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Abstract

The conjoining of nonlinear dynamics and biology has brought about significant ad-
vances in both areas, with biology promoting developments in the theory of dynamical
systems and nonlinear dynamics providing a tool for understanding biological phe-
nomena. Since the 1970’s., various differential equations models have been proposed
to study the evolutionary (long term) behavior of interacting species, the transmis-
sion of infectious diseases, biological invasions and disease spread. The purpose of
this PhD thesis research project is to investigate the global dynamics and traveling
waves in some spatially heterogeneous population models.

In chapter 1, we present some elementary concepts and theorems based on the
theories of uniform persistence and coexistence state, chain transitive sets, monotone
dynamics, spreading speeds and traveling waves.

In chapter 2, we study the global dynamics of a non-autonomous predator-prey
system with dispersion. We establish sufficient conditions for uniform persistence
and global extinction, the existence, uniqueness, and global stability of the positive
periodic solutions. After that, we lift these results to asymptotically periodic syétems.

It has been observed that population dispersal affects the spread of many infectious
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diseases. An epidemic model in a patchy environment with periodic coefficients is
investigated in chapter 3. Motivated by the works of Wang and Zhao [51], we present
a disease transmission model with population dispersal among n patches, and we
assumed that these coefficients are periodic with a common period due to the seasonal
effects. We focus ndéinly on establishing a threshold between the extinction and
the uniform persistence of the disease, and the conditions under which the positive
periodic solution is globally asymptotically stable.

In the book [41], L. Rass and J. Radcliffe raised an open problem on the spreading
speed and traveling waves for an epidemic model on the integer lattice Z. We address
this problem in chapter 4 by appealing to the theory of spreading speeds and traveling
waves for monotone semiflows [34]. More precisely, we establish the existence of
asymptotic speeds of spread, and show that this spreading speed coincides with the
minimal wave speed for monotone traveling waves.

Chapter 5 is devoted to the investigation of the asymptotic behavior for a reaction-
diffusion model with a quiescent stage, which was proposed by Hadeler and Lewis [18].
By appealing to the theory of spreading speeds and traveling waves for monotone
semiflows, we establish the existence of asymptotic speed of spread and show that it
coincides with the minimal wave speed for monotone traveling waves. By the theory
of monotone dynamical systems and the persistence theory, we prove a threshold type
result on the global stability of either the zero solution or a unique positive éteady

state in the case where the spatial domain is bounded.
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To illustrate the obtained mathematical results, we also provide numerical simu-
lations in chapters 2-5.
At last, we summarize the results we have obtained in the thesis, and also point

out some problems for future research in chapter 6.
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Chapter 1

Preliminaries

In this chapter, we present some terminologies and known results which will be used
in this thesis. They are involved in global attractors, uniform persistence, chain
transitive sets, monotone dynamical systems, and the newly developed theory for

spreading speeds and traveling waves.

1.1 Uniform persistence and chain-transitive sets

Let (X,d) be a complete metric space with metric d. Recall that the Kuratowski

measure of noncompactness, «, is defined by
a(B) = inf{r : B has a finite cover of diameter < r},

for any bounded set B of X.

Definition 1.1.1 Let X be a metric space with metricd and f : X — X a continuous
map. A bounded set A is said to attract a bounded set B in X zf}g{.lo supzep{d(f*(z), A)}
= 0. A subset A C X is said to be an attractor for f if A is nonempty, compact and
invariant (f(A) = A), and A attracts some open neighborhood U of itself. A global

attractor for f : X — X is an attractor that attracts every point in X.
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Definition 1.1.2 A continuous mapping f : X — X is said to be a-condensing if
f takes bounded sets to bounded sets and a(f(B)) < a(B) for any nonempty closed
bounded set B C X with a(B) > 0; asymptotically smooth if for any nonempty closed
bounded set B C X for which f(B) C B, there is a compact set J C B such that J

attracts B.

Theorem 1.1.1 [63, Theorem 1.1.2] If f : X — X is asymptotically smooth and
point dissipative, and if orbits of bounded sets are bounded, then there exists a con-

nected global attractor A that attracts each bounded set in X.

Definition 1.1.3 Let f : X — X be a continuous map and A C X be a nonempty
invariant set for f. We say A is internally chain-transitive if for any a,b € A and
any € > 0, there is a finite sequence xy,- -+ , Ty, in A with z, = a,z,, = b such that
d(f(z:), ziv1) < €,1 <i<m—1. The sequence {1, -+ ,zTm} s called an e-chain in

A connecting a and b.

Let w > 0 be fixed. We consider a periodic system of ordinary differential equa-

tions

9T _ P(t,2)

dt (1.1)
z(0) = zo € IRY,
where z = (z1,...,z,) € R"and R} = {x € R* : x; > 0,1 < i < n}. We assume that
F :RL x IR} — IR} is continuous and w-periodic in ¢, that all partial derivatives

%» 1 < 4,j < n, exist and are continuous on IR} x IR%, and that every solution

#(t, ) of (1.1) satisfying ¢(0,z) = = € IRY exists globally on [0, oc].
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By the proof of [63, Lemma 5.1.1], it is easy to see the following result holds.

Theorem 1.1.2 Assume that there exists some 1 < ¢ < n, such that F; > x;Foi(t, ),

¥(t,z) € RL x IR, where Fp; : R — IRY is continuous and w-periodic in t. If

w(t) = (w1(2), .-, w1 (1), 0, iy (B), - un(2))

is a nonnegative w-periodic solution of (1.1) such that [ Fo(t, u*(t))dt > 0, then

there ezists § > 0 such that

lim sup d(¢(rnw, z),u*(0)) > 4, Vz € Int(IRY).

N~ OO

Let f : X — X be a continuous map and X, C X an open set. Define 90Xy =

X\ Xo, and Mp = {z € 80Xy : f*(z) € 8Xo,Vn > 0}, which may be empty.

Definition 1.1.4 A function f : X — X is said to be uniformly persistent with
respect to (Xo,0Xo) if there exists 7 > 0 such that liminf,_.. d(f™(z),8Xo) = n for

all z € Xo.

Definition 1.1.5 Let X be a complete metric space with metric d, and let w > 0. A
family of mappings T(t) : X — X,t > 0, is called an w-periodic semiflow on X if it

possesses the following properties:
(1) T(0) = I, where I is the identity map on X;

(2) T(t +w) =T(t) o T(w),Vt > 0;
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(8) T(t)x is continuous in (t,z) € [0,00) X X.
In particular, if (2) holds for any w > 0, T(t) is called an autonomous semiflow.

Let T(t) : X — X, t > 0, be an w-periodic semiflow with T'(¢) X, C X,, Vt > 0.

The following three abstract results will be used in our analysis of periodic systems.

Theorem 1.1.3 [63, Theorem 3.1.1] Let T(t) be an w-periodic semiflow on X with
T(t)Xo C Xo, YVt > 0. Assume that S := T(w) is point dissipative in X and compact.
Then the uniform persistence of S with respect to (Xo,0X,) tmplies that of T(t) :

X—-X.

Theorem 1.1.4 [63, Theorem 1.3.1] Assume that
(1) f(Xo) C Xy and f has a global attractor A;

(2) There exists a finite sequence M = {M,,--- , M} of disjoint, compact and
isolated invariant sets in 80Xy such that
(a) Q(Mb) := Uzemw(z) C U M;;
(b) No subset of M forms a cycle in 8X,;
(¢c) M; is isolated in X;
(d) We(M;)N Xy =0 for each1 <i<k.

Then there exists § > 0 such that for any compact internally chain-transitive set L

with L ¢ M; for all 1 < i < k, we have inf ey d(z,0Xo) > 0. In particular, f is uni-



§ 1.1. Uniform persistence and chain-transitive sets )

formly persistent in the sense that there exists > 0 such thatliminf, .o d(f"(z), 0Xo) >

n for alz € X,.

Theorem 1.1.5 [68, Theorem 1.3.6/ Let X be a closed subset of a Banach space
(E,]| - ), Xo be a convex and relatively open subset in X, and f : X — X be a
continuous map with f(Xo) C Xo. Assume that f : X — X is point dissipative
and compact, and that f is uniformly persistent with respect to (Xo,0Xy). Then
there exists a global attractor Ao for f : Xo — Xo, and f has a coexistence state

zo = f(Zo) € Ao.

Theorem 1.1.6 [37, Theorem 3.7] Let f : X — X be a continuous map with
f(Xo) C Xo. Assume that f : X — X is asymptotically smooth and uniformly
persistent, and that f has a global attractor A. Then f : Xo — Xo has a global

attractor Ap.

Theorem 1.1.7 [37, Theorem 4.7] Let X be a closed and convez subset of a Banach
space (E,||-1]), Xo C X be open and convez in E, and ®(t) : X — X be a continuous-
time semiflow on X with ®(t)(Xo) C Xo,Vt > 0. Assume that ®(t) is a-condensing
for each t > 0, and that ®(t) : Xo — Xo has a global attractor Ag. Then ®(t) has an
equilibrium xo € Ay.

Let f : U x A — U be continuous, where U C X, X is a Banach space, and
A is a metric space with metric p. We write fy, = f(-,A) and use the nptation

Bx(z, s)(Ba(A, s)) for the open ball of radius s about the point z € X (A € A). For

a linear operator A on X, we write r(A) for its spectral radius.
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Theorem 1.1.8 [{4] Let (20,d) € U x A, Bx(xo,8) C U for some § > 0 and
assume that D,f(xz,A) exists and is continuous in Bx(ze,0) X A. Suppose that
f(xo, ) = zo, 7(Dzf(20, X)) < 1, and f}(x) — xo for every z € U. In addi-

tion, suppose that

(1) For each A\ € A, there is a set By C U such that for each x € U, there ezists an

integer N = N(z, \) such that f{¥(z) € By;
(2) C = Uyea Fr(B») is compact in U.

Then there exist eg > 0 and a continuous map Z : Ba(Xo, €9) — U such that £(Xo) =

To, f(Z(A),A) = Z(N), and fz — Z(A),Vz € U, X € Ba(Xo, €).

For each A € A, let S\ : X — X be a continuous map such that S (z) is continuous
in (A, z). Assume that every positive orbit for Sy has compact closure in X, and that
the set (Jyen zex WA(T) has compact closure, where wy(z) denotes the omega limit of

z for discrete semiflow {S}}.

Theorem 1.1.9 [63, Theorem 1.4.2] Assume that Sx(Xo) C Xo,YAE A. Let Xg € A

be fired, and assume further that

(1) Sxe © X — X has a global attractor, and there ezists an acyclic covering

{M1,' o ,Mk} OfQ(Ma) fOT’f n 8Xo,‘

(2) There exists &g > 0 such that for any A € A with p(\, Ag) < do and any x € Xo,

limsup, ... d(S™z), M;) > 6,1 <i < k.
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Then there exists 6 > 0 such that liminf, . d(S}(x),0Xo) > & for any A € A with

(A, Ao) < 8 and for any x € X,.
To study asymptotically periodic systems, we also need the following three results.

Theorem 1.1.10 /63, Lemma 1.2.2] LetT,: X — X, n > 0, be an asymptotically
autonomous discrete process with limit S : X — X. Then the omega limit set of any

precompact orbit of {T,} is internally chain transitive for S.

Theorem 1.1.11 [63, Theorem 1.2.1] Let A be an attractor, and C a compact

internally chain transitive set for S: X — X. If CNW?*(A) # 0, then C C A.

Theorem 1.1.12 [63, Theorem 1.2.2] Assume that each fized point of f is an
isolated invariant set, that there is no cyclic chain of fized points, and that every
precompact orbit converges to some fized point of f. Then any compact internally

chain-transitive set is a fized point of f.

1.2 Monotone dynamics

Let (E, P) be an ordered Banach space with the positive cone P having nonempty
interior Int(P). For z,y € E, we writex > yifz—y € P,z >y ifx —y € P\{0},

and z > y if z — y € Int(P).

Definition 1.2.1 Let U be a subset of E, and f : U — U a continuous map. The
map f is said to be monotone if T > y implies that f(x) > f(y), strictly monotone if

z > y implies that f(z) > f(y); strongly monotone if z > y implies that f(z) > f(y).
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Theorem 1.2.1 (Dancer-Hess Lemma) [11, Proposition 1] Let u; < up be fized
points of the strictly monotone continuous mapping f : U — U, let I := [uy,uy) C U,

and assume that f(I) is precompact and f has no fized point distinct from u; and uy

in I. Then either

(1) there exists an entire orbit {z,}° of f in I such that .41 > z,,Yn € N,

n~——00

and lim z, = u; and lim z, = u,, or
n-——00 n—oc

(2) there exists an entire orbit {y, }> of f in I such that Yynt1 < Yn,Vn € N, and

n——o0

lim y, = us and lim y, = u;.
n-—>—00 n—od

Definition 1.2.2 A continuous map f : X — X is said to be subhomogeneous if
f(Az) = Af(z) for any x € X and X € [0,1]; strictly subhomogeneous if f(Az) >

A(z) for any z € X withz > 0 and A € (0,1).

Theorem 1.2.2 [62, Lemma 1] Let either V = [0,blg with b > 0, or V = P.
Assume f 1V — V is continuous, strongly monotone and strictly subhomogeneous on

V. Then f admits at most one positive fized point in V.

Theorem 1.2.3 [63, Theorem 2.8.4] LetV = [0,blg withb>0and f:V —V be

a continuous map. Assume that
(1) f:V — V is strongly monotone and strictly subhomogeneous;

(2) f : V — V is asymptotically smooth, and every positive orbit of f in V is

bounded;
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(8) f(0) =0, and the derivative Df(0) is compact and strongly positive.
Let r(Df(0)) be the spectral radius of Df(0). Then the following statements are valid:
(a) If r(Df(0)) < 1, then every positive orbit in V' converges to 0;

(b) If r(Df(0)) > 1, then there ezists a unique fized point u* > 0 in V such that

every positive orbit in V' \ {0} converges to u*.

1.3 Spreading speeds and traveling waves

Let C be the set of all bounded and continuous functions from H to R¥, where H = R
or Z. We regard any vector in R* as a function in C.

For ¢ = (c1,...,), & = (&1,...,&) € C, we write ¢ > £(¢ > &) provided g(z) >
&i(z)(g(z) > &()),V1 < i < k,z € H, and ¢ > £ provided ¢ > £ but ¢ # £ For
any two vectors a, b in R¥, we can define @ > (>,>>)b similarly. For any r € R¥ with

r > 0, we define
RE={ueRF:r>u>0}, C.:={ueC:r>u>0}

We always equip R* with the norm ||(us,. .., ut)|] = max{|u;] : 1 <i < k} and
the positive cone RX | so that R¥ is an ordered Banach space. We also equip C with
the compact open topology, that is, u™ — u in C means that the sequence of u"(z)

converges to u(z) as n — oo uniformly for z in any compact subset of H. Moreover,
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we define the metric function d(-,-) in C with respect to this topology by

0 max [[u(z) — ()|

d(u,v) = Z o , Yu,veC,
k=0

so that (C, d) is a metric space.
Define the reflection operator R by R[u](z) = u(—z). Given h € H, define the
translation operator Th[u|(z) = u(z — h). Let v > 0in R* and Q : C, — C,. We

impose the following hypotheses on Q):
(A1) QR[u]l = RQ[]], TilQ[u]] = Q[Th[u]],Vh € H.
(A2) @Q: C, — C, is continuous with respect to the compact open topology.
(A3) {Q(u)(z) : u € C,,z € H} is a precompact subset of R¥.

(A4) Q : C, — C, is monotone (order preserving) in the sense that Qu] > Q[d]

whenever v > 4.

Note that the hypothesis (A1) implies that Q[u] € R¥ whenever u € RE. Thus, Q

is also a map from R¥ to Rk,

(A5) @ : R — R* admits exactly two fixed points 0 and v, and for any € > 0, there

is @ € RF with ||a|| < € such that Qo] > «.

By [34, Theorems 2.11 and 2.15], it then follows that the discrete-time semiflow
{Q"}%, (in short, the map Q) on C, admits an asymptotic speed of spread c*. A
linear operators approach was also developed in [34] to estimate the spreading speed

c' of Q. Let M : C — C be a linear operator with the following properties:
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(B1) M is continuous with respect to the compact open topology.
(B2) M is a positive operator, that is, M[u] > 0 whenever u > 0.

(B3) For any uniformly bounded subset A of C, the set {M[u](z):u € A,z € H} is

bounded in R*.
(B4) M[R[u]] = R[M[u]], Tu[M[u]] = M[Tx[u]],Yu € C,h € H.
(B5) M can be extended to a linear operator on the linear space
C = {u = u1"" + upe"®® : uy, ug € C, iy, 2 € R,z € H},

such that if u,,u € C and u,(z) — u(z) uniformly on any bounded set, then

Mu,](z) — M[u](z) uniformly on any bounded set.

By property (B4), M is also a linear operator on R¥. Define the linear map
B, : RF — R* by

B,[o] = M[se™#%](0), Vo € R".

In particular, By = M on R*. If 0,,0 € R* and 0, — o as n — oo, then g,e™#* —
oe#* uniformly on any bounded subset of H. Thus, B,lo,] = M[o,e #*](0) —
M(oe=#}(0) = B,[o], and hence By, is continuous. Moreover, B, is a positive operator

on R*. Assume that

(B6) For any u > 0, B, is a positive operator, and there is ng such that B =

= B,B,...B, is a compact and strongly positive linear operator on RF.
N e’

no
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(B7) The principal eigenvalue A(0) of By is larger than 1.

Let ®(u) = iln A(p), e > 0, where A(u) is the principal eigenvalue of B,. The

following result is useful for the estimate of the spreading speed.

Theorem 1.3.1 [34, Theorem 8.10] Let Q be an operator on C, satisfying (A1)-(AS5)
and ¢* be the asymptotic speed of spread of (). Assume that the linear operator M
satisfies (B1)-(B7), and that the infimum of ®(u) is attained at some finite value u*

and ®(o0) > ®(u*). Then the following statements are valid:
(1) If Qlu} < M[u] for all u € C,, then ¢* < inf, 50 ®(p).

(2) If there is some n € R*, with n > 0, such that Qu] > M[u] for any u € C,,

then ¢* > inf,50 ®(u).

Recall that a family of operators {Q;}:>o is said to be a semiflow on C, if it

satisfies
(i) Qo(u) =u,Vu € C,.
(il) Qu (@t [u]] = Qty+t,[ul, Vt1,t2 2 0,u € C,.
(ill) Q(¢t,u) := Qi(uw) is continuous in (¢,u) on [0,00) x C,.
We have the result on spreading speeds of continuous-time semiflows.

Theorem 1.3.2 [3/, Theorem 2.17] Let {Q:}1>0 be a semiflow on C, with @Q¢[0] =0,

Q:[v] = v for allt > 0. Suppose that for any t > 0, the map Q; satisfies all hypotheses
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(A1)-(A5), and let c* be the asymptotic speed of spread of the map Q.. Then the

following statements are valid:

(1) For any ¢ > c¢*, ifu € C, with 0 < u K v, and u(z) = 0 for x outside a bounded

interval, then  lim  Qfu](z) = 0.
t—o0,lz|>tc

(2) For any ¢ < ¢* and any o € R* with o > 0, there is a v > 0 such that ifu € C,
with u(z) > a for © on an interval of length 2rq, then lir|n|<t Qiful(z) = v.
t—o0,|z|<tc

If, in addition, Q1 is subhomogeneous, then r, can be chosen to be independent

of a > 0.

We say that W(x — ct) is a traveling wave of the semiflow {Q: }150 if W : R — R*
and Q:[W](z) = W(z — ct), and that W(z — ct) connects v to 0 if W(—o0) = v and
W(o0) = 0.

Given a function u € C, and a bounded intefval I = [a,b] C H. We define a
function u; € C(I,R¥) by us(z) = u(x). Moreover, for any subset D of C,, we define
Dr = {ur € C(I,R*) : uw € D}. In order to obtain the existence of the traveling wave

with the wave speed ¢ > ¢*, we need the following assumption:

(A6) For any number ¢ > 0, there exists ¢ = () € [0, 1) such that for any D C C,
and any interval I = [a, b] of the length ¢, we have a(Q[D];) < ta(Dy), where «

is the Kuratowski measure of noncompactness on the Banach space C(I,R¥).

We remark that if H is discrete, then the hypothesis (A3) on @ implies the hy-

pothesis (A6). The subsequent result implies that the spreading speed of {Q:}t>0,
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described in Theorem 1.3.2, is also the minimal wave speed for monotone traveling

waves.

Theorem 1.3.3 [34, Theorems 4.3 and 4.4][33, Remark 2.3] Let {Q:}1>0 be a semi-
flow on C, with Q:[0] = 0, Q4[v] = v for all t > 0. Assume that for any t > 0,
the map Q; satisfies all hypotheses (A1)-(A5), and let c* be the asymptotic speed of

spread of the map Q1. Then the following statements are valid:
(1) For any 0 < ¢ < c*, {Q:}t>0 has no traveling wave W (z — ct) connecting v to 0.

(2) Furthermore, if Q; satisfies (A6), then for any ¢ > c¢*, {Qi}h>0 has a travel-
ing wave Wz — ct) connecting v to 0 such that W(s) is continuous and non-

increasing in s € R.



Chapter 2

A Nonautonomous Predator-Prey Model

In this chapter, we study the global dynamics of a nonautonomous predator-prey
system with dispersion. By appealing to the theory of nonautonomous semiflows,
we establish sufficient conditions for uniform persistence and global extinction. The
global stability of the positive periodic solutions is also obtained via the Liapunov
function method.

This chapter is organized as follows. In Section 2.1, we present the model and the
research background. Section 2.2 is devoted to establishing uniform persistence and
global stability of positive periodic solution. In Section 2.3, we obtain sufficient condi-
tions for global extinction of the predator species, and provide numerical simulations.

These results are lifted to asymptotically periodic systems in Section 2.4.

2.1 Introduction

One of the fundamental problems in population dynamics is to study the evolution-
ary (long-term) behavior of the interacting species. In order to take into account the
dispersal phenomenon of species, Levin [30] presented an autonomous Lotka-Volterra

type model in a patchy environment. Kishimoto [29] and Takeuchi [46] also studied
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this kind of model, but all the coefficients in their systems are constants. For more
autonomous models in patchy environments, we refer to [2], [10], [19] and references
therein. However, it is much more realistic to assume that all the intraspecific coeffi-
cients and dispersive coefficients depend on time. In addition, it is natural to assume
that these coefficients are periodic with a common period due to the seasonal effects.

In 1998, Song and Chen [45] analyzed the following model,

( %-’Jl’t_l = xl(al(t) —bi(t)x; — c(t)y) + Di(t)(z2 — z1)
< % = Zo(aa(t) — ba(t)za) + Da(t)(z; — x2) (2.1)
\ % = y(—d(t) + e(t)z1 — q(t)y).

Here z; and y, respectively, are population densities of prey species z and predator
species y in patch 1, and 2 is the density of prey species z in patch 2. Predator species
y is confined to patch 1, while the prey species x can disperse between two patches.
D;(t)(1 = 1, 2) are dispersal coefficients of prey species . Under the assumption that
ai(t), bi(t), D;(t)(E = 1,2), c(t), d(t), e(t), q(t) are all continuous, w-periodic and
strictly positive functions, Song and Chen [12] obtained sufficient conditions for the
uniform persistence and the global attractivity of positive periodic solution for system
(2.1). We should point out that those conditions in [45] are in terms of the maximum
and minimum values of the periodic coefficient functions. It is more desirable to
establish natural conditions in terms of average integrals of certain functions over the
interval [0,w]. More recently, Cui, Takeuchi and Lin [9] studied a different class of

predator-prey systems with dispersion. See, e.g., [6], [17], [25], [60], [61] for other
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types of nonautonomous models in patchy environments.

