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Modeling Rectangular Cantilevers during Torsion and
Deflection for Application to Frictional Force Microscopy
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Abstract: A numerical and experimental analysis of the optical beam deflection system used to monitor
microcantilevers subjected to simultaneous deflection and twisting such as in lateral or frictional force
microscopy was performed. This study focused on two optical beam deflection orientations where in the first
case the optical beam and the detector are at a right angle to the length of the cantilever and the second case,
which is the more standard orientation, the optical beam is parallel to the length of the lever. This study finds
that it is possible to model the twist and the deflection separately and treat each motion independently.
Simulations have shown that the above-mentioned systems are equivalent in accuracy and sensitivity for

monitoring the simultaneous twist and deflection of cantilevers.
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INTRODUCTION

The atomic force microscope (Binnig et al., 1986) is used for
a wide variety of tasks such as surface imaging, mapping out
different electrical and magnetic regions, differentiation be-
tween areas of different friction, etc. In this last application,
often referred to as lateral or frictional force microscopy
(FFM), the twisting of the cantilever is monitored to measure
the drag force between the sample and the tip (Mate et al.,
1987). There have been many applications of FEM in the last
two decades from studying surface coatings, investigating the
effects of lubricants to understanding basic friction, etc. (Ruan
& Bhushan, 1994; Mate, 1995; Goto et al., 2003).

Of primary importance in obtaining quantitative FFM
measurements is to properly calibrate the instrument and to
obtain an accurate value of the normal and lateral spring
constants of the lever (Ogletree et al., 1996; Lantz et al.,
1997; Varenberg et al., 2003; Tocha et al., 2006). In most
situations the basic setup of the FFM has followed the
original design of the first atomic force microscopes (AFMs),
which were capable of performing both surface imaging
and frictional analysis (Meyer & Amer, 1988, 1990). In such
a case the optical beam deflection system and the major axis
of the cantilever all lie on the same geometric plane in
space. This corresponds to the case where ¢ = 180° in
Figure 1. Recently an alternate geometry has been used
in metrology and cantilever sensor instruments to monitor
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the deflection and/or twist of the cantilevers (Godin et al.,
2003; Yacoot et al., 2007). In this alternate geometry the
optical beam deflection system is at a right angle with
respect to the cantilever. This corresponds to the case where
¢ = 90° in Figure 1.

In this article we investigate the difference in sensitivity
of the optical beam deflection system; ¢ = 90° and ¢ = 180°
for cantilevers subjected to torsional and vertical displace-
ments. In a method similar to that reported by us in a
previous work (Beaulieu et al., 2006, 2007), we have mod-
eled the optical beam deflection system based on simple
geometrical optics. The model was then tested using a
macroscopic cantilever that allows the variables of the sys-
tem to be measured with a higher accuracy compared to
using actual microcantilevers such as those used for AFM
and FFM.

MATERIALS AND METHODS

Numerical Model

The model is based on the schematic diagram of the
cantilever/optical beam deflection system shown in Fig-
ure 1. In this diagram, the cantilever surface is in the x-y
plane and is orientated in the positive x direction. An
incident laser hits the undeflected cantilever at the point
(Dy, Dy, 0) measured from the base of the cantilever chip.
The incident laser is fixed at an angle of inclination 6 with
respect to the x-y plane and at an azimuthal angle ¢
measured from the positive x-axis. The laser reflects from
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Figure 1. a: Schematic representation of the cantilever/optical beam
deflection system. The incident laser inclined at an angle 6 with an
azimuthal angle ¢ is made incident on the undeflected cantilever
at the point (Dy, D), 0). The reflected laser then impinges on a
PSD detector a distance L from the lever. The vector N is the
surface normal of the cantilever at the laser/cantilever intersection.
b: Close up view of the free end of the cantilever showing the
offset D,,.

the free end of the cantilever onto a position sensitive
detector (PSD) held at an initial distance L from the canti-
lever. The length of the cantilever is given by CL. The PSD is
itself inclined at an angle ¢ also with respect to the x-y
plane. In Figure 1, the line labeled N is the vector normal to
the surface of the cantilever and is used to calculate the
direction of the reflected laser beam in accordance with the
law of reflection.

