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Abstract 

Fingering has been studied in different fluid systems. Viscous fingering, which is 

driven by a difference in viscosity between fluids, has been studied by both ex

periments and numerical simulations. We used a single fluid with a temperature

dependent viscosity and studied the instability for a range of inlet pressures and 

viscosity ratios. The spreading and fingering of a fluid drop subjected to a centrifugal 

force, known as spin coating, has also been studied for a range of drop volumes and 

rotation speeds, both for a Newtonian and a non-Newtonian fluid. 

Experiments on viscous fingering with a single fluid, glycerine, show that an in

stability occurs at the boundary separating hot and cold fluid. The results indicate 

that the instability is similar to that which occurs between two miscible fluids. Fin

gering only occurs for high enough values of the inlet pressure and viscosity ratio. 

The wavelength of the fingering pattern is found to be proportional to the cell width 

for the two smallest cell widths used. The fingering patterns seen in the simulations 

are very similar to the experimental patterns, although there are some quantitative 

differences. In particular, the wavelength of the instability is seen to depend only 

weakly on the cell width. 

The spreading of silicone oil, a Newtonian fluid, during spin coating follows the 

time dependence predicted theoretically, although with a shift in the scaled time vari

able. Once the radius of the spreading silicone oil drop becomes large enough, fingers 
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form around the perimeter of the drop for all experimental conditions studied. The 

number of fingers and the growth rate of the fingers are in agreement with theoretical 

predictions. Fingers are also observed to form for high enough drop volumes and 

rotation speeds during the spinning of a non-Newtonian fluid drop, Carbopol, which 

possesses a yield stress. In this case the fingering is a localized effect, occuring once 

the stress on the drop exceeds the yield stress, rather than the result of an instability 

as in the Newtonian case. 
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Chapter 1 

Introduction 

1.1 Overview 

Fluid instabilities are commonly seen in everyday life. From the flow of a blob of paint 

down to a wall to Kelvin-Helmholtz patterns [1] seen in clouds, fluid instabilities are 

everywhere and can lead to many different types of beautiful patterns. The focus of 

this thesis is on fingering instabilities - instabilities which result in fingers of a fluid 

forming and penetrating into another fluid. This type of instability will be discussed 

in more detail later. 

A system, fluid or otherwise, can be characterised as linearly stable or unstable 

based on its response to small perturbations or disturbances [2]. A system is con

sidered unstable if the applied perturbations grow in time; if the perturbations die 

out, the system is stable. A system can be stable to small perturbations but unstable 

to larger perturbations, in which case it is linearly stable but nonlinearly unstable. 

Perturbations can be deliberately introduced into the system or may simply be due 

to imperfections in the system. 

Rayleigh-Benard convection [3) is a well known example of a pattern forming 
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Figure 1.1: A schematic illustration of Rayleigh-Benard convection. 

instability and provides a nice illustration of a system which becomes unstable when 

the control parameter is large enough. The basic set-up is sketched in Fig. 1.1. 

A horizontal layer of fluid is confined between two parallel plates with an imposed 

temperature difference in the vertical direction. The bottom plate is maintained at 

a temperature T17 while the upper plate is maintained at a temperature T2 , where 

T1 > T2. The base state of the system is one in which the flow of heat is solely by 

conduction, with no fluid motion. The fluid near the bottom plate is less dense than 

fluid near the upper plate due to the higher temperature near the bottom plate. There 

is an unstable density configuration: the lower fluid wants to move upwards while the 

upper fluid wants to move downwards. When AT = T1 - T2 is large enough for this 

buoyancy effect to overcome the opposing effects of viscosity and the cooling of the 

hot fluid as it flows upward (and vice versa), the fluid starts to flow, forming a pattern 

of convection rolls as shown in Fig. 1.1. The convection rolls have a characteristic 

length in the horizontal direction, referred to as the wavelength, which depends on 

the distance between the two plates. 

Another example of pattern formation is fingering, which occurs when the bound

ary between two regions of fluid becomes unstable. There are many examples of these 

2 



instabilities. In this thesis, two fingering instabilities observed in different systems will 

be discussed: viscous fingering [4], which results from a viscosity difference between 

fluids, and a fingering instability observed during the spreading of a fluid drop due to 

a centrifugal force [5, 6], a process known as spin coating. Fingering instabilities also 

occur at the contact line of fluid flowing down an inclined plane [7] and when fluid 

spreads due to surface tension effects [8, 9]. Another well-known fingering instability 

is the so-called Printer's instability [10], which occurs at the front of a thin layer of 

fluid contained in the gap between two acentric rotating cylinders. When one of the 

cylinders is rotated at a high enough rate, fingers of the fluid form at the fluid-air in

terface. Fingering patterns are also seen during electrochemical deposition [11]. The 

flow of lava upwards through fissures in the Earth's crust is subject to an instabil

ity known as thermoviscous fingering [12, 13, 14, 15, 16]. Fingering instabilities are 

interesting to study from a fundamental point of view but are also important from 

an industrial and geological perspective. For instance, viscous fingering is known to 

occur during the extraction of oil [17]. The process of spincoating is used to produce 

thin uniform films in many industries including, for example, the electronics industry. 

In both of these cases, fingering limits the effectiveness of the process. Understanding 

the physical processes which cause fingering in these applications may lead to a means 

of controlling or suppressing it. 

1.2 Viscous Fingering 

The Saffman-Taylor fingering instability occurs when a less viscous fluid displaces a 

more viscous fluid [4]. As shown in Fig. 1.2, under appropriate conditions, fingers 

of the less viscous fluid penetrate into the more viscous fluid. This instability occurs 

during the extraction of oil from the ground, a porous medium, when water or other 
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low-viscosity fluids are injected into the reservoir to displace the oil [17]. Fingers of the 

injected fluid can form and limit the amount of oil which can be extracted. Typically, 

laboratory experiments focus on studying this instability in a Hele-Shaw cell - a cell 

consisting of two parallel plates separated by a small gap of width b, where b is much 

smaller than the cell's other dimensions [18]. This is due to the analogy between flow 

in a Hele-Shaw cell and flow in porous media, as will be discussed later. 

Figure 1.2: A schematic illustration of the Saffman-Taylor fingering instability. The 
patterned area indicates the injected, less viscous fluid which is moving to the right. 
A finger of the less viscous fluid is shown penetrating into the more viscous fluid. 

Viscous fingering has been studied using both immiscible [4, 18, 19, 20, 21, 22] 

and miscible fluids [19, 23, 24, 25, 26, 27, 28]. The system studied in Chapters 3 

and 4 of this thesis, in contrast, uses a single fluid with a temperature-dependent 

viscosity. Similarities exist between this system and ,in particular, fingering between 

two miscible fluids but there are also important differences, as will be discussed further 

in Chapter 3. 

In the case of two immiscible fluids, there is a sharp interface separating the fluids, 

with the viscosity dependent on the fluids in question and constant on each side of 

the interface. The capillary number Ca = J.LV/a is the important dimensionless 

parameter, measuring the importance of viscous forces relative to surface tension. 
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Here J-L is the viscosity, v is a characteristic velocity, and a is the surface tension. 

Linear stability analysis of this system [2, 4], discussed in Section 1.2.1, shows that 

when the viscosity ratio M = J-Lr/ J-L2 > 1 the interface between the fluids is unstable 

and fingers develop. Here the subscripts 1 and 2 represent the displaced and displacing 

fluids, respectively. Surface tension acts to keep the interface between the two fluids 

straight in order to minimize the energy of the interface. However, the development 

of a bump on the interface, due to imperfections in the surroundings, provides a 

lower-resistance pathway for flow. The effect of surface tension on the stability of the 

interface will be further discussed in Section 1.2.1. 

In the case of miscible fluids, viscosity is a function of concentration c, J-L = J-L( c) 

and the boundary between the fluids, initially sharp, broadens with time as the two 

fluids mix. In this case, there is no surface tension and molecular diffusion acts as 

the stabilizing influence. The important dimensionless parameter here is the Peclet 

number Pe = lv/ D, which measures the importance of convective flow relative to 

diffusion. Here l is a characteristic length, v is a characteristic velocity, and D is the 

diffusion coefficient. Linear stability analysis for miscible fluids [25], discussed briefly 

in Section 1.2.1, shows that fingering only occurs when M > 1. 

Reviews of previous work on viscous fingering are given by Homsy [19] and Kessler 

et al. [20]. Saffman and Taylor [4] first studied the linear stability of the interface 

between two immiscible fluids. Park and Homsy [29] developed a theory for the 

immisible displacement of a more viscous fluid by a less viscous fluid in a Hele-Shaw 

cell. The linear stability analysis of the boundary between two miscible fluids has 

also been studied [25, 28, 30]. Yang and Yortsos [31] theoreticaly studied miscible 

displacements. As well, miscible viscous fingering has been numerically studied [26, 

27, 28, 32, 33, 34, 35]. Chen and Meiburg (36] performed simulations of miscible 

displacements in capillary tubes. 
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Much experimental work has focussed on investigating viscous fingering between 

immiscible fluids (see Ref. [18] for a review). More relevant to the present work, 

however, is the experimental work which has been performed on fingering between 

miscible fluids. Paterson studied fingering between two miscible fluids in a radial 

Hele-Shaw cell [24]. He injected water into glycerine through the center of a plate of 

the cell for a range of cell widths and injection rates. He found that the wavelength >. 

of the resulting instability followed the relationship >. = 4b. This result agreed with 

his theoretical predictions based on the minimization of the viscous dissipation of 

energy [24]. In general, this argument is not accepted, however, as there is no reason 

to expect that this system will tend to minimize dissipation of energy [37]. Snyder 

and Tait [38] investigated miscible viscous fingering in a rectangular geometry. For 

the range of cell widths and viscosity ratios they used, they found >. ~ 2b. They 

repeated Paterson's analysis for the rectangular geometry and also found>.~ 4b [38]. 

Lajeunesse et al. [39, 40, 41] studied miscible viscous fingering in a vertical Hele

Shaw cell in which the upper fluid was less dense, so the system was gravitationally 

stable. The experiments were performed for a range of viscosities, densities, and flow 

rates using silicone oils as the experimental fluids. The experiments were all done at 

high Peclet numbers. They found that fingering only occured once critical values of 

the viscosity ratio (Me ~ 1.5) and inlet velocity Uc(M) were exceeded. They found 

>. = (5 ± 1)b. The displacement of a less viscous fluid by a more viscous fluid in a 

capillary tube has also been studied experimentally [36, 42]. As well, miscible viscous 

fingering in several different porous media has been experimentally studied using an 

acoustic technique [43]. 

Fernandez et al. [44, 45] studied the related Rayleigh-Taylor instability in which 

the instability is driven by a density difference instead of a viscosity difference. Their 

experiments were performed in a vertical Hele-Shaw cell using mixtures of water and 
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glycerine of varying concentrations as the experimental fluids. The more dense fluid 

lay above a less dense fluid in the cell. The relevant parameter for their experiments 

was the Rayleigh number Ra = vb / D where v is a characteristic velocity, b is the 

width of the cell, and D is the molecular dispersion coefficient. For high Ra values 

(Ra ~ 100), they found that .A= (5 ± 1)b, while for lower Ra values, .A oc 1/ Ra. It is 

interesting to note that Maxworthy [22] also observed a wavelength proportional to 

the cell width (.A ~ 5b) in experiments in which air was injected into various silicone 

oils in a radial Hele-Shaw cell for large Ca. 

In Chapters 3 and 4 viscous fingering using only a single fluid in which the viscosity 

difference between the fluids comes from a difference in temperature will be discussed. 

1.2.1 Linear Stability Analysis 

This section contains a review of the linear stability analysis of the interface between 

two immiscible fluids contained in Ref. [2]. 

For flow in a Hele-Shaw cell, b << l where b is the width of the cell and l is a 

characteristic length in the horizontal direction, so thin-film theory applies. The z-

direction is taken to be the vertical direction. In this case, the Navier-Stokes equation 

reduce~ to [1] 

(1.1) 

where J.L is the viscosity, P is the pressure, and i1 is the velocity. Integrating over z 

twice and applying the condition that i1 = 0 at z = ±b/2 gives 

~ 1 ( 2 1 2) u = 2J.L z - 4b V P. (1.2) 
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Averaging ii over the width of the cell gives 

y 

X 

Fluid 2 

\ 

I 

\ 
I 

I 

Fluid 1 

(1.3) 

Figure 1.3: A simplified sketch of horizontal flow with two immiscible fluids through 
a Hele-Shaw cell. The interface is initially straight and is indicated by the solid line. 
The dashed line represents perturbations applied to the interface. 

Consider the case of two immiscible fluids in a horizontal Hele-Shaw cell with fluid 

2 displacing fluid 1, driven by a pressure p. The two fluids are separated by an initially 

straight interface. In the absence of fingering, the interface moves with velocity U 

in the x-direction such that the position of the interface is given by X 0 = Ut. A 

simplified sketch of this situation is shown in Fig. 1.3. The subscripts 1 and 2 refer 

to the fluid for which x > Ut and x < Ut initially, respectively. 
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In this situation, Eq. (1.3) can be rewritten as 

aP2 12112U 
- =---'-~ ax b2 if X< Ut (1.4) 

aP1 12111U 
-ax b2 

if X> Ut 

to describe the initial flow of the fluids. As an aside, note that Eq. (1.3) is equivalent 

to Darcy's law [18, 19], an empirically derived formula for flow in porous media, 

K 
U= --VP 

J1 
(1.5) 

if the permeability of the medium K is replaced with b2 /12. This shows an analogy 

between flow in a Hele-Shaw cell and flow in a porous medium. From Eq. (1.4), the 

pressure in the two fluids can be expressed as 

(1.6) 

where X 0 = Ut, the initial position of the interface, and Po is the pressure at the 

interface at time t = 0. 

Consider small perturbations applied to the initially straight interface at x0 = Ut 

such that the position of the interface X is given by 

(1.7) 

where f,q is the amplitude of the perturbation and Q is the wavenumber of the pertur

bations(..\= 21rjQ). The normal components of velocity must be continuous across 

the interface, (u2)x = (ui)x = aXj8t. From Eq. (1.7), aXj8t = U + af,q/8teiQy_ 
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From this and Eq. (1.3), 

(1.8) 

The perturbation on the position of the interface is described by Eq. (1.7). The 

pressure must also experience a perturbation given by 

P2 =-
12~22U (x- Xo) +Po+ A2eQ(x-xo)eiQy 

P1 = -
12~1U (x- X

0
) +Po+ A1e-Q(x-xo)eiQy. 

(1.9) 

Eq. (1.9) follows from the condition that at large distances from the interface the 

perturbation approaches 0 and the fact that the that the pressure in both fluids obeys 

Laplace's equation 

(1.10) 

Because of Eq. (1.10), any perturbation on P1 or P 2 that has a term like eiQy must 

also have a term like eQx [2]. Due to surface tension u at the interface, the condition 

on the pressure at the interface is 

(1.11) 

Using~· (1.7) gives 

(1.12) 

Using a series expansion for the exponential terms in P1 and P2 , and keeping only 

first order terms in the series, Eq. (1.12) can be written as 

(1.13) 
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Using Eq. (1.9), Eq. (1.8) can be written, again to first order, as 

(1.14) 

Using this equation to express A1 in terms of A2 or vice versa and substituting into 

Eq. (1.13) gives 

(1.15) 

If a~Q/&t > 0, the interface is unstable and the perturbations grow; if a~Q/&t < 0, 

the interface is stable and any perturbation dies away. Eq. (1.15) tells us that when 

/Ll < Jl2, that is, when a more viscous fluid displaces a less viscous one, a~Q/&t < 0 

and the interface is stable. When p,1 > p,2 , the perturbation will grow if Q is larger 

than a critical value of Q, calculated from Eq. (1.15) by setting a~Q/&t = 0, given by 

Q2 = 12U(p,I - ll2) 
c ub2 . (1.16) 

The interface is unstable for Q < Qc. Therefore, we see that the effect of surface 

tension is to stabilize the interface at high wavenumbers. 

The stability analysis for the case of miscible fluids is complicated by the fact 

that the base state is time-dependent due to the effects of dispersion and the fact 

that the viscosity depends on concentration. Ref. (19) contains a review of the work 

done on the stability of miscible displacements. Chouke (46) made the first attempt 

to analysis the stability of the flow for miscible fluids. He found that dispersion 

acted to stabilize the flow at high wavenumbers, giving a cutoff wavenumber Qc = 

Pe(p,1 - p,2)/4(p,1 + p,2), where here 1 and 2 refer to zero concentration and maximum 

concentration, repectively. His results, however, were for short times only. Tan 
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and Homsy [25] performed a more complete linear stability analysis and found that 

fingering occured forM> 1. They also found a cutoff wavenumber. Lajeunese et al. 

[39, 40, 41] performed a linear stability analysis for the case of a vertical Hele-Shaw 

cell in which the fluids were arranged in a density stable configuration. They found 

that the critical viscosity ratio necessary for fingering to occur was given by Me= 3/2. 

1.3 Newtonian and non-Newtonian Fluids 

Some of the work discussed in the remainder of this chapter and in Chapter 6 will 

involve non-Newtonian fluids, so a discussion of the properties of Newtonian and non-

Newtonian fluids is relevant here. Newtonian fluids are characterized by a constant 

viscosity J-L and obey the relationship T = J-L.:Y. Tis the shear stress acting on the fluid, 

that is, the force acting tangential to a surface within the fluid divided by the area 

on which the force acts . .:Y is the strain rate, dv / dz, as defined in Fig. 1.4. The flow 

curve - a plot of shear stress versus strain rate - for a Newtonian fluid shown in 

Fig. 1.5 (a) shows a linear relationship between shear stress and strain rate with the 

viscosity J-L being the slope of the line. 

> V=Vo 
> ZL ~ 

~ v=O 

X 

Figure 1.4: A stress T applied to the top plate results in a velocity gradient within 
the fluid. The fluid near the top plate moves with velocity V 0 while the fluid near the 
bottom plate has 0 velocity. The strain rate is defined as the velocity gradient dvfdz. 
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(a) (b) 

(c) (d) 

Figure 1.5: Schematic flow curves for different types of fluids. (a) Newtonian; (b) 
shear thickening; (c) shear thinning; (d) yield stress 

Many fluids have a viscosity that is not constant, but depends on strain rate. 

Such fluids are known as non-Newtonian fluids. Paint and toothpaste are everyday 

examples. For some fluids, the viscosity increases with strain rate; these are termed 

shear thickening fluids. An example is a concentrated slurry of corn starch in water 

which has a flow curve like that shown in Fig. 1.5 (b). On the other hand, if the 

viscosity decreases with strain rate, the fluid is shear thinning and behaves as in Fig. 

