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) The- ldn ubJact “of this ﬂus{s is tu study flxed point thm—s for

s ; 7
. nefned contraction -.ppxw h- mrs.c n\d xmnlhed -mu Apll:es. s

Bum:l;'s' action Pri ‘j

1 the b5 ning, we have
A tontuctmn nppmg uf a complete utnc splce into -itself hn a unique’

2 fl)pgl\pulnt". mgetnq \dth_i{s various gereralizations x"\nemc spaces
- RN 1 Bt e &
e Tho‘n" the 'i:emed. cun:mnmi mapping, < . ’ L

R i "dcrx ™ < kd(xth)', }’" all A

o R

nnd fur some :ot\stant k. 0K ¥ 1" Has_ beén: considbred:’ ‘We'haye ’ﬂivén‘ s 3

:r.. Atexated tre ," "An iterated o

etric Space, into, tself his o fixed pemn by fullnﬁnptha pmedure oi

tht Banach C{ntractinn l’ri’n:ipl:. nen genenliuLmns of t)m uented
: ', contraction principle have been given in netric .splces. [unted contrutive

x,)c'.

i hppinzs. AT < 4, TR, for'anlx, A€ (d), X 4 Ix, T
5 and' iterated mne:q.\anlee llppin]!. vd(Tx, THR). < d(x Tx),  for all. x,°
S1x € c8 a),

i ’» x",' 'luva also been cnmxdend hnefly in letrxc spaces. -







-?f succqssm lpproxxmatnms, it reads as follows:

- integral equations “have'a uniqué’ solulinn, mach's pr,mc;pna has' received

¥ and nakm}; (1962;. This cantraczmn mnppi principle has also béen

' which 15_]:54\1:1 on nonunear
" the- cnncept of majouzmg sequences. ¢ sequam:a (x } in-a metric space

%15 sald to be najortiéd by a real: non-néative sequence e ) 1f

R ,L. Introdu:t n ot Nk

. . - " i * . - i
Exxstenca 'éfe:f:ms in Analysis f)rs!/apyf.kred i tie mnetoemh
cencury md sh\ce then have Feceived much” u:enzmg, ’I’hese theorpms

wexp conszdered far sone t;ma by mat‘neﬂaticims ‘such as c»uchy{ Pidard,

for contract{gn‘mppmgs. The prmciple is called Bunnch's Contracnan

Ptmciple md is based on-a geometric interpz‘etatmn af Pmard's lﬂethod

o cone¥action map}?)ng of a cemprte mettlt Sace .t ito itself hab e

‘uniaus ‘Eied poiner, W

1,
Because of its usefulness n proviig ¢ that cértain dlfferel\t‘nl and

hiich conssdemxen. Extenslons o’ n.hnve been givén by varicus mmemm;‘»‘

extended: to genemuea metric “spaces by nm aNd Margolis mss) L

EdeJ{stem <m54), Luxemburg (1998) Margblis a 6[8), anﬂnManna(lgéj]

In'1963, Rheinbolde mtroducad a.forn of conmmon mapping that

he ‘cnlled an xterated' :ontracfmn mapping. He uses «:hxs ytype of mappmg &

*to genernlize and ex.tend known results as well as ‘to obtain nbw, rssults
for nonlmear opemtor equnubns in nmnericnl nmz!lysis Usmg this
concept, “he haé‘gwan a general canvergence theory; for iterative processés}

b

estimtes fdr he iteratmn £ nctmn and on "




the stu&y of nerauve pmcesses io

nx'der dz.fferem:e equatmn. J«f x .are d:ﬂned ‘by. the procass

=1, z; e L:hen mjmzmg sequen es, ‘can be construc\\.bd

n-l.’.

“ by ‘solving a'di

Gz
q < R\ - R! is nungenstxve and 1sotone m Q

fference equﬂ,mn “of 'the form. t ‘-:t = “‘n -

equbtions of the om ’rx

uumerg,ca; chnsques for solvlng the equa‘ fon" ’l‘x 00

by "'”‘)’v thenat ins, "and qna ‘of che nost cem
techmquas is Newton's method 7 l g

x =Q« -J(Tl(xn_ll) v

il ') »2,"..,-*

of hnear uperator! B, msmd o - B(x ) &

8 -Txn "7-1 1 ‘B WL -" ek
8 resul:s,‘fur fons. of the form' (1), @ 'ind () have-

i)

been derivud by Bntle (l

Jss), SirTsraod (1965.4 es) fsyr i %3, Kant-




lnd concludé rm 'ms :m !tming fron t}ﬂ\xc the dedntes canverge

‘to a somton “Eest u-‘;m of !hu ¢lass sre (ha?uue
3 fiomthe

I!lnnch thanam nnd thp N

'!hls theory. Moreoves.




