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Abstract

Praseodymium-filled skutterudites RT4X12 are body centered cubic (bcc) structures

that belong to the space group 1m3 (no.204) where R stands for rare earth elements

(Pr, Ce, La, U, etc.), T stands for transition metal ions (Fe, Ru, Os) and X represents

pnictogens (P, As, Sb). Three differ~nt praseodymium-filled skutterudites are consid­

ered in the present study: PrFe4P12, PrOs4Sb12 and PrRU4P12. These materials were

explored for their crystal structure and interesting properties. Calculations are made

of the following: i) the electric quadrupole moment possessed by the Pr 4£2 ground

state doublet,ii) the electric quadrupole moment produced by unique displacements

of transition metal ions, creating a cubic to tetragonal type of distortion in the crys­

tal, and iii) long-range quadrupole interactions between the Pr 4£2 electrons and the

transition metal ions. Neglecting the screening effect of the conduction electrons, the

quadrupole moment associated with the ground state of the Pr 4£2 electrons and with

the transition metal ions are found to have similar values when a crude approxima­

tion to the radial part of 4£2 electrons is used. Long-range quadrupole interactions

between the Pr 4£2 electrons and the transition metal ions are calculated for their

three different alignments. The attractive and repulsive quadrupole interactions ex­

hibited by the two linear quadrupoles based on their different alignments are discussed

in the present work. This is a first step for creating a dynamical theory of electric

quadrupole interactions in praseodymium-filled skutterudites. A complete dynamical
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theory should include contributions from long- and short-range quadrupole interac­

tions among the conduction electrons, the Pr 4(2 electrons, and the transition metal

ions. The present work is limited to the long-range quadrupole interactions between

the Pr 4(2 electrons and the transition metal ions. Further studies focusing on long­

and short-range electric quadrupole interactions among the conduction electrons, the

Pr 4(2 electrons and the transition metal ions would be essential in order to more

fully develop the desired theory.
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Chapter 1

Introduction

1.1 Overview

Praseodymium-filled skutterudites RT4X12 (R stands for rare earth ions (La, ee, Pr,

etc.), T denotes the transition metal ions (Fe, Os, Ru) and X stands for pnictogens

(P, As, Sb) are materials of current scientific interest because they exhibit various

interesting properties at low temperatures: heavy fermion behavior, structural phase

transitions due to electron correlations, unconventional superconductivity, and ther-

moelectric property for industrial applications [1-3]. In order to assess the long-range

quadrupole-quadrupole interactions in praseodymium-filled skutterudites, the follow­

ing are considered for the present study: PrFe4P12, PrOs4Sb12, and PrRu4P12'

PrFe4P12 undergoes a partial metal-insulator transition accompanied by anti­

quadrupolar ordering at T = 6.7K [1,3,4]. PrRU4P12 shows a metal-insulator transi­

tion at ,...., 60K followed by an unidentified ordering at ,...., 2K [4-6]. PrOs4Sb12 exhibits

heavy fermion superconductivity b~low 1.85K [1,2]. Quadrupole interactions are im­

plicated in all of these materials.

So far, little effort has been made to develop a theory of quadrupole interactions
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in the filled skutterudites considered in this thesis. An in-depth study is required of

the long- and short-range quadrupole-quadrupole interactions among the conduction

electrons, the transition metal ion (T) displacements and the Pr 4£2 electrons to fully

develop a complete theory for these interactions. The present study on long-range

quadrupole-quadrupole interactions between the Pr 4£2 electrons and the transition

metal ion displacements is a first step toward developing a theory of quadrupole

interactions in the praseodymium-filled skutterudites. Although the displacement

of pnictogen ions may also possess a quadrupole moment [4, 7], these will not be

considered in the present work; however the results for the transition metal ions

could easily be extended to the pnictogens.

1.2 Crystal structure of skutterudites

Numerous authors have studied the crystal structure of filled skutterudites [8-13].

Fig. 1.1 shows a body-centered cubic (bcc) unit cell of a filled skutterudite RT4X12

(e.g., PrFe4P12). Each bcc unit cell is composed of 34 ions: 2R, 8T and 24X ions [14]

where each T ion is surrounded by six pnictogens, and each R ion is surrounded by

eight T ions. In each bcc unit cell,. an R ion takes its position at the origin and at

the corners, and each of the T ions are positioned midway between the R ions. If a

is the lattice constant of the bcc cell, the positions of the two R ions and a T ion in

the cell are (0,0, 0), (~,~,~) and (i, i, i), respectively.

1.3 Properties of praseodymium-filled skutterudites

This section discusses the properties of the praseodymium-filled skutterudites con­

sidered in this thesis. The Pr ions of the filled skutterudites are trivalent [3, 15],
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Figure 1.1: A bcc unit cell of praseodymium-filled skutterudite

therefore there are 2 f-electrons. They have total angular momentum J = 4, as de­

termined by Hund's rules (see Section 1.4). These nine-fold degenerate states split

into a singlet(f1), a doublet (fg), and two triplets (f4) and (f5 ) under crystal field

splitting [6,16] (see Section 1.5).

Grandjean et al. have inferred an oxidation state of 2+ for Fe in RFe4PIZ (R =

Ce or Pr) based on X-ray diffraction measurements which suggest P-P bonding [17].

It is reasonable to assume an oxidation number 2+ for Ru and Os ions since these

ions have the same valence electron counts as Fe. In all filled skutterudites, the iron

is non-magnetic [12,13,17].

There is still some controversy about the crystal field ground state of the Pr

4f2 electrons [1,2,18-20]. Experiments have shown that in all three compounds

(PrFe4PIZ, PrOs4SblZ, and PrRu4PIZ) the ground state is non-magnetic, therefore

it must be either the singlet or the doublet, since both the triplets are magnetic. We
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consider the r 3 doublet to be the ground state in this thesis; however the analysis we

present may be extended to the case when the r 1 singlet is the ground state with a

low-lying magnetic triplet excited state [21,22]. In this case, the quadrupole moment

carried by the triplet is responsible for the quadrupole interactions.

PrFe4P12 shows a partial metal to insulator transition, seen as a sharp upturn of the

resistivity, at T = 6.7K. This is accompanied by anti-quadrupolar ordering, observed

directly in in-field neutron diffraction measurements [23], and a structural phase tran­

sition involving the Fe ions displacement [24]. In both PrFe4P12 and PrRu4P12 (dis­

cussed below), the structural phase transition doubles the unit cell and opens a gap

at the Fermi surface. Unlike the case of PrRu4P12, at very low temperatures, the re­

sistivity tends to zero due to the presence of carriers on an additional Fermi surface.

At high magnetic fields a heavy electron state is observed with effective mass

larger than 60me [1,3,18,25-30] where me is the mass of an electron"" 9.1x10-31kg.

This phenomenon has not been linked to quadrupolar interactions, therefore, is not

directly related to the subject of this thesis.

PrRu4P12 undergoes M-I transition at T M - 1 = 60K accompanied by a structural

phase transition, but there is no magnetic or quadrupolar ordering associated with

this transition [6]. Both Ru and P ion displacements have been implicated in this

transition [4,7]. Some kind of non-magnetic ordering is observed at very low temper­

atures, T ~ 1K, which has been conjectured to be quadrupolar [4,31].
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PrOs4Sb12 exhibits heavy fermion superconductivity below Tc = 1.85K [1,2,32]. It

is the first Pr-based heavy fermion superconductor and the first among the family

of filled skutterudite compounds. It has been speculated that superconductivity is

mediated by quadrupolar interactions [2]; if so, then it represents a new mechanism

for superconductivity distinct from phonons or spin fluctuations. Nodes in the gap

function indicate that superconductivity is unconventional, but the exact symmetry

of the order parameter is still undetermined [33].

