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Abstract

In this thesis we investigate some properties of microphase separated copolymer
blends by means of the theory of polymer mixtures developed by K .M . Hong and J.
Noolandi, carrying out numerical self-consistent calculations for copolymer solvent blends
and modifying a fourth order expansion of the free energy for copolymer /homopolymer
blends. In all cases we restrict attention to the lamellar structure.
Using the numerical self-consistent calculations we carry out systematic studies for
copolymer/selective solvent blends in both the weak and strong segregation regimes.
Comparison with earlier results of Whitmore and Noolandi for copolymer/neutral solvent
blends is provided.
We also study the lamellar structure of binary A-b-B/A and ternary A-b-B/A/B
copolymer/homopolymer blends near the microphase separation transition . . The approach we have developed in this case combines perturbative solutions to the modified
diffusion equation with a model for the total A and B polymer density profiles.

As

test of this procedure we have compared numerical self-consistent calculations for binary copolymer/selective solvent blends with the modification of fourth order expansion
introduced in this thesis. We have used the procedure to calculate the domain and subdomain thicknesses, the interfacial width, swelling of the copolymers by the homopolymers,
and individual polymer density profiles, and their dependence on the copolymer and homopolymer degrees of polymerization, overall composition, and Flory interaction parameter. The results are compared with three sets of experiments on copolymer/ homopolymer
blends. They are consistent with the picture that added homopolyrners tend to penetrate within the copolymers and swell them laterally, and that the degree to which this
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occurs depends on the relative molecular weights of the copolymers and homopolymers,
as indicated in experiments of Hashimoto and coworkers and others. The tendency of
added homopolymers to cause an increase or decrease in the domain thickness correlates
with their tendency to stabilize or destabilize the microphase.
Finally we construct phase diagrams of ternary, A-b-B/A/B, copolymer/homopolymer
blends. This work is an extension of earlier research by Whitmore and Noolandi for binary
and ternary blends. The approach, again, uses a perturbative solution to the modified
diffusion equation to calculate the polymer distribution functions, but it employs only
one wavenumber in the fourth order expansion of the free energy, significantly simplifying
the numerical calculations. The main results of these calculations are phase diagrams
for a variety of model systems containing symmetric and asymmetric copolymers mixed
with homopolymers of varying molecular weights, and for a PS-b-Pl/PS/PI mixture. We
also compare induced microphase formation in ternary and binary blends.
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Chapter 1

Introduction

1.1

Motivation of Work
The search for new polymeric materials is one of the most fascinating undertakings

m contemporary science. Instead of developing entirely new polymeric materials, the
polymer scientists and technologists usually mix different polymers to form a polymer
blend or, alternatively, chemically bond two (or more) kinds of polymer chains which
are, otherwise, immiscible [1]. In fact, most of the commercially applicable polymeric
materials are polymer blends. Physical properties of those blends are, therefore, of great
importance. Knowledge of phase behaviour and structure, in particular, can be beneficial
.in producing the new materials. One may argue that development of physical theories
capable of meaningful predictions of polymer blend properties is necessary in order to efficiently explore different possibilities. We hope that the following dissertation contributes
to this development.
Polymers are molecules consisting of large numbers (,....., 10 2

-

10 5 ) of identical units

called monomers. These molecules can be described by chemical formulas which give
the patterns of chemical bonds and atoms. The polymer molecules can be looked on
as chains which, in general, exhibit a rich architecture. The simplest architecture is, of
course, a linear one but also others can exist, e.g. grafted polymers and star polymers as
discussed in references [2, 3, 4]. Our interest, however, will be limited to linear polymers.
A linear polymer of type p can be characterized by the number of monomer units, ZP,

1
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referred to as the degree of polymerization. Throughout the thesis we neglect the effects
of polydispersity, i.e., we assume that all the chains of one species have exactly the same
degree of polymerization.
Further complexity can arise from the fact that polymer chains can be composed of
two (or more) kinds of monomers. Copolymers are molecules consisting of two, or more
[5], species of monomers. We limit, again, ourselves to linear copolymers, i.e., excluding
grafted copolymers and star copolymers [2]. Linear copolymers can be further classified as
either random, alternating or block copolymers. We, furthermore, concentrate on block
copolymers with two kinds of monomers and only two distinct blocks, e.g. polystyrene
and polybutadiene, which are referred to as diblock copolymers. The total number of
monomers of a diblock copolymer of type c, denoted by Zc is, once again, called the
The number of monomers of type A forming one block

IS

denoted by ZcA and the number of monomers of type B forming the other block

IS

degree of polymerization.

denoted by ZcB.
Equilibrium properties of diblock copolymers, homopolymers and copolymer /homopolymer blends are very interesting. Even if we restrict ourselves to linear chains composed
of two different types of monomeric units, there is a multitude of possible phases. A
sample of diblock copolymers can exist in either an ordered or disordered phase. The
order-disorder transition is called the microphase separation transition, MST. The ordered phase is referred to as a microphase and can occur as a 3-dimensional array of
spheres or an ordered bicontinuous "double diamond" structure, a 2-dimensional array
of cylinders or a 1-dimensionallamellar structure [6, 7, 8]. The equilibrium morphology
of the microphase depends mainly on relative volume fraction of the two components fA
and !B

= 1 -fA·

If those fractions are approximately equal then an alternating array

of lamellae is the equilibrium structure. In fact experimental studies show that lamellar
morphology appears for 0.35;SJA;S0.65, cylindrical structure is formed for 0.20;SJA;S0.35
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and for 0.65;SJA;S0.80, spherical structure is stable below 20 % and above 80 %, whereas
the recently found ordered bicontinuous "double diamond" structure is stable in a narrow
range of composition, between cylindrical and lamellar morphologies (6, 7). We concentrate exclusively on lamellar structures in this thesis. The layer thickness is of the order
of the radius of gyration of the copolymer coil, i.e., about 10 1 -10 2 nrn.
Microphase separation occurs because of the repulsive net interactions between monomers
of different species. The interactions are generally modelled by a contact repulsion via
the Flory interaction parameter

x between

A and B monomers. This parameter was first

introduced by Flory (9) and can be defined as the energy of formation of a A-B contact
multiplied by the lattice coordination number, i.e., the number of nearest neighbours.
It depends, in general, on composition, degrees of polymerization and temperature (10)
as described in sections 2.4 and 4.4. For simplicity, we assume that it depends on ternperature only, but we do not specify the functional form of this dependence. It might,
however, be worth mentioning here that usually the

x

parameter is found to have an

inverse temperature dependence (10):

(1.1)
where A and B are constants, and B > 0 so that a decrease in the temperature, T, causes
an increase in X· In general, increasing

x for

a system with given molecular weights and

concentrations strengthens the tendency to phase separate.
For a symmetric diblock copolymer (ZcA

= ZcB

= ~Zc) with equal monomer volumes

and Kuhn lengths (effective step lengths per monomer), Leibler (11) showed, in RPA
(mean field) approximation, that rnicrophase separation occurs if

xZc > 10.5.

(1.2)

If xZc is only slightly greater than 10.5 then the interface between microdornains is diffuse
and the amplitude of the density variation of each component is very small. We refer to

4
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this situation as the weak segregation limit. If, on the other hand, the product xZc is
much greater than 10.5, the interfaces between microdomains are very narrow and the
density variations are the maximum possible. This is the strong segregation limit. Besides
the weak and strong segregation limits, we often use the more general concepts of the
weak and strong segregation regimes. The weak segregation regime refers not only to the
weak segregation limit but also to systems with less diffuse interfaces, not necessarily very
close to the MST. Similarly, the strong segregation regime refers to strongly segregated
systems, i.e., with a narrow interface but not necessarily in the strong segregation limit.
Mixtures of copolymers and homopolymers (or solvent) can exhibit this rich variety
of morphologies as well as additional phase behaviour.

A ternary blend consisting of

diblock copolymers, A-b-B, homopolymers hH and homopolymers hD is denoted by A-

b-B/H/D. In this dissertation we will consider binary A-b-B/A and ternary A-b-B/A/B
blends in which the homopolymer(s) are the same chemical species as a corresponding
block of the copolymer. This blend consists of blocks which we denote cA and cB, and
homopolymers which we denote hA and hB. The effective repulsion between A and B
monomers leads to the segregation phenomena. A mixture of two homopolymers hA
and hB separates into A-rich and E-rich phases if the interaction parameter

x

is big

enough. This phenomenon is called macrophase separation. In particular, for a mixture
of two homopolymers with equal monomer volumes, volume fractions, Kuhn lengths and
degrees of polymerization, ZhA = ZhB = Zh, macrophase separation occurs if {12]

(1.3)
In copolymer /homopolymer blends both macrophase separation and microphase separation occur. Each of the macrophases can be ordered or disordered. For a pure copolymer

A-b-B, on the other hand, macrophase separation is not possible because of the chemical
joints connecting block A and block B.

Chapter 1.
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Prediction of phase behaviour and structure of copolymer/homopolymer blends, with
the goal of meeting specific requirements, is our objective of this work. In this thesis
we attempt to show how some physical characteristics, e.g. domain and subdomain
thicknesses, of those blends can, indeed, be influenced by varying compositions, degrees
of polymerization and the temperature.
Additional motivation for this work

IS

provided by the existence of a number of

experimental studies of these blends, e.g. Hashimoto et al. (13, 14, 15], Winey [16, 17],
Quan et al. [18], and Owens et al. (19, 20, 21], so that our theoretical results can be
related to the experimental data. This is done especially in our systematic studies of the
lamellar structure of copolymer/homopolymer blends, chapter 4 of this thesis . We have
also been motivated by experimental work of Russel et al. [23, 24] who studied interfacial
properties of copolymers, and also by Han et al. (25, 26]. In undertaking this research, we
have been encouraged by the success of earlier theories in providing a description of the
behaviour of copolymer blends, e.g . Hong and Noolandi [27, 28], Whitmore and Noolandi
[29, 30, 31] and Vilgis and Noolandi (32]. In particular, Noolandi and Hong (33 ] show that
increasing the solvent concentration in copolymer/nonselective solvent blends causes the
domain thickness to decrease. This theoretical result is in agreement with experimental
work of Shibayama et al. [34]. Whitmore and Noolandi also show that the nonselective
solvent is distributed almost uniformly throughout the macrophase separated blend. This
uniformity is the basis of the dilution approximation as elucidated in section 3.1. The next
success of the theory is the prediction that high molecular weight homopolymers induce
microphase separation for binary copolymer /homopolymer blends. This effect has been
observed experimentally as well, e.g. by Owens et al. (21]. The references [27, 29] provide
a method of a unified treatment of both microphase and macrophase separation, and
construction of phase diagrams of binary copolymer/homopolymer blends, which exhibit
the same topology as the ones described in experimental work of Zin and Roe [35, 36].
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Whitmore and Noolandi have also predicted a faster than Gaussian, and faster than in
the strong segregation regime, scaling of the layer thickness, as a function of copolymer
degree of polymerization, near the MST. This, again, agrees with experimental work of
Almdal et al. (37), as discussed in subsection 3.2.1. It is known that block copolymers
can act as surfactants, reducing the interfacial tension of two incompatible homopolymers
at their interfaces (38, 39]. Theoretical calculations of interfacial tension as a function
of copolymer and homopolymer degrees of polymerization, performed by N oolandi and
Hong (28] for PS-b-PDB/PS/PBD blend, yield qualitative agreement with experimental
work of Gaillard et al. (39]. Subsequent work of Vilgis and Noolandi (32], aiming at the
search of universal compatibilizer, extends the preceding theory to a more general case
of X-b- Y/ A/B blend with a solvent.
Our work on ternary phase diagrams is a natural extension of an earlier paper by
Whitmore and Noolandi (29] on binary phase diagrams, while our copolymer/selective
solvent model calculations originated directly from their copolymer/nonselective solvent
paper (30].

Chapter 1. Introduction
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Projects
This dissertation consists of three related projects aiming at accounting for the de-

tailed lamellar structure and phase behaviour of both binary A-b-B/A and ternary A-

b-E/A/B systems . In the remainder of this section, those projects are briefly outlined.
Detailed descriptions of the individual projects are included in appropriate chapters, as
described in section 1.4. Throughout this thesis we differentiate between model and real

system calculations. The former are performed for ideal systems with the same Kuhn
lengths, equal densities and convenient X parameters for all components, while the latter
are based on realistic values of those quantities.

1.2.1

Lamellar Structure of Copolymer/Selective Solvent Blends

The first project deals with the investigation of copolymer/selective solvent blends and
applies the theory of Hong and Noolandi [30, 33, 52] which involves the self-consistent
solution of a system of integro-differential equations.

Power laws are extracted and

density profiles are calculated. Comparison with copolymer/nonselective solvent blends
of reference [30], and systematic studies are provided.

1.2.2

Lamellar Structure of Copolymer /Homopolymer Blends

An analogous self-consistent approach for copolymer /homopolymer blends has not
been developed yet. We have decided, however, to treat copolymer / homopolymer blends
by using and modifying a fourth order expansion and minimization of the free energy,
rather than to develop the self-consistent approach, because the former is more efficient
numerically and, in our opinion, gives, in many cases, better physical insight.
The second and the third projects are based on our extension of the Hong and
Noolandi formalism and contain most of the results of this thesis. These two projects

Chapter 1. Introduction
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are based on using the perturbative solution of the diffusion equation, the resulting
fourth order expansion of the free energy, inclusion of incompressibility following Ohta
and Kawasaki [40] and minimization of the free energy. This expansion is presented in
section 2.3.
In this, the second project, the lamellar structure of binary and ternary copolymer/homopolymer blends is explored. The free energy, !:if, is evaluated by including
summation over many wavevectors in the fourth order expansion. Furthermore, systematic studies on model systems are carried out and extensive comparison with experimental
data of Hashimoto et al. [13, 14, 15], Winey [16], and Quan et al. [18], is provided. This
approach is tested by performing numerical self-consistent model calculation as set forth
in the first project.

1.2.3

Phase Behaviour of Ternary Copolymer /Homopolymer Blends

In the third project we calculate phase diagrams for ternary A-b-B/A/B blends using the fourth order approximation developed in this dissertation. For simplicity we,
again, assume the lamellar structure, throughout, and calculate the free energy up to
the fourth order using only one wavenumber in the expansion. This is probably the simplest way to calculate the free energy over the full range of compositions which accounts
for both macrophase and microphase separation. Also in this project, we investigate
the phenomenon of induced microphase separation for ternary copolymer /homopolymer
blends.
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1.3

9

Short Review of Relevant Theories
For homopolymer/solvent and homopolymer/homopolymer systems, the lattice model

was developed by Flory and Huggins, summarized in reference [9], and referred to as the
Flory-Huggins theory. In this theory, the entropy of mixing, !).SM, was evaluated by
generalization of the lattice model calculations for ideal binary fluids. Furthermore, the
heat of mixing, !).HM was postulated in a simple form as being proportional to the
product of concentrations of the two components. The free energy of mixing is further
calculated, in a standard way, as !).FM

=

!).HM- T6.SM. This relatively simple model

proved to be a useful tool in dealing with the polymer blends [1, 9], e.g. for constructing
phase diagrams of binary and ternary polymer mixtures.
Edwards was the first to apply the functional integral methods to polymer physics

[41, 42]. He investigated the effect of finite monomer size (excluded volume problem [9])
on the configurational statistical mechanics of polymer chains. Using functional integrals
. over chain configurations and self-consistent mean field theory, he succeeded in obtaining
the realistic scaling behaviour of the end-to-end distance of a polymer as a function of
the degree of polymerization, Zp [41 ]. Those power laws were known from earlier Flory
work who derived them by phenomenological arguments [9]. In reference [42], Edwards
derived, using the self-consistent theory, the equation of state of a polymer mixture in
terms of the excluded volume parameter, v, defined in reference [42], for intermediate
(semi-dilute) concentrations of polymer in solution. He also showed that his approach
fails to yield the equation of state in dilute and dense (concentrated) solutions. Edwards
and Dolan investigated the statistical mechanics, in particular the density profiles, of
polymer chains end-grafted at a plane surface [43, 44]. Edwards' work influenced to
a great degree the mean field theories of Helfand et al. [45]-[51], Hong and Noolandi
[27, 33, 52], and all other workers discussed in this section.
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Meier in his pioneering works [53, 54] contributed greatly to the initial development
of copolymer theories. He proposed an expression for the free energy of the microphase
separated copolymer state with respect to the homogeneous and amorphous melt . The
postulated free energy included three different terms:
1. a change in the heat of mixing, !::l.HM, analogous to the Flory expression for !::l.HM

[9],
2. a loss of entropy related to the localization of A-b-B joints at the interface,
3. a loss of entropy related to the localization of A- and B-blocks in the respective subdomains, which was calculated by solving diffusion-type equation with appropriate
boundary conditions.
This approach worked well in the strong segregation regime (because only in this regime
both interfaces and subdomains are sharply localized) and was successful in predicting
the scaling behaviour of the domain thickness as a function of molecular weight (degree of
polymerization). It is worth noting that Meier did not use mean field or self-consistency
in his calculations.
Freed and coworkers have extensively applied the functional integral methods to polymer physics, using the powerful techniques of the field theory, e.g. the renormalization
group calculations, as summarized in reference [55]. The renormalization group theory
of polymer excluded volume was developed by Freed and coworkers in references [56][58]. Excluded volume interactions were incorporated in terms of the continuous chain
formalism as in Edwards' work [41, 42], and also as in this thesis. The alternatives to the
continuous chain formalism include lattice calculations and Flory theories, all elucidated
in Freed's book [55] . In this monograph he also discusses the concept of "coarse graining", i.e., averaging polymer characteristics over distances much larger than monomer

11
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sizes but smaller than the overall polymer lengths, which is equivalent to introducing a
"cut-off" associated with the inverse of some characteristic length. In this thesis all the
expressions should be interpreted in the "coarse grained" sense, in particular the delta
functions appearing in the expression for densities, eq. 2.4. "Coarse graining" allows us
to introduce the bulk densities and to calculate the equilibrium density profiles of bulk
polymers modelled as a collection of flexible chains .
The first mean field theory of block copolymers applying the functional integral
method, with Wiener measure as statistical weight for the chain configurations, was
proposed by Helfand (4 7). By using the saddle point approximation and putting into
execution the Feynman-Kac theorem (4 7), he succeeded in deriving a system of selfconsistent equations and solving it numerically. Helfand started with the assumption that
the system was compressible with a compressibility coefficient,
that this coefficient vanishes,

K

---+

K.

But then he assumed

0, which translated into employing an undetermined

function we(.,.) (which corresponds to TJ(.,.) in this thesis) and using the incompressibility
condition. Helfand and Wassermann were able to calculate the free energy and density
profiles for different morphologies (lamellae (46, 48), cylinders (49), spheres [50]) and for
varying domain thicknesses, and were, therefore, able to predict both the equilibrium
domain thickness and the equilibrium structure for a given set of bulk densities, Kuhn
lengths, the interaction parameter, the copolymer degree of polymerization and the relative volume fraction of one type of monomer, denoted fA (for A monomers) in notation
of this thesis. They simplified their formalism by using what they called "a narrow interphase approximation" (48) which worked well in the strong segregation regime. The
phase diagram for a microphase separated styrene-butadiene copolymer, PS-b-PBD, as a
function of fps with realistic Kuhn lengths and densities, was presented in reference (51)
showing that the layers were stable from fps

~

0.33 to fps

~

0.66, the cylinders from

fps ~ 0.17 to 0.83 excluding the region "taken" by lamellae, and the spheres formed an

12
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equilibrium structure if fps;:;O.l7 or fps?:-0.83 . The boundaries between different morphologies have been found to be independent of

x

parameter. These findings generally

agree with the experimental data for strongly segregated copolymers [7]. Also scaling behaviour of domain thickness, d, as a function of copolymer molecular weight (copolymer
degree of polymerization, Zc) agreed with the experiment [48].
Shortly after that, Leibler [11] presented a complementary approach for the weak segregation regime which also applied to the diblock copolymer melts above the MST. He
employed a Landau-type [59] analysis and random phase approximation (RPA) [12] to
calculate the free energy up to the fourth order using for an order parameter the thermal
equilibrium monomer density profile minus the density profile in the homogeneous system. He started with calculating correlation functions for a homogeneous melt composed
of ideal noninteracting copolymer Gaussian coils. Then the incompressibility and the
interactions (via the Flory interaction

x parameter) were

incorporated, and by applying

the RPA [12], the two, three and four point density correlation functions were calculated.
By performing the standard Legendre transformation, as thoroughly described in reference [60], Leibler obtained the vertex functions which were the coefficients in the fourth
order expansion of the free energy. The Fourier transforms of density-density correlation functions for the homogeneous melt were peaked about the value of the wavevector
corresponding to the copolymer radius of gyration. As the MST was approached the
correlation function maximum value ("peak") grew bigger, finally diverging for some
wavevector, k*, which indicates that the homogenenous phase becomes unstable with
respect to the inhomogeneous one. This is the MST spinodal. The calculated correlation
functions were compared with the results of many SAXS experiments, e.g. Hashimoto
[10], yielding good agreement.

13
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The Leibler theory predicted the existence of three ordered structures: spheres, cylinders, and lamellae. It assumed that k* remained also the dominant mode below the MST
in the ordered phase. It also kept only some wavevectors len, i.e ., those with length k* in
the Fourier expansion of the equilibrium monomer density profile, i.e.,

(1.4)
n

where lien I = k*. In this thesis we refer to this condition, expressed by eq. 1.4, as the
one wavenumber approximation. However, this approach predicted unrealistic boundaries

between those structures. In particular the spherical structure was stable only in a very
narrow strip near the order-disorder transition. The boundaries depended on

x

even in

the strongly segregated regime, the equilibrium morphology of the ordered structure in
the immediate vicinity of order-disorder transition was spherical except for the perfectly
symmetric case with fA = 0.5, and for low enough temperature (high enough x) the equilibrium structure was lamellar for all fA· These discrepancies might be attributable, at
least partially, to the fourth order expansion of the free energy which caused a truncation
error by neglecting the higher order terms, the one wavenumber approximation and the
mean field theory itself.
Fredrickson and Helfand [61] investigated the possibility that the discrepancies may
be due to the very nature of mean field theory which neglects the fluctuations by including only the dominant part in the thermodynamic partition function . They modified
Leibler's approach by employing the Hartree approximation as described by Brazovskii in
reference [62]. In this way the fluctuations were taken into account, but still with fourth
order expansion and one wavenumber approximation. It was found that, for copolymer
degree of polymerization going to infinity, the mean field theory expressions were recovered. But for finite degree of polymerization some interesting predictions were made. In
particular, it was found that, unlike Leibler's phase diagram, a direct transition from the
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disordered melt to the lamellar structure was possible (so called "window" was opened),
for fA close, but not necessarily equal, to 0.5, with qualitative agreement with the experiment [7], and the MST itself was shifted towards lower temperatures. In general, however,
this phase diagram represented the experimental reality only slightly more faithfully than
the Leibler's one did. The strip of the spherical structure, introduced in the discussion
of Leibler's phase diagram, was still present, and disappeared for low enough temperatures (high enough x). Furthermore, for Zc = 109 , the lamellar "window" was tiny
(for 0.49;SJA;S0.51) and there was, again, a very narrow strip of spherical structure. For

Zc

=

10\ on the other hand, the lamellar "window" was broader (for 0.40;SJA;S0.60),

but, surprisingly, the spherical morphology disappeared completely from the phase diagram. One might speculate that these discrepancies are due to the one wavenumber
nature and fourth order approximation of both approaches. This is, indeed, suggested by
very recent results of Whitmore and Vavasour (63] who by means of mean field numerical
self-consistent approach constructed phase diagrams of copolymer/neutral solvent blend.
The structure of those phase diagrams looks more reasonable. In this thesis we use a
mean field theory so that the fluctuations are not included.
In a recent communication, Olvera de la Cruz [64] modified the Fredrickson and
Helfand approach by taking into consideration higher harmonics (two wavenumbers in
'

Fourier expansion) of the equilibrium monomer density profile.