The numerical model used in this work is similar to the
model developed by us in a previous work (Beaulieu et al.,
2006, 2007). In short, the optical beam was described by a
vector line of the form

1=1,+4, (1)

where I, is any point on the line, I, is the unit direction
vector, and ¢ is any scalar. In this case I, is defined as the
initial point where the incident laser hits the cantilever at
I, = (D, D,,0). Given the geometry shown in Figure 1, the
direction vector I, is defined as

I, = (cos(0)cos(m — ¢p),cos(f)sin(m — ¢p),—sin(H)),
)

where in this work only the azimuthal angles ¢ = 90° and
¢ = 180° are considered. To determine the direction of the
reflected beam, the surface normal N, of the cantilever at
the cantilever/optical beam intersection must be calculated.

Here, the cantilever was modeled by describing the
vertical deflection and lateral twist independently. It is as-
sumed that the deflection of the cantilever does not affect
the angular orientation of the lever. During atomic force
microscopy, the cantilever is deflected by a point load ap-
plied near the end of the lever. In such a case the curvature
of the cantilever is described by (Sarid, 1994)

2

B Fx
z(x) = SE (x — 3a), (3)

where F is the applied point force, E is the Young’s modulus
of elasticity, I is the area moment of inertia, and a is the
position of the applied force. To determine the torsional
component of the normal vector, the twist of the cantilever
must be defined. The angle of the cantilever 6, subjected
to a torque T, at any point x along the lever is given by
(Reissner & Stein, 1951)
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where CL is the length of the cantilever, w is the width of
the cantilever, and u is Poisson’s ratio. D is the local flexural
stiffness given by

Oct

4)

Eh?

D=—"7""—7— 5

12(1 = u?) ©
where E, as before, is the Young’s modulus of elasticity of
material of the cantilever of thickness & and A is the
aspect-ratio parameter given by

CL
A= A0 . (6)

In this work the twist of the cantilever at the free end is
controlled. Solving equation (4) for the twist at the tip
(x = CL) yields



Figure 2. Schematic representation of the free end of the canti-
lever indicating the positions of the incident laser vector I,, the
reflected laser R,, the surface normal N, and the tangential and
longitudinal surface vectors V; and V.
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where the only unknown in this equation is T. Solving
equation (7) for T gives

CL 4\ — tanh(4A) ®)

r 6, (CL) < 8A(1— ,u)Dw)
Hence, to calculate the local twist angle at any position
along the cantilever from the twist angle at the free end, it is
necessary to use equations (4), (5), (6), and (8).

Given an angular and lateral deflection obtained by
equations (3) and (4), the normal vector N, at the cantilever/
incident laser intersection can be determined. The normal
vector N, (shown schematically in Fig. 2) was found by
taking the derivatives of equations (3) and (4) and evaluat-
ing them at the cantilever/incident laser intersection point.
As shown in Figure 2, V; is the vector indicating the tangent
to the cantilever surface in a direction perpendicular to the
lever’s length. V; is given by

V=20
Vly =1 (9)
Vi, = —tan(0).

The vector V, shown in Figure 2 is obtained from the first
derivative of equation (3):

Vo, =1
Vy, =0

0z
V,, = — =2yx,(x, — 3a) + yx
0x

(10)
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Figure 3. a: Photograph of the macroscopic cantilever used in this
work. b: Photograph of the indexing head used to torque the free
end of the cantilever.

The vectors V; and V, are used to define the normal vector
by

I A A
Nc = > X =0
Vil V2l

(11)

where || Vi is the length of the vector V;. Once the normal
vector N, is determined, the rest of the information neces-
sary to find the reflected laser/detector intersection is as
outlined in detail in the following (Beaulieu et al., 2006,
2007).

Equipment

To test the results of our model, a macrocantilever with an
indexing head located at the free end, as shown in Figure 3,
was designed and built. The lever was made from a 410 X
25.4 X 3.14 mm piece of aluminum held rigidly at one end
and attached to an indexing head at the other end, which
also served to deflect the cantilever in the positive or nega-
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Figure 4. a: Schematic representation showing the relationship
between the incident and reflected laser when the cantilever is
subjected to a negative and positive twist. b: Experimental data
(points) and calculated fits (solid curves) for a cantilever subjected
to a negative twist from 0 to 13.5° and deflected by 0, —3, —7,
—12, —16, and —17 mm. b: Experimental data (points) and
calculated fits (solid curves) for a cantilever subjected to a positive
twist from 0 to 13.5° and deflected by 0, —6, —12, and —18 mm.

tive z-direction. The indexing head was machined from two
pieces of brass and was designed to apply a torque to the
cantilever by rotating the two pieces until holes made to
accept a dowel pin lined up. The angle of the cantilever was
also verified by a digital angle gauge (King Canada, KW-
180). To set the deflection of the cantilever, a threaded rod
was inserted below the indexing head in conjunction with a
pair of locking nuts used to fix the cantilever in place. This
system allowed the cantilever to be deflected and twisted
simultaneously.

