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Abst ract

T Ilt' i1pl'lirilti"u IJr 1I11' l' ujssCJ lI IlJix,·d tUOfld I.as h( ~ '11 hamp ered by the difficulty of com pu

tntiou in "VIII IIHl ill ,ll:I I II' mar,ll: illilll ikd iJII}(Jl! of lIw parameters involved. },[illl'yapp roxhunte

lIJ'I' I"'i1d ws 11i'I'C' 1"l'l'('11tly I)("~' ll III"OI''' SCII (fir il1 r"n~l w( ' ahem the gClle1'nliZCd linear mixed

1l,<Hl"llI'hid, !"I,r!' rs 10 IIll' Puis';<J1I llIixl'd mod,' l ,IS n spt>c'ia) (<lSC, for examp le, t he penalized

qn.e-i-fil...lihood (I' q r.) upproarhof Breslow (1 11() Clilylo ll (JH!Ja), and the gt'IK'l'alizl.'(! esti

Illi,lil llJ; fllll , ' t i,ul ((: E [<')HI1IJroa di n f WiwlilWiw nud Liallg (/ !m:I). We show in till' thesis t rial

1,"111 (,I II' I'QI. ;'1111 (:1':10' 1'1'0<1 11 ('(' it lf"olJsis\l'u l. infe renc e for IIw variance ("011l1101ICn l ill the

l' " jSSlJll IIlix" ')lII "d ,'1. 'I'l l!' l.Ilf~ is IIII'u I' WpllS('S il two-s tep flPlWOxirtwlt, likdiliood ap pro'lcll

(,\ 1.) fl U' 1. 111'" s li liliit ioll urr J II'(,,'I.I' IJ('S o f l'ilr,' IIWrl'rS ( fix('(1{,m.,,:!. l'i lril llll' !.CfS, random effects

IHI, I tln-it-m J'iill l('(' ('Ol ll llOlr('nt, ) illlllf' I'o is,~(ltl mixedmodel. [II th e first st ep, nn approximate

likd i lllH,d rllHdioll or ('nU1I1, d'l l.,) i,s ronsu'urtr-d 10 esthnatc til£' fixed effect parmncters lind

1.lw \ 'ilriann ' , 'Olllfl0Jl(' 111.fl,v Ill'P lyi llK n I'o lljngill,(' Hny esian tlu-ormn. In the second step. the

rnudomI'lr,,\'1,1O an- l'sl iumtod by lllillitlli ~i ll g t heir approximate poster ior mean square error.

Our " s l illln1!'10<II'( ' ,ll w ll,\'S ('nnsi sll'lI! lor hotb ( I n~ !iXN! dfecl pu rmnctcrs end the vari uucc

I'tllllp0 1U'Ut., \Vhl'lI (,11f' acl.unl vlIria n('!' componrut is ncar zero . our estimates arc almos t

tlpl illlill fur I-Ill' rlludo1l1('lfl'CI.S, Wlwn lh e nct.nal varianc e compouout is away from zero, our

l'sli mil lt-s ,m ' nlwlIys aS~' l1lpl\lr.i nllly uubiascd for the fixed ('ffee!, pa rameters, whereas our

,oslill Wlc' is ~ I S,\'II I I 'lol, kll lly HC '/!;lll.i\'(, hiasl'd for thr-\,ariill ll'I' l'OllIIlOllCIIL, Another <lc1Oi rllblc

uu-r-i! is llra l. Illtli k(' III<'('xi slitlp; ,lp[Jl'oad l<'s 1H('lItiolll'(]IlIJO\'{'. ou r ('s1.ima1.cs [01' both the



fixod ('If('{"1 pnranu-n-rs and lilt' van.mo- romponcut onl.\· .1" I)I'lI,1 011 tlu- disl riIHlli,," of rnn

rlom df('('ts rat .lu-r t huu lilt' l'slimah'S of random drl" ,ts . '\11 importa nt, l il1d ill~ is llial (Ill'

ilS,nll11to l,ic covnr lnuc. or 0111' ,'SIi1ll1l11 'S for Itil' tix r-c! r-m'd paranx-n-rs willlll' ,'\J1II.'smilll. 'r ill

W'lll'rill ilS 1,1ll' \"ill"i ill\ ("(' n1l11pOIIt'1I1_ <111 index ,I [ Lin- i l ll nl ·d ll,~ I , '1' i lsStJ(·j;l l,i' l ll, i ll<T<'ilS"S, ;11I,1

rnn be ao t in 'ably reduced b,\' ilss igni ll g 1.11(' ralll('s {If Hit, fix"tl d f..t-l ,·Il\ ·ill· iil l , 's liS ,lilJ"!'l'llt ilS

W1s"ihl"lll tloll g <li/fer ('1l1.oll,' I'I"I'al iOIl,' ill 1111,1" !'I11.,I,']". 11011"' \',-1', ifl h,' lix,'cl ,' If, 'd "ll\'ilriill ,- lias

variuuo- of lilt' ..st iIl1111,1' for t.ln-('olTI'Spmuling li x, ~l dfr-d pnrtum-l.r'r m,l,\" i lln'-<ls,' <IS l ilt'

vur-iaurt-romponeru 1l."1.s Im·!!.,'1". This fc'a l,un ' II w y IH'IIs,.fut ill I ll'si~ l lill~ II \'il]id , ' :.qH'ri ll ll'lIl

or S,111I1)ling for ,,]11'Poisson ll1ix (,,11l1o l]" 1. !llI]I'SS I til' V<lriillWI' rtuupunout. is srunll , 1lu- Ii.w ,l

dre("!. rovatintcs should 1)(' ,k,.~iglll'd to hn\'\' \'I1 III1'S H ,~ difl('n' l1l. il.~ I'"ssil.l,· 1Il 1l 1l1l ~ ,liIf,'n 'lIl

ohscrvarlcns i ll illl,\' r-lustcr. lt is furt her SIUIW11.1 1Iwl lg h slnmla tlon, t ilt , P I'l I I }l ,s, ~ 1 ~ l l llll't l;}t' 11

ii i
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Chapter 1

Introduction

of 1,11(' r -Lh d l1l'k r lUll l ~. is til l' luta l 111l1ll1ll' 1' of d ll sl.c' l"s. Le-l, rJ <I"Hul!' a /, x I \', 'd ." r

of unk now n fix('c1 "fr"f"!, p i'I'iltl lf'll' r s m;sod "l c',] with l.ln-ul,sI'l'V<',1 vcr-turs ,f i l • .. , '/" '" "f 1111 '

lixC'd ,·rr"I' I.('UVill'iIl1l-S.i1l1d li , l f' IIIJI ' - lll l im r i illc · ri l l ll lull l ,· lf,·r b. ( :iV"ll i , .I-IIl'II , .,l,s,·nill i'IIIS

.IIij (j ". I ...• I,i) within till' it h dll st"," un- assllllll',l lo Ill' i lldl'lH'II.I I'III , mlfl to f"IIU1I' 1.11l'

l'o issoll distrihut iou. yickliug

(1. 1)

wlu-n-J(.IIkfi ) ,1t'1I0(C'S rho l'Undi t.iul\ill )ll'OlwbililJ' , 1 '~ lIsi l.y flf.l/i = (1101, .. , H"" f r,,,' II f',i w tl

i i, iun l

( I.:.!)



{

F fl I"( !!i j I "(;) "" Jl ij irj =/
( 'fII '(!!' j .!!i j ' I "ti) =

(J ifj¥j'.
I U)

Fonu:

i\!" n u \' l' I'. I1'I· !Il" ,Jd

(l AI

11.5)

~ ' 1 1< 1 a~~II I1W thaI l'ilI " r" lIl (,rr,'d~ I i (i = I, . . . II ,) 1It'1' id'!llt.iclllly, iu<l{'pcrt d('lllly andnormally

"I i LiJl. N(O,O"~)

II'lwr,- r<: is 1I"l1all ,\' 11111.1101\'1) . am l is "/l II" ,I1.lw I'H rilinCI' compo nent . Now because

il 111<"1l f.. lloll's 11ml

1:'(I'XPlii))
a'

('xp{T)

f'Xp(:!U 1) _ 1'xp(111j (LI)



C'fJl1( Yij, IIi/ )

e; [('x p( ,r~d + ) j 11

.'xp(.rG,d+~). j = I...

".\, [t-xp(·l'0i:l+)ill + 1' 1t ,\. l l'x l'( ,r~ d + 1,11

('xP(J '~ i:l + ~) + l'Xp(1J,;J,Jllc'xl.(:.!,.,.l)- ,.I'I'(""~)I .

j = 1 ••••11••

/~' (f/ij !Ii.i' ) - /';(l/i j ) /~'(!lij' )

( I.~)

( I.!l)

T he correlation of !lij and !I i)' (j "il l increasc's when f1~ lH'fl Ul1l's lilrl!,!'!" il.S follows :

( ' ,/,·r (,l/jj·Hij' ) =
( :m' IYij,lJi)')

Vll fl/ 'l!Jij )lI fll '(!IV )

{

0 irf1~ = U

I lf f1~ ..... 'XI.

u.u)

Therefore . "~ tuay 1)('considered ns 1,lw indr-xor t ill' i uLr il -d us1.c'l· aSSU (~ i I I LiC>1l l'i ll' lI llw1./·r of

tile obse rvations in 11 duster.



'1'1", II!."\'<' 11111.1.,) IA ;,I,, "J1, wit h 1.'1111111 IJ i is Ih .' so ('IIIt"11Poisson lIlixe<llIIod d , The

ll..'!>i",h,;,I,; witll I I... illlllrul"f'lI ,'!>li lllil l;Hll ll lf'l lrfJ,l,; (fir Il lrS 1'" is.'i<J1lIllixt'Y1modd pilfll mclc l"lI

'I'll" lIl/ili''11 if"pl1'",d, ,,, )ill iul!, 1111' I'uis.o;c m mixcd ucdcl, based 011 the maximum like

Ii"" " ,] ' 'l"lilll illi ulI u r lixl'll d rl"!'''' ;ul.1 varianre- 11I111])()IH' 1I1s, aud the empirica l Daye;iilll ('5

l illlilt iulI .. r t i' Il . I"lII dr,"!'l s, is sl llt islin,ll,\' ,h 'Sirn J. lI ol\'(' \·('t , ;t would involve all integral

wh id l ,1"•.,. lI"t I' ''SI'<'SS ,III 1, " a l~' l i, ' s.. lut i"" . ;\ 1"11,\' a pptoild lf"l1 hill'<'111"'11 propos ed ill order

lu lI\'oi, llllis d illk lll ly , liS ,1,'S,'rir.,"!1 ill ,1l'lItil ill IIII' II1'XI. ('hllflh-'t ,

Il""" l1l1y. Wiu,lillI'ill' will Li ill1~ (I !HI:!) lIs(',1 I,he Poisson mixed 1l10lId to analyze 11 count

,Ialu s1'l. or ill" lllin',1 111I11 11111(' ,1('lid" lIl')' syudrotue (A IDS) ('/1M's, :'I'lon.' specifically, they

,"Irlll ll ll illl"\l II,;ly ' 'S1.ill1;ll l'«( IIII' AIDS illr i, I"110' grow l h rate 1I('to';'''I ,12 sl t il la indexed by seven

risk Ar<IIl PS ill.. l six ll."lI~nl"h if n'j!;iu lls. Ili\S1'(1 011 l lll' umuhr-r o r A/US caSC'!i colk-cted over s

(II. == .",) "<1111'<"'111h' l' ' l" llt le·t l)' Ii iIff' illl " n 'llls (luting 1I11' p(·riotl (ro m ,Jallua ry 198::::! 10 Ma rch

I!J.-':I. '1'11<')' IllsfI ,'St illlalc"!l 1i (i ". I... .. £-) which re /ltf":;('ll h' d the sLtallllll-:>pN:ilic AIJ)l)

~rHlvlh 1';,10... f1\'I'r 11",1 "h o l'I' 111I" a\' I'til g(' '; nJw l ll rilt f':i. whichis decided by the fixed effects.

III fi"' ~ . Wada wiw mill I.i;(n~ ( 1!l!J:I) .le' I'd op , ,,1 II l h tt'l'-s\<' I) iterative l':Slimalion procedure

fflr I Ill' ,...li ll1i11 iflll "r IILI'I 'I' 1) '111"11 fir I'a t illlll'h'rs ,ri. 1; a nd Ol; ll the geucralieedlineer m ixed

" "HI,-\. whirl. i1t"t'f1IlIl1I,,,I..u-d 1111' l'uisSlllI lIIix("(llI1 ot li"1 II ~ I\. spf'CiKI r ase . This t hree- ato p

ik l'lll ;\"' l' tfll"-llun' I'HlI IH, . Il'SC' I'il... r] IIs fflllflws:

I. I\ SSlllll ilig all i llili~ I I Ii,,('(1 v.. [ne' Ior fT'~ . III(' fixl'(l dfl'{"i flitrl1tt1cl er s p a rc upda ted II)'

ll s ill~ Ill<'~1 -lIl'l'll li zl '( II'~1 iUlil li l rg l 'lI Uillioli approac h o( Zt'gcr c t nl, (19&1), Note tha t



this 111~lfl'dl ' I 'I ' dm's not pn'SHI111'SllC'f ilk \·"l lll'S of 1111' r;l lll(Ul11 "If,'d s IHII ' llll.\· 1111 '

kllowlt'dw' 11H11 rnndoml'lf('(' ls h,m ' a t :ll11ssinll disl ributiou. lIS ill Lti.

'} ,\ ssll111ilLg t.hn! (1~ a nd tl .11"" lixcd, tln- SII·in.l ,q w ('sl imal urs fur l lll' random t'll'p,'ls )i

(i = I. .• . J..) nrt- d('\ 'I' lol)('(l wilh tln- lmrodurt.iuu ()fl "'l i11lill ill ~ Iuurtions .

(1 'l is updated h.\' 1 J,~ i ll g " 1ll()[1l1'1l1,nu-thod umk-r 1.11l' Hssllmpliu ll Hlll l !.Ill' df,·,!.s of ,.

" I'oss'l lrod l1{'1 tcrru ."11"1' 11 "1~1i l; i h ll' , J)"l llils almut. Ihp vllH,lily of l<U..t1 ass lIll1lll,illllS ,II"' ,

1I0\\"'\"·f. II' ,!. kuowu. /\ s shewn ill ( ~111lpl, ·r . 1. 1111'ir ,,,,I,illlil1.I' of (1'1 is 1101 ... ,usislP lll .

The ab ove thre e s!,'ps of HIl' i1.l' l'1I lh',· pl'(l("l'd illl' dl'sni l,,' ill'O lllpll'1J' fydl ', Nol!' 1,llill. willt

<1111'\ 1' updated \',11 11(, for (1 'l Iromtlu- I,hin l sk lJ. 1Il101,I"'f full ,'yd!' is IIl'olllp li·d . <1111 11111' 1'1"0'

reduro rontlnuos ill it circ ular rOlslliol11I11 t.i1 l'OIl \',·rg" Il t'l ' ill (11 (J1' Oil" of ti ll' 0l.111'1'pm·illll,,1."fs

is nr-hie vcd. Hil t \\"1[('1111'1'sud . a rcnvcrgono- \\,(uIIII Ill' il<'l li "I'( ~.1 is unknow n.

T it" p;" I[(,l"ali;.wd lillt'a r l11 ixl'd lI)(u!l,I, Sill1illlr to t.lloS(' Il l' \V,wlltwiw ,,11< 1 l.ia.lltl;( 1!J!l:I) . WilS

also ,IIUIIF ('d hy Hreslow and Cla,\'loli ( I!m:!). lI o \\" !\'I'1'. unlike Wndill viw and Liml/!;( I ! ) ! ) :~J,

Hreslow 1111d Clavt on ( I!J!):!) did not ilSSl1l1ll' s [ ,, '(~ i l i r d,·n~i1.r funet.lonsfor .rli 11,11" '11 . /" wIIN,'

'Yi is II \'I'd,or of multivarintc nonual (!is l,riIJl1!,('(! 1'lIl11 loHI dfl' d s, I tI ~I,.'ad , 1,111',v i1:1~um,'. 1

thnt Ior ,I given 'Yi' 1.lw lirst nml s",:utld rondlt ionnl monu-nts of Iii " xistn l, ;11 11 1 l.]u- s"""1I'1

roudltionu l 11101111 '111 \VIIS 11 ~lJed r i('1 1 [unct jon of 1.1 1(· IiI'S! '·lJ111 li1.iuII;II IIIIIl1I.' t1l.. I h~ 's l. ,w nurl

Clayt on ( l!m:l ) lirsl ns,'(l l.he 11I't1i\1i1l1'c1 quusl-likclihood "sl,imilLiotl appnmd l I,ll ('st imal<' fl

;l111! 'Y;, T it.·)' then g, ~ t1'~ n\1.I'(1 II modiliod Jlmrill~ (llllI:li. likd ihoOlI fll1 ll"l,iliJ[ For inr,·t'l:Ill"" fi ll

171, Six prnct icnl problemswere discussed to ill ltst rll!' ~ t l l ( ~ wide rimg" of ili l pl inlt.iult s of



thelr apl'"w wl., l-or cxumpb-, B I"l~I"w illlll Clayton (IJl!J:I) llsed the Poisson mixer! model 10

1Iflaly;w i, ,",!!luI. ,llIla sd of Sl'iZlll"l:S [rum .'j!J l'pil"1ltirs who wore randomized to 11 ne w drug

'Ir.1 pl' ln ·l", as nn Ildj IlViIllI.1.o lh,~ s1.iulI[;lrIl r11l~ lIlot l ler" I 'Y du rillg t he 1.11'0 weeks before each

ur four d illk visit s. III another "X1llllplf' , they applied the Poisson mixed model to analyze

' 11 101,11"" "Oll lll , .1;11,11 Sf'l of IJn'1Is1 ,',1111""[" raIl'S ill Iceland according 10 yea r of birth ill I I

mli" l'ts I"Wlil IXIm - HH!J ln I!HO- I!H!Jand i1W ~ ill 1:1gt'OllpS from 20 - 2·1years to SO- oS"

yr-nrs, lIuwl' \'f'r, tln-ir ~df 'ri vnt i(Jll" or till' p"111l1izl'd qunsl-likclihoodaud the modified profile