The shifting of the

wavevector corresponding to the maximum scattering in the isotropic state was investigated for three structures: 3D hexagonal lattice, 2D hexagonal packed cylinders and
bee. It was predicted by Leibler theory that k• was independent of temperature. Olvera
de la Cruz found that k• contracted for bee structure, while it stretched for the other
two structures (in the isotropic state near the MST) compared with the Leibler's mean
field result. Olvera de la Cruz [64] also questioned the validity of the lamellar "window",
claiming that lamellar structure is not always the equilibrium structure in the vicinity of
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fA= 0.5 as previously thought, but the 3D hexagonal lattice.
The theoretical method of this thesis is based on the mean field theory introduced
by Hong and Noolandi [27, 33, 52], and is fully discussed in chapter 2. To date it has
been applied to copolymer/solvent and copolymer/homopolymer blends, in the weak and
the strong segregation regimes in references (27, 29, 30, 33, 52]. For copolymer/solvent
blends, the numerical solutions to the numerical self-consistent equations of the theory

(30, 33) are the primary application of this approach. There is no theory of copolymer
blends which incorporates fluctuations.
Sufficiently accurate numerical solutions can be particularly difficult to obtain in
the weak segregation regime, where the free energy, relative to the homogeneous phase,
is very small. Therefore Hong and Noolandi developed a complementary approach for
this regime, employing a perturbative solution to the modified diffusion equations and
a resulting fourth order expansion of the free energy. This is also discussed in chapter
2. For copolymer/homopolymer blends, A-b-B/A/B, we develop here a new fourth order
expansion of the free energy which differs from the general expression for copolymer
blends, presented in reference (27]. We expand the free energy using the total A-monomer
(or equivalently B-monomer) density, while general expression contains all individual
components, distinguishing copolymer blocks and homopolymers composed of the same
type of monomer. The basis of our approach is the existence of only two different mean
field potentials, wa(,.) and w.B(,. ), as elucidated in section 2.3. The expression for the free
energy of a homogeneous polymer blend in the formalism of Hong and Noolandi, which
we rederive and use, is the same as that in the Flory-Huggins theory (eq. 2.87).
In reference (30] a theoretical study of the lamellar structure of diblock copolymers
blended with neutral (nonselective) solvent was presented.

Our first project, in fact,

complements this work by replacing the neutral solvent with selective solvent in model
calculations. In real system calculations, however, the correspondence between the work
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of Whitmore and Noolandi and our work is more subtle. Reference [29] contains the
comprehensive discussion of phase diagrams of binary copolymer /homopolymer blends.
Our work on ternary phase diagrams is, to a large extent, a continuation and an extension of this work. In reference [31] the authors discuss the formation of micelles in
copolymer /homopolymer blends. In order to restrict attention to systems with relatively
simple phase diagrams we use their model in our last project to avoid regions where such
micelles can be formed.

17
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1.4

Content of the Thesis
The thesis is organized as follows.

The general theory is introduced in Chapter 2

for both fourth order expansion mean field approach and for numerical self-consistent
calculations. This presentation is an original extension of the Hong and N oolandi theory.
Chapter 3 contains the copolymer/selective solvent numerical self-consistent calculations and presentation of results.
Chapter 4 covers the discussion of the lamellar structure of copolymer /homopolymer
blends in the weak segregation regime. This constitutes the second project and has been
submitted to publication as reference (65].
Copolymer/homopolymer ternary phase diagrams are calculated and described in
chapter 5. This is the third project and has been accepted for publication in Macromolecules [66]. Theory of chapter 5 is also used in chapter 4.
Chapter 6 summarizes with conclusions drawn from all three projects.

Chapter 2

Theory

2.1

General
This section is meant as an introduction to the Hong and Noolandi formalism which

is the cornerstone of our theory. The method is essentially that of Hong and Noolandi
[27, 52] but with the incompressibility incorporated following Ohta and Kawasaki [40].
This theory models an arbitrary mixture of amorphous copolymers, homopolymers and
solvents using a general expression for the partition function for such a mixture. Amorphous polymers are modelled as systems of Gaussian chains, and a great number of
successful theoretical models was based on this very basic assumption, e.g. Edwards

[41, 42], Helfand et al. [45]-[51], Olvera de la Cruz et al. [2, 64], Leibler [11], Kawasaki
et al. [67, 68], Hong and Noolandi [27, 33, 52], Whitmore and Noolandi [29, 30], Shull et
al. [69, 70], Fredrickson and Helfand [61].
Real polymer (homopolymer or one of the blocks of a diblock) chain can be modelled
as random walk of ZP successive steps. Its radius of gyration, R 9 , can be expressed
as R 9

= (Zpb;/6)!,

where bp is referred to as the Kuhn length. This polymer chain

can be further replaced with the equivalent Gaussian chain which is defined by the
transformation:

(2.1)
As s goes to zero then the chain is replaced by a space curve parameterized by continuous
parameter r ranging from 0 to ZP. Gaussian chain is an idealization of a real polymer
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chain as defined and fully described in reference (55]. All possible polymer configurations
are denoted by the dot notation,

~"p( ·),

and a functional integral

defined, where
3
P[,.p(-)] oc exp[--b
2 p2

iz"

f

bJ"(- )P[,.p( · )] can be

drio~(r)],

(2.2)

0

is the Wiener measure, bP is the Kuhn length and io(r) is the derivative with respect to
r . Formal definition of the functional integral requires discretization of the space curve

and evaluation of the appropriate limit. In practical calculations, however, this limit is
not directly evaluated. Instead the Feynman-Kac theorem, which relates this integral to
the diffusion equation, is used.
Physically, a homopolymer pis characterized by a degree of polymerization ZP, Kuhn
statistical length bP, and bulk density Pop expressed in number of monomers per unit
volume.

A diblock copolymer, A-b-B, similarly, can be described by the degrees of

polymerization of each block, ZcA and ZcB, Kuhn statistical lengths of each block bcA
and bcB, and bulk densities

PocA

and

PocB·

The equilibrium thermodynamic properties of

a copolymer /homopolymer blend can be calculated from the partition function.
We consider a volume V containing Nc copolymer molecules with block degrees of
polymerizations ZcA and ZcB, NhA homopolymer molecules of type A with degree of polymerization

zhA, NhB homopolymer molecules of type B with degree of polymerization

ZhB, and N 6 solvent molecules. We associate with each component, p, a Kuhn statistical
length bP, and bulk density pop, in units of monomers per unit volume. Generally, p =

hA, hB, cA, cB, and s, with the understanding that we do not have to specify a Kuhn
length for the solvent. In this thesis we assume that the Kuhn lengths and the bulk
densities of each homopolymer are the same as those of the corresponding block of the
copolymer.
The equilibrium thermodynamic properties of the blend can be calculated from the
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partition function. Assuming the blend to be incompressible, it can be written

z

c

=

z f l...

j

fl.

II--#--II
d'r~i
N'
.
/{.

X

t=l

1{..

flhA

j II s.,.i( · )PhA [.,.i( ·)] x
t=l

J nc51";(·)PhB['r;(·)]
JIT.;-,. Ak(-)61'Bk( · )PoA["Ak(-)]Pos[1'Bk( ·)] X
NhB

X

]=1

k=l

c5[7" Ak( ZcA) - 'r Bk( ZcB )]

II c5(1- 2: ,0p(1"))
,.

P

X

X

Pop

exp[-,BV],

(2.3)

where Zl{. is the contribution to the partition function from the kinetic energy of a
molecule of type

K..

The c over the product sign indicates, that for that product, the

copolymer is to be treated as a single component. Otherwise the four weight functions
are assumed to be of the standard Wiener form with the four polymer densities given by

.Op(.,., {.,.pi})
flr>
z
~ r> drc5(.,. - 'rpi( T) ),

L

(2.4)

while the solvent density is
fl.

fi~C.,.) =

I:sc.,.- .,.~i)·

(2.5)

i=l

The partition function is defined using the functional integrals over all configurations,
where the expression c5[.,. Ak( ZcA)-.,. Bk( ZcB )] accounts for the connectivity of the copolymer diblocks and

n.,. c5[1 -

Lp Pp(.,. )/pop]

in equation 2.3 ensures incompressibility. This

way of incorporating incompressibility into the partition function follows Ohta and Kawasaki
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[40], and is different from the Hong and Noolandi approach, who used the incompressibility condition as a constraint in minimizing the free energy functional, :F, given in their
formalism by eq. 2.22. In their presentation, TJ( r) appears as a Lagrange multiplier. Both
approaches give the same result, but the Ohta and Kawasaki one has, in our opinion,
a conceptual advantage of including the incompressibility from the very start. In the
notation of this thesis 6 followed by a bracket denotes Dirac delta, while followed by r is
a part of the functional integral (measure) symbol.
The interaction energy is a functional of the densities {Jp( r ). It is convenient to express
it in units of kBT =

/3,

and model it via two-body interactions, W pp'( r - r'), i.e.,

(2.6)
Using the identity

II 6(1- L
'"

P

!{II

Pp(r))exp[-f3V] =
Pop

6pp(-)6(pp(-)- pp(·))}

P

(II

6(1-

'"

2: Pp(r))exp[-w])
P

(2.7)

Pop

with

W[{pp( · )}] =

~L

2 pp'

j drdr' pP( r )Wpp'( r -

r')Pp'( r'),

(2.8)

and substituting the integral representation of the delta functionals

and

II 6( 1 - I: Pp('"))
'"

P

Pop

N2

J67](·)

X

exp [/ dr7J( r )( 1 -

L
P

Pp('") )] ,
Pop

(2.10)
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N 1 and N 2 are normalizations, we can write the partition function, eq. 2.3, as
c

z&. .

Z =N rr~x
" N"!

J5phA(-)5phB(·)5pcA(-)5pcB(-)5p6(·)

X

j 5whA ( · )5whB( · )5wcA ( · )5wcB( · )5w6( · )617( ·)

Q cNcQN~t.AQN~t.BQN•
hA hB 6
exp[j d1'1J(,. )(1 -

X

X

L
p

PP(,.) )] x
pop

exp[L j d1'wp(,. )pp(,.) - W[pp( · )]]

(2 .11)

p

where

/v is a normalization.

For homopolymers (p = hA or hB),
Np

J1 5,.i(- )Pp[,.i( ·)] exp[ -

Q~p = j

j d1'wp(,. ),Op(,. )],

(2.12)

•=1

where pp(,.) is related to 1'i( ·) by eq. 2.4. Equation 2.12 implies

QP

=j

51'(-)PP[,.( ·)]exp[- lzP wP(,.P(r))dr].

(2.13)

For copolymers,

J51'A(·)51'B(·)PcA[1'A(-)]PcB[1'B(·)]

Qc

5[1' A( ZcA) - 1' B( ZcB )]
{ZcA

exp[- Jo

X

X

{ZcB

WcA(,.A(r))dr- Jo

WcB(,.B(r))dr].

(2.14)

whereas the corresponding expression for the solvent, s, is

Q6

= j d1'exp(-w6(,.)).

(2.15)

These functionals, for polymers but not for solvent, can be expressed in terms of four
propagators QP(,., rl,.'), with p

=

hA, hB, cA and cB, all of which satisfy the modified

diffusion equation [27],

[-

~ 17

2

+ wp( r )]Qp( r, rlr') = -

~P

:.,.

Qp( r, rlr'),

(2.16)
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with initial condition
(2.17)
With these we have explicitly
(2.18)
for homopolymers, and
(2.19)
for copolymers. In equation 2.13,
T

T

ranges from 0 to ZP whereas in eq. 2.18 the maximum

is equal to 1. This is because in the modified diffusion equation, eq. 2.16,

T

has been

rescaled by factor 1/ZP. Using the Stirling approximation, the partition function, eq.
2.11 can be written as
Z =

N j

[Il SpP( · )SwP( · )]617( ·) exp{ -FT[ {pP( ·)}, {wp( ·)}, 17( ·)]},

(2.20)

p

where FT({pp(·)},{wp(-)},17(-)) is the free energy functional, (in units of kBT), given by
(2.21)
with

W[{pp(·)}]- L j d,-wp(,.)pp(,.)

+

p

~NK
~ NK(ln ZKQK- 1),
Q[{pp(-)},{TJ(·)}]

= jd,-17(1")(L Pp(,.)
P

Pop

(2.22)

-1).

(2.23)

We next need expressions for thermal average density distribution of each component.
Using the partition function, eq. 2.3, we can express this for e.g. homopolymer hA very
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generally as
1

Z

c

z&,..

j

&.

IIK. ~
II dr .,. x
NK..
i=l

NhA

j II 6ri(·)PhA [ri(·)]PhA(r,{ri(-)}) x
i=l
NhB

j II 6r;(·)PhB[r;(·)] x
j=l

j

IT 6rAk(·)6rBk(·)PcA["Ak(·)]PcB["Bk(·)]

X

k=l

6[r Ak( ZcA) -

II 6(1- L
,.,

P

I'

Bk( ZcB )]

X

pp(r')) x
Pop

exp[ -.BV]

(2.24)

The functional integrals here are the same as in the partition function, eq. 2.3, except
for the presence of the PhA ( r, {ri(-)} ). Therefore we can introduce changes of variables
as we did for Z. The only difference is that

j

n

Qf.AA

is replaced with

NhA

6ri(·)PhA[ri(·)]PhA(r)exp[-

j

dr'whA(r')PhA(r')]

(2.25)

•=1

which is seen to be equal to

(2.26)
Proof:

(2.27)
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We thus have, for homopolymer hA,

(2.28)
and a similar expression for homopolymer hB, with hA replaced by hB. For copolymer

cA we obtain

(2.29)
with analogous expression of copolymer cB, and finally for the solvent s

(2.30)
In fact all five densities can be expressed as

(2 .31)
where

K

= p if p

= hA, hB or s, or

K

= c if p = cA or cB.

Exact evaluation of integrals such as eq. 2.31, as well as the calculation of the partition
function, eq. 2.11, is beyond our current capability. In this thesis we use the saddle point
approximation which amounts to taking into account the dominant part in the partition
function. Thermal averages are approximated by their values at this saddle point; eq.
2.31 becomes
(2.32)
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To find the saddle point we need to minimize FT with respect to each pP( J" ), wp( J") and
71 ('") subject to constraints of constant particle numbers

(2.33)
This minimization yields

8VV
( ) - wp('") + Ap

7J(~")

+-

0,

(2.34)

( ) - Qtt 8wp(~")
-pp'"

0,

(2.35)

:2.: pp('")

1,

(2.36)

8PP '"

Pop

flit 8QI{.

P

Pop

where .AP are the Lagrange multipliers associated with eq. 2.33. The last of these equations, arising from the incompressibility, makes 9 = 0 at the saddle point, and hence the
saddle point approximation to the free energy is

(2.37)
In the mean field approximation used in this paper, we use two different approaches
to calculate the free energy, each incorporating the saddle point technique:
1. Direct numerical solution of the system of equations, eq 2.16-2.19, 2.32 and 2.34-

2.36. This leads to a system of integra-differential equations to be solved selfconsistently to give the equilibrium density distribution of each component (pp( J" )) ,
conjugate field wp('" ), and free energy F. This is explained in section 2.2.
2. Minimization of a fourth order approximation (Landau-Ginzburg expansion) of
the free energy, F, as elucidated in section 2.3 and developed in chapters 4 and
5, using many wavenumber and one wavenumber expansions, respectively. It is
worth commenting here that this method is, in general, less accurate than the
self-consistent approach due to the truncation error.
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Numerical Self-consistent Formalism for Block Copolymer/Solvent Blends
In this section we sketch the derivation of a set of self-consistent equations for diblock

copolymer/solvent blends following the presentation contained in papers of Hong and
Noolandi (33] and Whitmore and Noolandi (30]. A volume V containing

Nc

molecules with block degrees of polymerizations ZcA and ZcB and N 8 =

copolymer

N6

solvent

molecules is considered. The system is illustrated schematically in Figure 2.1.
The two-body interaction energy, eq. 2.8 is expanded, in this approach, to account
for the finite range of the interaction yielding a gradient expansion
1

2 L wpppopNp +
p
2

UAB

j drpcA(r)PcB(f")- UAB ~ j drVpcA(f") · VpcB(f") +
2

UAs

j drpcA(.,.)p6(.,.)- UAs ~ j drVpcA(.,.) · Vp6(.,.) +

UBS

J

2

dr PcB( f" )p 6( f") - UBS ~

J

dr V PcB( f") · V p6( f" ),

(2.38)

where

(2.39)
and

(2.40)
with

(2.41)

(2.42)
Since the interaction Wpp' is expressed in units of kBT, the eq. 2.41 would imply that
X is inversely proportional to temperature. In practice, however, this is not the case.
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Figure 2.1: Schematic picture of copolymer solvent/system. Lamellar structure is assumed and the domain thickness is d. Solvent is denoted by open circles (30].
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It has the form of eq 1.1 and we make no attempt to calculate this or account for the
dependence of Xpp' on volume fractions and degrees of polymerization. Further discussion
of X parameter is presented in sections 2.4 and 4.4. Equation 2.38 includes gradient terms
representing finite range potentials, modelled approximately by the finite range parameter
a; we take

C7

= b,

i.e., the average of the Kuhn lengths, equal for all interactions. In

some cases we take a = 0. We define the local and average volume fractions of each of
the three components, p = cA, cB or s,

(2.43)
and

-

¢p

N

= v pop
p '

(2.44)

as well as the overall copolymer volume fraction

(2.45)
The free energy can be written as

F
where

F~wm

= Fhcnn + .6-F,

(2.46)

is the free energy of the homogeneous bulk phase of the A-b-B/s blend, and

.6-F is due to inhomogeneities. If we choose wp(,.) = 0 for the homogenous melt then
F~wm

=

1

2 L wpppopNp +
p
2

UAB

j df"PcA(f")PcB(f")- UAB ~ j df"VPcA(f") · VpcB(f") +
2

j df"PcA('")Ps(f")- UAs ~ j drVpcA(r) · Vp (f") +
UBs j df"PcB('")Ps(f")- UBs ~ j drVpcB(r) · Vps(f") +
UAs

5

2

~-

LJ N"(ln
K

zirKV- 1).
K

(2.4 7)
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The system can form an infinite periodic microphase, described by a set of lattice vectors

Rn and associated unit cell of volume n. In this thesis we assume the structure is lamellar
with a domain thickness (lattice parameter) d, which requires that the copolymers are
approximately symmetric.
We need to calculate the density profiles and free energy per unit volume for a given
domain thickness d. It is convenient to calculate the reduced free energy per unit volume
relative to a uniform melt, which can be expressed
~F

Po11V

1 f
-a2
n ln dr{xsA[<Ptl(r)<PeA(r)- <P!I<PeA- 6V<P!I(r). V<PeA(r)]
--

a2

+XsB[<P!I(r)<PeB(r)- <P!I<PeB- 6V<P!I(r) · V<PeB(r)]
-

-

(72

+XAB[<PeA(r)<PeB(r)- <PeA<PeB- 6V<PeA(r) · V<PeB(r)]
+<P 7") ln( <P~,.)) - PoA WeA( 7" )<PeA( 7") - PoB WeB( 7" )<PeB( 7")}
<P 11
Pot~
Poll
6

(

¢e

TeA+ TeB

ln(QVe).

(2.48)

The equilibrium local volume fraction of component p at r is denoted by <PP( r), and WeA (.,.)
and WeB( 1') are the saddle point potentials. The potential w 6 ( r) has been eliminated by
using equation,
(2.49)
derived from eq. 2.30, 2.32 and 2.43. The first terms in eq. 2.48 represent the interaction
energy of the components, calculated using generalized Flory parameters Xpp'' defined
using the solvent for the reference density. Also appearing in eq. 2.48 are TeA and TeB,
defined by
rP

with p

=

Po•
= ZP - ,
Pop

(2.50)

cA or cB. Let us recall, eq. 2.36, that

<PeA(r) + <PeB(r)

+ <P.(r) = 1,

(2.51)
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everywhere throughout the system.
The three density profiles, as well as the other terms in the free energy, are calculated
by solving diffusion equations for the polymer distribution functions. The two functions
which are needed, QcA('r, Tl,.') and QcB(,., Tl,.'), satisfy the modified diffusion equation,
eq. 2.16. In the periodic system,

(2.52)
To take advantage of this periodicity it is convenient to define

Qp(,., T 1,.')

= L Qp(,. + Rn, T 1,.'),

(2.53)

n

which satisfies
(2.54)
The QP satisfy the same diffusion equations as the QP, but are subject to the initial
condition
(2.55)
n

From the QP the related functions qP are constructed by integrating over one unit cell
(2.56)
These quantities also satisfy the diffusion equation, but are subject to the initial condition
(2.57)

It is sufficient to solve for QP and qp in one unit cell. Performing functional derivative
of Qc with respect to WcA (,.) as presented by Helfand in reference (4 7], the 4>p(,.) are
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constructed via eq. 2.35,
(2.58)
for component cA, and a corresponding expression for </>cB(.,.). The quantity Qc/V, which
also appears in eq. 2.48 for the free energy, is given by
(2.59)
The potentials

wP

are needed to solve the diffusion equations. They are derived from eq.

2.34, resulting in

Po~ {ln( ¢~ )
<f>~(.,.)

PoA

-

+(XAB- XsB)[</>cB('r)- <f>cB

CT

2

2

+ 6\7 </>cB('r)]

+XAs{[<f>~('r)- ¢~]- [<f>cA('r)- if>cA]
2

+ ~ [V 2 4>~(.,.)-

\7 2</>cA(.,.)]}},

(2.60)

for WcA, and by a similar expression for WeB· Lagrange multipliers, Ap appearing in 2.34,
are eliminated by evaluating the saddle point equation 2.34 for the homogenous melt,
and by using the presence of the solvent we replace w~(.,.) by ln(¢~/ </>.(.,. )), eq. 2.49, and
eliminate TJ(.,. ).
Eq 2.58, and 2.60 with analogous equations for </>cB('r) and WeB(.,.), with the diffusion
equation, eq. 2.16, for both cA and cB, constitute the system of equations which can
be solved self-consistently.

The numerical self-consistent procedure to determine the

equilibrium values of WcA('r), WeB(.,.), </>cA('r) and </>cB(P) (solvent density</>.(.,.) can be
calculated from the incompressibility condition, eq. 2.51) is described in the subsequent
section 3.2.
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Fourth Order Mean Field Expansion of the Free Energy
In this section we derive the basic expressions we use for the free energy of copoly-

mer/homopolymer blends.