1.5 (c). Polymer solutions are examples shear thinning fluids. Ketchup and mud are 

examples of non-Newtonian fluids which behave like a solid at low stress and a fluid 

at high stress. These fluids are said to have a yield stress, that is, the fluid does not 
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flow until the shear stress on the fluid exceeds a certain value. Two models commonly 

used to describe yield stress fluids are the Bingham plastic model and the Herschel

Bulkley model. Fig. 1.5 (d) shows the flow curve for a Bingham plastic model. The 

equations describing this behaviour are 

.:Y = 0 if T ~ T0 (1.17) 

(1.18) 

where T0 is the yield stress and ~ is the Bingham viscosity. The Herschel-Bulkley 

model is similar but has a nonlinear dependence on strain rate for T > T0 : 

.:Y = 0 if T ~ T0 

T = T0 + K,.:yn if T 2: T0 , 

where "' is the consistency of the fluid and n is a power law exponent. 

1.4 Spin coating 

(1.19) 

(1.20) 

Chapters 5 and 6 of this thesis discuss the formation of fingers during the spin coating 

process. Spin coating is used to deposit thin, uniform films on substrates and has 

many industrial applications, including, for example, the coating of data storage 

disks [47]. During spin coating, fluid is deposited on a substrate which is then given 

an angular velocity, causing the fluid to spread outward under the action of the 

centrifugal force. As the fluid spreads outwards, a capillary ridge may develop around 

the perimeter of the fluid drop. This ridge can become unstable, leading to the 

formation of perturbations in the radial direction [48]. Because they experience a 

14 



larger centrifugal force, the bumps grow faster than the neighbouring fluid and the 

result is fingers. In Chapter 5, we discuss the results of a systematic study of this 

fingering instability for a Newtonian fluid for a large range of fluid volumes and 

angular velocities. We focus more on the growth rates of the fingers than in previous 

work [5, 6]. Chapter 6 discusses spreading and fingering of a non-Newtonian fluid 

drop during spin coating, an area less well studied (67]. 

A similar instability is seen in flows driven by gravity (48, 49, 50, 51, 52]. When a 

sheet of fluid flows down an inclined plane under the influence of gravity, fingers are 

observed to form at the liquid-solid contact line. The phenomenology of the instability 

is similiar to what occurs during spin coating. Flow down an inclined plane has been 

studied using both Newtonian (50, 51] and non-Newtonian fluids (52]. Marangoni 

forces, that is, forces due to temperature-induced surface tension gradients can also 

drive fingering instabilities [8, 9]. 

Figure 1.6: A schematic illustration of a contact angle. The contact angle (} is the 
angle the edge of the fluid drop makes with the substrate. For a completely wetting 
fluid, (} = 0. 

Melo et al. studied spincoating for a range of rotation speeds, fluid volumes, and 

fluid parameters using silicone oils as the experimental fluids [5]. They investigated 

the spreading of the drop prior to fingering, the evolution of height at the drop 

center, the critical radius (that is, the radius at which the instability occurs), and 

the number of fingers which formed around the perimeter of the fluid drop. Fraysse 

and Homsy studied spincoating for both Newtonian fluids (silicone oils with different 

viscosities and a polybutene/kerosene mixture) and an elastic fluid (polyisobutylene 
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in a polybutene/kerosene solvent) [6]. Their results with the Newtonian and non

Newtonian fluids were qualitatively the same. They used a range of rotation speeds 

and a limited range of drop volumes. They also examined the spreading of the fluid 

drops, the critical radius, and the number of fingers that formed at the instability, as 

well as the growth rate of the fingers. Spaid and Homsy studied spincoating for both 

Newtonian and viscoelastic fluids [53]. In agreement with their previous theoretical 

work [54, 55], they found that the effect of the elasticity of the fluid was to stabilize 

the contact line. Veretennikov et al. investigated spincoating using Newtonian fluids: 

glycerine, a partially wetting fluid, and Dow Corning 200 Fluid, a completely wetting 

fluid (see the caption of Fig. 1.6 for a description of contact angle and a completely 

wetting fluid) [56]. They used a larger drop volume (~ 0.6 ml) than used in previous 

work and proposed a different mechanism leading to fingering for partially wetting 

macroscopic drops than that known to lead to fingering in microscopic drops. Wang 

and Chou investigated spincoating using large volumes of silicone oils and much higher 

rotation rates than in previous studies [57]. They studied the effect on the flow and 

instability of the method used to deposit the fluid volumes on the plate, using a 

released drop mechanism and also a fluid injection method. They observed no effect 

for low rotational Bond number (i.e., low rotation speeds) while for high rotation 

speeds, the method affected the critical radius and the number of fingers, with the 

fluid injection method resulting in lower numbers for both. Togashi et al. investigated 

spincoating using two Newtonian fluids, water and a water/glycerine mixture [58]. 

They used a larger spinning substrate than the above experiments (650 x 830 mm) 

and continuously supplied fluid during the spinning process. They studied the effect 

of changing the rate of fluid injection, the fluid viscosity, and the angular velocity on 

the onset radius and the number of fingers of the instability. 
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1.4.1 Theory 

Spreading 

The spreading of fluid on a substrate subject to a centrifugal force has been studied 

theoretically by several authors [5, 6, 59, 60, 61]. The following derivation of the time 

dependence of the radius of the fluid drop is based on the work of Emslie et al. [59] 

and Fraysse and Homsy [ 6]. 

ro 

Figure 1. 7: A cylindrical volume of fluid with initial radius r 0 and height H0 on a 
substrate. The substrate spins with an angular velocity w. 

Consider a cylindrical volume of fluid with initial volume V = 1rr~H0 located at 

the center of a rotating substrate and spreading under the action of a centrifugal 

force as shown in Fig. 1.7. r0 and H0 are the initial radius and height of the fluid 

volume, respectively. Cylindrical coordinates will be used in the analysis. We will 

make the approximation that the drop maintains its cylindrical shape as it spreads. 

The height of the drop as it spreads is denoted by H. The centrifugal force per unit 

volume on a small fluid element is given by pw2r where pis the fluid density, w is 

the angular speed, and r is the radial coordinate of the fluid element. Away from the 

contact line surface tension is unimportant and the centrifugal force per unit volume 

is balanced by the viscous force acting on the fluid element, -TJ82vf8z2 where v is 
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the fluid velocity and z is the vertical coordinate, so 

fPv - 2 -TJ 8z2 - pw r. (1.21) 

This equation is subject to the boundary conditions that v = 0 when z = 0 and 

8vj8z = 0 when z = H. Integrating Eq. (1.21) over z twice with these boundary 

conditions gives 

(1.22) 

The equation of continuity is 

8H 18(rqr) 
-=--at r 8r 

(1.23) 

where Qr is the radial flow per unit length of circumference, Qr = It vdz. Substituting 

Eq. (1.22) for v and integrating gives 

(1.24) 

Putting the above expression for Qr into the equation of continuity (Eq. (1.23)) gives 

(1.25) 

If we define K = pw2 /3TJ and perform the differentiation on the right-hand side of 

Eq. (1.25), we get 

(1.26) 
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However, we can also use the chain rule to write 

dH 8H 8Hdr 
dt = at + ar dt" (1.27) 

Comparing Eqs. (1.26) and (1.27), we can obtain an ordinary differential equation 

for H: 

dH = -2KH3 
dt 

Integrating this equation gives the solution for H as a function of time 

Ho 
H = (1 + 4KH';t) 112 " 

(1.28) 

(1.29) 

Conservation of volume allows us to say that 1rr2 H = V. Substituting Eq. (1.29) 

into this expression gives 

r2 = V (1 + 4K H';t) 112
• 

7r Ho 
(1.30) 

If we now introduce the scaling r* = r/r0 , h* = H/H0 , and t* = t/to ~ TJ/H';pv.P 

[6], Eq. (1.30) can be written as 

( 
4 )1/4 

r* = 1 + 3t* (1.31) 

The radius of the fluid drop, then, is expected to be proportional to t 114 fort* >> 1. 

Linear Stability 

Troian et al. first investigated the linear stability of the flow of fluid down an inclined 

plane [48]. As will be discussed later, the results of this stability analysis are also 

applicable to the flow of fluid spreading due to a centrifugal force. Other groups have 

since worked on the stability problem for spinning drops [55, 62, 63, 64, 65]. The 
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following is a review of the work of Troian et al. [48]. 

z 

Figure 1.8: A schematic diagram of flow down an inclined plane. The coordinate 
system used in the linear stability analysis of Troian et al. [48] is shown. 

Figure 1.8 is a diagram showing the contact line at the front of a sheet of fluid 

flowing down an inclined plane. The coordinate system used in the analysis is shown, 

with x being the downslope direction, y the cross-stream direction, and z the normal 

to the plane. Troian et al. [48] make use of the lubrication approximation, or thin film 

approximation, in their linear stability analysis. In this approximation, the thickness 

of the film H is taken to be much smaller than the characteristic length in the flow 

direction L, giving H/ L « 1 and simplifying the equations of motion [66]. In a region 

away from the contact line, equating the viscous force to the gravitational force, gives 

the height H of the fluid as 

(1.32) 

where TJ is the viscosity, p is the density, g is the acceleration due to gravity, a is the 

angle the incline makes with the horizontal as shown in Fig. 1.8, and t is the time. 

This profile stops at x = Xn with a height at this point of H = Hn. 
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The solution for H near the contact line is more complicated and must include the 

effects of surface tension. They match the solution near the contact line with a thin 

film at x = Xn to alleviate the singularity which would otherwise occur there due to 

the no-slip v = 0 boundary condition at the substrate. This thin precursor film has 

a thickness aHn. Using the scalings ~ = x/l and h(~, t) = H(x, y, t)/ Hn(t), Troian et 

al. derived a partial differential equation for height. They found 

(1.33) 

A moving coordinate system where the origin coincides with the contact line is used 

here. l = H(3Ca)-113 is the capillary length over which surface tension and gravity 

are the same order of magnitude. Ca is the capillary number given by T]U0 /a where U0 

is the velocity of the contact line and a is the surface tension. This is a quasi-steady 

solution where h(~, t) = h0 (~). Troian et al. solved this equation numerically and 

showed that near the contact line there is a region of maximum height corresponding 

to a ridge or a build-up of fluid, as shown in Fig. 1.9. Away from this region, ho---+ 1. 

Troian et al. then studied the stability of this solution to small perturbations (48]. 

They introduced perturbations of the contact line from its position at ~ = 0 to~= 

~s((, t) where (is the scaled y coordinate, yjl. The position of the perturbed interface 

can be written as~((, t) = -A(()B(t). If 8B/Ot > 0, the initial perturbations grow, 

indicating that the contact line is unstable. Solving the problem numerically, they 

find that the contact line is unstable for dimensionless wavenumbers q < 0.9 with the 

most unstable mode being at q ~ 0.45. Here q is defined by q = Ql where Q is the 

dimensional wavenumber. This gives the wavelength of the most unstable mode as 

.\ = 21r-jQ ~ 14l. 

These results also apply to the contact line when fluid flows due to a centrifugal 
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ac 
Figure 1.9: A sketch of the solution to Eq. (1.33). 

force. In this case, instead of a balance between viscous and gravity forces, there is 

a balance between viscous and centrifugal forces that results in an equation for H 

away from the contact line. In both cases, surface tension becomes important near 

the contact line. Instead of flow in the x direction, as in the case of flow down an 

incline, flow in the radial direction is studied, with xn(t) above replaced by the radius 

r(t) of the fluid drop. Experimental studies [5, 6, 53] have found results that agree 

well with the above predictions. 
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1.4.2 Previous work on spin coating of yield stress fluids 

Tabuteau et al. [67] studied spincoating using commercial hair gel and Carbopol, a 

polymer gel which will be described in more detail below. Both of these are yield 

stress fluids. Although they observed a fingering instability in their experiments, their 

research focused mainly on the spreading of the fluids prior to fingering. They inves

tigated the effect of different substrate surfaces, angular accelerations, yield stress, 

and initial radius. 

Jenekhe and Schuldt numerically investigated spincoating using the Bingham and 

Herschel-Bulkley models for a yield-stress fluid [68]. They found that initially uniform 

films decreased in height due to spinning and that the resultant films were nonuniform 

in thickness with a maximum in height at the center. Qualitative experiments with 

a silver-filled polyvinyl acetate in ethyl acetate showed height profiles similiar to the 

numerical predictions. Burgess and Wilson [69] studied the spincoating of a yield 

stress fluid numerically using a biviscosity model. They also found that the resultant 

films were non-uniform in height. Tsamopoulos et al. [70] numerically investigated 

the spincoating of a viscoplastic fluid. They used a model in which the viscosity 

of the material varied continuously with strain rate with no discontinuities. They 

studied the effect of the Bingham number, Reynolds number, capillary number, and 

the gravitational Bond number on the flow. They found that, overall, a viscoplastic 

fluid needs to be spun for longer than a Newtonian fluid to achieve a uniform film. 

Carbopol 

The spincoating experiments discussed in Chapter 6 were performed using Carbopol, 

a commonly used model yield stress fluid. This section provides a more detailed 

description of Carbopol than appears in Chapter 6. 
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Figure 1.10: Two adjacent microgel particles. Within the dashed circle is the interior 
of the microgel in which there are many crosslinks between polymer strands. Dangling 
ends of polymer molecules on the exterior of the microgel particles interact with 
surrounding particles. 

Carbopol is a polymer consisting of CH02 monomers [71, 72]. In its dry, pow

dered state the polymer molecules are coiled, but with the addition of water, the 

molecules partly straighten. The solution is initially very acidic. A base, in our case 

NaOH, is added to raise the pH, which causes the material to thicken. A pH of 6.5-7 

maximizes the viscosity [71]. On a microscopic level, the polymer molecules form mi

cro gel particles. Polymer chains extending out of the microgel particles interact with 

neighbouring particles [73]. Macroscopically, Carbopol is a clear gel whose thickness 

depends on the Carbopol concentration. Rheological measurements show that Car

bopol has a yield stress and is well described by a Hershel-Bulkley model (Eq. (1.19)) 

[73]. 

1.5 Outline 

This thesis presents the results of experimental and numerical work on a variety of 

fingering instabilities. In Chapter 3, details of viscous fingering experiments done 
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using a single fluid, glycerine, are presented and some numerical results on the same 

system are briefly discussed. We find that a fingering instability only occurs for 

high enough inlet pressures and high enough values of the viscosity ratio. We show 

that, for small cell widths, the dimensionless wavelength of the instability )..jb is a 

constant. This dependence is not observed in the numerical simulations where only a 

slight increase in ).. with b is seen. This chapter has been published in the Canadian 

Journal of Physics as Ref. [74] and is reproduced here with permission. Chapter 

4 presents the numerical simulations in more detail. In addition to calculations of 

the wavelength, we present numerical results for the growth rate of the fingers and 

compare these with experimentally observed growth rates. This chapter has been 

published as Ref. [75] and is reproduced here with permission. Chapter 5 describes 

results of spin coating experiments using a Newtonian fluid, silicone oil. We present 

results on the spreading of the fluid drop, the number of fingers which form and the 

growth rate of the instability. We show that the spreading of the fluid drop (radius 

versus time) prior to fingering agrees with theory [59] and that our results for the 

number of fingers and the growth rate agree with the predictions of lubrication theory 

[6, 8]. This chapter has been submitted for publication in Physical Review E [76]. 

In Chapter 6, the results of spincoating experiments with a non-Newtonian fluid, 

Carbopol, are presented. This chapter will be submitted for publication. Lastly, a 

summary of the work detailed in the research papers is presented in Chapter 7. 
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Chapter 2 

Co-authorship Statement 

This co-authorship statement will adress my contributions to the papers in Chapters 

3-6. 

2.1 Chapters 3: Viscous fingering with a single 

fluid; authors: K. E. Holloway and J. R. de 

Bruyn 

Both my supervisor, Dr. John de Bruyn, and myself were responsible for the iden

tification of the research topic. The conceptual idea for the experimental apparatus 

described in "Viscous fingering with a single fluid" was due to Dr. de Bruyn. I 

prepared the detailed design and drew the plans which the machine shop used to 

manufacture the apparatus, with input from Dr. de Bruyn. I performed all the 

experiments described in the paper. 

The simulations described in "Viscous fingering with a single fluid" and "Nu

merical simulations of a viscous fingering instability in a fluid with a temperature-

32 



dependent viscosity" were done using the commercial software, Fluent. While it was 

Dr. dr Bruyn's idea to use Fluent for simulations initially, the motivation behind 

extending them as far as we did was largely mine. I created the model used in the 

simulations. Eric Thornhill, a researcher at the National Research Council, provided 

many helpful discussions as I was learning to use Fluent and assistance with designing 

the numerical grid used in the simulations. I performed all the simulations described 

in the paper and subsequently analysed and interpreted the experimental and numer

ical data; Dr. de Bruyn assisted with devising the methods used to do the analysis 

and with interpreting the results of the data analysis. 

I wrote the first draft of the manuscript. Dr. de Bruyn provided comments and 

suggestions for revision, which we incorporated into the final manuscripts. 

2.2 Chapter 4: Numerical simulations of a viscous 

fingering instability in a fluid with a temperature

dependent viscosity; authors: K. E. Holloway 

and J. R. de Bruyn 

The work described in this paper is an extension to the numerical work described in 

Chapter 3. I performed all the simulations and the data analysis and interpretation 

discussed in the paper. Dr. de Bruyn again assisted with the data analysis method 

and the interpretation of results. 

I wrote the first draft of the paper. Dr. de Bruyn assisted with the editing and 

made suggestions for changes which we incorporated into the final manuscript. 

33 



2.3 Chapter 5: Spreading and fingering during spin 

coating; authors: K. E. Holloway, P. Habdas, 

N. Semsarillar, K. Burfitt, and J. R. de Bruyn 

My supervisor, Dr. John de Bruyn, was responsible for the identification of the 

research topic. The experimental apparatus used for this research had previously 

been designed by P. Habdas and an undergraduate Engineering co-op student, N. 

Semsarilar, assembled and tested it. K. Burfitt did preliminary experiments. Dr. de 

Bruyn and I assembled the optical system described in this chapter. I performed all 

the experiments described in this paper and the subsequent data analysis, although 

Dr. de Bruyn assisted with determining the method used to do the analysis. Both 

Dr. de Bruyn and I were involved in interpreting the results. 

I wrote the first draft of the manuscript. Dr. de Bruyn provided comments and 

suggestions for revision, which we incorporated into the final manuscript. 

2.4 Chapter 6: Fingering in a yield-stress fluid 

during spin coating; authors: K. E. Holloway, 

H. Tabuteau, and J. R. de Bruyn 

My supervisor, Dr. John de Bruyn, was responsible for the identification of the 

research topic. My preliminary experiments with Carbopol helped to shape what, in 

particular, the research focused on. 

The Carbopol samples were made and the rheological measurements performed 

by Herve Tabuteau, a post-doctoral fellow at the University of Western Ontario. I 
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performed all the spin coating experiments described in this paper and the subsequent 

data analysis. Both Dr. de Bruyn and I were involved in interpreting the results. 