' 1I I <I ,~ i · l i r'I ' l i l" 'l H t illl'(Jlvf"! SI'I'f'rallul llor 'lIljllst.lrwlll,s 11 lid approximations for which 110 formal

jusl.i[il-ill.i" rr Wil S p,i\'f'II, As Sl lll Wtl in ClrilpLf'l' .J, t his f.os1.im<lL...is also not cons isten t for (J~ ,

In Sllllltll<U"Y. 1,ltI, 11/l l' lklll.io li "I' III,' Poisson mix ed morlel hnsbeen hampe red by th e lack

"I"till' ill lilly l,k Iortu for 1,111'illl,('Anllo f lllf' joint deuslty function of clus tered correla ted count

,lnlH .11111 rll ll. loill <'Iff'l,ts wil l! 1"I '~ Jl f '(" I . 1.() \.1](' random ('{rc('Ls in evaluating t he ruarginal Iikeli-

huw l. Mill l,\" Hppl'Uxi lll ilLI' methods IUlVl' 1't'1·I'Ut.ly ])('('n pro posed , for exam ple, the I'ClHtlil'.cd

qllllsi· likf'liluulll HlJllI'lli\ch Ill' Iln'Sln\\' RlI ll <:lily1.01l ( ImJ:I ). 111111 l.h ~ generalized est ima t ing

Inurf.lon ilp p l'oiwll 01" \Vilrlilw iw and U Rng (lll! );J). But Lhcse lIle t!to.l s arc foun d 1,0 produce

iu("u llsisll 'l11. inf,'n ' lwl' for t h(' vnrinncc (If random ct leets . T his inconsisten t est imate of t he

varium-r- "OIllIIl1l1l' 1I1 11111.1' fllrtr ll'1' 1[I'Kn llll' I,ll(' I'sl ,illla t ioll of othe r pararnekcra s uch u s fixed

dl " d pa1'aHl"1."rs illl ilnuulmu drf'l' ls. On l.1 lf'ot her 11I111d. both the pena lised quea i-Hkclihood

Olne! ,e;"Ill'I'uliy,,' ,1 , 's l,i lll a l.illt!; furwt.iun n1l' lhOl!.~ Il('('( l t ill: i r.I'l'a1.ioll arnong t ile three ty pCliof

l i l i ril l l l<'l l' r.~ . illil l 111111'1 I IS!!; ll l,\" ;l ll'oll'" <l largl' lo a d of eompu uu lon,

III IIu- l l lf'l'Ii,~. 11"I' jJl"Ill'U_l'il ~\\"o.sll 'p appro xlm at e likel ihood approach to estimate t he fixed



erfed parameters. random I,rfrd s a li t! thclr \"l l"i'l llt"" cOlll ptmt 'tl l i ll t il(' I I"i llllO ll l11ixc'll ll\t"II,r,

hll st'( l on a well-grounded fnd t.hat 1111' rO~M i [ r ll n of H ~,l lllll ,a l",lIUl1l111 \',II 'j "IIII' is 11(',l rl,l"

uo rutaily dis tribut ('II when i ls n ll'i ll ll('I' is Ill 'M ;;'('1'0 . nnd is uton- 1"'lIkcxl Il rtl lllll i i1s 1'0'111"1"

l.hull l , hc dell,~j lJ' of a 1I01'I11al r-urve-wilh the 1I11111l'l1IP,U1 ' 1Ill i \ 'a rimIH' wln-nlrs \'ilri~IIIl"I ' is 111\'11,\'

fm lll xcro ( 1Iarl ,l l' tt ,lUll l\elU];ll l ! !I·lr;), 111111C' 1irsl, slc-p,tlu' C'llllj11W111' Illl ,\,psillll l.lll'o l"l,tllis

il l)pli(' d 10 t'OlllIt l'1lct an 'l p pr oxi I11i11.(' lik l, li hoo!l Iuuej.ion or C"llllll,I'I"l'(ll'{ lrn,I,ltc'l lfUll ll t Il il l il ,Vi

( i = I, ",~,) i ll orc!l 'r [0 <,sl.i lllillt' IIII' Ii II n,1 (11, T I ll ' resul t i l l~ Ill l l l ru:-:i ll lal,p sr'un- fl ll ll't.i"l\s

fOI" t ilt' fixed effe('t parauw -u-rs nrc sll r prisi ugly 1.I1l' SHIll<' i1S t il .. IIIHl'p;illl d t',<t i li li l l.i llll; f ll ll d .ill llS

used ill t he GEr . A SiI result , i f (1t \\'('1"1' known. this apprtmdl \1'011111y i('111till' S'lll\ t'l'sl,it ilill.t' s

fer the fixederred parameters as 1.111: emF, \-\'111'11".1 ilSI,lf 1I('l '(ls 1,0 Ill' c'sl.illla l.c'tl il s ill Il slIlll

(,ilSI'S, t h is approach produces t he apjl nlXill l1l11' l ikpl i homl hil~t 'l l l'Il lI ,~ i s ll ' lIt, l 'Sti ll ml,,'S fil l' 1,111.11

t he fixed effect pa nnnotcrs and th e' I'ariallc(' c" lI 11P0 I1I 'III" a ud allY ilCTlIr;lt' y or 1111' psli m att'S

can h I' nchicvodby iucrt-asiug t.llt' numlx-r of 1',111,[( 1111)' st' II'ft,'d d ll ,;1r'I':' i ll pl"il wi l' l " . Fill"

smal l qt , cur estimates I'11"C <llmos l, ellldeut ( i ll t he St' IISI' tllil l L1 l1~y klll i tIl ,)(' pl li,'il' llt. ilS

the q~ gOt'S to zero] (or bot h t he fixedd fcd PHI'H llldl'l 'S and til(' v a ri llll t"l ' t'CUllplllll' llL I'i ll'

[ilr g(' (1 t . 0 111' c'stilllil tes arc ilsJ'll1p l ol,k l\lIy 11llhi' lSt'd 1'01"lilt' [ixI'l1 t ' lrl'f~l I J1l 1"iIl Il l'lI 'TlI, W I II ~Tt'lI S

OUI' est ;l11al,I' is as.Yll1plol.it'a U)' I w g llliw hillsl'l l for- 1,lw \'1lr i ' lIu ,t, t:oll1polll'n1.. III thr- St" 'lnll l

st ell. l1siug t lw (..~tillmtl's of tJnud " 'j fro m t i lt' l i r s1.SII' II, WI: l 'sli lllil ti' ~I, (i = I " , , k) I,y

l1linim iziltg their approximate posterior 1J11'HII SII Ill U'" error- bas''l l Oil t!... I'mpi r;"il l Bny, 'sill1l

pro cedure . The resul t in g estim ates arc allilost cpt.hnal ( i ll ti l" St~ IIS" that they 1 , '~ lI ti 1.., Ill '

optimal ,IS t he (1't goa; 1.0zc ru) fo r ~I; (i = I '. " t') wlwlI"~ i s sll l1ll1, A lu!t lwr f l l :sirll l , l f~ 11l1·r i l



is 11ml, " ll lik"I I", IJrI'\'icolls ill'J!rfJild ",s, UHr 1'Slilllilll'S fo r hot l , t he fixed d fect pa rameters and

t lw ~·;, ri;... rr- '·coUlI....' !II·" t 1I11ly ,1"IK'lId 1111 lIlf' Ilisl rilHltioll of t ill' rand om effec ts rath er th /lll

t l... ,,,,ti lll "u.,. "f t ill' 1.1I.. lu III ,-'f, '("t s , Furt !lt:nnon: , t.he proposed apPro1lch is demons t r a ted

tl l;otll w ,"sYlIll,t.fJt i.· fu ....' rilIllN: "T tI ll' t'Stilllillt'S fo r fi \yill l)(~ !Illli',l1cr ill gcncrll.la.~ (1'1•

•111 i", l,-x " f ll,,- iut. r..·dusll-r as.';(I(; il,tioll_ gl'l!i large r ,alld CAnhe lIignificant ly reduced by

IlloOill ~ t h. - \,.,1" ,,,, u T L1,,' fi x...1.,If,·(·l l'uvari a !c'" .r ij as l1ilf,."n· ul illi poeibk- i1nlong diffe rent

snun- "I' ., l ll ~ lloOl "'lI wl ....dll, '!!nlllu ug ,liffer('ul observations ill 11Ily cluster, t he asymp tot ic

Vil l'iall"" o f 111l- '-s t illlillt- for th.. ' ·fl l · lt'.~ pO ll d i n~ fixed d fed para met er lIIay increa se a s 11
2

p,ds lilrJ.\f'I', 'l'his 1" ', 11 11 1'1- l IWJ' Ill' us eful ill d( '.~ igll illg a v/llid cxpc rirnc ut or snmpling fo r the

I'"iss" u lIIi x, ~ llllocl, 'I . 1l1l1,'!iS Hu- III'I.U/ll " 1 is sm a ll, the fixed rlTf'Ct covariat es shou ld 1)('

T in' ' I I",\~' n'S lI lls fil l' 1.11(' I,n' I'OSl'l1IIpp r(lftr!larc p rese nted ill dl!lai l in ChaplN :J. Ch ap

lo... :l illln" lul'l 'li l lll' hisin ril'lll l",, 'k,q olllld oTUIl' Poisson m ixl'<IIllC<Icl, In ('1,apt l!r 1 , \1'('

:<1','l1l l1ll IIIC' ' 'llt i lllit l iull fo rllrulill' uf the G El-' 1I1l11 t llC'I'QI.., fOf' t he Poisso n mixed m ode l,

11 11,1"Isc, Shllll' l llil l_IllI'''' ' lwu n tl'lllIJ(l~ I'rVtllll1' illl'u ' l si~ l('n t t.':<t i1l1llt io ll for t he var iance COlli-

I'UIN'Ul. TI "' lwrfu l'II"' I]f"(' uf IIII' l,mp":'I'11 t wo..step proced ure i~ Iu rthcr compared wit h ti le

<:1';1" illlol tl ,,· I'Q I. Ihmn ,;11 n "i llllllllt iull s t udy, ill Ch llllle r 5. Th e proposed approach lip-

l' QI.. fu r sumll il l< \1'1'11 a s li lr~, ' rr '~ , Our ilp l,ro<l f h can II(' II sl~d in th e clustered count. da til

" l IU!i,'li, wllil'lIlIs ,,"lll.1' h;I\'p II lal'p;,' numberof r1lls l.f' rs hut.relat ively a sruall uumber o f cl uster



l>i)(l'li. providod thr- a s sumpt ions \lr Il ll ' l' ui:<'''Illi lll i:W l;I IlII>, I.,I IITl' vnlid, ( 'ha l'lt ' r Ii ~i\", ,:< t l...

cnnc luslou aU11~11I1' llllAAI'Slio llS rnr Iurrhcr Tl'Sl·arrh .



Chapter 2

Historical Background of the Pois son

Mixed Model

2.1 Po isson P r oce ss

C" lIsid" r " IknlllUUi procvs s (k(ill< ~ 1 over 1111 intcrve! of time (o r ~pacc) so that p is the

pl~lh;dli li t~· thill. ,111 " I'('Ut. ruayOC("Il' dur iJig the t.imc inte r val. If t he t ime interval is allowe d

I,u ' '' 'COIIIC' "hurt,'r 111 1<1 ~ 11(J r l ('f su llwt 1,lw prnlmbility,p, of all eve nt occlIITing in the interval

1-\, '1,1slIwll "fHUd I,hl'IllllTllwr (If tr-ials, II. iurrcnses ill such a fashion 1I1i1tn 71remain s constant,

l.I11'lI I.lu-"XIll'l'!,I'i1 1l11111 Iwr uf orvurreuccs in an y lollli t ime inte rval rem ains the sallie. It

s-an 1,,- SIiUlI'l1 l.hnl. ,IS /I w'1.s lar w' 1I11d 11 gl'1,s Sl1ll1llso that up re mains a constant, II, the

hil IUllli.. [ , lisl ri h llj,inn ap PHlildws til<'Po isson distribution giI'C1l by

.r( !I ;ll ) = ~I'XP( -Jl } :r = O,l , . . i ll > O.

10
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T ho me nu and \'ariallf(' of the Poi sso ll t1ist rihulio ll .1,,·110111 I' ,

T he POiS';OIId ild riIJl1 t io ll l lOl"C'S~'ll ti,l' additlvr- 1)n,!It'fly I hat I Ill' slim uf t wo il1tl" III'1I'/"l1t

Poisson ra ndom va rillbll'S with I' Clr il UIt'l I ' l'!I 1'1 ali t! 1'1 i1'la I'ois,,,,tl ll "' lit/o m \-aria"I,· willI

I)a.r il ll lf'l cr /' :::/' 1 +"2'

,\ 1'0isSOlJ IJr·Ol "f'!>.... for a ('Olll i l lllOI~~ l illl!' !Wil l i ' (' il U III' dl 'Ji ' It ~ 1 1lI 1.,It~tlllS It. II BI'n ""11Ii

p rO!1 '!>....o n a Iliscrl"'j(' lillll' :>1·.../1·. ' l ' l , f' I)oissun pmn'.'lS IT·rl·..... to 1111 ' ... ·I·lIrl1·lIn · uf 1'\'I ' l lh illulI~

1\ C':lJllli llllOllli l illll'" lor IO(,fll-iou) ";('a ll', Fo r ill1 (' lnpi rif"11 1l...·k,l;fl ' I II ul tukc- rallll" m 1'11'1111'1

such as d isillLl'gra tio ns of pllrlk l('s , i llt"OI l l i llp; 11·11·l' hUl IC' ' ·Hlls. 'l ll . l d lfl'IIIII:;tJl1It· 1....·;lki l)l,, 'S

Hil d er harmful in mli'lLilllL, All Ol'l'Urn' II('('S ItH· " S.~l1 l1 l l'rl t .o Ill ' o r I.II!' Si l l l U' kind, 1l11d \\' 1'

111'( ' fUllt' f' l"Il ('(1with Il w lo t..d 1I11 11l111'r orO('('UTn'II ('f' S inan 1ll'IJ i1.tHry t iull' i rlk r \'il l ur II ' n~11 1 I .

g llr hllt't'Ul'rI'lll'I' is l'l'\l IT'S('IIIN! by II point outhr- t i n ll'llsis, ,11111111',lt'I' \\1'ilrl ' n ',l lIy t'l ll1fl'r11I 'l1

with ccrla i ll raudo lll l,lill'c mcnls o f I'oints on II lim-. f'lu- 1I 11l 11'fl y ill~ \lhy"in,1a"-~lIm l'l iun i~

l h a l til("fon."l'll a nd i..n ll ('IH.· !.'l'I ,;o\'(' rnil1';t l1l' IIO" '!''';'' " '1lm i ll ('lI ll!tl l<lI l illl lIllll lIlt'l . ruh..l.ilily

o r ilUYIla r lk lll" r event is t lWltill11(' for all t illN'iuter valecf ( lllraliul l I . il ll i l is iUII" I" 'l1lll '1ll " r

l ]u'IMsI Ill' \'Clopm l'ntof t l ,l' Ilmn'SS. In I ll il l !II '1l l a l in l k ri l lS t1,ht 111"il.1I" t1w t ti" , 111't1l"'!IS is

I. Till'" probahility of fill {'\'l'IlL ill all }' s ltort i lll<' rval I l u l +6 1 i tl l ,6 l C!lrtlplIr t iullllI It l

II IC~ 1('111;111 uf the ill l l"'r\'lll) fo r all WII Ill'llof l. This pro!ll'rly is knowu ;L~ :;1.I,ti cmOltity.

:I. 'l'he 1I111l1he r of (·...e n tH ill lilly iub'rvil! Or l iuw i" illd (~p l ~I Il/'~ ll t IIf tIll' 1111 11I111 '1' lJf ••....·nll'!

"



in ,IllY «tln-r 1 1(j Il ·UV('rhlppi ll ~ i ll lc ~rval uf li me .

'1'1... pr"halo ilily 11Ii'~~ fllllr t iclII lIf ll l'~ numlx-rof ('wil ls 11 ;11 lime f for a POis.·Km p nK'Cll!l is

~iVl '1I 1Iy

[(!Ji /ll) == (J~r " X I~ -,Il ) U == O.I •.. . ; l > O; p > 0_ (2.2)

wll<'Il' !(y;/d j i>lUII'IlrHlmh ilit y II f !/ .~VI~II!.l< ill l illl(, t ,

2.2 Mode ls for C lus tered Co unt Data

( 111. 1" r i , Il'll l i ~,l', 1 "XI"'I'imf'lll,a l C ' ( lI 11 l i t. i Ol I ~ W1Wll SIlCCL'l4sivc eVI' II1s O CCIlI' indepen den tly 11 11<1 II ~

Lln-"; ' ll ll ' Til t." tl l!' ll [Ill' illf" f('lIn' fur Poissou ronut da~a is r{· l al.i\'dY (,il.~y. ilurl t he lra di li llllal

IliA lilll'lIr IlImll·j nud ma"i lll ll ill lik{·li IIOlllj l'!it ima lion call be used for th is purpose . However,

il r " l.. I..· l·:-i l>l...-u ...r rur ....·vl·r lll 1l·/I.'<l)JIJ!I. For example, in hdulViollrlll s tudies involving pri

lIliIl I'llll r ol l...r m,illlill>l . iu d cll'IlI-llIl>lll lllly occur in spll ru or c1 11 s1~. T he net elTcct. is t hai

IIll' 1Il11111,,'f" f ll.'n>n l, "( I ('n 'll~ is 1110re variable t han the simple P oisson model would s uggC31,

" " Il' . 1l1lll'llS the-n- i>ls!ro llg r-vitll·III·. ' to the- 1"Ull tril.ry , WI' avoi d the assump t ion of Poisson

";' rial illll illl t! as/'UIn' · l lll' ap lH'MiUll'I' of m'('rclisJlI'niioll in 1)0;S5011 count data . In biomcdi-

I'a l i1111,li"ill i1111SiL is " Iso t ure-ly li lt' ('as(' l hill V rlr (y ) = g CIJ) as i! implied hy the Polsscn

ilS>lllltl pt.inli. TYl'knlly. I,11l' vlIriulll"l' C'X('l'l't1sl,he mea u (Ul'(-slow, I!JS,j ). T his over-dispe rsion

('lUI lu- , ' x p l n i ll ( ~ 1 h,l' aSSllll1il1P; t hi\1. then- is na t ura l heterogeneity among the expeele d re-

12



m arg ina l disl rihl1lioll of tlu- count s is IIII' 1l('.u:a1iw hinumia l dis t .ribut.ion. SIl,'cifir arr,\'. thi s

dis tr ibut ion ar ises from the Assumpt ions l,hat

I. rondltlouel all Iii. tln- rcs llullsP \'l1rinhh' IIi ) hns a I'nisJ'();\ di J'l rihllli llll with llll'i\1II' ,.

T Ill'JI, till.' marginal distribntion or lli i is Ill'gi\1.i\"t'hiuotuiulwith

'1'111" usc of UK' nl~gil ti VI~ binomialmodel dates hack ill (1" lS1. to ti ll' work Il r (:I'l'''l lwoOlI,'1111

Yu le (1920) who modelled e ver-dispe rsed al'l:idl'ul, (,OIln ts. Hrcsl ow (I BS'I), llr illilll!;\'r ( I !Jl'ili) ,

Lawless (HJ8711 ,h) and MCCllllilgli a nd ~I'h l,'r ( I!IS!J, S"I', (; . ~) d isl'll,ss t ill' ,milly,sis of nl llllL

dat u whenex tra- l' oissoll varintlon is prrsout, [L is dl 'siral ,l" 1.0 (lSI' iI 1111l1M t ha i llllmv:>fur

t h(' possihility of extra -Poisson vnnntlon ir wI' Il rI' illL" f('sl l'iI !,ri lllilrily ill illf"l'I'llrI' nlll l'C'l'lliug

!'egression param ete rs and if t hr- ~it llat i o n i~ onl' ill which oVI'rd ispI·r.lioll mllt i rll·l)' " 'TnrN.