We specialize to the case of A-b-B copolymer and A and

B homopolymers. The expressions reduce to binary blends in the limit of vanishing
homopolymer B volume fraction.
A basic assumption we make is that all A-B interactions are the same irrespective of
whether the interacting monomers belong to homopolymers or copolymers. This assumption allows us to combine ¢hA (.,.) and <PeA (.,.) into total A-monomer density profile, ¢a(.,.).
In analogous manner, total B-monomer density profile can be obtained. Furthermore,
this enables us to reduce the number of mean field potential from four ( hA, cA, hE and

cB), in the Hong and Noolandi theory, to two (A and B, or equivalently in the notation
of this thesis, a and {3). Setting, also, the finite range parameter equal to zero, a = 0,
the interaction energy can be expressed

-21 L wpppopNp +
p

j drphA(.,.)PhB(.,.) + UAB j d.,.phA(.,.)PcB(r) +
UAB j drpcA(.,.)PhB(.,.) + UAB j dJ"PcA('~')PcB(.,.)
UAB

(2.61)

Writing out eq. 2.34 explicitly for this case:

(2.62)

(2.63)

UAB[(PhB(.,.)

+ PcB(r))]- WcA(r) + AcA + 17 (.,.)

UAB[(PhA(r)

+ PcA(r))]- weB(.,.)+ .>.cB +

= 0

(2.64)

(.,.) = 0

(2.65)

PoA

17

PoB
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and subtracting eq. 2.62 from eq. 2.64, we find

However, the overall level of each potential wp(.,.) is arbitrary.

For this section it is

convenient to choose them so that
(2.67)
Integrating both sides of eq. 2.66 and using eq. 2.67, we obtain
(2.68)
Thus, at the saddle point,
(2.69)
Similarly,
(2.70)
Thus at the saddle point, we have two distinct potentials, wa(.,.) and w.B(.,. ). This is a
useful result enabling us to modify the Hong and Noolandi approach as subsequently
presented in this section. We next rescale the mean field potentials, the Kuhn statistical
lengths, and the degrees of polymerization, in order to use the explicit solutions to the
diffusion equation developed by Hong and Noolandi [27]:
pop wp(.,.)'

wp(.,.)
A2

bp

-

Po
Po

ThA
ThB
TeA
TeB

Po
PoAb2

-

Po A
Po
-

hAl

(2.72)

Z hA,

(2. 73)

Z hB,

(2.74)

PoB
Po Z

-

PoA
Po

-

(2. 71)

cA,

(2.75)

Z cB,

(2. 76)

PoB
Te

TeA+ TeB,

(2. 77)
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where Po is an arbitrary reference density. Equation 2.32 can be rewritten as
(2.78)
The modified diffusion equation becomes
(2. 79)
It is more convenient to work with the Fourier transforms:

(2.80)
and

wp(,.)

=

J(::)3

exp[ik. r]wp(k ),

(2.81)

Equation 2. 78 can be transformed to
fork =f 0,

(2.82)
(2.83)

pop '

We use these results to calculate the saddle point approximation for the free energy,
eq. 2.22. We, again, write the free energy as

F = F1wm

+ b,.F,

(2.84)

where Fhom is the free energy of the homogeneous bulk phase of the A-b-B/A/B blend,
and t:J.F is due to inhomogeneities. For the homogeneous phase J>P(k) = 0 fork=/: 0 and

wp(k)

= 0 for

all k, and therefore Ql(.

=V

for all

K..

Thus

(2.85)
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We can subtract from this the free energy of a fully demixed system, Fref· Dividing by
the total volume V and the reference density Po used above we are left with the free
energy density of a uniform, homogeneous blend relative to fully demixed, homogeneous
systems:
!~urm

F~urm- Fref

(2.86)

Vpo

t

~

¢~ ln ~~ + X~o.~/3·

(2.87)

r~

Here we have identified U AB PoAPoB /Po as the Flory interaction parameter X
~a and ~/3 are the average volume fractions of A and B in the system, ~a

and ~/3 = ~cB

= XAB,

and

= ¢cA + ~hA'

+ ~hB ·

The remaining free energy density is that of a microphase separated system relative
to the homogeneous blend. It can be written:
~~

(2.88)
and the "prime" on the integration symbol means to exclude k = 0. Introduce the local
volume fractions A and B at each point:

(2.89)
and

(2.90)
which because of incompressibility satisfy ¢a(")

+ ¢13(")

1.

In Fourier space they

satisfy
for k =f. 0.

(2.91)
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Equation 2.88 can be transformed to

(2.92)
At this point we further approximate our expressions, by using a fourth order expansion of
the free energy, which is based on an iterative solution of the modified diffusion equation
[27]. This restricts work to regions where !1f is small, i.e., weak segregation limit. To
facilitate the fourth order expansion, we need an expansion parameter, and we choose,

'ifJa.(.,.)

=

<!>a.(.,.) -¢a., as one, which is small near the MST. In Fourier space we have
(2.93)

where ;J;~( k) is the Fourier transform of '1/; 13 (.,.) = ¢>13 (.,.) -

¢13 • Our

goal, at this stage, is

to present our derivation of the free energy expansion, !1f, up to the fourth order, using

i>a. (k) - ;J;a.( k) as an expansion parameter. This expansion itself differs from the general
Hong and Noolandi expression which contains contributions from all components, i.e.,

w, not just at the saddle point,
be given as an expansion in the w,

hA, cA, hB and cB (for this case) [27]. For any potential
the solution of the modified diffusion equation can

which can be integrated to evaluate eq. 2.18 and 2.19 yielding

(2.94)
where i

= (i, ki),

Wi

= wi(ki),

and summation over subscripts and integration over

wavevectors are implied by repeated indices. Functions

g'ij~c ...1,

given in Appendix A,
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have the following form:

with

K-

= hA, hB or C, and with i = hA, hB, cA, and cB,
(n) ,iik···l
g hA

may be different from zero if

i

= J. = k = · · · = l

=

hA ,

(n)
g hB,iik···l

may be different from zero if

i

= J. = k = · · · = l =

hB,

g~~~k···l

may be different from zero if

i = cA or i

= cB,

and

j = cA or j = cB,

and

k = cA or k = cB,

and

l

= cA or

l

= cB.

This means, as shown below in eq. 2.95, that gt;{,iik· ··l couples only to whA(k), g~';),iik· ··l
to WhB(k), and g~~~k···l to both WcA(k) and WcB(k). The superscript n signifies an nth
order term in the solution of the diffusion equation.
In our calculations we expand the logarithm of Q ,,JV and truncate the series:
ln QK.

v

(2.95)
Subsequently, whenever in this chapter, ln( QK.JV) is encountered it is expressed implicitly
or explicitly by the truncated series 2.95. After the saddle point approximation this is
our second approximation involved.
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= hA eq. 2.95 reads in detail as follows

ln QhA

v

~

( -ThA)
2!V

2

J

dki dk; ( 21r)3 5 (k · k ·)
(27r)3(27r)3
,+ 1

X

gi~(ki, k; )whA(ki)WhA(k;) +
( - ThA?
3

,v

J(

dki dk; dkk
3
1r)3
(
1r)3
(
1r)
5(ki
(21r)
3
2
2
2

+ k; + kk)

x

gi~(ki, k;, kk)whA(ki)whA(k;)whA(kk) +
( -ThA)
4 !V

4

J

dki dkj dkk diet
3
( 21r )3 ( 21r )3 ( 21r )3 ( 21r )3 (27r) 5(ki

+ k; + kk +let)

X

gi~(ki, k;, kk, kz)whA(ki)WhA(k;)whA(kk)whA(kt)4

( -ThA)
2(2! )2 V2

J

dki dk; dkk dkz
6
(27r )3 (27r )3 (27r )3 (27r )3 (27r) 5( lei

+ k; )5( kk + let) X

gi~(ki, k; )gi~(kk, kt)WhA( ki)whA(k; )whA(kk)whA(kt).

(2.96)

Similar expressions hold for ln(QhB/V) and ln(Qc/V).
Using eq. 2.95 in an expansion of the last term of eq 2.92, and further simplifying by
using wa and Wf3 in place of WhA, etc.,

~f

can be expressed

(2.97)
with the coefficients given in Appendix A; i, j, k and l = a or

tlf

/3.

This expression for

is our new result, which together with the subsequent calculations constitute our

modification of the Hong and N oolandi theory.
We need to relate the density distributions to the potentials. Since eq 2.95 is valid for
any potential, it can be differentiated as indicated in eq. 2.82, and then the derivatives
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can be evaluated at the saddle point. This results in saddle point expressions for each of
the four densities, (pp), or equivalently the
and

w13 •

For homopolymer p, where p

¢P,

= hA or

given in terms of only two potentials, Wa

hB, we obtain

(2.98)
and similarly for copolymer cA and cB,

(2.99)
and

(2.100)
where j, k, l

=

a or {3. Adding pairs of these expressions as indicated in eq. 2.89 and

2.90, yields, for 1c

i

0,
(2.101)

and
(2.102)
where i,j, k =a or {3, and 9's are the same as in eq. 2.97.
Finally, inverting these series eq. 2.101 and 2.102, yields Wa and Wf3 in terms of ~a
and

¢13 ,

which up to the third order is

(2.103)
(2.104)
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where i, j, k

= a or (3, and r's are given in Appendix A. Substituting eq. 2.103 and 2.104
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into eq. 2.97, we have

Daj "'

I:' J( 2)(kt, -ki)~a(ki)~a( -ki) +
kl

I:

'j(J)(kt, k2, -kl- k2)~a(kt)~a(k2)~a( - kl- k2)

+

kt,k2

I:

I

J< 4 >(ki, k2, k3, -kl

- k2 - kJ)

X

kt.k2.k3

~a(kt)~a(k2)~a(k3)~a( -kl- k2 - k3),
where the "prime" on the sums means to exclude ki

(2.105)

= 0. The coefficients f( 2 ), f( 3 ) and

f( 4 ) are listed in Appendix A . This is the many wavenumber fourth order expansion
of the free energy which can be approximately minimized as described in chapter 4. If
we restrict to only one wavenumber in this expansion then the minimization procedure
is significantly simplified as presented in chapter 5. Let us summarize, at this point,
the differences between our approach and the Hong and N oolandi theory. First, due
to spetial choice of blends, i.e., A-b-B/A/B, and X parameters, we have reduced the
number of saddle point potentials from 4 to 2, eq. 2.69 and 2. 70. We have combined the
densities of monomers of the same type, eq. 2.89 and 2.90, and expressed t:l.f, eq. 2.92,
only in terms of two monomer densities. Next, using the incompressibility condition and
expressing w's in terms of ¢'s, eq. 2.103 and 2.104, we have obtained an expression for

baf, eq. 2.105, which allows us to calculate the free energy as a function of A-monomer
density profile. This compares with the Hong and Noolandi expression for baf which
includes summation over all four components, i.e., hA, cA, hB and cB, with possible
reduction to three components if the incompressibility condition is used.
Formally equations 2.103, and 2.104 could have also been derived by differentiating
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equation 2.97 and equating them to zero

5!1f
5wa( -k)
5!1f
5wf3( -k)

0,

(2 .106)

0.

(2 .107)
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Small Angle X-Ray Scattering from Copolymer /Homopolymer Blends
We start this section by sketching the derivation of an expression for the density-

density correlation function, S(k,-k ), for an incompressible copolymer/homopolymer
blend, A-b-B/A/B, in the disordered state, i.e., above the MST. This function is known

(10] to be proportional to the elastic scattering intensity, I(k ), which can be measured experimentally by Small Angle X-Ray Scattering (SAXS), Small Angle Neutron Scattering
(SANS) or light scattering.
The free energy, f).j, can be written, to the lowest order, using equation 2.105 as

(2.108)
where (Pa.(k))/PoA is J>a.(lc), i.e., the Fourier transform of the monomer A density profile,

cPa.( r

), given by eq.

2.89. The density-density correlation function, S( k, -k ), for an

incompressible, A-b-B/A/B, copolymer/homopolymer blend is defined as

(2.109)
or equivalently

S(k,-k)

= (Pt3(k) Pt3( -k))=
PoB

PoB

-(Pa.(k) Pt3( -k)).
PoA
PoB

(2.110)

Next we use a well known relation, from the general thermodynamic theory [60], between
density-density correlation function and the quadratic coefficient in the free energy expansion, eq. 2.108,

S(k,-k)

=(Pa(lc)
Pa.( -k))=
1
PoA
PoA
2 j( )(k,-k)
2

(2.111)

Using the expressions for j< 2 >(k, -k) from Appendix A, this can be expressed in Leibler's
notation, (11, 71], as

VV(k)
S(k,-lc) = S(k)- 2VV(k)x '

(2.112)
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with

S(k)

Yaa(k)

+ 2YaJ3(k) + Y{3{3(k)

(2.113)

W(k)

Yaa(k)

+ YJ3J3(k)- Ya{3(k)Ya{3(k),

(2.114)

where functions the Yij(k) are given by eq. A.19.
Thus the scattering intensity can be presented as

S(k)
_1
I(k) ex [W(k) - 2x] ,

(2.115)

where k is the magnitude of the scattering vector k, k = 47r A- 1 sin( B/2), A is the wavelength of radiation, and B the scattering angle. For pure copolymer (<fie = 1) the calculated scattering intensity, I(k ), has a simple asymptotic form in both short and long
wavelength limits:

I( k) ex

k2

I( k)

k- 2

ex

for small k,
for large k .

(2.116)

(2.117)

Since I(k) goes to zero in both limits, there is a maximum in J(k), at k*, which corresponds to a characteristic length, which is on the order of the radius of gyration. For
copolymer/homopolymer blends the shortwave length limit is not necessarily zero but
the maximum of I( k) may still appear at some nonzero k*, (10], indicating microphase
separation. Otherwise, the maximum is at k

= 0 which indicates the onset of macrophase

separation of the blend. As the MST is approached the inverse of the maximum value of
the scattering intensity, (J(k*)]- 1 , becomes very small, while I(k*) grows very large. Experimentally, the MST can be recognised by investigating the temperature dependence of

I( k*). For every temperature, T, above the MST, one can measure the elastic scattering
intensity, I(k), by changing the scattering angle, B. Then one can fit, by statistical methods, a value of

x which

corresponds to the curve I( k ). In order to determine

x of high
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molecular weight copolymers one can add neutral solvent, e.g., DOP (dioctlylphthalate)
for PS-b-PI/PI [10], as elucidated in section 4.4. If, however, the molecular weights are
sufficiently low then this is not necessary. It occurs that X, det ermined experimentally
by this method, is in most cases a linear function of
X=

with positive B.

r-

1

'

i.e.,

B

A+-,

(2.118)

T

Hashimoto and coworkers [10) fitted the elastic scattering intensity

to analytical form of I(k) given by eq. 2.115, for different temperatures for a series of
styrene/isoprene copolymer blends described in more detail in section 4.4. They found
that X depends linearly on T- 1 for given volume fractions and degrees of polymerization.
However, as they changed concentrations and molecular weights they also found dependencies on volume fractions and degrees of polymerization. The general functional form of
this dependence is discussed in section 4.4. The polydispersity of individual components
of copolymer/homopolymer blends also has its influence on the X parameter, fitted, for
a given temperature, to equation 2.115. Due to the fluctuation effects, mentioned in the
Introduction in the context of Fredrickson and Helfand work [61), further complications
arise when the MST is approached. If X was always inversely proportional to temperature and the mean field theory always correct then, since functions W(k) and S(k) are
independent of temperature, one would always have the following scaling relation
(2.119)
As, however, Bates et al. [72) have found in one set of experiments, this is not necessarily
the case when the MST is approached. The inverse of the scattering intensity, [I(k•)]-I,
is essentially nonlinear in T- 1 . They managed to explain the discrepancy with mean field
predictions by using Fredrickson and Helfand theory [61] discussed in the Introduction.
Since we cannot calculate either

x or its

dependencies, mentioned above, from the mean
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field theory,

x

should be taken from experiments as described in section 4.4. In this

thesis we assume that for a given system

x is

independent of concentration and do not

attempt to relate it to the other quantities.
This preceding discussion shows one advantage of using the energy expansion, even
only to the second order, compared with the numerical self-consistent approach which
does not provide so much insight into the scattering properties of the copolymer blends.

Chapter 3

Lamellar Structure of Copolymer /Solvent Blends

3.1

Introduction
In this chapter we discuss some of the properties of di block copolymer I selective

solvent, A-b-B/S, blends using the full self-consistent theory developed by Hong and
Noolandi (33, 52], and presented with slight modifications in section 2.2.

We assume

that layers are the equilibrium structure, even if, in the case of model calculations of
subsection 3.2.1 this assumption may not always be justified. Using this approach, we
explore the behaviour of these blends in both the strong and weak segregation regimes.
We limit ourselves to overall volume fraction ratios of monomers of type A and B, A:B,
close to 50:50, since we restrict attention to lamellar morphology.
The work of this chapter is complementary to that of Whitmore and Noolandi which
is described in reference (30) where they investigated the properties of copolymer I nonselective solvent blends, and also in reference (73) which dealt, primarily, with properties
of crystallizable block copolymers. By a perfectly nonselective (or neutral) solvent, s, we
mean a solvent which is equally compatible with both species of monomers (A and B).
In terms of Flory interaction parameters it can be expressed as

(3.1)

XAS = XBS·

Whitmore and Noolandi performed a series of calculations with values of XAS rangmg
from 0 to 0.3, but with XAs = XBS· They found that the results did not depend on XAS·
Then they did series of model calculations with XAs

47

= XBs = 0,

varying the interaction
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parameter, XAB, copolymer volume fractions and degrees of polymerization:
0.05

<

XAB

~

0.3,

(3.2)

100

<

Zc

~

2000,

(3.3)

0.1

~

{fie

< 0.9,

(3.4)

~

(3.5)

12:S

XABZc(fic

480.

They presented two series of calculated density profiles, and investigated the behaviour
of the domain thickness in the strong and weak segregation regimes. Whitmore and
Noolandi found that solvent is distributed almost uniformly, with a tiny maximum at
the interface between lamellar subdomains. This uniformity is the basis of the dilution
approximation which assumes that the interaction XAB parameter becomes weakened
by the presence of nonselective solvent from XAB for pure copolymer to XAB¢c for the
blend. Thus in the mean field approximation (for model systems) the product ZcXAB¢c
plays the role which is nearly equivalent to that of the XABZc for pure copolymer. In
particular, the calculated MST (for symmetric copolymers) was reported at XAB¢czc =
10.5, in agreement with Leibler's result, eq. 1.2, for pure copolymer melt. Furthermore,
they presented two examples of real system calculations for polystyrene-polyisoprene
block copolymer/toluene (nonselective solvent), PS-b-Pl/foluene, blends with realistic
X parameters, densities, Kuhn lengths and degrees of polymerization. In this case, toluene

= 0.44 and XPI-TOL = 0.40. They showed
the density profiles for this system in the strong ( Zcx¢c ~ 80 and ¢c = 0.4) and relatively

is almost perfectly nonselective, with

weak (Zcx4>c ~ 20 and

¢c

XPS-TOL

= 0.1) segregation regimes. Closer to the MST the solvent

density distribution was almost uniform, without local maximum at the interface, while
in some cases in the strong segregation regime the solvent density profile had a small but
definite maximum.
In this chapter we report two sets of calculations. First, we compare our work with
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one of the systematic series of model calculation of Whitmore and Noolandi. We assume
XBS

0.

= XAB and XAs = 0 to contrast with nonselective solvent case, XAS = XBS =

Second, we perform systematic studies of a real system, PS-b-PBD/Styrene, the

blend studied by Hong and N oolandi in the context of interfacial tension [7 4]. In the
model calculations the selective solvent, s, is assumed to be identical with monomers
constituting block cA with

XAS

= 0. In real systems, however, this is not always the

case, e.g. the polystyrene-styrene interaction is close to 0.5 [76]. (Fully self-consistent
calculations for copolymer/selective solvent are also carried out in subsection 4.3.1 to
compare the many wavenumber fourth order expansion approach with this method.)
The problem to be solved is the following. For a given copolymer/solvent blend, we
wish to calculate the equilibrium domain thickness, d, the density profiles and the free
energy. We specify all bulk densities, pop, Kuhn lengths, bP, degrees of polymerization,
Zp, interaction parameters, Xw', and volume fractions

¢P. Next, we assume some value

of d and solve the self-consistent problem, eq. 2.58, and 2.60 with analogous equations
for <PcB('r) and WcB('r), along with the diffusion equation, eq. 2.16, for both cA and cB.
From the converged solutions we calculate
until we find the minimum of
the density profiles, and

~F

equilibrium structure with

~F

~F.

Then, varying d, we repeat the procedure

with respect to d. This gives us the equilibrium d,

for this system. We investigate here the variation of the

¢c, Zc,

and

XAB

for different systems. For a given blend we

repeat the above procedure changing either <fie, Zc or

XAB.

In the layered structure, the problem is one-dimensional with period d; hence we need
to solve the diffusion equation for the functions QP(x,rlx') and qp(x,r) in the spatial
interval [0, d] and for r€[0, 1]. To do so, these intervals are discretized into N = 202
and M = 410 equal subintervals respectively. We use an iterative procedure to find the
self-consistent solution. At each iteration we have potentials w~n)( x) for which we solve
the diffusion equation for ~n) and q~n), and calculate the volume fractions <P~r:;( x) and
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¢~';}( x ), eq. 2.58, in one dimension. From these and the incompressibility condition, eq
2.51, we calculate ¢~n)( x ), and then predict new potentials w~n+l)( x) from eq. 2.60. We
iterate until the maximum error at any point is less than a prescribed value,

(3.6)
with 5 = 10- 7 . The free energy is calculated from eq 2.48 using the converged solution.
The numerical scheme for solving the diffusion-type partial differential equations is
based on the method of Crank and Nicholson described in reference (75]. We verified that
the accuracy in the solutions to the modified diffusion equation and resulting density
profiles is on the order of 6 significant figures.
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Results

3.2.1

l\llodel Calculations

In this subsection we discuss the variations of the domain thickness for copolymer/selective solvent blends.

These are the model calculations so that all densities,

pop, are equal, and the Kuhn lengths for cA and cB are the same bA = bB = b. Moreover
the diblock copolymer is symmetric, i.e. ZcA

=

= Zc/2.

ZcB

Figures 3.1, 3.2 and 3.3 show the dependence of the equilibrium layer thickness on
copolymer volume fraction,

¢c

degree of polymerization Zc, and interaction parameter,

XAB, on "log-log" plots. The fact that all curves are nearly straight lines suggests that
d/b scales approximately as powers Zc, <f>c and XAB, but with slightly varying exponents .

Figures 3.1 and 3.2 show the dependence of domain thickness, d, on the copolymer
volume fraction,

¢c,

ranging from 0.2 to 0.8 or 0.9, and on the degree of polymerization,

Zc, ranging from 200 to 2000. The interaction parameter, XAB is set to be equal to 0.1.