In this chapter, we will study a general periodic predator-prey system with dis-

persion,
( % = z191(Z1,,t) + D1(t)(z2 — 21)
J % = Z202(%2,t) + Da(t)(z1 — z2) (2.2)
& yg3(1,9,1).

\dt

Motivated by the biological interpretations of model (2.1), we assume that

g1 ( ) (z1,9.t) 9g3(x1,y,t)
(Hl) 6169211,y.t < 0, 3g1§;;,y,t] < 0, 3%(:22,152 < 0, 39362111/ > 0, 93 g;y < 0,

93(0,0,t) < 0.

(H2) There is M; > 0 such that g;(M,0,t) < 0,g2(My,t) < 0,Vt > 0; and for each

B > 0, there is Ny = N;(B) > 0 such that g3(B, Ny,t) < 0,Vt > 0.

Biologically, the first two inequalities in-(H1) imply that the per-capita growth
rate of the prey population in patch 1 decreases both with the prey density in the
same patch and with the predator density. The first one is due to a limited resource
or crowding effect, and the second one is a consequence of predation. Similarly, the
third and fifth inequalities hold because of a limited resource, and the fourth inequality
implies that the per-capita growth rate of the predator population in patch 1 increases
with the prey density in the same patch, which is a consequence of predation. The
last inequality in (H1) implies that the population density of the predaﬁor decreases

if only very small amount of predator and no prey are living in patch 1. The first
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condition in (H2) implies that the prey population starts to decrease when there are
plenty of them living in one patch, even without absence of the predator. This is due
to the carrying capacity for the prey population. The second condition in (H2) means
that with the limited amount of prey population, the predator population starts to
decrease when there are plenty of them living in one patch.

It is observed that sometimes the coefficient functions in model (2.1) are not pe-
riodic, but are asymptotic to periodic functions. We also consider the asymptotically

periodic system

( d.’L‘l _ =
e 2191(21, 9, t) + Di(t)(z2 — 1)

{ @, _ 3 (2.3)
e 7292(z2, t) + Da(t)(z1 — 72) :
d _
_y = yg3($1,y,t)

N dt

under the following two assumptions:

(H3) Jim (Dy(t) - Di(t)) = 0, and Jim (g:(z1,72,9,1) — (@1, 72,4, ¢)) = O uniformly

for (x1,z2,y) in bounded subsets of IR3.

(H4) There is M, such that g;(z1,0,t) < 0,g2(z2,t) <0, Vzi, 23 > M,,t > 0; and for

each B > 0, there is Ny = Ny(B) > 0 such that gs(B,y,t) <0, Vy > N,,t > 0.

2.2 Persistence and positive periodic solutions

In this section, we study the uniform persistence, existence and global stability of

positive periodic solution of periodic system (2.2).
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For the two-dimensional subsystem

dz
ik = $191($1,0,t) + D]_(t)(l‘g - .’ﬂl)

dt (2.4)

dz
—de = :Ezgg(l‘g,t) + Dz(t)(.’l)l — :L‘z),

we have the following result.

Lemma 2.2.1 Let p be the principal Floquet multiplier of the linear system resulting

from the linearization of (2.4) at x(t) = 0. Then the following statements are valid:

(1) If p > 1, then (2.4) admits a unique positive w-periodic solution (x}(t), z5(t)),

and it is globally asymptotically stable for (2.4) in R \ {0};

(2) If p < 1, then (0,0) is a globally asymptotically stable periodic solution of (2.4)

in IR2.
In particular, there holds p > 1 provided that
(M1) eitherm(g:(0,0,t)) := 1 [ 1(0,0,t)dt > m(Dy(t)), or m(gz(0,1)) > m(Da(t)).

Proof. For simplicity, we write system (2.4) as

dz

Franki 2.5
g = T2, (2.5)
* T191(T 7O;t + Di{t)(x —
with z = ' , Fl(t,z) = 191(21,0,) () (@2 — 71)
T2 33292(:172,25) +D2(t)(271 —xz)

Obviously, (0,0) is a w-periodic solution of (2.5). The corresponding linear peri-

odic system of (2.5) is

dz 1
4z _ , 2.6
= = DuF'(t,0)2 (2.6)
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Let I be the 2 x 2 identity matrix and let ¢(¢) be the fundamental matrix solution
of (2.6) with ¢(0) = I. By the continuity and differentiability of solutions with
respect to initial values, it easily follows that the Poincaré map S associated with
(2.5) is defined in a neighborhood of (0,0), and the derivative DS(0) = ¢(w). Thus,
p = r(¢p(w)) = r(DS(0)). Moreover, by assumption (H2), there exists M; > 0 such
that ¢;(Mi,0,t) < 0,92(Mi,¢) < 0,¥¢t > 0. It then follows that for any M > M,
the set [0, M]? is positively invariant set for system (2.4). By Theorem 1.2.3 with
the order interval V' = [0, M]?, VM > M, it follows that the conclusions (1) and (2)

hold. Note that

/ 91(0,0,t) — Dy (t) D (t) \

D F(t,0) =
> Da(t) 92(0,) — Da(t) <
N 91(0,0,¢) — Dy (t) 0 = B(¢).
\ 0 g2(0,t) — Da(t) )

Let ¢5(t) be the fundamental matrix solution of the system z = B(t)z with ¢5(0) = 1.
By the comparison principle, it follows that ¢(t) > ¢5(t), and hence, ¢(w) > ¢p(w).

Using [43, Theorem A.4], we then obtain
p=r(B(W)) 2 1(9(w)) = max{eli (009D o5 6x00-DaO)e)
In the case where (M1) holds, we have p > 1. '

Lemma 2.2.2 Solutions of (2.2) are uniformly bounded, in the sense that for any

b> 0, there is B(b) > 0, such that (z,(t), z2(t), y(t)) € [0, B]® if (z1(0), z2(0),y(0)) €
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[0,8]°. The solutions are also ultimately bounded, in the sense that there is N, such

that (z1(t), z2(t), y(¢t)) lies in [0, N]® eventually.

Proof. Given b > 0, let z(t) = (z1(¢), z2(t), y(t)) be the solution of (2.2) satisfying
z(0) € [0,b8]°. Let B = maz{b, M1}, then (z:(t),z2(t)) € [0,BJ? Vt > 0. By
assumption (H2), there exists N; = N;(B) > 0, such that g3(B, N1, t) < 0, Vt €
[0,00). Hence, let N = maz{N,,b}, we have y(t) € [0, N], V¢ > 0. Thus, solutions
of (2.2) are uniformly bounded. To prove the ultimate boundedness, we consider
two cases. In the case where p > 1, Lemma 2.2.1 implies that there exists a unique
positive w-periodic solution (z}(t), z4(¢)) of (2.5), and it is globally asymptotically

stable in IR% \ {0}. Given a solution (z1(t),z2(t), y(t)) of system (2.2), we have

dz1(t) < 2191(21,0,¢t) + Dy (t)(z2 — z1)
= (2.7)

da:;t(t) < 2922, t) + Da(t)(zy — 32).

Let (Z1(t), Z2(¢)) be the solution of (2.5) with (Z1(0),Z2(0)) = (z1(0),z2(0)). By

the comparison theorem, we have z;(t) < Z;(¢),: = 1,2. Fix M > M,;. Since
tliglo Z;(t) = z;(t), there exists T > 0 such that z;(¢t) < Z;(t) < M for all t > T.
Furthermore, there exists N = N(M) such that g3(M,N,t) < 0. Thus, y(t) < N
for all ¢ > T. In the case where p < 1, Lemma 2.2.1 implies that every positive
solution of (2.5) in IR? \ {0} converges to (0,0). By a similar argument, we can
show that solutions of (2.2) are ultimately bounded. Consequently, each solution
(z1(t), z2(t), y(t)) satisfying z;(0) > 0,4 = 1,2,y(0) > 0, lies eventually in the set

Ko = {(z1,22,9): 0 <z, < M,i=1,2,0<y < N}. !
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Theorem 2.2.3 Let (M1) hold, and let (z}(t), z(t)) be the unique positive w-periodic

solution of system (2.4). Assume that
(MQ) m(93($;(t)70>t)) > 0.

Then system (2.2) is uniformly persistent in Int(IR%), and admits at least one positive

periodic solution.
Proof. Let S:X :=1R} — IR be the Poincaré map associated with (2.2), that is,
S(zo) = u(w, o), Vzo € IR,
where u(w, 7o) is the solution of (2.2) with u(0,zo) = zo. Let Xo := Int(IR3) and
W (M):={zeX: nlg& d(S™(u), M) = 0}.
Obviously, My = (0,0,0) and M; = (z5(0), 23(0), 0) are two fixed points of S. Define
Y1 :={(1,0,y) : 71 >0,y >0} and %;:={(0,z2,y):2z2 >0,y >0}
We then claim that
My ={(0,0,y) : y > 0} U {(z1,22,0) : z; > 0,2, > 0}.

Indeed, on ¥; and X,, we have £ = Dy(t)x; > 0 and £; = D;(t)x > 0, respectively.

Then z(0) € £, UX; = z(t) € Xo. Hence, Z; N Mp =0, %, N My = (. Since

¢(t7 (Oa 0, y(O))) = (07 0, y(t))7 ¢(t’ (xl(o)» 1‘2(0), 0)) = ("L‘l(t)’ .’I?g(t), 0)7 vt 20,
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we obtain
o(t, {0} x {0} x Ry) C {0} x {0} x Ry, ¢(t,IR2 x {0}) C RZ x {0},Vt > 0.

Letting ¢ = nw, we have

$(nw, {0} x {0} xR) C {0} x {0} xRy C 8Xo, p(nw, R2 x {0}) € RZ x {0} C 8X,.

This proves the claim. By our assumptions, we have [’ gs(z}(¢),0,¢)dt > 0, and
either ["(91(0,0,t) — Dy(¢))dt > 0, or [;’(g2(0,¢)dt — D(t))dt > 0. By Theorem

1.1.2, there exists ¢; > 0,7 = 0, 1, such that

limsup d(S™(u), M;) > 6;, u € Xp,i=0,1,

n—oo
which implies that M; is isolated in X, and W*(M;) N Xo = ¢, ¢ = 0,1. Note
that fow 93(0,0,¢)dt < 0. By Theorem 1.2.3 with n = 1, as applied to the Poincaré
map associated with § = yg3(0,y,t), it follows that any nonnegative solution y(¢) of
v = y93(0,y,t) satisfies tllglo y(t) = 0, and hence, S™(0,0,y(0)) = (0,0, y(nw)) — My

as n — 0o. Thus, we have
Q(Ma) = UzeMaw(x) C My U M.

It is easy to see that no subsets of { M, M} can form a cycle in dXy. By Theorem
1.1.4, it follows that S is uniformly persistent, and hence, solutions of system (2.2)
are uniformly persistent by Theorem 1.1.3. Moreover, Theorem 1.1.5 implies that S
has a positive fixed point zo. Clearly, u(t,z;) is a positive periodic solution of (2.2).
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By Theorem 2.2.3, we can choose m,n, M, N > 0, such that every positive solution

eventually lies in the compact set
K= {(371,11»'2,3/) tm <z < M)2= 1,2:7153/3 N}

In order to obtain the uniqueness and global attractivity of periodic solution, we write

system (2.2) as

d.’L',;

= x; F; <1< .
7 z;Fi(t,z),1 <1<3, (2.8)

where z = (z1,%2,23) € Xo = Int(R3), Fi(t,z) = gi(21,23,t) + D1(2) (i—f - 1),
Fy(t,z) = ga(ma,t) + Dy(t) (%12- - 1), F3(t,z) = gs(x1,23,t). Then we have the fol-

lowing result.
Theorem 2.2.4 Let (M1) and (M2) hold. Assume that

(M3) There exist continuously differentiable functions 5; : (0,00) — (0,00), 1 <i <

3, and a non-positive periodic function b : IRy — IR with m(b) < 0 such that

8(ﬂi($i)ﬂ(t>x))+ 23: Bj(z;)

b
oo < b(t)

OF;(t,x)
Bzz:i

j=Li#i

foralt e Ry, z = (x1,22,73) € K;.

Then system (2.8) has a unique positive w-periodic solution which is globally asymp-

totically stable in Int(IR3).

Proof. By Theorem 2.2.3, (2.8) has a positive w-periodic solution u(t) = (u1(t), u2(t), us(t)).

Let z(t) = (z1(t), z2(t), z3(t)) be any other solution of (2.8) with z(0) € Xo. Thus,
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z(t) ultimately lies in K;. Without loss of generality, we assume that z(t) € Kj,

Vt > 0. Define

V(z,u) = ﬂ,(s) l, Vz,u € K;.

Since f;(s)/s > 0, Vs > 0, there exist ¢; and c; € (0,00) such that

3 3
C1 Z ]ui - le S V(a:,u) S CzZ [ui - x1~|, V.’E,'U/ € Kl.

i=1 =1

Let p=rz+ (1 —r)u, r€(0,1]. It then follows that

d [ pis)
EZ/ui(t) s ds = B;(z:(t)) Fi(t, 2(t)) — Bi(wi(t)) Fi(t, u(?))

= /0 %(ﬂi(?i)ﬂ(ta p)dr

=‘/0 l:a(ﬁz(pg;?(t’p)) (-'Ei —ui) +ﬂi(pi)'

i —a—E‘(t—’p)‘(:EJ - ’u_,)jl dr.

s OPi
Let V(t) = V(z(t),u(t)), and D*V(t) be the upper Dini derivative of V(z(t),u(t))

with respect to t. We then have

DYV (t)
< Z / [a(ﬂi(pgg(t,p» |z — w] + Bi(py) Z# %ﬂ‘ ey — uj,} i
-/ [g (a(ﬁz(pz)p(t ) , ;# 5100y) | 2 (t ) D ui|] Y

3

b(t)
<b(t Ti —ul < V(t).
O3 foe -l < V0
By the comparison theorem, we get

0< V() < (efé b<s>ds)a' V(0).
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Since m(b) < 0, we have tlim V(t) = 0, which implies that tlim |z:(t) —wi(t)] =0, ¢ =

1
1,2,3. Let c3 := sup { (efg ”(s)d’) “ } Since

£0
1
a1 Z |us(t) @O < V() < (ef"t b(s)ds> ° V(0) < c3V(0) < cca Z |ui(0) — z4(0
it follows that u(t) is Liapunov stable. '

Remark 2.2.5 Letting 8; = 1,i = 1,2,3, we have the following sufficient condition

for (M3):

(My) fnGaad) | Smlamd) _ D 4 B2 <, Smlmdl _ By D1 g,

Malnast) _ Saulgmsd) <0, Yt > 0,z = (21,72, 73) € K.

o3 Ox3

Remark 2.2.6 Note that for system (2.1), (M4) reduces to
(M5) by >e—%1§51+%, by > %—%2?, q(t) > c(t).

For a continuous function f(t), we define fU :=sup,»o{f(t)}, f* :=infixo{f(t)}. It
is easy to see that the following condition is sufficient for (M4):

(M6) bl > eV — D +—ml, bé>%’-—%§$, gt > V.

2.3 Global extinction and numerical simulations

In this section, we establish sufficient conditions for the global extinction of the preda-

tor species, and provide numerical simulation results.

Theorem 2.3.1 Let (M1) hold. Assume that
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(M7) m(gs(z3(¢),0,1)) < 0.
Then (z}(t), z5(t),0) is globally asymptotically stable in RS \ {0}.

Proof. It suffices to prove that (x}(0), z3(0),0) is a globally asymptotically stable

fixed point of S. By (M1) and Theorem 1.1.2, there exists dp > 0 such that

limsup d(S™(u), (0,0,0)) > do, Yu € Xj.

n—oo

Then (0,0,0) is an isolated invariant set for S in X, and X, N W?((0,0,0)) = 0.
By (MT7), we can choose 0 < € < 1 such that m(gs(z}(t) + ¢€,0,2)) < 0. Let
(z1(t), z2(2), y(t)) be a given solution of (2.2) with (z1(0), z2(0),y(0)) € Xo. As argued
in the proof of Lemma 2.2.2, there exists T > 0 such that z1(¢) < Z1(t) < z}(t) +€ as
t > T. Thus we have y < ygs(zi(t) + ¢,¥,t),Vt > T. By Theorem 1.2.3 wiﬁh n=1,
as applied to the Poincaré map associated with y = yg3(z}(t) + €,9,t), it follows
that any nonnegative solution §(t) of ¢ = ygs(z}(t) + €,y,t) satisfies tlir{.lo y(t) = 0.
By the standard comparison method, we see that tll)lg y(t) = 0. For convenience,
we write w(z1(0), z2(0),y(0)) = wy x {0}, where (z,(0), z2(0), y(0)) € Xo. Note that
w(z1(0), z2(0), ¥(0)) is a compact internally chain- transitive set for S. It follows that
wy is a compact internally chain-transitive set for Sy : RZ — IR%, where S is the

Poincaré map associated with (2.4). Let
W*(21(0), 23(0)) := {(z1,22) : ST (1, 72) — (21(0),73(0)) as n — oo},

We further claim that w; N W?*(x}(0),23(0)) # 0. Assume, by contradiction, that

w1 N W*(z3(0),z5(0)) = @. Then w; = (0,0), and hence, w(z1(0),z2(0),y(0)) =
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(0,0,0). Thus, we have (z1(0),z2(0),y(0)) € W*(0,0,0), which contradicts the fact
that Xo N W*((0,0,0)) = 0. Since w; N W*(z%(0),z3(0)) # @, Theorem 1.1.11 implies
that wy = (21(0),z3(0)). Thus, w(z1(0),z2(0),y(0)) = (z1(0), z4(0),0), which proves
that (z3(0), z3(0),0) is globally attractive in IR3 \ {0}.

It remains to prove the stability of (z}(t),z3(t),0) for (2.2). For simplicity, we

write the system (2.2) as

dx__

= =Gl(t,2), (2.9)

where z = (21, 2,y), G(¢t,z) = (G1(t, z), Ga(t, ), G3(t, z)) with
Gi(t,z) = zigi(21,9,t) + Di(t)(z2 — 1),

Gz(t,(l?) = ngg(arz,t)+D2(t)(a:1—x2),

Gs(t,z) = ygs(z1,u,1).

Let z*(t) = (x(¢), z3(t),0). Note that D,G(t,z*(t)) =

91(z1,0,t) + 2138 — Di(t) D (t) 215 |y=0
Dg(t) gz(.’L‘z, t) -+ l‘ggf% - Dz(t) 0
0 0 93(z1,0,t)

x1=z](t)
z=x}(t)

It then follows that

#® sn| 70| mo

Pp.Guam)(t) | z2(0) | = 25(0)

y(0) 0 D 4,(t)yo
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with

Al(t) _ (1‘1,0 t) -+ 171 8:: Dl( ) Dl(t)

Ds(2) 92(z2, 1) + 2252 — Dy(t)

zy=z}(t),
Ig:z;(t)

A2(t) = 93($I(t)7 0’ t):

P ),0.t)

t z 91(10;
e - H«t))z/%(t_s) 10 JCVORN
P

= y(0)| = y(0)H(2),
\ a(t)

where % ,(t—s) denotes the ith row and jth column element of the matrix @4, (t—s).
It follows that

Dy (w) H(w)
Op.cierayw) = '

0 D4, (w)
Therefore, r(¢p,c(ter ) (W) = max{r(¢a, (w)),r(da,(w))}. Since

Al(t) S gl(x;(t)v O’ t) - Dl(t) Dl(t) — A3(t),

Dy(t)’ ga(z5(t), 1) — Da(?)
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the comparison principle implies that ¢4, (t) < ¢4,(t), and hence ¢a,(w) < da,(w).

By [43, Theorem A.4], we have r(¢4, (w)) < r(d4,(w)). Since

bas(t) z1(0) _ zi(t) |
z3(0) z5(t)
It follows that
N ECANEECANEUAN
z3(0) z5(w) z3(0)

and hence, r(¢4,(w)) = 1. Consequently,
(80,600 @) (W) = max{r(ga, (w)), efo 2D} <1,

which implies the stability of (z3(t), z3(¢),0). '

In order to simulate the global coexistence, we consider the following system

(
d .
-Exti =z1(21 — Tz; — y) + (8 +sint)(zy — 21)
dz 1 1.,
{ _Elt_z = 25(10 — 5z3) + (§ + ésm t) (z1 — z2) (2.10)
d
\ d—g = y(—11+ 6z, — Ty).

We then get a compact region
Ky = {(331,1'2,’!/) :2< <3,i= 1’2: 1/7Sy$ 1}

such that for each solution (z;(t), z2(t), y(t)) satisfying z;(0) > 0,7 = 1,2,¥(0) > 0,

there exists T; > 0 such that (z1(t), z2(t), y(t)) € K, for t > Ti. It is easy to verify
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Figure 2.1: The solution of system

(2.10): Global coexistence

that conditions (M1), (M2) and (M4) are satisfied. By Theorem 2.2.4, system (2.10)
has a unique positive 27-periodic solution, which is globally asymptotically stable in
Int(IR3). Our numerical simulations in Figure 2.1 confirm this result.

Regarding the global extinction, we modify system (2.10) into the following one:

r

d—;?— =21(21 — Tz, — y) + (8 + sint)(z2 — z1)
dx 1 1.,

4 d_t2 = 25(10 — bx,) + (§ + 5 smt) (z1 — x2) (2.11)
B _ y(~11+ 10z, — 16y)

L dt o v

Thus, we get a compact region
Ky ={(21,22,9) : 2<%, <3,i=1,20<y < 1}

such that for each solution (z1(t), z2(t),y(t)) with z;(0) > 0,7 =1,2,y(0) > 0, there
exists T > 0 such that (z1(t), z2(t), y(t)) € Ky for t > T,. It is easy to verify that the
conditions (M1) and (M7) are satisfied for (2.11). By Theorem 2.3.1, (z{(t), z3(t),0) is
globally asymptotically stable. Our numerical simulations in Figure 2.2 are consistent

with this result.
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Figure 2.2: The solution of system

(2.11): Global extinction

2.4 Asymptotically periodic case

In this section, we will extend the results in Sections 2.2 and 2.3 to the asymptotically
periodic system (2.3).

Let @ : Ag x X — X,Ag = {(t,8) : 0 < s <t < oo}, be the nonautonomous
semiflow associated with system (2.3), and T'(¢) : X — X,t > 0, the w-periodic

semiflow associated with system (2.2). The assumption (H3) implies that
®(t; + njw,njw,z;) - T(t)r as j— oo,

for any three sequences ¢t; — ¢, n; — o0, z; — z with z,z; € X. Thus, ® is an
asymptotically periodic semiflow with limit w-periodic semiflow T'(¢) : X — X,¢t > 0.
Define T, (z) := ®(nw,0,z),Vn € N,z € X. Then T, : X — X is an asymptotically
autonomous discrete process with limit autonomous discrete semiflow S : X — X.
By Lemma 2.2.2, we see that solutions of (2.3) are uniformly bounded. We further

have the following three results on the long-term behavior of solutions of (2.3).
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Theorem 2.4.1 Let (M1) and (M2) hold. Then system (2.3) is uniformly persistent

in Int(IR3).
Proof. For each ¢t = 0,1, let
We(M;) = {z € R} : lim To(x) = Mj}.