Rec ent ly, ])1.·a11 and Lawlos s (il lS!) develop!.I'sls for dekdi l1~ l'xl,I'1l-I ·ois.'iuli vnl'illt.io ll ill

illlillyxing ':OUII1. dala . ])£' 1111 (l!)!J~) lun her ,levf'1olJs II 1I 11ifyill~ 1111't1r\ld for ()[,I. ilillin~ 1.I'SI.S

for ovcrdispcrulcu with res pect to 11natural exponential Iamil y whir-h rd( 'I':> 1.0 I.JII· r-xf.ru

Poisson variut.ion as a s[ll't :ia l CI1SI\

The sim plest extens ion o f the nega tive blnotnialmodcl is 10 /lssmUI! 1.I111t ti ll! 11, , 1 ~ ! I Jl'lI r1 lJ lI

covariat e!> '1'; through S()Il1C]HH1tl11d l'ic fUlII:l io ll. Ti ll' lll\ls1.l:OrllfllO!li:>HI(' IU/l,- lilw;lr 1110,[,,1

for which



lI~illV; llll~ loV;· lill"i1l' m,,, ld to hllilIY~I~ i n, h~ pe ll dell L cou nt data w it h ove rdiapersion is a lso

Ili~I' nsSl~ II JY ( :Inyl.< m uudKuldor (1!/..'17) ilSwclI as byA.JcCuUagll and Neide r (J!!S9). Actually,

CI;,,Vt l>llmid ]{;'[dor ( HJIl7) lJHI'd lllf: log·lillca r model to aJl;ll~'ze ohserved and eXIlCcled

1IIII1l IJPfS lI( Iijl l'aJwl' r nISI' S in t.Ilf~.'i(i f:(JlwliCH o r Sm1.1iwd with fl. view to ward producing a

m'lI' 1.11"1. \\'ou l,1disp lay l1'gilllla l va riill.i (JII"~ in n"wel' incidence ye t nvohl th e presentation o r

11IIs',all l" f11 I,('H [url.ln ' slnilll,' r {"Ollllti,-s.

() n" illlpu rt ;1II1 lim i1.i1 li"n o r t his log-lilil-iII' mo del for applicati o n to cl u stered d a la is that

tl", PXI ,l;i1I1l I.OI'y vari..I ,I" s in I,he rrg rcssiou above do not vnty wit hin d usters, It is unlikely

tha I. 1,11l'r1 l1s t('n~1 ('o ll tll dala ill·I' illdc pf'llllt'lIl.. Theres p onses wit h in a cl uster arc genera l ly

11' 11" \1 l.' -~ l. i n /!; 1.1l!' uvvrnll dl i.:j(' IHT or it lI'-W d r ug. III o ther stud ies, the depende ncy is Lhe

IIlllill r","us, fi l l" ('Xn llll, I,'. \\'I II'1.I1£' 1"a disl'flSl' runs in Iamilics or how a diseasc tendsto progress.

'l'ln- l.r;ll l i1ioll ll l f'-grf's sillllllS...;tl ll lp1.iolls llml HLl" cosponsea are sla t ist ically independent with

l'UllS!.;lIl1. l'ar i<lhili1.y il, holl(, th" i!' "XIWCI,('f1 \llJlICSarc IIOt satisfied. As ii , l"esu1t, th c classical

~1,a ll(l imlll"~ l"f 'S~i' J1 I 1 lll' l. lrod ~ auch as t i lt' logJiucnr model ruuygi vc inco nsistent ami invalid

in(I'f"('lwl'S. E:\lI ' I I ~i olts flf t ill' lo g lilleilr U!OI!t'1 which a c cca»t for depen dence a rc necessary

ill o nl ,'r to ohl;l ill n dill i llr"l'pt u· ('S.

III AI'II,'raJ. II\(' H ll ;ll.v~ i~ of disrrct.r- forrl'lillt'd data iii dillicult. partly because t heir j oi nt

llist,rilllllinli is hal',lIy ~p,·,'iri('d 11'1- 11 . It is neuaily roa soueblc 1.0 assume the clustered rc -

Sp ll WWS from lli~L; Il(' 1 dusl ,'rs <H I' indcpcndcnt, hut w i th iu a cer-tain c1ustcr, the cluste r ed

Tl-S I1ll IW ' I1:11_11 ill~' (·u t'l"(·lah-',1. Thi ~ dis tingulsh cs Ih,!e!lls lcl'I,(j da t a [rom o ther types of mo re

,.,



2.3 Mixed Effects Model for Clu ste re d Cou nt Data

in recent years t1lM 1.11("1«' 11l()(lds have ,l! l rar l,'d uuu-h at tention ill l ilt' sl" l lis l.jl"al r<'S" ;IITh

lltcrat u rc. The simph'l\t mal well developed mixed modr-ls withilSSU l l1l'd rout.iuuous ( :illiss iall

rcspon s os arc ti ll' lillear mixed mo del, ill wh ic h til,' rc' Slll Jlli'll' is ll SSIlIH "tl I II Ill' il lhu-ar

[unci,jon of cxplauatorv \'ilrinlJl.·s with r('Arl'll.~ i()ll r ud lk il ' 1I1,s l1wt V;'l ')' Irorn (JIll' i l),lh'iti ll il l

for i ll fallL growth wbcre thecod fid"ll l,s n 'Il rt'S( 'll ~ blrth \\·,'igh1. uml Alllw t.h 1",11.1'. ( :llildl"l 'l l

obvious ly nrc born nl di lrl'lt'lit wI 'ight s Hllli hil l'( ' dHf('l"{'111-I-tI'll\\'t.h I'ill. 's dlll' til W' IH't io- 'lI lt l

cuvlronmenta l factor s w hich 111'l' d illiclll t or i lllp()ss jh l ( ~ t o Il1IlUlt i fy . A mixed d r.'I'ls 1II11l 1t·!

is 11 l'C'lls(Jllllb lC'dcscript.ion if ti ll' :owl. o f c" M'lfi d f'U1.S Irom i~ pOIJIl ]; llioli o r rhildn-nrnu I",

linear mixed (' rreds mo de l fur the r ilS~ll l l l f'S th a t llw ohsI' I'vat illllS 01 1 rhildrr -u rill' !.lliIt Iamily

lire iudcpendent. T he.' correlat ion atnoug clirrc' l"I'nL" lisPI'vatio lls ,u"i.-;C 'S I " 'C' III IM' WI ' n lllllOl I

ob.~f'r\'c lllf' u nderlay in g familyeffe ct, lha l is, \. 1 11 ~ true l'C ~Kff " ';si(1Il c:odlidf'll l s, IJl l t 111lvc'lJ lll y

imperfect measurements or w('ig ll l 011 r-arh i ll fa l l1.,

A uni!iN! HlJpnJllC'!T to liUillg lhc' lilll'al' lIli xc'c1 l1lodpl. Ims('<1 em II "o llll,illill,ilJll IJ[ till'

empir-i cal Bay('sinll nnd the ma x imum li kd illooc l c'\;liULali"l l uf 1110 , 1..1 1'1I1'illlll'l,"I"1< ;' lI rlIlS j ll ~



(I !/!J:tl pn·sf'rrl".1il Im lillll:flw'ril/l,1' 1IJ' tIll' Ii l lf"iH mixl'll model.

TI .i ,~ id/'i' f'xll'HIls llal.llrldl.l' to rq!;l'l~s i(J1J lllCldels for discrete and non-Gauss ian continuous

ff'.~J"JJlSf'S, II is ilsslllm~1 I,h"l, 1.11l'duta for iI subject nrc independent observations following

iI /l,1'lll' r ll li;;,,', 1 liuc-m- mode-l. hilI, l h..l Ill/' I"l'gl"l~si()l1 coefficients 1;<111 vary from person 10

p"l"slfn ilITO"IliIiA l.u .. r1isl!"i hlllioli. F, To illustrate, consider a log linear model st udied hy

WII,.[I,wi\\, il'l,1 l,i"IlA ( I!m:l) fnt' tllf' l' l'nl,al, ilily fir t il " uumher-of the AIDS incidence across

S"\','r;,1 W't,/.!,ri ll' hk 1"'l\io lis. Wf' mighl i1SSI1IllI' tha t the AIDS i ncidence growth rate Viides

;",,·.,ss A''t'j!,l"iIIJ I,i f' l"!'l\iOlIS_ l"f'f1I't,ti llp;tlu-ir diff" l'cn t eulutrcs, living hl'lhits and unmeasured

illll' lf'IWI'Sof f'I., '!"'"lllll'lllal Inrtm-s. This Sill1l'll'sLmudd would assume Lhat C\'CI)' geographic

n'/.!,iun IIiIS its O\\'1[ AI DS inri ,ll,tIt'I' growlh 1'1111'htlt lite c/fect of the ....vcrnge 11l1111WJ income

lin I ll is jll' "IJll bilil ,\' i,'t t lrf' SHl1l1' fUI' I'\wy W'tJ/{l"ilphk region. This model rakes the form

(2.·1)

\\'1 1t'1"f' IIi) IlI lll % ') rt-prr'st-ut Ih,' 11l1l1l111'r o f 1\lllS ('''!;l'S and the average annual inco me ill the

i1.h p,"' Ip,I"i1phk r<',l!;i"n III 1111 ' J UIvear, and I i represents t he geographic region-specific random

" trl'I'I, All h"llp,h 11,,1 \'f'r,1" n-asonebh-, \-\"a<'1all'll1'and Liang (1!)9:l) assume t hat given Ii, th('

n' p"i1I,'d Ohs" ITal,iulls Ii i) (j = J" , • • lIi ) fur tl[(, h h geographic region Me independent or one

nmutn-r. Fi llil l l.\" t i ll' mOII"1 n'f1uin'l-;nn ussutnptionnbout the dist r ibution of the 1'; IICI'O~S

).\1"'P,nlll lli<' 1"'p,iUII ill 1111' IIOI,ulilt ioll. 'I'YI,i l 'lIIIY,1I Pilfilll ld l'ic mo del such i1Stho Gauss iall

wi l h 1111',111 ;;,f'rll nmlun knowu \'ill'iiI Ul'f', f1~ , i,'t Ilst'd , This variance represents the degree of

11<'1,'n ').\I'Ill'iIY ,U'1"IlSS).\f'll).\rilphir n 'p,iulls ill rlu- 1\IDS iucidcucc growth rate, not aunbntablo

I(i



1.0,I' ij .

The geucrnl spe cification of l ilt' gencrnlized lilll 'ill' mixed 1ll1ll!t·1 is as follows:

I . Gi\, (' I1, ;. t he' ['('spOUS('S !Ii i •• . • lIi", <In ' ll1l1t11al l.l' lndl'IWl1dl'ut, and foll l)\\' n P;1'1l1 ' l'ilI1:f.C'11

nnd q,uri' 1I11kllO\\' Il purunn-tcrs , Mid t -, '1I1l1 I ' un- kuowu fll ll l'l io lls , 'I'l l<' c" "diti ,,nul

11l011lCIlI.S, I'ij :::: 1~'(lflj 11 ';) := rj,l(f )ij) uml I'ij = " lI r e lfij 1 1';) = 4·1I(f" j h'l. s il li.~r.\·

h(f l ;'; ) '= ;I'Vj +If;/'l i nnd l' , j := I'(/I ij)rf> Whl' l'I ' h 11 1111 I' art ' known link aJlll \'Ilr1a lln'

Iuuc t icns . n 'll[ll'(' l i\'dy. J1 is 1111 unknown ]lil l' ilH W1!' 1' \,pc·l,m·. 111111 Ii i) ill a :-1I1",l'I , ll f .rip

'} The 1'<11,,10111 d feds"i, i:= I •• • • , t·. un- 11I1Il,UOIII)' iud c'lll'lulelll , with 11 l 'U11l1l1011 1111111' 1"

ly il1g multivarlntodistributiou, F.

'l'hc mode l that is t.1 ll' fO<'lls of 1 , 1 1l ~ mnaiuder of this l,h('sis is tlu- I'Oi!l."o li nrlx«! llLodc,l

wuh 11l1iVil1' iil l.l'1'nlldolll c'lfi'cls as follows;

,} Gi\,e l11'i. the respo nses 1111 " . , IIi " , I1I ' C ~ illdq wlulc' l11. Poisson variuhlcs with 11 11'.111 " ; ( IIIJ 1

:1. t he ·ii ill'l ' illdt'p(·udclll. rellli:f.iLt ioliS fnnn a normal ,l islr il>l1 l.ioll with 1Il1'1111 ~,r ' I 'O .1IIrl

\'i1 ,l' iIl IH 'f' (J ~ .

11ITOSS iudivl duals in \.hdl' n'IJ,I'('ssio n ('(/I'Hil'ic'nls aud Lhut this 1 1I ~ ll ~ r(Jl!,l~ r l l ~ i ly n ," Itc· n' pn "



~" llt" , ll>y" d lJ ~I " I' "rl', ,,'" wlli.-1 1IHIH iI prol.'lh ility dis tribution. Uorrclutio u among obH('r\'(l

l.i"lIs k» 1> 11" dll~ l .. r ilri~,'H Fmm un-ir ~ lt ilr illg uucbscrvablo variables, I ; ' In the mixed model.

II... 1"U11.li1.ioIiHI I'ro],' I]'ility d i ,~l ri' lli t i flIl H of til" r('S1'01l5(~5 at glvou difforout subjec th helong

tu 'I ~:i h gl. , f,lIl1ily, lmL Ill!' 1"1111(10111 r'Ilccts vary ,ICI"OSS sub jects , with a ronunon dist ribution

.w 1Ill' fir,~ I , two ,'OIIl Il IfJlI II I11lll " lI l s, sllI'l'i fi,'d ut 1.111' second S{.IIW), Therefore, they appa rently

"" I1" ' ·l, 11l'l<'roW 'IIl'il..viln'lSSJ1;rtlll llH i l l l ]u' r! 'p;l"l'SHi(}l1 n ll' ffie ic' III.S. il li d asscclnj.lcn within the

S, OIII" ,l!,roUIl i ll Oil' "I>S"fViII ,iw IS. Slidl IIlL",'d lumlds havese\'{~l'ill desirable features. There

is IIlJ J'I" I 'li n 'IIlPll t fHt' hal,IlI"''(!I lil~il ill e1i/ferl'uL /.(nmps, They allow explici t modelling and

:t!lil l .rsi,~ ur ),1'1.\\','('n- illIIl witbi». gnlllp J"I'SIWIIH('S. 'I'lu- 1'11 1111011) "rr"Cl5panunotcrs have a

llHI ,III'HI inl "I'jlrl'l,i1 t ioli wltkh ls rn" pwn t ly rek-vantto the' p;oals of st ndi('s, lI11d t heir estimates

n Ul 1lC' UHl" I for " XI' I<lwl or ,\' 11I1111,rsis . TI\l'S!' llltlfids l11HO Iacilitau- the stu dy of fixed effects

TIll' IlI ;XPt[ l ,ff, 'r1,S model is mos!. Ils"ru l when LI!(' objective is to make lnferonce about

illtliv;,lnals ral.llf'r 11111 11 tln- 1'OIIllI'I I,ioll avc'ragl' , III t Il t) IIIJOv(' AIDS incidence growth rate

":I;illIlll!<', Lln-l1I i ~ , ' , 1 ('I[ l', '(,s lH\lIlt ,1 would pl'I'mi t. inference nbont the AIDS incidence growth

1'111,'[01' a I'Hrl inl !lI l" ).!;' 'tl.u;nlpltk n'.u;ill ll , TIll' n 'gn o.ssioll (t )t'lfiti c llts , 11, n !pn's ('IlL t h" effects

..I' 011','xl"I11111101'.1" \'iI1'ill hks 011 an indivirinul child's chance or infection. This ili ill cont rast

l,u !.Ill' 1Il'lr.u;illlll IIlm ld !'Oc'flidt 'liis wh irl l df'Scrilw till' cllcc l. of explanatory variables 011t he

1"'lurJiI,j'lIl <1""1'11/:;",

11'\



2.4 Met hods for Estimating the Poisson Mixed Model

t he illlAlysis of sortal dichotomousft'S !>OIISI'S 1II'o\'l ,!t'd 11,\' 11 1111111'1 of st. llt ly Ila rl idi lilll ls . 1,;.,d L

sllllj"d's i'wri llll'C'spoIlS('S were ussnuu-d 10 ilri~' from i l l()~islk lilll'lI1" mml l", hill. wit h 1""I-\l"( 'S '

slon rodlicll'llts that. r ill 'Y Iw(,\'J('{'l1 sllhj''(' I,S. TI ll' logisl it' I'Pg l'('ssi oli Pil l'ml l" l e' f s \\','f!' ;V'~lI nll'( '

bilSI .. [ on the mnxhnumIikclihood cstiurat.ion of [i)((',[ ('lfl'1'Is nud \ 'i\ rii lll l 'P (' 0Il1111111t·I\I,s . ;11111

('mpirici\11Iar<'silllll'Sti llHlti01I of random dl;'('I.s IVIIS used. T Ill',\' found 11101 1, '-X;I<'I, SUhliioilS

\\'( '1'( ' allil ly l.icilHr HIIlI rompuf.atiouullv illfeilSihl l' , and 1,11I 1sPl'tJl'0Sl'd <III ilpp rnxilwl1,iull hasl..]