The dependence of don XAB for various Zc and

¢c

is shown in figure 3.3. These results

can be summarized approximately by

(3.7)
but with exponents which vary. In the strong segregation regime we find
p

~

0.2 q

~

0. 7 r

~

0.2.

(3.8)

These exponents are virtually the same as the ones for copolymer/neutral solvent
blends [30). For all three cases, we find that the strongest dependence occurs in the weak
segregation limit, with
p

~

0.5 q

~

0.9 r

~

0.5 .

(3.9)

These differ from the values reported by Whitmore and Noolandi for this regime who
obtained p

~

1/3, q

~

0.8 and r

~

0.4, compared to our values of p, q and r given
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m eq. 3.9. However these differences do not reflect differences betw-een selective and
nonselect ive case. For the current work we have developed an improved version of the
programme for self-consistent calculations which has allowed us to perform calculations
closer to the MST. Thus the difference between the exponents may be attributed to the
fact that we have explored the scaling behaviour in a very close proximity of the MST,
whereas Whitmore and Noolandi (30] averaged over a broader range near the MST in
their calculations. In ·particular, in figure 3.2, we have extended the curve for Zc = 400
up to the MST, which is at
for the

¢c

¢c =

0.253 while they varied

= 0.5 curve on figure 3.1, they varied

¢c

from 0.3 to 0.9. Similarly,

Zc from 300 to 2000 while the MST

determined by the improved version of the programme is at Zc

=

Zc = 200, 4>c curve of figure 3.3 has been extended to the MST at

XAB

previous value of

XAB

=

205.

Finally the

= 0.102

from the

0.15 used by Whitmore and Noolandi in their calculations. If,

however, we use the same minimum values of ¢c, Zc and

XAB,

used by them instead of the

MST values, for the model calculat ions summarized in figures, 3.1, 3.2 and 3.3, then the
exponents are identical with those of Whitmore and Noolandi also in the weak segregation
regime. As already mentioned in the previous section, we assumed the lamellar structure
throughout, although very near the MST this assumption is probably not always satisfied.
The exponent q has been determined experimentally (Small Angle Neutron Scattering)
by Almdal et al. (37] in the vicinity of the MST as 0.8. This is the same as the value
determined by Whitmore and Noolandi and close to our value in weak segregation.
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Real System Calculations

In the previous subsection, solvent-polymer interactions were unrealistically small. In
this subsection we investigate the properties of PS-b-PBD/S blend, where PS stands for
polystyrene, PBD for polybutadiene, and S for styrene solvent (styrene monomers). The
numerical values of densities, X parameters, and Kuhn lengths are taken from references

(74] and (76]:
XPS-S
PPBD

= 0.49

= 10.6

bPBD

nm- 3

= 0.68

From numerical values of

nm

XPBD-S

= 0.29

PPS = 6.07 nm- 3
bps

x parameters

= 0.68

XPS-PBD

= 0.024

(3.10)

Ps = 5.25 nm- 3

(3.11)
(3.12)

nm

we can conclude that styrene solvent, S, is more

compatible with P BD than it is with P S. Therefore styrene, S, can be considered as a
selective solvent. It is interesting, however, that XPs-s is greater than XPBD-S so that the
styrene solvent tends to be preferentially localized in P B D sub domains for microphase
separated blends.
One of our objectives is the calculation of d vs Zc and <f>c for the lamellar structure.
In order to do so we needed an estimate of the values of ZcPs and ZcPBD for which
layers are stable over a range of <f>c for this blend. This was provided by Mr. J. Vavasour
who did self-consistent calculations for lamellar and cylindrical structures, locating the
the phase boundaries between the lamellae and cylinders. He found, varying <f>c, that
blends with copolymers having blocks of equal volume fractions, fps

=

fPBD

=

0.5,

yields consistently the lamellar equilibrium structure below the MST, although he did
not investigate very close to the MST. This corresponds to Zps = 0.364Zc and ZPBD =
0.636Zc which we use throughout this subsection. Next, in order to demonstrate that the

blends we consider do not macrophase separate, we have also calculated the total free
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energy density

!(¢c)

=

!hmn + ~J,

(3.13)

where D.f = D.Fj(V Po) and fh01Tl is the free energy density of a uniform, homogeneous
blend relative to a fully demixed, homogenous system (the free energy of mixing), as in
equation 2.86. We have verified that the curvature of

J("¢c)

was positive for all

¢c,

i.e.

the blend was stable with respect to macrophase separation as elucidated in reference
[29] and also in chapter 5. Subsequently we present our calculations for the PS-b-PBD/S
blend varying <Pc and Zc.
Figures 3.4 and 3.5 show the equilibrium domain thickness as a function of copolymer
degree of polymerization for three different copolymer volume fractions, and as a function
of <Pc for four different copolymer degrees of polymerization, respectively, keeping fixed
ZcPs/ Zc and ZcPBD/ Zc. For pure copolymers with fA

=

fB

=

0.5, but with different bulk

densities, Whitmore and Noolandi [29] showed that the microphase separation occurs if
TcXAB

> 10.5,

(3.14)

where Tc is given by eq. 2.77. For copolymer, PS-b-PBD, considered in this subsection,
we have Tc = 0.63Zc. We estimated the order-disorder transition for this blend with
<Pc

=

0.8 and 0.2, finding TcX

=

11.6 for

¢c =

0.8, and 20 for

¢c =

0.2. This shows

that added S tends to dissolve the rnicrophase. On the other hand, the product TcX([Jc at
the MST decreases from about 10.5 to 9.3 (for

¢c =

0.8), and to 4 (for ([Jc

= 0.2).

This

compares with the copolymer/neutral solvent case, in which, at the MST, TcX would need
to increase to 13 and 52.5, and TcX([Jc would remain constant at 10.5. This demonstrates
a difference between selective and nonselective cases.
Turning now to the scaling in the weak segregation regime, with the product TcX¢c =
4.2, for the first point, we calculate q

~

0.9, which is close to the model calculation

result, and the dependence weakens in the strong segregation where q

~

0.7, which,

Chapter 3.

Lamellar Structure of Copolymer/Solvent Blends

58

again, is the same as for the model calculations both in our work as well as in reference
[30]. On the other hand, p

~

0.2 in the weak segregation regime, while the dependence

weakens in the strong segregation with p ~ 0.03. This represents a significant departure
from the model calculation exponents. The reason for the small values of exponents
may be the relatively small value of

XP5-PBD

compared with

might result in weakened dependence of the "effective"

XP5-5

XP5-PBD

and

XPBD-5·

This

parameter on copolymer

volume fraction, compared with the dilution approximation, and consequently the smaller
exponents. To explore this point we show a panel of density profiles for Zc = 1600 with
seven copolymer volume fractions, figure 3.6. The first panel of figure 3.6 shows the
copolymer and solvent density profiles for ¢c

= 0.2 in weak segregation. The solvent is

preferentially localized in the PBD subdomain, but the variation of the solvent density
is small. If the dilution approximation [27] were valid for this blend then it would be a
homogenous one, with

TcX¢c

=

4.9 < 10.5, where ¢c

= 0.2 and, again,

X

= XP5-PBD·

Next ¢cis increased gradually from 0.2 to 0.8. The solvent remains preferentially localized
in the PBD subdomain with small variations of density profiles, with the maximum
variation for ¢c

= 0.5

of about ±0.04. The density profiles of the corresponding blocks,

i.e. PS and PBD, show increasing localization in the respective subdomains, but degree
of segregation and the layer thickness increase more slowly than in the case of the density
profiles shown by Whitmore and Noolandi (29]. This is reflected in the small value of pin
the strong segregation regime. Unlike the nonselective case, no local maxima are visible
at the interface between subdomains.
To summarize briefly, in this chapter we have found that, for the model systems studied, the scaling behaviour of the layer thickness is the same for the selective and nonselective solvent cases. For PS-b-PBD/S blend, the selective solvent was preferentially
localized in the favorable subdomain, without the local maxima at the interfaces which
were found in model calculations for the nonselective solvent case (30]. The behaviour
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differs significantly from that for neutral solvent as represented by the dilution approximation. However, the solvent density variations were small in both cases. The scaling
of d with Zc, as expressed by the exponent q for the PS-b-PSB blend was the same as
for the model calculations, while the scaling with

¢c

differed; p was significantly smaller,

particularly in the strong segregation. For the PS-PBD/S blend, the product rc"¢cX at
the MST was found to be smaller from that for the neutral solvent case, especially for
low copolymer volume fraction.
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Lamellar Structure of Block Copolymer /Homopolymer Blends

4.1

Introduction
As already discussed in the Introduction block copolymers and block copolymer /homo-

polymer and block copolymer/solvent blends can exhibit a variety of structures and phase
behaviour, undergoing both microphase and macrophase separation. The goal of this
chapter is to provide some additional understanding of the lamellar structure of such
blends near the microphase separation transition (MST), i.e., in the weak segregation
reg1me.
The questions of interest for this chapter have been studied experimentally by Quan
et al. (18], Hashimoto et al. (13, 14, 15], and Winey (16]. They measured the domain
and subdomain thicknesses for series of copolymer /homopolymer blends, and extracted
the dependence of these quantities on the degrees of polymerization of the homopolymers
and the copolymer blocks, blend composition, and temperature. Hashimoto et al., and
Winey related their results to the distribution of the added homopolymers within the
compatible subdomains, and the degree of lateral swelling of the copolymers.
In this chapter we study A-b-B/A and A-b-B/A/B copolymer/homopolymer blends,
using the approximate approach based on the perturbative solutions to the diffusion
equation presented in section 2.3. We assume a lamellar structure, limiting ourselves
to systems with overall A:B volume ratios near 50:50, and, using theory of the phase
behaviour of these systems which is presented in chapter 5 and reference (66], restrict
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our attention to blends which do not macrophase separate. We focus on the

varia~ion

of

the lamellar thickness with the copolymer and homopolymer degrees of polymerization
and overall volume fractions, and on the distribution of copolymers and homopolymers
within each subdomain. We also investigate the temperature (x parameter) dependence
of the A-B interphase region.
In the early work of Hong, Noolandi and Whitmore [27, 29], as well as in our work presented in the next chapter, the fourth order expansion is combined with the assumption
that near the MST, the density profiles can be modeled by simple cosine-like variations
about their mean values, i.e., only the dominant wavenumber is included. Comparison
with numerical self-consistent calculations sugges t s that this "one wavenumber approximation" provides a reasonable result for the free energy of the system, but it fails to
account for changes in the lamellar thickness with overall concentrations and temperature [27, 30]. We have, therefore, incorporated into our approach a model for the density
distributions which goes beyond this assumption.
Section 4.2 of this chapter along with Appendix B describe the formalism, including
the model for the density distributions. Section 4 .3 begins with a comparison of this
approach with numerical self-consistent calculations, and goes on to present results for
model binary and ternary blends. Section 4.4 summarizes the experiments mentioned
above, which are made on systems in the strong segregation regime, and compares the
predictions of the theory with them. It ends with calculations for these specific blends
in the weak segregation regime.
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Model Density Profiles
The essential step, underlying all the calculations in this and the next chapter, is the

minimization of approximate expansion for

!lf,

eq. 2.105, and subsequent calculation of

all four density profiles (in the weak segregation regime) in this chapter. The first step
is to calculate the Fourier components ¢a(k) by minimizing
using ¢f3(1c)

= -¢a(k),

!lf,

i.e., eq. 2.105. Then

the two fields Wa and Wf3 are calculated from eq. 2.103 and 2.104.

From these the four individual density profiles are calculated from eq. 2.99, 2.100 and
2.98. Because of the inversion of eq. 2.101, and 2.102 and minimization of a truncated
series for

!lf,

in order to maintain a consistent level of approximation, at this last step

we truncate eq. 2.99, 2.100 and 2.98 to second order. For example, eq. 2.98 for p = hA,
is evaluated as
( 4.1)
Detailed expressions are given in Appendix C, eq. C.ll-C.14.
In principle, we need to minimize

!lf

with respect to all the Fourier. components

¢a(k). In practice we consider a restricted family of possible ¢a(k), in order to carry out
the minimization in a numerically efficient way. This family is chosen on the basis of two
assumptions. The first is that it must include the simple cosine form for ¢a( x) expected
for the limiting case of the system approaching the MST, i.e., the ¢a( 1c) and J>f3( 1c) must
include the possibilities

cPa(x) ~ <f>a

+ Wacos(k*x),

(4.2)

¢f3( x) ~ ([>f3

+ 'II t3 cos( k*x ),

( 4.3)

with 'IT t3 = -'II a· Here k* = 2rr I d, d being the lamellar thickness in this limit, and 'II a
and 'II t3 are the amplitudes of the variation in ¢a( x) and ¢f3( x ), respectively. As the
system parameters evolve away from the MST, then the amplitudes Wa and 'II t3 increase,
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the density profiles <Pa.( x) and <P13 ( x) become flatter within each subdomain, and the
interphase regions become narrower evolving towards a hyperbolic tangent shape (40, 78].
For pure block copolymers this has been shown theoretically by Ohta and Kawasaki (40].
They divided the expression for the free energy into two parts:
• a fourth order expansion analogous to that of Cahn and Hilliard (77] ( and also to
Landau-Ginzburg (60] expansion),
• long range interactions.
Next they argued that close to the interface the long range interactions can be ignored, so
that the Cahn-Hilliard theory can be directly applied. This theory, presented in reference
(77], shows, by direct analytical minimization of the free energy, that the interfacial
composition profile has, indeed, the hyperbolic tangent shape. In practice, this limit is
never reached in our calculations.
In our procedure, we represent <Pa.( x) and ¢J13 ( x) by

Cfia.

+ Wa.u(x;d,p,q),

( 4.4)

¢J13(x) = (fi13

+ W13u(x;d,p,q),

( 4.5)

<Pa.(x)

=

where d is the domain thickness, and p and q control the shape of <Pa.( x ), including the
width of the interface and the subdomain thicknesses, as discussed in Appendix B. For
some values of p and q, the function u(x) reduces to the single cosine function, whereas
for other values it can give a <Pa. ( x) appropriate to the strong segregation regime, with
values of 0 and 1 in each subdomain, connected by interfaces whose shapes are hyperbolic
tangents. The functional form chosen for u(x) is discussed in Appendix B.
Substituting eq. 4.4 into eq. 2.105 provides an expression for t1f which is a function
of four variables Wa, d, p and q. For any values of these, we evaluate the multiple sums
appearing in eq. 2.105. Minimizing this function with respect to these variables gives us
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the calculated equilibrium layer thickness d and density profile if>o.· From this we calculate

¢13 = -if>a., the two potentials

wa.

and

w13 from eq.

2.103 and 2.104, and then the four if>P

from eq. 2.98, 2.99 and 2.100 , but truncated to second order as eq. 4.1.
Having completed such a calculation, we convert the results to real space, and finish
by verifying that the solut ion which has been obtained is physically acceptable, i.e., that
all four local volume fractions </Jp( x) remain between 0 and 1 everywhere. It turns out
that this restriction limits the calculations to near the MST, and the profiles do not reach
the hyperbolic tangent shape. We generally needed to keep on the order 10 wavenurnbers
in the expansions. We verified that dropping the third order term from eq. 2.98, 2.99,
and 2.100 caused an error which was small near the MST.
Finally, we identify the point of inflection in ¢a.( x) as the point which divides d into
the two subdomains, of thicknesses dA and dB [78]. The interfacial width, a~, is defined
in Appendix B .
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Model Calculations

4.3.1

Comparison with Self-consistent Calculations

In this section, we examine a model system in which all reference densities and Kuhn
lengths are equal and, for purposes of illustration, usually choose the copolymer degree
of polymerization to be Zc = 400. Perfectly symmetric copolymers with this value of Zc
microphase separate at xZc = 10.5, or X ::= 0.0263 (in this level of approximation), and
this sets the overall scale of the values of X used here. This value is also close to that
for the copolymers in the work of Hashimoto et al. (13, 14, 15). In most of the cases
we exhi bit, all homopolymers are assumed to have the same degree of polymerization,
in which case we simplify the notation by relabeling them

zhA

=

zhB

zh.

When

applicable, we also use label h for hA or solvent case.
We begin by comparing results using the approximate approach used throughout
this chapter with results obtained from the full mean field self-consistent theory, for
binary copolymer/solvent blends, as outlined in section 2.2 and fully described in chapter
3. For this comparison we use symmetric copolymers, i.e., ZcA
choose the interaction parameters to be XsB

=

XAB

=

=

X and XsA

ZcB

=

=

0.

Zc/2, and
Within the

approximate approach, the solvent is represented as an hA homopolymer with Zh =

1. This comparison is meant to test the combination of the fourth order free energy
expansion with the model density, near the MST. It does not test mean field theory
itself, nor does it necessarily represent a realistic model of a real system. For example,
the polystyrene-styrene interaction parameter has been determined to be close to 0.5,
rather than zero [76), as discussed in subsection 3.2.2.
The self-consistent calculations are carried out as described in references [30, 33), and
also in chapter 3, but with the parameter describing the range of the potential, labeled
u in those references, set to zero. Near the MST where the free energy

tlf

approaches
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zero, the required accuracy in the self-consistent solutions to the diffusion equation and
resulting density profiles is on the order of 6 significant figures.
Three series of calculations are shown.

In two of them, Zc = 400, and ¢c = 0.4

(series 1) or 0.8 (series 2). For the third, ¢c = 0.4 as in the first series, but Zc was
increased to 800. The first and second columns of figure 4.1 show, respectively, the free
energy

~~

and the domain thickness d as a function of X for the three systems calculated

both ways. At least to within the numerical accuracy, in both methods the free energy
vanishes with zero derivative at values of X which agree to 3 figures, and D..f and d
agree as the MST is approached. As X increases, the self-consistent calculations give a
slightly higher value of

~f,

a difference attributable to the truncation of the expansion.

As seen in the second column, both calculations predict an increase in d with

x,

with

the approximate calculation predicting a slightly faster increase. The difference virtually
vanishes near, but not solely at, the MST. Expressing the dependence of don X as d ex xP,
then for all 3 systems shown, very close to the MST, the self-consistent calculations give
p

= 0.50 ± 0.01

and the approximate method gives p

= 0.51 ± 0.01.

This contrasts with

the one wavenumber approximation in which d is independent of X·
Figure 4.2 shows calculated density profiles for each blend of figure 4.1. For each case,
we have chosen the largest value of X used in the corresponding panel of figure 4.1, where
the difference between the two sets of calculations is the largest. The left hand column of
figure 4.2 shows the three density profiles for each system, <f>cA(x), <f>cB(x) for copolymer
constituents, and ¢h(x) for the solvent; the right hand side reproduces ¢h(x) on a greatly
expanded scale. Qualitatively, the two approaches give the same results . Quantitatively,
the fourth order expansion overestimates the amplitude of the variations of cPcA(x) and

<PcB( x) by about 10 to 25%. In all cases the density variation of the solvent, 1/;h( x ), 1s
very small, and the two approaches predict almost identical density profiles.
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Domain and S u bdomain Thicknesses

Figure 4.3 shows the first series of calculations for model binary copolymer /homopolymer blends with Zc = 400, and different homopolymer degrees of polymerization with
Z~a.

varying from 1 to 120. As in most of the experiments discussed in section 4.4 and in

references (13]-[15), (16, 18], we consider homopolymer volume fractions up to ¢~a.

= 0.2,

which for the case of symmetric copolymers corresponds to an overall A:B composition
ratio of 60:40. Over at least most of this range, we expect the lamellar structure to be the
equilibrium structure [79]. As well, we choose

xZc

= 12, which

x = 0.03,

so that for the pure copolymer

places the system near but not at the MST.

Figure 4.3 shows the calculated changes in d, and subdomain thicknesses dA and d 8
resulting from the addition of the homopolymers. Beginning with the lamellar thickness
d, the top panel shows that for "small"
The curve for Z~a.

=

1 terminates at

Z~a.,

¢c =

There is a threshold value of Z~a., say

d decreases, but for larger

Z~a.,

it increases.

0.87, because this is the MST for this system.

zhn,

such that if Z~a. =

zhn

then small amounts of

hA induce no change in d. The precise value Zkh. depends on what is meant by "small',
but it is clear that it is about
( 4.6)
We verified that this threshold holds for different Zc. For very small amounts of hA,
the changes in d and can be expressed

( 4.7)
where ¢~a. is the overall homopolymer volume fraction, which for these binary blends is

¢~a.

= ¢~a.A,

and d0 is the layer thickness for the pure copolymer. The values of a range

from about -1.0 for small Z~a. to about 0.4 for Z~a. = 0.3Zc· These values, as well as related
ones for other model systems, are summarized in table 4.1.
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Figure 4.3: Equilibrium domain thickness d, (upper panel), and subdomain thicknesses
dA and dB, (middle and lower panels), as functions of copolymer content 'if>c for the
model binary blend with ZcA = ZcB = 200, for different degrees of polymerization of the
added homopolymer, Z 1" as indicated. The curves for Zh = 1 terminate at tPc = 0.87,
corresponding to the MST.
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Table 4.1: Initial dependence of the domain thickness d and subdomain thicknesses dA
and d8 on small amounts of homopolymer, for binary A-b-B/A and ternary A-b-B/A/B
blends. For all cases, X = 0.03. For the ternary blends, the homopolymers have equal
degrees of polymerization, Zh.A = Zh.B
Zh., and they are added in a proportion to
maintain the blends on the isopleth. The coefficients a, aA and aa are defined by eq. 4. 7,
4.11 and 4.12.

=

II Binary Blends II Ternary Blends
Zc

ZcA/Zc

zh

a

aA

aa

a

aA

aa

400

0.5

1
120
1
120

-1.0
0.4
-0.6
0.9

-1.0
1.0
-0.3
1.5

-1.0
-0.2
-0.8
0.5

-1.0
0.4
-0.6
0.4

-1.0
0.4
-0.4
0.3

-1.0
0.4
-0.8
0.5

0.4
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Figure 4.4 reproduces the information of this panel in a different way, explicitly showing the dependence of d on Zh for different copolymer volume fractions. If the curves
on figure 4.3 were straight lines, then the five curves of figure 4.4 would intersect at
a single point; this is nearly the case. As a result, for all volume fractions shown, for

zh::::_zhh ~ Zc/5 the added homopolymer induces a decrease in d, for Zh"?:-zhh it induces
an increase in d, and for zh ~ zhh' d is unchanged.
This behaviour, including the existence of the threshold, differs qualitatively from
what is predicted by the one wavenumber approximation, shown for this system in figure
4.5. In that approach, dis determined by minimizing the second order term in the free
energy. Two points are apparent from the figure.