By [16, Theorem 5.1.2], it then follows that W*(M;) N Xo = 0, i = 0,1. Let &(z) be
the omega limit set of any precompact orbit of Ty,(z), z € Xo. By Theorem 1.1.10,
@(z) is a compact internally chain transitive set for S™. Now we show that &(z) ¢
M;,i =0, 1. Assume, by contradiction, that &(z) C M; for some ¢ and z € X;. Then
Tn(z) — M; as n — oo, and hence, z € W*(M;) N Xy, a contradiction. By Theorem
1.1.4, it then follows that there exists § > 0 such that inf () d(y, 0Xo) > 6. Let Ao
be the global attractor for S : Xp — X,. Then &(z) C Xo, and hence @(z) C A,.
Therefore, T(z) — Ao, that is, lim d(Tw(z), Ao) = 0. Let A = UpoT(t) Ao C Xo.
By [63, Theorem 3.2.1], it follows that tlirgo d(4(t,0,z),A) = 0, which implies the

uniform persistence of the solution ¢(¢,0,z), T € X,, of system (2.3). '

Theorem 2.4.2 Assume that (M1),(M2) and (M) hold, and let (uy(t), us2(t),v(t))
be the unique positive w-periodic solution of (2.2). Then every solution of (2.8) in

Int(IR3) is asymptotic to (u1(t), ua(t), v(t)).

Proof. By Theorem 2.2.4, (u1(0),u2(0),v(0)) is a global attractor for S in X,. Let

z € X, be fixed. Then &(z) is internally chain transitive for S. As mentioned in
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the proof of Theorem 2.4.1, W*(M;) N Xy = 0,7 = 0,1. We now claim that &(z) N

W#(u;(0),u2(0), v(0)) # 0. Otherwise, we have
5(2) € £ o= {(@1,22,0) - 31 > 0,25 > 0} U{(0,0,5) : y > 0},

Applying the convergence Theorem 1.1.12 to S|y : £ — X, we have either &(z) = M,
or &(z) = My, which contradicts W*(M;) N X, = 0,3 = 0, 1. By Theorem 1.1.11, we
then have @(z) = (u1(0),u2(0),v(0)), and hence, [63, Theorem 3.2.1] implies that

||#(¢,0,2) — (Ul(t),uz(t),v(t))l‘l —0ast— o0. .

Theorem 2.4.3 Let (M1) and (M7) hold. Then every solution of (2.3) in Int(IR3)

is asymptotic to (x3(t), z3(t),0).

Proof. By Theorem 2.3.1, (z}(0),z3(0),0) is a global attractor for S in Xo. Let

z € X, be fixed. Then &(z) is internally chain-transitive for S. Note that
W*(z1(0),3(0),0) = X \ {(0,0,y) : y > 0}.

We claim that @(z) N W*(23(0), z5(0),0) # 0. Otherwise, @(z) C {(0,0,y) : y > 0}.
Hence, @(z) = (0,0,0), which contradicts the fact that W*(M;) N X, = 0. By
Theorem 1.1.11, we have &(z) = (z3(0),z3(0),0), and hence, every solution of (2.3)
in X, is asymptotic to (z](t), z3(t),0). : '

Finally, we should point out that Cui, Takeuchi and Lin [9] studied the permanence



§2.4. Asymptotically periodic case 35

and extinction of the following dispersal population systems,

( n
%T;l = $1(a1(t) - bl(t)xl - ¢(t,$1)y) + Z(Dlj(t)xj — Djl(t)xl)
j=1
4 % = z;(a;(t) — bi(t)x;) + Z:;(Dij(t)xj — Dji(t)xs), 2<i<m, (2.12)
| W yeat) + ezt ) - at).

Note that system (2.12) with n = 2 and D2 = Ds; is a special case of our model
with Dy = D,. Our sufficient conditions for permanence and global extinction are
similar to those in [6]. However, the existence, uniqueness and global attractivity of
positive periodic solution and the asymptotically periodic case were not discussed in
[9]. Furthermore, our dynamical systems approach may also apply to the analysis of

system (2.12).



Chapter 3

A Periodic Epidemic Model

An epidemic model in a patchy environment with periodic coefficients is investigated
in this chapter. By employing the persistence theory, we establish a threshold between
the extinction and the uniform persistence of the disease. Further, we obtain the
conditions under which the positive periodic solution is globally asymptotically stable.
At last, we present two examples and numerical simulations.

This chapter is organized as follows. In Section 3.1, we present the model and
introduce some related work. In Section 3.2, a threshold between the extinction and
persistence of the disease is established. In Section 3.3, we prove the uniqueness and
the global asymptotic stability of the positive periodic solution when susceptible and
infectious individuals have the same dispersal rates, and the global attractivity of
the positive periodic solution when the dispersal rates of susceptible and infectious
individuals are very close. Finally, we present numerical simulations for the model

with two patches.
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3.1 Introduction

The study of the threshold that determines the persistence and extinction of infectious
diseases is one of the most important subjects in mathematical epidemiology. An
extensive literature have dealt with the threshold conditions of many different kinds of
epidemic models. The reproduction numbers for a series of epidemic models have been
studied by many mathematicians(see, e.g., [13, 14, 26, 48, 8, 15, 16] and references
therein).

It has been observed that population dispersal affects the spread of many infec-
tious diseases. In 1976, Hethcote [22] put forth an epidemic model with population
dispersal between two patches. After him, Brauer and van den Driessche [3] proposed
a model with immigration of infectives. In [51], Wang and Zhao presented a disease

transmission model wilﬁh' population dispersal among n patches,

1

S; = Bi(N;)N; — 113S; — BiSili + v + Y a4;S;, 1<i<nm,
7= (3.1.1)
I = BiSI; — (pa +vi)li + > bijl;, 1<i<m,
j=1
with the properties

n

iaﬁ =0, » bi=0, V1<i<n, (3.1.2)

=1 =1
and established a threshold between the extinction and the uniform persistence of the
disease for this model. They also considered the global attractivity of the disease-free

equilibrium under the condition that the dispersal rates of susceptible and infective
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individuals are the same in each patch. Moreover, the uniqueness and the global
attractivity of the endemic equilibrium of this model has been studied by Jin and
Wang [28]. Recently, Wang and Zhao [52] incorporated an age structure into their
model in order to simulate the phenomenon that some diseases only occur in the
adult population. They established sufficient conditions for global extinction and
uniform persistence. However, these authors only considered constant coefficients in
model (3.1.1). Since periodicity has been observed in the incidence of many infec-
tious diseases, such as measles, chickenpox, mumps, rubella, poliomyelitis, diphtheria,
pertussis and influenza (see, e.g.,[23]), it is more realistic to assume that all the coef-
ficients depend on time periodically. As mentioned in [12] and [35], the seasonality is
an important factor for the spread of infectious diseases, such as the marked change
of the contact rate caused by the school system or the weather changes(e.g., measles),
the emergence of the insects caused by the seasonal variation(e.g., temperature, hu-
midity, etc.). We will assume that these coefficients are periodic with a common
period due to the seasonal effects.

In this chapter, we consider the periodic system

Sz/ = Bi(t, Ni)Ni fd /ll(t)S, nd ﬁl(t)S,L + ’}’,(t).[z + i a,-j(t)Sj, ]. S 1 S n,
j=1

I = G(OST: ~ (ualt) + %)+ 2 by(0);, 1<i<m,
= (3.1.3)

with all functions being continuous and w-periodic in ¢. Here S;, I; are the numbers

of susceptible and infectious individuals in patch i, respectively. N; = S; + I; is the
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number of the population in patch ¢, B;(t, N;) is the birth rate of the population in
the ith patch, p,(t) is the death rate of the population in the ith patch, and ~;(¢)
is the recovery rate of infectious individuals in the ith patch. —a;(t), —b;;(¢) > 0
represent the emigration rates of susceptible and infectious individuals in the ith
patch, respectively. a;;(t), b;;(t),j # ¢, represent the immigration rates of susceptible
and infectious individuals from jth patch to i¢th patch. Since the death rates and
birth rates of the individuals during the dispersal process are ignored in this model,

we have
Zaﬁ(t) =0, Z bii(t) =0, V1<i<n, Vte[0,uw] (3.1.4)
J=1 J=1

We further assume that

(Hl) aij(t) Z 0, bZJ(t) Z 0, aii(t) S O,bii(t) < O, V1 S 7 #] S n, t € [O,UJ], and the

two n x n matrices (a;;(t)) and (b;;(t)) are irreducible.
(H2) Bi(t,N:) >0, V(t,N;) € R, x (0,00), 1 <4 < .

H3) Bi(t,N;) is continuously differentiable with 284&M) < 0, V(t, N;) € Ry x
Y 3N;

(0,00),1 < < m.

(H4) B¥(co) := lim B¥*(N;) < ut, 1 < i < n, where B¥(IV;) := max B;(t, N;),

Ni—o0 te[0,w]

l .
;= N Uy t).
* tG[(;,w] ( )

Biologically, (H1) implies that these n patches cannot be separated into two groups
such that there is no immigration of susceptible and infective individuals from first

group to second group (see the definition of irreducibility in Section 3.2); (H2) and
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(H3) mean that each birth rate function is positive and decreasing; and (H4) repre-
sents the case where each birth rate cannot exceed the death rate when the population

number is sufficiently large.

3.2 Threshold dynamics

Let (RF,R% ) be the standard ordered k-dimensional Euclidean space with a norm ||-||.
For u,v € R*, we write u > v provided u — v € ]R’_i, u > v provided u — v € R’i\{O},
and u 3> v provided u — v € In¢(Rk).

Recall that a k x k£ matrix (a;;) is said to be cooperative if all of its off-diagonal en-
tries are non-negative; irreducible if its index set {1,2,- - , k} cannot be split into two
complementary sets (without common indices) {m,, ms, -+ ,m,} and {ny,ng,--- ,n,}
(u+v = k) such that apm,n, =0, VI<p<p,1<g< v

Let A(t) be a continuous, cooperative, irreducible, and w-periodic k¥ X k matrix
function, ® 4(t) be the fundamental solution matrix of the linear ordinary differential
system z’ = A(t)z, and 7(Pa¢y(w)) be the spectral radius of ® 4()(w). It then follows
from [1, Lemma 2] (see also {24, Theorem 1.1]) that ® 4¢(¢) is a matrix with all entries
positive for each ¢t > 0. By the Perron-Frobenius theorem, 7(® 4(.)(w)) is the principal
eigenvalue of ® 4(.(w) in the sense that it is simple and admits an eigenvector v* > 0.

The following result is useful for our subsequent comparison arguments.

Lemma 3.2.1 Let p = 2lnr(®4y(w)). Then there ezists a positive, w-periodic

function v(t) such that e**uv(t) is a solution of o’ = A(t)z.
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Proof. Let v* > 0 be an eigenvector associated with the principal eigenvalue
r(®a¢)(w)). By the change of variable z(t) = ettv(t), we reduce the linear system
z' = A(t)x to

v = A(t)v — pv = (A(t) — pl)v. (3.2.5)
Thus, v(t) := ®a)-un(t)v* is a positive solution of (3.2.5). It is easy to see that

e ®4()—un)(t) = Pa(y(t). Moreover,
v(w) = (I)(A(~)—ul) (w)v* = 6_”“)(1),4(.)(&})’0* = e_““’r(@A(.)(w))v* =v"' = ’U(O).

Thus, v(t) is a positive w-periodic solution of (3.2.5), and hence, z(t) = e*v(t) is a
solution of ' = A(t)z. '

Let P : R?" — R%" be the Poincaré map associated with (3.1.3), that is,
P(z°) = u(w,z°), Vz° € R¥",

where u(t, z%) is the unique solution of (3.1.3) with «(0,z°%) = z° In order to find
the disease-free periodic solutions of (3.1.3), we consider
Si = Bi(t,5:)S — m())Si + Y ay(t)S;,  1<is<n (3.2.6)
=1
Let P, : R — R” be the Poincaré map associated with (3.2.6), that is,

Pi(S%) = uw(w, S°), VS° € R7,

where u, (¢, 5%) is the solution of (3.2.6) with u;(0, %) = S°.
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8 y.

If z is a nonnegative constant, we define an auxiliary matrix

r -
Bl(t, Z) - ,ul(t) + au(t) e aln(t)
M(t, z) = a(t) ()
. L anl(t) e Bn(t’ 2:) - /Ln(t) + a‘nn(t)

This matrix will be used to prove the existence and the uniqueness of a positive fixed
point of P, and is different from the standard Jacobian matrix.
Let F : R} x R} — R™ be defined by the right-hand side of (3.2.6). It is easy to

see that F' has the following properties:
(M1) Fi(t,S) >0 forevery S >0 with S; =0,te R,,1<i<n;

(M2) gg; > 0,i # 4,¥(t,8) € RL x R, and DsF(¢,0) is irreducible for each t €

4+
RL,S € RY;
(M3) For each t > 0, F(t,.) is strictly subhomogeneous on R? in the sense that

F(t,aS) > aF(t,5), VS > 0, a € (0,1);
(M4) F(t,0) =0, and F(¢,S) < DsF(¢,0)8, ¥t > 0,5 > 0.

Note that the nonlinear system (3.2.6) is dominated by the linear system S’ =
DgF(t,0)S. It then follows that for any S° € R”, the unique solution wu{t, S°)
of (3.2.6) satisfying u;(0, S°) = S° exists globally on [0, c0) and u; (¢, S°) > 0, Vt > 0.
We claim that (3.2.6) admits a bounded positive solution. Indeed, in view of (H4),

we can choose a sufficient large real number K such that [j°(ui(t) — Bi(t, K))dt >
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0,7=1,---,n. Then by Lemma 3.2.1, there is a positive, w-periodic function v(t) =
(v1(t),v2(t), -+ ,va(t)) such that V(t) = e*v(t) is a solution of V! = M(t,K)V,
where i = LInr(®p(x)(w)). Let () = Sr Vi(t) = Y i v(t). By the
first equation in (3.1.4), it easily follows that X'(¢) < a(t)X(t), YVt > 0, where
a(t) = max{B;(t,K) — pu;(t) : 1 <i < n}. Thus, tlirglo ¥(t) =0, and hence 1 < 0, i.e.,
m(Pm(,k)(w)) < 1. Choose | > 0 large enough such that lv;(t) > K,1<i<n, Vt €

[0,w]. Set H(t) = lv(t). If we rewrite (3.2.6) as S’ = F(t,5), it is easy to see that
F(t,H(t)) < M(t,K)H(t), vt > 0, (3.2.7)

where (H3) is used. By the standard comparison theorem(see, e.g., [43, Theorem

B.1]), it follows that
0 < ur(mw, v(0)) < Pur(.x)(mw)lv(0) = (P, k) (mw))lw(0)

= r(Pum(.x)(w))v(0) < lw(0), Vm > 0.
that is, P{*(lv(0)) < {v(0),Vm > 0. Consequently, P/*(lv(0)) is bounded. In order for
P, to admit a positive fixed point, we need to assume that

(H5) r(®pm(0)(w)) > 1.

By [63, Theorem 2.1.2], it then follows that the Poincaré map P, has a unique positive
fixed point S* = (S}, S3,--- ,S:) which is globally attractive for S° € R%\ {0}. Thus,
Ey = (St,S5,-+-,S5,0,---,0) is the unique disease-free fixed point of the Poincaré

map P.
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To investigate the global dynamics of (3.1.3), we first show that (3.1.3) admits a
family of compact, positively invariant sets. For convenience, we denote the positive

solution (S1(t), -, Sa(t), [i(t), -+, I(t)) of (3.1.3) by (S(¢),I(t)).

Lemma 3.2.2 Let (H1)-(H5) hold. Then there is an N* > 0 such that every forward
solution in R¥" of (3.1.8) eventually enters into Gy~ = {(S,I) e R : Y (Si +

I,) < N*}, and for each N > N*, Gy 1is positively invariant for (8.1.8).

Proof. Let N = 5" N;, N; = S;+ I;. By (3.1.3) and (3.1.4), we have

i=1
N = 3" (Bi(t, i) = w(8)) Ni < 3 (BE(N:) — i) N (3.2.8)

=1 1=1
If B¥(0+) := im B¥(N;) < pk, i=1,2,...,n, then there exists an a > 0 such that
N'(t) < —aN(t), Vt > 0, and hence, Lemma 3.2.2 holds for any pdsitive number N*.

Otherwise, we partition {1,2,--- ,n} into two sets P; and P, such that

B¥(0+) > b, Vie P

BY(0+) < ut, Vie P

Without loss of generality, we suppose that P, = {1,--- ,m} and P, = {m+1,--- ,n}.
For i € Py, since B¥(0+) > p! and B¥(co) < p!, (H3) implies that there is a unique
k; > 0 such that B¥(k;) — pt = 0. It follows from (H4) that there is an N° > 0 such
that

(BE(N) = )N < =3 " k;BH0+) —1, VYN>N° 1<i<m

j=1



§3.2. Threshold dynamics 45

Let N* = nN°. By the definition of N, it is easy to see that N > N* implies V;, > N°
for some 1 < i < n. It then follows from (3.2.8) that
t) < Z (04)kj + (BE (Nig) — b )Ny < =1, if  N(t) > N*,

which implies that Gy, N > N* is positively invariant and every forward orbit
eventually enters into Gy-. ]

Let S*(t) be the positive periodic solution of (3.2.6) with $*(0) = S*. Define

bu(t) -+ bia(t)
Mi(t) = bar(t) - ban(t) ’
bnl (t) T Bnn(t)

where b;;(t) = B8;(t)S?(t) — ui(t) —:(t) +bi5(t), 1 < i < n. Clearly, M;(t) is irreducible
and has nonnegative off-diagonal elements.

In the case where the susceptible and infective individuals in each patch have the
same dispersal rate, we have the following result on the global attractivity of the

w-periodic solution (5*(¢),0).

Theorem 3.2.3 Let (H1)-(H5) hold and r(®a,()(w)) < 1. If ay(t) = bi;(t) for
1<i,j<n Vte [0,w], then Jlim (S(2) - §*(2)) = 0, lim I(¢) = 0 for all (8%, 1% €

(R3\{0}) x RY.

Proof. Let us consider a nonnegative solution (S(t), I(t)) of (3.1.3). We want to
show that

lim I(t) = 0. (3.2.9)

t—o0
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By (3.1.3), we have
N; = Bi(t, N)Ni = i()N: + Y _a(O)N;,  1<i<n. (3-2.10)
j=1

By the aforementioned conclusion for (3.2.6), the Poincaré map associated with
(3.2.10) has a unique positive fixed point S*(0) which is globally attractive in R\ {0}.
It then follows that for any € > 0, there holds N(t) = S(t) + I(t) < S*(t) + €, where
€= (g,--7,€) € Int(RY), when t is sufficiently large. Thus, if ¢ is sufficiently large,
we have

L < BO(SHE) + L — () + m) L+ D _bi(t);,  1<i<n.  (3.2.11)

j=1

It then suffices to show that positive solutions of the auxiliary system

Il = B(t)(Sr(t) + )L — (wit) + w(e) i + i bi(t);, 1<i<n, (3.2.12)

j=1

tend to zero as ¢ goes to infinity. Let M(t) be the matrix defined by

My(t) := diag(By(t), Ba(t), - - -, Bn(t))-

Since (P, ()(w)) < 1 and r(Pas,()+er()(w)) is continuous for small €, we can fix
an € > 0 small enough such that 7(®ps, ()4errn(y(w)) < 1. By Lemma 3.2.1, there is
a positive, w-periodic function #(t) = (T1(t), T2(t), -+ ,Tn(t)) such that pe*s(t) is a
solution of (3.2.12) for any constant p, where fi = 2 In7(®ps, ()rernn()(W)). VI° € RY,
We can choose a real number p° > 0 such that I° < p%°9(0). By the standard

comparison theorem (see, e.g., [43, Theorem A .4]), we then get (3.2.9).
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For any (S° I°) € (R7\{0}) x R%, we have N® = S° + I° € R \ {0}. By
the global attractivity of S*(0) for Pj, it then follows that tl_lf& (S(t) — S*(t)) =
tlirglo(N(t) - I(t) = S*(t)) =0. [

If the susceptible and infective individuals in each patch have different dispersal
rate, and the initial value I° is small, we still have the result on the attractivity of

the w-periodic solution (5*(t),0).

Theorem 3.2.4 Let (H1)-(H5) hold and 7(®p,)(w)) < 1. Then there exists § > 0
such that for every (S°,1°) € Gy~ with S9 # 0 and I? < §, 1 < i < n, the solution
(S(t),I(t)) of (3.1.3) satisfies tlim (S(t) = S*(t)) =0, tlim Ity =0.
Proof. Let us consider an auxiliary system,

Si = Bi(t, 5)8; — ps(t)Si + (Bilt, 04) + 7(t))e + > _a;;(1)S;, 1 <i<n (3.2.13)

j=1

where € > 0 is a small constant to be determined. By (H5) and the previous analysis
of system (3.2.6), we can restrict ¢ small enough such that (3.2.13) admits a globally

attractive and positive w-periodic solution S*(¢,¢). Let S¢(t, N*) be the solution of

(3.2.13) through (N*,--- |N*) at t = 0. We choose an integer n; > 0 such that

Se(t, N*) < S*(t,€) + €, Vt > nw.
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Define a matrix M;(t,¢) by

Bi(t)ST(t,€) — pa(t) — n(t) + bua(t) --- bin(t)
bo1(2) . ban(t)
L bnl(t) o /Bn(t)S;(t) 6) - /Jn(t) - 7n(t) + bnn(t) i

Since M(t,0) = M(t) and r(Paz, (. e)+em, () (w)) is continuous for small €, we can now
choose € small enough such that 7(® s, (. ¢)+emp(y(w)) < 1. By Lemma 3.2.1, there is
a positive w-periodic function v(t) = (vi(t),--- ,va(t)) such that I(t) = e*stu(t) is a
solution of I' = (My(t,€) + eMa(t))], where pz = LInr(®us, (. )rern()(w)). Choose
k > 0 small enough such that kv(t) < € for all £ € [0,w].

Now we define another auxiliary system,

L= B@)N"L = () + w@) L+ Y b0, 1<i<n (3.2.14)

j=1
Let (t,6) be the solution of (3.2.14) through (6,--- ,8) € R™ at t = 0. We choose

¢ > 0 small enough such that
I(t,6) < ke®tu(t) < ku(t) <& Vit €[0,muw). (3.2.15)

Let (S(t), I(t)) be a nonnegative solution of (3.1.3) with (S°, I°) € Gn~, S° # 0 and
I? < 6,1 <i < n. It then follows that S(t) > 0, Vt > 0. We further claim that

I(t) < ke*sty(t),Vt > 0. Suppose not. By the comparison principle and (3.2.15), there
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exists a ¢q,1 < ¢ < n, and a 77 > nyw such that

I(t) < ketsto(t), for 0<t<T,
I(Th) = k(e’*Try(Th)),, (3.2.16)
L(t) > k(e"Tw(Ty)),, for 0<t-T1 K1

Note that for 0 <t < T7, we have

S; < Bi(t, 8:)Si — pi(t)Si + (Bi(t, 0+) + v (t))e + Z a;(¢)S;, 1 <i<n. (3.2.17)

Jj=1
It follows from the comparison principle that S(T1) < S*(T1,¢€) + & Then, for 0 <

t —T1 < 1, we have S(t) < S*(¢,¢) + €, and hence

I < B (66 + O — () +w(@)E+ D by, 1<i<n,

Jj=1

Since I(T}) < ke*sTiy(Ty), the comparison principle implies that
I(t) < ke*sto(t), for 0<t-T1 K1,

and hence,

I, (1) < k(e"'v(t)),, for 0<t-T1 K1,

which contradicts to (3.2.16). This proves the claim.
By the above claim, (3.2.17) holds for all ¢ > 0. Thus, the comparison principle

implies that S(t) < S*(¢t,e) + €, Vt > nyw. A similar argument shows that
I(t) < ke™tu(t), vt > Ti.