The heavy fermion behavior in PrOs4Sb12 may be due to the interactions between

the electric quadrupole moment associated with non-spherical charge distribution of

the Pr 4(2 electrons and the electric quadrupole moment of the conduction electrons.

This was formulated as the two-cha~nelKondo model by D. L. Cox [34]. In contrast,

in case of Ce- and V-based compounds, heavy fermion behavior is due to the inter­

action between the magnetic dipole moments of the Ce- and V-ions, and the spins of

the conduction electrons [1,2].

1.4 Hund's rules

Hund's rules are useful in determining the ground state of the Pr 4(2 electrons. Nu­

merous texts are available to study Hund's rules [35-38]. Hund's rules state that the

eigenvalue of the total angular momentum is J = IL - 81 if the shell is less than

half-filled, and L + 8 if the shell is more than half filled. This rule is called spin­

orbit coupling or L8 coupling, and it applies to the present study in determining the

ground state of the Pr 4(2 electrons:

Hund's rules can also be stated as follows: when an atom has orbitals of equal en-
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1 0 -1 -2 -3

Figure 1.2: Spin occupation of the 4£2 electrons to seven degenerate orbitals according

to Hund's rules.

ergy, the order in which they are filled by electrons is such that a maximum number of

electrons have parallel spins. The angular momentum quantum number for the ground

state configuration of the Pr 4£2 electrons can be calculated using this rule. The possi­

ble magnetic quantum numbers associated with l = 3 are: ml = 3,2,1,0, -1, -2, -3.

Parallel spins fill these states in this order. When there are more than seven electrons,

the opposite spin states begin to fill. The total orbital and spin angular momenta

associated with the Pr 4£2 electrons are therefore L = 5 and S = 1. Since the shell is

less than half filled in case of the Pr 4£2 electrons, J = L - S = 4.

For very heavy atoms (such as P~, Bi, Po, etc.), we first calculate the total angular

momentum from each electron, then add up the J's. This is called jj coupling where

j is an eigenvalue of J. As Pr3+ is not a heavy metal, jj coupling does not apply to

the present study.

1.5 Crystal field splitting

The crystal field of the eight transition metal ions which surround each Pr3+ ion

lifts the nine-fold degeneracy of the J = 4 Pr 4£2 electrons into a singlet (f1), two

triplets (f4 and f s) and a doublet (f~) [18]. This phenomenon is called crystal field

splitting. All the split states can be expressed in terms of Ij, mj) for J = 4 and
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mj = 4,3,2,1,0, -1, -2, -3, -4 which are as follows [21,39]:

Irl ) ~ (14,4)+14,-4)) + {[;14,0)

Irt) {l; (14, -4) + 14,4») - {l; 14, 0)

Ir,) ~ (14,-2) + 14,2»)

Ir~) ~ (14,4) -14,-4))

Ir~) ~14,±3)+ ~14''fl)

Ir~) ~ (14,2) -14,-2»)

Ir t) ~ 14, ±3) - ~ 14, =f1) . (1.1)

A single f-electron (L = 3, S = !) has 14 degenerate states. For two f-electrons,

the total possible number of degenerate states is 142 = 196 which are subject to

the Pauli exclusion principle (anti-symmetrization). 14 x ¥ = 105 of these states

are specified by symmetric wave functions and remaining 14 x ¥ = 91 states by

antisymmetric wave functions. The degenerate states defined by the antisymmetric

wave functions are of interest in the present study as they are the degenerate states

pertinent to the Pr 4£2 electrons.

The Hund's rules select the nine degenerate states i.e., J = 4 out of these 91

states, where these nine-fold degenerate states should be the linear combinations of

the basis functions [40]:

14,mj) = L a(mll'mI2,msl'mS2,mj) 13,m1J ® 11/2,msJ
(mIl ,mI2,m'l ,m.2,mj)

(1.2)

where mh and ml2 are the possible eigenvalues of the orbital angular momentum

LIz and L 2z for the Pr 4£2 electrons and mSl and m S2 are the possible eigenvalues of
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spin angular momentum BIz and B 2z of these electrons. a(mh, ml2 , m S1 , m S2 , mj) are

Clebsch-Gordan coefficients which will be dealt in Section 2.3.

1.6 The Wigner-Eckart theorem

The Wigner-Eckart theorem relates matrix elements of vector operators to matrix

elements of the total angular momentum operator J By using the total angular

momentum, J = 4, for the Pr 4(2 electrons, the quadrupole moment associated with

it can be calculated using the Wigner-Eckart theorem.

An observable 11 is a vector operator if its components ~, V; and Vz satisfy the

following commutation relations with the components of angular momentum operator

J

(1.3)

where Eijk is the Levi-Civita antisymmetric tensor and 1i is Planck's constant. Note

that:

(1.4)

is a special case of Eq. 1.3.

The Wigner-Eckart theorem states that the matrix elements of any vector operator

in a sub-space spanned by IJM) for fixed J and M = ±J, ±(J-1).... , are proportional

to the matrix elements of the angular momentum operator J [41]. Mathematically:

(1.5)

where a(k, J) is the proportionality constant, and k is an eigenvalue associated with

a different operator than j2 or Jz. The Wigner-Eckart theorem also applies to tensors

[42-44]. The Q33 component of the quadrupole moment can be calculated as :

(1.6)
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where p(T) is the number density of charges, and e is the charge of a positron,

1.60217733 x 1O-19C. A general formula for the quadrupole moment will be derived

and discussed in detail in Chapter 2. The matrix elements of the Cartesian quadru­

pole moment operator, (3z2 - r2 ), are proportional to the matrix elements of the

operator (3J; - J2):

We will make use of this in Section 2.3.

1.7 Multipole expansion of the potential of a 10-

calized charge distribution

The potential at a far point P is the same as if there were, at the origin, a monopole,

plus a dipole, plus a quadrupole, etc., where r is larger than the maximum value of

r'. Fig. 1.3 shows a charge distribution confined in a given volume near the origin.

The potential at a distance r »r' due to the charge density, p(r'), is determined by

using the Taylor expansion of 1/(lf- PI) about r~ = O. The multipole expansion of

the potential of a charge distributiqn is discussed in a number of texts [42-48].

The potential at a distance r from the origin is:

q>(T) = _1_ Jp(P)d~r' ,
47rEo If- r'l (1.8)

where EO is the permittivity of the free space. Note that SI units are used throughout

the thesis. The multipole expansion of the potential about the origin is:

1 [ q p. f riQijrj ]
q>(T)=-4 -+-3 +-2-5-+ .... ,

7rEo r r r
(1.9)



CHAPTER 1. INTRODUCTION

R

-------\-----7!"'--------f------y

x

Figure 1.3: A general charge distribution enclosed in a given volume.

10

where q = f p(r')d3r' is the expression for the total charge, j5 = f? p(?)d3r' is the

expression for dipole moment, and the quadrupole moment Qij can be expressed as:

(1.10)

The convention that repeated indices are summed is used throughout the thesis.

