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Abstract 

The decycling number of a graph G, denoted \7 (G), is defined to be the minimum 

number of vertices which can be removed from G so that the resultant graph contains 

no cycle. A vertex subset D is a dominating set of a graph G if each vertex in 

V(G) is either in Doris adjacent to a vertex in D. The domination number 'Y(G) is 

the minimum cardinality of a dominating set of G. Several variations of domination 

are formed by combining domination with other graph theoretical properties, giving 

rise to independent domination, perfect domination, total domination, distance-k 

domination, connected domination, clique domination and cycle domination. 

Since these invariants are normally NP-hard to evaluate, it is useful to have classes 

of graphs for which their values are known. We focus on studying some popular 

interconnection topologies, such as the Cartesian product of two cycles, CmD Cn, the 

Fibonacci cube of order n, r n' and the n-dimensional hypercube, Qn. 

The exact value of the decycling number of CmD Cn for all m and n, and lower 

and upper bounds of the decycling number for the n-dimensional Fibonacci cubes 

are obtained. Subsequently, we turn to investigate the domination number of the 

n-dimensional hypercube. An improved lower bound for the domination number 
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and an improved upper bound for the independent domination number of Qn are 

established. The technique we develop is then extended to establish a lower bound 

on the distance-k domination number. 
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Chapter 1 

Introduction 

In this chapter, we present some basic definitions and terminology of graph theory. 

Subsequently, we introduce some popular interconnection topologies, such as grids, 

Cartesian products of cycles, hypercube and Fibonacci cube of order n. Finally, we 

give the outline of the organization of the chapters of this thesis. 

1.1 Basic Terminology 

This section introduces the basic and important graph theory definitions, notation 

and labelling. 

A graph G is a collection of vertices (denoted by V (G)) and edges (denoted by 

E( G)) connecting some pairs of vertices. All graphs we consider are assumed to be 

finite, undirected and simple, i.e., without loops and multiple edges. For a graph G 

we use p( G) and q( G) to denote its number of vertices and edges respectively, using 

p and q for abbreviation if there is no confusion. 

If e = uv is an edge of G, then u and v are the two endpoints of e, are adjacent 

and are neighbours. For a vertex v of G, degc(v) denotes the degree of v, i.e., the 

number of neighbours of v in G, using deg(v) for abbreviation. ~(G) and b(G) are, 
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respectively, the maximum and minimum degree of a vertex of the graph G. We say 

that a graph is regular if each vertex of G is of the same degree. The neighbourhood 

of v, written Nc(v) or N(v), is the set of vertices adjacent to v. 

The complement G of a graph G is the graph with vertex set V (G) defined by 

uv E E(G) if and only if uv ¢::. E(G). A clique in a graph is a set of pairwise adjacent 

vertices. 

A path is a non-empty graph P = (V, E) of the form 

where the Vi are all distinct. The vertices v1 and Vn are linked by P and are called 

its ends. The number of edges of a path is its length. A cycle is a non-empty graph 

C = (V, E) of the form 

The path and cycle with n vertices are denoted Pn and Cn, respectively. Noticing 

that a cycle is a two regular graph. 

A subgraph of a graph G is a graph H such that V(H) ~ V(G) and E(H) ~ E(G) 

and the assignment of endpoints to edges in H is the same as in G. We then write 

H ~ G. For a vertex subset S of G, the induced subgraph G[S] is the graph having S 

as its vertex set and all edges whose endpoints are both in S. 

A graph G is connected if each pair of vertices in G belongs to a path; otherwise, G 

is disconnected. The components of a graph G are its maximal connected subgraphs. 
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The girth of a graph with a cycle is the length of its shortest cycle. A graph without 

a cycle has infinite girth. 

A graph with no cycle is acyclic. A forest is an acyclic graph. A tree is a connected 

acyclic graph and a pendant vertex (or leaf) is a vertex of degree 1. A complete graph is 

a simple graph whose vertices are pairwise adjacent; a complete graph with p vertices 

is denoted Kp. A bipartite graph is a set of vertices partitioned into two disjoint sets 

such that each edge connects vertices in different parts. A complete bipartite graph 

is a bipartite graph such that every pair of vertices in the two sets are adjacent; if 

there are r and s vertices in the two sets, the complete bipartite graph is denoted 

Kr,s, where r and s are positive integers. 

Figure 1.1: The graphs K 4 and K2,3 . 

An independent set (or stable set) in a graph is a set of pairwise nonadjacent 

vertices. The independence number a( G) of a graph G is the maximum number of 

vertices in an independent set. A vertex cover of a graph G is a vertex subset Q ~ 

V(G) that contains at least one endpoint of every edge. The covering number {3(G) is 

the minimum number of vertices in a set that meets every edge. These two parameters 

are connected by the elementary but useful result that a( G) + {3( G) = p( G). 
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An isomorphism from a simple graph G to a simple graph H is a bijection 

f : V(G) -----+ V(H) such that uv E E(G) if and only if f(u)f(v) E E(H). We 

say that G is isomorphic to H, written G rv H, if there is an isomorphism from G to 

H. Two graphs are homeomorphic if they can be made isomorphic by inserting new 

vertices of degree 2 into edges. 

For additional graph theory terminology and notational conventions we follow [56]. 

1.2 Interconnection Topology 

Traditionally, problems are solved by a series of instructions, executed one after the 

other by the computer. Only one instruction may be executed at any moment in time. 

With the progress of the multi-processor system and parallel computing algorithm, 

now, it is possible to deal with problems of huge scale, since parallel processors execute 

more than one instruction simultaneously. Where each processor has its own indi­

vidual data stream, it is usually necessary to communicate data between processors. 

One way for processors to communicate data is to use a shared memory and shared 

variables. However this is unrealistic for large numbers of processors. A more realistic 

assumption is that each processor has its own private memory and data communi­

cation takes place using message passing via an interconnection topology (network 

topology). 

The interconnection topology plays a central role in determining the overall per­

formance of a multi-processor system. If the network cannot provide adequate per-
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formance, for a particular application, processors will frequently be forced to wait for 

data to arrive. Subsequently, we introduce some popular and useful interconnection 

topologies. 

0>------<~0 

Figure 1.2: An example of graph Cartesian product K 1,3 D P3 . 

First of all, we want to introduce the Cartesian product of graphs G and H, 

written GO H, being the graph with vertex set V(G) x V(H) specified by putting 

(u, v) adjacent to (u', v') if and only if u = u' and vv' E E(H), or v = v' and 

uu' E E(G). The Cartesian product operation is commutative, i.e., GO H"' HOG. 

Figure 1.2 is an example of K 1,30 P3 . 

The most powerful interconnection topology is the fully connected network which 

is the complete graph introduced in Section 1.1. For a fully connected network with 

n processors, any processor can exchange data with any of the other n - 1 processors 

and there are n( n - 1) /2 connections between these n processors. Even though this 

is the best network, in the sense that it has the highest number of connections per 

processors, to construct such an interconnection topology is infeasible when n is large. 
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Therefore some form of limited interconnection network must be used. 

A grid graph, also called a lattice graph, is the Cartesian product of paths on m 

and n vertices, written PmD Pn. A grid graph PmD Pn has mn vertices and (m-l)n+ 

(n- l)m = 2mn- m- n edges (see Figure 1.3 as an example of P4D P6 ). Among 

the mn vertices, (m- 2)(n- 2) = mn- 2m- 2n + 4 vertices are degree four (known 

as interior vertices), 2m - 4 + 2n - 4 vertices are degree three and four vertices are 

degree two. 

Figure 1.3: An example of grid graph P4D P6. 

The concept of the grid graph can be extended to the Cartesian product of two 

cycles on m and n vertices, written CmD Cn, which has mn vertices and each vertex 

has degree four. 

Following the notation in [54], it will be useful to have a standard labelling for 

the vertex set for the Cartesian product of graphs GO H, and we choose one that 

corresponds to matrix notation: the ith vertex in the jth copy of G will be denoted 

vi,j. Carrying the matrix analogy further, we sometimes speak of the copies of G and 
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H as the columns and rows, respectively, of GO H. This idea is significantly useful 

when we investigate the Cartesian products of two paths or cycles. For instance, the 

vertex labelled by "•" in Figure 1.3 is denoted by v2,5 • 

Subsequently, we want to introduce a frequently used interconnection topology, the 

n-dimensional hypercube or hypercube of order n, Qn. There are two standard ways 

to define the n-dimensional hypercube. One is defined recursively as the Cartesian 

product Qn = K2 D Qn_1 , where Q1 = K2 ; another, and also a convenient way to 

define Qn, is to treat its vertex set as the set of all binary words of length n, two 

vertices being adjacent if and only if the Hamming distance between them is exactly 

1, where the Hamming distance of two binary words is the number of coordinates 

that they differ. In Figure 1.4, hypercubes of order n = 1, 2, 3 are presented. 

010 011 

110 111 

10 11 

o---o D 100 101 

0 1 00 01 000 001 

Figure 1.4: Then-dimensional hypercubes Qn for n = 1, 2, 3. 

The hypercube is a popular interconnection topology for parallel processing since 
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it has many appealing properties. However, the number of vertices in the hypercube 

must be a power of 2, which restricts the permissible size of the hypercube. In 1993, 

Hsu [29] introduced a new interconnection topology - Fibonacci cubes, which have 

a slower growth rate than hypercubes and can be embedded in hypercubes. 

Recall that the Fibonacci numbers form a sequence of positive integers {fn}~=o 

where fo = 1, fi = 2 and fn = fn-1 + fn-2 for n ~ 2. Given that i is a non-

negative integer such that i ::;; fn- 1, then i can be uniquely represented as a sum of 

distinct non-consecutive Fibonacci numbers ( Zeckendorf's Theorem [59]) in the form 
n-1 

i = L bjfj where bj is either 0 or 1, for 0 ::;; j ::;; n- 1 with the condition bjbj+1 = 0 
j=O 

for 0::;; j < n- 1. The sequence [bn_ 1 , ... , b1 , b0] is called the order-n Fibonacci code 

of i, and uniquely determines i. For example, i = 11 = 8 + 3 = f 4 + h has Fibonacci 

code 10100. 

The Fibonacci cube r n of order n (or n-dimensional Fibonacci cube) is the graph 

(Vn, En) where Vn = {0, 1, ... , fn - 1} and two vertices i and j are adjacent if and 

only if their Fibonacci codes differ in exactly one bit. The Fibonacci cubes for the 

first few values of n are depicted in Figure 1.5. 

1.3 Outline of Thesis 

In this thesis, we will deal with two problems in graph theory - decycling and dom-

inating. Chapter 2 discusses the history and development of the decycling problem, 

and some new results regarding the decycling of graph expansions. 
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10 101 100 

0 o---o L 
0 0 1 00 01 001 000 010 

Figure 1.5: Then-dimensional Fibonacci cubes r n for n = 0, 1, 2, 3. 

Chapter 3 focuses on decycling the Cartesian product of two cycles. We begin by 

investigating the general lower bound for the decycling number of Cartesian product 

of two cycles, CmD Cn which is a 4-regular graph. An improved lower bound is 

obtained, and from this bound, the exact value of the decycling number for the 

Cartesian product of two cycles and decycling sets for all possible cases are also 

obtained. Moreover, we find a vertex subset that yields a maximum induced tree in 

Cartesian product of two cycles. Finally, we apply our main results to get an upper 

bound for the decycling number of Cartesian product of two paths. 

Chapter 4 turns to an investigation of the decycling number for the Fibonacci 

cube of order n. We first review the development for the graph properties of the 

Fibonacci cubes, and obtain a lower bound for the decycling number of the Fibonacci 

cube of order n. Then we investigate the exact value of the decycling number for 

n ~ 7, and describe a computer search heuristic to find a decycling set for n ~ 9. 

Finally, we obtain an upper bound based on the independence number. 

Chapter 5 discusses domination numbers for the cubes (Fibonacci cubes and hy-
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percubes). First, we investigate the standard domination number for then-dimensional 

Fibonacci cube for n ~ 8. Then, we turn to study various domination parameters 

including independent, perfect and distance-k domination number for the hypercubes. 

Chapter 6 concludes the thesis and suggests future research. 



Chapter 2 

Decycling Number 

In this chapter, some results regarding the decycling number of graph expansion are 

presented. We begin with definition of some relevant terms. Subsequently, we give a 

brief review of the progress on the decycling problem, and follow with discussions on 

decycling graphs. 

2.1 Definition 

To design a parallel program by using multiple-processor system and using intercon­

nection topology and exchanging data between processors, sometimes, the following 

circumstance might happen: two or more processes are waiting for each other to 

complete before proceeding. The result is that both processes hang and we call it a 

deadlock. To prevent the deadlock, we usually have two approaches, one is to remove 

some processes, another is to eliminate some connections between processes. For op­

timization, we want to find the minimum number of processes or connections between 

processes being deleted. In graph theory, the problem can be reformulated to remove 

the minimum vertex or edge subset such that the resultant graph is acyclic. 

The minimum number of edges whose removal eliminates all cycles in a given 
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graph is already known as the cycle rank or sometimes called Betti number. This 

parameter has a simple solution: b(G) = q- p + w(G) (see [57, p. 46]), where w(G) 

denotes the number of connected components in graph G. However, the problem of 

destroying all cycles from a graph by means of deleting vertices (this problem goes 

back at least to the work of Kirchhoff [34] on spanning trees) does not have a simple 

solution and the associated decision problem was proved to be NP-complete (see [33]). 

If G is a graph, then any vertex subset S for which G - S contains no cycles is a 

decycling set. The size of a minimum decycling set S in a graph G is the decycling 

number of G and will be denoted by V (G). A decycling set of this order is called a 

V -set. In the literature decycling sets are sometimes also called feedback vertex sets, 

see [15, 20, 21, 35, 36, 37, 40, 51, 52, 53]. 

The problem of finding the decycling number can be reformulated as the problem 

of determining the maximum size f(G) of a vertex subset F that induces a forest, 

called the maximum induced forest of G. Moreover, following Erdos, Saks and S6s 

[19], we define the size t(G) of a maximum subset T of V(G) that would induce a 

tree. They also presented the problem of finding the path number, i.e., the maximum 

size of a vertex subset that would induce a path. 

It is trivial that V (G) = 0 if and only if G is a forest, and V (G) = 1 if and only 

if G has at least one cycle and some vertex is on all of its cycles. Also, it is easy to 

see that V(Kr,s) = r- 1 if 1 ~ r ~ s, and 
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2.2 History 

{ 

p - 2 if p 2:: 3, 

0 if p = 1 or 2, 

{ 

2 if p 2:: 2, 

1 if p = 1. 

13 

In this section, we present a brief review of the progress on the problem of finding 

the decycling number, or equivalently finding the maximum induced forest, of graph. 

2.2.1 Cubic Graphs 

In 1974, Jaeger [30] considered the problem of finding a maximum induced forest in 

a cubic graph G and he got 

Bondy, Hopkins and Staton (see [10]) proved that for a connected graph with ~(G) ~ 

3 and p > 4, then f (G) ~ ~Sp; 21. Moreover, if G is triangle-free, this bound was 

improved to f(G) ~ ~ 2p; 11 [10]. Lu and Zheng [60] further obtained a sharp 

bound f(G) ~ 2
: for connected triangle-free cubic graphs G where p(G) =/:- 8. 

For a connected cubic graph with girth g, Speckenmeyer proved in [52] that 

g+1 g-1 
V' (G) ~ 4g - 2P + 2g - 1 . 
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This improved his earlier results: 

and 

3p 
V'(G) ~ 8 + 1, 

Y'(G) ~!!. k(G) + 1 
"4+ 2 ' 

in [51], where k(G) denotes the maximal number of disjoint cycles in G. 

14 

Let Q denote the family of cubic graphs obtained by taking cubic trees (trees 

in which each vertex has degree 1 or 3) and replacing each vertex of degree 3 by a 

triangle and also attaching a copy of K 4 with one subdivided edge at every vertex of 

degree 1. A sharp upper bound for the decycling number of cubic graphs has been 

obtained in [40]: 

Theorem 2.2.1 ([40]) Let G be a cubic graph with girth g. Then 

g g-3 
V'(G) ~ 4(g- 1)P + 2g- 2 

if G ~ {K4 , Q3 , W} U Q where W is the Wagner graph (see [18] and Figure 2.1). 

3p 1 
If g = 3 and G E Q, then Y' (G) = 8 + 4 · 

3p 
Corollary 2.2.2 ([40]) If g ~ 3 then V'(G) ~ 8 for G ~ {K4} U Q. If G is a 

connected cubic graph with g ~ 4 and G =/:- Q3 or W, then V' (G) ~ ~. 

Theorem 2.2.3 ([40]) Let G be a connected graph of maximum degree 3. IfG =/:- K 4 

then 
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Figure 2.1: The Wagner graph. 

The family Q of graphs show the sharpness of this result. 

In 1999, Li and Liu [35] presented a polynomial time algorithm to determine the 

decycling number of any cubic graph. 

The following problems regarding the decycling number of cubic graphs are still 

open (presented in [7]): 

fp+21ln· Problem 2.2.4 Which cubic graphs G satisfy \i'(G) = I ·t: 

Problem 2.2.5 Which cubic planar graphs G satisfy Y'(G) = r P; 
11? 

2.2.2 Planar Graphs 

D. West has prepared a detailed summary discussing induced forests in planar graphs 

at http: I /www .math. uiuc. ecturwest/openp/planforest .html, part of which we 

reiterate in this section. We begin by presenting three conjectures on finding the 

maximum induced forest of a planar graph. 
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Conjecture 2.2.6 ([5]) Every planar graph has an induced forest with at least half 

of the vertices. 

Conjecture 2.2.7 ([3]) Every bipartite planar graph has an induced forest with at 

least ~ of the vertices. 

D. West in his summary also mentioned the following conjecture of Chappell: 

Conjecture 2.2.8 Every planar graph has an induced linear forest with more than 

4 g of the vertices, where a linear forest is a forest in which every component is a path. 

Without using the Four Colour Theorem, Conjecture 2.2.6 would directly imply that 

every planar graph has an independent set with at least one-quarter of the vertices. 

Similarly, Conjecture 2.2.8 would imply that every planar graph has an independent 

set with at least 2/9 of the vertices (Albertson [4]). 

The best known result on Conjecture 2.2.6 came from Borodin [12], in which he 

proved that every planar graph has a proper 5-colouring and every cycle uses at least 

three colours, from which he deduced that every planar graph has an induced forest 

with at least 2/5 of the vertices. Then, Akiyama and Watanabe [3] showed that 

Conjectures 2.2.6 and 2.2. 7 are best possible by giving some examples in 1987. 

In 1990, Hosono [28] proved that there is always an induced forest with at least 

2/3 of the vertices for outerplanar graphs, and this is best possible. Subsequently, 

Borodin and Glebov [13] proved a stronger result that the vertices of an outerplanar 

graph with girth at least 5 can be partitioned into an independent set and another set 
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that induces a forest, which answered Conjecture 2.2.6 for outerplanar graphs with 

girth at least 5. 

Poh [50] proved that the vertex set of a planar graph can be partitioned into three 

sets inducing linear forests, which implied that every planar graph has an induced 

linear forest with at least 1/3 of the vertices. Three groups ([2, 14, 43]) showed 

independently that the vertex set of an outerplanar graph can be partitioned into 

two sets that induce linear forests, and hence there exists a linear forest of size at 

least half of the vertices of an outerplanar graph. Chappell conjectured that every 

outerplanar graph has an induced linear forest with more than 4/7 of the vertices and 

this was proved by Pelsmajer [45], who showed that every outerplanar graph with p 

r
4p + 21 . . vertices has an induced linear forest with at least 

7 
vertices and this bound 

is sharp. 

2.2.3 Hypercubes 

In 1997, Beineke and Yandell [9] investigated the decycling number of hypercubes 

2n-I- 1 
and two dimensional grids. They gave the bounds 2n-l - n _ 

1 
~ 'V(Qn) ~ 

'V(Qn_ 1) + 2n-2
. For n ~ 8, the exact value of 'V(Qn) was obtained in [9]. Lower 

Table 2.1: Decycling number of Qn for n ~ 8. 

n 1 2 3 4 5 6 7 8 

0 1 3 6 14 28 56 112 
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and upper bounds on \7(Qn) for 9 ~ n ~ 13 were also obtained in [9), and these 

bounds were improved in [8]. In [21], the general upper bound was further improved 

2n-l 
to \7(Qn) ~ 2n-l- ( ) 

2n-1 

In 2003, Pike [46] made a connection between \7(Qn) and the size A(n, 4) of a 

maximum binary code of length n and minimum distance 4, and improved bounds 

2n-l- (n + 1) 
2n-l - ~ \7(Qn) ~ 2n-l - A(n, 4) were also obtained. Moreover 

n-1 

\7(Qn) = 2n-l - A(n, 4) if and only if there exists a minimum decycling set in Qn 

that is also an independent set. 

These results are listed in Table 2.2, where numbers inside "( )" are from [8], 

numbers inside "[ ]" are from [21], numbers inside "{ }" are from [46] and other 

numbers are from [9]. 

Table 2.2: Bounds on \7(Qn) for 9 ~ n ~ 13. 

Cubes Lower bounds Upper bounds 

Qg 224(225){226} {236}[240](237)312 

QlO 448( 456){ 457} { 4 72} [483] ( 493)606 

Qn 896(922){923} {952} [972] (1005) 1184 

Q12 1782(1862){1863} {1904} [1954] (2029)2224 

Q13 3584(3755){3756} { 3840} [3925] ( 4077)4680 
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2.2.4 Grids 

In 1997, Beineke and Yandell [9] also studied the decycling number of the grid graphs 

PmD Pn. They obtained a general lower bound \7(PmD Pn) ;;:: lmn- m
3

- n + 2 j, 
and the exact value of V(PmD Pn) for 2 :::; m:::; 7 and n;;:: 4 (see Table 2.3). In their 

paper, they also obtained a general result on determining the decycling number for 

V(PmD Pn) where m = 3r + 1 and n 0 (mod 2), 

Theorem 2.2.9 ([8]) SupposeS is any minimum decycling set of PmD Pn with 

Let 

S' = { V2i-1,2j-1 V·. E S} t,] 

and 

T = { Vij : i = 2, 4, ... , 2m- 2; j = 2, 4, ... , 2n- 2}. 

Then S' U T is a minimum decycling set of P2m-1D P2n-l· 

Theorem 2.2.9 is very useful in obtaining the following result which covers a general 

case other than the result in [9]. 

Corollary 2.2.10 ([8]) For any positive integers r and s 
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Table 2.3: 'V(PmD Pn) for 2 ~ m ~ 7 and n ~ 4. 

m 'V(PmDPn) 

2 l~J 
3 l3: J 
4 n 

5 l3; j -l~J -1 

6 l5; j 
7 2n -1 

2.3 Decycling of Graph Expansions 

Once a graph parameter has been studied for several classes of graphs, it is often 

interesting to investigate that parameter when these graphs are combined. In [9], 

Beineke and Yandell studied the decycling number for combinations of graphs, and 

several of their results are listed below: 

1. For disjoint graphs G and H, 

'V(G +H)= 'V(G) + 'V(H), 

where G + H denotes the sum of graphs G and H with vertex set V (G) U V (H) 

and edge set E(G) U E(H). 
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2. If neither G nor H is a null graph, then 

V(G V H)= min{p(G) + V(H), p(H) + V(G)}. 

If G is not a null graph, then 

V(G V Kn) = min{p(G)- 1, V(G) + n}. 

Here G V H denotes the join of graphs G and H having vertex set V (G) U V (H) 

and edge set E(G) U E(H) U { uv I u E V(G) and v E V(H)}. 

3. For any graph G, 

2\l(G) ~ V(K2D G) ~ V(G) + f3(G). 

