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Abstract

This Master thesis consists of four chapters, mainly considering the stability and bifurca-
tion in the systems of delay differential equations representing the neural network models
containing tri-neurons with time-delayed connections.

In Chapter 1, some background of neural networks and the motivation of this work are
briefly addressed.

In Chapter 2, we mainly show the stability analysis. By constructing Liapunov func-
tional, we obtain the global stability condition. Then we show the delay-independent and
delay-dependent conditions for local stability respectively.

In Chapter 3, we discuss the bifurcations. By using the center manifold theory and
normal form method, we propose the transcritical , pitchfork and Hopf bifurcation analysis.

In the last chapter, by using the global Hopf bifurcation result and high-dimensional
Bendixson’s criterion, we show that the local Hopf bifurcation can be extended globally

after certain critical values of delay.
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Chapter 1

INTRODUCTION

A neural network, which is a system of neurons, could be a piece of hardware, a computer,
an algorithm and so on [27]. In this thesis, we only consider the artificial neural network
(ANN) which is designed to model the way in which the brain performs a particular task or
function. Such a network is usually implemented by electronic components or simulated in
software on a digital computer. Mathematically, ANN is usually described by a system of
differential equations (continuous time) or difference equations (discrete time). For each
single neuron, the simple structure results in a simple mathematical equation. However,
when many simple neurons are connected to form a neural network, which results in a
system of coupled differential equations, the whole network could have very rich dynamics
and thus admit various applications [11, 16, 19, 22, 25, 30, 41, 42].

The first mathematical model of neural network was presented by McCulloch and Pitts
in 1943 [36], in which the network is described by the system of difference equations

zi(t+1)=s (Zwijxj(t)—Hi) , 1=1,2,...,n, (1.1)

j=1



where z; is the state variable associated with neuron 4, w;; represents the synaptic coupling
strengths between neurons j and 7, 6; is a threshold and the transfer function s(z) is the unit
step function. McCulloch and Pitts showed that such a network can carry out any logical
calculation and thus can be viewed as a kind of computer performing in parallel manner.
The theory and applications of neural networks have been greatly developed since Co-
hen and Grossberg’s paper [10] and Hopfield’s paper [28] were published in 1980s. In
[10], the well-known Cohen-Grossberg neural network model was described by a system
of ordinary differential equations
n
(1) = a;i(z:(t)) (bi(xi(t)) - Ztijsj(xj(t))) ,i=1,2,...,n (12)
j=1

In [28], Hopfield proposed the network by the following system
. zi(t) |« :
Cizi(t) = R, + ]Z:;wijsj(acj(t)) +Ji;, 1=1,2,...,n, (1.3)

which was implemented by electric circuits to fulfill various tasks such as linear program-
ming. Due to the promising potential for the tasks of classification, associative memory,
parallel computations, and their ability to solve difficult optimization problems, (1.2) and
(1.3) have attracted great attention from the scientific world. Various generalizations and
modifications of (1.2) and (1.3) have been proposed and studied. For the Hopfield neural
networks, see Bélair [2], Cao and Wu [7], Guan et al. [18], Hirsch [26], Lu [33], Matsuoka
[35], and van den Driessche and Zou [43]. While, for the Cohen-Grossberg type neural
networks, see Wang and Zou [45, 46, 47], and Ye et al. [56].

Since the finite speeds of the switching and transmission of signals in the network,
time delays do exist in the neural network and thus should be incorporated. More details

about introducing the time delay into the equations of neural network models can be found
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in Marcus and Westervelt [34], Myers [37] and Wu [52]. More details about how delay
affects the dynamics can be found in [1, 3, 8, 9, 15, 21, 32, 38, 39, 44, 49, 54, 58].
Marcus and Westervelt [34] first introduced a single delay into (1.3) and considered the

following system of delay differential equations
. z;(t) & .
C’ixi(t) = ——R,L_' + Zwi]‘Sj(CCj(t - 7')) +J;, 1=1,2,...,n. (1.4)
Jj=1

They discussed the model experimentally and numerically and presented that delay could
destroy stability and cause sustained oscillations. Eq. (1.3) has also been studied by Wu
[51], Wu and Zou [55]. Gopalsamy and He [17], van den Driessche and Zou [43] consid-
ered the generalized model with multiple delays
n
T;(t) = —biz;(t) + ZTUiij(xj(t -7+ Ji, 1=12,...,n
j=1
For system (1.2), Ye et al. [56] introduced delays by considering the following system of
delay differential equations
K n
#i(t) = —a;(z;(2)) (bi(xi(t)) =33 s (et - Tk))) ,i=1,2,...,n.
k=0 j=1

In [1] Baldi and Atiya considered a cyclical ring of neurons with delay interaction.
Later Campbell [4] generalized the model into a ring network where each element has two
time delays and investigated both the stability of the equilibrium and the bifurcation when
the stability is lost. In [40], Shayer and Campbell considered a network of a pair of neurons
with time-delayed connections between the neurons and time delayed feedback from each
neuron itself, and showed how time delays affect not only the stability of equilibrium but
also the bifurcation when the stability is lost. In [53}, Wu et al. studied the symmetric

network of tri-neurons with one time delay. In [5], Campbell et al. proposed the symmetric
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network of tri-neurons with two different delays. In [6], Campbell et al. considered the
cyclical ring of neurons with n = 4 when the delays in the communications between each
pair of adjacent neurons are identical. In [57], Yuan and Campbell generalized a ring of
identical elements with time delayed nearest neighbor coupling.

The global existence of the periodic solution to the mathematical models of population
dynamics has attracted much attention due to its theoretical and practical significance. We
know that periodic solutions can arise from the Hopf bifurcation in delay differential equa-
tions. However, these periodic solutions are generally local. Therefore, it is important to
extent the non-constant periodic solutions from local Hopf bifurcation globally. In [13],
Erbe et al. proposed the global Hopf bifurcation theorem with a purely topological argu-
ment. Later Krawcewicz [29] et al. first applied this global Hopf bifurcation theorem to
a neural functional differential equation. Thereafter, a lot of researchers have investigated
the global existence of periodic solutions for retarded functional differential equations, for
instance: Li and Muldowney [31], Wei and Li [48], Wei and Yuan [50], and Wu [51], etc.

In this thesis, we consider a Hopfield-type network of tri-neurons coupled in any possi-
ble way with identified connection strength. An architecture of such network can be shown
in Fig 1.1:

Mathematically, we have the following functional differential equations:

£1(t) = —z1(t) + af (@1(t — 75)) + a1289(z2(t — 7)) + a13Bg(zs(t — 7))
B2(t) = —2(t) + a2189(z1(t — 7)) + af (22t — 75)) + a2sBg(zs(t — 7)), (1.5)
T3(t) = —z3(t) + as189(z1(t — 7)) + az2Bg(22(t — 7)) + af (zs(t — 75))
where a;;, (i # ,1,7 = 1,2,3) has the value 1 or 0, depending whether the neurons ¢ and
j are connected or not; o, 8 € R denote the strength in self-connection and neighboring-
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Figure 1.1: The architecture of a network of tri-neurons

connection respectively; 7,5, 7, > 0 denote the delay in self-connection and neighboring-
connection respectively; Furthermore £, g are assumed adequately smooth, e.g. f, g € C3,
and satisfy the following condition:

(C1) £(0) = g(0) = 0, £'(0) = ¢(0) = 1, and —00 < liMysse0 f(x), 9(a) < 00.

(C2) f'(z) >0,¢'(z) >0forallz € R; zf"(z) < 0, 2zg"(z) < 0 forall z # 0.

The goal of this thesis is to investigate how time delays affect the dynamics of solutions
by studying the stability and the bifurcation of the model, and the existence of periodic
solutions. Accordingly, this thesis is organized as follows:

The next chapter is about the stability analysis. We show the global stability condition
with Liapunov functional. Then we obtain the delay-independent and delay-dependent
local stability condition. In Chapter 3, after using the center manifold theory and normal
form method, we have the transcritical, pitchfork and Hopf bifurcation analysis. In Chapter
4, the local Hopf bifurcation implies the global Hopf bifurcation after certain critical values

of delay.



Chapter 2

STABILITY ANALYSIS

2.1 Global Stability

We usually use the Liapunov second method to analyse the global stability. Following the

method in [57], we have the following theorem:

Theorem 2.1.1 If maxi<k<s Z] 17k —al’“—;ﬂl-|ﬂ| < 1 — |a|, then the trivial solution in

system (1.5) is globally asymptotically stable.

Proof: For system (1.5), we construct a liapunov function

V(z)(t Z )+ |a|Z f2 (z;(v)) dv

j=1 t—7s

w

+| 8| [(021 +a31)9%(21(v)) + (a12+0a32) 9% (22(v)) + (@13 + azs) g°(z3(v))] dv.

i—Tn



dv
|(1 5 =

Rewrite

where

IN

IA

2§:[$j(t)$g )]+ |06|Z FAz(2) = F2 =zt = 7))

+T/3;[(am + aal)(gz(ﬂh(t)) g*(z1(t = 7))

Harz+as2) (97 (22(t)) — 9% (@a(t ~ 7)) + (@13 +azs) (9 (23 (t)) — g*(z3(t—T0)))]

221 ()[—21(t) + af (31(t — 7)) + a1289(22(t — 7)) + a1389(z3(t — 7))]
+225(t)[~22(t) + an B (21 (t — 7)) + af (22(t = 7)) + a2sBg(w3(t — )]
+2$3( )=23(t) + anBg(z1(t — ) + asaBg(z2(t — 7)) + af(z3(t = 75))]
+i04|2[f2 23(8)) = (2t —75))]+1Bl[(az +aar) (97 (21 (2)) — g*(@1(t— 7))
+(012+asz)(g (xz(t)) G (@2(t=1a))) + (a13+a23) (6% (w3 (1)) — 9% (w3 (¢ — 7))
*‘22% + |alz 23 (8) + f2(5(t — )] + |Bllara (@1 () + 9% (a2t — 7))
+013(~’61(t)+9 (ws(t Tn)))+azl($z(t)+92(x1(t—Tn)))+a23(ivz( )+9*(z3(t—7a)))
+a31(x3( ) + g2 (21(t = 7)) + as2(25(2) + g (z2(t — 7)))]

+al Z (1) = £2(2(t = 7)) + |Bl[(az1 + an)(g* (21 (1)) — g*(21(t — 7))
+(012+032)(g (22(t)) = g (22(t = 7)) + (@13 a23) (9 (23 (2)) — 9 (23 (t—7n)))]

-2 Z 22(t) +|B|(a1223 () +a1323 (t) + a1 25 (t) + azsz3 (t) + as1 75 (t) +asz3 (1))

+|a|z:c + |af Zf2 z;(t)) + |8l (a2 + az1)g*(z1(¢))

+|ﬂ|(a12+a32)9 (2 )) +|Bl(a1s + a2s)g* (z3(t))



From the conditions (C1) and (C2), there exist p*,¢* € (0,1] such that p;(t) < p*,

q;(t) < ¢* (j =1,2,...,n). Thus we have

- <2 Zm +18](a1227 () + 01527 (t) + 62125 (t) + a2325(t) + a5125(t) + 0223 (1))

+|a| Zm?( + |a|p* Zx + |B8lg* (az + aa1)z3(t)
j=1
+18lq" (a12 + asz)z5(t ) + |Blg*(a13 + a23)73(t)
—(2-2|al - (a12+ 6134021 +aa1)|8]) 23 (t) — (2— 2|0| — (a12+a21 +a23+a32) | B]) 25(t)

—(2 — 2|a| — (a13 + ags + a3; + as2)|B]) 3 ()

If the given condition max;<x<3 Z?:u 4k (—al"—;ﬂﬁ| f| < 1 — || holds, then we have

Tlas <0
According to the liapunov second method, the trivial solution is globally asymptotically

stable. O

2.2 Absolutely Stable Condition for Local Stability

For a delay differential equation, the linearization of the system at its equilibrium point
gives us an exponential polynomial equation (a transcendental characteristic equation). We
know that the equilibrium point is stable if and only if all the eigenvalues of the exponential
polynomial equation have negative real parts, and unstable if and only if at least one root
has a positive real part. Thus, the bifurcation may take place when the real part of a certain
eigenvalue changes from negative to zero or to positive.

There is a possibility that if the coefficients of the exponential polynomial satisfy certain

conditions, the real parts of all eigenvalues remain negative for all values of the delay,
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then the corresponding delay differential system is said to be absolutely stable. A general

result in Hale et al. [21] states that a delay system is absolutely stable if and only if the

corresponding ODE system is asymptotically stable and the characteristic equation has no

purely imaginary roots.

