorporated the use of




.for questionirng was provided. .Oncé the student felt com:

can be seen in Table l.

3 \"I'ABLEI

E Probxems Selected for the Pllut scudy

B

. T p :
: ) ; Problems* P !
Presentatioq - : Algebra Geonetry

“Using Physical e g 0, B .
ohatey Thpelal, tli te e L s T

b

Not Using Physical . . ;
Naterialy ¥ 1,2i3,408,9,11. 7 4 7

“*Numbers in. table refer to problem nunbers m pilet st\xdy N
as listed in Appendix A.

**In the pilot study, numbers 1 “and.’7 were ptesented both
with physical materials and without to investigate the:
differences in' heuristic strategies promoted.

The reseax’cher videotaped students on an lndl.vxdual

‘basis.in the school.. These students were of high, médmm ;

and low abilities.  Before the commencement of the testl.nq

‘were intxo to the ‘vi ing persnn and’ '

oriented to the em—.ue Foom'and equipment. - An oppoftunity

fortable, ‘the testing session began.

Each student was-given two problems to solve.

These were: presented to him one at'a time. The researcher

acquainted” the student with the ire involved, i ing’.




_him that he was to attempt .to solve'the. given problenin

: . - e : L

-a maximum of £ifteen' minutes while thirking aloud. -That
is, in solving the problem he was to inform .the investigator

Of exactly what he was thinking: This aspect of the study

TWag vitally i and iias : ut. ALl i
instructions except the problems themselves were comnicated
verbally by ‘the interviewer. Each interview vas designed
to generate as michobservable problem-solying behavior |

as possible.

; ) : ;
After a student had completed’ the £irst problem or

: after’the time' had ‘elapsed (vhichever came £irst), he was

instructéd to ‘continue to the next one. .The probleém was

Gohstasia complete when a solution was réached, whether it
was correct or not. | When a prolonged period of silence
was evident, subjects were encou}_»aqea -to thirnk aloud.’ if:
v the SEuent had exhatnted a1l s sonsiss wmoses of atEacking
. the problem and had given'up, hints in the forn'of questiops
_to consider were bresmbed: Biewpien of some of the types
of questions comprising the hints were: What’is the

unknown? Can you draw a figire? Have you seen a problem

‘like this before? ' Can you restate the problem?. Can you B}
i - tell me what your answer would be like?
Following the completion of this initial phase of

the videotaping, interviews, the taped protocols were viewed

by the ¢ to ine which bl _would generate . -
s .

observable behaviors by the students. Student protocols (U




Were coded using’ the coding sheet (see Appendix:B) and

" héuristic strategies utilized by each group were noted.

Having' examined these protoccls it became interesting to
experiment with what heux’istics t)lese problems would generate

in slower students . Eight seeiingly workable problens were

.selected and - presented to four students whb were classlfied

" by the rqathematlcs teacher as being of low abillty in

problem solving. Each stulent was asked to solve two.of

Ciaaas 614 prabTas o LG e u R £o AN A EHS !
initialt pllbting. J
once the' pilot was completed further analysis of

‘the V).deotaped protocols’ was conducted. From this analysis

Jthe folloving recommendations for the main ‘study emerged:

‘1. ' Two problems were selected to be presented
in both physical .and' nonphysical milieus.
These were' problems numbered 1 and 7 .n the *
pilot list - (see’ Appendix C).

2. The problems would be presented to “ehe .

5 o students in a manner by which half the
students attempted an algebra problem
followed by a geometry problem and the
other half vice. versa. ' One problem
attempted’ by each student incorporated
physical materials while the other did
not.

‘3. The sample.size was extended to 24 S0
that ‘each level of cach grade would pex‘fo:m
each problem twice.

4. The coding sheet was expanded to include

~ . the categories used by Blake (1976) plus |
two additional ones. :‘These' were the
category "Uses physical materials" and
the expansion of systematic cases to
include "Looks for a pattern”™ (see
Appendix D) .




B

e . i
5.. Following a prolonged period of silence
- by students when attempting to solve.a w

k problen; hints in the form of questions -
. werepresented. 'As a consequence Of these
z ‘hints it became interesting to examin

& A whether any differént heuristic strategies
weTe evident or if patterns of sequencing
were changed. = The hints are contained in.

. » vapendlx E, 5 .

. 6. The usé’ Of a short Interview procedure for
3 generai discussion of the problems and -
problen-solving was incorporated into the
; study to follow the videotaping (see
e Appendht\ ).

Procedure

The subjects .(N_ = 24) dsed in'the study were sub-
L divided into three ability groups-—high, medium.and Low.

! Each was presented’with 'two problems.to solve, one algebra

and ‘oje geomstry as selected from.the pilot study and

N contained in Appendix C. The Tems were presented. such

that one problem incorpoydted physical materials and the

other did not (see Table 2) .

‘TABLE 2 4
A Breakdown of the Problems Used by Area of
athematics and Presentation

i N -

; v . Area of Mathematics )
P o* Presentation’ Algebra " . Geometry : -
‘Physical ” Coing ~ " circles
Nonphysical - = . . ¢ Coins - Circles




Haying. the. two problems presented both in'a physical’ .
and nohfhysléal nanner in ‘eich ‘apility q:oupmq and in each
grade resulted in 48 "problems” being pnalyzed.

of préblem presentatidn varied withhalf the
ing vice versai- This patteh 48 ahoini £ Table 3.

‘TABLE - 3

*-Problen Presenta:ion as Related to Grade, Ability
Level and Number of Students

: L & Y

Nunber of p : %" Number of
‘Grade 7 ° Students v Grade 8 . Students

A refers to Al & ysical wl h 1
B'refers to Algh 1 with Gecmetry-Physical:
C refers to Gi metry-pnysml wm\ Algehra—Nunphysical
D refers to Géometry with bra-Physical




; ... : i . S gl 1{? i

Sl """ 4 °. Before the actual study began, students who were | ;

; : ‘ to be involved in the mxly-'we,'m taken to_a room i_n.c'hé A
school. that had:been set up in advance with the.videotaping
equipment. The students met with,the researcher who

3 A ! _explained the purpose of the study and.whit it involved.
;A_gene_ra‘l‘ tour of the room, an orientation to &g— equipment _'7‘
‘vanlxd an oppénunxiy for qusstions regarding the eql;ipment_

were also pgavided. e b . : : b

e Folloiing the inicial brieting, studenta. cane one. |

! at h tme dur!.ng class sessions to meet with the tesearcher 2

,An the vidﬁotaping room.’ once a student felt .secure in . ! B
2% il
|

i N R his sef_tinq nnd ready to begm. he was :presented with a

'ptohl. Each proplém vas typewiitian on .20 tm x12-¢m b . J

- l.hdex card. Elch :tudant was prelnnted with a 51 cm x 33
cll sheat oi cardboard and a black felt—tipped marker.

" ‘wds asked to write on the cazdboard as he attempted the

* - problem sokar to, make a1l mkmgs clearly accessible to [
!

the cmlera. It was expla;uned t.hat he vas to attempt to - »

LA % ." solve the gl.ven pruh!.en ina naxsugnm 6f 15¢minutes while

Pt _:‘ 4.4 thl.nk].ng aloud After’ havmg complef.ad the problem or after 3
= the ti.me elapsed lwluchevet camé. £irst) he was instructed
e L o 5o, tie cem:mua o the ‘next problem. The videotaping ceased %

“when a aozrect solution was obtaix;ed ‘or the timé-had elapsed.

If- dux:l.ng ‘the solutmn a(:tempe, studerits engaqed

B Tarin long periods of suence vith no lpparent stntegxes or’’ k)
i cess, a hint was ngen. @




TN num.ber ‘of coins or the amount of money  for the alqebxa i
problem when soluﬁmns were ‘mcompatable vuth the ngen ey Ty
‘\ietails. There were,-as well, oral remxnders fcr students

L t6 think aloud when sifence becarme protonged,

Following the vmeotapmg of both problems for ]

i each student the. researcher conducted a sho:t: ozal -1nter.— \

v:.ew to attempt: to have studenta dxscuss the strategxes

S 8% tha";(they had applled ~tD ‘these spec:.f].c questmns and to

mathematxcal prohlems in general The interview form.is
b i ST ; ‘

: conta'xned in Appendix E{ L Y o ‘

Once the data was gathered the researcher V:Lewed et J

the recorded protocols of the students together" H1th all

LA vritten work and amuyzed the subjests’ problansorviny
‘hehavmzs usmq a zev1sed codmg sheet (seeﬂ\ppendlx D)A:

¢ 7 This coding was cnnducted ‘over a pemd of five weeks with
the initial phase hemg a zelmmhty checks # i Hag

. & ; The g System o . i

"Mﬂcpherson‘s model; of mathematxcal pmblem—solvmq as

P ! emplcyed by Blake (1976). Tt uasb deslgned for ‘coding

v g prbblem—-solv).nq béhavior cf _subjects wh are asked to think [0

& alouﬂ as they solve mathematlcal problems.

|
!
i
{ T ,.v"x asked tn thmk aloud. They were 1nstmcted “+to expla.m i




*verbally all their writings and rawings. “When periods of

_silence persisted, subjects were remi ided ‘of the neéed for:

verbahzatwn.