A standard presentation type laser pointer was used to
simulate the incident laser on the cantilever. The laser was
reflected from the free end of the cantilever, which was
polished to a mirror finish, onto a graph paper placed on a
board of wood used to simulate a PSD.

RESULTS

Figure 4b,c shows experimental data points along with
calculated curves (solid lines) obtained from our model for
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Figure 5. Experimental data (points) and calculated fits (solid
curves) for a cantilever subjected to a negative twist from 0 to
+15° and deflected by 0, £6, and £12 mm.

the following configuration: § = 57.5°, & = 70°, ¢ = 90°,
D, = 357 mm, D), = —1 mm, and L = 569 mm. The data
shown in Figure 4b were taken while the cantilever was
subjected to a twist in the opposite direction as the optical
beam referred to here as a negative twist, as illustrated in
Figure 4a. As can be seen, the experimental results match
the predicted curves obtained from the model. The macro-
cantilever was twisted from 0 to 13.5° with vertical deflec-
tions of 0, —3, —7, —12, —16, and —17 mm, where the
negative sign implies a downward cantilever deflection. The
error bars on the experimental data points represent the size
of the laser spot on the board simulating the PSD. The data
shown in Figure 4c show experimental data points along
with calculated curves (solid lines) obtained from our model
while the cantilever was subjected to a positive twist. The
macrocantilever was twisted from 0 to 13.5° with vertical
deflections of 0, —6, —12, and —18 mm. As in the previous
case, the calculated curves fit the experimental results very
well. It should be made clear that the model has no adjust-
able parameters and is uniquely determined by the variables
of the system 0, &, ¢, D,, D,, CL, and L.

Figure 5 shows experimental data points along with
calculated curves (solid lines) obtained from our model for
the following configuration: 6 = 22°, & = 90°, ¢ = 90°, D, =
340 mm, D, = 0 mm, and L = 872 mm. Similar to the ¢ =
90° system, the results from the model match very well the
experimental results obtained with the macrocantilever. From
Figures 4 and 5 it is clear that the model developed properly
characterizes the simultaneous deflection and twist of a
rectangular cantilever. With this model it is now possible to
make predictions as to which system is better suited for use
in FFM.
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Figure 6. Calculated curves showing the motion of laser spot on
the cantilever for the § = 80°, & = 10°, ¢ = 90° (light and dark
curves) and ¢ = 180° (bold arrow), CL = 400 wm, D, = 350 um,
and D, = 0, L = 2 cm configuration. The light solid curve shows
the motion of the laser spot on the cantilever while the latter is
being deflected from —10 to 10 uwm. The smaller darker curves
show the motion of the laser spot on the cantilever while the
cantilever is deflected to a fixed point and twisted +10°. The dark
arrow shows the motion of the laser spot in the ¢ = 180° system
during deflection and twist.

It is also possible to monitor the motion of the laser
spot on the cantilever during cantilever twisting and deflec-
tion. Figure 6 shows a plot of how the incident optical beam
travels along the cantilever while the latter undergoes deflec-
tions from —10 to +10 wm for a system in the following
configuration: § = 80°, & = 10°, ¢ = 90° (light and dark
curves) and ¢ = 180° (solid arrow), CL = 400 um, D, = 350
pum, and D, = 0, L = 2 cm with zero twist. This configura-
tion is consistent with actual sizes used in various commer-
cial AFM instruments. The ordinate in Figure 6 represents a
section along the length of the free end of the cantilever.
The bottom abscissa represents the width of the cantilever
while the top abscissa indicates the deflection of the lever.
For D, = 0 um the path of the incident laser for the ¢ =
180° configuration will always remain along a straight line
in the center of the lever. However, the path of the ¢ = 90°
configuration follows a more complicated path when the
cantilever is twisted and deflected. More specifically, the
light curve in Figure 6 shows the motion of the cantilever in
the ¢ = 90° configuration while the lever is deflected by
+10 um with zero twist. The smaller darker curves show
the motion of the laser spot on the cantilever while the
cantilever is deflected by the amount indicated by the top
abscissa and twisted by =10°. From these data it is clear that
despite extreme twisting and deflections the center of the
incident laser remains on the cantilever surface for both the
¢ = 90° and ¢ = 180° configuration.