First this approach always under-

estimates d, giving the value appropriate for the MST. Second, it predicts that added
homopolymers always induce an increase in d, irrespective of Zh or Zc, although for small
values of Zh/Zc, in particular for solvent, d becomes virtually independent of "¢h.
This prediction can be easily understood. For small ¢h, it is straightforward to show
that the predicted change in d is

( 4.8)
where

9h(x)

gi2)( X),

9c(x)

g~~( X) - [g~~( X)] 2 ,

( 4.9)

(4.10)

2

and gi ), g~~ and g~~, which are directly related to the 9'::.., are defined in Appendix A.
The primes denote derivatives, and

9c, has the value x:
Since

= 22.7/12.

x:, which denotes the location of the maximum of

It is related to d0 by x:

= Zcb 2 [k*] 2 /12,

with do

= 27r / k•.

x: corresponds to the maximum in 9c, and since 9h is monotonically decreasing,

therefore the combination g~j g~ is always positive. On the other hand, for very small
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0, and so the dependence on ¢h van-

ishes.
The prediction of the one wavenumber approximation that added solvent induces
virtually no change in the layer thickness is similar to an earlier comment by Hong
and Noolandi made for neutral solvent. They predicted no dependence of d on solvent
concentration [27], and pointed out that the higher order effects, i.e., those originating
from inclusion of many wavenumbers or application of numerical self-consistent approach,
lead to a reduction in d with added sol vent [30).
We can understand the behaviour of d, and in particular the relationship between the
one wavenumber results and the current results, in the following way. The first point to
note is that for these copolymers, at the MST the domain thickness would be do/b
i.e, the one wavenumber value. However, for the chosen value of

x, xZc = 12,

~

26.4,

and hence

d 0 is larger, d 0 /b ~ 29. Second, it is known from reference [29] and further discussed

in chapter 5 that induced microphase formation is predicted to occur for this blend if
Zh~Zc/4

. This implies that addition of lower molecular weight homopolymers drives

the system towards the weak segregation regime, the density profiles tend towards simple
cosine functions, and d relaxes downwards towards its MST value. For the case shown
in figure 4.3 which reaches the order-disorder transition,

zh

= 1, the value of d at the

transition is just that predicted by the one wavenumber approximation, shown in figure
4.5. Conversely, adding higher molecular weight homopolymers at least initially drives
the system towards the strong segregation regime, which of itself would induce a further
increase in d. Thus the tendency to stabilize or destabilize the microphase is correlated
with the tendency to cause d to increase or decrease.

This picture, as well as other

results such as the values of the threshold z~h and the coefficient a, (and a A and a 8
defined below), very likely depend on where the system is in terms of the weak or strong
segregation regimes.
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Returning now to figure 4.3, the subdomain thicknesses dA and dB for this system
are illustrated in the lower two panels. The initial behaviour of dA resembles that of d,
except that for a given Zh, the increase in dA is greater than the increase in d, and dA
increases for all Zh-2:40. This compares with the threshold value for d for this system of
Zhh ~ 80. By contrast, in all cases, dB initially decreases as A homopolymers are added.

Expressing these initial changes in dA and dB as in eq. 4. 7:

( 4.11)
and
(4.12)
we find the initial slopes range from
aB ~

-0.2 for Zh

aA

=

aB ~

-1.0 for Zh

1 to

aA ""

1.0 and

= 120.

For larger homopolymer concentrations, the changes in dA and dB are more complex,
reflecting three effects. First, the overall increase in <Pa tends to induce an increase in dA.
Second, in general the added homopolymers tend to drive the system towards either the
weak or the strong segregation regimes, tending to induce a decrease or a.n increase in

d, respectively. Finally, as a system approaches the MST, both dA and dB tend towards
d/2. The case Zh

= 40

illustrates these. For dA, there is initially a balance of the first

two effects, and it is nearly constant for homopolymer content up to

if>h

~ 0.17, at which

point it begins to decrease towards d/2 as the system approaches the MST. On the other
hand, dB initially decreases, reaching a minimum near
slightly. For

zh

= 1, the system reaches the MST at

if>h

if>c

~ 0.17, after which it increases

= 0.87, where dA = dB = d/2.

We next consider one example with asymmetric copolymers, chosen to have Zc = 400
as above, but ZcA

= 160 and ZcB

= 240, so the overall composition ratio is

if>a:¢13 = 40:60.

The addition of 20% hA changes this ratio to 52:48, and so once again the structure
probably remains lamellar throughout this range.

Figure 4.6, which is analogous to
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Figure 4.6: Equilibrium domain thickness, d, and subdomain thicknesses dA and
ds, as a function of <Pe for the model binary blend with asymmetric copolymers,
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figure 4.3, shows d, dA and dB as functions of 4>c for this case. For this system, the
curves for Zn
the case

=

zh =

1 and Zh

=

40 both terminate where the blends reach the MST. For

120, we terminated the calculations at

¢c =

0.85, because beyond this

the calculated density distributions became unphysical, as described in section 4.2. We
indicate this by extrapolating with a dotted line.
Considering d first, in all cases its increase is greater than for the corresponding
case with the symmetric copolymers. Consistent with this, there is again a threshold
value of Zn such that for larger (smaller) Zh, the overall domain thickness d increases
(decreases), but in this case it is at z~h ~ 45
z~h ~

""'oJ

Zc/9 ~ ZcA /3.5, which compares with

Zc/5 ~ ZcA/2.5 found above for the symmetric copolymer case.

The variations of dA and dB are particularly interesting. For neat copolymer, dA ""'
11.5 < d/2 and dB

~

13.5 > d/2. As very low molecular weight homopolymers are

added, the system moves towards the MST, d decreases, and both dA and dB initially
follow, e.g. for

zh

= 1, a ~ -0.6, aA ~ -0.3 and aB ~ -0.8.

However, with the

addition of only small amounts of these homopolymers, the tendency for dA and dB to
change towards d/2 dominates, causing dA to increase and dB to decrease rapidly. For
the higher molecular weight homopolymers, e.g. Zn = 120, both dA and dB increase,
in contrast with corresponding behaviour for the symmetric copolymer /homopolymer
blends, in which dB decreased.
Turning to ternary blends, we begin with model systems with symmetric copolymers
blended with equal amounts of A and B homopolymers with equal degrees of polymerization, i.e., 4>nA = ¢hB = 4>n/2 and Zu = zhB

=zh. This simplifies the results, because

dA = dB = d/2. Figure 4. 7, which is analogous to the upper panel of figure 4.3, shows
calculated values of d for such blends with Zc = 400, and Zn varying from 1 to 120.
For small Z 11 , the behaviour of d is virtually identical to that for the binary blends. For
larger Zh, it is almost the same for very low ¢ 11 , reflected in the fact that the values of

Chapter 4.

Lamellar Structure of Block Copolymer/Homopolymer Blends

82

32

ZcA = Zca
X = 0.03

- 120

-

200

-.en

.s:=. 30
0)

80

c:
Q.)

c:

..c
:::::J

-

~

28

"0

d/d 0

1

~

-

1 + a ~b

26
0.8

0.9

1

Copolymer Volume Fraction, ~c

Figure 4.7: Equilibrium domain thickness, d, as a function of "'4>c for the model ternary
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the coefficient a are the same in corresponding cases, and furthermore in this limit the
threshold value of Zn remains the same, zhn ~ Zc/5. However, as ¢n is increased, there
are quantitative differences. Finite concentrations of homopolymer, e.g. 10-20%, tend
to induce a larger increase in d than in the binary case; for example for

zh =

120, the

increase in d at <f>c = 0.8 is about 50% larger. Another (obvious) difference from the
binary blends in this case is that dA

= dB = d/2.

For the final model system, we consider ternary blends with the same asymmetric
copolymers as in figure 4.6, blended with A and B homopolymers with equal degrees
of polymerization, but added in a proportion to maintain the system on the isopleth,
i.e., the overall volume fractions remain <f>a:¢13 = 40:60.

Figure 4.8 shows d, dA and

dB as a function of <f>c for this case. As for the cases using symmetric copolymers, the
results for binary and these ternary blends are almost identical for Zn

=

1. However, the

differences for larger Zn are more pronounced, reflecting in part the fact that the overall

A:B concentration remains 40:60, and the MST is reached at higher

¢c.

In general, the

decrease in dis faster, or its increase is slower, and the threshold (for the limit ¢n

--+

0) is

increased by about 50% to zhn ~ 70 ~ Zc/6. For Zn = 40, because the MST is reached
sooner m the ternary blends, the rapid changes in dA and dB (towards d/2) occur at
larger <Pc· For larger

zh

and the volume fractions shown, the increases in dA are smaller

but the tendency for dB to increase is larger, in the ternary blends compared with the
binary blends.
Figures 4.9 and 4.10 show the calculated variation of d with the interaction parameter

x for

the systems modeled above with the symmetric copolymers. In all cases we restrict

attention to the region very near the MST, with each line terminating at the value of
X corresponding to the MST. Referring back to the results shown in figure 4.1, it is

probable that the variation in d is well represented by our model over this range of
(to the extent that mean field theory is adequate). It was observed that doc

x" over

x,
a
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Figure 4.8: Equilibrium domain thickness, d, and subdomain thicknesses dA and
dB, as a function of ?>c for the model ternary blend with asymmetric copolymers,
ZcA = 160, zcB = 240. In each case, zhA = zhB
zh as indicated. The systems
are on the isopleth, maintaining a constant overall ratio ?>a:?>/J = 2:3. The curves for
Zh = 1 and 40 terminate at ?>c = 0.944 and 0.895 respectively, corresponding to the MST
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~c = 0.8. Results are shown for three different homopolymer degrees of polymerization,
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range of X [10] and for that reason we express it in this way over the limited region of X·
The calculations show a number of effects, at least qualitatively. First, expressing the
results again as d cx

xP, for the pure copolymer

p

~

0.5, as above. Second, there is very

little difference between the binary and ternary blends. Third, in both binary and ternary
blends, as solvent is added, the transition is shifted to higher values of

x,

for a given X

the value of d decreases, and the value of p remains very near 0.5. For Zh = 40, the

x and for a given X the value of d is again
decreased. However, the dependence of don x strengthens slightly as homopolymers are
added; p increases to almost 0.6 at ~c = 0.8. For Zh = Zc/4, the transition is nearly
unshifted, for a given x the value of dis increased, and the dependence of don x further
transition remains shifted to higher values of

=

increases slightly, with p

0.6 at ~c

=

0.8 in the binary blend, and p slightly greater

than 0.6 in ternary blend.
Figure 4.11 shows the calculated variation of interfacial width,
parameter

x for the systems discussed above

a1,

with the interaction

with the symmetric copolymer. In all cases

we restrict attention to the region very near the MST, with each line terminating at the
value of

x shifted away from

the MST by 0.01. Since the differences between binary and

ternary blends were very small, only binary case is presented here.
We, again, express our results in the form a "'
while for ~c = 0.8 and

zh

x".

For pure copolymer s

~

-0.45,

= 100 the s changes down to -0.6. Quantitatively, in this series

of calculations, s decreases with increasing Zc and decreasing ~c· In strong segregation,
Helfand et al. [45, 78) found theoretically that s = -0.5 for pure copolymers, which
is close to our values of this exponent.

It has to borne in mind, however, that our

calculations have been performed in the weak segregation regime.
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Figure 4.11: Equilibrium interfacial width, a 1 , as a function of X for binary blends with
symmetric copolymers, ZcA = zcB. The solid line represents pure copolymer, dashed
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are shown for three different homopolymer degrees of polymerization, zh, as indicated.
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4.3.3

Homopolymer Localization and Density Profiles

We next turn to relating the above results to the distribution of each component
within the domains and subdomains. Following Tanaka et al. (14], we begin by considering the square root of the average cross sectional area per copolymer molecule in
each domain, aJ. (In the strong segregation regime, aJ is proportional to the average
nearest-neighbor distance between joints.) The degree to which aJ increases as solvent
or homopolymers are added indicates the degree to which the added molecules penetrate
within the copolymers and swell the system laterally. If added solvent penetrates both
subdomains, then both dA and dB decrease. On the other hand, if hA is preferentially
solubilized in the A domain, e .g. in binary blends, then dA increases but the induced
lateral swelling of the copolymers causes dB to decrease. If added homopolymers are
solubilized in both domains, e.g. in ternary blends, then dA and dB can either increase
or decrease.
Changes in aJ are quantitatively related to changes in
aJ
aJo

¢c

and d by

= [ ~ ji/2,

(4.13)

d<l>c

where aJo is aJ for pure copolymer, and for low homopolymer concentrations, the variation in aJ is simply related to the variation in d. Substituting eq. 4. 7 into eq 4.13 and
expanding yields

(4.14)
where a is the coefficient appearing in eq. 4. 7. If there is no penetration by the added
homopolymer, then aJ

= aJ

0 ,

a=

1, and dfdo ~ 1 +¢h. The greater the penetration is,

the faster the increase in aJ / aJ0 is, the smaller the value of the coefficient a is, and the
slower the increase in dis.
Figures 4.12 and 4.13 show this function for the model systems discussed above. Figure 4.12 is for binary and ternary blends with symmetric copolymers with ZcA

=

ZcB

=
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Figure 4.12: Square root of the average cross sectional area per copolymer molecule in
each interface, aJ, relative to its value for the neat copolymer system, aJ0 , as a function
of ~c' for the systems with symmetric copolymers. The solid curves correspond to binary
blends, as in figure 4.3, and the dashed curves correspond to ternary blends on the
isopleth as in figure 4. 7.
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Figure 4.13: Square root of the average cross sectional area per copolymer molecule in
each interface, aJ, relative to its value for the neat copolymer system, aJ0 , as a function
of if>c, for the systems with asymmetric copolymers. The solid curves correspond to
binary blends, as in figure 4.6, and the dashed curves correspond to ternary blends on
the isopleth as in figure 4.8.
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200, and figure 4.13 is for the binary and ternary blends with asymmetric copolymers
with ZcA = 160 and ZcB = 240. (The ternary blends are on the isopleths .) In all cases
a 1 1a 10 increases with added homopolymers, with the largest increase occurring for small-

est Zh· This implies that the smaller the homopolymer is, the greater is its tendency to
penetrate within the copolymers. It is also apparent that for a given copolymer, added
solvent has virtually the same effect in binary blends as it does in ternary blends. For
blends with symmetric copolymers, figure 4.12, a1la1o is almost the same for binary and
ternary blends, being slightly larger in the binary blends. For blends with asymmetric
copolymers, figure 4.13, the differences are enhanced and reversed:

a1 / a1o

is somewhat

larger in the ternary blends. For the binary blends, solid line on each figure,

I

a 1 a1o

is

smaller for the asymmetric copolymers than for the symmetric ones. This is largely also
the case for ternary blends, (dashed lines on each figure) except for the larger values of
zh; at zh

= 120 they are almost the same.

Figures 4.14 to 4.16 show calculated density profiles which complement the above
calculations. Figure 4.14 is for the binary blends with the symmetric copolymers. The
upper panel is for the pure copolymer, and illustrates the two profiles <l>cA(x) and <PcB(x).
The second panel in the first column shows the profiles for a blend with 20% of hA with

Zh

= 40,

and beside this are the profiles for a blend with 20% of hA but with Zh

= 120.

The final panel is for 40% of hA with Zh = 120. A direct comparison of the panels corresponding to (/Jh = 0.8 shows that homopolymers with the larger degree of polymerization
are the more localized, both between subdomains and within the favorable A-subdomain.
This localization is even more apparent in the final panel. In this case the maximum of

<PcA(x) has shifted from the centre of the A-rich subdomain towards the A-B interface.
The degree of this localization depends on both the relative degrees of polymerization
and the strength of

x,

presumably being enhanced in the strong segregation regime.

Figure 4.15 is similar to figure 4.14, except it is for the asymmetric copolymers,
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ZcA = 160 and ZcB = 240. The calculations indicate that for this value of

x,

an 80/20

blend of these copolymers with hA of Zh = 40 is not microphase separated, and so we
compare the two systems with Cfic

=

0.9 instead of <f>c

=

0.8 as in figure 4.13 . Also,

the theory predicts that a 60/40 blend with homopolymers with

zh

= 120 macrophase

separates (66], and so Cfic = 0.65 was used for the final panel. The results are qualitatively
the same as for the blends with symmetric copolymers but there is a quantitative change.
In the case Zh = 120, the localization of the hA within the subdomain is slightly greater
and the local minimum in <PcA(x) is more pronounced.
Finally, figure 4.16 shows density profiles for a ternary blend with the asymmetric
copolymers used above and unequal homopolymer degrees of polymerization. For this
case we chose ZhA

=

120

=

0.75ZcA, and ZhB

=

40

=

0.17ZcB, so that the degree of

polymerization of the A homopolymers is relatively large compared with that of the corresponding copolymer block, whereas the degree of polymerization of the B homopolymers
is relatively low. The resulting profiles reflect these choices. The B homopolymers are
distributed much more uniformly throughout the full domain than the A homopolymers,
which are almost fully expelled from the B subdomains and furthermore are quite localized within the A subdomains. Reflecting this, <PcB ( x) peaks at the centre of the B
subdomains, but </>cA ( x) has a broad, shallow minimum at the centre of the A subdomain,
as in the last panels of figure 4.14 and 4.15.
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Experimental Comparison
We discuss three sets of experiments, beginning with those carried out by Hashimoto

et al. (13, 14, 15]. They used Transmission Electron Microscopy to identify the morphologies (lamellae, cylinders or spheres) of copolymer blends in the strong segregation
regime. However, their primary experimental technique was SAXS. They measured the
elastic scattering intensity as a function of wavevector (angle (} ) which exhibited regularly spaced maxima ("peaks") from which domain thickness could be calculated and
type of morphology determined. In particular, the lamellar structure was confirmed by
maxima at the peak positions, which were integer multiples of the wavenumber of the
first-order peak, 1 : 2 : 3 : 4 : · · ·.

For cylinders and spheres the maxima were at

1 : .j3 : .j4 : y'7 : · · ·, and 1 : .j2 : .j3 : .j4 : · · ·, respectively, relative to that of the
first order. Furthermore, by volumetric considerations (14, 80], subdomain thicknesses
and

aJ / aJo

were calculated.

Hashimoto et al. used styrene-isoprene copolymers, which they labeled HYB, with
a total degree of polymerization of

145 and

ZcPI

Zc ~

385, block degrees of polymerization

~ 240 and volume fractions ""4>cPS ~ 0.45 and -;{>cPI ~ 0.55.

homopolymer PS (hPS) with degrees of polymerization
a.nd homopolymer PI (hPJ) with

ZhPS ~

zhPS ~

ZcPS ,....__

They used

25, 40, 100 and 160,

25. These were labeled S02, S04, SlO, S17

a.nd HI respectively. Most of the measurements were for binary blends using the hPS,
with up to 80% homopolymer. For blends with S02, S04 or SlO, the structure remained
lamellar at

-;{>h.

= 0.2, changing to cylindrical for if>h = 0.5. However, blends using S17

remained lamellar up to <Ph = 0.5.

They also studied ternary HYB/S02/HI blends,

choosing the overall blend composition to maintain the system on the isopleth, i.e.,
¢ps ~ 0.45 = 1 -¢PI· This system maintained a lamellar structure with long range

order for copolymer volume fractions as low as 10%.
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Many of their results focussed on the domain and subdomain thicknesses d, dps
and dp 1 , the average distance between joints in each interface, and the dependence of
these quantities on composition, degrees of polymerization and temperature. They also
interpreted their results in terms of the localization of the homopolymers within the
subdomains. In all cases, their analysis indicated that the systems were in the strong
segregation regime, and that the solubilized homopolymers were completely segregated
into the favorable subdomains.
Some of their data are reproduced in figure 4.17 and 4.18. We summarize the results
which relate to the current work as follows:
1. In binary systems:
• at a given temperature T, adding hPS always caused an increase in d and dps and
a decrease in dpJ;
• for a given

¢hPS'

d always decreased with increasing temperature;

e the temperature dependence of d increased with decreasing
ZcPS

it increased with increasing

• for a given

¢hPS

ZhPS,

and for

ZhPS

<

¢hPSi

and T, d always increased with increasing

zhPS·

2. In ternary blends, adding homopolymers always caused an increase in d, dps and
dp[.

3. In binary and ternary blends,

aJ / aJo

always increased upon addition of homopoly-

mers, and the increase was faster for small

zhPS

than for large

zhPS·

This implied

that the low molecular weight homopolymers were solubilized relatively uniformly
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Figure 4.17: Calculated and measured values of d, dps, and dpf, for PS-b-Pl/PS blends
for copolymers with block degrees of polymerization as shown, and for homopolymers
with degrees of polymerization ZhPS = 100 and 160. These correspond to the HYB/SlO
and HYB/S17blends studied by Hashimoto at al. The points are the experimental values,
and the solid curves the calculations which were done with a constant value of x, chosen
to be 0.029.
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Figure 4.18: Calculated and measured values of aJ / aJo for the PS-b-Pl/PS blends of
figure 4.17. The points are the experimental values, and the solid curves the calculations
which were done with a constant value of x, chosen to be 0.029. The dashed lines joining
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within the corresponding subdomains, while the higher molecular weight homopolymers were more localized within the centres of the subdomains. For these copolymers, the variation of

aJ / aJ 0

with

¢c

was virtually the same for binary and ternary

blends.
The effective value of

x

was determined in related experiments [10, 81] by SAXS

measurements of the elastic scattering intensity in disordered single phase states, as
discussed in section 2.4.

In these experiments the temperature range, at which the

systems were in a disordered state, was expanded by addition of neutral solvent DOP
to the blends. In the context of dilution approximation, discussed in section 3.1, the
"effective"

x parameter can

be expressed as
Xeff

= X</Jp,

(4.15)

where <PP is the total polymer volume fraction. For these HYB copolymers, they found
X ~ 0.035, with the precise value depending on temperature. Adding up to 50% of S02,

S04 or S10 homopolymers caused X to increase, by as much as 50%. For a given

X increased with decreasing

zhPS·

Adding up to 50% of S17 homopolymers caused a

decrease in X of about 10%. The temperature dependence of
smaller

if;hPS'

x tended

to be greater for

ZhPS·

In the second set of experiments, Winey [16] applied the same experimental techniques
as Hashimoto et al. [13, 14, 15], i.e., SAXS in ordered blends and Transmission Electron
Microscopy. They also used styrene-isoprene copolymers, (labeled S/27 /22) with

255 and

ZcPI ,....._

325, and corresponding volume fractions

They studied blends with hPS with

ZhPS ~

¢cPS

~ 0.51 and

<PcPI

ZcPS ~

~ 0.49.

25, 60, 135 and 355, which they labeled 2.6

hPS, 6 hPS, 14 hPS and 31 hPS respectively, using homopolymer weight fractions

up to 20% for all cases except 14 hPS, where

wh

wh

was as high as 0.24. They estimated a
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Figure 4.19: Calculated and measured values of d, dps, and dpf, for PS-b-Pl/PS blends
for copolymers with block degrees of polymerization as shown, and for homopolymers
with degrees of polymerization Zh.Ps = 15, 40, 90, and 235. These correspond to the four
blends studied by Winey [16], as indicated by the labeling on this diagram, except that
all degrees of polymerization have been rescaled by a common factor, and X has been set
to 0.029. The points are the experimental values, and the curves the calculations which
were done with X= 0.029. For different panels, we use different units on vertical axis.
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Figure 4.20: Calculated and measured values of aJ / aJo for the PS-b-PI/PS blends of
figure 4.19. The points are the experimental values, and the solid curves the calculations
which were done with a constant value of x, chosen to be 0.029 .
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value of

xZc ~

104

32, which corresponds to the strong segregation regime. All these blends

exhibited the lamellar structure.
The observations in these experiments, reproduced in figure 4.19 and 4.20, were more
complex than those found by Hashimoto et al. (13, 14, 15}. The addition of small amounts
of either 2. 6 hPS or Lf hPS induced small decreases in d, which were followed by increases
as additional homopolymers were added. In 90:10 blends with either 6 hPS or Lf hPS, the
value of d was virtually the same for as for the neat copolymers. The addition of 37 hPS
consistently induced an increase in d. These results are consistent with the existence of
an approximate threshold

Zkh,

with a value in the vicinity of

Zlh ~

100 ~

ZcPS /2.5.