In the remainder of this section, we present new results on the decycling num­

ber of the graph expansions. First of all, refering to the Meredith graph (see [11, 

Appendix III] and [42]) which is obtained from the Petersen graph following some 

expansion rule and is a 4-regular 4-connected non-Hamiltonian graph, we define a 

first expansion. For a given graph G, and v E V(G), G~ denotes the graph obtained 

from G by replacing a vertex v of degree d by a Ka,a- 1 then arbitrarily pair the d 

neighbours of v in G with the d vertices in Av, Av and A~ denote the independent sets 

of size d and d- 1 in Ka,a- 1 respectively. In general, we can define G~ by applying 

a similar procedure to each vertex in W, where W ~ V(G) (see Figure 2.2 for an 

example). 



§ 2.3. Decycling of Graph Expansions 22 

G 

Figure 2.2: An example of G~(G)· 

To study the decycling number of G~(G)' we need to consider another graph ex­

pansion, which we introduce here. For a given graph G, and v E V(G), suppose 

N0 (v) = {x1 , X2, ... , xdJ, where dv = degc(v). G~ denotes the graph obtained from 

G by replacing v by a star Sv with center v' and leaves x~, x~, ... , x~v and adding 

edges xix~ for 1 ~ i ~ dv. Similarly, we define G~ by applying the above procedure 

to each vertex in W ~ V(G) (see Figure 2.3 for an example). 

Theorem 2.3.1 IJG is a connected graph with 6(G) ~ 2, then \7 ( G~(a)) = V(G). 

Proof. For each copy of K 1,d, we call the vertex of degree d the center vertex, and 

others leaf vertices. Let S' be a minimum decycling set in G~(G)' if all the vertices in 

S' are center vertices, then obviously \7 (G) = \7 ( G~(G)). 
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G 

Figure 2.3: An example of Gf(c). 

If not, there exist leaf vertices of some copy of K 1 ,a inS'. If there is only one leaf 

vertex in S' and the center vertex is not in S', then put the center vertex into S' and 

take the leaf vertex out of S'. If there are more than two leaf vertices in S', then it 

is obvious that S' is not a minimum decycling set of Gf(c) (we can construct a new 

decycling set with fewer vertices by putting the center vertex into S' and taking the 

leaf vertices out of S'). D 

Theorem 2.3.2 If G is a connected graph with 5(G) ;;::: 2, then V (G~(c)) 

I: (degc(v)- 2) + V(G). 
vEV(G) 

Proof. Assume that S' is a minimum decycling set of G~(G)' If :3 v E V(G), S' 

contains vertices in Av, then, to decycle this copy of Ka,a- 1 , we need to removed- 1 
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vertices in Av, which contradicts that S' is a minimum decycling set (we can choose 

d- 2 vertices from A~ into S'), or we remove vertices in both Av and A~ into S', which 

contradicts that S' is a minimum decycling set of G~(c)· So we claim that a minimum 

decycling set of G~(G) contains just vertices from A~ of each Kd,d- 1 and d- 2 vertices 

must be inS' for each Kd,d- 1 . Therefore, the resultant graph is isomorphic to G~(G)' 

and by applying Theorem 2.3.1 we obtain V' (G~(G)) = L (degc(v)- 2) + V'(G). 
vEV(G) 

0 

The last expansion we are interested in is similar to the previous two expansions, 

but replaces a vertex of degree d with a Kd and then arbitrarily joins the d neighbours 

of v and the d vertices in Kd; the new graph is denoted by G{f (respectively G{:f,, see 

Figure 2.4 for example). First, we investigate this expansion on regular graphs. 

Theorem 2.3.3 Let r be an integer and r ;;::: 2. If G is an r-regular connected graph 

with p vertices, then 

L (r- 2) = 2(q(G)- p(G)) ifr > 2, 
vEV(G) 

1 ifr = 2. 

(If vi E V (G), we use vi,1, vi,2, ... , vi,r to denote the corresponding vertices of Kr zn 

Proof. If r > 2, there are p vertex disjoint cliques in G{>(G), so \7 ( G{>(G)) ;;::: 

L (r - 2). Then we construct a vertex subset S in G{>(G) of size L (r - 2) 
vEV(G) vEV(G) 
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G 

Figure 2.4: An example of G{>(G)' 

by choosing any r- 2 vertices from each clique in G{>(G)' It is easy to see that the 

left-over graph G{>(G) - S has D. :::; 2. 

ists a corresponding cycle v 1v 2 · · · vkv1 in G. It is obvious that all vertices vi,l E 

S(l :::; i :::; k, 3 :::; l :::; r). For some j, let sl = s- Vj,h u {vj,l} (or sl = 

S- Vj,h U {vj,2} ), where his an integer between 3 and r. It is obvious that jS1 j = jSj. 

In G{>(G)- sl there is a new edge Vj,hVj,2· Since D.(G{>(G) - S) :::; 2, we go through 

Vj,hVj,2 , hence the number of cycles is reduced by one. In some step m, we get 

an acyclic graph G{>(G)- Sm. So \7 ( G{>(G)) = L (r- 2) = 2(q(G)- p(G)). 
vEV(G) 

If r = 2, Cp (cycle with p vertices) is the only 2-regular connected graph. After 
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applying the expansion, the resultant graph is still a cycle on 2p vertices. It is easy 

to see that \7 ( CP {f(Cp)) = 1. D 

More generally, by applying a technique similar to that used in the above theorem, 

we have the following result: 

Theorem 2.3.4 Let G be a graph with p vertices and b(G) ~ 2, then 

1 ifG ~ CP, 

I: ( degc( v) - 2) otherwise. 
vEV(G) 

Proof. By applying the similar argument in Theorem 2.3.3, we can easily get the 

desired result. D 



Chapter 3 

Decycling Cartesian Products of 

Two Cycles 

In this chapter, we study the decycling number for the family of graphs consisting of 

the Cartesian product of two cycles. We completely solve the problem of determining 

the decycling number of CmD Cn for all m and n. Moreover, we find a vertex set T 

that yields a maximum induced tree in CmD Cn. The main results in this chapter are 

published in [47]. 

3.1 Introduction 

In [9], various introductory results on decycling number were presented, followed 

by investigations into hypercubes as well as grid graphs PmD Pn. Further results 

concerning V(PmD Pn) were subsequently presented in [8] and summarized in a survey 

paper on decycling [7]. 

In [8] and again in [7], determining the decycling number for the Cartesian product 

of two cycles, i.e. V(CmDCn), is presented as an open problem. In this chapter we 

completely solve this problem, determining V(CmD Cn) for all m ~ 3 and n ~ 3. 
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Further, for each combination of m and n other than m = n = 4, we show how to 

construct a minimum decycling setS of size V(CmD On), such that T = V(OmD On)­

Sis the vertex set of a maximum induced tree in OmD On. 

Before moving on to our results, we review some of the introductory results that 

appeared first in [9]: 

Lemma 3.1.1 If G is a connected graph with p vertices (p > 2), q edges, and maxi­

mum degree~' then 

\7 (G) ~ q ~ ~ ~ 1 . 

Theorem 3.1.2 If G and H are homeomorphic graphs, then V(G) = V(H). 

3.2 Decycling CmD Cn (initial cases) 

In the next two sections, we investigate the decycling number of the graph OmD On, 

the Cartesian product of a cycle Om on m vertices and a cycle On on n vertices. In 

this section we establish lower bounds on V(OmD On) and obtain exact results for 

several initial cases. In the next section, we obtain a general result that describes a 

decycling set of the graph OmD On, for all m and n. 

In Chapter 1, we introduced a standard labelling for the Cartesian products of 

graphs. Figure 3.1 is a simple example of 0 40 0 7 , and the vertex labelled by "•" is 

denoted by v3,4 • Note that OmD Cn is a 4-regular graph, and hence by Lemma 3.1.1, 

we have the following lower bound for the size of any decycling set of OmD On. 
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Figure 3.1: 0 4007 , Cartesian product of 0 4 and 0 7 . 

Lemma 3.2.1 For the graph CrnD Cn, 

(3.1) 

In order that decycling will be more readily recognizable in our figures, we fre-

quently emphasize only the vertices of the decycling set. 

Because the result for C4D Cn is different from the other graphs CmD Cn, m =J. 4, 

we dispose of this case prior to developing more general results. 

Theorem 3.2.2 \7(04 0 On)= r3
; l for all n;;:: 3. 

Proof. Every column of the graph is a 4-cycle, so we must remove at least one vertex 

in each column for decycling. For any two adjacent columns in C4D On, we need to 

remove at least 3 vertices to decycle these two columns, and so if n is even, then 

3n 
V(GtD Cn) ~ 2 . When n is even, we can find a decycling set of that size. Let 

k-1 

M = U ({v2,4i-3, v4,4i-3, v3,4i-2, v1,4i-1, v3,4i-1, Vz,4i}) where k = ~~l Then 
i=1 

S = M U { Vz,n-1, v4,n-1, v1,n} is a decycling set for C4D Cn where n - 2 (mod 4) 

(see Figure 3.2 for the case n = 6). If n = 0 (mod 4) and n > 4, then S = M U 
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{v2,n-3, v4,n-3, V1,n-2, V2,n-1, v3,n-1, V1,n} is a minimum decycling set (see Figure 3.3 

for the case n = 8). 

Observe that in each case the vertices of V(CmD Cn)- S induce a tree. However, 

for C4D C4, no minimum decycling set will yield a forest with only one component. 

In this case, a maximum induced tree has 9 vertices, and is produced by the non­

minimum decycling set {v3,1, v4,1, v2,2, v 1,3, v3,3, v 1,4, v4,4}. A maximum induced 

forest having 10 vertices is obtained with the decycling set { v 1,1, v3,1, v2,2 , v 1,3, v 3,3 , 

V4,4}. 

Figure 3.2: A decycling set of C4D C6 Figure 3.3: A decycling set of C4D C8 

Figure 3.4: A decycling set of C4D C7 

If n is odd, in every two adjacent columns, we still must remove at least 3 vertices. 

If we attempt to remove exactly 3 vertices from each pair of columns ( i, i + 1) for 1 ~ 

i < n -1, then we find that removing only 1 vertex from column n leaves a cycle in the 
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graph (one of the pairs ( n - 1, n) or ( n, 1) will contain only 2 vertices of the decycling 

set). It follows that at least 3 ( n ; 
1

) + 2 = j3; 1 vertices will have to be removed 

in order to decycle 0 40 Cn where n is odd. A decycling set of this size, and whose 
k 

complement induces a tree, exists, namely U ( { v3, 2i-I, v4, 2i-l, v2,2i}) U { v1,n, v3,n}, 
i=l 

n-1 
where k = -

2
-. (See Figure 3.4 for the case n = 7.) D 

Throughout the remainder of this section, we assume that 4 ¢ { m, n}. 

In [9], the outlay of a set S of vertices in a graph G is defined as 

fJ(S) := O"(S) -IS\- E(S)- w(G- S) + 1, 

where O"(S) is the sum of the degrees of the vertices in S, E(S) is the number of edges 

in the induced subgraph G[S], and w(G- S) is the number of components in G- S. 

By Lemma 1.3 in [9], if G is a connected graph with p vertices and q edges, and S 

is any decycling set for G, then fJ( S) = q- p + 1. For CmD Cn, we can easily compute 

mn + 1 = fJ(S) = 3ISI + 1- (E + w), so 

3ISI=mn+(E+w). (3.2) 

Since w ~ 1, therefore lSI ~ mn
3
+ 1 , which in turn yields Inequality 3.1. We will 

now show that E + w > 1, thereby obtaining a greater lower bound on V(CmD Cn) 

than is given by Lemma 3.2.1. 

Lemma 3.2.3 For G = CmD Cn, if S is a minimum decycling set, then 

c(S) +w(G- S) ~ 2. 
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Proof. By the symmetry of the graph CmD Cn, we can consider the following 6 cases 

only: 

CD m = 0 (mod 3), n = 0 (mod 3); 

~ m = 1 (mod 3), n _ 0 (mod 3); 

@ m = 1 (mod 3), n _ 1 (mod 3); 

@) m = 2 (mod 3), n _ 0 (mod 3); 

® m = 2 (mod 3), n _ 1 (mod 3) ; 

® m- 2 (mod 3), n 2 (mod 3). 

By considering Equation 3.2, modulo 3, we quickly find that E + w ~ 2 for cases 

@ and@, and E + w ~ 3 for cases CD, ~' @). We therefore now consider only case 

@. 

For each 4-cycle (a, b, c, d) in CmD Cn, we now create the block {a, b, c, d}, and 

we let B be the set of all such blocks. Let 1-l be the bipartite graph with bipartition 

(V, B), where V = V(CmD Cn) and in which v E Vis adjacent to BE B if and only 

if v E B. 

Given a subset S of V, we also consider the related bipartite graph 1-l- Shaving 

bipartition (V- S, B- S), where B- S = {B- S : BE B} and in which v E V- S 

is adjacent to B E B- S if and only if v E B. Whenever S is a decycling set of 

CmD Cn, each vertex v E V- Swill have degree 4 in 1-l- S, yet the mn vertices of 
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B - S must each have degree at most 3 (as blocks, the mn elements of B - S must 

each have size at most 3). 

Assuming that E + w = 1, then E = 0, w = 1, and so Equation 3.2 yields 

(3.3) 

Since c: = 0, it follows that each of the mn blocks of B - S must have size of 2 or 3. 

Let's assume that x of the vertices of B- Shave degree 2 in 1{- S, so the remaining 

mn- x vertices of B- S each have degree 3 in 1{- S. Counting the number of edges 

in 1{- S, we have 

4(mn- \7) = 2x + 3(mn- x) 

mn+4 
x= 

3 

At this point, each vertex of (CmD Cn)- S must have degree 1, 2, 3, or 4 (a vertex 

of degree 0 is impossible because w = 1). Those of degree 2 can be further classified, 

depending on whether the 2 neighbours are in orthogonal directions or in the same 

lateral direction. Thus we can now identify each vertex of ( CmD Cn) - S as being 

of Type-1, 2o, 2l, 3, or 4, as illustrated in Figure 3.5. (Since E = 0, there exist only 

these 5 types of vertices in (CmD Cn) - S.) Throughout this lemma, in order that 

the vertices in the decycling set will be more readily differentiable from the vertices 

of ( CmD Cn) - S in the figure, we use "•" to denote the vertices in CmD Cn, and 

surround a vertex by "D" to indicate that it is in the decycling set. 

Every Type-1 vertex of G - S is in two blocks of size 2 in B - S and two blocks 
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~ ~ T ~ ~ 0 0 

• 0 • 0 • 0 0 0 

1 2o 2l 3 4 

Figure 3.5: The 5 types of vertices in G - S (the vertex in the center is the vertex 

that we mean for the type). 

of size 3, every Type-2o vertex is in one block of size 2 and three blocks of size 3, 

and each remaining vertex of ( CmD Cn) - S is in four blocks of size 3. Suppose that 

we have x1 , x20 , x21 , x3 , x4 vertices of Type-1, 2o, 2l, 3, 4 respectively. Counting the 

number of edges in 'H- S which are incident to the blocks of size 2 in B- S, we have 

2mn+8 
2xl + X2o = 2x = 

3 
(3.4) 

Similarly, counting the number of edges which are incident to the blocks of size 3, 

we have 

3 (
mn+4) = mn-3 

3 
(3.5) 

= 2mn- 4. 

Counting the number of edges of CmD Cn with one endpoint inS and the other 

in V - S, we have 

(3.6) 

Solving the system of equations consisting of Equation 3.4 through Equation 3.6, 
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we find that 

Since x 21 ;::: 0, then there is at least one Type-4 vertex. Note that each Type-4 vertex 

can only be adjacent in G-S to vertices that are Type-1 or Type-2l. Since w(G-S) = 

1, each Type-4 vertex must have at least one Type-2l neighbour. Moreover, since 

x 4 = 1 + x 21 , it follows that the Type-21 and Type-4 vertices induce a tree in which 

the vertices are alternately Type-4 and Type-2l. The neighbours of this treeinG- S 

are all Type-1. But w(G- S) = 1, and hence we now deduce that x 20 = x 3 = 0, 

yielding a solution to Equations 3.4 through Equation 3.6: 

mn+4 
XI= 

3 
mn-8 

X2t = 
6 

mn-2 

6 

Consider the vertices of an arbitrary row in G. Since c = 0, each vertex of S in 

the row will be incident with 2 horizontal edges of G that do not appear in G- S. 

The horizontal edges that do appear in G - S form a collection of horizontal paths, 

each of which has two endpoints that are both Type-1 vertices, whereas the interior 

vertices are alternately Type-4 and Type-2l. Each horizontal path thus contains an 

even number of edges. Of then horizontal edges that appeared in this row in G, an 

even number do not appear in G - S while an even number do. Hence n must be 

even, or else we have a contradiction. By considering an arbitrary column of G, we 

similarly find that m must be even. 
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Now we consider the vertices in the decycling set. At this point, the vertices in 

S must have 0, 1, or 2 Type-2l neighbours. Those having no Type-2l neighbour can 

be further classified, depending on the number of Type-4 diagonal neighbours, where 

we define a diagonal neighbour of a vertex u to be any vertex that is distance 2 from 

u in a 4-cycle of G. The resultant 5 possible types of vertices in S are illustrated in 

Figure 3.6. 

0 • 0 0 ;l 0~ r;l • 0 • • L[OJ 0 • 0 0 • 0 0 • 0 

Ao A1 A2 B c 

Figure 3.6: The 5 types of vertices in S (the vertex in the center is the vertex that 

we mean for the type). 

For each Type-Ak vertex (k = 0, 1, 2), its 4 neighbours are all Type-1 vertices. 

Each Type-B vertex has one Type-2l neighbour and the other three are Type-1. For 

each Type-C vertex, two of its neighbours (in orthogonal directions) are Type-2l and 

the other two are Type-1. Since both m and n are even, then G has an even number 

of rows and even number of columns, so we label the rows and columns of G such that 

all of the Type-4 vertices are in rows and columns with even parity. Consequently, 

all Type-A0 vertices are in rows and columns with even parity while all vertices of 

Type-A1 , A2 , B, or Care in rows and columns with odd parity. Type-1 and Type-2l 

vertices have row and column labels with different parities. Hence all of the vertices 
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of S that are diagonal neighbours of any vertex of Type-A1 , A2 , B, or C must be of 

Type-Ao. 

Note that all ~n of the vertices in rows and columns each having odd parity (i.e. 

the Type-A1, A2 , B and C vertices) are in the decycling set. And since E = 0, all 

mn T of the vertices in rows and columns having different parities (i.e. the Type-1 and 

2l vertices) are not in S. Thus, if we let T denote the set of all vertices that are 

Type-A1, A2 , B or C, then (CmD Cn)- Tis homeomorphic to C-TD Ci, and so by 

Theorem 3.1.2, 

(3.7) 

More generally, we find that 

where mi = mk . and ni = kn . for i = 0, 1, · · · , k, and k is the least non-negative 2 -~ 2 -~ 

integer such that at least one of~ or ; is either odd or equal to 4. Further, observe 

mini+ 1 . . ( ) mi-lni-1 + 1 
that V'(Cm;DCni) = 

3 
1f and only 1f V' Cmi_ 1 DCni-l = 

3 
. But 

mono+ 1 . . . Y'( Cm
0
D Cn

0
) =f , smce mther one of mo or no lS odd or else Theorem 3.2.2 

3 

applies. We therefore have a contradiction to Equation 3.3 and hence c(S) + w( G-

S) ;::: 2 for case @. By again considering Equation 3.2, modulo 3, we now conclude 

that c(S) + w( G- S) ;::: 4. D 

lmn+2l Theorem 3.2.4 V'( CmD Cn) ;::: I 
3 
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Proof. By Lemma 3.2.3 and Equation 3.2, we can easily get the desired result. 0 

The reduction technique described towards the end of the proof of Lemma 3.2.3 

can also be employed as a doubling construction, which we now present. 

Theorem 3.2.5 Suppose S is any minimum decycling 

r
mn + 21 , V'(CmDCn) = 

3 
. LetS = {v2i-1,2j-l : vi,j E S} be a vertex set in 

C2mD C2n, and T = {vi,j : i = 2, 4, · · · , 2m; j = 2, 4, · · · , 2n}. Then S'UT is a min-

imum decycling set oJC2mDC2n· Furthermore, ifw((CmDCn)- S) = 1, then there 

exists a minimum decycling set S" of C2mD C2n such that w ( ( C2mD C2n) - S") = 1. 

Proof. Note that (C2mD C2n) - T is a graph homeomorphic to CmD Cn. Hence, 

( ( C2mD C2n) - T) - S' = ( C2mD C2n) - (S' U T) is acyclic. Therefore, S' U T is a 

decycling set of C2mD C2n· 

Since by Theorem 3.2.4, 

V'(C2mO C2n) ~ r
4mn

3
+ 21 

mn+ rmn3+21 

ITI + IS'I' 

S' U Tis a minimum decycling set of C2mD C2n· 

Clearly c(S' U T) = 0. In order to obtain a maximum induced tree in C2mD C2n, 

we therefore must transform the decycling set S' U T into a new decycling set S" such 

that c(S") = c(S). 
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Suppose that for some i and j, both of Vi,j and Vi,j+l are in S. Then v2i-l,2j is 

an isolated vertex in ( C2mD C2n) - (S' U T). Also, V2i,2j E T and V2i+1,2j tf_ (S' U T). 

By removing v2i,2j from the decycling set and replacing it with v2i+l,2j, we obtain a 

new minimum decycling set. If c(S) ~ 1, we consider the following cases to perform 

similar transformations: 

't. If for some i and j, both of vi,j and vi,Hl are in S, then v2i-l,2j is an isolated 

vertex in (C2mDC2n) - (S' U T). Also, v2i,2j E T and V2i+1,2j tf_ (S' U T). By 

removing v 2i,2j from the decycling set and replacing it with v 2i+1,2j, we obtain 

a new minimum decycling set. 

t't. If for some i and j, Vi,j,vi+l,j and vi+l,j+l are all in the decycling setS, then 

v 2i,2j-l and v 2i+1,2j are isolated vertices in (C2mDC2n)- (S'UT). Also v2i,2j E T 

and v 2i,2H 1 tf. (S' U T). By removing v 2i, 2j from the decycling set and replacing 

it with v2i, 2j+1 , we obtain a new minimum decycling set. 

iii. If for some i and j, vi,j, Vi+l,j, vi+l,j+l and vi+2,j are all in the decycling setS of 

CmDCn, then v2i,2j-1, v2i+1,2j and v2i+2,2j-1 are isolated vertices in ( C2mDC2n)­

(S'UT). Also v2i,2j-2, v2i+2,2j E T and v2i,2j-3, v2i+3,2j tf_ (S'UT). By removing 

v 2i,2j-2, and V2i+2,2j from the decycling set and replacing them with v2i,2j-3, and 

v2i+3,2j, we obtain a new minimum decycling set. 

By performing such transformations, we obtain a minimum decycling set S" for 

which c(S") = c(S) and w((C2mDC2n)- S") = 1. D 
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We now carry on with several initial cases: 

f3n + 21 Lemma 3.2.6 V(C30Cn) =I 
3 

. 

Proof. By Theorem 3.2.4, we get V(C30Cn);;::: ~ 3n: 21 = n + 1. Let k = liJ, 
k 

M = U{v1,3i-2, v2,3i-1, v3,3i}, So= {v2,n}, s1 = {v2,n, v3,n}, s2 = {v1,n-1, v2,n-1, 
i=1 

v2,n}· Then MUSt is a decycling set of size n + 1 for 0 30 Cn with the property that 

w((C30Cn)- (MUSt))= 1, where n t (mod 3). 0 

f8n + 21 Lemma 3.2.7 V(C80 Cn) = I 
3 

. 