I wrote the first draft of the manuscript, with the exception of the sections de

scribing of the sample preparation and rheological methods. Dr. de Bruyn provided 

comments and suggestions for revision, which I incorporated into the final manuscript. 
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Chapter 3 

Viscous fingering with a single fluid 

3.1 Abstract 

We study fingering that occurs when hot glycerine displaces cooler, more viscous 

glycerine in a radial Hele-Shaw cell. We find that fingering occurs for a large enough 

initial viscosity contrast and for high enough flow rates of the displacing fluid. The 

wavelength of the fingering instability is proportional to the cell width for thin cells 

but the ratio of wavelength to cell width decreases for our thickest cell. Similar 

fingering is seen in numerical simulations of this system. 

3.2 Introduction 

The displacement of one fluid by another is a surprisingly rich and complex process 

with important applications in many fields [1, 2, 3, 4]. In particular, displacement 

in a Hele-Shaw cell - a thin layer of fluid confined between two parallel plates -

models the corresponding flows in porous media, which are important in oil recovery 

[5]. When a less-viscous fluid displaces a more-viscous fluid, the interface between 
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them can become unstable and fingers of the less-viscous fluid will form and penetrate 

into the more-viscous fluid. This is known as viscous fingering. Previous experimental 

and theoretical work on viscous fingering [6) has involved two different fluids, miscible 

or immiscible, with different viscosities. In this paper, we present the results of 

experiments using a single fluid - glycerine - the viscosity of which depends strongly 

on temperature. Hot, less viscous glycerine at a temperature Th is injected into a 

horizontally-oriented radial Hele-Shaw cell which is held at a lower temperature Tc 

and contains cold, more viscous glycerine. We observe a fingering instability for a 

range of experimental conditions. 

Viscous fingering between two immiscible fluids confined between the plates of a 

Hele-Shaw cell has been studied extensively [1, 2, 3, 4, 7, 8). In this case, there is 

a well-defined interface between the two fluids and surface tension acts to stabilize 

the interface at high wave number k. If the cell is horizontal (so that gravity is 

unimportant) the Saffman-Taylor [1] fingering instability will always occur when the 

less-viscous fluid displaces the more-viscous fluid, that is, when the viscosity ratio 

M = p,If p,2 > 1. Here p,1 and p,2 are the viscosities of the displaced and displacing 

fluids, respectively. A linear stability analysis based on two-dimensional equations 

obtained by averaging over the gap width [1, 9) shows that there exists a particular 

mode with wavelength proportional to b/Ca112 which has the highest linear growth 

rate and dominates the fingering pattern at early times. Here b is the cell width, 

that is; the spacing between the top and bottom plates of the Hele-Shaw cell, and 

the capillary number Ca is a measure of the ratio of viscous forces to surface tension. 

This wavelength is only observed experimentally for low Ca (high surface tension), 

however [7, 8), while at high Ca the wavelength becomes simply proportional to the 

cell width b [8]. 

Fingering between miscible fluids in a Hele-Shaw cell can also occur, although 
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this situation is less well-studied than the immiscible case [2, 10, 11, 12, 13, 14, 15]. 

There is no surface tension and no true interface between the two miscible fluids, 

but rather a gradient in concentration across the interfacial region which broadens 

with time due to diffusion. The dimensionless quantity which characterizes the flow 

is the Peclet number Pe = fv/ D, where f is a characteristic length scale of the flow, 

v a characteristic velocity, and D the diffusion coefficient; Pe is a measure of the 

importance of convective transport relative to diffusion. 

The linear stability analysis of the fingering instability for miscible displacements 

is more subtle than in the immiscible case, since dispersion makes the base state 

time-dependent [12]. A straightforward application of the theory for the immiscible 

case with zero surface tension [11] indicates that the growth rate of perturbations 

increases with k without bound, which is physically unreasonable. Tan and Homsy 

[12] performed a careful linear stability analysis of miscible displacement in a porous 

medium, taking into account the effect of dispersion. When the injected fluid was less 

viscous than the displaced fluid ( M > 1), fingering occurred. They found a cutoff 

wave number above which perturbations were damped by dispersion, and a most 

unstable wave number proportional to the mobility ratio of the two fluids. While 

dispersion normally stabilizes the flow at high wavenumber, Yortsos and Zeybek have 

shown that dispersion can also be destabilizing under certain conditions [16]. Yang 

and Yortsos [17] have also studied miscible displacements theoretically, and lattice 

gas simulations of miscible displacements have been carried out by Rakotomalala et 

al. [18]. 

Thermoviscous fingering - flow instability in a fluid with a strongly temperature

dependent viscosity flowing between cold, isothermal walls - has been studied the

oretically by several groups [19, 20, 21, 22, 23], and some experimental results have 

been reported [19, 23]. This work has primarily been done in the context of magma 
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flow through fissures in the earth's crust. In the instability discussed in these papers 

[19, 20, 21, 22, 23] fingers develop in a flowing fluid which is in a thermal steady state. 

As discussed further below, this is not the situation we study: here the system is not 

in a thermal steady state and the fingers we see are closely related to those seen in 

experiments on miscible displacement. 

Miscible displacement driven by an applied pressure has been studied experimen

tally by Paterson in a radial Hele-Shaw cell [11]. He found the wavelength A of the 

instability to be approximately 4b. Similar results were found by Snyder and Tait 

for rectilinear flow [25]. Miscible displacements in capillary tubes have been stud

ied experimentally [26] and numerically [27], and miscible displacement in a three

dimensional porous medium has been studied experimentally using an acoustic tech

nique [28]. Experiments on miscible displacement in a vertical Hele-Shaw cell have 

been carried out by Lajeunesse et al. [29, 30, 31]; they found the wavelength of the 

instability to be A = (5 ± 1)b. They also found both a critical flow velocity and a 

critical viscosity ratio Me below which fingering did not occur. A theoretical anal

ysis of their system gave Me = 3/2 [31]. This agreed well with their experimental 

results as well as with the results of Snyder and Tait [25], who found Me = 3/2 in 

the absence of gravity. The configuration studied by Lajeunesse et al. [29, 30, 31] 

was gravitationally stable and the displacement was driven by an applied pressure. 

Gravity-driven miscible displacements have been studied by Wooding [10] and more 

recently by Fernandez et al. [32], who found the pattern wavelength A to scale as 

the reciprocal of the Rayleigh number Ra (which is the relevant parameter for their 

system) for low Ra, while A was proportional to bat large Ra. Fernandez et al. [33] 

found similar behavior for the wavelength from a theoretical description in terms of 

a modified Brinkmann equation. A stability analysis of the three-dimensional Stokes 

equations by Graf et al. confirmed this behavior [34], and showed that at large Ra 
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the flow became significantly three-dimensional so that averaging across the gap was 

no longer valid. 

The system we study here - hot glycerine forced into colder glycerine in a Hele

Shaw cell- is similar in many ways to miscible displacement involving two different 

fluids, with temperature replacing concentration, viscosity being a function of tem

perature, and thermal diffusion replacing molecular diffusion. There is again no true 

interface between the displaced and displacing fluids, rather there is a temperature 

gradient that is initially sharp but spreads with time due to thermal diffusion. There 

is, however, at least one significant difference between our system and two-fluid mis

cible displacement. If the surfaces of our cell were adiabatic, then the temperature 

of the injected fluid would not change as it flowed through the cell and heat transfer 

would only occur by thermal diffusion between the hot and cold fluids. This is, of 

course, not the case- the injected fluid loses heat to the upper and lower surfaces 

of the cell and cools considerably, with a corresponding increase in viscosity, as it 

moves through the cell. In mathematical terms, the boundary conditions at the top 

and bottom plates are not the same as they are in isothermal miscible displacement 

involving two fluids. This must be taken into account in the interpretation of our 

experimental results, as discussed below. 

Our experimental apparatus and procedure are described in Sect. 3.3 and the 

results are presented in Sect. 3.4. In Sect. 3.5 our simulations are described and the 

results 'are presented. In Sect. 3.6 we discuss our results in the context of other work 

on miscible displacement. 
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3.3 Experiment 

The apparatus used for the experiments is shown schematically in Fig. 4.1. The 

experimental fluid is contained in a horizontal Hele-Shaw cell defined by two horizontal 

plates separated by a small gap. The upper plate is a 10 em diameter sapphire window, 

while the lower plate is aluminum. These plate materials were chosen due to their 

high thermal conductivity, in an effort to achieve isothermal boundary conditions. 

The plates are clamped together around six spacers positioned towards the outer 

edge of the cell. These spacers determine the width of the gap b. For this work we 

used b = 0.5, 1, and 2 mm. The perimeter of the cell is open to the atmosphere except 

in the regions occupied by the spacers, so the pressure at the edge of the cell is equal 

to atmospheric pressure. The upper and lower surfaces of the cell are maintained at 

a temperature Tc by a temperature-controlled mixture of water and ethylene glycol 

antifreeze which circulates above and below the cell. Tc is measured by a thermistor 

located in the temperature-controlled fluid just below the lower surface of the cell. 

The cell is filled with glycerine before each run. 

A cylindrical reservoir containing more glycerine is located below the cell. The 

fluid in this reservoir is heated to a temperature Th, where Th > Tc, by a second 

temperature-controlled water-antifreeze mixture which circulates through a jacket 

surrounding the cylinder. For the experiments reported here, Th is maintained at 

343.15 K (70°C). The glycerine in the reservoir is dyed black with nigrosin dye to 

distinguish it from the glycerine initially in the cell and to allow visualization of the 

flow. 

The hot fluid in the reservoir can be forced into the cell through a short length 

of capillary tubing by pressurizing the piston shown in Fig. 4.1. The pressure on 

the piston is monitored with a transducer attached to the pressure line. The dyed 
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video camera Q 

inlet capillary 
-t--- working fluid 

atTc 

-1oo--- temperature controlled at T h 

piston 

---t--- pressure chamber 

Figure 3.1: The experimental apparatus used in the fingering experiments. Glycerine 
is confined between the upper and lower surfaces of the cell and within the cylinder 
below the cell (the shaded areas in the figure). The glycerine in the cell is maintained 
at a temperature Tc while the glycerine in the cylinder is dyed black and maintained 
at a higher temperature Th. The piston is used to force the hot glycerine into the 
cell. The flow is visualized by a video camera mounted above the apparatus. 
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glycerine enters the cell through a small hole drilled in the bottom plate, then spreads 

out radially, displacing the colder, more viscous glycerine. The flow is monitored with 

a video camera mounted above the cell and interfaced to a computer. 

The viscosity J.L of glycerine is a strong function of temperature. We measured 

J.L(T) using a falling-ball viscosimeter over the temperature range 273.4 K ~ T ~ 

368.1 K. The viscosity data were well described by the function 

(3.1) 

where J.L is the viscosity in kg/ms, Tis the temperature inK, and the fit parameters 

are a0 = 77.9671, a1 = -0.43983, and a2 = 5.97562 x 10-4 . 

3.4 Results 

Figure 4.6 shows a sequence of images obtained from a run of the experiment with 

cell width b = 1 mm. The hotter, dyed glycerine enters the cell at the center of 

the bottom plate and spreads radially as it displaces the surrounding colder, clear 

glycerine. Fingers have begun to develop by the time of Fig. 4.6(b) and grow as 

time progresses. Although the fingers are not perfectly uniform, they do have a 

characteristic width or wavelength .A, as is the case for radial fingering with distinct 

immiscible or miscible fluids. Tip splitting is observed in the later stages of the flow, 

as can be seen at the top left of Fig. 4.6(d) . .A was determined by directly measuring 

the width of fingers from the images at the time when they first become visible, and 

averaging over all fingers in an image. The radial position r in the cell at which 

fingers first became visible did not vary systematically with either P or Tc. Although 

there was substantial scatter from run to run, on average we found r = 0.80 ± 0.28, 
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1.3 ± 0.5, and 1.3 ± 0.3 em forb= 0.5, 1, and 2 mm respectively. 

Figure 3.3 shows images from runs with b = 0.5 mm, 1 mm, and 2 mm. The images 

indicate that A increases with b. On the other hand, we find that A is independent 

of flow rate (i.e., driving pressure P) and viscosity contrast (i.e., cell temperature Tc) 

within the accuracy of our measurements. In Fig. 3.4(a) we plot A as a function of Tc 

for several runs (with different values of P) for all three values of b, while Fig. 3.4(b) 

shows A as a function of P. The average wavelengths of A for the three cell widths 

are shown as dotted lines in both plots, with standard deviations indicated by the 

error bars at the left of the plots. While the increase in A with b is evident, there is 

no systematic variation of A with either Tc or P. 

If we express A in units of the cell width b we find Ajb = (5.8±0.8), (5.3±0.7), and 

(3. 7 ± 0.5) for b = 0.5 mm, 1 mm, and 2 mm respectively. Ajb is plotted as a function 

of bin the inset to Fig. 3.4(b). The values are equal within our uncertainty for the 

two thinner cells, but Ajb is significantly smaller for the thickest cell. These values 

of Ajb are consistent with the results of other fingering experiments involving two 

miscible fluids: Paterson[ll] found A~ 4b for miscible fingering in a radial geometry, 

while Lajeunesse et al.[29] found A = (5 ± 1)b for miscible fingering in a vertically 

oriented Hele-Shaw cell. 

The wavelength for b = 1 mm was also determined by using an edge detection 

algorithm to locate the perimeter of the dark injected fluid in the recorded images. 

The dominant angular wave number of the pattern was then determined from a 

Fourier transform of the perimeter as a function of angular position. Again, we find 

that the wavelength of the fingers when they are first detectable is independent of 

both the driving pressure and the initial viscosity ratio. With this technique we find 

Ajb = 4.8 ± 0.8 for b = 1 mm. This value is a slightly lower than that found by direct 

measurement, possibly because the fingers can be detected earlier with this technique 
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Figure 3.2: A sequence of images from a run of the experiment with b = 1 mm, 
P = 7 4.8 kPa, Tc = 284.48 K, and Th = 343.15 K. The images were recorded at times 
(a) 0.33 s, (b) 0.75 s, (c) 0.92 s, and (d) 1.17 s after the start of the experiment. The 
field of view is 8.8 em. 
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Figure 3.3: Images from runs of the experiment with different cell widths b. For all 
three runs Th = 343.15 K. (a) b = 0.5 mm, P = 189.6 kPa, Tc = 275.77 K, (b) b = 1 
mm, P = 67.2 kPa, Tc = 277.94 K and (c) b = 2 mm, P = 76.4 kPa, Tc = 280.07 K. 
Note the increase in finger width with increasing b. 
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Figure 3.4: (a) Wavelength of the finger pattern as a function of cell temperature Tc. 
All runs plotted had Th = 343.15 K but P varied from run to run. Wavelengths are 
determined by averaging over all fingers in the pattern; a typical standard deviation 
is shown for one point. Open squares: b = 0.5 mm, solid circles: b = 1 mm, open 
triangles: b = 2 mm. The dotted lines show the mean wavelength for each cell width, 
while the standard deviation is indicated by the error bars at the left of the graph. 
(b) Same as (a), but plotted as a function of driving pressure P. The inset shows the 
mean wavelength scaled by the cell width as a function of b. 
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than by eye. Attempts to use the same technique on experimental images from the 

other cell widths were not completely successful. 

The growth rate u of the fingers can be determined by plotting the amplitude 

of the dominant peak in the Fourier transform of the perimeter, as in Fig. 4.13. 

The amplitude of the peak (which is proportional to the length of the fingers) grows 

exponentially at early times, then flattens out at later times as nonlinear effects 

become important. We find growth rates in the range 3.0 s-1 :5 u :5 15.0 s-1 for 

b = 1 mm; within our uncertainties the growth rate does not vary systematically 

with the initial viscosity ratio, but it does appear to decrease as the driving pressure 

increases. 

Figure 3.6 shows the range of applied pressures and viscosity ratios for which 

fingering occurred for b = 1 mm. The solid circles indicate points for which the 

fingering instability was observed. We emphasize that the viscosity ratio plotted here 

is the ratio of the viscosities of the hot and cold fluids at injection, which we refer to as 

m, and not the ratio at the location of the instability, M. The dashed line is a guide 

to the eye which indicates the stability boundary above which fingering occurs and 

below which the system is stable. Fingers are not observed for low flow rates or low 

initial viscosity ratios. Similar stability diagrams are obtained for b = 0.5 mm and 

b = 2 mm, but the boundaries of the fingering regime vary with b: the low-pressure 

cut-off is higher for the smallest value of b, while the viscosity ratio boundary moves 

to lower m as b increases. The initial viscosity ratios below which fingering was not 

observed were approximately 30, 20, and 10 for b = 0.5, 1, and 2 mm respectively, 

while the corresponding low-pressure cut-offs were approximately 170, 40, and 40 

kPa. 
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Figure 3.5: The intensity of the dominant peak in the Fourier spectrum of the bound
ary between injected and displaced fluid as a function of time for an experimental run 
with Tc = 280.81 K, Th = 343.15C, P = 62.7 kPa, and b = 1 mm. At early times, the 
intensity increases exponentially. The dashed line is a fit to the data at early times; 
its slope gives the exponential growth rate of the fingers. 
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3.5 Simulations 

We model our experimental system using Fluent [35], a computational fluid dynamics 

software package. The simulations are fully three-dimensional with the cell geome

try and dimensions set to match the experimental cell, that is, two parallel plates 

separated by a small gap, b, with a circular inlet in the middle of the bottom plate. 

For the simulations described in this paper, the temperature of the incoming glycer

ine was fixed at Th = 343.15 K, as in the experiments, while the velocity vi of the 

incoming glycerine was varied between simulations. The upper and lower surfaces 

of the cell were held at a constant temperature, Tc < Th, which was varied between 

simulations. The temperature dependence of the viscosity of glycerine was calculated 

using Eq. (3.1). No-slip boundary conditions were applied at the upper and lower 

surfaces of the cell, while the perimeter of the cell was open, i.e., the fluid was allowed 

to flow out of the outer edge of the cell. The flow of the hot glycerine into the colder 

glycerine was calculated as a function of time [36]. 

Figure 3. 7 shows a sequence of images from a simulation with b = 1 mm. The 

images show the temperature in the horizontal plane midway between the plates. 

Comparison of Figs. 3. 7 and 4.6 shows good qualitative agreement between the 

simulations and the experimental results. The hot glycerine (white in the figure) 

spreads radially and penetrates into the surrounding colder glycerine (black). The 

boundary between hot and cold fluid is initially smooth, but approximately periodic 

fingers appear and grow after some time. 

