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ABSTRACT

Chapter I gives the necessary preliminarics which may he found
in most functional analysis texts. The theorems of Sadovskii [31]

and Schauder [32] are also given in this chapter.

In Chapter Il a systematic and up to date summary of known
results and the most recent papers dealing with a sum of non-linear
operators with fixed points (i.e. Ax + Bx = x) is given. An
attenpt 1s made where possible to classify these results by spaces
(1.¢. Banach, Uniformly Convex Banach, Reflexive Banach, and Illilbert).

Some results hold in more than one space and hence this classification

is not strictly adhered to.

In Section 2.5 some general results due to Petryshyn [28] are
given and in Section 2.6 semicontractions with fixed points are

discussed.
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INTRONDUCTION

I'he preliminaries of Metric and Normed Linear Spaces as well as
the known results of Schauder [32] and Sadovskii [31] are given in
Chapter I. Schauder's and Sadovskiil's results are necessary 1n many

proofs throughout the thesis.

In Chapter II of the thesis a summary of results dealing with
fixed points of operators of the form T = A + B 1is given. That 1is,
results dealing with the existence of a point x such that

AxX + Bx = x.

In many problems of analysis one encounters operators which may be
expressed in the form T = A + B where A 1is a contraction mapping, B
is completely continuous and T itself has neither of these properties.
Thus neither the Banach contraction principle nor the Schauder fixed
point theorem applies directly in this case:; and it becomes desirable
to develop fixed point theorems for such situations. Theorem 2.1.1 due

to Krasnoselskii [18] is the first theorem of this kind.

Krasnoselskii's theorem is an example of an algebraic setting which
leads to the consideration of fixed points of a sum of two operators. In
this setting a complicated operator is split into the sum of two simpler

operators for which fixed point theorems abound.

There is another setting which also leads to the investigation of

fixed points of a sum of two operators. This setting arises from
perturbation theory. Here the operator equation Ax + Bx = x 1is con-
sidered as a perturbation of Ax = x, or of Bx = x and one would like

to assert the cxistence of a solution of the perturbed equation, given

that the original unperturbed equation has a solution.
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CHAPTER 1

1.1 Metric Spaces

Definition 1.1.1 A mectric or distance function on a set M 1s a real

valued function d defined on M and has the following properties;
for all x,v and z M
(i) dfx,v) -0 ; d{x,»v) =0 = x =y
(ii)  d(x.y) = d(¥,x)
(111) d(x,yv) - d(x,z) + d(z,y),
A metric space (M,d) 1is a nonempty set M and a metric d
defined on M.

The tollowing examples of metric spaces will help make clear the

above definition.

Ixample 1.1.2 Define d(x,y) = 0 it x = v

where x and y are points of a set M.

Example 1.1.3 JThe set of real numbers with the distance function

dix,y) = x - v

Definition 1.1.4 \ seguence X of points of a metric space M 1is

i

aid to converge to a point X, belonging to M 1f given - - 0 there

exists a number N such that d(xn,x ) oo whenever n - N.
O —

Detfinition 1.1.5 A Cauchy (or fundamental) sequence 1s a sequence

{xn; of points of a metric space which satisfy the Cauchy criterion,



i.c. for any

whenever 1,0l
Renark 1.1.0.

Detinition 1.

0 there exists an N  such that d(x

N.

m

o

X )
> 'n

Every convergent sequence is a Cauchy sequence.

1.7. A completc metric space M 1s a metric space in which

every Cauchy

Detinittion 1.

sequence converges to a point in M.

metric space

X,V AMoand

Remark 1.1.9.

then  d(Ax A\
n

continuous.

Definition 1.

1.8. A contraction mapping is a mapping A of an arbitrary
M into itself such that d(Ax,Av) < ~d(x,y) for all
()‘_~0L‘1.

Every contraction mapping is continuous. ltor, if X, ooX
X) ;_%d(xn,x) implies that Axn - Ax.  That is, A 1is

1t d(AX,AY)

etinition 1.