~ 8n3+ 21· "\XTe Proof. By Theorem 3.2.4, we have the lower bound V(C80Cn) ~ I vv• 

should divide the number of columns into 6 cases modulo 6. Let k = l i J , M = 
k u{ v1,3i-2l V4,3i-2, V7,3i-2, v2,3i-1, V5,3i-1, V3,3il V6,3i, VS,3i}· For n = 3 (mod 6), 

i=1 
MU{v1,n} is a minimum decycling set. For n = 1 (mod 6), MU{v2,n, v5,n 1 v6,n, Vs,n} 

is a minimum decycling set. For n- 4 (mod 6), M U { v1,n, V3,n, V5,n, V7,n} is a mini-

mum decycling set. For n- 5 (mod 6), MU{ v2,n-1, V5,n-1, V7,n-1, V3,n, V5,n, Vs,n} is 

a minimum decycling set. For n = 0 (mod 6), (M- { v2,n-1}) U{ v3,n-1, v2,n} is a min­
k-1 

imum decycling set. For n 2 (mod 6), U { v1,3i-2, v4,3i-2, V7,3i-2, v2,3i-1, v5,3i-1, 
i=1 

VB,n- 1, Vs,n- 1, v3,n, v5,n, Vs,n} is a minimum decycling set. Note that in each of these 

six cases, the corresponding maximum induced forest consists of a single tree. 0 

Lemma 3.2.8 Ifm = 3r, then V(CmDCn) = rn + 1. 



§ 3.2. Decycling CmD Cn (initial cases) 41 

l3rn
3
+ 2l-­Proof. By Theorem 3.2.4, we have the lower bound, V(C3rDCn) ~ I 

r k 

rn + 1. Now if n is odd, then let M = U ({v3i-2,1} U U{v3i-l,2j, VJi,2Hl}), where 
i=l j=l 

n = 2k + 1. Considering the graph ( C3rD Cn) - M, rows 3i- 2, 3i- 1 and 3i have a 

path from v3i-2,2 to V:H,2 for each 1 :::;; i :::;; r. By joining these paths, we have a cycle C 

of length r(n + 3) starting and ending at v1,2. Each vertex not on cycle C and not in 

M has one neighbour inC and three neighbours in M. So (C3rD Cn)- M consists of 

the cycle C with r(n- 3) pendant edges and 6r vertices of degree 2. (See Figure 3.7 

for an example of the left-over graph of (C60 C11)- M.) 

Figure 3.7: The left-over graph (with one cycle) of (C3rDCn)- M, where n is odd. 

r 

If n is even and r is odd, let M = U ({v3i-2,1, VJi-2,n-2, VJi-l,n, VJi,n-1} U 
i=l 

k 

U{v3i-l,2Hl, v3i,2J}), where n = 2k + 4. Using a similar method to the above 
j=l 
case, (C3rD Cn)- M consists a cycle C of length r(n + 6) with r(n- 6) pedant edges 

and 12r vertices of degree 2. (See Figure 3.8 for an example of the left-over graph of 

In either of the above cases, IMI - rn and (CmDCn)- M is connected and 
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Figure 3.8: The left-over graph (with one cycle) of (C3rDCn)- M, where n is even 

and r is odd. 

contains only one cycle. Now by letting S consist of M plus any degree 2 vertex of 

the cycle C of (CmD Cn)- M, we obtain a minimum decycling set, the complement 

of which induces a tree. 

Now suppose that r and n are both even, and let k be the least non-negative 

r n n m 
integer such that at least one of 

2
k or 

2
k is odd or 

2
k equals 8, and let mi = 

2
k-i 

and ni = kn. for each i = 0, 1, · · · , k. Then we can find a minimum decycling set 2 -~ 

So of cardinality ;: + 1 in Cm0 D Cno such that w ( ( Cmo 0 Cn0 ) - So) = 1. Now, 

for each i = 0, 1, · · · , k - 1, apply Theorem 3.2.5 to CmiD Cni to construct a 

k-l 
mn ""' . 
22k ~ 4J = rn + 1. 

]=0 

D 



§ 3.2. Decycling CmD Cn (initial cases) 43 

By the symmetry of the graph CmD Cn, in the rest of this chapter, we do not need 

to consider the case when 31 mn. 

Lemma 3.2.9 V(C50 Cn) = r5n: 21 
Proof. By Theorem 3.2.4, we have V(C50 Cn) ~ ~ 5n: 2l Let k = l~J, 

k 

M = u{ v1,3i-2, v3,3i-2, v2,3i-1, v4,3i-1l Vs,3i}, 51 = { v1,n, V3,n, v4,n}, and 52 = 
i=l 

{v1,n-b v3,n-1, v4,n, Vs,n}· We can easily verify that MUSt is a decycling set of size 

r
5n + 21 

3 
for CsD Cn such that w((CsD Cn)- (MUSt)) = 1, where n- t (mod 3). 

D 

f7n + 2l Lemma 3.2.10 V(C70 Cn) = I 
3 

Proof. ByTheorem3.2.4,wehaveV(C7DCn) ~ r7n: 2l Letk= l~J· For 

k-1 

n - 1 (mod 3), let S = U{v2,3i-2, v6,3i-2, v3,3i-1, v5,3i-1, V7,3i-1, v1,3i, V4,3i} U 
i=1 

{ v3,n-3, Vs,n-3, V7,n-3, v2,n-2, V5,n-2, vl,n-1, V3,n-1, V6,n-1, V4,n, V7,n}· For n = 2 
k 

(mod 3), let 5 = u{ V1,3i-2 1 V5,3i-2 1 V2,3i-1 1 V4,3i-1 1 V7,3i-1 1 V3,3i, V6,3i} U { VI,n-1 1 

i=l 

f7n3+ 2l V4,n-1, V7,n-1, VI,n, V3,n, v6,n}· In both cases, S is a decycling set of size I 

According to Lemmas 3.2.6-3.2.10, we have the following theorem: 

Theorem 3.2.11 Let m and n be integers such that m E {5, 7, 8} U {3, 6, 9, · · · }, 

n ~ 3, and n =/= 4. Then V(CmD Cn) = I mn
3
+ 2l and t(CmD Cn) = mn­

V(CmDCn)· 
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3.3 Decycling CmD Cn (the general cases) 

In the previous section, we discussed the decycling set of CmD Cn for small values of 

m. In this section, we investigate all of the remaining cases. Since we have already 

solved the problem form_ 0 (mod 3), we only need to consider four cases (modulo 

6), i.e. m _ 1 (mod 6), m _ 2 (mod 6), m = 4 (mod 6), m - 5 (mod 6), and 

by the symmetry of CmD Cn, for each case, we do not need to consider the case of 

n - 0 (mod 3). Unless stated otherwise, throughout this section we assume that 

45t{m,n}. 

Lemma 3.3.1 If m = 6r + 1, then V(CmD Cn) = 2rn + r n; 
21. 

Proof. If r = 1, then the result follows from Lemma 3.2.10. For r > 1, we 

employ an iterative construction in which we add 6 new rows at a time, starting 

with the graph C70 Cn. This iterative technique takes advantage of a particular 

configuration of three consecutive rows; this configuration is initially present in the 

decycling set described in Lemma 3.2.10 for C70 Cn, and a copy of the configuration 

is produced with each iteration. After (r- 1) iterations, we will have constructed 

a decycling set of size 2rn + In; 2l in CmD Cn. From Theorem 3.2.4, we have 

V'(CmD Cn) ? I mn
3
+ 2l = I (6r + ~)n + 2l = 2rn + In; 2l which tells us that 

the decycling set we construct is optimal. 

We now consider two subcases, each of which employs its own configuration of 

three consecutive rows from Lemma 2.10: 
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~. n = 1 (mod 3). 

Beginning with the decycling set of C7D Cn, we say that a row is Type-a if its 

deleted vertices are in the same columns as those of the fifth row of C7D Cn 

which was described in Lemma 3.2.10 (i.e. row j is Type-a if the set of vertices 
t 

removed from it is U{vj,3i-1} U {vj,n-3} where n = 3t + 1). Similarly, Type-
i=1 

/3 (resp. Type-!') rows are those with a configuration identical to that of the 
t-1 t-1 

sixth (U{vJ,3i-d U {vj,n-1}) (resp. seventh (U{vj,3i-1} U {vj,n-3, Vj,n})) row 
i=1 i=1 

Focusing on the 3 consecutive rows that are, in order, of Type-a, /3, /' in 

C7+6kD Cn, for some k ?:: 0, we now describe how to insert six new rows and 

obtain a minimum decycling set of C7+B(k+l)D Cn· Following the row of Type-a 

in C7+6kD Cn, insert three new rows, the first 2 being of Type-/3 and Type-!' 

respectively. For the third of these new rows, add the vertices in columns 3i 

(where i = 1, 2, · · · , t- 1) and n- 2 to the decycling set. 

Now, following the original Type-/3 row, insert another three new rows. For 

the first of these three new rows, we select the vertices in columns 3i (where 

i = 1, 2, · · · , t- 1), n- 2 and n to add to the decycling set. For the second 

row, select the vertices in columns 3i- 1 (where i = 1, 2, · · · , t- 1) and n- 3. 

For the third row, delete vertices so that it is a Type-/3 row (see Figure 3.9 for 

the expansion pattern where n = 13). We now have a minimum decycling set 
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I [II [II [I [II!~= +--+--t----1~-+-+--+--+--t--t--+---+ (3 

Figure 3.9: Expansion of decycling set form_ 1 (mod 6), n = 1 (mod 3) 

Note that the new graph, C7+6(k+l)D Cn, contains 3 consecutive rows that are 

of Type-a, (3, "(, and hence we can iterate this expansion procedure. 

n. n = 2 (mod 3). 

Similar to the previous case, start from the decycling set of C7D Cn. A row is 

Type-a if its deleted vertices are in the same columns as those of the fourth 

row of C7D Cn (i.e. row j is Type-a if the set of vertices removed from it is 
t u{ Vj,3i-d u { Vj,n-1}, where n = 3t + 2). Similarly, Type-(3 (resp. Type-"() rows 

i=l 
t 

are those with a configuration identical to that of the fifth ( u{ Vj,3i-d) ( resp. 
i=l 

t 

sixth (U{ Vj,3i} u { vj,3t+2})) row of C7D Cn. 
i=l 

Focusing on the 3 consecutive rows that are, m order, of Type-a, (3, "( in 

C7+6kD Cn, for some k ;::: 0, we insert six new rows and obtain a minimum 

decycling set of C7+6(k+l)D Cw Following the row of Type-a in C7+6kD Cn, in-

sert three new rows, being of Type-(3, Type-a and Type-"( in that order, and 
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I!!!!!!!!!!!!!~ = +-t-+--+--t--t-+-+-+---1>----+-+-+--+!3 

Figure 3.10: Expansion of decycling set form= 1 (mod 6), n = 2 (mod 3) 

now following the original Type-{3 row, insert another three new rows, being of 

Type-/', Type-a and Type-{3 in order (see Figure 3.10 for the expansion pattern 

where n = 14). We now have the decycling set of C7+6(k+l)D Cn. 

Note that the new graph, C7+6(k+l)D Cn, contains three consecutive rows that 

are of Type-a, {3, /', so we can iterate the expansion procedure. 

In each case we obtain a decycling set S of size 2rn + r n ; 
21 in CmD Cw More­

over, the iteration procedure does not contribute to c(S) and hence we conclude that 

0 

r
5n + 21 Lemma 3.3.2 If m = 6r + 5, then \7( CmD Cn) = 2rn + 

3 
. 

Proof. Similar to Lemma 3.3.1, we have the lower bound of the decycling set, 

\7( C6r+5D Cn) = 2rn + I Sn; 
21. We can start from the decycling set for C5D Cn 

described in Lemma 3.2.9, and insert 6r rows of vertices to get the decycling set for 

C6r+50 Cn. We divide this case into 2 subcases: 
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z. n = 1 (mod 3). 

Starting from the decycling set of C5D Cn, a row is Type-a if its deleted vertices 

are in the same columns as those of the third row of C50 C3t+l (i.e. row j 
t+l 

is Type-a if the set of vertices removed from it is u{ Vj,3i-2} ), where n = 

i=l 

3t + 1. Similarly, Type-,8 (resp. Type-')') rows are those with a configuration 
t t 

identical to that of the fourth ( u{ Vj,3i-1} U { Vj,n}) (resp. fifth (u{ Vj,3i})) row 
i=l i=l 

Focus on 3 consecutive rows that are, in order, of Type-a, ,8, 1 in C5+6kD C3t+l 

for some k ;:::: 0. We now insert three new rows following the Type-a row in 

C5+6k0 C3t+ 1 , the first two being of Type-,8, Type-1 respectively. For the third 

of these new rows, add the vertices in columns 3i- 2 (i = 1, 2, · · · , t) to the 

decycling set. 

Then following the original Type-,8 row, insert another three new rows. For the 

first of these rows, we select the vertices in columns 3i + 1 (i = 1, 2, · · · , t -1) 

and 3t to add to the decycling set. For the second row, we select the vertices 

in columns 1 and 3i (i = 1, 2, · · · , t- 1), for the third one, we delete vertices 

so that it is a Type-,8 row (see Figure 3.11 for the expansion pattern where 

n = 13). We now have a minimum decycling set of C5+6(k+l)D C3t+l· 

zz. n = 2 (mod 3). 

Beginning with the decycling set of C50 Cn, a row is Type-a if its deleted 
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{3 

Figure 3.11: Expansion result form- 5 (mod 6), n- 1 (mod 3) 

vertices are in the same columns as those of the second row of 0 50 0 3t+2 which 

was described in Lemma 3.2.9 (i.e. row j is Type-a if the set of vertices removed 
t 

from it is u{ Vj,3i-l} where n = 3t + 2). Similarly, Type-{3 (resp. Type-!') rows 
i=l 

t+l 

are those with a configuration identical to that of the third ( u{ Vj,3i-2}) (resp. 
i=l 

t+l 

fourth (u{ Vj,3i-l})) row of 050 03t+2· 

i=l 

Focus on any three consecutive rows that are, in order, of Type-a, {3, I' in 

05+6k0 On, for some k ~ 0. Following the Type-a row, insert three new rows, 

the first 2 being Type-{3 and Type-/' respectively. For the third of these new 

rows, add the vertices in columns 3i (where i = 1, 2, · · · , t) to the decycling 
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. . . . . . . . . . . . . . . . . . . . . 

f3 

'Y 

Figure 3.12: Expansion result form- 5 (mod 6), n- 2 (mod 3) 

set. 

Then, following the original Type-{3 row, insert another three new rows. For the 

first of these rows, we select the vertices in columns 3i (where i = 1, 2, · · · , t) 

and n to add to the decycling set. For the remaining two, delete vertices so that 

they are of Type-a and Type-{3 in order (see Figure 3.12 for the expansion pat-

tern where n = 11). We now have a minimum decycling set for C5+6(k+l)D Cn. 

Note that in both cases, the new graph, C5 +a(k+l)D Cn, contains 3 consecutive rows 

that are of Type-a, {3, '' and therefore we can iterate the expansion procedure to 

obtain a decycling set S of size 2rn + I 5n: 
21 in CmD Cn. Moreover w ( ( CmD Cn) -

S) = 1 and so (CmD Cn)- Sis a maximum induced tree in CmD Cn. D 
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We use another method to deal with the remaining cases. 

Lemma 3.3.3 lfm == 2 or 4 (mod 6) and n- 2 or 4 (mod 6), then V(CmDCn) 

Proof. For these cases, both m and n are even, so we use the similar method 

described in Lemma 3.2.8. Let k be the least non-negative integer such that at least 

m n m n 
one of -k or -k is odd or equals 8, and let mi = -k-. and ni = -k-. for each i = 2 2 2 -t 2 -t 

0, 1, · · · , k. Then we can find a minimum decycling set S0 of cardinality I man~+ 21 
in Cm0 DCn0 such that w((Cm0 DCn0 )- So) = 1. Now, for each i = 0, 1, · · · k- 1, 

apply Theorem 3. 2. 5 to Cmi D Cni to construct a minimum decycling set Si+l of size 
i 

V(CmaDCno) + ;~ L 4j in Cmi+lDCni+i such that w((Cmi+lDCni+l)- si+I) = 1. 
j=O 

- mn ~ j - r mn + 21 It follows that V(CmD Cn)- V(Cm0 D Cn0 ) + 22k f;:a 4 -
3 

· D 

We have now completely solved not only the problem of finding a minimum de-

cycling set in CmD Cn, but also the problem of finding a maximum induced tree. We 

summarize the cardinalities of each set of vertices: 

Theorem 3.3.4 Let m ~ 3 and n ~ 3 be integers. Then 

13;l ifm = 4, 

V(CmD Cn) = r
3

~l ifn = 4, 

~ mn3+ 21 otherwise 
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and 

ifm = n = 4, 

otherwise. 

3.4 Remarks 

By removing the row and column which have the maximum number of vertices in 

the minimum decycling set of Cm+lD Cn+l' we obtain a (not necessarily minimum) 

decycling set for PmD Pn. So we have the following corollary. 

Corollary 3.4.1 Let m, n > 3 be integers. Then 

I (m + 1)(n + 1) + 21- m + 1 - n + 1 if both m and n are odd, 
I 3 2 2 

~ ( m + 1) (; + 1) + 21-1m: 11-1 n ; 11 otherwise. 

Proof. If both m and n are odd, we apply the technique described in Theorem 3.2.5. 

Consider a minimum decycling set for C mtl DC .!!:±1., then use the doubling construc-
2 2 

tion to get a decycling set for Cm+lD Cn+l in which there exist a row and a column 

such that half of the vertices in those row and column are in the decycling set of 

m+1 n+1 
Cm+lDCn+l· Hence V(PmDPn) :<:;; V(Cm+lDCn+l)- -

2
---

2
-. 

Otherwise, in the minimum decycling set for Cm+lD Cn+l which was described in 

Sections 3.2 and 3.3, we can select a row and a column, one third of the vertices of 

which are deleted for decycling. 0 
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We observe that the upper bound for V(PmD Pn) obtained in Corollary 3.4.1 is 

comparable to the upper bound of Beineke and Yandell [9, Theorem 5.4], and when 

m and n are both odd, it is as good as the upper bound obtained by Caragiannis et 

al. [15, Theorem 6]. 



Chapter 4 

Decycling Fibonacci Cubes 

In this chapter, we discuss the decycling number for the n-dimensional Fibonacci 

cubes r n, which are a family of graphs with applications as interconnection topologies. 

We present lower and upper bounds of the decycling number for the Fibonacci cubes 

and the exact value of the decycling number for the Fibonacci cubes of order n::::::; 7. 

The main results in this chapter have been accepted for publication (see [48]). To 

simplify notation, we write V' n for V'(r n) throughout this chapter. 

4.1 Introduction 

In Chapter 1, we introduced an interconnection topology called the n-dimensional 

Fibonacci cube. It was first introduced by Hsu (see [29]) in 1993. More than 20 

papers were subsequently published discussing the graph properties of the Fibonacci 

cubes. 

In [29], Hsu gave the formula to compute the number of edges and studied the 

embedding relation between the hypercube and Fibonacci cube. Also, Hsu presented 

a very useful Fibonacci cube decomposition lemma in [29], which will be reviewed in 

the next section of this chapter. 
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Chung, Hsu and Liu [39] extended the standard Fibonacci cube to the k-th or-

der Fibonacci cube of dimension n (denoted r~ and sometimes called generalized 

Fibonacci cube, which can be viewed as the graph obtained by removing every node 

in Qn-k that has k or more consecutive l's in its binary expression) and studied the 

longest cycles in r~. Below is the main result in [39] 

1. For k = 2, r n is Hamiltonian if n = 3i for some integer i ;;:: 2; otherwise, the 

length of the longest cycle is p(r n) - 1. 

2. For k ~ 3, r~ is Hamiltonian if n can be expressed as one of the following 

forms: (k + l)i, (k + l)i- 3, (k + l)i- 4, ... , (k + l)i- k for some integer i ~ 2; 

otherwise, the length of the longest cycle is p(f~) - 1. 

In 1996, Zagaglia Salvi [58] investigated the problem of the existence of cycles of 

every even length in r~. 

Theorem 4.1.1 ([58]) For n ~ 7, every edge of the Fibonacci cube fn belongs to 

cycles of every even length. 

Theorem 4.1.2 ([58]) Fork;;:: 3 and n;;:: k + 2, every edge of r~ belongs to cycles 

of every even length. 

An edge colouring of G is vertex-distinguishing if distinct vertices are assigned 

distinct colour sets, where the colour set of a vertex v is the set of colours assigned 

to the edges incident to v. The observability of G is the minimum number of colours 



§ 4.1. Introduction 56 

in a proper edge colouring that is vertex-distinguishing [16]. In 2002, Ded6, Torri 

and Zagaglia Salvi ([17]) studied the observability of the Fibonacci cubes, and proved 

that the observability of r n is n for n ;;::: 4. 

Table 4.1: Decycling number of r n-

n IVnl lEn I Y'n 

1 2 1 0 

2 3 2 0 

3 5 5 1 

4 8 10 1 

5 13 20 3 

6 21. 38 6 

7 34 71 11 

8 55 130 19 

9 89 235 33 

10 144 420 53-55 

11 233 744 86-94 

12 377 1308 139-158 

1:3 610 2285 225-264 

14 987 3970 364-439 

In [44], Munarini and Zagaglia Salvi obtained the independence number a(r n) = 
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~p(~n)l = ~ ~n l 
In Section 4.2, we will discuss lower bounds on \7 n as well as the exact value of \7 n 

for small values of n. In Section 4.3, we present upper bounds on \7 n· Our results, 

as they apply to r n for 1 ~ n ~ 14, are summarized in Table 4.1. 

4.2 Lower Bound 

To establish our first lower bound, we will take advantage of some properties of r n 

that we now review. 

Lemma 4.2.1 ([29], Decomposition of Fibonacci cubes) Let fn = (Vn, En) de-

note the Fibonacci cube of ordern where n?:: 2. Let LOW(n) (resp. HIGH(n)) denote 

the subgraph induced by the set of vertices {0, 1, · · · , fn-1- 1} (resp. {fn-1, fn-1 + 

1, .. · , f n - 1}) . Then 

2. HIGH(n) ~ r n-2· 

Moreover, ifLINK(n) = {{i,j}: li-jl = fn-1,{i,j} E En}, then the two disjoint 

subgraphs LOW(n) and HIGH(n) are connected exactly by the set of edges LINK(n). 

By Lemma 4.2.1, the Fibonacci cube rn of order n can be decomposed into two 

disjoint subgraphs r n-1 and r n-2 . Therefore, to decycle r n' we need to decycle each 

of the two subgraphs, yielding the following lower bound for the decycling number of 
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Corollary 4.2.2 Y'n ~ Y'n-1 + Y'n-2· 

In [29], Hsu gave a formula to calculate the number of edges in r n in terms of the 

p· . (1 I 2(n + 1)fn- (n + 2)fn-1) 1bonacc1 numbers En = 
5 

. In order to establish lower 

bounds and exact values of \7 n for small n, we will also want to know about the 

degree sequence of r n· If we let dn(i) denote the degree of vertex i in r n, then we 

have the following lemma: 

Lemma 4.2.3 For n ~ 2, 

dn--l(i) + 1, 

dn(i) = dn-l(i), 

0 ~ i < fn-2, 

fn-2 ~ i < fn-l, 

dn-2(i- fn-1) + 1, fn-1 ~ i < fn, 

where d0(0) = 0, d1 (0) = 1, and d1 (1) = 1. The maximum degree 6.(r n) = n, and 

vertex 0 is the only vertex of degree n. For n ~ 4, vertices 1 and fn-l are the only 

vertices of degree n- 1. 

Proof. For dn(i), the proof follows immediately from Lemma 4.2.1. The remaining 

statements easily follow by induction, again using Lemma 4.2.1. 0 

We next prove a sequence of lemmas that will provide the decycling number of 

then-dimensional Fibonacci cubes for n ~ 7. 

Lemma 4.2.4 The decycling number \7 4 = 1, and there is only one \7 -set (for which 

the corresponding maximum induced forest is isomorphic to the path P7). 
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Proof. The value of \74 follows from Corollary 4.2.2 and Figure 4.1 in which the 

vertex labelled by "o" is in S. It is easy to see S = {0} is the unique \7-set for r 4 , 

and the left-over graph r 4 - S is a path of order 7, so we also find the path number 

of r4· 0 

7 

3 4 

Figure 4.1: A decycling set of f4. 