At the trivial equilibrium, the linearization of system (1.5) is

w1 (t) = —ui(t) + oui(t — 75) + arBus(t — ) + a13Bus(t — )
Us(t) = —ua(t) + agfurlt — m) + aua(t — 75) + azsPus(t — ),
Ug(t) = —ug(t) + as1fus(t — ) + azaBua(t — 7n) + aus(t — 74)

and the corresponding characteristic equation is

A+1—ae™™  —qgfBe?™ —a13Pe™
det | —anfBe™  A4+1—ae ™ —agfe =0,
—ag fe ™ —apfe™ A+1—ae™m

ie.

2
=
>

(A +1— ae ™) — (a12a23a31 + a13a21a32) B3 ™

—(assass + a13as1 + a12a91) (A + 1 — ae™>™) %™ = 0,

2.1

To see the different connections among the three neurons more clearly, we separate Fig.

1.1 into several cases which are shown in Fig. 2.1 by the ‘form’ of characteristic equation

P(A)=0:

Case 1. a2 = A3 = Q9] = A3 = 431 = A32 = 1, which is studied in [5]

PiA) 2 A +1-ae™™ —28e7™][A+1— ae™™ + Be*™]* = 0.



B bodda:

Case 1 Case 2 Case 3 Case 4(1) Case 4(2)
Case 4(3 Case 4(4 Case 5 Case 6 Case 7

Figure 2.1: Tri-neurons with different connection about all cases
Case 2: Q12 = Q13 = Q91 = Q93 = U3z = 1, as;) = 0.

Pa(N) ED+1—ae "+ fe ] A+1—ae +2\/gﬁe‘”"][/\+1—ae—m_l_‘2;[§ge—m]=0.

Case 3: a13 = @03 = a31 = asp = 1, a12 = ag = 0, which is a chain.
PsO) 2 M+1—ae ] A+1—ae ™ +v/28e ] A+1—ae " =286V = 0. (2.2)

Case 4 (1). a2 = Q13 = Q93 = 4392 — 1,&21 = Q31 = 0.
Case 4 (2) 9] = Q93 = 431 = 432 = ].,0,12 = Q3 = 0.
Case 4 (3) 13 = Q93 = A39 = 1, 19 = Q91 = Ag1 = 0.

Case 4 (4) Qo3 == Q31 = Q33 = 1, 19 = Q13 = Q91 = 0.

B 2N +1 -4+ 1—ae™ — Be ™A+ 1 —ae™™ + fe*™] = 0.

10



Case 5: Q13 = Q91 = Q93 = 1,(112 = ag; = agg = 0.
PN 2D +1—ae™™P =0
Case 6: a13 = ag; = a3z = 1, a2 = a9z = az; = 0, which is studied in [4].

Ps(A) 2 [ M+1—ae? — Be ™[\ + (2 — 207 + fe~A™) )

+a2€_2)‘T‘ + ﬁ2e—-2)\'rn - aﬂe—ZA(n+Tn) — Qe s — ﬂe—)\rn + 1] =0.
Case 7: 13 = Q91 = Q93 = A32 = 1, ajg = asz; = 0.

Pr()) 223 — (3ae™™ — 3)A2 — (6ae ™ — 3a2e™ P + [2e=Pn . 3))

—ale3Ms +3C¥2€—2>‘T‘“ —3ae s _,336-—3/\'rn _ﬂze—ZATn +a,32€—)\(1'5+2‘rn) +1=0.

221 Delay 75 # 7,
First of all, let us consider the characteristic equation

A(N) = A+ 1—ae™™ — fe™*™ =0, (2.3)
Using the method in [40], we have the following lemma:

Lemma 2.2.1 If the parameters o and (3 satisfy ||+ |8| < 1, all the roots in Eq (2.3) have

negative real parts.

Proof: Let A = pu + iw, 4, w € R, and separate A; into real and imaginary parts to yield
A1(N) = Ry (p,w) + il (p, w), where

Ri(p,w) = p+1—ae ™™ cos(wr,) — fe ™ cos(wTy),

Li(p,w) = w+ ae ™™ sin(wrg) + fe™ ™ sin(w,).

11



Since
Ri(p,w) > p+ 1~ lale™ ™ —|Ble ™ £ Ry (1),

Ro1(0) =1 —|a| - |B] > 0,

and

Ri(u) = 1+ |ajrse™™ + |B|me ™ ™ > 0,

we have Rq1(u) > 0 for 4 > 0and Ry (u,w) > Oforall p > 0,w € R.

Now let A = 1+ 1w be an arbitrary root of the characteristic equation A1(\) = 0. Then
w and w must satisfy R;(u,w) = 0 and I (4, w) = 0. But from the discussion above this
implies < 0. Thus all the roots in Eq (2.3) have negative real parts. O

Apply the above lemma to each cases, then we have the following theorem:

Theorem 2.2.2 If the parameters o, ( satisfy the condition for certain case in the following

table, the trivial equilibrium in the corresponding case is stable:

Case Condition
1 le| + 2|8 < 1
2 o] + 15818 < 1
3 lal + 28] < 1
4 la| + 18] < 1
B 5 la] <1

Proof: We take Case 3 as an example:

12



Consider the characteristic equation P; = 0 for Case 3. From Lemma 2.2.1, we know

that if the parameters a,  satisfy

la] <1,
o] +v2]8] < 1,
ol +v218] < 1,
ie.

o] +v2|8| < 1,

then all the roots in Py = (0 have negative real part, which implies that the trivial equilibrium
is stable.

Similarly, we can get the other conditions for the other cases.l]

222 Delayrs =1, =7

For the characteristic equation

Ao(N) = A+ 1 — (a+ Bi)e™ =0, (2.4)

we have:

Lemma 2.2.3 If the parameters a and (3 satisfy o® + 3% < 1, all the roots in Eq. (2.4)

must have negative real parts.

Proof: Let A = p + iw, u, w € R, and separate A, into real and imaginary parts to yield

Ag(N) = Ro(p, w) + ila(u, w), where
Ry(p,w) = p+1 — ae™ cos(wr) — Be ™ sin(wr).

13



Since

Ro(p,w) = p+1-+/a?2+ B2 * sin(wr —¢), (p= arctang )
> p+1-+/0?+ 2 £ Ry(p),

ROQ(O) =1- vV a? +,B2 > 0,
and
Ryy(p) =1+ 714/ a2+ 2" >0,
we have Rgy(u) > 0 for > 0 and Ro(p,w) > 0forall u > 0, w € R.
The rest of the proof follows from that in Lemma 2.2.1. [J

By applying Lemma 2.2.1 and the lemma above to each case, we have the following

theorem:

Theorem 2.2.4 If the parameters o, (3 satisfy the condition for certain case in the following

table, then the trivial equilibrium in the corresponding case is stable:

Case Condition

1 la—fl <1 |a+28 <1

2 o+ 1588 <1, la+ 1588 < 1

3 lo = V28] < 1, la + 28] < 1

4 la—=Bl<1, Ja+ 8] <1

5 la| <1

6 la+8l<1l, 0?2 —af+p2<1

7 |a+(g+%)m<1,[a—(%+i)ﬂ}2+[‘/75(%~%)5]2<1’
where k = (108+12\/6§)1/3

14



Proof : For Case 6, the corresponding characteristic equation Ps is
M+1-(a+B)e N2+ (2— (20— B)e ) A+ (a*+ 8% —af)e™ " — (20— B)e " +1] = 0,

i.e.

DN+1=(a+Be*A+1-(a— g + ?ﬂi)e“”][)\—k 1—(a- g- - ?ﬂi)e‘”] = (.

From Lemma 2.2.3, we know the stability condition we need is:
la+ 4] <1,
(=92 + (96 <1,
(a= 52+ (=487 <1,
ie.
la+ 8] <1 and o> —af+B% < 1.
So we get the result for Case 6.

For Case 7, the corresponding characteristic equation is
Py = )% — (3ae™" — 3)A? — (6ae™" — 3a2e 2 + 22 — 3)A
_a3e—3AT + 3&26_2'\T _ 3&6_)‘7 _ ﬂ3€—3)‘T —- ﬂ2e—2)\7 + aﬂze—-.’i)\f +1= 0,

which can be factored as

P; = P ProPr3 = 0,

where
Pn o= A+1-(a+(g+ %)ﬂ)e-xr,
Py = A+1—-(a- (% + -11;)[3 - ?(% - %)ﬂi)e‘”,
P = A+1—(a-— (% n %)ﬂ+ l/;_(_’é _ i—)ﬂi)e'”,
k = (108 +12v69)"/°.
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Apply Lemma 2.2.3, we can obtain the stability condition for Py = 0, Pr; = 0 and

P53 = ( respectively, as:

Therefore, with the common conditions, all the roots of P; = 0 have negative real parts.

Similarly, we can get the results for the other cases. [J

2.3 Stable Condition for Local Stability

231 Delayrs=71,=7

If there exist v > 0, M > 0, such that |z;(4)| < Me " |¢| forallt > 0, ¢ € C, we say
that the trivial solution of the system is exponentially asymptotically stable.

Now let us consider the system
z(t) = —z(t) + az(t — 7), (2.5)
we have the following lemma:

Lemma 2.3.1 The trivial equilibrium in system (2.5) is exponentially asymptotically stable

if and only if the parameter o satisfy «* < o < 1, where o* is the negative root of

farccost — Va2 —1=0.

Proof : The corresponding characteristic equation for (2.5) is

Az(A\) =2+ 1— e, (2.6)
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In order to apply the Theorem 2.19 given by Stepan in {42], assume A = iw is a root of

(2.6}, 1.e.
As(iw) = R(w) +1S(w) = 1w + 1 — acoswt + aisinwr =0,
where
Rw)=1-acoswr, S(w)=w+ asinwr.
Therefore,

R0)=1-a>0 2.7
If the number s of the zeros of S is odd, then §'(0) > 0, which means

a> 1. 2.8)
T

Then

wT — sin(wT)

S(w) = w + asin(wr) > w— %sin(w'r) = >0

T

for w > 0, implying that S has only one zero root, hence s = 1. The stability condition is

satisfied trivially:
-1

> (-1)*sgnR(0) = 0.
k=1
If the number s of the non-negative zeros of S is even, since S(0) = 0, S(+00) = +o0,

we have
S'0)=1+ar <0,
1.€.
1
a< ——. 2.9
T

And the stability condition with m = 0 in the Theorem 2.19 in [42] has the actual form
s—1

> (~1)*sgnR(ox) = ~1, (2.10)

k=1
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where 0,1 > - -+ > g¢ = 0 denote the non-negative real zeros of S.

Consider P(a) = 2 arccos £ — v/a? — 1 with & < —1. Since

_ -1 o' >
Carva?—1 Va?-1

P'(a) 0

and P(~1) = £ > 0, P(—00) — —o0, P(c) has only one zero, that is only one a*. From
the condition

o> a’, (2.11)

we have

P(a) = S(Cl) > Oa

where (; is the smallest positive roots of R(w) = 0, i.e. {; = % arccos é

Now let us consider the value of sgnR(oy).

Firstly, we know S(0) = 0, §’(0) < 0, so there exist & > 0 such that S(¢) < 0. From
S(¢1) > 0, we have 0, < (; and

R(o1) > 0, (2.12)

since R(z) > 0 for any z € (0, ().
Secondly, let us consider o9 (k € Z*). We know S'(02) < 0, i.e. avcos(oer) < —2.
So we can obtain

1 .
R(oa) =1 —acos(onr) > 1+ - > 0. (2.13)

Finally, let us consider 02k_1, (k € Z*). We will prove 09 — 07 < 2} Suppose
o2 — 01 > %, then §'(w) = 1 + ar cos(w) will have more than one zero between o and
01, since the period of S’(w) is 27“ It is a contradiction. So we know that oy + 27” is not in

(01,09). Since S(o1 + %) = (01 + Z) + asin [(01 + Z)7] = 2 > 0 and S(z) < 0 for
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any z € (03, 03), we can obtain 03 — 0y < 2. Thenwe have o3 < 2 +0y < Z +(; = G,

since (o541 = 2’“7" + (;. By mathematical induction, we have
Ogk—-1 < Cok—1- (2.14)

We know R'({;) = arsin(w) > 0, where (; is the positive zeros of R(w) and {; < {3 <
..., le. asin(CyT) > 0, so we have S((ar) = (or + asin({z,7) > 0. Since R((2k-1) = 0,
R'({ak-1) < 0, there exists € > 0 such that R((a;—1 + £) < 0. From R(o9;) > 0, we have

Cor < O9. Since (o < 09 < O9;41 and inequality (2.14), we can obtain

Cor < O2kt1 < (2kt1-

So we have

R(U2k_1) > 0. (215)

From (2.12), (2.13) and (2.15), obviously they satisfy the condition (2.10).
The conditions (2.7) and (2.11) are just the conditions in the theorem, while (2.8) and

(2.9) show that the result in the theorem is independent of s. [J

Remark 2.3.1 The Theorem 2.19 given by Stepan in [42] is as following:

Consider the n-dimensional linear autonomous RFDE
0
) = [ fan@)atc +0)

and suppose that there exists a scalar v > 0 such that

0
/ e|dnie(6)] < +00, Gk=1,...,n.