The wavelength A of the instability for the simulations was determined using the 

image analysis technique described above. Averaging over all the runs for which A 

was calculated gives Ajb = 4.0 ± 1.0, 2.6 ± 0.3, and 2.3 ± 0.3 for b = 0.5, 1 and 2 mm 

respectively. These values are all somewhat smaller than the corresponding values 
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Figure 3.7: A time sequence of images from a simulation of the displacement of cold 
glycerine by injected hot glycerine. The gray scale represents temperature, with white 
being hot and black, cold. These images show the temperature at the midplane of 
the cell for Tc = 278.15 K, Th = 343.15 K, b = 1 mm, and inlet velocity vi= 2 m/s. 
The images are at times (a) 0.02 s, (b) 0.06 s, (c) 0.1 s, (d) 0.18 s. 
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obtained by direct measurement of the fingers in the experiments, and 'A/b decreases 

steadily with increasing b. 

The values of inlet velocity and initial viscosity ratio for which the instability 

was observed in the simulations with b = 1 mm are shown in Fig. 3.8(a). There is 

again reasonable agreement between the simulations and the experiments - there 

are critical values of the viscosity ratio and inlet velocity below which fingers are not 

observed, just as in the experimental results shown in Fig. 3.6. From Fig. 3.8(a), 

me is estimated to be approximately 20, in agreement with the experimental value. 

Simulations in which we attempted to impose a constant pressure inlet condition (as 

in the experiments) rather than a constant inlet flow velocity did not give physical 

results. It is possible, however, to extract the calculated inlet pressure from the 

constant inlet velocity simulations. The inlet pressure decreases substantially over 

the course of the run as the flow impedance of the cell decreases. Fig. 3.8(b) shows 

the range of existence of the fingering instability for the 1 mm simulations in terms 

of the initial viscosity contrast and the inlet pressure at a time (the earliest time at 

which the flow was calculated) of 0.001 s. The low pressure cut-off inferred from this 

diagram is on the order of 12 kPa, about 30% of the experimental result. 

The value of the critical viscosity ratio determined here is again the viscosity 

ratio at the start of the simulation, i.e., at injection. The hot glycerine loses heat as 

it moves through the cell, so the viscosity ratio at the location of the instability will 

be significantly lower. We can obtain an estimate of the viscosity ratio at the location 

of the instability from our simulations. From the image analysis described above, we 

can determine the time at which the instability occurs - that is, the time at which 

the dominant peak in the Fourier spectrum starts to grow. At this time, we find the 

viscosity of the glycerine on both sides of the apparent interface. For simulations with 

min the range 34.9 < m < 121.7, we find 7.5 < M < 13, a factor of 5 to 10 smaller. 
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Figure 3.8: (a) The stability diagram determined from simulations with b = 1 mm. 
The symbols are as in Fig. 3.6. Here the ordinate is the injection velocity of the hot 
glycerine, which was the quantity controlled in the simulations. The dashed line is a 
guide to the eye. (b) The same data plotted in terms of the initial pressure at the 
inlet to the cell. 
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3.6 Discussion 

We do not observe fingering when the initial viscosity ratio is smaller than a critical 

value, me. From experiments, we find me ~ 30, 20, and 10 for b = 0.5, 1, and 2 

mm respectively, while the simulations give me = 20 for b = 1 mm. These values are 

substantially higher than the critical viscosity ratio Me= 1.5 observed in isothermal 

miscible fingering experiments [29, 31]. However, as noted above, m is the ratio of 

viscosities of the fluids at injection. The injected fluid is initially at temperature Th, 

but it cools as it flows through the cell. As a result the viscosity of the injected 

fluid increases and so the ratio of viscosities at the location of the instability will be 

substantially smaller than the initial ratio m. The simulation results indicate that 

Me is in fact on the order of 10, but this is still substantially larger than the previous 

results [29, 31]. 

Fingering also does not occur when the driving pressure P is below a certain value 

-roughly 50 kPa in Fig. 3.6. The instability occurs at approximately the same radial 

position regardless of experimental conditions, as discussed above. At low P, the flow 

is slow and the injected fluid cools so much that the viscosity contrast has vanished 

by the time it reaches the position r where the instability would normally occur. This 

results in the low-pressure cut-off seen in Fig. 3.6. The same reasoning can be applied 

to the low velocity cut-off observed in the simulations. 

Experimentally, we found the pattern wavelength to depend only on the cell width 

b, with >..fb = (5.6 ± 0.8) being the average of the values for the two thinner cells 

studied. For the 2 mm cell we found >..fb = (3.7 ± 0.5), significantly smaller than for 

the thinner cells. 

Based on previous studies of viscous fingering and related instabilities, [7, 8, 32, 

33, 34] we expect a wavelength proportional to 1/ Pe for small Pe, and proportional 
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to b for large Pe. Since in our case it is thermal diffusion that is relevant, it is the 

thermal Peclet number, 

Pe = fvjK, (3.2) 

that is relevant. Here K is the thermal diffusivity. Using Darcy's law for flow in a 

Hele-Shaw cell, 
b2 

v = --"VP. 
l2j.t 

(3.3) 

We take J.t here to be J.t1 , the viscosity of the displaced fluid. We approximate "\1 P ~ 

- P / R, where R is the radius of our experimental cell. With R as the characteristic 

length scale f, we get 

(3.4) 

For the conditions of our experiments, we find 3.6 x 103 :::; Pe :::; 4.8 x 107 , with 

most runs in the range 104 < Pe < 105• Thus our experiments are all in the high-Pe 

regime. 

Previous experiments on other miscible displacements at high values of Pe (or the 

equivalent dimensionless quantity) found the constant of proportionality to be of order 

5 [11, 29, 30, 31, 32], and our results for the 0.5 mm and 1 mm cells are consistent with 

this. We obtain a lower constant of proportionality for the 2 mm cell. An obvious 

explanation for the difference would be the presence of three-dimensional effects in 

the thicker cell. However recent numerical work has shown that the crossover between 

the low- and high-Pe regimes results from three-dimensional effects which make the 

Hele-Shaw approximation invalid in the high Pe regime [34]. Our own simulations 

also show significant three-dimensional effects for all three cell thicknesses [36]. Thus 

we expect that the flow in our experiments is already three-dimensional, even in the 

thin cells, although presumably it could be more so in the thicker cell. 
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Despite the qualitative similarity in the phenomena observed, the simulations give 

values of )..jb which decrease with increasing b, and which are all somewhat lower than 

the experimental values. It may be that for some reason three-dimensional effects are 

more pronounced in the numerical simulations than in the experiments, and that this 

leads to a decrease in )..jb. This would be consistent with the invocation of three

dimensional effects to explain the decrease in )..jb for the thicker experimental cell. 

The differences may also be due in part to the fact that it is easier to detect the 

fingers at an early stage in the simulations due to the much lower noise level in the 

analyzed images. 

A significant difference between the simulations and the experiments is that in 

the former the fluid was injected with a constant inlet velocity, while in the latter 

it was injected at approximately constant pressure. Attempts to use a constant 

pressure boundary condition in the simulations were unsuccessful, and the calculated 

inlet pressure in the simulations does vary considerably over the course of a run. 

Another difference is in the thermal boundary conditions at the cell walls. The walls 

of the experimental cell are kept cold by circulating coolant and because of their 

finite thermal conductivity will be subject to small temperature changes during an 

experimental run. In contrast, the walls of the computational cell are held at a fixed 

temperature. 

Our system is similar to that in which thermoviscous fingering [19, 20, 21, 22, 23] 

is expected to occur in some respects, but there are important differences which make 

it clear that the fingering we observe is not due to the thermoviscous instability [24]. 

The initial condition in our case is such that hot glycerine encounters cold glycerine 

immediately upon entering the cell, so there is initially a large gradient in temperature 

between the hot and cold fluids. This leads to the formation of Saffman-Taylor-like 

fingers which preclude any possible later growth of thermoviscous fingers. In addition, 
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our system is not in a thermal steady state while the hot injected fluid penetrates 

into the cell, and we would have to wait several thermal diffusion times, tk = b2 
/ 4K, 

to reach the steady state and for thermoviscous fingers to develop [21, 24]. With b 

equal to 1 mm and K ~ w-7 m2 /s, tK, ~ 2.5 s. In the runs in which we observe an 

instability, the fluid reaches the edge of the cell and the experiment is over in a time 

less than or on the order of this time scale. 

Although there is no true surface tension between two miscible fluids, the concen

tration gradient across the interfacial region can give rise to a stress which acts as an 

effective surface tension [37, 38]. This is particularly significant when the interface is 

sharp, before it is smoothed by diffusion. Similarly, the temperature gradient in our 

system can lead to an effective surface tension which will be largest at early times. 

Our estimates of the magnitude of this effect suggest that it is several orders of mag

nitude too small to play a role in selecting the wavelength of the instability we have 

studied here. 

3. 7 Conclusion 

We have performed experiments on miscible viscous fingering in a radial Hele-Shaw 

cell using a single fluid - glycerine - with a strongly temperature-dependent viscos

ity. All of our experiments are in the high Peclet number regime. Fingering occurred 

for large enough temperature difference between the injected and displaced fluid, and 

for high enough flow rates. We found the wavelength of the fingering pattern to 

depend only on the cell thickness, with )..jb = (5.6 ± 0.8) being the average value 

for our two thinner cells. )..jb was lower for our thickest cell (b = 2 mm), perhaps 

due to increased three-dimensionality of the flow. These results are consistent with 

wavelengths found in related experiments on fingering in miscible displacements. 
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Our simulations showed a fingering instability similar to that seen in the exper

iments. We found that the stability curves for the experiment and the simulations 

follow the same trend, that is, a critical viscosity ratio and critical inlet velocity nec

essary for fingering to occur. Our results also show that the wavelength depends only 

on the cell thickness, with A.jb = 4.0 ± 1.0, 2.6 ± 0.3, and 2.3 ± 0.3 for the 0.5, 1, 

and 2 mm cells respectively. The decrease in A./b with increasing cell thickness may 

be due to the same effect as in the experiments. The simulations also allow us to 

estimate the critical viscosity ratio at the location of the instability, Me, which is on 

the order of 10, much lower than the value of the initial viscosity ratio but higher 

than the value found in previous miscible fingering experiments. 
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Chapter 4 

Numerical simulations of a viscous 

fingering instability in a fluid with 

a temperature-dependent viscosity 

4.1 Abstract 
We have performed numerical simulations of the flow of hot glycerine as it displaces 

colder, more viscous glycerine in a radial Hele-Shaw cell. We find that fingering 

occurs for sufficiently high inlet velocities and viscosity ratios. The wavelength of the 

instability is independent of inlet velocity and viscosity ratio, but depends weakly on 

cell width. The growth rate of the fingers is found to increase with inlet velocity and 

decrease with the cell width. We compare our results with those from experiments. 

4.2 Introduction 

Viscous fingering is an interesting and important phenomenon that results when a 

viscous fluid is displaced by another, less viscous fluid [1]. Due to the viscosity 
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contrast between the fluids, the interface between them can become unstable and 

fingers of the less viscous fluid penetrate into the more viscous fluid. This instability 

has important applications in many fields, including the oil recovery process [2), so it 

is important to understand the conditions under which it occurs. It has previously 

been studied for both immiscible [1, 3, 4) and miscible [5, 6, 7, 8) fluids. Recently we 

have performed experiments on viscous fingering in a single fluid with a temperature 

dependent viscosity [9). 

A substantial amount of work exists on fingering between two immiscible fluids 

in a Hele-Shaw cell, a thin fluid layer bounded by two parallel plates separated by 

a distance b (see Refs. [3, 4) for reviews). The considerable interest in this geome

try is due to the mathematical analogy with flow in a porous medium [1, 3, 4). A 

stability analysis of the governing equations shows that in the absence of gravity, 

the displacement of a more viscous fluid by a less viscous fluid will always result in 

instability [1, 10). A well defined interface exists between the two immiscible fluids. 

This interface is unstable to all perturbations of wave number less than a cut-off wave 

number. At wave numbers higher than this cut-off, surface tension u stabilizes the 

interface. The dimensionless parameter which characterizes the flow is the capillary 

number Ca = u / JlV, where Jl is the viscosity and v a characteristic flow velocity. Ca 

is a measure of the relative importance of surface tension to viscous forces. For low 

Ca the wavelength of the instability). ex b/Ca112 [11], but for high Ca (low surface 

tension) ). has been shown to be simply proportional to b [12). 

In the case of viscous fingering between miscible fluids (see Ref. [3) for a review), 

there is not a well defined interface between the fluids but rather an initially sharp 

change in concentration that broadens with time due to diffusion. In this case Taylor 

dispersion, that is, the combined effects of molecular difusion and shear flow, rather 

than surface tension, provides the high wave number cut-off [3). Experiments on 
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miscible viscous fingering have shown that the wavelength .X of the instability is 

proportional to the cell width b [5, 6]. It has also been found both theoretically and 

experimentally [6, 7, 8, 13, 14] that the existence of the instability depends on a 

critical flow rate and critical viscosity ratio Me being exceeded. The viscosity ratio 

M = p,If P,2, where p,1 and p,2 are the viscosities of the displaced and displacing fluids 

respectively. 

Recent experiments by l!olloway and de Bruyn [9] studied fingering in a single 

fluid with a strongly temperature-dependent viscosity. Hot, less-viscous glycerine, 

dyed black for visualization purposes, was injected into colder, more-viscous glycerine 

contained in a temperature-controlled Hele-Shaw cell. These experiments showed 

that there was a critical value of the inlet pressure P and a critical value of the 

viscosity ratio which must be exceeded for the instability to occur. The wavelength 

of the instability was observed to be proportional to the cell width b for small cell 

widths. The observed instability was similar to miscible viscous fingering but with 

some important differences. The injected and displaced fluids were separated by a 

temperature gradient rather than a gradient in concentration, and diffusion of heat 

was the stabilizing mechanism instead of molecular diffusion. In addition, the hot 

glycerine cooled as it flowed through the cell due to heat loss to the cold walls - a 

situation which has no analog in miscible viscous fingering experiments. 

In this paper numerical simulations of the displacement of cold glycerine by hotter, 

less-viscous glycerine are presented and compared with our previous experiments [9]. 

The simulations will be described in Section 4.3 and the results presented in Section 

4.4. In Section 4.5 the results of the simulations will be compared to the experimental 

results. Section 4.6 is a brief conclusion. 
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4.3 Method 

4.3.1 Problem Set-up 

A sketch of the problem under consideration is shown in Fig. 4.1. We want to model 

the flow and temperature fields within a fluid contained in the narrow gap of a radial 

Hele-Shaw cell, the walls of which are maintained at temperature Tc. Hot fluid is 

injected into the cell through a small hole in the center of the bottom plate and 

displaces the cold fluid initially present in the cell. The geometry and dimensions 

of the cell were chosen to match those of the Hele-Shaw cell used in our previous 

experiments [9]. The cell consists of two circular plates of diameter 10 em separated 

by a small gap b, which was varied between simulations. The hole in the center of the 

lower plate has a diameter of 1.84 mm. The perimeter of the cell is open so that fluid 

can flow out there. The viscosity of the fluid is temperature dependent as described 

below. Changes in other fluid parameters due to temperature are expected to be 

much smaller than the change in viscosity and are neglected. 

4.3.2 Numerical Method 

We performed our numerical simulations using Fluent [15], a commercial program 

which solves the equations for conservation of mass, momentum, and energy using a 

control volume technique [16]. The specific equations solved by Fluent are given in 

Appendix B. The control volumes here are the cells of the numerical grid shown in 

Fig. 4.2, which was created using Gambit [17], a Fluent preprocessor. The concentra

tion of control volumes is set to be greater towards the center of the grid to capture 

the smaller-scale structure of the flow there. 

In the control volume technique, the equations are integrated over the control vol-
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tt hot fluid cold fluid 

Figure 4.1: A sketch of the problem to be solved. The geometry consists of two 
circular, parallel walls at a temperature Tc separated by a small gap b. The cell 
initially contains fluid at temperature Tc. Fluid with Th > Tc is injected through a 
small hole in the center of the bottom wall. 

Figure 4.2: A segment of the midplane of the numerical grid used in the simulations. 
The grid consists of 364520 wedge shaped cells with 10 levels in the vertical direction. 
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umes, then discretized and linearized to give algebraic equations for the unknowns. 

A segregated three-dimensional solver is used to find solutions to these equations at 

each time step. The momentum, continuity, and energy equation are solved sequen

tially [15, 18]. A first order upwind scheme is used to solve the momentum and energy 

equations. Details can be found in the Fluent User's Guide [15]. 

A volume of fluid (VOF) method is used in most of the simulations presented 

here to track the region separating the hot and cold fluids. The VOF method is 

typically used for immiscible fluids. To adapt it to our situation, we define the hot 

and cold glycerine as two separate phases and assign a value of 0 to the surface 

tension between them [19]. While there is no true interface in this case, there is a 

region between the two phases where some control volumes contain both hot and 

cold fluid. The VOF method determines the amount of each phase present in every 

control volume. The advantage of using the VOF method is the increased information 

obtained about the boundary between the two phases; the disadvantage is significantly 

longer computation time. Some of our simulations, particularly those used to produce 

most of the data for Fig. 4.14 below, did not use this method. The results were the 

same whether the VOF method was used or not. 

4.3.3 Boundary Conditions and Material Parameters 

The veiocity vi with which the fluid enters the cell at the inlet hole is specified. The 

velocity of the fluid in the interior of the cell is initialized to zero. A no-slip boundary 

condition (v = 0) is prescribed on the walls of the cell. At the outer edge of the cell, 

the pressure is set to be equal to the atmospheric pressure. A constant temperature 

Tc is specified on the cell walls, and the temperature Th of the injected fluid is also 

specified. For the simulations reported here, This always set at 343.15 K. 
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Table 4.1: Values of the material properties of glycerine used in the simulations. 

density p 

specific heat Cp 
thermal conductivity a 
molecular weight 

1259.9 kg/m3 

2427 J/kgK 
0.286 W/mK 
92.06 

The simulations are done for three cell widths: b = 0.5, 1, and 2 mm, correspond

ing to the widths of the experimental cells [9]. For b = 0.5 mm, vi was chosen to 

be in the range 0.5 to 1.5 m/s and Tc is set between 275 and 285 K. Forb= 1 mm, 

0.01 ~ Vi ~ 2.5 m/s and 275 ~ Tc ~ 287 K, and for b = 2 mm, 2 ~ Vi ~ 3.5 m/s 

and 265 ~ Tc ~ 280 K. The range of values of vi was chosen to include the regime in 

which an instability was observed. 

For the simulations reported in Section 3, both the injected and displaced fluids 

are glycerine. The viscosity of the glycerine in the simulations was set to have the 

experimentally measured temperature dependence, which is well described by p, = 

exp(Ao + A 1T + A2T 2) where J.t is the viscosity in kg/ms, Tis the temperature inK, 

Ao = 77.9671, Al = -0.43983 and A2 = 5.97562 X w-4 [9]. The remaining material 

parameters for glycerine are taken to be independent of T and are given in Table 4.1. 