1.10. A mapping A on a metric space M
_d(x,y) for all x,y M.
1.11. A mapping A\ on a metric space M

it d(AXx,AY)

Theorem 1.1.1

d(x,y) for all x,v M and x # v.

2. Banach Contraction Principle.[1]

1s nonexpansive

1s contractive

Fvery contraction mapping A defined on a complete metric space

Moointo 1tsel

such that AX

Prooft. Let

Xz = AXs = .-\Tﬁ

t has a unique filxed point. (i.e. therc 1s a unique X
= X\
X, be any point in M and let x; = Axo, x = Ax; = A X

X, and in general T AX - ATX






Definition 1.1.13. Let M be a metric space and S a subset of M.

Then we say S is bounded it there exists a positive number L such
that d(x,v) 1. for all x,v. S. TIf S is bounded we define the
diameter of S as diam S = l.u.b. d(x,y) , X,V S. If S 1s not

P

bounded we write diam S =

Definition 1.1.14. Let M be a metric space. The subset S of M 1is
said to be totally bounded if given 0 there exists a finite number
of subsects S;,5-, S5 ... S cf M such that
n
diam S, < (k=1,2, ... n) and S . S
k ~ Tk
k=1
Remark 1.1.15. If a subset S of a metric space M 1is totally bounded
then it is bounded but not conversely. lHowever, in v bounded and

totally bounded sets are equivalent.

The following well-known theorem is the most important and useful
property of totally bounded sets. The proof may be found in any

analysis text. (See Goldberg [13]).

Theorem 1.1.16. Let M be a metric space. Then a subset S of M

is totally bounded 1f and only if every sequence of points of S contalns

a Cauchy subsecqguence.

Definition 1.1.17. A set S 1n a metric space M 1is saild to be compact

if every sequence of eiements in S contains a subsequence which converges
to some x M.

Or, equivalently: A metric space 1s said to be compact if 1t is both

cemplete and totally bounded.

































fheorem 1.2.50.  Sadovskii [31]
Aheottt = 2”

Tt a denis*ying operator A maps a closed, convex, bounded set

S oif a Banach space X 1into itself: (i.e. A(S) S) then '\ has at

least once fixed point in S.

1.2.51. For a set D X, we define the BD (ball measure)

Definition

(A) = inf {7 > 0 such that finitely many balls of diameter I and

center in D cover At We define 1-ball contraction in terms of ball

measure as l-set contraction is defined in terms of . [28].







































1. Ax + By D for all x,v D
2 A 1s nonexpansive and (1 - A) 1s demiclosed

3. B 1is strongly continuous.
Then A + B has a fixed point in D.

In the following theorems of Petryshyn) X 1is a secparable Banach

spdce with a projectionally complete system ({Xn}, an}) and
Pn = 1. D 1s a closed ball about the origin of radius 1 ~ 0

and D 1s the boundary of D. The following theorem, given without

proof, 1s required in the proof of later theorems by Petryshyn.

Theoren 2.2.5. (Petryshyn [24].) Suppose that T is P-compact and

suppose further that for given r > 0 and u > 0 the operator T

satisfies the condition:

(—.) [If for some x 1in D the equation

Tx = «x holds then .+ « u ,
then there exists at least one element X, in (D - 4D) such that
T - ux_ = 0.
0 o)

Theorem 2.2.6. (Petryshyn [26].) Suppose X 1is reflexive and

T =A+ B maps D into X where A 1is a contraction on D and B
1s completely continuous on D. Suppose also that for each 0
and any Kk - 1 the mapping Ak = A - kI satisfies tlie following

condition:
(c;) For any subsystem ({Xn},{Pn}) and any sequencc
{x |x X O D}
m'm m
the relation x_ = x and P_A.,x -~ h
m m kK'm

implies that Akx = h.

[RS]

8]









4 fixed point in (D - D).
petinition 2.2.10. 1Let f ¢ X*  the conjugate space of X and let
. (r)  be a continuous strictly increasing real-valued function on reals

with .(o) = 0. A\ mapping J of X into X* 1 called a duality
mapping with guage function o it (Jx, x) = Jx}[ ]'xl and
|Ix] = .(][x]]) for each x X. A weakly continuous duality mapping

i1s continuous trom the weak topology of X to the weak topology of X*.