“Once the interview was comp].eced, the subject's
prcltocol/ was ma;bhed with his written work., The appropriate '
footags, on. the counter - was noted By. the researches” for the
beginning and énding of each problem. ~The coding was .
. conducted  incorpérating ‘both: the subject's videotaped
recotding and his.written work. . &

Once the data was cullected, the 1nvesm.gaf_nr
viewed the videotapes and analyzed the thought processes,
strategies, and sequenceés of behaviors. exhibited by the.
students. G . ¥ 4 :

This coding system consisted of a coding sheet as

used by Blake (1976) but modified for this study with the

vaddition of "Uses physical materials" and "Looks for a

pattern". -A student's protocol for .each problem was}céded
on the coding form.. As stipuléi;ed By Biakk, ey PEOCatarEE,
for'the.coding form are divided into five categories: core,|
heuristic, dolution, reasonableness, and concérn. As -the
coder’ identified the procedure from the subject's protocol

he entered a check () in the first empty column and the

- 4

approptiate row.
core S
All students began with xeadmg the problem. Thus

a check was entered in ‘the fxrst row, first column for "




once.

&

everyone.” Reading- the problem was also cliécked each time
the: problem or-sections of it were reread.' If no activity
occurred between reading and rereading, it was. checked only s

‘Request definition”of terms was checked whén a .= :

A
student asked for a term to be defined or. inquired if his

interpretation of the problem was Sretty

Request clarification of terms was checkéd when a
sfuderit was unsure of terms stated in the problem or wished‘
to get'assirance of v;:hat he believed to be. thé problem. "

Recalls same problen or related problen. wag"checked
if 4 subject indicated that he vas familiar sither with -
this problem'of a similar one. If a student recalled the
problem as being of a known type, recall problem type was

coded.

1 2 . '
would aid him in his solution, recall related fhct was coded.

sl Each time a new figure or diagram was drawn, then

‘tne categcry draw diagram was ‘chiecked. If lthe student

* drew. only part of a- dlaqram then this category was not %

checked. If ‘the diagram was drawn merely as a means ‘to
Yadisate s heuristic, the heuristic, not draw diagram, was
coded'. The modificatxon of'a diaqram led, to modxfx d;ag:am
to be ‘checked. '

Identify variable implied that .the student identified

scn\e variable in his prohlem attempt.

If a’student mentioned a fact which he believed' 4
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coded if subjects resorted to an approach.involving an :

algorithn. If the algorithm was performed mentally suth

as 12+3+4=19. it was not coded. - . - s : D |
i W Guessing was coded gach time the sub]ect stated a :

‘solution sinply by guessing with no evidente that he planned b

to'utilize further trials. - N

Heuristics 3 s = - . i

| shoothing 1nvclved the disregarding of irrelevant .

inférmation in-thé problém. e

Analysis was coded when the subject'intencionmly
" : ' broke the problem. into subproblems. His furthef action : "
s must indicate that it v;as»built upon this strategy.

I

relevant information. This may have been definitions, -

Templation was checked'each time the ‘student recalled -

P E propérties or theorems.

. : |-cases (all) was coded if all possl,ble cases were .,

s Speastlon it S

“considered in the solution of the problem. Random Sases
was coded if subjects randomly used cases with'no apparent
reference to solutions already obtained. Thig is more
commonly referred to as "trial and error.” Cases .
N\ isxstematic referred to the student's solution attempts
being based on information }:revmusly accun\ulated. Wiy,
eguenéial cases referred to the usé of cases in a sequential

fashion such as exa.mxning cases using oné quarter then two "

|
t o . quarters. - Cases (critical) was coded when Subjects looked
|
|
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‘for extreme bounds for the variables.

Deduction was coded when the subject assumed a
premise an‘d searched for all the impucniong of ‘that
deduction. ‘A single logical implication of the statement
@id not indicate deduction. For example, saying that if
I ;aésm that there are three gquarters then the number of

nickels and dimes must.total 16 is not deduction but rather

a logical consequence.’ Inverse deduction referred to the
stra/tegy of examining the solutian‘,.-snd work.inq ;nve::sely ’
to arrive at what was given. This-is commonly, called .
"working backwards."

 Invariation was coded when ona OF the variables
was excluded as a means of _so‘).vf.ng‘a simpler problem which
hopefully would lead, to thet‘ solution of -the original one.

Analogy referred to the recalling of an analogous
problem in attempting to solve the given one.

. . . Symmetry was coded if a student's actions and

_ comments indicated the use of the inherent or constructed

_symmetrical pattern of the problem. Symmetry (corners)

was coded if students saw symmetry-only with reference to

the corner counters. L

Solution e : o
obtain soliition (¢orrect) wis checked 1§ the ‘'subjéct
indicated this to be a Solution and it was correct. . Obtain
solution (incorrect) was coded if the students indica;.ed a

solution but he was in error.




‘Reasgonableness

'-\* checkmg part was coded ‘if.a subject checked only
pa:;t of his workmgs. L A 7

L
N Check1n§ solution by retracing steg 1nd1cated that

“ the Student arfived at what he felt to be a solution and

he checked by repeating the procedure previously used.

Checking solution by le/realistic was

‘checked if the studen!; showed that his methods for checking

his work concerned whether the answer.could reasonably be.

correct. ) ) ¥ i

Uncodable referred to subject's work which could,

not be classified within the used.

Concern

conicern ‘about method, algorithm, equation,-
or solution was coded whenever the subject's: remarks )
indicated that he doubted the correctneés of one of these
aspects. ' .
Work sktcgged;—solution was coded if the subject
finished work on the problem with a solution. . Hork stopped--

no _solution indicated .that the subject finished with no

.solution as the allotted time elapsed.

Coding Reliability Check s
The reliability check on the coding procedure was

conducted over a period of three weeks.- An alternate coder,

a student ‘in ‘education, was trained

b
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i"n-the coding procedure. ' The training sessions were'

camprxsed of - two stages. .'Stage A consisted of a d).scussxon

o of the general cequ procedure including deflnxtlons of - 4 i
‘terms, and criteria for:classification of behavxox‘s on.’ h

. .the coding sheet. Stage B involved the“Viewing and coding . : o
by each coder separately.of a sample afze:e pilot tapes which

|
contained the. same problems as used i

the main study.
This was followed by a consultation ‘and discussion of
" discrepancies noted in“the classificition process.
onée a level of confidence was perceived to have
been réached by both Goders on the pilot.study, the coding! :
of the videotapes 1hvolved in the study began.--A targ‘ét
“'level of 80% was sought by .the researchér on intercoder ) J
reliability. ) )

A five-minute section from each subject's vmeo:aped

<o+ % time,was randomly selected by the researcher. These séctions
were divided.into- Hhirse groups. ‘Group.ohe cor;sxsted of the

last five minutes of eight students' protoccls, group WO,

the second five minutes of a' different eight and group- -
' three up to the first five minutes of the final eight

students. - Problems for viewing were selected to include

an equal number of algebra and geometry in both physical
e

. 7 and nonphysical models. i i
Following the reliability ‘check ‘on.each group, the

researcher conductéd the final coding procedure’for the -

. eight people in that group for a total .of sixteen "problems."



.+ - This procedyre. was ‘believed to. 'increase’"t_he reliability

LA (t;he résearcher) and coder B (the alternate) equals a.

heurlstics coded by both A and B which equals the, sun:

‘B alone equals bl.

" coded identically by both coders is the measure of inter- ..

5 E . s

by decréasing the ‘chance -of change i the cocung pracedure.

Theoretically any change in hocemite By Hhe, Eadastehar, as -

the doding progréssed should have been reflected in.a. lowsr——>

level of ‘agreement on the ‘subsequent secziohs

As a.measure of reliability, the percentage of
heu. 15t1cs .coded alike were calculated using a formula -

aespribed in Blake (1376, pp. '68-72). . It takes into account -

items coded /identically by both coders only once. 5 5

The number of heiristics agreed upon between coder

The number of heuristics coded by A alore equals.al and by " i
/ Thena + al = total coded by A. - 4

total coded by B

Similarly.a +bl

.
Then a.+al + 'bl’= total nunber: of dxfferent S

deslqnated 'S

_Then % x 100 = y, the percentage of heuristics

coder reliability. 3

‘With reference to the measuié of reliability of-the
BRI ehaag;, & tanTalror each problem was designed and
the number ‘of ‘agreements and disagreements of the alternate g |
‘coder with the researcher were noted, -The total was the .

fhunmber of cateégories. used during the five-minute coding.