4.3.4 Grid and Time Step Independence 

To determine how the results obtained from our simulations depend on the coarseness 

of the numerical grid, we performed several runs under identical conditions - chosen 

to give a fingering instability - but with grids made up of different numbers of grid 

cells. Fig. 4.3 shows the temperature along a radial line through the midplane of 

the cell. With the exception of the coarsest grid, the temperature profiles calculated 

using the different grids agree quite well. The number of fingers which formed in 
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each case was determined for each run at a time of 0.01 s, as described below. The 

results, shown in Fig. 4.4(a), indicate that the number of fingers varies from 8 to 11 

depending on which grid is used. The two coarsest grids have the fewest fingers. On 

the basis of these results, and as a compromise between accuracy and computation 

time and data storage requirements, a grid with 364520 cells was chosen for the 

calculations presented here. Using this grid, the number of fingers was determined as 

the size of the time step was varied. As shown in Fig. 4.4(b), the number of fingers 

is independent of the size of the time step for the time shown. The time step for our 

simulations was chosen to be 0.0001 s. 

4.3.5 Validation 

To confirm that Fluent could properly model a fingering instability, we performed 

several simulations of isothermal miscible displacements. In this case, Saffman-Taylor 

fingering is expected if the viscosity of the injected fluid is lower than that of the 

displaced fluid [1, 3, 4). Fluent has been previously used to study miscible viscous 

fingering in a rectangular geometry[19), although in that case, the fluids used and 

the information taken from the simulations were different from what is the case here. 

We used water with density p = 998.2 kg/m3 and viscosity J1. = 0.001003 kg/ms as 

the less viscous fluid and glycerine, p = 1259.9 kg/m3
, J1. = 0. 799 kg/ms, as the more 

viscous fluid. These simulations did not include heat transfer and the VOF method 

described above was used. Fig. 4.5(a) shows an image from a run in which glycerine 

was injected into water. Here b = 1 mm and Vi= 2 m/s. The grayscale in the image 

shows the volume fraction of glycerine in each numerical cell, with white indicating 

pure glycerine and black indicating water. In this case the interface between the two 

fluids is stable, as expected when a more viscous fluid is injected into a less viscous 
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Figure 4.3: Temperature along a radial line in the midplane of the cell at a time of 
0.01 s for several different numerical grids. The time step was 0.0001 s, Tc = 275 K, 
vi = 2 mm, and b = 1 mm. 
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Figure 4.4: (a) Number of fingers at a time of 0.01 s as a function of the number of 
cells in-the numerical grid. The time step here is 0.0001 s. (b) Number of fingers at 
a time of 0.15 s as a function of time step for a grid with 364520 cells. For all runs 
shown here, Tc = 275K and Vi= 2 mfs. 
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fluid. In contrast, fig. 4.5(b) shows an image from a run in which water was injected 

into glycerine. Here the injected fluid has a lower viscosity, the interface is unstable, 

and fingers of water penetrate into the glycerine as expected. 

Simulations of water injected into glycerine were performed for cell widths b of 

0.5, 1, and 2 mm. Forb= 1 mm inlet velocities vi of 1 and 2 m/s were used, while for 

b = 0.5 and 2 mm vi= 2 mfs. The average wavelength of the resulting finger patterns, 

determined using the method described below, was (.A) /b = 6.1 ± 1.5. This value 

agrees with the results found in previous miscible viscous fingering experiments[5],[6]. 

4.4 Results 

Fig. 4.6 shows a sequence of images from a simulation in which hot glycerine (Th = 

343.15 K) is injected into cold glycerine (Tc = 284 K). The image shows contours 

of radial velocity in the midplane of the cell. Initially (Fig. 4.6(a)) the contours 

are circular, indicating uniform radial flow. As time progresses, however, the radial 

flow becomes unstable and fingers form, as in Fig. 4.6(b). Figure 4.7 shows the 

temperature in the cell midplane corresponding to Fig. 4.6(c). In this figure white 

represents Th and black represents Tc. Figs. 4.6(b) and 4. 7 show that the fingers are 

composed of the injected hot glycerine penetrating into the colder glycerine. These 

images are strikingly similar to those obtained in our previous experiments [9]: Fig. 4.8 

shows an image from an experiment with b = 1 mm, inlet pressure P = 62700 Pa, 

Tc = 280.8 K and Th = 343.15 K. In this image, the injected hot glycerine (black) has 

formed fingers which have penetrated into the colder glycerine (clear). The similarities 

and differences between the experiments and simulations will be discussed in the next 

section. 

Fig. 4.9 is a grayscale image of the tangential component of the flow velocity in 
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Figure 4.5: (a) Results from a simulation of glycerine injected into water with b = 1 
mm and vi= 2m/sat a time of 0.2 s. (b) Water injected into glycerine for the same 
conditions as (a). Light and dark represent glycerine and water respectively. 
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(a) 

(b) 

Figure 4.6: Contours of radial velocity on the midplane of the cell from a simulation 
with b = 1mm, Vi= 1 m/s, Tc = 284 K, and Th = 343.15 Kat (a) 0.02 sand (b) 0.14 
s. The field of view is 0.0439 m. 75 



Figure 4. 7: A simulation image showing the temperature in the midplane of the cell 
corresponding to Fig. 4.6(b). Light represents Th and dark, Tc. 
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Figure 4.8: An image from an experimental run with b = 1 mm, Tc = 280.81 K, and 
inlet pressure P = 62700 Pa at a time of 1.1 s after the start of the run. The hot 
glycerine is dyed black to distinguish it from the cold glycerine initially in the cell. 
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the midplane of the cell, with dark indicating negative (clockwise) and light, positive 

tangential velocities. This is overlaid with contours of radial velocity to show the 

finger positions. Within the fingers, the direction of the tangential velocity indicates 

that the flow of the injected hot glycerine is focused towards the tips of the fingers. 

In the region outside the fingers the cold glycerine flows away from the fingers. 

While the spacing of the fingers in Fig. 4. 6 is not perfectly uniform, they do 

have a characteristic wavelength. Data from the simulations can be analyzed to 

obtain information about the wavelength >. and growth rate a of the fingers. In 

particular, grayscale images showing the volume fraction of hot and cold glycerine 

in each numerical cell, obtained with the VOF method described above, are used for 

analysis as they provide information about the boundary between the injected and 

displaced fluid. 

The method used to analyze the images is the same as that used in our exper

imental work [9]. The radial position r of the boundary between the hot and cold 

glycerine, measured from the center of the cell, was determined as a function of the 

azimuthal angle B. r(B) is then Fourier transformed and the peak of the FFT power 

spectrum at early times is used to find the angular wavenumber n of the instability. 

n corresponds to the number of fingers around the perimeter of the boundary. The 

wavelength >. of the instability is then given by >. = 27rrc/n, where rc is the radial 

position of the boundary at the time when the instability first becomes apparent in 

the FFT, that is, at which the peak at n starts to grow. 

Figure 4.10(a) shows a sample image, with black indicating the hot injected fluid. 

The FFT of the boundary is shown in Fig. 4.10(b). The length of the fingers is 

expected to grow as eut at early times [1, 3]. Fig. 4.10(c) is a semilogarithmic plot of 

the amplitude of the peak at n = 8 as a function of time. The data at early times 

fall on a straight line, the slope of which gives the growth rate a. The small peak at 
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Figure 4.9: A grayscale simulation image showing the tangential velocity in the cell 
midplane overlaid with contours of radial velocity. The light and dark areas (indicat
ing positive and negative tangential velocity, respectively) show that flow is focused 
towards the finger tips. The conditions were the same as in Fig. 4.7. 
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n = 1 in Fig. 4.10(b) arises simply because the origin of the coordinate system used 

in the analysis of the data does not coincide exactly with the center of the injected 

fluid. 

For the simulations discussed in this paper, the angular wave number n = 8 at 

early times for all runs involving hot glycerine injected into colder glycerine, that is, 

the dominant peak of the FFT indicated that there were eight fingers around the 

boundary between the two fluids. The radius at which the instability first appears 

does not vary systematically with Tc or vi within the scatter of our results, but does 

appear to increase with b, and since .A= 21frc/n, the same is true of the wavelength. 

Fig. 4.ll(a) shows .A as a function of Vi for the three cell widths, for several values of 

Tc, while Fig. 4.11(b) shows A as a function of Tc for different values of vi. 

Averaging over all runs for a given cell width b, we find (.A) = 2.2 ± 0.4, 2.5 ± 0.3, 

and 3.6 ± 0.5 mm f~ b = 0.5, 1, and 2 mm respectively. The values of (.A) for b = 0.5 

and 1 mm are very similar, but (.A) is larger for the 2 mm cell. Figure 4.12 shows 

(.A) as a function of b from both the simulations and the experiments [9]. With the 

exception of the values for b = 0.5 mm, the simulation results are lower than the 

values obtained from our experimental work. The dimensionless ratio (.A) /b is plotted 

in the inset to Fig. 4.12. Experimentally, we had found that (.A) /b = 5.6 ± 0.8 for the 

two smaller cell widths, while (.A) /b = 3. 7 ± 0.5 for b = 2 mm. From the simulations, 

(.A) /b = 4.4 ± 0.8, 2.5 ± 0.3, and 1.8 ± 0.3 for b = 0.5, 1, and 2 mm respectively. 

While uncertainties in the fitting process led to some scatter in the values of the 

growth rates obtained from the simulations, a was found to be independent of the wall 

temperature Tc. For the two thicker cells, the growth rate increased with increasing 

inlet velocity, while forb= 0.5 mm there was substantial scatter in the data and no 

systematic dependence on vi could be discerned. a was also found to decrease with 

increasing b. Based on these results, we averaged the growth rates obtained at a given 
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Figure 4.10: (a) An image from a simulation with b = 1 mm, vi = 2 m/s, and 
Tc = 275 K at a time of 0.016 s. Black represents the injected hot glycerine and the 
surrounding gray represents the colder glycerine. (b) The Fourier power spectrum of 
r(fJ) determined from the boundary in (a). (c) Amplitude as a function of time of the 
peak at n = 8. A fit to the data at early times is indicated by the solid line. 
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Figure 4.11: (a) The wavelength). of the fingers as a function ofinlet velocity obtained 
from the simulations. Open squares: b = 0.5 mm; solid circles: b = 1 mm; open 
triangles: b = 2 mm. (b) Wavelength as a function of Tc. 
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Figure 4.12: The wavelength averaged over Tc and Vi plotted as a function of cell 
width b for both simulations (solid circles) and experiment (open circles). The inset 
shows the ratio A./b for both cases. 
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velocity and cell width, but different temperatures. The averaged growth rates were 

scaled by 1/tK,, where tK, is the thermal diffusion time, t~t = b2 / r;,. r;, = aj pCp is the 

thermal diffusivity, defined in terms of the quantities listed in Table 4.1. The inlet 

velocities were scaled by bjtK,. (JtK, is plotted as a function of vib/tK. in Fig. 4.13. The 

data scaled in this way collapse and, within our scatter, fall on a single curve. 

Fingering is only observed over a range of values of wall temperature (i.e., the 

viscosity ratio) and inlet velocity. Outside of this range the boundary between the 

injected and displaced fluid is stable over the duration of our simulations. Figure 4.14 

shows the stability diagram for b = 1 mm. Fingering is only observed for high enough 

values of the velocity and the viscosity ratio J.L(Te)/ J.L(Th)· From the figure, fingers 

are not observed below Me ~ 20. This value of Me is much higher than the value of 

3/2 expected from previous theoretical and experimental work on fingering between 

two miscible fluids [14, 6, 7, 8]. This is due to the fact that the viscosity ratio in used 

Fig. 4.14 is that determined from the temperatures of the injected and displaced fluids 

at the start of a simulation. By the time the injected fluid spreads to r e where the 

fingers start to grow, it will have cooled substantially and the value of M there will be 

lower. We determined the viscosity ratio at the location of the instability (which we 

denote by me) from our simulation results by finding the temperature and viscosity 

on either side of the boundary region separating the two fluids when it reaches r e· 

Applying this method to various runs with b = 1 mm gives an estimate of the critical 

viscosity ratio at the location of the instability of me ~ 4, much closer to but still 

higher than the expected value. 
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Figure 4.14: A stability diagram showing the range of existence of the fingering 
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was no fingering. The dashed line is the approximate stability boundary above which 
the flow is unstable and below which it is stable. 
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4. 5 Discussion 

The fingering instability observed in our simulations looks very similar to that seen 

in our previous experiments [9] but, as discussed below, there are some important 

quantitative differences. There are also differences between the system we simulate 

and the experiments that may affect our results. First, in the simulations the walls 

of the cell are kept at a constant temperature whereas in the experiments they are 

kept cool by circulating coolant and may heat up as hot glycerine flows through 

the cell. Second, the boundary conditions at the inlet to the cell are different. In 

the simulations, the velocity of the glycerine entering the cell is specified, while in 

the experiments, we applied a pressure to a piston to force the glycerine into the 

cell. Attempts to perform simulations with a constant pressure at the inlet were not 

successful. 

In the simulations, ). for a given cell width was found to be independent of both the 

viscosity ratio and the inlet velocity. Similarly, in our experiments ). was independent 

of the viscosity ratio and the inlet pressure [9]. Based on previous theoretical and 

experimental work [12, 11, 20, 21, 22], we would expect ). to be proportional to b 

in the high Peclet number regime. The Peclet number Pe = lv / K,, where l is a 

characteristic length, v a characteristic velocity, and K, the thermal diffusivity, is a 

measure of the importance of convective flow relative to thermal diffusion. In our 

simulations, 5300 ~ Pe < 1.9 x 106 , so we are always in the high Pe regime. The 

same was true in our experimental studies. Our experimentally measured wavelengths 

appeared to be proportional to b for small b, but the ratio (.A) /b decreased for the 

largest cell. In contrast, the wavelength of the simulated fingering patterns is not 

proportional to cell width, but rather increases only weakly with b over the range 

covered here. The wavelength determined from the simulations for b = 0.5 mm is the 
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same as for the experiments, but the wavelengths for the two larger cell widths are 

lower than those observed in our experimental work. 

We had previously suggested [9] that the decrease in ().) /b for b = 2 mm in the 

experiments might be due to increased three-dimensional effects in the thicker cell, 

and recent simulations of density-driven miscible viscous fingering [22] indicated that 

the flow was significantly three-dimensional even in thin cells. Thus the decrease in 

().)/bin our simulations may also be due to three-dimensional effects. In support of 

this suggestion, we show in Fig. 4.15 the velocity field in a vertical plane near the 

center of the numerical cell for the three cell thicknesses. For b = 2 mm the flow is 

significantly three dimensional, with the velocity vectors indicating some circulation 

of the fluid in the region of the inlet hole. 

Another possible reason for the difference in the experimental and simulated values 

of). is that, because of reduced noise, the instability can be detected relatively earlier 

in the simulations than in the experimental images. Finally, it is often difficult to 

determine a starting time for the instability from the FFT data in the simulations, 

and this affects the values of A. 

The growth rates of the instability determined from the simulations are signifi

cantly higher than those obtained from the experiments. Experimentally, for b = 1 

mm we found 3.0 s-1 =::; a=::; 15.0 s-1 [9]; the simulations give growth rates 20 times 

higher. This difference may be due to earlier detection of the signal in the simulation 

images as described above or it may indicate a real difference between the simulations 

and the experiments. 

There are practical limitations to the simulations that may affect the results dis

cussed above. The data files produced by the program are large and as a compromise 

between data collection and storage requirements, data were saved every lOth time 

step (corresponding to 0.001 s of simulated time). However, for a given vi, flow in 
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Figure 4.15: Velocity vectors shown for a portion of a vertical plane of the numerical 
grid. The field of view is 3 mm and the inlet hole is at the bottom left in each case. 
(a) b = 0.5 mm, Vi= 1 m/s, Tc = 278.15 K, t = 0.018 s; (b) b = 1 mm, vi= 1.5 m/s, 
Tc = 275 K, t = 0.02 s; and (c) b = 2 mm, Vi= 3.5 m/s, Tc = 280 K, t = 0.035 s. 
The velocity vectors show increased three-dimensional flow as b is increased. 
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the cell is much faster for lower cell widths and so it is possible that more data would 

improve the results, especially for the determination of a for b = 0.5 mm. The same 

number of grid cells is used for all runs, regardless of cell width. This means that the 

resolution in the vertical direction decreases as b is increased, which could increase 

the scatter for the b = 2 mm case. 

As discussed above, fingering was not observed for low values of M or vi. Similar 

behavior was seen in the experiments [9], in which the flow was stable at low viscosity 

ratios·and inlet pressures. The critical viscosity ratio Me~ 20 obtained from Fig. 4.14 

forb= 1 mm agrees well with our experimental value of Me [9], but is much greater 

than expected based on previous theory and experiments on miscible fingering [14, 

6, 7, 8]. By accounting for the cooling of the hot glycerine as it flows through the 

cell and calculating the viscosity ratio at the location at which the instability first 

becomes visible, a critical viscosity ratio me~ 4 is obtained. While still higher than 

expected [14, 6, 7, 8], this is much closer to the expected value of the critical viscosity 

ratio. 

4.6 Conclusion 

We have performed numerical simulations of a fingering instability in a single fluid 

with a strongly temperature-dependent viscosity. Fingering only occurs for high 

enough values of the inlet velocity and the viscosity ratio, in agreement with behavior 

seen in our experimental work [9]. The wavelength). of the fingers is independent of 

both inlet velocity and viscosity ratio, again consistent with the experimental results. 

Except for the thinnest cell studied, the wavelengths obtained from the simulations 

are smaller than those from the experiments, and do not depend as strongly on cell 

width. The growth rates of the fingers were higher than those determined from ex-
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periments. Despite these difference, the instability seen in the simulations is very 

similar to that seen experimentally. 
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Chapter 5 

Spreading and fingering in spin 

coating 

5.1 Abstract 

We study the spreading and fingering of drops of silicone oil on a rotating substrate 

for a range of rotation speeds and drop volumes. The spreading of the drop prior to 

the onset of fingering is found to follow the theoretically predicted time dependence, 

but with a large shift in time scale. For the full range of experimental parameters 

studied·, the contact line becomes unstable and fingers develop when the radius of the 

drop becomes sufficiently large. We study the growth of perturbations around the 

perimeter of the drop, and find the growth rate of the most unstable mode to agree 

well with the predictions of lubrication theory. The number of fingers which form 

around the perimeter of the drop is found to be a function of both rotation speed and 

drop volume, and is also in excellent agreement with theoretical predictions. 
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5. 2 Introduction 

Spin coating is a process whereby a volume of fluid spreads on a rotating substrate 

due to the action of centrifugal force. Spin coating is used industrially to form thin, 

uniform coating films in, for example, the manufacture of CDs and flat-screen tele

visions, and in microlithography. A drop of fluid positioned on the axis of rotation 

of a spinning substrate flattens in the middle and forms a capillary ridge around its 

perimeter as it spreads radially. The capillary ridge can become unstable, leading to 

the development of fingers at the liquid-substrate contact line [1, 3, 2]. This in turn 

can lead to nonuniform coating of the substrate. Similar contact-line instabilities are 

observed in thin film flows down an inclined plane [4, 5, 6, 7, 8, 9] and in film flows 

driven by surface tension gradients [10, 11]. 