From Theorems 2.2.6 and 2.2.9 it is seen that for general reflexive
Panach spaces the condition (c¢;) imposed on A or Ak plays an
important role in the derivation of the fixed point theorems rtor
"= A + B. 1In view of this Petryshyn has investigated additional
conditions on X which would imply fulfillment of condition (¢,) and

he has arrived at the followlng two theorems as special cases of the

above mentioned theorems [24].

Theorem 2.2.11. Suppose X 1is reflexive, X* strictly convex and X
has a weakly continuous duality mapping J. If T = A + B 1s a mapping
of D into X such that A 1i1s a contraction on D, B 13 complectely
continuous on D and T satisfies condition (nl/) on “D. Then

T = A+ B has a fixed point in (D - D).

Theorem 2.2.12. Suppose X 1is reflexive, X* strictly convex and X

has property H
(H) X 1is strictly convex and if the relations X, =X

and x [ x] ] imply XX,

and 2 weakly centinuous duality mapping J. It T = A + B 1s a mappilng

of D into A\ such that A 1s nonexpansive on D, B 1s strongly
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proof. T = A+ B : D - X 1is a k-set contracti 1 with Kk - 1 and
thus a l-set contraction. Furthermore 1 sati Zies condition (b)
on D. for if 1xn1 is any sequence in D such that X, - Txn -0
as n > =, then since {xn} is bounded and B 1is completely continuous
we may assume that Bx - v for some y - X ¢ d thercfore
s = X_ - Ax_=x_ - Tx_ + Bx_ >y as n - = Consequently
n n n n n n
S -0 as m,n -~ and since
n m
l,s - s |] ]x - X ’ - lAx - AX I‘
''n m n m : n m
1 - X)) 'x - x
(- = x|
we see that XXy for some X5 D. This : d the continuity of A
and B imply that x - Ax_ =y = Bx (i.e. X =X _J.
o o o o o
llence T has a fixed point in D by Theorem 5.1.
If D 1is convex, then condition (a) or :ray-Schauder condition
is implied by the assumption that T(M) - D d in particular by the

condition T(D) D.

Krasnoselskii [18] gave this theorem und * the additional hypothesis

that D 1is convex and that T = A + B is suc that
Ax + By D for all x,y D (K)
When X 1is a separable [Hilbert space, is convex and T

satisfies condition (a) on D the above thec >=>m was established by
Petryshyn [26])and independently by Zabreiko, ichurovskii and Krasnoselskii

[t2] for X separablec and T(D) — D.



41.

If D is the ball B(o, r) in a DBanach space, and I'(D) D,
the above theorem was established by Zabreiko and Krasnoselskii [41L
and by Petryshyn [26] for a Banach Ty space with a weakly continuous

duality mapping.

Theorem 2.5.3. Let X be a uniformly convex Banach space and D a
bounded open convex subset of X. If T : D >~ X 1is nonexpansive such
that condition (a) is satisfied, then 1 has a fixed point in D.
Proof. 1T 1is a l-set contraction. F'rom a result of Browder [6 ] it
follows that (1 - T) is demi-closed and hence condition (b) 1is
satisfied. Then by Theorem 2.5.1 T has a fixed point.

If T(D) . D then this theorem was given independently by Browder

[ 4], Gohde [12], and Kirk [14]. If T(-D) 2 D it was given by Browder

[ 4].

Theorem 2.5.4. [Let X be a real Banach space, D a bounded open subset

of X, A a nonexpansive map of D - X and B a completely continuous

map of D -~ X. If the mapping T A+ B : D = X satisfies conditions

(a) and (b). Then T has a fixed point in D.

Proof. Since A 1is nonexpansive and B 1s completely continuous
T =A+ B 1is a l-set contraction and hence the theorem follows.
In the above theorem condition (b) can not be dropped. Consider the

following example due to Browder [ 5].