The orientation of the system influences the size and
shape of the required PSD. The trace of the reflected laser
on the PSD for the configurations § = 80°, ¢ = 10°, CL =
400 wm, D, = 350 um, D, = 0 um, and L = 2 cm is shown
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Figure 7. Experimental data (points) and calculated fits (solid
curves) for a cantilever twisted from 0 to £10° and deflected by 0,
+2.5, £5, +7.5, and =10 mm with (a) ¢ = 90° and (b) ¢ = 180°.
In this figure the symbols represent the following twist: @ =
—7.5° 0= -5 6= —25,%8=0° A =25V =5 =75

in Figures 7a and 7b for ¢ = 90° and ¢ = 180°, respectively.
In Figure 7 the cantilever was deflected at a fixed position
from —10 to 10 wm and twisted from —10° to 10°. From
Figure 7a, it can be seen that the PSD for the ¢ = 90° case
needs to have a height to width ratio of approximately
14,000/3,000 ~ 4.67 whereas from Figure 7b (for the ¢ =
180° case) the PSD has a width to height ratio of approxi-
mately 12,000/3,000 =~ 4. Although both cases require PSDs
of similar size, the PSDs must be orientated in different
directions. For the ¢ = 90° case, the PSD needs to be
orientated with the long axis vertically whereas the ¢ = 180°
system requires the long axis of the PSD to be horizontal.

Comparing the data shown in Figures 5 and 7b, it can
be seen that the orientation of the trace of the laser on the
PSD is different in both figures. In Figure 5 the traces on the
PSD are convex while the traces in Figure 7b are concave.
The concavity of these curves is dependent on the angle of
inclination of the PSD. If the PSD is inclined at an angle
greater than 45°, as in Figure 5, the reflected laser maps out
convex curves; if the PSD is inclined at an angle less than
45°, the traces are concave as shown in Figure 7b.

In both cases, once the system is properly characterized
by the variables 6, ¢, Dy, D,, and L, each point on the PSD
corresponds to a unique cantilever deflection and twist. As
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show in Figure 7, plots of the PSD/reflected laser intersec-
tion point show that as cantilevers are deflected from —10
to +10 wm and twisted from —10° to 10° there are no
overlapping curves. The only time these curves overlap is if
there is a change in height in the z-direction (see Fig. 1) of
the cantilever chip with respect to the incident laser. Some
AFM systems such as the Veeco Multimode SPM (formally
Digital Instruments) are arranged such that the sample is
moved under the AFM cantilever allowing the optical beam
deflection system to remain stationary with respect to the
probe. In such a system it should be possible to determine
the exact state (deflection and twist) of the cantilever simply
from the PSD signal. Other systems such as the PicoSPM
from Agilent Technologies (formally Molecular Imaging)
have a geometry such that the probe is swept over a station-
ary sample. In such a case the optical beam deflection
system becomes more complicated to interpret, and the
state of the cantilever cannot be determined from a single
PSD measurement.

DiscussION

We have developed a model to characterize the simulta-
neous twist and deflection (originating from a point load
force) of microcantilevers such as those used for performing
lateral or FFM. The model was validated with a macrosized
cantilever that was deflected and twisted by the use of an
indexing head designed and made in-house. Analysis of the
¢ = 90° and ¢ = 180° systems shows that the ¢ = 90°
geometry is equivalent to the standard ¢ = 180° system in
accuracy and sensitivity.

In typical AFMs the optical beam deflection system is
designed to facilitate the alignment of the optical beam on
the cantilever. However, in these systems there is no way to
infer the state of the cantilever based on the PSD signal.
Although there are ways to calibrate the system to obtain
the lateral deflection and twist of the cantilever based on the
PSD signal, these methods can be complicated and difficult
to implement. If AFMs were designed such that the vari-
ables of the system shown in Figure 1 were well defined,
there would be no need to characterize the PSD signal. In
fact, each PSD measurement would indicate the exact state
of the cantilever that, provided the lateral and torsional
spring constants were well defined, would give the torque
and the normal force applied to the cantilever. This would
allow users to obtain more accurate quantitative data with
accuracy limited by the lateral and torsional spring constants.
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