Several previous experimental studies of the fingering instability in spin coating 

have been carried out, beginning with the early work of Emslie et al. [1] Melo et al. [2] 

studied fingering for a range of viscosities, rotation speeds, and fluid volumes using 

silicone oil. Homsy and coworkers [3, 12] studied spin coating in both Newtonian 

and Non-Newtonian fluids. Togashi et al. [13] performed spin coating experiments 

for two Newtonian fluids and derived an analytical expression for the drop radius at 

which fingering appeared. Other workers have extended the range of rotation speeds 

[14] and volumes [15] studied. Features of the flow investigated in these experiments 

include the spreading of the drop prior to fingering, the evolution of the drop profile, 

the critical radius at which the instability occurs, the number of fingers which formed 

at the instability, and the growth rates of the fingers. 

The spreading of the fluid drop prior to fingering has also been studied theoreti

cally [1, 16, 17, 3, 2]. Emslie et al. [1] solved the equation for a cylindrical volume of 

fluid spreading under the action of a centrifugal force using the method of character-
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istics, and showed that the drop radius r should evolve with time t as 

(5.1) 

or, in dimensionless form, as 

( 
4 ) 1/4 

r*(t) = 1 + 3t* (5.2) 

Here r* is given in units of r 0 , the initial radius of the drop, and t* in units of the time 

scale for flow in the region near the contact line, t 0 = rJ/ H6rx.~.P. "1 is the viscosity of 

the fluid and pits density, w the angular frequency of the spinning substrate, and H0 

the initial height of the drop. In deriving Eqs. (5.1) and (5.2) it was assumed that 

drop remains cylindrical and that its volume is constant. Wilson et al. also studied 

the spreading of a fluid drop prior to the onset of the fingering instability [16]. They 

found analytic solutions for r(t) when the surface tension 'Y = 0 and in the low-"( limit, 

and studied the problem numerically for finite 'Y· Their finite-"( solution agreed with 

the experimental data of Fraysse and Homsy [3] while the analytic solution in the 

asymptotic limit described the behavior of r(t) qualitatively but not quantitatively. 

Once the radius of the fluid drop becomes large enough, the contact line becomes 

unstable and fingers appear. This instability has been treated theoretically in the 

context of lubrication theory. Troian et al. [4] studied the linear stability of the 

contact line for the flow of thin film of fluid down an inclined plane, a situation 

that is mathematically equivalent to flow under the influence of a centrifugal force. 

They assumed the presence of a thin precursor film ahead of the contact line to 

remove contact line singularities. They showed that the contact line is unstable for 

wave numbers q ::::; 0.9/f, with the fastest growing mode at Qm ~ 0.45/f. Here 
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I!= H(3Ca)- 113 is a characteristic length scale near the contact line. His the height 

of the film in the region far from the contact line; for the spin coating problem in 

the lubrication approximation H = (3uoTJ/ pw2r)112 [3]. Ca = TJUo/r is the capillary 

number. Here u0 is the flow velocity near the contact line. The dimensionless growth 

rate of the fastest growing mode was found to be approximately 0.5, depending weakly 

on the thickness of the precursor film. Spaid and Homsy [18] studied the stability of 

the contact line using a slip model and found the results to be independent of the 

contact line model. McKinley and co-workers [19, 20, 21] studied the linear stability 

of a drop of fluid spreading due to either a centrifugal force or a jet of air and Schwartz 

and Roy [22] have recently developed a mathematical model to study the stability of 

fluid drops during spin coating. 

Defining rc as the value of r at which fingers first form at time tc, and assuming 

the drop volume V is conserved, it is straightforward to show that 

( 
,v )1/3 

f!(tc) = 2 3 
7rpw rc 

(5.3) 

From this and the wave number of the fastest growing mode, the number of fingers 

n that form is found to be [3] 

(5.4) 

In this paper, we present the results of a systematic study of the fingering insta

bility in spin coating experiments using a relatively low viscosity silicone oil as the 

experimental fluid. We perform the experiments for a large range of drop volumes 

and angular velocities. In particular, our work focusses more on the growth rates of 

the fingers than previous work has (2, 3]. In section 5.3 we describe the experimental 
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apparatus and procedure. The results of our experiments are presented in 5.4, and 

in section 5.5 we compare our results with theoretical predictions and previous work. 

5.3 Experiment 

The experimental apparatus was designed to permit accurate positioning of the fluid 

drops at the center of the rotating substrate, as well as visualization of the perimeter 

of the drop as it spreads under the influence of the centrifugal force. The substrate 

is a circular transparent sapphire plate 10 em in diameter. It is securely mounted in 

a holder, and a ball bearing system allows the holder to be rotated by a computer

controlled microstepper motor. The angular velocity w is varied under computer 

control in the range 10.5-63 rad/s. The angular acceleration of the plate is also 

controllable, but is fixed at the maximum accessible value of 168 rad/s2 for all runs 

discussed in this paper. With this acceleration the plate reached its set angular speed 

in approximately 0.4 s for the highest w, and in all cases well before the onset of the 

fingering instability. 

The spreading and fingering of the fluid drop was visualized with a shadowgraph 

optical system [23]. Light from a bright red light-emitting diode is collimated by two 

lenses arranged as a simple telescope, then directed to pass through the transparent 

sapphire plate from below. Another lens then focuses the shadowgraph image onto a 

charge-coupled device video camera mounted above the apparatus. Contrast in the 

shadowgraph is due to the deflection of light by thickness variations in the fluid. In 

our arrangement, this method produces high quality images in which the edges of the 

fluid drop are clearly defined, as shown in Fig. 5.1. The video camera is interfaced 

to a computer which records images of the flow as it progresses. Images are recorded 

at intervals chosen between 0.033 sand 0.1 s, and the integration time of the camera 
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is fixed at 10-4 s. 

The plate is cleaned prior to each run with warm soapy water and then rinsed 

with clean water and finally with acetone. The plate is mounted in the apparatus 

and the system is carefully levelled. It is important that the fluid drop be accurately 

placed at the center of the plate. To find the center, we used a jig consisting of a 

metal plate with a small hole machined in its center that could be precisely positioned 

on the plate holder. Two micrometer-driven translation stages are used to position 

an arm above the center of the plate. A length of fine plastic tubing attached to a 

syringe pump is then mounted vertically in the arm. The syringe pump is used to 

place a specified volume of fluid onto the plate at a rate of 1 ml/min. The volume of 

fluid used ranged from 50 to 250 p,l. 

The experimental fluid is a Newtonian silicone oil with a viscosity TJ of 0.053 kg/ms 

at 20°C as measured with a shear rheometer using a cone-and-plate geometry. The 

density of the oil is p = 963 kg/m3 and its surface tension is 1 = 0.0208 Njm. This 

silicone oil completely wets the sapphire surface and so has a contact angle of 0. As 

a result, the drops start to spread immediately once they are deposited on the plate. 

For our experiments, the drops were allowed to relax for 30 s before the rotation 

was started. The radius of a 100 p,l drop of fluid increases by 0.16 em during this 

relaxation time. We take r0 to be the radius of the fluid drop at the end of this 

relaxation time, when the motor is turned on. 

5.4 Results 

Figure 5.1 shows a sequence of images from a run with a drop of volume V = 50 p,l and 

angular speed w = 36.8 radjs. The contact line is initially circular, as shown in Fig. 

5.1(a). As the drop is rotated it spreads radially under the action of the centrifugal 
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force, initially flattening, then becoming thinner in the middle with a capillary ridge 

around the perimeter. At some radius rc the contact line becomes unstable and 

fingers start to form, as shown in Fig. 5.1(b) and (c). As time progresses these 

fingers grow, and additional fingers can appear between those that form initially. 

As seen in Fig. 5.1, the spacing of the fingers around the perimeter of the drop is 

approximately uniform. Fingering was observed for the full range of experimental 

parameters studied here, and the behavior we observe is very similar to that reported 

in Refs. [3, 2). 

Figure 5.2 shows the spreading of the drop from t = 0 to the time tc at which 

the fingers begin to form. Figure 5.2(a) shows r/r0 as a function oft for several runs 

on drops of the same volume but with different angular speeds. The same data are 

plotted on logarithmic axes in Fig. 5.2(b). As the plots show, there is an initial 

period during which the drop radius changes very little, followed by a period of more 

rapid spreading which appears linear in time in Fig. 5.2(a). The spreading rate of 

the drop depends strongly on w; analogous experiments for different V at fixed w give 

similar results and show that the spreading rate also depends on V. 

The theory of spin coating derived by Emslie et al. [1] predicts that the radius 

of the spreading drop should be described by Eq. 5.2, in which r is scaled by the 

initial radius r0 and the time is scaled by t0 , the characteristic time scale of the outer 

region of the flow [3]. Our data are plotted in this form in Fig. 5.3. The scaled data 

collapse very well, and have a dependence on tft0 that is close to the predicted 1/4 

power law at large times. On the other hand, our data are systematically shifted to 

the right of the predicted curve - shown as the dashed line in Fig. 5.3 - and the 

agreement cannot be improved by shifting our time origin by any reasonable amount. 

In contrast, Fraysse and Homsy found a rather poor collapse of their data using this 

scaling [3], and both they and Melo et al. [2] found that the spreading curves at 
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Figure 5.1: Shadowgraph images showing the spreading and fingering of a droplet 
of volume V = 50J.Ll. The outer edge of the dark annular region corresponds to the 
edge of the drop. The angular speed w of the turntable is 36.8 rad/s. Timet = 0 
corresponds to the start of the rotation. At t = 1.45 s (a) the drop is circular. At 
t = 11.45 s (b) perturbations have started to grow around the perimeter of the drop. 
In image (c) (t = 21.45 s) and (d) (t = 31.45 s) fingers have developed and grown. 
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Figure 5.2: Spreading of drops of volume V = 100 J.tl. (a) shows r fro as a function of 
time for several drops of the same volume with angular velocities w ranging from 26.3 
rad/s to 57.8 rad/s, indicated by the different symbols. The higher slopes correspond 
to higher values of w. (b) shows the same data with logarithmic axes. 

102 



longer times had a logarithmic slope greater than the predicted value of 1/4. 

The above discussion notwithstanding, Fig. 5.2(a) suggests that, over the lim

ited range of times from the end of the period of slow growth until the onset of 

fingering, the radius of the drop is very well described by a linear function of time. 

The slopes of the r(t)fr0 plots in this region are plotted in Fig. 5.4 as a func

tion of V for two angular speeds and as a function of w for two values of V. In 

both cases the dependence of the slope on the abscissa can be described by power 

laws: the slope is proportional to V0·73±0·05 and to w2.47±0·17• Overall we found that 

r/r0 = (1.64 ± 0.10) x 10-7w2.47V0·73t in this regime, with win rad/s and V in J.d. 

To study the fingering instability that develops after the period of uniform spread

ing discussed above, we analyze the experimental images using a Fourier transform 

technique [3, 24, 25]. The perimeter of the drop r( 0), where () is the angular coor

dinate about the axis of rotation, is Fourier transformed to give the Fourier power 

spectrum as a function of the angular wave number n. n indicates the number of 

periods of the mode as () is varied by 21r radians, that is, the number of maxima 

around the perimeter of the drop. A typical power spectrum is shown in Fig. 5.5(a). 

The large peak at n = 1 arises because the drop is slightly off-center despite our 

best efforts to position it accurately. Each of several hundred images from a given 

run is analyzed in this way, and the amplitude of the modes as a function of time t 

extracted. A typical result is shown in Fig. 5.5(b), where the amplitude of then= 7 

mode from the run shown in Fig. 5.5(a) is plotted against time. In this case, the 

amplitude is initially constant, then starts to grow at a time tc = 5.9 s. The growth is 

initially well-described by an exponential function of the form eut, but at later times 

the growth slows and the amplitude approaches a constant. The initial growth rate a 

is calculated for each n from a fit to the amplitude data over the range of exponential 

growth. Fig. 5.6 shows a as a function of n for the run shown in Figs. 5.1 and 5.5. To 
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reduce the noise, the plotted growth rates have been averaged over the modes n- 1, 

n, and n + 1, but substantial scatter remains, particularly at higher n. Nonetheless 

it is evident that a is positive for a range of n and becomes negative at high n, as 

expected since surface tension acts to stabilize modes at high n. In this particular 

case a is a maximum for n = 7. This corresponds with the number of fingers seen to 

develop in Fig. 5.1 at early times. 

Figure 5.7(a) shows the growth rate a as a function of w, while Fig. 5.7(b) shows a 

as a function of V. a increases with both angular speed and volume. The dependence 

on w is well described by a power law with an exponent of 3.41±0.01, while the volume 

dependence is linear. Combining these, our results give(!= (3.4 ± 0.1) X 10-8Vw3·
41, 

where Vis in J.tl and win rad/s. To get the growth rate in nondimensional form, we 

scale a by the time scale fju0 , where we take u0 as the radial speed of the perimeter 

of the drop at t = tc. The scaled growth rates are plotted in Fig. 5.8 and, within 

the experimental scatter, cluster around a mean value of 0.43 ± 0.16, in excellent 

agreement with the theoretical predictions of Ref. [4] and with previous experiments 

on spin coating [3]. 

The radius r c at which fingers begin to form is plotted against the drop volume 

and angular speed in Fig. 5.9. For a given V, rc is independent of w over the range 

of angular speeds studied, having average values of 0.0090 ± 0.0008 m for V =50 J.tl 

and 0.0118 ± 0.0009 m for V = 100 j.tl. rc increases with V as V0·36±o.D2, consistent 

with the V 113 dependence one might expect from simple dimensional considerations. 

The number of fingers n that form at the instability is shown as a function of 

volume for two values of w in Fig. 5.10 and as a function of speed for V = 50 and 100 

j.tl in Fig. 5.11. While there is some scatter in our data, our results show a systematic 

increase inn with both wand V over the range covered by our experiments. In fact 

our experimental results are in quantitative agreement with Eq. (5.4): The dashed 
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lines in Figs. 5.10 and 5.11 are the theoretical predictions, calculated using the fits 

to our measured values of r c described in the previous paragraph. There are no free 

parameters, and, within the scatter of our data, the agreement is excellent. The insets 

to Figs. 5.10 and 5.11 show the ratio of the predicted n values to the experimental 

results, determined using the individual r c values rather than the fits. These ratios are 

all close to 1, again indicating the very good agreement between our measurements 

and the theoretical predictions. These results are in contrast to previous work, which 

suggested that the number of fingers was independent of both wand V [3, 2]. This 

result led Fraysse and Homsy [3] to assume a particular functional form for r c in order 

that thew and V dependence in Eq. (5.4) would cancel out. Our measurements of 

rc, shown in Fig. 5.9, do not follow the form assumed in Ref. [3], however. 

5.5 Discussion 

The time-dependence we observe for the spreading of the fluid drop before the onset 

of fingering agrees qualitatively with the predictions of Eq. (5.2), as shown in Fig.5.3, 

but the theoretical curve is significantly shifted from the experimental data. This can 

perhaps be explained by the theoretical assumption that the drop is cylindrical in 

shape, whereas in practice there is a significant, and time-dependent, radial variation 

in the height of the drop. The theoretical curve in Fig. 5.3 can be brought closer to 

the experimental data by a 60% change in the initial radius values, in effect changing 

the time scale t 0 by the same fraction. This shift is much larger than any experimental 

uncertainty, and seems larger than might be accounted for by the variation in drop 

shape. Fraysse and Homsy [3] found a similar result in their experiments, but required 

a shift in r0 of only 10%-15% to bring theory and experiment into agreement. This 

persistent discrepancy between theory and experiment suggests that the scalings used 
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radjs. The dashed lines are the predictions of the theoretical expression, Eq. 5.4, 
using the fits to the experimental data for the critical radius r c shown in Fig. 5.9. 
There are no free parameters. The inset shows the ratio of the predicted number of 
fingers, calculated using the individual measured values of r c' to the measured value 
ofn. 
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in the derivation of Eq. (5.2) are inappropriate, as previously suggested in Ref. [3]. 

The alternative scaling introduced in [3], however, is based on an assumed dependence 

of the critical radius r c on the experimental parameters which is clearly not supported 

by our data. We note that, in our experiments, w is increasing to its set value over 

part of the initial period of slow spreading, although in all cases it is constant by the 

time the spreading rate starts to increase. This means that the time scale t0 is in 

fact changing over the early part of the experiment, and may account in part for the 

discrepancy between experiment and theory. 

Although Fig. 5.3 shows that at long times the spreading of the fluid drop ap

proaches the expected t114 power-law behavior, over the relatively short time during 

which the spreading occurs the data are well-represented by a linear increase of r0 

with time. The slope of this linear spreading, which has units of s-1, is approximately 

proportional to V 314w512• Dimensional analysis can be used to form an inverse time 

scale given by V 314w512p314f"f314, which has the correct volume and angular velocity 

dependence, but the theoretical basis for such a time scale, if any, is not clear. 

The growth rate u of the fingers was found to be approximately proportional to 

Vw712• Scaling u by f/U0 , as described in section 5.4 gives dimensionless growth rates 

that are constant within the experimental scatter and in excellent agreement with the 

predictions of lubrication theory [4]. Similarly good agreement was found in Ref. [3]. 

Since the length l is proportional to H and assuming a cylindrical drop with volume 

f'o.J H r 2 ,- the scaling of the growth rates implies that the radial velocity u0 f'o.J w 712 at 

the contact line at the onset of instability. 

Fraysse and Homsy found the number of fingers n that appeared at the onset of 

the instability to be constant for the range of experimental parameters they studied 

[3]. Melo et al. [2] plotted their data as a function of the parameter f3 = 'Y / pw2V 

which, for our range of experimental parameters, is in the range 0.022 :::; f3 :::; 0.63. 
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This is within the range in which Melo et al. [2] found both n and r c to be constant. 

In contrast, we observe a weak but significant increase inn with both V and w that is 

in quantitative agreement with the theoretical prediction, Eq. 5.4. We also find r c to 

depend on V, as shown in Fig. 5.9. As noted, the functional form of r c assumed in Ref. 

[3] to account for their observed constant n does not agree with our measurements. 

The good agreement between our results and the theory of Troian et al. [4], confirms 

the applicability of that work to a variety of mathematically-equivalent contact line 

instabilities. 

Recent stability analyses of the spin coating problem have shown that for low 

values of the dimensionless parameterS= pv.PVj"(fP, then= 1 mode is always the 

most unstable mode [22, 21]. Here(} is the contact angle of the fluid on the substrate. 

This mode corresponds to a circular drop of fluid moving off-center. Our experiments 

involved a wetting fluid, so f) = 0 and S is infinite, so we do not expect this result 

to apply to our system. We do find that the mode at n = 1 has a positive growth 

rate, as shown for one particular run in Fig.5.6, but it is never the most unstable 

mode. Typically the n = 1 mode has a fairly large initial amplitude, indicating that 

the drop is not perfectly centered at the start of the experiment, but the amplitude 

grows more slowly than several higher modes. Experiments with a non-wetting fluid 

at low S would provide a useful validation of this theoretical work. 