Let X be a Hilbert space . and D = By(o, r) < < . Then the

- -~ — oo~

mappings A : By - - and B : B; - «- given by






proot. T satisfies condition (b) by the same argument used in 2.5.5.
T - A+ B 1is also a l-set contraction. The result then follows from

Theorem 2.5.1.

Theorem 2.5%.5 now becomes a corollary to Theorem 2.5.6.

Nussbaum [22] generalized the fixed point theorem of Browder,
Kirk, Gohde for nonexpansive mappings as well as a fixed point thcorem
of Browder [ 5] for maps of semicontraction (see Section 2.6) type to
locally almost nonexpansive mappings (Lane mappings), where the latter
is defined to be a continuous mapping T of D into X such that,

given any X D and - - 0, there exists a weak neighbourhood NK

of x 1in D (depending also on =) for which

T - Tyv| < ||x - y|| + ¢ for all x,y in N -

It was shown in [22] that if X 1is a reflexive Banach space, D a
bounded open convex subset of X and T a lane mapping of D into

X, then [ is a l-set contraction, moreover, if X 1is also uniformly
convex, then 1 - T 1is a demiclosed mapping of D - X.

The following theorem is duce to Petryshyn [28].

Theorem 2.5.7. Let X be a uniformly convex Banach space, D a bounded,

open convex subset of X, L a lane mapping of D - X, and B a

strongly continuous mapping of D - X. If the mapping T =L + B : D - X

satisfies condition (a) on D, then T has a fixed point in D.
Proof. Since X 1s reflexive, B : D - X 1s strongly continuous and

L : D~ X 1is a lane mapping, we get T =1 + B 1is a l-set contraction.
Also T satisfies condition (b) by the same argument used 1in 2.5.5. T

then has a fixed point in D by Thcorem 2.5.1.
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prowder [ 5]) that T has a ftixed point in C if Tq has a fixed point
in C. Thus it is sufficient to show that TO has a fixed point in C
for ecach q, O q < 1.

Revefine T =T for a given q 1. Then Tx = S(x, x) where,
for each fixed x Cy, S(, x) = SX is a contraction of C into C
with ratio q ~1 and S(x, +) 1is a completely continuous mapping of
C into C. Hence there exists a unique point y C such that
Sx(y) = S(v, x) =y for each fixed x C.

This equation defines a mapping R of C 1into C given by
Rx = y such that x 1is a fixed point of T in C 1if and only 1if
x is a fixed point of R in C. Now it can be shown that R 1is com-

pletely continuous and then the result

point theorem.

For details of the proof that R

Petryvshyvn [26].

By combining Theorem 2.06.6 with s

obtains Theorem 2.6.4 and the following

independently by Browder [ 5].

5

Theorem 6.7. Let X be a reflexive

and a wecakly continuous duality mapping

of C 1into C and let K be a comple
into C such that for every sequence

- X - S(x b A B .
and (xn X (xn, Xn) + S(x, xn), T(
Kx = Kx. Then T + K has a fixed poi

n

follows by the Schauder fixed

1s completely continuous see

ome other results, Petryshyn [26]

theorem which was also given

Banach space with property

(1D

J. Let T be a semicontraction

tely continuous mappling ot C

—_

X C the condition X X
n n

X T x}) - 0O implies that

nt in C.



Theorem 2.6.5 is not true for all

that be

additional condition (1 1)C

1s necessary.

completely continuous perturbations, ev

completely continuous operator, allow t

points of semicontractions or even none

space.

Theorem 2.6.8. Let H be an infinite

the closed unit ball of 1, then there

The following theorem of

50.

weak semicontractions and the
closed or some other condition
Browder [ °] shows that

en by simple addition of a

he disappearance of the fixed

Xxpansive operators in Hilbert

dimensional Hilbert space, C

exists a weak semicontraction

T of H into C which has no fixed point.
Proof. Without loss of generality assume that I 1s the sequential
lHilbert space - Then the elements of H are sequences
X = (X7, X5, ) with | |x] T o= Zixj: Let s be the mapping
s(x) = (0, xy, x_, .} , K be the completely continuous mappilng
K(x) = (1 - |,x|xé, 0, 0, O .) of C into C. Then the mapping
S(x, y) = s(Qx) + K(Qy) 1is a weak semicontraction, where Q 1is the
natural radial retraction of Il on C,
i.e. Qx = // x , x - C

| < , x & C

X
and S(x, x) has no fixed points in Ii.