From the definition 1.10, Qij is traceless and symmetric. Although there are five

independent components of Qij, of ~hich 3 usually specify an orientation and 2 specify

intensities, only one of them becomes a characteristic quadrupole moment whenever

an axially symmetric charge distribution is considered. For instance, Q33 becomes a

characteristic quadrupole moment for a charge distribution symmetric to the z-axis.
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(O,-b,O)

+q

x

-2q

(0, b,O)

+q
y

11

Figure 1.4: A linear quadrupole with charges q,-2q and q aligned along the y-axis

where b is the distance between opposite charges.

1.8 Properties of a linear quadrupole

A number of texts have described the formulation of quadrupole moments via multi­

pole expansion of a continuous (or discrete) charge distribution [43,44,47]. A linear

quadrupole with a charge distribution that is symmetric about the y-axis is shown in

Fig. 1.4. The charges q, -2q and q are located at the points (0, -b, 0), (0,0,0) and

(0, b, 0) respectively, where b is the distance between positive and negative charges.

The charge density of a point charge q, located at point (x', y', z') is:

p(fj = q8(x - x')8(y - y')8(z - z'), (1.11)

where 8 is Dirac delta function. The charge density of the linear quadrupole shown

in Fig. 1.4 is calculated by using Eq. 1.11:

p(fj = q8(x)8(y - b)8(z) - 2q8(x)8(y)8(z) + q8(x)8(y + b)8(z). (1.12)
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From Eqs. 1.10 and 1.12, the calculation of Qij for the linear quadrupole in Fig. 1.4

is straightforward:

Qij = J(3rirj - r28ij ) (q8(x)8(y - b)8(z) - 2q8(x)8(y)8(z)

+q8(x)8(y + b)8(z)) d3r, (1.13)

where d3r = dxdydz is used for the Cartesian system of co-ordinates.

The quadrupole moment along the y-axis, Q22 = 4qb2 is the characteristic quadru­

pole moment for the quadrupole in Fig. 1.4. The quadrupole moment along the

x-axis Qll and along the z-axis Q33 can be expressed in terms of the characteristic

quadrupole moment Q22 as: Qll = Q33 = -~Q22 = -2qb2
. All of the off-diagonal

components are zero, Le., Q12 = Q13 = Q23 = O.

1.9 Electrostatic energy of a localized charge dis-

tribution in an external field

This section deals with the multipol.e expansion of the electrostatic energy of a charge

distribution under the influence of an external field. The electrostatic interaction

energy of a charge distribution in an external field is the sum of the interactions of

the various multipoles of the charge distribution with the applied potential [45,49].

The electrostatic interaction energy U can be written as:

(1.14)

where q>(r) is an applied potential. If <I>(r) is a slowly varying external potential in a

region where the charge distribution p(r) is non-vanishing, the potential <I>(r)can be

expanded in the Taylor series about r= 0 [42-44]:

........ 1 aEj(O)
U = q<I>(O) - p. E(O) - - L L Qij -

a
- + ....,

6 i j ri
(1.15)
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where q, P and Qij are defined in Section 1.7 (see Section 2.1), and E = -V<I>.

The expansion of the electrostatic interaction energy U in Eq. 1.15 shows the

characteristic way that the charge distribution interacts with the external potential:

a monopole with the potential (first term on the right-hand side), the dipole with

the electric field (second term in the expansion), and the quadrupole with the electric

field gradient (third term in the expansion), and so on. From Eq. 1.15, the expression

for quadrupole-quadrupole interaction energy Uquad may be obtained:

(1.16)

which explicitly shows that the energy of a quadrupole moment in an external field

depends on the spatial derivatives of the electric field components. The field gradi­

ent &E:uad/&ri for a quadrupole field is calculated in Appendix A. The quadrupole

interaction energy Uquad from Eq. 1.16 will be used in Section 2.12. The quadrupole

interaction energy of a given charge distribution with an external potential is zero for

the following cases: i) if the charge distribution is spherically symmetric, i.e., Qij = 0,

and ii) if the applied electric field is uniform, i.e., &E:uad/&ri = O.

1.10 The long-range quadrupole-quadrupole inter-

action energy Uquad formulation

The quadrupole potential <I>quad(f) , about the origin is the third term in the expansion

of the potential, <I>(f), in Eq. 1.9:

(1.17)

where the prime is used to indicate a second quadrupole.
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The electric field is the negative gradient of the potential:

The electric field gradient is expressed as:

35, 1 ( ,
- 2T9 TjTIQlmTmTi + 2T7 10TiQjlTI

+lOTjQ~ITI + 6ijTIQ;mTm - 2T2Q~j) .

14

(1.18)

(1.19)

See Appendix A.l for detail. By combining Eqs. 1.16, 1.18 and 1.19, the quadrupole

interaction energy can be expressed as:

(1.20)

For the two linear quadrupoles, Eq. 1.20 can be written as:

since all Qij and Q:j are zero for i ::/= j for linear quadrupoles. From Eq. 1.21, Uquad

can easily be calculated.
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1.11 Quadrupole-quadrupole interaction energy Uquad

for the three different alignments of linear

quadrupoles

Calculations of quadrupole interaction energy Uquad for the three different alignments

of quadrupoles are carried out in this section. In each case, one of the quadrupoles is

always fixed at the origin with its charges configured along the z-axis, and the other

is selected arbitrarily along one of the coordinate axes.

1.11.1 Case I: Two quadrupoles aligned along the z-axis

The coordinates of the center of the first and second quadrupoles are (0,0,0) and

(0,0, z). The distance between the centers of quadruples is taken to be d. In this

case, the charge distribution in both of the quadrupoles is symmetric to the z-axis.

Since the quadrupoles considered herein are linear, all the off-diagonal components

of the quadrupole moments associated with them vanishes, and only the diagonal

components are non-zero. Fig. 1.5 shows such an alignment of the two quadrupoles

along the z-axis. By using the symmetry of the charge distribution in both the

quadrupoles, two relationships can be determined:

For quadrupole I,

Qu = Q22 = _ Q33
2

For quadrupole II,

From Eq. 1.21, U:uad for case I is:
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II Quadrupole

I Quadrupole

Figure 1.5: Case I: Two quadrupoles aligned along the z-axis.

= ~ [3Q33Q~3l·
41rto 2d5

(1.22)

1.11.2 Case II: Two quadrupoles along the x- and z-axes

The coordinates ofthe centers of quadrupoles are (0,0,0) and (x, 0, 0) and the distance

between them is taken to be d. The same arguments apply to this case as were used

for case I, so that:

For quadrupole I,

For quadrupole II,

Fig. 1.6 shows a quadrupole at the origin and aligned along the z-axis, while the
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I Quadrupole

II Quadrupole

Figure 1.6: Case II : Two quadrupoles along the x- and z-axes.
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other is fixed along the x-axis with its charges configured parallel to the z-axis. The

Ugad is calculated as:

(1.23)

1.11.3 Case III: Two quadrupoles along the y- and z-axes

One of the quadrupoles is aligned along the y-axis and the other is aligned along the

z-axis. The same argument apply to this case as was used for case I, so that:

For quadrupole I,
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I Quadrupole

II Quadrupole

Figure 1.7: Case III : Two quadrupoles aligned along the y- and z-axes.

For quadrupole II,

18

Fig. 1.7 shows the mutually orthogonal alignments of the two quadrupoles. Taking

the distance between quadrupoles ~o be d, the quadrupole interaction energy U:tid
can be calculated as:

uII ! = __1_ [3Q33Q;2]
quad 47rEo 4d5 .