5.6 Conclusion 

We have studied the spin coating of a drop of silicone oil for a range of volumes and 

rotation speeds. The drop spread under the influence of the centrifugal force in qual

itative agreement with theoretical predictions, but with a substantial shift in scaled 

time, suggesting that the scaling used in the theoretical expression is inappropriate. 
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Once the radius of the spreading drop became large enough, an instability developed 

at the contact line, leading to the formation of fingers around the perimeter. This 

fingering instability was observed for all experimental parameters studied. The num

ber of fingers increased with both angular speed and drop volume while the scaled 

growth rate of the fingers was constant, both in excellent quantitative agreement with 

theoretical predictions. 
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Chapter 6 

Spreading and fingering in a 

yield-stress fluid during spin 

coating 

6.1 Abstract 

We study the spreading and fingering of small droplets of a yield-stress fluid subjected 

to a centrifugal force on a rotating substrate. The initial spreading of the droplets is 

found to be due to an elastic deformation of the fluid. We find that one or more fingers 

form at the contact line of the drop for large enough fluid volumes and rotation speeds. 

The fingering is qualitatively different from the contact line instability observed in 

other fluids, and appears to be a localized phenomenon that occurs when the stress 

at some point on the perimeter of the drop exceeds the yield stress. 
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6.2 Introduction 

The process of spin coating involves depositing a volume of fluid on a substrate 

which is then rapidly rotated, forcing the fluid to spread due to the centrifugal force. 

Industrially, spin coating is used as a method of forming thin, uniform films. For 

example, this method is used to produce coatings on disks used for data storage [1]. 

In spin coating, as in other flows in which a contact line is driven by an external force, 

an instability can occur at the contact line of the fluid [2, 3, 4, 5, 6, 7, 8, 9, 10, 11] 

leading to the formation and growth of fingers of the fluid. In the case of spin coating, 

this can lead to uneven coating thicknesses. Fingering instabilities also occur during 

flow down an inclined plane [5, 6, 7, 8, 9] and spreading due to marangoni forces 

[10, 11]. 

Although fingering in Newtonian fluids has been studied extensively [2, 3, 4, 5, 6, 

7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19], there have been rather few investigations 

of fingering in non-Newtonian fluids in general [4, 16, 12, 20, 21, 22, 23, 24] and yield 

stress fluids in particular [25, 26, 27, 28, 29, 30]. Non-Newtonian fluids differ from 

Newtonian fluids in that the viscosity TJ is not a constant, but rather is a function 

of the strain rate -y. Yield-stress fluids flow when the stress on the fluid exceeds a 

threshold value referred to as the yield stress (or equivalently when the strain exceeds 

the a yield strain); below this value the fluid responds elastically to the applied stress, 

that is,-it acts like a solid. In this paper we study the spreading and fingering of small 

droplets of Carbopol, a yield-stress polymer gel, subjected to a centrifugal force. 

The properties of non-Newtonian fluids can lead to interesting pattern formation 

phenomena, in some cases very different from their Newtonian counterparts. For 

example, the injection of a solvent into a viscoelastic fluid within a thin cell can lead 

to fracture patterns [20, 21] similar to those seen in solids. Experiments in which air 
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was injected into a yield-stress fluid in a Hele-Shaw cell resulted in finger patterns with 

a high degree of branching [25]. Some other studies of fingering in non-Newtonian 

fluids are described in Refs. [4, 12, 16, 22, 26, 30]. 

Most previous studies of spin coating have involved Newtonian fluids, although 

spin coating using non-Newtonian fluids has also been studied to some extent. Fraysse 

and Homsy [4] experimentally studied the spreading of an elastic fluid drop and the 

fingering which occured at the contact line during spin coating. Spaid and Homsy 

experimentally [16] and theoretically [12, 22] studied spreading and fingering with an 

elastic fluid. Borkar et al. [23] studied the spin coating of viscoelastic fluids exper

imentally and theoretically, but make no mention of a fingering instability. Acrivos 

et al. [24], following the work of Emslie et al. for Newtonian fluids [2], studied the 

evolution of fluid profiles for non-Newtonian fluids for power law fluids. 

Spin coating in yield-stress fluids has been the topic of several previous numerical 

studies [27, 28, 29] which used different constitutive relations to model the yield

stress fluids. These studies found that an initially uniform film becomes nonuniform 

in height during the spinning process. The results of experiments performed with a 

yield-stress fluid agreed with these predictions [27]. Tabuteau et al. [30] studied the 

spreading of yield-stress fluids both theoretically and experimentally. They calculated 

a critical angular velocity We for the fluidization of the material for different geomet

rical conditions. In their experiments, they studied the effect of substrate roughness, 

angular acceleration, yield stress, and sample size on the spreading. While their work 

focussed mainly on spreading, they also observed the formation of fingers around 

the perimeter of the sample at high enough w. de Bruyn et al. [26] experimentally 

studied the fingering instability that occured at the contact line of a yield-stress clay 

suspension flowing down an inclined plane. They compared the wavelength of the 

instability with the predictions of a model that took into account the yield-stress 
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behaviour of the material. Previous work showed that a sheet of yield-stress fluid on 

an inclined plane will not flow if either the angle of inclination or the thickness of the 

sheet is too small [31]. 

The remainder of this paper is organized as follows. The experimental details are 

presented in Section 6.3 and the results presented in Section 6.4. A discussion of the 

results follows in Section 6.5. 

6.3 Experimental Method and Materials 

The experimental apparatus is identical to that used in our previous experiments 

on spin coating in a Newtonian fluid [19]. The substrate is a transparent, circular 

sapphire plate 10 em diameter. The plate is mounted on a bearing and can be rotated 

by a computer controlled microstepper motor. In the work described here, its angular 

velocity w is varied in the range 10.5- 63 rad/s. The acceleration of the plate is fixed 

at 168 rad/s2
• The plate reaches its final velocity in 0.15 s for the lowest speed used 

and 0.375 s for the highest speed used. Observations indicate that this acceleration 

time is much less than the time at which fingering begins. Prior to the start of a run, 

the plate is cleaned with warm, soapy water and rinsed in acetone. A length of fine 

tubing attached to a syringe pump is mounted in a vertical holder and, using two 

micrometer-driven translation stages, is precisely positioned above the center of the 

plate. The syringe pump is set to deposit a specified volume of fluid V in the range 

0.2-1 ml on the substrate at a rate of 1 ml/min. The fluid drop is then allowed to 

relax for 5 min before rotation begins. 

A shadowgraph optical system is used to visualize the flow. A collimated beam of 

light from a bright red LED was passed through the sample from below and focused 

onto a video camera mounted above the substrate. As Fig. 6.3 shows, this method 
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provides very clear visualization of the perimeter of the fluid drops. The contrast 

seen in the images within the fluid drop is due to variations in the height of the fluid 

which cause deflections of the light beam. 

The experimental fluids used were aqueous solutions of Carbo pol ETD 2050 [32], 

with concentrations c = 0.2% and 0.4% by weight. Carbopol is a commercial product 

used as a thickener, and is based on cross-linked linear polyacrylic acid chains. Car

bopol dispersions behave as yield-stress fluids due to interactions among a network 

of micron-sized micro gel particles [33]. The samples were prepared by slowly adding 

Carbopol powder to continuously stirred deionized water. Sodium hydroxide solution 

was then added to raise the pH to 6. The solutions were further mixed for several 

hours with a motorized mixer to completely homogenize the material. At the concen

trations used here, the solutions were very weak gels with density equal to 1000 ± 5 

kg/m3 at 22°C. 

Rheometric characterization of the Carbopol samples was performed using an 

ARES RHS controlled-strain rheometer equipped with stainless steel concentric cylin

ders with inner and outer radii of 16 mm and 17 mm, respectively, and an immersed 

length of 34 mm. The sample temperature was maintained at 22°C by a temperature

controlled circulating fluid bath. The flow curve was measured by imposing a steady 

shear and recording the corresponding steady-state stress, starting at high shear rate 

and working downwards. The linear elastic and viscous moduli, G' and G" respec

tively, were measured as a function of frequency by applying a small-amplitude oscil

latory shear. 
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6.4 Results 

6.4.1 Rheology 

The rheometric measurements show that our Carbopol samples behave as yield-stress 

fluids with a small but measureable yield stress. Figure 6.1 shows the flow curves for 

the two concentrations of Carbopol. In both cases the data were well described by 

fits to a Herschel-Bulkley model, 

K ·n 
T = T0 + / , (6.1) 

where T0 is the yield stress, K the consistency, and n a power law index. We find 

T0 = 1.49 ± 0.02 Pa for c = 0.2% and T0 = 1.74 ± 0.16 Pa for c = 0.4%. ForT> T0 , 

the samples are shear thinning, that is, the viscosity T / 't decreases with increasing 

strain rate. Figure 6.2 shows G' and G" for the two concentrations. In both cases 

the elastic modulus is an order of magnitude larger than the viscous modulus and is 

nearly independent of frequency, as expected for a yield-stress gel. 

6.4.2 Spreading and fingering 

Fig. 6.3 shows a sequence of images from a run using Carbopol with c = 0.4%, 

w = 47.3 rad/s, and V = 0.5 ml. The edge of the fluid drop is initially approximately 

circular as shown in Fig. 6.3(a). Since the Carbopol has a yield stress, there were 

inevitably small irregularities in its shape. These irregularities were not observed to 

have an effect on the subsequent flow. When the substrate is spun, the drop spreads 

by a small amount under the action of the centrifugal force. In most cases, a roll or 

ridge was observed to form around the perimeter of the drop, as previously observed 

for Newtonian fluids [3, 4, 19] and for yield-stress fluids [30]. This ridge can be seen 
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Figure 6.1: Mean measured flow curves for c = 0.2% (circles) and c = 0.4% (squares). 
The lines are fits to the data using the Herschel-Bulkley model, Eq. (6.1). 
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in Figs. 6.3 and 6.4 as the light region close to the perimeter. For high enough 

drop volume and angular speed, one or more fingers eventually form and grow at the 

perimeter of the drop, as shown in Fig. 6.3(b)-(d). In the run shown in Fig. 6.3, 

and indeed in the majority of runs, only one finger formed over the duration of the 

experiment. In some cases, however, more than one finger appeared, as illustrated in 

Fig. 6.4. In such cases, the fingers generally did not form simultaneously, nor were 

they equally spaced around the perimeter. 

Each of the hundreds of experimental images from each run are analysed as follows. 

First, an edge detection algorithm is used to identify the perimeter of the Carbopol 

drop, then a circle is fitted to the edge of the drop [34]. The center of the fitted 

circle is not fixed but is allowed to vary depending on the shape of the drop. The 

radial strain on the drop is a measure of the spreading of the drop and is given by 

"'fr = (rJ- TJo)frJ0 , where TJ is the radius of the fitted circle and Tfo is its value at 

the start of the run. Figure 6.5 shows "Yr plotted as a function of time for a run in 

which the Carbopol drop did not finger. "Yr initially increases, then reaches a constant 

value "Yr,l· The data are, in general, well described by a simple exponential function 

approaching a constant value at long times with a time constant on the order of 0.01 

s-1• For c = 0.2%, 0 ::; "Yr,l ::; 0.066 and for c = 0.4%, 0 ::; "Yr,l ::; 0.17. "'fr = 0.17, 

then, is a lower limit of the yield strain for our Carbopol samples. 

For drops for which fingering was observed, the spreading is linear at early times. 

Figure 6.6 shows "Yr for c = 0.4% and values of w and V for which fingering was 

observed. "Yr is plotted as a function of time for "Yr ::; 0.17, the highest value of "Yr,l 

measured for non-fingering drops. Figure 6.6(a) shows "Yr for a fixed drop volume 

and several values of w, while Fig. 6.6(b) shows "Yr for fixed w and several different 

values of V. In general "'fr is seen to increase more rapidly with increasing wand with 

increasing V. 
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(a) 

Figure 6.3: Images from a run with c = 0.4% showing the development of a finger as a 
function of time. For this run, V = 0.5 ml and w = 47.3 rad/s. Images were recorded 
at (a) 0.17 s, (b) 22.1 s, (c) 59.76 s, and (d) 77.34 s. The Carbopol drop appears 
dark, with light areas within the drop indicating variations in the drop's thickness. 
A ridge of fluid, indicated by a light region, can be seen close to the perimeter. The 
field of view is approximately 5.3 em. 
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Figure 6.4: Images from a run with c = 0.4% showing the formation and growth of 
several fingers. Here V = 1 ml and w = 63 rad/s. Images were recorded at (a) 0.57 
s, (b) 2.90 s, (c) 4.57 s, and (d) 11.23 s.The field of view is 8.2 em. 

130 



0.03 .-------.-------.u...-----.,o,----r------.----------, 

OCD>~~,~~~ 
~'@: 0 ~~&~~~l: 
~~ <o 0 0 0 0 cif? 0 

' 0 0.02 ce 
~ 

<iP 
cD) 

0 
@ 

0.01 ~ 
0 
0 
p 

500 1000 
time (s) 

1500 2000 

Figure 6.5: The radial strain 'Yr plotted as a function of time for a Carbopol drop 
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Figure 6.6: (a) The radial strain 'Yr as a function of time for V = 0.5 ml. The different 
symbols represent runs with different w. From top to bottom, w =63, 52.5, 57.8, and 
42 rad/s. (b) 'Yr as a function of time for w = 52.5 radjs. The different symbols 
represent runs with different V. From top to bottom, V =0. 75, 0.6, 0.4, 0.3, and 0.2 
ml. 
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The image analysis described above also gives us Tmax' the maximum distance 

from the center of the fitted circle to the drop edge. This is a measure of the length 

of the largest finger that forms. Fig. 6. 7 is a plot of r max as a function of time for one 

run. The slope of the plot increases with time, indicating that the finger tip grows 

faster with time. As r max increases, the centrifugal force, and the stress at the finger 

tip, increase. The higher stress at the tip leads to a higher shear rate there, and so a 

decreased viscosity, allowing the fluid to flow more easily. 

Fingers form only for high enough values of the angular speed and initial radius 

T0 , as shown for c = 0.4% in Fig. 6.8(a). The open circles indicate values of these 

parameters for which at least one finger was observed while the filled circles indicate 

conditions for which the fluid drop remained approximately circular. For c = 0.2% a 

similar boundary was obtained at lower values of wand V. 

6.5 Discussion 

If a fluid does not possess a yield stress, drops of the fluid will flow for arbitrarily 

small w when subjected to a centrifugal force. In our case, the Carbopol has a yield 

stress and so will not flow until the stress due to the centrifugal force exceeds the 

yield stress. In other words, when the applied strain on a yield-stress fluid is below 

a critical value of the strain, the fluid responds elastically to the applied stress. The 

maximUm. radial strain reached for the Carbopol drops which did not finger does 

not exceed 0.066 for c = 0.2% and 0.17 for c = 0.4%. These strains are consistent 

with measured values of approximately 0.2 for the yield strain of other yield-stress 

fluids [35, 36]. The yield strain of our Carbopol samples can also be estimated from 

the rheological data presented in Figs. 6.1 and 6.2. Assuming the Carbopol is in 

the linear viscoelastic regime before it yields, the yield strain 'Yo is found from the 
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Figure 6.8: (a) Experimentally determined stability of c = 0.4% . Open circles: 
fingers, closed circles: no fingers. The dashed line is the predicted stability boundary 
given by Eq. (6.2), multiplied by a factor of 2. (b) w versus Jro/ fYT'o for c = 0.2% 
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finger(s) was not seen. The dashed line shows the prediction of Eq. (6.2) with 
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relation T0 = G'(Oho [35], where T0 is the yield stress and G'(O) is the zero frequency 

elastic modulus. This gives 'Yo = 0.02 for c = 0.2% and 'Yo = 0.024 for c = 0.4%, 

somewhat lower than the maximum strains observed for the non-fingering drops. The 

difference may be due to aging of the Carbopol during the time it sits on the plate 

before spinning (although aging is not expected to be important for Carbopol) or 

it may indicate that evaporation from the surface of the small droplets affects the 

material properties over the time scale of the experiments. 

As the drop spreads, a ridge forms close to the edge of the drop. Although in 

previous experiments, fingering resulted from an instability of a similar ridge [3, 4, 

19, 30], the fingering observed in the present case appears to be due to a different 

mechanism. For most of the experimental runs only a single finger formed. When 

more than one finger formed, the fingers did not form simultaneously, nor were they 

equally spaced around the perimeter of the drop. The growth of the finger tip increases 

with time, as shown in Fig. 6. 7. In contrast, previous experiments with fluids without 

a yield stress [3, 4, 19] show an instability with a characteristic wavelength that occurs 

around the entire perimeter of the drop, leading to the formation of multiple fingers 

which initialy grow exponentially. These differences suggest that fingering in our 

Carbopol drops is not the result of an instability, but rather is a localized effect. 

A yield-stress fluid will only flow when the shear stress exceeds the yield stress. 

Tabuteau et al. [30] considered a cylindrical volume of yield-stress fluid with radius r 0 

and height ho « r 0 on a rotating substrate. They found the critical angular velocity 

We at which the material becomes fluidized to be 

!I 
We= v phoTo. (6.2) 

Since our drops are not cylindrical, we do not expect Eq. (6.2) to be completely 
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accurate for our experiments. r 0 is determined from our experimental images. The 

height of the droplet h0 is harder to measure accurately, so we treat it as an adjustable 

parameter and use Eq. (6.2) to describe the stability boundary seen in Fig. 6.8(a). 

We obtain the curve shown as a dashed line in Fig. 6.8(a) with h0 = 0.18 mm, which 

seems to be a reasonable estimate of the height of the drop edge. There is reasonable 

agreement between our experimental stability boundary and the prediction of Eq. 

(6.2), suggesting that a finger forms only when the yield stress has been exceeded, 

that is, when the centrifugal force causes the stress at some point around the perimeter 

of the drop to become greater than the yield stress. 

Figure 6.8(b) shows the stability diagram for both c = 0.2% (squares) and 0.4% 

(circles) plotted as w versus Jr0 /pr0 • When plotted in this manner, the stability 

boundaries for the two concentrations coincide. The dashed line is the prediction 

of Eq. (6.2) with ho = 0.18 mm, which is again in reasonable agreement with the 

measured stability boundary. 

Tabuteau et al. [30] performed spin coating experiments using much larger drop 

volumes. They observed an instability in which many equally-spaced fingers formed 

simultaneously, at an angular velocity well above the boundary given by Eq. (6.2). 

It seems probable that this is the same contact line fingering instability seen in New

tonian fluids [3, 4, 19]. Under our experimental conditions, however, local yielding 

preempts this instability. 