CHAPI‘EE I
Concractmn Muggings and Related- Resuus 4

* orns and to dxscuss sdné’ of the uell known theorems cf cnntractxon.

|

contractive amdmon expansive msppnjgs of & metnc,spnce uu:o itself.

T g g S . . g

N ¢
(1) d(l,)’) 204

)/ d(x,y) bl 0 if-fand only

e
\La‘u) dex; i:) = a(y, ). s my@}neuyj i ’
O L R

Properl’.y (w) 5 referred tu ns ‘the xriangu inequnlxt‘y

The set x With metnc Ls cungd,a metrlc space nnd xs d:nof.ed

hy che pxu‘ X, d] Usunlly the metric spnce is. reprasen(ed by. X wm; 3
< )

d undersmpd. Tl

‘ o B g e i
Bxampke” (1 1.1) 116t A bo any arbitsasy ‘set and consider fhe fmc‘] on

7{&)’)-

where, X,y €x

Propercxes W (;v) are easuy satisﬂsd‘ This particular meteic 15

culled the trivhl namc. - A o i

s

si




d(xx =

~y| . the usual uemc. . .ye X,
“Properties (1) -/ (iv) cdn again be easily verified. : ]
Definition:[1.1.2] 18 pmperty (u) wl" deflnx!ion a. D is reM by |

DY AGY) =0 xsh then x,d) 15 called a pseudo-wuc

or semi-metric space.

: Exﬁgu (1.1.3) et X +R2 and 1;: the Function - d be defined hy

AR = x -le vhere P = Lx-.vgand Q= (2a2)s o

If we take two poinfs R,S. (say) with the Same écoordimge but differenf
; < 1)

y-coordinates; we hav o ; 3 ,
CoARS) = el 0 where "B x (xy,ypand S F (Kpayp), -

Yo
. Hu/wever,_ K4S,

x § SRR L o o
Definition [1 1 3 X sequence - (x} in a metric space X is-said to

cunvéxge to.a point | x belonging to X, if givenan '¢3'0,. there exists::

S TR %
a positive integer" N, such that for all m”> N,
y L

we have -, 3 Sy . [
dex0 < e or lia d(xn.x] =0 of x vx.as n .

It can be-easily proved zm a convergent sequence has 3 unique linit;

o
prupok‘ues-(ii) and (1v) oflbeﬁninon (e 6 5 a g ) E . 58

) P :
that is,- if Xy *'x‘ nnd X > Vg then . X ‘nyo S  prove: this we use

Bxample (114) Lot X = [0,1] (und let (x }'s (—) 'T‘h_e sequence (;f,;)"

cunverges to .0 helongul[ o [0 1],

?




- 3 - o,
Definition [1.1.4]° Asequence” {x}. of points of a metric space X is
called,a Cauchy sequerce if given dn € >0 thereexistsa posmve

integer N, o iy 7 such that for-all n,niN_ue have  « "7

n

aL % )(< elor Ulimd(x ,x) =
ST S e T

Remark! . A tonvergent sequence ‘is alyglys a Cauchy sequence.

Proof: - For a'giyen ¢ > 0, there exfist. n,n.> N Such that T
; N .
Nk %
dexgin) < 5 e dlxn e 5 2 Nl ey .
X .. . ., 5§ (' % .
< Al R Tk b ey
dy. Shaerdsigie intquilits v have S S P
d(xn,x“) < d(x0 od(x,x) B g Lo e e 3

Hence: {x Yisg Cuuchy seqience. .
.P

However, a Cauchy_sequence need not alwaysconverge.

: 3 'l 0
ke > . P
Example @.Y.5) Let.X = (0,1);. d(x,y) = |x - y| forall x,y€X. = . i . & L
The ‘sequence (-.l;) VA= I8, i m\y seen to be a Cauchy sequence »
' % N >

< 0 : \

which does: not converge, in' X.