(1.24)

The (-) sign indicates an attractive interaction, whereas the (+) sign obtained in

cases I and II indicates repulsive interaction.
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1.12 Organization of the present work
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Chapter 2 is devoted to the calculations of quadrupole moment of the Pr 4(2 electrons

and of the transition metal ions displaced in a specific direction. The long-range

quadrupole interaction energy between the Pr 4(2 electrons and transition metal ions

associated with the praseodymium-filled skutterudites under consideration will be

calculated. Chapter 3 will provide a discussion and summary of the present work.



Chapter 2

Quadrupole Interactions In Filled

Skutterudites

This chapter is devoted to the calculations of quadrupole moment due to the crystal

field ground state of the Pr 4(2 electrons. The quadrupole moment due to the dis-

placement of T metal ions in a unique direction is also calculated, and the long-range

quadrupole interactions between the Pr 4(2 electrons and the displaced T metal ions

are calculated for their three specific alignments.

2.1 Quadrupole moment calculation by using the

Wigner-Eckart theorem

The quadrupole moment associated with the crystal field ground state Ir~) of the Pr

4(2 electrons can be calculated by using Eqs. 1.1, 1.6 and 1.7:

Q33 -e (r~ 13z2 - r21 r~)
B (r~ 1(3J; - J2)1 r~)

20
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where B is a proportionality constant. Similarly, the Q11 component is:

Q11 B (r~ I(3J; - J2)1 r~)

=r:4B1i2 , (2.2)

and Q12 = Q23 = Q31 = O. Tracelessness implies Q22 = =r:4B. Hence, the quadrupole

moment due to the crystal field ground state doublet Irt) of the Pr 4f2 electrons

resembles a linear quadrupole form (see Section 1.8).

Alternatively, the quadrupole moment associated with the crystal field ground

state, Irt), of the Pr 4f2 electrons can be expressed as:

(2.3)

where p(f) is the number density of charges of the Pr 4f2 electrons, A is the overall

contribution from the radial part, and p(f), ¢) is the angular density of charges. The

radial part A has units of m2 and therefore Q33 has units of m2C. The angular

density p(f), ¢) of the Pr 4f2 electrons will be calculated in Sections 2.7 and 2.8. An

approximation for A will be performed in Section 2.3.

By equating the results of Eq. 2.1 with Eq. 2.3, the characteristic parameter

B can be obtained in terms of eA. Once the value of B is known, the remaining

components of the quadrupole moment can be calculated directly from the Wigner­

Eckart theorem. This is done in Sections 2.5 and 2.6.
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2.2 Approximation of the radial part A of the f-

electron wave function

The maximum orbital radius Rmax of the Pr 4(2 electrons is approximately 40pm [50],

where Ipm = 1O-12m. Note that 40pm is a little less than one Bohr radius (0.53A). A

crude approximation of A for the Pr 4(2 electrons can be made such that the number

density of electrons remains constant within a sphere of radius equivalent to Rmax.

The number density of a f-electron can be expressed as:

p(r; = p(r)p(O, ¢), (2.4)

where p(r) the radial part of the number density and p(O, ¢) is the angular part.

p((j, ~) is derived from the crystal field ground state, discussed in detail in Sections

2.4.3 and 2.5. There are two electrons in the system, therefore:

As sl"Lown in Section 2.5 (Eq. 2.35):

Jp(O, ¢)dO = 2,

there£ore

10
00

p(r)r2dr = l.

The radial part A defined in Eq. 2.3 is:

(2.5)

(2.6)

(2.7)

(2.8)

Here, p(r) is approximated by a constant number C within the maximum orbital

radiu~ Rmax, and is zero for r > Rmax . Thus, Eq. 2.7 can be expressed as:

(2.9)
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therefore,

3
C = R~ax'

Then, from Eq. 2.8, A is approximately,

(2.10)

A

960pm2
. (2.11)

2.3 The Clebsch-Gordan decomposition of J = 4

Pr 4£2 electrons into h = 3, l2 = 3 and S = 1

Hund's angular momentum for the Pr 4£2 electrons is J = 4. The angular momentum

state J = 4 is decomposed to L = 5 and S = 1 states using the Clebsch-Gordan

(C-G) decomposition method [36,41]. The states L = 5 and S = 1 are decomposed

into h = 3, l2 = 3, and S = 1 by the C-G decomposition method, as follows:

15, ±5) ±ff (1 3, ±3) 13, ±2) - 13, ±2) 13, ±3) )

15, ±4) ±ff (1 3, ±3) 13, ±1) - 13, ±1) 13, ±3) )

15, ±3) ±ti (1 3, ±3) 13,0) - 13,0) 13, ±3)) ±~ (1 3, ±2) 13, ±1) - 13, ±1) 13, ±2) )

15,2) ~ (13,3) 13, -1) -13, -1) 13,3») + ti (13,2) 13,0) -13,0) 13,2»)

15, 1) ~jl; (13,3) 13, -2) -13, -2) 13,3») + 2~ (13,2) 13, -1) -13, -1) 13,2»)

+{f; (1 3,1) 13,0) - 13,0) 13,1) )
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15, 0) ~ 2~ (13,3) 13, -3) -13, -3) 13,3») +~ (13,2) 13, -2) - 13, -2) 13,2) )

+2Jn (1 3,1) 13, -1) -13, -1) 13,1))

15, -1) ~{ft (13,2) 13, -3) -13, -3) 13,2») + 2~ (13,1) 13, -2) -13, -2) 13,1»)

+{f; (1 3,0) 13, -1) - 13, -1) 13,0))

15, -2) = {f (1 3,1) 13, -3) - 13, -3) 13,1)) + ti (1 3,0) 13, -2) - 13, -2) 13,0) }(2.12)

On the RHS, the first factor in each product is Ih, ml) and the second factor is Il2' m2)'

Furthermore, the state J = 4 can be decomposed into L = 5 and S = 1 using the

Clebsch-Gordan decomposition method:

3 (l 3
14,4) JIT 15,5) 11, -1) + Y55"15, 3) 11,1) - J5515, 4) 11,0)

14,2) 2{£ 15, 3) 11, -1) - ffs 15, 2) 11,0) + f£ 15,1) 11,1)

14,0) f& 15,1) 11, -1) - {f; 15, 0) 11,0) + f& 15, -1) 11,1)

14, -2) 2{£ 15, -3) 11,1) - ffs 15, -2) 11,0) + f£ 15, -1) 11, -1)

3 (l 3
14, -4) JIT 15, -5) 11,1) + Y55"1 5, -3) 11, -1) - J55 15, -4) 11,0), (2.13)

where on the RHS, the first factor is Ii, m) as shown in Eq. 2.13 and the second factor

is IS, M s ) . Combining Eqs. 2.12 and 2.13:

14, 2) ~ 2{£ [ ti(13, 3) 13,0) - 13,0) 13,3»)

+{f<13,2) 13,1) -13,1) 13,2» ]11, -1)

-ffs [{f(13,3) 13, -1) -13, -1) 13,3»)

+ti<13,2) 13,0) - 13,0) 13,2» ]11,0)
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+{£ [ ~.jl;(13, 3) 13, -2) - 13, -2) 13,3»)

3+2y'7(13, 2) 13, -1) - 13, -1) 13,2))

+{f;(13, 1) 13,0) - 13,0) 13,1»)] 11,1). (2.14)

On the RHS, the first factor is Ill, ml), the second factor is Il2' m2) and the third

factor is IS, M s )' Note that the spin parts is in the triplet state, which is symmetric

under exchange. The orbital part is clearly antisymmetric.