The numbe: of. agreements aivided by the total tmes 100

equauea the S e of jree ', on ‘s¢ cing of

heunsuc s ies and’core ‘procedur An.example is

:.llxs’trated in Figure 1.

|

Analxsis of ata

Follmn.ng ‘the: codmg of .the éntire v1deo;apes, 5

ors e h:l.bl.ted at Each

qraphs weré constructed. of the beha

. ability level for each type of problem. ", Tha four students‘

coded piotocols foi- the same problem, at each ahility leveL

were placed on one graph. - These graphs, tratve 1n a1l,

'mcmded all the infamatmn obt: xnzd in the. study They.

.are available ‘in Appendix G,

) A. detaxled analysls of chese graphs was undertaken

in-an atr.empt to answer the four questuxns posed in Chapter’

1. oa thorough' dlscussxon of ‘this analysis. is' contained in

the iullow:mg chapter. L e




Reading problem B
Request definition of terms ;1 Vi
Recall sane problem i
bomEs g | Recall related problem o ol . :
i . Recall problem type B ;
Recall related fact . : 4 L & . 4
Draw diagran I
Modify aiagram
Idencify variable
Algorithn-Algebraic 5 .
Algori N 2
Use physical materials o

Guedaing .

. cases_(all) ( L .
g i cases (random)

E i Cases

- s Looks for a pattern

; Cases (critical] 3 . i
Cases 1) ; : &

Deduction
Inverse deduction

.. ‘Obtain solution
Checking part
. Checking solution
i by subst. in equation T N
= by retracing steps :

Obtain solution (correct) N

by
Uncodable
s Exp._contern-Method

Exp. concern-Solution
Work stopped (sol'n.)
Work stopped (no sol'n.):
B [ ® - Information coded by the researcher
« - Information coded by the alternate codér

. Agreements are marked by * § 1 y 4
. Disagreements are marked by - . : 5
4 %% & . i

y R, . i

FIGURE 1. Example of coder error. ! N 5




; e e g : . CHAPTER IV : i f s g 1
ANALYSIS -OF DATA: -+ ' - Ve i i
i

‘This chapterfwill analyze the data obtained from
the coding of ‘the videotaped protocols of the grade seven
and eight students. Graphs 9% the coded results sub- . .

“divided by ability group and problem type are found in.

Appendix G. y
.o . . The short interview session ‘following the video- g it o .
i -taping provxded_llttle i on concerning the str: ies :' >

students used in attempting to solve problems." Students

seemed: to have great difhculty in.verbalizing the’ thought

- . processes they had used. The amount. of information gathered = :J

by this technique was very restrictive and thus-it was not

included in the data analysis. :

L™ S w8 msneurd bt Lueeraolior reliability of the

5 ‘heuristics observed vas §7%.. A reliability measure of
*77% was calculated for intercoder agreement on the i

i ” sequencing of the. behaviors witnessed.
i ) : r B
¥ fe B, Be 1 N

The first three queshlchs “are dlscussed with‘direct

FE ST reference t:o the data coum;. The major portion of this
] - analytical discussion focuses on the fourth question,

namely, . the patterns of behaviors-and heuristic strategies

40




which students employ in solvmg novel mathematxcal - ‘

problems. 'This search for patterns in mathematical problem-

solving’'forms a crucial aspect of this study.
) 3 =

B 7 Question Without specific training in iy
% heuristics, what are the heuristic ;
® strategies employed by grade
70 seven and eight students. when
- gl © ' solving novel mathematical

FhET " T problens? |

S g To answer this' specific question relating heuristic
strategies to mathematical problems it is necessary to
consider what heuristics could be employed in the particular
problens used. Are students failing to utilize strategies.
or are these strategies not b'eing applied as a consequence *

B of ‘the particular problem selected? Theoréﬁcauy, it is

important to ider what s ies are ate to

“the problem situations presented.’

Firstly; in consulerlng the algebra problem. four
beurlstxc sttateqxes seem mDSt applicable. ‘Students had
a cr’?lce of selecting the strategies of analysis, the °

" entire cases family, deduction, of analogy. N ey 3

- Secondly, in the geometry setting heuristics of

" direct .and hypothetical deduction, inverse deductmn, B
analogy, symmetry and the examination of cases are potem:lal

strategies. & . \

-Im’ both problems the comhxnatlon of heu:xst:\.cs

'Present a variecy of procedures for attacking novel ’
e

.t
mathematical problems. If in analyzing the'd: it is

3.



found that these strategies are not amplayed and the '
student does not solve the problem, it is not a consequence N i
- "of: the parncuxaz problem but father a deficiency in the

problem-solving behaviors of the students. .

Algebraic’ Problem o . g o ' o

f \ Table 4 reveals that all 24 of the’ studencs;sampma' o
attempted to soive the akgebraic proplen by incorporating’ '
the use of the cases heuristic. . Nineteeh of these selected’ ' .-
a combinatich of random followed by systematic,while two e

£o a sys ic %

Only three students chosé-a mere random (cases s frocedure

as theif only heuristic. . There were tliree students who oy
employed the heuristics of analysis-and deduction i
problen-solving: process. .. . . ~

G il ot .- . TABLE4 3 L -‘

N

Tetal Heu:lstlcs ‘Uged for the Algebra’ Frohlem § il

- s 5 .+ Number ‘of Students
Heuristics: . Using Each Heuristic -’

‘Cases 3

a) "Random only

b) Boch Randcm and Systematic - | -5 4

c) syi;cemauc nnly | : 2
B rl . oy ¥
Analyug» % ’ 2-
neducéion P E 8
P v oy =
RS




» of studem:s ‘21 of the 24) selécted’ only ‘one heurlstlc

- strategy in their prcblau—solvinq pmnedures

J Jnﬂxcates that ,1{ a.studen

“procedure -

This

s first approach to a problam

qu.unsuccessf\_x_l u: was unlxkely that he wonld pxpand his

- “One Heuristic only

~b) “ Both Random and, Syst:amatlc* .

i Two He\lr).stlcs 5

: Number of ‘Students: -
el on e S i Using Each Heuristic’
Heuristic Combinations ~~ -, ° . Combination

=

Cases

.a) - Random

e Systamatic

Analyaxs/kandom and systematlc

Analys :.s/Sys cematic

Deduc(:ion/kandum ana Systemauc

*Fox. thia table, "Both Random and Systemat:.c“ cases is
goded ‘as one heuristic




“the ies of three

Seventeen students used the heuristic of random and.-
systematic only, while \drie student attempted the use of
systematic only. (For the purpose“of this’ discussibn,
random and systemauc case‘s were conmdered one heuristic: )

Thus it ean. be seen that for most studem:s the initxal

. response _to' a probles was to select random values and at

best to refine these in a systematic manner in the
e 8 g

problen-ssiving procedure.

The heuristics of analysis and deduction comprised

ALl of ‘these students
used the strategy in combination with the cases family.

They consisted of three pattern types-

analysis plus -

random and systematic, analysis plus systematic, and

_deduction plas random and systematic. Without specifig

° training the heuristics of' analysis and deduction were
o :

within thé capabilities of grade seven and eight students.

s THe sise of these strategies seemed to be‘limfted and to

follow Erom: prekusly essful "cases™ C CERN

spécial note shoiild be given to the use of’ dediction plus
randon and systematxc. In this protocol one heuristic did
not- fol16w the other but the student very capably incor=
porated the ‘two.heuristics tcgethez by systematically
employing examination of cases based on deductions nade -

throuqhont. . . %

. It should be noted' also that'in ‘analyzing the

Protocols, the use of .sequential cases was not coded. .This




i
t
&

member' of the cases family is very closely linksd to .+ -

¥ tici for.to be 1. a student must also’ have

.. been systematic. Due to the limited sequertial cases to

be dbserved in the particular problem,. it is conceivable
that sc;déncs who appeared to be utilizing systematic cases

' were in fact employing sequential.,

Geometric. Problem £ - .
Table '6 ‘presents the data relevant to the total
: heunstic; used by the 24 grade’ seven and eight studerits: :
in sttempting to solve the novel geometry problen. - The
w0, Host common heuristics. enployed were random ases ana
symmetry with. hcth recewmg equal emphasis. 2
S

: . TABIE6. ot

Total ‘Heuristics Used ‘for the Geometry Problem

e ’  Number of Studeits Using -
. Heuristics o Each Heuristic

Cases

Random : s . e
. Symmetry 16 &




X A more realistx.c plcture of the heuxlstlcs involved
.cdn be seen in Table 7 w%ﬂ.ch offers a breakdown D£ the‘
heuziatid simbinations’ ' Whereas 17 people used: random

cases, only seven of these employed random cades (trial

5 .. "and 'error) procedure as their only heuristic ‘strategy. ./

‘The i 10 sti ined this strategy with the ~

use of the inherent sy}mcry of ‘the problen: The symmetry

only heufxatlc was® empluyed by six sl:udents. One student

was ‘completely unsure of what'the problem'was askmq and

-employed diagram dx:awmq _without the utgl{zatxon of any’