Deﬂnmon 11,57 A metric spase/X” is Said to be Complete if every |
/

Cauchy sequence. in X convargés toa pomt LI SO T g
RS
_axamgl¥_’ (1 s)’ X's [0,1] - is Eymglete; X

Definition: [171,6] Let .T"'be'a mapping of a set X intoitself,. A point

e
(9‘11 "is ot complete.’ -

Xy €X is called a fixed point of ¥ if Ty 2%, tMETS, a fixed point




7716t T ¢ [o 1]‘

: 'hef‘ix'.mo.i i1 ]' ;n Amppmg T ufnmatﬁ.c spucu X

d(’l‘x,’iy) < kd(x,y)' for-all yt X




N o b 'gu‘eﬁ and m xa him‘

x)\sts‘e nnd T84 continunus "atix










.. Remark. . ‘Bath c3ndmons oF the: previuus theurem are necessn'y, a8 cai e

“'seen W@ £ lluwmg axsmples. o

W 1] (0,11, idofined by, T = B Y contrscci&h mapping;

Hnwever, since Xiz (o 1]i\xs ot cumplete,

“?’ TaRYR L

» defined, by T = Zx + 1‘ is nm:

E (121)
(&3] T}[DI]*

Since (0,113 gnpt’eée, "‘

'R'euiark. i} apsendévmétric spacey -X- (aven i i

M principle has bean generahzed in'various o

ways. The folum ng; T sult » due m Chu, zmd Diaz. [15], f-e warch menuomng. 5
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m:d point, We state the then em. and, give @ pmaf du tc Sing

whicL is sinyler th
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alf T
K :'b'ld(;!.ﬂ;l), sirice -
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T However, T h

“Thyoren 1, 11]! (arowder) Let’ M. De ' bounded subset'of a’complete

- metric: space | X, ‘and m e, hf unifornly ‘contiiious mﬁl{pm of N

’ xnto Ltsnlf, S\rppose thgre exists a" pos:t)ve nteger m aﬁd a manotnne

T funcmm ‘l(r) for T3 0 wi.th w cont:nuous on‘'the Tight such. that .*

(1‘] “r fnr Il

0 whxla fbr ill x,

m mel'f‘ then X !

is. the umqne fzxed po:

_1~ : tric space ‘X 'into;

ts easy to see thnt a com;ractxve mnppxng s’ cmtinuous. e

Remark. ' It

xed pam  then this fixed 5



ISR SR ok SRS




- Remig k. Alsispler prigf ‘than that
231.8 % .

‘xo € X, has'a convergent‘ subsequem:e

i skt et s T Bk

#

»

Ren\uk £0f. cuursa, T .»x-» % shere X i3 a compact Betric space and

1 s\ contractive mppxng, then T hu a umque figed pm:

“the ct;ntxactxve nmapping.” -

for an)"

(1' x) in K 'l'hen T hasa_‘

e

: -
© Edolstein’ [‘zn] asi also msmma "umfamuecl" Laéalversion of

=R g

Definition [1.3.3] ‘A mnppi.ng‘ o fram a métric’ space:: X . into-

*cas led e-contractive if there existsan. ¢ 0. sucn that .
1

2 d[x,y) <e m.pims d('rx,'ry) < d(x.y) " x.y€ X
A

Thsarem [1 3 4]» ‘Let x he a metria space .and 15: T. be an

mappinz of X mto 1(sal£ su/.:h ﬂm the sequence of xterntes

any %, €%, hasa subsequence I 1) corvergent 1n>*‘

itself is

e

e-Contract

g, o




"“*“"“”""‘“WM

Then "% = u. 5 is bp.rxoua poist; that s, thero exists a pomm

me,er x e ‘r“(x) =% ; o]

- , S
- i 4 " Remark. .If '[}.3.5] “is “local
) vcrs_it_u"n,.wch'a's DeeTA .- g

cor 5 bR Xk Szae(2)) - dmplies .d(Tx;Ty) < 4Gy,




i - An’extension uf Belstein's Theom [m z]"m been ziven by llxlcy

R e e SRS :

=
Theore- [:3. 6 ,If T is a r.ontinums umind aE a :u-p-:t letﬂc spm:e

X into itself and 0 < d(x,y) ilphes nm _there’ s n(x,y) er
{the pasitive, integers) such that | !

e Fa ""‘vd('l'nx‘ry)<d(x,y) :