Lemma 4.2.5 \7 5 = 3. 

Proof. By Corollary 4.2.2, \75 ): 2. To decycle f 5 , we need to decycle the two 

disjoint subgraphs LOW(5) and HIGH(5). If \75 = 2, then we need to remove the 

unique \7-set in LOW(5), and one more vertex in HIGH(5) to decycle HIGH(5), i.e. 

vertex 8, 9, 11 or 12. In each case it is a simple exercise to see that f 5 contains a cycle 

even after deleting both vertex 0 and vertex i, fori E {8, 9, 11, 12}. Hence \75 ): 3. 

Figure 4.2 shows that there exists a decycling set of size 3 in f 5 . Note in Figure 4.2, 

the maximum induced forest is a path of order 10, so we also get the path number 

for rs. 0 
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5 

Figure 4.2: A decycling set of f 5 . 

By using computers to do an exhaustive search in f 5 , we found 6 decycling sets 

of size 3. Two of them ( {0, 4, 9} and {0, 9, 11}) are independent; the other four are 

{0, 1, 11}, {0, 1, 12}, {0, 4, 8}, and {0, 8, 12}. 

Lemma 4.2.6 \7 6 = 6. 

Proof. By Corollary 4.2.2, \7 6 ~ 4. If \7 6 = 4, then by Lemma 4.2.3 at most 

~(f6 ) + 2(~(f6 ) - 1) + (~(f6 ) - 2) = 20 edges are removed, and at least 18 edges 

remain, which is too many for a forest on 17 vertices. Hence \7 6 ~ 5. 

If \7 6 = 5, we count the number of vertices and edges in the left-over graph. 

Suppose that Sis a decycling set of size 5 in f 6 . If the degree sequence of the vertices 

in S is 6, 5, 5, 4, 4, then observe that both vertices of degree 5 are adjacent to the 

vertex of degree 6. Also it is easy to verify that each vertex of degree 4 in f 6 has at 

least one neighbour of degree 5 or 6. So s(S) ~ 4 (where s(S) denotes the number of 

edges in the induced subgraph I'n[S]), and at least 18 edges are left in f 6 - S, which 

is too many for a forest on 16 vertices. If the degree sequence is 6, 5, 4, 4, 4, we have 
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c(S) ~ 1, and at least 16 edges remaining, which is still too many for a forest on 16 

vertices. Any other degree sequence of length 5 will also result in r 6 - S having at 

least 16 edges. So we have \76 ~ 6. {0, 4, 7, 8, 14, 18} is a decycling set of size 6 for 

r6. o 

By computer search, we found 19 decycling sets of size 6 for f 6 (5 are independent 

decycling sets). More details are available in Appendix 1. 

Lemma 4.2.7 \77 = 11. 

Proof. By Corollary 4.2.2, we have \77 ~ 3 + 6 = 9. By using techniques similar 

to those described in Lemma 4.2.6, we can easily improve the lower bound to get 

\77 ~ 10. 

Assume that \77 := 10 and Sis a decycling set of size 10 in r 7. Since jV7j = 34, 

j E7j = 71, and r 7 - S has 24 vertices, that means at most 23 edges are left in r 7 - S. 

Define E' = E7- E(f7 - S). In order for r 7 - S to be a forest, it is necessary that 

jE'j ~ 71- 23 = 48. By observation, we also have the following useful information 

in r 7 : all the neighbours of vertex 0 have degree 6 or degree 5; there are 8 vertices of 

degree 5; each of vertices 1 and 21 has 2 neighbours of degree 5; {3, 4}, {8, 29} E E7 . 

There are the following 5 cases: 

1. All the vertices of degree 7 and 6 are in S. There are two subcases: 

(a) There exists no degree 4 vertex in S. Notice that each vertex of degree 

5 has a neighbour of degree 6 or 7, then c(S) = jE(f7 [S])j > 6. Hence 
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IE'I:::;; 47. 

(b) There exists at least one degree 4 vertex in S. We have c:(S) ~ 6. Hence 

IE'I:::;; 47. 

2. Vertex 0 is in S, exactly one of vertices 1 or 21 is not in S. 

(a) All vertices of degree 5 are inS. Then c:(S) ~ 6 and IE'I :::;; 47. 

(b) At least one of degree 5 vertex is not inS. Then jE'j :::;; 47. 

3. Vertex 0 and exactly one of vertices 1 or 21 are not in S. 

(a) All vertices of degree 5 are inS. 

(b) At least one vertex of degree 5 is not in S. 

For above two subcases, it is easy to verify that IE'I :::;; 47. 

4. Vertices 1 and 21 are in S, vertex 0 is not in S. There are several subcases: 

(a) All vertices of degree 5 are in S, which means that r 7 - S has at least 2 

components, and c:(S) ~ 4. Hence jE'j :::;; 48, and at least 23 edges remain 

in f 7 - S, which is too many for a forest on 24 vertices with 2 components. 

(b) Exactly one vertex of degree 5 is not inS. Then c-(S) ~ 4. Hence jE'j :::;; 47. 

(c) Exactly two vertices of degree 5 are not in S. Then either r 7 - S has at 

least two components and jE'j :::;; 48, or c-(S) ~ 4 which means jE'j :::;; 46. 
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(d) Exactly three vertices of degree 5 are not in S. Either c:(S) ~ 2 which 

means \E'\ :::;; 47, or f 7 - S has at least 3 components and \E'\ :::;; 49. 

Hence 22 edges remain which is too many for a forest with 3 components 

and 24 vertices. 

(e) Exactly four vertices of degree 5 are not inS. Either f 7[S] has an edge, 

so \E'\ :::;; 47, or this forces using vertices 12, 25, 30, and 32 (all of degree 

4) to avoid any edges in r 7[S], but then this isolates, for example, vertex 

9 or 24, and hence increases the number of components. 

(f) More than 5 vertices of degree 5 are not in S. In this case, IE'\ :::;; 

5. Vertices 0, 1 and 21 are not in S. The only possibility is all the vertices of 

degree 5 are in S. Hence c:(S) = 2 and \E'\ :::;; 46. 

In all of the above cases, there are not enough edges removed for decycling, and 

therefore V 7 ~ 11. By a computer search, we find 192 decycling sets of size 11 in r 7 

(18 are independent). These decycling sets are listed in Appendix 1. D 

Computer Search Heuristics. For n:::;; 7, an exhaustive computer search to find 

all the decycling sets of size V n in r n is possible. For n ~ 8, Lemma 4.2.1 suggests 

the following heuristic to find V(r n) 

Step 1. Find all minimal decycling sets of size V n-2 +i in r n-2, where i = 0, 1, · · ·. 

Do the same thing in r n-1 , obtaining all minimal decycling sets of size V n-1 + j 
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(j = 0, 1, ... ). 

Step 2. By the Decomposition Lemma(4.2.1), if Sis a decycling set in fn, then 

SnV(LOW(n)) must be a decycling set in fn_ 1 , and SnV(HIGH(n)) must be 

a decycling set in r n-2. Therefore, to find a decycling set of size \7 n-1 + \7 n-2+k 

in r n' we test all the combinations of a decycling set of size \7 n-2 + i in r n-2 

and a decycling set of size \7 n-1 + j in r n-1 together with x more vertices in the 

left-over graph off n, where i + j +X= k, and i, j, X are non-negative integers. 

Such a computer search shows that there is no decycling set of size less than 19 

and 33 for f 8 and f 9 respectively, so \78 = 19 and \79 = 33. The details of the 

results are listed in Table 4.2, for n :::; 9. Blank entries in the table correspond to 

computational tasks that are prohibitively time consuming. 

Table 4.2: Computer search results of decycling sets for r n 

Number of minimal decycling sets of size V n + i 
rn \Vn\ \ln 

i=O i = 1 i=2 i=3 i=4 i=5 i=6 i=7 i=8 

5 13 3 6 58 36 4 0 0 0 0 0 

6 21 6 19 704 1933 639 65 0 0 0 0 

7 34 11 192 8528 113175 454916 453985 112185 7996 96 0 

8 55 19 33 10649 778540 21836552 

9 89 33 58 
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Based on the computer search, we found that V' n = V' n-1 + V' n-2 + p,(n) where 

p,(n) is small integer value (for n = 4, 5, 6, 7, 8, 9 it would be 0, 1, 2, 2, 2, 3 respectively). 

This observation leads to the following conjecture: 

Conjecture 4.2.8 V'n = Y'n-1 + Y'n- 2 + p,(n), where p,(n) is a non-decreasing func­

tion of n. 

From Table 4.2, we found that there are still too many choices to test to feasibly 

find the decycling number of r n if n ~ 10. In order to decrease the number of choices, 

we then consider the independent decycling sets, denoting the independent decycling 

number of r n by V'~. We have already noted that V'~ = 3, V'~ = 6 and V'~ = 11. By 

Corollary 4.2.2, we know that vg ~ 6 + 11 = 17, and from the results summarized 

in Table 4.2, vg ~ 19. However, it can also be argued theoretically that vg = 19 by 

considering a line of reasoning similar to that presented in the proof of Lemma 4.2. 7. 

As with V' n, determining exact values of V'~ becomes increasingly difficult as n 

increases. We can, however, make some progress by using the same method described 

earlier, and noting that if Sis an independent decycling set of r n' then S n LOW(n) 

(resp. S n HIGH(n)) must be an independent decycling set for r n-l (resp. r n-2 ). 

By such an exhaustive search, there is no independent decycling set of size less 

than 55 and 94 for r 10 and r 11 respectively, so \7~0 = 55 and \7~1 = 94. The details 

of the results for the independent decycling sets for r n are presented in Table 4.3 and 

the corresponding decycling sets are listed in Appendix 2. 
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Table 4.3: Computer search results of independent decycling sets for r n 

Number of minimal independent decycling sets of size \7~ + i 
rn IVnl vo 

n 
i=O i=1 i=2 i=3 i=4 i=5 i=6 i=7 i=8 

5 13 3 2 11 7 1 0 0 0 0 0 

6 21 6 5 16 7 0 1 0 0 0 0 

7 34 11 18 53 34 4 1 0 0 0 0 

8 55 19 6 162 586 392 92 4 0 0 0 

9 89 33 6 818 6325 10437 7358 2455 394 13 0 

10 144 55 1 135 9100 102334 444544 899721 273817 

11 233 94 166 

Based on Table 4.3, we found that the decycling number and the independent 

decycling number of r n are equal for n ~ 9, which suggests this conjecture: 

Conjecture 4.2.9 For then-dimensional Fibonacci cube fn,Vn = \7~. 

4.3 Upper Bound 

In Section 4.2, we studied the lower bound of the decycling number of Fibonacci 

cubes, and got the exact decycling number of r n when n is small. In this section, we 

will discuss the upper bound of the decycling number of r n· 

By Lemma 4.2.1, we have the following upper bound: 
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Lemma 4.3.1 Vn ~ Vn-1 + lfn
2
- 2 j. 

Proof. r n can be decomposed into two disjoint subgraphs which are isomorphic 

to r n-1 and r n-2 respectively. And these two subgraphs are connected by LINK(n) 

(Lemma 4.2.1). Consider the subgraph induced by a maximum induced forest in 

LOW(n) and a maximum independent set in HIGH(n); such a graph is clearly acyclic. 

Since r n is a bipartite graph, it contains a maximum independent set of size at least r; l, and in [44] it was proved that r n has independence number a(r n) = r; l· So 

v n ~ v n-1 + fn-2- 1 fn
2
- 21, and the upper bound follows. o 

Furthermore, we found several independent decycling sets of size 94 in r 11 . After 

analyzing these 166 decycling sets, we observed that there always exist 19 components 

in the left-over graph r 11 - S. This may be used to decrease the upper bound of \7 n 

when n ~ 12. Here is the idea: 

Consider the induced forest F formed by the method described in Lemma 4.3.1. 

The number of components in F cannot be less than the number of components in 

the induced forest in LOW(n). Let (X, Y) be the bipartition of HIGH(n), in which 

one of X or Y consists of n-bit strings (each beginning with 10) having an odd 

number of 1's (i.e. having odd Hamming weight), and the other set consists of n-bit 

strings having an even number of l's. Let Z E {X, Y}, such that each vertex of Z 

is in F and let Z' = V(HIGH(n)) - Z be the other set in {X, Y}. For each vertex 

v E Z', if no two of the undeleted neighbours of v in r n are located in the same 

component of F, then we can undelete v, and the resultant graph clearly remains 
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acyclic. This decreases the upper bound of V n by one. The vertices in Z' whose 

neighbours are in different components of F form a vertex subset we denote by A. 

Let C denote the components ofF and then form a bipartite graph B with bipartition 

(A, C), where each component in F and each vertex in A will be a vertex in B, and 

E(B) = {(i, Cj) : i E A, cj E c, INrJi) n V(Cj)l = 1}. Here Nc(v) denotes the 

neighbours of vertex v in G. We then find a minimum decycling set SA of B with 

the property that SA ~ A. Then in r n, remove the vertices in A- SA from S; the 

resultant graph is acyclic. 

Since B has fewer vertices than r n, we can easily find a minimum decycling set 

of B by choosing vertices in A. Also we noticed that the size of A is typically smaller 

than the size of C in B = (A, C). 

By pursuing this idea we were able to reduce the upper bound on V 12 to 158 from 

the value of 166 obtained from Lemma 4.3.1; this new upper bound is reflected in 

Table 4.1. Examples of decycling sets matching the presented upper bound for f 12 , 

r 13 and r 14 are archived in Appendix 3. 



Chapter 5 

Dominating Cubes 

In this chapter, we deal with the problem of dominating cubes. Let 1'( G), "'ii (G), 

'/'p(G) and '/':c:;;k(G) denote the domination, the independent domination, the perfect 

domination and the distance-k domination numbers of the graph G, respectively. We 

first investigate the domination number for the Fibonacci cube of order n. Then 

we turn to discuss the domination parameters for the hypercube of order n. An 

improved lower bound for the domination number "Y(Qn), an improved upper bound 

for the independent domination number "'ii(Qn) and a lower bound for the distance-k 

domination number 'Y:c:;;k(Qn) are obtained. Also, we discuss the exact values for the 

domination, the perfect domination and the independent domination numbers for Q8 . 

The main results in Section 5.3 have been submitted for possible publication ([49]). 

5.1 Introduction 

A vertex subset Dis a dominating set of a graph G if each vertex in V(G) is either in 

D or is adjacent to a vertex in D. A vertex in D is said to dominate itself and all its 

neighbours. In [55], Weakley briefly mentioned the concept of excess cover, which we 

now formalize as over-domination: the over-domination of a graph G with respect to 
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a dominating set D of G is defined as: ODc(D) = (2::: ( dega(v) + 1)) - IV(G)I, 
vED 

using OD(D) for abbreviation if there is no confusion. For example, if a vertex not 

in Dis dominated by two vertices in D, then it contributes 1 to the over-domination. 

We develop this idea further in the following lemma. 

Lemma 5.1.1 Let G be a connected graph with p vertices. If D is a dominating set, 

then 

L(deg(v) + 1) ~ p. 
vED 

Proof. The proof follows that the over-domination of a graph with respect to a 

dominating set is a non-negative integer. D 

The idea of domination has various applications in design and analysis of commu-

nication networks, social sciences, optimization, bioinformatics, computational com-

plexity, and algorithm design [24, 25]. 

Several variations of domination exist. For instance, an independent dominating 

set is a dominating set which is also an independent set. A dominating set Dis called 

a perfect dominating set if every vertex in V - D is adjacent to exactly one vertex in 

D. 

The concept of domination can also be extended to distance-k domination. A 

vertex subset D is a distance-k dominating set if every vertex of V is distance at most 

k from some vertex in D. For this case, a vertex is said to dominate itself and its 

k-neighbourhood, where the k-neighbourhood of a vertex v E V(G) is a vertex subset 
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Nk,c(v) = {u: u E V(G) and d(u,v)::; k}. We will abbreviate this to Nk(v) ifthere 

is no confusion. If dc(u, v) = k, then u is a distance-k neighbour of v in the graph G. 

The domination number ')'(G) is the minimum cardinality of a dominating set 

of G. Similarly, we define the independent domination number '"Yi(G), the perfect 

domination number ')'p( G) and the distance-k domination number ')'~k( G) to be the 

minimum cardinality of an independent dominating set, a perfect dominating set 

and a distance-k dominating set, respectively. Notice that the distance-1 domination 

number ')'1 (G) is the standard domination number ')'(G). 

The topic of domination was experiencing significant growth in the last few decades. 

Haynes, Hedetniemi and Slater have two books, [24, 25], that deal exclusively with 

domination in graphs. Also, there exist several survey articles on domination in 

graphs, i.e. [23], [26] and [27]. 

In Section 5.2, we will discuss the domination number for the Fibonacci cube of 

order at most 8. In Section 5.3, we focus on domination, independent domination, 

perfect domination and distance-k domination numbers for the hypercube of order n. 

5.2 Dominating Fibonacci Cubes 

In Chapter 4, we discussed the decycling number for the n-dimensional Fibonacci 

cubes. Here, we investigate the domination number of the Fibonacci cube of order 

n. Recalling Lemma 4.2.1, the Fibonacci cube r n can be decomposed into two vertex 

disjoint subgraphs fn_ 1 and fn_ 2 . Dominating both of the two subgraphs is quite 
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enough to dominate I'n, which yields the following bounds for the domination number 

of I'n. 

We next prove a sequence of lemmas that provide the domination number of the 

n-dimensional Fibonacci cubes for n ~ 6. 

Proof. It is obvious after refering to Figure 1.5. 0 

Lemma 5.2.3 1(I'3) = 2 

Proof. Refering to Figure 5.1 in which each vertex labelled by "•" is in D, the 

result is obvious. 0 

3 

~ 

1 0 2 

Figure 5.1: A dominating set of f 3 . 

By an exhaustive search in r 3 , there are 4 dominating sets of size 2 ( { 0, 1}, { 0, 

3}, {0, 4} and {2, 4} ). 
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Lemma 5.2.4 l'(r4 ) = 3. 

Proof. By Corollary 5.2.1, l'(r4 ) ;;::: 2. Assume that l'(r4 ) = 2 and let D be 

a putative dominating set of size 2 in r 4 . Applying Lemma 5.1.1, there are the 

following cases: 

1. The degree sequence of D is 4, 3. Observe that all the vertices of degree 3 have 

the vertices of degree 4 being one of their neighbours and OD(D) ;;::: 2. Hence, 

the number of dominated vertices is less than 8. 

2. The degree sequence of D is 4, 2. Observe that any vertex of degree 2 is distance 

at most 2 from the vertex of degree 4, which forces the number of dominated 

vertices to be less than 8. 

3. The degree sequence of D is 3, 3. Then the two vertices in D have two common 

neighbours. There still exists two vertices in r 4 undominated. 

In all of the above cases, there exists some vertex which was undominated, and 

therefore l'(r 4 ) ;;::: 3. By a computer search, we find 12 dominating sets of size 3 in 

r 4 . They are {0, 1, 2}, {0, 1, 5}, {0, 1, 7}, {0, 3, 5}, {0, 4, 5}, {1, 3, 7}, {1, 4, 7}, 

{2, 3, 6}, {2, 4, 5}, {2, 4, 6}, {3, 6, 7} and { 4, 5, 7}. Figure 5.2 shows a dominating 

set of size 3 in r4. 0 

Lemma 5.2.5 l'(r5 ) = 4. 

Proof. By Corollary 5.2.1, l'(r5) ;;::: 3. If l'(r5) = 3, we consider the following cases: 
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4 3 
) 

1 0 2 

'-" :) 

6 5 7 

Figure 5.2: A dominating set of r 4 . 

1. The degree sequence in D is 5, 4, 4. There are exactly two vertices of degree 4 

in r 5 , and both of them are neighbours of vertex 0, which is the only vertex of 

degree 5 in f 5 (Lemma 4.2.3). There are just 12 vertices dominated. 

2. The degree sequence in D is 5, 4, 3. The vertex of degree 5 and one of the 

vertices of degree 4 in r 5 are adjacent, which requires that the vertex of D with 

degree 3 must be distance at least 3 from the other vertices of D. We observe 

that vertex 12 is the only vertex having distance at least 3 from vertex 0 in r 5 . 

However, vertex 12 is distance 2 from any vertex of degree 4, and so the number 

of dominated vertices is less than 13. 

3. The degree sequence in D is 5, 4, 2. We know that the vertex of D with degree 

4 must be adjacent to vertex 0, and then OD(D) ;:: 2. It is impossible to 

construct a dominating set with this degree sequence. 

4. The degree sequence in D is 5, 3, 3. If one vertex of degree 3 is adjacent to 
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vertex 0, then OD(D) ~ 2. Therefore, the number of dominated vertices is 

less than 13. If one vertex of degree 3, say v, is distance 2 from vertex 0, then 

OD(D) ~ 1, which requires that another vertex of degree 3 must be distance 

at least 3 from vertices 0 and v. However, that is impossible in r 5 . 

5. The degree sequence in Dis 5, 3, 2. This requires the three vertices in D must 

be distance at least 3 from each other. However, all vertices of degree 2 in r 5 

(i.e. vertices 6, 7 and 10) are distance 2 from vertex 0. 

6. The degree sequence in D is 4, 4, 3 or 4, 4, 2. The two vertices of degree 4 

have two common neighbours which yields OD(D) ~ 2. So, the number of 

dominated vertices is less than 13. 

7. The degree sequence in D is 4, 3, 3, which requires that these three vertices 

must be distance at least 3 from each other. In f 5 , vertices 1 and 8 are the only 

two vertices that have degree 4. Considering the symmetry of the Fibonacci 

code (reading the Fibonacci code from left to right or from right to left), we 

assume without loss of generality that vertex 8, which has degree 4, is in D. 

Then { 4, 7, 8} is the only set of three vertices are distance at least 3 from each 

other. However, degr
5 
(7) = 2. 

In all of above cases, there does not exist a dominating set of size 3 in f 5 . Therefore, 

l'(f5 ) ~ 4. By computer search, we found 24 dominating sets of size 4 in f 5 , and all 

these sets are listed here: {0, 1, 2, 11}, {0, 1, 2, 12}, {0, 2, 5, 12}, {0, 2, 6, 12}, {0, 



§ 5.2. Dominating Fibonacci Cubes 76 

4, 5, 8}, {0, 5, 8, 12}, {0, 5, 10, 12}, {1, 2, 5, 11 }, {1, 2, 6, 11 }, {1, 2, 7, 11 }, {1, 4, 

7, 8}, {1, 5, 10, 11 }, {1, 7, 8, 11 }, {1, 7, 10, 11 }, {2, 3, 5, 9}, {2, 3, 6, 9}, {2, 4, 5, 

8}, {2, 4, 6, 8}, {2, 6, 11, 12}, {3, 5, 9, 10}, {4, 5, 7, 8}, {4, 5, 8, 10}, {4, 5, 10, 12} 

and { 4, 6, 7, 8}. D 

Lemma 5.2.6 1(f5) = 5. 

Proof. Applying Corollary 5.2.1, we have 1(f6 ) ;? 4. Assume that 1(f6 ) = 4 and 

let D be a dominating set of size 4 in f 6 . There are the following cases: 

1. Vertex 0 and both the vertices of degree 5 are all in D. Then OD(D) ;? 5, and 

therefore the number of dominated vertices is at most 20. 

2. Vertex 0 and just one of the vertices of degree 5 are in D. Since these two 

vertices are adjacent, we have OD(D) ;? 2. Dis a dominating set if and only if 

the other two vertices in D are degree 4 and distance at least 3 from vertex 0. 

However, all the vertices of degree 4, i.e. vertices 2, 3, 4, 5, 8, 14, and 18, are 

distance at most 2 from vertex 0. 