—00

The characteristic function assumes the form

0

D()) = det(M — / Xdn(9)).

—0oC
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Letp, > ...pr > 0and oy > ... > 05 = 0 denotes the non-negative real zeros of R and

S respectively, where
R(w) = RD(iw), S(w)=ID(iw).

The trivial solution x = 0 of the RFDE is exponentially asymptotically stable if and

only if
n=2m,
S(pk)#oa k=17 7
S (~1)ksgnS(or) = (~1)™m;
k=1
or

R(0) > 0,
S (=1)FsguS(ow) + 5((=1)° + (~1)™) + (~1)"m =0,

where m is integer.

Remark 2.3.2 If the parameters satisfy exponentially asymptotically stable condition (C)
(j = 1,2,3) for the equations E; = 0 respectively, the solution of the equation E; * E5 %
E5 = 0 is exponentially asymptotically stable under the common condition of each (C;).
Proof : There exist v; > 0, © = 1,2,3, M; > O, such that |z;(¢)] < Me "t ¢| for
the equations E; = 0 for allt > 0, ¢ € C, since the trivial solution of the equations is
exponentially asymptotically stable.

Let v = min(y;), 1 = &y, there exists M = max{M;} > 0, such that |z,(¢)| <

Me;”thﬁ]for the equation Ey « Ey x E3 = 0 forallt > 0, ¢ € C. U
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Consequently, we have the following theorem:

Theorem 2.3.2 The trivial equilibrium in the following case is exponentially asymptoti-
cally stable if and only if the parameters «, [3 satisfy the corresponding condition in the

following table, where o* is defined in Lemma 2.3.1:

Case Condition

1 agr<a-f<loa<a+20<1

2 o <a+1388<l 0" <at+tbp<l
3 a*<a—V20<la*<a+v20<1
4 o<a—-f<la*<a+f<1

5 o <a<l

Now we have obtain the delay-independent stable condition of local stability for Case
1 to Case 5, next we will consider the following equation in order to obtain the result for
Case 6 and Case 7.

Let us consider
Z(t) + (a1 + agz(t — 7))&(t) + asz(t — 27) + asz(t — 7) + a5 = 0, (2.16)
we have the following lemma:

Lemma 2.3.3 If the parameters ay, ay, a3, a4 and aj satisfy as + a4 + a5 > 0 and one of

four conditions below, then the trivial equilibrium in system (2.16) is exponentially asymp-
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totically stable:

(1) a3>0, as >0, a1 — |az] — 2a37 — as7 > 0,

(2) a3 <0, a4 >0, ay—|ag| — 2as7cosp — asT > 0,

(3) a3 >0, a4 <0, a;—|az] —2asT —as7cosy > 0,

(4) a3<0, a4 <0, a;—|ag| — 2a37 cos{y — asT cos{y > 0,

where

o = tan (g, (o € [m, 27].

Proof: The corresponding characteristic equation for system (2.16) is
AN = M 4 (a; + age™)A + aze” P + ae™ + a5 = 0.
Let us substitute A = 4w into A4(A) = 0 and separate
Ay(iw) = (iw)? + (a1 + age ™) (1w) + aze™ 2" + a4 + a5 =0
into real and imaginary parts, then we have

Ri(w) = —w?+ awwsin(wr) + a3 cos(2wr) + a4 cos(wT) + as,

Si(w) = aw + agw cos(wT) — agsin(2wT) — ag sin(wr).

It is easy to check

Ry(0) =as+as+as >0,

and

lim R4(w) = —0Q.
W—00
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So the number r of the positive zeros p; of R, is odd, i.e.

k
Z YesgnSy(pr) = —1.

k:l

Ifas > 0, ay > 0, we can get
Si(w) > Sy (w) = (a1 — |ag] — 2a37 — ag7)w > 0.

To estimate the lower bound for S4(w) when a3 or a4 is negative, we need to get the
maximum & such that sinz > £x for x >- 0 except the point z = 0, which means z €

[7,27], ie. to find the minimum of h(z) = §‘—‘;—“ From h/(z) = £98I78Z — ( we denote

the root of x cosx — sinz = 0 as &, i.e. £ = tan &y. Since

(e = Zosingo = 2§o;)os ooty _sngs

therefore, the minimum value of h(x) is cos &, and S’;m > Si’gg"

= coséy, i.e. sinz >
xcos&y, ifx > 0.
Similarly, we have

ifaz < 0,a4 >0,
Si(w) > Sy (w) = (a1 — |ag| — 2a37 cos (o — aa7)w > 0;
ifas > 0,a4 <0,
Si(w) > S5 (w) = (a1 — |ag] — 2a37 — a4 cos {o)w > 0;
ifaz < 0, a4 <0,
Sy(w) > 87 (w) = (ar — |as| — 2aa7 cos Co — asr cos ()w > 0. O

Apply Lemma 2.3.3 to Case 6 and Case 7, we have the following theorems:
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Theorem 2.3.4 The trivial equilibrium in Case 6 is exponentially asymptotically stable if
the parameters o and B satisfy a* < o+ < 1 and one of two conditions below, and o*

is defined in Lemma 2.3.1:

(1) —2a+3>0,
2420~ 8~2(%+ % - af)t + (2a— B)7 >0,
(2) —2a+04<0, &2+ —-af—2a+F+1>0,

2+2a—f—2(a®+ % - af)t + (2a — f)Tcos o > 0,
where (, is defined in Lemma 2.3.3.

Theorem 2.3.5 The trivial equilibrium in Case 7 is exponentially asymptotically stable if

the parameters o and f3 satisfy a* < o + (% + %) B < 1 and one of two conditions below,

where o* is defined in Lemma 2.3.1;

M o= (f+1)8>0,
2-2la= (1) A1-2 [(o= (5 +1) )"+ (5-2) +a—(5+1) 8] 7>0,
@) o= (55430 <0,
22l (#+1) A1-2 |(a= (5 +1) £)+3 (§-2) +a (5+1) Beos o] 7>0,

where (q is defined in Lemma 2.3.3, k = (108 + 12/69)*/°,

From the definition of {, which is defined in Lemma 2.3.3, we can get cos (o = —0.217.

Let 7 = 1, we obtain the exponentially asymptotical stability region on o — 3 plane as Fig.

(2.2), from Theorem 2.3.4 for Case 6.
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Figure 2.2: The stability region from Theorem 2.3.4 for Case 6 when 7 = 1

23.2 Delay 7, # 7,

Lemma 2.3.6 All roots in Eq (2.3) have negative real parts, if the parameters satisfy —% <

a1y < 0 and one of the two conditions below:

I) a<-1,|8< —a;
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2) 0< |8 < |1 +al.

Proof 1) Let A = p+iwin A; = A+ 1 — ae™™ — Be~>™» = (). Separating it into real

and imaginary parts, we obtain
p=—14+ ae " cos(wy) + Be ™ cos(wTy) (2.17)
and
w = —ae "™ sin(wr,) — fe ™ sin(wy,). (2.18)

From condition 0 < 75 < ——51;;, we have 0 < wr, < 1, i.e. % < cos(1) < cos(wTs) < 1 and
0 < sin(wr,) < sin(1) < 1.

Eliminating the last term in (2.17) and (2.18) results in
M(p) & (u+1)2+w?—20e™™[(u+1) cos(wr,) —w sin(wr, )] +ae ™2™ — g~ = (),
So
M(0) = 1 — 2accos(wTs) + & + w? + 20w sin(wr,) — B2

Since @ < 0, sin(wTy) < wrs and 75 < -—i, then
w? + 20w sin(wr,) > w?(1 + 2a7,) > 0.

Meanwhile, o < 0, cos(w;) > 0 and 52 < o2, so we have M (0) > 0.
Taking the derivative of M (1) with respect to p, we obtain

oM

N = 2{r, A% ™ — qwre "™ sin(wT,) + (4 + 1)[1 + aTe ™™ cos(wr,)] (2.19)

—ae " [cos(wTs) + aTe H7]}.
Sincea < 0, w > 0,75 > 0,7, > 0, u > 0, sin(w7,) > 0 and cos(wT,) > 0, we obtain
the first two terms in (2.19) are nonnegative.
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From0 < 7, < —% and p > 0,1i.e. 0 < e7#™ < 1, and cos(wT;) < 1, we have

(e + D1 + arse™ ™ cos(wrg)] > (p+ 1)(1 = —;—) > 0.

From a < 0, < cos(1) < cos(wrs), 75 < —35=,and 0 < e™#™ < 1, we have

1
§)>0

—ae *cos(wTs) + arse ] > —aeH™ (cos(1) —

Thus, %—% > 0 for & > 0, therefore M(0) > 0if x4 > 0. Therefore if M(u) = 0, then
u < 0, 1i.e. all roots of the characteristic equation have negative real part.

2)We will use Rouché’s theorem to prove it.

Let fi(A) = A+ 1 — ae™™ and f,()) = —Be~*™. Consider the contour Cr which
consists of the semicircle z = Re®?, ~5 <6< Jandthelinez =14y, -R<y <R

On the semicircle, | fo(A)| = |Ble %eM™ < |B]and f1()\) = R+ O(1), so | f1(A)| can
be made as large as we like (in particular larger than |3|) by taking R large enough. Thus
|f1(A)| > | f2(A)} on the semicircle.

On the line, | fo(A)| = | — Be™*™| = || > 0 and

1) = [1 = acos(ys) + i(y + asin(yTy))|

= /1 —2acos(yr,) + a2 + y2 + 2aysin(yr,)

> /(1 +a)2+ 921+ 20r1,)

v

|1+ a| >0,

since —% < ar, < 0. So when |8| < |1+ a, |[f1(A)] > |f2())| on Cg for R sufficiently
large.
R — oo shows that f; and f5 have the same number of zeros in the right half of the

complex plane. But we have seen that f,(\) has no zeros with nonnegative real part if
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< a1y < 0 (we have proved it from the result 1) since here § = 0). Hence using

1
2
Rouché’s Theorem, we know that all zeros of A;()) = f1(X) + fo()) have negative real

parts under the given conditions. [

Remark 2.3.3 Fix 7, and show the stability condition in Lemma 2.3.6 as the shadow in

Fig. (2.3).

Figure 2.3: The stable condition for local stability when 7, # 7, 7, = 0.25

Based on the lemma above, we have the following theorem:

Theorem 2.3.7 Ifthe parameters o, (3 satisfy the condition for certain case in the following

table, the trivial equilibrium in the corresponding case is stable:
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Case Condition
1 -5<an, <0, N0<|fl<jll+al 2a<-1|8<-ia
2 —%<a7’s<0,1)0<|ﬂ|<@|1+a,2)a<—l,|ﬁ|<l"—2‘/—5a
3 ~l<ar<0,)0<|fl<Ll+a, 2a<-1|f<-La
4 —1<an,<0,1)0< |8 <|1+al 2a< -1, 18 < ~a
5 o* < o < 1, where o is defined in Lemma 2.3.1
6 —3<ar,<0,0< |8l <|1+af
7 —%<a7‘s<0,0<|,3|<3@|1+a|

Proof: We take Case 3 as an example:

The stability condition for P = 0 is

—l<ar <0, 1DO0<|Bl<|l+a|, 2a<-1,|f<-a
~l<ar <0, 1)0<|8<L21+a], 2)a<-1,|8 <L,
~l<ar <0, 1)0<|f <L1+a], 2)a<-1,|8 < -La,
ie.
V2 V2

1 2
~3 <ars <0, 1)0< |8 < —5—[1 +a,2)a< -1,|0| < -

Similarly, we can get the same results for the other cases except for Case 6 and Case 7.