Consequently, I(t) — 0 as t — oo.
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Since P™(2°) = u(mw, z°), Vz° € R?", we have
P™(S°, 1% = u(mw, (8% I°)) = (S(mw), I(mw)), ¥(S°, I°) € RT x R%.

Given (S9,1° € Gy with S° # 0 and I? < §, 1 < i < n, it easily follows that

S(t) € Int(R%), V¢t > 0. Let
w=w(S° 1% = {(S., L) : I{ms} — oo such that klim P™(S° I°) = (S, L)}

be the omega limit set of (5%, I°) for P. Since Jim I(t) = 0, there holds w = @ x {0}.
We claim that @ # {0}. Assume that, by contradiction, & = {0}. 7}:1{.10 Pr(S°,1% =
(0,0), then tlirg S(t) = 0. By assumption (H5), we can phoose a small n > 0 such
that r(®ar(.0)-ne(w)) > 1, where E = diag(1,---,1). It follows that there exists a

t > 0 such that
B;(t, Ni(t)) — Bi(t);(t) > By(t,0+) —n, Vt > ¢, 1 <i < n.
Thus, S(t) = (Si(¢),--- , Sn(t)) satisfies

S:(t) > (B,;(t, 0+) - 77)5, - /,l,z(t)Sz + Zai]’(t)S]‘, Vit 2 E, 1 S ] S n. (3218)

7=1

Let p(t) = (p1(t),- -, pn(t)) be the positive w-periodic function for which e#*p(t) is

a solution of of the linear system

S = (Bi(t,0+) = m)8; — ()G + ) _ayy(t)S;, 1<i<n, (3.2.19)

Jj=1

where puy = 2 In(r(® (. 0y-ng(w))) > 0. Since S(£) € Int(R%), we can choose a small

number a > 0 such that S(¢) > ap(0). Then the comparison theorem implies that

S(t) > et t=Dpt — F) > aett-D min p(t — 1), V¢ 27,
t—t>
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and hence lim Si(t) = 00, 1 <i < n, a contradiction. Note that for any S € R",
—00

we have u(t, (S%,0)) = (ui(¢,S°),0), Vt > 0. It thus follows that
P™(S°,0) = (P(S%),0), vS§° € R%,m > 0.

Since w is an internal chain transitive set for P, and hence @ is an internal chain-

transitive set for P,. Let
W*(S*(0)) := {S°: P[*(S%) — S*(0), m — oo}

Since @ # {0} and S$*(0) is globally attractive for P; in R \ {0}, we have @ N
W*(S*(0)) # 0. By Lemma 1.1.11, we get @ = {S*(0)}, and hence w = {(5*(0),0)}.
Thus, Jim (S() — §*(£)) = 0 and Jim I(t) = 0. .

The following result shows that r(®a,(y(w)) is a threshold parameter for the ex-
tinction and the uniform persistence of the disease. When (@ ()(w)) > 1, the
model (3.1.3) admits at least one positive periodic solution, and the disease is uni-

formly persistent.

Theorem 3.2.5 Let (H1)-(H5) hold and m(®py(w)) > 1. Then system (8.1.3)
admits at least one positive periodic solution, and there is a positive constant € such

that for all (S°,I°) € R: x Int(R7), the solution (S(t),I(t)) of (3.1.3) satisfies
litm infI;(t) >, 1<i<n.
Proof. Define

X =R% X,:=R"? x Int(R%), 08X, := X \ Xo.
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We first prbve that P is uniformly persistent with respect to (Xo,9Xp). By the form
of (3.1.3), it is easy to see that both X and X are positively invariant. Clearly, X,
is relatively closed in X. Furthermore, system (3.1.3) is point dissipative (see Lemma
3.2.2). Set
My = {(S°,I°) € 8X, : P™(S°, I € 0Xy,¥m > 0}
We now show that
My ={(S,0): S > 0}. (3.2.20)

Obviously, {(S,0) : S > 0} C Mp.

For any (S°,1°) € X, \ {(S,0) : S > 0}, we partition {1,2,--- ,n} into two sets

@1 and @), such that
D=0, VjeQ,
ID >0, VieQy,

where @; and @), are nonempty. For all j € @)1, i € @2, we have
I;(0) = b;:1;(0) > 0.

It follows that (S(t),I(t)) ¢ 0Xo for 0 < t <« 1. Thus, the positive invariance of
Xo implies (3.2.20). It is clear that there are two fixed points of P in Mj, which are
Mo = (0,0) and M; = (5*(0),0).

Choose n > 0 small enough such that r(®ps,()—nag()(w)) > 1. Let us consider a

perturbed system of (3.2.6)

i = Bi(t, 8 + 0)Si — (i) + Bi(1)0)S: + > _ay(t)S;, 1<i<n (3221)

=1
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As in our previous analysis of system (3.2.6), we can choose § > 0 small enough such
that the Poinéaré map associated with (3.2.21) admits a unique positive fixed point
S5*(0,6) which is globally attractive in R% \ {0}. By the Implicit Function Theorem,
it follows that S*(0, §) is continuous in §. Thus, we can fix a small number ¢ > 0 such
that S*(¢t,9) > S*(t) — 7,Vt > 0, where 7 = (1, -- ,n). By the continuity of solutions
with respect to the initial values, there exists 65 > 0 such that for all (S°,I°) € X,
with [|(S9, I°) — M;|| < &, we have |Ju(t, (S°, I°)) —u(t, M;)|| < 8, Vt € [0,w], 1 =0, 1.

We now claim that

lim sup d(P™(S°, I°), M;) > &, i =0, 1.

m—x0

Suppose, by contradiction, that limsup d(P™(S°,I9), M;) < & for some (S°,I°) €
Xo and . Without loss of generality, we can assume that d(P™(S°, I°), M;) < 85, Ym >
0. Then, we have |lu(t, P™(S°, I°)) —u(t, M;)|| < §,¥m > 0,Vt € [0,w]. For any ¢t > 0,
let t = mw+1t', where t’ € [0,w) and m = [£] is the greatést integer less than or equal

t
w

to £. Thus, we get
lu(t, (S°,1%)) = u(t, Mi)|| = |lu(t', P™(S°,1°) — u(t', Mi)|| < 6, ¥t > 0.

Let (S(t), I(t)) = u(t, (S° I°)). It then follows that 0 < I;(t) < 4, V£t > 0, V1 < i < n.

Then for ¢t > 0, we have
S 2 Bi(t,Si +0)S; — (wi(t) + B:(1)0)S: + > _ai()S;,  1<i<n.  (3.2.22)
j=1

Since the fixed point §*(0,d) of the Poincaré map associated with (3.2.21) is globally

attractive and S*(¢,6) > S*(t) — 7, there is a T > 0 such that S(¢) > §*(t) — 7 for
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t > T. As a consequence, for ¢t > T, there holds

I 2 Bi()(SE(8) — m)di = (ua(t) + w(0) L + i bi();,  1<i<n. (3.2.23)
=1

Since 7(Par, ()-nrp()(w)) > 1, it is easy to see that tligloIi(t) =o00,i=12,...,n,
which leads to a contradiction.

Note that S*(0) is globally attractive in R” \ {0} for P,. By the aforementioned
claim, it follows that M, and M; are isolated invariant sets in X, W*(Mp) N Xy = 0,
and W*(M;) N Xy = 0. Clearly, evefy orbit in My converges to either My or M, and
My and M; are acyclic in M. By Theorem 1.1.4 for a stronger repeling property of
0X,, we conclude that P is uniformly persistent with respect to (Xo, 8Xo). Thus,
Theorem 1.1.3 implies the uniform persistence of the solutions of system (3.1.3) with
respect to (Xo,8Xp). By Theorem 1.1.5, P has a fixed point (5(0), 7(0)) € Xo. Then
5(0) € R? and I(0) € Int(R?). We further claim that S(0) € R? \ {0}. Suppose
that S(0) = 0. By the second equation in (3.1.4), we obtain 0 = — >°7 (u(t) +
%(t))I;(0), and hence I;(0) = 0, i = 1,2, ...,n, a contradiction. By the first equation
in (3.1.3) and the irreducibility of the cooperative matrix (a;;(t)), it follows that
u(t, (S(0),1(0))) € Int(R%), Vt > 0. Thus, (S(0),I(0)) is a componentwise positive

fixed point of P. Thus, (S(t),I(t)) is a positive w-periodic solution of (3.1.3). '
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3.3 The positive periodic solutions

In the case where the dispersal rates of susceptible individuals and infective individ-
uals are equal, we are able to prove the uniqueness and global asymptotic stability of

the positive w-periodic solution under the condition that r(®p,(y(w)) > 1.

Theorem 3.3.1 Let (H1)-(H5) hold and r(®pyy(w)) > 1. If aij(t) = by(t) for
1 <4,5 <n,Vte|0,w], then the system (3.1.3) admits a unique positive w-periodic

solution which is globally asymptotically stable in R7 x (R% \ {0}).

Proof. By (3.1.3), when a;;(t) = b;;(t), we have
S; = Bi(t, No)Ni — () S; = Bi(t)Sili + %(H) i + - ai5(1)S;, 1<i<n,
j=1
I =G5Sl = (pa®) + %)L+ XL ay();, 1<i<n.
j=1
(3.3.24)
Hence we obtain
N/ = Bi(t, N;)N; — pa(t)N; + Z a5 (¢) N5, l<isn (3.3.25)
j=1
By the aforementioned conclusion for (3.2.6), the Poincaré map associated with
(3.3.25) has a unique positive fixed point S*(0) which is globally attractive for N €

R7% \ {0}. Thus (3.3.24) is equivalent to the following system:
Ni = Bi(t, Nj)N; — pi(t)N; + 3 ay5(t) N, l<ism,
j=1

(3.3.26)
I = Bi(®)(Ni = L)L — (us(t) +%:()) L + 2—:1 ai(t);, l<isn
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Since lim (N(t)—S*(t)) = 0, the second equation of (3.3.26) has the following limiting

t—o00

system:

I = B(e)(S; () — L)Ti = (ui®) + %)) + zn:aij(t)iﬁ I<i<n (3327

j=1
Let F; : R} x R? — R™ be defined by the right-hand side of (3.3.27). Clearly, F}
satisfles (M1) — (M4). Let P, : R? — R? be the Poincaré map associated with
(3.3.27), that is,

P2(IO) = u2(w710)a VIO S Ri:

where u, (¢, I°) is the solution of (3.3.27) with u,(0,I%) = I°. We claim that (3.3.27)

admits a bounded positive solution.

Define - -
C_lu(t) e aln(t)
Mz(t’ Z) - as (t) v azn(t) ,
an1(t) -+ Gnn(t)

where @;(t) = G;(¢)(S;(t) — Z) — pi(t) — %(t) + au(t),1 < i < n. We can choose a
sufficiently large real number Z > 0 such that [J"(8i(t)(S;(t) — Z) — p:(t) —%(t))dt <
0,1 < ¢ < n. By Lemma 3.2.1, there is a positive, w-periodic function v(t) =
(v1(t),va(t), -+ ,vn(t)) such that V(t) = e*stv(t) is a solution of V' = Ma(t; Z)V,
where s = LInr(®py 2 (w)). Let B(t) = S0, Vi(t) = et >_7_ v;(¢). By the first
equation in (3.1.4), it easily follows that ¥'(¢) < b(t)Z(t), YVt > 0, where b(t) =

max{G;(t)(S;(t) — Z) — pi(t) — %(t) : 1 <i < n}. Thus, tllglo ¥(t) = 0, and hence
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ps < 0, e, 7(Pas(.,z)(w)) < 1. Choose [ > 0 large enough such that lv;(t) > Z, Vt €
[0,w],i = 1,2,...,n. Set H(t) = lv(t). If we rewrite (3.3.27) as I' = Fy(¢,]), it is
easy to see that

Fi(t,H(t)) < Ma(t, Z)H(¢), vVt > 0. (3.3.28)
By the standard comparison theorem (see, e.g., (43, Theorem B.1}), it follows that
0 < uz(mw, (v(0)) < Pagy(,z)(mew)lv(0) = r(Pasy(.,2) (mw))lv(0)
= 1(P (., 2y (w))™Mw(0) < lv(0), Ym > 0.

That is, P*(lv(0)) < lv(0),¥Ym > 0. Consequently, P;*(lv(0)) is bounded. Since
(@ u, (.00 (W) = (@, (y(w)) > 1. By [63, Theorem 2.1.2], it follows that the Poincaré
map P, has a unique positive fixed point I(0) which is globally attractive for I° €
R7% \ {0}. Thus, the Poincaré map P associated with (3.3.24) admits a unique fixed
point (S*(0) — I(0), I(0)). It then follows from Theorem 2.3 that the unique fixed
point is positive. We denote it by (S5(0), 1(0)).

Let P;: X := R%™ — R2" be the Poincaré map associated with (3.3.26), that is,
P3(z%) = uz(w, ), Vz° € R?",
where u3(t, z%) is the solution of (3.3.26) with u3(0,z°) = z°. Thus, we have
PP (N°, I°) = ug(mw, (N°, I%)), V(N°, I°) € R} x R}
Let (N°,I°) € (R \ {0}) x (R2 \ {0}) be fixed. It then follows that

(N(t), I(t)) = ua(t, (N°, 1)) € Int(R?) x Int(R%), V¢ > 0.
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Let w= w(N?, I°) be the omega limit set of (N, I°) for P;. Since t&rg(N(t) -S*t)) =
0, there holds w = {S*(0)} x @. We claim that & # {0}. Assume that, by contra-
diction, @ = {0}. Then nk{%o P{(N°,I° = (5*(0),0), that is, tli{g(N(i) - S*t)) =
O,tlirg I(t) = 0. Since r(®as()(w)) > 1, we can choose a small 7 > 0 such that
T(Pum, (y-ne(w)) > 1, where E = diag(1,---,1). It follows that there exists a £ > 0
such that

Bi(t)(Ni(t) — Li(¢)) = Bi(¢)Si(t) —m, VE 21, 1 <i<n.

Thus I(t) = (I1(t),-- -, I.(t)) satisfies
I > (B:(t)S;(t) = Ly — (i) + %)) L + Zn: ai;();, Vt>t, 1<i<n. (3.329)
=1
Let q(t) = (q1(t), -, gn(t)) be the positive w-periodic function such that e#*q(t) is
a solution of the linear system
B = (80810 ~ i — (al®) + uDE+ 3 a0y, 1<i<n,  (3330)
=1
where pg = 2 In(r(®as,()-ne(w))) > 0. Since I(£) € Int(R}), we can choose a small

number « > 0 such that I(f) > aq(0). Then the comparison theorem implies that
I(t) > ae’st=Dg(t — ) > qerstD min g(t —7), V21,
t—i>

and hence tlim Ii(t) =00, 1<1i<mn, acontradiction. Note that for any I° € R",
—00

we have uz(t, (5*(0), 1°)) = (S*(¢), ua(t, I°)), ¥t > 0. It then follows that

P(8*(0), I°) = (5*(0), P(I°%)), VI’ € R ,m > 0.
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Since w is an internal chain-transitive set for P3, @ is an internal chain transitive set
for P,. Let
W) = {17+ lim (PR(I) = T0)}

Since @ # {0} and I(0) is globally attractive for P, in R?\{0}, we have onW*(I1(0)) %
@. By Theorem 1.1.11, we then get @ = {I(0)}, and hence w = {(5*(0),(0))}, which
implies that the positive fixed point (S(0),(0)) of P is globally attractive in R7 x
(R \ {0}). It follows that system (3.1.3) admits a unique positive w-periodic solution
(S(t),I(t)) such that tli‘Ig(S(t) — S(t)) = 0 and tljglo(l(t) —I(t)) = 0, ¥(S°, 1% €
R3 x (R \ {0}).

It remains to prove the stability of (S(t), I(¢)) for (3.1.3), which is equivalent to

the stability of (N (¢),I(¢)) := (5(¢) + I(t), I(t)) for (3.3.26). The associated Jacobian

matrix is
am=| M0
Aq(t) As(t)
where
aji(t) aw(t) -+ a(t)
Ay(t) = an(t) a3(t) -+ ban(t)
i anl(t) an2(t) e arm(t) |

Here a;(t) = 284{tM)

BN,

Ne=8,Ni + Bi(t, N;) — wi(t) + aui(t),
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AZ(t) = diag(ﬁl(t)jlyﬁZ(t)T% e )/Bn(t)l_n))

and _ -
b11(t) az(t) -+ am(?)
Aa(t) = an(t) b3(t) -+ ba(t) |
L an1(t) an2(t) - b:vn,(t) |

with b%(t) = Bi(t)Ni — 28:(t)I; — pui(t) — % (t) + aul(t).

Obviously,
aji(t) aw(t) - aw(t)
Al(t) < agl(t) C—l;z(t) [ b2n(t) - Cl(t)7
i anl(t) anQ(t) o a;,n(t) ]

with d;(t) = Bi(t,]\—fi) — ,u,(t) + a,-i(t), and

Bii(t) an(t) TP an(t)
a9 5; cer bop
A1) < (t) b3(2) ban(t) = Cx(t)
i anl(t) ang(t) .. B,,*m(t) |

with b3(t) = Bi(t)N; — B;(t)I; — pi(t) — v;(t) + aii(t). The comparison principle implies
that ®4,(y(t) < e, (y(1), (I)As(.)(t) < @03(.)(t), and hence <19,41(.)(&)) < @cl(.)(w),

450y (w) < Poyy(w). By [43, Theorem A.4], we have u(®4,(y(w)) < 1(Pc,()(w)) and
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(D ay(y(w)) < u(Pcyy(w)). Notice that (Ni(t),- -+, Na(t)) is a positive w-periodic

solution of the system N’ = C;(¢)N. Thus, we have

Ny (0) Ny(2)
®ei()(t) =
N.(0) Na(t)
It follows that
N1(0) M(w) N:(0)
Dey(y(w) : = : = : :
N,(0) Na(w) N,(0)

and hence u(®c,()(w)) = 1. On the other hand, (I;(t), - ,Ia(t)) is a positive w-

periodic solution of the system I’ = C3(¢)I. Thus, we obtain

1,(0) L(t)
Doy ()(t) =
I.(0) In(t)
It follows that
I,(0) Ii(w) 5(0)
o, | ] = : =1 :
L,(0) In(w) I,(0)

and hence p(®¢,()(w)) = 1. Consequently, we have

(2a() (@) = max{(@a,() (@), (@ asy (@)} < 1,
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which implies the stability of (N (t), I(t)). .

At last, we prove the global attractivity of positive periodic solution in the case
where {b;;(t)} is very close to {a;(t)}. Let Ag be the set of all continuous and w-
periodic n X n matrix functions satisfying a;;(t) > 0,1 # j,a(t) < 0and 37, a;(t) =

0.

Theorem 3.3.2 Assume (H1)-(H5) hold, Let Ay = {ai;(t),1 < 4,57 < n} € Ag be
fized, X = {b;;(t),1 < i,j < n} € Ay, Myx(t) be the matriz My(t) with parameter
A, and Mix,(t) be the matriz Mya(t) with A = Xo. If 7(Pary,, () (w)) > 1, then there
exists € > 0 such that for any A with ||]A — Xo|| < €, the system (3.1.3) admits a
unique positive w-periodic solution (Sx;(t), Sxa(t), + , San(t), (), -+ , Ion(t)) such
that tl_ifg(Si(t) — S\(t) = 0 and t&rg(li(t) — Lyi(t)) = 0 for every (S°,1°) € R% x

Int(R%).

Proof. There exist €, > 0,7 > 0, such that r(®as,y(w)) > 1 and 7(Paryy_yur, () (W)
> 1 whenever ||A — Xol| < €o. We fix a sufficiently small § > 0 such that the Poincafe
map associated with (3.2.21) admits a unique positive fixed point S*(0,d), which
is globally attractive in R7 \ {0} and S*(¢,6) > S*(t) — 7. Let u(t, (S° I°), ) be
the solution of (3.1.3) with parameter A and initial value (S° I°) € X. By the
continuity of solutions with respect to initial values and parameter A, there exist
positive numbers 05 and € such that [lu(t, (S°, I°), ) — u(t, M;, Ao)|| < 9, Vt € [0,w],
(59, 1% — M;|| < 6% and ||A — Ao|| < €, i = 0,1. Let ¢ = min{eo,e}}. By the

argument similar to that of the claim in the proof of Theorem 3.2.3, it follows that
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for any A with ||A — Aol < ¢*, and all (5°,1°) € R? x Int(R%), there holds

lim sup d(P{(S°, I°), M;) > &, i = 0,1,

m—oo
where P, is the Poincaré map associated with (3.1.3) with parameter A\. Moreover,
Lemma 3.2.2 implies that solutions of (3.1.3) in X are uniformly bounded and ulti-

mately bounded for each A € Ay. It follows that P has a global attractor Ay C X,

for each A € Ag. Let Ay = AgN {A: || — AoJ| < ¢}. Then there exists a bounded
and closed set G* in R} x R%, such that Uyep, Ay C G*. Hence, by Theorem 1.1.9,

there exists a dy > 0 such that for any A € A,

liminf d(P*(S°, I°), 8 X0) > .

Since Uxea, P(Ax) = Usea, Ax C G* = G*, the set Upea, P(A)) is compact. By apply-
ing Theorem 1.1.8 on the perturbation of a globally stable fixed point, we complete

the proof. '

3.4 Numerical simulations

In order to simulate the periodic solutions, we consider the case that the patch number
is 2. For simplicity, we assume that the contact rate G;(¢),¢ = 1,2, is w-periodic with

the expression f;(t) = B2(t) = msin(pt) + ¢, and other parameters are independent

of time t. Then w = 27", and the assumption (3.1.4) is equivalent to that a;2 = —ag,,
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ag1 = —ay1, big = —bag, ba1 = —by;. Thus, (3.1.3) reduces to

f

81 = B1(N1)N1 — (1 — a11) Sy — ﬁ(t)slfl + 7l — a0,

Sy = Ba(N2)Np — (2 — 022)S2 — B(t)S2 o + 12l — 1151,
9 (3.4.31)

I1 = B)S151 — (p1 + v — b)) 1 — bas s,

\ I3 = B(t)Salz — (u2 + vz — baa) Iz ~ bui 1.
As mentioned in [4], we choose B;(V;) = ~ i, where ¢; < iy, 1= 1,2, Suppose that
TI=Ty=T,C1=C=C 1 =Hp=[,V1="72="7 011 =02 = by =bp=-0<0.

Then (3.4.31) reduces to

§
Si=r—(u+0-c)S — (msin(pt) + q)S111 + (c + 7)1 + 65,

Sy=r—(u+0—c)Sy — (msin(pt) + q)S2l2 + (¢ + )2 + 651,
\ (3.4.32)

I = (msin(pt) + q)S1h — (p+ v+ 0)y + 01,

\ Il = (msin(pt) + q)Saly — (u+ v+ 6) 15 + 01,.

It is easy to verify that conditions (H1)-(H5) are satisfied. In this case, (S7(t), S3(t))

can be obtained explicitly as

r

Si(t) = 53(t) =

Yt > 0.

p—c
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Under all assumptions above, we get

)L — o~y —§ 0
M) = Bl) - p—
i 9 Bl);—p—v—"0
(—u—v—G 0 Blt);= 0
= +
I 4 —p—y—"0 0 Bl)5

Let A be a 2 x 2 constant matrix, and «(t) be a continuous w-periodic function.