3. Vertex 0 is not in D and both the vertices of degree 5 are in D. Since the two 

vertices of degree 5 have two common neighbours, i.e. vertices 0 and 14, the 

number of dominated vertices is at most 20. 

4. Vertex 0 is not in D and just one vertex of degree 5 is in D, which requires that 

the other three vertices in D must have degree 4 and all four vertices in D must 
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be distance at least 3 from each other. In f 6 , vertices 1 and 13 are the only two 

vertices that have degree 5. We assume without loss of generality that vertex 

13, which has degree 5, is in D, then vertex 4 is the only vertex that is degree 

4 and distance at least 3 from vertex 13, which is a contradiction. 

Hence, there does not exist a dominating set of size 4 in f 6 , which implies 1(f6) ~ 5. 

By computer search, we found 4 dominating sets of size 5 in f 6 (i.e. {1, 2, 11, 16, 

18}, {1, 2, 11, 17, 18}, { 4, 6, 7, 8, 13}, { 4, 7, 8, 13, 19} ). 0 

By applying techniques similar to those described in Lemma 5.2.6, we can prove 

that 1(f7 ) ~ 7. Using exhaustive search, there is no dominating set of size 7 in f 7 ; 

therefore 1(f7) ~ 8. By computer search, there are 71 dominating sets of size 8 in f 7 . 

Similarly, using computers to do the exhaustive search, there exist 510 dominating 

sets of size 12 in f 8 . The results about the domination number of r n, 1 ~ n ~ 8, are 

summarized in Table 5.1 (see Table 4.1 for other information about fn)· 

Table 5.1: Domination number of r n· 

n 1 2 3 4 5 6 7 8 

1 1 2 3 4 5 8 12 

5.3 Dominating Hypercubes 

When considering the n-cube Qn, it will be convenient to treat its vertex set as the 

set of all binary words of length n, two vertices being adjacent if and only if the 
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Hamming distance between them is 1. Additionally, by e1 , e2 , ... , en (ei has ith bit 1 

and all other bits 0) we denote the words of Hamming weight 1, where the Hamming 

weight of a binary word w is the number of non-zero coordinates in the word. If t and 

w are two binary words, then by tw we denote the word obtained by concatenating t 

and w. More generally, if S is any set of binary words, then tSw = { tsw : s E S}. 

Refering now to concepts in coding theory, an ( n, d) code is a code of length n and 

minimum Hamming distance d. The maximum cardinality of a binary ( n, d) code is 

A(n, d). Much work has been done on the problem of determining A(n, d) for various 

combinations of n and d (see [38, 41] for instance). In this chapter, we use A(n, 3) 

(resp. A(n, 2k + 1)) to establish a new lower bound on the domination number (resp. 

the distance-k domination number) for the n-cube. 

2n 
Stout obtained I'( Qn) ~ -- with equality holding if n = 2k - 1 (see [22, 

n+1 

p. 279]). By using an algorithmic method, in [31], Jha proved that ~ ~ !'(Qn) ~ 
n+1 

2n 

2
llog

2 
(n+l)J. If n = 21~- 1, the two bounds coincide and hence !'(Qn) = 2n-k. These 

bounds are correct also for l'i ( Qn) and /'p( Qn) in general. Subsequently, in [6], Aru-

mugam and Kala independently proved the above results theoretically. They also ob-

tained the exact values of !'(Qn), /'p(Qn) and !'i(Qn) for n ~ 7, showed !'(Qn) ~ 2n-3 

for n ~ 7, and established /'p(Qn) ~ 2n-3 for n ~ 7 and !'i(Qn) ~ 2n-2 for n ~ 3. 

Weakley [55] gave a correct proof of a theorem of Johnson [32], !'(Qn) ~ ~~l for n 

even, with equality when n = 2k for k > 0. 
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5.3.1 Domination 

Although the domination number of Q8 was known from a result of Johnson [32], we 

give an independent proof of !'( Q8 ) = 32 by applying a new technique which can be 

extended to study the distance-k domination number of hypercubes. 

Theorem 5.3.1 "Y(Q8 ) = 32. 

Proof. Let D be a minimum dominating set of Q8 , C be a maximal (8, 3) code 

among D, and C = D - C. From [38] we know that A(8, 3) ::;; 20, so ICI ::;; 20. 

Hence Vv E C, :.:Ju E C such that d(u, v) ::;; 2, where d(u, v) denotes the Hamming 

distance between u and v. If d(u, v) = 1, then these two vertices will contribute 2 to 

the over-domination and we call v a Type-1 vertex (see Figure 5.3). If d(u, v) = 2, 

• • u v u v 

Figure 5.3: u E C, v E C, v is Figure 5.4: u E C, v E C, v is a Type-2 

a Type-1 vertex. vertex and u is a Type-2 mate. 

any pair of distance 2 vertices will have exactly 2 common neighbours in Qn, then 

N(u) n N(v) will contribute 2 to the over-domination and we say that vis a Type-2 

vertex, and that u is a Type-2 mate (see Figure 5.4). Each vertex of C is either a 

Type-1 vertex or a Type-2 vertex. 
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256 -
From [6, 22, 31] we have 1(Q8 ) ~ --

1 
> 28. If IDI = 29, then ICI ~ 9 since 

8+ 

ICI ~ 20. Hence OD(D) ~ 2ICI ~ 18. However, a dominating set of size 29 yields 

OD(D) = 29 x 9- 28 = 5, which is a contradiction. So I'(Q8 ) ~ 30. By using a 

similar argument, we obtain I'( Q8) ~ 31. 

Figure 5.5: Configuration respect to vertices u, v and w. 

If 1(Q8 ) = 31, then OD(D) = 23. Necessarily ICI = 20 and ICI = 11, since 

ICI ~ 12 would imply that OD(D) ~ 24. Also, there exist u, v E C and w E C, such 

that the distance between any pair of these three vertices is exactly 2. Therefore, 

w has 3 non-private neighbours and u, v have 4 non-private neighbours in total (see 

Figure 5.5 for detail), where a private neighbour of vertex v E D is a vertex which 

is dominated by v and is not dominated by any other vertex of D and a non-private 

neighbour is a vertex which is dominated by at least two vertices of D [25]. The other 

vertices in C will form an (8, 3) code, and each vertex of C - { u, v} is distance at 

least 3 from each of u and v. Suppose there are x Type-1 vertices inC- { u, v }. Then 

we count the number of private neighbours dominated by C, which is all neighbours 



§ 5.3. Dominating Hypercubes 81 

of all vertices of C except the following: 

1. x Type-1 vertices; 

2. 3 neighbours of w; 

3. 2 neighbours for each Type-2 mate in C - { w}. 

So there are 20 x 8- x- 3- 2(9- x) = 139 + x private neighbours dominated by C. 

Subsequently, we count the number of private neighbours dominated by C, which is 

the total number of neighbours of vertices of C, except for: 

1. 1 neighbour for each Type-1 vertex; 

2. 4 neighbours of u, v in total; 

3. 2 neighbours for each Type-2 vertex in C- { u, v }. 

So there are 11 x 8 -· x- 4- 2(9- x) = 66 + x private neighbours dominated by C. 

The number of non-private neighbours dominated by Dis 2(9-x)+4. By adding the 

number of private neighbours dominated by D, the number of non-private neighbours 

dominated by D and the number of vertices in D, we will have the total number of 

vertices in Qs: 

(139 + x) + (66 + x) + 22- 2x + 31 = 258. 

But IV(Q8 )1 = 28 = 256, and so there is a contradiction. Therefore 'Y(Q8 ) ~ 32. 

In [6], it was proved that 'Y(Qn) ~ 2n-3 for n ~ 7. When n = 8, 'Y(Qs) ~ 32, so 

that 'Y( Q8 ) = 32. 0 
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2n- 2A(n, 3) 
Theorem 5.3.2 "Y(Qn) ~ . Moreover, equality holds when n = 2k- 1. 

n-1 

Proof. SupposeD is a minimum dominating set for Qn, so that IDI = "f(Qn)· Let 

C be a maximal (n, 3) code among D and C =D-C. Since ICI ~ A(n, 3), we have 

ICI ~ "f(Qn)- A(n, 3). Noticing that OD(D) ~ 2ICI, we have 

2("Y(Qn)- A(n, 3)) ~ 2ICI ~ (n + 1)"Y(Qn)- 2n 

(Q ) 
2n- 2A(n, 3) 

"( n ~ . 
n-1 

Moreover, when n = 2k- 1, "Y(Qn) = 2n-k = A(n, 3), and any minimum domi-

nating set Dis both a perfect and independent dominating set. Hence ICI = A(n, 3) 

and ICI = 0, and so all the inequalities hold with equality. D 

We now compare the lower bound from Theorem 5.3.2 with the lower bound of 

2n 2n-l 
"f(Qn) ~ -- from [6, 22, 31). Observe that A(n, 4) ~ - (see [46, Lemma 5]), 

n+1 n 
2n 

and A(n- 1, 2i- 1) = A(n, 2i) [41]. So A(n, 3) ~ --,and hence 
n+1 

(n + 1)A(n, 3) ~ 2n 

¢::::::? n2n- 2n ~ n2n + 2n- 2(n + 1)A(n, 3) 

2n 2n- 2A(n, 3) 
<====? -- ~ . 

n+1 n-1 

( ) 
2n- 2A(n,3) . 

Therefore the lower bound, 'Y Qn ;): , from Theorem 5.3.2 IS no worse 
n-1 

2n 
than the lower bound, "Y(Qn) ~ --,in [6, 22, 31]. That it constitutes an improve­

n+1 

mentis shown in Table 5.2, in which we compare these two lower bounds on "Y(Qn); 

we also present the known bounds on A(n, 3) as found in [1], for 8 ~ n ~ 16. For n 
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even, the bound '"Y(Qn)? ~~l established by Johnson [32] and Weakley [55] is the 

best of these three lower bounds. 

Table 5.2: Comparison of lower bound on '"Y(Qn)· 

n 
r n~ 11 

r2n- 2A(n, 3) l 
n-1 

A(n, 3) 1'( Qn) 

8 29 31 20 32 

9 52 54 40 54-64 

10 94 98 72 98-128 

11 171 176 144 176-256 

12 316 326 256 326-512 

13 586 598 512 598-1024 

14 1093 1103 1024 1103-2048 

15 2048 2048 2048 2048 

16 3856 3933-4007 2720-3276 3933-4096 

5.3.2 Independent and Perfect Domination 

Theorem 5.3.3 'f'p(Qs) = 32. 

Proof. By Theorem 5.3.1, we have ')'p( Q8) ? 1'( Q8) = 32. From [6, Theorem 3.3], 

we have ')'p( Q8 ) ~ 28-
3 = 32. Therefore ')'p( Q8 ) = 32. D 
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Proof. Let Dn-1 be an independent dominating set in Qn_1 , D~_ 1 be the subset 

of D consisting of all vertices in Dn-1 with odd Hamming weight, and D~_ 1 be 

the subset of D consisting of all vertices in Dn_ 1 with even Hamming weight. Let 

D~_ 1 = { u + en_1 : u E Dn_1}. It is easy to verify that D~_ 1 is also an independent 

dominating set in Qn_1. Let Dn = ODn-1 U 1D~_ 1 . It is a simple exercise to verify 

that Dn is a dominating set in Qn. 

Since Dn_1 is an independent set, dQn-I ( ui, Uj) ~ 2, where ui, uj E D~_ 1 , then we 

have dQJOui, Ouj) ~ 2, dQn(Oui, 1(ui + en-1)) ~ 2, and dQJOui, 1(uj + en-1)) ~ 2. 

Similarly, dQn_ 1 (u,v) ~ 3, where u E D~_ 1 and v E D~_1 ; hence dQn(Ou, 1(v + 

en_1)) ~ 3 and dQJ1(u + en-1), 1(v + en-1)) ~ 3. Therefore Dn is an independent 

D 

Corollary 5.3.5 'Yi(Q8) = 32. 

Proof. By Theorem 5.3.1, we have 'Yi(Q8 ) ~ 'Y(Q8 ) = 32. From Theorem 5.3.4 and 

D 

Corollary 5.3.6 !'i(Qn) ~ 2n-3 for all n ~ 7. 

Proof. The proof follows from Theorem 5.3.4 and Corollary 5.3.5. D 

5.3.3 Distance-k Domination 

The technique used in Section 5.3.1 to prove Theorem 5.3.2 can be extended to find 

a lower bound for the distance-k domination number of Qn- Given two vertices in 
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V(Qn), say u and v, that are distance d apart, where 1 ~ d ~ 2k, we need to 

determine I Nk,Qn ( u) n Nk,Qn ( v) I· Since this value is constant for any pair of distance 

d vertices in Qn, we denote it by Nk,Qn (d). 

Lemma 5.3.7 Let a= l~J and io = l 0 
if 

1 ~ d ~ k Then 

d - k if k < d ~ 2k 

Proof. Let u and v be distinct vertices in V(Qn) such that u and v are distanced 

apart. Without loss of generality, let u + v = e1 + e2 + · · · + ed, meaning that any 

shortest path between u and v uses the differences e1 , e2 , ... , ed. For 1 ~ d ~ k, it is 

easy to verify that there are ( ~) vertices being distance i from u and distance d - i 

from v, where 0 ~ i ~ l ~ j. For k < d ~ 2k, any vertex at distance i from u (resp. 

v) and distanced- i from v (resp. u), where 0 ~ i < d- k, is in Nk,Qn(u) (resp. 

Nk,QJv)), but not in Nk,QJu) n Nk,Qn(v); it is obvious that there are (~) vertices 

being distance i from u and distance d - i from v, where d - k ~ i ~ l ~ j . So for 

either case, and for i 0 ~ i ~ l ~ j , there are ( ~) vertices being distance i from u and 

distance d - i from v, and all of these ( ~) vertices are in Nk,Qn ( u) n Nk,Qn ( v). 

For any vertex wE V(Qn) such that i 0 ~ d(w,u) = i ~ l~J and d(w,v) 

d- i, w + b'd+led+l + b'd+2ed+2 + · · · + b'nen E Nk,QJu) n Nk,QJv) if and only if 

b = (b'd+1 , b'd+2 , ... , b'n) is a binary vector with Hamming weight at most k- d + i. If 
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the Hamming weight of lis precisely j (0 ~ j ~ k- d + i), then l corresponds to 

a unique vertex in Nk,Qn(u) n Nk,QJv), and vice versa; for fixed j and w, there are 

( n 7 d) such vertices. Each vertex at distance i ( i 0 ~ i ~ l ~ J ) from u and distance 

k-d+i ( d) 
d - i from v will contribute a distinct set of L n ~ vertices to Nk,QJd). 

j=O J 

By the symmetry of Q n, so does each vertex at distance d - i from u and distance 

i ( i 0 ~ i ~ l ~ j ) from v. For d = 2a, each vertex at distance a from u and distance a 

k-a ( d) 
from v will contribute L n ~ to Nk,QJd). 

j=O J 

In order to use the technique described in Section 5.3.2, we will want to use 

Nk,Qn = min { Nk,Qn (d(u, v))}. 
u,vEV(Qn) 

l,;;d(u,v),;;2k 

Evaluating Nk,Qn is not a trivial exercise, but for k = 1 we find that N1,QJ1) 

D 

2 (~) ( n ~ 1) = 2 and N1,Qn (2) = (~) ( n ~ 2) = 2, so that Nl,QJ1) = Nl,QJ2). 

Fork~ 2, 

[ (n -1) (n -1) (n -1) l Nk,Qn(1)=2 O + 1 + .. ·+ k- 1 and 

[ (n -2) (n -2) (n -2) l Nk,Qn (2) = 2 0 + 1 + " ' + k - 2 + 

By applying the fundamental binomial identity 
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and noticing that ( n; 
1
) (n; 

2
) 1, we have Nk,Qn (1) = Nk,Qn (2) for all 

k E N. By observation, we also found that Nk,QJ2i- 1) = Nk,Qn (2i), and Nk,Qn (d) 

is a non-increasing function of d for n ( 10 and any choices of k and i. These 

observations lead to the following questions: 

Question 5.3.1 For any choices of k and n, does Nk,QJ2i - 1) = Nk,QJ2i), for 

1(i(k? 

Question 5.3.2 For fixed k and n, is Nk,Qn(d) a non-increasing function of d? 

By extending the technique used in Theorem 5.3.2, we have the following result: 

2n- Nk,Qn · A(n, 2k + 1) (n) (n) 
Theorem 5.3.8 ')'(.k(Qn) ;;::: s(n, k) _ Nk,Qn , where s(n, k) = 0 + 1 + 

... + (~). 

Proof. Suppose D is a minimum distance-k dominating set for Qn, so that IDI = 

'T'(.k(Qn)· Let C be a maximal (n, 2k + 1) code among D and C = D-C. Since 

ICI ( A(n, 2k + 1), we have ICI ?: ')'(.k(Qn)- A(n, 2k + 1). 

Note that the number of distance j neighbours of any vertex v E V(Qn) is (;) 

(see [8, Theorem 3.1]). Therefore, any vertex v E D dominates (Z) + (7) + 

· · · + (~) = s ( n, k) vertices. Similarly, we define the distance-k over-domination 

of a graph G with respect to a distance-k dominating set D as : ODk,c(D) = 

(L s(n, k)) - IV( G) I, using ODk(D) for abbreviation if there is no confusion. 
vED 



§ 5.3. Dominating Hypercubes 88 

Noticing that ODk(D) ?: Nk,Qn · ICI, we have 

D 



Chapter 6 

Conclusion 

In this thesis we have mainly considered two problems in graph theory- decycling 

and dominating, specifically for Cartesian product of two cycles, Fibonacci cubes and 

hypercubes. 

In Chapter 1, the background and definitions used in this thesis were given. Then, 

we presented the definitions of some of the classes of graphs which are studied in this 

thesis, i.e. Cartesian product of cycles, n-dimensional hypercube and the Fibonacci 

cube of order n. 

Chapter 2 introduced the history and progress of finding the decycling number of 

graphs, or equivalently finding the size of a maximum induced forest in the graphs. 

Some known results and open problems in several classes of graphs, i.e. cubic graphs, 

planar graphs, hypercubes and grids, were illustrated. Then, we gave definitions 

for three graph expansions and obtained some new results regarding the decycling 

number of those graph expansions. 

Chapter 3 focused on finding the decycling number of the Cartesian product of 

two cycles, CmD Cn- Noticing that the graph CmD Cn is 4-regular, we established a 

lower bound for the decycling number of CmD Cn by applying a known result. Then, 

by analyzing the structure of CmD Cn, we got an improved lower bound. And from 
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this lower bound, the exact value of the decycling number for the Cartesian product 

of two cycles and a corresponding decycling set for each possible case is also obtained. 

Moreover, we found a vertex subset that yields a maximum induced tree in the graph 

CmD Cn. Finally, our main results can be applied to get an upper bound for the 

decycling number of Cartesian product of two paths, PmD Pn. 

Chapter 4 turned to investigate the decycling number for the Fibonacci cube of 

order n. First of all, we reviewed the progress for the graph properties of the Fibonacci 

cubes, and obtained a lower bound for the decycling number of the Fibonacci cube 

of order n. Then, we presented a sequence of theoretical proofs to obtain the exact 

value of the decycling number for n ~ 7, and described a computer search heuristic 

to find the decycling number for n ~ 9 and the independent decycling number for 

n ~ 11. Finally, we established an upper bound based on the independence number. 

Chapter 5 discussed domination parameters for the cubes (Fibonacci cubes and 

hypercubes). We began by studying the domination number for the n-dimensional 

Fibonacci cube for n ~ 8. Then, we investigated various domination parameters 

including independent, perfect and distance-k domination number for the hypercube. 

An improved lower bound for the domination number 'Y(Qn), making connection 

between the domination number and maximum (n, d) code, was obtained. Also, we 

presented an improved upper bound for the independent domination number 'Yi( Qn) 

and a new lower bound for the distance-k domination number /'(,k(Qn)· 

For further study, there is a wealth of existing literature focusing on finding the 
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minimum decycling set or minimum feedback vertex set for various families of graphs. 

Some families of graphs, such as cubic graphs, permutation graphs, and interval and 

comparability graphs, are known to have polynomial solutions. On the other hand, 

determining the decycling number of planar graphs, bipartite graphs, perfect graphs, 

and comparability graphs has been shown to be NP-hard. But it is conjectured that 

every planar graph G has a decycling set of size at most half of the vertices of G, and 

furthermore, that every bipartite planar graph has a decycling set of size at most 3/8 

of the vertices of G. 

We have already presented some results on the decycling number of Fibonacci 

cubes. These results can be further studied to revise the lower and upper bounds. 

Also, it is interesting to study the connection between the decycling number of the 

hypercube and the coding theory. 

Domination parameters are a popular topic for graph theory; there are more than 

2,000 papers focusing on this problem. Some families of graphs had been proved to 

have polynomial solutions. But there are lots of graphs that are NP-complete. It is 

useful to have classes of graphs for which the values are known. Thus, investigation 

on the domination parameters of the hypercube, Fibonacci cube, Cartesian product 

of cycles and other interesting interconnection topologies is a prospective direction. 