For Case 6, the corresponding characteristic equation is
Ps=(A+1—ae)® —(Be*™)? =0.

Let fi()) = A+1—ae ™ and fo(\) = —fe~*™. By Lemma ??, if the parameters satisfy
—l<ar, <0and 0 < |B] < |1+ al, then |fi(A)] > |f2(N)], Le. |[f2(A)] > [fF(N)]. All
roots of f;()) have negative real parts when —% < at; < 0. Therefore, the result is hold

in the theorem obtained from Rouché Theorem.
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For Case 7, the corresponding characteristic equation is
P7 £ ()\ + 1 — ae-—)\‘r,g)3 _ /BBe—BATn + ()\ 4 1— ae—)\n)ﬂ2e—2/\m =0.

Let fo ()\) = ()\ +1 - ae"\“)3 - /636_3)‘7" and f()z()\) = ()\ +1- oze"’\“)ﬂze‘”""".
From the condition 0 < |8] < 3@2“—1|1 + a|, we have 0 < |§| < |1 + al, then we get

|f1(A)] > |fa(2)] from Lemma 2.3.6.

for) = W] = 17) = L2001 = 1A FO)]
> AP = 1RKF = 1AW 1RO)?
> L1 (ANP = 1007 = 1A 12000

= 1AM (mmr - —‘—1—}“—5-|f2</\>|> (Ifl(/\)l - +2*/5|f2(x>|) .

From 0 < izﬂlﬁl <\1+alie 0<|f] < 152—'l|1 + a, by Lemma 2.3.6, we have
|| = 25 £3())| > 0. Therefore, | for (A)] = |foa(A)] > 0.

According to Rouché Theorem, we obtain the final result. [

2.4 Unstability

For

A(A) =X +1— e = fe*™ =0,
we have the following lemma:

Lemma 24.1 If o + 8 > 1, the characteristic equation A1 = 0 has a root with positive

real part for all values of T, > 0 and 7,, > (.
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Proof : We know

A1(0)=1—-a—ﬂ<0

and

lim Ay(A) = 400

A—+00
for all 7, > 0 and 7, > 0. Since A;()) is a continuous function of ), there exists \* > 0
s.t. Ay(\*) = 0forany 7, > 0,7, > 0 and o + 3 > 1. Thus, the characteristic equation
A; (M) = 0 has a positive real root for these parameters values. [
Since the characteristic equation of Case 1 to Case 5 can be transformed into the multi-

plication of three factors, apply Lemma 2.4.1 to each factor, we have the following theorem:

Theorem 2.4.2 If the parameters o, (3 satisfy the condition for certain case in the following

table, then the trivial equilibrium in the corresponding case is unstable:

Case Condition

1 a+28>1 a-F>1

2 a+ 128051, o4+ 155451,
3 a+v28>1 a-v28>1
4 a+p>1 a-p>1

5 a> L

2.5 Curves of Characteristic Roots with Zero Real Part
In the foilowing we will take the characteristic equation
A3 AgpAss 2 (A +1—ae*™)(A+1—ae ™™ + \/5,86_)"’") (A+1—0e™™ — ﬁﬂe‘”")
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in Case 3 as an example to show the analysis. The approach in this section follows closely
that of [5, 40, 57].

As the parameters vary, stability may be lost by the real root of the characteristic equa-
tion passing through zero or by the pair of complex conjugate roots passing through the
imaginary axis. To determine the full region of stability of the trivial solution, we must
describe the regions in parameter space where this occurs.

If the characteristic equation in Case 3 has a simple zero root, we have P3(0) = 0 and
P4(0) # 0, where P3(0) = 0 yields (1 — a)(1 — a +v28)(1 = a — v/26) = 0. So we can
get the boundaries § = f; 2 ¥Z(a— 1) and § = f, £ ¥2(1 - ). Note that from theorem
2.4.2, a = 1 cannot form part of the boundary of the stability region.

From the characteristic equation of each case, we have the following result about the

zero root of the characteristic equation:

Lemma 2.5.1 When 3 satisfies the condition for certain case in the following table and
Tn 7 T, then for the corresponding case ) = 0 is a simple zero root of the corresponding

characteristic equation, where
- 1+ arg
a-1
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Case Condition

1 =120,

2 B=a-1%= fy

2 ﬂz%@(a—l)éﬂn
2 ,3=1+25(0l—1)—523
3 B=4(1-q)2 fn
3 B="L(a—1)2 fy
4 B=1-a= by

4 B=a—-1%py

6 B=1—0a%2pbn

The characteristic equation in Case 3 has a pair of pure imaginary roots +iw when

P3(£iw) = 0. From Ag; (iw) = 0, we have:

which yields the curve

While from Az, (iw) = 0, we have:

1 — asin(wT;)

w + asin(wrs)

arccos & + 2km + 7,

(@?2+1)=0.

1 — acos(wry) + V2B cos(wry) = 0,

w + asin(wr,) — V2Bsin(wr,) = 0.

(2.20)

.21)

(2.22)

(2.23)



Since the parameter space is four dimensional, it is difficult to visualize these regions. Thus
we will focus on fixing the parameters o and 7, and describing curves in the 3, 7,, plane
where the characteristic equation has a zero root or a pair of pure imaginary roots.

This occurs along curves given by

2
f=p6E= :l:g V1 = 20 cos(ws) + a2 + w? + 20w sin(wr,), (2.24)

Tok, acos(wry) —1>0,
Tl_{]_c - 2k ( 5) (2-25)
Tok+1, acos{wts) —1 <0,

Tort1, acos(wrs) —1>0,
m={ (wrs) (2.26)
Tk, acos(wrs) —1<0,

where

T(w) = é {arctan [W] + l’f(} ,

acos(wTs) — 1
and arctan(z) is the principle branch of the inverse tangent function. Clearly, equations
(2.25) and (2.26) represent an infinite family of curves.

Similarly, from As(iw) = 0, we have:

1 — acos(wry) — V2B cos(wr,) = 0, (2.27)

w + asin(wr,) + V2fsin(wr,) = 0. (2.28)

This occurs along curves given by

B=pF= :i:—é?— V1 — 2accos(wTs) + o + w? + 20w sin(wry), (2.29)

Toks1, acos{wrs) —1>0;
e={ wr) (2.30)
Tox, acos(wrs) —1<0,
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_ Tok, acos(wrs) —1>0;
Tor =
Tok+1, @cos(wrs) —1 < 0.

We define the following for the theorem later:

Fll = ma.X{O, 1 - |C¥|},

F» = min{0, |a| -1},

Fy = max{—--—;ﬂ, 1 — |a|} as 7, is varied on the curves (57, 71,,),
Fyy = min{———;ﬂ, || — 1} as 7, is varied on the curves (85, 71),
Fy = max{—;-ﬁ, 1 — |a|} as 7, is varied on the curves (55 ,74,),
Fyp = min{—z—z—ﬂ, la] — 1} as 7, is varied on the curves (85, 75").

(2.31)

Now we describe the geometry of the curves defined above and how this geometry

changes as o and 7, vary.

Lemma 2.5.2

V2

. . 2
lim ff = wlirgl+ﬂ§::i:—§—|l—ai,

w-0t
lim 'rlj; = lim 7';’,:6 =00,k >0,
w—0+ w—0t+
.
14aTs
. + . —- a—1 " o> 1’
lim 77 = lim 7=
w—0t w—0t
o0, a<l,
(4
+07,
=2k, a<l,
m 77, = lim 7'+= —00 a=1
wsot 10 waot 20 ’ ’
[ 0, ¢ > 1,
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and

lim A = lim 8F = oo,
w00 wW—00

lim 75 = lim 75 = 0.
W00 10 wW—00 20

Proof. The proof follows from straightforward calculations. O

All points in parameter space where the characteristic equation has roots with zero real
part have been determined. By varying one or more parameters in the parameter space,
passing through such a point may cause a qualitative change in the type of solutions ad-
mitted by the DDE. Such bifurcation points are important, especially when they lie on the
boundary of the stability region of the trivial solution, because they determine the observ-

able behavior of the system.

Lemma 2.5.3 If |a| < 1, then
1) the curves (85, 7i%) and (85, 73;) are bounded on the left by the line § = Y2(1—|a);

2) the curves (B1,1y;) and (35,7,;,) are bounded on the right by the line = 32é(|a| -1).

Proof. From equations (2.22) and (2.23), which holds along 8 = ;", we have

Y

B > —Bi cos(wrst) = —2—(1 — acos(wTy)) > ?(1 - |a).

Since 8§ = —f;, we have

By < —f7 cos(wryy) = \—/—5(1 — acos(wTs)) < 2

: (jod - 1).

ol

The rest of the results can be shown in an analogous manner. (]
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Now we consider the boundary of the stability region when 75 # 7,,. Generally, for
Ay =)2+1-ae ™ — fe .
If Aq(iw) = 0, we have

1— acos(wrs) = pceos(wy),

w+ asin(wr,) = —fBsin(wmn,),

which yields

BE = £/1+ 02+ w?+ 20wsin(wr,) — 2acos(wTs),

+ 1 —w — asin(wr;) %"r 1 — acos(wrs) <0,
T, = —arctan T (wry)
w o cos(wTs gzk—w{d)w 1 — acos(wr,) > 0,
_ —) — asin(wq‘s) §_2_k-:_1)1 1— aCOS(U)Ts) < 0,
7T, = —arctan
w 1 — acos(wTs) 2km
w

1 — acos(wty) > 0.

So we know that on the § — 7, plane the curves (3%, 7,7) and (87, 7,;) establish the
boundary of the stability region, i.e. the area around the equilibrium (0, 0,0) decided by

these curves is the full stability region.

Let
Fi(r,) = max{8,1— |a|} as 7, is varied on the curves (37,7,) ,
Fy(r,) = min{B, |a| — 1} as 7, is varied on the curves (8%,7,7),

then the parameter 3 satisfy Fy(7,,) < § < Fy(r,) if and only if the equilibrium point in
the corresponding system is stable.

Then for Case 3,we have the following theorem:
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Theorem 2.5.4 The parameter f satisfies max;<i<3 Fi1 < < miny ;<3 Fio if and only if

the equilibrium point in Case 3 is stable.

Similarly, we can obtain the results for other cases.

Now we consider the boundary of the stability region when 7, = 7,,. For
A+1=(a+pBe™ =0,
let A = 1w be the imaginary root, we have:

Bt = +/T+w?—a,

1 1
T o= = <arccosa+ﬂ +2k7f> :
Let
Fi(r) = max{B,1} as 7, is varied on the curves (87, 7) ,
Fis(1) = min{p, —1} as 7, is varied on the curves (8%, 7),

then the parameter J satisfies Fy1(7) < 8 < Fia(7) if and only if the equilibrium point in
the corresponding system is stable.

Until now, we can obtain the boundary of the stability region when 7, = 7,, for Case 1
to Case 5. Next we will prove the result for Case 6 and Case 7.

For

A+1—(a+Bi)e™ =0,

let A = {w be the imaginary root, we have

B = £+/1+ 0%+ w?+ 2awsin(wr,) — 2a cos(wTy),

7t = l(amcsin ! -
w V1+ 202 + w? + 20w sin(wr,) — 20 cos(wry)
o
— arctan + k).

+1/1+ a2 + w? + 20w sin(wr,) — 20 cos(wry)
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Let

1l

Fi(7) max{[} for every 7 where (3,7 in (67, 77) curves,

Fy(t) = min{B} for every 7 where (3,7 in (87, 77) curves,

then the parameter § satisfies Fi(7) < 8 < Fy(7) if and only if the equilibrium point is
stable.
For Case 6, when we consider
3.
A+1-— (a—%%——é_—ﬂz)e"\" =0,

let A = iw be the imaginary root of the above equation, then we can get the expression

for the parameters § and 7. After the definition of Fy;()) and Fye()), we know that the

parameters 3 satisfy Fy(7) < 8 < Fo(7) if and only if the equilibrium point is stable.
Similarly, we can define F3;()\) and Fay()) for A +1 — (o — & — LBi)e> = 0.

Apply this result to Case 6, since

Ps(A\) = {)\+1—(a—i—ﬂ)e'”][/\—l—l—(a—g—}—?ﬂi)e‘”][)\—%l—(a——g—?ﬁi)e_”] =0,

we have the following theorem:

Theorem 2.5.5 The parameter 3 satisfies maxi<i<z Fi1 < # < min;<i<s Fo if and only if

the equilibrium point in Case 6 is stable.