Note that if z(¢) is a solution of ' = (A + a(t)I)z, then y(t) = elo —a(9)dsz(t) satisfies
Y(t) = el ~ aft)a)
= eh —odo)ds Ag(¢)
_ el
= Ay(t)
Thus, we have @ aya()r(t) = elo as)dsgat

By the above observation, it follows that r(®,)(w)) = ers Jo PO o~ Fix

p=02c=01,0=1vy=4,m=1,p=2mq=0.1,r = 1. Since w = 1, we have

T(‘I’Ml(.)(l)) < 1.

By Theorem 2.1, system (3.1.3) has a positive w-periodic solution such that tlim (S(t)—
S*(t)) = 0 and lim 1 (t) = 0 for all (S°,I°) € R™ x R}. Our numerical simulations in
Figure 3.1 confirm this result.

Fixu=2¢c=10=1,vy=01,m = 1,p = 2m,q = 1,r = 10. We then have

w =1 and 7(®a()(1)) > 1. By Theorem 3.1, system (3.1.3) has a unique positive
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w-periodic solution such that tlim (S(t) — 8(t)) = 0 and tlim (I(t) - I(t)) = 0 for all

(8%, 1% € R% x (R% \ {0}). Our numerical simulations in Figure 3.2 confirm this

result.
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Figure 3.1: The solution of system (3.4.32): The extinction of the
disease. The parameters of the system are as follows:y =

02,c=01,0=1,y=4,m=1,p=2m,9¢=01,r=1
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Figure 3.2: The solution of system (3.4.32): The uniform persistence
of the disease. The parameters of the system are as follows:

p=2c=160=1v=01l,m=1p=2mq=1r=10



Chapter 4

A Lattice Epidemic Model

This chapter is devoted to the study of the asymptotic speed of spread and traveling
waves for a spatially discrete SIS epidemic model. By appealing to the theory of
spreading speeds and traveling waves for monotone semiﬂo;zvs, we establish the ex-
istence of asymptotic speed of spread and show that it coincides with the minimal
wave speed for monotone traveling waves. This also gives an affirmative answer to
an open problem presented by Rass and Radcliffe [41] in the case of a discrete spatial
habitat.

This chapter is organized as follows. In Section 4.1, we present the model. The
existence and comparison theorems for the single population system are established
in Section 4.2. In Section 4.3, we prove the existence of an asymptotic spreading
speed and show that it coincides with the minimal wave speed for monotone traveling
waves. At last, we extend these results to the case of multi-populations in Section

4.4.
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4.1 Introduction

The geographic spread of epidemics is an important subject in mathematical epi-
demiology (see, e.g., [12, 40, 41]). In order to consider the spreading speed of a de-
terministic epidemic in multi-type of populations, Rass and Radcliffe [41] presented

the spatial epidemic model

dy;,m(t) .
Tt = (1 - yjm(t)) k;oo nz::l Um/\mnyj—k,n(t)pmn(k) - Nmijn(t):
JEZ, 1<m<r, (4.1.1)

where y;n(t) is the proportion of individuals in the mth population ¢, at position
J who are infectious at time ¢, p,, > 0 is the combined death/emigration/recovery
rate for infectious individuals, A, is the infection rate of a type m susceptible by
a type n infectious individual, and p,,, is the corresponding contact distribution. It
is reasonable to assume that kf: Prmn(k) = 1, and pn(k) = pma(—k) = 0,Vk €
=00
Z,1 < m,n < r. Since an epidemic often starts with a small amount of infection in
a bounded region amongst the r types of populations at time ¢ = 0, each y;,(0)
is assumed to have compact support. This model describes a closed system with
no births, deaths, emigration or immigration, or an open system in which the birth
and immigration rates are balanced by the death and emigration rates. The global
dynamics of the spatially homogeneous r-dimensional system associated with (4.1.1)

was analyzed completely in [41, Chapter 8]. However, as mentioned in [41, Section

8.8], there are no exact results for the asymptotic speed of propagation of infection
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and traveling waves for models such as (4.1.1) in R™ or Z™. This problem has been
addressed recently by Weng and Zhao [56] for a spatially continuous version of model
(4.1.1). Although there have been many investigations on traveling wave solutions and
long-term behavior for lattice differential equations (see, e.g., [7, 36, 53, 55, 65] and
references therein), the analysis of lattice differential systems with global interactions
seems to be relatively difficult. Our purpose is to study the spreading speed and
traveling waves for the lattice system (4.1.1) in the case where the spatial habitat is
the integer lattice Z, by appealing to the theory of spreading speeds and traveling
waves for monotone semiflows, which was developed by Liang and Zhao [34] (see

Section 1.3).

4.2 Existence and comparison of solutians

Let (R*,R% ) be the standard ordered k-dimensional Euclidean space with the maxi-
mum norm || - ||. For ¢ = (¢1,-++ ,),& = (é1,--- ,&) € RF, we write ¢ > &(s > §)
provided ¢; > &(s; > &),i = 1,--- ,k, and ¢ > £ provided ¢ > § but ¢ # {. Let C
be the set of all bounded two-sided sequences of points in R*. For u = (u;)jez,v =
(vj)jez € C, we write u > v(u > v) provided u; > v;(u; > v;),Vj € Z, and u > v

provided u > v but u # v. We regard any vector in R¥ as a constant sequence of

points in R*, and set

R’:::{UGR{‘:rZuEO},C,:{uEC:rZuZO},
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for any 7 € RF. We equip C with the compact open topology, that is, u® — u in
C means that the sequence of u} converges to u; as n — co uniformly for j in any
bounded subset of Z. Moreover, we define the metric function d(:, ) in C with respect

to this topology by

. r,rIIgXHuy—v]H
Z A=k , Vu,v € C,

k=0

so that (C,d) is a metric space.
In order to study the asymptotic speed of spread and traveling waves of system

(4.1.1), we first consider the following single population case:

dy;(t) _

—a - (Ll “AE:H: - py;(t), jei, (4.2.2)

k=—00

where y;(t) is the proportion of infectious individuals at position j in the whole
o
population ¢ at time ¢, p(k) is the contact distribution with > p(k) = 1. By the
k=—00

biological background, we assume that p(k) = p(—k) > 0,Vk € Z. In this section, we

establish the existence and uniqueness of the solutions, and the comparison theorem.

Theorem 4.2.1 For any y° € C,, (4.2.2) has a unique continuous solution y(t,y°)

on [0,00) such that y(0,3°) = 4° and y(¢,4°) € C1,Vt > 0.

Proof. We first choose a sufficiently large number D > oA such that

o ¢]
Fi(y) = Dy; + (1 —yj)ox > yi-kp(k), Vi € Z,

k=-—00

is a monotone increasing mapping from C; to R. Clearly, (4.2.2) can be written as

dy;(t)
dt

= F(y) — (1 + D)y;(¢), (4.2.3)
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The initial value problem of (4.2.3) is equivalent to

y;(t) = e~y (0) + [T e~ WHDXE=9) Fy(y)ds, Vj € Z,
(4.2.4)

y(0) = 1°.

For any y° € Cy, and any T € (0, 00), define
St =:{y = {ys}tiez : y5 € C(10, T}, [0, 1)), 9(0) = ¢°,Vj € Z},
and an operator H” = {H] };cz on Sr by
HI(y)(t) = e ®#¥D0 4 /0 t e~ w+DNt=9) B (1Vds, Yy € St,Vj € Z.

Since

-— 2

t
0 < HT(y)(t) < e‘(“+D)t+Fj(1)/ e—(u+D)(t~8)ds
0

D
= 2 e WD _H o el T
N+D+e ILL+D_ ) [) ]7

we have HT(Sr) C Sy. For any 8 > 0, we define

lylls == sup |y;(t)|e™™,Vy € Sr.
te[0,T),j€2

Then (St, ||-]]) is a Banach space. For any y, 3 € St, let w = {w;};ez with w; = g;—y;.

We then have
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H] (9)(t) — H (y)(t)
_ /0 e~ D3 (F(5(s)) — Fy(y(s)))ds

t
=/ (D) E=5) [ Doy (5) + (1 — g(s))oA Z Gi-r(s)p(k) = (1 = 15(s))
0 k=—o00
0'/\ Z yj ]ds
k=—00

= [P Du(5) 403 3wy als)plh) + 03 D ()

()5 -+(5)) (R
= [P D) £ ox 3wy (o) 402 3 Frealus(e

0

—y;(s)w;-k(s))p(k)]ds,

k=—o00 k=—00

which leads to

|H] (@)(t) = Hf (y)(t)le™
S/te‘ﬂ(t"“")‘ﬁs[Dm |+ oA Z |wj—x(8)|p(k) + oA Z Ji—k(8)|w;(s)
0 k=—oc0 k=—o00
—y;(s)|wj-k(s))|p(k)]ds

< [ Do) 4203 3 g alolloh) +03 D ws(o)p(blds

k=—o0 k=—00
Thus, we have
IH' @) - H )lle =  sup |H () = Hf @)(®)]e™
te(0,7),j€2
< 2220 - AN ully
3cA+ D

= T(l —e )5 —ylls.
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Since

Jim ii’\%-lz(l — e Ty =, (4.2.5)

it follows that for sufficiently large 8, HT is a contraction map on St, and hence, HT
has a unique fixed point y in Sr. This shows that (4.2.2) has a unique solution on
[0,T], VT € (0,00), which implies the existence and uniqueness of a solution y(t) of

(4.2.2) on [0, 00). .

In order to establish the comparison theorem for system (4.2.2), we introduce the

following concept of upper and lower solutions.

Definition 4.2.1 A function y(t) = (y;(t));ez with y; € C*([0,00),[0,1]) is called

an upper solution of (4.2.2) if it satisfies

dyy(t) > (1 — y;(£))oA Z yi-k(t)p(k) — py;(t), V¢ > 0,7 € Z. (4.2.6)

k=-—00

A function y(t) = (y;(¢))jez with y; € C'([0,00),[0,1]) is called a lower solution of

(4.2.2) if we have the reverse inequality

d%( )

< (1= y;(t)or Z yi—k(t)p(k) — py;(¢), ¥¢ 2 0,5 € Z. (4.2.7)

k=—00

We also need the following assumption for the strong positivity of solutions.
(C1) p(1) = p(-1) > 0.

Theorem 4.2.2 Let § = {y;}jez and § = {y;}jez be a pair of lower and upper

solutions of (4.2.2), respectively, with §;,5; € C'([0,00),[0,1]) and §(0) < %(0).
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Then §(t) < §(t),Vt > 0. If, in addition, condition (C1) holds, then y° € C; \ {0}

implies that y(t,3°) > 0,Vt > 0.

Proof. It is easy to see that w;(t) = g;(t) — 9;(t), Vj € Z,t € [0,00), is continuous
and bounded, and w(t) := infjcz w;(t) is continuous. To prove §(t) < F(t),t > 0,
it suffices to prove w(t) > 0,Vt > 0. Suppose the assertion is not true. Then there

exists to > 0 such that w(ts) < 0 and
w(ty)e Moto = ggw(t)e‘M"t < w(r)e ™7 7 €0, ), (4.2.8)

where M) is chosen to satisfy My > o\ — pu.
Let {jn}o2; be a sequence such that w;, (f) < 0 for all n > 1 and nh_{{; wj, (to) =

w(to). Let {¢,}52, be a sequence in (0, o] so that

~Motn _ — Mot
w;, (tn)e™ Mot —tén[ol’g]wjn(t)e of, (4.2.9)

For any ¢ € (0,), let L, := glin ]w(t)e‘MOt. By (4.2.8), we have
te|0,to—¢

lim w;, (to)e™ ™Mot = w(ty)e ™Mot < L.
n—o0

Thus, there is n, such that for all n > n,
wj, (to)e Mot < L, < w(t)e™Mot < w;, (t)e ™t Ve € [0, — €]

In view of (4.2.9), we obtain ¢, € [ty — €, to], VR > n., which implies that T}E»I.}o t, = to.
Since

wj, (to)e™ ™ > wj (t,)e™Mot > w(t,)e™ Mot > w(to)e™ Mo,
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we have

wy, (to)e™ M) > wy (1) 2 w(to)e™Molomt),
which yields to lim w;, () = w(tp). By (4.2.9), it follows that for each n > 1,

d _ f—
0 2 d—t{an(t)e MOt}lt=tr_; = e Motn(w;n(tn) _ MOwjn(tn)),

and hence, w; (t.) < Mywj, (t,). Note that wj, (¢,) satisfies

Wi, (b)) 2 (1= G5 (ta))oX Y Giam(ta)p(k) = (1= Gja(ta))or -

k=-00

Z an—k(tn)p(k) - HWj, (tn)'

k=—00

Then for all sufficiently large n, we have

0 < W (t) = (1= Gu(ta)oA D Gin-b(ta)p(k) + (1 = Gjo (ta))oA -

k=-—00
D Guklta)p(k) + pw;, (tn)
k=—o0
< (p A+ Moyws, (tn) = (1= Giu(tn)oA D Fai(tn)p(k) + (1 = §su(t))oA

k=—00

in—k(tn)p(K) = (1 = G5, (tn))o A f: Fin—k(tn)P(K) + (1 = G0 (n))oA

oo
k=—o00 k=—o00
00

= (k+ Mo)wj, (tn) + wj, (tr)oA f: Fjn—k(tn)p(k) — (1 = 50 (tn))oA

k=—o00

> wja—k(ta)p(k)

k=—00
S (1 = gin(ta))orw(tn) + (1 + Mo + oA Z Fin—t(tn)P(K))wj, (tn)
< —adw(tn) + (1 + Mo)w;, (tn).
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Letting n — oo in the above, we see that
(—oA + u+ Mp)w(ty) > 0.

Recalling that u 4+ My — oA > 0, we obtain that w(ty) > 0, a contradiction. This
shows that w;(t) = 7;(t) — §;(t) > 0 for all j € Z and t € [0, 00).

Next we prove the strong positivity of y(t,3°) under condition (C1). Since y° €
C; \ {0}, there exists an integer ¢ € Z such that y° > 0. Note that oA > 0 and
p(1) = p(—1) > 0. Clearly, we have

yi(t) = e5;(0) + oA / (1)) S pe()pli — Kds > 0,V > 0.

k=—00

It then follows that

Yirr(t) = e My;1(0) + oA /Ot e (1 — i1 (5)) [wa(s)p(1)

+ > w(s)p(i+ 1 - k)Jds > 0,¥t >0,
k#i,k=—00

and

yic1(t) = e Myi1(0) + oA /Ot e =2 (1 = yi_1(8))[m(s)p(—1)

+ > w(s)pli — 1= k)lds > 0,Vt > 0. (4.2.10)
k#i,k=—oc0

Repeating this procedure, we have y;1,(¢) > 0,4;_»(¢) > 0,Vn > 0,V¢ > 0, and hence,

y(t,y°) > 0 for all t > 0. '
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4.3 Spreading speed and traveling waves

In this section, we establish the existence of asymptotic spreading speed for system
(4.2.2), and show that it coincides with the minimal wave speed for monotone traveling
waves.

Note that if v is a solution of the scalar ordinary differential equation

du(t)
dt

= (oA — u — oAu(t)) v(t), (4.3.11)

then y; = v, Vj € Z, is a solution of system (4.2.2). Throughout this section, we

assume that
(C2) oA > p.

Clearly, cA — 4 — oAv = 0 has a unique positive solution v* = %}"ﬁ € (0,1]. Let

{Q:}:>0 be the solution semiflow associated with system (4.2.2), that is,
Qt(u) = y(tv ’U,) = (yj(t)u))jEZ) Yu € Cv"’t Z 0.

Proposition 4.3.1 For each t > 0, the map Q; satisfies the hypothesis (A1)-(A5).

Moreover, {Q:}1>0 s a subhomogeneous semiflow on C-.

Proof.  We only prove (A2) and (A5) since all the other conditions are easy to
verify. We first prove continuity of Q;(u) = Q(¢,u) in (¢,u). Let y(t),7(¢) be two
solutions of (4.2.2) with 0 < y;(¢), §;(t) < v*,Vj € Z. Then the following statement

is valid.
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Claim 1. For any € > 0,fy > 0, there exist § > 0 and an integer N > 0 such that
’yo(t) - go(t)l S E,Vt € [O,to], whenever IyJ(O) ot g](0)| < 6 fOI' —N S] S N.
To prove this claim, we first consider the case that y(0) < §(0). Then we have

y(t) < g(t),Vt € [0,00). Let w(t) = §(t) — y(t) and w} = §;(0) — y;(0). Then

dw; (1)
dt
=X Y wik(®)pk) —oX Y (@ E)F-r(t) — v ()yi-r(t))p(k) — pw;()
k=00 k=—00

+00 +00
=X Y wik()p(k) — oA D (G ()wimk(t) + w; (£)ys-r(£))p(k) — paw;(t)

k=—00 k=-0c0
+00
<o) Z w;_g(t)p(k) — pw;(t).
k=—o00

Next we consider the system

. +m aam—
dh 0N 3 Wik(t)p(k) — 1 ()

(4.3.12)
w](O) = ’LU?,V] € Z.

Using the discrete Fourier transform,

1 +oo )
v(t,7) = = Z e—i(JT)wj(t)

j==o0

+r
/ eUny(t, 7)dr,

-

w;(t) =

5= 5
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where ¢ is the imaginary unit, we have

ov(t,7) od R I i (VK
5% —p(t,7) + —\/?;j——-z—:oo k;ooe w;-k(t)p(k)
. o\ +00 +o0
- hadl —i(kT) = —i(j—k)r
= —pv(t,7)+ \/ﬁk;m (e p(k)j;oow]_k(t)e i )
+00 A
= —pu(t,7)+ oAu(t, ) Z e~ *7)p(k)
k=—00
+00 '
= (cptor 3 e (k) u(t, ).

k=—00

It then follows that

v(t,7) = exp{(—p+or Y e *p(k))t}v(0,7),

k=—00
with
1 +00
v(0,7) = — eHmm)y0
(0,7) = == m;m o

Thus, we obtain

1 " S ~— —i(kT = —i(mT
) = 5= [ eonlilin) +(-utor Yo W) Y el dr

k=-o0 m=-—00
1 +o0 n +00 '
~ o m;,o ( /_ ezp{i(j — m)T + (—p + oA k;m e~ *p(k))t}dr)wh,,
and hence,
1 +0co T +00 - '
m=Tee —Tr k=—~o00

It is easy to see that for any € > 0 and t; > 0, there exist 4 > 0 and an integer

N > 0 such that wy(t) < ¢, Vt € [0,%p], whenever w;(0) < § for ~N < j < N.
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Regarding the case that y(0) £ §(0), let 2(¢), 2(t) be two solutions of (4.2.2) with
Z;(0) = max{y;(0),7;(0)}, 2;(0) = min{y;(0),3;(0)},V7 € Z. Since 2(0) < %(0), we
have

ly; (t) — 55 ()] < 1(t) — ()] <€, Vt €[0,t)],

whenever |y;(0) — §;(0)| = |2;(0) — z;(0)| < 6,Vj € Z. This proves the claim.
Claim 2. For any ¢y > 0, Q;(u) is continuous in u uniformly for ¢ € [0, to].
Fix @ and ¢, > 0. By Claim 1, it follows that for any ¢ > 0, there are § and N

such that

~ 1
Y50 (t ) = w3 (8, 2| < 76, (4.3.13)

whenever |u; — T;| < 6, Vjo — N < j < jo + N for some jo € Z. Choose m > 0

o0

such that > %% < £, and let 6 = 2=(™*M)§. For any u € C, with d(u,@) =
=m-+1
_’gréa;xklug 51
Z == < 41, we have
max u; — 5| < 2™NG = 6.
—(m+N)<j<mA N

By (4.3.13), it follows that

_ 1 .
'y]b(t)u) - yjo(tau), < "E,v_]o € [_m7m]v

4
and hence,
dyt,w), y(6,7) < t tZ P
yiL,uphy 7u) = 751.n<a‘7§m|y‘7( 'LL _yJ 2k = ok
€ e 1 €
< ILFEt3T
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whenever d(u, ) < 6;.

Consequently, Q:(u) = Q(t,u) is continuous in (¢,u) € R, x C,. with respect to
the compact open topology.

Note that system (4.3.11) has two equilibria 0 and v*, and v* is a globally asymp-
totically stable equilibrium in (0, v*]. By Theorem 1.2.1, there exists an entire strictly
increasing orbit such that , _lir_noov(t) = 0 and hm v(t) = v*. Thus, (A5) is satisfied.

Finally, we show that Q; is subhomogeneous in the sense that Q:(ky°) > xQ:(y°)

for any 0 < x <1 and 3° € C,+. Since

d(ky;(t))

= = (1—1y;(t)oA ;:L_:oo ky;-k(t)p(k) — pry;(t)
< (1 - ky;(t)oA Z ky;-k(t)p(k) — pky;(t), j € Z,
k=—c0

ky(t,y°) is a lower solution of (4.2.2) with initial value x3°. By the comparison

theorem, we thus have xy(¢,y°%) < y(¢, ky°) for all ¢ > 0. : '

Let c¢* be the asymptotic speed of spread of the map @; on C,. In order to

compute c*, we consider the linearized equation (4.2.2) at y = 0,

dyéft) =0\ i yi-k(t)p(k) — py;(t). (4.3.14)

k=—o00

Let {M;}:>0 be the solution semiflow associated with system (4.3.14). Note that
Q:(y°) is a lower solution of the linear system (4.3.14) for ¢ € [0,00). It then follows

that

Q:(1°) < My(y°),vy° € C,n, ¥t > 0.
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For each up € R, let n(¢,u®) be the unique solution of the linear equation

@&(ZQ = oAp(t) k;m eX*p(k) — un(t), (4.3.15)

with n(0,u°) = «%. It is easy to see that y(t) = {y;(t)}jez with y;(t) = e (¢, u°)
is a solution of (4.3.14). Thus we have B.(u°) := M,(e™¥u°)(0) = n(t,u®), which
implies that Bj is the solution map of (4.3.15). Note that the general solution of
(4.3.15) is

n(t,u°) = exp{(cA Y eX*p(k) — p)t}u’.

k=—o0

Then B (u°) = exp{(cA Jio eXkp(k) — p)t}ul, and exp{(c) ono eXkp(k) — p)t} is

k:—oo k=—00

the principal eigenvalue of B; with the positive eigenfunction u°. When x = 0, we
have the principal eigenvalue exp{(cA — p)t} > 1. Thus the map M, satisfies the
assumptions (B1)-(B7) for each ¢t > 0.

Letting ¢t = 1, we see that A(x) := ezp{oA %o eXfp(k) — u} is the principal

k=—o00

eigenvalue of B}. Define the function

+00,
oh Y eX¥p(k) —p

B(x) = —;ln Ax) = —2=== > . (4.3.16)

Since ®(x) — oo as x — 0, and p(ko) > O for some k; > 0, we have &(x) >
Méﬁl_—‘f — 00 as x — 00. ®(x) then assumes its minimum at some finite value

x*. Since @;(y°) < M;(3°),Vvy°® € C,-, Theorem 1.3.1 implies that ¢* < infyso ®(x).

Consider the linear system

dyc;zft) =oA1=¢) > y-k(t)p(k) = py;(2) (4.3.17)

k=-o00
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with parameter e. Let {M;}:>o be the solution semiflow associated with system
(4.3.17). For any 0 < € < 1, there is § € (0, ¢) such that 0 < y;(t) < v(t,6) <€, Vj €
Z,vt € [0,1], provided 0 < y;(0) < 6,Vj € Z, where v(t,0) is the solution of (4.3.11)
satisfying v(0,8) = &. Thus, @;(y°) is an upper solution of linear system (4.3.17) for
¢t € [0,1]. It then follows that Q:(y°) > Mg(y°),Vy° € Cs, V¢t € [0,1]. In particular,
Q1(¥°) > M{(y°). As we did for {M;};>o, similar analysis can be carried out for

{M¢}i>0. By Theorem 1.3.1, we have

inf @.(x) <c* < ir;%@(x), Ve € (0,1).
X

x>0
Letting ¢ — 0, we obtain

¢” = inf &(x) = 2(x").