In addition, studying the exact value of some domination parameters for fixed order 

of hypercube, Fibonacci cube and Cartesian product of cycles is also an interesting 

problem. Again, the domination number of the n-dimensional hypercube has a close 
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connection with coding theory, specifically, with a maximum binary code of length n 

and minimum Hamming distance d. This concept can be extended to the distance-k 

domination number and maximum binary code of length n and minimum Hamming 

distance 2k + 1. 
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Appendix 1 

Minimum Decycling Sets of Fibonacci Cubes 

Minimum decycling sets (size 3) for r 5 : 

1. {0, 1, 11} 
2. {0, 1, 12} 
3. {0, 4, 8} 
4. {0, 4, 9} 
5. {0, 8, 12} 
6. {0,9,11} 

Minimum decycling sets (size 6) for r 6 : 

1. {0, 2, 4, 9, 14, 18} 
2. {0, 2, 4, 11, 14, 18} 
3. {0, 4, 7, 8, 14, 18} 
4. {0, 4, 7, 11, 14, 18} 
5. {0, 4, 8, 14, 15, 18} 
6. {0, 4, 9, 14, 15, 18} 
7. {1, 2, 3, 5, 8, 13} 
8. {1, 2, 3, 5, 9, 13} 
9. {1, 2, 3, 5, 11, 13} 

10. {1, 2, 3, 5, 12, 13} 
11. {1, 2, 3, 8, 13, 18} 
12. {1, 2, 3, 12, 13, 18} 
13. { 1, 2, 4, 5, 8, 13} 
14. {1, 2, 4, 5, 11, 13} 
15. {1, 3, 5, 7, 8, 13} 
16. {1, 3, 5, 8, 13, 15} 
17. {1, 3, 5, 8, 13, 20} 
18. {1, 3, 7, 8, 13, 18} 
19. {1, 4, 5, 8, 13, 20} 

Minimum decycling sets (size 11) for f 7 : 
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1. {0, 2, 4, 7, 11, 14, 18, 22, 26, 29, 33} 
2. {0, 2, 4, 9, 11, 14, 18, 22, 24, 26, 29} 
3. {0, 2, 4, 11, 14, 18, 22, 23, 26, 29, 33} 
4. {0, 4, 6, 7, 9, 11, 13, 22, 23, 24, 29} 
5. {0, 4, 6, 7, 11, 13, 14, 22, 23, 29, 33} 
6. {0, 4, 6, 7, 11, 13, 18, 22, 23, 29, 33} 
7. {0, 4, 6, 7, 11, 14, 18, 22, 23, 29, 33} 
8. {0, 4, 7, 11, 14, 18, 22, 23, 26, 29, 33} 
9. {1, 2, 3, 4, 5, 6, 8, 13, 21, 30, 32} 

10. {1, 2, 3, 4, 5, 7, 8, 13, 21, 30, 32} 
11. {1, 2, 3, 4, 5, 8, 13, 18, 21, 30, 32} 
12. {1, 2, 3, 4, 5, 8, 13, 19, 21, 30, 32} 
13. {1, 2, 3, 4, 5, 8, 13, 20, 21, 30, 32} 
14. {1, 2, 3, 4, 5, 8, 13, 21, 26, 30, 32} 
15. {1, 2, 3, 4, 5, 8, 13, 21, 27, 30, 32} 
16. {1, 2, 3, 4, 5, 8, 13, 21, 27, 30, 33} 
17. {1, 2, 3, 4, 5, 8, 13, 21, 27, 32, 33} 
18. {1, 2, 3, 4, 5, 8, 13, 21, 28, 30, 32} 
19. {1, 2, 3, 4, 5, 8, 13, 21, 28, 30, 33} 
20. {1, 2, 3, 4, 5, 8, 13, 21, 28, 32, 33} 
21. {1, 2, 3, 4, 5, 8, 13, 22, 26, 29, 33} 
22. {1, 2, 3, 4, 5, 8, 13, 22, 28, 29, 33} 
23. {1, 2, 3, 4, 5, 8, 14, 18, 21, 30, 32} 
24. {1, 2, 3, 4, 5, 8, 14, 20, 21, 30, 32} 
25. {1, 2, 3, 4, 5, 9, 13, 21, 27, 29, 33} 
26. {1, 2, 3, 4, 5, 9, 13, 21, 28, 29, 33} 
27. {1, 2, 3, 4, 5, 11, 13, 21, 27, 29, 33} 
28. {1, 2, 3, 4, 5, 11, 13, 21, 28, 29, 33} 
29. {1, 2, 3, 4, 6, 7, 8, 13, 21, 30, 32} 
30. {1, 2, 3, 4, 8, 13, 18, 21, 26, 30, 32} 
31. {1, 2, 3, 5, 6, 8, 12, 13, 21, 25, 29} 
32. {1, 2, 3, 5, 6, 8, 12, 13, 21, 25, 30} 
33. {1, 2, 3, 5, 6, 8, 13, 21, 25, 30, 32} 
34. {1, 2, 3, 5, 6, 12, 13, 21, 25, 29, 30} 
35. {1, 2, 3, 5, 7, 8, 12, 13, 21, 25, 29} 
36. {1, 2, 3, 5, 7, 8, 12, 13, 21, 25, 30} 
37. {1, 2, 3, 5, 7, 8, 13, 21, 25, 30, 32} 
38. {1, 2, 3, 5, 7, 12, 13, 21, 25, 29, 30} 
39. {1, 2, 3, 5, 8, 11, 13, 19, 21, 25, 30} 
40. {1, 2, 3, 5, 8, 11, 13, 21, 25, 28, 30} 
41. {1, 2, 3, 5, 8, 12, 13, 18, 21, 25, 29} 
42. {1, 2, 3, 5, 8, 12, 13, 18, 21, 25, 30} 
43. {1, 2, 3, 5, 8, 12, 13, 19, 21, 22, 32} 
44. {1, 2, 3, 5, 8, 12, 13, 19, 21, 22, 33} 
45. {1, 2, 3, 5, 8, 12, 13, 19, 21, 25, 29} 
46. { 1, 2, 3, 5, 8, 12, 13, 19, 21, 25, 30} 
47. {1, 2, 3, 5, 8, 12, 13, 19, 21, 29, 33} 
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48. {1, 2, 3, 5, 8, 12, 13, 19, 21, 30, 32} 
49. {1, 2, 3, 5, 8, 12, 13, 20, 21, 25, 29} 
50. {1, 2, 3, 5, 8, 12, 13, 20, 21, 25, 30} 
51. {1, 2, 3, 5, 8, 12, 13, 21, 22, 28, 32} 
52. {1, 2, 3, 5, 8, 12, 13, 21, 22, 28, 33} 
53. {1, 2, 3, 5, 8, 12, 13, 21, 25, 26, 29} 
54. {1, 2, 3, 5, 8, 12, 13, 21, 25, 26, 30} 
55. {1, 2, 3, 5, 8, 12, 13, 21, 25, 27, 29} 
56. {1, 2, 3, 5, 8, 12, 13, 21, 25, 27, 30} 
57. {1, 2, 3, 5, 8, 12, 13, 21, 25, 27, 32} 
58. {1, 2, 3, 5, 8, 12, 13, 21, 25, 27, 33} 
59. {1, 2, 3, 5, 8, 12, 13, 21, 25, 28, 29} 
60. {1, 2, 3, 5, 8, 12, 13, 21, 25, 28, 30} 
61. {1, 2, 3, 5, 8, 12, 13, 21, 25, 28, 32} 
62. {1, 2, 3, 5, 8, 12, 13, 21, 25, 28, 33} 
63. {1, 2, 3, 5, 8, 12, 13, 21, 27, 29, 33} 
64. {1, 2, 3, 5, 8, 12, 13, 21, 27, 30, 32} 
65. {1, 2, 3, 5, 8, 12, 13, 22, 24, 26, 29} 
66. {1, 2, 3, 5, 8, 12, 13, 22, 24, 28, 29} 
67. {1, 2, 3, 5, 8, 12, 13, 22, 25, 26, 29} 
68. {1, 2, 3, 5, 8, 12, 13, 22, 25, 28, 29} 
69. {1, 2, 3, 5, 8, 12, 14, 18, 21, 25, 29} 
70. {1, 2, 3, 5, 8, 12, 14, 18, 21, 25, 30} 
71. {1, 2, 3, 5, 8, 12, 14, 20, 21, 25, 29} 
72. {1, 2, 3, 5, 8, 12, 14, 20, 21, 25, 30} 
73. {1, 2, 3, 5, 8, 13, 18, 21, 25, 30, 32} 
74. {1, 2, 3, 5, 8, 13, 19, 21, 22, 32, 33} 
75. {1, 2, 3, 5, 8, 13, 19, 21, 25, 29, 33} 
76. {1, 2, 3, 5, 8, 13, 19, 21, 25, 30, 32} 
77. {1, 2, 3, 5, 8, 13, 19, 21, 25, 30, 33} 
78. {1, 2, 3, 5, 8, 13, 19, 21, 30, 32, 33} 
79. {1, 2, 3, 5, 8, 13, 20, 21, 25, 30, 32} 
80. {1, 2, 3, 5, 8, 13, 21, 22, 28, 32, 33} 
81. {1, 2, 3, 5, 8, 13, 21, 25, 26, 30, 32} 
82. {1, 2, 3, 5, 8, 13, 21, 25, 27, 29, 33} 
83. {1, 2, 3, 5, 8, 13, 21, 25, 27, 30, 32} 
84. {1, 2, 3, 5, 8, 13, 21, 25, 28, 30, 32} 
85. {1, 2, 3, 5, 8, 13, 21, 25, 28, 30, 33} 
86. {1, 2, 3, 5, 8, 13, 21, 27, 30, 32, 33} 
87. {1, 2, 3, 5, 8, 13, 22, 24, 26, 29, 33} 
88. {1, 2, 3, 5, 8, 13, 22, 24, 28, 29, 33} 
89. {1, 2, 3, 5, 8, 13, 23, 25, 26, 30, 32} 
90. {1, 2, 3, 5, 8, 13, 23, 25, 27, 30, 32} 
91. {1, 2, 3, 5, 8, 14, 18, 21, 25, 30, 32} 
92. {1, 2, 3, 5, 8, 14, 20, 21, 25, 30, 32} 
93. {1, 2, 3, 5, 9, 11, 13, 19, 21, 25, 29} 
94. {1, 2, 3, 5, 9, 11, 13, 19, 21, 29, 33} 

104 



95. {1, 2, 3, 5, 9, 11, 13, 21, 25, 27, 29} 
96. {1, 2, 3, 5, 9, 11, 13, 21, 27, 29, 33} 
97. {1, 2, 3, 5, 9, 12, 13, 21, 25, 27, 29} 
98. {1, 2, 3, 5, 9, 12, 13, 21, 25, 28, 29} 
99. {1, 2, 3, 5, 9, 13, 19, 21, 25, 29, 33} 

100. {1, 2, 3, 5, 9, 13, 21, 25, 28, 29, 33} 
101. {1, 2, 3, 5, 10, 12, 13, 19, 21, 30, 32} 
102. {1, 2, 3, 5, 10, 12, 13, 21, 27, 30, 32} 
103. {1, 2, 3, 5, 11, 12, 13, 21, 25, 27, 29} 
104. {1, 2, 3, 5, 11, 12, 13, 21, 25, 28, 29} 
105. {1, 2, 3, 5, 11, 13, 19, 21, 22, 29, 33} 
106. {1, 2, 3, 5, 11, 13, 19, 21, 25, 29, 30} 
107. {1, 2, 3, 5, 11, 13, 21, 22, 28, 29, 33} 
108. {1, 2, 3, 5, 11, 13, 21, 25, 28, 29, 30} 
109. {1, 2, 3, 5, 12, 13, 18, 21, 25, 29, 30} 
110. {1, 2, 3, 5, 12, 13, 19, 21, 22, 29, 32} 
111. {1, 2, 3, 5, 12, 13, 19, 21, 22, 29, 33} 
112. {1, 2, 3, 5, 12, 13, 19, 21, 25, 29, 30} 
113. {1, 2, 3, 5, 12, 13, 19, 21, 29, 30, 32} 
114. {1, 2, 3, 5, 12, 13, 19, 21, 30, 31, 32} 
115. {1, 2, 3, 5, 12, 13, 20, 21, 25, 29, 30} 
116. {1, 2, 3, 5, 12, 13, 21, 22, 28, 29, 32} 
117. {1, 2, 3, 5, 12, 13, 21, 22, 28, 29, 33} 
118. {1, 2, 3, 5, 12, 13, 21, 25, 26, 29, 30} 
119. {1, 2, 3, 5, 12, 13, 21, 25, 27, 29, 30} 
120. {1, 2, 3, 5, 12, 13, 21, 25, 27, 29, 32} 
121. {1, 2, 3, 5, 12, 13, 21, 25, 27, 29, 33} 
122. {1, 2, 3, 5, 12, 13, 21, 25, 28, 29, 30} 
123. {1, 2, 3, 5, 12, 13, 21, 25, 28, 29, 32} 
124. {1, 2, 3, 5, 12, 13, 21, 25, 28, 29, 33} 
125. {1, 2, 3, 5, 12, 13, 21, 27, 29, 30, 32} 
126. {1, 2, 3, 5, 12, 13, 21, 27, 30, 31, 32} 
127. {1, 2, 3, 6, 7, 8, 12, 13, 21, 25, 29} 
128. {1, 2, 3, 6, 7, 8, 12, 13, 21, 25, 30} 
129. {1, 2, 3, 6, 7, 8, 13, 21, 25, 30, 32} 
130. {1, 2, 3, 8, 12, 13, 18, 21, 25, 26, 29} 
131. {1, 2, 3, 8, 12, 13, 18, 21, 25, 26, 30} 
132. {1, 2, 3, 8, 13, 18, 21, 25, 26, 30, 32} 
133. {1, 2, 4, 5, 6, 8, 13, 21, 25, 30, 32} 
134. {1, 2, 4, 5, 7, 8, 13, 21, 25, 30, 32} 
135. {1, 2, 4, 5, 8, 11, 13, 19, 21, 22, 33} 
136. {1, 2, 4, 5, 8, 11, 13, 19, 21, 25, 30} 
137. {1, 2, 4, 5, 8, 11, 13, 19, 21, 29, 33} 
138. {1, 2, 4, 5, 8, 11, 13, 19, 21, 30, 32} 
139. {1, 2, 4, 5, 8, 11, 13, 21, 22, 28, 33} 
140. {1, 2, 4, 5, 8, 11, 13, 21, 24, 27, 30} 
141. {1, 2, 4, 5, 8, 11, 13, 21, 24, 27, 33} 
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142. {1, 2, 4, 5, 8, 11, 13, 21, 24, 28, 30} 
143. {1, 2, 4, 5, 8, 11, 13, 21, 24, 28, 33} 
144. {1, 2, 4, 5, 8, 11, 13, 21, 25, 28, 30} 
145. {1, 2, 4, 5, 8, 11, 13, 21, 27, 29, 33} 
146. {1, 2, 4, 5, 8, 11, 13, 21, 27, 30, 32} 
147. {1, 2, 4, 5, 8, 12, 13, 19, 21, 22, 32} 
148. {1, 2, 4, 5, 8, 12, 13, 19, 21, 30, 32} 
149. {1, 2, 4, 5, 8, 12, 13, 21, 22, 28, 32} 
150. {1, 2, 4, 5, 8, 12, 13, 21, 25, 27, 32} 
151. {1, 2, 4, 5, 8, 12, 13, 21, 25, 28, 32} 
152. {1, 2, 4, 5, 8, 12, 13, 21, 27, 30, 32} 
153. {1, 2, 4, 5, 8, 13, 18, 21, 25, 30, 32} 
154. {1, 2, 4, 5, 8, 13, 19, 21, 22, 32, 33} 
155. {1, 2, 4, 5, 8, 13, 19, 21, 24, 29, 33} 
156. {1, 2, 4, 5, 8, 13, 19, 21, 24, 30, 32} 
157. {1, 2, 4, 5, 8, 13, 19, 21, 24, 30, 33} 
158. {1, 2, 4, 5, 8, 13, 19, 21, 25, 30, 32} 
159. {1, 2, 4, 5, 8, 13, 19, 21, 30, 32, 33} 
160. {1, 2, 4, 5, 8, 13, 20, 21, 25, 30, 32} 
161. {1, 2, 4, 5, 8, 13, 21, 22, 28, 32, 33} 
162. {1, 2, 4, 5, 8, 13, 21, 24, 27, 29, 33} 
163. {1, 2, 4, 5, 8, 13, 21, 24, 27, 30, 32} 
164. {1, 2, 4, 5, 8, 13, 21, 24, 28, 30, 33} 
165. {1, 2, 4, 5, 8, 13, 21, 25, 26, 30, 32} 
166. {1, 2, 4, 5, 8, 13, 21, 25, 27, 30, 32} 
167. {1, 2, 4, 5, 8, 13, 21, 25, 28, 30, 32} 
168. {1, 2, 4, 5, 8, 13, 21, 27, 30, 32, 33} 
169. {1, 2, 4, 5, 11, 13, 19, 21, 22, 29, 33} 
170. {1, 2, 4, 5, 11, 13, 21, 22, 28, 29, 33} 
171. {1, 2, 5, 8, 12, 13, 16, 21, 25, 27, 32} 
172. {1, 2, 5, 8, 12, 13, 16, 21, 25, 28, 32} 
173. {1, 2, 5, 8, 12, 13, 17, 21, 25, 27, 32} 
174. {1, 2, 5, 8, 12, 13, 17, 21, 25, 28, 32} 
175. {1, 3, 4, 5, 7, 8, 13, 21, 23, 30, 32} 
176. {1, 3, 4, 5, 8, 13, 20, 21, 23, 30, 32} 
177. {1, 3, 5, 7, 8, 12, 13, 21, 23, 25, 29} 
178. {1, 3, 5, 7, 8, 12, 13, 21, 23, 25, 30} 
179. {1, 3, 5, 7, 8, 13, 21, 23, 25, 30, 32} 
180. {1, 3, 5, 8, 12, 13, 20, 21, 23, 25, 29} 
181. {1, 3, 5, 8, 12, 13, 20, 21, 23, 25, 30} 
182. {1, 3, 5, 8, 13, 20, 21, 23, 25, 30, 32} 
183. {2, 3, 4, 5, 6, 8, 9, 13, 21, 22, 32} 
184. {2, 3, 4, 5, 6, 8, 9, 13, 21, 22, 33} 
185. {2, 3, 4, 5, 6, 8, 13, 21, 22, 29, 33} 
186. {2, 3, 4, 5, 6, 8, 13, 21, 22, 30, 32} 
187. {2, 3, 4, 5, 8, 9, 13, 19, 21, 22, 32} 
188. {2, 3, 4, 5, 8, 9, 13, 19, 21, 22, 33} 
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189. {2, 3, 4, 5, 8, 13, 19, 21, 22, 29, 33} 
190. {2, 3, 4, 5, 8, 13, 19, 21, 22, 30, 32} 
191. {2, 3, 5, 6, 8, 12, 13, 14, 21, 25, 30} 
192. {2, 3, 5, 8, 12, 13, 14, 21, 25, 27, 30} 

Minimum decycling sets (size 19) for f 8 : 

1. {0, 2, 4, 6, 7, 9, 11, 14, 16, 18, 21, 25, 29, 35, 37, 39, 42, 47, 54} 
2. {0, 2, 4, 6, 7, 9, 11, 14, 16, 18, 21, 29, 33, 35, 37, 39, 42, 47, 49} 
3. {0, 2, 4, 6, 7, 9, 11, 14, 16, 18, 21, 29, 33, 35, 37, 39, 42, 47, 54} 
4. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 25, 30, 34, 38, 41, 45, 48, 52} 
5. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 30, 32, 34, 38, 41, 42, 48, 52} 
6. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 30, 32, 34, 38, 41, 45, 48, 52} 
7. {1, 2, 3, 5, 6, 8, 12, 13, 17, 21, 22, 32, 34, 38, 41, 43, 48, 49, 52} 
8. {1, 2, 3, 5, 6, 8, 12, 13, 17, 21, 30, 32, 34, 38, 41, 42, 48, 49, 52} 
9. {1, 2, 3, 5, 6, 8, 12, 13, 17, 21, 30, 32, 34, 38, 41, 43, 48, 49, 52} 

10. {1, 2, 3, 5, 6, 8, 12, 13, 20, 21, 22, 32, 34, 38, 41, 43, 48, 50, 52} 
11. {1, 2, 3, 5, 6, 8, 12, 13, 20, 21, 25, 30, 34, 38, 41, 42, 48, 50, 52} 
12. {1, 2, 3, 5, 6, 8, 12, 13, 20, 21, 25, 30, 34, 38, 41, 45, 48, 50, 52} 
13. {1, 2, 3, 5, 6, 8, 12, 13, 20, 21, 30, 32, 34, 38, 41, 42, 48, 50, 52} 
14. {1, 2, 3, 5, 6, 8, 12, 13, 20, 21, 30, 32, 34, 38, 41, 43, 48, 50, 52} 
15. {1, 2, 3, 5, 8, 12, 13, 17, 19, 21, 22, 32, 34, 38, 41, 43, 48, 49, 52} 
16. {1, 2, 3, 5, 8, 12, 13, 17, 19, 21, 30, 32, 34, 38, 41, 42, 48, 49, 52} 
17. {1, 2, 3, 5, 8, 12, 13, 17, 19, 21, 30, 32, 34, 38, 41, 43, 48, 49, 52} 
18. {1, 2, 3, 5, 8, 12, 13, 17, 20, 21, 25, 30, 34, 36, 38, 40, 45, 48, 52} 
19. {1, 2, 3, 5, 8, 12, 13, 17, 20, 21, 25, 30, 34, 38, 40, 41, 45, 48, 52} 
20. {1, 2, 3, 5, 8, 12, 13, 17, 20, 21, 30, 32, 34, 36, 38, 40, 42, 48, 52} 
21. {1, 2, 3, 5, 8, 12, 13, 17, 20, 21, 30, 32, 34, 36, 38, 40, 45, 48, 52} 
22. {1, 2, 3, 5, 8, 12, 13, 17, 20, 21, 30, 32, 34, 38, 40, 41, 42, 48, 52} 
23. {1, 2, 3, 5, 8, 12, 13, 17, 20, 21, 30, 32, 34, 38, 40, 41, 45, 48, 52} 
24. {1, 2, 3, 5, 8, 12, 13, 19, 20, 21, 22, 32, 34, 38, 41, 43, 48, 50, 52} 
25. {1, 2, 3, 5, 8, 12, 13, 19, 20, 21, 30, 32, 34, 38, 41, 42, 48, 50, 52} 
26. { 1, 2, 3, 5, 8, 12, 13, 19, 20, 21, 30, 32, 34, 38, 41, 43, 48, 50, 52} 
27. {1, 2, 3, 5, 8, 12, 13, 19, 21, 22, 32, 34, 38, 41, 43, 48, 49, 50, 52} 
28. {1, 2, 3, 5, 8, 12, 13, 19, 21, 30, 32, 34, 38, 41, 42, 48, 49, 50, 52} 
29. {1, 2, 3, 5, 8, 12, 13, 19, 21, 30, 32, 34, 38, 41, 43, 48, 49, 50, 52} 
30. {1, 2, 3, 5, 8, 12, 13, 20, 21, 25, 30, 34, 36, 38, 40, 42, 48, 50, 52} 
31. {1, 2, 3, 5, 8, 12, 13, 20, 21, 25, 30, 34, 36, 38, 40, 45, 48, 50, 52} 
32. {1, 2, 3, 5, 8, 12, 13, 20, 21, 25, 30, 34, 38, 40, 41, 42, 48, 50, 52} 
33. {1, 2, 3, 5, 8, 12, 13, 20, 21, 25, 30, 34, 38, 40, 41, 45, 48, 50, 52} 

Minimum decycling sets (size 33) for f 9 : 

1. {0, 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 26, 29, 33, 35, 36, 37, 39, 46, 47, 56, 
57, 58, 60, 63, 68, 74, 76, 80, 85, 87} 

2. {0, 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 26, 29, 33, 35, 36, 37, 46, 47, 52, 56, 
57, 58, 60, 63, 68, 74, 76, 80, 85, 87} 
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3. {0, 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 29, 33, 35, 36, 37, 39, 46, 47, 56, 57, 
58, 60, 63, 68, 74, 76, 80, 81, 85, 87} 

4. {0, 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 26, 29, 33, 35, 36, 37, 39, 46, 47, 56, 57, 
58, 60, 63, 68, 74, 76, 78, 80, 85, 87} 

5. {0, 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 26, 29, 33, 35, 36, 37, 46, 47, 52, 56, 57, 
58, 60, 63, 68, 74, 76, 78, 80, 85, 87} 

6. {0, 4, 6, 7, 9, 10, 11, 14, 15, 17, 18, 22, 23, 26, 29, 33, 35, 36, 37, 39, 46, 47, 56, 
57, 58, 60, 63, 68, 74, 76, 80, 85, 87} 

7. {0, 4, 6, 7, 9, 10, 11, 14, 15, 17, 18, 22, 23, 26, 29, 33, 35, 36, 37, 46, 47, 52, 56, 
57, 58, 60, 63, 68, 74, 76, 80, 85, 87} 

8. {0, 4, 6, 7, 9, 10, 11, 14, 16, 18, 20, 22, 23, 26, 29, 33, 35, 36, 37, 39, 46, 47, 56, 
57, 58, 60, 63, 68, 74, 76, 80, 85, 87} 

9. {0, 4, 6, 7, 9, 10, 11, 14, 16, 18, 20, 22, 23, 26, 29, 33, 35, 36, 37, 46, 47, 52, 56, 
57, 58, 60, 63, 68, 74, 76, 80, 85, 87} 

10. {0, 4, 6, 7, 9, 10, 11, 14, 16, 18, 20, 22, 23, 29, 33, 35, 36, 37, 39, 46, 47, 56, 57, 
58, 60, 63, 68, 74, 76, 80, 81, 85, 87} 

11. {0, 4, 6, 7, 9, 10, 11, 14, 16, 18, 22, 23, 26, 29, 33, 35, 36, 37, 46, 47, 53, 54, 56, 
57, 58, 60, 63, 68, 75, 76, 80, 85, 87} 

12. {0, 4, 6, 7, 9, 10, 11, 14, 16, 18, 22, 23, 29, 33, 35, 36, 37, 46, 47, 53, 54, 56, 57, 
58, 60, 63, 68, 75, 76, 80, 81, 85, 87} 

13. {0, 4, 6, 7, 9, 10, 11, 14, 16, 18, 22, 26, 29, 33, 35, 36, 37, 46, 47, 53, 54, 56, 57, 
58, 60, 63, 68, 75, 76, 78, 80, 85, 87} 