Similarly, we can obtain the result for Case 7.
Now we have done enough to describe the full stability region of the trivial solution in
the 4, 7 plane, as « and 7, are varied. See Fig 2.4 as an example. Detailed analysis about

the full stability region of Case 1 can be seen in [5]. For similar analysis see [40].
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Figure 2.4: Region of local stability of the trivial solution for Case 3
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Chapter 3

BIFURCATION ANALYSIS

3.1 Center Manifold Reduction and Normal Form
We consider a general functional differential delay equation:

& = L(p)ze + f(z, 1),

with z; = z(t + 6), —h < 6 <0, C = C([-h,0],R), L : C — R a linear operator, and

f € C"(C,R), r > 1. We assume that the linear part of the equation

B(t) = L(w), 3.1)

has m eigenvalues with zero real parts and all the other eigenvalues have negative real parts.
In such a situation, Hale [20] provéd that there exists an m-dimensional invariant manifold
in the state space C, which is called the center manifold, and that long term behavior of
solutions to the nonlinear equation is well approximated by the flow on this manifold. Then
we can decompose C as C = P @ (. P is an m-dimensional subspace spanned by the

solutions to (3.1) corresponding to the m zero real part eigenvalues; ) is the corresponding
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complementary space of P; P and () are invariant under the flow associated with equation

(3.1). Further, the flow on the center manifold is
z, = @z(t) + h(z(t), f),
where @ is a basis for P, h € (), and z satisfies the ordinary differential equation
& = Bz + Y(0)R(®z + h(z(t), f), 1),

where B is the (m x m) matrix of eigenvalues with null real part of (3.1), ¥ is the basis for
the invariant subspace of the adjoint problem corresponding to P, which is normalized by
< ¥,® >= I, where [ is the m x m identity matrix. For ¢ € C[—h,0] and ¢ € C[0, h},

we introduce the bilinear operator associated with (3.1)

<b,05=000) - [ [ vle - anosgac
where
—0p + ad;,  a1286,, a13836,,
dn(0) = | anpBs, —bo+ad, axnps,, |df,
3130, a32f0,,  —do + ad,
and 6, = 6(6 + ) is the Dirac distribution at the point § = —7, h = max(r,, 7).
When 8 = (§*(a), A = 01is a single zero root of the characteristic equation, the lin-

earization system becomes

#1(t) = —31(t) + az1 (t — 75) + a128* (@) z2(t — ) + a13B* (@) za(z — )
Za(t) = —22(t) + a21 B*(@)z1(t — 7o) + aZa(t — 7,) + a2aB* () z3(t — 7). (3.2)

23(t) = —x3(t) + az1 8% (@) z1(t — ™) + @328 ()22 (t — ) + aza(t — 75)
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$

Suppose & = ¢ is a solution of (3.2) corresponding to A = 0. From

¢3

3x1
0 [/
K=<o"8>=a"020)- [ [ o=
—-hJO

then the base in the complementary space is

U(s) = K_léT(S) £ (Y1, Y2, ¥3)1x3.

Until now the problem of describing the long term behavior of solutions to the delay
differential equation has been reduced locally to the problem of describing the behavior of
solutions to the 1-dimensional system of ordinary differential equation (3.1).

The following shows the rest of the details of the process:

By introducing a bifurcation parameter u € R in 3, i.e. § = §*(c) + u, then the system

(1.5) becomes

21(t) = =21 (t)+ o f (21 (t—75)) +a12(87 () + 1) g (22t —7n)) + a13(B () + ) g (z3(z— )
(1) = —za(t)+an (B () + p)g(21 (t =) +of (22(t — 75)) +a2s(B" () + ) g(z3(t— 7).

T3(t) = —z3(t) +aa (8" (a) + ) g(z1(t— 7)) +ase (8 (o) + 1) g (@2t — 7))+ f (w3(t —75))
Rewriting the system as

z(t) = L(p)z, + F(2) + G(z),
for p1, 2, 3 € Coo=| o, |,
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—01(0) + 01 (—75) + ar2(B* (@) + ) @a(—m) + a13(6* () + 1) 3(—Ta)
Liple = | an(B*(a) + p)e1(—Ta) — 02(0) + apa(—~75) + azs(B*(c) + p)os(=7a) | -
az1(B*(a) + p)p1(—7n) + az2(8* (@) + p)p2(—Ta) — va(0) + ap3(—1s)

= ol 10 (=) + 21" O (=7) + .. ),
(8*(e) +1) 159" (0)[a12605 (=) + 013903 (=T )]+ 59" (0)[a12603 (= T) + 21303 (—7n)]
=| (6"(0)+1) (30" (O)loas3 () +ozsgh( =)} + 5" O)an e (~7a) +azgd (=]
(6*(2) +4) (3" 0)] am%(—Tn)+a32</>2(—7n)]+%9"'(0)[03190?(—%)+aaz<p%(—7n)]]
Let (1)

p) = Lo + Li(p1) + o(|u|), where
—01(0) + a1 (—75) + a128* (@) p2(—Tn) + a130* () p3(—)

Lop = | —pa(0) + a218*(@)p1(—Ts) + apa(—75) + azsf* (@) p3(—70) | >
—03(0) + a31 6% (@) p1(—T7n) + as2B*(0)2(—Tn) + cpa(—7s)

a1292(—Tn) + G1303(—Tn)
Li(p)e = p a2101(—Tn) + azzpa(—7y)
as101(—7n) + asep2(—7n)

Since we only need the lowest order terms in Taylor series for the nonlinearity, let A = 0
here, then

R(®z,p) = [L(u) = Lo)®z + F(®z, u) + G(Pz, )

= Li(p)®z + F(®z,p) + G(®z, 1)

Combining the previous processes, we obtain the following results:
For Case 1, f = fi1:
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1

Itiseasytocheck® = | 1 |,s0¥ = m(l, 1,1), then the normal form

up to the third order is:

1

i) = l+ar+(1-a)mn,

For Case 2, § = f:

0
We have & = 1 |,s0¥ =

-1

m(o, 1, —1), then the normal form up to

the third order is:

1

TFanti-an ™% Haf"(0) + (1 - a)g" O

a(t) =

For Case 2, § = [y

1

We have = 1 ,s00 = (7_\/5)(1+Q2Ta+(1~a)7n)(1, 1, ‘/52“1), then the normal
51
7

form up to the third order is:

Ut) = FTmTTTa|3VE + Diu+ (VBaf”(0) + =38 (a — 1)g"(0))?
+4((11 = 38VB)af"(0) + (V5 — 15)(a — 1)g" (0))u’].

For Case 2, 8 = [a3:

1 ,
— — 2
We have & = 1 |50 ¥ = a1 L —¥5t), then the nor-
541
2

mal form up to the third order is:

i(t) = 1 (1 = 3vB)uu + (—VBaf"(0) + Z5% (o — 1)g"(0)u?

(T+v5)(1+ats +(1—a)Tn)

111 + 3VB)af"(0) + (55 + 15)(1 — a)g™ (0))ud).
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For Case 3, 8 = f331:

1
Wehave ® = | 1 |,50 ¥ = yytrm(1, 1, v/2), then the normal form up to
V2

the third order is:

W(t) = grgmrma V20 + (1+ V2)(af"(0) + (1 — a)g"(0))u?

+(af"(0) + (1 — a)g"(0))u?.

For Case 3, § = [3,:

1
We have & = 1 |80V = ge=ay (1, 1, —v/2), then the normal form

V3

up to the third order is:

it) = e 4V + (1 = V2) (@f"(0) + (1 — a)g"(0))u?

+(af"(0) + (1 - a)g"(0))u?].

For Case 4 (1), 8 = fu:

2
Wehave ® = | 1 |,50 ¥ = ggamger=ayr (2:1,1), then the normal form up to the
1

third order is:

1
() =
(t) 6+6ar;+6(1—a)m,

For Case 4 (1), 3 = Bor:

[6s0+(50.£"(0)+3(1—0) 9" (0))u+(3exf" (0)+(1—a) g™ (0))u?].

0
Wehave®=| 1 |,s00 = mm, 1, —1), then the normal form up to
-1
the third order is:
ift) = : =+ =(@f"(0) + (1 - a)g" ()l
1+ ar+(1—a)m 6
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For Case 4 (2), 8 = fu1:

o

Wehave = | 1 [,s0V¥ = (0,1, 1), then the normal form up to the

1
2+2a1s+2(1-a)Tn

—_

third order is:

1
1+or+(1—a)m

u(t) = [tw+ (af"(0)+(1—a)g"(0))u? (af”'() (1-a)g"(0))u’).

For Case 4 (2), 8 = [

0
Wehaved=| 1 |,so¥ = m(o, 1, —1), then the normal form up to
-1
the third order is:
1
(1) = " - " 0 3 .
0) = e+ e (0) + (1 - alg”(O)

For Case 4 (3), 3 = Ba:

1
We have & = 1 |,soW¥ =

1

m(l, 1,1), then the normal form up to the

third order is:

1
l+ars+(1—a)m,

alt) =

[#U+ (af"(0)+(1— a)g"(O))u2+é(af"'() +(1-a)g"(0))u®).
For Case 4 (3), 8 = [Ba1:

We have ¢ = 1 1,800 = (1,1, —1), then the normal form up to

1
3+3a7s+3(1—a)™n

the third order is:

a(t) =

o T T a6 O (a1 (0 s (0)+(1 - O]

‘For Cased (4), 5 = P
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0,
Wehave ® =] 1 |,so¥
1

= mw, 1,1), then the normal form up to the

third order is:
1
(1) =
(t) 1+ar+ (1—a)m
For Case 4 (4), 8 = (51:

[t 5 (@ (0)+(1-a)g" (0))u?+ 5 (" (0)+(1-a)g"(0))).

0
We have & = 1 [|,s0¥ = m(o, 1, —1), then the normal form up to
-1 '
the third order is:
i(h) = 1 [~ + @ "(0) + (1~ @)g"(0))o
1+ar+(1-a)m 6 '
For Case 6, 5 = B41:
1
Wehaved=| 1 |,s0¥ = m(l, 1,1), then the normal form up to the
1

third order is:

1
S ldar+(1-a)m,

a(t)

Remark 3.1.1 In general, there will be dependence on f"(0), g"(0) in the third order

[t 3 (@ f"(O)H1-a)g"(0)u?+ £ o (0)+(1-a)g" (0))u’).

terms. However, the normal forms above are correct, since the expressions we need in-
cluding the third order terms are for pitchfork bifurcation and it is assumed that f"(0) =

4"(0) = 0.

3.2 Bifurcation Analysis

To study the different bifurcations from the trivial equilibrium, we introduce another as-

sumption,
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(C3)£"(0) = ¢"(0)

= 0.

3.2.1 Transcritical Bifurcation

If the functions f and g satisfy (C1), but not (C3), the dynamical properties are determined

by the normal form truncated at the second order for a certain case in the following, there-

fore, the system in the corresponding case undergoes a transcritical bifurcation:

Case Normal form
Casel, 3 = B, u(t) = m[wu + L(af"(0) + (1 — a)g"(0))u?]
Case2, 5 = b Ut) = T ATan T
[(8v/5 + 1w + (vBarf"(0) + T5%8 (o — 1)g"(0))u]
Case 2, § = [z u(t) = <7+\/5)(1+a1n+(1—a)fn)
[(1 = 3vB)uu = (vBaf"(0) - T34 (a ~ 1)g"(0))w?)
Case3, 3 = f35 u(t) = m[h/—uwr (1+v2)(af"(0) + (1 — a)g"(0))u?]

Case 3, 3 = (5,

u(t) = 1

(0))u?)

i - 4V26e+ (1 - V2) (af"(0) + (1 - a)g”
Ju

Case 4(1), § = fn (t) = greamreazaye 6K + (5a:f"(0) +3(1 — )g"(0))u?]
Case 4(2), 6 = B Ut) = e b + 3@f"(0) + (1 - a)g"(0))u?)
Case 4(3), 8 = fa1 | W) = mamraman (ke + 5(af"(0) + (1 - a)g"(0))u?]
Case 4(3), f = O W(t) = Tramamam e+ §(f"(0) + (@ — 1)g"(0)u?]
Case 4(4), 8 = Bn W) = Traraman #u + 3(af"(0) + (1 - a)g"(0)u?]
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3.2.2 Pitchfork Bifurcation

If f, g satisfy both the assumptions (C1) and (C3), the second order terms in the normal

form disappear, we have to consider the normal form up to the third order.