:hm T lus a uniqua fixed poin

N ; < .
" . mapping-of. :X - into_itself. . If’ T is a ueuny un{fmlyutrict ol nttnn

<, llwre’:x,-;l 'r“xo. for any. x,€ J;..

theri T has'& unique fixed point
b e ednl s B, v PRl BE NG
"Edelstein's Corollary’ [1,3.3] follows ‘fromzhis result:




(1) nonéxpmsm if,
d(TX,Ty) < d(x.Y),

-nnnexpansxva

4 Eii,)

fota allk. x




Definition 3] - A sequence - {x;

(3) “An isometric sequence if -

d('&';x ¥ o d(x‘;".xn"i_).‘ for'anl

.x)=dlx ks £

i P,
€. x| is—s-id to anantu such an Asometric,




X "be doricted by s(v), vhere




g




lass af itera' Ve processes LTh: s»tl\sot)f reduc

183; nyran' [lz],“'l(xngorl_)vicrv\:uﬂ], 129] Unega anid Rhemboldt {3

u ‘ia__eJl




i % a5 sehe
‘Hehc;z‘,'khc" 'b:;'lat's‘,
"Eél.\.tt tions

thed;

5 i i,
htract ions, which'we

“1is a contraction

i Then_ by ‘the ‘definition pf. T










Thwﬁ‘ that. T 7is'»

oW givé dn. exanple ‘of

ing! is an exanple

having fixed points. but 7

L Riso. x=%— is'not s £ixed point.of













ol . ®=0 if xefo,) P . Co

=3t ke B .

We note thats X = [0,1] is cnmplete. T . is not com.inuuus, and T isan

‘ofa flxed point’ of\an lterated%mraction nappmg which is
mepo&k FRcgocaen n\érpyg;ymgm'gw
e S
S ¢

{4)" 1 is an’ iterated contraction mapping:of X "intd-itself}. | -

a positive integer T, and a.constant k,




X, Cand (b= (T‘x SE (r %) s the sequem:e of itesates of T,

“ We now havé to show thet oy g “also-a ﬂxed pom of. T

4o, m =A@ty ), stnee 1 5 y, L

=aertly L Yy~ for T y. frr""yg %
5 .

‘-’< ku(]"lyﬂ' ), for some Ky 0.

Therefm-e T has a flxed pnmt at

b i
ve'an example to shcw that ’l'hcorcm

* than Theorem [2.2,1]. © {7

Example (2.2:1) et T -be a.mapping of X = [0,




xf xe 0,3

mw' NS

i xe [z’ 11

Henée /TF, - for some: -t = 2,3,

0k

,(u) 1'5 is cnntimmus at {y, where .y

15, an rbitay pam in X



- Remark ), »/ﬁr 15 an itérated conth:twn, then. mdmon li) of ‘the
¥ .um theore- xs,ﬂn}s satist ed| as can u ‘seen from L\e pms “of l'heom




pplng of X mr
into 1:\” sich; that the follovi

‘ ..'_(ii)-'l_TK : i;;'mi‘.mwus_u



(X,T0: <8 '[x:"_rx), ““for aill", x,




e
dex

Znip- 1 nap)

“xn"p-l,"rx.mp-l_

+ 80

fgeorem'l[i,zic'] Let T sarid -
‘itself Such that ‘K. -has 4 Tigh

T (K
constant g

“an' itexated Contraétion mapping: it




like to give'the

to iterated contract:

/¥ contraction’ n’app‘ingS s






















: 95-1 g
W) s A S04y Rey) «

mpl )

oY M) b

isn .

i e a1 i

< ¥ S dx k) - .
R T-F % . s

-Since k< 2 the right hnml side tends td (8 as n ~tends to = .

Jience (x Y ‘is.a cauchy Sequence, and /sxm;e x is complete, (xni

5° 4. Hm‘t m

Lim Tixy = Tim g

Hence T;y <y= sz. Therefore. .y. i3 a. common £ixed point of Ty and. Ty,

kT 'r1 aud 'rz nre i, 43




‘Rempck.” 16 W try to extend famnari's theorén o one :h&: is' similar to
Theorem [2 2 11], ‘then we have the fnllouxng result or, and T2 are TWo
distinct mappings of 2 r:mnpletc metric space f into 1Lelf sach that, ;‘Dr
some constant &’ 0k« g, i all x, 'r,x Ty ¢x, wehave .