6.6 Conclusion 

We have studied spreading and fingering during spin coating for a yield stress fluid, 

Carbopol, for c = 0.2% and c = 0.4% and a range of rotation speeds and volumes. 

We found that non-fingering drops spread by only a small amount, after which the 
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spreading stopped. The rate at which spreading occured for drops which fingered was 

found to increase with increasing V and increasing w. We found that fingers form 

only for high enough drop volumes and rotation speeds. In contrast to what has been 

observed previously, fingers do not form collectively as the result of an instability of 

the contact line, but rather form individually when the stress due to the centrifugal 

force exceeds the yield stress locally. 
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Chapter 7 

Summary 

In this work, we have studied different fluid systems in which fingering occurs. We 

studied a variant of viscous fingering by injecting hot, less-viscous glycerine into 

colder, more-viscous glycerine in a Hele-Shaw cell. Fingering was observed at the 

boundary separating the hot and cold glycerine. We performed numerical simulations 

of this system using Fluent [1], a commercial fluid dynamics software program. We 

also studied spreading and fingering in spin coating using both a Newtonian and a 

non-Newtonian fluid. In both instances, fingering occured at the contact line of the 

fluid. 

7.1 Viscous fingering 

We injected hot glycerine into colder glycerine within the narrow gap of a Hele-Shaw 

cell for different cell widths. The hot glycerine spreads radially outward, displacing 

the colder glycerine. When the injected glycerine reaches a critical radius r c, the 

boundary between the hot and cold glycerine becomes unstable and fingers form. Our 

results indicate that this instability is similar to the fingering instability which occurs 
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between two miscible fluids. We found that A increases as b increases, independent 

of cell temperature or inlet pressure. On average, we found A = (5.6 ± 0.8)b for 

the two smallest cell widths, in agreement with previous miscible viscous fingering 

experiments [2, 3] and with the expectation that A/b is a constant for high Peclet 

numbers [4, 5, 6, 7]. For the highest cell width used, Ajb decreased, perhaps due 

to increased three-dimensional flow within the cell. Fingering only occurred for high 

enough values of the inlet pressure and viscosity ratio, although the critical viscosity 

ratio observed in our experiments was higher than expected compared to previous 

experiments and theory [3, 8, 9]. 

As described in Chapters 3 and 4, we also performed numerical simulations of this 

system, but with some differences in the boundary conditions. The inlet velocity was 

specified in the simulations while the inlet pressure was specified in the experiments. 

The walls of the cell in the simulations were maintained at a constant temperature, 

while in the experiments the walls were kept cool by circulating coolant and so could 

heat up as the hot glycerine flowed through the cell. 

The fingering pattern seen in the simulations was very similar to that seen in 

the experiments, although there were some quantitative differences. A increased only 

slightly with b, but, as in the experiments, was independent of cell temperature and 

inlet velocity. Ajb is not a constant, contrary to expectations [4, 5, 6, 7]. The simula

tions show increased 3-D flow as b increases, which perhaps explains the decrease in 

Ajb for large b seen in the experiments. The growth rates of the fingers were higher 

in the simulations than in the experiments. 

Fingering only occurred for high enough inlet velocities and viscosity ratios as in 

the experiments. The critical viscosity ratio found in the simulations agree with that 

from the experiments. Taking into account the cooling of the glycerine as it flows 

through the cell, the viscosity ratio at the location the instability was found to be 
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7.2 Spin coating 

7.2.1 Newtonian fluid - silicone oil 

We have studied the spin coating of a Newtonian fluid, silicone oil, for a range of rota

tion speeds and drop volumes. The drop is initially placed on a stationary substrate 

which is then rotated at a given angular speed. The drop initially spreads radially 

over the substrate. When the radius of the spreading drop exceeds a critical value r c, 

the contact line becomes unstable and fingers of the silicone oil form. The pattern has 

a well-defined wavelength. We observed fingering for all the experimental parameters 

used in our experiments. 

We studied the spreading of the drop prior to fingering and found that the radius 

of the drop scales as predicted by Emslie et al. [11], although the data are significantly 

shifted in scaled time from the prediction. The spreading approaches the predicted 

1/4 power law at long times. 

We found that the growth rate a of the fingers increases with both the angular 

speed of the substrate and the drop volume. The scaled growth rate was found to 

be a constant, in good agreement with Troian's theory [12]. The number of fingers 

which ~orm also agrees with the theoretical predictions [12, 13]. 

7.2.2 Non-Newtonian fluid - Carbopol 

We have also studied spin coating using a yield-stress fluid, Carbopol. We found 

that fingers are only observed for high enough drop volumes and rotation speeds, in 

contrast to our experiments with silicone oil [15]. The mechanism leading to fingering 
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is different for Carbopol than for Newtonian fluids [12]. Fingering at the edge of the 

Carbopol drop appears to be a localized effect, instead of an instability which affects 

the entire contact line of the drop. In many of the experimental runs, we observe 

only a single finger; in the runs where we observed more than one finger, the fingers 

were not equally spaced around the perimeter of the drop. 

The radius of the spreading drop prior to fingering is found not to follow the 

same scaling as Newtonian fluids, nor does the growth of the finger behave in the 

same manner. In contrast to silicone oil, for which we observed exponential growth 

of the fingers initially followed by slower growth at later times [15], we find that the 

Carbopol finger grows faster as time progresses. 

We find that the boundary between fingering and no fingering in the w-r 0 diagram 

is well described by the theoretical expression for the critical angular velocity neces

sary for the start of flow in the lubrication regime obtained by Tabuteau et al. [16] 

This agreement implies that a finger forms at the edge of the advancing Carbopol 

drop when the stress at that point due to the centrifugal force exceeds the yield stress. 

7.3 Future Work 

The experiments and simulations on viscous fingering described in this thesis could 

be extended to other fluids with temperature-dependent viscosities. 

Further study of the spin coating of Newtonian fluids could include using non

wetting fluids to investigate the n = 1 mode. Theoretically, this should be the most 

unstable mode for low values of the spin parameterS= pv.PV/"(03 [17, 18]. 

The spin coating of yield-stress fluids needs much further investigation. It would 

be informative to use different concentrations of Carbopol and also different yield

stress fluids to further study fingering. As well, a better theory is needed to describe 
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the onset of fingering for these fluids. 
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Appendix A 

Thermoviscous Fingering 

A.O.l Introduction 

Thermoviscous fingering is a fingering instability which may occur when a hot fluid 

with a temperature dependent viscosity enters a channel with cold walls. Although 

there are similarities, this instability is different from the viscous fingering instability 

described in Chapters 1, 3, and 4. Thermoviscous fingering requires the flow to be in 

a thermal steady state [6], while the system described in Chapters 3 and 4 is not. As 

well, the initial condition in our system is such that when the hot fluid is forced into 

the colder fluid, a Saffman-Taylor like fingering instability develops, precluding the 

growth of thermoviscous fingers. Thermoviscous fingering is believed to be important 

in magma flow [1]. As magma flows upwards through a crack in the Earth's crust, its 

flow is seen to become focused so that it emerges at the Earth's surface at isolated 

spots [1]. We devoted a significant amount of effort to experiments intended to study 

this instability, but, while suggestive, they were ultimately unsuccessful. Nonetheless, 

they will be described briefly in this Appendix. 

A hot, less viscous fluid flowing between the cold walls of a channel loses heat to 
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the walls, causing the viscosity of the fluid to increase. Thermoviscous fingering then 

leads to the formation of fingers into which incoming glycerine is channeled since the 

fingers provide a path with lower resistance for the flow. This instability has been 

studied theoretically by Morris [2], Helfrich [3], and Wylie and Lister [4]. Helfrich [3] 

performed a two-dimensional linear stability analysis in which the relevant quantities 

were averaged in the cross-channel direction. He found that the existence of multiple 

flow rates for the along channel flow was necessary for instability. His results showed 

that for slow flows fingering was possible when the viscosity ratio f3c = J.ll (T1)/ J.l2(T2), 

where T1 is the temperature of the walls of the channel, T2 is the temperature of the 

fluid entering the cell, and J.l1 (T1) and J.l2(T2) are the viscosities of the displaced and 

the displacing fluids, respectively, exceeded a critical value f3c ~ 20. He performed 

calculations for both constant pressure and constant flus inlet conditions. 

Wylie and Lister [4] performed a three-dimensional linear stability analysis. They 

also found that multiple flow rates were necessary for fingering but found a critical 

viscosity ratio considerably higher than that found by Helfrich. The value of f3c was a 

function of the relationship used in the calculations. For a step function model where 

J.l = 1 for T < () 

J.l = {3 for T > (), 

(A.l) 

f3c was.found to be approximately 12. Here () is a particular temperature. For an 

exponential viscosity model, f3c ~ 120. 

Morris [2] also performed a three-dimensional stability analysis with results similar 

to Wylie and Lister- the necessity of multiple flow rates and a critical viscosity ratio. 

The critical viscosity ratio was higher than that found by Wylie and Lister. For an 

infinitely long channel Morris found f3c = 324. In addition, Morris showed that for 
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long channels the wavelength of the instability was comparable to the thermal entry 

length Lc, the distance traveled by the fluid in the along-channel direction in the time 

it takes heat to diffuse across the channel. 

There have been rather few experimental studies of thermoviscous fingering. Wylie 

et al. [1] performed experiments by injecting heated Karo syrup into an empty Hele

Shaw cell similar to that described in the next section. They observed a fingering 

instability which over time evolved to a single finger. Whitehead and Helfrich [5] 

injected heated paraffin wax between the plates of a Hele-Shaw cell. In this case, 

fingering was observed well before the wax reached the edges of the cell and, again, 

by the end of the experiment, most of the flow was observed to be through only one 

finger. 

A.0.2 Experiments 

According to theory [2, 3, 4], the viscosity ratio required for thermoviscous fingering 

to occur is quite large. Glycerine was chosen as the experimental fluid because its 

viscosity increases dramatically with decreasing temperature, as described in Chapter 

3. 

A substantial amount of effort was spent in an attempt to observe and study this 

instability, but no unambiguous, reproducible results were obtained. Several versions 

of the apparatus were tried; the one that yielded the most promising results is shown 

in Fig. A.l. The apparatus consists of a Hele-Shaw cell, a constant flow rate pump, 

and a Pulnix ccd video camera interfaced to a computer used to capture images of the 

flow. The bottom plate of the Hele-Shaw cell is circular, made of aluminum, and is 

45.7 em in diameter and 1.27 em thick. The upper plate is a plexiglas square 45.7 em 

on a side and 1.27 em thick. The plates are separated from each other by 12 spacers, 
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0.5 em thick, and are clamped together to maintain the uniform spacing. The outer 

edge of the cell is open to the atmosphere except for the regions occupied by the 

spacers. The Hele-Shaw cell is placed on a platform which was carefully adjusted to 

be level. An insulated hose leads from the pump to a hole in the center of the top 

plate. A tube with an inside diameter of 0.64 em is fitted into the hole. The pump 

injects fluid into the cell at a controllable constant flow rate. The video camera is 

mounted directly above the cell for some experiments. For others it is off to one side 

of the cell and aimed at an angle to the cell. 

Below the aluminum bottom plate is another aluminum plate with channels ma

chined into it. A MGW Lauda circulating bath circulates a water/antifreeze mixture 

through the channels to maintain the bottom plate at a cold temperature Tc. The en

tire cell was placed in a commercial household freezer to assist in cooling the bottom 

plate as well as to cool the top plate. The freezer temperature and the temperature 

of the water bath were maintained at approximately -20°C. Before entering the cell 

the glycerine is heated to a temperature Th in the heating box shown in Fig. A.l. 

Within the box is a brass cylinder around which a copper tube is wound. A heated 

mixture of antifreeze and water circulates in the tube to heat the glycerine within the 

cylinder to Th. 

The hot glycerine initially enters an empty cell and spreads out radially. Once the 

glycerine reaches the edge of the cell it flows into a waste container. Food colouring is 

injected into the hot glycerine as it enters the cell at various times to aid in visualizing 

the flow. The dye is heated prior to injection by placing the dye-filled syringe in 

the heating box. During the initial filling stage the spreading air-glycerine interface 

should remain stable; fingering does not occur at the interface since a more-viscous 

fluid, glycerine, is displacing a less-viscous fluid, air [6]. 
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Figure A.l: A schematic illustration of the apparatus used to study thermoviscous 
fingering. 

A.0.3 Results and discussion 

Figure A.2 shows a sequence of images from a run of the experiment. The dye lines 

show at least one finger in the lower left hand corner that persists for the duration 

of the experiment. As Fig. A.2 (c) shows, eventually most of the injected glycerine 

flows through this finger with the glycerine in the remainder of the cell moving very 

little. Air bubbles are present in the glycerine for this run, for example, at the lower 

left hand corner of Fig. A.2 (c)), and may influence the beginning of such a finger. 

Unfortunately repeating the run under the same conditions often did not result 

in a fingering instability. Other runs under slightly different conditions also show 

evidence of fingering, but in general we were unable to obtain results of sufficient 

quality to allow us to perform any quantitative measurements. 

Figures A.3-A.5 show images from runs which also show some evidence of a finger

ing instability. A sequence of images from a run performed under the same conditions 

as that of Fig. A.2 is shown in Figure A.3. Fig. A.3 (a) shows a finger developing 

at what should be a stable interface. This suggests that perhaps solidification is oc

curing at the front, resulting in the majority of the interface moving more slowly as 

it solidifies. The dye lines in Figure A.3 (b) and (c) indicate three fingers present in 
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the flow. These three fingers suggest thermoviscous fingering and are different from 

the fingers seen at the interface in Fig. A.3 (a), although one finger is roughly at the 

same position. Figure A.4 is an image from a run for which fingering on a smaller 

magnitude is observed. The dye line on the right hand side of the image (delineated 

by the rectangle) is gently rippled, perhaps indicating thermoviscous fingering. Fig

ure A.5 shows two fingers at the 3 and 6 o'clock positions. The edge of the glycerine 

at the 6 o'clock position is, however, closer to the edge of the cell than the glycerine 

elsewhere in the cell, again suggesting that perhaps solidification is retarding the flow 

elsewhere in the cell. These experimental images suggest the presence of a fingering 

instability, but the effect is not large. 

For the runs discussed in the previous paragraphs, the viscosity ratio is on the 

order of 2500 - 11000, well above the critical viscosity ratio [2, 3, 4] predicted for 

fingering. A slow flow rate is also necessary for fingering. This can be seen by con

sidering the dimensionless parameter P measuring the ratio of the thermal diffusion 

time tk = d? / K, where d is half the distance between the plates of the cell and K is 

the thermal diffusivity, to the time it takes for heat to be advected in the direction 

of the flow: 

(A.2) 

where U is a typical velocity in the radial direction, and R is a typical length scale. 

significant heat loss to the walls of the cell is necessary for fingering, so P should 

be much less than 1 if fingering is to occur [6]. For the parameters of our system 

(d = 0.25 em, L ~ 20 em, and K ~ 9 x 10-8 m2/s), this means that U must be much 

less than 0.3 cm/s for fingering to occur. Given a time of 20 minutes to initially fill 

the cell, U is on the order of 0.01 em/ s well below the speed calculated above. Often 

it takes even longer than 20 minutes to fill the cell, resulting in an even lower U, so 
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we should be in the regime where thermoviscous fingering is possible. 

A possible explanation for the lack of definitive evidence for thermoviscous fin

gering in our experiments is that our inlet condition was one of constant flow rate as 

opposed to constant pressure [6]. A prerequisite for fingering according to the theory 

of Wylie et al. [4] is that the solution to the governing equations give multiple flow 

rates, a condition which is possible using an inlet condition of constant pressure. The 

experiments performed by Wylie et al. [1] were done using a constant gravitational 

pressure head to drive the flow, although experiments done with an inlet condition 

of constant flow rate also showed fingering but over a smaller range of parameters 

[6]. Helfrich [3] showed that while fingering is possible for both inlet conditions, 

fingering occurred for a wider range of parameters for the constant pressure inlet con

dition. It was also shown that the condition of fixed flow rate lead to both large and 

small wavenumber cutoffs of the instability while for constant pressure only a short 

wavenumber cutoff was present. As well, Helfrich [3] showed that higher growth rates 

occur when constant pressure is the inlet condition. In our experiments, we used a 

constant flow rate inlet condition, although, in retrospect, we may have been able to 

produce more conclusive results using a constant pressure inlet condition. 
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(a) 

(b) 

(c) 

Figure A.2: A sequence of images from a run with b = 0.5 em, Tc set at -20°C, 
and Th = 90°C. A finger is seen in the lower left hand corner and by (c) most of the 
glycerine is flowing through this finger. 



Figure A.3: A sequence of images from a run with the same conditions as the run in 
Fig. A.2. In (a) a finger is seen to devel~gf't the glycerine-air interface. In (b) and 
(c) dye lines show three fingers. 



Figure A.4: Dye lines show small ripple-like protrusions. The black rectangle is used 
to define the position of the ripples. Here b = 0.5 em, Tc = -30°C and Th = 90°. 
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Figure A.5: Dye lines show two fingers; one on the right hand side and the other on 
the lower left hand side. Here b = 0.5 em, Tc is set at -20°C and Th = 90°C. 
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Appendix B 

Fluent Equations 

Fluent [1] is a commercial software which in general solves the equations for conser

vation of mass and momentum (Eqs. (B.1) and (B.2) respectively) in the following 

forms (see the Fluent User's Guide [1] for details): 

&p + V' · (pij) = Bm 
at 

! (pv) + v. (pijv) = - V'p + v. (T) + p§ + f'. 

(B.1) 

(B.2) 

Here p is the density, v is the velocity, Bm is a source term, p is the pressure, g is 

the acceleration due to gravity and F represents external body forces. 7 is the stress 

tensor and is given by 

where I is the unit matrix. 

7 = JL[(V'v + vifl') - ~v. vi] 
3 
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The equation for conservation of energy is solved in the following form: 

! (pE) + V' · (v(pE + p)) = V' · (Keff'V'T- I; hi~+ (ref/. v)) + Sh (B.4) 
3 

where E is the energy, Kef/ is the effective conductivity, T is the temperature, h is 

the enthalpy, ~ is the diffusion flux of species j, and Sh is a source term. 

These general equations simplify considerably for our case. There are no source 

terms and the fluid is incompressible so Eq. (B.l) becomes 

V'·v=o (B.5) 

In our system there are no external body forces, so the last term in Eq. (B.2) is 

absent. V' · v = 0, so Eq. (B.2) simplifies to the Navier-Stokes equation, 

P! (V) + (v. V')v = -V'p + pg + p,V'2v. (B.6) 

Eq. (B.4) also simplifies considerably. The terms V' · L:i hi Jj and V' · ( Teff · v) are heat 

transport due to species diffusion and viscous dissipation respectively. Our model 

includes neither of these. The equation reduces to 

a 
8t (pE) + V' · (v(pE + p)) = V' · Keff'Y'T. (B.7) 
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