If the parameter « satisfies the condition for a certain case in the following, the pitchfork

bifurcation takes place in the system for the corresponding case:

Case Condition
1 B = B and Ay £ af"(0) + (1 — a)g"(0) # 0
2 ' B = B and A1y # 0
2 B = fBar and Agy £ (11 — 3v/B)af"(0) + (5¢/5 — 15)(a — 1)g™(0) # 0
2 B = Bz and Agz £ (11 + 3v/5)af"(0) + (5v/5 + 15)(1 — )" (0) # 0
3 B = B and As; #0
3 B = Bz and A;; #0
4(1) B = B and Ay £ 3af"(0) + (1 — a)g"(0) # 0
4(1) B = By and Ay; #0
42)(3)4) B =fsand A1 #0
42)(3)@) B =B and Ay #0

Let Ag 2 1+ ar, + (1 — &)7y, then in Case 1, when 3 = (313, it is supercritical when

ApAiq; < 0 and subcritical when AgA;; > 0. Similarly, we can obtain the similar results

for the other cases in the above table.

3.2.3 Hopf Bifurcation

To begin, we verify that the characteristic equation has a simple pair of pure imaginary roots

which cross the imaginary axis with nonzero speed, which means that a Hopf bifurcation
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occurs [23]. Then, we follow with a center manifold analysis of the criticality of Hopf
bifurcation and determine the stability of the bifurcating periodic orbits.
We take Case 3 as an example to do the analysis. For Case 3 denote the characteristic

equation P; as
A31A30033 = [)\—l-l —Ote_’\fs][)\-Jr 1—qe ™ +\/§ﬂ€_)\‘r"][)\+1 —ae AT —\/ﬁﬂe—)“r"] = 0.

We assume Ag; (iw) # 0, since the parameter space is about «, £, 75, T,, however there
isno f and 7, in Ag;.

Consider Ajz(iw) = 0 when w, o, 8, 75, 7, satisfy (2.22) (2.23). It is easy to see that
under these conditions excluding some particular points, Ag; (iw) # 0, Ass(iw) # 0. Thus

we have
aﬂ o 3A32('iw)
X =T TN

and to check these roots are simple, it is enough to check that

A3] (’I:U.))A33(’L‘u)), (33)

’QaA)\ﬁ A=iw = (1 + osze_)‘“ - \/2—187—"6_)‘7")‘);1-“ # 0.

This leads to the conditions

ki = 1+ ar,cos(wr,) — V201, cos(wr,) # 0,

ks = arsin(wr,) — V207, sin(wr,) # 0. (3.4

Now we fix all the parameters except the delay 7, and find the conditions to guarantee
that Re(a‘%| a=iw) # 0, l.e. the transversality condition for Hopf bifurcation is satisfied.

Suppose A = A(7,), then from the characteristic equation P3()\, 7,) = 0 we have

dPy _ 0Py  OP; dX

@ o, Tanan
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which gives
A\ _ 0Py OF;
dr,  0r,' A\’
From the discuss above, it is easy to see that

_0& _ 8A32(i(4))

8Tn 'A:iw - 6Tn A31 (iW)Agg(iw).
Putting this together with (3.3) gives
E’l R _ipg/a_Pi?l - _aAgg(iW)/aAsz(iw)
dr, YT T8, N T T T o, -
We have

dA V2Buw(sin(wr,) + o, sin(w(r, — 7))
Re(=——|rziw) = - - ’

dy kiy + ki,

where k1; and k12 are defined in (3.4). Then it is clear that the transversality condition is
Bw(sin(wry,) + a7y sin(w(r, — 75))) # 0. (3.5)
Similarly, considering Ags(iw) = 0, we have the following conditions

ky = 14 arcos(wr,) + V207, cos(wr,) # 0,

ky = argsin(wr,) + V207, sin(wrn,) # 0, (3.6)

and the transversality condition is the same as (3.5).

We summarize the above results in the following theorem:

Theorem 3.2.1 For fix o, 7, > 0 and for § satisfying 8 = BE (B8 = BF) as defined
by (2.24)((2.29)), the system (1.5) for Case 3 undergoes a Hopf bifurcation at T, = Tlik
(Th = 7'232) as defined by (2.25) and (2.26) ((2.30) and (2.31)) if conditions (3.4) ((3.6)) and
(3.5) hold.
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To analyze Hopf bifurcation, generally [24] we can derive the explicit formula to de-
termine the properties of the Hopf bifurcation at the critical value of the delay using the
normal form and the center manifold theory, i.e. we can determine the direction, stability
and period of these periodic solutions bifurcating from the steady state.

For ¢ € C([~h,0], R3), define

4900 _
App= w0 OEERO)
[ondn(6, w)6(0), 6=0,
and
O’ RS [_h’ O)v
R(p)p =

Then system (1.5) is equivalent to
£(t) = A(p)z + R(w)ze,
where z,(6) = z(t + ) for 6 € [—h, 0].
For ¢ € C'(]0, h), (R®)*), define the adjoint operator A* as following:
— ) s € (0, Al

A*Y(s) = . ds 7
12, dnT(s,0)%(=s), s=0.

And the bilinear inner product
0 0
<(s),00) >= 5000 - [ [ B¢ - o)an@re(6)ek,
~h J E=0
where n(6) = n(#,0).
Then, as usual, we know
< 'l,[),14q5 >=< A*d}, ¢ >,
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where (¢,1) € D(A) x D(A*), and the normalization condition < ¢*,¢ >= 1.

We know that +iw are eigenvalues of A(0). Thus, they are also eigenvalues of A*. We
first need to compute the eigenvector of A(0) and A* associated with +iw.

Suppose that q(8) = (1,q1,¢2)T€!" is the eigenvector of A(0) corresponding to iw.

Then A(0)q(6) = iwq(h), ie.

w1 —aqe ™ —qpfe —ai3fe 1 0
v , . _; iwl

—ag e ™ qw+1—ae W —qg3fleT™ ¢ le =0

_aalﬁe—iwm _anﬂe—iuﬂn w1 -— ae—iwn ¢ 0

Thus, we can obtain ¢(0) easily for each case.
Similarly, let ¢*(s) = D(1, g7, 3)e*” be the eigenvector of A*(0) corresponding to

—iw, then A*(0)¢*(s) = —iwg*(s), i.e.

w+ 1 — e —algﬂe‘i“”" —algﬂe‘i“”" 0

WS . . s - .
(1 q qg)e —a91 e  dw+1—oae™  —ayfe™ =0
—ag fe” W™ —agfe ¥ juw 41— ae"wWn 0

So for each case we have ¢*(0) obviously.
In the order to conform < ¢*(s), ¢(f) >= 1, we need to assure the appropriate value of

D. From the definition, we have
— -— —_— 0 0 — - - . T .
< q*(S), q(e) >=D(1; q{: q;)(la q1, Q2)T—/h /; OD(I, q{a qg)e—z(E—O)wdn(e)(l’ q1, qZ) etéwd§

1]
- D{1+q1q;+q2q‘;— / (1,q}*,q;)ee”“dnw)(l,ql,qf}.
-h

Since
—avr e~ WTs — 12 T, WTn 3T, 07T 1
D = (1,¢,4) — g1 fTpe —ar e W — g3 BTpe W ¢
—as; ﬂ,rne-iuﬂn _a32ﬂ7.ne~iw'rn _aTse——iw'r,, 0
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we have
< q*(s),q(0) >= D{1 + q:1¢; + 205 — D1}

Thus, we can obtain D as
1

1+ G+ gy — Dy

The ‘form’ of the center manifold we need here in low dimension is

# = Bz + U(0)R(®z),

where
B w 0 = z L B(0) = q*(0) ,
0 —iw z q*(0)
and
R(®z) = F(®z) + G(®z),
(6) = al3 £ (O)8 (=) + 5" O (-7),
@1 Bl59"(0)(a1205(~Tn) + a1393(=Tn) + §9" (0) (@123 (—n) + a1393(~7n))]
Gloa| = | Bl39"0)(an@(—7n) + a2303(—Tn) + 59" (0)(a210% (—T0) + a2303(—70))]
©3 Bl29"(0)(as103(—Tn) + as203(—Tn) + 9" (0) (@313 (—T) + 2203 (—7n))]

We take Case 3 Ajy(iw) = 0 as an example to do a detailed analysis:

It is easy to obtain

®(0)z = ¢l ;4 e=iwls 2 P2
_ﬁeiwﬂz _ \/—Q—e'i“’ei 03
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Directly computing we have

o T - 3w f”(O) —~iWTs iWwTs s\ 2
Z=iwz+ (5 R +1)[(2—\/§)aT(e z+e¥Z)

~VEB(G9" O+ 5" O) e 22+ (2= VDl (e o2y
+<4—f )B(34"(0) +

1 .
6g///(o)) (e—zmrnz + ezwrn 2)3]

Let 2 = z + 1y, so we can rewrite the system above as

& = —wy-— 3w,
y o= wz+é,
where
R 12“1)[(2 VoL O i,y oy
~VEA(54"0) + é'"(o»(e-mz+ew"z)2+<z—maﬂ%@(e—wuzﬂwnz)s
vy <§g (0)+ 54" (O)e™z + ¢ )

— a(e—-iw'rs Z+€WT” Z)g*_b(e—iw'rnz_*_eiwm 2)2—1-0(6_in82+6in" Z)zii—d(e_i“”"z-i—eiw" 2)3
= 4a(z cos(wTs) + ysin(wy))? + 4b(x cos(wr,) + ysin(wr,))?
+8c(z cos(wTs) + ysin(wry))? + 8d(x cos(wry) + ysin(wry,))?3,

and

_ (2_\/_2-)a "
“ = G’ O

"\/Eﬂ 1 " 1 "
b= G ad O F e )

(2 — \/i)a "
€T UG -w+ 1)f (),

(4 _ \/Q)B " 1 III
d = 4(5w? — 2w + 1) g"(0) + (0))-
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According to [22], we can obtain the Lyapunov coefficient for the Hopf bifurcation:

N = —24w(ccos®(wr,) + dcos®(wr,)) + 8csind(wr,) + 8dsin®(wT,)
—T72uw(ccos(wTy) sin*(wr,) + d cos(wTy) sin®(wTs))
+8(c cos®(wTs) sin(w;) + d cos?(wry,) sin(wy,)) 3.7
+(9w? — 1)(8a sin(wT,) cos(wT,) + Sb sin(wT,) cos(ws)) (4a + 4b)

+3w(4a cos®(wT,) + 4bcos*(wT,))? — 3w(4asin®(wr,) + 4bsin®(wr,))?
So we have the following theorem:

Theorem 3.2.2 The criticality of the bifurcation for Case 3 is determined by the sign of
Lyapunov coefficient (3.7). When N > 0, the bifurcation is subcritical and the Hopf bifur-
cation yields an unstable limit cycle; while N < 0, the bifurcation is supercritical and the

Hopf bifurcation yields a stable limit cycle.
Remark 3.2.1 Using the same method, we can obtain similar results for other cases.

We take Case 2 as an example to do numerical continuation using DDE-BIFTOOL [12].
In Fig. 3.1, there are two Hopf bifurcation points when the y-axis ;(max(z;) +max(zo) +
max(z3)) = 0. As J is increasing, we know from Fig. 3.1 there are two periodic solutions,
which are asynchronous (z1(t) # z2(t) # x3(t)). Fig. 3.2(a) shows a standing wave
(periodic solutions satisfy un_i(t) = u;(t — ip), i(mod n), t € R) occurring in Fig.3.1
L1. Fig. 3.2(b) depicts a mirror-reflecting wave (periodic solutions satisfy u;(t) = u,_;(t),

i(mod n), t € R) which occurs in Fig.3.1 L2.
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35 T T T T T T

25+ -

15+ L

1/3(max(x1)+max(x2)+max{x3))
=

0.5 1 15 2 25 3 3.5 4

Figure 3.1: Numerical continuation of periodic solutions emanating from Hopf bifurcation

witha = —1.5, 7, = 1, 7, = 1 for Case 2.