Browder [5 | extends the proof of

spaces without assumptions on reflexivi

Theorem 2.6.5 to general Banach

ty or duality mapplngs but at the

expense of the complete continuity of the second variable.



The following theorem (given without proof) is due to Browder

[ 6]. It is reauired for the proof of a thecorem due to Kirk [15].

Theorem 2.6.9. Let X be a Banach space, € a closed, bounded

, convex

subset of X with O 1in its interior, T a mapping of C into X

such that for each x on the boundary .C of C, Tx # sx {for any
1. Suppose that for given k - 1 and a mapping S of C x C into

X, T(x) = S(x, x) for all x € C while |[S(x, z) - S(, 9|l « k, 'x -
(x, v, z € C), and the map x - S(-, x) 1is completely continuous from
¢ to the space of maps from C to X with the uniform metric. Then

a. If Kk r, T has a fixed point in C.

b. If k -1 and (1 - T)C 1is closed in X T has a

fixed point in C.

The following definitions are due tc Kirk [15].
Definition 2.6.10. Let X be a Banach space and 7 K  where C and
are subsets of X. The mapping A : K - X 1is called uniformly strictly
contractive on C relative to K 1if for each x K there exists a
number . (x) 1 such that |[Au - Ax||  +(x)||u - x|| for each
u £ C.
Definition 2.6.11. Let X be a Banach space, C X and let
S : X x € - X. The mapping Tx = S(x, x) for x C 1s strongly semi-
ccntractive on € 1

(a) for fixed x C, S(-, x) 1dis uniformly strictly contractive

on € relative to X.

v

K



U1
o

(b) for fixed x & C, S(x, ) 1s strongly continuous from C

to X, wuniformly for x 1in bounded subsets of C.

This class of mappings gecneralizes mappingsof the form A + B
with A uniformly strictly semicontractive on C relative to X and

B  strongly continuous.

Theorem 2.6.12. (Kirk [15]) Let X be a reflexive Banach space and C

a closed, bounded, convex subset of X with O ¢ int C. Let T be a
strongly semicontractive mapping of € into X such that for cach
x 1in the boundary of C, T(x) % Ax 1f » > 1. Then T has a

fixed point in C.

The proof follows as a consequence of Theorem 2.0.9 and the

following lemma.

Lemma 2.6.13. Let X be a reflexive Banach space, C a closed

hounded convex subset of X, T : C - X strongly semicontractive on (
in the sense of Definition 2.6.11.
Then (a) (1 - T) 1s demiclosed on C

and (b) (1 - TYC 1is closed in X.

Proof of (a). To show that (1 - T) 1is demiclosed on €, let
EP weakly in C and (1 - T)Ui ~ . stronglyv and then show that
(1 - Thuy =

Define F : X - X by [F(x) = S(x, uo) + w o, X X. Then for
u C, | F(u) - F(x)’l = S(u, uo) - S(x, uo), and F is uniformly
strictly contractive on C relative o X since T is strongly

semicontractive.












The ftforlowing theoren due to Petryshvn is more general than the

results stated =tove.

[heorem 2.6.17. Let X be a Banach space, D a bounded open subset of

\ and T a continuous mapping of D into X such that;

(a) There exists X, D such that Tx - X, = ((x - xo)
holds for some x in D 1implies o < 1. And
either (i) T : D » X 1is a strict semicontraction
or (ii) T : D - X 1is a weak semicontraction and T satisfies

condition (b) of Theorem 2.5.1.

Then T has a fixed point in D.

Proof. If T satisfies (i) then Lemma 2.6.16 implies that T 1is
k-ball contractive with k - 1 and, in particmnlar, 1-ball contractive.