Eq. 2.14 is an example of how the J = 4 state of the Pr 4£'2 electrons decompose

into it = 3, l2 = 3 and S = 1 s~ates by means of C-G decomposition. All the

remaining states of J = 4 will follow the same pattern as for Eq. 2.14. In particular,

we will consider the crystal field ground state Irf) of the Pr 4£'2 electrons as defined

in Eq. 1.1 by using Eq. 2.14 and its similar pattern.

2.4 Angular charge density formulation

Prior to determining the wave funCtion of the Pr 4£'2 electrons, which possess both

space and spin, the wave functions for a single spin 1/2 particle, and a system of two

spin-less particles will be discussed.

2.4.1 Wave function for one spin 1/2 particle

If \lJ(T) is the state function of a single electron, the probability of finding it at

position r is p(T) = 1\lJ(T) 1

2
• The total probability of finding a single electron at a

given position is one:

(2.15)

Let 'l/Jj(T) and 'l/Jl(T) be wave functions for the spin up and down components
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respectively. The probability of finding the particle with spin up at position r is:

and the probability of finding the particle with spin down at position r is:

The total probability density of the particle having either spin up or down at position

ris:

Ptotal(f} Pr(f} + Pl(f}

l1Pr(f}1 2 + l1Pl(f} 12 , (2.16)

and the probability of finding the particle with spin up or down at any position is:

(2.17)

which is consistent with the normalization condition.

2.4.2 Wave function for two spin-less particles

Let us consider a spin-less two particles wave function of the form:

(2.18)

where the normalization condition is:

JIW(Tl,f2)12d3rld3r2 = 1.

The wave functions 1Pl(Tl) and 1P2(f2) each satisfy the normalization conditions:
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and

Jl'IP2(f2)1
2

d3
r2 = 1.

The probability of finding the particle 1 at the position Tl with particle 2 anywhere

is:

!'IP1(Tl)12J1~2(f2)12 d3r2

1~1(Tl)12 , (2.19)

since the probability of finding the second particle anywhere is one. The probability

of finding particle 2 at position f2 with particle 1 anywhere is:

The number density of the two spin-less particles at position T is therefore:

p(T) Pl(T) + P2(T)

1~1(T)12 + 1~2(T)12 .

Hence the total number of particles is:

as expected.

In general, the spin-less two particle wave function is more complicated:

(2.20)

(2.21)

(2.22)

(2.23)W(Tl' f2) = L KCt(3~Ct(Tl)~(3(f2),
Ct(3

where ~Ct and ~(3 are orthonormal functions, and for fermions, K Ct(3 = -K(3Ct i.e.

because of antisymmetric property of fermions. The latter condition ensures that the

wave function is odd under the exchange of particles. The probability of finding the

first particle at Tl and the second particle at f2 is:

IW(Tl, f2)1 2= L KCt(3~Ct(Tl)~(3(f2)K-Y8~;(Tl)'lj;8(f2)· (2.24)
Ct(3-y8



CHAPTER 2. QUADRUPOLE INTERACTIONS IN FILLED SKUTTERUDITES 28

The probability of finding the first particle at rl with the second particle anywhere

is:

Pl(rl) JIw(rl,iS)1 2 d3r2

L Ka/3K-yo'IjJa(rl)'IjJ;(rl) Jd3r2'IjJ/3(iS)'ljJ5(iS)
a/3-yo

L Ka/3K-yo'IjJa(r1)'IjJ;(r1)6/30
a/3-yo

L Ka/3K-y/3'IjJa(rl)'IjJ;(rl)'
a/3-y

(2.25)

Similarly, the probability of finding the second particle at a position is with the first

particle anywhere is:

P2(iS) = L Ka/3K-y/3'IjJa (is)'IjJ; (is).
a/3-y

The number density of particles at position r is:

p(f} Pl(f} + P2(f}

2 L Ka/3K-y/3'IjJa (f}'IjJ; (f)
a/3-y

-2 L Ka/3K/3-y'IjJa (f}'IjJ; (f)
a/3-y

-2 LVJa(f} [K2t 'IjJ;(f}.
a-y -y

2.4.3 Wave function for two particles with spin

(2.26)

(2.27)

To include the effect of spin, the probabilities of finding particles in different spin

states are added because the different spin states are orthogonal. The spin states

may be the eigenstate of either the total spin 8 = 81 + 82 (i.e. 8 2 and 8z) or they

may be eigenstates of 81 and 82 separately (i.e. 8 1z and 82z ). We choose the former.

The wavefunction can be written as [51]:

(2.28)
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Because the electrons are in the spin S = 1 state, which is symmetric, and the

antisymmetric form of the space part as in Eq. 2.23 is valid.

The angular charge density p(e, </» of the Pr 4£2 electrons in states Ir~) is calcu­

lated by using Eq. 2.27 where p(e, </» can be expressed as follows:

(2.29)

Note that the spherical harmonics Yim correspond to the kets Il, m).

The states Irt) and Irs-) are expressed in terms of II = 3, l2 = 3 and S = 1

according to Eqs. 1.1 and 2.13. In the following section, three different matrices

K(l,l), K(l,O) and K(l, -1) are- found for each of the 11,1), 11,0) and 11, -1)

spin states respectively. K 2 is the sum [K(l, 1)]2 + [K(l, 0)]2 + [K(l, _1)]2, which

corresponds to adding the probabilities of the three different spin states.

2.5 Quadrupole moment possessed by the Pr 4£2

electrons in Ir3) _and Irt) states

The crystal field ground state Irs-) (Eq. 1.1) may be expanded using Eq. 2.13:

Ir;) = ~(14, 2) + 14, -2))

(i4 f2l f3
Y55 15,3) 11, -1) + Y110 15,2) 11,0) + Y5515, 1) 11,1)
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+{£ 15, -1) 11, -1) +~ 15, -3) 11,1) - {fro 15, -2) 11,0)

[~15,3) + {£15, -1)] 11, -1) - [{fro15,-2) + {fro 15, 2) ] 11,0)

+ [{£15,1) +~ 15, -3)] 11,1). (2.30)

This is further expanded using Eq. 2.12:

Ir,) ~ {£ [f!(I3, 3) 13,0) -13,0) 13,3» + (g(13, 2) 13,1) - 13,1) 13,2»

+~~(13, 2) 13, -3) - 13, -3) 13,2)) + ~~(13, 1) 13, -2) - 13, -2) 13,1))

+{l;(13, 0) 13, -1) -13, -1) 13, 0»] 11, -1)

-{fro [[f(13, 1) 13, -3) - 13, -3) 13,1» + jI(13, 0) 13, -2) -13, -2) 13,0»)

+[f(13,3) 13, -1) -13, -1) 13,3» + jI(13, 2) 13,0) -13,0) 13,2»)] 11,0)

+{£ [~~(13,3)13,-2) -13, -2) 13,3» + ~~(13,2) 13,-1)

-13, -1) 13,2)) + {l;(13, 1) 13,0) - 13,0) 13,1)) + f!(13, 0) 13, -3)

-13, -3) 13,0» + (g(13, -1) 13, -2) -13, -2) 13, -1»)] 11,1). (2.31)

Just as in Eq. 2.14, the first factor is IiI, ml), the second factor is Il2' m2) and the

third factor is IS, M s )'

Extracting the matrices K(l,l}, K(l,O) and K(l, -1) from Eq. 2.31 from the

coefficients of spin states 11,1), 11,0) and 11, -1) is the first step in order to perform

the number density calculations. Each of the K(S, Ms ) matrices are of the order 7 x

7. The matrix K(l, 1) can be found from the coefficient of spin function 11,1) from
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Eq. 2.31:

1
2m

1
ViM

and

K(l,l) =

1-2J77

1
-~

-{{£
-{fg

1 1-308 -2Wi5
27 3

-1540 ITO
1 1-154 lWi5

K(l, 1? = 211
-2310

1 277-2Wi5 -4620

3 211
ITO -4620

1 14
iWi5 -165

The matrix K(l, -1) can be found from the coefficient of spin function 11, -1) from

Eq. 2.31:

1
2m

K(l, -1) = -{{£

1
-2J77

1
-~

1
V'i54
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and

14 1
-165 llV7i5

211 3
-4620 ill

277 1
-4620 -227i5

K(1,-1)2 = 211
-2310

1 1
llV7i5 -154

3 27
ill -1540

1 1
-2Wi5 308

The matrix K(l,O) can be written from the coefficient of spin function 11,0) from

Eq. 2.31:

K(l,O) =

and

O·

7
ill

K(1,0)2 =

7
ill

O.