011 1.111' 11I0dl'ortill' [losl'('rior d Lst.rilmlio ll or111(' random p,lriltlld ,t'ts , illllllt' llIl'lIh' ,1 II)' IlW;llrs

of the E:"I nlgoritluu, ' I'Ill' main dilli-ulty hr-n- e'lwollulf'rI'll wil.h I'il ll\> r nlaxitlrrutr likd iJre'u ,1

01· empirk-al Bayl'sill1lap prOiwlres is t lw!. t.hc- dOSf,d'(Ofll l " Xflr,·.ss ions fur 11l'l"l'SSitl"Y ;ul.".u;r;tls

,10 1101. exist.. T llis ('(llllpUl.itliCl llill difficully irflpl'a l'.sill ol.lU'r gf'lll' ril li~I'l l lll i.'(I'II ' llOllf'ls .sud l

as 1.11(' Poisson mixed model, and if ha s Jlf~ 'Ollll' II l·lIITI' ll!. s lilUs l.in l! nos!'ill..-ll tup ic· will. 11

' righ 1('\'1,1of illl.f'U'S!..

hl'gl't and I\ lIrilll (11J!J1) n lst tIlt' gl' J1I-'I'aJizl',ll illf'iLt mixed Hlod,'I.sill it fully BHy,'sia u

Irnmework and \ISI·1! tI re Gihhs saillplillg t.1',·huiquf' to flV,· rc·Ul1lf' Un' lark of r1" s , ·,j ·f OI·1lIex 

pressions for Iwn'SSllry integrals. Compan-d wit h "ady used nuun.riea l illt.f'p;r;r1.io ll Illd hods

tha t h as 11 lou /!; hislory (101' l'xlllllple , Uml/iwin PH!l: CrUllf"lr ;\1111 Sl'i" /!,l'IIll;lll 1!I!lU), 1.1ll'

sampliug- basod nppr uac hes nn- nlll {'(~p tll ally simpl,' Hill! "1Isy 1.0 iIllIJlf' IIII'lI1. for II.S"t s wi1.1 1

il\'llilll ble rmuputiug l"I'SOIll TC S hut without numerical illlllly1.k i ll l.",~ rHlio ll I'l'l ,,·rth;I' . l'o1..'H-

HI



t ill! ,Ir••w!l",·b ine-l..,I" 1,11f" i lllf ·t1 ~i \"f' n m lp u l" l iollS Hilli (l llf'li lim l ~ aboru whe n 1111' sampling

I'I'"n ':<.'I III's iw/tjf' w'l l l'l illili l.rilllll ( Hillier if/lll Klrklanrl 1!1..IO), sud tile requirc rncm t hat con

,Iili" "if ' III' p li lll ,I' ·II.'lily , lisl r il llll iollS fnr i11l fiX!'l1 .mel random effects. as well as va riance

nllJl jlll,,,,,,b sl,olll,1 Ill' "1I11j' 'l·liw·l.r (Imt lIIi1.\"Il<l no t propocrl.v) aSl,IIIHet! (Gel fa nd and Smith

I!I!KI). 1.' ')\''1' all,l Karim 11!J!Il ) ":0<'11 111" "'\ ;1 IIo11iufo rlllali \'1' prie r lor variance com pc ncuts .

111 ,,1 n [lat ",i u r ror li ~, ,,,' , ·' f''''·l s. T Ill' v alidity or sue h i1S.'1UllIlllio IlS is ill need of ci\rcrlll jus-

may 11I'1"llln ' diff ..n-ut r<'lilills . ' l'ln-n-Iore, strict ly slwakillg, hull. of thoin lin ' appro ximate

in r, 'n' III'" 11 111'1"11;1,.] 1"'1.

Ii n 'sl' l\\' 11 11,1 ( ~ ] II )' I"I I (I !I!J:I) nll, l W••dll wiw aud !.i illlg (1m):!) proposed two d ilfc rell l but

n ·llIlI..1 HPlll"Uxilllil lt' lI p p rt li ll 'h " s to t'liLillmli' Ih" gcucrnlixcdmixcd model in order \0 avoid

tI ... "tllll lll1lilti w lill . lillic llhit'lf. 110 \\"1'1"1'1'. as it is '11101\"11 ill Chapter ,I, holh methods produce

illnm sis lo'lit , o:<l illla lo' fur II... \',lfi ,IIlf"l' ('(}IlIIKll,,' ul iUllu' Poisson mi xedmodel with u niva riat e

r;11l,lullll'lr' 'l' Il' .

111



Chapter 3

The Proposed Two-Step Approach

Th is chapter p r l -'SI' U!,K 1111 approx iuratc likc'lihood npproarh for Hit' I' ll iS."" !11 lIIixc'd 111l1l1d ,

Imsl'd on !.lit' fil et tl111l t he logar it hm of i t gam111a random \'il ri al;[, · is lll 'ar1y IlUl'll1id l.v dis

tributed WIIl'11it s vHria u('I' is s1l111 11,nnd 111011' peaked around it s o-ntor I,ha n I Ill' Ilt'IISit.y of

i l norma l curve with 11](' s all l!' 111('il 11 ;\IId \'il rii l1ll'( ' wh m l ii,,, \'a ~ii' IL "" is IIl!'W ' (11'11"1 11'\.1.a lu l

I\ l·nda ll I [Hli). 'I'hls ap prox imat e likelihood HPllm m:1iwli His t.s of two Ntl' I's . [II till' lirs t. SLl'p ,

the conj ugate lJayt'sil1l1 t heorem is apl,til'd 10 yield t ill' itP i' rmd11l i~ I,I' likc'nlwotl for t ill' Ii.\(,',]

e lfl'l"l pe rnme ters nud the variall('(~ C"UllIPOIlI'IIL I II ll ll: !iI'rOl III Slll!;I', W!' d"f llll '! ' ll l" apl Jro x

ill1!1k empirical B'lyf'Slll ll ('S1.ill lHt io ll for r,h ~' l'il l ldo ll1 f·m ,d. s by 1IIi l l iI11i;du /!, tlll' ;IPIU"fIX!I II ,II ,!'

posterior mean Sf l ' li ll l ' f' IT O" orthe ramloru f'lrf'r l s"



3.1 L ikelihood Approxim atio n

"1t,11< 1ll~ 1 1 IIIlYI's t JJl~JfI~ 1lI <:it/I JII~ ilpp:it:r1 10 rombinc any prior distribution with any like-

jilt"",I, it is j"Ull vl' ll it'n l t o IIS/' nm j llA"llte priors fOl' the unknown parameters because these

11·;ttl to Sil ll!llf' 1lIlSWl'I'l'. Fo r' f'xmn pl l' , a Poisson likelihood und gemma co nj ugate prior ca n he

i ll tq~ml , \\Ilif'n'as Poisson 1i11l,Hllo()f1and normal prior rnn not . Bill t )w applica tion of such

iI nlll j llll;al.( 'l'rior 1I 1~'l l s fl lrdlllj llstilirati oll inoach case .

CUll j llll;ilk priurs have- !J1'( '11widely used iutimr- sl)l'ies lind regression problems (for exa m-

ph-, W"f l , Harrison and M i~(lli I !J~;) ). llnrvcy 111)(1Ft'r1l1111dcs (IH89)applied this approach to

l<lnwllll"al ronnt dill,a11l0\JI'ls whk-h dl'lirrilll' only nile correlated series or count data , Clayton

0II1r l l\1I1, lul' ( I!lHi ) ill' lllil',1 it 10 illHlll'S('iIUI" [)I'II.IClll rrnml, ,l a ta with cverdlspcrsion.

Hw ti ll' l'\l i ~~ I JIl mix('(1FIlmld wilh nnivari.ucrandomeffects, the gamma distribution for

'.Ill' 1'.~p(j rlJ'lIl,i'l l fllrtr'l.il)jJ of rcrU.IOItldfl 'l'l.~ would he 11 conjug ate prior distribution. Du the

01.11<'1"han.I, tln- llll': Iune-tion ur i \ l':i l ll1 ll1l l rnudom vnrlublo is found to he nearly normally

d i ~' , rilm t. l'd fol' 1.1 11' slIlall \' ill'iill ll'l'. andtu I,...more peaked around its center than t he density

of 1I1ll'IIl id Ilislrih lllinll for ti ll ' 11IrW' vartauce. 'l'hoso interesting properties arc used he re to

f'UI1Slr ll \'l I IIf' i1Pl'l"tIxil1w\(' likl'lilwoll for d ll sl,erl 'd count da te. in the Poisson mixed model.

Fur til<' [m'sl'ul, 111001,,1. 1111' likl'li!loml Fntu-tkm for Il aud O'~ has the form

(:1.1)

Il'hl'rl' f(f/ ,!1d i~ Ill!' t'<lIldi l,ioIl1l1 Poisson (!('llsily lIS ill l.d . Il is wei! kuown that the integral

ill,o\'I' (llI('~ nut hm'(' au unnlyfic solution, Hence the likelihood Inference requires num erical



cvaluei.ion , which is not only dillirl1lt to Wit' . hut also yi,'ld" ;lppruxil1l;lll' illf.,rt'IW", :\ s n

remedy. we 11 011' propose 1.0 rcnsf.ruct. an npproxlmatc lik,'liholld Ium-t iou <IS follows ,

HI'\\'rill' t he conditional Poisson model 1..1 ;11 tlu - furlll

where I()i = ,'xp (-Yj). T hen I,llt' likelihood Iunrt.ion in :1,1 is cquivnk-nt III

(:\.:1)

wlwn' .f/lw ;) is t,hc' prohabil ity d"llSil,y or It" = ,'XII(1;) , I n gr-m-rnl, Y(It'j) i:< nu!. kuowu.

IWl"; IUSC the llisl.dl lll1.ioll of ')j is 1101 known. H ') i is ilSSIIlJ1l'd to Ill ' nlll'lll11 l, whh-h is t .lu-

ell"" in our Poisson 11li);f,d 111011,,1:1.1, tlll'lI,1/(wj) tuny Ill' routputcd, which hy :1.:1yil'llls nil'

exac t likelihood Iuuctiou. Bill" il S it. was lllt'lll,inlll'd ,'a d j" r , t.lu-ill1.l'I; rl1lill :1,:1due's not have'

t he l l ll nly l k solu tiuu . To overcmne t.his inll',(!;1'il1 prohh-ru, IV" slI!\.W ~l I' WlIll lI l;] ' wor killJ.('

dist l'ihnl.ioll for "'j, ;\ [1ll'1' s pl'('ifif a lly, WI' liSt'

A"
,Il(W;) = f(;0 l1>i'-1" ;<p(->'III; )

Hs I,lli' ' working' proh ahllit y donsity of Wj, whureI,lli' pllrilllldl' l1Ina nd>. i ll "" " \'i1IWII.,..1 by

eqml!.ill!\.l Ilt' first t wo mome-nts or l h is ' wor king' disl rilllll.ioll III till' r!' Sp "I:tiV(' Il IIJ lI U'II (,S uf

un: ,"1I1TI'cl distri bution o f W i = ('xp(, d . Tha t is.

ami
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I
n= (' Xl'(11 1 ) -] '

,\= I 1 •
('XIl(T Hm:p(171 ) - I]

(3.7)

N,,!.,. 1.l1Il1. e"m~'~ I'(JlI( liJlp; to ti ll' 'Wl'rkillg' d( ~lI s i ly :1.'1or Wi, 1; = log W; has t he probability

I/I~(I ) = J ;;~~~ ) ,

undtln- ' "l l l l llI l illl1. I-\I' I ll' ra t i l ll-\fll ll d iol1

k..,,(I) = ]og lll.,,(1) = log l'(o +L) - I. log>. -clcg I'[c ].

(3.8)

'l'hus t.ln- Iir:!! [ou r ind"xI's of tIll' shi1Jl{' or (.Ill' , list ri llllt io ll (If li- nK'ill l, varlance, ske wness

~'( o) - Iog.\ .

,111,1

FII/"(l i ) 1"(0 ),

1"'(0)
1'/«(1 )3/2'

(3,1))

~"( n) = iJl {)~ I '( Il) = _( _ 1.. +f-._"_. = ¢J(o+ 1)- 1.. , (a.l0 )
()(1 f\ j= l)(O + J) 0

t· l



in which l = O .[i ii~ l. " , Eu[(' r'i'Icoustant, 1.. '1 ~"( ll ), l!'" (ll) 11I1I1 1/'''' (n) n'l'n':'l'ut t.ln- li ....I ,

~',1( o) = iN'(n l = f:_'_._. = t" '(Il+I) +~, P ,ll )
;hl ) : ,, ( / 1 +JF ••~

a nd

,,''" (n ) =ij4I~~I'i 'l ) =lii: - '-.- = "''''(11 + I ) + ~. (:l. !:I)
do"· j ",u {n +J ). II I

T lIl'S(' l"l,:,nlts ('0111 1)1' fOlIII'] ill 11 11,)' ~1 1\ 11(larcll.l'x lhotlk i'l11"], illl .Jll !JIISlIll ;\11.1 1\\,1,1, ( I !li l l,

pilg.,s l!m-I!IS) IIIIl! Villi dcr 1,11 11 11 ;11 111 TC' 1 1 1111C' (1!1~1, IHIW'i'I 1 1 i . I ~! I ) . TIll',\" shuw 1.hlll1.l,..

'working' density Iunrt.ion :1.1'1 of "'Ii usually follows lIilf"l"l''' !, clillt!'illllliull Inun till' lI11rll1ll1(JIll'

u f rt- ••1 random d r."d,s . IIUW(""" f, il is iUll'f('!<l illg to llloS'"r\','lIml wllf'1I l1w 1II" l1lal Vnt"illlU"" "J

i "~ m'nr zero , Ull " 111".... II "",' Tnylllr's ""' ril'li "XI><Ill11illll to ;' l' l'rtlXilllil!.l' 111.. I'Tul.a l,ilil,\",1"lIsh )'

ur :J.g hr a norma l d . 'nsil y with 111l' IllC'i\l\ aero a ll.1 vOlrilllW(' ,,1, whidl ill LllI' I'W' III" 11:'1t ill'

h. , a pproximated hy

From a,a, WC' hav('

"-:\::::: "xlJ (lJj= I ,

t.hnt ii'l,

,, ::::::.\.



I
I ) =;;.

FillilHy, W" hilv,'

11(1 ;) ~ -\'·';~:;~~.\ l " >: I)(_~J

IX I ' Xpr-~1

which is 1,111'1101"11111 1 d"lIsil,y wil ,11 11lf'11Ilzero IIlid vntiance f11 , and the sumo111'1 th e density of

1; ill 1,Ii , 'I'1 1lI~ . fur «mul] (11, 1,111'Jl;ll ll lll Hl 'working",!c IIsi l y a.s fo," 'l'i reduces almost t o the

l,rIll' ,]jsl ri lmti tHI o f 1; , ilIlll \\~ ' I ' illl llXp('C1 1 11Il L o ur likelihood inference ba.<;Cl'1011the 'working'

.ll'llsily :J..lur Il'i WIIlIl.1 1M" lIlmnsl (,md"111(ill 111(' SCIISl' t hat they tend Lo bee fficient "... the

n ',,1 ,, ~ ~UI '!l I.. 1A·ru). Oil ti l<' oth "f hand, it follows (rom :1.9 that, when the act ual 002 is not

lilllilll. L1II' kllrltll'ill uf t il l' 'wurkitlp;' ll.·nsity :1.8 of )", is larger than 3. the kurtosis of normal

in :I.S \\'1111 1,1 I.., m ut<' 1>I·a k...1 an ulI1,1 il... t'I'lllc'r t ha I! t he dCII ~il)' or t he normal curve w ith

II... !I;lII11' IIIt'lIn llllil n lfimwl' . Th c'l'4' IlruIM-rlil'S sulllr icntly j ll ~ l i ry t he usc or t he 'wo rking'

c1 I 'II ~H .\· :1.-1 ur Wi ill rt>l1Ipllt i u,l!; ll ll' J1Pllroxilll<l1f' likC'i ihood funct ion for the Poisson mixed

Nul\', hy n ~i n ,l!; 1/(11',1 rl'U1I1 :\..1 i ll :1.:1alll i i nl.t-gnl t ing out Uti. we obtain t ht· upproxhunte

:!li



log likelihood Iunetion for r:llUIlI t1~ il ~
I _,_,

(11, "2) = L{o log '\ - IIl& l'(n l -E lnr; !I;j ! +L Yjj .r~ I~
j* 1 J ,," I J .. I

+J;·nlog .\. (:1.1·11

T ile abov e likel ihood function i ~ exploill'l:\ ill LIll' lIl'xL ~uhst "('Litm In nh La;1l Lilt' t'!iLilllilt.e'!<uf

3.2 Two-St ep Approach

I. TI ll' li l1'l, sll 'p

a pproxilUlIh ' li kelihood Iuuctiou gi~'I '1I ;11 :1.1·1. In ~11'P I. ti ll'S! ' ( 'Kl iIl Ill LI'li it to · 1I1 11l1 i ll.t ~ 1

by solving Llt l' sco rr- ('(IIIBli o lis

and

17



(3.16)

!1; = n+ L .'Ii j,
j =l

IIi =.\ + I:eXp(.l}jf.l J,
.i=1

n'l a ' )

11/1,1

;),\ :11'xp(a' ) - 1

iJ;;i = - 2CXJl ( ~ )jP.Xp{t72 ) _1)2 '

Nuli-I.I'ill, IIII'SC'OIV fH IICl iOJJ :1.1:, for lJ i .~ the SIIJIle as the estimat ing funct ion for 1Iin

Wildawiw nud Li;lII~ ( I!J!l:l) which lI'ill lll' furthe r eli-' "I1SSl-'(] ill t he next chapter . 'I'hus

fur known n~. hoUI the pr(' !if'lI l approach and the estilll llli llg functi on app roach yield

t.ll1'Sal l1l ! ill1l""C 'IlI"1' for fl . But. in pfadin', (7' is rnrnly known. 1"'01' unknown u~ , t he

t.WU i1pl' rwwl ll's .,·idd dirTI'l"I'nt illferc-'un'S for {i and fT' , Unlike Waclawiw and Liang

( IDn:!). t il l' pn -scut. npp ronrh provkk-s tlu- [oint approxima te likelihood estim ates for fJ

ln xtr-p 2. \\ '1' .ll'ill with t ltl' pre,lirl ioll of t.llt' random dfl'Clll 'Y; (i = I, .. , ~') . t el v; 1)('

flu- ruiniuuun mean ~1 1 1li1r(' I'r ror predict ion of I i. It t.lrcnfollows that 11"" B("Y;lu;).