The following result shows that the above-defined ¢* is the spreading speed for

solutions of (4.2.2) with initial data having compact supports.

Theorem 4.3.1 Assume that (C2) holds. Let y(t) be a solution of (4.2.2) with y(0) €

Cy. Then the following statements are valid:

(1) For any ¢ > c*, if y(0) < v* and y;(0) = 0 for j outside a bounded interval, then

lim  y;(t) =0.

t—o0,jj|>ct
(2) For any c € (0,c*), there is an v > 0 such that if y;(0) > 0 for j on an interval

length 2r, then  li (t) = v*.
of length 2r, then t——»ool,llnjfgctyj() v

(3) If, in addition, (C1) holds, then y(0) # 0 implies thatt lirlr;‘(d y;(t) = v* for
—O0NS

any c € (0,c").
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Proof. Conclusion (1) is a straightforward consequence of the first part of Theorem
1.3.2. For any given ¢ < ¢*, since @), is subhomogeneous, the positive nurﬁber To
defined in Theorem 1.3.2 can be chosen to be independent of > 0. Let 7, = r. If
there is an 7 > 0 such that y;(0) > 0 for j on an interval of length 2r, then there
exist & > 0 such that y;(0) > « for all j in this interval. Thus, conclusion (2) follows
from the second part of Theorem 1.3.2. If, in addition, (C1) holds, then Theorem
4.2.2 implies that y;(t) > 0,Vj € Z,Vt > 0. Fix a o > 0, we have y;(to) > 0,Vj € Z.

Taking (y;(t0));cz as a new initial value, we then obtain conclusion (3) from (2). &

The existence and nonexistence of traveling wave solutions are straightforward

consequences of Theorem 1.3.3.

Theorem 4.3.2 Assume that (C2) holds. Then the following two statements are

valid:
(1) For any c € (0,c*), (4.2.2) has no traveling wave U(j — ct) connecting v* to 0.

(2) For any ¢ > c*,({.2.2) has a traveling wave U(j — ct) connecting v* to 0 such

that U(s) is continuous and non-increasing in s € R.
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4.4 Multi-population case

In this section, we extend the results in the previous sections to the multi-population

model
dyj,m(t)
—-d—t—-- = ]. - y] m k; nE—: Cmnli—k, n pmn(k) - umy],m(t)y

where y;(t) = (Yjm(t))e1) Cmn = OnAmn. We assume that

(D1) the matrix A = (Qmn)rxr 18 irreducible in the sense that for any given index
1 <47 j <r, there is a finite sequence with distinct elements 41, - - - , %4, such

that 4y = 4,4, = j and a4, > 0,V1<s<h -1

4.4.1 Existence and comparison of solutions

In this subsection, we show the existence and uniqueness of the solutions of (4.4.18).

Let 1 be the r-dimensional vector with each element being 1.

Theorem 4.4.1 For any y° € Cy, ({.4.18) has a unique continuous solution y(t,y°)

on [0,00) such that y(0,3°) = y° and y(t,y°) € C1,Vt > 0.

, .
Proof. We first choose a sufficiently large number D,, > > ama, 1 < m < 7 such

n=1

that

Jm(y) y],m) Z Z Umnlj— Icnpmn(k) + Dmyj,maj € Z)l -<- m S L

k=-00 n=1
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is a monotone increasing mapping from Cj to R. Clearly, (4.4.18) can be written as

dy;m(t
y];it( ) = Fjm(y) — (pm + Dr)yjm(t), jE€Z, 1<m<T. (4.4.19)

The initial problem of (4.4.19) is equivalent to

Yim(t) = e“(“T"*Dm)tyj,m(O) + f(f e~(m+Dm)t=s)F (y)ds,Vj € Z,1 <m <,

y(0) = °.
(4.4.20)
For any y° € Cy, and any T € (0, 0), define
ST = {y = {yj}jEZ S Yy € C([O,T], [0, 1]T)ay(0) = yoyvj € Z})
and an operator H” = {H] };ez by {H]} = {HY,, }1<m<r On Sr, with
1
Hfm(y)(t) = e‘(l"m‘*‘Dm)tyj)m(O) +\/O e‘(#m"'Dm)(t"s)Fj’m(y)ds,
YVye Sr,VieZ,1<m<r.
Since
. L
0< H] (y)(t) < e mtbmlt L po (1) / g~ Bm+Dm)(t=5)gg (4.4.21)
0
D 2
= — e mtDm)t M < vt e (0,7,
#m+Dm+e Nm+Dm_ , [ ]

we have HT(Sy) C Sp. For any 3 > 0, we define

lyllg = sup |y;m(t)|e™?, Vy € Sr.
t€[0,T),j€Z,1<m<r
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Then (Sr, ||-||) is a Banach space. For any y,3 € S, let w = {w;}ez with w; = ;—y;.

It follows that

H(@)(t) = H L (y)(t)
= / e Um+Dm) =5 (B (5(s5)) — Fym(y(s)))ds

0
=) r

= /0 t e~ tmtPm)E=(D i (s) + (1= Fim(s) D > OnrmaFi—ka(s)p(k)

k=—00 n=1

—(1 - yj,m(s)) Z Zgn/\m,nyj—k,n(s)p(k)]ds

k=—o00 n=1

i
— / e“(#m‘f‘Dm)(t_s) [me]m Z Z o'n m np 'U}J_k,n(s) - gj_k’n(s)w],m
0

k=—00 n=1

~Yjm(8)Wj_kn)lds

which leads to

[ Hjim (9)(8) = Hi () (8) e~
t
S/O e~PE=9=85( D lw; . (s)| + Z Zcrn mnP(k) ((Wi—kn(8)] + Fj—kn(S)

k=-00 n=1

|Wjm ()] + Ys,m(8)|Wj—kn(5)])]ds

< [ IS fuyn(s) + Y S O (K) @l (5)] + [05m(5)]ds

k=—o00 n=1
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Thus we have

1HT(5) = H" ()l

= sup 'Hfm(g) (t) - Hfm(y) (t)le—ﬁt

te[0,T),j€Z,1<m<r

t o0 r

< sup wim(s)e™ - su / e Pt=3)[D,, + 30, Amap(k)]lds

s€[0,T),j€Z,1<m<r ‘ ” ( )' te[O,T],II;er 0 [ k-_-z_oo ; ’ P( )]

3 Z Un)‘m,n + Dm
<= (L= )7 -yl

B
Since .
3> 0nAmn+ Dn
lim 2=t (1—ePT) =0, (4.4.22)

s 8

it follows that for sufficiently large 3, HT is a contraction on Sr, and hence, HT has
a unique fixed point y in Sr. This shows that system (4.4.18) has a unique solution
on [0,T], VT € (0,00), which implies the uniqueness and existence of a solution y(¢)

of (4.4.18) on [0, c0). [

Similar to Definition 4.2.1, we can define upper and lower solutions of system
(4.4.18). In order to prove the strong positivity of solutions, we need the following

assumption.

(D2) Pmn(1) = pmn(—1) > 0 and pmn(0) > 0 whenever 1 < m,n < 7 with o, > 0.

Theorem 4.4.2 Let 0 = {§j}jez and § = {U;}jez be a pair of lower and upper

solution of (4.4.18), respectively, with §;,7; € C'([0,00),[0,1]") and §(0) < F(0).
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Then §(t) < y(t),¥t > 0. If, in addition, condition (D2) holds, then y° € Cj \ {0}

implies that y(t,3°) > 0,Vt > 0.

Proof. It is easy to see that w;(t) = 7;(t) ~ §;(t), Vj € Z,t € [0, 00), is continuous

and bounded, and w(t) := min inf w;,,(t) is continuous. To prove j(t) < g(¢),¢ > 0,
1<m<rjez 7

it suffices to prove w(t) > 0,Vt > 0. Suppose the assertion is not true. Then there

exists to > 0 such that w(ty) < 0 and

w(ty)e~Moto = rr[10in]w(t)e“M°t < w(r)e ™7 7 €[0,t0), (4.4.23)
tel0,to

where My is chosen such that

Mo > max (—pim + > amn) > 0. (4.4.24)

k=—00 n=1

Hence, there exist a sequence j, and an index m such that w;, m(to) < 0 for all s > 1

and lim wj, m(to) = w(te). Let {¢,}2; be a sequence in [0, ¢} such that

§— 00

; ~Mots — min w; ., (t)e Mot 4.4.25
st,m(tS)e tén[ol,g,] st,m( )e ( )

For any € € (0,1y), let L, := [rgxin }w(t)e‘M"t. By (4.4.23), we have
te|0,tp—e

lim ’LUja,m(to)C_MOtO = w(to)G_Moto < Le.
00

Thus, there is s, such that for all s > s,
Wy, m(to)e ™M < L, < w(t)e ™08 < wj, m(t)e™ M0t Wt € [0, — €.

In view of (4.4.25), we obtain t, € [tg — €, to},Vs > s, which implies that lim t, = ¢t,.

§—=00

Since

’sz,m(to)e"Moto > ,sz,m(ts)e—Mots > w(ts)e—-Mots > w(to)e_Moto,
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we have

Wy, m(bo)e ™Mo > w1 (8,) 2 wto)e™Moltomt),

which yields to lim wj, »(ts) = w(to).

By (4.4.25), it follows that for each s > 1 such that

d - -
02— at —{wj,m(t)e MOth:t = g~ Mobs (wh m(ts) = Mowj,m(ts))

and hence, wj, ,,(ts) < Mow;, m(ts). Note that wj, m(t) satisfies

w.;s,m(ts) 2 (1= Fjoml( Z Z mnjs—kn(ts)Pmn (k) — (1 — Gioim(ts))

k=—o00 n=1
00

Z Z amnyjs-—k,n(ts)pmn(k) - ,U'msz,m(tS)‘

k=—00 n=1

Then for all sufficiently large s, we have

0 < w;s,m Z Zamnpmn k)[yjs—k n(t )( gjs,m(ts)) - st-k,n(tS)

k=—o00 n=1

(1 = Gjom(ts))] + HmWj,, m(ts)

IA

(ﬂm + MO)sz m Z Z amnpmn k)[yjs—k n(t )sz m(t ) wj,—k,m(ts)
k=-—o00 n=1
(1 = Gjom(ts))]
Lum + M, + Z Z amnyjs—k n(ts)pmn(k) Wi,, m(ts) Z Z Omn
k=-00 n=1 =00 n=1

Wiy —k,m(ts) (1 = Gjum(ts))

< - Z Zamnw /J'm+M0)wJ's,m(tS)'

k=—00 n=1

INA

Letting s — oo in the above inequality, we obtain

(tm + Mo — Z Z O5mn)w to)

k=—00 n=1
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By (4.4.24), it follows that w(ty) > 0, a contradiction. This shows that w;,(t) =
Yjm(t) = jm(t) > 0forall j € Z,1 <m <7, and t € [0, 0).

Next we show the strong positivity of solutions under condition (D2). Since 3° €
Cz \ {0}, there exist two integers j € Z and 1 <[ < r such that y?’l > 0. It is easy to

see that

Wm=/kwwhmsz§ymmmmn
0 k=—o0c n=1

+€—mtyj,l(0)

> 0.

By assumptions (D1) and (D2), for any ¢q # [, there is a finite sequence with distinct
elements i1, -+ 45, such that 4; = ¢, =1, 04, 4,,, > 0,V1 < 5 < h—1, and hence,

Digyisr1 (1) = Diy 00 (—1) > 0,4, 4,.,(0) > 0. Thus, we obtain

1
yj,ih—l(t) = e—'/“h—ltyj’ih_l(()) +/ e Hin- 1 (= 8)(1 = Yjin_ 1 S) Z Za"-h 1N

0 k=-0c0 n=1

Yij—kmn (s)pih_ 10 (k)ds

Y

t
Aew%””ﬂ—wwxgmmm%mmmﬂm@m

> 0.

Similarly, we have
Yiin-2 (t) > 0.

Repeating these procedures, we obtain

Yiq(t) > 0,V > 0,
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which implies that y;,(¢) > 0,V1 < m < r,t > 0. For any 1 < m < r, there is at

least one n # m such that o, > 0 and P, (1) = pma(—1) > 0, and hence, we have

t o T
Yirrm(t) = €7 50m(0) + / [ (1 = yi41m(s) D D CmnYit1-kn(s)
0 k=—0c0 n=1

Prmn(k)]|ds

t T
> / e—um(t—s)(l - yj+1,m(3)) Z amnyj,n(s)pmn(l)ds
0 n=1

> 0.

Similarly, we find
yj_lym(t) > 0.

Continuing this procedure, we obtain
Yisnm(t) > 0,Vn € Z,1 <m <t > 0.

Thus, y(¢,y°) > 0 for all ¢ > 0. 1

4.4.2 Spreading speed and traveling waves

In this subsection, we establish the existence of the asymptotic spreading speed for
system (4.4.18), and show that it coincides with the minimal wave speed for monotone
traveling waves.

Note that if v = {v,,}7,_; is a solution of

dvn,(t)
dt

= (1 — vp(¢)) Zr: CmnUn(t) = pmom(t), 1 <m <, (4.4.26)
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then y; = v, Vj € Z, is a solution of system (4.4.18). If p = (u1,p2, -, 1) > 0,
then we define I' := (diag(x)) A, and let p(I") be the spectral radius of the matrix

I'. Throughout this section, we assume that
(D3) Either p; =0 for some 1 <¢ <, or x> 0 and p(I') > 1.

By [41, Theorem 8.4](see also [64, Corollary 3.2]), system (4.4.26) has a globally
asymptotically stable equilibrium v* = {v%}7 _; > 0in [0,1]"\{0}. Let {Q;}:>0 be

m=1

the solution semiflow associated with system (4.4.18), that is,
Qe(u) = y(t,u) = (Ym(t, w)) ey, Vu € Cpr 2 2 0.

Proposition 4.4.1 For each t > 0, the map Q; satisfies the hypothesis (A1)-(A5).

Moreover, {Q;}i>0 is a subhomogeneous semiflow on Cye.

Proof. We only prove the conditions (A2) and (A5) since all the other conditions
are easy to verify. We first establish the continuity of Q(u) = Q(¢,v) in (¢,u). Let
y(t),§(t) be two solutions of (4.4.18) with 0 < y;(t),y;(t) < v*,Vj € Z. Then we
have the following claim.
Claim 1. For any € > 0,t; > 0, there exist § > 0 and an integer N > 0 such that
llyo(t) — Go(t)]] < €, Vt € [0, 0], whenever ||y;(0) — §;(0)]] <6, V-N<j<N.

To prove this claim, we first consider the case that y(0) < ¢(0). Then wé have

y(t) < Z}(t),Vt € [O, OO) Let wj,m(t) = gj,m(t) - yj,m(t) and w(]?,m = gj,m(o) - yj,m(o)'
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Then

*—_dw’;;l?(t) = (L=Fm®) D > tmnbickn)Pmnlk) — (1 = 4m(t))

k=—00 n=1

Z Z am"yj—k,n(t)pmn(k) - Hm’w]',m(t)

k=—co n=1

= Z Zamnwj-kn Pmn k) + Z Zamn Yim t)yJ kn(t)

k=-—o00 n=1 k=—o00 n=1

—yj»m(t)yj—k,n( ))pmn( ) - :umwj,m(t)

o0

< Z Zamnwj—k,n(t)pmn(k) - /‘mwj,m(t)'

k=—00 n=1

Next we consider the system

d_w_J__m(t Z Z amnwj kn(t)pmn( ) /‘Lmu_)j'm(t)
L (4.4.27)

Wim(0) = uwf,,, Vi €Z,1<m <.

Using the discrete Fourier transform,

Un(t, T) = ——_ Z e UG, 1 (t)
;——oo
1 R
Wim(t) = \/—Q;/ ey, (t,7)dT,
where 7 is the imaginary unit, we have
a'vm(t’ T) —i(jT

= —LUnUn(t,T +Zamn Z e"(k")pmn(/c)vn(t T).

k=-—00
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We can write this equation as %jfl = Bwv, where

—H1+71 M2 Yir

Tr1 Yr2 — My + Yrr

o) .
with 75 = a;; Y. e “*)p,;(k). The general solution of this equation can be written

k=—00
as
v(t, ) = eB(0,7),
with
1 2= kn0
7= 2 e g
k=—o00

L 2 ik, 0
NoT Z e.—Z( T)wk,r
k=—c0
Since €®'v(0,7) is a 7 x 1 matrix, we denote by (e%*v(0,7))m the mth row of this

matrix. Thus, we have

1 L
Tnlt) = = [ (e, )ir
1 LG
= —= e (eBt(0, 7)) mdr,
27 J_x
and hence,
1 o i(jr) (Bt
Wjm(t) < _E eV (e (0, 7))mdr, 1<m<r

It is easy to see that for any € > 0, and ¢y > 0, there exist § > 0 and an integer

N > 0 such that won,(t) < €,Vt € [0,%],1 < m < r, whenever w;»(0) < ¢ for
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—N <j < N,1<m <. Thus, [|we(t)] <€Vt € [0,to), whenever |Jw;(0)]| < 4 for
—N < j £ N. Regarding the case that y(0) £ §(0), let Z(¢), z(t) be two solutions of

(4.4.18) with
Ej,m(o) = maX{yJ’,m(O)7 gj,m(o)}y zj,m(o) = min{yj,m(o); gj,m(o)}

forallj € Z,1 <m < r. Since 2(0) < z(0), we have |lyo(t) —To(t)| < [|Z20(t) —20(t)]] <
€, Vt € [0,to], whenever |y;(0) — 3;(0)|] = |Z;(0) — 2;(0)|| < 6,V € Z. This proves
the claim.
Claim 2. For any ¢y > 0, Q;(u) is continuous in u uniformly for t € [0, to].

Fix % and t, > 0. Ve > 0. By Claim 1, it follows that for any € > 0, there are ¢
and N such that

lysa () = yso (8, @) < i-e,w € [0, ] (4.4.28)

whenever ||u; — T;|| <8, ,Yj € Z,Vjo — N < j < jo+ N.

Choose b > 0 such that ) L;’}ﬂ < £ and let §; = 2~¢+M§. Thus, for any

47
k=b+1
u € C,~ with
oo max [lu; — ;|
_ —k<j<k
d(u,a) = Z ’ o < 61,
k=0
we have

|| < 261N, =6
ljfgst [l | 1

By (4.4.28), it follows that

_ 1 .
Ilyjo(t7u) - yjo(tvu)“ < Z€7Vt € [O,to],V]o € {_br b]’
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and hence,
Ayt y(6 D) < max ) - nZ vy Al
AR AN —b<j<b 1 S
€ 1 €

whenever d(u, @) < d;. This proves Claim 2.

By Claim 2, it easily follows that Q;(u) = Q(¢,u) is continuous in (¢,u) € R x C,-
with respect to the compact open topology.

Note that system (4.4.26) has two equilibria 0 and v*, and v* is the unique globally
asymptotically stable equilibrium in [0,1)\{0}. Since (4.4.26) is cooperative and
irreducible, Theorem 1.2.1 implies that there exists an entire strongly monotone orbit
such that t_l'}r_noov(t) =0 and tlir?o v(t) = v*. Thus, (A5) is satisfied.

By an argument similar to that in the proof of Proposition 4.3.1 , we can prove

that for each ¢ > 0, @, is subhomogeneous on C,-. ]

Let ¢* be the spreading speed of the map @;. In order to compute c*, we consider

the linearized equation (4.4.18) at y = 0,

dyj,m(t) = -
T = k;w ; amnyj—-k,n(t)pmn(k) - Nmyj,m(t)’
JEZ, 1<m<r. (4.4.29)

Let {M,}:>0 be the solution semiflow associated with the system (4.4.29). Note that

Q:(3°) is a lower solution of linear system (4.4.29) for ¢ € [0, 00). It then follows that

Q:(¥°) < My(y®), V° €C,.,Vt>0.
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For each u° € R", let 1,,(¢,u°) be the unique solution of the linear equation

dnm ()

F7ER D om0 (t)pma(k) — pmim(t), 1 <m <, (4.4.30)

k=—o0 n=1

with n(0,u%) = . Then we have

dn(t

___Zg) = C(x)n, (4.4.31)
where

e STRSUIRER Cir
Clx) = ,

Crl Cr2 e —HUr + Crr

with ¢; = a; >, eXp;;(k). It is easy to see that y;(t) = {yjm(t)}1<m<r With
k=—00

Yim(t) = eI, (¢,u%) is a solution of (4.4.29). Thus we have
B, (u°) := My(e™u%)(0) = n(t, u"),

which implies that B! is the solution map of (4.4.31). Note that the general solution
of (4.4.31) is n(t, u®) = e*u°. Then B:(u®) = e*u®, and e} is the principal eigen-
value of B!, with the positive eigenfunction u®, where p(C) is the principle eigenvalue
of the matrix C. When x = 0, we have the principal eigenvalue e#©)* > 1. Thus the
map M; satisfies the assumptions (B1)-(B7) for each ¢t > 0.

Let t = 1. Then A(x) := e*(©) is the principal eigenvalue of By. Define the

function

- 49,

¢uw=§mmm >
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Next we prove that lim ®(x) = co. First, we denote C' = (c¢ij)rxs. Since C is

X—00

cooperative and irreducible, pu(C) is a simple eigenvalue of C' with a strongly positive
eigenvector. Let v = v(x) be the strongly positive eigenvector of C' associated with

the eigenvalue u(C) such that [Jv]| = 1. Then Cv = u(C)v. Since

o

D ¥py(k) > > e¥piy(k) > XY py(k) >0,
k=1

o
k=—o00 k=1

3 Xk py; (k) L
we have lim =2 — _ = oo, and hence, lim 40 = o for all 1 < 1,J < r with
X—00 X X 00 X

a;; > 0. By [34, Lemma 3.8], L = lim ﬁ(xﬂ exists, and it is either a finite real number
X—00

or infinite. Assume, by contradiction, that L is finite. By the compactness of the
sphere {v € R" : ||v|| = 1}, there is a sequence of numbers xj, satisfying hlingo Xh = 00
and a vector w = (w;)l_; > 0 in R” with ||w|| = 1 such that hli{?o v(xn) = w. By the
irreducibility of the matrix A, for any 1 < 5 < r, there is a;; > 0 for some 7 # j.
Thus,

3 c,-mgh)vm(xh) _ ﬂ%ﬁlm(;{h),w > 1.

m=1
Letting h — oo in the above equality, we obtain that w; = 0,V1 < 7 < r, and hence,
w = 0, which is a contradiction. Thus, lim ®(x) = o.
X—00

Since lin’(l) P(x) = oo and lim ®(x) = oo, $(x) assumes its minimum at some
x— X—00

finite value x*. Since Q;(y°) < M;(3°),Vy® € C,-, Theorem 1.3.1 implies that .

c* < inf ®(x).

x>0
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Consider the linear system

dy]dm (1= Z Zo‘mn% ki (8)Pmn (k) — pmym(t), (4.4.32)

k=-~00 n=1
with parameter €. Let {M;},50 be the solution semiflow associated with the system
(4.4.32). Forany 0 < e < 1, there is a 0 < § < € such that 0 < y;»(t) < vn(t,8) <
e,Vj € Z,1 <m < rVt €[0,1] provided 0 < y;n(0) < 6,Vj € Z,1 < m < 7,

where v(t,8) = (v(¢,8), -+ ,v,(t,8)) is the solution of (4.4.26) satisfying v(0,8) =
& :=(4,--+,8) € R". Thus, Q,(3°) is an upper solution of linear system (4.4.32) for
t € [0,1]. It then follows that Q,(y°) > M (y°),vt € [0,1],V4° € C;. In particular,
we have Q1(y°) > Ms(y°). As we did for {M;}i>0, & similar analysis can be made for

{M;}i>0. By Theorem 1.3.1, we then have that

inf @.(x) < ¢ <inf ®(x), Vee (0,1).
x>0

x>0
Letting € — 0, we obtain
= inf ®(x) = (x")-
x>0
As the consequences of Theorem 1.3.2 and Theorem 4.4.2, and Theorem 1.3.3,

respectively, we have the following two results.