(i) dmx Tlex) < k[d(x 'r,x] * d(T,x Tlex)] A

et derax, mzx) < KT, + d(Tp%, T,T,x)]

u_\' and’ T, are con nuou! on X,
: nd |, Ty colpid :

Des: niunn [2 3. u ABapping T Jof & et




fixed point of T.

®

Proof: “Let x_ =Tt ‘.I'“xo‘,v nel 2w and x

g p;i,@ o{f b l

“Then we have. P




nf a‘metric spaus X u‘.m itselt (s .0

Y. potit




we i1l disciss dteratéd contraction mappingsiof & gereralized: .’ "

“ etric space’




“dn generahzed et

_enmll E




% 1 g 3
¢ distance function.'d 'is-called o generalized

The set ,x’

dlyiiya) s dgyh 1in ;;n> 4
: I TE D e




'hanged Thcrzfore, since Wé- T deahng witl cantracu ns,




#h







d(:“ xnu







" Theorem (3.2, 5].- et "X~ be ‘a generalized ‘conplete’metric. space,

*. the mapping: T'of: X into

1€ satisty: the Following Condition
ik e ‘

-exists g constant "k, 0’5
2 SRty

has Wl

ete metric space, and let
itg itself such that' T. ‘satisfies the following






% is an arbitrary point of ‘X and can‘be consideredas a point-of :h,e[
» sequence. - ) . 1 . N y * ‘

Then ther are two mutually exclusive possibilities: either,

(@) for every incéggr 2520, 1,270, onehas -

BTG TJ 1x R ulu.ch isathe sitemative ) ofN - i

‘L_ L

»

H :hu ccnclnsxan of. \‘.he theorem, or

() " for some’ xmeger §20,°1,2, ..., one has

d('l‘]x Tqu)(- -

e

'.‘.‘, snch that -

i= 6.1

*. intégers,

'.Then drrxo,-r’”xqu
= iy aals) ,'r“'zx ) _d(TIN‘x
T kd(-r"x

T-"x), 0<k<l. TR




other words, it has just been proved that if. n 15 any integer such that

n>.N, then I =

: dn"xo,'f"‘xo):x"‘"m";o'r"f‘xu) PPy

candany 2z =1, 2,

s xu.r" ,‘xoli
’

as. n- tends ‘to infinky.
Wl

sencs. mx lCam:hy Soquénce, .. Since, X s couplete, 7.7

u-'r"x Syex: (‘, it o .

a(u-r"x.nm'r"x)._' & Sl

Nﬂ" 40y, Ty

= d()'.y -0
.thexaiare 5

: than’ d(x Tx) G fnr i

il %, x € X, Hence con mn-' i) ‘of manx‘n s folds m an’



. excluded from the ‘statement. of T)\eore'm [£.5 2.7] and Bltsnuuve (B) gives. 7

SO0y “Theoren [3.2.3] is also a spacial case’oE Theorem [3 2.7,

g (B)}

‘us Theoreh [2 2. 11

Bécause, if ‘co

o (14) of Theoren" [s 2.3} 4s: added to ‘the’ s:awnen: nr

Theonin {3:2.7]; then altemative (A} of Theoren, [3.3.7] is. excludcd, S

nltn‘nutxve (s) gives, the cnn:lusmn of Theorem {32, 23]

@ ! one has ]

fixed



. When X 4 a, gl:neralued mat%c space, which is not necess«nly

comple(e. e may give :he fol owxng !‘esults i .

Theoten [3.2. 9] Let T " be & napping of ‘a generalized netric space X into

1tse1f sausfying the fnllnwx'

Ondltmns e i

1) Thcu exists a censtnnt k,- a < k <1, “such thn Eor au




! -~ . . '
5 ’l1|ns,, ssnce T is =vntunxms .. we bwve - :
e 3-uanceyxs-fsxedpo £ 3 L ! [ S
SR R © 2 . % SO R

- Fﬂrk. If X il'

ntﬂc space, then cund:tmn (i)('nf the abavn the{m
l-struz for all %7 nex

bec-us u.u-m-x”pm Ix'n()<- fox-u,'- ’

such tlut nﬁmovn' d(x, Tx) < c, qné has’i

"‘(m' Lét" xbean lrbitnry it i in x, For the sequerice of




5 ontinuous at ..

. fhen T has.a fixed pojnt at y.

The. proof follows. that of Thebrens {3
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