If we prove that T satistfies condition (b) the result follows from

Theorem 2.5.1.

lLet fx_} be any sequence in D such that ¢ = x_ - Tx_ - 0
n n n n
as n » «. Since x_ = + Tx_, ) = 0 and T 1is k-ball
© n En n ({gnj) ! i
contractive with k - 1, it follows that x({xn}) = 0. llence there
exlists a subsequence {xn }  and X € D such that X, X, as
i i
1 - . This and the continuity of T imply that g, Xy T Txo = 0.
i

That 1s, condition (b) holds.

I£f T satisfies (1i), then by Lemma 2.6.16 the mapping T 1is
1-ball contractive and T satisfies condition (b). Hence the result

follows from Theorem 2.5.1.



If condition (b) is dropped then it is necessary to strengthen
the conditions on X, D and S(-, x). The following rcsult, stated

without proof, is due to Petryshyn [23]

Theorem 2.6.18. Let X be a reflexive Banach space for which there

exlists a single valued weakly continuous duality mapping J of X 1into
X* with guagec function .. Let D be a bounded open convex subset of
X and T : D - X a semicontraction such that condition (a) of Theorem

2.5.1 holds on D. Then T has a fixed point in D.

If in Theorem 2.6.17 it is assumed that D 1is convex, then
condition (a) follows from the assumption that T( D) D and in
particular from T(D) D. Thus for T satisfying (i) Theorem 2.6.17
contains a theorem of Webb [39] which generalizes the results of Browder
[ 5] for the case when D is also convex and T(D) D. For T
satisfying (ii) Thcorem 2.6.17 contains Theorem 2.6.5 of Browder |5 |

which requires additionally that X be reflexive with a weakly contin-

uous duality mapping, that T(D) D and that (1 - T)D Dbe closed.
When T(.D) D Theorem 2.6.18 contains Thecorem 1 of Browder [5 ]
which requires that S map X x X into D. Theorem 2.6.18 also contains

Theorem 3 of Webb [39] for the case when T(D) < D.

The following result due to Petryvshyn generalizes a theorem due to

Kirk [15].

Theorem 2.6.19. Let X be a reflexive Banach space, D a bounded, opcn

convex subset of X and T : D= X 1is of strongly semicontractive type

relative to X such that condition (a) holds on 5D. Then T has a



tixed point in D.

Proof. Every T : D » X of strongly semicontractive tvpe relative to
X is necessarily a semicontraction and since X is reflexive and D
convex then 1T 1s a l-set contraction. (For details see Petryshyvn [28]).
Also Kirk [15] has shown that T satisfies condition (b), hence T has

a fixed point in D by Theorem 2.5.1.

Theorem Z.D.ZOfEQLet X be a reflexive Banach space D a bounded, open,

convex subset of X, and A : D -~ X uniformly strictly contractive on
D relative to X. C : D - X strongly continuous.

It T = A + C D X satisfies condition (a) on 7D then T has a
fixed point in D.

Proof. Since T = A + C 1is a l-set contraction and satisfies condition
(a) we need to show that T satisfies condition (b) on D. Let {xn}
be any sequence in D such that X - Txn -~ 0 as n » ». Since /{ xnl

is bounded and C 1s strongly continuous we assume that an - £ for

some f ¢ X. But then

or x - Fx >0 as n > -~ where

F'o: X - X 1s defined by FP(x) = A(x) + f, for x € X with F

uniformly strictly contractive on D relative to X. Since X

[

reflexive and D a bounded closed convex subset of X, therc exists

a subsequence X } for each 1 and an clement Xy " D such that

X = X and x - Fx - 0 as 1 - ..
nj o) n, n.



Kirk [15]

has shown that

X
n

converges strongly to x_, so that
: o

But then Cx
ny

satisfies condition (b) on D)

i

e

X

and T

is a Cauchy sequence which

- Fx =0 (i1.e. Xx_ - AX
0 o]
Hence x - Tx_ =0 (i.e.
0 o
has a fixed point on D.

O

T

)
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