Theorem 4.4.3 Assume that (D1) and (D8) hold. Let y(t) be a solution of (4.4.18)

with y(0) € C,.. Then the following statements are valid:

(1) For any ¢ > c*, if y(0) <« v* and y;(0) = 0 for j outside a bounded interval, then

lim  y;(t) = 0.

t~00,|j|>ct
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(2) For any c € (0,c*), there is an v > 0 such that if y;(0) >0 for j on an interval

length 2r, th li i(t) = v*.
of length 2r, ent—-—»og,lné']]SctyJ(t) v

(8) If, in addition, (D2) holds, then y(0) # 0 implies that . lirlr;|<d y;(t) = v* for
—00,\71S
any c € (0,¢%).
Theorem 4.4.4 Assume that (D1) and (D3) hold. The following two statements are

valid:

(1) For any c € (0,c*), system (4.4.18) has no traveling wave U(j — ct) connecting

v* to 0;

(2) For any c > c*, system ({.4.18) has a traveling wave U(j — ct) connecting v* to

0 such that U(s) is continuous and non-increasing in s € R.

Numerical Simulations. To show our results on the spreading speed and traveling
wave solutions, we numerically simulate system (4.2.2). Assume that oA = 0.5, =
0.2,p(k) = 3_><1§7°"Vk € Z. Then we have v* = 0.6. By Theorem 4.3.1, it follows
that for any initial value with compact support, the corresponding solution of (4.2.2)
satisfies

lim  y;(¢) =0, Ve > ¢,

t—0o,|jl2ct

li (t)=0v", ¥ *).
t_’o;’lr?lytyj() v*, Ve € (0,c¢%)

Let 40(0) = 0.3,y;(0) = 0,Vj # 0. Figure 4.1 illustrates the numerical solution. Here

the z-axis represents the value of y;(t) corresponding to the j on the z-axis and time
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Figure 4.1: The solution of system (4.2.2): A solution with compact support.

t on the y-axis. The result is consistent with the above two properties. On the other
hand, Figure 4.2 shows the numerical solution, which converges quickly to a traveling
wave, with the initial value y;(0) = 0,Vj € [-N,—1],%(0) = 0,3;(0) = 0.6,Vj €

(1, N].
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y
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Figure 4.2: The solution of system (4.2.2): A traveling wave solution.



Chapter 5
A Reaction-Diffusion Model With a

Quiescent Stage

This chapter is devoted to the investigation of the asymptotic behavior for a reaction-
diffusion model with a quiescent stage. We first establish the existence of asymptotic
speed of spread and show that it coincides with the minimal wave speed for monotone
traveling waves. Then we obtain a threshold result on the global attractivity of either
zero or positive steady state in the case where the spatial domain is bounded. The
numerical simulations are also provided to illustrate these analytic results.

This chapter is organized as follows. In Section 5.1, we present the model. In
Section 5.2, we study the model (5.1.3) with spatial domain being R. By the theory
of spreading speeds and traveling waves for monotone semiflows (see, [34], [33]), we
establish the existence of asymptotic spreading speed and show that it coincides with
the minimal wave speed for monotone traveling waves. In Section 5.3, by appealing
to the theory of monotone dynamical systems, we investigate the global dynamics of
the model (5.1.3) in a bounded domain  C R"™. In Section 5.4, we provide some

numerical simulation results. At last, we discuss the critical domain size in Section
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9.5.

5.1 Introduction
It is well known that the nonlinear reaction diffusion equation
Owu(t,z) = DAu(t, z) + f(u) (5.1.1)

can be used to describe the dispersal dynamics of a population, where D > 0 de-
notes the diffusion coefficient, f(u) is a nonlinear continuous function. To consider
the individual variability, Lewis and Schemitz [31] studied the following model for a
population with the individuals switch between mobile and stationary states during

their lifetime,

Our(t, ) = DAy (¢, 2) — puy(t, ) — yous (¢, 1) + Nuz(t, z),
(5.1.2)

Opua(t, ) = rua(t, z)(1 — uz(t, )/ K) — nua(t, z) + voua (¢, ),
where u;, u, are the densities of the dispersal and nondispersal subpopulations, -y,
and v, are the emigration and immigration rates, respectively, and u is the mortality
rate. The sedentary subpopulation reproduces with the intrinsic growth rate r and is
subject to a finite carrying capacity K. All of the parameters in this model are positive
constants. The authors of [31] determined the minimal wave speed for moﬁotone
traveling waves under the assumption that the emigration rate 7, is less than the

intrinsic growth rate r for the sedentary class.
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Hadeler and Lewis [18] studied the spreading speed for (5.1.2) by the theory
presented in [54]. Since the solution map associated with (5.1.2) is not compact
due to the absence of diffusion in one equation, one can not obtain the existence of
monotone traveling waves by the results in [32]. Recently, Wang and Zhao [50] studied
the spreading speed and traveling waves of system (5.1.2) by the theory developed
in [47] for nonlinear integral equations, and they proved that the spreading speed is
indeed the minimal wave speed for monotone traveling waves.

In [18], Hadeler and Lewis also presented and discussed briefly the following model

Syu(t, z) = DAui(t, z) + f(u(t, 7)) — vour (¢, ) + nue(t, z),
(5.1.3)

Ouz(t, ) = nur(t, ©) — nua(t, 3),
which describes the dynamics of the population where the migrants reproduce, dis-
perse at a random pace, and have a positive mortality. Such behavior is typical for
invertebrates living in small ponds in arid climates which dry up and reappear subject
to rainfall [18]. However, the authors of [18] did not provide further mathematical
analysis.

The purpose of this chapter is to study the spatial dynamics of the system (5.1.3).

5.2 Spreading speed and traveling waves

Let X be the set of all bounded and continuous functions from R to R%. Clearly, any

vector in R? can be regarded as a function in X.
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For u = (u1,u2),v = (v1,v2) € X, we write u > v(u > v) provided u;(z) >
v;(z)(uj(z) > v;(2)),Vj = 1,2,z € R, and u > v provided v > v but u # v. For
r > 0 in R?, we define

Xr={ueX:0<u<r}

Let

Xt = {(u1,u2) € X:y(z) > 0,V € R, = 1,2}

Then X, is a positive cone of X. We equip X with the compact open topology, that
is, v™ — u in X means that the sequence of u™(z) converges to u(z) as m — oo

uniformly for z in any compact set. Moreover, we define
EEDD '_'f_kék—_ VueX,
k=1

where | - | denotes the usual norm in R?. It then follows that (X, || - ||) is a normed
space, and (X,d) is a complete metric space with the distance d(-,-) induced by
the norm || - || (see the definition on page 10). Let Y be the set of all bounded and
continuous functions from R to R, with the norm defined in a way similar to that for
X.

In this section, we consider the model system (5.1.3) with the spatial domain being

R. We assume that function f € C'(R,,R) satisfies
(C1) f(0) =0, f(0) >0, £(£2) < 0 for v > 0.

(C2) There exists K > 0 such that f(v) <0 for all v > K.
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We first study the reaction system associated with (5.1.3)

dv
—=F 2.
Y _ pw), (5.2.4
g f(n) = + e )
where v := ,and F(v) := . By assumption (C1), we
) YoV1 — Y12

see that f is strictly subhomogeneous in the sense that f(kv1) > kf(11),Vin > 0,k €
(0,1). It then follows that the solution map associated with system (5.2.4) is strictly
subhomogeneous. It is easy to see that the system is cooperative and irreducible.
Thus, the solution map is strongly monotone (see, e.g., [43, Theorem 4.1.1]). Note

that

DF () = fl(0) =7 m

Y2 gs!
Let r(DF(0)) be the spectral radius of DF(0). We then have

r(DF(O) = 5 (£0) =7 =7 + /T ~ 7~ 2P + 47 0)m) > 0.

By the assumptions (C'1) and (C2), there exists u} > 0 such that f(u}) = 0 and
f(r1) € 0,Vyy > uf. Define u} := P,yll‘i Then w* := (uf,u}) is an equilibrium of
(5.2.4). The assumption (C2) also implies that [0, @] with @ = (w1, 12:/'?) is positively
invariant for any w; > u}. By the continuous-time version of [63, Theorem 2.3.4] and

(63, Lemma 2.2.1], we have the following result.

Lemma 5.2.1 Assume that (C1) and (C2) hold. Then w* = (u},u}) s globally

asymptotically stable for (5.2.4) in R?\{0}.
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Let ['(¢,z) be the Green’s function associated with the heat equation du; =
DAwu;. Then dyuy = DAuy — You, generates a linear C%semigroup Ti(t), which is

defined by
(Ty(t)1)(z) = €™ / I'(t,z — y)é1(y)dy. (5.2.5)
R
Let b > 0 and ¢ > 0 be given. For any ¢ > 0 and K > 0, there exists M > 0,

such that [, ['(¢,y)dy < e'¢/4b. Let § = ¢"*¢/2,L = M + K. Then for any

é1,%1 € [—b, bly, we have

T(O@)@) - TOW)E)] = e ™ [ T(t.a-1)(60) - b))l
< e [ DEple-1) ~ (e - vy
= e[ oy DI =) (ol
¥ /] 0 —) ~ e )l
< o] max 101 =3) = e - )

ye[-M,M

+2b I'(¢, y)dyj|

lyi>M

for all z € [-K, K], whenever |¢;(z) — ¢1(z)| < § for —L < z < L. Thus, for any
b> 0, Ty(¢t) : [-b,b]ly — Y is continuous.

We consider system (5.1.3) with initial conditions

uy(0,2) = ¢ () > 0,u3(0, ) = ¢o(x) > 0,Vz € R. (5.2.6)
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Integrating the first equation of the system (5.1.3) together with (5.2.6), we have

ur(t,,¢) = Ti(t)gr + /Ot Ti(t — s)(f(w1(8)) + mua(s))ds (5.2.7)

Note that O;us = —v1us generates a linear C°- semigroup T3(t), which is defined by

(T2(t)¢2) (z) = ™" ¢a(),

and

0 fﬁ%l@(ﬂi)—wz(x”
IT2(0)(¢2) = )W)l = ™) =yt
k=1

= e " |ga — o).

It is easy to see that the linear operator T5(t) is continuous with respect to the norm
in X for each t > 0.

Integrating the second equation of system (5.1.3) together with (5.2.6), we obtain

st 8) = To()bs + 7 /0 Ty(t — 8)us(s)ds. (5.2.8)
Let T(t) = Ti(t) 0 B#)(z) = Bi(9)(z) _ f(@1)(z) + n1a(2)
0 Tt) By (¢)(z) Yo1(z)

Clearly, T'(t) is a linear semigroup on X.

It follows that system (5.1.3) can be written as the following integral equation:

u(t) = T(t)p + /OtT(t — $)B(u(s))ds. (5.2.9)

A function 4(t, z) is said to be a lower solution of (5.1.3) if

W(t) ST+ [ T(t — s)B(a(s))ds, vt > 0.
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A function (¢, z) is said to be an upper solution of (5.1.3) if

u(t) > Tty + [y T(t — s)B(a(s))ds, ¥t > 0.

Lemma 5.2.2 Let (C1) and (C2) hold. For any ¢ = (¢1,¢P2) € Xy+, the system
(5.1.8) has a unique mild solution u(t,z, ¢) = (u1(t, z, @), us(t, z, ¢)) with u(0,-,¢) =
&, and u(t, -, ¢) € Xy, Vt > 0. Moreover, if 4(t,z) and u(t, z) are a pair of lower and
upper solutions of (5.1.8), respectively, with 4.(0, ) < @(0,-), then u(t,-) < u(t,-),Vt >

0.
Proof. We first show that B is quasi-monotone on X, in the sense that

Jim —d(y) — ¢+ h(B() — B(#));%X4) =0

for all ¢,9 € X« with ¢(z) < ¥(z),z € R. Indeed, it is easy to see that there is a

constant p > 0 such that

B(w)—B(¢) = F(h1) + 2 — f(¢1) — mé2 5 —p(1 — b1) + (W2 — b2)
YY1~ 1 Vo1 — é1)

and hence for any h > 0 satisfying hp < 1,

1-h - h —
b= b+ h(B(W) — B&)) > ( P) (W1 — ¢1) + b1 (2 — ¢2) > 0in X..
(hye + 1) (%1 — ¢1) '
By [39, Corallary 5], (5.1.3) has a unique mild solution u(t,-,¢) on [0,00) for each

¢ € Xy, and the comparison principle holds for the lower and upper solutions. ]
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Define a family of operators {Q;}:>0 on Xy~ by

Qi(d) () = u(z,t,¢) = (ui(z, t,8),u2(z,t,8)),Vz € Rt > 0. (5.2.10)

Note that for any (tp, ¢g) € Ry X X+, we have

[Q:(¢) — Quo(P0)ll < |@x(@) — Qo) + |Qe(do) — Qeo(o) - (5.2.11)

By [38, Theoreom 8.5.2], it follows that @Q;(¢) is continuous at (to, $o) With respect

to the compact open topology. Thus, {Q:}:>0 is a semiflow on X,-.
Lemma 5.2.3 {Q;}:>0 is a subhomogeneous and strongly monotone semiflow on Xy«

Proof. Since f is strictly subhomogeneous, we see that (ui(t,z,9),u2(t,z,4)) =

u(t, z, ) satisfies

Okuy) = DrAuy + kf(uy) — Yekur + V16U2
< DrAuy + f(kuy) — Yok + 11KU2

Oi(kug) < —7akuy + N1KU2

for any 0 < « < 1 and ¢ € X,-. Thus, su(t,d) is a lower solution of (5.1.3) with
initial value k¢. By Lemma 5.2.2, we then have xu(t, ) < u(t, k@) for ¢t > 0, that is,
kQi(P) < Qi(kp). Thus, @Q; is subhomogeneous.

By Lemma 5.2.2, {Q;}:>0 is & monotone semiflow on X,-. Next, we show that
for each ¢ > 0, Q; is strongly monotone in the sense that Q:(¢) < Q¢(¢) whenever

¢ < 9 in Xy.. Given ¢ < ¥ in X, let U(t,z) = u(t,z,¢) — u(t,z,¢). Then
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U(t,z) > 0,Vt > 0, and U(0,-) # 0. Note that the first and second component

Ui(t, z) and Us(t, z) satisfy

U\t z) = DAUL(t,z) + f(ui(t, z,9)) — f(ui(t, 2, 9)) — Uit z) + U, z)

> DAU(t,z) — pUi(t, z) — nUL(t, z) + mUa(t, x) (5.2.12)
> DAU(t,2) ~ (p+ )it 2, ). (5.2.13)
atUQ(tvx) = 72U1 (t7 1") - ’YlU2(t; CL') (5214)

In the case where U; (0, -) # 0, the strict positivity theorem (see e.g.,[49, Theorem
5.5.4]) and the inequality (5.2.13) imply that U,(t,z) > 0,¥t > 0,Vz € R. It follows
from the equation (5.2.14) that Us(t,z) > 0,Vt > 0,Vz € R.

In the case where U(0,-) # 0, we have, by the equation (5.2.14),

Us(t, ) = To()Ua(0, ) + 72 /Ot Ty(t — s)Us(s, -)ds # 0, ¢ > O.
Thus, (5.2.12) implies that
Ur(t,+) 2 T3())U1(0, ) + 1 /ot T5(t — s)Us(s,)ds # 0,Vt > 0,

where T3(t) is the linear semigroup generated by 8,U; = DAU; — (p + 72)Uy, that is,

T6)(e) = e | Ttz =)o)y
Hence, by [49, Theorem 1.4.5], we get U;(t,z) > 0,Vt > 0,Vz € R. It follows from
the equation (5.2.14) that Uy(¢,z) > 0,Vt > 0,Vz € R.
Therefore, u(t,z,v9) > u(t,z,¢),vt > 0,z € R, which implies that Q; : X,» —

Xy~ is a strongly monotone semiflow. "



§5.2. Spreading speed and traveling waves 115

Lemma 5.2.4 For each t > 0, the map Q; satisfies (Al) — (AB) with r = w*.

Proof. It is easy to see that assumptions (A1)-(A4) are all hold for Q,. Let @, be
the restriction of Q; to [0,w*]. Then Q; : [0,w*] — [0,w*] is the solution semiflow
generated by the ordinary differential system (5.2.4). By Lemma 5.2.1, w* is globally
asymptotically stable equilibrium of Q; in R/ {0}. Note that Q, is a strongly monotone
semiflow on [0,w*]. By the Dancer-Hess connecting orbit lemma (see, e.g., [63]),
it follows that for each ¢ > 0, the map Q; admits a strongly monotone full orbit
connecting 0 and w*, and hence, Q; satisfies (A5).

Define a linear operator S(t)¢ := (0, T2(t)¢2), V¢ € X, and a nonlinear map

L6 = (ualt,, B, 7, /0 Ty(t — s)uy (s)ds), ¥ € Xo-.

It is easy to see that Q:(¢) = S(t)¢ + L(t)¢p, Ve € Xy, t > 0. Since

\ o max|(5(t)e)(z)] oo max|(0, éx(z))|
IS@ell =Y —— ey Tt <e el
k=1 k=1

we have ||S(¢)|| < e™*,V¢ > 0. By the expression of (5.2.7) and the compactness of
Ti(t) : [=b,bly — Y for each t > 0 and b > 0, it then follows that L(t) : X,» — X,
is compact for each ¢ > 0. Thus, for any number r > 0, any interval I = [a, b] of the

length r, and any D C X+, we have
a((Q(D))1) £ a((SE)(D))1) + a((L(t)(D))r) < e e (Dy),

which implies that (A6) is satisfied. '
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Let ¢* be the asymptotic speed of spread of the map @; on X,«. In order to

compute ¢*, we consider the linear differential equation

O = Dpay(t) + £/(0)a(t) — ot (t) + 1182(t),
(5.2.15)

i%@ = Y2l (t) — N Ta(t).
Let (@:(t,w), z(t, w)) be the solution of (5.2.15) satisfying (@1(0,w), @2(0,w)) = w €
R2,

It is easy to see that (u;(t, ), ua(t, z)) = e #=(Uy (¢, w), U2(t, w)) is the solution of

the linear differential equation with diffusion

Owur(t,z) = DAu(t, x) + f(0)ui(t, «) — vour(t, ) + Mmua(t, z),
(5.2.16)

Orua(t, ) = voui(t, z) — nua(t, x).
Let {M,;}:>o be the solution semiflow associated with the system (5.2.16). Note that
Q:(¢) is a lower solution of the linear system (5.2.16) for t € [0,00). It then follows
that

Q@) < My(¢),Vo € Xy, ¥Vt 2 0.

Note that the fundamental solution matrix of (5.2.15) is eA*)? with

D+ f(0)—v m
A(p) =
Y2 -M

Define BZ as

B! (9) := M,(¢e™=)(0) = (@1 (¢, 9), Ga(t, 9)) = e2WV'g,
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Therefore, BfJ is the solution map of the linear differential equations (5.2.15) on R?,
and its principal eigenvalue is eM¥* where \(u) is the spectral radius of the matrix

A(p), and

Mu) = 5 [Di? + 5/0) = = + DT FO0) — 72 — W+ #n(D & 70)))

Since A(0) > 0, the map M; satisfies assumptions (B1)-(B7) for each ¢t > 0.
Letting ¢ = 1, we see that e*(*) is the principal eigenvalue of Bi =: B,. Define
the function

®(p) ;== —InerM = i\i—), Vi > 0. (5.2.17)

T~

L
Since llll_% ®(n) = o0, and “ILIEO ®(u) = co. ®(p) assumes its minimum at some finite
value p*. It then follows from Theorem 1.3.1 that ¢* < Lr;% D).
For any 0 < € < 1, there is § > 0 such that f(v) > (1 —€)f'(0)v,V0 < v < 4.
By the continuous dependence of solutions on initial conditions, it follows that there
is a sufficient small 7 > 0 such that the solution of (5.2.4) satisfies v(¢,7) < 6,Vz €

R,Vt € [0,1], where & = (6,6),7 = (n,7). Thus, the comparison theorem (see Lemma

5.2.2) implies that
u(t,z,¢) < v(t,n) <6,Vr € R,Vp € X,,Vt € [0,1].

Hence for all ¢ € [0,1] and = € R, u(t,z, ) with ¢ € X, satisfies

Sur(t,z) > DAuy(t,z) + (1 — €) f/(0)us (¢, ) — Your (¢, ) + n1ua(t, T),
(5.2.18)

Owuz(t, ) = Maur(t, ) — mua(t, z).
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Let {M;}1>0 be the solution semiflow associated with

Oty (t,z) = DA (¢, z) + (1 — €) f'(0)i(t, z) — %t (t, ) + MmUs(t, 2),
(5.2.19)

Otia(t, ©) = 12l (t, ©) — N1la(t, 2).
Since Q:(¢) is an upper solution of the linear system (5.2.19) for ¢t € [0,1] and ¢ € X,,.

It then follows that

M;(¢) < Qi(4), V¢ € Xp, Yt € [0, 1].
In particular, M{(¢) < Q:1(¢),¥9 € X,. As for {M;};>0, similar analysis can be
carried out for {M¢}>0. By Theorem 1.3.1, we then have

inf &c(u) S S }};g@(#), Ve € (0,1).

Letting € — 0, we obtain ¢* = ir>1£ ®(u). Setting &'(u) = 0, we then have the following
u
equation
D°® + [3f'(0)D* = 2D2(f'(0) ~ 11 — 12)lu* — D(f'(0) =11 —72) -
() +m +)u” = 4n(f(0)* = FO(f(0) =1 — %) =0.  (52.20)
Thus, c* = &(u*), where u* is the positive root of (5.2.20) at which ®(u) takes its

minimum value.

The following result shows that the above-defined ¢* is the spreading speed for

solutions of (5.1.3) with initial functions having compact supports.

Theorem 5.2.5 Assume that (C1) and (C2) hold, and let c* = ir;% ®(p). Then the
n

following statements are valid:
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(1) For any ¢ > ¢*, if ¢ € Xy» with 0 < ¢ < w*, and ¢(z) = 0 for x outside a

bounded interval, then  lim  u(t, z,¢) = (0,0);

t—00,|z|>ct

(2) For any c € (0,c*), if ¢ € Xy» and ¢ # 0, then , lirlnkctu(t,x,qb) = w*.
—00,|z|<

Proof. Conclusion (1) is straightforward consequence of the first part of Theorem
1.3.2. Let ¢ < c* be given. Since @, is subhomogeneous, r, can be chosen to be
independent of o > 0. Thus, we can write r4 as r. If ¢ € X,,» and ¢(z) > 0 for z
on an interval J of length 27, then there exists a vector o > 0 such that ¢(z) > o,
Vz € J, and hence, the second part of Theorem 1.3.2 implies that t_boloi,rl{clwu(t, z,¢) =
(u},u3). For any ¢ € X,,» with ¢(-) £ 0, it follows from the strong monotonicity of

Q: that u(t,z,¢) > 0,Vz € R,¢ > 0. Fix a t; > 0. Then u(ty,z,¢) > 0,Vz € R. By

taking u(ty, z, @) as a new initial value, we have the conclusion (2). [

The existence and nonexistence of traveling wave solutions are straightforward

consequences of Theorem 1.3.3.