7
-:55
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Obviously, the matrices K(l, 1), K(l,O) and K(l, -1) are all antisymmetric. Using

the formula: K 2 = K(l, I? + K(l, _1)2 + K(l, 0)2 yields:

277 1
-2310 WE

293 13
-2310 TID

227 1
-2310 22""Vi5

K2 = 716 (2.32)
-2310

1 227
2Wi5 -2310

13 293
TID -2310

1· 277
2Wi5 -2310

From Eq. 2.32, the trace of K 2 is -1, hence Tr(KT K) = 1, which indicates that the

wave functions used in Eq. 2.29 are normalized. The number density of the Pr 4f2

electrons can be calculated by substituting K 2 from Eq. 2.32 into Eq. 2.29:

p(T) = -2p(r) ( Yl y2 yl yO y
3
- 1 y3-

2 y3-
3 )

3 3 3

277 1 y3*
-2310 2Wi5 3

293 13 y2*
-2310 TID 3

227 1 yh
-2310 2Wi5 3

716 yO* (2.33)
-2310 3

1 227 Y3- h
2Wi5 -2310

13 293 y3-
2*

TID -2310

1 277 13-3*2Wi5 -2310

where p(r) is the contribution of radial part to the number density. Further simpli-

fying Eq. 2.33:

p(fI = -2 (r) (_:!!!...-y3y 3* _1_y - 1y3* _ ~y2y2* ~y-2y2*
, ) P 2310 3 3 + 22V15 3 3 2310 3 3 + 110 3 3

_~ylyh _1_y - 3y- h _ ~yOyo* _ ~y-ly-h
2310 3 3 + 22V15 3 3 2310 3 3 2310 3 3
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where the spherical harmonics for l = 3 are given in Appendix A.2.

The total number of electrons calculated by using their number density should be

2 for the Pr 4£2 electrons:

r21r r 1 r21r r (1033 19 2 1085 4 119 6io i o p(O, ¢» sin OdOd¢> = :; io io (2640 + 10 cos 0 -176 cos 0 + 24 cos 0)

- 1;6 cos 4¢> sin4 0(34 cos2 0 + 1) ) sin OdOd¢>

4 (0.3912 + 0.6333 - 1.2329 + 0.7083)

2, (2.35)

as expected. Note that the contribution due to the second integral is zero because

Jg1r cos4¢>d¢> = O.

The quadrupole moment due to the Pr 4£2 electrons along the z-axis is:

Q33 -eJ(3z2
- r 2)p(fjd3r

-eJ(3z2- r 2)p(r)p(O, ¢»r2dr sin OdOd¢>

-eA fo21r fo1r (3cos20 - l)p(O, ¢» sin OdOd¢>

1 r21r r (1033 19 1085
-eA:; io io (3cos

2
0 - 1) (2640 + 10 cos

2
0 -176 cos

4
0
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+1
2
1: cos60) - 1~6 sin4 0(34 cos2 0 + 1) cos 4¢) sin OdOd¢

r ( 1033 639 2 10441 4
-eA 10 -2(- 2640 - 880 cos 0 + 880 cos f)

12383 119 )
_~cos6f)+ Scos8 f))dcosf)

-4eA(-0.391287878 - 0.242045454 + 2.372954545

-3.350378788 + 1.652777778)

-0.168080811eA, (2.36)

where the radial part of the charge distribution A is defined in Eq. 2.8.

By substituting the approximation of A from Eq. 2.11 into Eq. 2.36, an approxi­

mate value of Q33 for the Pr 4£2 electrons in the ground state Irs) can be calculated

as:

(2.37)

The components of the quadrupole moment Qij associated with the Pr 4£2 elec­

trons in the states Irs) or Irt) can be calculated by using the Wigner-Eckart theorem,

which is discussed in Section 1.6. Q33 has been calculated by this method in Eq. 2.1

for the electrons in states Irs) and Irt), and associated quadrupole moments are

=r:-8B1i2 where B is a proportionality constant. Comparing Eqs. 2.1 and 2.36, we find:

-8B1i2 = -0.168080811eA.

Using the approximate value of A from Eq. 2.11 yields:

(2.38)

With the value of B for the Pr 4£2 electrons in the ground state Irs) or Irt), i.e.,

J = 4, one can apply the Wigner-Eckart theorem to calculate the other components

of Qij directly. The quadrupole component Q22 is calculated via the Wigner-Eckart
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theorem using the value of B from Eq. 2.38:

Q22 B (rsl (3J; - J2) Irs)
4Bli?

(2.39)

Similarly, Qij = 0 for i =J j, and Qn = Q22.

Using the Wigner-Eckart theorem the quadrupole moment Q33 of Irt) state is:

Q33 = 0.168080811eA. (2.40)

This result was verified by performing a similar lengthy calculation as for Irs).

2.6 Quadrupole moment due to the displacement

of T metal ions

The present section is devoted to the calculation of the quadrupole moment due to the

displacement of T metal ions. A particular displacement of Fe/Ru ions in PrFe4P12

produces a crystal field which splits the Pr 4£2 ground state doublet into non-magnetic

states of opposite quadrupole moments [4]. In this section we shall show that such a

displacement also possesses a quadrupole moment.

In a bcc unit cell of a filled skutterudite, the positions of two Pr ions are (0,0,0)

and (~,~,~). As discussed in chapter 1, the T metal ions are positioned midway

between praseodymium ions. The initial positions of eight T metal ions in a bcc unit

cell that is shifted so that the point (0,0,0) lies in the center, are the corners of a

cube,

(2.41)
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The displacement we consider is the one which lifts the degeneracy of the Ir~) doublet

(as determined from the X-ray diffraction measurement [52] and the group theoretical

arguments [4]):

((3, (3, -2(3), ((3, (3, 2(3), ((3, -(3, -2(3), (-(3, (3, -2(3),

((3, -(3, 2(3), (-(3, -(3, -2(3), (-(3, (3, 2(3), (-(3, -(3,2(3).

The shorthand notation (-(3, -(3, 2(3) is used to describe these displacements. The

final positions of T metal ions following this displacement are:

By using Eq. 1.11, and the difference between the final and initial positions of T

metal ions calculated above, the total charge density p(T) pertinent to the displaced

T metal ions can be calculated:

p(T) = (
a a a a a

2e o(x - - - (3)o(y - - - (3)o(z - - + 2(3) + o(x - - - (3)o(y - - - (3)
4 4 4 4 4

o(z + ~ - 2(3) + o(x - ~ '- (3)o(y + ~ + (3)o(z - ~ + 2(3) + o(x + ~ + (3)

o(y - ~ - (3)o(z - ~ + 2(3) + o(x - ~ - (3)o(y + ~ + (3)o(z + ~ - 2(3)

+o(x + ~ + (3)o(y + ~ + (3)o(z - ~ + 2(3) + o(x + ~ + (3)o(y - ~ - (3)

a a a a)o(z + 4+ 2(3) + o(x + 4 + (3)o(y + 4+ (3)o(z + 4 - 2(3) , (2.42)

where 2e is the charge carried by a single metal ion.