Now. Ily I'xpluili tll{1.I1l'{'(Imlil,iollill ll" ltsily 1.'1of !I i for a gh'{'11 "(i , and the ' working'



pro babiliw dl'llsit:v a,sof 1;, nut- Oh t. l1 i ll ,~

flY' 1, ,1"(0;)
J .rUI; I ,;)h('); )r!·y;

l'xp{(n * +E ;'':-I!li jli i -I,\' + L:~';" 1 o:p(,r jj ,d')]t'xp()j l}

f l'Xp{((\* +L:j;"1!/Ulii p-+E j';"I ('x p(,r iJd')j t'Xp() i H, h i'

Therefore.

is m-ar \(t'1"O, t his ('St.1 111al.f' is almo st olJli llla l (ill lilt, S" IlSl' Ih .lt, it. tends t.o I" , " 1'I i11l.i1

3 .3 Co m p utational Aspect s

TIl l' t rad itional New lon Haphson itx-rulion pt'on' , llIl't' l l lll) " 1'1111 lutu " UII\,,' rl-\"II ('" 1,n ,I, II' I IIS ill

solving the score 1'l]Il11tiollS :I. Iii 1111(1 a, ll i ,~ i l1l ll 1t. i1 11 ' ~ l1l sly, 1';\'1'11 if (11 is known, l lll' Sl'Ul't'

fuuc t .iou :J. li) may lond to n local maximum0 1' mininuuu. WlwlI (11 i i'\ Il l1knUWII, as i ll 1.111'

general r use, l ite solutio n hecotucs 11l0 W ("ollllllifu!('(1h ( '(";1I1SI' IIf t.11I'nosl.1"idiull n r IlII lIl ll! lIry

l.Iw l, l"Il I' maxinuun oft :u rs IlI'HI' nit' bcnudur y of 1,11l'l' ;l ri lll ll' 1.l' r 1'111111'1' fT l = o. Tu ilvuid

follows:

:w



I, ",

LL{f/'J - " xp (,rl; tJJ/,rij =cf),
i=l j=1

'l'l lI'l'd" n·. 11', ' ilppruxittl;ll,,·ly havr-

~, ".
E L: [l<>gf/ii - ,,.~tJJ ,rij ~ O.
;= I i = 1

<Iud

k !o, l: " .

! ~ ( " J ::= (E L ,rir"0 )-1 L L,ri,; Jllg,llij
i= I, ,= 1 i= Ii= 1

tT~ ( lI l ::=Lt., I IJ~~ wJulF •

(:1.18)

CUl)

(:1.21)

(:].22)

,
'·XI,(..,.1{llJ _ I) '

I

;1II,1,\, The« illil ial , '!; lin l1l ll '~ 111<1 )' he' i ll1HTll ral l ' nnd willbe improved inthe Iollowiug

:1()



:1. T Ill' modified N I' \I'lo l l Bllph"oll itt-rut ire' ; l l ~ori l hm d .

(ill Solviug t h" S('()I'C' function :I.If! 11.\' Il Sill ~ 1111' lirsl-ordr-r 'I'ar 1or expansion . We' 11111'<'.

(;1.:.!.1)

wit h

IlUI = f: ,riie'''11(.rl~ i1 IlJl ).
1"' 1

'ill)T;:: f: ,rD ( 'X II(,rl~ i1lU) ) ,
.ie l

!I;(II) = nI U)+L!Ji.i'
)", 1

IS')= f>'xp( .rf~ I:I ((I )),r· ij .rf~ ,
.i=l

11;(lJ) = ~(II) + f>xrl(.r!~ /~(II ) ) .
.i"' .

:11



is ,

(:).26 )

I II this 1\"i'Y. t lrl~ d HIIIJt'· Sil!/' I1f f1(U, IJl"«)II" '!I short er AIIII shorter until th e log

li kf~ihIH...l/lpl ll. ".llull > ' lJ1l11J. ".lllll). T hi s c~ n gllllralll('l' t hat our estimate J1i 11

'I f fl llI" "t 1o·;o.l lu t l"' lII..xhumul ikelihood Olin'\.

{"plil t1UlI :I, l l i j;,r tJ I Ill' l'xpluit iuJt II I(' J;l"lll'rill Ionn uf I,IU'EM a lgor ithm of f)l'mp,~ll' r.

Lilird 111111 Hllllili (!!Iii ).

hilS flllly slal i,milry poiut , 11ll'1Itl1l' El\1 algorit h m ,'!<I illl<ltioll cc uvcrgcs to the unique

tuaxir muu lik,·liIKlIKII '!<liuml... '1'11(' sohuion i s IlUi111lt· 11I~re due to ' :If" 1\1.·II-k IlOWII

( 'm'f·lli' <1!1, 1 f. it"( ~ull'H"I. ( l ! ~".!. P<1~I '!< ~J{).;J().)) poi ntl'd I1Ut , all iuipc rtan t at!\ 'lIl1 lag e of

tIll' 1-:711al~"rilhlll is Ill ill Ihl' i lf'TlI lioJI~ will illwa~':'1 n 'main ill 1·lle pa Ta;'lCICr spare, since

it is IH'rr" rllli liA11K' IW1Xilll llIlI lik..lihOtxl ""tillliitioll for t he com plele dilla . Mor~\'{'T.

ti ll" EM lllAurillllll 1llumlly SiUll' lilil'!< I,IIP diTl'l'1 ("lI1rulat ioll llf t hC" maximumlikclihccd

''!fli Il11l1 1ulI.

Fut1u\\" i ll !~ lln- i,I,·,] III St il"alt 'lli, l.a il'll and \V1ll'l' ( llIS·I), we also t hink of t he ill-

{·UllIp!t ·!l' ,lOll ,] liS h" ill~ th, ' nhs ,'r\"l'(I , Ia l a !Jjj al ull lll! romplote da tn lh e unobservable

rundom ''If' 'c"l s 1.. 11 111 tlu- npp lil'lll iull of IJw EM algorithm lu'r e i~ slight ly different

:t !



Fromt.hoirs ill the l>!'!lS" thnr.t lu- gcucrn l Icnn ral lwr t han siulplt, ulll,.1f I':" l alp;lIril lllH

is used.

FOl' l ite pre sent II101lc" , Ih., H -Sh'll of tlu-Ei\i alp;urilhlll involves liullillp;111" ,'X p l' I'·.
lal,io!l o f {; IO/!;!f(w,l!1i' (7~ClI l . ,ill). when-!f(U"!lIi. (T~lU] , j" ll ]) is Illl' nlll (lil,iullill ll" !lsil,,\'

fll ll d io ll ol Wi wilh t he p;i1ll1l111: ' workinp;' Ilt'llsily ~i\'l'1l ill :1.·1, rondit iouui ou 111l' 011·

sl'l"\'(,.1 da lll ve-ctor .'Ii ;mt! gi\·" l! ti ll' init ia l ('Sl im1l11'.• 1T ~11l) 1IlHi li (l ). A st,ri1 i~ l ll l't> r\\'ilI'd

.
.... (1) ~ 1\'{ 1()I-\II 'il .'li.rr1 (1t) ,tiC ll l

t {if'(n llJ1+I:'!/jj ) _ IUI-\!-'CIl I +I:c'xp(.r~ji)(I)H, (:I ,:Uq
'''' I .i= ' j"' l

IIlid

'",.~

.
~ /~{ Il ', I.II j ,,,.'lIU] , /:l ( I))

L' nClJl + L: j ':'I I/;j

~).l")+Lj':' I">: Jl( .r~ /i(ll l '

The romputat.ion involves tlu: fll 11d i flll I ll~l' i l l ) Ilnd lts d,' ri\'atiV<'s. 'I'lrey al"" tlul " IISy

10 Ill' dlrcct ly ('llklllil1.t,c!from their ft/m lilliis :1.111, :1.11, ;l.l :.! illlt! ;J,I:I, Vall dt·" " mil l



;,rlt l '!'l, rll l rW ( I~ IK'l ) lisl ' ~ l l t ill ' Iollcwlug ronvnnicut approximat e formula for log 1'(0 ):

IfIAJ' (n ) = (fl - fl.i j ) I(JA f\ - ft t O..'j I[Jg (2 r. ) + ~

- :If)(~na + 11.lio;,i - ](N~lct' +() (n -
fJ

) (:1,:10)

Wfwl! n is net. Ifoss 1 h arr ~ , tlr!' formula :t:.10can Iw used to computo log l'{o) with very

Ir j ~11 lItTIIJ'iIl',Y wil,lrout last term O(n -!' ). Wlrell n is lCl.s tltau 2 hul. l il l'l~cr than I, t ire

snuu- I li .!!;l r a''l'UI' OIf·y ran I", ~ lI f, I 'llnl(,, 'd lJr l. h(~ romhinarion of tir e above (Ol'll lH ! ~ , :1.:\0

;rfll l l,lll ' rull,'lI'iuJ!, ro-nrn -uo- (,wl rrul",

lUI!: 1'(11) = log I'(n + I ) - loglo],

l1S '!t J is lilIw 'r ll1l111 2. 'l' 1H11 is,

1"v;I'(f1) = (n+ II.!'I}log(n + I ) -fl - I +O,.'ilog(211' ) + 12(0
1+ I )

I I I
- : l(iIJ ( t~ + l ~liO ( (\ + J r' - lhSO(ntl)'

- !(,g(fl)+ O ( n + J)- !' ).

Silllila rl,\', whr-n n Lsle'Ss 1,11/Irr I lml, l il rW'r th an 0, then

(:1.:")

(".:12)

(op;l'(nl IOI-\I'(n + 2)- log(u + () -Iol-\(n)

(Il + 1.:"I) log(o +:1) - fl - 2 + 0.!'Jfog (2;r) + 12(fl
l
+ 2 )

I I I
- :!{i(/{;. + 2)'1+ 12IjlJ(<l+ 2)5 - 1680(£1 +2 )'

-1(lA(n + I ) -I0l-\(n) +O(n + 2)- ~' } . ('1.":1)

~ · ( II I . ~" ' ( fl l . ,;."(n l ilud l/,III(n) n , l1 IJ(' computed Irom t he dcrivat.ivcs of t he above

;I I



fl islnrgcr t llllll 'l. <Jl1l'uht lli m.

/!- 1llg l'(n)
,In

-~ + lu.L\ ll- 1:.L l

+ l 'lt~o l - 'l!i ~n' ; - 'l'lt~'l" + () ( . l- IU), (:U I)

IIIorder 10 ob telu t ilt' impruve-d!'s!i1lla t.'s of 1'1 a lut (T~. ,..,.~lll Frcuu til<'lin.' I·yd .. is IlSt~1

T his is done IJ~ ' Ils ill.L\ 1.11('modilir-d NI'II'!.Oll Ruphsou iterafiou Illlu'l'd un'!;ns i ll I,ll!'lirs . ' ",1'1'11"

'1'111'11 at 1.1[('Sl'COIHl S l il~f' of th is serond "rd l'.II'P IlIilXillliJW }I' ! i:1u.L\,l/ (u 'd ,l/i' lT'!llJ, l l11ll!
'L"' I

t o obtnln the imprtll',,,1 r-st.imntr- a'~t 'j ) [o r ,,'1 . T lws" 1,II'n-s l a p;!' hils" , 1 (·.I'd!' " or n ,mp UI.i1I,j"nH

("Ollt,illlll' lIut.i1 , 'OHw rg" IU'(' is ,wh i " I'I~ 1. '1'11<'liuul ('sti ulill, 's i ll'l' I I · illI,1 (1. 1 fur II ' 1I1l1"1

3.4 R emarks on Asymptotic Theory

3.4. 1 When (11. is Kn own

II)' exploiting i.lu- SOli"!' equat ion :t!.'i, II'" 11111'" t i lt' fo !luwi rlp; Il'!;lIlt. wlll'lI n 'l is knuw u.

Theo rem 1 If Ef"IU.; - ~ ) i.• pm,ilil" Ilrji llil l' 111/11 rr l i,. 1.:11 .,,11 11 , II"" II" "I ,/u '(u ;IIIIII ,

lil.: rlilllJ(J/ll s/ ill!(tlr_ .~ i1 · oj {1 II/'r I·O/l .•;"lr/l I , " " illll/l/ol iI'lJII!I '1II/,ilwri . "",I Jf.{f1· - fI) i,.. (/ ,' .1/1"/'-

lo/irn lf y ( ~' -+ cc ] di.~!I" i/llllf/1 II ,~ " II,(lil 'II";II /' 11II/'/11ll lwi lh 1111I111 zr /"II 1111/1 : x /1 /'IHm,. iflJJl"I



fllII l l';:rf/ ; lIUI I'1/

",il /l

I ' rllf,r:

t ~'jj ('x p ( ;rJ~ fI ) ,
J= l

t l 'XIJ( .r /; !~ ) ,r;j,r?; ,
j= l

It = f: , r. J>)( p(": J~ fI } ,
j ", (

'ulIl 1'; = .\ + ~>x ll( ;l ' D{I) ·
j=1

' thY!!!I'C'X I'IlIlSiOli Hn,! i ~ lIo r i ll g !l ll' high un le t' renns , .;f.({i" - ill ca n !J(' approximate d by

B,l' lIsin $!, I,S,I.!I. 1. 111, :l.rl illl<l;l.(i . 1I'l·1111\,{·

HII,lln td:lJ"!I;j.r,) - (I + L:j'~ I /';!Jijl;)
i "' l J = I I' ;

t{f!<,xll ( .r~ iJ + (1 ~ /2 ) .r;j J _ (l + E~'':'' I (·xJl ~,rltJ+ a'J/"l) I;1
;= ( j=l I/ i

j. . n
~(I; 1 'XI' (I'T ~/2 ) - "i/;).
~ 1; 1,' )(p(I'T~ /2 )- *1 = tl

:m



k •• 01, I . , I
~ IE j~l (.rij - ;; llt'xp(:.!<T ! ) -I',I· J '« (T~l]r .tJl(.rD /:1 -I- ." ~' i l )(,l· ; . , . - i/:) T

'" <T~ J. ,
-I-LIJ·/I(.' · ~ iJ + "7))(.rij- --:-){,t'J - -';)T I

.;=1 - 1/, I' i

t{[l'XI)(:lI7~ ) _ 1.1"//(/)"2 )][ 1 _ L;'~ I f .r~'(JJ I I )r:I,I!
i",,' 1/;

,, 2 1.(T /-(F '"
+PXIl(T)[ 1.; -:l~ + 7;fr E t 'XI'('l' ~ I J lJ)

/)"~~. I f !
c' :'I: I'(- ) ~)f" - ...!....!....).

:! ;", 1 /Ii

l.otind l.l' nOrl1ll1! di,'it rilJlllio ll lI'illl IIt C,',I Il zero am I cUI'a d ml n' \ ·,,, II:d l
J)) . I)ilf"rl'uti ati,," "f t i l<'

aud

ilP( rJ,/)" 2)

iiifl
t{(11 +t.ll;.;)[L: ~" I(px[l(.r7jt/)2 j ] L:;~ I~'.~ I I ~",~IJ).r;~ ]
i=-1 j;; 1 [-\+L:,i:= ,P :-;;jI(J ijlll ]

E;;' I [·':-;;I )( · rL I1 ) . I ' ij ." ~ [

,\ + L:;';. , I'X /l ( J'~ lj ) II

t{fl +I: ..,ij)(!4 -!:;J
;=1 j",1 t', II ;

(:1.:17)

1,·( _iJl;;/~iJ)) - tUn+ ft,xJI( ."~ !J+ ;'j](~ -!:;Jl
, =1 )00'1 • I', I',

,,~ (, u:
t':-;; p(7! )~(I. , - ~)

" " ,.((.', (;1» .