Theorem 5.2.6 Assume that (C1) and (C2) hold, and let c* = ix;%@(u). Then the
o

following statements are valid:
(1) System (5.1.8) admits no traveling wave solution with wave speed ¢ € (0,c*);

(2) For every ¢ > c*, system (5.1.8) has a traveling wave solution U(xz — ct) con-

necting w* to (0,0) such that U(s) is continuous and non-increasing in s € R.
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5.3 Dynamics in a bounded domain

~ In this section, we consider the model system (5.1.3) with bounded spatial domain

f

Ouun(t, ) = DAuy(t,z) + f(ui(t, z)) — voui(t, z) + muz(t, 7),

atu2(tax) = 72ul(t’x) - ’)’1U2(t,$) in (0,00) X Q)
\ (5.3.22)

Bu; =0on (0,00) x 9Q, i=1,2,

\ u;(0,)) = ¢, i=1,2,
where @ C R™*(n > 1) is a bounded domain with boundary 89 of class C'*9(0 <
§ < 1), the boundary condition is either Bu = u (Dirichlet boundary condition) or
Bu = 2 + a(z)u (Robin type boundary condition) for some nonnegative function
a € C*9(60, R), 2 denotes the differentiation in the direction of outward normal n
to Of2.

Let X = LP(Q2),¥n < p < o0, and for B € (3 + 2,1), let X; be the fractional
power space of X with respect to —A and the boundary condition Bu = 0 (see, e.g.,
[20]). Then Xj is an ordered Banach space with the order cone XZ; consisting of all
nonnegative functions in Xg, aqd X“ﬁ* has ;onempty interior int(X;;). Moreover, X3 C
C'*¥(Q) with continuous inclusion for v € [0,28 —1— %) Let E=XgxXgand P =
X% x X3. Then (E, P) is an ordered Banach space. Denote the norm on E by || - |3.

Thus, there exists a constant kg > 0 such that ||¢]le = max,eq [|($1(2), d2(z))|| <

ksl|dlls, Vo € E.
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Let I'(t, ) be the Green function associated with the linear equation G;u; = DAu,
subject to the boundary condition Bu; = 0. Then the equation G;u; = DAu; — you,

generates a linear semigroup T)(t), which is defined by
(Ty(B))(z) = = /Q I,z — 1)én (y)dy. (5.3.23)
Integrating the first equation of system (5.3.22), we have
ui(t, -, ¢9) = Ti(t)¢: + /Ot Ti(t — s)(f(ui(s)) + maua(s))ds. (5.3.24)
Similarly, Gyus = —7y1u, generates a linear semigroup T»(t), which is defined by
(Ta(t)b2) (2) := e " ¢a(x).
Since
[ T2(8)(g2) — Ta(®) (2)lls = lle ™ ¢o — e ™ 4hallg = e[| d2 — ¢als,

it is easy to see that the linear operator T5(¢) is continuous with respect to the norm

I~ lls-

Integrating the second equation of system (5.3.22), we obtain

U2(t, " ¢) = Tz(t)¢2 + Y2 '/Ot Tz(t - s)ul (S)dS. (5325)
it) O Bi(é)(z f(#1)(@) + noa(z
T O e | BOW | _[ 1 Y162()
0 Ta) By (#)(a) 12¢1(2)

Clearly, T'(t) is a linear semigroup on E.
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We write (5.3.22) as an integral equation

t

u(t) = T(®)¢ + /0 T(t — 5)B(u(s))ds. (5.3.26)

For any L > uj, let Pp:= {¢ € P: ¢:i(z) < L,¢a(z) < BLVz € Q}. An

argument similar to that in the last section shows that
.1
Jlim 2d(® — ¢+ h(BW) - B($)), P) = 0

for all 9, ¢ € Pp with ¢(z) < ¢¥(z),z € Q.

By [39, Proposition 3 and Remark 2.4], (5.3.26) has a unique solution u(t, ¢) on
[0, 00) for each ¢ € Pr. Moreover, let 4(¢,z) and @(t,z) be a pair of lower and upper
solutions of (5.1.3), respectively, with 4(0,-) < @(0,-). Then 4(t,-) < a(t,-),Vt > 0.
In addition, Pp, is a positively invariant set for (5.3.22).

Define a family of operators {Q;}:>0 on P by
Q:(d)(z) = u(z,t, ),V € P,z € Q,t > 0. (5.3.27)

By similar arguments as in the proof of Lemma 5.2.3, it follows that {Q:}:>0 is a

strongly monotone semiflow on P.

Theorem 5.3.1 Let (C1) and (C2) hold. Then the solution semiflow {Q;}1>0 admits

a connected global attractor on P.

Proof. Define a linear operator S(t)¢ = (0,T2(t)¢2),V¢ € P, and a nonlinear

operator L(t)¢ = (u1(t,+,9), 72 f(f To(t — s)ui(s)ds),V¢ € P. It is easy to see that
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Qi(¢) = S(t)p + L(t)p, Yo € Pt > 0. Since

1S®)slls = 0, Ta(t)¢2)lls = (0, e™“2)lls < e™™[[(¢1,82) s = e[|,

we have ||S(¢)|lg < e, V¢ > 0. By the expression of (5.3.24) and the compactness
of Ty(t) for each t > 0, it follows that L(¢t) : P — P is compact for each ¢t > 0. Let «
be the Kuratowski measure of noncompactness on E. Thus, for any bounded set D

in P, there holds
a(Qu(D)) < a(S()(D)) + (L(t)(D)) < e (D),

where we have used o(L(t)(D)) = 0 since L(t)(D) is precompact. Consequently, for
each t > 0, Q; is an a-contraction on P with contracting function e="¢,
Next, we prove the solution semiflow Q); is point dissipative, that is, there exists

a positive number B such that
lim lu(t, @)ls < B, Vo€ P.

For any given ¢ € P, let 1y = max ¢(z). Denote the solution of (5.2.42 with initial
value vy as v(t,1p). By Lemma 5.2.1, we have tliglo v(t, 1) < 2w*,Viy € R2. By the
comparison theorem, we have u(t,z,$) < v(t,1p),Vt > 0,z € Q. It follows that
t]irglo [u(t, -, ?) o < 2w*,Vé € P, and hence, there is to > 0 such that ||u(¢, -, d)|le <
2w*, Vt > to. By the definition of || - [l on X = X, we have |lull < kl|ulo for

some positive number k. It follows that |Ju(t, -, #)|lo < k||u(t, -, )|l < 2kw*,Vt > to,

and hence ||u(t + to, -, ¢)|lo < 2kw*,Vt > 0. By [21, Lemma 19.3], |[u(t + to,-, ¢)|ls <
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ct™ lulto, -, @) |lo < 2kw*ct™ < 2kw*c,Vt > 1, where § < 7 < 1, and ¢ depends on
7,3 and kw*. Hence, tllglo lu(t, -, 9)lg < B := 2kw*c.

Since Pp, is positively invariant for all L > wuj, the orbits of bounded sets are
bounded. By the continuous-time version of [63, Theorem 1.1.2], {Q:}:>0 admits a

connected global attractor on P, which attracts each bounded set in P. (]

Note that (0,0) is an equilibrium of the system (5.3.22). Linearizing system

(5.3.22) at (0,0), we have

¢

1 (t, ) = DA (t, z) + f(0)v; — voui(t, ) + Mve(t, ),
4 Owva(t, ) = 1u1(t, ) — Mva(t, ), in Q x (0,00), (5.3.28)

Bv; =0, on 892 x (0,00), 1=1,2.

\

Substituting u;(t, z) = eM¢;(z),7 = 1,2, we obtain the associated eigenvalue problem
4

A1 (z) = DA (z) + (£/(0) — 12)¢1(z) — Mé2(z),
{ Aa(2) = 1261(2) — Na(2), T €N, (5.3.29)

B¢; =0, z€0Q, i=1,2

\

By the proof of [43, Theorem 7.6.1] and a generalized Krein-Rutman Theorem
(see, e.g., [27, Lemma 2.2]), (5.3.29) has a principal eigenvalue, denoted by A*, with
an associated eigenvector ¢* = (¢7, ¢3) > 0.

According to [43, Theorem 7.6.1], the eigenvalue problem

Api(z) = DAy () + (£/(0) — 12)$1(2),
B¢, =0, £ € 99,

(5.3.30)
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has a principal eigenvalue A* with an eigenfunction ¢% > 0. Moreover, we have the

following observation.

Lemma 5.3.2 The following statements are valid:

(1) X* = f'(0) — 2 in the case where Bu = Z%; and \* = —%{9— + f(0) — v, in the

case where Bu = u and Q = (0, L).

(2) X" +m)" 2 dny, and X = % [5‘* —n+ VA )2 - 471’72].

Proof. In the case where Bu = %, it is easy to verify that A = f/(0) — 7, is an
eigenvalue of (5.3.30) with the eigenfunction ¢} = 1 > 0. Since only the principal
eigenvalue admits a strongly positive eigenfunction, we have \* = f/(0) — 2. In the
case where Bu = v and Q = (0, L), we see that A = —%2[—) + f’(0) — 2 is an eigenvalue
of (5.3.30) with the eigenfunction @}(z) = sin(¥x). Since ¢} > 0 in Xp, it follows
that A* = -—%Q + f(0) — .

Let \* be the principal eigenvalue of (5.3.29) with eigenfunction ¢* = (¢3, #3) > 0.

Then (A\* + 7 )¢35(x) = v2¢;(z), Vz € Q, and hence A* +v; > 0. It follows that

(X* + 2263 (2) = DAGY(z) + (f/(0) — 72)8i(2),
(5.3.31)

B¢t =0, z € 90,

Since ¢} > 0 in X, we must have \* = \* + %%f—,—, and hence A* is a real zero of the

quadratic equation

PA) =X+ (= M)A+ 7172 - A =0. (5.3.32)
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It follows that (A*—71)2—4(y172—X*y1) > 0, which is equivalent to (A\*+7v;)2 > 4y;72.
It remains to prove that A* is the maximum zero of (5.3.32). Let A be a given zero
of (5.3.32). Since P(—y1) = 1172 > 0, we have A # —v;, L.e,, A+ 7 # 0. It is easy
to see that A(A + 1) + 7172 = (A + ). Since A+ 71 # 0, we have A* = A + ;{”f’%

Note that A* satisfies (5.3.30) with ¢; = &} Set ¢§ = ;22-¢}. It then follows that
A is an eigenvalue of (5.3.29) with eigenfunction (¢7,¢3). Thus, any zero of (5.3.32)
is an eigenvalue of (5.3.29). Since A* is the principal eigenvalue of (5.3.29), it follows

that A* is the maximum zero of (5.3.32). '

Now we are ready to prove the following threshold result on the global dynamics

of (5.3.22).

Theorem 5.3.3 Let (C1) and (C2) hold. For any ¢ € P, let u(t,-, ¢) be the solution

of (5.3.22).

(1) If X* <0, Jlim llu(t, -, ¢)|lg =0 for every ¢ € P.

(2) If \* > 0, then (5.8.22) admits a unique positive steady state ¢*, and tlirglo llu(t, -, &)—

¢*ls = 0 for every ¢ € P\{0}.

Proof. (1) In the case of A* < 0, [43, Theorem 7.6.2] implies that Jim lv(t, -, é)lls =

0,V¢ € P, where v(t, -, ¢) is the unique solution of (5.3.28). Note that the solution



§5.3. Dynamics in a bounded domain 127

u(t, -, @) of (5.3.22) satisfies

Qui(t,z) < DAui(t,z) + f/(0)us — youi(t, z) + nue(t, z),Vt > 0,

(5.3.33)
Oua(t,z) = mu(t, ) — nua(t, z).

By the comparison theorem, we have u(t, z, ) < v(t,z, ¢),Vt > 0,z € Q, and hence,
tlgg flu(t, -, ®)llooc = 0. Next we show that tlg& lu(t, -, d)|llg = 0. Let w(¢) be the
omega limit set of the orbit {u(¢,-,¢) : ¢ > 0} with respect to the norm || - |z. It
suffices to show that w(¢) = {0}. For any ¢ € w(®), there exists a sequence t, — 0o
such that 7}520 lu(tn,-, ¢) — |l = 0, and hence, T}I—»I{.lo lu(tsn, @) = ¥]leo = 0. Thus,
tl_lgl() llu(t, -, #)|lo = 0 implies that ¢ = 0. It follows that t&r?o lu(t, -, ®)lg =0,V € P.
(2) In the case of A* > 0, let Py = {¢ € P : ¢(-) & 0}, dPy := P\Py = {0}.

Clearly, Q:(0) = 0,Vt > 0. We further have the following claim.

Claim. Zero is a uniform weak repeller for F; in the sense that there exists §; > 0
such that limsup |Q:(9)|ls > do, V¢ € Po.
t—00

Indeed, let A, be the principal eigenvalue of

P

Api(z) = DAg1(z) + (f/(0) — 72 — €)d1(z) — 1¢2(x),

o

Aga(2) = 12d1(z) — Mmea(z), € Q, (5.3.34)

Bu;=0,z€0Q, i=1,2

\
with a positive eigenfunction ¢.. Since liné A = A* > 0, we can fix a sufficiently small
€—

number € > 0 such that A, > 0. Choose 6, > 0 such that f(u1) > (f'(0) — €)u, for

all u € (0,6.). Let §g = 7%. Suppose, by contradiction, there exists ¢9 € Fy such
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that limsup ||Q:(éo)lls < do, and hence, there exists to > 0 such that ||Q:(¢o)]eo <
t—o00

kgl Qi(#0)llg < de,Vt > to. It is easy to see that u(t, x, ¢o) satisfies
Oyuy(t, ) =2 DAuy(t, z) + (f'(0) —v2 — e)ur (¢, ) + us(t, z),z € Q,Vt > t. (5.3.35)

Since u(t, z) = @c(z)e< is a solution of
4

3tu1(t? :U) = DAul (ta .'E) + (f/(O) — Y2 — E)ul(t7 IL‘) + 717-"2(t7 113),

{ Bua(t,x) = 1aua(t, 7) — Yaua(t,z), in Q x (0,00), (5.3.36)

L Biu; =0, on 99 x (0,00),
and u(tg,-,¢o) > 0 in E, that is, u(ty,-,d0) € Int(P), it follows that there exists
a sufficiently small @ > 0 such that u(to,z, o) > ad(z) = auc(0,z),Vz € Q. By
the comparison theorem, we have u(t,z, ¢g) > ade(z)e**%) ¥t > t5,z € Q. Since
Ae > 0, it follows that u(¢, z, ¢o) is unbounded, a contradiction.

By the continuous-time version of [63, Theorem 1.3.3], @; is uniformly persistent

with respect to P, in the sense that there exists §; > 0 such that
litm inf d(Q:(9),0FR) > 61,V € Po.
—00

By the continuous-time version of [37, Theorem 3.7], the semiflow Q; : Py — Fp,t > 0,
admits a global attractor Ag. Thus, [37, Theorem 4.7] implies that {Q:}:>0 has an
equilibrium ¢* € P,. Since {Q:}:>0 is a strongly monotone semiflow on P, we have
¢* = Qi(¢*) > 0,Vt > 0.

It is easy to see that for each t > 0, @, is strictly subhomogeneous. Thus, [62,

Lemma 1] implies that for each ¢ > 0, the map ; has at most one fixed point, and
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hence the semiflow {Q;};>0 has at most one eqilibrium. Thus, A only contains one
equilibrium ¢*. By the Hirsch attractivity theorem (see, e.g., [63, Theorem 2.2.6]),

¢* is globally attractive in F;. 1

5.4 Numerical simulations

In this section, we numerically simulate system (5.1.3) with both unbounded and
bounded spatial domains.

Assumethat D =1,v; = 1,7 = 1.5, and let f(u) = u(1—u). It is easy to see that
(C1) and (C2) hold for system (5.1.3), and the positive equilibrium of the associated
reaction system is w* = (1,2). By equation (5.2.20), it follows that ®(u) takes its
minimum value 1.1510 at p* = 0.8074, and hence, ¢* = ®(u*) = 1.1510. Thus,

Theorem 5.2.5 implies that for any nonzero initial function ¢ € X,,» with compact

support, the corresponding solution of (5.1.3) satisfies

lim wu(t,z,¢) =0, Ve > ¢,

t—o0,lz|>te

lim wu(t,z,¢) =w* Vce (0,c).

t—o0,|z|<te

We choose

0, if z < -3,
$1(z) = ga(z) = < tcosz, if ze([-%,5],

0, if z2> 3.

\
Figure 1 illustrates the numerical solution u(t,z) = (u1(t, z), u2(t,z)). Here we re-

place the spatial domain (—oc0,00) with the large interval [-60,60] subject to the
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Figure 5.1: A solution with compact support

Neumann boundary condition. The result is consistent with the above two proper-

ties. To show a traveling wave, we choose the initial conditions as

r

0, if < -1,
$1(z) =9 Lz+1), if ze[-1,1],

1, if z > 1,

and

0, if z< -1,
$2(z) =9 3z +1), if ze(-1,1],

3 -
5, if z>1

\

Figure 2 shows that the numerical solutions converge quickly to a traveling wave in
profile.

Next we consider system (5.1.3) with boundary domain Q = [0,7] in the case
of Dirichlet boundary condition. In the case where D =1, 74 = 1, 7» = 1.5, and

f(u) = u(1 —u), Lemma 5.3.2 implies that the eigenvalue \* < 0. By Theorem 5.3.3,
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Figure 5.2: A traveling wave solution

u, Y

Figure 5.3: Global attractivity of the zero solution

it follows that tlir& llu(t,z, ¢)||g = O for every ¢ € P. Let
&1(z) = ¢o(z) = sinz,Vz € Q.

Figure 3 illustrats the numerical solution (u,(¢, z), us(t,z)), and confirms our result.

In the case where D = 0.2, 7y = 1, and 7, = 0.2, Lemma 5.3.2 implies that
the eigenvalue A* > 0. By the second conclusion of Theorem 5.3.3, it follows that
there exists a unique positive steady state ¢*, and tlir?o flu(t, -, ¢) — ¢*[ls = O for every

¢ € P\{0}. Our numerical simulations in Figure 4 are consistent with this result.
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Figure 5.4: Global attractivity of the positive steady state

5.5 Discussion

In this chapter, we consider a reaction-diffusion model with mobile and stationary
compartments. We obtain the existence and the computing formula of the spread-
ing speed, and prove that it coincides with the minimal wave speed for monotone
traveling waves. This result also shows that the invasion rate of the population can
be determined by the linearization of the model system at the trivial solution. We
further study the global dynamics of the model in the bounded domain, and give the
threshold condition on the global attractivity of either zero or positive steady state.
Biologically, this result shows that the population dies out when the zero solution is
linearly stable; while the population stablizes at a unique positive steady state when
the zero solution is linearly unstable.

Note that in the case where Bu = u and Q = (0, L), we can discuss the the critical

domain size for the persistence of the population. It has been shown in Theorem 5.3.3
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that the stability of the positive equilibrium solution is determined by the sign of A\*,
which is the principal eigenvalue of (5.3.29). In this case, we see from Lemma 5.3.2

that \* = —"z—f + f'(0) — 72, and

. 1 D w2 D 2
At = 5|71 +0)—r—m+ \/("‘—*Lz + f'(0) = 72 +’)’1> —4dn.

A straightforward computation shows that if

f(0) = v — min{y1, 7%} <0, (5.5.37)
then

A* <0 forany L >0.

If

f(0) = v2 — min{v, %} >0, (5.5.38)
then

D
A*>0 provided L>L" =7« - ;
P \/ £(0) — 2 — min{m, 72}
A* <0 provided L < L*.

Our results suggest that if the population growth rate at a low density, f'(0), is
less than 2 + min{~v;, 72}, then the population will always die out, no matter what
the domain size is. Otherwise, there exists a critical domain size L* such that the
population stablizes at a positive steady state when the domain size is larger than

L*; and the population goes extinct when the domain size is smaller than L*.
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We also notice that model (5.1.3) reduces to the classical Fisher’s equation if y; =

v, = 0 and f(u) = u(l —u). In this case, (5.2.17) implies that ®(x) = Du+ i,u >0,

and hence ¢* = ir;‘f) ®(u) = 2v/D. For Fisher’s equation with boundary condition
©

Bu = u and Q = (0, L), it follows from our discussion that the critical domain size

L* = n/D.



Chapter 6

Summary

In this chapter, we summarize the results we have obtained in the thesis, and also
point out some problems for future research.

Chapter 2 is focused on the global dynamics of a non-autonomous predator-prey
model. Extending the earlier work by Song and Chen [45], we consider a more general
model and obtain sufficient conditions for the coexistence of the predator and prey
species, and for the extinction of the predator species. Our results show that if
the zero solution is linearly unstable, which implies that the predator can invade
prey successfully locally, then predator and prey species can coexist; otherwise the
predator species will die out. Since our conditions are in terms of average integrals
of certain functions, they are more natural (and actrually weaker) than those given
in [45], which are in terms of the maximum and minimum values of the periodic
coefficient functions.

In Chapter 3, we study an SIS epidemic model in a patchy environment with
periodic coefficients. This model is an extension of the autonomous epidemic model
proposed and studied by Wang and Zhao [51]. We give the threshold conditions be-
tween the extinction and the uniform persistence of the disease. When the dispersal

rates for the susceptible and infectious individuals are the same or very close to each
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other, our results suggest that the disease die out eventually if the disease free periodic
solution (S*(t),0) is linearly stable; and that the population densities of susceptible
and infectious individuals stablize at a positive periodic solution if (S*(t),0) is lin-
early unstable. Moreover, when the dispersal rates for the susceptible and infectious
individuals are different, the unstability of (S$*(¢),0) implies that the disease is uni-
formly persistent. In the special case when n = 1, we can find the explicit conditions
for this threshold type dynamics. It is worthy to materialise the threshold conditions
for the case n > 1.

We answer an open problem raised by Rass and Radcliffe [41] in Chapter 4. As
mentioned in their book, there are no exact results for the asymptotic speed of prop-
agation of infection and traveling waves for models such as (4.1.1) in R or Z". Weng
and Zhao [56] has recently addressed this problem for a spatially continuous version
of model (4.1.1). Our work is about the spreading speed and traveling waves for the
lattice system (4.1.1) in the case where the spatial habitat is the integer lattice Z.
We establish the existence of the spreading speed, and show that this spreading speed
coincides with the minimal wave speed for monotone traveling waves.

In chapter 5, we consider a reaction-diffusion model with mobile and stationary
compartments, which was proposed by Hadeler and Lewis [18]. We study the model
in both of unbounded and bounded domain cases. In the first case, we obtain the
existence and the computing formula of the spreading speed, and prove that it co-

incides with the minimal wave speed for monotone traveling waves. In the second



§ 137

case, we establish the threshold type dynamics for the model, in terms of the prin-
cipal eigenvalue associated with its linearization at zero. Our results suggest that
the population die out when the zero solution is linearly stable; while the population
stablizes at a unique positive steady state when the zero solution is linearly unstable.
We even obtain the critical domain size for the population to survive. In addition,
we notice that when v; = v, = 0, our model reduces to Fisher’s equation. We discuss
how the dynamics of the model is similar to that of Fisher’s equation. Although
model (5.1.3) gives us valuable insights into the spatial dynamics of the population,
it is more realistic to assume that the parameters and the reaction function in this
model are time dependent in view of the fluctuating environment. As a first step, it is

worthy to consider the periodic version of model (5.1.3). We leave it as future work.
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