‘heuristic strategy. i N

9

TABLE 7

0" "° Heuristic Combinations for the Geomeftry Problem

: . MNumber, of Students' Using Each
Heuristic Combination Heuristic Combination* oy

Sl " one ‘Heuristic only . ; 5
- “Gagss, Ty ¥
5 Random 5 i’ R
B, L0 Symmetzy i g L «

Two Heuristics

Random and Symmetry - 107

~

*One student used no heuristic.
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i With-reference to this particular’ geometry problem
. 9

.one of four general approaches manifested.themselves.
Thesé are graphically- seen in Figure 2. First, students

(=4 sensed 'thé inherent symmetry in the problem and used &
o e !

this as-a base in seeking a soluticn. Second, students

#—e) did not at first see, a relationship and thus used
random manipulation of the circles. This led in time. to’
the realization of the symmetry. Third, there existed

W students (—o). who immediately sensed the symmetry, but were
uiable to use it to arrive at a solution.  These students
¢ 2 ' 3
physically moved the piéces or drew a diagram:to exhibit ‘
evidence of the symmetry. For example, they changed the

- ‘given arrangement of _/ :

o ;
) ‘o
o0 0

0o -0 o o té

They resorted to random cases but some later returned to

the symmetry idea.. Finally, there were those (a—u9) who

bégan by randomly moving the pieces and maver developed

1 7 n_eyong‘cha: point. About 29% of the students sampled had
not developed strategies that would help €hem in thé,
geometry problem beyond mere trisl’ and error procedures.

it is significant to note that 92% of the.students
who employed sy-mm'etq'( directly or random cases leading to . .
symetry were successful in solving the problem. ‘only 9%

Eh
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3 of,those taking the symmetry-xandom cases-symlnetry route

or . random cases ‘énly- solved the qeometxy problen.
Having examined the total heuristir: stxategles

employed by the sampled students ‘it was of interest ‘to

- jinvestigate whether students of differing ability levels

ies in solving either

elicited distinct heuristic
Of ‘the two problems. Were: there some strategies that
students used which enabled them to become successful

problem-solvers? This,led to the examination of,the data.

to ‘seek an answer to the second question.

Questiof 2: ~ Are there any diEtataicos
T in the heuristic strategies
. utilized by - sti
different abilities? if

Students for' this study were classified as’high,
medx\m\, and low ability on problem-solving as perceived
by .their mathematics teachers. ‘bable 8 réveals that the
number. of ‘students solving both problems. in the high
abjility group was significantly higher than the medium

and low ability groups. The differénces between low and

. medium groups in total problems solved correctly is

minimal, ~Thus, téacher classification seemed to be
consistent withacritérion based. .on correct solution.




&

W

. ,. S0
< T 1aBLE 8-
Problem Solution by Ability Level
: -Nuiber of Students Solving -

* Ability Level Both Problems  One Problem Only Neither
Low, e | w3 4
Medium 3 2 ~3 3

; 5 $ ol 1

‘Algebraic Problem of o820
The heuristic most commonly used in attempting to
“solve the algebra pxézlxs- was the cases family. Tabled '
shows this to be true for all ability 1eve!s.
S The number 'of different heuristic strategies ‘utilized

by low and medium ability students was the same. For the

high ability there a slight dec: in
the “"one héuristic only" category in favor of a combination,
of vtyo heuristic stintegios.: Three studints in il high
ability group paired examination of cases with the higher

- heuristic of analysis and deduction. ' For example, one
student xnvolv‘;a in systematic cases' used deduction relating

‘u.-‘f.he Sddness or. evehness of the number of quarters to the :

" number of nickels. This aBlisey tb ueilise, tiro heuristics

| ‘was énly employed by students classified. in this study, as
high ability. ' Lt s 2




TABLE § - B
4 Heuristic Combinations by Ability Levals fot the
Algebra Problem

Numbex: of Students ump
5 Each Heuristic

- Heuristic Combinations _ Low ~Medium ‘High

One Heuristic only
--Cases
‘a) ‘Random . . . - (27 L M "

b) Both Random and Syat:ematic i 6

c) (system_tic S R :
Tvo. Heuristics !

Analysu/mndnm and systemtm. -

NER

- Analysis/Systematic ™ ° i =

ducti ‘Random and - £ -

1

", Thée most prominent difference.in.stratégics as
) xéiated to ability groups is derived from the method of |
attacking a problen. “Whereas high ‘ability students.
comsciously ‘evoked the use of systematic cases, the lower

ibi11ty Gtudents: stuabled om. systenitization mote by ‘chajce

o . . !
than by a predetermined'effort. This difference in approach, °

can be clearly /evidenced in the nying graphs. Figure

3.is taken from the coded protocols of three low ability
i i3 2 i
_students. . It can be clearly seen that none of these students -

i
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53

.had"décided to employ systenatic cases’early in their pro-
“tocol. It ‘appears more likely that the students became engaged
in'a systematic design for a shart péeriod o! time w1chout a

conscious effort to do Bo. Figure'4 ls quite different.

|
i
3
i

This £igue depicts the planned ‘attempt of high ability
., \
N students to utilize systﬂnatxc cases in :he solution at:tempt.

Geometric ‘Px:oblem
a6 analjsis of the heuristic: stintegiés ted by
the three ability levels in attempting to solve the geometry
‘problem shows that xm‘ difference exists in the. types Of
. heuristics employed. 'Table 10 reveals that all three: levels
applied the hewistic of examination of cases angd symmetry.
The greatest difference ‘that. appeared was with respect to
the'incressed use of, symmetry among the high ability grow.

" Four of the elqht low performance students and f£ive of:the

eight medium ability group used symmetry. There were

seven of the eight high ability dlana; howeyer o dax the *
N : cricial role’ of symmetry in séeking the solution.to the.

' given geometry problem. 'The high performance group also @ . |
experienced a’decrease in the use of "random cases only.’ .
g In combining the data fron'the algebra and geomstry . \
= .. problem to consider the ‘number of different heuristics

y empmyed by subjects at 'each ability level, it becomes

evident that. the majority utilize only one heuristic in

attemptmg to solve the problem (see Table 11). Students
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e . 7" TABLE 10 5

Heuristic Combinations by Ability Level for the 1
Geonetry Problem

Number of Students 'Using

: hur 5 4 Fach Heuristic*.
Heuristic 'Combinations . ' Low Medium High
one gDuz'ism only o La® Mg 8 Bend

- ' Cases 5
. Random 3 1
" Symmetry 2« 3
TWO Heuristics : - ’
) 3 4

_ syimetry/Randoin

*One student utilized no heuristics.

R _TABLE 11 =
A Nuber of Different Strategies Utilized by students
e of Differing Ability levels
' i
N o . Number of Different Heuristics Used
Ability Level - S T i o4 =10
Low . w 3 12 1
! Medium 3 13 Lo a
. High _ 7 9 -




; presented with two novel mathematical®problems-

“appeared unable to expand their.feuristic stratégies to

“inveStigate new ideas.. Only three of the 1ow' abi lity

studem—.s and . an.equal number of medium abxl:LEy students

were ca}aable of anesuqatmg two stra:eq;es ior the problem
solutlon In the’ high ahxuty group 7 of. the 16 students
extended to two, the haurxstu: strategies employed.

Overall there is very “1ittle difference in the
Speciflc heurxstz.cs employ!ﬂ at each level. A more tho:ough
analysis of 'the ways in which heuristic strateql.es were
used by differing ability groups will follow in ansvering

question four.

“Question 3: ire there any differences ) 5

N n_ the heuristic, strategies

. . utilized by subjects using
physical materials and those
not using .them? 5, =

As discussed in' Chapter III, each student was

one ‘algebra

.and one geometry. . These problems were further subdivided

such that each student was asked‘to solve one problem for

. le
~which physical materials’ were provided and -one which was

presented nonphysically. Among ‘the 24 s«:‘gdengs both problems

were pxesented in each manpner 12 times. The question” to*?