:ri'

(:I.:IK)
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T I I< ~ JIl · t1 1 I ill']icld . C'~ Ih llt t.ln-I\~Y lll ll ll)li l' ( 'u \,Mja l1cn or Lbl' ilp proxi llll1lc likelihoo d e s t.i-

1l1/11.'S /1' 11t'IWll< l ~UII 1.111' 1'll rift ll C1' uf l'arulutll ,' l r('d~ 11'1, whidr b 1I11' index o r the iut rs-cluster

~",".;c ,,· illl~'11 wi thin 1111' s<IIIII'd l ll<ll,. ill l.!l,·oIN 'I"\,aliolili. a... "xllia illcd ill C h Allll 'r I . Wl lell t.hc

ca-4 0)

\\,,11" 11Ihl' 111"111 111 (r~ is 11\1',1)' Irom l C' I'l) , aud so large 1.h lll ,\ iN wry smallcompan-d with

" " • " I "
L {lIJ II) fI; l L lI) - [ (0 .iI,I ILl fl j ll; ) = :j L [lIj (I ) ' (II; - Uj' )( U) _ uj'ITj ~ O (:lA2)
,,= 1 ). . J" I le i - iJ' ; 1



P roof:

t 1(I/ 'i '(U i -uj')( lli- lIi, )Tl
,i,i'='

an d

t [Ui " j ' "JIIT - f/ jllj' II ,iU J. -/I)'I)dl/III + "J"j' u j' lI ~ l
j,i'=1. " .. "
~ L (lIi " j llr lL II ) - '2L{ lIjll j) L (l/JIIJ )

j:l j= l j"" ) = 1

t !rlj lly ( lIj _ IIj' )( rlj _ lIj , )T j '2:: n,
j.j'= '

which yickl 1,lu' proo f of 1,1l(' k-unnn. a

following Ia cl.. As t.ho ;11'\.11<1 1 fT~ pr t.s InrW'I", lit!' il sy rn pl.ol,i l ' rovariuuo- or ;1' lI'ilI lll't"lIl IlC'

stnallr-rill ge-neral, 1I I I I I 'S.~ I hr- l' OI'll' SPOI\ c1 i lll!;lix I ~II 'l fl'(' 1 1'(lI'i1r ia l.l ·lw s 1111 ' Sillll C'',I'llt' "rl,\' l 'I[ l l il l

10 p 1'01'111(' l'onJlkl.i n g inf l'1'I.'l1C1111'11l'1I rnmpan-rl 10 the 1rllll i l.iOllal1IIl ,t1y si s 1I' 1r1'1 " ' " ~ is I , holl/!,I I~

10 II I' 11 dispersion 0 1'overdiaperaien p an l ll ll 'I,(' I' only. III rl l f'l , fo r 1,11<' Il rps,· 111.1110.11'1.n 21'11I'ylf 11 11



I,j l<' sauu- Il l' .' i lll ilm" values fo r tln- fixf,.1 elfe!"l, covarlatcsalll ollg diffe r ent obser vations ill any

f"lus h 'l". In ,11101.111'1" words, 1,11l' ilsYlIlfl[ollt: l:m "ilriallc<: of fJ" will get la rger, es pecially if Xij

111111 ,r ;1' (j f:. j' ,j, j'::=: r • • , ,1/;) " 1"1' \'l'ry dO~f: In f'ildl other for any i , ilS ilppan:nlly sh owlI

ill :jA I. 011 ti ll' -ontra ry, for tWiII"ly illfll'pclIflf'ul eonnt dilla (rr7. is Ileal' lew) , !,he Il1symp1.otic

n'V;'l'illJl('f' flf I~> wlll 1101. I..... "I[,' d l'd milch hy IlSillfl; the same or similar values of the fixed

1'1[('1:1 {'UVHrilll.r'S illItOll,!; lIif f/'fl'uI. oh Sl'rVi,li olis in <lil y clus tor-, Th er e fore, u n less th e actual

a i ll Uli A di m' w lll, oIlSl'l'vilt.io lls ill/il lYdust er, TIIf' simulation s t.udy in C hi l!' l cr ri SllP P 0 1'1.s tho

i1llU\"" jil lflinp;s ,

:l .4.2 Wh en (1'1 is Un known

\Vl"," (17. b 1I11 k llOWIl , hy c-x ploit.ing ti ll' SnHV(,([Il'llioliS :1.15 an d :J.I G, we have the following

( ( /I' lIi» ) (#)) (U,(PI )'l'hCOI'CIl1 2 If Ol!' /'III/t, o] /1' iJ 7. Ii) 1 is ]I + I, V /H' 1 i.• /105-

(f1(d) (1 U7.(U)

i/i/". ,f,) ,'" ;/,,. fllll f (11 i.• II l1k",'wl/, 11,,:11 ' he fljl/i m.rilUll{c likelihood cstieuues ;3" alld .,.1> nrc

fm/IJ t"fIlI.~ i';/l'/I/ . (/li d

·10



m ral/ brlIJl/! :;( 1'11 for /11- - (71 . (lilt! (II + I x I' + 1) comrieecc 1I1lI1,'i,/'

(
-e~/j·

-/'[~llk
J i' lJ

- li '7l!f'llk ) -' ( ~
-h'~/~' x !('"dll,(,,: I,II,Tlol))!

- li l"'!l,f1J1 k) -'

- h'~/~'

~)
1 " ,,(I~l!"'1l

(:1.1:11

whQ,'! clement» (1/ '(' .' JI,ri jin l ill ttu jrJllmn il/!J fmwf of lhi., lli/ 'll/Y'III ,

Proof It is <l PI>ill'I'lll that tlll' first 'lm leJ' I!l'rtv<l l.ivl' of ( ! r ( /~ ) mill I !~ ( ".~ ) is ronl.iuuoux.

T ))I'n{o rc , ll S i ll~ tln-Taylor expansion and iglinriliA1.111' high unll'l' 1." l'lIIS, \1'/' [tnvr-

By using I,S, IJI, 1.10, ;J..'j and :I,li liS iu the proof uf 'f hm n 'll l I, IVI' 1I1II'f'

fWI UI )={)

and

(\' n+L:j :' lfo:!J;
I ---,,-, -
X- n +L:i':'r,:,;p( ," UJJx

I -I = n,

,II

(:1.-11 )

(:I .,lIi)



,
+,\'(I1~) ~[f1/..\- /:·"I;!I' i l

n l(/11)~[ J\'~ ( yn -log /I; - (~(nl -lugA )]

j
= 0 if .' ls zcro

~ o Ht1l is I ICM I.CI'O

< 0 ifq~ is a wa}' from zero.

'l'hns 1"'fUrd illA10 till' ('('111m! limit t heorem,

hus 1111 a.~)' Il I I ) I(/I,i('n l j'y Il(lrl1l111 distrib u tio n wit.h mean

all ' 1 n ll' ar ii l lu'l '

(3.47 )

(~~)
!C " "W, (,,: ),/l T(11)1! 1'.'1~2 ( ">ll '

wlll' n ' \/rr,.Uo'Arr1)) ;\1111 (.'IJrJ ( Udm. {l2(t1~ )) depend on t hc {'xpcct aLion of the fu nctions of

¢'(fl +t i'':' . !l ij ) whic h IlSllid ly clol's 110 1. ha \·{' s i lJ1 p l{~ cxpr£'s~ illll . On the ot her han d . accord ing



where

E( - j){;; f~t1 ) l = FIr/'(lf lun),

R( _ iJ(:~~'I I)

t lli(\ , (".t l -.:~'!li '\'( "''-!) /,.

;=1 t',t 1( 0'(17
1

) - III+L:j:: ~ I 'XIJ(,I'L rl) r p '(fT<l) /;

.=1 I .

t (\ ,(0"~ ) - .,\/ ((1~J I 1;

.=1 I' i
I.: J.

II.!)oL -:' ,
tzi»,

(:l,.IH)

slmple expre ssion. COll l billillg aA4·:IAS yiekls t llC'I lt lMl r or (,hill1,11('lm'llI. 0

T'hoorem 2 indicate s thaL t he IIppl'o x iHllll,C likl'lihood , ~Lilll'll.ps !lrrl i1n' all11os(. allylll" -

tlJlica lly effic ient (ill the sense t.l Hl1. t hey n-ml 10 h,: ollicicnt ,1.<; t ill' 17':l. P;( M'~ (,0 ~t'm ) rUl"

:;11I1111 .,.~ , and life illwa ys .lsj' llI pl. ol,im ll y 1Ilibimwl! ItO ma.tu-r IHlIII La rpr t he' 11l'1.llal ('f 'j is. 1\1'1

fer u:l (in the sense lI m t lt ton d s to be asyulpl.ol,icilily Il lllJ i a ~I :, 1 ilnd dl k ;" 111 i1S t Ill! 171 jJ,O " S

dcv iil-tes Iurthur from th,~ normal disl,dllll lilJlI, r('mlilll!; to l llrw~r kUl'tosis !.hatl !.11il 1, or l.lw

normal d i.~ lI· i bllLi(J tI witli the sa ruo mean and variance. ' l'llat is, t./u: 'lVu ddJl"l' d is l.rilll,t.ilm

or 1'i is more peaked arou nd its center tJlilu 1.111' ,J (~ns i t.Y of II lIf1l'1llal ':llrvl' wit h 1l1l'SIIIf Il'



111";011<lw l v;,r j" lI<T w!...11 ,ts \ 'I, ri a lll'" is lur i' II'Hy f!'ulIl 1:1'1'(" ('ul1 ~"(IUCl\tly. 1'01' la rge a~ , u· 2

I I



Chapter 4

Two Recent Approximate Methods

of Estimation

Wf' now spell out in delHi! till' fonuukn-fur 1l1l'1.,;I,illlill,or"s Ilf /1, f1~ ,111,1·,; (i = I, .. ~. ) ill

ti le JlO;SSOIl I l liXP<!U lm !l' ] based on t he esl iJ llil lill~ fltl l<'1.ilJll .(p [m lnd , SUAA,·s l,,·,1 Ly \V,wlawilll

1111dU 'lli g ( ]!)!):Ij uud 0 11 lht' pl'lwli;wd (Jllilsi-likl'liho(lf1ilpp rOill"h SIIAAl'sl t ·d hy IIn 'sllllv 111111

Clil.VIOIi (1m):!). IIIltI also point out 1.111'il' lIIain rlruwluu'ks.

4 .1 P enalized Qu asi-Likelihood Method

For ti ll' P OiSSOl1 mixed 11 101ld (] I'!i rll' d ill ( :11;11'1,(' 1" 1, 1,11" 1'1I1111uIII d l',O('Ls "f, (i = I , •• , 1.:) ,Ifl'

aSSllll]('11 to hI' no rmally dis l,ri], II!" ll as ill I.(i. T lu' rI'fHI"" t ill: 1IIIilSi-likd il lll()(1 Iuuctiou is

tlu- Slllll, ' as t il,' likelihood Iuuctkm of !lij ((j = I. .. . tid.; :::: I . .. . ',oj for ({J. "~ ) whi,·I, is

·Pi



dd ill<',l lly

1,(#,.',,,) IT! it Ilpd I,M17;1,I,;
i .. 1 j -I

ril! .!.();:P{'tUij(,1;0P +1';)
i (J j=1

- f.ex P (J~~f'J+ l'i ) - ~} (hi
j =l 2(J

(4.1)

wlll'r" r- = 1 / [ ( 2 1l' ) ~Onf::1OJ':'l NUJ . Hreslow and Clayton (1!J93) app lied Lap lace's method

fil l' t ill' 111mv(' iUI.'gra] appl'OXirnllUfJl) , Denote

Ld 1I'(7i) .u«! h"h;J I"l 'JlI"l~I~l1t I,lli' first- and second- order derivatives or I,bi) wit h respect

1.0 Ji , l.ln-n

h{'til h{id +~(-ri - ;;)~/,'I(i;) +0(!1';- i;ll

!I(;;) + ~(-ri - i;)~/,"(id (4.3)

wlu-rr- i'i .klll ' !..'S till' poster ior 1tl0l 11~ or "ji computed from

'" " . - J
h'hd = - f; !lij +.r; ('xp ( ;r~ fj +,;) + ";i = 0,

1•.nd

(1.1)

(1.5)

1 /.(1I() 1"i1l ~ I III' IlII111 i p l il'll l i \"( ~ l'(JI).~l ;11I l r plI!.1.in!!; 'l.3 into 4.1 vicldsthe approxim ate profile log

li l,I 'l ihIHII!

l(.d,(T ~) -~ lo~(u1) - E {ft(i d + ~ ]og(hJJ(1;)J}
- ;=t w

,16



k I . n.

L:{ -:; log l l + fT
2L:C'Xp(.I·f;11+ 1i)1

;=1 - 1::1

+t .llij(.r~ rJ + 1i)- I:t'xp(.rl>1+i i ) - ~l
j:l j=1 _fT

-~ tlo/!;[l + (T1 f>x [l( . r~,d+ i dl- t ll(i ;). (H i)
·~ 1 i= 1 ~1

t '1 - d 1f. EJ':" ll'xp[;r[;rJ +i;)
i= I

1
, i= l 1+ fT1 L:j':'l ('XI'( ;I'Jjti + i "i)

~ i'? -".1~[1 _ I I
£;j' (;j 1 + rJ 1 Lj:' I ('x p ( .r :'~11+ tj )

t'1f-Jm2 t(T2t[ 1 " I T ' 1=0.
j"'l i _I 1+" L j':'l l'XI'( .r i j r l + 1;}

(-1.7)

After further approximation, Hn-slow and Clayton ( Ilm:1) s ll ~W'Sh'il tn ('sl illla1.p Ii nnd i;

jo intly by mexhniaiug Gn~:l! '3 ( lllS7 ) penali zed log likl 'lihuod

Dillcrcnr ia ring 'l. ~ wlth respect \.0 jJ <U ul l ; I('iuls 1,0 tIll' sl'on' l'Illwtinlis

k Il,
f/l (fi) =:LL: Lllij - ,'xp(.r0# +i; ) I;r~ ;j = n,

;= l j = 1

and

". I
,f/1['Y;) == f,;1.rJ;j - I'xp {"rl i fi + ~I;}I- ;.; =0. o

for fJ and 11(i "" I , ... l 'l respectively.

(.I.!l)

('1.111)

Breslow and Clayton ( 11m:!} prop<}sf~1 so lv ilJ~ Uw "~I'lm ' fnlwlio/ls 1.!J lind "1. lll rUT li lIlItl

"'ti jointly through 1111.' IIlOf!ifi,),1Fisltc.'l"Hw r illg ;d~nril I HlI. TIJis rt'l l" irl'H " 111'1,11' ""lI ljl lll" l.ll!'



iUVl'rs<' .,f ti ll ' (1:+ I') X (lo+1') F i ~ lll !r info1"1))ilt iou mat rix, and iii llliUally very difficult to

n UIII'U1.P ,Ill!' t o larp," ~'. l\]Ul"!·U\'C'1". 1.l 1 f ~ F is lll' r scoring «lgorltlnu usually cO!l\'('r gcs slnwor

1.1W II l Ilt' 11, 'ss i;1II s" 01"jll~ "I,!!,uril.lltll. Breslow IUIl I L'Iaytou ( l !m:J) further slIggest,,<.! making

Cll·p;I"l'f·s.of. fr....·.llIIll l lll j ll sl ll ll' l1t s lllrcllll';h lIw l ll fll lif i<.'d rest ricted maximum likelihood. n ut

fur r"rw ' lo,I,llil< rc-:;lr id, ·,I IIIHxil1l1llll!ik,'!iJI{)il{1Ilill< litt.!I'{JilfC'tl'lln· from the IlSIWllr 111f1xi1l111111

likl'lilulIHI.

WI' f"H,,1\' llll'i,' Uli l in jdl'<l. W f' nSf' I Ill' N f'IVI OIl Hnphson lternt ion with the !Icssia ll rather

rhuu Fislll' l' Sf"orillA for IIII' illJ()\'1' srom fUlirt iolls ,1.7, ·I.!l and ,1.1 0 lnLhe it erative wily. Lei

jj (ln l . ~/~"'l i lll, 1n~I ''' l I ", ti l<'('SI.i!llill,'s ol fl. j 'j ;111e] (1~ lI t tlu- m l h iu-rsti ou. Then the im prove d

und

1I"11l'1"I'ti ll' JJf'ssi ill l l1wlrin's il l"<' gi l" 'll II,\'

l· '"

- L:L l e .x l'( . '-:; J~ ( "' l + i-l'''l l''' ij~,!~ }
,,,,1 j=1

-t e 'xp( J:D I~( "' ) + iI'''))
j = 1

1$



lind

n~lJl'din'ly. T Ill' I'yd !'s of i ll ' l"l1liun ront i ruu- 11111 il nJ ll\'I' l"!-\I ' II('I' ISaell il' \·I·I1.

equation ,1.7, Olll' lI1H)" oluain 111l'~ll1lp l l ' Ionu

c'OI I \ 'I' rgl~ 10 (1'1 . Hut. till ' SI'('wld H'ml nll l l'I'l'W',~ ' ,0 <I I' / ' I"lil in I'lIsil.i\· /, 1',11 111' m UIl'1" 1,ll i lll /., 'nl.

(]1 , l-urtbrnuon-, IIII' i lll'u ns is lt' lIl esl.imatur Ill il ,\' I'n llSI ' inatnbility i ll (III'('Sl.i11li\l.iOIl of 01,1U'1"

IJIll'H IIW1,(·rs. c'J'pl'rllll ly in the p rl'll ic·l.io ll of 1.111' random I' tfl'I 'l s 1; (i::: I, . . • t ' ).

4.2 Genera lized E st imati ng Functi on M ethod

ilCliil ' \'(' /'s l , ill l1ll, (~ Irn- 111(' fixI·d ('t f(,I ' I ~ i/o1\1"1"1 ' s pl 'C·WC'lllIy. in this lQllll"llill'h. {I I is t ill' snlul.iun

of nit' following 111i11'giu l11snl r<' ( ~ II Hl l , ioll



11 1101' rw, tri x of .'1._ II 1111'11 I'ilSily roUf/I\'Sfrom t.a. I.!J .11111 1.10 t ila l

1·1.1:1)

'1'1", r.. lluwiup. 1,"IInll a ill 11"" [111 ill IlTfll'r 10 compute IIll' ill\'t'("S(" or the a bov e marginal

I"!lI'ilriillWI' nra lr ix.

L "U IIIH\ 2 f.rl ..\ III II 1I111,.• i ll .f//l/JlI' /' X /1 mJlI,.i.r I/ml let '( fl/Il l '.t !lr. IWQ /tte/a,.,. wilh p

/ 'IIU/IUII' I',rl.• , r ll .'11

(4.15)



( is ing Lcnuua2 lends 10 tlu- Iollowlug inn'!",;" (If l ile' n Wr~il lal l·tJ\ ·Ill·i;l llt ·. , mat ri x

1'."P(-.!·~ ,1)

, · x p( - .r~. , I I )

" xl l(a t ) - I T

I +('xp( "~' )[,'s p(I7'l l II '[; ):' 1,'s p(.I'Ddj I ", ~, I " ,~ I '

.... ~ J
(.I. Ili)

Substitut iug ·1, 1:1 au.t t .! (i itt ti l" Ilw rg illill S<'Uf(' Fnm-tlcu ,1.12 yi pl!!s II ... ,' s1il lla l.illV;1'1l1ll"l,io IlS

0=--'-. 
('Xp(".1) - I

uud

C1.I!))