The

existence of this apparent threshold contrasts with the results of Hashimoto et al., but
this difference may be attributable to molecular weight and composition dependencies of

X·
Otherwise, the results agree with those of Hashimoto et al. For a given T and ¢>h, the
domain thickness is an increasing function of ZhPS, and the associated lateral swelling is a
The PS subdomain thickness always increased as a function

decreasing function of

zhPS·

of both

The PI subdomain thickness decreased as hPS was added, except

ZhPS

and

if>h·

for weight fractions
smaller for large

whPs;:::0.2

ZhPS·

for the 14 hPS and 37 hPS cases. The decrease in dpJ was

The area per chain decreased or increased as dpJ increased or

decreased, respectively.
Finally, Quan et al. [18} used Small Angle Neutron Scattering (SANS) to measure
the SANS intensity as a function of scattering wavevector, and to determine the domain
thicknesses for a series of hydrogenated butadiene homopolymers in a matrix of styrenehydrogenated butadiene-styrene triblock copolymers, with weight fractions
The copolymers had weight fractions
of polymerization

ZcPB ~

1, 000 and

WcPS

= 0.49

ZcPS ~

a.nd

WcPB

= 0.51,

WhPB

= 0.2.

and block degrees

270, (each block). They found that the

lamellar thickness d decreased for homopolymers with

ZhPB ~

200, and increased for
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600 and 1,100. Their data suggest a threshold value near zhPB ~ 250 ~ Zc/4.

Because all these systems are in the strong segregation regime, and also because the
last ones involve triblock copolymers, we should not expect quantitati ve agreement between the current theory and these experiments. Furthermore, the experiments indicate
that a full understanding of these systems would require a detailed knowledge of the
variation of X with molecular weights and overall composition, information which is not
currently available for these systems in the weak segregation regime. Nonetheless, we can
make a qualitative comparison of the predictions for the weak segregation regime with
the results of these experiments. We also have performed a series of calculations relevant
to the experimental systems.
We consider the qualitative comparisons first.
• For binary systems the theory predicts that, for constant

x, the addition of ho-

mopolymers with relatively high degrees of polymerization causes an increase in
the layer thickness, and the size of the increase is an increasing function of zh
and ¢h. This is. consistent with all three sets of experiments. The prediction of a
threshold value zkh' such that if zh

< zkh then d decreases, contrasts with the first

set of experiments but agrees with the other two. The predicted values of Zkh are
similar, but not equal, to those found in the latter two sets of experiments.
• The theory predicts that d increases with X· This is consistent with the finding
that d always decreased with increasing T.
• The prediction that, for a given ¢h, d always mcreases with Zh agrees with the
experiments for the case zhPS
• The prediction that

aJ / aJ0

< ZcPS.

always increases with added homopolymers and that

the size of the increase is a decreasing function of zh agrees with the experiments.
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is virtually the same for binary and

ternary blends, as found experimentally.
• Expressing the dependence of d on X as d ex
slightly as both

¢h

and

Zh

xP, the theory predicts that

p increases

increases. This compares with the finding that the tem-

perature dependence of d strengthens with increasing ¢h but decreasing

Zh.

This is

another case in which a conclusive comparison would require the full temperature,
composition and molecular weight dependencies of

x, in the appropriate regime.

Turning now to related calculations, the first set is shown in figure 4.17 and 4.18. For
the numerical work we choose the copolymer degrees of polymerization of each block to
be those used in the experiments,

ZcPS

= 145 and ZcPI = 240, and use independently

determined reference densities and Kuhn lengths: Pos
for polystyrene and Poi

=

8.07 nm- 3 and br

=

=

6.07 nm- 3 and bs

= 0.68 nm

0.59 nm for polyisoprene [82, 83]. In

order to stay within the weak segregation regime, we choose

x=

0.029 as in the model

calculations of the previous section 4.3. This compares with the experimental value of
about 0.035 for the copolymers, or an (approximate) effective value of less than 0.035 for
the systems diluted with DOP [10]. In this context, we do not feel that it is appropriate
to include any variation in X with composition, although it would be straightforward to
do so.
The upper panel of figure 4.17 shows the variation of d/do with composition for two
sets of blends,

ZhPS

= 100 and

ZhPS

= 160, corresponding to the experimental blends as

indicated on the figure. For these cases, the measurements indicate little dependence of x
on volume fractions [10, 84). In both cases the layer thickness increases as homopolymers
are added, with a faster increase for the

zhPS

= 160

blend. As indicated, these changes

are very similar to those found experimentally in the strong segregation regime. On the
other hand, the predictions for the blends using lower molecular weight homopolymers
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would decrease as

homopolymers are added, which compares with the small increase found experimentally.
Furthermore, for the chosen value of X the MST would soon be reached. However, as
previously discussed the X parameter not only is constant but it increases upon addition
of low molecular weight homopolymer [10], which might prevent the system from reaching
the MST, and further contribute to this difference.
The other panels of figure 4.17 compare the calculated values of the subdomain thicknesses with the experimental ones for these systems. The results for these blends are
again in qualitative agreement; dps I dps,o increases, with the largest increase occurring
for the S17 blend, and dprfdPI,o is nearly const ant.

However, there are quantitative

differences; the increase in dpsldps,o found in the experiments is larger than that in the
calculations, and the small decrease in dpJ/dPI,o found in the experiments contrasts with
the small increase in the calculations.
Figure 4.18 compares the experimental and theoretical values of

I

aJ aJo

for these two

systems. In all cases, its change is on the order of only 5% over the composition ranges
studied, with the larger increases occurring for the lower
experiment indicate that the variation of

aJiaJo

zhPS

blends. Both theory and

is non-monotonic for the S17 blends.

More data would be needed to compare the locations of the indicated maximum.
The small increase in

I

aJ aJo

implies a relatively high degree of localization of ho-

mopolymer. This is further illustrated in figure 4.21 which shows the density profiles for 3
copolymer volume fractions of HY-8/517 corresponding to figure 4.17 and 4.18. The first
panel represents the calculated density profiles for the pure copolymer. The middle and
lower panels, corresponding to 4>c

= 0.9 and

0.6, illustrate that adding these homopoly-

mers drives the system towards the strong segregation regime, with the amplitudes of
the copolymer density variations increasing. Of particular interest is the localization of
the homopolymer within the corresponding subdomain. It is larger here than in any of
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Figure 4.21: Calculated local volume fractions corresponding to the HY8/S17 blend of
figure 4.17 and 4.18, for three compositions as shown, and for X= 0.029.
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the model calculations illustrated in Section 4.3 of this chapter, with the local minimum
in

~cPs( x)

at the centre of the PS sub domain being particularly pronounced in this case.

Finally, figure 4.19 and 4.20 compare theoretical calculations with the experiments
of Winey. Once again, in order to stay within the weak segregation regime we choose
X

= 0.029 as before, but we also rescale all degrees of polymerization by a factor of

385/580, so that Zc = 385 as in the cases shown in figure 4.17, 4.18 and 4 .21.

The

calculations should be thought of as an exploration of the effects of the relative degrees
of polymerization, not the total.

(We could equally have chosen the total degrees of

polymerization to be those used by Winey but introduced a new value of

x to

place the

system in the weak segregation regime.)
The upper panel of figure 4.19 compares the values of d/ d 0

The experimental data

•

show more structure than the calculations, but otherwise there is qualitative agreement.
The layer thickness generally increases in the two higher
the lowest

zhPS

zhPS

cases, and decreases for

case. For the 6 hPS blend the calculations show a decrease in d, but the

experiments show virtually no change.
The lower panels of figure 4.19 compare the calculated values of the subdomain thickness with the experimental ones for these systems. For 37 hPS the experiment shows an
increase in dps upon addition of homopolymers, in agreement with the calculations. Also
for

14

hPS there is a qualitative agreement upon addition of homopolymers. However,

when more l,f.hPS is added, our calculations indicate that the system moves towards the
MST, which reduces the dps, while the experimental data show consistent increase in

dp 5 . This discrepancy might be due to the smaller values of

x

which we used in our

calculations, as already discussed in the case of preceding experiments of Hashimoto et
al. Similar discrepancies are observed in the behaviour of dps for 6 hPS and 2.6 hPS.
The last panel of figure 4.19 shows a calculated increase in dpf for 37 hPS, upon addition
of homopolymers, while the experiment shows an initial decrease followed by an increase.
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For 14 hPS the qualitative behaviour of dpr is the same for both the experiments and the
calculations, i.e., an initial decrease followed by an increase. The qualitative disagreement of the behaviour of dpr, for both 6 hPS and 2.6 hPS, might have the same origin
as the one for dps for these two homopolymers, i.e., small value of theoretical

x,

and

consequent dissolution of the ordered structure.
Finally, figure 4.20 compares the calculated and measured values of

aJ / aJ0

for _these

systems. The overall scale and qualitative behaviour are the same, but there are the
same quantitative differences as there are in figure 4.19. In particular, there is significant
structure in the experimental results for the 37 hPS blends which is not present in the
calculations.
In conclusion to this chapter we recall the most interesting results. We compared the
results of the fourth order expansion calculations with the numerical self-consistent ones
for the related problem of A-b-E/selective solvent blends, finding that the results of the
two calculations agreed very well for values of X within about 10% of its value at the MST.
Using the fourth order expansion, we performed both model and real system calculations,
based on experimental work of Hashimoto et al., Winey and Quan et al. Subsequently
we name the most important results of those calculations. We found that, for constant x,
the addition of homopolymers with relatively high degrees of polymerization, Zh, caused
an increase in the layer thickness, and the size of the increase was an increasing function
of Zh·

Homopolymers with relatively small Zh lead to a decrease in d, and so there

was a threshold value Zh ~ Zc/5. Low molecular weight homopolymers were relatively
uniformly solubilized in the subdomains, while homopolymers of high molecular weight
were progressively more localized towards the subdomain centre. This was illustrated
by calculated density profiles in the weak segregation regime. In the case of real system
calculations, we mostly found a qualitative agreement with experiments.
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5.1

Introduction
The goal of this chapter is to provide a contribution to the understanding of mi-

crophase and macrophase separation in ternary copolymer /homopolymer blends of the
form A-b-B/A/B, e.g.

PS-b-Pf/PS/Pl. We discuss here the phase behaviour of these

blends on the basis of a mean field theory which employs the fourth order expansion of
the free energy of the microphase, developed in chapter 2 and used in 4. In this chapter
this expansion is simplified by the assumption that near the MST, the density profiles
can be modeled by simple cosine-like variations about their mean values, i.e., only the
dominant wavenumber is included in summations. Even for ternary systems which do
not undergo an order-disorder transition, e.g. those described by a simple Flory-Huggins
model for the free energy, there is a multitude of possible phase diagram topologies (85].
In this chapter we consider some of the interesting possibilities for systems which undergo
both microphase and macrophase separation. Because we use one wavenumber approximation, we limit the discussion to the weak segregation regime, but reemphasize that
even here the results should be considered primarily as guides to the behaviour which
can occur. The approach does not include fluctuation effects, numerical solutions to the
self-consistent field equations, or equation of state effects, i.e., the temperature and pressure dependence of polymer densities. Because of these limitations, we made no attempt
to discriminate between different morphologies (lamellae, cylinders, spheres). Instead we
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explicitly assumed the lamellar structure. This can be at least partly justified on the
grounds that, except very near to the order-disorder transition, the difference between
the free energies of any two microphases is generally much smaller than the difference
between the free energy of any microphase and the homogeneous phase [86]. This approach can be thought of as the simplest treatment of these systems which incorporates
both microphase and macrophase separation.
The calculations here complement the recent discussion of ternary phase diagrams of
such blends by Broseta and Fredrickson, which was based on the Leibler RPA theory, using what corresponds to the second order term in the expansion of the free energy of the
microphase [87]. Their discussion of different topologies of ternary phase diagrams was restricted to isotropic mixtures, i.e., either for block copolymer/homopolymer, A-b-B/A/B,
blends above the MST for all concentrations, or for random copolymer /homopolymer
blends, A-co-B/A/B. First they discussed the symmetric copolymer, i.e., copolymer containing the same number of A and B monomers, and homopolymers with the same degree
of polymerization. Following Leibler [11], they also assumed that monomers had equal
volumes, and Kuhn lengths for A and B are identical. They found that the topology
of the phase diagram of such a blend depends only on two parameters: a and h, where

a = Zc/ Zh and h = ZcX· In particular, they predicted the criteria for the existence of
three-phase region. Next they showed the limits of their theory by considering the second order term (or equivalently the inverse of the calculated scattering intensity, I( k))
of the free energy polynomial expansion for block copolymer /homopolymer blends. If
the initial slope of I( k ), as a function of k at k

=

0, was positive then the maximum

of I( k) was reached at some k* different from zero. This indicated the possibility of
microphase separation and was excluded from Broseta and Fredrickson's work. If, on
the other hand, this initial slope was negative that suggested a macrophase separation,
i.e., k*

= 0 instability.

The system could macrophase separate into either a two-phase or
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three-phase region.
When modeling the blend we assume that each phase is either a homogeneous mixture
or an ordered microphase, but these are not the only possibilities. In particular, copolymer m icelles can form within each homopolymer rich phase, or the copolymers could
migrate to interfaces between homopolymer domains. Using a model of micelle formation developed by Whitmore and Noolandi [31 ], we have tried to identify and thereby
avoid systems in which micelles form. We also assume that at equilibrium only an insignificant fraction of the copolymers migrates to interfaces (for those cases where macrophase
separation occurs).
Section 5.2 of this chapter describes the theory and detailed formulae appropriate for
this chapter, and section 5 .3 presents results. Given the limitations of the approach these
results cannot be considered quantitatively reliable, but instead should be used as guides
to understanding the systems and the phenomena that can occur.
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Calculation of Phase Diagrams
In this section we show the method of calculating the phase diagrams of these systems

in the weak segregation regime, assuming a lamellar structure for the microphase, and
using the one wavenumber approximation. To do so, for each system we first calculate
the free energy per unit volume for all concentrations, </>hA' ;f>hB and </>c, including !:if if
so indicated. Because we are treating the weak segregation regime, for the purposes of
calculating !:if and for speed of calculations we approximate <I>a( x) by the simple circular
function [11, 87]
(5.1)
and of course </>p(x) = 1 - <l>a(x). The second term in eq. 5.1 models the variation
of <l>a(x) about its mean value, with Wa being the amplitude of this variation. Away
from the order-disorder transition, other wavenumbers must be included to calculate the
density profiles, domain thicknesses, etc. [30], as in chapter 4 of this thesis, but in this
chapter we make no attempt to calculate these other quantities. This simplification of
the assumed density variation, u(x; d,p, q) of eq. 4.4, is meant to facilitate the timeconsuming numerical calculations of this chapter.
A consequence of using eq.

5.1 and assuming the lamellar structure is that only

wavevectors of magnitude k appear in the summations of eq. 2.105, and furthermore the
third order term vanishes. The remaining sums for j< 2> and J(") are independent of \ll a'
and result in an expression of the form
(5.2)
The next step is to locate the minimum of A( k), say at k*. If A( k*)

> 0 then it indicates

that the homogeneous phase is stable relative to the microphase, and the free energy
density for that blend is

f

=

!hom·

H, however, A(k*) < 0 then it indicates that the
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In this case we evaluate

B(k*), and minimize eq. 5 .2 by calculating Wa = [-A(k*)/2B(k*)]112, giving
A(k*) 2
~~ = - 4B(k•)"
The resulting (negative) value for

!horn, to

~~

(5.3)

is then added to the Flory Huggins free energy

give the free energy density of a single phase at that composition. The test

calculations show that the differences between the numerical values of

~j,

obtained in

many wavenumber and and one wavenumber expansions, are small in the vicinity the
MST. Furthermore, Whitmore and Noolandi (30] have demonstrated that, in case of
copolymer/nonselective blend, the free energy obtained from the self-consistent calculations differs from the one wavenumber

4th

order expansion by about 10%, even in the

strong segregation regime.
This produces a full free energy surface for the system. From this surface we next
locate order-disorder transition lines, where A( k*) = 0, and the spinodals for macrophase
separation, where, e.g.,

= 0.
a2

a~hAa~hB

f

a2

a~~s

(5.4)

f

Having located the spinodals, the next step is finding the tie lines and binodals. Two
phases coexist at points 1 and 2 of the phase diagram if there exists a plane which is
tangent to the free energy surface at those two points, but which lies below it everywhere
else (88]. Such a pair of points is connected by a tie-line, and the locus of these pairs of
points constitutes binodal lines. If there is a plane which is tangent to the free energy
surface at three different points but which lies below it elsewhere, then these three points
enclose a three phase region. In this chapter we consider two and three phase regions.
The numerical procedure for finding the tangent planes, which we have developed, is
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based on that of Hsu and Prausnitz (89], and consists of minimizing a convenient function
of three (for a two phase region) or six (for a three phase region) variables. The free energy
density f(¢hA' (/;hE' (/;J formally depends on the three concentrations (/JhA' ¢hE and <Pc·
But since (/JhA +(/;hE

+ ¢c = 1,

any two concentrations ( or any two linearly independent

combinations of all of them) can serve as independent variables. Here we list some of the
possible choices: {¢)hA' (/;hE}, {¢)c, "¢hA}, {'1/J = "¢hA

+ "¢hE,T/

= "¢hA- (/;hE}. Finding a plane

tangent to the free energy surface at two points, 1 and 2 with coordinates (x 1 , yt) and

(x 2 , y 2 ) respectively , amounts to solving of a system of the subsequent equations

Vx/11

v :rll2,

(5.5)

Vy/l1

Vyfl2,

(5.6)

V xf l1(x2- x1) + Vyfi1(Y2- Yl)·

(5.7)

/(2)- ](1)

where x and y are one of the possible choices of independent variables. This system is
solved numerically by minimizing the function
g(x1,x2,Y1,y2)

= ~{

(Vxfil- Vxfi2J 2 +
(Vyfl1 - V yfl2] 2 +
(!(1)- !(2) +
Vxfh(x2- xr)

+ Vyfi1(Y2- yt)] 2},

(5.8)

where

(5.9)
and is meant to exclude the possibility of finding trivial solution, i.e., x 1 = x 2 and y 1 = y 2 .
One additional "independent" variable can be eliminated by the following reasoning.
When a ternary system is placed into an unstable region at composition described by
coordinates (

x., y•)

then it macrophase separates into, at least, two equilibrium phases
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characterized by concentrations (x 1 , yt) and (x 2 , y 2 ) such that they satisfy equations 5.5,
5 .6 and 5. 7. Two of those equation, eq. 5.5 and 5.6, express the equality of chemical potentials of the corresponding phases, 1 and 2. The additional condition which xi, x 2 , y 1 ,
and y 2 have to fulfill is that points (xi, yr), ( x•, y•) and ( x 2 , y 2 ) are collinear. This requirement further reduces the number of independent variables to 3. The third equation,
eq. 5. 7, along with the above condition ensures the conservation of mass.

It was straightforward to generalize the preceding considerations for the case where
the system macrophase separates into three equilibrium phases denoted by 1, 2 and 3.
The system of equations for a plane tangent to the free energy surface at three points 1,
2 and 3 can be readily generalized. The minimized function g becomes dependent on six
variables in this case.
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Results

5.3.1

Symmetric Model Systems

We begin with model system calculations for which all reference densities and Kuhn
lengths are taken to be equal. We choose copolymers with Zc = 400 which is the same
as in model calculations of the previous chapter and close to the value used in the
experimental work reviewed in section 4.4. Here, again, the overall scale of the values of
X is chosen close to 0.0263 as in section 4.1. As already stated in the Introduction and

section 2.4, for each blend we neglect its dependence on overall concentrations, and do not
need to relate it directly to either temperature or degrees of polymerization. The other
important system characteristics are the composition of the copolymers, i.e., ZcA / Zc, and
the degrees of polymerization of each homopolymer relative to the copolymers, related
to parameter a of Broseta and Fredrickson and mentioned in section 5.1. (87].
Our first three sets of calculations are for a symmetric system, containing copolymers with ZcA

=

ZcB

=

Zc/ 2, and homopolymers with equal degrees of polymerization,

zhA = zhB - zh. Figure 5.1 shows four phase diagrams for the case of relatively low homopolymer molecular weight, Zh

= Zc/8,

which is Zh

= 50

in this case. For xZc

< 10.5,

(not shown) the system is in a single homogeneous phase for all concentrations. As X is
increased beyond this value, e.g. the temperature is lowered, the first feature which appears is m.icrophase separation of the pure copolymer. This is illustrated in the first panel
of figure 5.1, for which xZc

= 12.

Addition of these low molecular weight homopolymers

in any proportion tends to dissolve the microphase, but there is no macrophase separation anywhere on the diagram which is consistent with the results for binary blends

(29]. In principle, there is a small two phase region between the M and H regions which
vanishes in this approach. Thus there are only a single microphase region, M, and a single
homogeneous phase region, H, on this diagram. As the value of

x

is further increased
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Figure 5.1: Calculated phase diagrams for a model symmetric ternary A-b-B/A/B blend
with copolymer degree of polymerization Zc = 400, (ZcA = Zcs = Zc/2), homopolymer
degrees of polymerization zhA = zhB = 50, and four values of the Flory interaction
parameter as indicated. All reference volumes Pop and Kuhn statistical lengths bP are
taken to be equal. In each of these diagrams, the apex of the triangle represents pure
copolymers, and each of the other vertices represents pure A or B homopolymers. Each
edge represents a binary blend, and each interior point represents a ternary blend. Regions where a single homogeneous phase is stable are labeled H, and those where a single
microphase is stable are labeled M. Two phase regions are indicated by explicit labels,
such as HH or MH, and/or by the presence of the straight tie lines. In these cases the
two coexisting phases are indicated by the two phases in which the tie lines terminate.
There is a triangular three phase region in each of panels (c) and (d), (very small in (c)),
bounded by 3, two phase regions.
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up to the point where xZh = 2, the only change is an increase in size of the M region.
Beyond this, the binary homopolymer blend phase separates, creating a two phase HH
region near the base of the phase diagram. The second panel of figure 5.1 corresponds to
the case where this has begun. It is also apparent from this panel that the microphase
is relatively stable near the isopleth, i.e., along the vertical line on the phase diagram
from the apex of the triangle to the base, along which the overall A :B composition ratio
is 50:50. Along the isopleth, in this case the microphase persists to copolymer volume
fractions as low as about 15%. By contrast, in each binary copolymer/homopolymer
blend it persists only to about 40% copolymer content. With a further increase in

x,

the

regions of microphase and macrophase separation overlap, as indicated in the third panel
of figure 5.1, for which X = 0.043. At this point the phase diagram has become quite
rich, exhibiting single phase M and H regions, a two phase HH region at the base of the
triangle, two phase MH "fingers", and a very small three phase region. It also indicates
tiny two phase MM regions at the tip of each "finger", but the reliability of such details
is almost certainly beyond the capabilities of the current approach. In the final panel
of figure 5.1, X is further increased so that the binary copolymer /homopolymer blends
macrophase separate. For each such binary blend, there is an MM region, but it gives
way to an MH region if there is even a small amount of the other homopolymer present.
It should also be pointed out that there is probably even further structure to these diagrams because of the possibility of other morphologies, i.e., cylinders, spheres or "double
diamond".
Perhaps the most interesting feature of figure 5.1 is the predicted relative stability
of the single M phase near the isopleth. It persists to very large homopolymer content,
but is destabilized by disparate amounts of A and B homopolymers. This can be understood physically by considering horizontal "slices" of the free energy surface, shown in
figure 5.2 which is for X

=

0.045, which corresponds qualitatively to panel (c) of figure
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Figure 5.2: Slices of the free energy surface as a function of homopolymer A contents,
for the blend of figure 5.1 with X = 0.045, and different copolymer volume fractions ~c
as indicated. In each case, the solid line is the full free energy density, the dashed line is
/hom, and the difference is 6./. For each curve the horizontal axis is rescaled by a factor
equal to the total homopolymer content, ~h = ~hA + 4>hB·
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5.1. These slices do not represent the phase separation quantitatively, because not all
the tie lines are horizontal, but they illustrate the controlling features. The top curve
shows the free energy for near zero copolymer content, <f>c = 0.02, which corresponds
to a horizontal line very near to the base of the associated phase diagram.