'be xnveanated is whether the availahlhty of physical

materials elicited different heuristic strategies.
To discuss the ansier to this quest::wn the problems

(algebxa and geometry) will be considered sepazately




Algebraic, Problen
""" “The majority of students.in both: the physical and -

nonphysical preseptation attacked the problem via examination
Of cases (see Table 12). It is interesting to note that
while only three students.of the 24 expanded their heuristic

. strategies beyord cases into'analysis and ddfiuction, all  /

TABLE 12, A '

fs Heuristic Cinbifations Utilized in the Algebra Problem
& as Related tOl Prohlem Presenur,xo

B - T o
Number of “Students. Number of Students

Heuristic .+ ' Using Each in the . Using Each in the E bl
Combinations Plysical Mode' Nonphysical Mode " .
: e e .
One Heuristic only v B B ’ : Lo
\ : ! - s :
Cases

a). Random 2

b)  Both ‘Random B TR ‘;
. and Systematlc" i : :

e Sys:emanc

Two Heuristics "G 5 b s ‘.

Analysis/Random and

- Systematic . P ogrse s it B i el
Analysis/Systematic . * .= ; Hoasm i n a
Deduction/Random {5 e 3

' “and Systematic ' * E [ e

*For this table, "Both Random am; Systemutlc" cases ;s
codéd as one| heunsuc5 b .
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three aid so when the algebralc situation vas presented
 nonphysically. - From tne videotapes it seemed that the -
physical materials elicited a great amount of sj.lnp].e
counting while using cases. This may have hindersd thought
g7 processes that could extend to other Heuristics. It is
noteworthy that the three students who incorporated the -
ise of \analysis and deduction into their solution procedure
were all of the high ability group. ALl four stulents
at this level who were asked to:solve the algebra problem_
<. physically employed the same heuristics as the low and
medium ability groups. Thus, it seems. to ildicate“that
for the high ability students the presenitation of the. :
i - .algebra problem nonphysically may be most beneficial with

respect to eliciting additional heuristics.

Geometric Problem

' he 18 Bistics evoked by the physical and non-
“physical presentation of the geometry problen wete idéntical. )
As shown in Table 13 no difference was found in the * -?

heuristics strategzes employed in. these situations.

& difference 4h the number of students employing each
heuristic is clearly indicated. Whereas six students used
random cases as their only strategy in the nonphysical
e )wéde, «only one student resdrted to this mere trial and
efror procedire in the phy$ical mode. With reference to

the heuristic combination of symmetry and random cases,
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Pl B a TABLE ‘13

i e gl Heux‘i.stlc Combinations Utilized in' the Geometiy Problem
E as Related to Problem Presentation- ...

Number of Students Numbér of Students .

Heuristic Using Each in the Using Each in the’
' 5 Combinations Physical Mode Nonphysical Mode
One Heuristic only 2
cases . o e : -
| L : ;
o Random 1 6
Symmetry BRrLE : ®ad 0

© Two Heuristics

Symn‘:,tty/kandmn Lol 8 % 2

.. eight students presented with materials were successful in
applying thesé strategies. Without the materials only tub/
students could extend beyond one heuristic only." Physlcal
materials seemed to reduce the occurrence of random cases
as the only stretegy and increase the use of a combination
heuristic or random cases with symmetry.

In examining closely thélstudents in each group
using symmetry either alone or in combination with random,
it appeared that physical materials elicited tola greater - -
extent the symmetry heuristic--1l as compared to 5. If

{ .
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f_hese’ data are further subdivided by ability group the
effects of physical materials become eyident.

Table: 14 reveals that: the phys{";al presentation of
the problem does not greatly affect the us¢ of the symmetry

heuristic at the medium and high ubiljty levels. A great

‘difference is seen, however, at the low ability 1eve1.

Whereas no student of low ability employed the strategy

. . Y
of symmetry while attempting the problem nonphysically, all

‘four of this class used it.either alone or ‘in combination

with random in the physical presentation. This seems to

indicate that for the low ability students sampled the

introduction of physical materials was ah asset in enabling

them to utilize the symmetry heuristic.

“a TABLE 14 %

Use of in the bl as Related to
111ty Gxoupl, and Pz‘e.!entntl.on of Problel 4

o Physical . _ Nonphysical
Ability Level P ion

Medium 3 . 3w 2

High 4 . ),

e
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This concludes the analysis of the data with
respect to the first three questions. An analysis of the

protocols ind that the on'of total datal_

gives limited information. There are other relevant and
crucial factors concerning the thought processes used by
students that need more indepth consideration.

Analysis is required that serves to answer such

" vital questions as: What general patterrs are observed in
© ¢ S
the ‘protocols of students? Do these differ by ability .

'levels? How does the presentation of materials affect 2

patterns, if at all? Are there patterns in' the behaviors
exhibited by students immediately after reading a problem?
These and other interesting questions are the subject of

careful examination and analysis in the following bection:

Specific reference'to Appendix G will provide additional

information.

Question 4: .Is there any “order" in which
~ ‘students tend to utilize heur—
istic strategies and core

procedures?
%
Algebraic Problem ] i
" 'Dif ixr of can be obsexved

" by analyzing the graphs for various problems and levels.

OnQ such pat:em involves the systematic sxamsnatum of

cases approach. For the purpose of discuusion, fJ'.tee

_ stages of systematization were identified from the protocols:
7 5 =

’

;
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Level One when uséd

‘from a previcus trial to systematically adjust one aspect
of the problen--the money of the coins--but had difficulty
in considering the two together. For example, a studem:.k
selected the. following nunber of each coin: 4 quarters,

4 ainds, and 8 m.ckels,' He computed the value and dis-
covered he had too much money. He decided tis wednde te
dimes by 2, leaving him with the correct money. No con-
sideration was given tG the coins fof the original 16 was
now reduced to.14, whereas the problem required a total 6f

19.. . Though systematd

zation occurred, it was{ limited to
one’ aspect of tI 4 .
Level Two involved sysdematically considering the.
SO PR Y FETEVARE 5 L% MEaes of .coins. ‘The
student was unable, however, to carry this procedure through
6 thé ‘end result. For example, consider the following
segiones e BocwEke during the problem-solving procedure:
One student cnnsxdered 1 quarter, 13 dimes, and 1 nx.ckel
w’kuch he computed to total the exact amount of money
involved. . He realized’that he' had emly 15 coins‘so he -
proceeded to adjust the coins by an exchange procedure.
This ‘snabled him to_ increase the coins but to leave the
money constant. He now had 1 quarter;:«1l dimes, and 5 !
nickels which totalfed’17-coins, He was unable to continue
{:his pattern and left this systematic trend to investigate

10 @imés and 12 nickels.
. < : ,

Uirtsanirtiostemra e
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Level Three was an extension of the previous one

for studdnts were now able to extend their thought processes

m a. systematic fashion to the final conclusion. For

example, consider the followan sequence: A student has

reached the point where he is investigating whether 3

| v ! 4 .
quarters, 3 dimes, and 11 nickels is the correct solution.

He calculated the mofiey to be $1.60 but the coins to be
only 17.". He decided that a simple exchange of one dime for
two nickels will increase the number of coins without

changing the monty value. This left him with 3 quarters,

2 dimes, and 13 nickeld totalling 18 coins. He proceeded

with the previous procedure for even exchange and arrived

at a correct solution of 3 quarters, .l dime, ‘and 15 nickels

' wmch met both the. money and coxn criteria.

! © All three of these classxf;canons occurred through-
out the coded protocols with varied degress of frequency
related to’ ab:.lxcy qroupmgs. Levels two and threg were
most predominant among meditim ‘and high ability groups.

This suggests that these students are better able to extend

.their thought processes to concentratée on more than one

aspect -of a problem. .While there is evidence of systematic

cases among all three ability levels; it appears that it

is not the occurrence of systematization but the leyel at

which it 15 used that must'be considered. ' ”
*'Table 15 illustrates the relation betsween using -

systematic cases and obtaining a correct solution. There




N

are no differences in the number of students using system—-

am cases among’ the: levels but an increase is evidenced

n the number of students who obtamed a cofrectlsolution
by employing this heuristic--two for the: low ability group
as coripared to seven for the High ability.. This supports
‘che idea that it is not only the occurrence ‘of systematlc
cases but ‘the level of ‘systematization ubed that is

| /
importan: N

TABLE 15 ..,

Correct Snlutians/ as Related to Use of systematlc Cases:.
and Ability Levels

. Numbe: .+ Number o: 3
5 Students Usi‘ng . Students Obtaining
Ability Level Systemtic Cases Correct Solution:
Low 5 2
. hedium -/ 6 3 &
High .8 B 7

With reference also to systematic cases it is

significant to note. the developed by

once
thiey have’ fefined the).r problem-sclvxng procedure. F:Lgure

5 ‘provides aidanse. ror ke hentietion KHAL 6a

become ‘systematit in. their 1 1ving , they
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are inclined to continue in this vein even,after brehks
© in the thought process for checking part, -incorrect
solution or rétracing steps.' The figure illustrates the
coded protocols of ihted students. These students bégan
<their problem-solving processes by attempting an algorithm
‘or guessing an answer. They eventually refined their
brocedure to an examination of systematic cases. It was.
fotnd that stadents Who entered.a-trend of systematic
cases, even though they may break the ;:hcughr. pattern
for checking, rereading or Tequesting clarification of

terms, generally returned to a systématized approach

ing any i jon gained into their next
- -effort. This pattern was most pronounced for the high
ability students and for the medium ability group in:the
nonphysical setting.  There were students who wavered
f£rom this pattérn by becoming systematic bit later aborting
it in favor of a random cases approach or an algorithm. '
These were generally low ability students who foze
accidently ghan pprgosély beye systematic at all (see
 Figure 6). .
The pattern in checking solution is also relevant
‘to this discussion. Low ability students tended to limit,
their checking procedure. Generally it followed the
,obtavinin_g of a .correct solution. Low ability students

also halted their strategies very infrequently to check

|
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_algebr physical probl 1 ng checking

solution or part of solution with systematic cases in-a

conipl y fashion with ability levels and

was most dominant at the high ability level with the non-

physical problem.