Co mb ini llg th e w lI('e ll1.s or ('s t.iIl Lilt ing rli ll dioli S IIl1d lilw a r 1I1ly,'s ia ll tlIt'Un 'rlls , Li,ll1p;

to I.llt' 111(>"" p;{'uen l1 s;1.uill ioll sud I 11S when- 1111lJiw;I'11o r 1'\11'11 liniu- 111 01111'111. l 's1.illl a.ll 'l'l o f

parnutotors lila )' 1101, I'x is1., \Vilr[ ,IWiw 111111 1.;11 111; ( l!J!Ja) Ilsf',1 this ;' l' l' r"i ,r[ l 1"'1' n, II,II, ' rl

:;1



!},(0 ,, 1,, 11)= iJ11 'R~}(Uj I 't j) = f [y;) _ cxp(.T~/I+ ')';J1 = 0, (<1 .20)
'''1. )=1

..i,(y, ," ,;. /I ) = f]fl i.iY'1+ II; - (.xp(J"~rl +1i ))'
) ", \

('1.2 1)

l'hllulVillKLlw lIplilll1ll n ih-rioll " f (:CJ([i1 l11h(~ ( I!KiO) and l'cr reirA( 1982), they det ermined the

U{f; ;) 1':(r;; II~'( ~))~

('( h' II}/ ;j.!Jij +b; - ('xp(J"~ {j +1i1W.,.,

lJ iIf" Il 'lIl jilliWI or ti ll' lIho vc' (,(Juiltion ·1.2'1 with nosJ>('d to bj and (Ii i y ields

:u~·t t ["i.i!lij +IIi - cxp(r l d + 'li m
.i- I

-, (72

2 L f( tlij - 1 1 1'xfl(r~(:I+ "';))+ bi} = 0
1"' ( -

,m,1

(4 .22)

(4.23)

2Hf.q;. t rll ;JHij +6; - f'XJl( .rlfl +11)J}
j .. 1

2, ·xp(.rX, J + ~){ t[( l/i.i - l )l'XI'(;I) ;# + ~l)+fli. +1l;{,j} =0. (,1.2·1)
- .i_I -

• '[ ~;"ll'XI)( .rl .d )

"i. :: .\+r: j:'l, ·xp(.:rZ; tl )

52

( -1.25)



and

hi = 11;;,;(1 , k = I ... . 11;.

where 0 and >. arc given ill r01'II1\ll a~ ,1.18 uud .1.l!J.

,i;; = I J I;j!Jij+It;- t 'x p(,r~t~ +l ill = II,
i=1

tha t is

(,I.:!li )

(·l.:m

(,I.::!K)

Furt her, w eclewlw and Li lll ig (I!J!Ja)sliggesl,(ol l the- follOlvillp;IlPIll'OxilllHtiull flu' UW1's1.i-

A'( "'d ~ + A'h l - i;)~

L;:" l "Yl~ + ~8fJJ ~ /B(!!iIJ..) I ~
~, k ' lJi ;

I:f...ir+ ~ k ('XJl(I1~) - I
k ~' {;{l +[exr(n1) - I ILj~I "X p( ,,)jfl +111/:!)

{exp(l1~j - W{t ~X"( 111 J + II
+ [1 + (exp(111) In:::j:,. /')(p(:rli/ " + 111/::!1I ~}'

(,I.:!!))

The ap proxima tion involved ill til e (HOCI,;S (If d (~d lld llg ll l l~ vilri il ll{'( ~ fcnnulu '1.:!!1 II l i l y

no t be suitable for lh e ~ Poisson mixedmodel. One main drawback of thi s l ~s lil1 li1 t i ll ~ Iormulu

for "~ is (,hal ns 1'1 approaches 1.0 1.1'11(' "'ti, nlC' righl s id ( ~ of 'l.:m ,Iue's IIl1l 1'0 11 "'('1"1-\" to "~.
,

Th is is IJt~U\l l sC t; ,fI~' conv erges 1,0 111 fo r l afl~e ~: . bill ead l 1'(J lIlJl(J 1 11 ~ lI t of t lw sC'/'m lll l,NI II



nlllV!'rW~M t.On: I·I,I.in pnMitive value. Th ilSMhows thaL the r igllt side of ,1.29 co nverges to a

quantity which is mom lIm n t1~ . T hlls, shullar-10 UICpenalized quasi-likelihood method . th e

1 '.~ 1 jW il l.i ll ,u; htlwt.iou 11 p p rlli1l:h i, J.~1} y ields inco nsiste nt es tim at es o f tr~.

( :i\'.~tl au init illl valueof (1 ~ , ti le ('st illlil-lillJ; equations '1.17 for (3 arc sol ved by usi ng the

N.'w l,'1II ltaph"IOl I ill'r ll,tiClll pf() Cl ~d n l'l ! 1.0obtain pt . One t he n directly computes t he Stein.

lyl'" ,'st.il1lnLors...rJ (i = I• .. . •k) hy nniug {i l and the initia l value o f r1~ in 4.28. Nex t , in

un l" f t.tl IlVoid It iill'W' I(lHII o f I:OlllIJula t iu u, t he eompuuulon for a't~ is com ple ted Irom the

(4.30)

~ IAlli li liy Il.~ i n,u; 1,111' N I 'W(.Ol1 ltuphson ilcrat ioll proced ure . In th is approximate formula of 4.29.

1Ill' i,u;no l"('d tenu is nlwn ya posil ,ive. Thus t.he I'st im ale o f tr~ would be a li tt le less from the

HIIIJI'oxillWt.iUIl ·I.:JOtha n Irom ·1.2\) whic h would y ield m ore inco ns istent es timate fo r a 2
•

'1'1n- \' HI IIl' of /Y t'l is fur l,he r applied to obtain im pr oved estimates or(3. Next the improved

,'SI,illlll l.l'S of {'J as IV"II ~ l !'l l.ht ~ value of (112 lire used to obta !n the im proved estim a te s of I i

(i = I, •. , k). Fl1l"llwr application or the impro ve d Clllilnatcs o f (3 and 'Ii in ,1,30 yields the

illlpl'U\,, ', l l'Sl,illlil-ll' of l1 'l . Thl'Sf' cycles of iterat ions continue un ti l convergence is achieved.

III suuuuar y, till' appln-ation of Lhc Po isso n m ixed model has been hampered hy t he

dil lkll ll..\· of eomputnl.lon ill ovalnuungthe Hlarginal likelihood o f the parameters involved,

MmlY a p l' l'UXilll lll ,' 11P I1I'()1U'hl'S have rcccurly been proposed, for exampl e, the pe nalized

Illlllsi. likf'lillmJlI upproach orIJI'I'sIIlW l1uII Clayton (IU!}3), and the generalized est imating

5,1



Iunctiou a pproach or \Vadawiw 1111,1 Lian/; (1!1!13) . Bnl. 11t")<l ' Il lC' lh'Kl ~ , ll~ \\'1" han' j lL~1

shewn, prod uce Inconsistent inrcn' IlCl' Ic r tit" variance t"OlII l)tIIl('1I1. Fllfl h,'n non ' , both Ihr-

penalized likelihood and l'Slilllalilll; function mdho.J!I lIt'1,,1 l lll' ill'falioll illlKI11jl; LIII' l lln'1'

lyres or para meters. and lImll usually involve a large lo,'ltl or CllllljllllilliUlI.



Chapter 5

Simulation Study

5.1 Sim u lat ion D esign

In 1.111' simulation sl,ndy. WI' nscd rln- Poissoll mixed model I.'! along with log{E (Yii b;}} =

mill fur Ill! i = I , . . , . ~' .

{

I , ror j ~ I, . .. , ""
," i-il = I , for j = I , •• • 11;; ," ij'l =

0, (01') = 1'-+ 1, . . ,n ;;

. "i+ I
,r ij:l = .I - ---:;r-; j = I, . . . , II ;; find X;j~ =·'l:i;. ~ii3 '

FllI'l. llC' l', Illkinp; t· = !iO 111111 100, 1,111' ..,;'s were independent ly generated from a normal

. lisl ri h ul io ll wlth 111l' IlIt'HIl 0 <11111 mrillll{,l' (1l • [·' iv(' t1~ Vil IUC J:I: 0-1 = 0.1, 0.25, 0.50, 0.75,

1.0 " lid twu dust.l'l' SI;(I'S IIi = -I IIUt! (i WI'I'{'rousidorcd, The respo nses ( YiI•..•• 1/i". l for

l'lu'h dm;1.l'l' i \\'I'n' W'IIl '1'llt,{'11 from rl'alh';lll iolls of the Poisson mixed model 1.'1 with the

Ij()



mean and variance CIlll11 1 to ex p{p' l.t ijl + Ihl' ij~ + i/;I.l'i):1 + ,dl.l'ij _1 + » l- ' l ' l lt' ~ i ll lll til ll 'l l

data Vij , j "" 1, . . . , 11 ,; i "" I, . . , ~' , and 1, 11C' I'IlI"a rinlt' s .l',)". u "" I ... . /'; j "" 1. . . . , " ,:

i = 1, . . . , k were IISCt!1.0compun- (,ll(' t's !.in lil!.(·S of 1.111' lixl'l l t'lrt' lt llilt ,ll1ld ,t'rs i/o1,111' \'l1l'iillU't·

component u 2 of the rando m d feds, und I,ll<' random dfe!'l.s li (i =' 1•.. • ~'). hi l,'I'111I1I 11 11

t hree approaches discnssod ill Chapter :llllld Chilpl.t·l' .J. Tilt' Sillllll' ll.illll lV il.~ n'pt'OII,PII !i,llllll

time.• ill order to obr-aiu t Ile mean values and s!l1ll tl il n l errors uf l.1 11' pil r iUl1l'1.1·1' t'sl.i1l1al ,I'l<.

5.2 Estimates of (J and (J 2

Ta bles ti.l·5A report the simulated mean vnluesHIlII standa rd errors of t ill' '·S\.ill1il1."s uf Ii "

fJ.l' l'h, f'J.1 a lit! (]2 ('om p ul,ed by: ( I) the proposed t lVo- sb~p approx illla1.t· lil' I·!ihuw l ,ll' pruill'h

(A Ll, (2) th e pcnalhwd quasi-likelihood upproarh (l'qL) of Breslow and C lilyl.c)lI ( J!l!l:I) , alltl

(:I) t he generalized c.'il.imalitlg Iuuctlcn approach (G El") of Wnclnwiwau d I.iilli /!;( t!m:I).

II. is clea r from till' l ahl{' 1.lmt ti ll' proposev l Itll'1. hml pl'r forllls r-xtn-uu-ly lI'l' II i ll "SI,ll11HI,jll/!;

(J1 as compared to tho PQL aud GEI~ approechec The sln llllunl ('I'I'Ul" liS wdl1H( t.llt· i1 b~ol ll t ,I '

value of thc bias of the AI. estimate a re milch sillaller th11 11 thost · of Imth tilt' P (! L andtill'

G EF estimates for (]1, The se l ·cs II I I..~ confirm till' fad 11111 t l.f ll~ AI. yid,ls l"tmsisl.l'lll,1,.• tlumu-s

for u 1
, whereas beth OWPQL and GEF do 1I0t . WI Il ~u (11 is near zero. UII! slillll lar,I I'lTu r 11.'i

well llS the "hsolutl · value o f the hias of t.he AI, t'l<lillml. i ' ure wl"y sruull fill' (]1 , sll llport,j lll!;

t ha t the AL csttmatc is almos t offlcient for small (11. MOI·t'OVI~r, for atll.h rl~ ~ ilp proadll's, 1.111'

standard error 1\Swd l lIS t he uhsolute value of 1I1l~ him; of l l ll ~ (·st.ililatioll " f (] "l Ad JilrW'1" liS

(J1 increases, rd lec t ing tile Iact tlwt for nil I.llrl,(~ iIPIJllJ1Ldws, the I~s ti u l nt l ~ or fT ~ willlJI":lIl lll'

·'i7



1I1" r. ' illl. I IlIfJr' · ifS~' n l l'l l1l i "if lly l.iif.....1 a s III<' i ... llI a l (11 1 " ~('(J11l' '!> l., rPi 'r and larger .

0 " II,,· u ll ...r 111' 111 1. ..lI l h r, . ' ill' l.I"O,lcllf.... twr forlll vt-ry \\"('11 ill ,....I im at illg ,'12 . tla a nd

,11' ro·\"< ·" lill.lt 'h,,1 1111 ' l illl.. I....."f IIIf' lix••l d f'-.:-I I", rillllf'( f' f'l'l ilrr IIsuall,· enn sis t...... . and

iI~,.II1 I' I"li.·il lI.\· 1lIlI,ia 1. \\ '11'"11 fl l is ne-ar Z'·IU. IIII' ,\ 1. lJf'rforms \"('Q' \\ "('11 ill '~ Ii lllilli nt

II... ,\ 1•. ri,·I.f,... lw,,,,1 ,·/lki'·111 .." Ii lll..l ioll r..... 111/· li.·w,1 "lr''l' 1 pilril.tnr (.·rs . whereas bo th the

I'(l l. a lll i I :E F ll lit.\' u u I. Fllrll ll'f lllfltl' . fur illl l lm..· ilppru;,,·lws. i1S IIIf' actual (1 J i Utn·i1llf'S.

II,.. " Ii!llllll n i e-rr ur of IIII' 1....l ill l1llo' wil l , ll'I'I"1'1Is,' for ,11, , ~, Mid d.•. HUrl lucr ease rot .I'l l ill

J.l"I1"l'nl. 'l' lIis is 1"'1';111",' 11,, ' .r',11 U = I . . . . lI;: i = l. . .. ~· ll1 l1i ror11l Iy hav e 111(' same \'111m'

I. \\'1",(1';1" ,1';)1 ' .r 'J:1 and .r'J " a t" 11111 ")1111('Ior 111' j = 1. . • .. )/ ; . TIIf's(' shnulnt ton results

,1'· III' lIls1r'II,· I hili 1111' ilS.\'IIlIII<o lk nJ \'ifr iil lill ' o f , 111'f'st il1lifl('S rOt Ih(' fixed I'ffeel pa rameters

will I.......m.. "" H1 l1" r ;tllIl slIIlill..r ill Kt' ,wral ifS I Ill' I"ilri itll("(' component (12. an in d ex of t he

illl ra-rlnste-r lls,,, ...i.1liUII. inn l'lISl'S. ,11111 " 1111Ill' 1I0t iff'lthly "-"Iu("('d by ltss igni llg l ilt., \lIlu('Sof

111,· Iix, . I ,·lf," ·1 n'\"itri,llI'S as ,lilr.'n111 as I"",\ ill l.. itlllOliA dilrerrlll oll!;('r\·il.1ion s ill a ny cluster.

Iluw.·\w . if III" lix,..! I'lfl"'l nl\·i1ri.,I,· hilS IIIl' Stl llI l' or IIcil.rly ('(illoll \"iIIIlCSamong differenl

,,1'''' 'r\ 'a l iulIS ill itll.\· dus',·r. "" ,.;ylll l' lo l ir \'a ri.' IICf' o f " ", f'!(limalc fo r till' eorrespcnding

lix..,1 drl.·1 I'a nlllld.·t~ 1II1l1 1' lI' \';lri H\ll"" «uupcm-nt 1)(' ("011](' IWII l'r, ill t ile sense t hat t hei r

~ l illl , I,lI ' , 1 r-rroes us we-ll as 1111 ' ah sulut" vnlues or their h i" s derrcasc. ill ge ne ral as the num ber

" f d ll ~" ' I '" k 11111 ' I IU' d usll '.· silo,'''; ( i = I . .. • ~. ) illtTI'HSI'.



5.3 Prediction of the R andom Effects

hilSt'11 011 IIIP AI.. I'Q L lUlIl GE F npproaclu-s , I.!'l 1i. Ill' t lIP ,\ 1.vst ituatur uf tIlt' rillldulll

drp(', ) ; i n the "til ( .~ :o I. . . . . ,jOUO I " il1l\1];,l ju li. 'lle-n I !II'1111 a l MSI': o f ti ll' ,\ 1. pn',lid llr><

, r"'" )is r1t' filll' tl b.\· ~ \ ; ("1;:' - ·; ,)~ r,(Jl ) lJ • 1I"111'r1' , . = :)0 !I I' [un j" tlu- IlUIII111'l' of intlt'lw ll'

,1t'1l1 dns\C'l's . Sill1i1 llrl.l'. t ht· \01111 :\ISE of Ih l' PQI, aud t: EF l11'(·,Jid ors an- ,It'lillt'd 1..\'

, I"" ) ' {""" )~ l~ (1i ' - ·,;)~ J.'i ()OU nud ~ ~ ( .,,'. -·/;)! /ii UOlI rt'lil'( ·,"li w ly. 11is ,.!I·ill" Inun 11u- 1,1'

blc that 11 1l~ G I~F ilppro/wl! is inferior \01 111' I' ql. nml ,\ 1.<lllprwll' ht'li ill t i lt' ptl ·t lit·li"n of l in'

1" 1111<10111 ('1[('(" \ ~ . Bt'lw''{'1l1:11' I'QI, illld ,\ I. 1l111m 'iwlws. IIll' 1" la l ;'..[S l·: IIf tln- ;\ I, l,n ', lift " ,s

propus!'!1 A t. approneh p I' rrO l"IlI S nuu-h llf'l ll' l' ,Iloll its ("()Jll lll' li tms i ll tln- J!l'C'd ic'l,iu lI of l In'

;j! )



I\S w,41, 'I"a l,11'" '; J , ~x ll il )its t l",t t Ill' AI, yields <: .~ l rl'lllf'I'y good ostirnat e, for t llf: ra ndom

,·Ir,d s wlu-uLln- 11I"1.1Ii11 fT ~ is stWIILhilt beth 1111 ' I'QL <11111eE F (10uot . l'd ll'dill g lhat when

III<" ;...111 >1 1 fT ~ jx 111'11 1' ~'·l'O . 1.1 1<" A L I" ',,, lllo's nlmos t uptitnnl I's!,;lI1alio li [o r t.hl' ra!l . IOlll crr.:r-1s,

wi"' ...·;,:"1",1,11 1,1... 1'(21.and (; E[o"llIiI.\"110 1. '1'1](' simula tion i'I.~O d isp lays that , for all t hr ee

1I1'I'I"OIU"lws. 111<' ,'s HUlal,'s of 11 11' 1",l lll]Oll1 .·m·.·ls will t ill \'!' sumlk-r1.01<11 ~"Sl~ ill genera l us

IllI' ,·lllsl.l'1" si",.· /I i (i := t •.• •1..) i l 1f"I'( ' ll S!'S 11III [ IIw 1I'11111)('r or clu sters ~. d l' lTells ('s . Thai, is,

II,.· " sl iltlill ,'s "f I[n' 1'11 11 .1"111 " 111"'ls will ''''roill'' IIlOI"(' "' Tll r"l, ' ilS t he rd /ll jw' d 'l s 1< ~red sir,,'

(II,//.-) i ll ' · I"ll :"f'.~ . i\ II ti ll'S!' simulat ion l"! 's llI L~ H I' nlillcid('ul 10 'he atla ly l,ir o nes whirh a n '

pu in l,, '" on l, ill ( :I'IIf1I<·["·1.

sn
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Al'llIal (]"l ~ 11'l hod .' /J, II I il:l Jl,

n.rn AI. ~ 1 ( ''' 11 uI ll :! :1. ,W:-': ·n.D,':'; I.l IllU n•.'i:.!T

S E rum; tUU,l u. l:m n.tt!il n.w:!