The quadrupole moment along ,the z-axis, Q33, can be calculated by using the

charge density from Eq. 2.42 in the Cartesian coordinate system:
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J(2z2 - x2 - y2)p(f}dxdydz

16e (2(~ - 2(3)2 - 2(~ + (3)2)

-48ae(3 + 96e(32

-48ae(3, (2.43)

where (32 « a2 since we use (3 ~ 1O-4a as suggested by Iwasa et al.[52] from X-.

ray diffraction measurements, the term containing (32 is neglected. Similarly, Q22 =

24ae(3, Ql1 = 24ae(3, and Q12 = Q13 = Q23 = 0, indicates that the quadrupole moment

possessed by the T metal ions, displaced in a unique direction ((3, (3, -2(3), resembles

a linear quadrupole form. If the displacement direction is reversed, Q33 changes sign.

Other possible displacement directions for the T metal ions which resembles a linear

quadrupole form with other orientations are ((3, -2(3, (3) and (-2(3, (3, (3). Note that

the initial configuration Eq. 2.41 possesses no quadrupole moment. The monopole

and dipole moments of the differe~ce between undisplaced (initial) and displaced

configurations, Pdijj(f) = p(f} - Pinitial(f), vanish.

Substituting (3 ~ 1O-4a and using an average value of a ~ 8A for praseodymium­

filled skutterudites in Eq. 2.43, an approximate value for Q33 is obtained:

(2.44)

which is approximately 20 times higher than the quadrupole moment Q33 of the Pr

4£2 electrons in state Ir~) as mentioned in Eq. 2.37. More precise values for three

different compounds are given in Table 2.1.
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Table 2.1: The lattice constants and quadrupole moments possessed by the T metal

ions due to ((3, (3, -2(3) displacement from their initial positions where (3 ~ 1O-4a.

Skutterudites a (A) Q33 (10-4Om2C)

PrFe4P12 7.83 -4.7

PrOs4Sb12 9.30 -6.6

PrRu4P12 8.05 -5.0

2.7 The long-range quadrupole-quadrupole inter-

action energies Uquad between the Pr 4(2 elec-

trons and T metal ions

Due to the periodicity of the lattice, one can express the distances between the centers

of the two quadrupoles considered in the previous section as:

d=Na,

where N is the number of unit cells and a is the lattice constant of the filled skutteru-

dite. Replacing d by N a in Eqs. 1.22, 1.23 and 1.24 further simplifies the quadrupole

interaction formula.

For case I:

For case II:

For case III:

uI __1_ [3Q33Q~31
quad - 47rEo 2N5a5 .

UIII = __1_ [3Q33Q~21.
quad 47rEo 4N5a5

(2.45)

(2.46)

(2.47)
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Table 2.2: The long-range Pr-Pr quadrupole interaction energies between the Pr 4(2

electrons in states Irt) and Irs) where A has units of m2.

Cases U{:a"d Pr (1034N-5A2 eV/m4)

PrFe4P12 PrOs4Sb12 PrRu4P12

I -20.7 -8.8 -18.1

II -7.8 -3.3 -6.8

III 10.4 4.4 9.0

The quadrupole moments Q and Q' may each be associated with either the quadrupole

moment possessed by the crystal field ground state of the Pr 4(2 electrons or the

quadrupole moment due to the unique displacement of the T metal ions.

Using the quadrupole interaction energy formulas Eqs. 2.45, 2.46, and 2.47, and

the calculated values of the quadrupole moments of the Pr 4(2 electrons (Eqs. 2.36 and

2.40) and of T ion displacements in Table 2.1, the long-range quadrupole-quadrupole

interaction energy can be calculated for three different cases: i) Pr-Pr which is the

quadrupole interactions between two Pr ions, ii) Pr-T which is the quadrupole inter­

actions between a Pr ion and a uniquely displaced T metal ion, and iii) T-T which is

the quadrupole interaction between the two sets of uniquely displaced T metal ions.

These results are tabulated in Tables 2.2, 2.3 and 2.4 respectively for three different

relative orientations of the quadrupoles (cases I, II and III discussed in Section 1.11).

2.8 Interpretation

From Eqs. 2.37 and 2.44, the quadrupole moment due to the T ion displacement is

approximately 20 times higher than the quadrupole moment of the Pr 4(2 electrons
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Table 2.3: The long-range T-T (Fe-Fe, Os-Os, Ru-Ru) quadrupole interaction energies

between the T metal ions displaced in directions ((3, (3, - 2(3) and (-(3, - (3, 2(3) where

(3 has units of m.

Cases Uiu~r (1021 N-5(32 eV/m2 )

PrFe4P12 PrOs4Sb12 PrRu4P12

I -10.4 -6.2 -9.6

II -3.9 -2.3 -3.6

III 5.2 3.1 4.8

Table 2.4: The long-range Pr-T (Pr-Fe, Pr-Os, Pr-Ru) quadrupole interaction energies

between the Pr 4f2 electrons in state' Irr) and T metal ions displaced in the directions

(±(3, ±(3, 1=2(3) where A has the units of m2 and (3 has units of m.

Cases U::adT (1028N-5A(3 eV1m3 )

PrFe4P12 PrOs4Sb12 PrRu4P12

I 4.6 2.4 4.2

II 1.8 0.9 1.6

III -2.3 -1.2 -2.1



CHAPTER 2. QUADRUPOLE INTERACTIONS IN FILLED SKUTTERUDITES 42

Table 2.5: Comparision of quadrupole-quadrupole interaction energies in PrFe4P12

for N = 1.

Cases Uquad (l0-7eV)

Pr-Pr T-T Pr-T

I -1.9 -637.6 34.6

II -0.7 -239.1 13.0

III 1.0 318.8 -17.3

Table 2.6: Comparision of quadrupole-quadrupole interaction energies in PrFe4P12

for N = 2.

Cases Uquad (l0-geV)

Pr-Pr T-T Pr-T

I -5.9 -1993.0 108.0

II -2.2 -747.4 40.5

III 3.0 996.5 -54.0

in the states Irt).
In order to calculate the Pr-Pr, T-T and Pr-T quadrupole-quadrupole interaction

energies for N = 1 (d = a) and N = 2 (d = 2a) in PrFe4P12, A :::::: 9.6 x 1O-22m2

(Eq. 2.11), and {3 :::::: 1O-4a [52] are substituted in Uquad in Tables 2.2, 2.3 and 2.4

respectively. The results are shown in Tables 2.5 and 2.6. The Uquad calculation

follows the same pattern in cases of PrOs4P12 and PrRu4P12.

The U;~r is found to be dominant quadrupole interactions in the filled skut­

terudites. One can make arbitrary choices of N. All three quadrupole-quadrupole

interaction energies (U:~dPr, U::~r. and U:~dT) are the largest in PrFe4P12, and the

least in PrOs4Sb12 because of their different lattice constants.
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Although the quadrupole moment of the T displacements Qf3 was found to be

approximately 20 times larger than the Pr 4(2 electron quadrupole moment Qf;,

these may still be considered to be relatively close given the sensitivity of Qf3 to

the parameter j3, and the approximation used in obtaining A. Therefore both types

of quadrupoles, hence all these types of quadrupole-quadrupole interactions, are ex­

pected to be relevant to the various phenomena associated with quadrupole interac­

tions in the praseodymium-filled skutterudites.