58



0.01 T T T T T T i T T
0.005 .
x1x2x3
0
-0.005 4
_001 1 1 | i | 1 [ | |
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
T (a) standing wave
0.01 T T T T T T T T T
0.005
x1x2x3
0
-0.005
_001 1 | } 1 | ] 1} | |
0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1
T . .
(b) mirror-reflecting wave
Figure 3.2: Hopf bifurcations of standing wave and mirror-reflecting wave with o« = —1.5,

7s = 1, 7, = 1 for Case 2.
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Chapter 4

GLOBAL EXISTENCE OF PERIODIC
SOLUTIONS WHEN 75 =0

In delay differential equations we can obtain periodic solutions through Hopf bifurcation.
However, most results are generally local. So it is important to discuss the extendibility of
the non-constant periodic solution globally. By using a global Hopf bifurcation result due
to Wu [51] and high-dimensional Bendixson’s criterion due to Li and Muldowney [31], we
can show that the local Hopf bifurcation implies the global Hopf bifurcation for a certain
critical value of delay.

For system (1.5) if 7, = 0, 7, = 7 we have

.’,Cl(t) = —I (t) -+ af(xl(t)) -+ algﬂg(xz(t - T)) + a13ﬂg(ft3(t -— 7')),
To(t) = —xa2(t) + ao1Bg(@1(t — 7)) + af(w2(t)) + azsfo(zs(t — 7)), (4.1)
Z3(t) = —z3(t) +anBg(zi(t — 7)) + azBg(x2(t — 7)) + af(z3(t)),

and assume
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(H,) there exists L > 0 such that | f(z)| < L, |g(z)| < L for z € R, The origin (0, 0, 0) is

the unique equilibrium.

The corresponding characteristic equation becomes

(A+1 —0!)3 —(a12a23031 +a13021032)ﬂ3€‘3” —(@23a32+a13a31 +a12a21) (A+1 —a)ﬂ2€—2'\T =0.

4.1 Stability Analysis
Let us consider the characteristic equation:
As(N 2 X+1—a—-Be™ =0. (4.2)
We know that when 7 = 7;, A = 4w is a root of (4.2) with

w=F=(=aF,

where

1 1- .
7= TR [arccos (Ta> +j07r] , 4.3)

. 27+1, when >0 (j=0,1,..)
Jo =
92j. when <0 (j=0,1,...)

For the system corresponding to (4.2), we have the following results:

Lemma 41i

1) If the parameters o and 3 satisfy o+ | 3| < 1, all the roots in Eq. (4.2) have negative

real parts.

2) If a+ B > 1, then there exists a solution with a positive real part.
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3) If the parameters o and (3 satisfy |1 — a| < —0, then the equilibrium (0,0,0) is
asymptotically stable when 7 € (0,79), and unstable when T > 1o, where Tg is
defined in (4.3). Moreover, atT = 7;, (j = 0,1,...), there exists a pair of purely

imaginary roots in (4.2). Hopf bifurcation occurs near (0,0, 0).

The proof is similar to those in Lemma 2.2.1, (2.4.1) and (2.3.1). In order to guarantee
a Hopf bifurcation, we need not only the existence of pure imaginary eigenvalues, i.e.
As(iw) = 0, but also the transversality condition %f\(’\llxziw =1+ Bre ™" £ 0, which is
obvious.

Since the characteristic equation in Case 2-Case 4 can be factored as the multiplication
of three first-order quasi-polynomials and each factor has the similar construct to (4.2). The

corresponding 7; has the following form:

Tor; = ! [arccos (_oz_—_l) =+ w]
215 = ﬂ2—(1—oz)2 Jo

T ! arccos( 5~ I 1—O[)>+j7r-
22 om |,
Ve - (1- a2 4

1 (V5 + 1 ~1) ]
T35 = 7 arccos + 707 | ,
\/S_Tﬂz - (1 - 05)2 4

T3y = L [arccos <\/_(1 _ a)) +j07r} ,

262 — (1 —a)? 203
Tao; = ! | arccos V2(e=1) -+ jomm
32; — 2[32_(1_&)2 2[3 0 )
Ta1; =  Toiy,
T42j = 7']‘ .

Rerange the critical value of time delay 7;;; in Casei (i = 2,3,4)as 130 < 731 < -+ - <
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7;; < +--, and the corresponding pure imaginary eigenvalue as Jw; (I is the unit of pure

imaginary root).

Theorem 4.1.2

1) If the parameters o, (3 satisfy the corresponding condition in the following table, then

the equilibrium (0,0,0) is stable for any T > 0.

Case Condition
2 a+ 1—'F2‘@|ﬂ| <1
3 a+v28 <1
4 a+ |8l <1

2) If the parameters o, (3 satisfy the corresponding condition in the following table, then

the equilibrium (0,0,0) is unstable for 7 > Q.

Case Condition

2 oz+1—+2‘—/§ﬂ>1ora-—ﬂ>1

3 a+vV28>1lora—v28>1ora>1
4 a+fB>lora—-pB>1lora>1

3) In addition, for Case 2, if the parameters o, [3 satisfy
(H) a—1< < Bl a—1),
then the equilibrium (0,0,0) is asymptotically stable when T € [0, Ty), and unstable
when T > T99. Moreover, at T = To5, J = 0,1, ..., the corresponding system has a

pair of pure imaginary roots, and undergoes Hopf bifurcation near (0,0, 0).
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Therefore, we can determine the stability situation for each case in the parameter (o, 3)
plane. For instance, Fig (4.1) shows the stability region for Case 2: in [, the trivial solution
is stable; in II, the trivial solution is conditional stable; in part III, the trivial solution is

unstable.

4 T T T T T 1

-t : -
ok 4
-3t I .

4b N

Figure 4.1: Stability region partition in the parameter «, § space for Case 2, where /1 is

a+ 1831 12isa— 258 =1,13isa~f =1
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4.2 Preliminary Results

To investigate the global existence of multiple periodic solutions for system (1.5) with 7, =
0, we need to combine the global Hopf bifurcation result and high-dimensional Bendixson’s
criterion.

Firstly we introduce the global Hopf bifurcation result of Wu [51], which we shall
explain as the following:

Let X be a Banach space of bounded continuous mappings z: R — R" with supreme

norm. Consider the functional differential equation
z'(t) = F(z*, 0, T), (4.4)

where F @ X x R x R, — R" is completely continuous. Restrict F' to a subspace of
constant function z, we have a mapping F= Flrrxrxry : R* X R x Ry — R™. Assume
(Al) F e C%.
Let £y € X be a constant mapping with value zo € R". The point (£, e, Tp) is called
a stationary solution of (4.4) if ﬁ‘(ico, ap, Tp) = 0. Assume
(A2) D, F(z,0,T) |(20,00,T0) IS an isomorphism at each stationary solution (Zg, g, Tp).
Under the assumptions (Al) and (A2), by the implicit function theorem, for each sta-
tionary solution (£o, ag, Tp), there exists €, > 0 and a C* mapping y : Be, (g, Tp) — R*
such that F'(y(a,T),a, T) = 0, for (a,T) € B, (o, To) = (0t — €0, 0 + €0) X (To —

€0, Ty -+ €o). Define the characteristic matrix at a stationary solution (Zg, ag, Tp) of (4.4), as
Aso,a0m0)(A) = AT — D, F (o, g, To) (eI),

where D, F(Z, g, Tp) is the derivative of F'(¢, o, T') with respect to ¢ at (Zg, o, Tp) -

The zeros of det A(z0,00,T0) (A) = 0 are the characteristic roots. Note that (A2) is equivalent
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to assuming that A = ( is not a characteristic root of any stationary solution. Assume
(A3) F(p, a,T) is differentiable with respect to ¢. The characteristic matrix Az o, 1) (A)
is continuous in (o, T, \) € Be, (g, Tp) % C.

A stationary solution (£, ag, Tp) is said to be a center, if it has purely imaginary char-
acteristic values of the form im% for certain positive integer m. A center (Zo, &g, Tp) is
isolated if (i) it is the only center in a neighborhood of (£, av, Tp), (ii) it has only finitely
many purely imaginary characteristic values of the form zm%’ . Let J (&, ag, Tp) be the set
of all such positive integers m at an isolated center (%0, a0, Tp). Assume that

(A4) there exists €,6 € (0, €9) such that on [ag — 6, 0g + 8] X O, 1), det Agg(a).0.m) (U +

imZE) = 0 for some m € J(Zo, o, Tp) if and only if & = o, u = 0, T = Ty, where

Q(é,To) = {(U,T) 0<u<e, |T —-Tol < 6}.

Define

. . 2m
H:;(xo, g, TO)(U, T) = det A(g(ao:té,T),ao:tJ,T) (U + zm—,f> . 4.5)

Then (A4) implies that Hx (o, cg, To) # 0 on 0 7,). Thus, the mth crossing number

Ym (&0, o, To) of (Z0, o, To) can be defined, using topological degree of mappings HZ, as
’Ym(fi'Oa Oy, TO) = degB(Hn—z("EOrO‘Oa TO)’ Q(G,TO)) — degB(H:z(i'O’ Qo, TO)’ Q(6,’1"0))' (4.6)

It is shown in Wu [51] that 7, (Ze, a0, To) # 0 implies the existence of a local bifurca-
tion of periodic solutions with periods near %
In addition,

(A5 ) All centers of (4.4) are isolated and (A4) holds for each center (Zg, o, To) and each
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m e J(.’f}(), Qgq, To)
(A6) For each bounded set W C X x R xRy, there exists constant L > 0s.t. |F(p,0a,T)—
F(¢,a,T) < Lsup,eg |¢(s) — ¥(s)}, for (¢, e, T) € W.

The following is a global Hopf bifurcation result in Wu [51].
Theorem 4.2.1 Assume that (Al )-(A6) hold. Let
Y(F) = Cl{(z,,T) : xis aT — periodic solutions of (4.4)} C X x R x Ry,

NF)={(Z,a,T): F(2,0,T) = 0}.

Let C(Z, g, T) be the connected component in $(F) of an isolated center (Zq, ao, To).
Then either
1) C(Zg, 09, Ty) is unbounded, or
2) C(%y, g, To) is bound, C(Zg, o, To) N N(F) is finite, and
> Y (&, 0, T) = 0 (4.7)
(#,0,T)€C (80,00, TO)N(F)
forallm = 1,2,..., where v,(%,0,T) is the mth crossing number of (Z,0,T) if m €

J(Z,a,T), or it is zero otherwise.

By the theorem above, to show that C(£, a, To) is unbounded, it suffices to show that
the sum in (4.7) is nonzero, for a particular integer m.
Next, we review the high-dimensional bendixson’s criterion of Li and Muldowney [31].

Consider a system of ordinary differential equations

t=f(z), ze€R" feC. (4.8)
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As shown in [31], to derive a high-dimensional Bendixson criterion, it is sufficient to show

that the second compound equation

(2]
#(0) = 22— a(t, 20)=(0), “9)

with respect to a solution z(t, z¢) € D (where D € R™ is an open connected set) to (4.8) is
equi-uniformly asymptotically stable, namely, for each 2y € D, system (4.4) is uniformly
asymptotically stable, and the exponential decay rate is uniform for z, in each compact

subset of D. Here Qaiﬁ is the second additive compound matrix of the Jacobian matrix %ﬁ.

Itis an Z X Z matrix, and thus (4.9) is a linear system of dimension

For a 3 X 3 matrix
Ci1 Ci2 (13
C=1| cu e cn |-
C31 C32 C33

its second additive compound matrix C1? is

Ci1 + C22 Cos —C13
2 _
c = C32 €11 + Cs3 C19 ‘ (4.10)
—C31 Ca1 Co2 + €33

If D is simply connected, the equi-uniform asymptotic stability of (4.9) precludes the
existence of any invariant simple closed rectifiable curve in D, including periodic orbits.

In particular, the following result is provided in [31].

Theorem 4.2.2 Let D C R"™ be a simply connected region. Assume that the family of

linear systems

12
Z(t) = %—(m(t,xo))z(t), zo €D
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is equi-uniformly asymptotically stable. Then

1) D contains no simple closed invariant curves including periodic orbits, homoclinic or-
bits, heteroclinic cycles;

2) each semi-orbit in D converges to a single equilibrium.

In particular, if D is positively invariant and contains an unique equilibrium I, then T is

globally asymprotically stable in D.