I'QL ~ 1 1'1H ' O.! ,IO " '1"" ·II.!!!)!) I .lHJl) n':1 10

SE u.uus !l.U:!"; n.I:!H II.IW·, (I,I(il

GEF MI'H I1 11.:111 :1.:l!J(i .usnn LlIlIO n•.'iHl

SE IJ.jHi lI.U;;!) 1I,I:!H lI.l12:, n.wI

n.i.~ AI. M( 'ml n.:! 11 iA :!~ ·rU!!Ja 1.1)00 U•.'1W

SE IUJ[)!) fJ.lJ:J:1 n.I:W n.lJ':H n.I .'iB

I'Q L Mc'au n. :I ~() i .~8 :~ ·1I.!I!J7 I.U()O 1J..'illl

S E tl.O]li u.o:w n.l :W IIJI~ ' I 1l.1:,fi

I:EF ~ 1< '1II 1 n.:i7 :! :1.:100 ·1.mH I.lJlJ( 1 ll.,I!l l'I

S E (1. 117 tU );j, ] O,l :W IUll· 1 lJ.l :m



k ~ 1110 ", = ,1 Est i ll lilh 's Of PlIt fl lndcrs

Ad ,II <t! " 'j ,\'1, '1110, 1 .' Ii , /j~ /j:1 (J"

u.xu AI. ~'h'll li n.uo :UIII ·n .ll!):! 1. 000 0..';17

SE (I,OW n.Il:11 0.117 0 .ll 2:1 0. 147

1'1I1. 1\1'-lin (J.(i,1!I z.tns -O.!/!l7 I .UOO O.tiOS

Sl': (LlYn n.ll:'!:') 0. 117 O.O:.!:I 0 . 1-16

( :1·:11 I\k all n.sn 2.:11:\ - I. onl 1,0110 Q.' l!J!)

SI': O.HI!) O,I ..j:\ 0 . 117 O.O:.!:l U.J.I'i

11.7!i 1\1. 1\1";l!l OJi!1I :u;~ -O.!HJ!i 1.000 O.!iJ2

sr·; (Ullf O.(r.~! 1 n.IO!) n .Di l O.I :n;

I'll', :\ Il'i ll t I.n:m :UH 2 -O.!J!J!) 1.0un O.fJ04

Sf'; !I.n,1O Il.Ui :j 0.101) 0. 021 O.I:J(l

<:EF i\!t"1Il 1.,llili :! .I:I!i -o.!l!m LOOO 0 .52:1

SE (J.UW lJ.Oi l 0.110 0.021 O .I :k~

l.on AI. M",III ll.i'2:.l :U i02 -G.!I!]:"I 1.000 0 .510

SI'; nuu 0.1101 0.100 O.O'lfi 0. 058

1'1I1. I\kil ll l .t l !) 1.li; .'". · O,!J!li 1.000 0 ..'.\08

Sf': fum; OJ}::! I o.un O.o:lO O.l:m

( :1':1" 1\[";111 [.lili-I :!.W!J -O.mrl 1.000 0.,117

SE n.:WI IW')!I 0,101 O.O:lO 0. 126

(i(i



' ['~ h ll' !)A : ('om pmisoll o r Sil1l11 ICiII·d "' ('<IllV~hll' s andSl a l\llar cl l';rror s (SEl \lrllu ' HI '~n 'ss io l l

E~til1la.ks nud Variall!'!' ( 'OIllIIOIIl'1I1s u r !lalllll1l11 Elrl...·ls rllr Sl·II'dl...l \'n l ll l ·.S Ur (T ~ : A· = lUll:

IIi = " (1' = ' ,. " .101, T rill' V' lhws or 1.111' ll('g l"l'ssi' lil ! " I I'l Il I1I'1( ' I'S: II , ~ 2}i, d~ = - 1.0.

11:, - 1.0 1lu<l tJ.1 = IUj: !)(j0l) Sil llUlal iOlls .

10 = 100 1/ , = (i Est ilWll,'s of 11,II'nlll('l r rs

A l'l lI <l l l1~ i'vll'1hod "' II, i~l 1-1: 1 1-1. .

n.iu A ], ;\11',111 (j.WI 1 ..lh!J .n.un 1.0011 u.nan

S l ~ D.nUI O.lJ22 n . IO!1 II.OIU n.u s

I'QI. Moan O.I!!) 1 .1:18 - 1.DOIl I .UOO [). : ,ll(i

HI'; O.(]O!j o.nn O.1ll8 0 .1110 [). 117

(: EII i\ fl'ilil o ';lns 2 .2!1I - 1.DOIl I .UOO n.rnn

SE (J. lliCi O.Il!l7 1l.1OH II.OW 1l.Jl i

0.2.1 AI, Ml'llil 0.2·12 2..l2'1 -fl.!)!H 1.01l0 IU , Il'i

SI': 0 .00:') OJ)!! fl. I[):! O.lI lU 11.1 12

PQI. Mean O.2IH 1.:!Oi -11.!lH!J I.onu IU, fl!1

Sf'; n.OO!) 1J.l)li f). IO:\ II.OW n.11 2

GEF ~'dl'lI ll O . ~1J2 2.22:\ · 1,Illl:.:! 1.(JIlU l) .rlll2

SE I1l.2i2 O,J·I<I (J.lln 1I.0 IU 11.112

117



1..=IOU ",= (1 I':slillmh'll or Paramet ers

Adllil l f1 ~ Ml'I.hllll "' If, If, (I:J If ,

IUjI] AI, M I~111l 11.-1:\>1 2.,112 -D.!}!H 1.000 0.513

SE O.lJO{j 11.021 u.oss 0.009 0.101)

1'(21, Ml' lU l (Uil 5 2,:1:17 ·O.!J!l!J 1.000 0..50 :1

SI': 1l.015 O.OIG n.oss D.OO!) O. W!}

<:EF ]\1( ' <111 1.2M :LlJS2 -D.!J!17 LOaD 0.50 7

S!': 1l.2.'ift o.oas D.U!J!l 0.009 0.10 5

11. 75 AI, !'vI1'11II 0.58S :H :17 -O.!!!I·] i.ooo 0.5 1n

SI': IU10i D.U!!} o.on D.OOi'l 0.0118

]' '1 1, r-.'1('1I11 O.!l75 2.'170 -D.n!l!! 1.0 00 0.5 05

SE 0,(121 0.1l15 O.OUI 0.008 0.098

<a':F IVIl'11l1 I .fi:!!! 2.0rJS -O.!JSg l. 000 0.52·1

SI': 0.1:15 1I, l oa O,onl 0.0 08 0. 100

I.UlI AI. r-.1('llI1 (l.7IS i .MiS -O.!)!)·' 1.000 0.·511

SI>: I!.UIJ7 0.111 O,OSfi 0. 008 0.09:)

PQI. Ml'llu 1.:17·1 1.1iO·1 -e.ssr 1.000 0..')05

S[': lI.n28 O.lll.] 0.086 0 .008 o.oss

(:E1" Menu 1.81·1 2.078 -n.mlG l .OOO 0.5 III

SI'; II.Oil-1i O.\li l 0.086 O.OOS o.oss

(is



T able 5.5: ('omparison or '1'0111 1 :\k1l1l Squnn- Error~ or l in' H'11 ,t1011\ ElI'''' 1 PI'pdirt,iullJ;fur

Selected Values or 0-1 : k = 50 and 100; "i = ,1.li (i = I • . . . •k); 'I'nH' Vnlues uf 1Ill' HI 'J!;n' ~ ~i oll

Parmnct ers: ill = 2.5. 1'/2 = - 1.0. II" = l.ll und 1"1.1= lUI; !iOIlO Shunlni.ious,

NUlIllJcror Size or Actunl Vari'\llt·(· CUIl1pOILt'lll, (I"~

Ulustcrs ( ~ 1 1L~l. cn; Met llOd lU ll 1I.'l!i O.:iO 0.7.'1 1.1111

50 AL O,{iOO unss U .s.I ~ 'l.:ms ; .:U~

PQ I. :l.l !i l J.:II!J f .lJt '.! :1.mW !l.S,11

GEF !l .G~S t..l~li 'l·Li1l!) 1i'i.(i:,1 l ·U .:,:1

1\1, 1l.2'l1 n.'l·lii n.:!11 n.!I'j'S ii.:I:':1

PQt ·1.1'i!JS 2.0Hi n.2ii I.!HI (i.:'Il)

G EF 20.:1O!I 'l'l.i'iO'l ·I:lJi]'l :W.H !1 IIUm:.

100 AI. 1.2()fi I .S!!!) 'l.:I(J:. 'l . l l)a ,1.li,1f)

I'Q L S.!I; ·1 ILHii 'l.·l:m 1.!1 12 'I.!l'll

G"F Ill .n:, I LJ!j(i :1:1.77:1 (j!',.:17U ,'j'j'.!,pW

AI, n.!j:l l 1.u:m 1.2!lll I.Un:1 2"1'1 2

PQI. l:l) j:l'j' s.un :1.:1'11I lI.n :1 1.71il'!

mw ·10Ai'iO :,:•.liIi2 7'i.17n ~1i.fH I 7!I.!HH

en



Chapter 6

C onclusions and Some Suggestions

'1'1.. · 11 11I1 '.....I·, l lwo-s l.' .p ilpptoX illlll l,(' likd ilulOl1approach is 1!1'1I10 I tsl ratecl 1,01)1" 0 (\11(1' ronsls

!l'I ,I. ( ~ L il1li~tl '!l (,If llo lll LlIl' fi xe(I I 'lf(~t ll 11rarlle!cfli ilucl t he variance com p onent in tll e Poisson

I r l i s( ~ 1 Illil4lc·l. Wlll" l tl,,' ar l iia l "Ilfi.illirr rou ll)()J1{'ut is IIcar zero. our ('SlimAt.cs arcalm os t

,-/li. ';' ·111 fu r hud. II ... Ii"",.] " Iff.....pa rlllllrl.c·"" and th e Vllnl!ll"fl c ompo n ent, an d iillt: IIhnosL

III)ti lllal fu r ti ll' Til I IlI(JII1I~rl·d_s . WI1l'1I t iM' ;1("111111ra rianre romp o ne nt is away from sere , o u r

,,,,t il1l<1l.os an' 1IIwa)' l< lISll1ljlt.olicllll)' I 1 1Ihill~1 for th e rixed clfect JHlra mct.crs, WllCfCilli o ur

I!•.,.u!ts of 11111" l i lll ih·d sim l1latKm sillily al:-;o .'1111)1)01"1. lllil~ the t wo-step appro xima te lik cli

t ll 'Ul l ll l ll ltt><l dl lls ll "l1.\· IM .,. fun ll~ Iwl.l.I,t IImll thcpcna l iacd quae i- likclih cod (PQ I..) appro a c.h

..I' Bn'lliow 1I11l1 Cl. ly l tlll (1!l!Ja ) ~ ll t l t hc l'lll imalillg Inuctiou (GE l' ) a pproach o f Wl\dawiw

auc l Liill11!: (1!1.t l) ill t'N li llllll , i ll~ l Ilt' l -I II'(~~ types ol parameters of the P oisson m ixed mo del.

Sp l" ·'·,l'nlly . ll ll' 1 1I'upu~I~ 1 n p pn~II'h lwrrorl1l!l slighlly better th nn the PQL a nd GEF a ll"
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impro vement 0"('1'111(' L~Q I. ~ l11 l GE t' ~ Pl'lUiIl'!lt~ in 1'lllill IOll iuJ!; lilt' r .nlllUlII d rc'i,t:<lInll lln·ir

,...riencc, l'5pc'Ciallr fo r small a1 , Bc'lwl"C'n thl' " '11. ami ( :EF 1lIIIlrt )m'!J. t ill' I'QI. nlllu'l;ld,

wa~ foundt.o be super ior 10the G t:t' a p pTOilfh in l':'lt imat.ill J!; lOll t ilt ' Ilo1ril llll'I I'Ol.

No t e liial thc arhitnu)' U!Il' o f l hc· l·oi s.'IOll lllixc'il uIlKII,1 for rllls l l ' n'i ln JlIIII ,Ial.,. 11<11\1' \'1'1'.

III/Ir y ield invalid ill fl' n ' Il(T'. h is n or)' i llllKII1-111I 1. l.o ahillk I h",II~1 1 wlll 'II,,' r II ... .' '' ''' I II III,l ic>llN

of till' Pois.'101l mixed /l lOIl,·I, ",11(' 1, a~ I Ill' nm d iti" nal illll" I" 'lIlll' III'C', ilr" n'astllla l,lo, rUT II

llpl't:i1ic proble m bclon- IIsingIhi s 111011('1. SUI1l(,t.illWs, il 111i1y Ill' 111'1"1 ':<:1,\1')' It> ilU'!lul,' Im'I'ions

rt'lipOll:<I 'llor time \'arin!.l!'s illl,hn Ibwll d f(,ct ('(l\'ari nli's illlll /uf mek« sJwei;ll LraUl< rOl'llllll.iolis

rOT sornc fixed crft'd fO\' lIriall'!lill IIfd,'r t.o 1l.'iI ' ti ll' \' (IiS.<;tJlI I l l i x, ~ I II IOIll'l lI'c ' l l . Nul ill! "I II ~ I" l'c ', 1

(:1111111. (laLIt meet the Ill'lSlIl1lpli01I:<ut i lI(' PUiSS(l11 mixl't1 ll lmfcol ,

Severalmodels for d i!'l(rel.cC! l1lllrn'( ! clal~ ha ve n't" ' lI t ly 11l't1 1 IU'OI)t.ll'l·, I, fur " X ; l l l l l' ~" till '

lIlhc'( l model (Slira lel li . La ird nlHI \Vitrt.. l!1S-l l. l h,'m arp;; III1II11Ol I. 1 ( l .i"l1~ awl Z"~''f W='Ii)

and t h e "mixed llitriti ll e-wr mo del (l"itzmaurin' and Lairtl 1!l!I:II , lIul all cMtlr.'S<, I1ltlll.,!l'I

haW'SOIllC drawbacks . Thc itclvA.ll l11r,t'!_ a nd ll isad v;lIl laP;l~ otlhl'l;l ' n ",-L.fr,..<Is itn' ,li sn _ ..1 ill

dMitil ill Llang ;uKI Q,u li..lr (l HH2 1 as \VI" I a... Fily,lIlituric( ' , l.. iTtI i\ 1 1 ( l lk~ lI i l7.ky ( 1!)!I:I).

Most models for d usl.c rctl d ata slud ic'Smay n'tlll in~ n llf' lIlc1l1 a III~e ;U1M.ll1 l1l l,r ,-"m l" l

tetlou , alld/or ma)' r-vc u be ill1pos...ihlc· 1.0 lirucllll:l' sum l ;nr,'ft'IU'P l""'HIISI' "r IllI' . li1Jil'l lll.y

or cornputatlon. For I:X<lIIIIII(' , tllt ~ W~1J(~ I ' lllilA~ 1 [inear lIlixc'lllll ulld l'l IliIVI' 1""'11 hilll ll"'II..1 hy

Lh( ' need for ruunerlcul ill l cg tll tiO l 1 III eVilll1al( ~ t lr(' 1Illlrp;i l1al likdi hooll. 'Phi..l ill's;s JIIlJI" 'Sf'l'I

11 two-s top lI.pproxi11latll likelihood UPIJI'oud l for l!rl' l'oi "'''" 11 Mix I"! ,"I"dd with 111liVH ia tc'
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l'illt, I"lII . 'tlf-d s. T hb "ppl'Oa d, pru d llf'{'S1111' nl1lsis \f'llt estima tion rOI" both th e fixed oflcct

puruun-tt-rx 0111,1 t Ill' \'<l1'i,' 11I'" 01" l"lllld" 111dl""f'l s. and has h""lI sho wn by t heory a nd simulation

tu I" , s 'lJlf'r iur tu 1\\'" cump,'l ito rs ill t's t ill lill iu,l;,,11lIm'i' ly pt'S or pa rameters . Ho weve r. t his

ill' lJIf/,...I, Itli ' ,\" lit, d ill in lll tu d",'d u!, ror 111l'Po isson mixedmodel with 11Iu11lva rlnrc random

.. ffi 'f"1 s, " ll .l rur ~1'III' I' il l i~, 'd liru-nr mixe-d l1lodt 'ls.

(h l·t' Il 'Sf'III1.irif"i ,llikf·li lffJllfl " IIf/W,II'll illllOUl mntHld rir modd s was g('m'raJi~('d into semi

l'il r,UIlf'lrk lIloll.·ls lIy q i lt iHld LIII"lf>sS Ill)! )·l) . 'f Jlis i'pproatli llJily 1)(' further de\"('loped lor

,.]lIsl! 'l'l,d ,J"l ;, s l,udi. 'S whe-n IIll' ad," i,1 distrlbm.lonof rlatu i.. .Iil lkn l! 1.0 S)ll,,;j ry well.
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