There is

a region of negative curvature near the centre of this curve, which causes macrophase
separation to two homogeneous phases, consistent with figure 5.1( c) or (d). In this case
the binodal points correspond to the two minima in the free energy. The other sets of
curves, which correspond to progressively more copolymer content, illustrate that there
is a competition between the Flory-Huggins free energy of mixing which tends to induce
macrophase separation and the free energy of the microphase which tends to stabilize the
microphase, with maximum effect near the isopleth. For very small copolymer content,
~~

is too small to have an effect and the system continues to separate to two homoge-

neous phases. However, further increasing the copolymer content (second set of curves)
both increases the magnitude of

~~

at the isopleth, and reduces the tendency towards

macrophase separation. This stabilizes the microphase near the isopleth, but there are
still unstable regions on either side of the central minimum, which induce macrophase
separation. Following this curve across from left to right would indicate a sequence of
phases of H

----t

HM

----t

M

-+

MH

----t

H. This corresponds qualitatively to horizontally

traversing figure 5.1(c) or (d) from a single H region, through an HM "finger", through
the central M region, and so on to the other side. With a further increase in copolymer
content (third set of curves) the regions of negative curvature shrink and then disappear,
implying a sequence H---+ M

---+

H, and the microphase persists over more of the"slice".

This corresponds qualitatively to a traverse of figure 5.1( c), passing just above the MH
"fingers". Finally, for large enough copolymer content (last set of curves) the microphase
Mpersists over the entire slice, as in the uppermost regions of figures 5.1(c) and (d).
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As discussed in section 2.4 the elastic scattering intensity, I( k ), for A-b-B/A/B copolymer homopolymer blends, can have its maximum either for k•

= 0 or

k• =/= 0, indicating

onset of macrophase or microphase separation, respectively. This provides a complementary perspective on the system. The stability limits for macrophase separation can be
calculated (82, 90] from the following condition of I( k) divergence:
(5.10)
and similarly the condition for the stability limits of microphase separation is:
(5.11)
In this section we calculate j( 2 )(k, -k) and use eq. 2.111, which relates it to S( k,- k ) ""

I(k), to determine the stability limits by solving the equations 5.10 and 5.11. Figure 5.3
shows the stability limits for macrophase and microphase separation along the isopleth,
i.e., "¢>hA

x

= "¢>hB'

with "?>c varying from 0 to 1. The horizontal lines indicate the values of

used in figure 5.1. The slopes of the phase boundaries, both of which are monotonic

in this case, indicate that these copolymers tend to stabilize microphase separation but
reduce the tendency towards macrophase separation. Moving down the isopleth from
the apex to the base of the triangle of figure 5.1(a) corresponds to moving from right to
left along the lower horizontal line of figure 5.3. In both cases, the phase changes from
M to Hat (fie ~ 0. 7. Moving down the isopleth in figure 5.1(b) corresponds to moving

along the second line in figure 5.3, with the sequence of phases M

---+

H

---+

H H. Finally,

the isopleths in figure 5.1( c) and (d) correspond to the two top lines of figure 5.3, with
the implied sequence of phases being M to a macrophase separated system, without an
intervening single phase H region.
Figure 5.4 is for a system which is the same as that discussed in figures 5.1 to 5.3
except that the homopolymer degrees of polymerization are increased to Zh = Zc/4, so
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Figure 5.3: Stability limits for the macrophase (-) and microphase (- - -) transitions for
the copolymer/homopolymer blend used in figures 5 .1 and 5.2, along the isopleth. The
horizontal lines correspond to the values of x used in figure 5.1.
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Figure 5.4: Calculated phase diagrams for a model symmetric A-b-B/A/B blend for
a copolymer with Zc = 400 as in figure 5.1, homopolymer degrees of polymerization
increased to zhA = zhB = 100, and three values of X as indicated. The notation is as in
figure 5.1.
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that the molecular weight of each homopolymer is one half that of the corresponding
block of the copolymer. In this case, for
diagram. As

x is

x <

0.02 there is no structure to the phase

jncreased the first feature to appear is the macrophase separation of

the two homopolymers; the first panel shows this for X = 0.022. The next panel is for
the case X = 0.025. In this case xZc = 10, and so the copolymer does not microphase
separate. Furthermore, adding either A or B homopolymers to the copolymer (binary
blends) induces neither microphase nor macrophase separation. This is consistent with
earlier results for binary systems (29]. However, addition of A and B homopolymers in
nearly equal proportions, i.e., near the isopleth, induces both, resulting in a new feature
for the phase diagram. Starting at the top of the isopleth, adding homopolymers induces
microphase separation at about 70% homopolymer. Further additional homopolymer
induces macrophase separation, and in this region of the phase diagram there are two
phase MH regions

as

well as a three phase region. Below this is an HH region. Larger

values of X increase the tendencies towards both kinds of phase separation.

Figure

5.4( c) is for the case in which it is increased slightly, enough so that the neat copolymer
microphase separates, but not enough to induce binary copolymer/ homopolymer blends
to macrophase separate.
As illustrated in figure 5.5, for this system the slopes of the two stability limits
along the isopleth have again the same sign. For larger values of Zh/ Zc, (not shown)
the slopes of both lines increase in magnitude. The case illustrated is, in fact, very
near the one in which the microphase stability limit is nearly horizontal as <f>c

~

1. A

horizontal boundary in this limit would imply that small amounts of homopolymer tend to
neither stabilize nor destabilize the microphase. This implies in turn that, as for binary
copolymer /homopolymer blends (29], there is a threshold such that if Zh exceeds this
threshold, then small amounts of homopolymer tend to induce microphase separation,
but lower molecular weight homopolymers tend to destabilize it. In both cases, for these
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Figure 5.5: Stability limits for the macrophase (-) and microphase (- - -) transitions for
the copolymer/homopolymer blend used in figure 5.4, along the isopleth.
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model systems with symmetric copolymers, we find that this threshold is very close to

Zh

= Zc/4.
Finally, figure 5.6 contains phase diagrams for the intermediate case Zh

Zc/5.3.

In this case, for x;S0.0263 the phase diagram is featureless.

x=

75

~

Copolymer mi-

crophase separation and homopolymer macrophase separation both appear at
as illustrated in the first panel for which

=

x~

0 .0265,

0.028 . In this case small amounts of these

relatively low molecular weight homopolymers tend to destabilize the microphase. However, as seen in figure 5.6(b ), the theory predicts a new effect for this system. Although
small amounts of homopolymer destabilize the microphase, additional homopolymer can
then restabilize it.

The sequence of phases along the isopleth is M

---+

H

---+

M

~

macrophase separation. This is , however, a very delicate effect; a slight further increase
in

x, such

as to a value of 0.032 as in the last panel of this figure, causes it to disappear,

and furthermore the phenomenon might well be eliminated by other effects such as a
composition dependent X or fluctuation effects.
The predicted existence of two distinct AI regions in figure 5.6(b) can be related to
the stability limits, shown in figure 5. 7. The important point is that the stability limit
of the microphase in this case is non-monotonic.

Initially, addition of homopolymer

destabilizes the microphase, but this tendency reaches a maximum near

¢c

~ 0.2 and

for greater amounts of homopolymer this phase boundary turns downwards for a short
interval before macrophase separation occurs.
This phenomenon could also be explored by small angle X-ray scattering, SAXS,
from the homogeneous phase (15, 11 ]. The intensity of such scattering, as discussed in
section 2.4, is proportional to the inverse of the coefficient of the second term in the free
energy expansion, f( 2 ) of eq. 2.105. The scattering from a fully symmetric system with
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(b) X 1: 0.030

H

A

A
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(c)

x= 0.032

Figure 5.6: Calculated phase diagrams for a model symmetric A-b-B/A/B blend for
a copolymer with Zc = 400 as in figure 5.1, homopolymer degrees of polymerization
zhA = zhB = 75, and three values of X as indicated. The notation is as in figure 5.1.
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Figure 5. 7: Stability limits for the macrophase (-) and microphase (- - -) transitions for
the copolymer/homopolymer blend used in figure 5.6, along the isopleth.
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concentrations which place it on the isopleth can be expressed [15] by eq. 2.115, with

S(k) =

W ( k)

[-:i. rc [g(2)(k
'I' c 8
cA
'

-lc) _ 9 (1)(k)2]
cA

+ -:i.'I' h rh 9 h(2)(k ' -k)]-1
4

where (fih is the total homopolymer volume fraction, and

gi

2

)

1

(5.12)

could refer to either ho-

mopolymer. For the special case X = 0, this reduces to
J (k )

CX:

-tPc B
rc[9cA
(2)(
)
k, -lc -

(1)(

9cA

k )2]

rh {2)(
+ -tPh 49h
k, -k ) ·

(5.13)

There are two terms in eq. 5.13, proportional to the copolymer and homopolymer
volume fractions respectively. The first peaks at a finite wavenumber, whereas the second
peaks at k

=

0. In general, as homopolymer is substituted for copolymer, the peak in

I(k) moves towards zero wavenumber, but the value at maximum can either increase,
which signals the case in which the homopolymer tends to stabilize the microphase, or
decrease, which signals the homopolymer tending to destabilize it.
The scattering profiles for X

=

0, i.e., eq. 5.13, for the system used in figures 5.6 and

5. 7 are shown in figure 5.8. They are presented as a function of R9 k where R 9 is the
unperturbed radius of gyration of the copolymers, R 9 2 = Zcb 2 /6. The first panel is for
pure copolymer; the peak occurs at R9 k*

=

1.95, which is equivalent to Zc( k* b) 2

and has the value I(k*) = Zc/21. The second panel is for

¢c

=

22.7,

= 0.5, which shows the

copolymer and homopolymer contributions as well as the total.
has moved towards k

=

The resultant peak

0, and in this case has decreased in value. This is consistent

with figures 5.6 and 5. 7, in which addition of homopolymer initially destabilizes the
microphase. The third panel, which is for ¢c

=

0.2, is similar. However, for the case

¢c = 0.15, shown in the last panel, the peak value has increased slightly, consistent with
the reappearance of the M phase region in figure 5.6(b ).
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Figure 5.8: Calculated scattering curves for the ternary system of figures 5.6 and 5. 7,
for four different compositions "?>c as indicated, along the isopleth. Each figure shows
the total curve (-), the contribution proportional to "4>c (- - - ), and the contribution
proportional to ([>h (- - - ) .
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Asymmetric Model Systems

We consider next two model systems in which the reference densities and Kuhn lengths
are again equal, but the degrees of polymerization are not. In the first, we use symmetric
copolymers but choose different homopolymers, ZhA
asymmetric copolymers, but ZhA

f=

ZhB, and in the second case choose

= ZhB .

Figure 5.9 shows phase diagrams for the symmetric copolymer, Zc = 400, but zhA
50 and zhB

=

= 200. In this case the first feature to appear is homopolymer phase sep-

aration, occurring for

x>

0 .0225; the first panel of figure 5.9 is for X = 0.024, where

this phase separation is seen. Increasing the value of X to 0.026 produces the diagram of
the secon d panel. In this case xZc

= 10.4,

just below the threshold for pure copolymer

microphase separation. Addition of the relatively high molecular weight B homopolymer
(binary blend) induces microphase separation but not macrophase separation, whereas
the relatively low molecular weight A homopolymer induces neither. In the ternary blend,
both types of phase separation occur.
The relative stability of the single M phase appears here as well.

In this case it

falls primarily within the region of the phase diagram where there is more homopolymer

B than homopolymer A, corresponding to an overall excess of B type monomer in the
system. This is consistent with the tendencies of the relatively high molecular B homopolymers to stabilize the microphase, and the low molecular weight A homopolymers
to destabilize it.
Figure 5.10 shows calculated phase diagrams for a system with zcA = 240 and ZcB
160, and zhA

=

zhB =

zh

= 50 as in figure 5.1.

=

The effects of asymmetry in the

copolymer can be observed by comparing figure 5.10 with 5.1. In this case, the copolymer
composition is 40:60, and so is probably very close to the lamellae-cylinders boundary.
The first feature to appear is copolymer microphase separation, occurring for

x > 0.0284;
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Figure 5.9: Calculated phase diagrams for a model A-b-B/A/B blend with a symmetric
copolymer with Zc = 400 as in figures 5.1 to 5.8, but with homopolymer degrees of
polymerization zhA = 50 and zhB = 200, and two values of X as indicated. The notation
is as in figure 5.1.
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Zca= 160
ZcA=240
(b) X= 0.041

(o) x=0.03

8-b-A

H

8

8

(c) x =0.043

8-b-A

Figure 5.10: Calculated phase diagrams for a model A-b-B/A/B blend with Zc = 400 as
in figures 5.1 to 5.9, but with asymmetric copolymers with ZcA = 240 and zcB = 160, and
homopolymer degrees of polymerization zhA = zhB = 50. The three panels correspond
to three values of x, as indicated. The notation is as in figure 5.1.
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the first panel is for

x = 0.030.

Either homopolymer tends to destabilize the microphase,

but the A homopolymer sooner than the B homopolymer.

This is reasonable since

additional A homopolymers drive the overall composition ratio even further from 50:50,
whereas additional B homopolymers drive it towards 50:50. Increasing the value of

x

to

0.039 causes the binary copolymer/ B-homopolymer blend to phase separate, and then
at X

= 0.04

the homopolymers also phase separate. Both these features are present in

the second panel of figure 5.10, for which X = 0.041. With further increases in x, the
phase separated regions further overlap, resulting in an asymmetric phase diagram such
as that of the third panel , for which X = 0.043.

5.3.3

Real Systems: Polystyrene/Polyisoprene

As a final application, figure 5 .11 shows a calculated phase diagram for a ternary

PS-b-PI/PS/PI mixture. These copolymers and copolymer blends have been studied
extensively experimentally, for example by Hashimoto and coworkers [10], (13]- [15], [79],

[82], [91 ]-[93], and theoretically in chapter 4 of this dissertation. For this calculation,
we specified the copolymers to have

ZcPS

= 145

and

ZcPI

=

240, corresponding to

samples used in a number of experiments [79, 82, 13, 14] and labeled HY-8, as discussed
in chapter 4. The volume fractions for the neat copolymer system are <f>ps

<f>p 1

~

~

0.45 and

0.55. In order to obtain an interesting phase diagram, for the homopolymers we

chose ZhPs = 80 and

ZhPI

= 160, which are about 55% and 66% of the corresponding

blocks of the copolymers.
We use independently determined Kuhn statistical lengths and reference densities

(82, 83] cited in the previous chapter. Furthermore in order to keep the entire blend in
the weak segregation regime, we chose X

= 0.029, which is close to measured values for

neat copolymers, (especially to the "effective" interaction parameters for systems diluted
with non-selective solvent) [14] and is the same as the

x

parameter used in chapter 4 for
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Figure 5.11: Calculated phase diagram for PS-b-Pl/PS/PI, using measured values of the
Kuhn statistical lengths and monomer volumes, degrees of polymerization as indicated,
and X = 0.029.
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polystyrene-polyisoprene interactions.
As seen in the figure 5.11, for these choices the theory indicates that the pure copolymer is microphase separated. Addition of either homopolymer PI or P S dissolves the
microphase, but more PS (about 50%) than PI (about 15%) is required. This is consistent with the fact that as homopolymer P S is initially added to the copolymer, the
overall PS:PI composition ratio changes from 45:55 towards 50:50, an effect which would
tend to stabilize the microphase relative to the homogeneous phase. However, it is perhaps surprising because the homopolymer P S has the lower molecular weight, both in
absolute terms and relative to the corresponding copolymer block, which would of itself
indicate that the P S would have the greater tendency to destabilize the microphase. The
actual behaviour is governed by a competition between these two effects.
The binary homopolymer blend exhibits macrophase separation, but neither one of
the binary copolymer /homopolymer blends does. The single phase is predicted to be relatively stable near the isopleth, as in the earlier cases. In fact, the topology of this diagram
is most like that of figure 5.4( c); the differences are due primarily to the asymmetry of
the components.
To summarize this chapter we repeat the main results. We have developed a procedure for calculating ternary phase diagrams and presented a series of results for model
systems, and one for PS-b-PI/PS/PI, showing a variety of topologies. We also examined
the phenomenon of induced microphase separation for ternary copolymer/homopolymer
blends. For a fully symmetric model system, ZcA = ZcB

= Zc/2,

zhA = zhB

= zh,

a small amount of homopolymer tended to stabilize a microphase in the ternary blend
under the same conditions as in the binary blend, i.e., if Zh

> Zc/4.

However, the theory

predicted two additional effects. First, for some cases homopolymers could induce the
microphase in the ternary blend when they did not in either corresponding binary blend,
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1.e., an M reg1on appeared near the centre of the phase diagram. Second, homopolymers of relatively low molecular weight, namely that for Zh. ~ Zc/5.3, tended to first
destabilize the microphase, and then to restabilize it. One feature which appeared in a
number of cases was the relative stability of the microphase for blends with overall A:B
concentrations near 50:50. This was particularly noticeable for those cases in which both
microphase and macrophase separation occurred. It is worth noticing that the PS-b-

PI/PS/PI blend presented by Hashimoto et al. [13, 14] maintained a lamellar structure
with long range order for copolymer volume fractions as low as 10%, discussed in section

4.4.

Chapter 6

Conclusions

In this chapter we summarize and draw conclusions from all the work presented in
this t hesis. In particular, we intend to stress the relations between our three projects
and theories which we have applied or developed for them.

An overall motif of this

thesis has been the microscopic description of the lamellar morphology of copolymer
blends, and the interplay of microphase and macrophase separation in those blends. The
theories, presented in preceding chapters, are based on the Hong and Noolandi formalism
and the same general assumptions, which we subsequently name. We model polymers
'as continuous flexible chains, with Wiener measure as statistical weight .

Mean field

theory has been consistently applied, so that, except in the discussion of SAXS from the
disordered phase in section 2.4, the fluctuations have been ignored. This is the main
limitation in the close proximity of the MST, where the fluctuations can be particularly
significant. All blends are either in the concentrated or semi-dilute regimes.
Despite the same underlying assumptions we have used different ways of applying
and modifying the formalism, depending on the complexity of the problem, computer
speed and time resources. The least complicated case of copolymer/solvent blends has
been treated by the numerical self-consistent procedure, which is the most accurate of
the mean field theories presented in this dissertation. The principal deficiency of this
method is the long time needed to complete the numerical calculations, particularly
close to the MST. For the other two projects, i.e., for copolymer/homopolymer blends,
a fourth order expansion of the free energy has been developed. This approach, on the
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other hand, is both numerically efficient and fairly accurate in the weak segregation
regime, as we have found in subsection 4.3.1.

The drawback of this approach is its

limitation to regions close to the MST. We have used our fourth order expansion in two
different versions, i.e., the many wavenumber and the one wavenumber approximation,
for the second and the third projects, respectively. The many wavenumber approach
has been developed for systematic studies of lamellar structure of A-b-B/A/B copolymer
blends. It allowed us to determine some equilibrium properties of these blends which are
beyond range of the one wavenumber approximation, i.e.,

x

parameter dependence of d,

d_4 , d 8 and ar, distribution of homopolymers within the subdomains, and the existence
of thresholds as discussed in chapter 4. In calculating ternary phase diagrams of these
blends, the one wavenumber approximation has been used, nonetheless.

This further

approximation has been justified by relatively small differences between the free energies,

tlf, in the many wavenumber and the one wavenumber cases. The other motivation for
this simplification was the need for speedy numerical calculations which facilitate the
construction of numerous ternary phase diagrams in a relatively short time.
In the first two projects, using different approaches, we have investigated the lamellar
morphology of copolymer blends, assuming that these systems do not macrophase separate. To verify this requirement, we have constructed the appropriate phase diagrams
using the methods developed and described in chapter 5 (the third project). The accuracy
of the fourth order expansion near the MST was tested by performing model numerical
self-consistent calculations for the copolymer/selective sol vent case, covering a range of
blend concentrations, and comparing these two approaches. We found that the results
of the two calculations agreed very well for values of X within about 10% of its value at
the MST. For example, expressing the dependence of d on X as d ex:
calculations which we used for the comparison, we found p = 0.50
calculations) or p

= 0.51 ± 0.01

xP,

for the series of

± 0.01 (self-consistent

(approximate calculations). This comparison did not,
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of course, give any information on the validity of mean field theory itself, which neglects
the fluctuation effects.
Both in section 2.4 and 4.4, the temperature dependence of X parameter has been
discussed. If the mean field theory were perfectly adequate for description of copolymer
blends, we would expect a linear dependence on

r- 1 .

Tanaka and Hashimoto [15] have,

indeed, found this kind of dependence for individual blends. But as the volume fractions
and the degrees of polymerization of components have been varied, the X parameter has
changed as well. This indicates that mean field theory, despite its numerous successes, has
some deficiencies. One of the possible methods to "cure" this problem has been presented
by Dudowicz and Freed [94]. They have dropped the assumption of incompressibility
and have obtained composition dependent effective

x parameters.