. Geometric Problem / . R
Patterns in groups was -difficult to establish due
to’a lack of varied strategies used. From viewing the |
videotapes, it was obseérved t:.hatlthe:e was more activity -
in all ‘groups when materials ‘weite presented. ‘Students
seemed more apt to‘axp'erimn: with ideas when cbjects:could
vl manipulated; Eoriexanple, 4 talent PreseHtGIVILE
‘materials who felt that the bottom two ‘circlés should move

o
0 '\
0 -0 |
o 0~

to the first row like this -

i

| . would physically move them, evaluate this idea and decide

on his next move. Students who were presented the problem

) ‘nonphysicany tended to be inhibited about the illustration’ '

of ideas. % If, for example, a student sensed. that the top

three circles belonged dt the bottom

i
E
|




he often simply looked at the given diagram and performed °

no.action. When the researcher” inguired about his line of

thousght; he verbally explained his approach bit did not

i1 it.. Some s felt i and
énly diagrams they thought were correct. ,

From the graphs of the coded behaviors, it is
significant to ‘note that low ability students seemed to
continue attempting to solve a problem in a constant
procedure until they had reached a solution. They-then

décided on its correctness and if incorrect théy would

resort to a'random approach. This was especially true for

the physical presentation. The medium and high-ability
groups would experiment with ideas bit appeared to be
ablg to envision where Ehis would lead them. - This would
gxur;ote/a éha;xga in procedure without having to continue
until a solution was found.’

Symmetry was the key heuristic used in.the geometry

Two cepti of symmetry were evident in the
protocols. One involved the ‘student sensing the symmetrical
design of the structure and attempting to’answer. the *

question by reconstructing the pattern.  For example, the

original pattern y 53 3

4




> The ‘concept of flxatlon effect is also intexestinq

" o N
The other manifestation of symmetry involved a studen

sensing the symietrical pattern evolving around the i

|
i
|
corner- circles. A student would thus move.the indicated S ’
vircles ’ f

| The positioning of these c;rcles Was 6ften’ in ‘doubt by - Sueda ol

students. Of thé 16 students using symmetry the two per- e e
ceptions were"fairly equally divided. . ‘ il
With reference to the symmetry heuristic, it was s
noticed t:hat: every student. (13 in all) who nbtained the # . J
correct solution used symmetry, Furthermore, there we're
only thrée stu&ents who used symmetry and e unsuccessful '
in solvix(g the problem. AlL three of these sensed the
sylnmetry early in their attempt but weze unable §o ‘recon-

‘struct it to aid in ob«:axnmg ‘a correct ‘solution.

to note. Students seemed 'to have their ‘own method for -

attempting a pruhlem Y Once a pattern uns begun students

i, changes in stratégy:— .

follawed 3&: thxuugh without any major
This held true for both algebra and geometry in all three.
ability groups. i n

This fixation effect was also evident after oral

_ presentation of hints.  When students became confused or . ° .




Efustrated by lack of success in their approach, the
invesugator provxded a hmt. Genezally t.hese h:mg:s
£ailéd %olelioit any ‘heuristics difserent from the, “ones’ T
pgevmusly used. | There were three exceptions. Two people,
‘in a:;te_mp;;shg the algebza problem, changed their strategy
£rom an algorithmic approach to random cases. ;Ons of
thege latet incorporated syPtematl.c cases.’ In'the geometry
problem, one person who used only random cases before the,
hint-révised his strategy to random followed by symmetry.
2 The sypmetry heuristic had not been evident before. i
.| Purthermore, of greater importance is the fact
that.fio changes were ev;i:d?x;t in sequencing patterns of * - .

heuri. lti:: strategies as a result. of the presentation of !

the h)nts.
The reasons. for the zneffecnveness of the hints
can only be speculated. Firstly,. the anewer may be the

i lack of sxparignce with, this" approach. ‘students vho ware

not exposed- to' bemqhasked thought-provokxng quesnons ) .
duri{zg their problem attsmp\t ndy have £ound e uints, J :

1ntezruptive and_w fitable.  Sécondly, nay have

not been’ a_ble ‘to ingorporate the answer to the hint in the

solution € the origimal probléem. Even students. yhio' could N
- ansver: the hint quéestion correctly were unable to relate

this to their problem gieﬁnior‘..j For example, a gt.uaent_'

who used, the algorithm 19J1.60, for the algebra problem -

solyed the sil;!plifie_d hint rising ranfon ‘and systeénatic’




"among high ability students. Fhia axécnchmic npect.xg

PR R

céses‘n@ returned to an algorithm for the original
problen. . Thirdly, the hints themselves may. not. have
encouraged the utilizatisn of varipus strategies. Hints ;
of another type may have proved more beneficial. Fourthly,

the timing of the presentation of the hints may have' been

iate.” The her had ‘to judge when to| give

the hints. It was often difficult to decide if students

had ‘exhausted all ideas or ifithey were internally applying
a strategy. For example, a Student might have appearéd &
be simply louki.nq at the diagram of the circles with no
_strategy under consideration aid thus the fesearcher
prov\ded a hint.. The student may, however, have been
deciding on the results of a particular move without

physically exhibiting any behavior.. The hint may have,

. interfered with his thought process.’ Given at another time

it might jhave proven. more beneficial.

Students' initial :e‘acuon to a pt}b{em immediately -
after reading it is Lnte:escmg to examine “in analyzmq
sequences of hehaudtg,exm.bicea in the solvlng of mnth-‘
e_matical px‘ublems. Tables 16 and 17-show. Che distr:.butxcn
of initial résponses by ability grow for algebra and
geometry pmbleme, respeetively.» Yo' major differences

occurred except for thg ahsence oF an, algorithmic appx'aach

worthy of further investigation.




T}\BLE 16

i . ’ Initial Response to the Algebra Problem by

ility Groups

*

Initial Responses

 problems elicit these responses.

‘Ability ‘
Group Aqurithm :Guessing" Random Cases. Deduction
! S '
i ) Low - 3 1 4 -
| :
] ¢ | Medium 3 "' L = 3
N High - 5 1 B
- ; i
8. ; = J ;J
- TABLE 17 o .
Initial Response .to the Geometry Problem
by Ability Groups
g ‘ ’ Initial Responses :
.- Ability . i .
Group ~'" Diagram* Randoi Symnetry
i % i ) ?
Low Eas % ° 3 & 3 2
' - Medium ' B 2 - - 37, = i
o) ¥ o0 W ;
3 High P | . > 4 ) o4 3 i
2 s : - - !
*The initial response for the phy;ical representation
follows "uses physical materials" and for the ncnphysical
» it follows draws first diagram as.the nlture of t!




.Although the algébra problem could not be solved
by application of an algorithm, three of the eight low
ability students selected it as their inItial approach. - -

One other chose to resort to an-algorithm in the latter

“stages. All three of the eight who began with an algonthm

returned to it later in their protocol. In the medxum

abi1ity grovp, Eour skudents, seldcted an aldord thuls

procedure. - Of these, three chose it early in their protocol !
and.one in a more advariced stage. Two,)students.' ‘both in

the phyucal setnng, decided to return to an algon:hm
again later in their process. Only two of ‘the. high ability

chose to use an algorithm a‘nd both of these. nccurx‘ed late”

“in the protocol after other procedures had led them to

incorrect solutions..  .° ;
This suggests that while 16w and medium ;bility
students tended to conceive of an algorithm as their initial
redction €o.this problem, high ability students seémsd to
realize that this was not'a realistic procedure but uti"l_ized
henristic stracegies instead. Some s(:\l_dente resorted to-

an algou:hmc, when £rs Ty essful

attempt.n b other procedures.

An analysiu of the use.of ‘a heur].stxc also reveals
that students who applied a heunstic m one particular
pmbl ‘aid not alwaya utilize it ‘in another problem.

It is roted that 21 of: the 24 people used systematic =~ .
cases in the¥1gebta px‘chlem whereas m)(: one used it in

'
[
|
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the.geometry one. This is s whkesmene Wit e Sindings
of Webh (1ﬁ75) that heuristics are problem-deﬁaenﬂent.