The required uniform asymptotic stability of the family of linear systems (4.9) can be
proved by constructing a suitable Lyapunov function. For instance, (4.9) is equi-uniformly

asymptotically stable if there exists a positive definite function V' (z), such that ‘—1%2”(4,9) is

negative definite, where V' and dv(z) 4.9) are both independent of .
at 1(4.9)

4.3 Nonexistence of Nonconstant Periodic Solution When
T=0

Consider the system (4.1) with 7 = 0,

& = —x1+ af(z1) + a12f9(z2) + a1389(x3),
Ty = —2o+ anfg(z1) + af(z2) + axsBo(xs3), 4.11)
3 = —z3+anfg(z1) + azfy(z2) + af(zs),

Under the following assumption:

(H3) There exists m;, mg > 0 s.t.
p(t) = max{ui(t), pa(t), ua(t)} <0, (4.12)
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where

plt) = =2+ af (@) +af (22) +  Hanby (@) +milassby (@9)]

pa(t) = =2+ af'(21) +af(z3)+ %Mszﬂg'(xzﬂ + malai289'(22)],

pot) = =2+ af(es) +af (29) + ~-lanfy'(o1)| + —lanfy'(a1)|.
We have

Theorem 4.3.1 If the Hypotheses (Cl1), (H,) and (H3) are satisfied, then the system (4.11)
has no non-constant periodic solutions. Furthermore, the unique equilibrium (0,0,0) is

globally asymptotically stable in R®.

Proof: Firstly we prove that solutions of (4.11) are bounded. Let

xlaxz)x3 § x

Then the derivative of V' along a solution of (4.11) is

3
dv .
o len = 2> "z
3

= 2in(—$i+af($i)+ Z aijﬁg(mj))

i=1 J=Lj#i
= ——2Z$ +2a2x1f 1131 +2ﬂz Z a;;2:9 x]
i=1 j=1,j%#4

From the assumption (C1) and (H;), we have

|(411 < QZx +2aLZ|x,I—I—2ﬁLZ Z aij ).

i=1 j=1,7#i

There exists M > 1 s.t. 4/ 3_1 z; > M which implics

dv
e la1) <0
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This shows that the solutions of system (4.11) are uniformly ultimately bounded.

Denote z = (21, T, 23)7 and

—z1 + af(z1) + a12B9(22) + a1389(z3)
F(z) = | —z3+ anfg(z1) + af(22) + afy(as) |-

—z3 + a3109(z1) + az2Bg(z2) + af (z3)

then
—1+af(z) abg'(z2) a13fg' (x3)
g_]; =1 anfg'(z) -l+af(z:) anbd(zs)
anBg'(z1)  axfg'(z:) —1+af'(zs)
- —2 4 af(z)) + af(22) azsB9'(z3) —a130¢'(z3)
pra a3209'(z2) -2+ af'(z1) + af'(z3) a128¢ (z2)
—az1 8¢’ (z1) a2189'(2:1) =2+ af'(z2) + of (z3)

The corresponding second compound system is

21 21
oF?
2 | T T I
2'73 z23
i.e.,
= (—2 -+ Oéf'(.’t1) v+ af'(xg))zl -+ a23ﬂg’(1‘3)22 -— alaﬂgl($3)23
5 = anBg(x)z + (=2 + af'(z1) + af'(z3)) 22 + 1289 (12) 23.
z3 = —aufg(x1)2 +anfg (z1)22 + (=2 + af'(22) + af'(z3)) 2
Let

W (z) = max{m|z1], ma|22], | 23|},
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where my, my > 0 are constant. By direct calculation, we have:

d+ m
gl |z1| (=24 f (21) +af' (z2))-ma |211+;{;‘|azsﬂg'(w3) |- ma|22] +mi|a13B89' (z3)] |2l

N

%{mﬂzﬂﬁ%lamﬁgl(%)l malz|+(—2 + af’(w1)+af'(m3)) -m2|z2|+m2|a1z,ﬁg'(x2)| |23],
+

%‘{|23|S%‘1“‘131ﬂg’(371)l'mltzll+mi2|a2lﬂgl($l)| ‘|29 +(—2+af'(x2) +af'(23)) 23,

where d* /dt denotes the right-hand derivative. From (H3), it is obtained that

d+
5 W ((®) < uOW ((2)).

From the boundedness of solution to (4.11), there existsa 6 > 0 s.t. u(t) < =6 < 0. So
we have

W(z(t)) < W(a(s))e™™, t25>0.

This shows the equi-uniform asymptotic stability of the second compound system (4.13).

So from Theorem 4.2.2 we get the conclusion of Theorem 4.3.1. [

Remark 4.3.1 We understand that the assumption (Hs) is difficult to verify since no ex-
plicit expressions of solutions are available in general. While for some simple models,
there are some efficient conditions for the differential equation independent of time delay.

Since we focus on the delay differential equation in this thesis, we do not consider it further.

4.4 Global Existence of Periodic Solutions

In this subsection, we will show that the local Hopf branches of (4.1) obtained in Theorem

4.1.2(2) can be extended for large values of the delay 7 in Case 2.

72



Consider the Fuller space
Y ={(z,7,T)}: £ is a T — periodic solution of (4.1)} € X xR x R,.

Obviously (4.1) does not depend explicitly on T'. We will verify assumptions (A1)-(A6) in
Theorem 4.2.1 for system (4.1) as following:

From assumption (C1) and (H;), (A1) and (A6) are obviously satisfied. Since (0, 0, 0)
is the only equilibrium, thus all stationary solution are of the form (0, 7,T). A = 0is not
a characteristic root of the equilibrium (0, 0, 0), thus (A2) is satisfied. The characteristic
equation g()\) is continuous in (7, T, A) € R, x R, x C, which verifies (A3).

A stationary solution (0, 7, T) is a center if (0, 0, 0) has purely imaginary eigenvalues of
form I m%’r. By Theorem 4.1.2(2) we know that this occurs if and only if m = 1, 7 = 79

and T = —f%, and \(7;) = Iw,. Therefore, the set of centers is given by

{<0a7-2k5_2£> ;k=0,1,2,...},
W

and all centers are isolated. For fixed %, there exists ¢ > 0, § > 0 and a smooth curve
A (Top — 6, 7ok + 6) = Cs.t. g(A(T)) =0, |A(7) — Tws] < eforall T € (7o — 6, Tox + 0),
and /\(Tgk) = IUJQ.
Let
2w
Qc={(U,T):0<V<e,|T———w—|<e}. (4.13)
2
Clearly, if |7 — 79| < & and (v, T)) € 8. satisfy q(v + I%) = 0, then 7 = 7, v = 0 and
T = f‘f This verifies (A4) and (AS). Moreover, if

R 2m\ 2
Hrﬁ <O,Tzk7 ;) (»,T) = A(G,miw) (V + Im?> y

2

then, at m = 1,

- 2 N 2 A 2
TYm (077-2167 l) = degB <Hr—r;, (OaTZk’ l) 7QC> '—degB (Hg (0’7—2153, 1) aQe> = -1,
Wag Wa w2
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Thus the connected component C(0, 7o, 2 ) through (0, Toks 5 ) in ¥ is nonempty. Since

the first crossing number of each center is always —1, by Theorem 4.2.1, we conclude that:
Lemma 4.4.1 C(0, o, 21) is unbounded for each center (0, 72k, Z2).

Moreover, we can obtain that
Lemma 4.4.2 Periodic solutions of (4.1) are uniformly bounded.

Proof: Let M = max{1,L(a+ B30, ] 1,j#i @ij)} and r(t) = °_, 22(t). Dif-

1=1 T

ferentiating r(¢) along a solution of (4.1) we have

. 1 .
Ht) = T—(‘t“);%(t)xi(t)
= Y2 e ) +ﬂz Z aijzi(t)g(z5(t — 7))]
T(t) i=1 i=1 i=1 J—I,J#z
3
< r(lt)[ Zm +aLZ|x1 |+ﬂLZ Z aij|zi(t)
i=1 i=1 j=1,7#1

If there exists tg > 0 s.t. 7(¢9) = A > M, then we have

7(to)

IA

—[ A2+AaL+AﬂLZ }: aij]

i=1 j=1 g4

3
—A+aLl+BLY Z ai; < 0.

i=1 j=1j#i

I

It follows that if z(t) = (z1(t), z2(t), z3(t))T is a periodic solution of system (4.1), then
r(t) < M for all t. This shows that the periodic solutions of (4.1) are uniformly bounded.
O

Lemma 4.4.3 The periods in the periodic solution of (4.1) are uniformly bounded.
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Proof. Note that if 2(t) is a 7-periodic solution of system (4.1), then z(t) is 7-periodic
solution of the ordinary differential equation (4.11). Applying Theorem 4.2.2, we know that
under Hypothesis (H3), the system (4.11) has no non-constant periodic solutions. There-
fore, system (4.1) has no non-constant 7-periodic solutions.

By the definition of 755, we know that
woTge > 2w, k=1,2,...

and hence

2
—7T<T2k, k=1,2,...
Wwa

From Theorem 4.1.2(2), we know that 7y > 0. Hence for 7 > 7y, there exists an
‘integer m s.t. = < %7;’ < 7. Since system (4.1) has no non-constant 7-periodic solution, it
has no 7 -periodic solution for any integer n. This implies that the period T' of a periodic
solution on the connected component C/(0, 72, f—%) satisfies = < T < 7. So we know
that the period of the periodic solutions of the system (4.1) on C (0, Tok, f)—’;) are uniformly
bounded. [J

Based on the above discussion, we present our main result as:

Theorem 4.4.4 Suppose the Hypotheses (C1) and (H,) — (Hs) are satisfied. Then system

(4.1) for Case 2 has at least k -+ 1 non-constant periodic solutions when v > 1o, k > 1.

Proof: By Lemma 4.4.1, it is obvious that C(f), Tok, %’;’) is nonempty and unbounded. By
Lemmas (4.4.2) and (4.4.3), the projection of C' (ﬁ, Toks 37’2’-) onto the z-space is bounded.
For Case 2, we prove wyTyy > 7 with (Ha).
In fact, let A = 4w be the imaginary root of Pp;(A\) = A + 1 — o + fe™7, Pp()) =

A+l—a-— J—“izﬁﬂe“’" and Pp(A)=A+1—a— %@ﬂe‘” respectively, then separate
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it into real and imaginary parts we have:

1+/5 1-v/5
1—a=—p cos(wa1Ta10) l-a= 5 B cos(w22T220) l-a= ) B cos(wa3Tas0)
, ’ 1++/5 ’ 1-v5 .
wyr = fsin(wa Ta1) Wog = — 5 3 sin(waaTazg) Wz = — \/—ﬂ sin(ws3T230)

Without loss of generality, let 5 > 0. From (H;), we have a < 1. So

COS(W217‘210) <0 COS(U)ggTzzo) >0 cos(w237'230) <0
Sin(w217'210) >0 Sin(a_)QgTzzo) <0 Sin(WQ3T230) >0
So we have wyr3o > I, ie. f}—’; < 41y < 41, k > 0. Thus, the projection of

C(0, 7ok, 2;’25) onto T-space is bounded. This implies that the projection of C(0, 79, %’;’)
onto the 7-space must be unbounded.

Applying Theorem 4.2.2, we know that system (4.1) has no non-constant periodic so-
lutions when 7 = 0. Thus, the projection of C(0, 7, f}—”) onto the 7-space must be an
interval [, 00) with 0 < 7 < 7. This shows, for each 7 > 79 > 7o; the system (4.1) has
at least & periodic solutions. This completes the proof of Theorem 4.4.4. O

Therefore, under the Hypotheses (C1) (H;) and (Hs), the unique equilibrium (0, 0, 0)
of system (4.1) with 7 = 0 is globally asymptotically stable in R3. However, under the Hy-
potheses (C1) and (H;) — (Hs), system (4.1) has at least k£ non-constant periodic solutions

when 7 > 75, (k > 1). This demonstrates how time delays affect the dynamics of system

“4.1).

Remark 4.4.1 Using the same procedure, we can get the similar result for the system with

Tn = 0 but 7, # 0.
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4.5 Numerical Simulation

In order to demonstrate the global Hopf bifurcation results in Theorem 4.4.4, we use Xp-
pAuto to carry out the numerical simulations. In Fig. (4.2), we show that there exists a
periodic solution when f(z) = g(z) = tanh(z), 7 = 5, @ = —0.5, 8 = —1, where 7 is
between the two Hopf bifurcation values 799 = 4.55 and 75, = 14.90. Fig. (4.3) shows
that there exists a critical value of 7.. When 7 < 7, the equilibrium of the system is stable.

When 7 > 7, there exists at least a periodic.solution.

x123

08 ]

0.6

0.4

0.2

0.2 |

0.4

-0.6

08 F -

o] 20 40 60 80 100
t

Figure 4.2: A periodic solution on 253 — t spaces with 7 = 5, « = —0.5, § = —1 and

initial data z; = 0.8, 2o = 0.3, z3 = 0.5 in Case 2
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