
















































































































































































This investigation left me with a few questions to answer, but due to
the number of digits involved in some of the numbers; it was not practical to
explore higher powers. The spreadsheet will only display 13 digits before
reverting to scientific notation, making it difficult to find the digital roots.

There are other questions arising from this investigation. | will mention
these here and briefly address these.

Question 4: Why do the numbers 3 and 6 never show as a digital root?

| don’t know if it is fair to consider this a question as the original
investigation does not directly address this, but | happened to notice their
absence. In working with the prime powers greater than three all digits from 1
to 9 appeared except for 3 and 6. The 3 and 6 were replaced by the humber
9 in these instances.

After some thought, and a conversation with the instructor, it became
obvious that 3 and 6 would not show in any of the patterns. All powers of 9
must be divisible by 9. The rule for divisibility by 9 is that the number must
have a digital root of 9. Any power of 3 or 6 is also divisible by 9 and must
therefore have a digital root of 9.
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Question 6: Why does the repetition seem to last for a string of either 3 or 9
numbers?

Relatively early in the investigation | noticed that repetition occurred in
sets of either 3 or 9. Unfortunately | have not been able to determine a
reason why this must be so. Looking at the results of table 12, | have a feeling
that it is possible to look at repeating sets of 3. This seems to develop if the
pattern is examined based on a pattern of 3 instead of 6.

| examined a combination of pairs of powers, where the second power
of the pair is 3 greater than the first power of the pair. If the corresponding
numbers were the same, | left them alone. If the numbers were different, |
added them together. The resulting patterns for the combinations are given
below.

tand4d= 1 9 9 4 9 9 7 9 9
2and5=1 9 9 4 9 9 7 9 9
3and6= 1 9 9 1 9 91 9 9

I may be looking for more patterns than actually exist here, but these
combinations appear to be grouped in sets of 3. While there does exist a
variation in the first two sets with the 4 and the 7, can they still somehow be
treated the same as the third set? Is it significant that in moving from the 1 to
4 to 7 that the increment is 3?7 Perhaps I’'m just going crazy and grasping for
straws here, but in my experience with Mathematics most things can be
broken down to very basic forms. | believe that this can possible be done
here, but I've finally reached the end of my ideas.

Closing Comments

| was much more apprehensive about this component of this course
than any other. | was much more comfortable with solving the problems; |
knew what had to be done. This project left me stranded and wondering what
to do. The main problem was finding a topic that | was comfortable
approaching and felt | could handle.

Once the investigation was started it was, for the most part, the same
as doing problem solving. The only difference was that a final answer was
not attained in this case. It was enjoyable to see some of the patterns
emerging. Especially in places where | had never thought they had
previously existed.
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APPENDIX B
A follow up activity which

could be used in conjunction
with the investigation of Appendix A
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The investigation (Appendix A) may be organized in a mathematics
classroom in the form of a discovery game as a way to give students a feeling
for numbers, a chance to notice the patterns that appear in numbers and to
make and prove a certain hypothesis about the numbers’ behavior.

Upon reflection on an investigation, when some of the observations are
still unexplained and the students’ approaches to explain them seem to be
exhausted, it is the right time to teach them a little theory. This is the time
when the theory will be appreciated by the learners, because they need it
now.

The following is a mini lesson which could be taught after doing the
investigation in Appendix A. In particular, the following math notations can be
introduced: divisibility, congruence of numbers, remainder of integer division,
arithmetic sequence and Binomial theorem. This lesson also gives an idea of
mathematical statement and mathematical proof as a logical support of a
general statement.

Problem 1 is an example of clever and fast calculations as opposed to
direct evaluation. Fast algorithms are in demand in curriculum standards and
numerical methods.

Problem 2 is an example of problem solving since it is not a direct

application of the theory, but it is an application of the idea of divisibility.
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The Lesson: An easy way to get a remainder of division by 9

Let a mod b denote the remainder of a after integer division by b. For
example:5mod2=1,11 mod 3=2 and 33 mod 9 = 6.

The following statement gives us an easy way to find the remainder of
division by 9: one can replace a number with the sum of its digits and then
find the remainder. For example 87 mod 9 = (8 + 7) mod 9 = 6 and
678 mod 9 = (6 + 7 + 8) mod 9 = 3. More precisely,

Statement 1: Let the number x be represented by its digits
XnXn-1....Xp that is
X = (X107 + Xp10™ 7 + - + X410 + Xp)
Then
xmod 9 = (X, + -+ X1 + Xg) mod 9
Proof. Note that 10=9+1,100=99 + 1, 1000 = 999 + 1, etc.

Thus 10“mod 9 = 1 for all k= 1. Therefore, when looking for the
remainder of division by 9 we can replace all the 10 with 1 in the expression

X = (X107 + Xx,.410™" 4+ ... + x110 + Xy ), leaving us with the sum of the digits.

Corollary: A number is divisible by 9 if and only if the sum of its
digits is divisible by 9.
Proof. This is a particular case of Statement 1 when the remainders

are zero: xmod 9 = (X5 + Xp-1+ ** + X1+ Xo) mod 9 =0

Statement 2: For any natural number X, if xmod 9 = y then
x> mod 9 = y* mod 9.
Proof. Letxmod9=y. Thatisx=9:q+y, where qis a whole
number. Then X =(9- g+ Y2 =(9%- ¢ +2-9qy + V)
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Thus x? and y? have the same remainder of division by 9. Moreover, in

a similar way, using Binomial formula one can show that for any power k= 2,

and any natural number x, if x mod 9 = y then

Problem 1a.

Solution.

Problem 1b.

Solution.

Problem 2a.

Solution.

Problem 2b.

Problem 3.

Problem 4.

Xxmod 9 = Y mod 9.

Find without a calculator (1234567890)* mod 9
1+42+3+4+5+6+7+8+9+0=45and45mod 9 =0.

Thus the answer is O.

Find (1234567)'%**°%” mod 9
1+2+3+4+5+6+7=28and28 mod9 =1, and

11234597 — 1. Thus the answer is 1.

Show that (13579111315171921232527293133) mod 9 is the
same number for all k= 1.

Notice the arithmetic sequence related to the number:
1,3,5,7,9,11, 13,15, ..., 31, 33. Its sumis 17° = 289

and 289 mod 9 = 1. Since any power of 1 is 1 we get the
same result for all powers of k.

Note: The sum of consecutive odd numbers
1+3+...+@2n+1)=r7

Note that in problem 2a we were not quite summing the digits,
but clusters of them instead! Explain why it still gives a correct

answer.

Review the result of the investigation in Appendix A. Try to

prove some of the conjectures.

Create your own problem on the material learned.

- 59 .