The roie of psrcept:on is seen as crucial in solving
the geometry- problem especially in the nonphyéieal mode .
_Students exp@len%d @ifficulty both in copying the given
diagram onto their carﬁboaxd and in v;auulxzmq what the
ansver would look like. ~Of the 24 students taped, eight
clearly exhibited difficulty with the visual aspects of the
problem. The majority of these vere low ability students.
Evidénce of this difficilty/couldbe séen by the miscon—
strued representa'tion. of gﬁe given triangle, for example,

¥ 0
o
“ - 0 (- %o

Other students were unable. to visialize either the probléem
i

‘or -the answer. One medium ‘ability student had a problem

placing the ciréles back.to their origlnal: position after

randomly moving them. He placed the circles in this manner

- (R , -

o 6.0 o o . o@ndsald,

"That's back in place.”. Thebe visual perception problems :

" must definitely affect any heuristic approach that the

student ‘might havé jconsidared. [ ) .
v . ] " Va >
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to t.he heuristic strategies utilized by the nnpled grade
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Nk CHAPTER V. :

SUMMARY AND CONCZ®EIONS
P g o £ = P B T . o L 3
The purpose ‘of this chapter is to summarize othé
| research ‘that was ¢onducted, l—n draw conclusions from the -

e ol analysis of the data’ and tB make recommendations for

“
\;lture research. o - $ 5 wme s
- ; .

. | Summary 5 - y

3 Tk

f Due to advances in Science and technolugy. mt.erest

S5 b B pxoblem-solvmg is increasing a\mong ‘educators in general
and mathematics educators in pfRkicular This interest is
2 ’ & -
. videnced by the National Cou;:xc'i}‘ of Teachers of Math- . _

matics dedication of their ‘1980 Yearbook to Prbblem-: olving

in school’ ics which “Polya's How To Solve

" It on its inside covers. ‘The ability to approach novel -

) _ . 'matHematical’ problems yith 4-set of strptegies is indeed
s an assét. . oeud . :
LI . Il
2 In gehools today emphasis on’ the development of

'mathematical sprategied is linited: Tt.is dot surprising
that many‘ students experience dai fficulty in attacklnq

mathemat:.cal problems as much of the lnathematl.ca in school

, is concerned with the agpllcatlan of alqo:ithms.

g, study’ was des:.gned to investigate ‘the .

4de ‘seven and eight ‘students actually




~
@

4o use in atteémpting to solve ndvel mathematical problems.
s \ ' The study sought answers to the four following questions.

1. wWithout specific training in-heuristics,
“4hat are the heuristic strategies employed
by grade seven and eight students when

solving novel mthematical problems?

s . .. 2. are there any differences in the heufistic
& . strategies utilized by the students of
B ©' ‘different abilities?

& ‘ 3. Aré-there any differences in the hguristic‘s . ¢ o o
- 2 utilized by students using physical faterials
| X and those not using them?

' 4. Is there any "order" in which students tend . !
to utilize neurisuc strategies and core
| procedures?

] _Investigations also involved other 1nterest1ng PR
aspects including the levels of systendtic cases; the -
~different aspects of symmetry and the ‘role of visual per- . - ‘. .|/

[ ception. . e Y g 2 s

B 5 The sample for the study cunslsted of 24 gtade seven
and ‘eight students enx‘ol‘-qd in an elemsntary school in the

subm:bs of the city! 'rhe nulber’ of students was dlvided

equally by grade level and ability, group—--log, medxum and . . L

. high--as ed by -the os

& .
A section of the’school had been set.up in advance .

tor « as an: area fcr conductinq the re!earch. Each student . )

individually came to this room to partake in the study.

-
P Here he was with a ical problem of the
4 i

J type--algebra with physical materials, -geometry without

materials or algebra without physical materials and geometry

E

with matérials. A maximum'of 15 minutes per problem was
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N

permitted. .When the cogrect solution was obtained or the

designated time had elapsed: (whichever came first), the
student was presented with a secondproblem of thé alternate
b & type to the first. Again a l5-minute restriction was

% . imposed. During; this problem-solving time the students'

Y “behaviors were videotaped by the investigator.
e . ’Follo\ung the udeotapmq sessions, the researcher A o
Pl atalysed This plotodals using a modified version of the

;odxpg system-used.by Blake (1976). K reliability check

" ‘on, both the heuristigs observed and the sequencing of

’ behaviors was’ Gted with the assi of a
: | “student in mathematics education. The coefficients were. )
! . . -found to be .87 and .77, respeftively. ; o J

. i Limitations ° o sy
The conclusions reached in this chapter must be
qualified and 1imitéd by ‘the sample 'size,’the problems
“selected and the data gathering techniques‘.
The sample for this study connisted of only 24
| i . students. This hmtad umple was necessary because of the
‘type of analysxs conducted. Care must be ;taken with general— x E
izations to' other than seventh and eighth graders. The =~
results also can only be generalized to students with ‘math- -
ematical hackqxoundl similar ‘to those bf the sub]ects used. uE
E ol The problems selected were &n ubvlolla Limitationi- .

* Each student was'asked to solve the same twg problems; . &




1

* Toted diring the coding procedure. .

80.

although the presentation of physical materials differed.

' -A student may have exhibited different heuristic strategies

had he been presented with a different set of problems.
The thinKing-aloud technique .is the source of another

limitation on the conclusiéns. By having students ‘think

- )
aloud as they attempt to solve problems, the researcher

gains a large amount of information ahout the processes
being used. However, there are periods when stu\ients'
thoughts are not verbalized and the think ing-aloud technique

provides no i - ng these

The use of videotaping equipment in the data
gathering process may also have effected the problem-solving
strategies of stoddnes and thus placed a limitation on the
results. It appeared that students in this study, after
b faiaia shlsntation m questioning, weke not disturbed

by the presence of the camera and other equipment.: This

possibility must be id d, however, .;Ln i

any conclusions.

Conclusions

pr ing beha

The most commonly utilized
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systematic onses;  Students tsed this strategy in various
degrees according to the ability groupings. ~High and medium
abiii;y students were better able to extend their thought
processes to concentrate on more :th‘an one aspect of a
problem in their systepagic approsch. low ability students

s " i |
who utilized cases were ble of centering . 3

Vit on only one aspect of the problem: It is concluded that

it-is not the occurrence of systematic cases alone in !

the problen-solving process but the manner to which it is

_utilized that is the cruciai factor.
| " oW ; -

Students of high ability also utilized the heur=-

. istics of analysis and deduction in. their problém-solving

strategy.

. _Consistency was evidenced among students who

employed systematic cases. Once a student began a systematic y

‘trend he continued in this fashion despite breaks for

chétking and. zerending: bt
- Heuristic st:ategies did not differ greatly by

abilxty»g:oups While most students utilized examination

of cases, a linited pumber of the high abiliey students
incorpoxated the heuristics of amalysis and deduction in

their overall ‘iffe in

of attacking
problems were lenced between groups.  High ability
students utiliyed a strateqy that was planned and definiwe

The lower akility growps appeared to be searching ior a -

procedure to’ emjloy and usually engaged in Raphazard raibling,

T




Physical materials had a mixed effect on heuristic

depending on the problem situation and the

ability group involved. For the low ability students in

dving the algebra problen, physical materials were per- :
ceived to be of great assistance, while they tended £o be |

: . |
. a hindrance in the eliciting of heuristic strategies for |

the'high ability group. ' For the geometry problem, physical

materials did not proMote different heuristics but.they

aid increase the number of students employing the heuristic

c strategies. - A greater increase in'theuse of the symmetry .

. heuristic'was evidenced for the low ‘ability.group with the

‘physical materials .than: for-any other group: Physical Pk

Felited ts axparimenting with ideas

The procedure of - cjleckir@ or "looking back" was
fomnd to be an integral aspect’ of the strategy of high

ability students. = This aspect of a student's strategy’

decreased with levels of ability. L
Fixation was evidenced in the protocols of students. - -
They* €ixed their strategy on one idea and were unwilling

to change their approach even after the presentation of

- hints.

The algorithmic approach to a problem as the initial “

response was found to be used more oEten by 'low and mediun  _ -+
ability groups than by the higher ability students.
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etry heuristic was

significantly greater for the figh ability group. Students

different ways.

o Percepnon played a -vital role jinthe utilization ’

- by students of heuristic !trateqxes in the geometry problem.
Many students vere hindicspped by their visual perception .

g ‘  of the problem and this with their tical -
¢ -

strategies. - R By

‘Studénts® behavior in this 'study supported the . J
" belilef by some mathematics educators that heuristics are
problen-dependent . Students who Atilized a particular

heuristic strategy in one problen did not use u: in the

‘other problem. - -

Overall, the heuristic strategies utilized by low

\

and medium ability students were comparable. There are

AifFicul making  classification distinctions betgeen - . 17
" the ‘twsi  The high ibility grouw engagéa in heuristic = . - |-
‘procedires superior to the other qroups. The difference
lies in’ bcxth the approach to -a problem and the heuristic
strategies. eriployed during he.solution procedure with the A

qualu%' OF _the high ability betng distinct Erom the others. d




Recomendations for Future Reseaxch

The, focus of this study was the probla—solvmg‘
5 |

process. It is believed that 1f'success with probles—.