Chapter 3

Discussion and Summary

3.1 Discussion

The present work is based on a number of assumptions that raise several issues re­

garding this research. In this section, a number of these issues, along with their

implications for continuing this research, will be discussed.

Firstly, the present study assumes that the Pr 4(2 electrons are either in Irt) or in

Irs) state, which mayor may not necessarily be true. If a linear combination of these

states of the type Ql Irs) + Q2lrt) is taken as the ground state for these electrons,

the combination would clearly accommodate the 4(2 electrons, and the calculations

would more accurately reflect the real situation. There would be greater accuracy on

the charge density calculation and, in turn, of the quadrupole moment possessed by

the Pr 4(2 electrons. The quadrupole moment resulting from the linear combination

of two eigenstates of the doublet may either resemble a linear quadrupole form or a

square quadrupole form.

Secondly, there is a crude approximation made of the radial part A of the Pr 4(2

electron distribution. According to this approximation, as taken from [50], the Pr

44
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4£2 electrons are confined within a radius (Ro) which is equivalent to the maximum

orbital radius of Pr3+ ions. An effor"t should be made to find the accurate radial part

A for the itinerant 4£2 electrons so that an actual number density of charges can be

calculated and, in turn, the quadrupole moment.

Thirdly, to better describe the quadrupole interaction mechanism, it is essential

to explain the short-range interaction as well, which the present study lacks. This

is because the short-range interaction is of greater magnitude than the long-range

interaction. Although the former interaction is more important than the latter, the

author is interested in comparing the long-range quadrupole interactions for three

specific alignments of Pr-Pr, Pr-T and T-T in the present work.

Fourthly, long-range quadrupole interaction energies for three specific alignments

of the Pr-Pr, Pr-T and T-T are calculated in Chapter 2. The T-T interaction is the

highest, the Pr-Pr is the lowest whereas the Pr-T interaction energy is moderate.

Although the T-T interaction is the dominant quadrupole interactions in the filled

skutterudites, the Pr-Pr and the Pr-T interactions should not be ignored in the overall

quadrupole interaction.

Fifthly, the present work is based on the assumption that the screening effect of

the conduction electrons are neglected. In fact, the screening effect of the conduction

electrons reduces the size of the quadrupole interactions. PrFe4P12 and PrOs4Sb12 are

metals at low temperature, and therefore have conduction electrons. The screening

effect applies to these skutterudites, and a reduced quadrupole interaction energy

is expected. However, PrRu4P12 is a non-metal at low temperature, and therefore

has no conduction electrons, so that no screening effect applies. For this reason,

the quadrupole interaction energy calculated for PrRu4P12 will be more accurate as

compared to the interaction energies for PrFe4P12 and PrOs4Sb12.

Sixthly, it was speculated that the quadrupole interactions between the Pr 4£2
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electrons and the charges of the conduction electrons is the cause of heavy fermion

superconductivity in PrOs4Sb12, and for the heavy fermion behavior evident in all

of the praseodymium-filled skutterudites considered in the present study [1]. The

quadrupole moment of the conduction electrons should be calculated to determine

the interaction energy, which the present study lacks.

Seventhly, the displacements of pnictogens (X) is tantamount to a quadrupole mo­

ment. The quadrupole moment due to the displacements of pnictogens are ignored

in the present study. In order to develop a microscopic theory of quadrupole interac­

tions in the praseodymium-filled skutterudites, quadrupole interactions of pnictogens

with rare earth ions, transition ions displacements and conduction electrons should

be taken into account.

Lastly, this study is a first step toward developing a dynamical theory of quadru­

pole interactions in praseodymium-filled skutterudites. The complete Hamiltonian of

the dynamical theory of quadrupole interaction should include short- and long-range

quadrupole interaction terms and self-energy terms, and should look as follows:

(3.1)

where Hlr is the Hamiltonian of long-range interactions among the Pr 4£2 electrons

and T metal ions, and Hsr is the Hamiltonian of the short-range interactions between

them. He- q is the Hamiltonian of interactions between the charges of the conduction

electrons and the quadrupole moment due to the Pr 4£2 electrons, and He is the

Hamiltonian of the conduction electrons.
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3.2 Summary

47

This thesis represents the first step in the development of a theory of quadrupole

interactions in the Pr-filled skutterudites. The main results are analytic calculations

of the quadrupole moment carried by Pr 4:£2 electrons and transition ion displacements

and their resulting interaction energies.

The quadrupole moments of the Pr 4:£2 electron ground states Ir~) are calculated

to be ±O.168080811eA, where e is the charge of the positron, and A is a quantity with

units of length2 that depends on the radial distribution of charge of the 4:£2 electrons.

This is found to be approximately 9.6 x 1O-22m2, yielding a quadrupole moment of

the order of ±2.6 x 10-41 m2C.

The quadrupole moment of the transition ion displacements in the direction

(±{3, ±{3, =r=2{3) is found to be ~ =r=48ae{3, where {3 is the size of the displacement.

Using {3 ~ 1O-4a, the quadrupole moment carried by the transition ions displace­

ments is found to be approximately =r=5 x 1O-4°m2C.

With these various approximations, the quadrupole moment carried by the transi­

tion ion displacements is found to be approximately twenty times larger than that of

the Pr 4:£2 electrons. This difference is reflected in the relative sizes of the quadrupole

interaction energies, for the three cases studied in this thesis: Pr-Pr, Pr-T and T-T

interactions.

The next step in the development of a theory of quadrupole interactions would

be the calculation of short range interaction energies. In particular, the interaction

energy associated with a Pr3+ ion and the nearest transition ions must be considered.

Such a theory could describe quadrupole ordering of Pr ions and structural transitions

associated with transition ion displacements. However, in order to account for heavy

fermion behaviour and heavy fermion superconductivity, the theory must be extended
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to include quadrupole interactions with conduction electrons.
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Appendix

A.I Electric field gradient due to a quadrupole

Using Eqs. 1.17 and 1.18, the quadrupole field can be expressed in the form as follows:

a rlQlmrm
-arj~

1 ( ) rlQlmrm a -5
- 2r5 8ljQlmrm + rlQZm8mj - --2- arj r

- 2~5 (Qmjrm + rlQZj) + 2~7rjrlQzmrm

2~7rjrzQlmrm - 2~5 (rlQlj + Qjmrm) (A.l)

The field gradient can be written as:

(A.2)

49
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A.2 Spherical Harmonics

50

Listed below are the spherical harmonics for l = 3 and all possible orientations of l

[42,44].

YjO(O,¢) If [5COS
3
0 - 3cosO 1

47l" 2 2

Yl(O,¢) -{If;SinO(5COS'O -l)exp(i¢)

Yj-l(O,¢) {If; sin 0(5 cos' 0 - 1) exp(-i¢)
647l"

Yj2(O,¢) 1:'2 (0)327l" sm 0 cos 0 exp 2~¢

Y3-
2(O,¢) 1:'2 (0)- sm OcosOexp -2~¢

327l"

y3
3 (O,¢) -{If; sin3 Oexp(3i¢)

Y3-
3 (O,¢) {If; sin3 0 exp(-3i¢) (A.3)

647l"
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