It is also possible that

taking the fluctuations into account might shed some light on the microscopic origin of
the interaction parameter.
For model numerical self-consistent calculations of chapter 3, we have found that the
scaling behaviour of domain thickness for copolymer/selective solvent is, virtually, the
same as one for the copolymer/nonselective solvent blend. The differences of exponents
in the weak segregation regime are due to the development of an improved version of
the computer programme. When we performed calculations near the MST, we assumed
the lamellar structure throughout. This assumption might not be always satisfied. Real
system self-consistent calculations for PS-b-PBD/S blend, unlike the nonselective solvent
case (30], clearly show that the dilution approximation is not valid for these cases, i.e.,
the product TcXif>c does not play the role analogous to that of TcX for pure copolymer. In
particular, for TcXif>c ~ 5, with fps = 0.5 and if>c = 0.2, we have predicted a stable equilibrium lamellar structure. A further difference with the nonselective case is the absence
of maxima in the. solvent density at interfaces. Selective solvent is preferentially localized
in PBD subdomains, with the maximum density variation of about 4%. Otherwise, the
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real system calculations show quantitative agreement with model calculations for both
selective and nonselective cases.
In chapters 4 and 5, we presented an approximate treatment of the lamellar microphase of binary A-b-B/A and ternary A-b-B/A/B block copolymer /homopolymer
blends. Included in the approach was the assumption that there is only one Flory interaction parameter which represented the effective A-B interactions, irrespective of whether
the monomers belonged to copolymers or homopolymers. The method calculated the
polymer distribution functions via perturbative solutions to the modified diffusion equations, and these were used to express the free energy density as an expansion in terms
of the local density of A (or alternatively B) monomers, with contributions from both
homopolymers and copolymers, and its range of validity was restricted to the weak segregation regime. This approach did not include fluctuation effects [61], numerical solutions
to the self-consistent field equations [30, 33] or equation of state effects. Because of these
limitations, we made no attempt to discriminate between different structures (lamellae,
cylinders, spheres). Instead -we explicitly assumed the lamellar structure, and restricted
our attention to systems in which the copolymer block degrees of polymerization
and
fA~

ZcB

fB

ZcA

were chosen so that A and B volume fractions in each copolymer satisfied
~

0.5.

In chapter 4, using summations over many wavenumbers in the fourth order expansion
of

6./, we included a model for the density profiles which allowed for some indication of

the effects of concentrations,

x,

and the degrees of polymerization of the homopolymers

and each block of the copolymers. Our focus had been on the domain thickness d, the two
subdomain thicknesses dA and dB, the lateral swelling of copolymers by homopolymers
as characterized by the average lateral distance between joints, the related localization
of the homopolymers, and the density profiles of each component. We carried out model
calculations for binary and temary blends to explore how these quantities depend on the
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system characteristics, and in section 4.3, we compared the calculations with three sets
of experiments, all of which were done in the strong segregation regime. We also carried
out a series of calculations for binary styrene-isoprene blends with characteristics similar
to the those of the experimental systems.
We found that, for constant

x,

the addition of homopolymers with relatively high

degrees of polymerization, Zh., caused an increase in the layer thickness, and the size of
the increase was an increasing function of Zn. Homopolymers with relatively small Zn
lead to a decrease in d, and so there was a threshold value Zf.th. such that if Zh.

< Zf.th.,

then d decreased, but otherwise it increased. The value of Zf.th depended on the total
degree of polymerization of the copolymer and the relative degrees of polymerization
of each block.

For ternary blends, it could depend on the proportions of the added

homopolymers. However, in all cases considered, it was on the order of Zf.th. ~ Zc/5.
This was comparable to the threshold value for the phenomenon of induced microphase
formation. A picture emerged in which added homopolymers with zh::::_zf.th. tended to
destabilize the microphase and reduce the domain thickness, whereas if Zn?:-Zlh. then
they tended to stabilize the microphase and increase d.
When the content of selective solvent in the copolymer blend is increased, the layer
thickness of the ordered structure is decreased and the microphase is destabilized, as
discussed in chapter 3. This is, therefore, consistent with the behaviour of "short" homopolymers (hA or hB) added to the A-b-B/A/B blend.
The variation in the thickness of each subdomain was more complicated. In binary
blends with symmetric copolymers, we found that adding hA homopolymers always induced a lateral swelling of the copolymers, and a consequent reduction in the thickness
of the B subdomain. However, the extent of the swelling and the qualitative behaviour
of dA depended on the molecular weight of the homopolymers. For very low Zh.A the
swelling was relatively extensive, and all of d, dA and dB decreased. For intermediate
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:S

ZhA

:S

Zhh 1 d and dB decreased but dA increased,

and for larger zhA, d and dA increased while dB decreased. We also investigated the addition of hA homopolymers to asymmetric copolymers with ZcA < ZcB· In these blends,
the behaviour was more complicated: dA virtually always increased, but dB could either increase or decrease. In all these blends in this regime there was another factor as
well. If the system approached the MST as homopolymers were added, then both dA
and dB tended towards d/2 in this limit, irrespective of whether they initially increase
or decrease.
The behaviour of d, dA and dB was qualitatively similar in ternary blends. The quantitative behaviour depended on the relative degrees of polymerization and composition.
Following Tanaka et al. [14], we also expressed our results in terms of the changes
in the square root of the average cross sectional area per copolymer molecule in each
layer, aJ/aJ0

•

We found that this always increased as homopolymers were added, and

that the size of the change increased with decreasing Zh. All this was consistent with the
picture that low molecular weight homopolymers were relatively uniformly solubilized in
the subdomains, but that homopolymers of higher molecular weight were progressively
more localized towards the subdomain centre. This was illustrated by calculated density
profiles in the weak segregation regime. In agreement with experiments, we found that
for symmetric copolymers, aJ / aJo was virtually the same for binary and ternary blends
(14].
As discussed in section 4.3, these predictions for the weak segregation regime were
generally consistent with the experimental results for the strong segregation regime. It
is possible that those qualitative differences which did appear are due to the differences
between the strong and weak segregation regimes, or due to variations of X with the
homopolymer and copolymer degrees of polymerization and volume fraction, as well as
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temperature.
In chapter 5, we calculated phase diagrams for ternary A-b-B/A/B copolymer/homopolymer blends in the weak segregation regime. The total free energy for those blends
was calculated by adding two terms:
• the free energy of mixing expressed by eq 2.87,
• the fourth order expansion of the free energy, using only one wavenumber.
In the first two projects the free energy of mixing was not directly involved in the formalism, but it has to be borne in mind that we had to verify whether the blends formed a
single phase, before starting calculations in chapters 3 and 4. The microphase separation
transition was approximated as the condition for the homogeneous phase to be unstable
relative to the lamellar microphase. As in chapter 4, we restricted, again, our attention
to copolymers with similar A and B volume fractions, fA ::::= JB

~

0.5. Even for these

systems there was probably more structure to these diagrams than we exhibit due to
the existence of other structures throughout the phase diagram. The approach · could
be thought of as the simplest treatment of these systems which incorporates microphase
and macrophase separation, and the results should be considered primarily as guides to
behaviour which could occur. The method was a modification of earlier treatments of
binary copolymer/homopolymer blends [27, 29].
When modeling the blend we assumed that each phase was either homogeneous or
an ordered microphase. We used a model of micelle formation developed earlier to identify and thereby avoid systems in which disordered micellar phases formed (29], and we
assumed that at equilibrium only an insignificant fraction of the copolymers migrated to
interfaces, (for those cases where macrophase separation occurs).
Most of our results of chapter 5 were presented as phase diagrams for symmetric
and asymmetric model systems in which we chose the Kuhn statistical lengths and the
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monomer volumes to be equal for all components. We found that even for simple systems
a variety of topologies occurs . One feature which appeared in a number of cases was the
relative stability of the microphase for blends with overall A :B compositions near 50:50.
This was particularly noticeable for those cases in which both microphase and macrophase
separation occurred. It is worth noticing that the PS-b-Pl/PS/PI blend presented by
Hashimoto et al.

[13, 14] maintained a lamellar structure with long range order for

copolymer volume fractions as low as 10%, as discussed in section 4.4.
We also examined the phenomenon of induced microphase formation.
symmetric model system, ZcA = ZcB -

For a fully

Zc/2, zhA = zhB - zh, a small amount of

homopolymer tended to stabilize a microphase in the ternary blend under the same
conditions as in the binary blend, i .e., if Zh 2: Zc/4.

However, the theory predicted

two additional effects . First, for some cases homopolymers could induce the microphase
in the ternary blend when they did not in either corresponding binary blend, i.e., an
M region appeared near the center of the phase diagram.

Second, homopolymers of

relatively low molecular weight, namely that for Zh ~ Zc/5.3, tended to first destabilize
the microphase, and then to restabilize it. This phenomenon would likely be very hard to
observe directly, but it might be possible to explore it using small angle X-ray scattering
from the homogeneous phase.
We also considered model systems in which the reference densities and Kuhn lengths
were equal, as before, but the degrees of polymerization were not. In one case we used
symmetric copolymers mixed with homopolymers which had unequal degrees of polymerization, and in the other we used asymmetric copolymers mixed with homopolymers with
equal degrees of polymerization._We ended with a calculation for PS-b-Pl/PS/PI, using
appropriate monomer volumes and Kuhn statistical lengths and a reasonable value for the
interaction parameter. Such calculations allowed one to explore some of the competition
between the effects of overall A:B composition and individual degrees of polymerization
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on the compatability and structures of these blends. For example, in the case studied, addition of homopolymer PI had more of a tendency to destabilize the microphase than did
addition of homopolymer PS, despite the fact that it had the higher molecular weight.
The theories presented in this thesis can be further tested experimentally. Subsequently, we propose some possible experiments:
1. The domain

t~ickness

of copolymer blends can be determined by the position of the

first order "peak" in the scattering intensity of SAXS, as in experiments discussed
in section 4.4. The dependencies of d on Zc, <f>c and X could be determined by
this method for both copolymer/homopolymer and copolymer/solvent blends in
the weak segregation regime. Similarly, the existence of the calculated thresholds
can be explored.
2. By using methods, e.g.

Transmission Electron Microscopy, which allow to dis-

tinguish between ordered and disordered, as well as single phase and two (three)
phase regions, ternary phase diagrams for A-b-B/A/B blends can be constructed
and compared with the calculated ones.
3. Localization of homopolymers within the microdomains of copolymer /homopolymer
blends, A-b-B/A and A-b-B/A/B, can be probably investigated by deuterating the
homopolymer chains.
4. As already mentioned, homopolymers of relatively low molecular weight, namely
that for Zh ~ Zc/5.3, tended to first destabilize the microphase, and then to restabilize it. It might be possible to explore this phenomenon using small angle X-ray
scattering from the homogeneous phase.
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The work of this thesis can be extended in many different directions . One of the possibilities is development of numerical self-consistent procedure for A-b-B/A/B copolymer/homopolymer blends, analogous to that for copoly mer / solvent case presented in
chapter 3. The calculations would, most likely, require mor·e computer time, but they
would not be restricted to the weak segregation regime as they were in chapters 4 and
5. The other possibility to explore would be to generalize the fourth order expansion
of the free energy, which has been applied only to the lamellar structure, to cylindrical,
spherical (for pure copolymer it was done by Leibler (11]) and, maybe even, "double
diamond" cases. One might also consider extending the fourth order expansion from

A-b-B/A/ B blends into more general case of A-b-B/ H/ D blends, which would require
at least three independent components in the free energy expansion. In one wavenumber approximation, it can be done in a quite straightforward, but approximate, way by
generalizing the work of Hong , Noolandi and Whitmore (27, 29]. To date, there is no
theory of copolymer blends which wou ld exceed the mean field approximation. Creation
of such a theory, which would include fluctuations in a way analogous to Fredrickson and
Helfand's approach (61], would pose, in our opinion, the most challenging possibility.
These are only some examples of the possible future projects.

Theory of copoly-

mer /homopolymer blends is a fascinating and expanding field of research which is far
from being closed . Finally, again, we express our hope that this dissertation has somehow contributed to this field.
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Appendix A

Calculation of the Expansion Coefficients

The modified diffusion equation (2. 79) is

(A.1)
with

(A .2)
Since we expect the periodic structures to occur it is more convenient to work in Fourier
space. Let us define

Qp(k,T jk')

=

j d,.d,.'Qp('r,T j,.')exp[-i(k,.- k',.')],

(A.3)

and

(A.4)
with p = hA, hB, cA and cB.
It is easy to show that the functionals Qc, QhA and QhB, defined by (2.13) and (2.14),

can be written as

QhA(O, ljO),

(A.5)

QhB(O, 1j0),
dk
( 7r) 3 QcA(O, 1jk)QcB(k, 1j0).
2

(A.6)

J
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(A.7)
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It can be shown [27] that, by solving the diffusion equation perturbatively, an expan-

sion for Qp( k, 'T lk') in powers of wp( k) can be obtained in the following form:

i=l

n+l
n+l
G~n)(L ki, L ki, ... , kn+l;
i=l

'T

)wp( -ki) ... wp( -kn),

i=2

(A.8)
where
(n)

Gp ( ql'
with

= rPb~qf /6

Xi

...

.

, qn+l,

) 'T

-

n+l

n. ~

[
]
-Xi'T
nn+l ( . ·)'

exp

I """'

I

i=l

i=l

XJ

(A .9)

X,

and the prime in front of the product sign indicates that the (j = i)

factor is to be omitted. This leads to the following expression for Q,.jV:

(A.lO)
where i

=(i, ki), and summation over subscripts and integration over wavevectors are

implied by repeated indices. Functions

with

K

= hA, hB or

c, and i

g'ijk· ··l

= hA, hB, cA,

have the following form:

and cB,

(n)
g hA,ijlc···l

may be different from zero if

t

= J = k = · · · = l = hA,

(n)
g hB,ijk···l

may be different from zero if

i

= J. = k = · · · = l = hB,
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i

may be different from zero if

=
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cA or i

=

cB,

j = cA or j = cB,

k = cA or k = cB,

j

The explicit expressions for

gf...j(

= cA or

j

= cB.

n subscripts) are

(A.ll)
( A.12)

c
-- (27r)35(kt· + .. . + k 1·)JA TnjB n-Tn
9i···lp···i

g~;>(ki

+ ... + kt)9~~-Tn)(kp + ... + kj),

(A.13)

where g~n) is defined as the full symmetrization of G~n) over its arguments

(A.14)
with Sn denoting the permutation group of n objects. The function

Q(n)(k 1 k 2
p

'

'

•· •

'

1c ) is defined as
n

n

G~")(k 11 k2, · · ·, kn) = G~">(o, lc1, lc1

+ lc2, · · ·, L

lei; 1).

(A.15)

i=l

In particular we have

g(l>(lc) = 1- exp[-x],

(A.16)

X

P

and
(2

9p

)(k -k)
'

=

2(x- 1 + exp[-x])
X2

'

(A.17)
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We transformed eq. 2.92, as described in section 2.3, to obtain a new expression for

6-f
6-f

~

V

j (2dk7r)3X¢a(k)¢f3(k)-

1
V

j (2dk7r)3[¢a(k)wa( -k) + ¢f3(k)wf3( -k)]-

1

I

I

1

2

Vgiiwiwi

+

1

6

V9iikwiwiwk1

24

(A.18)

V 9iiklwiwiwkwl,

where we defined and calculated

9's

as

(A.19)
(A.20)
(A.21)
with i,j, k, and l =a or {3, and H P denotes the homopolymer indicated by i, e.g.,
hP

9ij

5

hA

i,a9ij

+ 6i,f39ijhB '

(A.22)
(A.23)

etc .. The 9's are also used in eq. 2.101 and 2.102.
The coefficients of eq. 2.103 and 2.104, which arise from inverting eq. 2.101 and

2.102, involve the inverses of the 9's:

r --k
I]

-[9]~/
1

(A.24)

2[9]i:l [9]jpl [9];;q19~pq
1

(A.25)

2[9Ji;/ [9]jq 9pq~[9]; Yrvt[9}:f [9);1 1 1

1

1

1

1

6[9Ji;, [9J;, [9];;} [9Ju

1

Ypv6t·

(A.26)
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For the final exp ression for the free energy, eq. 2.105, it is convenient to introduce
first the related quantities ji~~!.. Listing the four second order ones explicitly and the rest
more generally:

~(Q]~;(k 1 , -kr),

(A.27)

A{ 2)

1
-1
2[Q ]1313 (kt, -kr),

(A.28)

A{2)

~ (x + (Q]~J(k1, -

!{3{3 (kt, -ki)
fa/3 ( k1, - kl)
A{2)

f{3a(kt, -kl)
A{3 )

f ijk( kt, k2, k3)

kr)),

(A.29)

A(2)

fa/3 ( kr, -kr),
1
-6 x(Q]i:1(kt, -kt)[Q]jp1(k2, -k 2 )

( A.30)

2::
~pq

[9]iq1 ( k3, -k3)Q~pq( kt, k2, k3),
1
-24

[Q]i:1(kt, -kr)[9]jp1 (k2, - k2)

L

( A.31)
X

~pqt

[9 liq1 (k3, -k3)[9]u 1 (k4, - k4)9~pqt(kr, k2, k3, k4)

~ 2::

(Q)i;/(kt,-kt)

+

X

pq~rvt

(Q)jq1 (k2, -k2)Qpq~(kt, k2, -kl- k2)
(Q]_;/(kt
Yrvt( k1

+ k2, -kl - k2)

X

X

+ k2, k3, k4)(Q);k1 ( k3, -k3) X

[Q];L 1 (k4, -k4)·

(A.32)

Now let us define

~. =

1

if

~=a

-1

if

i=/3

{

(A.33)

then

ij

(A.34)
(A.35)
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(A.36)

Appendix B

1\tlodel Density Profiles

In order to evaluate !:if, and subsequently t he four density profiles </Jp(x), we need a
model for <Pa.( x ), in particular the function u( x; d, p, q) appearing in eq. 4.4. We express
u as the convolution of two functions:

u(x)=C

+oo

J

-oo

dyv(x - y)w(y),

(B.1)

The first function v, is a periodic step function, chosen to be symmetric about the origin:

v(x) =

1

for

{ pj (d-p)

for

lxl ::; p/2,
p / 2 < !xl <

(B .2)
d,

The period d corresponds to the lamellar thickness. The second function w, is a symmetric, bell shaped smoothing function,

w(x) =
This function has maximum value w(O)

1

2q cosh 2 (xfq)

=

.

(B.3)

1/2q and width proportional to q, and the

area under it is unity. Finally, the constant "C" in eq. B.1 is chosen so that u(O)

=

1.

The resultant function, u( x ), is periodic with period d. It can be expressed conveniently as a Fourier sum

(B.4)
with coefficients
Un

= 21rC

q
sin(n1rpjd)
(d- p) sinh(n1r 2 qjd) ·
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There are two convenient limits to this function. The first is qf d > > 1. In this case,
the n

= 1 term dominates,

and u( x) reduces to the single term

(B.6)
with "C" chosen appropriately.

This is the one wave number form expected for the

weak segregation limit. In this case the two subdomain thicknesses are dA

= dB = d/2.

The other limit is qfp << 1 and qf(p- q) << 1, i.e. the smoothing function is much
narrower than either plateau in v( x ). Its effect is to smooth each step-like interface to
a hyperbolic tangent shape. For example, a step function of unit height centered at the
origin, v( x)

= 8( x ),

is smoothed to:
1

X

u(x) = -[1 +tanh(-)].
2
q

(B.7)

In this limit the density profile would be flat within each subdomain, and be given by a
hyperbolic tangent in each interphase. The subdomain thicknesses would be dA

= p and

dB= d- p.

Once we have calculated </>a( x) and ¢>13 ( x ), we characterize the result by domain
thickness d, the two sub domain thicknesses dA and dB, and the interfacial thickness. We
identify the centre of the interface as the point of inflection in </>a.( x ), which divides d
into dA and dB. The width of the interface,

a1,

is taken the distance between the two

points where the line is tangent to <I>a( x) at the inflection point intersects with the values
of </>a( x) at the centres of the adjoining subdomains.
In the numerical work of the chapter 4, the values of d, p and q are not predetermined,
but instead in each case are calculated through the minimization of

~f.

Because the

systems are in the weak segregation regime, only a few terms make significant contributions to the summations. In all cases, keeping 12 terms caused the truncation error to
be on the order of 10- 14 .

Appendix C

Calculation of the Homopolymer Density Profiles

Subsequently we show how to calculat e the potentials wa(k) and w13 (k) from the
profile <l>a(k), and next the profiles </>hA(k), </>hB(k), </>cA(k) and </>cB(k).
Equations (2.103,2.104) can be written to the second order, as

(C.l)
(C .2)
where i, j, k

=a

or

/3,

and ¢13

= -</>a,
f tJ··

- [9 ]i/

(C .3)

21 [9 } ~1 [9 ]jpl [9 ];qtg_,pq.

(C.4)

Let us define

Wa{l)(k)

r!i </>i,

(C.5)

r!ij</>i </>i,

(C.6)

W.(3(l)(k)

r~i</>i,

(C.7)

w 13 <2 >(k)

r~ii </>i </>1.

(C.8)

Wa (2 )( Je)

-

Thus

Wa(l)(k)

+ Wa( 2 )(k),

(C.9)

w13(k) ~ w13(l)(k)

+ w13 <2>(k).

(C .10)

Wa(k)

~
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Equation (2.98,2.99,2.100) can be expressed, to the second order, as

cPnA(k) ~

-

(2)

-rhA¢nA9hA(k)wa(k) +
3

~r~A J>hA j ( 2~) dqgh~( k, q, -k I

fork

q )wa (1 )( q )wa (1 )( -k - q)

(C.ll)

0,

cPcA(k) "' -rc7f>cf~g~2(k)wa(k)

rc"¢cfAJBg~~(k)g~~(k)wf3(k)

+

~r~J>c j ( 2~) dqf!g~2(k, q, -k- q)w) 1 >(q),w) 1 >( -k- q) +
3

~r~J>c j ( 2~) dqj~JB9~2(k, q)g~~( 3

+

k- q)wa( 1 )(q)wf3( 1 )( -k- q)

~r~J>c j ( 2~) dqf~JBg~~(k, -k- q)g~~(q)wf3< 1 >(q)w) 1 )( -k- q) +
3

3

~r~J>c j ( 2~) dqfAf~g~(k)g~;)(q, -k- q)wf3(
I

fork

1

)(q)w13( 1 )( -k- q),

0,

(C.12)

cPnB(k) ~ -TnB¢nB9h~(k)wf3(k) +
1

J----v-dqghB(k,
(27r)3

2 -

2ThB¢hB

I

fork

(3)

q, -k- q)wf3

{1)

(q)wf3( -k- q),
(C.13)

0,

cPcB(k) ~ -rc7f>cf~g~~(k)wf3(k)

rcJ>cfBJAg~~(k)g~~(k)wa(k) +
1

2-

2,rc¢c
1 22rc¢c

J-vdqfB9cB(Ic, -k- q)wf3 (q)wf3 ( -k- +
J-vdqfBfA9cB(Ic,q)gcA(-k-q)w/3 (q)wa (-k-q)+
(27r )
(27r )

3

3

3

2

(3)

(1)

q,

{2)

{1)

(1)

(1)

q)

(1)

~r~J>c j ( 2~? dqf~fAg~(k, -k- q)g~~(q)wa( 1 )(q)w13( 1 )( -k- q) +
~ rc'f/c
2""J.

J

for k

I

2

For k

= 0 eq.

(27r?
{1)(k) 9cA
(2)( q,- k - q )Wa (1)( q ) Wa {1)( -k- q),
V dq f B!2A9cB

0.

(2.83) holds.

( C .14)