. solving is to ix tl}m it is 2 Yy to and
attempt to Y d the s use in solving
: hemdtical problems.: This carefully designed
“/ " resaxch. g 7 g

, One p: dxfﬂculty 1nv01v1nq such stud.ies on

process is thl ining“ the procadurnl \Ised.

“The method of dhta collection used in tMu study, was the -

ks ir -uloud' via

u i ping.  There exists

some controversy concerning Lhe reuabihty of t.his tecﬂmiq\m
(Roth, 19667 ‘Kilpatrluk, 1967;° Pl.aher:y, 1973‘ zalmhi,

- -1974) - Deuazchers ue com:erned abcue'
- I attalpt‘ptobl‘l diilerently Hhen alked to
“Furthet reseaxch is needed.to ve:uy the val.uucy of this

- procedure.

Research such as that condllct&‘by Webs (1915) has

i found heuristics to be pre ] ." . Future
should " fotus 0!\ studies on'a smihr nature to the pnsent
one with a dlftu:enc set of'problems. 'I.'hue nly pcnnibly Q
involve open—endad p:oblems to xnveutiqaéa -whethex

Lo Mewistios are slicited. . 0 L

| In r_hu utudy ‘students: wexe catagbtized a high,
* medium - and low ability. Only rtwo un—.mc grows. Sgened ¢
to enierge in

inves--




yzoblema -

tigate the differences mnsu—nuqus employéd by, those
claidified ag good' problém-solvars versus all othet math-
ematics students. = Y
An instructiohal aspect was not involved in this
study as 1t wis designid to observe the heuristics.being
used by seventh-and eighth graders without specific =
heuristic training, The next step is to undertake research
which would includé instruction in heuristics to determine
if this would increase the use of heuristics. The format '
of the stiidy-conidl invelve = taping wassion ofiatidests
s0lving selected problems and an analysis of the results.
This would be, followed by an instructioral phase in which
students ‘could be taught heuristics through working probleins
with the guidance of the'researcher. A unit of heuristics
oould be daveleped foiiise at a particular grade level. .
Two approaches are possible for.this instructional
package. Students could be exposed to a wide range of

different ies to i student's pre ing

“ability in general. An alternate approach would involve

the teaching of a few heuristics.to a group of students.
Research could examine whether students can be taught to
use these specific heuristics in solving a wide rangé of

- This study 1nvolved an analysis of heuristic.

and - the of behaviors utilized to
solve mathematical problems. The study used a graphical

58
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structure of toded behaviors to give the researcher a .

. visual Sn of and This

procedure though tedious to construct proved.to be most
beneficial in the la'nalysim The unalysxs of sequencing -

of behaviors provlderl new insights into the pattern students
used to approach problems.  Further research on sequencan

and pattern styles needs to be undertaken. » Do
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Problems Used in the Pilot:

ot T el

SR
3 o 3




|\ p s o 93

Problems Usef in the Pilot 2 . 3

1. John got $1.60 a wéek for his allowance. This week
his mother paid him 19 coins. He got nickels, dimes

- | and quarters. Show how many of each coin he gould
’ ! have gotten. . % .

|
|

4 3 2. - A younger btother said to_ths older, “Give ia B
] .walnuts and then we will each have the same number."
£ . “But the nlder brother said .to the younger, "Give
s me 8 walnutn and then I will have twice as many as i .
| . you :
How mmy wulnut! aid each have?

3. There are 4 people in a room. Everyone shook hands
| .with everyone else once. How many handshakes, were

there?

If there were 5 people in the room, how many hand-

shakes would there’ - - b

If there were 8 peoplg in the room, how many hand- = * 3 \
, - shakes would there be?

- 4.- A fireman stood on the middle step of a ladder,
. @irecting water into a burning building. As the
'd 5 smoke gets less, he climbed up three steps and. - \
: continued his work. -The fire got worse, so he had
i © ! to-go down five steps. Later he climbed up the last
six steps and was at the top Of the ladder. How
| many steps are there?

S B . 5. Five boxes are arranged in a row. The red one is >
¢ . nextmthahlueon,thegeaniunaxttathe o ) 5
£ | .yellow, the purple is next to the red one and the - W {
. blue is next to the green one. Which.pox is. in the
* middle? (8tudents ‘axe given the blocks) A

i

t

1 N

i .‘ Subjects are given a ruled piece of cardboard -(25cm

' . - by 25cm), divided into 25 congruent squares. Find 5 -
i 3 the total number of rectangles on this board. - . P

t 4 bl . . $ e A
< - -

\ . b, » u ‘
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K

10.

i

Can you move threa circles

upside down

and turn the triangle

i‘: are some rabbits and some cages. When:

t is put in each cage,
‘age. When two rabbits are put in each cage,

are two empty ca

on
one rabbit will have no

How many rabbits’ and ‘how many cagés are there?"

-\

1

21

1331

14

64,17

. ] 1510- = - T
Find the sun of the elements in the 50th row.

Find the ‘maximum ‘possible aréa of a rectangle with
a perimeter of 24 centimeters.

Use the numerals 1-8 once to f£ill in the small
squares such that no' two numbers that follow in

order (such as 4,5) are in the squares that touch.

there

(Given a geoboard)-

94
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* peduction

Reudiixg problenm.
Request definition of Eerms
Draw diagram ' S

Hodi £y. dlagran

Use physical materials’
Algorithm--Arithmetic
Guessing

Smoothing .

\ .
. Analysis

“Templation
Cases (all)’
Cases  (random) 0|

Cases )

Looks for a patfe

: Cases (critical)

‘Cases. (sequential) -

Inverse deduction

Invariation L

* analogy

spmetry
Obtain. solution, (correct)
Obtain solution (incorrect)
" Uncodable i :

Work stopped (s;}'n)

Work stopped (no Sol'n)
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L John ‘réceive s1 so a week for his allowance.  This -
.week his mother paid him .19 coins.’ He got nickels, . -~ '*
Y 7. aimes .and quazte:s. stiow. i

s, any of each:he could e
. 2 . have.gotten. - DT = ;

g ; . ~
5 R _ physical P{esgntatinx:n Students were given ) : y
i gesh R TRE \ “cardboard circles of * - 3 S
< % differing sizes to
- represent nickels,
‘ . . dimes and quaxteta. >
AR
H . O -
1 : # 4
: Show how- you ceuld mve three ‘circles zmd tu:n the
= 5 . triangle upside a
. wai : - : )
S = < T - - .
- T . o
B . i . + 0 o o
: . Ve Q ‘0 o .
‘ " * x i, S t ) it
» Physical Presentation:  Students were given
J 3 hakL

: L - red plastic circles: : :







COBING SHEET

Tape ¢

Student Level

‘Draw diagram

Counter ¥ . Student Grade __-
Problem - . < :

Reading problen 8 L

Request of terms’

Recall same problem

Recall related problem

Recall problem type

Recall related fact

Modify diagram

Identify variable)

Algoritha-Algebrali
A A% :

Use physical macedials

Guessing s

Smooening 1 il

Analysis L

Cases (all) B

Cases (random)

cases

Looks, for a“pattern’.

Cases.(critical)

Cases )

Deduction

Inverse deduction

Obtain solution (correct)
Obtain solution (i

Checking part

Checking solution .

by subst. in equation

by retracing steps

by isel

uncodable 3 .

Exp._concern-ethod

Exp. concern-Algorithm

Exp.

Exp.

Work stopped (sol'n.)

Work stopped (no _sol'n.)

1
i



APPENDIX B~ «

Problen-Hints




i

Support you had "45¢ and six coins, how many nickels

and dimes could you have? -

Geometry Problem

1) What will the trianqle look like after’you
have solved the problem?

. 2). Can you see any row that ‘mig}:t: remain the
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" Interview Questions




Interview Questions
TR BT gt

(b) ' Circles problem

solve:

Name . Grade: ' Level:
% ey g E
‘1. What were you thinking about as you tried to
) ogindprobim: &, ¢ o




PRSI

3. Do you consider (a) coins and (b) circles” px'oblemﬂ
o be mathematics g

‘problems?  Why or why not

4 o
After reudan tha pzoblem, what thoughts hzn—. come
to mind when'you attempt to solve a problem in

mathenatics? b : A
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