14. {0, 4, 6, 7, 9, 10, 11, 14, 17, 18, 22, 23, 26, 29, 33, 35, 36, 37, 46, 47, 53, 54, 56, 
57, 58, 60, 63, 68, 75, 76, 80, 85, 87} 

15. {0, 4, 6, 7, 9, 11, 14, 15, 16, 18, 22, 23, 26, 29, 33, 35, 36, 37, 39, 42, 47, 56, 57, 
58, 60, 63, 67, 68, 74, 76, 80, 86, 87} 

16. {0, 4, 6, 7, 9, 11, 14, 15, 16, 18, 22, 23, 26, 29, 33, 35, 36, 37, 42, 47, 52, 56, 57, 
58, 60, 63, 67, 68, 74, 76, 80, 86, 87} 

17. {0, 4, 6, 7, 9, 11, 14, 15, 16, 18, 22, 23, 26, 29, 33, 35, 36, 38, 39, 42, 47, 56, 57, 
58, 60, 63, 67, 68, 74, 76, 80, 86, 87} 

18. {0, 4, 6, 7, 9, 11, 14, 15, 16, 18, 22, 23, 29, 33, 35, 36, 37, 39, 42, 47, 56, 57, 58, 
60, 63, 67, 68, 74, 76, 80, 81, 86, 87} 

19. {0, 4, 6, 7, 9, 11, 14, 15, 17, 18, 22, 23, 26, 29, 33, 35, 36, 37, 39, 42, 47, 56, 57, 
58, 60, 63, 67, 68, 74, 76, 80, 86, 87} 

20. {0, 4, 6, 7, 9, 11, 14, 15, 17, 18, 22, 23, 26, 29, 33, 35, 36, 37, 42, 47, 52, 56, 57, 
58, 60, 63, 67, 68, 74, 76, 80, 86, 87} 

21. {0, 4, 6, 7, 9, 11, 14, 16, 18, 20, 22, 23, 26, 29, 33, 35, 36, 37, 39, 42, 47, 56, 57, 
58, 60, 63, 67, 68, 74, 76, 80, 86, 87} 

22. {0, 4, 6, 7, 9, 11, 14, 16, 18, 20, 22, 23, 26, 29, 33, 35, 36, 37, 42, 47, 52, 56, 57, 
58, 60, 63, 67, 68, 74, 76, 80, 86, 87} 

23. {0, 4, 6, 7, 9, 11, 14, 16, 18, 20, 22, 23, 26, 29, 33, 35, 36, 38, 39, 42, 47, 56, 57, 
58, 60, 63, 67, 68, 74, 76, 80, 86, 87} 

24. {0, 4, 6, 7, 9, 11, 14, 16, 18, 20, 22, 23, 29, 33, 35, 36, 37, 39, 42, 47, 56, 57, 58, 
60, 63, 67, 68, 74, 76, 80, 81, 86, 87} 
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25. {0, 4, 6, 7, 9, 11, 14, 16, 18, 22, 23, 26, 29, 33, 35, 36, 37, 42, 47, 53, 54, 56, 57, 
58, 60, 63, 67, 68, 75, 76, 80, 86, 87} 

26. {0, 4, 6, 7, 9, 11, 14, 16, 18, 22, 23, 26, 29, 33, 35, 36, 38, 42, 47, 53, 54, 56, 57, 
58, 60, 63, 67, 68, 75, 76, 80, 86, 87} 

27. {0, 4, 6, 7, 9, 11, 14, 16, 18, 22, 23, 29, 33, 35, 36, 37, 42, 47, 53, 54, 56, 57, 58, 
60, 63, 67, 68, 75, 76, 80, 81, 86, 87} 

28. {0, 4, 6, 7, 9, 11, 14, 17, 18, 22, 23, 26, 29, 33, 35, 36, 37, 42, 47, 53, 54, 56, 57, 
58, 60, 63, 67, 68, 75, 76, 80, 86, 87} 

29. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 25, 28, 30, 31, 34, 38, 43, 48, 49, 52, 55, 59, 
62, 65, 66, 69, 73, 77, 79, 81, 84, 88} 

30. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 25, 28, 30, 32, 34, 38, 43, 48, 49, 52, 55, 59, 
62, 65, 66, 69, 73, 77, 78, 81, 84, 88} 

31. { 1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 25, 30, 32, 34, 38, 41, 43, 48, 49, 52, 55, 59, 
62, 65, 66, 69, 73, 77, 78, 81, 84, 88} 

32. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 25, 30, 32, 34, 38, 41, 43, 48, 50, 52, 55, 59, 
62, 65, 66, 69, 73, 77, 78, 81, 84, 88} 

33. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 25, 30, 32, 34, 41, 43, 45, 48, 50, 52, 55, 59, 
62, 65, 66, 69, 73, 77, 78, 81, 84, 88} 

34. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 25, 30, 34, 41, 43, 45, 48, 50, 52, 55, 59, 62, 
65, 66, 69, 73, 77, 78, 79, 81, 84, 88} 

35. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 28, 30, 31, 32, 34, 38, 43, 48, 49, 52, 55, 59, 
62, 65, 66, 69, 73, 77, 79, 81, 84, 88} 

36. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 28, 30, 32, 34, 38, 41, 45, 48, 52, 55, 59, 64, 
65, 69, 70, 73, 77, 78, 79, 81, 84, 88} 

37. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 28, 30, 32, 34, 38, 43, 48, 49, 52, 55, 59, 62, 
65, 66, 69, 73, 77, 78, 79, 81, 84, 88} 

38. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 28, 30, 32, 34, 38, 43, 48, 49, 52, 55, 59, 62, 
65, 66, 69, 73, 77, 78, 79, 82, 84, 88} 

39. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 30, 32, 34, 38, 41, 43, 48, 49, 52, 55, 59, 62, 
65, 66, 69, 73, 77, 78, 79, 81, 84, 88} 

40. {1, 2, 3, 5, 6, 8, 12, 13, 17, 20, 21, 30, 32, 34, 38, 41, 43, 48, 50, 52, 55, 59, 62, 
65, 66, 69, 73, 77, 78, 79, 81, 84, 88} 

41. {1, 2, 3, 5, 6, 8, 12, 13, 20, 21, 25, 30, 32, 34, 38, 41, 43, 48, 50, 52, 55, 59, 62, 
65, 66, 69, 71, 73, 77, 78, 81, 84, 88} 

42. {1, 2, 3, 5, 8, 12, 13, 17, 19, 20, 21, 25, 28, 30, 31, 34, 38, 43, 48, 49, 52, 55, 59, 
61, 62, 65, 66, 68, 77, 79, 81, 84, 88} 

43. {1, 2, 3, 5, 8, 12, 13, 17, 19, 20, 21, 25, 28, 30, 32, 34, 38, 43, 48, 49, 52, 55, 59, 
61, 62, 65, 66, 68, 77, 78, 81, 84, 88} 

44. {1, 2, 3, 5, 8, 12, 13, 17, 19, 20, 21, 25, 30, 32, 34, 38, 41, 43, 48, 49, 52, 55, 59, 
61, 62, 65, 66, 68, 77, 78, 81, 84, 88} 

45. {1, 2, 3, 5, 8, 12, 13, 17, 19, 20, 21, 25, 30, 32, 34, 38, 41, 43, 48, 50, 52, 55, 59, 
61, 62, 65, 66, 68, 77, 78, 81, 84, 88} 

46. {1, 2, 3, 5, 8, 12, 13, 17, 19, 20, 21, 25, 30, 32, 34, 41, 43, 45, 48, 50, 52, 55, 59, 
61, 62, 65, 66, 68, 77, 78, 81, 84, 88} 
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47. {1, 2, 3, 5, 8, 12, 13, 17, 19, 20, 21, 25, 30, 34, 41, 43, 45, 48, 50, 52, 55, 59, 61, 
62, 65, 66, 68, 77, 78, 79, 81, 84, 88} 

48. {1, 2, 3, 5, 8, 12, 13, 17, 19, 20, 21, 25, 31, 32, 34, 38, 40, 43, 49, 50, 52, 55, 59, 
61, 62, 64, 66, 68, 77, 78, 81, 84, 88} 

49. {1, 2, 3, 5, 8, 12, 13, 17, 19, 20, 21, 27, 28, 30, 32, 34, 38, 43, 48, 49, 52, 55, 59, 
61, 62, 65, 66, 68, 77, 78, 79, 84, 88} 

50. {1, 2, 3, 5, 8, 12, 13, 1~ 19, 20, 21, 28, 30, 31, 32, 34, 38, 43, 48, 49, 52, 55, 59, 
61, 62, 65, 66, 68, 77, 79, 81, 84, 88} 

51. {1, 2, 3, 5, 8, 12, 13, 17, 19, 20, 21, 28, 30, 32, 34, 38, 43, 48, 49, 52, 55, 59, 61, 
62, 65, 66, 68, 77, 78, 79, 81, 84, 88} 

52. {1, 2, 3, 5, 8, 12, 13, 17, 19, 20, 21, 30, 32, 34, 38, 41, 43, 48, 49, 52, 55, 59, 61, 
62, 65, 66, 68, 77, 78, 79, 81, 84, 88} 

53. {1, 2, 3, 5, 8, 12, 13, 17, 19, 20, 21, 30, 32, 34, 38, 41, 43, 48, 50, 52, 55, 59, 61, 
62, 65, 66, 68, 77, 78, 79, 81, 84, 88} 

54. {1, 2, 3, 5, 8, 12, 13, 19, 20, 21, 25, 30, 32, 34, 38, 41, 43, 48, 50, 52, 55, 59, 61, 
62, 65, 66, 68, 72, 77, 78, 81, 84, 88} 

55. { 4, 6, 7, 9, 10, 11, 12, 14, 15, 16, 18, 22, 23, 24, 26, 29, 35, 36, 37, 39, 42, 47, 
56, 57, 58, 60, 63, 68, 74, 76, 80, 85, 87} 

56. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 47, 
56, 57, 58, 60, 63, 67, 68, 74, 76, 80, 84} 

57. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 47, 
56, 57, 58, 60, 63, 67, 68, 74, 76, 80, 85} 

58. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 35, 36, 37, 39, 42, 47, 56, 
57, 58, 60, 63, 67, 68, 74, 76, 80, 85, 87} 
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Appendix 2 

Minimum Independent Decycling Sets of 

Fibonacci Cubes 

Minimum independent decycling sets (size 3) for r 5 : 

1. {0, 4, 9} 
2. {0, 9, 11} 

Minimum independent decycling sets (size 6) for r 6 : 

1. {0, 4, 7, 11, 14, 18} 
2. {0, 4, 9, 14, 15, 18} 
3.l1, 2, 3, 5, 8, 13} 
4. 1, 2, 3, 5, 12, 13} 
5. 1, 3, 5, 8, 13, 20} 

Minimum independent decycling sets (size 11) for f 7 : 

1.10, 4, 6, 7, 11, 14, 18, 22, 23, 29, 33} 
2. 0, 4, 7, 11, 14, 18, 22, 23, 26, 29, 33} 
3. 1, 2, 3, 5, 8, 12, 13, 19, 21, 25, 30} 
4. {1, 2, 3, 5, 8, 12, 13, 19, 21, 30, 32} 
5. {1, 2, 3, 5, 8, 12, 13, 20, 21, 25, 30} 
6. {1, 2, 3, 5, 8, 12, 13, 21, 25, 27, 30} 
7. {1, 2, 3, 5, 8, 12, 13, 21, 25, 27, 32} 
8. {1, 2, 3, 5, 8, 12, 13, 21, 25, 28, 30} 
9. {1, 2, 3, 5, 8, 12, 13, 21, 25, 28, 32} 

10. {1, 2, 3, 5, 8, 12, 13, 21, 27, 30, 32} 
11. {1, 2, 3, 5, 8, 13, 19, 21, 25, 30, 32} 
12. {1, 2, 3, 5, 8, 13, 20, 21, 25, 30, 32} 
13. {1, 2, 3, 5, 8, 13, 21, 25, 27, 30, 32} 
14. {1, 2, 3, 5, 8, 13, 21, 25, 28, 30, 32} 
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15. Jl, 2, 3, 5, 12, 13, 19, 21, 30, 31, 321 
16. 1, 2, 3, 5, 12, 13, 21, 27, 30, 31, 32 
17. 1, 2, 5, 8, 12, 13, 17, 21, 25, 27, 32 
18. 1, 2, 5, 8, 12, 13, 17, 21, 25, 28, 32 

Minimum independent decycling sets (size 19) for f 8 : 

1. 1, 2, 3, 5, 8, 12, 13, 17, 19, 21, 30, 32, 34, 38, 41, 43, 48, 49, 52 
2. 1, 2, 3, 5, 8, 12, 13, 17, 20, 21, 25, 30, 34, 38, 40, 41, 45, 48, 52 
3. 1, 2, 3, 5, 8, 12, 13, 17, 20, 21, 30, 32, 34, 38, 40, 41, 45, 48, 52 
4. 1, 2, 3, 5, 8, 12, 13, 19, 20, 21, 30, 32, 34, 38, 41, 43, 48, 50, 52 
5. 1, 2, 3, 5, 8, 12, 13, 19, 21, 30, 32, 34, 38, 41, 43, 48, 49, 50, 52 
6. 1, 2, 3, 5, 8, 12, 13, 20, 21, 25, 30, 34, 38, 40, 41, 45, 48, 50, 52 

Minimum independent decycling sets (size 33) for f 9 : 

1. {0, 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 26, 29, 33, 35, 36, 37, 39, 46, 47, 56, 
57, 58, 60, 63, 68, 74, 76, 80, 85, 87} 

2. {0, 4, 6, 7, 9, 10, 11, 14, 16, 18, 22, 23, 26, 29, 33, 35, 36, 37, 46, 47, 53, 54, 56, 
57, 58, 60, 63, 68, 75, 76, 80, 85, 87} 

3. {0, 4, 6, 7, 9, 11, 14, 15, 16, 18, 22, 23, 26, 29, 33, 35, 36, 37, 39, 42, 47, 56, 57, 
58, 60, 63, 67, 68, 74, 76, 80, 86, 87} 

4. {0, 4, 6, 7, 9, 11, 14, 16, 18, 22, 23, 26, 29, 33, 35, 36, 37, 42, 47, 53, 54, 56, 57, 
58, 60, 63, 67, 68, 75, 76, 80, 86, 87} 

5. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 47, 
56, 57, 58, 60, 63, 67, 68, 74, 76, 80, 85} 

6. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 35, 36, 37, 39, 42, 47, 56, 
57, 58, 60, 63, 67, 68, 74, 76, 80, 85, 87} 

Minimum independent decycling sets (size 55) for f 10 : 

1. {0, 4, 6, 7, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 53, 56, 57, 58, 60, 63, 67, 68, 76, 80, 83, 85, 90, 91, 92, 94, 97, 101, 106, 108, 
109, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141} 

Minimum independent decycling sets (size 94) for r 11 : 

1. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

2. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 
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3. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 120, 123, 127, 129, 130, 134, 137, 139, 141, 
145, 146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

4. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 165, 172, 174, 175, 176, 178, 182, 185, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 214, 217, 221, 222, 223, 225, 
228, 232} 

5. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 114, 119, 120, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

6. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 119, 121, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

7. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 82, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 114, 119, 120, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

8. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 82, 83, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 172, 174, 175, 176, 178, 
182, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 214, 217, 221, 222, 223, 
228, 232} 

9. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 82, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 117, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

10. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
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101, 102, 109, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 214, 217, 221, 222, 223, 225, 
228, 232} 

11. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 116, 119, 121, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 214, 217, 221, 222, 223, 225, 
228, 232} 

12. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232} 

13. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 214, 217, 221, 222, 223, 225, 
228, 232} 

14. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 165, 169, 172, 175, 176, 178, 182, 185, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

15. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 116, 119, 121, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

16. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

17. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 

114 



146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

18. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 116, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

19. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 119, 121, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

20. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

21. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

22. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

23. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 116, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

24. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 116, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
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187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

25. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

26. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232} 

27. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 210, 213, 217, 221, 222, 225, 
228, 232} 

28. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 133, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

29. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 114, 119, 120, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 210, 213, 217, 221, 222, 225, 
228, 232} 

30. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 185, 
188, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

31. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 114, 116, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 
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32. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 76, 80, 83, 85, 90, 91, 92, 94, 97, 101, 
102, 108, 110, 114, 116, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 185, 
189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 215, 217, 221, 222, 223, 
225, 228, 232} 

33. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 116, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

34. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 76, 80, 83, 85, 90, 91, 92, 94, 97, 101, 
102, 108, 110, 116, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 185, 
189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 215, 217, 221, 222, 223, 
225, 228, 232} 

35. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 185, 
188, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 214, 217, 221, 222, 
225, 228, 232} 

36. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 74, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 164, 165, 169, 171, 175, 176, 178, 182, 184, 185, 
189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

37. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 74, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 164, 165, 169, 171, 175, 176, 178, 182, 184, 185, 
189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 214, 215, 217, 221, 222, 
225, 228, 232} 

38. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 185, 
188, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

39. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
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101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 185, 
188, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

40. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 133, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

41. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 185, 187, 
189, 192, 194, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

42. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 185, 187, 
189, 192, 194, 196, 199, 203, 205, 206, 208, 209, 210, 213, 217, 221, 222, 225, 
228, 232} 

43. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

44. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 101, 
102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 185, 
189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 214, 215, 217, 221, 222, 
225, 228, 232} 

45. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 215, 217, 221, 222, 
225, 228, 232} 

46. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 116, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
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146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

47. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 116, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 215, 217, 221, 222, 
225, 228, 232} 

48. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 101, 
102, 108, 110, 116, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 185, 
189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 214, 215, 217, 221, 222, 
225, 228, 232} 

49. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

50. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 208, 209, 210, 213, 217, 221, 222, 225, 
228, 232} 

51. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

52. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

53. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
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185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

54. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 185, 
188, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

55. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 116, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

56. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 214, 217, 221, 222, 
225, 228, 232} 

57. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 214, 217, 221, 222, 
225, 228, 232} 

58. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 74, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 164, 165, 169, 171, 175, 176, 178, 182, 184, 185, 
189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 215, 217, 221, 222, 225, 
228, 232} 

59. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 116, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 214, 217, 221, 222, 
225, 228, 232} 

60. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 208, 209, 210, 213, 214, 217, 221, 222, 
225, 228, 232} 
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61. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

62. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

63. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

64. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 
225, 228, 232} 

65. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 101, 
102, 108, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 184, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 214, 215, 217, 221, 222, 223, 
225, 228, 232} 

66. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 47, 
51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 101, 
102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 134, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 185, 
187, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

67. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 68, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 101, 
102, 108, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 184, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 214, 215, 217, 221, 222, 
225, 228, 232} 

68. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 

121 



101, 102, 108, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

69. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 74, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 164, 165, 171, 174, 175, 176, 178, 182, 184, 185, 
189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 217, 221, 222, 223, 225, 
228, 232} 

70. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

71. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

72. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 83, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 185, 
188, 189, 192, 196, 199, 203, 205, 206, 210, 213, 214, 217, 221, 222, 223, 225, 
228, 232} 

73. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

74. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 209, 210, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

75. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 146, 
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147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 185, 
188, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

76. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 114, 116, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

77. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 116, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

78. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 74, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 164, 165, 171, 174, 175, 176, 178, 182, 184, 185, 
189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

79. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 74, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 164, 165, 171, 174, 175, 176, 178, 182, 184, 185, 
189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 215, 217, 221, 222, 223, 
225, 228, 232} 

80. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 209, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

81. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 74, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 164, 165, 169, 171, 175, 176, 178, 182, 184, 185, 
189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

82. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 74, 76, 80, 83, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 164, 165, 169, 171, 175, 176, 178, 182, 184, 
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185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

83. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 83, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
184, 185, 189, 192, 193, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232} 

84. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 208, 209, 210, 213, 217, 221, 222, 225, 
228, 232} 

85. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 47, 
51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 101, 
102, 106, 108, 110, 114, 119, 123, 127, 130, 132, 134, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 185, 
187, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

86. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 47, 
51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 101, 
102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 134, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 185, 
187, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

87. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 47, 
51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 101, 
102, 108, 110, 114, 119, 123, 127, 130, 132, 134, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 185, 
187, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

88. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 83, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 208, 213, 214, 217, 221, 222, 223, 225, 
228, 232} 

89. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 83, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 185, 
188, 189, 192, 196, 199, 203, 205, 206, 208, 213, 214, 217, 221, 222, 223, 225, 
228, 232} 
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90. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

91. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 116, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

92. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 74, 76, 80, 83, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 164, 165, 171, 174, 175, 176, 178, 182, 184, 185, 
189, 192, 196, 199, 203, 205, 206, 208, 213, 214, 215, 217, 221, 222, 223, 225, 
228, 232} 

93. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

94. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

95. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 133, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

96. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 208, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

97. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
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101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 132, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

98. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 114, 119, 120, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

99. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 114, 120, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

100. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 208, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

101. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 185, 
188, 189, 192, 196, 199, 203, 205, 206, 208, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

102. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 208, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

103. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 76, 80, 83, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 213, 214, 215, 217, 221, 222, 223, 
225, 228, 232} 

104. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 76, 80, 83, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 116, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
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146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 213, 214, 215, 217, 221, 222, 223, 
225, 228, 232} 

105. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 185, 187, 
189, 192, 194, 196, 199, 203, 205, 206, 208, 209, 210, 213, 217, 221, 222, 225, 
228, 232} 

106. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 82, 83, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 172, 175, 176, 178, 
182, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 
228, 232} 

107. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 82, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 210, 213, 214, 217, 221, 222, 
228, 232} 

108. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 210, 213, 217, 221, 222, 225, 
228, 232} 

109. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232} 

110. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

111. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 119, 121, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
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187, 188, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232} 

112. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 119, 121, 123, 127, 129, 130, 134, 137, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

113. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 210, 213, 217, 221, 222, 225, 
228, 232} 

114. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

115. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 117, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 210, 213, 217, 221, 222, 225, 
228, 232} 

116. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 117, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

117. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 132, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

118. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 114, 119, 120, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 
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119. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 114, 119, 123, 127, 130, 132, 133, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

120. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
185, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

121. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 114, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

122. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 114, 119, 123, 127, 129, 130, 134, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

123. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

124. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 184, 
185, 189, 192, 193, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

125. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 129, 130, 132, 137, 138, 139, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

126. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 83, 85, 90, 91, 92, 94, 97, 
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101, 102, 108, 110, 117, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

127. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 174, 175, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

128. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 114, 116, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 174, 175, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

129. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 116, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 174, 175, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 209, 210, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

130. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

131. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 188, 
192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

132. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232} 

133. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 146, 
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147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 184, 
187, 193, 194, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

134. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 188, 
192, 193, 196, 199, 203, 205, 206, 208, 209, 213, 215, 217, 221, 222, 223, 225, 
228, 232} 

135. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

136. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 114, 119, 120, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

137. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 83, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 116, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

138. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 213, 215, 217, 221, 222, 223, 
225, 228, 232} 

139. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 83, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
184, 185, 189, 192, 193, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232} 

140. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 184, 
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185, 189, 192, 193, 199, 203, 205, 206, 208, 209, 210, 213, 217, 221, 222, 225, 
228, 232} 

141. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 83, 85, 87, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 172, 175, 176, 178, 
182, 187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 210, 213, 217, 221, 222, 
228, 232} 

142. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

143. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 129, 130, 132, 137, 138, 139, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

144. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 129, 130, 132, 137, 138, 139, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 214, 217, 221, 222, 
225, 228, 232} 

145. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 117, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

146. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 117, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 209, 210, 213, 214, 217, 221, 222, 
225, 228, 232} 

147. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 74, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 172, 175, 176, 178, 
182, 187, 192, 193, 196, 199, 203, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232} 

132 



148. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 74, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 206, 208, 210, 213, 214, 215, 217, 221, 222, 225, 
228, 232} 

149. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 74, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 172, 175, 176, 178, 
182, 187, 192, 193, 196, 199, 203, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

150. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 133, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

151. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232} 

152. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 119, 121, 123, 127, 129, 130, 133, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

153. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 184, 
187, 193, 194, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

154. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 119, 121, 123, 127, 129, 130, 134, 137, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 184, 
187, 193, 194, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

155. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
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94, 97, 101, 102, 106, 109, 110, 119, 121, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232} 

156. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

157. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

158. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 117, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232} 

159. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
185, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

160. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
185, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

161. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 214, 217, 221, 222, 223, 
225, 228, 232} 

162. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
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146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 
225, 228, 232} 

163. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 114, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

164. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

165. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 114, 119, 123, 127, 129, 130, 134, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 

166. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 
225, 228, 232} 
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Appendix 3 

Decycling of Fibonacci Cubes (Upper Bound) 

Decycling sets (size 158) for f 12 : 

1. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 74, 76, 80, 83, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 164, 165, 169, 171, 175, 176, 178, 182, 184, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 253, 254, 258, 260, 261, 263, 
264, 267, 273, 276, 277, 278, 281, 282, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 303, 306, 310, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 373, 
375, 376} 

2. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 74, 76, 80, 83, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 164, 165, 169, 171, 175, 176, 178, 182, 184, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 253, 254, 258, 260, 261, 263, 
264, 267, 273, 276, 277, 278, 281, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 373, 
375, 376} 

3. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 83, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
184, 185, 189, 192, 193, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
263, 264, 267, 271, 273, 276, 277, 278, 282, 283, 285, 288, 292, 294, 297, 299, 
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302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 336, 
337, 338, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 373, 
375, 376} 

4. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 83, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
184, 185, 189, 192, 193, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
263, 264, 267, 271, 273, 277, 278, 282, 283, 285, 288, 292, 294, 297, 299, 302, 
303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 336, 
337, 338, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 373, 
375, 376} 

5. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 83, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
184, 185, 189, 192, 193, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
263, 264, 267, 273, 276, 277, 278, 281, 282, 283, 285, 288, 292, 294, 297, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 336, 
337, 338, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 373, 
375, 376} 

6. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 260, 261, 263, 
264, 265, 267, 273, 276, 278, 281, 282, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 303, 306, 310, 311, 312, 314, 321, 322, 326, 328, 329, 332, 333, 336, 
337, 338, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 373, 
375, 376} 

7. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 260, 261, 263, 
264, 265, 267, 273, 276, 278, 281, 282, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 303, 306, 310, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 336, 
337, 338, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 373, 
375, 376} 
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8. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 260, 261, 263, 
264, 265, 267, 271, 273, 276, 278, 282, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 303, 306, 310, 311, 312, 314, 321, 322, 326, 328, 329, 332, 333, 336, 
337, 338, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 373, 
375, 376} 

9. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 260, 261, 263, 
264, 265, 267, 271, 273, 276, 278, 282, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 303, 306, 310, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 336, 
337, 338, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 373, 
375, 376} 

10. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
263, 264, 267, 273, 276, 278, 281, 282, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 303, 306, 310, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 336, 
337, 338, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 373, 
375, 376} 

11. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
263, 264, 267, 271, 273, 276, 278, 282, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 303, 306, 310, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 336, 
337, 338, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 373, 
375, 376} 

12. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
4 7, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
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146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 260, 261, 263, 264, 
265, 267, 271, 273, 274, 276, 277, 278, 282, 283, 285, 288, 292, 294, 295, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 
336, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 364, 368, 369, 373, 
375, 376} 

13. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 260, 261, 263, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 299, 302, 
303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

14. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 120, 123, 127, 129, 130, 134, 137, 139, 141, 
145, 146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 260, 261, 263, 265, 
267, 271, 273, 274, 276, 277, 278, 282, 283, 285, 288, 292, 294, 295, 298, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 
336, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 364, 368, 369, 373, 
375, 376} 

15. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 165, 172, 174, 175, 176, 178, 182, 185, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 214, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 246, 250, 252, 254, 258, 260, 261, 263, 264, 
265, 267, 271, 273, 274, 276, 277, 278, 282, 283, 285, 288, 292, 294, 295, 297, 
299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 
336, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 364, 368, 369, 373, 
375, 376} 

16. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 120, 123, 127, 129, 130, 134, 137, 139, 141, 
145, 146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 260, 261, 263, 265, 
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267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 298, 299, 302, 
303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

17. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 246, 250, 252, 254, 258, 260, 261, 263, 264, 
265, 267, 271, 273, 274, 276, 277, 278, 282, 283, 285, 288, 292, 294, 295, 297, 
299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 
336, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 364, 368, 369, 373, 
375, 376} 

18. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 120, 123, 127, 129, 130, 134, 137, 139, 141, 
145, 146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 246, 250, 252, 254, 258, 260, 261, 263, 264, 
265, 267, 271, 273, 274, 276, 277, 278, 282, 283, 285, 288, 292, 294, 295, 297, 
299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 
336, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 364, 368, 369, 373, 
375, 376} 

19. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 246, 250, 252, 254, 258, 260, 261, 263, 264, 
265, 267, 271, 273, 274, 276, 277, 278, 282, 283, 285, 288, 292, 294, 295, 297, 
299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 
336, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 364, 368, 369, 373, 
375, 376} 

20. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 120, 123, 127, 129, 130, 134, 137, 139, 141, 
145, 146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 260, 261, 263, 264, 
265, 267, 271, 273, 274, 276, 277, 278, 282, 283, 285, 288, 292, 294, 295, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 
336, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 364, 368, 369, 373, 
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375, 376} 
21. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 

47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 120, 123, 127, 129, 130, 134, 137, 139, 141, 
145, 146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 246, 250, 252, 254, 258, 260, 261, 263, 265, 
267, 271, 273, 27 4, 276, 277, 278, 282, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 
336, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 364, 368, 369, 373, 
375, 376} 

22. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 120, 123, 127, 129, 130, 134, 137, 139, 141, 
145, 146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 260, 261, 263, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 299, 302, 
303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

23. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 214, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 246, 250, 252, 253, 254, 258, 260, 261, 263, 
264, 265, 267, 271, 273, 274, 276, 277, 278, 282, 283, 285, 288, 292, 294, 295, 
297, 299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 
333, 336, 337, 338, 340, 345, 346, 348, 351, 355, 357, 358, 364, 368, 369, 373, 
375, 376} 

24. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 109, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 214, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 246, 250, 252, 253, 254, 258, 260, 261, 263, 
264, 265, 267, 271, 273, 276, 277, 278, 282, 283, 285, 288, 292, 294, 295, 297, 
299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 
336, 337, 338, 340, 345, 346, 348, 351, 355, 357, 358, 361, 364, 368, 369, 373, 
375, 376} 

25. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
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101, 102, 106, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 261, 263, 264, 
265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 298, 299, 
302, 304, 306, 310, 311, 312, 314, 321, 322, 326, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

26. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
264, 265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

27. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 261, 263, 
264, 265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

28. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 261, 263, 
264, 265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

29. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
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228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
264, 265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

30. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 261, 263, 
264, 265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 304, 306, 310, 311, 312, 314, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

31. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 246, 250, 252, 254, 258, 260, 261, 263, 264, 
265, 267, 271, 273, 274, 276, 277, 278, 282, 283, 285, 288, 292, 294, 295, 297, 
299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 
336, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 364, 368, 369, 373, 
375, 376} 

32. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 261, 263, 
264, 265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 298, 299, 
302, 304, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

33. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 299, 302, 
303, 304, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
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337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

34. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 80, 82, 85, 86, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 116, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 298, 299, 
302, 304, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

35. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 116, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 261, 264, 
265, 267, 273, 274, 276, 277, 278, 281, 283, 285, 288, 292, 294, 295, 297, 302, 
303, 304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

36. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 116, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 278, 283, 285, 288, 292, 294, 295, 297, 302, 
303, 304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

37. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 116, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 278, 283, 285, 288, 292, 294, 295, 297, 298, 
302, 304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

38. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
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47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 116, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 261, 264, 
265, 267, 273, 274, 276, 277, 278, 281, 283, 285, 288, 292, 294, 295, 297, 298, 
302, 304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

39. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 116, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 298, 302, 
304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

40. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
264, 265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

41. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 209, 210, 213, 215, 217, 221, 222, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
261, 264, 265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 
298, 299, 302, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 
336, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376} 

42. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
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184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
261, 264, 265, 267, 273, 274, 276, 277, 278, 281, 283, 285, 288, 292, 294, 295, 
297, 302, 303, 304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 
332, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376} 

43. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
261, 264, 265, 267, 273, 274, 276, 277, 278, 281, 283, 285, 288, 292, 294, 295, 
297, 298, 302, 304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 
332, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376} 

44. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 119, 121, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 263, 
264, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 306, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

45. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 76, 80, 83, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 213, 214, 215, 217, 221, 222, 223, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 260, 261, 
263, 264, 265, 267, 273, 276, 278, 281, 282, 283, 285, 288, 292, 294, 295, 297, 
298, 302, 303, 304, 306, 310, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 
336, 337, 338, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 
373, 375, 376} 

46. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 76, 80, 83, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 213, 214, 215, 217, 221, 222, 223, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 260, 261, 
263, 264, 265, 267, 271, 273, 276, 278, 281, 282, 285, 288, 292, 294, 295, 297, 
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298, 302, 303, 304, 306, 310, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 
336, 337, 338, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 
373, 375, 376} 

47. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 27~ 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

48. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 263, 
264, 265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 
299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

49. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

50. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 
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51. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 76, 80, 83, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 114, 119, 123, 127, 130, 132, 133, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 171, 174, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 213, 214, 215, 217, 221, 222, 223, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 260, 261, 
263, 264, 265, 267, 271, 273, 276, 278, 282, 283, 285, 288, 292, 294, 295, 297, 
298, 302, 303, 304, 306, 310, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 
336, 337, 338, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 
373, 375, 376} 

52. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 294, 295, 297, 299, 302, 
303, 304, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

53. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

54. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
187, 188, 192, 193, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 263, 
264, 265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 
299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

55. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
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146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

56. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 294, 295, 297, 299, 302, 
303, 304, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

57. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
264, 265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 294, 295, 297, 299, 
302, 304, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

58. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 263, 
264, 265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 
299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

59. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
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264, 265, 267, 271, 273, 276, 277, 282, 283, 285, 288, 294, 295, 297, 299, 302, 
304, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 337, 
338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 373, 
375, 376} 

60. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 260, 261, 263, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 299, 302, 
303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

61. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 176, 178, 182, 187, 
188, 192, 193, 196, 199, 203, 205, 206, 209, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 263, 
264, 265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

62. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

63. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 263, 
264, 265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 
299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
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375, 376} 
64. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 

47, 51, 53, 54, 56, 57, 58, 60, 63, 67, 68, 72, 75, 76, 80, 82, 85, 86, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 172, 174, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 210, 213, 217, 221, 222, 223, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 294, 295, 297, 299, 302, 
303, 304, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

65. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 110, 117, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 263, 
264, 267, 273, 276, 277, 278, 281, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 373, 
375, 376} 

66. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 129, 130, 132, 137, 138, 139, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
263, 264, 267, 276, 277, 278, 281, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 336, 
338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 373, 
375, 376} 

67. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 76, 80, 83, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 108, 109, 110, 119, 121, 123, 127, 129, 130, 132, 137, 138, 139, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
185, 189, 192, 196, 199, 203, 205, 206, 208, 210, 213, 214, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
263, 264, 267, 276, 277, 278, 281, 282, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 303, 306, 310, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 336, 
338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 369, 373, 
375, 376} 

68. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 83, 85, 86, 87, 90, 91, 92, 
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94, 97, 101, 102, 108, 110, 119, 121, 123, 127, 130, 132, 137, 138, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 175, 176, 178, 182, 
184, 185, 189, 192, 193, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
263, 264, 267, 273, 276, 277, 278, 281, 282, 283, 285, 288, 292, 294, 297, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 361, 364, 368, 373, 
375, 376} 

69. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 74, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 172, 175, 176, 178, 
182, 187, 192, 193, 196, 199, 203, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 295, 297, 299, 302, 
303, 304, 306, 310, 311, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

70. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 74, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 139, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 171, 172, 175, 176, 178, 
182, 187, 192, 193, 196, 199, 203, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 278, 282, 283, 285, 288, 292, 295, 297, 299, 
302, 303, 304, 306, 310, 311, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 
336, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 364, 368, 369, 373, 
375, 376} 

71. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 146, 
147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 184, 
187, 193, 194, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

72. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 133, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
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228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

73. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 119, 121, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 263, 
264, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 306, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

74. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

75. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 264, 
265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 306, 310, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

76. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 72, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 
94, 97, 101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 193, 194, 196, 199, 203, 205, 206, 208, 210, 213, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 254, 258, 260, 261, 263, 
264, 265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 297, 
299, 302, 303, 306, 311, 312, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
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337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

77. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
264, 265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 298, 
299, 302, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

78. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 110, 114, 117, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 225, 
228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 261, 
264, 265, 267, 271, 273, 274, 276, 277, 283, 285, 288, 292, 294, 295, 297, 299, 
302, 303, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 333, 336, 
337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 373, 
375, 376} 

79. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
261, 264, 265, 267, 273, 274, 276, 277, 278, 281, 283, 285, 288, 292, 294, 295, 
297, 298, 299, 302, 304, 306, 310, 311, 314, 317, 321, 322, 326, 328, 329, 331, 
332, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376} 

80. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
261, 264, 265, 267, 273, 274, 276, 277, 278, 281, 283, 285, 288, 292, 294, 295, 
297, 299, 302, 303, 304, 306, 310, 311, 314, 317, 321, 322, 326, 328, 329, 331, 
332, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376} 

81. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
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47, 51, 53, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
185, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
261, 264, 265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 
297, 298, 299, 302, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 
333, 336, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376} 

82. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 53, 56, 57, 58, 60, 63, 68, 75, 76, 80, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 109, 110, 114, 119, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 175, 176, 178, 182, 
185, 187, 192, 193, 196, 199, 203, 205, 206, 208, 210, 213, 215, 217, 221, 222, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
261, 264, 265, 267, 271, 273, 274, 276, 277, 282, 283, 285, 288, 292, 294, 295, 
297, 299, 302, 303, 304, 306, 310, 311, 314, 317, 321, 322, 328, 329, 331, 332, 
333, 336, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376} 

Decycling sets (size 264) for r 13 : 

1. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
261, 264, 265, 267, 273, 274, 276, 277, 278, 281, 283, 285, 288, 292, 294, 295, 
297, 302, 303, 304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 
332, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376, 378, 379, 380, 382, 385, 389, 390, 394, 396, 397, 398, 402, 404, 
405, 408, 409, 411, 417, 418, 420, 421, 422, 425, 427, 429, 432, 436, 438, 439, 
441, 442, 443, 446, 447, 448, 450, 454, 455, 456, 458, 461, 465, 466, 470, 472, 
473, 475, 476, 481, 482, 484, 488, 489, 490, 492, 495, 499, 501, 502, 503, 508, 
512, 513, 517, 519, 520, 521, 525, 527, 528, 530, 531, 532, 536, 537, 539, 543, 
545, 547, 550, 554, 556, 557, 558, 560, 563, 567, 568, 572, 574, 575, 577, 578, 
584, 588, 589, 593, 595, 596, 597, 601, 603, 604, 606, 607, 608} 

2. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
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261, 264, 265, 267, 273, 274, 276, 277, 278, 281, 283, 285, 288, 292, 294, 295, 
297, 302, 303, 304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 
332, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376, 378, 379, 380, 382, 385, 389, 390, 394, 396, 397, 398, 402, 404, 
405, 407, 408, 409, 411, 417, 418, 420, 421, 422, 425, 427, 429, 432, 436, 438, 
439, 441, 442, 443, 446, 447, 448, 450, 454, 455, 456, 458, 465, 466, 470, 472, 
473, 475, 476, 481, 482, 484, 488, 489, 490, 492, 495, 499, 501, 502, 503, 508, 
512, 513, 517, 519, 520, 521, 525, 527, 528, 530, 531, 532, 536, 537, 539, 543, 
545, 547, 550, 554, 556, 557, 558, 560, 563, 567, 568, 572, 574, 575, 577, 578, 
584, 588, 589, 593, 595, 596, 597, 601, 603, 604, 606, 607, 608} 

3. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
261, 264, 265, 267, 273, 274, 276, 277, 278, 281, 283, 285, 288, 292, 294, 295, 
297, 298, 302, 304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 
332, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376, 378, 379, 380, 382, 385, 389, 390, 394, 396, 397, 398, 402, 404, 
405, 408, 409, 411, 417, 418, 420, 421, 422, 425, 427, 429, 432, 436, 438, 439, 
441, 442, 443, 446, 447, 448, 450, 454, 455, 456, 458, 461, 465, 466, 470, 472, 
473, 475, 476, 481, 482, 484, 488, 489, 490, 492, 495, 499, 501, 502, 503, 508, 
512, 513, 517, 519, 520, 521, 525, 527, 528, 530, 531, 532, 536, 537, 539, 543, 
545, 547, 550, 554, 556, 557, 558, 560, 563, 567, 568, 572, 574, 575, 577, 578, 
584, 588, 589, 593, 595, 596, 597, 601, 603, 604, 606, 607, 608} 

4. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
261, 264, 265, 267, 273, 274, 276, 277, 278, 281, 283, 285, 288, 292, 294, 295, 
297, 298, 302, 304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 
332, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376, 378, 379, 380, 382, 385, 389, 390, 394, 396, 397, 398, 402, 404, 
405, 407, 408, 409, 411, 417, 418, 420, 421, 422, 425, 427, 429, 432, 436, 438, 
439, 441, 442, 443, 446, 447, 448, 450, 454, 455, 456, 458, 465, 466, 470, 472, 
473, 475, 476, 481, 482, 484, 488, 489, 490, 492, 495, 499, 501, 502, 503, 508, 
512, 513, 517, 519, 520, 521, 525, 527, 528, 530, 531, 532, 536, 537, 539, 543, 
545, 547, 550, 554, 556, 557, 558, 560, 563, 567, 568, 572, 574, 575, 577, 578, 
584, 588, 589, 593, 595, 596, 597, 601, 603, 604, 606, 607, 608} 

Decycling sets (size 439) for r 14 : 
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1. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
261, 264, 265, 267, 273, 274, 276, 277, 278, 281, 283, 285, 288, 292, 294, 295, 
297, 302, 303, 304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 
332, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376, 378, 379, 380, 382, 385, 389, 390, 394, 396, 397, 398, 402, 404, 
405, 408, 409, 411, 417, 418, 420, 421, 422, 425, 427, 429, 432, 436, 438, 439, 
441, 442, 443, 446, 447, 448, 450, 454, 455, 456, 458, 461, 465, 466, 470, 472, 
473, 475, 476, 481, 482, 484, 488, 489, 490, 492, 495, 499, 501, 502, 503, 508, 
512, 513, 517, 519, 520, 521, 525, 527, 528, 530, 531, 532, 536, 537, 539, 543, 
545, 547, 550, 554, 556, 557, 558, 560, 563, 567, 568, 572, 574, 575, 577, 578, 
584, 588, 589, 593, 595, 596, 597, 601, 603, 604, 606, 607, 608, 611, 612, 613, 
615, 618, 623, 627, 629, 630, 631, 635, 637, 638, 640, 641, 642, 644, 648, 650, 
651, 653, 654, 655, 658, 659, 660, 662, 665, 669, 671, 672, 674, 675, 676, 679, 
680, 681, 683, 687, 688, 689, 691, 698, 699, 703, 705, 706, 708, 709, 710, 713, 
714, 715, 717, 721, 722, 723, 725, 728, 732, 734, 735, 736, 738, 741, 745, 746, 
750, 752, 753, 754, 758, 760, 761, 763, 764, 765, 768, 769, 770, 776, 778, 780, 
783, 787, 790, 791, 793, 796, 800, 801, 805, 807, 808, 810, 811, 814, 817, 821, 
822, 826, 828, 829, 830, 834, 836, 837, 839, 840, 841, 843, 847, 849, 850, 852, 
853, 854, 857, 858, 861, 865, 866, 872, 876, 878, 879, 880, 882, 889, 890, 894, 
896, 897, 900, 901, 903, 906, 910, 911, 915, 917, 919, 923, 925, 926, 928, 929, 
930, 933, 935, 937, 940, 944, 945, 949, 951, 952, 953, 957, 959, 960, 962, 963, 
964, 966, 970, 972, 973, 975, 976, 977, 980, 981, 982, 984} 

2. { 4, 6, 7, 9, 10, 11, 14, 15, 16, 18, 22, 23, 24, 26, 29, 33, 35, 36, 37, 39, 42, 46, 
47, 51, 54, 56, 57, 58, 60, 63, 67, 68, 75, 76, 82, 85, 86, 87, 90, 91, 92, 94, 97, 
101, 102, 106, 108, 110, 119, 121, 123, 127, 129, 130, 134, 137, 138, 141, 145, 
146, 147, 149, 152, 156, 157, 161, 163, 164, 165, 169, 172, 174, 175, 178, 182, 
184, 187, 192, 193, 196, 199, 203, 205, 206, 210, 213, 215, 217, 221, 222, 223, 
225, 228, 232, 234, 235, 236, 238, 241, 245, 246, 250, 252, 253, 254, 258, 260, 
261, 264, 265, 267, 273, 274, 276, 277, 278, 281, 283, 285, 288, 292, 294, 295, 
297, 302, 303, 304, 306, 310, 311, 312, 314, 317, 321, 322, 326, 328, 329, 331, 
332, 337, 338, 340, 344, 345, 346, 348, 351, 355, 357, 358, 359, 364, 368, 369, 
373, 375, 376, 378, 379, 380, 382, 385, 389, 390, 394, 396, 397, 398, 402, 404, 
405, 40~ 408, 409, 411, 417, 418, 420, 421, 422, 425, 427, 429, 432, 436, 438, 
439, 441, 442, 443, 446, 447, 448, 450, 454, 455, 456, 458, 465, 466, 470, 472, 
473, 475, 476, 481, 482, 484, 488, 489, 490, 492, 495, 499, 501, 502, 503, 508, 
512, 513, 517, 519, 520, 521, 525, 527, 528, 530, 531, 532, 536, 537, 539, 543, 
545, 547, 550, 554, 556, 557, 558, 560, 563, 567, 568, 572, 574, 575, 577, 578, 
584, 588, 589, 593, 595, 596, 597, 601, 603, 604, 606, 607, 608, 611, 612, 613, 
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615, 618, 623, 627, 629, 630, 631, 635, 637, 638, 640, 641, 642, 644, 648, 650, 
651, 653, 654, 655, 658, 659, 660, 662, 665, 669, 671, 672, 674, 675, 676, 679, 
680, 681, 683, 687, 688, 689, 691, 698, 699, 703, 705, 706, 708, 709, 710, 713, 
714, 715, 717, 721, 722, 723, 725, 728, 732, 734, 735, 736, 738, 741, 745, 746, 
750, 752, 753, 754, 758, 760, 761, 763, 764, 765, 768, 769, 770, 776, 778, 780, 
783, 787, 790, 791, 793, 796, 800, 801, 805, 807, 808, 810, 811, 814, 817, 821, 
822, 826, 828, 829, 830, 834, 836, 837, 839, 840, 841, 843, 847, 849, 850, 852, 
853, 854, 857, 858, 861, 865, 866, 872, 876, 878, 879, 880, 882, 889, 890, 894, 
896, 897, 900, 901, 903, 906, 910, 911, 915, 917, 919, 923, 925, 926, 928, 929, 
930, 933, 935, 937, 940, 944, 945, 949, 951, 952, 953, 957, 959, 960, 962, 963, 
964, 966, 970, 972, 973, 975, 976, 977, 980, 981, 982, 984} 

158 










